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The 𝐹(𝑅, 𝑋, 𝜑, 𝑌, 𝜓, 𝜓) gravity model is a theoretical framework that extends Einstein's 

general theory of relativity to include additional gravitational effects. This model proposes 

modifications to the traditional Einstein-Hilbert action by introducing new terms that include higher-

order curvature invariants, scalar fields, and non-minimal matter coupling. The 𝐹(𝑅, 𝑋, 𝜑, 𝑌, 𝜓, 𝜓) 
model has been proposed as a possible solution to some open problems in modern cosmology such 

as dark energy and dark matter. This model has also received considerable attention in recent years 

due to its ability to unify the fundamental forces of nature. In this context, 𝐹(𝑅, 𝑋, 𝜑, 𝑌, 𝜓, 𝜓) gravity 

model has become an exciting area of research that could revolutionize our understanding of the 

universe [1-2]. 

We have Lagrangian the next form [3]: 

 

𝐿 = 𝑎3𝐹 − 𝑎3𝐹𝑅𝑅 − 𝑎
3𝐹𝑅𝑢 − 6𝐹𝑅�̇�

2𝑎 − 6�̇�𝑅�̇�𝑎
2 − 

−𝑎3𝐹𝑋 (𝑋 − 𝑣 −
1

2
𝜑2̇) − 𝑎3𝐹𝑌 (𝑌 − 𝜔 −

1

2
𝑖 (𝜓𝛾0�̇� − �̇�𝛾0𝜓)). (1) 

 

Here: R  – curvature scalar, Y – kinetic term of the fermion field, X  – kinetic term of the scalar 

field,   – scalar field, ψ – fermion field [1]. 

 

𝑋 = 𝑣 +
1

2
𝜑2̇, (2) 
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𝑌 = 𝜔 +
1

2
𝑖 (𝜓𝛾0�̇� − �̇�𝛾0𝜓), (3) 

𝑅 = −𝑢 + 6
�̈�

𝑎
+ 6

�̇�2

𝑎2
. (4) 

 

The F can be write [2]: 

 

𝐹 = (𝑅 + 𝑋 + 𝑌)2 + 𝑅 + 𝑋 + 𝑌 + 𝑐(𝜓,𝜓, 𝜑). (5) 

Here: 

𝐹𝑅 = 2(𝑅 + 𝑋 + 𝑌) + 1, 
�̇�𝑅 = 2(�̇� + �̇� + �̇�), 

           �̈�𝑅 = 2(�̈� + �̈� + �̈�). (6) 

 

We rewrite functions u, ω, 𝜈, ψ, φ and find derivative by time: 

𝑢 = 𝑢0𝑎
2, 𝑣 =

1

2
𝑐𝑎2, 𝜔 = 𝑎2, �̇� = 𝑐𝑎, 

�̇� = 2𝑢0�̇�𝑎, �̇� = 𝑐�̇�𝑎, �̇� = 2�̇�𝑎, �̈� = 𝑐�̇�,  
�̈� = 2𝑢0�̇�

2 + 2𝑢0�̈�𝑎, �̈� = 𝑐�̇�
2 + 𝑐�̈�𝑎, �̈� = 2�̈�𝑎 + 2�̇�2, �⃛� = 𝑐�̈�            (7) 

From (5) we have: 

𝑅 + 𝑋 + 𝑌 = −𝑢0𝑎
2 + 6

�̈�

𝑎
+ 6

�̇�2

𝑎2
+
1

2
𝑐𝑎2 +

1

2
𝑐2𝑎2 + 𝑎2,  (8) 

 

(𝑅 + 𝑋 + 𝑌)2 = 𝑅2 + 𝑋2 + 𝑌2 + 2𝑅𝑋 + 2𝑅𝑌 + 2𝑋𝑌 = 

𝑢0
2𝑎4 + 36

�̈�2

𝑎2
+ 36

�̇�4

𝑎4
− −12𝑢0�̈�𝑎 − 12𝑢0�̇�

2 + 72
�̈��̇�2

𝑎3
+ 

𝑐2𝑎4

4
+
𝑐3𝑎4

2
+
𝑐4𝑎4

4
+ 𝑎4 − 𝑢0𝑐𝑎

4 + 6𝑐�̈�𝑎 + 6�̇�2 − 𝑢0𝑐
2𝑎4 + 

+6𝑐2�̈�𝑎 + 6𝑐2�̇�2 − 2𝑢0𝑎
4 +

𝑐𝑎4

2
+
𝑐2𝑎4

2
                                                 (9) 

 

By this we have: 

𝑅 = −𝑢0𝑎
2 + 6

�̈�

𝑎
+ 6

�̇�2

𝑎2
, (10) 

�̇� = −2𝑢0�̇�𝑎 +
6𝑎𝑎−6�̈��̇�

𝑎2
+
12�̈��̇�𝑎2−12�̇�3𝑎

𝑎4
= −2𝑢0�̇�𝑎

7 + 6𝑎𝑎3 + 6�̈��̇�𝑎2 − 12�̇�3𝑎,       (11) 

�̈� = −2𝑢0�̇�
2𝑎6 − 2𝑢0�̈�𝑎

7 + 6�̈̈�𝑎5 − 24𝑎�̇�𝑎4 − 6�̈�2𝑎4 + 

+12�̈��̇�𝑎4 + 24�̈�2�̇�𝑎6 − 12𝑎�̇�2𝑎6 − 24�̈��̇�3 − 84�̈��̇�2𝑎5 + 36�̇�4𝑎4,                  (12) 

𝑋 =
1

2
𝑐𝑎2 +

1

2
𝑐2𝑎2,  (13) 

�̇� = 𝑐�̇�𝑎 + 𝑐2�̇�𝑎, (14) 

�̈� = 𝑐�̇�2 + 𝑐�̈�𝑎 + 𝑐2�̈�𝑎 + 𝑐2�̇�2, (15) 

𝑌 = 𝑎2, (16) 

�̇� = 2�̇�𝑎, (17) 

�̈� = 2�̈�𝑎 + 2�̇�2. (18) 

Now, we find F: 

𝐹 = −4𝑢0𝑎
6 + 24�̈�𝑎3 + 48�̇�2𝑎4 + 2𝑐𝑎6 + 2𝑐2𝑎6 + 4𝑎6 + 4𝑢0

2𝑎8 + 144�̈�2𝑎6 +
144�̇�4 − 48𝑢0�̈�𝑎

5 − 48𝑢0�̇�
2𝑎4 + 288�̈��̇�2𝑎 + 𝑐2𝑎8 + 2𝑐3𝑎8 + 𝑐4𝑎8 + 4𝑎8 − 4𝑢0𝑐𝑎

8 +
24𝑐�̈�𝑎5 − 4𝑢0𝑐

2𝑎8 + 24𝑐2�̈�𝑎5 + 24𝑐2�̇�2𝑎4 − 8𝑢0𝑎
8 + 2𝑐𝑎8 + 2𝑐2𝑎8 + 4𝑐𝑎4. (19) 

 

𝐹 − 2
�̈�

𝑎
𝐹𝑅 − 4

�̇�2

𝑎2
𝐹𝑅 + 4

�̇�

𝑎
�̇�𝑅 + 2�̈�𝑅 = 0.  (20) 

 

If we use (20), we have next equation:  
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−4𝑢0𝑎
6 + 24�̈�𝑎3 + 48�̇�2𝑎4 + 2𝑐𝑎6 + 2𝑐2𝑎6 + 4𝑎6 + 4𝑢0

2𝑎8 + 144�̈�2𝑎6 + 144�̇�4 −
48𝑢0�̈�𝑎

5 − 48𝑢0�̇�
2𝑎4 + 288�̈��̇�2𝑎 + 𝑐2𝑎8 + 2𝑐3𝑎8 + 𝑐4𝑎8 + 4𝑎8 − 4𝑢0𝑐𝑎

8 + 24𝑐�̈�𝑎5 −

4𝑢0𝑐
2𝑎8 + 24𝑐2�̈�𝑎5 + 24𝑐2�̇�2𝑎4 − 8𝑢0𝑎

8 + 2𝑐𝑎8 + 2𝑐2𝑎8 + 4𝑐𝑎4 + 4𝑢0�̈�𝑎 − 24
�̈�2

𝑎2
−

24
�̈��̇�2

𝑎3
− 2𝑐�̈�𝑎 − 2𝑐2�̈�𝑎 − 4�̈�𝑎 − 2

�̈�

𝑎
+ 8𝑢0�̇�

2 − 48
�̈��̇�2

𝑎3
− 48

�̇�4

𝑎4
− 4𝑐�̇�2 − 4𝑐2�̇�2 − 4�̇�2 −

4
�̇�2

𝑎2
− 16𝑢0�̇�

2𝑎6 + 48𝑎�̇�𝑎2 + 48�̈��̇�2𝑎 − 96�̇�4 + 8𝑐�̇�2 + 8𝑐2�̇�2 + 16�̇�2 − 4𝑢0�̇�
2𝑎6 −

4𝑢0�̈�𝑎
7 + 12�̈̈�𝑎5 − 48𝑎�̇�𝑎4 − 12�̈�2𝑎4 + 24�̈��̇�𝑎4 + 48�̈�2�̇�𝑎6 − 24𝑎�̇�2𝑎6 − 48�̈��̇�3 −

168�̈��̇�2𝑎5 + 72�̇�4𝑎4 + 2𝑐�̇�2 + 2𝑐�̈�𝑎 +  2𝑐2�̈�𝑎 + 2𝑐2�̇�2 + 4�̈�𝑎 + 4�̇�2 = 0.  (21) 

 

And we have: 

 

𝑎 = 𝑎0𝑒
𝐻0𝑡 , �̇� = 𝑎0𝐻0𝑒

𝐻0𝑡, �̈� = 𝑎0𝐻0
2𝑒𝐻0𝑡 , 𝑎 = 𝑎0𝐻0

3𝑒𝐻0𝑡, �̈̈� = 𝑎0𝐻0
4𝑒𝐻0𝑡.  (22) 

 

Substitute (22) to (21) we have system of equation: 

 

𝑎0
2𝑒2𝐻0𝑡(12𝑢0𝐻0

2 + 6𝑐𝐻0
2 + 6𝑐2𝐻0

2 + 16𝐻0
2) = 0,  (23)  

 

𝑎0
4𝑒4𝐻0𝑡(4𝑐 + 384𝐻0

4 + 24𝐻0
2) = 0, (24) 

 

𝑎0
6𝑒6𝐻0𝑡 (

12𝐻0
4 + 24𝐻0

3 + 36𝐻0
2 + 24𝑐2𝐻0

2 +

+24𝑐𝐻0
2 − 96𝑢0𝐻0

2 + 4 + 2𝑐2 + 2𝑐 − 4𝑢0
) = 0, (25) 

 

𝑎0
8𝑒8𝐻0𝑡 (

−144𝐻0
4 − 24𝑢0𝐻0

2 + 3𝑐2 + 2𝑐 − 8𝑢0 −

−4𝑢0𝑐
2 − 4𝑢0𝑐 + 4 + 𝑐

4 + 2𝑐3 + 144𝐻0
2 + 4𝑢0

2) = 0.   (26) 

 

From (24) we have next linear equation: 

 

4𝑐 + 384𝐻0
4 + 24𝐻0

2 = 0.  (27) 

 

By solving this equation we will find scale factor a: 

 

𝑎 = 𝑎0𝑒
√−3±√9−96𝑐

96
𝑡
.  (28) 

 

In this paper, we have considered extended modified gravity with curvature, scalar and 

fermionic fields, and their kinetic terms. This is a modification of Myrzakulov's gravity F(R, X). We 

got a solution, that is, we found a scale factor. 

The author expresses his gratitude to his supervisor, Ph.D., Yerzhanov K.K. for setting the 

task. 

This research has been funded by АР14870191 "Investigation of the cosmology of 
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