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Abstract: 

We prove that the group of automorphisms of a free left-symmetric algebra of rank two admits an 

amalgamated free product structure.  
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The basis of free left-symmetric algebras 
A vector space A over an arbitrary field k is called a left-symmetric algebra if for any           the 

identity  

(                             holds. 

In other words, the associator                         is symmetric with respect to y and z, i.e. 

                  

For right-symmetric algebras the following identity is satisfied: 

                  

It is clear that the opposite algebra of a left-symmetric algebra is a right-symmetric algebra. In this sense, 

the study of right-symmetric algebras is completely parallel to the study of left-symmetric algebras. In L. Makar-

Limanov, D. Kozybaev, U. Umirbaev [1] proved that automorphisms of free right-symmetric rank two algebras 

are tame. We prove that the group of automorphisms of a free left-symmetric algebra of rank two admits the 

structure of an amalgamated free product. Deriving, proving equations from articles gives us following results. 

Let   be an arbitrary field. Through               we denote the free algebra in the 
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variables           over a field  . By     we denote the standard degree function on       
        i.e.,            1 for  .  

For any nonzero                and for any nonzero f   LS    we have [2] 

 

                                  

 

Let X =             be a finite alphabet. By    we denote the set of all non-associative 

words in the alphabet  . By        we also denote the function degree on    such that             

for all  . Each non-associative word   of degree     is uniquely represented in the form         , 

                       .  
Put            . Let   and   be arbitrary elements of   . Put     if         

       . Let                  ,        ,        , then let     if       or       and 

     . 

A word is called reduced if it contains a sub-word of the form         , 

where                         and     . A word is called good if it is not reduced. We denote 

by   the set of all right words in the alphabet  . 
By                    we denote the free left-symmetric algebra of the variables           over 

the field  . According to [23], the set of all good words   forms a linear basis    . Every nonzero element   of 

    is uniquely represented as 

 

                    
 

where     ,          for all   and                . The word    is called is also called the lowest 

term of   and is denoted by   . 

For each      , by    we denote the operator of left multiplication by   acting in    , i.e. 

       for all        . In particular, if                , then  

 

   
   

       
                     .  

 
Lemma 1[1] Every reduced word       can be uniquely represented in the form  

                 ,     (1.1.1) 

 

where wj   W for all j and w1 ≥ w2 ≥ . . . ≥ wm. 

 

Lemma 2 [1] Let        and  

                     (1.1.2) 

 

where wj   W for all j and w1 ≥ w2 ≥ . . . ≥ wm. Then   is a reduced word. 
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Lemma 3 [1] Let   and   be reduced words, assume that                ,  Then  

 

                                ,  (1.1.3) 

 

where v1 ≥ …vs ≥ u ≥ vs+1≥. . . ≥ vm. 

 

Corollary 1[1] If          , then                    . 

 

Lemma 4 [1] Let       be arbitrary reduced words. If      , then                    and                  . 

 

Corollary 2 [1] If        , then                  . 

 

Lemma 5 [1] Let     be reduced words of the algebra       ,   be a reduced word of the algebra 

        and     . Then 

1)          
2)          . 

 

Corollary 3 [1]   If                    , then                         . 
 

Amalgamated Free Product. 

Let   be an arbitrary field. Let               be free left-symmetric algebras of rank two over 

 . Let also        be the automorphism group of the algebra A. By             we denote an 

automorphism of the algebra A such that         ,         . Automorphisms of the form 

 

                      
 

                      
 

where                           are called elementary. The subgroup      of        
generated by all elementary automorphisms is called the subgroup of tame automorphisms. If the 

automorphism is not tame it is called wild. 

For an automorphism                   we define a degree, a general degree, and a 

bidegree, setting, respectively 

 

                           , 
 

                       , 
 

                          . 
If 

                       ,  
 

then the product in       is defined by the following formula: 
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                         . 
 

Let      ) be the group of affine automorphisms of the algebra A, i.e. automorphism group of 

the form 
                              , 

 

where                      ,        is the group of triangular automorphisms of the algebra A, 

i.e. automorphism group of the form 

 
                  ,  

where                           , and let                  . 

Let   be an arbitrary group,          be subgroups of  , and         . A group   is 

called a free product of subgroups    and    with a combined subgroup    and is denoted by    
        , if 

a) G is generated by subgroups    and   ; 

b) The defining relations of   consist only of the defining relations of the subgroups    and 

  . 

 

If    is a system of left representatives    in   ,    is a system of left representatives    in   , 

then   is a free product of subgroups     and   . with a combined subgroup     if and only if when 

each       is uniquely represented as  

 

        , 

 

where         ,            ,         do not simultaneously belong to    and   ,     . 

 

The notation       in the proofs of the following several lemmas means that             is a 

homogeneous element of degree   with respect to a function of degree     in one variable  . It is clear 

that         . 

Lemma 6. a) The system of elements 

 

                                     
 

is a system of representatives of left adjacent classes        in the subgroup  . 

b) Elements system 

 

                                                
 

is a system of representatives of left adjacent classes        in the subgroup  . 

 

Lemma 7 Let       be the sets defined in Lemma 6. Then any tame automorphism   of the algebra   

can be decomposed into a product of the form 

 

                                 ,   (1) 

 

where                   ,                       . 
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Lemma 8 Let             be an automorphism of the algebra  , representable as a product 

 

                                 
 

where         ,          for all  . If                              for all      , 

then 

                           
                             

and 

                   . 

 

Lemma 9 The decomposition (1) of the automorphism   from Lemma 7 is unique. 

 

Theorem 1 Let                be free left-symmetric algebra in two variables       over  . The 

group of tame automorphisms of   is a free product of subgroups of affine automorphisms         and 

triangular automorphisms        with the combined subgroup                      , i.e. 
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