UDC 51-7
LINEAR Q-DIFFERENCE EQUATIONS OF FIRST ORDER

Yergali Gulzira
gulzira_89 11@mail.ru
L. N. Gumilyev Eurasian National University, Nur-Sultan.
Supervisor — S. Shaimardan

Studies on g-difference equations appeared already at the beginning of the last century in
intensive works especially by F H Jackson [1], R D Carmichael [2] and other authors. Unfortunately,
from the years thirty up to the beginning of the eighties, only nonsignificant interest in the area were
observed. Since years eighties [3], an intensive and somewhat surprising interest in the subject
reappeared in many areas of mathematics and applications including mainly new difference calculus
and orthogonal polynomials, g-combinatorics, g-arithmetics, integrable systems and variational g-
calculus. However, though the abundance of specialized scientific publications and a relative
classicality of the subject, a lack of popularized publications in the form of books accessible to a big
public including under and upper graduated students is very sensitive.

Consider the g-difference equation

D, Y(X) = a(X)Y(qX)"' b(X) (1)
Dy(x):M 0<qg<l.
where i (L-a)x . The corresponding homogenous equation reads

D, y(x)=a(x)y(ax) (2)

Detailing the D, derivative in (2), the equation reads

y(x)=[1+(~a)xa(x)ly(ax) (3)
Repeating the recurrence relation in (3) N times, one gets

y(x)= y(x,) [ [+ (- q)a(t)= y(a" X)ij[“ (L-q)xd'a(a'x)

t=q7x,

If N—>o N: o, with 0<q<1,then, g" — 0 and one obtains

y<x>=y<o)1_j[1+<1—q>qixa(qix)1
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Example. Suppose that a(x)= .k € N . Clearly, we have the solution

k-1

= (o)fol[ua—q)qfxa(qix)]z yO[T-q'%)=* y()x:q),

0
Consider next the nonhomogenous equation (1). According to the method of ”variation of constants”,
let
y(x) = c(x)y, (x) (4)
be its solution where Yo (X) is the solution of the corresponding homogenous equation (2) and o(x) IS

an unknown function to be determined. Loading (4) in (2), and solving the obtained equation, one
obtains

c(x)= LXO Yo' (t(t)d t+c

j y(x)d X = j Y(X)d X~ j y(x)d X = (1- )qu y(bg") - (1- q)an y(ag*)
Where @ . Hence the

general solution of (2) reads
y(x)=yo(x)e + [ yo()yo (hlt)dyt

with ¢ = y;*(x,)y(x,) Taking X, =0 , we get respectively

XZq ya'(a'xo(a’x)+ ¢

and

y(x) = yo(x)e + 1 q)xgqi Yo (X)ys(a xb(a’x)

Note that, when applied to the equation (2), the method of undetermined constants leads to the
solution

= Yoo+ [ yo()y,"(atlt)dyt

or

y(%) =y, (x)e + XZq Yo (x)y *(a"*xpla'x)

for X, = 0.We now observe that the solutions of (1) or (2) will remain formal as long as we will not
succeed to calculate the related product explicitly, a task which is far from being elementary. However,

in certain situations, the coefficient a(x) could suggest 2 particular method of resolution. When for
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example, a(x)js a polynomial in X

the following few simple cases:
Case 1. Equations of the form

, We are suggested to search the solution in form of series, as show

D, Y(X) = ay(x), (5)
with a, some constant. To solve such an equation, we rewrite it as
y(ax) =1+ (a-1)xaly(x) (6)

Linear g-difference equations of first order and search the solution under the form

:icnx”
n=0 i

()
Loading (7) in (6), one obtains
C, :(H 1_qk ja”
kal—0 _ (8)
k n
In view of the fact that [k], =** H 1 q 1 kg1, one can write (8) as C, :Co[ T
k=1 +7 n q:

n1-q . . . . .
where  [n]!=" Hl—q Hence the solution in (7) is a g-version of the exponential function

c, exp(ax).

Case 2. Similarly, an equation of the form

D, Y(X) = ay(qx) 9)

or equivalently y(x)=[1+(1—q)xa]y(ax) has a solution of the form y . (x)=c,e* coz

[ﬂ] "

where [n],+! is obtained from [n],!by replacing q by g~'. The functions e and e’, are clearly g-

- . . X
versions of the usual exponential function €.

Theorem 1. If
D,y =a(x)y(x)
D,z = —a(x)z(qx)
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Aiiranpik, 1< p,q < oo, 1+i L, ={f = {f}iz1: Xiz1lfilP < +oo} Goncen.
P p

Bbepinren xymbicTa
IAfllg < cllifll,,  VfeL )

TEHCI3/IrH KapacThIpaMbl3, MyHJIaFbl A KeJecl TYpJle aHbIKTaIaThIH MaTPUILIAJIBIK ONEPATOop:
i

(Af); = Z aijf (2)

j=1
(ai'j)- 3JIEMEHTTEP] TEPIC €MeC YMOYPBIITEI MaTpulia, sfkuu d;; = 0, ezep i = j = 1 xone a;; = 0,
ecep i <.
[1]-[2] sxymbicTapeiaa 1< p,q <o OoJsiFaHfa, (ai‘ j) TepiC eMeC MaTPHIAHBIH JSJIEMEHTTEepi

TOMEeHJIeT1 |-apTThIH KaHaraTTaHIbIpraHaa (2) omepaTtopsl yuriH (1) TEHCI3AIKTIH OpbIHAATYBIHBIH
Ka)KeTT1 JK9HE JKETKUTIKTI IIapTTaphl aJIbIHFaH:

1-Hla[2TI)IZ d_l(aik + akj) < a;j < d(aik + akj), i>k 2] =>1
TEHCI3MIIKTepi opeIHIaNaThiHaail d > 0 TypakThICH Oap OOJICHIH.
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