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580

— MYJIBTUIUTMKATUBHOE MHOXECTBO
441

— noaMHOXkecTBO o I{opry 239

3Be31HO 00paTHEIi dneMeHT 355

— — — neBwId 355

— perymsapHsId uaean 356

— — cneBa neMeHT 355

— — aneMeHTt 355



3Be3HOE mpousBeaeHue 355

3Hak gncia 280

3HakonepeMeHHas rpynna 36

3Havuenne MHOTOWIeHa 62

— cobcTBeHHOE 323

Wnean 64

—, aHHynIpyromuid Moayns 303

— acCOLUNPOBaHHBIA TPUMAapHBINA 432

— — mpocToii 432

— BIIOXEHHBIH 442

— TI'JIaBHBIH 65

— JIBYCTOpPOHHUH 65

— JOMyCTUMBIH 347

Hpean apobubIit 493

— eIUHUYHEIN 65

— 3BE3J(HO perynsapHsIi 356

— HM30JIPOBAaHHEINA 442

— JIEBEIA 65

— MakCHMaIbHEIH 70

— MOAYJSpHBIHA 353

—, He UMeromui genurenei 70

— HEMPUBOAUMEIN 434

— Hepaznoxumsid 504

— HecMemaHHbIHA 473

— HHUIIBNOTEHTHBIN 351

— HyIIeBOH 65

— OAHOKpaTHBIN 448

— OTMEUEHHBIN 450

— TOPOXIEHHBIN 65

— mnpasBbIi 64

— MPUBOAUMBEII 434

— npuMapHsIii 430

— —. BEICOKHIi 506

— — mus3kuii 506

— mpocToit 69

— — OTHOCHTENLHO Hjeana 428

— CHJIBHO NpUMapHEIii 434

— cnabo npumapHsii 434

—, COOTBETCTBYIOIUNA MHOTO00Opa3Hio
460

— 1ienbIi 493

Hneans B3auMHO npocThie 444

— KBa3UB3auMHO npocThie 503

— KkBasmnpasHsle 501

WnemnorenTHeId SneMenT 360

N3onnpoBanHas KOMIOHEHTa Heaita
442

H3onmnpoBanHOE NOAMHOKECTBO
MHOX>KECTBa HieaaoB 442

N3onnposannsii uaean 442

Hzomopdusm 42

— JIByCTOPOHHE HENpephIBHBINA 521

— Hajx noneMm 161

— onepaTopHsIi 173

— TOToNoru4eckuit 521

HzomopdHuslie rpymmsr 42

— MHOXeCTBa 42

— HOpMaJbHbIE paabl 177

HNmmpumutusHas rpynna 192

HuBapuantHas noarpynna 41

HuBapuanTHOE moanpocTpancTBo 308

HNuBapuanTHeii MHOXUTEND 302

HuBepcHO n3omopdHOE KOIbIo 367

HuBepcHoe konbio 404

HHpexc nHEpIny KBaIpaTUIHOU
dopms! 320

— noArpynnsl 41

— CHEUAIBHOCTH AuBH30pa 557

—tena 377

Hunyxnus 20

— tpaHchuHUTHAS 242

HuTepBan oTkphIThIi 581

HHuTepnonsauuonnas
Jlarpamxka 109

— — Hsrorona 109

HHuTpansutusHas rpynna 191

HunextuBHOE 0TOOpaxkenue 19

Kanonwugeckuii knace 567

Kanonudeckoe n-mMepHOE BEKTOPHOE
npocTpaHcTBO 603

Kacarensnsiii konyC 477

Ksagpatuunas gopma 317

— — equHAYHasA 321

dbopmyna



— — TMOJIOXUTEIILHO OTNpeIelIeHHAs
321

— — moiyornpeaenensas 321

KsagpaTtuunsiii Berger 535

Ksagpatypa kpyra 227

Kgaszur3zanmuo npocteie uaeansl 503

Ksazunemurens 501

Ksazukpartroe 501

Ksaznpasnsie uaeansi 501

KsaznperymsipHslii crieBa aneMeHT 355

KsatepHroH raMunbsToHOB 335

Kiace 17

— BBIUETOB 48, 66

— — OTpHUIIaTeNbHbIN 272

— — TIOJIOXUTENBHBIN 272

— IUBU30POB 567

— muddepennuanos 567

— unaeanos 502

— KaHOHUYECKUH 567

— CMEeXUBIH JIeBhIiA 40

— — npassii 40

— SKBHUBAJICHTHOCTH 27

Kimuddopnora anredpa 339

KoBapuanTHsIii BekTOp 96

— TeH30p 95

Kogexkrop 87

—, KpaTHBIA AUBU30pY 563

— MOCNIEA0BATEIBHOCTH 559

Kogektops! mouru paBHbIe 577

KomnbiieBoe npucoesnHeHNE
nepeMeHHoi 62, 137

Konsio 49

— ansTepHaTuBHOE 330

— Oe3 genureneit Hyns 52

— BIIOJIHE TIPUBOUMOE clieBa 361

— T'JIaBHBIX MACATIOB 72

— rpynnoBoe 336

— eBKJIHI0BO 72

— WHBEPCHO u3oMopduoe 367

— uHBepcHoe 404

— KJIaCCOB BBIYETOB 68

— KOMMyTaTuBHOE 50

— JIn 330

— nueBo 330

— MaTpHu4HOe nonHoe 334

— MHOTOWIEHOB 61

Konsio MHOT'OWICHOB oT
MIEPEMEHHBIX 62

— HéTtepeBo 421

— HOopMIIpoBaHus 514

— HyJeBoe 54

— HyIIb-TIpuMapHoe 452

— nonymnpoctoe 354

— NPUMUTHBHOE 365

— npocroe 350

— pagukanbHOe 353

— panuoHansHOE 54

— ¢ equHUIEeH 52

— — €IUHUYHBIM DJIEMEHTOM 52

— teH3opHoe 337

— Tomnonorudeckoe 589

— neno3aMkHyToe 486

— LENOCTHOE 52

— IIeJBIX TayCCOBBIX uncen 74

— qacTHBIX 450

— — 0000menHoe 451

— sHAOoMOopdu3MoB 367

— — abeneBoii rpynnsl 173

— — neBbIX 367

— — mnpassIxX 367

KommyraHnT rpynmns 48

KommyraTusroe konbio 50

— none 54

Kommnnexc 39

Kommnnexcnas rpynna 329

KowmmnekcHo conpsbxkenHOE uncio 284

Komnosunuonssni pax 177

— — MpuMapHoro uaeana 455

— ¢paxTop 177

Komnosunus kpyrosas 355

Komnonenra BekTopa 558

— Haeana BIOXeHHas 442

— — U30amnpoBaHHAs 442

— — OmpeJeeHHas: MHOXKECTBOM 442



— — npumMapHas 438

Koneunoe BekTOpHOE MpOCTpaHCcTBO 81

— MHOXeCTBO 24

— pacmmpenue 143

—Teno 155

KoneunomepHoe
MPOCTPaHCTBO 81

Koneunslii Mmoyns 298

— OTHOCHTENBHO Iliekca
muddepennman 571

— M-monyns 482

KoncranTs! nons gynkouii 545

KonTpaBapuanTHsIii BekTop 96

— TeH3op 96

KontparpaauentHoe
395

Konyc kacarensnsii 477

Koopaunats! 6ununelinoi gopmsl 95

— BekTopa 82

— KoBekTopa 87

Kopens nuddepennnana 571

— uneana 459

— — 00muii 463

— MaTpHIbl XapakrepucTudeckui 314

— MHoro4ieHa 459

— nepBooOpa3HbIi o Moxymio p 158

— npocroit 107

— ypaBHeHH: 139

— ¢yukuuu k-kpatasrii 547

— Xapaktepuctuaeckuii 317

— k-xparnsrit 107

— n-# crenedd u3 exuHuIEl 150

————— npuMuTHBHBIA 151, 153

KopreBoe noanpoctpancTso 314

Koadpdpunuent 80

— MHOTOWIEHa cTapmmii 61

— — — (opmansHsIi 125

Koaddunuentsr MEHOTOUIEH 60

— HeomnpeaeneHHsie 215

Kparnaa quBusopy ¢ynknas 551,

— touka 477

Kpatnoe 69

BEKTOPHOE

NpEeACTAaBICHUC

— o0Omiee HanMeHsIree 71

— — —wuneanos 71

— npaBoe 65

— cobcTBeHHOE 69

KpatrocTts kopH: 148

Kpusas 468

— panuoHanbHas 253

Kpurepnii I'ernensta 480

— HENPUBOIUMOCTH MHOT000pa3Hs
461

— PEIYKIIMHU B COBEPIICHHBIX MOJIIX
524

— nenoctu 538

Kponexeporo npoussenenue 392

Kpyr 581

Kpyrosas xomno3unag 355

Kpyrosoe none 202

Ky6 582

Kyb6uueckas pe3onsBeHTa 222

JleBasg equHMIA 28

JleBoe BekTOpHOE MpOCTpaHCTBO 80

— gacTHoe 348

JleBbiii nenurens vy S1

— 3Be3/IHO 0OpaTHBIH neMeHT 355

— unaean 65

— MyJbTUILIHKATOp 172

— oOpartHsIii anemeHT 28, 53

— cMexHBIH Knace 40

— V-Moayis 349

Jlemma I'enzens 524

— 00 abeneBbIx rpyHnax 151

— ocHoBHas bypbaku 240

— Ilopna 239

JIneso xonwio 330

Jluneiinas obonouka
npeoOpazoBanuii 401

JIuneitnas gopma 86

— ¢ynxuHas 86, 386

JIuHeHO 3aBUCUMBIE BEKTOPHI 83

— HE3aBHCHMBIE BEKTOpHI 81, 84

— — JAUBU30DPHI 567

— YHODSI0YEHHOE MHOXKECTBO 237

CHUCTECMBEI



— SKBUBAJICHTHBIE CUCTEMBI BEKTOPOB
85

JIuneitnoe noampocTpancTBo 86

— npeobpaszoBanue 90

— — Heocoboe 92

— — oproroHanbHoe 323

— — cuMMeTpudeckoe 322

— — TOXJecTBEHHOE 93

— — TpPaHCNOHIIpOBaHHOE 94

— — ynumopynspHoe 303

— — ynurapHoe 323

— — 3PMHTOBO CUMMeETpHUYecKoe 322

— ypaBHeHue 89

— — oxHOpoaHOE 89

JIuneitnsii paar 86

JlokansHas HOpMa 575

MakcumansHoe
pacmmpenue 244

MaxkcuMannHEIi naean 70

— 3neMeHT 239

Mansrnit pagukan koasia 352

Marpumna 91

— egquHEUYHAd 93

— Heocobas 92

— obparumas 299

— obpatHas 93

— npeobpas3oBanus 91

— comnpoBoxaaromas 312

— TpaHCIIOHINIPOBaHHAA 95

MarpuuHoe kombio monHoe 334

— MpeACTaBIeHUE aureOphl
KBaTepHUOHOB 335

Meroa naaykuuu 20

— TIOCJIEAOBATEILHOTO HCKIIOUEeHUS 89

MunanmansHbI MOyas 350

Munop 101

MsHoroo6pasue anrebpandeckoe 459

— uneana 459

— HenpuBoauMoe 461

— — HaJ OCHOBHBIM I10JIeM 461

— Hepasznoxumoe 461

— — HaJ OCHOBHBIM I10JiIeM 461

anrebpanveckoe

— npuBoauMoe 461

— — HaJI OCHOBHEIM 110JIeM 461

— coctaBHOe 461 MHorouneH 61

— JeneHus kpyra 154

— HEMIPUBOJIUMBINA 76

— HecenapabenbHeIi 121

— OJHOPOJHEIIH 63

— cemnapabenbHbIii 161

MHoro4neH €lI0BapHO yHNOpPSAAOYEHHBIN
121

— Copeprxanuii MEOTo0Opasue 460

— XapakTrepucTuieckuii 316

— IENIOYUCIICHHBIH 62

MHorounens! paBHbIe 61

Mmuoxecta 6a3ucHbIe 582

— u3zoMopdHsIe 42

— Henepecekaromuecs 19

— no00HO ynopso4YeHHEIE 42

— paBHOMOMIHEIE 19

— pasHsle 18

— DKBHUBAJICHTHRIE HAJ[ OJIEM 256

Mmuoxectro 17

— anrebpandecku 3aBucuMoe 256

— — He3aBHCHUMoE 256

— beckoHeuHOE 24

— BIOJHE ynopsao4YeHHoe 237

— BTOpO¥Y cTynenu 17

— 3aMKkHyTO€e 581

— — B TOMOJIOTHYECKOM ITPOCTPAHCTB.'
580

— KOHe"Hoe 24

— NUHEHOoe ynopsaaodeHHoe 237

— marnoe nopsaaka V 594

— MYJIBTUIUITMKAaTHBHO 3aMKHyTOE 441

— obwemimromee 18

—, OTPaHUYEHHOE CBepXy 237

— oTKphITOE 581

— noNyynopsigoueHsoe 237

— MPOU3BOJILHO Majoe 596

— mycroe 17

— cueTHO OGeckoHeuHOE 25

— cyeTHoe 25



— ynopsaodeHHoe 237

— YacTUYHO ynopsaodeHHoe 237

MBHoxuTens nHBapuaHTHBINA 302

MonensHOE n-MepHOE BEKTOPHOE
MPOCTPAHCTBO 83

Monyns 29, 172

— nBowno# 350

— KOHEYHBIA 298

— nuHENHBIX Gopm 298

— MHUHUMAaIbHBIA 350

— Hax KoieoM 173

— TONHBIHN 602

— npexacraeinerus 307

Moayns npocroit 350

— CHJIBHO MOJHEIN 602

— tononoruyeckui 602

— yucna 284

— JNIeMeHTa 266

Mopnynsapnsii uaean 353

MomHocts 19

MynsTUnIMKaTUBHAS TpyHNa Tena 55

MynbTUILTMKATUBHO 3aMKHYTOE
MHOXECTBO 441

MynsTunnukarop aeBbiii 172

— npaBsii 172

Hamunean 69

HanmuoxectBo 18

— cobcTBeHHoe 18

Hapareno 136

Haubonemuii o0nmii nenurens 73

— — —uneanos 71

— — — c-moxaynei 493

Hawusricmas pa3zmepHOCTh uacana 473

Haumensmmee obmee kparaoe 71

— — — uneajos 425

Harypansssiii pag 20

Hauano maOx)ecTBa 240

HeapxumenoBo HopmnpoBanue 512

Henuckpernoe HopmnpoBanue 514

He3zaBucumMele TpaHCIIEHAECHTHBIE
3JEMEHTHI 255

HexomMmyTtatusHOe noze 54

Heomnpenenennrie koaddunuentsr 215

Heoco6as marpuia 92

Heoco6oe nmuneiinoe npeobpa3oBanue
92

Henepecekaronmuecss MHOXecTBa 19

Henpeprsisras pynaxmus 278, 583

— — B TOouKe 583

HenpepsisHO n3omopdHsie momns 521

HenpeprsBHOE oT0oOpaxeHnue 583

Hempusoaumas cucrema 258

Henpusoaumoe MHOr006pasue 461

— — HaJI OCHOBHEIM 110J1eM 461

— npexacrapiedue 310

Henpusoaumeriit MEHOTOYIEH 76

— cay4Jail kyOuueckoro ypaBHenus 221

Hepasznoxumocts abcomornas 129

— ypaBHEeHUs Jenenus kpyra 204

Hepasnoxumsrnii ugean 504

— 371eMeHT 76

HecenapabensHoe pacmmpenue 161

HecenapabenbHbIit MHOTOWIEH 121

— anemMeHT 161

Hecmemrannsnii uaean 473

Hecosepmennoe none 164

Hecokpatumoe npeacrapnenue 436

Herepoga cucrema akropos 415

Héreposo xonbio 421

— ycnoBue 476

Heuernas nmoacraHoBka 36

Hwuskuit npumapnsiii uaean 506

Huneunean 357

Hunsnorentueii uxean 351

— anemeHT 430

Hopma 168

— KBaTepHUOHa 335

— nokanbHag 575

— Marpuns! 316

— perymsapHas 168

Hopmanuzartop snemenTa 180

Hopmansnas noarpysna 41

— — pomyctumas 171

— ¢opMma MaTpuIrsl Bropas 313



— — —mepBas 312

— — —Tperba 314

Hopmansnoe pactmipenne 149

— ypaBHeHue 150

Hopwmanshsie paas! usomopdasie 177

Hopmanshsrit 6a3uc 232

—pan 176

— — 6e3 moBTOpeHuit 176

— — Haj noArpymnmnoi 177

— — cOOCTBEHHBII HPUMAapHOTO
uneana 455

Hopmuposanue 545

— apxXuMenoBo 522

— auckpetHoe 514

— HeapxuMeZ0Bo 512

— HeAucKpeTHoe 514

— nokasarensHoe 514

—, COOTBETCTBYIOMIEE TOUke 540

— p-amuaeckoe 510

— TI'-aguueckoe 511

HopmupoBanus sxBuBasieHTHEIE 520

HopmupoBanHas cuctema BeKTOpoB 322

Hopmuposannoe none 509

Hynesoe komnsIio 54

— pemenue 90

Hynesoii ugean 65

— anemenr 29, 50

Hyns-nocnenoBarensHocTs 270

Hynb-upumapHoe Konbio 452

Ob6nacth UMHPUMUTHBHOCTH 192

— MYJIBTUIUIMKATOpPOB 172

— oneparopos 171

— — HpaBsIx 602

— TpaH3uTUBHOCTH 191

— IENBIX 9ucen 22

O6o6nieHre TEOPEMBI O KOPHIX

0O000meHHOe KOIBIO 9aCcTHEIX 451

O6onouka 3amkHyTas 581

— NUHeNHas CUCTEMBI UpeoOpa3oBaHU
401

O6pa3 romoMopHEIit 45

— aneMeHTa 19

O6patumas marpuria 299

O6patumoe orobpaxenue 299

OO6paTtumslii sneMeHt 75

O6patHas marpuna 93

— noxctaHoBka 30

O6patHoe oTobpaxenue 19

OO6partHsIii anement 28, 53

— — neBbId 28, 53

— —wupassii 31, 53

O6mas anTUCcHMMeTpHUecKkas ¢GopMa
328

— To4Ka MHOrooOpasus 465

OO0mee kpaTHOE HIEAIOB HaWMEHBIIEEe
425

— — HauMeHbIee 71

— ypaBHEHUE n-i crenenu 215

OO0nwmii genurens HanOoIbIMUHA 73

— — —mwugeanos 71

— — — v-mopynei 493

— KOpeHb uaeana 463

O6bvequaenne MaEOT000Opasuit 460

— MHOXeCTB 18

O0neMmroniee MHOXECTBO 18

OrpaHudeHHOE CBEPXY MHOXKECTBO 237

OnHo3Ha9HOCTH aeneHus 31

OnHokpaTHBIM Hean 448

OnHOpoaHOE TUHEHHOE ypaBHEHUE 89

OmHopoaHbI MHOTOYJIEH 63

OxpectHOCTH Oa3ucHbBIE 582

OxpectHOCTB HYsA 559

— Touku 581

— — oTkpsITas 581

Omneparop 171

OneparopHsiit romomopdusm 173

— u3omopdusm 173

Owupenenenre METOAOM UHIYKIIUA 22

Owupenenurens 98, 100

— Bangepmonaa 108

— ¢opmsl 319

OproronanbsHOE
upeobpazoBanue 323

OpToroHaibHOCTh XapakTepoB 397

HUHEeHHOoe



OprorosansHble BEKTOpPHI 322

— mpocTpaHcTBa 89

OcHoBHas nemma Byp6axu 240

— teopeMa anreOps1 283

— — Ilérepa 476

— — 0 KOHEYHBIX MHOXXECTBax 24

— — — pa3JI0KEHUU Ha MHOXKHTEIH
113

— — — CUMMETPHUYECKUX (PYHKIIHUIX
121

— — 00 abeneBbix rpynmnax 305

— — teopuu I'airya 197

— ¢opma 322

OcHogHoe none 194

OcHOBHBIE TEOpEMBI O JHHEHHOMU
3aBHUCUMOCTH 83

OTKpBITasd OKPECTHOCTH TOUKH 581

OrtxpriToe MHOXECTBO 581

OtxpsIThI HHTEpBaT 581

OtMeuennslii uaean 450

OtHomenue muddepennuansHoe 260

— pa3HoctHoe k-e 110

— pedaexcuBHOE 26

— CHMMETpHYHOE 26

— TPaH3UTUBHOE 26

— YKBHUBAJICHTHOCTH 26

Orobpaxenue 19

— B3aUMHO OIHO3Ha4YHOE 19

— romomopdHoe 45

— UHBEKTUBHOE 19

— HemnpepbiBHOE 583

— obparumoe 299

— obparHoe 19

— CIOPBEKTHUBHOE 19

— tononorudeckoe 583

Otpe3ok MHOXKECTBA 240

OrtpunarensHbIA K1acc BRIYETOB 272

— 37eMeHT 266

IlepBas akcuoma otaenumocty 584

— — cueTHoCTH 584

— HopMaibHas (popma MaTpunsl 312

— TeopeMa €IMHCTBEHHOCTH 439

— — 0 pasnoxennu 434

— — 00 umomoppusme 175

IIepBoe COOTHOIIICHHE MEXTy
xapakrepamu 393

ITepBOOOpa3HEIil KOpEHB MO MOIYIIO p
158

IIepemena 3nakoB 280

Ilepemennas 61

Ilepeceuenne MHOTOO0Opa3Mit 460

— MHOXecTB 18

— noArpyHn npsmMoe 331

IlepectanoBka nukadeckas 36

IlepecranoBOYHBIE 2IEMEHTHI 54

ITepuon f-unennsrii 207

IIneiic 546

— HEpa3BETBICHHBIN 577

IInotHOE MOogMHOXecTBO 581

IToBepxHOCTS 468

— pumaHoBa 546

Iloarpynmna 35

— pomyctumas 171

— vHBapuaHTHas 41

— HOpMaibHas 41

— — ponyctumas 171

— comnpsbkeHHas 43

— Xapakrepuctudeckas 172

ITomunean 69

IToakonsmo 64

ITogmuOTOOGpasue 459

IToxmHOMXEcTBO 17

— 3amkHyToe no [{opny 239

— MHOXXECTBa HJI€AI0OB U30JIUPOBAHHOE
442

— moTtHoe 581

— cobctBeHHOE 18

ITogo6HO yHOpSIOUEHHBIE MHOXKECTBA
42

IToanpocTpancTBa OpTOrOoHaNBHEIE 89

IToanpoctpancTBo nHBapuanTHoe 308

— KopHeBoe 314

— nuHeiHoe 86



IloanpocTpaHCTBO OPTOTOHAIBHOE K
BeKTOpy 89, 322

IToxcranoBka 29

— equanvHas 30

— HedyeTHasd 36

— obpatHas 30

— toxkaecTBeHHas 30

— 4geTHada 36

Iloxreno 134

Ilokazarens 513

— uneana 433

— kopH# 161

— MHorowieHa 161

— pacmrmpenHs 164

IlokaszarensHOE HOpMITpOBaHUE 514

Ilone 54

— anreOpanyecku 3aMkHyTOE 165, 244,
545

— anrebpanyeckux GyHKIuUH 568

— —gucen 283

— apxXuUMeZIoBO 268

— BEMIECTBEHHO 3aMKHYTO€E 285

— BENIECTBEHHBIX uHcen 276

— T'amya 155

— JleneHHs kpyra 152

— KJIaCCOB BBIYETOB HOPMITPOBAHHS
515

— KOMMYTaTUBHOE 54

— KOMILIEKCHBIX uucen 282

— KOHCTaHT 545

— KOpHEH n-’ CTEeNeH! U3 €IUHHUILIBI
152

— Kpyrosoe 202

— HEKOMMYTaTUBHOE 54

— HecoBepineHHoe 164

— HopMMpoBaHHoe 509

— ocHOBHOe 194

— TMOJIHO€ OTHOCUTEIIEHO
HOpMITpOBaHHA 516

— — p-agudeckoe 519

— npoctoe 134

— pa3noXKeHHd MHOTOWwIeHa 145

— —Tena 377

— coBepmenHoe 161, 164

— yHHUBepcaibHOe 462

— YHOpsI09eHHOE 266

— (opmaneHO BemecTBeHHOE 285

— YaCTHBIX 57

— p-agudeckux uucen 517

— p-agu4deckoe nonHoe 519

Ionununeitnas gpopma 97

— — aHTUCUMMeTpudeckas 97

ITonHas opToroHanapHas cCUCTEMa
BEKTOpOB 322

ITomHOE MaTpuuHOE KOMNBITO 334

— T0JI€ OTHOCUTEIHHO HOPMITPOBaHUS
516

— pasnoxenue anreops 377

— p-agu4aeckoe moie 519

Ionnsni Mmogyns 602

ITonoxwurensHas dbyHIaMeHTaIbHasA
MOCIIEAOBATEILHOCTE 272

ITonoxurensHO onpeneneHHas Gopma

KBajaparu4dHas 321

— — —3pmuroBa 322

IlonoxuTensHBIN KIacC BEIYETOB 272

— 37eMeHT 266

ITonyrpynna 401

— tonoaorudeckas 600

— neHTpansHag 403

IlonyonpenenenHas KBaJpaTUIHas
¢dopma 321

ITomynpocras anre6pa 352

ITomynpocroe xomnsIto 354

ITonyynopsaoueHHOE MHOMXKECTBO 237

Tomoc muddepennmana 571

— ¢ynkuuu h-xpatasiii 547

ITons HenpepriBHO M30MOpdHEBIE 521

— MOPSIKOBO H30MOpGHEIE 268

Ilonspuas ¢popma 317

ITononnenue xonbIa 605

— tena 607

Ilopoxaaromue 3neMeHTsI 37

Ilopoxaennas rpynna 37



Ilopoxaennslit uaean 65

TopsinkoBo uzoMopdHEIe mos 268

Iopsimox rnasHEI 490

— rpymnmnsl 32

— nmupdepennuana 571

— Mazoctu 596

— ynkuuu 547

— aneMeHTa 38

ITocnenoBarensHOcTE Komm B T-
rpynne 591

— cxomamascs 273, 583

ITocnenoBaTensHOCTH
bynrameHnTanbsHasg 269, 516

— — B T-rpyHne 591

— — — T-moxyne 602

— — nonoxurensHas 272

IlocTpoenne MeTOIOM UHAYKIIMH 22

— — — TpaHcUHUTHOU 242

— MPaBUIBHOTO MHOTOYTONbHUKA 228

IIoutu paBHBIE KOHBEKTOPEI 577

IIpaBas equauna 31

IIpaBuna quddepennnponanus 105

IIpaBoe kpaTHOE 65

IIpassiii genurens Hyns 51

— unean 64

— MyJbTUILIHKATOp 172

— obparHslii anemeHr 31, 53

— cMexubId kiacc 40

— Q-moxyns 602

IIpenen 6asuca punsTpa 597

— TIocaeaoBaTenbHOCTH 273

IIpencraBurens knacca
SKBUBAJIEHTHOCTH 27

IIpencraBurens cMexuoro knacca 40

IIpencraBnenue abCoNIOTHO
HenpusoguMmoe 383

— anreOphl KBATEPHUOHOB MaTPUIHOE
335

— BriosiHe npuBoguMoe 310, 351

— rpynnst 378

— xoJibIia 350

— — JIMHEHHBIMH TIPeoOpa3oBaHUAMHU
307

— KOHTparpaaueHTHoe 395

— HauOONBIIMMHU IPUMaPHEIMHU
uaeanamu 438

— Henpusoaumoe 310

— Hecokpatumoe 436

— TMIOJACTAHOBOK ITMKJIaMH 36

— npuseaeHHoe 310

— npuBoaumMoe 308

— pacnagaromeecs 310

— perymspHoe 236, 379

— conpsbkeHHOE 395

— tounoe 307

IIpencraBnenus sxBuBaneHTHBIE 308

ITpeobpazoBanue 29

— nuHeitHoe 90

— — Heocoboe 92

— — opTroroHansHOE 323

— — cuMMeTpHJecKoe 322

— — ToXaecTBeHHOE 93

— — TpaHCNIIOHIpOBaHHOE 94

— — ynumonynsapHoe 303

— — ynurapHoe 323

— — JPMHTOBO CUMMeETpHUIecKoe 322

IIpuBenenue npeacrasnenus 310

IIpuBonMMas cUCTEMA JTUHEHHBIX
npeobpaszoBanuii 308

IIpusogumoe MHOTOOOpasue 461

— — HaJI OCHOBHEIM IT0JIeM 461

— npexacrasneHue 308

IIpuBogumerit nxean 434

IIpumepnas rpynna 304

— KOMIIOHEHTa ujeana 438

IIpumapHssrnii uaean 430

— — acCOLMIIPOBAaHHBIN 432

IIpumuTuBHas rpynna 192

IIpumuTuBHOE KONBLO 365

— pacmnperue 196

— ypaBHeHue 196

ITpumuTHBHEBIA KOpeHB h-if cTeneHu u3
enuauIle! 153



— aneMeHT 165

Ipunnun uagyknun 20

— — To aenuTteisM 425

— Makcumyma 239

— MHUHUMAJIBHOCTH 11 MHOTOOOpa3uit
460

IIpucoequnenune MaoxectBa 137

IIpucoenunenue nepeMeHHON 62

— — KOJIBIIEBOE 62

— cuMBoIH4Ieckoe 142

— JNIeMeHTa K temy 137

IIporpeccus apudmernaeckas HyJaeBOro
nopsaxa 112

— —n-ro nopsaka 112

IIpomomxenue usomopdusma 146

— HOpMHpoOBaHuA 527

IIpoussenenue 28, 49

— anrebp 341

— BEKTOPHBIX UpocTpaHCTB 340

— 3Be3Hoe 355

— uxeanos 426

— KyaccoB anrebp 413

— KOMILIEKCOB 39

— KpPOHEKepoBo 392

— IOJCTAaHOBOK 29

— upeacrasiaeHui 393

— upsamoe 181

— — anre6p 233

— —rpynn 182

— ckajsipHOe 87

— cKkpenieHHoe 342

— cnoxHoe 32

— ten3opHoe 102, 340

— (yHIaMeHTAIIbHBIX
MOCIIeqOBAaTEIhHOCTEH 592

IIpoussonnasg MmHOrowieHa 105

— panuoHanbHOHU dynkiuu 260

IIpousBonsHO Maoe MHOXECTBO 596

IIpoo6pa3 upu romomopdusme 45

— aneMeHTa 19

IIpocras anrebpa 345

—rpyHna 176

IIpocreiimas apobs 132

IIpoctoe anrebpanueckoe pacmupeHue
139

— xoxbI10 350

— none 135

—- pacmmpeHnue tena 137, 165

—teno 134

— TpaHCLEHAEHTHOE pacmupenue 139

— quciuo 76

IIpocroit nuBu3op 551

—- uaean 69

— — acCOLMMPOBAaHHBIN 432

—- — OTHOCHTENBHO Hjeana 428

— Kkopens 107

— moaynb 350

— JJIeMeHT 76

IIpoctpanctBo adpdunnoe 459

— BekTopHoe 80

— — nBoMcTBeHHOE 87

— — koHeuHoe 81

— — KoHe9HOMepHoe 81

— — neBoe 80

IIpocTpaHCTBO BEKTOPHOE MOJAEIBHOE
n-mepHoe 83

— — npasoe 80

— nuckpetHoe 583

— tomnonorudeckoe 580

— xaycaopdoso 584

IIpoTuBONONOXHBIH 1eMEHT 50

IIpsmas cymma anre6p 333

— — koJerr 333

IIpsimoe nepeceuenue moarpynn 331

— upousBeacHue 181

— — anrebp 233

— —rpynn 182

IIycroe mHOXecTBO 17

PaBHoMomHBIE MHOXKECTBa 19

PaBHBIE MHOTOUIEHEI 61

— MHOXecTBa 18

Pamukan 353

— anreOpsl 352

— KoJnbIa 0onbpmIoi 353



— — manblid 352

PagukanpaO€E KOaBIO 353

Pa36uenue Ha xaacce 40

Pa3znoxenue anredper 376

— — nonHoe 377

— TpUBHaNbHOE 76

PasmepHOCTB
HUpOCTpaHCTBa 82

— auBHU30pa 582

— uneana 473

— — HauBbIcmas 473

— — mpocroro 466

— KJIacca IUBU30pOB 567

— MHOT000pa3sus 468

— — HEMPUBOAUMOTO 466

— HpUMapHoTro uaeana 473

PasnoctHOE oTHOMmEHME k-¢ 110

Paszpemmmas rpynna 180

Panr nuneiinoro npeobpa3zoBanus 92

— NUHEWHBIH 86

— UpocTpaHcTBa 86

— CHCTEMBI ypaBHeHHH 89

— CTOJIOIOBEII 92

— ¢opmsr 320

Pacnaparomeecs upencrasnenue 310

Pacmmpenue 136

— abeneBo 196

— anreOpanueckoe 145

— — MakcuMajbHOe 244

— — mpocroe 139

— T'anya 149

— uneana 450

— koHeuHoe 143

— He pexyunpyrpomniee rpyHiry 200

— HecemnapabennHoe 161

— HopMainbHOE 149

Pacumipenue upumutruBHOE 196

— cemnapabennHoe 161

—tena 137, 165

— —npocroe 137, 165

— TpaHCLEHIeHTHOe upocroe 139

— nuKkIndgeckoe 196

BEKTOPHOTO

— YHCTO TPAHCUEHAECHTHOE 257

Pactomipenus coupsbxeHssle 141

— SKBUBaJICHTHEIE 140

Pammmonanehas kpusas 253

— nenas ¢pyHknus 63

PanronansHO SKBUBaIEHTHEIE (OPMEI
318

PanmnonansHOE KOIBIIO 54

PannoHanbHOCTE HEUPUBOAUMEBIX
upeacrasineHui 401

Perynsapnas HopMma 168

Perynsapuoe upeacrasinenue 236, 379

Perynsapusrnii cien 168

Penykxuuonnas teopema 373

PexynnpoBannas creneds kopus 161

— — MHorouwieHa 161

— — pacmupenus 164

Pe3onbBenTa KyOuueckas 222

— Jlarpanxa 210

Pesynbrar 126

PedrnexcuBnoe otHOMmEHNE 26

Pemenue nHyneroe 90

PumanoBa noBepxHOCTE 546

Pox mons 557

Panx xomnosunuonssri 177

— — HpHUMapHoro uuaeana 455

— HaTypaibHbIH 20

— HOpMaJbHBIN 176

— — 6e3 moBTOpeHwmit 176

— — Hag noarpynnoi 177

— — cOOCTBEHHBII1 HPUMAPHOT'O
uneana 455

— cTeneHHoH (opManbHBIN 519

— IlItypma 280

Psne1 HopmansHEIe U30MOpdHEIE 177

Cgeptka 103

CaoiicTBO Moxaymneit 64

CemnapabensHoe pacmupenue 161

CenapabensHbIif MHOTOUWIEH 161

— aneMeHT 161

CunbHo nonHas T-rpynna 597

— MOJHBIA MOAynb 602



— MpUMapHsIii uaean 434

CuMBoIIMUeckas cTeleHb uaeaia 443

CumMBonm4deckoe npucoeuHeHue 142

Cummerpudeckas rpymmna 31

— ynkmus 121

— — aneMeHTapHas 121

CuMmMeTpudecKoe TMHEHHOE
npeobpaszoBanue 322

CuMMeTpHYecKoe OTHOIIEHHE 26

Cumnnextuyeckas rpynmna 329

Cucrema BEKTOpPOB HOpMHUPOBaHHAs
322

— — NOJHasA OpTOroHaNbHas 322

— NUHENUHBIX peoOpa3oBaHUM
npuBogumas 308

— HenmpuBoauMas 258

— OKpecTHOCTeH 582

— pe3yasTanToB 471

— ¢ IBOIHOH KoMmo3uuei 49

—, CoiepKaIias MPOU3BOJIEHO MaJlble
MHOXecTBa 596

— ypaBHEHHUH TpaHcIoHNpoBaHHas 90

— (paxTopos 343

— — OpayapoBa 417

— — Héteposa 415

CucremMsl BEKTOPOB
SKBUBAJICHTHEIE 85

— (paxTopoB acconunpoBaHHble 343

Cxamnsp 80

CxansipHOe npousBeaenue 87

CxkpenieHHOe npou3sBeieHne 342

Cnabo monmuas T-rpynma 591

— MpUMapHsIii uaean 434

Cnen 103, 168

— Marpunsl 103

— npeacrapineHus 386

— perynspHbId 168

— JJIEMEHTA B NpeACcTaBiIeHuU 386

CroBapHO ynops109€HHBI MHOT'OWICH
121

CrnoBapHoe ynopsgodenue 121

Cnoxnas cymma 32

JUHEHHO

CnoxHoe npousBeneHue 32

CrnyJait HEIPUBOAUMEI KyOMIeCKOTO
ypaBHeHus 221

CwmexHbIN Knace neBsiid 40

— — npassii 40

CwmemansbIi TeH30p 96

CobcrBenHoe 3HaueHue 323

— KpatHoe 69

— HaJMHOXeCTBO 18

— HDOAMHOXeCTBO 18

CobcrBennslii Bekrop 314, 323

— nenutens 69, 76

— HOPMAJIBHBIHN P IPUMAPHOTO
uneana 455

CosepmenHoe Hoze 161, 164

Conepxxanne MHOTOWIeHa 114

CootHomenue nuddepeHnuansHoe
aiineposo 106

— MEeXAY XapakTepaMu BTopoe 394

— — — nepBoe 394

— — — Tperbe 396

— — —4erBeproe 397

ComnpoBoxaromas Marpuna 312

ConpspxenHas noarpymnmna 43

CormnpsbxenHoe npeacrapinenue 395

ConpspxerHble pacmpenus 141

— 3JIeMeHTHI 43

ConpsxeHHbIN XapakTep 395

CocraBHOe MHOTOOOpa3ue 461

CnenuanbHsiii 1uBu3op 557

CpaBHUMBIE 3JIEMEHTHI 48

Crapmmii k03¢ GUIMEHT MHOTOWIEHA
61

Crenennoii psaa popMmanbHeii 519

Crenens 33

— Ipynmnsl NOACTaHoBOK 193

— auBu3opa 551

— upxeana 426

— — cuMBoI4YecKas 443

— KJ1acca JUBH30pOB 567

— Kopus pexynnpoBaHHas 161

— MmHorowieHa 61, 63



— — penyuupoBanHas 161

— — ¢opmanbHas 125

— MHOXecTBa 239

— npeacraeieHus 378

— pacmmnpenus 143

— — pexynupoBaHHasa 161

— TPaHCLUEHAEHTHOCTHU 259

— ynkuuu 250

— aneMeHTa anrebpandeckoro 139

CronbuoBslii panr 92

CrpykrypHas
MOJTYIPOCTHIX Koner 372

— TeopeMa IS IPOCTHIX Kojer 372

— — 0 konbIax dagoMopduzmos 371

— — — npousBeneHusax 406

Cyxenue uaeana 450

CymmMma 29, 49

— ugeanos 71

— kBajapatos 320

— NUHEWHBIX npeobpa3zoBaHuii 94

— martpun 94

— npsamas anrebp 333

— — Kkoier 333

— cnoxHas 32

— c-Monydeit 493

Cxema (uudp) 398

— pasHocreii 111

CxomumocTts 6a3uca punstpa 597

— mocneaoBarenbHocTH 273, 583

Cxopmsamasics nocneaoBaTeIbHoCTh 273,
583

CueTHO OeCKOHEYHOE MHOXKECTBO 25

CaeTrHOE MHOXKECTBO 25

CropbekTuBHOE 0TOOpaxeHue 19

Teno 54

— koHeuHoe 155

— npoctoe 134

— Tonoaorudyeckoe 618

— sHgoMopdu3mMoB 368

Tenzop 95

— JIByXBaJICHTHBIN 95

— KOBAapHaHTHBIA 96

TeopeMa JUTSt

— KOHTpaBapUaHTHBINA 96

— CMEINaHHEIH 96

TenzopHoe xomnbio 337

— npousseaeHue 102, 340

Teopema AGens 217

— annpoKcUMaIluoHHas 544

— Bepncaiiga 402

— Bennep6epna 372

— Beiiepmrpacca 278

— Bunscona 158

— I'ennensTa 0 kopusax 480

— I'unb6epra o 6asuce 421

— — — Kopusx 472

— €IMHCTBEHHOCTH BTOpas 443

— — nepBas 439

— Xopnana — I'enpaepa 179

— Kommwu 274

— JIropora 252

— Mammxke 388

— 0 Oazuce 421

— — buHOME 54

— — BepxHeH rpanu 275

— — BBIYeTax 573

— — TJIaBHBIX HjeanaoB 456

— — romoMopdusmax rpynn 47, 173

— — — koern 69

— — Moaymix 374

— — HE3aBHCHUMOCTH ILIEHCOB 549

— — — xapakrepoB 185

— — MPUMHUTHUBHOM dlIeMeHTe 165

— — upogomxkenuu 503

— — pa3znoxeHuu Bropas 438

— — — MHOT000pa3us 461

— — — Ha MHO>XHTEIIH OCHOBHag 113

— — —nepBas 434

— — — palMOHANBHBIX (PYHKIMH Ha
npocreiimue apobu 131

— — cemnapabelbHOM NOPOKAAEMOCTH
568

— — cnexne 403

— — cpenHeM 282

— — creneusx 144



— — 1emnax genurenei 423

— — — —, ¢hopMyITUPOBKa BTOPAS
423

— ———, —nepBas 423

— ———, — Tpetha 425

— — ——, — 4deTBepras 425

— 00 aBTOMOp(u3Max anredpsr 405

— — u3oMopduzme BTOpas 175

— — —mepBas 175

— — WHBapHaHTHBIX MHOXHTEIX 300

— — HHAEKCE CHEIHAILHOCTH 563

— — OIHO3HAYHOCTH Pa3JI0KEHUS Ha
MIPOCTBIE MHOXKUTEH 78

Teopema 00 YMHOXXEHHH
onpenenuTeneit 99

— OCHOBHas anreOps! 283

— — Hérepa 476

— — 0 KOHEYHBIX MHOXECTBax 24

— — — CUMMETPHUYECKUX (PYIIKIIIIX
121

— — 00 abeneBrix rpymmax 305

— — teopuu 'airya 197

— Octposckoro 521, 523

— penykuuoHHas 373

— Pumana— Poxa 566

— Pomnnsa 282

— CTPYKTypHas AJIS HOJYTIPOCTHIX
konen 372

— — — HPOCTHIX Kounen 41

— — 0 konbIax dagoMopduzmos 371

— — — upousBeneHIsx 406

— Mepma 158

— ®pobennyca — llypa 402

— Ilepmemno 241

— IIpaiiepa 178

— ITeiinuna 245

— — 0 3ameHe 85

— IlItypma 280

— Ouzenmreitga 117

ToxnecTBeHHas moacraHoBka 30

ToxnaecTBeHHOE THHEHHOE
upeobpazoBanue 93

Toxnectro 93

— Oiinepa 106

Tononoruueckas rpymnmna 585

— nonyrpynmna 600

Tononoruyecku u3oMopdHBIE TPYHIHI
586

Tononorugeckuii usomopdusm 521

— Moy 602

Tonosoruueckoe KoanIo 589

— otoOpaxxeHue 583

— "pocTpadcTBo 580

—Teno 618

Tononormns tena 589

— pv-agudeckas 590

— p -agugeckas 591

Touka xpatHas 477

— MHOr000pa3srs obmras 465

— upoctpancta apdunaoro 459

— — Tononorudeckoro 581

Tounoe upencrasnenue 307

TparsutuBHas rpynmna 191

Tpar3utuBHOE OTHOMIEHUE 26

TpaH3UTHUBHOCTH 1IENOH 3aBUCUMOCTH
485

Tpancnosummns 36

TparcnionnpoBanHas Marpuna 95

— cucrtema ypaBHeHu# 90

TpaHcnioHMpOBaHHOE TMHEWHOE
upeoOpazoBanue 94

TpancunutHas uHAYKOIA 242

Tpancdopmmporanue 43

TpaHcueHAEHTHOE pacIUpeHue
mpocroe 139

TpancuenaeHTHBIN dneMeHT 139

TpeTtse cooTHOMEHNE MEXTY
xapakrepamu 396

TpeTss HOpManbHas GpopMa MaTpHUIIBI
314

TpuBnansHOE pasnoxenue 76

YMHOXeHue BHemHee 337

— — rpaccMaHoBO 336

— Marpun 91



YHuBepcanbHOe none 462
YaumoaynsapHoe npeodpazoBanue 303
VHaurapHoe npeobpa3zoBanue 323
Yaudopmusnpyromas 547
YunorHeHue HopMansHOTO psiga 176
Ynopsgouenue cnoBapHoe 121
YnopsanodeHHOE MHOXECTBO 237
— none 266

VpaBHeHue abeneso 196

— BekoBoe 317

— naBy4ieHHoe 209

— nenenus kpyra 202

— nuHelHoe 89

— — oxHOpoaHOE 89

— HopMaisHOe 150

— oOmree ra-i crernenu 215

—, onpeaensoniee noje 139

— npuMuTuBHOE 196

— xapakrepuctudeckoe 316

— nuKInJeckoe 196

— n-u cTeneHy odmee 215
VcnoBue MmakcuManbHOCTH 347, 425
— MUHUMAIBHOCTH 347

— nétepoBo 476

Ycnosns oproroHansHOCTH 323
®axroprpynna 47
®akTOpKOaBIO 68
®akropmoayins 48

DakTOop KOMIO3UITMOHHKIHN 117
— HOpMaJIHOTO psama 176
®unsTp 595

— Komm 596

— OKpecTHOCTeH Touku 596

—, IOPOXIeHHBIH 6azucoM 596
®opmMa 63

— aHTUCUMMeTpUYecKkas obmras 328
— OunuHeitHas 95

— — aNbTEpHIIpOBaHHasA 97

— — aHTHUCUMMeTpuJecKas 97
— MHIYKIUH BTOpas 21

— KBaApaTudHasd 317

— — equanyHas 321

— — TIOJIOXUTENEHO ONpefeIeHHas
321

— — noyomnpeaeneHaas 321

®opma nuHeiHas 86

— MaTpHIBl HOpMalibHas Bropas 313

— — —mepsasi 312

— — —Tpetha 314

— OCHOBHas 322

— nonunuHeiHas 97

— — aHTUCUMMeTpudeckas 97

— nonspHas 317

—, IpeoOpa3oBaHHas K CyMMe
kBajpaToB 320

— spmuroBa 321

— — eauHUYHAA 322

— — TOJIOXHUTENHHO ONpeieTIeHHAs
322

®opManibHas CTENEHb MHOTOWIEHa 125

®opMabHO BEMIECTBEHHOE nToe 285

®opmanbHbIi cTapmmii ko3GuIreHT
125

— creneHHOH psag 519

®opMmyna Juisl TOJTHOM NPOU3BOAHOU
260, 263

— uHTepnosnuonHas Jlarpamxka 109

— — Hsrorona 109

®opmynsl Kapnano 220

®opMBI pallMOHATBFHO AKBUBAICHTHBIE
318

— DKBUBAJIEHTHRIE HAJT KONbIIOM 318

OyHaaMeHTaIbHas
MOCIIeIOBATEbHOCTE 269, 516

— — B T-rpynne 591

— — — T-moxyne 602

— — MOJIOXKHUTENbHAs 272

®ynkuus 19

— anreOpandeckas OJJHOW MepeMeHHOH
261

— — nemnas 485

— — — abcomoTtHO 485

— BbIOOpa 239

—, KpaTHas auBu3opy 551



— nuHekHas 86, 386

— MaTpHIsl Xapakrepuctudeckas 316

— HemnpepbiBHas 278, 583

—, — B TOuKe 583

— pauMoHanIbHad nenas 63

— cumMmeTpudaeckas 121

— — aneMeHTapHas 121

Xapaxrep 184

— rpynmns! 184

— conpshKeHHBIA 395

Xapaxrepuctuka mons 135

—Tena 135

XapakrepucTuaeckas noarpymnmna 172

— ¢ynkus Matpuns! 316

Xapakrepuctuieckuii kopeHs 317

— — Marpunsl 314

— MmHoroueH 316

Xapakrepuctuueckoe ypasHeHue 316

Xaycaopdoso npocrpancTBo 584

Henas pynkuus anrebpandeckas 485

— — panuoHanbHas 63

Ilenoe gucmno 23

Iemo3zamxHyTOE KONBIIO 486

— — anrebpaudeckoe 485

— — p-agudeckoe 518

IlenoctHOE KONBITO 52

IlenouncneHHBI MHOTOUWIEH 62

Hensiit muBuzop 551

— unean 493

— onement 493, 524

— — anrebpanveckuii 484

— — HaJ KonbIloM 484

— — OTHOCHUTENIEHO HOPMIPOBAHUS
514

enTtp rpynns! 180

— KoJbIla 344

entpanuzarop xonbna 406

enrpansras anrebpa 344

— nonyrpyHmna 403

Iens 239

Iuxn 36

uxnuueckas anrebpa 345

— rpynma 37
— — OeckoHeunas 37

— nepecTtaHoBKa 36

[uxnmaeckoe pacmmpenue 196

— ypaBHeHue 196

YacTUYHO yNOPSI09EHHOE MHOXKECTBO
237

YactHOe naeanos 427

— neBoe 348

— moaynen 499

Yactasie 57

Yacts MHOXEcTBa 17

YersepHas rpynna Kneitna 44

YeTBepTOE COOTHOIEHUE MEXKTY
xapaxkrepamu 397

YeTHasd MOACTAaHOBKA 36

Uucno anrebpandeckoe 142

— — negoe 485

— BIIOJIHE TIOJIOKUTETBHOE 295

— KOMILIEKCHO COTIpshKeHHOE 284

— npoctoe 76

— nenoe 23

— DJIEMEHTOB MHOXECTBA 25

— p-amuaeckoe 517

— —nenoe 518

Uucro TpaHCIEHAEHTHOE pacIIIpeHue
257

Oiineposa ¢-pynkaus 153

DiinepoBo mud epeHIaIEHOE
cootHomeHue 106

OKBUBAJICHTHBIE JUBU30PHI 553

— HaJ MoJIEM MHOXecCTBa 256

— HOopMIpoBaHus 520

— npencraenenus 308

— pacmmpenus 140

OKBUBaJIEHTHEIE (POPMBI HAJX KOIBIIOM
318

OneMeHT anreOpanveckul 3aBUCHMBIN
254,256

— anrebpanueckuit 139

— — nenbii 484

— OeckoHEeUHOTO nopsaka 38



— BIIOJIHE MOJIOKUTEIBHBIN 295 — OTJENUMBIE ApYT OT Apyra 586

— BTOpOTrO poaa 161 — MepPECTaHOBOYHEIE 54
— eIUHUYHEBIA 52 — nopoxaaromue 37
— 3Be3AHO 0OpatHsIii 355 — COTIPsDKEHHBIE 43
— — — neBsIi 355 OneMeHTHI cpaBHUMEIE 48, 66
— — perynsapHsIi 355 — TPaHCILIEHICHTHEIE HE3aBUCHMBIE
— — —caesa 355 255
— UAEMIOTEeHTHBIN 360 Oupomopdusm 45
— KBa3MperysIpHbIX creBa 355 — v-moxyns 367
— MAaKCHUMAaJIbHBIA 239 OpmuroBa ¢opma 321
— MHOXecTBa 17 — — eguHAYHAA 322
— HEPA3N0KUMBIHN 76 — — MOJIOXKUTENBHO ONpeieIeHHAsA
— HecenapabenbsHbIH 161 322
— HUJIBIIOTEHTHEIH 430 OPpMHUTOBO CHMMETPUIECKOE
— HyneBoii 29, 50 npeoOpa3oBaHue TuHEHHOE 322
— obpatumslit 75 Snpo romomopduzma 47
— obparHsIii 28, 53 f-unennsIit nepuox 207
— — neBsId 28, 53 fg-nens 240
— —mpassii 31, 53 h-kpatHbIit nomoc byskIUN 547
— — oTpunarensHsni 31, 53 k-e pazHocTHOe oTHOMmEHHE 110
— OTpHULIAaTENbHBIN 266 k-kpatHsIii kopers 107
— nepBoro poaa 161 — — ynkuu 547
— MOJIOXKUTENBHBIA 266 N-MepHOE BEKTOPHOE MPOCTPAHCTBO 83
— MPUMUTHUBHEIN 165 — — — KaHoHHu4Yeckoe 603
— mpocToit 76 — — — MozensHoe 83
— MPOTUBOMONOXHUBIA 50 p-anuueckoe HopMIpoBanue 510
— cemnapabenbHbiii 161 —ygucno 517
— TpaHCHEHAeHTHBIH 139 — —1emoe 518
— nensiii 493, 524 p-rpynna 181
— — anrebpanveckuii 484 S-xommoneHnTa 442
— — HaJ| KoIbIioM 484 T-rpynna 585
— — OTHOCHUTEIIBHO  HOPMIIPOBaHUSA — CHJIBHO TioTHas 597
514 — cnabo nonHas 591
OnemeHTapHas CUMMeTpHUYeCKas T-xonsuo 589
bysaxms 121 T-moxyns 602
OneMeHTapHbIN JenuTens MaTpuisl 313 T-none 589
— muddepennuan Broporo poaa 564 T1-mpoctpancTBo 584
— — TpeTheTo poja 564 T2-mpoctpancTBO 584
OneMeHTHI alrebpaniecku T-teno 618
HEe3aBHUCHUMBIE 255 v-unean 507
— accounpoBaHHbIEe 76 {gv}-amuueckas Tonomnorus 590

— B3aMMHO MpOCTHIE 73 li-komnoneHTa snemenTta 359



v-moxyns 173

— neBbIi 349

p-agudaeckas Tononorus 591
p-agudeckoe HopmupoBanue 511
— noJe nonHoe 519

R-moxyns koHeuHbIH 482
R-nopsnok 490

O-ynkIus sitnepona 153

¢ -mens 241



MPEANCJ/IOBUE PEJAKTOPA

Cospemennas anrebpa, Oepyllasi CBOe HauaJo B 3aMeuaTeJbHBIX
paborax I'unbGepTa KOHLA MPOLLIOTO BeKa, CJIOMKHJAACh B OOUIUX yep-
tax B 20-e¢ rogpl. Mtorom 3toro mepuojfia CTAHOBMACHHUS SIBUJIOCH Iep-
BOE M3jaHue HacTosuefl kuury, soinenmiee B 1931 ropy. Xora c Tex
nop nepefHuil Kpall anre6panyecKuX HCCJIENOBaHMH MPOABHHYJCH ha-
JIEKO, KHHra M ceiiuac BBIIVIAIHT CBEKO M COBPEMEHHO, — NIPaBJla, YxKe
HE KaK CBOJ HOBEHIUMX pPe3yJbTaTOB M NOHATHH, a KakK OT/JIUYHBIHA
yueGHUK OCHOB a/ire6pnl. DBOJIOUMS KHUTH OT H3MaHHS K M3JaHHUIO
XOpPOLIO OTpaxkeHa B IPENUCTOBHAX aBTOpA.

CosnaHHe TOro, uTO MPEAMETOM aJreGpbl ABJ/SIOTCS MHOMKECTBa
C 3afaHHBIMH Ha HHX ajre6pauuecKHMH OMepauvsaMH, a TouHee —
caMH ONepaliii, yTBEPAHJOCh II0JBeKa Hasal, ONHAKO CHCTeMaTH-
YeCKOMY M3YUeHHIO JOJroe BpeMs [O[BEPrajuch JiMIIb HEMHOTHe
THIbI TaKHX MHOXKECTB, yHac/jefoBaHublie oT anrefpel XIX Beka, —
FPYMNNbl, KOJAblLlA, BEKTOPHBIE IIPOCTPAHCTBA. ITUM KJACCHYECKHM
CHCTEMaM H ToCBSiIeHa B OCHOBHOM KHMra BaH Jep Bapaena.

Jansneimuii nporpecc B anrebpe Hametwics B cepenure 30-x ro-
I0B, Korfa Bupkrod Hauan u3yueHHe NPOM3BOJLHBIX YHHMBEPCAJIbHHIX
anre6p, a A. M. Manbues 3anoxus ocHoBhl eile Gosee oOiLed Teo-
pHUH, NOrPaHHYHON C MaTeMaTHYecKO# JIOrMKOH, — TEOPHH aJreGpau-
uecKMX cHcTeM. PasButie 310H TeopuM ObLIO BBI3BaHO TJyGOKHMHU
BHYTPEHHMMH IDHYHHAMH H HAaCTOSTE/IbHBIMH 3alIPOCaMH  IIPHJIONKE-
HHH, B KOTOPbIX BCe dallle BO3HHKaNH a/nre0pamyeckue CHCTEMBI, He
CBOASINMECH K KJACCHMYeCKHM. YKasanHele G6oJiee [O3JHHE HCCIIea0-
BaHHUA ) OCTaIHCh 33 DaMKaMH KHHIH.

HoBocu6upcx, Akazemropoiox.
10 mapta 1975 r. 0. H. Mepsaasros

1) Cm. Maabues A. M. Anre6panveckne cucremsl. —M.: Hayka, 1970.



M3 NMPEAUCJIOBUA ABTOPA

U3 MPEMMC/IOBUS K TPETbEMY HM3IAHUIO
MEPBOI'O TOMA %)

Bo BTOpOM H31aHHH OblJa CYLIECTBEHHO DacCIUHpEeHa TeopHs HOp-
MupopaHHuil. B rocrenHee BpeMsi OHa CTaHOBHTCS BCe Gosee BaXKHOM
AJIS TEOpHU uyucea U anreGpaHueckoi reomeTpuu. Ilostomy snech s
H3JOKHA TaaBy «TeopHs HOPMHPOBaHHE» Tropasgo mnoxpoGuee M
sicHee.

OtBeyasi MHOIOYMCJIEHHBIM TNOMKeJaHHsM, i BHOBb BKJIOUMJ pas-
IeJbl O MOJHOM TMOPSiAKE W TPaHCUHHTHOH HHAYKUMH, ONMYLIEHHbIE
BO BTOPOM H3J[aHMH, H Ha 3TOH OCHOBE HM3/OXHJ BO BCeH OGLIHOCTH
paspaboraunnyto IlTeiinniemM TeopHio MoJed.

Bnarogapsi coBeTy 3apHCCKOTo MOHATHE MHOrOY/IeHa YAaJsoch
BBECTH JIerKo M sicho. Kpome Toro, Gnaronapst JioGesHoMy 3ameua-
uuo [lepeMaHca YJyUILIEHO W3JIOXKEHHE TEODHH HODM H CJEJOB.

Jlapen (Ceepnas losiangus), mioab 1950. b. JI. ean dep Bapden

ITPEJTUCJIOBUE K UETBEPTOMY M3IAHHWIO
MEPBOI'O TOMA

HenaBHO CKOpOIOCTHKHO CKOHYaBLIMECA anre6paucT M Teope-
THKO-YHCJIOBHK BpaH 3aKOHUMJ pELEH3HIO TPeTbero H3JaHusl 3TOoH
KHMFH B TOZOBOM OTYeTe HEMEIKOro MaTeMaTHYecKoro oOIecTsa
(tom 55) caepyrOUIUMH CJIOBaMH:

«UTo Kacaercss Ha3BaHHA2?), TO A Gbl NpPHBETCTBOBAX BHICOD A
YeTBEpTOro W3jaHus Gojiee MPOCTOro, HO M Gosee CHABHOTO 3aro-

1) B mepeBojie ABa TOMa HEMELKOro OpHTHHANa oObeluHEHH B OfuH. [TepeBox
BLIMOJIHEH C 8-TO H3JaHHa mepporo Toma (raaBel 1—11) u 5-ro usiaHHst BTOpOro
Toma (raaBnl 12—20). — IIpun. peo.

2) B nepBHIX H3NaHHAX KHHra HasbiBajack «CoBpemenHas anreGpa».—IIpus.

ped
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noBKka — «Aare6pa». Kuura, Koropasi Tak MHOro jgaja, jaer H Oy-
neT JaBaTh Jy4ydled YacTH MaTeMaTHKH, He JOJ/KHAa CBOHM HasBa-
HHeM BLI3BIBATH MOJO3peHHe, GyATo Obl OHa IOCBSIIEHA OJHOMY Ka-
KOMY-TO COBPEMEHHOMY TeUeHHIO, KOTOpoe elle He OblJIO H3BECTHO
Buepa, a 3aBTPa, BO3MOXKHO, Oyzmer 3albITO».

Crenyss STOMy COBeTy, $i M3MEHHJ 3aroJIOBOK KHHTH Ha «AJ-
refpa.

Ykasanuio M. Jlofipuara s o6a3ad  GoJee leJIeHANIPABJIEHHBIM
olpejie/leHHeM MOHSTHS «THIIEPKOMIJIEKCHAss CHCTeMa» W pacuiHpe-
nneM Teopud [anya mosedl jJesieHHsi Kpyra HacTOJIbKO, HacKOJIbKO
3TOF0 TPeGyeT ee NMpPHJOKEHHEe K TEODHM LHKJIHYECKHX NOJed.

Ha ocnoBaHuM muceM W3 pas3JHYyHBIX CTPaH BHeCeHb MHOMOYMC-
JIEHHBIE MeJKHe HCIpaB/eHHs. DBJjarogapio aBTOpOB 3THX IHCEM.

Lltopux, mapT 1955. b. JI. ean Oep Bapden

[MPEJVCJ/IOBUE K CEIbMOMY HM3JAHMHIO
[MTEPBOI'O TOMA

[lepBoe H3naHMe 3aAyMBIBAJNIOCh KaK BBejeHHEe B HOBYIO abCTpakT-
Hylo aJjre6py; pasiesbl KAacCHyecKod anireGpbl, B YaCTHOCTH, Teo-
pus OIpejeJIHTeNIel, mpeanosarajuch usBecTHoIMH. Ho ceropus sra
KHUTA HCHOJB3YEeTCH CTYIEeHTaMH B OCHOBHOM KakK IepBOE€ BBeJeHue
B anre6py. Ilostomy okasanoch HeOOXOAMMBIM BBECTH TIViaBy «Bek-
TOpHBIE H TEH30DHbIE IIPOCTPAHCTBA», B KOTOPOH MOAPOOHO o6Cyx-
NAITCS OCHOBHLIE TNOHATHS JIHHEHHOH anre6psl W, B YaCTHOCTH, NOHS-
THe ONpejeaHTeNs.

[MepBass riaBa «Uucsia M MHOKeCTBa» Obuia OGJErYeHa TeM, YTO
NOHSATHE NOPsSiAKa H MOJHOrO mopsaka ObIM IIepeHeceHbl B HOBYIO
neBatyio ryaBy. Jlemma llopHa BHIBOAMTCS HENOCPEACTBEHHO U3
akcuoMmbl BhiGopa. Tem ke Merogom (mo X. Knesepy) npopoautcs
JIOKa3aTeJIbCTBO TEOpeMbl O MOJIHOM YHOPALOUEHHU.

B pasgene o Teopuu [ajiya ObiJIH HCIIOJB30BAHBI HEKOTODBIE HIEH
n3 usBecTHod KHurd Aptuna. Ilpofen B OAHOM J[oKa3aTeJbCTBe
B TEOPHH UHKJUYECKHX TNOJeH, Ha KOTOpHIA MHE MHOrMe yKasblBaJiH,
nukBuaupoBan B § 61. B § 67 nokasbiBaercs cyluecTsoBaHHe HOp-
MaJsibHOTO 6asuca.

IlepBoifi TOM Tenepb 3aKaHYMBaeTcs TIJaBoH «BelllecTBeHHbIE
nons». Teopus HOPMHDOBaHMEH JOJIKHA ObITE fIpejCTaBjeHa BO BTO-
pOM TOMeE.

Liropux, tespans 1966. bB. JI. ean Oep Baplen
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[IPEJMCJIOBUE K BOCbMOMY M3INAHWIO
[MIEPBOI'O TOMA

B npeasaraeMoM H3jaHMHM HCIPAaBJEHO HECKOJDBKO ONEYaToK, Ha
KoTopsle 1 06paTHi BHHMaHue Giarojapsi oGesHbM mucbMaM. Bee
npoyee OCTANOCh HEH3MEHHBIM.

ljopux, anpeas 1971. B. JI. ean Jep Bapden

U3 MPEJVCJOBUS K YETBEPTOMY W3JAHHIO
BTOPOI'O TOMA

B HauaJo BTOPOro TOMa BOLLIM JBE HOBbIE IJIaBbi: nepBas — 06
anre6panueckKuX (QYHKIUAX OJHOH MEPEMEHHOH, OXBaThIBAIOIIAA Mare-
pHaj BIJIOTh 1O Teopembi Pumana —Poxa aisi nosel ¢ IpOH3BO/b-
HBIM TI0JIeM KOHCTaHT; gpyrasi —O TOIOJOTHUeCKOH asreGpe, MOCBs-
I(eHHAss B OCHOBHOM [OHOJIHEHHIO TONOJOTHYECKUX TPYMI, KOJel
0 Tea. S 6Gaarogapio 3a MHBOTOYHCJIEHHLE II0JIE3HBIE 3aMeYaHHs
npotdeccopa . P. ®umepa, npounrtasuero T4 J1Be IJaBbl B pyKo-
TUCH.

FgaBa «O6mas Teopus uAeasoBs pacllMpeHa IIyTeM BBeLeHHA
BaXXHbIX TeopeM Kpyais o CHMBOJHYECKHX CTENEHSX HPOCThIX HJea-
JOB M O LENAX NpOCThIX HaeanoB. CuibHee BhIsIBJIEHA CBA3b MeXAY
TeopHell WHeasioB anreGpaHyecKH 3aMKHYTHIX KOJEL M TeOpHeH Hop-
MupoBanuil. B riaBy «JlunefiHas asnre6pa» BBeieH pasjel o0 aHTH-
CHMMETPHYECKHX OH/IMHeHHBX (opMax.

B rsaBe «AnreGpbl» yBeJHYEHO YHC/IO NPHUMEPOB, PasBUTa TeOpUS
pagukaita no JlxkekoGcoHy 6e3 YCJOBHS KOHEYHOCTH M CJeaHO
Gosibllee yJapeHHe Ha OCHOBONOJAraliHX uaeax dvmu Hérep o nps-
MBIX CYMMax M mepeceueHHsX wmoxynefl. DBuaaropapst coueraHuio
merogos JIxeko6cona M DMmH Hérep ynanoch 3HaYUTENbHO YIIPO-
CTHTb JI0Ka3aTe/bCTBA OCHOBHBIX TEOpEM.

C NOMOIIBIO Pa3/MYHBIX COKPALLEHHH s MBbITAICH Cle/aThb O0bEM
KHHTH Gosiee npuemsembiM. [To stoft mpuupee Benajia rvasa «Teo-
pusl HCKJIOYEHHSY.

Teopema O CYLIECTBOBAaHMH CHCTEMbl PE3YJIbTAHTOB IS OJHOPOJ-
HBIX YpaBHeHHH, KOTOpas JOKa3biBa/acCh paHblUE C IOMOILbIO TEODHH
HCKJIOYeHHs, Temepb Inossaserca Jumb B § 121 kak chencreue
teopeMbl [nabOepra O KOpHSX.

Lliopux, uionb 1959. B. JI. ean dep Bapden
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MPENVWCJIOBHME K ITATOMY KW3JAHMIO
BTOPOI'O TOMA

ITpogeccop Il. Poxerr 6wl HacTONBKO J0Ge3eH, 4TO IpeJocTa-
BHJ B MOEe pacrlopsiKeHHe YyJeCHOE J0Ka3aTejbCTBO TEOPEMbl O Bblye-
tax Aaa ajrebpanueckux mubdepenunanos udz. bBaaropapsi stomy
raaBa 06 ajrebpanuecKMX (QYHKLIHAX cMOr/ia IPUOGPecTH BbI3bIBalo-
LIyIO YIOBJETBOPEHUE 3aBEPLIEHHOCTb.

B «Tonosoruueckoll ajare0pe» BBOAATCS MONOJHEHUs TIpynm, KO-
ner, ¥ Tes no Bypbaku ¢ momomipio Gu/IbTPa, HE3aBUCHMO OT BTOPOH
akCHOMBI cyeTHOCTH. KoHen riiaBbl COKpAileH.

BaxHas A8 MHOTOYHCJEHHBIX TIpHJIOMKeHHH rjaBa «/IHHeidHas
anre6pa» [OMELIEHA B HayaJo TOMa, a IaaBa «TomoJoruyeckas afl-
re6pa» — B KOHeIl.

Tenepb BTOpO#l TOM COCTOMT M3 TPEX HE3aBUCHMbIX KYCKOB, B KaX-
IOM U3 KOTOPBIX TDPH IJIaBhI:

raaBel 12—14: JuHeiiHas anarebpa, aareOpbl, TE€OpHA MpPEACTaB-
JIGHH; .
raaBel 15—17: TeopHsi MpeasoB;

raaBel 18—20: HopMEpOBaHHbIE 10151, anrefpanyeckue QyHKUHH,
TOMOJIOTHYeCKast anredpa.

910 noapasjeseHHe OTpaxeHo B 0ojiee TOYHOH, YeM paHbIle,
cXeMe 3aBUCHMOCTH TJaB.

Liopux, Mapt 1967, B. JI. ean dep Bapden
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BBEJEHHME

Leab kuuru. «AGcTpakTHOe», «QoOpMaTbHOE» HAH «aKCHOMATHYeC-
KO€» HalpaBJeHHe, KOTOpOMy ayrefpa o6s3aHa CBOMM HOBLIM MOIBEMOM,
TIPUBEJIO K HOBLIM TOHATHAM M PE3YJIbTaTaM B TEODHH TpYHI, TEOPHH
nosiefl, TeOpHH HOPMHPOBaHHUH, TEODHH HealOB U TEOPHH aarebp H mo3-
BO.THJIO TIO-HOBOMY B3TVISHYTh Ha BHYTDEHHHE CBSI3H B 3TOH 006/acTH.
[aBHasA 1eIb KHUTY — BBECTH UHTATENsl B MHP BCEX 3THX MOHSTHH.

Ho ecatn o6mpe noHATHA H MeTOABl BBIABHTAIOTCS HA NEPBEIH M/1aH,
TO B paMKaX HOBBIX TNOCTPOCHHH JOJKHBI HaHTH MECTO W OTAe/bHbIE
pe3yJIbTaThl, OTHOCAIHECS K KJIACCHYECKOMY COCTOSIHHIO ajireGpHl.

Pacnpenenenne matepnana, Yxasanus uuraremo. Urobw 10CTaTouHO
SICHO TIPEJICTABUTDb OOILIME TOYKH 3PEHHs, FOCHOJCTBYIOUIME B «abCTpaKT-
HO» anrefpe, OKaszasnoch HEOOXONHMBIM H3JOXKHTH C Camoro Hagasa
OCHOBH! TEODHUH T'PYNN ¥ 3JIEMEHTADHOH aJre6pshl.

B mnocnennee Bpems MOABHJOCH MHOXKECTBO XOPOUINX H3JIOXEHUH
TEOpHH IPYNN, KJaCCHYeCKOH ajreOpbl W TEOpHM MoJeH, 4To Ccaenano
BO3MOXKHBIM TIPENOJHECTH 3TY BBOJAHYIO YacThb Kparko, Ho Ge3 mpoGe-
Joe. Tlogpo6Hoe H3/0KeHHe HauMHAOWMK YuTaTeNb HaAHJET BO MHO-
TUX KHHTax l).

CrenyiolliM OCHOBHBIM INPHHLUIIOM CNYXKHT TpefOBaHUE, COIJIaCHO
KOTOpPOMY Kazkias OTJe/bHaf 4acTh JO/MKHA ObITh, 1O BO3MOXKHOCTH,
NMoHATHOH caMa no ce6e. ToMmy, KTO XOYeT MO3HAKOMHTLCA ¢ oBIIeH
TeOpHeH HI€ANIOB HJH TeopHeR anre6p, He HYKHO TpeJBapUTEJbHO H3Y-
yarb TeopHio l'ajya, a TOT, KTO XOYeT CIDABHTbCA O YeM-JH60
B JIMHEHAHOH anre6pe, HE NOJNXKEH NyraTbCs CAOMHBIX IOCTPOEHHH Teo-
PHH HJEaNoB.

[To s1oif mpuumHe pasbueHHe Ha TJaBbl OCYINECTBJIEHO TaK, 4YTO
NepBeIe TPH TJ14BH, 3aHWMasd HeGOJBLIOE MECTO, COiepKaT HeoGXoau-
MO€e B KayecTBe NOJITOTOBHTENBHOTO MaTepHasa iJisl B C € X NOCJEAYIOUHX
rnas. OCHOBHBIE IOHATHS TaKOBHL: 1) MHOKECTBA; 2) rpynnsi; 3) KoJbiia,

1y Tlo teopum rpynn ykaxeM Kuury: Dinaiizep (Speiser A.). Die Theorie
der Gruppen von endlicher Ordnung. —2. Aufl. —Berlin, 1927. Ilo Teopun noveii:
X acce (Hasse H.) Hohere Algebra (I, IT) und Aufgabensammlung zur héhe-
ren Algebra. —Sammiung Géschen. 1926/27; X aynt (Haupt O.). Einfiihrung in
die Algebra I, II. —Leipzig, 1929. ITo kJaaccuueckoii aarebpe: Ileppon (Per-
ton O.). Algebra I, 11. —1927. Tlo aunefinoi anre6pe: Juxcon (Dickson L. E.).
Modern algebraic thcories, —Chicago, 1926.
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uneansl U nons. JlanpHedlye raaBkl MEPBOro TOMa NOCBALIEHB! TJIAB-
HbIM 06pasoM TEOPHH MO/l M ONHPAIOTCA B NMEPBYIO OuYepesb Ha OCHO-
pononaraiouyio pabory reitnnna (Steinitz) ns Crelle’s Journal (1910),
137. Bo BTOpPOM TOME H3JIOXKEHBI, 0 BO3MOMHOCTH HE3aBHCHMO ApYT
OT Apyra, pasiesbl M3 TEOPHHM MOAYJeH, KOJel H HJIEajoB C MpHio-
KEHUAMH K ajre6pauyeckuM OyHKUHSIM, 3JIEMEHTapHBIM JEJHUTE/IAM,
anre6paM M IIpEACTaB/IEHUsIM TpYIII.

3a npexenaMH pPacCMOTDPEHHH O0Ka3ajoCh HEOOXOJUMEIM OCTaBHTDH
Teopuio aGe/eBHIX WHTErpajJoB M HEMPEpPHIBHBIX TPYymN, MOTOMY HTO
IJSl TIOJIHOIEHHOTO H3JI0XKeHHs OHM TpeOylT BHIXOIAIMX 32 paMKH
Hallero Kypca NOHATUH M METOJNOB; TO XK€ OTHOCUTCH K OCHOBaHHOM
Ha HHMX TEOPHH HHBAPUAHTOB.

IanbHefast HHQOPMALKSI O CTPOEHHH KHHUTH COJEPXKHUTCA B OIJ/iaB-
JIeHWH ¥ [PUBEJCHHOH Bplllle CXeMe 3aBHCHMOCTH [IJaB, U3 KOTOpOH
COBEpIIEHHO TOYHO YCMATPHBAETCsl, CKOJBKO TPEJUIECTBYIOIKX IJaB
HEOOXOAMMO JUIsl KaxIOf KOHKDETHOH IJIaBBl.

TToSBJISIIOIMECS 10 XOLY H3JIOXKEHHs! 3 a /14U 110100paHbl B OCHOB-
HOM TaK, YTOObl MOXKHO GBLIO IIPOBEPUTH, OKAa3aJCA JIH MOHSTHIM Ipel-
mecTByiomui TekeT. OHM, KpoMe TOTO, COAepXKaT MpUMEPE! U JONoJ-
HeHHs, KOTOpHe MCIOJB3YIOTCSl B JAanbHefimen. 3ajaud, TpeGyouiue
MCKYCCTBA JUIsi CBOErO DelleHHsl, KaK NpaBU/O, HE MHCMOJb3YIOTCA
B noc/iefyiomeM H GopMyJHPYIOTCS B KBaJpPaTHbIX CKOOKaXx.

HMcTounnku. OTa KHWICa BO3HHKJA OTYACTH M3 3anucedl Jekuui,
a ¥MEHHO OblIHM HCHOJIL30BAHBI:

Kypc Jexuuii . Apruna no anre6pe (I'amGypr, JeTHHH cemecTp
1926 rona);

CEeMHHAp 10 TEOPUH WIEANOB, PYKOBOAUMbIA 3. ApTHHOM, B. Baam-
ke, O. Ulpaiicpom n apropom (I'amGypr, 3HMHHI CEMECTp 1926/27);

aBa Kypca D. Hérep no Teopuu rpynn u anredp (CérTunren, sum-
uuit cemectp 1924/25, sumuumii cemectp 1927/28)7%).

Muorye HOBble JOKA3aTebCTBA M BAPHAHThI AOKA3aTesbCTB, BCTpe-
yaoliHecss B 3TOH KHHre, Jae TaM, e HeT SBHBIX CChUIOK, HMEIOT
CBOMM HCTOYHMKOM YINOMSHYTHIE JIEKIMH ¥ CeMHHap.

1) B ofpaSorke J. Hérep stu JeKuMM MOABHIUCH B Math. Zeitschrift, 1929,
30, S. 641—692.



T'rasa nepeas

YHUCJIA U MHOXECTBA

Tak Kak B KHUre HCIONB3YIOTCS JIOTHYECKME M 0OLIeMaTeMaTHyec-
KHe [IOHSITHsl, HE OUEHb 3HAKOMble HAYHHAIOLIEMY MAaTeMATHKY, TO
Mbl JOJKHBI HayaThb C MOCBSLIEHHOrO MM KOPOTKOro pasgena. [Ipu
5TOM Mbl He OyleM BAABAaThCA B TPYIHOCTH, CBSI3aHHBIE C OCHOBA-
HHSIMH MaTeMaTHKH, a OyJeM IOBCIOAY IIPUJIEDIKHBATLCS «HAUBHOMH
TOUKH 3PE€HHs», H30eras oOnpeeseHHH, COepKalUX MOPOUHBIE KPYT
H [pUBOJSLINX XK mapalokcam. DBosee r0AroToBJIEHHOMY YHTATEIO
B 3TOH TJIaBe CJefyeT JHIIb 3allOMHUTb CMBICJ CHMBOJIOB &, C, D,
U, V u {...}, a Bce ocTajbHOE MOXHO [PONYCTHTD.

§ 1. MuoxectBa

B kayecTBe OTIPABHOIO NMYyHKTa BCEX MaTeMaTHYECKHX PaccMOTpe-
HUI MBI MBICJIEM ceGe HEeKOTOpPbI€ NOCTYHHBIE NPEACTABIEHHIO OGHLEKTH,
KaK-TO: LU@PH, OYKBH HIM HX KOoMOMHauuu. CBOHCTBO, KOTOPHIM
ofiajaeT uaH He o6JajaeT KaAbll TakoH 06LEKT B OTAENBLHOCTH,
TIPUBOJUT K NOHSATHIO MHONECMBA WIIH KAQCCQ; JAEMEHMbL MHONCECIBA —
3TO Te caMpleé OOBEKTBl, KOTOpble 0GMAafaloT JaHHHIM CBOficTBOM. CHM-
BOJIHYECKasl 3aNHCh

aesM

O3HaYaeT: @ — sJeMeHT MHOxkectBa M. [loapaysice o6pasHbM reo-
METPHYECKMM H3BIKOM, TOBOPSIT Takke: a JexuT B M. MuoxecTBo
HasbIBAETCH AYCHbIM, €CAM OHO HE CONEPXHUT HH OJHOIO 3JIeMeHTa.

Mel jonyckaeM paccMOTpeHHe TOCHEIOBATENbHOCTEH M MHOMKECTB
yuces (MM GYKB M T. J.) KaK 3JeMEHTOB WJH OOBEKTOB HOBBIX MHO-
*KecTB (HA3bIBA€MBIX MHOTAA MHOXKECTBAaMH BTODOH CTymeHH). Mto-
XKecTBa BTOPOH CTYNEHH CHOBa MOTYT CJAYXHTb 3JIEMEHTAMH MHO-
XKecTB Gojiee BBICOKOH CTYMEHH ¥ T. A., OAHAKO MBI OCTEperaemcs
ynoTpebasiTh MOHSITUSI THIA MHOMKECTBO BCEX MHOMKECTBY, TaK Kak
OHHY NPHMBOASIT K NPOTHBOpEUHSAM; HaoGOpOT, Ml OYIEM CTPOHUTH HO-
Bble MHOXECTBA H3 OOBEKTOB HEKOTOPOH 3apaHee OYEepPUEHHOH Kare-
ropuu (KOTOPOH HOBHIE MHOXECTBA €lle HE MPHHAIJIEXKAT).

Ecan Bce 3neMeHTH! HEKOTOPOro MHOXKecTBa N SBJSIOTCS! OLHO-
BDEMCHHO 3JeMEHTaM# MHoxkecTBa M, To N HasbBaeTcsi HOOMHOdMCe-
CMeomM WM dacmeto MHOXecTBa M, uumyT:

Ne= M.
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MuoxecTBo M Ha3LIBaeTCA HAOMHOXMCECMBOM WA 00BEMAIOULUM MHO-
acecmeom MHOXKecTBa N; nUuIyT

M=N.

Us A<B u B=C cnenyer A=C.

TTycToe MHOMKECTBO COAEPIKHTCA B JI00OM MHOXKECTBE.

Ec/in ofHOBpPEMEHHO Bce ayeMeHThl u3 N copepxatcss B M u Bee
sneMenTH M3 M conepxkarca B N, To mMHoxectBa M v N HasbBaorcs
pasHbiMY; TIHIIYT

M=N.

PaBeHCTBO 03HayaeT TaKke OJHOBPEMEHHOE BHINOJHEHHE COOTHO-
HIeHH#
M=N, N=M.

ViHaue: 7Ba MHOXECTBA PaBHBl, €CJIH OHH CONEpXKaT OJAHH M Te e
3JIEMEHTHI.

Ectu N=M, no N ue paeno M, to N HaswBaercsa cobcmeentbim
noOmHoscecmeom MHoxecTBa M, a M — cobemeennbim HaOMHONMCECH-
8om MHOXecTBa N; MHIIYT

NcM, M>DN.

3anuce NcM osHauaer, TakuM o6pa3oM, 4TO Bce 3JeMeHTH u3 N
Jgexar B M ¥ uro, Kpome Toro, B M CylllecTByeT 3JIEMEHT, He Jiexa-
muit B N.

IMycts Ttenepp A u B — npousBojbHble MHOKecTBa. Muoxe-
cTBo D, cocrosiliiee M3 BCEX TeX 3JI€MEHTOB, KOTOPHIE NpHHAaJJeXKaT
n A, u B, HasbiBaeTcs nepecedenuem MHOkecTB A u B u o6osna-

yaeTrcs uyepes
D=[A, B]=ANB.

MpoxkectBo D sBJsiercsi MOJAMHOXKECTBOM KaK B A, Tak U B B, ¥ mto-
60e MHOMKECTBO C 3THM CBOHCTBOM colepxutcs B D.

MuoxectBo V, cocrosiiuiee U3 BCeX TeX 3JE€MEHTOB, KOTOpblE MNpH-
BaldjexaT Mo Kpaiimedl Mepe ojHoMy W3 Mmuoxkects A u B, Hasb-
BaeTcsl 00vedunenuem MHoxecTB A u B u oGo3Hauaercsi uepes

V=AUB.

Muoxkecrso V copepxur Kak A, Tak u B, H /moboe MHOXKEeCTBO, 0O-
JIAJAI0IIEEe 3TUM CBOMCTBOM, coiepxkut V.

AHaNOTHYHO ONpelesioTcss nepeceyeHne M OOBEAHHEHHE TPOU3-
BOJILHOrO MHOXKecTBa X MHOxectB A, B, ... [lepeceuenue (T. e.
MHOJKECTBO 3JIEMEHTOB, TPUHAAJEKALIMX BCeM MHOXecTBaM A, B, ...
MHOXeCTBa X) 0003HayaeTcsi yepes

D(S)=[A, B,..].
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JlBa MHOXeCTBa HA3LIBAIOTCS HENepecekaouumucs, ecau HX Te-
peceueHne mMycro, T. €. ecjH o6a MHOXKECTBA HE COJEep’KaT HH OJHOTO
O0IIEro 3J€MeHTa.

Ec/H MHOXKECTBO 3a7aeTcsi MEepeuHeM CBOHX 3JEMEHTOB, CKaXKeM,
MHOKEeCTBO M COCTOMT W3 3JIEMEHTOB @, b, ¢, TO MHUUIYT

M={a, b, c}.

D1oT cnocol 3anucH ONpaBALIBAETCS TeM, YTO, COTIACHO ONpefe-
JIEHHIO DAaBEHCTBA MHOXKECTB, JIO60E MHOMKECTBO OINpeaessieTcs 3a-
nanueM ero »sjemeHtoB. Omnpefiesifiloliee CBOHCTBO, KOTOpoOe BhIJe-
JISIeT 3JEMEHThl MHOXecTBa M, COCTOMT B CJEAYIOLIEM: COBMAafaer
JI TOT HJIM HHOH 3JEMeHT ¢ @, ¢ b uau c c.

§ 2. OroGpaxennsi. MomHoCTH

Ecan xaxaoMmy »J€MEHTY @ HEKOTOPOro MHoxectBa M mo Ka-
KOMY-HHOYIb [PaBUJY CONOCTAaBJISIETCS eIMHCTBEHHHI! (Boollie ro-
BOpSl, HOBHIH) OODBEKT @ (@), TO 3TO CONOCTaBJCHHE ¢ Ha3bIBAeTCs
pynryued. Ecau Bce o6beKTH ¢ (q) MpUHAJNEXKAT HEKOTOPOMY MHO-
skecTBY N, TO cornocTasjieHHe @+ ¢ (@) HasbBaercsl Takxke omobpa-
wernuen uz M e N. Dnement @ (a) HaswiBaercss 06pa3om 3JEMEHTA da,
a a HaspBaercss npoobpasom snaementa ¢ (@). OGpas @ (a) ompefe-
JISIeTCSI 9J1IeMEHTOM @ OJHO3HAYHO, HO @ He 00s13aTelIbHO OJHO3HAYHO
olipenessiercsi  snemeHToM ¢ (@). Bwmecto @ (@) wuHOrAa NHIYT
KpaTKo a.

Orobpaxenne MHOxectBa M B MHOoxecTBO N  HasbiBaercd
cropoekmusHbim UIU otobpakenueM U3 M wa N, eciim KaxAbld 3Je-
MeHT U3 N uMeer no kpaiiHeii mepe oiuH npooGpas.

OrobpaxeHnne MHOxecTBa M B MHOXeCTBO N HasblBaeTcsl 83aum-
HO OOMO3HQUHBIM WIN UHBEKMUGHbIM, €CIH KaxKApli obpa3 ¢a obna-
JlaeT POBHO OLHHM TpooGpasoM a.

Ecau orobpaxenue ¢ MHOxecTBa M B MHOMecTBO N HHBEKTHBHO
H CIOPBEKTHBHO, T. €. siBJseTcsi B3aHMHO OJHO3HAYHBLIM oOTOGpaKe-
HueM MHOXecTBa M Ha MHOMKecTBO N, TO CYIIeCTBYeT obpamroe omo-
bpaskerue ¢!, KoTOpOe KaxIOMY 3JeMeHTy b MHoxkectBa N como-
CTaBJIIET TOT 3JeMeHT U3 M, o6pa3oMm KoToporo siBiasercs b:

¢ob=a, ecmm ¢a=0>o.

[Cosopsar, uto mHoxectBa M u N pasHomowrs: UNU umerom 00u-
HAKOBYIO MOWHOCHL, €CJIH CYILIEeCTBYeT B3aUMHO OJHO3HAYHOE OTO-
Gpaxenne us M Ha N.

ITpumep. ComocTaBuM KaxkJIOMy YHCAY A YUCJO 2n1; TOTJA MO-
JYYuTCH B3aHMHO OJHO3HAYHOE OTOGpaXKeHHE MHOXEeCTBa BCEX HATY-
PalbHBEIX YHCEJ HA MHOXKECTBO BCEX UETHBIX HATypaJbHBIX YHCEJ.
Taxum 06pa3oM, MHOXKECTBO BCEX HATYpPaJbHLIX YHCEJ PaBHOMOLIHO
C MHOKECTBOM BCEX YETHBIX (HaTypaJbHBIX) YHCEJ.
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Kak moKa3biBaeT IMPHBEJCHHbIA NpUMep, BNOJHE MOXKET OKa3aTb-
Csl, UTO MHOMKECTBO PAaBHOMOILHO CO CBOHM COGCTBEHHBIM MOJMHOXE-
ctBOM. B mocaenyioulnx naparpadax Mbl YBHAHM, YTO HAYETO noj06-
HOTO HEJb3S1 BCTPETHTb, PACCMATPUBAsl «KOHEYHbIE» MHOXKECTBA.

§ 3. HarypanbHetii pan

Byzer npeanosiaraThCsi H3BECTHHIM MHOXKECTBO HATYpAJbHBIX YH-
ceJ
1, 2, 3,...;

TaKKe GYAyT NPEANoIararCsi H3BECTHHIMH CJIEAYIOIlHE OCHOBHbIE CBOH-
CTBa 3TOro MHOXKecTBa (axcuomvi Ileano):
I. 1 — HaTypa/nbHOE UYHCJIO.
[I. lna Kaxporo uucial) a CyulecTByeT BMOJHE ONpeae/eHHOS
NoCJeAyolee YHCIO af B MHOXKECTBE HATypasbHbIX HHCE.
I11. Bceerpa
a1,

T. €. HET uxc/a C Moc/eAyomuM uncaoM 1.

IV. Us a*=0b" cregyer a=»b, T. € KaxA0e 4HCJO JHGO BOBCE
He ABJACTCH TNOCJELYIOUIMM HH s KaKOro 4ucia, JuGo ABJIAETcH
NOC/IENYIOIMM TOUHO JUIsi OHOTO 4HCJa.

V. «Ipunyun unlyxyuuy. Kaxaoe MHOKECTBO HATypa/lbHBIX 4H-
cesl, KOTOPOE CONEPKHUT UHCJIO 1 M BMeCTe ¢ KaXKIpIM CONEpPKAIIHM-
csl B HEM YHCJOM @ COAEPKHT TOCJenyloliee YHCJO a¥, CONEPKHUT BCe
HaTypaJbHbie YHCJ/IA.

Ha cpoiicTBe V OCHOBaH METOJ IOKa3aTe/IbCTBA C [OMOLIBIO UHOYK-
yuu. Jlnst Toro utoObl JOKa3aTh, YTO HEKOTOPHIM cgoiictBoM E o6na-
JAlOT BCe WUMCJA, JOKA3blBAKT CHadasja, 4To HM obnagaer yncio 1,
a 3aTeM JOKAa3bIBAIOT €ro JJis NPOH3BOJBHOIO uHMC/AA n* MpU <HHAYK-
THBHOM TPEINOJIONKEHHH», YTO YHCIO 7 ceofictBoM E yxe objnajaer.
B cusy akcuoMbl V MHOXKECTBO uuces, OG/IaJalomHX CBOACTBOM E,
JOJIKHO COAEPXKATh MHOXKECTBO BCeX YHCE.

Cymma ABYX udcea. Kaxpoli nape umces X, y MOXKHO €IUHCTBEH-
HbIM 06GPa30M CONOCTAaBHTb HATYpaJbHOE YHC/IO, 0GO3HAUAEMOE uepes
Xy, TaK, 4ToGbl OKAa3a/JMCh BHINOJHEHHBIMH C/IEYIOUHE YCIOBHAL:

(1) x+1=x" nna Kaxmoro Xx;

(2) x+y"=(x-+y)" n1a KaKAOro X H JJIs Kaxioro ¥Y).

B cuay 3TOro onpefeteHHs Mbl MOXEM B JajbHEHIeM TNHCaTh
BMecTo a" Takxke a- 1. Mmelor Mecto creayiowue npaeuja:

1y (YUucno» GyAeT o3HauaTh MOK3 ¢HATYPajbHOE YHC/ION.

%) JloKasaTeibCTBO 3TOF0 H BCEX OCTalbHBIX MpPeNIOKEHH ARaHHOro napar
papa wuratenp Haiiner B kuure: Jlampay O. OcHOBH ana/nnsa. M.: W, 1950,
ra. 1.
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(3) (@a+b)+c=a+(b+4c) («3aKOH aCCOUUATUBHOCTH CJIOKEHUSY).

(4) a+b=>b+4a («3aKOH KOMMYTaTHBHOCTH CJIOXKCHHSY).

(6) U3 a+b=a-+c caepyer b=c.

Iponssenenne AByX umcenr. Kaxno#l nape uucesn x, y MOXKHO €IHH-
CTBEHHBIM O0Opa30M COMOCTABHTL HAaTypasjbHOe YUCJI0, 0003HayaeMoe
yepe3 Xy WIH Yepe3 Xy, TaK, 4TOObI BBIIOJHSJIMCH CJeyIOLlHe YCio-
BHS:

6) x-1=x,

(7) x-y*=x-y+x a1a Kaxmoro X U NI KaxJoro y.

WmetoT MecTo npasuJa:

(8) ab-c=a-bc («3aKOH acCOUUATHBHOCTH yMHOMKEHHSNY).

(9) a-b=">b-a («3aKOH KOMMYTaTHBHOCTH YMHOKEHHS).

(10) a-(b+c)=a-b+a-c («3akoH AUCTPHOYTHBHOCTHY).

(11) U3 ab=ac caenyer b=rc.

Boabwe u Menswe., Ecin a=b+u, To muuyr a>b um b <<a.
JlokasniBaercsi, 4To:

(12) dns moOblIX ABYX uHcesa @, b MMeeT MEeCTO OJHO M TOJIBKO
OJHO W3 COOTHOLIEHHH: a<< b, a="b, a>b.

(13) M3 a<<b n b<<c crepyer a<<c.

(14) U3 a<< b caeayer a+c<<b+c.

(15) M3 a<<b caepyer ac<< be.

Pemiennie u ypaBHeHuss a=0b +u (eiuHcTBeHHOe B cHay (5))
B cayuae a >> b oGosHayaercs yepe3 @ —b. Bmecro «a<<b wim a=b»
nuiyT Kpatko a=<b. CooTBeTCTBYIOLIMM 06pa3oM OOBLSCHAETCH 3a-
nucy a==b.

Ianee, ¥MeeT MeCTO CJeRyiolliasi BaX<Has TeopeMa:

KamlOoe Henycmoe MHONCECMBO HAMYPAAbKLIX Yucenr codepocum
HQUMeHblUee YUCA0, M. e. MAKOe YUCAO, KOMOopoe MeHbule 8cex 0Cmanb-
HbLX HlCeA MHOJMCecmea.

Ha srofi TeopeMe ocHoBaHa emopas ¢hopma undykyuu. Ilas TOro
4yTOGH JI0Ka3aTh, YTO HEKOTOPHIM cBOMCTBOM E of6sajaiorT Bce 4YHCIIa,
JIOKa3bIBAIOT, YTO UM 0G/ajaeT NPOH3BOJNbHOE YHC/IO 71, MpejroJjaras
(0 MHAYKLUHH», YTO OHO BHLINOJHEHO JJIfl BCEX YHCEJ, MEHBUIHX 1.
(B uacTHOCTH, 3THM CBOHCTBOM OGJajaer yuc/Io 7 =1, Tak Kak Her
upcesN, MEHBIUHX EeIHHHUIBL; CJAeJOBATEIbHO, 3ECh MPEJIOJNOKEeHHE
HHAYKLMK oTnajaer !). Jloka3aresqncrBO 1O MHAYKIHMH JOJKHO, KOHEU-
HO, OBITb NOCTPOEHO TAaK, 4TOOBl OHO OXBATHIBAIO W caydail n=1,

1) BuickasniBaHue «Bce A o6nagaior cBoficTBoM E» 6yleT CUHTATbCA HCTHHHBIM,
Iaxe ecad HHKakuX A HeT BooGule. AHanoruuHo BhicKasmBanue «M3 E caenyer F»
(rie £ u F —HeKoTOpble CBOACTBA, KOTOPBIMH MOryT ofaajaTb WJH He 061ajath
H3BeCTHEle OOBEKTH X) PAacCMaTpPHBAETCsh KK MCTHHHOE, €C/IH HHM OJHH H3 OGBEKTOB
x He o6aagaer csoiictBoM E. Bce 370 HaXOpHTCS B COOTBETCTBHH CO CAETaHHEIM
3aMeYaHHEM, COIVIACHO KOTODOMY MYCTOE MHOMXECTBO COIEDKHTCS B KaXKIOM MHO-
XKECTBe.

Uesecoo6pasHOCTb TaKOroO CJAOBOyNOTpe6/eHHs (B Pa3roBODHOM pedH, BepOsITHO,
HeoGbIYHOrO) CJeflyeT H3 TOro, YTO TOJNBKO MPH HeM BhICKasbiBaHue «M3 E caenyer
Fy Ges mckmouenuft mepeBoputcs B «M3 He F ciaenyer He Ex.
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uHade oHO HexocTaTouno.) Torxa cpodictBoM E ofnagaioT BCe uucaa.
JeficTBUTeIbHO, B NMPOTHBHOM CJydae MHOXeCTBO uMces, He ofiajaio-
mux cpoficteoM E, 6b1o Obl HEMyCTHIM M €CIM A — HanMeHbliee duc-
JO B 5TOM MHOMKECTBE, TO MOJYYH/IOCH Obl, YTO BCE YUCJ]A, MEHbIUHe
n, o6najaioT cBOCTBOM E, YTO MPOTHBOPEUMT AOKA3AHHOMY.

Hapsiny ¢ «10Ka3aTebCTBOM METOIOM HHAYKUMH» B 00eux ee Qop-
Max CYIIECTBYeT «onpedeaenue (WJIW TIOCTPOEHHE) Menodom urOYKyuu».
JlomycTHM, 4TO MBI XOTMM COTOCTABHTb KaXIOMYy HAaTypanbHOMY HHC-
Ny X HEeKOTOPHH HOBbIA OGBEKT @ (¥) M NpH ITOM 3apaHee 3ajaHa
«CHCTEMA PEKYPPEHTHBIX ONpeAe/AOIMX COOTHOIIEHHH», KOTOpLe CBSi-
3BIBAIOT 3HAUEHHeE @ (1) C MPEALIECTBYIOUIMMHU 3HAUCHUAME @ (1) (m < n).
Tpennosaraercsi, 4TO 3TH COOTHOUIGHUS €JMHCTBEHHBIM 00PAa3oM ofl-
pefensioT @ (n), XKaK TOMBKO 3ajaloTcs Bee ¢ (m) mpu m<n, KOTO-
phle yiKe YAOBAETBODSIOT 3ajiaHHbIM COOTHOWeHHsAM b). ITpocrefimmii
CAyuail COCTOMT B C/AEAYIOWEM: JJIsi m=n* 3HaYeHue ¢ (n*) Bblpaxa-
erca uepes ¢(n), a mis m=1 3uadenune @ (l) 3azaercs Hemocpen-
ctBeHHo. IlpuMepamu chayxkar cooTHowenus (1), (2), cooTBeTCTBEHHO
(6), (7), ¢ NMOMOLIBIO KOTOPHIX Bhillie ObLIH ONpEejeseHbl cyMMa H Ipo-
H3BeJleHHe. Mpl yTBEpPKIAeM TeNepb: npu COCAAHHbIX NpeOnoAOHeNUsX
cyugecmsyern 00H@ © MOALKO O00HG (YHKYUS @ (X), BHAMEHUs KOmo-
poil ydosAemBopPAIOM 3a0aNHOLM COOMHOLUERIUANM.

NlokasateabcTBO. [log orpeskoM (1, n) HarypaapbHOro psja
MBI TI0[Pa3yMeBaeM COBOKYIHOCTb BCEX HATypasbHBIX YHCeJ], He Ipe-
Bocxonsiux n. IIpexje BCero Mbl yTBEPXKAAEM: Ha KaxKJIOM OTpe3ke
(1, n) cyllecTBYeT OaHA ¥ TOJNBKO ONHA QYHKUHMSA @, (X), ONpejeseHHas
Ha YHCJAAaX X 3TOrO OTPe3Ka, KOTOpas YIOBJETBOPSIET 3aJaHHBIM COOTHO-
LIeHHsM. 3T0 yTBepxkieHHe BepHo A1s otpeska (1, 1), a Takke pis
moBoro orpeska (l, A*) TpH YCJAOBHH, YTO OHO BEPHO AJSI OTpe3Ka
(1, n), motromy wuyro Gnaroiapsi PEKypPpPEHTHBIM COOTHOIUEHHAM 3Haue-
nue @ (1) ¥ 3nauenust @ (m) = @,(m) (m<<n) ONHO3HAUHO OMPENENAIOT
spauenue @ (n*). TakuM oOpasoM, yTBEpXKieHHEe BEPHO NJIA KaxXJIOro
orpeska (1, n). Mpi mojyuyaeM, CleNOBATENbHO, DAL DYHKUHMA @n(x).
Kaxnas ¢yHkuus @,(x) onpegejena na (1, n) u, paBHbM 00pasom,
HAa Kax[OM MeHbilleM oTpe3ke (l, m); HO Tam OHAa TaK¥XKe YJIOBJIETBO-
pSieT OnpeleNsioHM COOTHOLIEHHSM H NOTOMY COBHajaer ¢ QyHKuned
®m (x). CnefoBatenbHO, MoObe 1Be OYHKUHH @, (X), @m(X) coBma-
RAlOT NS TEX 3HAayeHHB X, HAa KOTOPHIX OHH OJHOBPEMEHHO ompeje-
JIEHEL.

Hckomas e QyHKuus ¢ (x) Ro/kHA OHITh ONpenesieHa Ha BCeX
orpeskax (l, n) ¥ BMecTe ¢ TeM YJIOBJETBOPSTH ONPEJE/ISIOUNM CO-
OTHOIIEHUAM, T. €. cOBHNaJaTh ¢ QYHKUMAMH ¢, Takasd QyHKuus ¢
CYWECTBYeT M TPUTOM TOJBKO OfHA: ee 3Hauenue ¢ (x) siBasercss oG-

1) 310 npeanoNoKeHHe BKJIouaeT B cefa M JONYIIEHHE, COINIACHO KOTOpOMY
@ (1) onpegensiercs CaMUMHA COOTHOWEHUSIMH, MOTOMY YTO HET WHCE, IMpeRwect-
BYIOIHX €JHHHIE.
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KM 3HAYeHHeM BCeX (QYHKHMH @,(X), KOTOpHIE ONpeNeNeHs NS YHC-
jga x. Tem caMbIM Teopema jfoKasaHa.

Mul oyeHb uacTo 6yneM NOMB30BATLCS «MOCMIPOEHUEM Memodom
UHOYKYUL».

3anaua l. Ilyets cBolictBo E MMeeT MecCTO, BO-NepBHIX, AJst n=3, a Bo-
BTOPBIX, HMesi MeCTO JJIsl YHCIa n =3, OHO HMeeT MecTo W Jisi n--1. JlokasaTs,
yTO CBOHCTBO E HMeeT MeCcTO AJs BeeX uHcesa =3

[Tpucoenunsas CHMBOJMEI —a (OTpHIATENbHBIE lesble yucna) u 0,
MOXKHO PACIUMPUTh HaTypaJbHBIH pal 10 obsacTd yeasix duces. UToObl
6b110 yA0OHEe pacnpocTPaHUTh CMBICA CHMBOJIOB -, -, <C Ha 3Ty
06/1aCTh, 11e/1ecO00pa3HO NPENCTaBUTDL LeJble YHC/Ia NapaMd HaTypasb-
HbIX YHCEJ CJEAYIOUMM o6pasoM:

HaTypanbHoe yucaIo a— mapo# (a--b, b),

HYJb — 1apo# (b, b),

OTPHUATENIBHOS YHCIO —a — fapod (b, a--b), rae Bciony b — mpo-
H3BOJIBHOE HATypaJibHOE UHCJIO.

Kaxnoe 4Hc/I0 MOXKeT OhITh TNPENCTAB/JAEHO MHOTMMH CHMBOJaMH
(a, b), HO Kaxknwlii cHMBOJ (@, b) ompenensieT OZHO H TOJBKO OHO
nenoe 4ucsa0, a HMEeHHO:

HaTypajdbHOE YHCIO a—b, ecau a>>b,

ugeao 0, ecauw a=20,

OTpHIlaTeJbHOe yHuca0 — (b —a), ecau a<<h.

Onpenenum:
(@, D)+ (¢, d)y=(a+c, b+4d),
(a, b)-(c, dy=(ac+bd, ad-+ bc),
(a, by <<(c, d) nm (c, d) >(a, b), ecmu a+d<<b-+c.

Bes Tpyna npoBepsieTcsi: BO-e pBLI X, 3TH ONPEJE/ICHUS HE 3aBHCAT
OT BriCOpa CHMBOJIOB B JIeBOH YaCTH, — HYXKHO JIMIIb, 4TOGLI YHcJ/Ia
OblIM OJHM M T€ K€; BO-BTO P B X, BBIIOMHSIOTCS npasuaa (3), 4),
(6), (8), (9), (10), (12), (13), (14), a Takxke (15) gasi¢c>0;B-TpeThuXx,
B paculMpeHHOH 06/acTH ypaBHeHMe a--X=0» BCerja HMeeT pelleHue
H NPUTOM €JHHCTBeHHOe (pelleHue cHoBa OyneT 060O3HAuaTLCS yepes
b—a); B-ueTBepTH X, ab=0 Torma m TOMBLKO TOrjga, Korga a=~0
wm b=01.

3anauva 2. IlpoBect J0Ka3arTesbCTBO.
3anaua 3. To ke, uto B 3amaue 1, HO c 3aMeHo# yacaa 3 Ha wHcso O.

M3 3nemMeHTapHBIX CBOMCTB LEJBIX YHCET Mbl NPHBEAH 37ech JIHIIb
Te, 4TO BaxHHl 1151 nanbHeidwero. ITo nosoay ompeneneHus napo6Gei,
a TaKkxe CBOKCTB NEJUMOCTH LEJBIX YHCEN CM. IJaBy 3.

) lo moBOLy HECKOILKO HHOrO BBEJCHHS OTDHHATEJbHBIX YHCEN H HYJ§
e Jlanmpay 2. OcHoBsl aHamusa.—M.: WJI, 1950, ra. 4.
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§ 4. KoHeuHble H CueTHble MHOXeECTBa

MHOKECTBO, PABHOMOIIHOE C OTPE3KOM HaTypasibHOTO psina (T. e.
C MHOMECTBOM HATYPAaJbHBIX YHCe, HE NMPEBOCXONALIMX HEKOTOPOTO
YHCaa 1), HA3LIBAGTCS KOHeuHviM. [1yCTOE MHOMECTBO TaKXKe Ha3blBaer-
Csl KOHEYHBIM.

TIpotiie roBOpsl, MHOXKECTBO HA3LIBAETCST KOHEUHBIM, €CJIH €T0 3/eMeH-
Thl MOJKHO 3aHYMepOBaTh HATyPaJbHBIMH UHC/IAM# OT 1 10 n Tak, 4ro-
6bl pA3NMUHBIE 3JEMEHTH HMENH pPas/IMyHble HOMepa M uToGbl BCe
HOMepa OT | 710 n ObLIH HCIOMB30BAHBL. B COOTBETCTBHH C 3THM 3Je-

MEHTBI KOHEYHOTo MHOecTBa A MOXHO 0603HAYUTH yepes &y, ..., !
A=lay, ..., A}
3anaua . C nomMolipld METONA MHAYKUMM IIO 1 JOKas3aTh, YTO BCAKOE MOX-
MHOKECTBO KOHeUHOTO MuoxectBa A=={ay,..., @,} KOHEYHO.

Kaxgoe MHOMXKECTBO, He SIBJsIOLleecs: KOHEUHBEIM, HasnpiBaercs bec-
KoHeunbim. HampuMmep, MHOXKECTBO BCEX LEJBIX YHCeJ, KaK 3TO ceHuac
Oyjer MOKa3aHo, OECKOHEUHO.

OcHOBHAasi TeopeMa O KOHEUHB X MHOXEeCTBaX [IacuT:

KancOoe KoHedHOe MHOMCECHBO He Moxcem Oblmb PAsSHOMOULHO ¢ Ka-
KUM-AUGO COBCMBEHHbIM 0BBEMAIOULUM MHOINCECTIBOM.

NoxkasaTteabcTBO. [IycTb, BONMpEKH YTBEPKAEHHIO TEODEMbI,
CYIIECTBYET HEKOTOpOe OTOGpaXeHHe KOHEYHOro MHOXKeCTBa A Ha ero
coberernoe HagMHo)ectso B. Tlycth snementsl MuoxecrBa A obo3Ha-
yeHbl 4epe3 dy, ..., Qn, @ HX OOpashl —yepes ¢ (ay), ..., 9(a,). Cpe-
J¥ TOCJEIHHX COfepHarcs BCE 3JEMEHTH &, ..., @, H, KpoMme
Toro, ellle mo KpakiHeldl Mepe OXHH 5/EMEHT, KOTOpbI# Mbl 006O3HAuHM
Yepes Qniq-

Jinsi n=1 npotuBopeurie OYEBHAHO: €IMHCTBEHHBIH 3JMEMEHT a; He
MOJKET MMETh [Ba pas/jnuHhiX o0pasa a;, d,.

HeB03MOKHOCTh CYUIECTBOBAHHA OTOOpaxKEHUA @ C yKasaHHBIMU
BRlLIE CBOHCTBaMH OyjAeM CYMTaTh JAOKasaHHOH A1 n—1; jnokaxem
ee Temepp IJIA .

MoxHO cuHTaTh, 4T0 @ (@) =01, MOTOMY UYTO €C/H 3TO HE TaK,
T. €.

" (an) =d (a’ #* an-s-l)’
T0 @,.; ¥MeeT Apyroil mpooOpas a;:
@ (@) =an 1,

M BMECTO OTOOpaMKEHHs ¢ MOXKHO NOCTPOHTb APYroe, COIOCTaBJIsO-
LIee SMEMEHTY @, 3JEMEHT Qy,,;, HNEMEHTY @; 5/EMEHT &', a B OCTaJb-
HOM COBMajamlliee ¢ @.

[Moamuoxectso A’ ={ay, ..., @,_1} oTOOpaxaerca O¢yHKUMEH @
Ha HeKoTopoe MHOXKecTBO ¢ (A’), KoTopoe mMOMyYaeTcs K3 ¢(A)=B
OT6PACHIBAHHEM 3JIEMEHTA @ (Qn) = Qn 4y
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MuoxectBo @ (A’) comepXur ay,...,Qa, H, CJIENOBATeNbHO, SB-
JsieTCsl COOCTBEHHBIM HAJMHOMXKECTBOM MHOXecTBa A’ M BMecTe C TeM
ero B3aHMHO OJIHO3HAYHBIM 06pasoM. B cuay mnpeano/oxeHus HH-
AYKUMH 5TO HEBO3MOXHO.

M3 sToli TeopeMmbl Mpexie BCEro CleLyeT, YTO MHOMKECTBO HH-
KOTJa He MOXeT OblTb PaBHOMOILHO € ABYMs pasJM4HBIMH OTpE3KaMH
HaTypaslbHOro psifa, MOTOMY 4YTO B IIPOTHBHOM CJIydae STH OTPE3KH
GblM Gbl PABHOMOIIHBI H TP 3TOM 0073aTe/bHO OJMH M3 HHX COMEp-
®ajcs 66l B gpyrom. Takum o6pasoM, J06oe KOHEYHOE MHOMeCTBO A
PaBHOMOLIHO C OJHHM H TOJBKO OJHHM oTpeskoM (1, n) naTypaib-
noro psiaa. OXHO3HAYHO ONpejeseMoe TAKHM CIIOCO60M YMCJIO 71 Ha3bl-
BAETCS HUCAOM SAEMEHMO8 MHOXKECTBa A; OHO MOXKET CJYyXHTb MepoH
MOLIHOCTH B 3TOM CJy4ae.

Bo-BTOpHIX, H3 TEOPEMBI CJeayeT, YTO MPOH3BOJbHBIH OTPE30K Ha-
TypaNbHOTO psiia HEPaBHOMOLIEH CO BCeM HATypa/bHbIM psaoM. Ta-
KuM 006pa3oM, psAl HaTypa/bHbIX 4HCeJ GecKoHeueH. MHoXKecTBO,
paBHOMOLIHOE C MHOXECTBOM HaTypaJ/IbHbIX YHCes, Ha3bIBAETCS CHEMHO
GeckoHeurbim. DNEMEHTH CUETHO GECKOHEUHOrO MHOXKECTBA MOTYT ObITh
nepeHyMepoBaHbl TaK, YTo Jiio00e HaTypaJ/IbHOE YHCJIO MOSBUTCSA B Kade-
CTBE HOMepa POBHO OAMH pas.

Koneunrle u cueTHO O€cKOHeuHble MHOMKeCTBa OOBLENUHAIOTCA Ha-
3BAHHEM CHemHble MHOXKECTBA.

3apaua 2. JJokaszaTb, YTO YHCJO 3/EMEHTOB OGBEIHHEHHS ABYX Hernepece-
KAIOUWIUXCS KOHEYHBIX MHOXECTB P2BHO CyMMe YHCeJ 3JEMEHTOB OGBEAHHSEMBIX MHO-
wectB. (MHAYKLHEs ¢ MOMOMWbIO peKyppeHTHHIX dopmya (1), (2) u3 § 3.)

3anaua 3. Joka3arb, 4TO YHCJIO 3JIEMEHTOB B r MONApHO HENepeceKalouX-
Csl MHOMECTBAX H3 § 9JeMeHTOB paBHO rs. (MHAyKuus ¢ mOMOWIbIO PEKyppeHTHLIX
dopmy. (6), (7) u3 §3.)

3apgaua 4. JJokasaTh, 4TO KaXK[oe MOAMHOXKECTBO HaTypaJsibHOTO PAAAa CYer-
HO. DBbiBecTH oOTciofa: MHOXKECTBO CYETHO TOIJa M TOJBKO TOrf4a, Korja ero sJe-
MEeHThl MOXXHO NepeHyMepoBaTb TakK, 4TOObI Pas/IHYHbIM /1eMEHTaM COOTBETCTBOBAJIH
pas/MuHble HOMEpa.

Ipumep HecueTHOro MHOKecTBAa. MHOXKECTBO BCEX CYETHO GECKO-
HEUHBIX IMOCJIENOBATELHOCTEH HATYypaJbHBIX yuces] HecyeTHo. To, yTO
OHO He fIBJsIeTCS KOHEUHbIM, NpPOBEpHUThb Jerko. Ecau Ol OHO GbLIO
cyeTHO OECKOHEYHBIM, TO KaxJas MNOCJeX0BaTeJbHOCTb 06jajaja Obl
HEKOTOPHIM HOMEpPOM, H KaxJOMY HOMepy i COOTBETCTBOBaJIa Gbl mocJe-
JOBaTEJIbHOCTD BHJA

Qiyy Qigy oo

HOCTpOI/IM nocaeoBaTe/JIbHOCTL 4HCe

an+1, anp+t+l, ..

Ona TakKe 10/2KHAa HMETh HEKOTOPBII HOMEp, CKaxeM, HOMEp .
Torpa

ap=an+1; ap=ap+l a1 A,
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B 4aCTHOCTH,
ajy=a;+1;
HOJNyYHJ/IH NPOTHBODEUHE.
3apnaua 5. JlokasaTh, 4TO MHOXECTBO LesbIX YHCEJN (T. €. MHOMXKECTBO, COCTO-
Alllee M3 BCEX TIOVIOKHTENbHBIX B OTPLHATENbHBIX YHCEJ H HYJA) CYETHO GECKOHEUHO.
Touno Tak xe CYeTHO GeCKOHEUHO MHOXECTBO YETHBIX YHCeJL.
3agaua 6. Jlokasarb, Y4TO MOUIHOCTb CUETHO OECKOHEUHOrO MHOXKECTBA He

MEHAETCs NpH J06aBJIEHAH K 3TOMY MHOXKECTBY KOHEYHOTO HJ/IM CHUETHO 6eCKOHEUHOTO
MHOXKECTBa 3JIEMEHTOB.

O6vedurerue CHEMHO20 MHOJKCECTIBA  CHENMHLIX  MHOJECS CHO8Q
ABASEMCS CHEMHbIM.

JdokasareabctBo. O6o3HayHM JaHHbIE MHOXKECTBa uepe3
M;, M,, ..., a sjeNeHTbl MHOXecTBa M;— uepes myy, My, ...

CyluecTByeT JMllib KOHEYHOE UHMC/O 3JIEMEHTOB Mg, AN KOTOPHIX
i+k=2; aHanOruyHO, CYIIECTBYeT JIHIIb KOHEUHOE YHC/IO 3JIEMEH-
TOB M;y, AJA KoTOpwX {4k =3, u T. A IlepenymepyeM cnayana bce
3/71eMEeHThl, A/ KOTOpbIX i+ k=2 (HanpuMep, 110 BO3paCTAIOUWIUM 3Ha-
YeHHSIM (), 3aTeM (C MOMOILbIO NOC/IEAYIOUHX YHCEJ)— 3JIEMEHTH,
s KotopulXx i+k=3, u T. n. Ilpn 3ToM Kaxipiii 3SJMEMEHT MMy,
NONYYHT HEKOTOPHIH HOMEp H pas/MyHbie 3JeMEHTH OylyT HUMeTh pas-
JAuunbie Homepa. Orcioja cieayer yTBepIACHHE.

§ 5. Pa3Guenne Ha KJacchl

3Hak paBeHCTBa YJOBJETBOPAET CJAEAYIOUWHM YCIOBHAM:

=aq,

u3 a=>b caepyer b=a,

H3 a=>b u b=c caenyer a=c.

To Ke caMoe BbIpaXKaercs CJEAYIOUHMH CIOBAMU: OTHOUIEHHE @ = b
DePAEKCUBHO, CUMMEMPUENO H MPAH3UMUEHO. ECIH MEXY s/eMeHTaMu
TIPOH3BOLHOTO MHOMKECTBA OIpEJE/NeHO OTHOWEHHE a~b (T. e. jns
o060 mapbl 3JeMEHTOB @, b MO0 MMEET MeCTO @~ b, 1ubo Her), Noj-
YHHEHHOEe aKCHOMaM:

1) a~a,

2) u3 a~b caenyer b~a,

3) U3 a~b u b~c caepyer a~c,

TO OHO HA3BIBAETCSl OMHOUIEHUEM 3KBUBAAEHIMHOCMU.

[Tpumep. B o6nacty ue/bix 4Hces] Ha3oBeM [BA YHCIA IKBHBA-
JEHTHbIMH, €CJH HX pasHOCTb Jejurtcs Ha 2. OueBUAHO, aKCHOMBI
BBLUIOJIHAIOTCSH.

Ecau 3ajaHo Kakoe-ju00 OTHOLIEHHE 3KBHBAJIEHTHOCTH, TO Mbl
MO2KEM OOBEIMHUTD BCE 3/1eMEHTHI, S9KBUBANEHTHbIE JAHHOMY 3JIEMEHTY 4,
B oguH Kaace K,. DneMeHTsl B TAKOM KJacce NOMapHO 35K BHUBAJICHTHBI,
TaK KaK M3 a~b ¥ a~c B cuay akcioM 2) u 3) cienyer b~~c.
Kpome TOro, BCe 5/EMEHTHl, SKBHBAJIEHTHBIE KAaKOMY-IHGO 3/I€MEHTY
NPOM3BO/IbHO (PHKCHPOBAHHOIO KJacca, MPUHAAIEKAT ITOMY Kaaccy,
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Tak Kak u3 a~b u b~ ¢ creayer a~c. Takum o6pasom, KJacc
3a14eTcs KaX/JbiM CBOMM 3J€MEHTOM: €CJIH BMECTO a BbiGpaTb Apyrofi
3/4e€MEHT b TOro Ke caMmoro KJjacca, TO noayuurcs, uto K, = K,.
CieoBaTeIbHO, Mbl MOXeM BHIOpaThb KaXX[blil 3/7€MEHT b B Kayecrse
npedcmagumens, JJAaHHOTO KJjacca.

Ecan xe Mbl HayHEM IIOCTPOEHHE C TAaKOro 3jeMeHTa b, KoTopwifi
He NPUHALICKUT paccMaTPUBaeMOMYy KJjaccy (T. €. He 3KBUBaJeHTeH
3JCMEHTY @), TO NpujaeM K kaaccy Kjp, y KOTOpOro Her OOIHX 3.j€-
MEHTOB C KJaccoM K,; B IPOrHMBHOM cJiyyae uMesH Obl ¢ ~a U ¢~ b,
OTKYyJa cae10Bano 6ula ~ b u b = K,. B stoM caryuae knacenl K, 1 K,
He [epeceKaloTcsl.

Ksacchl 5KBHBaJIEHTHOCTH UEJIHKOM IIOK PBIBAIOT JaHHOE MHOXKECTBO,
NOTOMY UTO Kax/blil 3/1eMEHT a NPHHAICKHT HEKOTOPOMY KJaccy,
a uMmeHHo — knaccy K, Taxum ofpa3soM, MHOscecmso pacnadaemcs
HQ NONAPHO Henepecekaiowjuecs Kaaccol. B HalleM NOCTeAHeM IpHMEepe
5TO KJaCC YETHBIX M KJacC HEYeTHHIX YHCeJ.

Kak wmbl Bugenn, K,= K, Torja H TOJbKO TOTAa, Korjaa a~b.
BBoas Knacchl 5KBHBAJEHTHOCTH BMECTO 3JIEMEHTOB, Mbl MOXKEM OTHO-
IUEHHE 5SKBHBAJIEHTHOCTH @~ b 3aMEHHTb OTHOIUEHHEM paBEHCTBA
K(I:Kb'

O6patno, ecad 3ajaHO pa30HEHHE MHOXKECTBa Ha IMONApHO Hene-
pecekarolecs KJaaccbl, TO Mbl MOXEM IOJIOXKHTb HO ONpeleseHHIO:
a~b, ecam a u b nexar B ogHoM Kaacce. OueBHAHO, Tako€ OTHO-
IlleHHe YJOBJIETBOPSET akcuomam 1), 2), 3).



T'rasa emopas

rPYIIIbI

Conepxanne OObsACHEHHE OCHOBOMOJATAIOUWIHX X5 BCEH KHHIH BaKHEHIIHX
TEOPETHKO-TPYIINOBLIX OHATHH: rpynnbl, NOArpynnbl, H3OMOP(H3IMA, roMoMopbu3sMa,
HOPMAJIbHOA MOArpynnbl, GakToprpynimsl.

§ 6. TonsaTre rpynmsl

Onpepnenenune. Henycroe MHOXKecTBO (¥ 3/12MEHTOB NPOU3BOMb-
HOH npupoAp! (HampuMmep, uHce1, oToOpakeHu#, npeo6pa3oBaHMii)
Ha3bIBATCS 2pynnol, €CJIH BHIIOJHAIOTCA YEThIPE CACAYIOMNX YCAOBHS.

1. 3anaH 3akon Komnosuyut, KOTOPBIA KaKJOH Iape 3/1eMEHTOB
a, b u3 & conocraBnser TPETUH JIEMEHT 3TOrO K€ MHOXKECTBA, Ha3bl-
BaeMblfl, KaK NpaBHJIO, npoussedeHuem SNEMEHTOB a W b M o6o3Haua-
eMbifi yepe3 ab unn uepes a-b. ([IpousBejeHne MOXKET 3aBHCETb OT
nopsiKa CJENOBaHUS COMHOXHTeNel: He ofazartesbHo ab = ba.)

2. Baron accoyuamusrocmu. Jas mobLIX TPeX 3JeMEHTOB a, b, ¢
u3 (§ uMeer MeCTO paBEHCTBO

ab.-c=a-bc.

3. B & cymecrByer (neBas)) edunuya e, T. €. 3NEMEHT e, Bbiejse-
MBI CJIELYIOIHM CBOHCTBOM:

ea=a 1 Bcex a uz &.

4. Ina kaxporo saeMmenTta a u3 ® cyuecTByer (mo kpaiinell Mepe)
OfuH (eBblil) o6pamnoiui snemenm a~! B (9, onpenenseMblli cBOHCTBOM:

ala=e.

Ipynna nasniBaercs abesesoli, ecju, KpOME TOTO, OKa3hIBaeTCst
BLIIIONHEHHBIM TOXKIAECTBO @b = ba (3aKOH KOMMYmMAamueHocmu).

I[Tpumeps. Ecnu anemedraMu paccMaTpHBaEMOrO MHOXKECTBA
SIBJASIOTCA YHC/Ia, a 3aKOHOM KOMIIO3HMIMH CJYXKHT OGBIYHOE YMHOXKe-
HHME, TO /s TOro, YtoGbl MOJAYUUTH TPYHNY, NMPEXKAL BCEro Clenyer
HCKJIOYHTb HYJb, NIOTOMY 4TO y Hero HeT ofpaTHOro 3JeMeHTa; Bce
palMOHa/JbHBIE YHCJa, OTJIHYHHIE OT HyJsA, YyxKe o06pasyioT rpymny
(erMHHYHLIM 3J7eMeHTOM fBasfeTcs uyucao 1). Touno tak xe obpasyior
rpynny uucaa —1 u 1, a takxke yucjao 1 camo no cebe.

AppuruBheie rpynnbl, B onpegeserne noHATHA rpynnsl o6o3Haue-
HU€ oONepaluy uepes a-b He BXOJUT: ONEpaLHed MOKET CAYyHKHThb
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H CJOXKEHHe, HanpuHMep, OObIYHOE CJIOXKEHHE HENblX YHCEeN HJH BeK-
topoB. B 3TOM cayuae B akcuomax 1-—4 crepyer Bcioay BMECTO
«ipousBefienne a-b» unrath «cymma a--b». pynna & nasbiBaercs
Torja aoOumueroil epynnoil WA molyrem. BMecto efUHHUHOrO 3i€-
MEHTa ¢ 3J1eChb (Urypupyer Hyaesoi ssemernm O co CBOHCTBOM

04+ a=a ans Bcex a us &,
a BMeCTO OGpaTHOro 3J€MeHTa @' — 371e€MEHT —a CO CBOMCTBOM

—a-+a=0.
OGbLIUHO TNpEeANoJaralT, YTO CJAOKEeHHE — KOMMYTaTHBHAA oOlepa-
uud, T. €.
a-+b=>b+4a.

Bmecto a+(—b) mumyr kpatko a-—b. B 3Tux o6osnaueHHAX
(@a—b)+b=a+(—b+b)=a+0=a.

[Tpume pul. Llenrie uncna o6pasyroT MOAY/b; YETHBIE YHC/IA TOXKE.

Moncranosku. Ilox nodcmanoskoil MHOMKecTBa M Mbl MOfpasyMe-
BaeM B3aUMHO OJIHO3HAYHOE OTOGpaKeHHe 3TOr0 MHOXKECTBAa Ha celd,
T. €. COTOCTABJEHHE S KaXKAOMY 3JEeMEeHTy a W3 M Hexkoroporo ofpasa
$ (@), mpuueM Kaxzblli sneMeHT 3 M aBisieTcss o6pasoM B TOYHOCTH
OHOTO 3J€MeHTa a. JIEMEHT s (@) 0603HaualT Takxe yepes sa. B cay-
yae GeCKOHEUHbIX MHOXKECTB M NOJCTAHOBKH HA3BIBAIOT TaKXKe npeobpa-
306aHUAMIL, HO CJIOBO «mpeoGpa3oBaHHe» B JaJbHedleM y Hac OyAer
HCIOJIb30BAaTbCA KaK CHHOHMM CJIOBa «OTOOpaXKeHHE».

Ecan MuokecTBO M KOHEYHO H €ro 3JEeMEHTH 3aHyMepOBaHB! YHC-
damu 1, 2,..., n, TO KaXAyl0 MNOACTAHOBKY MOXKHO IIOJHOCTLIO OIH-
caTh CX€MOH, B KOTOpOfl MOJ KaxKJAbIM HOMEpOM K yKasbiBaeTcsi HOMEp
s (k) anemenTa, fBAfAIOLIErocs 06pa3oM aJjieMeHTa ¢ HoMmepoM k. Hampu-

Mep, cxema
/1234
5=\ 4 3 1

usofpaxkaeT MNOACTaHOBKY uudp 1, 2, 3, 4, B Kotopo#i 1 mepexoaut
B 2, 2 mepexoaut B 4, 3 nmepexozut B 3 u 4 nepexoaur B l.

Moy npoussederuem st NBYX MOACTAHOBOK S W { IOHHMaercs MOJA-
CTAHOBKA, KOTOPYIO Mbl I0J1y4aeM, OCYILIECTBJsAA CHavYala [IOJCTaHOBKY f,
a 3aTeM NpUMeHsS K pe3yJbTaTy MOJCTAHOBKY S1!), T. €.

st (a) =s (t (a)).

Ha o - 1 2 3 4 e 1 2 3 4

mpuMep, anA s={(, , , | Hi={, | , .| mpousserenme
1 2 3 4 1 2 3 4

st=<4 5 1 3>. Ananorunyso, ts=<l 3 4 2).

1) Topsanox c/aefOBaHHS COMHOXKHTe/eH — JeJIo COorJallieHns. ¥ APYTHX aBTo-
pPOB s 0003HayaeT MHOrjAa «CHayaJja s, MOTOM f»,
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3aKOH acCOHHATHBHOCTH
(rs) t=r (st)

B OOIEM c/iyuae NPOHU3BOJLHBLIX OTOGPAKEHUH MOMKHO JOKa3aTh TakK:
npuMeHuM o6e 4acTH K MPOH3BOJILHOMY OOGDBEKTY @; TOrAa

(rs) (@)= (rs) (t()) =7 (s (£ (a)),
r(st) (@) =r (st (a)) =1 (s ( (@))),

T. €. B 060MX C/JYyyasx MOJydaercss OfHO H TO XKe.
ToxcdecrmseHnol WU eQUHUYHOL NOOCMAROBKOI SIBASETCH TaKoe
otoGpaxenne [, KOTOpoe KaxiblH OOLEKT NEPeBOfiT B ceba camoro:

I{ag)=a.

ToxaecTBenHas [IOJACTAHOBKA 00J/1afaeT, OUYEBUAHO, XapaKTepHBIM
CBOMCTBOM €JMHHYHOFO 3JIEMEHTA FPYMIbl: A7 KaxKI0H NOJCTAaHOBKH §
uMeeT MecTo paBeHcTBO [s=s. Bmecro / wHorma mumyT Takxe 1.
IloxcTaHoBKOH, o6pamHoli K NMOACTAHOBKE S, sIBJIAETCA TaKasl MOJ-
CTaHOBKa, KOTOpasi IEPEBOANT S (@) B @, TOr/a KaK § NEHCTBYET HaoGOPOT .
Ecin ee 0603HauuTh yepes s, To MOXKHO OyAET 3alucaTb PABEHCTBO

s7Is (a) =a,
a TaKiKe PaReHCTBO
sls=1.

3anmauya 1. Henycroe wmHoxectBo (3 mpeo6pas3oBaHHii HEKOTOPOrO MHOKe-
crBa M sBJAsieTcst rpynnol, ecJH: a) BMecTeé ¢ AByMs JioSniME npeoGpasoBaHHAMH
OHO CONEPKHT HX TpOH3BeleHHe u 6) BMeCTe ¢ KaxkAblM NpeoGpasoBakHeM COLEPHKHT
obpaTHoe K HeMY.

3anava 2. TToBOPOTH MJIOCKOCTH BOKPYr GHKCHPOBAaHHOH ToukH P ofpasyioT
aenery rpynny. Ho ecam k 5ToMy noGaBuTh €ile M OTPaKe€HHA OTHOCHTEILHO
BCEX MNpSMBIX, NPOXOAAIKX depes TOYKy P, To mouyuwrcs yxe Healesesa rpynna.

3aaava 3. Ioka3aTh, YTO 3JI€MEHTH €, @ C 3aKOHOM KOMIO3HIMH

ee=e, ea=aq, ae=a, aa=¢
obpasyior (abeseBy) rpynmny.

3amMeuanue. 3akoH KOMIO3HHKH B rpyine MOMHO NPEACTABHThL € IIOMOMILIO
«rpyninoBoil TaGJulLbly; €0 CAYXKHT Tabnuila ¢ ABYMs BXOJdMM, B KOTODPYIO 3aHO-
CHTCA NPOM3BeJeHue KaxIblx ABYyX sjiemextos. Hanpumep, tabiuua s npHBelieH-
HOMl BbIlIE IPYNIb CJEAyHOIast:
e a
elea
alae
Banaua 4. CocraBuTh TabnHUy RS TPYNNbl JIOACTAHOBOK TPEX uHcel.
Vs gokasanHoro cijenyer, 4To akCHOMbl | —4 BLINONHEHH s

COBOKYIHOCTH MOJCTAHOBOK NpOM3BOJbHOrO MHoxkecTsa M. Crnenosa-
TEJbHO, 3TH MNOACTAHOBKM o6pa3dyioT rpynny. [Js8 KOHEUHOro MHO-
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KecTBa M M3 n 3/1€MEHTOB [PYNNy MOJACTAHOBOK HA3bIBAIOT TaKXKe
cummempuueckol epynnof W obo3HauaioT yepes &,').

Bepnemca rtenepp kK oOWel TeopuHy rpymnm.

Bmecto ab-c¢ uan a-bc numyt KpaTtko abe.

M3 akcuom 3 u 4 caenyer, yto

alaat=eql=qal

TAKUM 00pa3oM, €c/IM YMHOXHTL MOCJEJHEee PaBEHCTBO CJIEBA HA JJe-
MEHT, OOpaTHBIA K a~!, To mosayuyurcs

eaa1=e
HJIH
acl=e;

HHLIMA CJIOBaMH, KaXXAblHl JIEBHI OOGpaTHBIA S/JeMEHT sBJseTC H
npaBbIM 00paTHbiM. TakuM ke cnoco6oM ycTaHaBJHBAeTCs, 4TO 06-
paTHbIM K a™! cayxur a. Hanee:

ae=qaala=ea=a,

T. €. Kax[asi JieBas €JHHHLA fIBJSETCA M NpaBoH efuHHIIEH.
Orciona caenyer 603MONCHOCMS (JBYCTOPOHHEO) OeseHus:
5. ¥pasrenue ax=0>b ob6radaem pewenuem 8 epynne &, kax u
ypasHerue ya=>=, e0e a u b — npoussorvrole sremermo: us .
A MMEHHO, 3THMH DelIeHHSIMH CAYXKaT X =a b u y=ba'l, Tak KaK

a(ab)y=(aa')b=eb=0b,
(baYa=0b(a'la) =be=>b.

Crosb Ke NMpOCTO HOKAa3bIBAETCS H OOHO3HAYHOCMbL OeseHus:

6. Ha ax=ax' u u3 xa=x'a ciredyem, umo x=x'.

YMHOXkas ofe yacTH paBeHCTBA ax =ax’ Ha a™!, mosydaem X =x'.
Touno Ttak ke JOKasblBaeTcsl BTOPasi 4aCTb YTBEPKACHHS.

B 4acTHOCTH, OTCIOJA CJEAYeT €JMHCTBEHHOCTb EAMHHYHOIO 3Jle-
MeHTa (KaK peLIeHHs YPaBHEHWs Xa==a) U €IHHCTBEHHOCTb 06paT-
HOro 3jieMeHTa (KaK pelIeHHs! yDaBHEHHA Xa =e¢). EuHMYHBIA 3j€-
MeHT yacTo Oyaer ofo3Hauarbcs uepes 1.

B03MOXKHOCTD jiesieHHs, yKa3aHHas B yTBEPXKJEHHH D, B KauecTBe
dKCHOMBl MOXKET 3aMEHHTb akCHOMLi 3 u 4. JleficTBUTEJIbHO, Mpexro-
noxuM, yto 1, 2 u 5 BHIMOMHEHH M nonpoGyeM cHayasa foKasaTh 3.
BriGepem npousso/bHBIA 3ieMeHT ¢ ¥ GyneM NoapasyMeBaTh MO €
peienue ypaBHeHusi xc=c¢. Torzga

ec=c,

1) 310 HasBanHe BLIGDAHO B COOTBETCTBHE C TeM, 4TO GYHKLHH OT iy, ..., Xn»
OCTalolnecs: HHBAPHAHTHBIMH MPH NEHCTBHH ITOACTAHOBOK PaccMaTpHBAeMOi FpyIIBL,
ABJISIOTCA «CHMMETPHYECKHMH QYHKIHAMHY,
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JInsi mpOM3BOJILHOTO e @ peluMM YpaBHEHHE

cx=a.
Torna
ea=ecx =cx=a,

otTkyaa cnenyer 3. Axcuoma 4 sBJSIETCS HENOCPEACTBEHHBIM Clef-
CTBHEM pa3pellnMOCTH YpaBHEHUS xa ==e.

B COOTBETCTBHM C 3THM Mbl MOxeM BMecto 1, 2, 3, 4 paBHBIM
06pa3oM MCro/b30BaTh 1, 2 M 5 Kak aKCHOMbl IPYIb.

Ecau & — KOHeYHOE MHONCECMBO, MO YCA08UE O MOJCHO 6blgecnu
u3 ycrosus 6. LI 3TOTO HYXKHO MCMNO/Ib30BAaTh HE BO3MOXKHOCTH
nesenns, a (Kpome akcuoM | ¥ 2) JMIUb €ro OjHO3HAYHOCTb.

NokasaTeabcTBO. IIycTh @ — MPOH3BOJIbHLIA 3nement. Corio-
CTAaBMM KaKIOMYy 3JeMeHTy X sjeMeHT ax. CornacHo yc/oBuio 6 310
COMOCTABJIEHHE OJIHO3HAYHO OOpPaTHMO, T. €. OHO B3aMMHO OJHO3HAYHO
oTOOpaxkaeT MHOXKeECTBO § Ha HEKOTOpOe TMOJMHOXECTBO IPOU3BENe-
uuit ax. [TockoabKY (& KOHEUHO, OHO HE MOXKET B3aHMHO OJHO3HAYHO
oToGpaxaTbcsi Ha COGCTBEHHOE MOJAMHOXKECTBO. [103TOMYy COBOKYMHOCTD
3JEMEHTOB aX JO/DKHA COBNafaTh ¢ (, a 3TO O3HAYaeT, YTO KaXKbiH
sjeMenT b 3anuchiBaeTcs B BUAE b=ax, Kak YTBepXJaeT [epBoe U3
yeaopuit B 5. TouHO Tak e JI0Ka3biBaeTCA Pa3pellMMOCTb ypaBHE-
Huit b= xa. Takum obpasoMm, 5 caexpyer u3 6.

YucJI0 3/1eMEHTOB KOHEUHOH TPYMMbl HA3LIBACTCS €€ MOpAOKOM.

JladbHeiiluie NpaBHia oNepHpoBaHMs. JLIsi 3J€MeHTa, 06paTHOro
K TIPOM3BENEHHIO, MMEET MECTO PaBeHCTBO:

(ab)t=b"at.
JeHcTBUTENBHO,

(b-aY)ab=0b" (a'ab) =b"'b =e.
CaoxHble npoussegeHuss H cymmbl. Crenenu. IlogoGHO TOMy Kak

BMECTO ab-C Mbl CTaJH KpaTKO 3anuChiBaTh abc, BBeIeM CAOJCHble
npousgedenus MHOTMX COMHOXHTe/EH

n n
Hav=Hav=ala2...a,,.

va==1 1

[lycts pamel @, ..., ay; OMNPENeTUM IO HHIYKIHH (m1a n<<N):
1
[lav=a,
1
n+1

e[l aren

1y CumBoa v, 0603HaYAOWHHA TIepPEMEHHBIN HHIEKC, MOXKHO, KOHEYHO, 3aMCHHTh
Ha JI0060f1 ApYrofi, He MEHAs 3HAYCHHA NPOH3BEACHHA.
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3 4
B uwacTHOCTH, II(ZV—STO Halle [peXHee a,a,d; a ]/"[av

= 1,0,050, = (0,0,05) a‘1 U T I
JlokaxkeM, HCMOJb3ys JHIIb OJMH 3aKOH acCOLUATHBHOCTH, CJe-

Aymouee npaBuJo:
m+n

Hau Hamw=Hav M
v=1
Cnosamu: npousee@eﬂue Geyx CAODMCHBLY npouseedenuci ABNALMCS CAOMKC-
HbLM N pOU3Be0eHUEM BCEX YHACMBYIOUAUX COMHONCUMENel 8 UX NpexcHem
nopsdke. Hanpumep,

(ab) (cd) = abcd

IBJIAETCSl YacTHBIM c/aydaeMm paperctsa (1).
®opmyna (1) ouesuana npu n=1 (o onpegeseruo cumsona | J).

Ecau ona Y2Ke noKasaHa [/ HEKOTOpPOro 3Hadenusa 7, TO NJs CcJe-
AYIOLEro 3HauYeHHUs n+l HMeEEM:
m n+1

H Q- Ham+v— H T <H Amiv am+n+1)
m+n m-+-n--1 '
<H a4 H am+v> Amins1 = < H auw Aninyy = H ay.

1

Tem cambiM mokasano (1).
n m-+n

3ameuanue. Bmecro f[ Amiy Uyt Takxke [ [ av. Kpowme roro,

m--1
0

B OTAENBHBIX CaydasX, eciu 310 yaoGHo, mumyt | [av=e.
i

Hponsseneﬁue n OJVHAKOBBIX COMHOMKHTEJeHd HasbiBaeTcs cme-

NEeHBIO:!
n

=]]a (B vacrHocrn, a'=a, a*=aa u T. 1.)
i

M3 nokaszanHoit Teopembl cJefpyer, 4To
a"-am=a*+m, (2)
Janee:
(@) =am. @)
JlokasaTenbCTBO (C IMOMOLIBID HHAYKLHMH) OCTABJSETCH YHTATENIO.
Jlas noxkasatesnbcTBa MOABAABLIMXCSH 10 cuX nop npaeua (1), (2)
1 (3) TpeGoBancs JHIIb 3aKOH aCCOLMATHBHOCTH; MO3ITOMY OHH GYAyT
BHINIOJIHEHB! BCAIKMI pa3, KOrja B paccMaTpuBaeMoil oGsacTu onpefe-
JIeHbl TpPOH3BeJeHHS M CIPaBeiJHB 3aKOH aCCOLHATHBHOCTH (HANpH-
Mep, B 006/1aCTH HaTypa/jbHBIX 4YHCEJ), Jaxe ecad 3Ta 06nacTb He
AIBJIAETCS] TPYINOA.
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Ecqn yMHOXMeHHE, KPOMe TOro, ¥ KOMMYTaTHBHO (c/iyvaid aGese-
BOH rpymmbl), TO MOMXKHO JOKasaTh OGosbliee: 3HAYEHHE CJIOXKHOIO
NPOU3BENEHHS He 3aBUCHT OT NOPAAKA CJEJ0BAHUS COMHOKHTEJEH.
Tounee: ecau @ — 63aUMHO 00HO3Ha4HOe omobpancenue ompeska (1, n)
Hamypaaehoeo pada Ha cebf, mo

n n
I em =112

v=| 1

IlokasarteascTBo. Jlna n=1 yreepxienne ouesnano. [To-
sToMy GyieM npefmoJaratb €ro crpaseltuBuM B aas n—1. Tlycrs
uucao k oroGpaxaercst Ha n: @(k)=n. Torna

n k—1 n—k th—1 n—*k
]‘—Iaw(v)= H%(V) “Qory H arp(kW):(H Aop(vy H a(p(k+v)>'an 1).
1 1 1 1 1
3ak/IoueHHOe B CKOGKH MpPOU3BEJEHHE CONEPXKHT JHKIIb COMHOXKH-

M4 Q4 ..., Qy—; B NPOU3BOJBHOM TMNOPSAKE. ITo MPEeANnOJOXKEHHIO
n—1I

HHAYKUHMH 3T0 Bbipaxkehue paseo | [ a,. Tosromy
1

n n—1 n
11w = av-a.=]]a.
1 1 1

M3 nokasaHHOrO npaBuja cjepyer, yto B abesNeBblX rpynmax 3a-
KOHHA 3aMHCh BUAA
Qip
I<i<ksgn
Hay
II a, (=1, ..., n k=1,..., n),
i<k
03HAYAIOIAsA, YTO MHOMKECTBO Map WHAEKCOB i, R, NMOAUMHEHHHIX YCJIO
Buto 1 <<i<Ck<Cn, nepeHymMepoBaHO KaKUM-HHOyAb (6e3pasnuuHo,
KakuM) crnocoGoM, a 3ateM 00pa30BAHO IIPOU3BEJICHHUE.
B npoussosipHOR rpyniie OGbIYHBIM COCOOOM OTpele/faoTesa HyJe-
Basg M OTpHUATE]bHAS CTeNeHH Jo00ro 3jeMeHTa a:

=1,
a—n:(a—l)n’
U 6e3 Tpyja NOKaswiBaercs, 4ro npasuaa (2), (3) BHNOJHsIOTCS Ad
JIOGbIX LIeIOUMC/IEHHBIX TMOKa3aTeseq.

n n

B afguTHUBHON TpyIne BMECTO Hav NHIIYT Zav, a BMECTO
1 I

1) B caydae k=1 onyckaeTcs mepBbii COMHOXKHUTE/b, @ B C/iyyae &=/l —BTO-
poli; AOKA3aTeNbCTBY 3TO HE MeLiaer.
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a" — COOTBETCTBEHHO na. Bce gokasaHHOe 1/1s TPOU3BENEHHH TEPEeHO-
CHUTCSL Tenepb M Ha CYMMEL
[paBuno (3), 3amucaHHOe aINMTHBHO, MMEET BHJ 3aKOHa acco-
LIHATHBHOCTH
n-ma=nm-a,

B TO BpeMsl Kak (2) uMeer BHA 3aKOHAa NUCTPHOYTHBHOCTH:
ma-+na=(m-+n) a.

K 3ruM IBYM 3aKOHaM IIDUCOEAUHSETCS ellle ONMH 3aKOH NUCTPUOY-
THBHOCTH:
m(a-+b)=ma-mb

(B MyJbTHITWKATHBHOH 3anucH: (ab)™= a™b™), KOTOPHIf, ONHAKO,
FMEeT MECTO JIHIIb B aGeseBbiX Tpymmnax. Jro Jerko AoKasaTh € MO-
MOIIBIO HHAYKLHH.

3apaua b, [oxasatb, uTo B abeseBoii rpynme

n m n
H H pv= H AQuve
v=1p=1 p=1

=ly=1
3agaua 6. TIpH Tex XKe yCJOBHAX

ﬁ I!I auv=u1i[1 vljuauv-

ve=lp=1

m

n
3anaua 7. MMopsigok cummerpuyeckok rpynnu &, pasen n!= ][ v. (Muayx-
i

uusA no n.)

§ 7. MNoarpynnet

UTo6bl HENMYCTOE MOAMHOXKECTBO ¢ rpymnel & camo 6o rpynmnoi
C TeM K€ 3aKOHOM KOMIIO3WLHH, Y4TO U B (9, HEOGXOAMMO M NOCTa-
TOYHO, YTOObI BBIMOJHSJINCHL akcuomsl 1, 2, 3, 4. AkcuomMa 1 yTBepxk-
JaeT, 4TO ecau a ¥ b jexar B g, TO U MX NpOM3BEACHHe ab TaKke
NexHT B §. AkcuoMa 2 BBIIOJNHAETCA B g, €C/IH OHa BHIIOJHAETCA
B . Axkcuombl 3 ¥ 4 03HayaioT, YTO B @ JIEXKUT €NUHHUYHBLIA 3/EMEHT
H YTO BMECTE C KaXJbIM 3JEMEHTOM @ B MHOXKECTBE § JEXKHUT obpat-
HBI K HeMy 3JeMeHT a~l. B 1aHHOM cayuyae TpefOBaHHe O eIHHHY-
HOM 3JIEMEHTE H3JIHIlIHEe, TIOTOMY 4YTO eCJaH a — JIo6oH 3JIeMeHT U3 g,
T0 a~! nexuT B §, M, C/IeIOBAaTeNbHO, IIPOH3BEJCHHE aa™!=e TaKxe
JEXUT B ¢. TeM caMbiM JOKa3aHO:

025 moeo 4mobel Henycmoe noOmuoccecmgo @§ Oannol epynnoet (5
o120 nodepynnoil, Heo6xo0umo u OOCMAMOYHO BbINOAHEHUE CAeOYIOULUX
yeaosuli:

1) mrooecmneo o codepocum amecme ¢ A0boimu O8YMA CBOUMU 3Ae-
MeHmamu u ux npoussederue;
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2) mHodecmgo § codepicum emecme ¢ KaxcObiM CBOUM AEMEHIMOM &
obpamubili K Hemy snemenm al.

EcsH, B YacTHOCTH, MHOXECTBO § KOHE4HO, TO BTOPOE H3 3THX
TpeGoBaHul naxke M3JHILHE, NOTOMY YTO B 3TOM Ciyyae TpeGoBaHHs
3 u 4 MoryT ObThb 3aMeHeHb Ha Tpefopanue 6, a oHo, OymyuH Bb-
NOJHEHHBIM B (9, 0653aT€JLHO BBLINOJHSETCS U B .

BooGiite, ycaoBus 1) 0 2) MOXKHO OOBEHHHTb B OJHO: MHOXKECTBO ¢
JO/KHO BMECTe ¢ JioGhIMH [ABYMA CBOHMH 3/J€MEHTamMM a ¥ b copep-
xarb npoussegenne ab~?. Torma g coAepKHT BMECTE C 4 H CAMHHLY
aal=e, u obpaTHLIA 3JeMeHT ea'=a!, a notomy BMmecTe C a, b
u aiement b-!, u npowmssexenue a(b-!)~'=ab.

Ecnu (B abesieBoil Tpynme) TPYNIOBbIE COOTHOLIEHHS 3aNHCaHBI
2JUIMTHBHO, TO TIOArpyNNa XapakTepusyeTcs TeM, YTO BMECTe C Jio-
6bIMH IBYMsI CBOMMH 3/I€MEHTaMH a, b OHa COIepKHT a--b, a EMacTe
¢ a u sneMeHT —a. O6a 3TH TPeGOBaHHS MOXKHO OOBEIMHHTH B OJHO:
BMecTe ¢ @ W b B MOATpynne JOJKEH JekaTb 3JeMeHt a—b.

[lpuMepw MoATpy N

Kaxpasi rpynna WMeeT B KauecTBe NOATPYNNbI eJuHudHyo epyn-
ny &, coCTOSILYI0 M3 ONHOTO-AHHCTBEHHOTO eJMHHYHOIO 3JeMeHTa.

Baxueiimell moarpynuofi cuMmerpuyeckoil rpynnsl &, BCeX noj-
CTaHOBOK 7 OGBEKTOB ABIRETCS 3HaKonepemennas epynna A,, cocrosuias
M3 TeX TNOJCTAHOBOK, KOTOpBIE, OYAydyH NPUMEHEHBl K MepEeMEHHbIM
Xgp ey Xn, TEPEBOAAT (PYHKUHIO

A=T] (xi—x) 1))

<k

B cebsi. Takne NOJACTAHOBKH HA3bLIBAIOTCSI YeMHbIML, A OCTaJlbHble —
nevemuoimy. Tlocaennne MensioT 3Hak y ¢oyukuuun A. Kaxnas mpanc-
nosuyus (T. €. NMOACTAHOBKA, MEHAWIIAs MECTaMH JBe LH(DDEI) sBaA-
eTcs HeueTHOH nopcraHoBkoH. IIpou3BeneHHe ABYX YETHBIX HJIH ABYX
HEUETHHIX II0/ICTAaHOBOK — YETHAsl TOJCTAHOBKA; MPOH3BEICHHE YETHOH
1 HeueTHO! TOACTAHOBKYM — HEueTHasi NojcTaHoBKa. M3 mepsoro cBoii-
crBa caenyer, uro ¥,—rpynna. Tak Kak (UKCHUpPOBaHHAs TPaHCIO-
3ULHMS TIPU YMHOMKEHUH NEePEBOJMT UYETHbIE IMOACTAHOBKH B HEYETHbIE
H Hao6OPOT, KOJMUECTBO YETHBIX ¥ HEUETHBbIX MOACTAHOBOK OJHHAKOBO
u pasHo n!/2 (cp. § 6, 3anaua 7).

Ilas Gonee yno6HOTO OMMCAHHS MOLTPYNN CHMMETPHYeCKOR rpynnu €, HCHOMb-
3yIOT M3BeCTHOe npedcmagienue noOCMAHOBOK YUKAAMU:

CumposnioM (p ¢ r s) o6o3HauaeTcs WUMKJIHYECKAs IMONCTAHOBKA, MNepeBoisilas
pPB G, gBr, FBSHS B p H OCTaBJfIOIAas BCe OCTaJNbHbIE OGBEKTH HEMOABHXK-
HBIMH. JIErKO 1OKasaTh, 4TO J00as MOACTAHOBKA IPEACTABASLTCS OJHO3HAYHO (C TOU-
HOCTBIO [0 MOPsAKa CAENOBaHHS) B BHJE IPOH3BEJiCHHS UHKIHYECKHX MOACTaHOBOK
HJIH «UHKJIOBY:

((kl..)(Pg..)...»

rie Jo6ble JBa LMKJAa He HMEIOT HH OJHOro ofulero 3/eMeHTa. CoMHOMKHUTETH
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B 3TOM NpOH3BCAEHHHM MNePecTaHoBouHbl LIMKI U3 OfHOrO ajeveHTa, ckaxeMm (1),
npeACTaBIAeT TOXACCTBEHHYIO NOACTaHOBRY. KOHEUHO, HMEeT MeCTO PaBGHCTBO

(1254)=02541)urt n

C IOMOIIBLIO TAKHX CUMBOJIOB MLl MOMKEM CJEAYIOIHM 06p83OM npeAcCTaBHTh
3!=6 noxpcrauoBoxk rpynnn €y

(1), (12, (13), (23), (123), (132).

Bece noprpyamel B JAAHHOM cJydae Jerko onpeielsioTcs. BoT oOHH (kpoMe
camoil rpynnu €g):

A (1), (123), (132
€p (). (23)r & () (13 & (), 12y
G: ().

Iycts @, b, ...— NPON3BONLHBLIE 3JEMEHTL HEKOTOPOH rpynnul &;
Torga, Kpome rpynnsl (%, B HeH MOryT ObiTh TaKHe HOATpYIIbL,
KOTOpbI€ COJEepKaT 3nemeHTH a, b, ... Ilepeceyenne Bcex 3THX nof-
rpynn cHoBa saBaserca Hekotopoll rpynmoft Y. T'osopsar, uto a, b, ...
nopoxcdarom rpynmny . Oua o0643aTebHO COAEPKIIT NPOHU3BENEHUA
tHna o 'a“lbgb~! (cocTaBMeHHBIE M3 KOHEUHOro 4ncja COMHOXKHTEJEH
¢ noeropeHnsivH uau Ges). Takne mpouspencHust obpasyioT rpynmy,

KOTOpasi CONEPMHT 3JEMEHTH a, b, ... W, CJel0oBaTebHO, BKJIOYaeT
B ce6s rpynny 2. [Tostomy oHa coBnapaer ¢ . Mul jnokasanu cie-
xytoulee:

T'pynna, noposcdennan saremenmamu a, b, ..., cocmoum u3 6ce-
BO3MONCHOIX KOHEUHbIX NPOU3GEOCHUL 3MUX 31eMEHMO8 U 3AEMEHMO8,
06pammubix K HUM.

B u4acTHOCTH, OTNEJBHBIH JEMEHT @ MOPOXKAaeT IPYIIY BCeX CBOUX
crenenedt a*" (BrJwouass a’=e¢). Tak Kax

ara™ = gt = amaqn,
3Ta rpynna a6ejesa.
[pynma, cocrofllas H3 CTeneHeH ONHOIO 3JeMEHTa, HA3bIBAETCH
YUK AUYeCcKoll.
Cy1ecTBYIOT IBE BO3MOXKHOCTH. JIM6O Bce CTENEHH a* pas/UuHbI
TOrJa UMKJAHYECKas Cpynna

wyad al, d al, ad, ...

beckoHeuna. JIMGO OHH HOBTOPSIIOTCS W OKa3bIBAETCH, UTO

at=ak, h>k.
Torna

o= (h—k>0).

[Tycts B 3TOM cayyae 72— HaUMeHbIIHH MOJOXHTENbHBIA NOKA3aTeb,
npu Kotopom a” =e. Torma cremenn a°, al, a? ..., a*' pasauunwl,
NOTOMY 4TO HHaye

at=a* O<<k<h<n),
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a OTCIofa cJiefoBasio Obl, 4YTO
at*=e¢ (0<<h—Fk<n),

YTO MPOTHBOPEUUT BLIOOPY HHCAA 7.
Ecan npousBoJbHOE Leoe YHC/IO /M TPENCTABHTb B BHIE

m=qgn+r (0<r<n)
TO OKa)keTcs, 4TO

Qm = qi =qi". Q" = (an)q o =ead =a.

TakuM o6pa3oM, BCe CTENEHU 3JEMEHTa a yXKe BCTPEedaloTcss B CepHH
a® al,...,a" 1. TlostoMy UMKJWHYeCKas TCPYyMNMa COAEPKHT B TOY-
HOCTH 7 3JIeMEHTOB, 8 HMEHHO — 3/IEMEHTL

a®, al, ..., av.

Upeao 7 — NOPSAOK [UKJHYECKOH TPYMMNB, MNOPOXKICHHOH 3Je-
MEHTOM @, — HasblBaeTcsi nopadkom asnremerma a. Ecan Bce cTenesd
3JMEHTa @ pPAa3/iMyHbl, TO @ Ha3bIBACTCHA 3NEMEHMOM OecKOHe4HO020
nopaoka.

[Mpuwmepn. Leave unucna

vy —2, —1,0, 1, 2, ...

CO CJIOKEHHEM B KaueCTBE€ KOMIIO3HIIMH 06pa3yroT 66CKOH€'{HyiO UK~
anueckywo rpynny. Onucanusie Bonue rpynnsl &; (=1, 2, 3) u %,
ABNSAIOTCA UHKJHYECKHMH TPYMNaMH MOPSAKOB 2, 3.

3agaua l. CymecTByioT UHKIHYECKHE PYNNLI NOACTAHOBOK JIOGOro NMOPSAKA.

3angaua 2. [oxa3aTh HHAyKUMeH 1o n, yro n—1 Tpancmosnuuit (1 2),
(1 3),...(1 n) mpu n> 1 MOPOXAAOT CHMMETPHUECKYIO IPynmny &,.

3apgauva 3. Touno Tak ke n—2 tpofiupix unkaos (1 23), (124),..(12n)
ApH 1> 2 MOPOXAAIOT 3HaKonepeMeHHyo rpynny %A,.

OmnpenenuM Tenmepb BCe MOATPYMIBI LHKJAWYeCKoH rpymnel. Ilyctb
& — npousBosibHAA UMKJHYeCKas Ipynna ¢ ofpasywlled a 4 g — nol-
rpynmna, CoCTOAIlAasi He TONBKO H3 eAuHHIL. Ecam g couepXur ae-
MEHT @™ ¢ OTPHUUATEJBHBIM MMOKa3aTteJeM, TO W OGpaTHBIA K HeMY
3/1eMEHT JIeKHUT B §. [IycTb a™ — 3/7eMeHT B § ¢ HAaHMEHBIIHM N0JO-
JKUTEJbHBIM TIOKa3atesieM. [lokaxeM, 4TO BCE 3JEMEHThl U3 § ABJAIOTCA
CTEeNEeHsIMH 3JeMeHTa a™. JIeACTBUTENbHO, €CJIM af — MPOU3BONbHBIH
3JI€MEHT M3 ¢, TO MOXKHO BHOBb CUMTaTb, 4YTO

s=qm+r O<<r<<mj.

Torna af (a™)7=a’"™ =q” — 31emMeHT U3 ¢ ¢ r<<m. OTCIOfa CJexyer,
yto r =0 B cuay BbiGopa uMCIA M U, CAENOBATEJIBHO, S=(qm U a° =
= (@™)?. Takum ofpasoM, Bce 3/JEMEHTH MOATPYIIb § ABJAIOTCA CTe-
NeHAMH 3JieMeHTa a™.

Ecnu assemMent a uMeer KOHEUHHIH MOPSANOK A, T. €. a*=e, TO
3JMEMEHT a"=e [O/KEeH JIeXKaTb B ), 4 HNOTOMY YHC/JO 7 LOJKHO
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JaeJHThbc Ha m: n=gm. Ilogrpynna g coCTOHT B TakoOM cJaydae H3
3JEMEHTOB a™, a®™, ..., a?™==¢ 1 uMeeT nopsAnoK ¢. Ho eciu a nMeer
GecKOHEUHbIH IOPSAOK, TO M TPYyNHa g, COCTOSILAsl M3 3JIeMEHTOB,
e, a*™ at?m ., uMeerT GECKOHeUHBI NMOPANOK. TeM CaMblM MbI JIO-
Kasajqu CcJaefylolee:

ITo0epynna yuxkaukeckoil epynnot cHosa yukaudeckas. OHa cocmoum
Aubo u3 eOuHuypl, AubO U3 cmenereti sneMenma a™ ¢ HAUMEHbULUM
BO3MONCHOIM NONONCUMEAbROIM nOKA3amesem m. [lpyzumu croeami, OHQ
COCrnoum  u3 Mm-x cmenewel saemenmos ucxoOrol epynnet. Ilpu smom
0as.  GECKOHEMHOU  YUKAUMECKOU epynrbl 4uca0 m npoulBONrbHO, 8 Mo
gpems Kak OAfL YUKAUMECKOU 2pynnol KOHEYHO20 nopadKa n 4ucio m
doaocro Gbime  Hekomopeim Oeaumenem uucaa n. B smom cay4ae nod-

n
epynna umeem nopadok q=--. JAs Kax0020 MAKO20 4UCAQ M. CYLyecH-

n
gyem o0na u moasko odna nodepynna nopsdka — & epynne {a},
a umenno {a™}.

§ 8. Onepauun Haj kKommJjekcamu. CMexHble KAacChl

IMon komnaexcom B TEOpUU TPYNIN [OLPa3yMeBaercsi MPOU3BOJb-
HOE MHOXKECTBO 3JIEMEHTOB rpymmel (3.

[Mon npoussedenuem gh O0syx Komnaexcos § ¢ fy TOHHMAETCs MHO-
’KeCTBO BeceX Mpou3sBelleHUH gh, rae g — 31EMEeHT M3 q, a h— 3/1eMeHT
u3 h. Ecau B npousBefeHHH gfy OfMH H3 KOMILJIEKCOB, CKameM, ¢, CO-
CTOUT H3 €JMHCTBEHHOIO 3JeMeHTa g, TO BMecTo gl mumyT npocto gh.

OueBHHO, MMEET MECTO PaBeHCTBO

8 (bf) = (ab) £.

TaknuM 06pa3oM, B CAOXKHBIX NPOU3BEACHHAX KOMIJIEKCOB Mbi MOMKEM
onyckarb ckob6ku (cp. § 6, (1)).
Ecan xoMmnnexkc g siBasercss Tpynno#, To

88 =g
[lycrs ¢ u h—noarpynnsl rpynnsl &, [Tpn Kak#x ycjaoBusx mnpo-
u3penenre gh cHoBa sBasiercss rpynnoi? CoBOKYMHOCTLIO 3/1€MEHTOB,
o6paTHbIX K 3/71eMeHTaM u3 @b, siBasercs hg, Tak Kax oGpaTHLIM K gh
cayxuT snemeHT hlg-l. Takum o6pasom, ecaum gh—rpynma, TO

b = gh, M
T. €. g U Iy JOMKHB GbITh nepectaHoBoudbIMH. Ho 310 ycsoBue sB-
AseTcs M JOCTATOYHBIM, TaK Kak eCJM OHO BbINOJHEHO, TO gfy comep-
XKHT BMeCTe ¢ KaX[AbIM 3JeMeHTOM gh oO6paTHbIli K HeMy 3JEeMEHT
hlg ! u BMecte ¢ mOOHIMK ABYMs 3JIEMEHTaMH — MX IpPOH3BeAcHHUE,
NOTOMY 4TO

ghgl = gghb = gb.

Wrak: npouseedenue gby Osyx nodepynn g u by Hexomopod epynnot &
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Asasiemcs epynnotl moeda u moreko mozda, Koz20a nodepynnel § u
nepecmanosodnol. TIpu 5TOM, KOHEYHO, He Tpefyercst, 4ToObl Kaxblit
5/eMeHT u3 g Obl NepecTaHoOBOUeH ¢ KaxIbiM saementoM W3 ly. Ecau
ycjioBMe TepecTanoBouHocTH (1) BhIMONHEHO, TO npousBeneHue gh fiB-
JiseTcsi TIOATPYMMNOH, MOPOXKIEHHOH ¢ u .

B moboit a6enesoii rpynne paseHcTBo (1) BmInoamserca. Ecau
abeseBa Tpynna 3anuMcaHa ajiuTHBHO, TO g U 0 SBJSIOTCA MOAMOZLY-
JSIMH HEKOTOpOTO MOAyJst W numyT (g, h) BMecTo g, Tak Kak oGo-
sHaueHHe ¢--0 npeaHasHauaeTcss A/ YACTHOTO CJydasi «TpsiMOH
CyMMBI» KOMIIJIEKCOB, O KOTOpO#l peub Brnepeau.

Ecau ¢— nogrpynna M a— 3JeMeHT rpynns &, T0 KOMIUIEKC ag
HA3BIBAETCSH AEBHIM CMENCHbIM KAACCOM, @ KOMILIEKC (a — Npasoim cMein-
Hom Kaaccom Tpynmbl & mo moxrpynne g. Ecnu a gexur B g, 10
ag = ¢; TAKHM 06PasoM, BCEria OXHHM H3 JIEBBIX (PaBHO KaK H OJHHM
U3 NpaBhIX) CMEXHbIX KJACCOB N0 MOArpynne ¢ SBJAAETCS cama 371a
noarpynna.

B panbiieiimeM 6yayT B OCHOBHOM pPaccMaTpHBATbCs JIEBLIE CMEKHbIE
KJIacChl, XOTsi NPOBOAMMBIE PACCMOTPEHHS! TNPHUBOJAT K TEM ¥KE€ BbIBO-
J1aM ¥ B CJyyae TpaBblX CMEXHbLIX KJIacCOB.

JlBa cMEXHBIX KJacca ag, bg MOryT OblITb paBHHIMH, AaXe ec/u
a u b He paBHBL. ITO MNPOHCXOAUT TOrAa, Korga atb JeXuT B g:

by=aaby=a(a'bg) =ay.
JBa pasaudrpix CMEXKHBIX KJacca HE HUMEIOT HH ORHOIO o0iiero

saemeHTa. Eciu 6bl CMeXHble KJacchl ay M by coaepxanu obumi
3/IEMEHT, CKaXeM,

ag, = bg,,
TO OTCl0Ja CJenoBaJio 6bl, yToO
glgilza_lbt

¥ moaydugaocs GObl, 4to a”'b snexur B g. B cuay ckasaHHOro Bbilne
970 O3HayaeT, 4T0 @y U by coBnajaor.

Kakaolli 5J€MeHT @ NPUHAJIEXKHT HEKOTODOMY CMEXHOMY KJjaccy,
a MMEHHO KJIacCy @j): 3TOT KJjfacC CONCPXKHT 3JeMEHT ae=a. B cuay
JOK43aHHOIO BHIUE 3/I€MEHT 0 NPUHALIENKUT TOJbK O OJHOMY CMEX-
HOMY KJjaccy. [103TOMy Mbl MOXeM pacCMaTpHBATbh KaXblH 3JI€MeHT
a Kak npedcmagument COAEPIKALIEro ero CMeKHOro KJacca ag.

B COOTBeTCTBHH CO CKa3aHHBIM BhIIIE CMEXKHbIE KJacChl 06pasyioT
pasbuerue epynnet & Ha Kiaccor. Kaxaplii 371eMEHT NPHHALIEXKAT Of-
HOMY M TOJIKO OJHOMY (CMEXHOMY) Kjaccy l).

1) B suteparype MOXHO yacro Halith ofo3HadeHue, BBeAeHHOe [anya:

O=ag+ag+... »
KOTOPO@ TOBODHT O TOM, YTO KJacChl dyg MOMApHO HE MEPEceKaloTcst M Bce BMecCTe
cocrae/asior rpynny (. 3roro cnocoba 3amucH Mbl u3beraeM, NOTOMY YTO OCTaBJsEM
CHMBOJ - A/ HApAMOH CyMMbl, KoTopan OyJAeT BBeaeHA ITO3JHEE,



§ 8) OMEPALIMH HAJ KOMITJIEKCAMH. CMEXHDIE KJACCH! 41

Jlto6ble B2 CMEXHDLIX KJacca paBHOMOIIHBI CONOCTaBJEHHE Qg
—> bg Omnpeje/ser B3aUMHO OJHO3HAYHOE OTOGpaKeHHe U3 ag Ha by.

3a MCKJ/IOYeHHeM caMOH NOATpYNOH ¢, CMEXHbIE KJAacChl He s B-
JSI0TCH TPyNNaMH, NOTOMY YTO PPYNNa JOMKHA CONEPIKATbL €fH-
HHLLY .

HHCIO pasiHYHBIX CMEXHBIX KJaccoB rpynnbl & mo moprpyime g
HasblBaeTcsl undexcom noarpynmsl ¢ B &. HMupekc Moxker GhTb KO-
HeyHbIM M GeCKOHEUHLIM.

Ecan N —nopsagok (xoneunoit) rpynnet &, n—mnopsagok u j—
HHJIEKC TOATPYNME ¢, TO HMEET MECTO COOTHOLICHHE:

N = jn; 2

nefcTBHTENbHO, (& pacnajaeTcs Ha j KJaccoB, COCTOSIIUX H3 N 3Je-
MEHTOB 1),
JIJ1si KOHEUHBIX TPYNN U3 PAaBEHCTBA (2) MOXKHO BBIPA3HTb HHAEKC j:

j=N/n.

Cnencreue. [lopadox nodepynnot KoHeurotl epynnst Aerfsemcs
Oeaumenem nopacka eceti epynnst.

B uvactHoCTH, €cJM B KauyecTBe NOATPYNNL B3SITh LHKJIUYECK VIO
rpynny, NOPOXIEHHYIO HEKOTOPLIM 3JeMEHTOM ¢, TO OTCIOfa MOJly-
UHTCH:

Topadox  sremenma  KOHeuHOU epynner Asasiemcs Oeaumenem 1o-
padka eceil epynnvl.

Bor HenocpejcTBeHHOe CJENCTBHE 3TOr0 YTBEPKIEHUA: 8 A1060(
epynne u3 n 3AeMeHMog OAS NPOU3COALHO20 IAEMEHMQ A UMEen MeCHmo
pasercmeo a*=e.

Moxer 0KasaTbCsl, UYTO BCE JeBble CMEXKHbie KJACChl af paBHbI
IpaBbiM CMEXKHBLIM KJjaccaMm. EcaM 3To Tak, TO TOT JeBLIH CMEXHbIH
KJ1acC, KOTODBbIH COAEPMHUT 3JIEMEHT g, JOJKeH COBMNajaTh C IPaBLIM
CMeXHBIM KJIACCOM, COJepaliuM TOT Ke 3JeMeHT a, T. €. I Jio6oro
2 IeMEHTa @ JOJ/DKHO HMETh MECTO PaBEHCTBO KOMIIJIEKCOB:

ag = ja. )

Ioarpynny g, ynosjerBopsiioliylo paBeHcTBaM (3), T.e. nepecra-
HOBOYHYIO C JIOOBIM 3/7€MEHTOM a H3 (&, Ha3bIBAIOT HOPMAAGHOL WJIH
uneapuanmuoti nodepynnod rpynmsr (.,

Ecin g — HOpMa/ibHAst MOArpynna, To NpoMsBElEHHE ABYX CMEx-
HBIX KJIaCCOB CHOBA SABJIAETCH CMEXHbLIM KJ/ACCOM:

ay-by=a-gb-g=abgy=abs.

3anava l. Hafitu pis moarpynn rpynmbl €; HpaBble H JEBblE CMEXKHbie
KJaccel. Kakne H3 3THX TOATPYNN ABJISIOTCH HOPMAJbHBIMH?

1) 310 COOTHOILICHHE OCTaeTcs B@pHBIM H TOrZa, xorjaa N 6ecx0Hequ; TOJILKO
B 8TOM ciydae IJsi NPHAAHHSA CMBIC/IA NIPOH3BEJCHHIO HYXHO BBECTH IIpOH3BEACHHS
KapaHHANBHEIX YHCEN, Yero MBI He CAeaaJH.,
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3agaua 2. Ilokasats, 4TO 3JeMeHTh, OODATHBIE K 3IeMEHTaM JeBOTO CMeX-
HOTO KJacca [0 NPOM3BOJAbHON MOACPYNNE, COCTABJSIOT MpaBblil CMEXHBIH KJaacc.
CresaTh OTCIOZA BBIBOA: HHIEKC MOAFPYINBI MOXKHO TaK:Ke ONpEeNeHTb H Kak YHCJIO0
NpaBbIX CMeXHBIX KJAcCOB MO Hei.

3anaua 3. [lokasath, 4TO Kaxjias MOATPYNNA HHAEKCA 2 sIBJIseTCS HOPMalb-
nodf. I1pumep: 3HAKONepeMeHHast rpynna B CUMMETpHYEeCKOH Tpylille Ha n CHM-
Bo.Iax.

3angaua 4. Jliobas noarpynma aGesesoil rpynnbl Bceria siBAseTCs HOPMaJbHOH,

3axaua b Ecau G —udkauueckass rpynna, nopoxjieHHas 3/7eMEHTOM &, § —
ee NPOM3BOJILHAS MOATPYINA, OTMMyHAs OT (, [ODOKIEHHAs CTENEHbIO a™ NpH MH-
uAMadbHOM m (cp. § 7), TO sjementdl 1, @, @?, ..., @™l sBJIMOTCA TPEACTABUTE-
ASIMH CMEXKHBIX KJACCOB M WHCJIO m PABHO MHIEKCY NoArpynnsl ¢ B rpynne G.

3agaua 6. Ecau mpousseleHHe JBYX JIOOBX JIEBbIX CMEXHBIX KJaccoB rpyn-
nst ® no MOArpynme g CHOBA SIBJSETCH JIEBBIM CMEXKHBIM KJIAacCOM, TO §-— HOpMaJb-
Has moarpynmna B O.

§ 9. U3omopdu3mbl H aBTOMOP(HH3MBL

Tycrb fasl aBa Muoxectsa: 9 u M, B KaX1OM H3 KOTOPHIX
onpeje/eHsl KaKhe-TO COOTHOIIEHHS Mex1y siaemenTamu. Hampuwmep,

MOJKHO CYMTaThb, 4To M ¥ M —rpynmsl, a COOTHOLIEHHs B HUX — 3TO
parencTBa a- b =c¢, Bblpa)dalole TPYNNOBOe CBOHCTBO. Hnu ke MOXK-

HO cudTaTh, uTo M M M — ynopsifoyeHHbIE MHOMKECTBA, & COOTHOLUE-
HHSl — 3TO HepaBeHcTBa a > b.
TTje1n0JI0KHM, YTO MOMKHO YCTAHOBHTb B3aHMHO ORHO3HAYHOE 0T106-

pamxenue MHOxecTB M u M gpyr Ha apyra, NpH KOTOPOM COXpa-
HSIOTCS COOTHOLUIGHHSI; 3TO O03HAYaeT, YTO ecjd 3jemMeHty a us M

B3aMMHO OJHO3HAYHO COOTBETCTBYET 3JEMEHT d H3 M, TO COOTHOLIE-
HUs, BHIMOJHSIOMMECS /ISl [POM3BOJIbHBIX 3JIEMEHTOB @, b, ... u3 0,
BBLITOJIHSIIOTCS. W JJ51 3JEMEeHTOB @, b, ... W HaobGopoT. B 3tom ciyuae

MHOKecTBa M u M HASLIBAOT U30MOPHbIMI (OTHOCHTEIBHO JAHHBIX

coorromenuit) W numytr NV =<IM. Camo oroOpaxeHHe Ha3bIBACTCHA
UBOMOPHUIMOM.

TakuM 00pa3oM, MOXHO TOBOPHTb 06 U3OMOPQPHbIX 2pynnax, M30-
MOPGHLIX YNOPAJOUEHHBIX HJH NOOOGHLLY YROpPAOOUEHHbLY MHOMCECMEAX
u T. 1. Msomopdusm ABYX rpynn — 370, C/eJOBaTe]bHO, B3aHMHO Of-
HO3HAYHOE OTOOpaXeHWe a+—-d, NpU KOTOpOM H3 ab=c cjenyer,
4t0 @b = ¢ (1 Hao6OPOT), TAK YTO MPOU3BENEHHIO ab CONOCTABIACTCS ab.

[Togo6Ho ToMy Kak B OOlIedl TeOPHH MHOXECTB PaBHOMOIIHBIE
MHOX€ECTBA CYUMTAIOTCSl PABHO3HAYHLIMH, TaK B TEOPHH TPYNI H30-
MOp(HBIE TPYIMbl PAacCMAaTPUBAIOTCS KaK HECYMIECTBEHHO pa3JIHYHBIE.
Bce NOHATHS H NpPENJOXKEHHS, KOTOpble OMNPEResloTC H JOKasbl-
BalOTCS Ha OCHOBE COOTHOLIEHHH, 3aJaHHBIX HA HEKOTOPOM MHOXKECTBE,
MOTYT GbITb HENOCPEJCTBEHHO MepPeHeCeHbl Ha /M0Goe H30MOpdHOE MHO-
kecTBo. Hanpumep, eciqn MHOXKeCTBO, Ha KOTOPOM OIPEAE/EHO INpo-
u3BejieHiie, H30MOPPHO HEKOTOpoHl TrpyMne, TO OHO CaMO ABJSAETCS
rpynnoi; NpH 3ToM H3oMOpdu3Me efuHHLA, OOpaTHble SIEMEHTh H
UOATPYNNE UePeXOAAT B eIHHHUY, OOpaTHble 3JEMEHTbl W NOATPYINIEHL,
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Ecau, B 4acTHOCTH, MHOXECTBa I u I COBMAjAOT, TO Mbl pac-
cMaTp¥BaeM B3aMMHO OJHO3HAYHOE CONOCTABJEHHE 3JEMEHTaM a 3Je-
MEHTOB @ TOTO K€ CaMOro MHOXKeCTBa, COXPaHSAOILEe COOTHOLUCHHS;
TAKOE COMOCTABJIEHUE HA3bLIBAETCSI ABMOMOPHUIMOM.

ABTOMOpP(H3MBI MHOKECTBA G0 HEKOTOPOH CTeNeHH BHISIBJSIOT €ro
CBOHCTBA CHMMeTpHH. B camMoM jese, 4TO O3HAYaeT CUMMETpHs, CKa-
weM, reoMerpuueckoli ¢urypni? OHa 03HayaeT, YTO NPHU H3BECTHBIX
npeo6pa3oBaHUAX (OTpaxKeHUAX, NepeHocax W T. A.) QUrypa mepexo-
JIUT B cebs, NpPH ITOM 3aJaHHBIE COOTHOLUEHHS (PACCTOSHUA, YIJHI,
B3aHMHOE pACIOJIOKEeHHe) COXPaHsATCs, WJIM, Ha HalleM s3biKe, (u-
rypa JONycKaeT aBTOMOP(H3M OTHOCHTEJbHO CBOHX METPHUYECKHX
CBOHCTB.

OueBn/iHO, MPOH3BEAEHHE JABYX aBTOMOPGHM3MOB (B CMBIC/I€ I1POH3-
BeJleHHs npeoGpa3osanuit —cM. § 6) sBjsercs aBToMOpGU3MOM H B3S-
THE 06paTHOro npeoépa3oBaHUs MO OTHOLICHHIO K aBTOMOP¢H3MY BHOBb
naer aBroMopdusM. Orctoga cieayer B cuay § 6, urto aBToMOpdu3Mbl
IPOH3BOJIbHOTO MHOXECTBA (C JIOGLIMM COOTHOLUCHHSIMA MMy 3Je-
MeHTaMH) 06pasyloT rpynny npeo6pa3oBaHUil — TaK Ha3biBaEMYIO epynny
asmoMop@pu3MO8 MHOMKECTRA.

B uactHOoCTH, aBTOMOpPGH3MbI I'pYNIbl BHOBb COCTaB/AIOT I'PYHNy.
HexoTtopbie H3 3THX aBTOMOP(H3MOB Mbl PacCMOTPHM NoApobHee.

Ecnu a— QukcHpoBaHHLIM 3JIEMEHT TpyINbl, TO CONOCTABJEHHE
5JIEMEHTY X 3JIeMeHTa

X =axa? )

ABJseTcs aBTOMOP(H3MOM, NOTOMY WYTO, BO-NEPBHIX, paBeHcTBO (1)
pa3peliMo OTHOCHTEJIbHO X:
x=a1lxa,

H, C€ROBATeIbHO, OTOOPaKEHHe B3AHMHO OJHO3HAuHO, a BO-BTOPHIX,
xg=axa aya =a(xy)al=xy,

H, CJEIOBaTeJbHO, OTOGpaxKeHHe H30MOPPHO.

OneMeHT axa™ HasblBAIOT 31EMEHMOM, NOAYHEHHLIM U3 X MPaKc-
PopMUPOBARLUEM C NOMOULLIO INEMEHMA @, & CAMH 3JEMEHTH X H axa !
Ha3bIBAIOT CONpAXNCeHHbIMU 8 OaHHOIL 2pynne. ABTOMOPQHU3MBI rpyMILI,
NOpOXKIEHHKIE 3JEMEHTAMH @ MO INPAaBUAY X — axa™, HAa3blBalOTCA
6HYympenHumi. Bee ocTanbHble aBTOMOPGOH3MBI (€CJIH OHH CYILIECTBYIOT)
Ha3bIBAIOTCH BHEULHUMUL.

Ilpn BHyTpenHem aBTOMOPGH3ME X+— axa™! npow3BoJibHasg MOA-
rpynna g nepexoiMT B MOATPYNNy dga~!, KOTOpYIO Has3HBAOT conps-
ocenroll ¢ nodepynnod g.

Ecsin nogrpynna g coBnagaer co BCeMH CBOMMH COTI Ps2KEHHbIMH, T. €.

aal=g nnaa Bcex a, 2)
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TO 3TO O3HAYACT HE YTO HHOE, KAaK €€ NepeCTaHOBOYHOCTb CO BCEMH 3Ji€-
MEHTAMH a:

a}=4a,

WIH 4T0 4 — Hopmarsraa nodepynna (§ 8). Urak,

HusapuanmHole OMHOCUMEALHO 6CEX BHYMPEHHUX QBMOMOPPHUIMO8
nodepynnel ABASIOMC HOPMANLHOIMU.

Jrofi TeopemoH OOBSCHAETCS MCNOJbH30BAHHE APYTOro Has3BaHHUSA
IJIA HOPMAaJbHBIX TOATPYIN — «MHBApPHAHTHAS MOATPYIay.

TpeGopanue (2) MOXKHO 3amMeHHTb Ha GoJiee cuaaGoe:

ayl=g. 3)
Ho ecau (3) Buimosusiercss m/is BCeX @, TO OHO BepHO U ans a
alya =g,
g=ayal,

*)
a u3 (3) u (4) cnenyer (2). Takum o6pasom:

Todepynna ssrsemcs HOPMAAGHOL, ecau emecme ¢ KaxOoim 3ae-
menmom b ona colepacum ece conpszceHHble K Hemy siemermol aba=l.

3apgaua 1. AGeneBbl rpynnbl He HMEIOT BHYTPEHHHX aBTOMOP(H3MOB, OTJIHY-
HBIX OT TOXJIECTBEHHOTO.

3anaua 2. JlokasaTh, 4TO B IPynne MOACTAHOBOK 3JeMeHT aba~1, TpaHcdop-
MHDOBAHHBIA U3 b, MOXKHO MOJYYHTb TaK: Pa3jloKHTh b B IpOU3BEeHHe LHKJIOB (§ 7)
H NOJEACTBOBAaTb HAa CHMBOJIH B STHX IMKJaX IMOACTAHOBKOH . C moMompblo 3Tofi
TeopeMbl BLIMMC/IHTH aba~l nns ciyyas

a=(2345),
b=(12)(345).

3apauva 3. JIokasaTs, 4TO cHMMeTpHuecKas rpynna €, MMeeT POBHO LIECTh

BHYTPECHHHX aBTOMOP(GH3MOB. B 3TOM csyyae rpynna BHYTPEHHHX aBTOMOP(MH3MOB
n3omopdHa camoii rpynne &g.

3apaua 4. Cummerpuueckast rpynna &, HMeeT, Kpome ceGsi caMOf H eAHHHY-
HOI NOATPYNNBL, NHWb CJERYIOLE HOPMaJbHble IMOArDYIIbL:

a) sHakonmepemenHylo rpynny ,;

6) «ueTBepHy© rpynny Kueina» B, coCTOSIIYI0 H3 MOACTAHOBOK:

(1), (12)(34), (13)(24), (14)(23).

locnenusis rpynna aGesieBa.
3apgava 5. Ecan g—nopmansaas noarpynna B rpyune & u H e c1poMexy-
TOYHAsl TPymnma»:

I=H=0,

TO §— HOpMa/bHasi NOATpynna u B .

3anaua 6. Bee Geckoneunbie WHK/IHYECKHE IPYMIIH H30MOPOHH afJHTHBHOMN
Tpynne uesJhlX YHcea

3anaya 7. OTHOWeNEE CONMPSIKEHHOCTH CHMMETPHUHO, pedJeKCHBHO H TpaH-

autuBHO. I103TOMY 3JemMenTHl IIPOH3BOJABHOH TIPYNMB MOXHO pPa3bHTb HAa KJAaccHl
COMpSKEHHBIX 3JIEMElTOB.
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§ 10. T'omoMopdH3Mbl, HOpPMAJbHBIE TOATPYNNbl M (HaKTOPrpymniibi

Ecau B aByx MuoxkecTBaXx M n N onpeneneHsl HEKOTOpbie COOT-
HolleHus1 (Hanpumep, @ <<b Wan ab=c) ¥ €CAH KakAOMY 3/EMEHTY
a u3 M Tak conocTaBjeH 37JeMeHT ¢ = @a 3 M, YTO BCE COOTHOLIE-
HUs MeXAy sJeMcHTaMu B I BHLINONHSOTCS M AN WX 06pasoB B N
(wanpumep, 13 a<<b caenyer d <Cb, eciu paccMaTpUBAETCs COOTHO-
HieHWe <<), TO (¢ HAa3BbIBACTCS 20MOMOPHUIMOM HIH  20MOMOPHHLIM
omobpancernien uz M B N.

Hanpumep, nycts M —rpynna 1 N — NPOU3BOJIBHOE MHOKECTBO,
B KOTOpOM OflpejesieHsl nponssejenus. Ecanm conocraBienne TaKoBo,
yro mpou3BeneHuio ab BCeraa COOTBETCTBYeT Npou3penenue ab, TO
otoGpaxenne ¢ sBasiercsi eomomopepusmom epynn. Ilpumepamu MOryT
CYXKUTb OTpefesieHHble Bbiille (B3aHMHO OJXHO3HAUHbIE) H30OMODPHH3MbI
Tpym.

Ec/i OTOGPaXKEHHE @ COp beKMUGHO, T. €. Kaxniblil sneMenT u3 N
apJsiercss o6pasoM Mo KpaiiHeli Mepe ogoro snementa u3 I, 1O roBo-
pat o eomomoppusme uz M Ha R.

['omoMopdroe oToGpaxkeHne muoxectsa IN B cebsi HasbiBaercs
3HAOMOPUBMOM FTOTO MHOMKECTBA.

IMpn romomopdHOM OTOGpaXceHHH MHOMeEcTBAa U HAa MHOMKECTBO

M MOKHO OGBEAHHHTb B OJMH KJace a Te sneMeHTsl H3 I, KoTophie

HMEIOT OHH M TOT ke o6pas a B Jii. Ilpu sTom OKaxercs, UTO Kax-
Jbl 37eMeHT a OyleT [pHHAANeXKaTb OJHOMY H TOJBKO OJHOMY
KJaaccy 8, T. €. MuoxectBo IM pagobvemcs HA KAQCCbl, KOTOPbIE B3a-

MMHO OHO3HAYHO COOTBETCTBYIOT 3/jeMeHTaM MHoxectsa M. Kuacc a
HasbiBaeTcsl TakKke npoobpa3om sjemeHTa a.

I[Tpumepn. EciIi coOmocTaBuTh KamIOMY 3JIEMEHTY NDOH3BOJIb-
HO B3SITOIl TPYNNbl €e eIUHMIY, TO MOJYUHTCsl TeMoMopdu3Mm 3TOH
rpynnbl Ha eAHHHuHYl0 rpynny. TouHO Tak e MOMy4YHTCS rOMOMOp-
¢u3M, ecaH Kamuoil MOJCTaHOBKE MPOM3BOJBHO B3SITOH TIPYMMNBl NOX-
CTAHOBOK COTIOCTaBHTb 4HCJO -+ 1 HaM uyneno — 1 B 3aBUCHMOCTH OT
TOro, YeTHa 3Ta MOACTAHOBKA WM HeueTHa. [omomopgpuvim 06pasom
3/1eCh CJIYIKHT MYJbTHILIMKATHBHAS Tpynna uucen -1 u —1.

ConocTaBMM KaxJAOMY LeJOMy YHCJIy rm CTeNeHb a™ 3JeMeHTa a
NPOH3BOMBLHON TPYNMNBL; TOTJd MOJYYHTCS TOMOMODGH3M aJUIMTHBHO#
TPYMIbL LENbIX YHCE] B UHKJIMYECKYIO TPYINIY, TIOPOKIEHHYIO 3JIEMEH-
TOM @, MOTOMY YTO CyMMe m--n TpH 3TOM CONOCTaBJfeTCS MPOH3-
EeleHHe a™*"=qamq". Ecau a— 3JeMeHT 6eCKOHEYHOro MopsajKa, TO
MOCTPOEHHBIH TOMOMOPDU3M FBJIAETCS H30MOPHU3MOM.

PaccMOTpHUM OTAE/BHO TOMOMOP(H3MHL IpyMI.

Ecau 8 muoocecmge (5 onpedenenst npoussedenus. (m. e. COOMHO-
wenus uda ab=:<) u epynna (3 eomomopipro omobpascaemes Ha (3,

mo u & agagemcs epynnot. KopomKko: eomomoppreui obpas epynnot
asasemes epynnod.



46 IPYIIE! M. 11

IloxasareancTBo. [lycts cuauana a, b, ¢—rtpu 3neMeHTa

u3 &, spasiouluecs ob6pasamu 3/1eMeHToB a, b, ¢ u3 ©. M3

ab-c=a-bc
ClIeNyeT, YTO
ab-c=a-be.
lanee, u3 paBeHCTBA
ae =a,
CHpaBe/IMBOTO NpPH BCEX @, CJAeLyeT, uTo AJd BceX a
ae=a,

M aHAJOrWuYHO M3
ba=e (b=a?)
CJIENYeT, 4TO
ba=eé.

Taxum obpasom, B €] CYILLECTBYET €IMHHUYHBLIA 37eMeHT é U 06paTHbIH
aNeMeHT 151 Kaxporo d. CaemosatesibHo, (§ — rpynna. OpHoBpeMeH-
HO Mbl JOKAa3aJH, 4TO

EQunusnsul sremenm u 0Bpammuble sAeMEHMol NpU 20MOMOpGusMe
nepexodsam cHOBa & eOUHUMHBIL INeMeHm U 0Bpammbie AeMeHmbl.

Msyuum tenepp noppoGHee pasbueHHe Ha KJacchl, KOTOpoe 3a-

JaeTcsi ToMOMOPHEM oToGpaxkeHneM & —> ®. TIpu 3TOM MBI yCTaHO-
BUM OUeHb Ba)KHOE B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEKAY rOMO-
MOppH3MaMH ¥ HOPMAJbHBIMH NOATPYNMAMH.

Kaace ¢ epynnor &, komopeui npu eomomoppusme — (9 nepexo-

Oum 8 edunuunbil snemenm & epynner &, 643emea HOPMAALHOL 1n00-
epynnotl 8 (3; ocmaibHble KAGCCHL SABASIOMCA CMENCHbIMU KAQCCOMU NO
smotl HopmaabHOU nodepynne.

IlokasatenbctBo. CHayana InokaxkeM, 4TO ¢-— NOArpynmna.
ITycte a u b mepexonatr npu romomopdusme B &; Toria ab CHOBa
nepexoiuT B €%=4¢, Tak UTO ¢ COAEPXKHT MPOHU3BEIEHHE IBYX moﬁblx
CBOHX 3/IEMEHTOB. Jlanee 31EMEHT a~! NepexoiuT Takxke B 4 '=¢,
H KJIacC ¢ CONePKHT 3JIEMEHTH!, OOPATHLIE KO BCEM CBOHM 3JIEMEHTaM.

Bce snemenTtsl npousBOMBLHO B3SITOTO JIEBOFO CMEXKHOTO KJjacca
a¢ TIEPEXOST B 3MeMeHT @ =da. Ecau, HaoGopoT, 3eMeHT a’ nepe-

XOOUT B 3JEMEHT d, TO OlpeaeauM X U3 YypaBHEHRHA

ax=a'.
[Tonyuaercs, uto
ax=d,
X =é.

CriefoBaTesIbHO, 3/€MeHT X JEXKHUT B KJacce ¢, a 3/7eMeHT a’ TmpuHal-
JIEXKHT KJaccy ae.

TMoatomy kaace rpynnel B, KOTOpBI COOTBETCTBYET 3JEMEHTY 4,
ABJSIETCS JICBBIM CMEXKHBIM KJAcCoM af.
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Ho TouHO Tak ke MOXKHO MOoKa3aTb, UYTO KJacc, KOTOpbiﬁ COOTBeT-
CTBYET 3JEMEHTY d, JOMXKEH ObITh npaBbIM CMEXHBIM KJaCCOM ¢Q.
Takum 06pa30M, HaJHUO COBNAJeHHE IIpaBblX W JIEBbBIX CMEXHBIX
KJIACCOB:

ae =eq,

W KJacc ¢ — HOpMaJpHasi NMOATpyNna. YTBepXKAeHHE IOJHOCTHIO JOKa-
3aHO.

HopmasbHas mMOATpynna ¢, 3eMeHThl KOTOPOH MNepexomst NpH
roMoMop(u3Me B €IUHHUHBI JEMEHT e, Ha3biBaeTCs AGPOM 20MOMOp-
pusma.

O6paTuM Tenepb I[IOCTAHOBKY BOIPOCA: AYycmb 3a0aHA NPOU3BOLL~
Has wopmarsHas nodzpynna ¢ epynnet . Mogcwo au nocmpourms

epynny & — eomomopubil obpas epynner &, — snemenman  Komopod
8 moqHocmu coomeemcmeosaau 6ol cmedxcHvie Kaaccol epynnel & no
HOpManeHoll nodepynne q?

Urobbl 3TO CJ€1aTh, BO3bMEM TIOMPOCTY B KAayecTBE 3JIEMEHTOB

KOHCTPYHPYEMOH TpyNrbl (9 CMEXHBIE K/1AcChl N0 HOPMAIBHOH NOJ-
rpynne . CoryiacHo § 8 npousseneHue ABYX JMoObIX CMEXKHBIX KJac-
COB 10 HOPMaJbHOH MOATPYMIeE § CHOBAa SIBJASETCSl CMEXHBIM KJIaccoM
M eCTH @ — 3JEMeHT CMEXHOro KJacca ag, a b — 3JeMEHT CMEXKHOTO
kaacca bg, TO npousBejeHMe ab NPHHALNEKUT NPOU3BEJCHHIO CMEX-
HBIX KJaccoB abqg=aq-ba. TakuM 06pa3oM, CMEXKHBIE KJACChl COCTaB-
JISIIOT MHOXKeCTBO, romomopdroe rpynmne &, 1. e. 2omomopreii o6pas
epynnot . Tpynmy, cocTOSLLYIO M3 3THX CMEXHBIX KJacCOB, Hasbl-
BaioT pakmopepynnod rpynnel & no HOPMAJBHOM MNOATpynNne g
u 0003HaYalT yepes
G/s.

[Mopsizox rpynnsl &/g paBeH HHAEKCY MOATPYNIBI §.

3nech Mbl BUAMM NPUHIHITHAJILHYIO BaXKHOCTb HOPMAJbLHBLIX TOX-
TPYNN: OHH MNO3BOJSAIOT CTPOHTh HOBblE T'PYNILI, FOMOMOP(HBIE AaH-
HBIM T'pynnam.

Ecan rpynna & romoMopdHO O0TOOpa)kaeTcs Ha APYTyio rpymmy

®, TO, Kak Mbl BRJENM, 3JeMeHTH rpynmel & B3aWMHO OZHO3HAYHO
COOTBETCTBYIOT CMEXKHBIM KJaccaM Mo sapy ¢ B rpynne &. 3to coor-
BETCTBHE, KOHEUYHO, fBJSETCS H30MOP(MH3MOM, IOTOMY 4TO €CIH ad,
by — Ba CMEXHBIX KJacca, TO aby— MX [pou3BeneHue, a AIs COOT-

BETCTBYIOUIMX 3J€MeHTOB d, b, ab n3 (& B cua1y romomopdusma
HMEET MeCTO DaBeHCTBO

(ab)=a-b.
Hrak, mbl umeeM:

Gle =,
8 BMecTe C 5THM M30MOPDH3MOM H TeopeMy O roMoMop¢us-
Max rpymnm
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Kamoan epynna &, Ha komopywo eomomopuo omobpascaemcs
epynna &, usomoppra pakmopepynne Gfe; npu smom HOPMAALHAS
nodepynna ¢ agasemcs A0pom Oannozo eomomopusma. O6pamHo,
epynna & comomoppro omobpasicaemcs Ha aobyio c8ol0 akmopepyn-
ny G&fe (e0e ¢ — nopmansnas nodepynna).

3agaua 1. Bor TpuBuanbuble akToprpynnsl JioGoi rpynnn &: /€ =2 @;
G/® == § (G —exunuyHas MOArpynmna).

3agauva 2. daxroprpynna rpynnbl NOACTAHOBOK IO 3HAKONEpPEMEHHOH noA-
rpynne (€,/%,) aBJdeTCs IMKJIHYECKOH Tpynmofi BTOpPOro nopsaxa.

3apnaua 3. ®axroprpynna &€,/%, no uerBepHoli rpynne Kueina (§ 9, saga-
ya 4) uzomopdHa rpynne noicraHoBok &j.

3apaua 4. Snementtl aba 167! nponsBoabKOA rpynnsl & u HX NpoMIBENEHHS
(834Tble B KOHEUHOM YHCJe) 06pasyloT IPYTY, HA3bIBAEMYIO KOMMYMAKMOM TPYIILL
&. OIra noAarpynna  fABJSIETCA HOpMaJ'IbHOﬁ H (baKToprpynna no Heil abesesa.
Kaxpass HopManpHast noarpynna, ¢akToprpyina o KOTOpoH afesieBa, COLEPIKHT
KOMMYTAaHT.

agaua 5. Ecin O -—umk/Jxueckas rpynna, a-—nopoXAalOuluii ee JeMeHT,
a @—noAarpynna HHIAeKca m, TO (baKToprpynna @/Q-HHKJIH'{GCKaH rpynna mno-
psiAxa m.

B aGenepoii rpynne Bcsikas NOATPYMNA SBJAETCS HOPMaabHOH
(cp. § 8, 3anaua 4). Ecan 3akoH KOMMO3HMUMH 3aNHCHIBATH KaK CJIO-
MeHHe, TO TPYNmbl H MOATPYMNbl MPHHATO HAa3biBATb MOMYJAMH,
0 ueM ymoMmuHasoch Bolle. CmexHbll kaace a-+IN (rae PV — vexo-
TOPLIH MOAY/b) HAa3biBAETCH KAACCOM 6biHemos no modyaro M (uau
kaaccom sbiiernos mod M), a dakroprpynna /D HaswiBaercs gaxmop-
modysem mopyns & no noamoayaw M.

HBa anemeHta a, b snexxaT B OJHOM KJ/acCe BbIYETOB, €CJH HX
pasHocTh Jgexut B IM. Takue ABa 3/eMeHTa Ha3bIBAIOT CPABHUMbIMU
no modyaro M (unu cpasrumeimy mod DY) U numyr

a==b (mod M)
UM, KPaTKoO,
.a==b(M).

Toraa nas sjeMeHTOB @ H b MOAYJS KJaccoB BbIYETOB, COOTBET-
CTBYIOIMX 3JIeMEHTaM & M b B CcHJYy romMoMopdusMa, HMEeT MecTo
paBeHCTBO

a=b.
Hao6opor, n3 a==5 caenyer a=b (M).

Hanpumep, B MHOXecTBe Ue/JBIX YHCEN KpaTHbE (HKCHPOBaH-
HOrO HaTypa/bHOTO uHCJa m 00pasyioT MOAYJb, H B COOTBETCTBHH
C 3THM NHUIYT

a=b(m),
ecTH pasHocTe a—b penutcs Ha m. Knacchl BHIYETOB MOTyT GbiTh

npeacrasiaensl  snementamu 0, 1, 2, ..., m—1 u, ciegoBatessHo,
MOJy/Tb KJ1aCCOB BBIYETOB SIBJIAETCH LUUKJIHYECKOH IPynmnol nopsigxa .

3agaua 6. Kampas uukiIuueckas rpynna mNOpsika M K3oMOpdHA MORYJIO
K/acCOB BLIYETOB MO LeJIOMY YHCY /7.



Trasa mpemos

KOJIbLIA, TEJIA H [10JIs

Conmepxahue. Onpereende NOHATHA KOJbla, WUEJOCTHOTO KoJblia, Tesa
u noas. OG6uwue MeTOXH NOCTPOEHHsI K3 JAHHBIX KOJIElX HOBHIX KOJeW, TeJd u 1o-
Jeit. Teopembl O Pas/oMEeHHH Ha IPOCThIE MHOMHTENH B LEJOCTHHIX KOJbUAX.

[TousTtus 310§ raiaBbl GYAYT HYXKHbI Ha NPOTSKEHHH BCEH KHHIH.

§ 11. Koubna

Anre6pa u apupmerHka ONepupyloT o6BEKTaMHM PasjU4HOH MpH-
POIbI; 3TO — LeJible, pPalHOHANbHbBIE, BELECTBeHHDIE, KOMIJIEKCHBIE,
anreGpanyecKyie YMc/a, MHOPOWIEHB HJHM  pauHOHAJbHbie (QYHKUHH
OT n mnepeMeHHHX H T. A. lo3jHee Mbl MO3HAKOMHMCSI C OOBEKTAMU
MHOTO COPTa — FHMEPKOMILIEKCHBIMH  UHMCJIAMM, KJ/laccaM¥  BBIUETOB
M p., C KOTOPLIMH MOXKHO ONEpPHPOBATb TOYHO TaK »Ke, WUJIH ITOYTH
TaK Ke, Kak ¢ yucjamu. Ilo 3T0fi npuunHe XKeaaTesbHO OOBEJAHHUTD
BCE YNOMSIHYTbIE KJacChl OGBEKTOB OJHHM OOIIMM TOHSATHEM H ¢ 06-
IMX NO3HUME OmHcaTh NpPaBW/ia ASHCTBHA B 3THX 0OJacTaX.

Tlon, cucmesmoid ¢ O80liHOL Komnosuyueld NOAPA3YyMEBaeTCs MpO-
U3BOJIbHOE MHOXKECTBO 3/JeMeHTOB @, b, ..., B KOTOPOM JJif JIOObIX
ABYX 3JeMeHTOB @, b OJHO3HAuUHO ONpejetelbl cymma a-+b u npo-
usgedenue @-b, BHOBb INpPHHAJJIEKAINNE JAHHOMY MHOXECTBY.

CucreMa ¢ JBOHHOH KOMNO3MUMEH HA3LIBAETCA KOAbYOM, ECIH
omepalyMu Haj 3JeMeHTaMH 3TOH CHCTeMbl NOJUMHAKTCS CJENYIOLIHM
3aKOHAM:

1. Saxoner caoxcerus:

a) 3akon accoyuamusrocmu: a—+{b+c)=(@-+b)+c.

6) 3axon kommymamusHocmu: a+b=>b-4a.

B) Paspeuwwumocms *) ypastenus a+x==>b 0aa ecex a, b.

11. 3axon ymrooxcenus:

a) 3akon accoyuamusrocmu: a-bc=ab-c.
II1. 3akownsr Oucmpubymusrocmu:

a) a-(b+c)=ab+tac;

6) (b+4c¢)-a=ba-+tca.

1) OpHosHayHas paspewmMocTb He TpeGyercs, a NOMyuaeTcsi faJblle Kak
CNIeACTBHE.
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Mpumeuvanne. Ecan [as yMHOXKEHHS BBINOJNHSAETCS 3aKOH
KOMMYTaTHBHOCTH:

I1 6). ab=b-a,

TO KOJBbIO HAa3LBAeTCsl KoMmymamuguoim. Ha nepBHX nopax Mbl
GyleM MMeTb JeJ0 B OCHOBHOM C KOMMYTATHBHBIMH KOJbUAMH.

K 3axkonam ciaoxenus. Tpu 3akoua la), 6), B) o3HayaioT B CO-
BOKYITHOCTH, WYTO 3JIeMEHTH KoJblia oOpasyioT abesneBy Trpymiy
OTHOCHTeJIbHO cjioxeHus t). TakuM 00pa3oMm, MbI MOXKEM MepeHeCTH
Ha KOJblla TeopeMbl, paHee JoKas3aHHble AJsi abeseBLIX rpynm: Cy-
LIECTBYET OJMH H TOJbKO OINMH Hyaesoth ssemerm O co CBOHCTBOM

a+0=a nns Bcex a.
Hanee, IS Ka)KAOro 3/7€MEHTA @ CYIIECTBYET /1pOMusOnONONCHbLLL

INeMeHm —a Cco CBOHCTBOM
(—a)+a=0.

Takum o6pasoM, ypaBHEHHe @+ X =0, He TOJIBKO pa3pellumo, HO U
O/IHO3HAUHO pa3pelinMO; €ro eIHHCTBEHHOEe  pEelleHHEe — 3JIeMeHT
x=(—a)+b,

KOTOpbLifi Mbl 0603HaYaeM Takxe M uepe3 b —a. Tak Kak
a—b=a-+(—b),
moBasi pasHOCTb MOXKeET GhITh NpeBpallleHa B CYMMY; CJ1€10BaTesbHO,

B 3TOM CMLBICJIE 114 pasﬂocq‘eﬁ UMEIOT MECTO Te€ Ke:IpaBHJa Iiepe-
CTAHOBKH, 4YTO H /4 CYMM, Hanpumep,

(@—by~c=(@—c)—0>.

Hakoneu, —(—a)=a n a—a==0.

K 3akonam accoumatuHoctH. Kax bl Bujenn B § 6 (1. 2), na
OCHOBE 3aKOHA AaCCOUMATHBHOCTH [JJISi YMHOXEHHS MOXHO Olpeje-
JIUTh CJIOXKHBIE MPOH3BELEHHUSA

n
IHav=aa,...a,
1

H J0Ka3aTb HMX OCHOBHOE CBOHCTBO:
m-j-n

m n

TLau T] anv= 1] av

1 v=l 1
Touno Tak ke MOXKHO OnpefeuTh CYMMbI

D=0+ +...+a,
1

1) Ity rpynny HasmBawT addumuseol epynnod KObUA,
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B JOKa3aTb HX OCHOBHOE CBOHCTBO:
m--n

m n

Zau+2 Amiy = Z Qy.
1 v=1 i

B cuay I6) B moGofi cymMmMe MOXKHO NPOU3BOJBHEIM 00pa3oMm nepe-

CTABJIATH CJaraeMble, a B KOMMYTaTHBHBIX KOJIbIIAX TO Ke camoe

BEPHO H /1 TIpOU3BeJeHHH.

K 3akoHam gucTpuGyTHBHOCTH. Ecsii MMeeT MecTo 3aKOH KOMMYTa-
THBHOCTH [/ yMHOMKEHHsI, TO, KOHeuHo, 3akon III6) sBagercs
caencTBueM 3akona Illa).

M3 Illa) ¢ nomowpbio MBAYKIMH NO 7 NOJyYaeMm

a(by+by+...+b)y=ab,+ab, ...+ ab,,
H, paBHBIM o6pa3som, u3s III6):
(@, +a,4...+a)b=a;b+ab+...+a,b.
O6a 5TH 3aKOHA JAIOT MPHBSIYHOE NMPABUJIO AJA MEPEMHOKEHUS CYMM:
@+...+a)br+...4-bg)= W m
=aby 4. aby . b aba =) D) aibs.

i=1k=1

3akoHbl JHCTPUOYTHBHOCTH BHIMONHAIOTCA TaKXKE€ H [/ BbYHUTA-
HHA;, HanpHMmep,
a(b—c)=ab—ac,

B 4Y€M JIETKO yéenmbca HENOCPEJCTBEHHO!

a(b—c¢)+ac=a(b—c+c)y=ab.
B uactHOCTH,
a-0=ala—a)=a-a—a-a=0,

WM npousse0eHue pasHo HYaio, Ko20a paces HYyaio OOUH U3 COMHO-
aumenetl.

OGpaitieHne 3TOr0 NpeRIOKeHHs, KaK Mbl YBHIHM MO3JHee Ha MpH-
Mepax, He 00f3aTeJbHO BEPHO: MOXKET CJAYUHTbCH TaK, YTO

a-b=0, a=%0, b=£0.

B srom cnyuae aneMeHTHl @ M b HaswBalOT Oeaumeasmu Hyas, MpH-
YeM q — sesim Oeaumenem Hyas, a b —npasbim Oeaumerem HYyaA.
(B xommyTaTHBHRIX Kosbllax 06a 3TH MOHATHS coBnajgaior.) Okasbl-
BaeTcsi yJoGHBIM H caM HyJb CUMTaTh JenauteneM HyJas. [Jostomy
SMEMEHT @ Ha3blBAETCA 1e6bim Oeaumenem HYAA, €CIH CYLIECTBYET
TaKoH 3snemeHt b==0, uro ab=01).

—_—

1) Mpennonaraercs, yto B KOJble €CTb 3/eMEHThI, OTJHYHbIE OT HYJd.
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Ecau B KOJbIE HET jie/HTeNell Hyas, OTJHUHBIX OT CaMoro HyJs,
T. e. ecqH u3 ab=0 caeayer, yro ui a=0, na b=0, 10 roso-
PAT 0 Koavye Ges Deaumeneil Hyasi. EcaH, KpOME TOrO, KOJIBLO KOMMY-
TATMBHO, TO OHO HAa3bIBAETCA UEAOCIMHbIM.

[Ipumepn. Bce ykasanHble paHee KoJbla (KOJBLO UeJBIX
yHces, KOJBIO palMOHAJbHbIX YHCeT W T. 1.) SBAAIOTCA IpUMEPaMH
kojer, 6e3 jdemuTesell HyJs. Koabuo HenpephBHBIX (YHKUMH Ha
untepsane (— 1, 1) ofnajaer peauTensiMH HyJ/s, NOTOMY HTO €CJIH
[TOJIOXKHTh

f=f(x) =max (0, x),

g=g(x)=max (O’ —-—X),
10 OKaxercs, uto f=£01), g0, fg=0.

3apnaua 1. [Tapbl mesbix uucen (ap,ds) C OnepauusiMu
(a1, @g) + (b1» by) = (a1 + b1, G2+ ba)s
(ay, @3) - (by, bz) =(aib1, azby)

0o6pa3yloT KOJIbUO C JCJHTEJNAMH HYJd.

3agaua 2. PaBeHcTBO ax==ay MOXHO CCKpalllaTh Ha @, €CJH & He SBJseT-
cs NeBHIM jeauTedeM Hyasd. (B 4acTHOCTH, B IEJOCTHOM KOJblle MOXKHO COKpallaTh
Ha o001l 3JeMeHT a = 0.)

3agaua 3. TlocTpoHTb, HCXOLS H3 MPOH3BOJLHON abeseBoii rPynibi, KOJbIO,

aiUTHBHAS TpyNIma KOTOPOro €cTb JaHHAs TpyINa, & YMHOXKEeHHe TaKOoBO, YTO
npousBefienne MOOGHIX ABYX 3JEMEHTOB DAaBHO HYJO.

Enuuununsiii saemedt. Ecin Koabno o6/ajaeT J1eBbIM €AHHHYHBIM
3JIEMEHTOM e:
ex =x I BCeX X,

H OXHOBpEMeHHO— NPaBbIM €AHHHYHBIM 3JIEMEHTOM e':
xe' =x JJjs BceX X,

TO 06a 3TH 3JeMeHTa JOJIKHB OLITh paBHBI, TaK Kak

e=ec =¢e'.
Touro Tak Ke J0GOH NpaBLIil eIUHHYHBIA 3/1€MEHT paBeH e U JieBHH
eJHHHYHBIH 3JeMeHT Toke. [IpH 3THX YCJIOBHSX 3JIEMEHT e HasblBaioT
TIPOCTO eOUHUMHOIM sAeMeHmOoM UM eOunuyeli M TOBOPSIT O KOAbYeE
C COUHUMHBIM SAEMEHMOM WA O Koasye ¢ eouruyed. Hacto exnHuy-
Hbii 3JeMeHT O06GO3HAuYalOT CHMBOJOM 1, €CJH 3TO HE NPHUBOJUT
K TyTasvuue c yucsaom 1.

[leabie uucna o6pasyioT KOJBLO C eAMHHIEH, a uYeTHble 4ucsa—
Kosbllo 6e3 equuuipl. CyIIecTBYIOT TaKxkKe KOJibila, B KOTOPBIX €CTh
HECKOJIbKO NPAaBBbIX €IUHHYHEIX 3JEMEHTOB, HO HH OJHOTO JIEBOTO HJIH
HaoG6opoT.

1) f==0 osnauaer: | sBAseTcs GyHKUMell, OTIMYHOH OT HYJs. Yc¢noBre OTHIOAb
He o3HayaeT, yTo f HHrje He obpaljaeTcs B HyJb.
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O6paTHbiit anemeHT. Ecju o - NpOM3BOJIBHEIN 3/€MEHT KoJibLia
C eqMHHLEH e, TO NOA Aesoim 06pamHoiM dJEMEHTOM K & II0fpasyme-
BaeTCsA 3JIEMeHT @ CO CBOHCTBOM

ana=e,
a noi npasem 06pamubis — 31E€MEHT 4y CO CBOHCTBOM
aa; =e.

Ecau snemenT a oGnajaeT JieBbIM OOpaTHbIM H MPaBbIM OGPATHLIM
3JeMeHTaMH, TO TIOCJeHHE ONATh COBNAJAIOT, TaK Kak

ai) = ai (aagh) = (auja) 4G = ags,
H, CJEN0BATENbHO, KaXKAbli npaBblff 0OpaTHBIN, KAK W KaXK[biH JIEBhiH
ob6paTHbI AJS 3J€MEHTa @ paBHBl YKa3aHHOMY BBHILE 3JEMEHTY.
B stoM cayuae roBopsiT: aaemenm @ 064a0cem OGPAMHbIM 3AEMEHINOM,
a cam o6GpaTHblfl 3/1eMeHT 0o6Go3HaualT uepe3 a l.

Crenenn u kpatHble, B ruiaBe 2 Mbl yxke BHJEJH, YTO Ha OCHOBE
3aKOHA aCCOUHAaTHBHOCTH /ISl Ka)JOTO JIEMEHTA a B KOJIbIE MOMKHO
ONpPEeReNUTb CTENeHH a” (A — HATypaJbHOE YHCJO) H NOJYYHTb OGLIY-
Hble NpaBuJa AeHCTBUI:

ar.gh=qnrim

(an)m — anm, (1)
(aby* = a™b™,

TpH 3TOM NOCJEeNHEe PABEHCTBO CIIPABEAJHBO JJIs KOMMYTATHBHBIX
KOJIeL.

Ecan Koabio obaagaer epuHHlefdl, a 3jeMeHT a — ofpaTHbIM, TO
MOXKHO BBECTH HYJ/IEBYIO U OTpHUaTeJbHble cTeneHd (§ 6); npu stom
paBeHcTBa (1) ocrailoTcst BEpHBIMH.

Touno Tax ke B ajAAMTHBHOH IpyIile MOXHO BBeCTH KpaTHble

n-a (=a+a-+...+a; n ciaraemux);
Torja:
na+ma=(n-+m)a,
n-ma=nm-a,
n(a+b)y=na-+nb,
n-ab=na-b=a nb.
Kak u B cayuae creneHeff, nosoxum
(—n)-a=—na;
TOrjla paBeHCTBa (2) OKaXKyTCs BBIUIOJHEHHBIMH A5l BCEX LENBIX A U
m (MOJIOXKHTEIbHBIX, OTPHUUATENbHBIX H HVJIf).

Bmecte ¢ TeM BhIpaxenue n-a He cCjiefyeT paccMaTpHBaTb Kak
HacTodnlee MNpPOHU3BEACHHE [BYX 3JEMEHTOB KOJIbIA, NNoTOMYy 4YTO n
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B 06Hl€M ciayyae He dABJAETCHA 3JIeMEHTOM KOJIblla, a MNpeACTaBJAET
co6oll HeyTo BHellHee: Uesoe yucao. Ecan, oanako, koablo obJaajaer
enuHuLeH e, TO na MOXKHO pacCMaTpHBaTb KakK HacTodullee NpoH3Be-
NeHue, a HMEHHO:
na=n-ea=ne-aq.

3anaua 4. Jlesbui (COOTBETCTBEHHO TNpaBhlfl) Ae/HTeIb HyJs He obJajaet
1eBbIM (COOTBETCTBEHHO MPABLIM) OGPATHHIM 3JE€MEHTOM. B 4acTHOCTH, HyJb He HMeeT
HH [PaBOrO, HH JIEBOTO OGPATHOTO 3JeMeHTAa. TPHBHANbLHOE HCKJIIOUEHHe: KOJIbLO
COCTOMT M3 OJIHOTO-e[HHCTBEHHOro 3JemeHTa 0, KOTOpPHIfi OJHOBPEMEHHO CJIyIKHT
eJIMHHYHEIM 3JIEMEHTOM M CBOHM OGDAaTHBIM (XHYJ/EBOE KOJ/bIO»).

3anaua 5. VUagykuuell no n 1A0Ka3aTb IJIfi NPOH3BO/ILHOTO KOMMYTaTHBHOTO
KOJILLA Meopemy 0 BUHOME:

(a+b)"=a"+('ll> an=1b +<Z> an=2h2 4. L bn,

n
rae <k> — HeJioe YHCJI0

nn—1)...(n—k41) n!
1:2....-k T (n—k)\ k!

3anaua 6. B KoJblle H3 7 3JIEMEHTOB [JISl KAXAOrO @ HMEET MECTO PaBEHCTBO

n.-a=0.

(Cp. § 8, rae 6bl10 10Ka3aHO PaBEHCTBO a”=e.)

3apnava 7. Ecau 37eMeHTH a W b nepecmarnogotmsl, T. e. ab=ba, T0 a nepe-
cranosoued ¢ — b, nb u b~1l. Eciin @ nepecTaHoBoyeH ¢ b H ¢, TO OH NE€pECTaHo-
BoyeH ¢ b-+c u be.

Teno. Konbuo HaswBaeTcst meaom, €CJH:
a) B HEM ecTb MO KpafHell Mepe OJUH 3/1eMeHT, OTINYHELA OT Hy/A:

6) ypaBHEHHSs
ax=>b, }

yamb ®)
npu a==0 paspemnMbl.

Ecyu, KpoMe TOro, KOJbHO KOMMYTATHBHO, TO OHO Ha3bIBaeTcs
nosem) WIH DAyUOHAAbHBIM KOALUOM.

TouHo Tak xe, Kak B cayyae rpynn (TJi. 2), N0Ka3blBaeTCs, YTO
u3 a) u 6) caenyer

B) CYLIECTBOBaHHE J/1I€BOH euMHHLEB! e. JleACTBUTE/NBHO, A8 Kax-
goro a==0 ypaBHEHHE x@=a pa3pelunuMO; OGO3HAYMM €ro pelleHH:2
yepe3 e. lna npousBosibHOrO b ypaBHeHMe ax=>» pa3spemumo; cJe-
JIOBaTE/IBHO,

eb=eax=ax=>.

Touiio TaK Ke ycTaHaBJHBaercs CYLIECTBOBAHHE NPABOH eQHHHIBI
H BOOOIIE eQUHUHNO20 3nNeMeHmA.
W3 B) crefyer HenocpencTBEHHO

1) Hexotopsle aBTOpbl Ha3LBAIOT Bee Te/la MOJAMH H Pa3/HyalOT MO KOMMY-
mamuenble B REKOMMYMAMUgHbie.
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r) CyllecTBOBaHHe JieBoro oGpaTHoro a-! ans kakporo a==0 u,
paBHbIM 00pa3oM, TpaBoro oGpaTHOro; MTAK, YCTAHOBJEHO Cyu{ecmeo-
eaHue obpamro20 3aemenma BOOOILE.

Tak e kak B cjayuyae Tpynm, najee JOKa3biBaercsi, YTO, Hao6o-
poT, u3 B) u T) caedyem 6).

3anaua 8 TIpoBecTH AOKA3aTe/IbCTBO.

B mense nem Oeaumeneii Hyas, notomy uyto u3 ab=0, a==0
¢ NOMOIIBIO YMHOXKeHHS1 Ha a~! crenyer paBeHcTBO b =0.

Ypasrenusn (3) paspewsumsr 0OHO3HAHHO, TIOTOMY 4YTO H3 CYILECT:
BOBAHHSl JBYX pellleHHd X, x', CKaxeM, MEepBOr0 YpaBHEHHA CJe0-
BaJjio Ovl, 4TO

ax==ax'
H C NOMOIIBI0 YMHOKEHHS Ha a ! cieBa
x=x".
Pemienns ypaBHeHHH (3), eCTeCTBEHHO, PaBHBI
x=a"1b,
y=ba.

B KOMMyTaTHBHOM caydae a-lb=ba~!, mostoMy numyr Takxke b/a.

Omauunble om Hyas S1eMeNMb. NPOUIBOALHOZ0 MEAQ COCMABASIOM
OMHOCUMENbHO ONePaYUU  YMHONCEHUS 2PYnny — MYLbMURAUKAMUBHYIO
epynny meaq.

Takum ofbpasom, Teno ofbepuHsier B ce6e cpa3y [1Be TpYIIbL:
MYJbTHIIHKATHBHYIO U ajauTusHyto. O6e OHH CBfi3aHbl AHCTPUGYTHB-
HbIMH 33aKOHaMH.

[Ipumepn. 1. PauuoHanbHele uHC/Ia, BelIeCTBEHHblE YHCJHA,
KOMIIJIEKCHBIE YHCJIa 00pasyloT NoJs.

2. Tlone u3 nByx aaementoB 0 u 1 crpoutcs ciaepyiolUM oGpa3oM:
3TH 3JEMeHTBl NepemMHoXawTcsd, Kak uucaa 0 u 1. OrTHocHTesnbHO
clokeHHs 3jeMeHT 0 SABJISETCS HYJ/EBbIM JEMEHTOM!

040=0; 0+1=1; 140=1,;

nyctb nasee 1-41=0. [IpaBuno croxkeHuss TO e, 4TO H B KOMMO-
3HIMH LHMK/JIHYECKOH TpYIMbl ¢ ABYMA 31emeHTaMu (§ 7); TeM cambiM
BHINOJIHEHbl 3aKOHBI CJIOXKEHHS. 3aKOHB YMHOMEHHSI TaKXKe BHIINOJ-
HeHbl, NMOTOMY YTO OHM BBIIOJNHAIOTCH 151 OObluHBIX uucean 0 u 1.
[TepBbifi 3aKOH AMCTPUOYTHBHOCTH JOKa3hiBaeTcsl NepeGOpPoOM BCEX BO3-
MOXKHOCTelH: eciii B TpeGyeMoe PaBeHCTBO BXOAHT HYJb, TO BCE TpPH-
BHAJbHO, TAK YTO OCTAeTCHA DPacCMOTPEThb JHIUb Ciaydal

141 =1-141-1,

KOTOpBI MPHBOAMT K chpaseaiusoMy pasBeHcTBy 0 =0. Haxkoher,
ypaBHeHHe |-X=a paspelluMO NPU KaxKIOM Q: pEIIEHHEM CJYXKHT
x=aq.
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3anaua 9. IMoctpouts nojie u3 Tpex sfemenrtoB. (OBCyIuTh CHavana BONpoC
0 TOM, KAaKOE CTPCEHHE MOTYT HMeTb MYJbTHN/IMKATHBHAS M aJIMTHBHAS TPYITbl
noJisi.)

3agaua 10. [ledocTHoe KOJBIO C KOHEYHBIM YHMCJIOM 3/IEMEHTOB SBJAAETCA
nosem. (Cp. COOTBETCTBYIONLYIO TEOpeMy O rpynmax B riase 2, § 6.)

§ 12. T'omoMOphH3MBI H H30MOP(HH3IMBI

Iyers R u & —cucremsl ¢ fBoiiHOf Komnosuuuedt. CoriacHo
o6lemy onpenesentio i3 § 10 orobpaxenne ¢ u3 R B & HasbiBaercs
20MOMOPUIMOM, €CIH COOTHOWeRHA a-+b=c n ab=d mnpu 51OM
0TOGpaX<eHHH COXPAHSIIOTCS, T. €. €CJIH CyMMa & -+ b IEPEXORHT B CYyMMY
a-+b, a npoussegenue a-b—B mnpoussegenne a-b. Muoxectso R,
apasiomeecss B & obpasom MHOMecTBa R, Ha3blBaercst B 9TOM CJy-
yae 2omomoprein obpasom muoxkectsa N. Eciin oToGpaKeHHe B3aHMHO
OXHO3HAUHO, TO OTOGPaNEHHE HA3LIBAKT USOMOPPHUIMOM B COOTBETCTBHH

¢ HaumM ofmumM onpegenerueM (§ 9) u nuwyr R ==z R. Ornowenne =<
pedJIeKCUBHO 1 TPAaH3HTHBHO, a Tax Kak oTo0pakeHue, 0GpaTHOE K H30-
MOp(u3My, SIBASETCS H30MOPOU3MOM, 5TO OTHOMICHHE H CHMMETPHUHO.
Tomomopgprbili 06pas Koavya ABASLEMCA KOALYOM.
JlokaszateabctBo. [lycts R —xoabuo, R —cucrema ¢ JBOY -
HOI KOMMO3HIHEH, a @ — @ — romMomopduoe otoGpaxenne u3 R na R.

Mbl JIOJOKHBI TIOKa3aTh, uTo R —cHoBa koabpio. Kak u B ciydae
rpynn (§ 10), KOKa3aTeIbCTBO NPOBOJMTCA CHEAyIOLIHM 06pasoM.
Mycts @, b, ¢— mobble TPH 3JEMEHTa H3 N; noKaxeM Kakoe-ju6o
W3 TIpaBWJ BbIMHCJAeHWs, Hanpumep, a(b-- ¢)=ab-+ac, nas uero
¢gurcupyeM npoobpash a, b, ¢ 3JeMEHTOB d, b, ¢. Tak kak R —
KOJIBIIO, BHINOJIHSETCH PABEHCTBO a(b+c)=ab+ac, a B cuny romo-
MopdHOCTH oTOGpamenus d(b--c)=ab-+-ac. Touso Tax e npoBo-
JUTCA NOKA3aTeNLCTBO BCEX 3aKOHOB aCCONMATHBHOCTH, KOMMYTATHB-
HOCTH ¥ JUCTPUOYTHBHOCTH. [Jsi fOKa3aTe/ibCTBA Pa3peliHMOCTH ypas-
HeHUS @ -+ X =0 HYXHO HafiTH NpooGpaskl @, b U PEUTb ypaBHeHHE
a-+x=>b, OTKYJa B CHJy TOMOMOP(HOCTH NOJYUIUTCH, YTO at+x==a.
Hyato u npomugonoroicHoMY sAeMeHmy — a 3AeMEHma a coomeerm-
cmeyom Apu 20MOMOpusME HYAb U  NPOMUBONONONCHbIL  3NeMeHm U3

koatya N. Ecau R o6radaen edunuyeid, mo eil coomsemcmeyem eOu-

HuuHblll 3nemenm 8 R.

Jloka3aTeJabCTBO TAKOS )Ke, KaK B caydae rpymnn.
Ecin Koabllo R KOMMYTaTHBHO, TO KOMMyTaTHBHO H R.

Eciu R — nenoctHoe KOMBIO, TO R He 00513aHO ObITH LEJIOCTHBIM,

KaK Mbl YBHJIHM TO3JHEE; KOJBLUO N MOXKET ObITh LEJIOCTHLIM H TOFAA,
korna R TakoBbIM He spasercs. Ho ecaw orobpaxkenue nsomopdwo,

TO, KOHEUHO, BCe ajrefpavyeckue CBOHCTBA KO/bLA R MNEPEHOCATCS
pa xoapuo M. Orcloga crenyeT yTBepKAEHHE:
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Hsomoppreui 06pas yeaocmrozo Koabya (COOMBEMCMBEHHO NOAR)
ABNACMCS YCAOCMHBIM KOALUOM (COCMBEMCMEEHHO RONEM).

3nech ymectHo copMyJHpOBaTH OAHY IIOYTH TPHBHAJBHYIO TEO-
peMmy, Kotopasi GyneT BaKHa B JaJbHeHIIeM:

Myecmo R u &' —0dsa kosvya, He umerouue OBUYUX HAEMEHMOB;
nyemo &' codepacum nodxorsyo R', usomoproe R. Tozda cyuwecmseyem
Koabyo S &', codepocauiee R.

HoxasatenbcTBo. Yaaaum u3 &' sjeMeHtnl Kospla R’ u
3aMEHHM HX Ha COOTBETCTBYIOLIME TIDH H30MOpGHU3Me 3/IEeMEeHTHI
kosbia R. CyMMbl M MpoM3BeNeHHsi HA 3aMEHEHHBIX M OCTABIUHXCH
3JIeMEHTaX OnpeieNuM TaK, KaK 3TO IOJy4YaeTcsi MNPH H30MOPGHHOM
COOTBETCTBHM [/ HCXOAHHIX 3jeMeHTOB B &', (Hanpumep, ecau nepen
3aMEHO#l 3JIeMEHTOB BBIMOJIHAIOCH paBeHcTBo a'b’ =c', 3arem a’
3aMeHAJICs Ha a, a O M ¢’ ocraBannCh HEU3MEHHBLIMH, TO MHI II0Jia-
raeM ab’=c’.) TakuMm crnoco6om u3 &' BosHuKaer KoJbno &o=z@&’,
KOTOpPOE H B CaMOM Jesie coaeput R.

§ 13. MocTtpoenne yacTHBIX

Eciu KoMMyTaTHBHOE KOJIBLO R BJOKEHO B HEKOTOpoe Teno Q,
TO BHYTPH £ H3 3/1eMEHTOB Koabla R MOKHO CTpOUTH “acmmsiel).

F=abl=bla (b=£0).

s HHX MMEIOT MeCTO CJepyioulue IpaBha:

a 4 b .
% = g TOria M TOMbKO TOTAa, Koria ad = bc;

a c ad-- bc

Tt 7= 1)
a £ _ @
D d T bd-

JIns mokasaTeNbCTBAa HyXXHO YOEIHTbCSI B TOM, 4TO o6e yacTH
nocse yMHOXEHHs1 Ha bd 1aloT OZHO ¥ TO XK€ ¥ uTO U3 bdx = bdy
CTeRYeT X = Y.

Takum 06pasoM, Mbl BHAHM, YTO 4YacTHbe a/b COCTaBJSIIOT HEKO-
Topoe nosie P, koTopoe HasbiBaeTCsi n04eM 4ACMHbIX KOMMYTaTHBHOTO
kosibua R. [anee, u3 npasua (1) ycmarpusaercs, 4to crnocoB, KOTO-
pbIM 1pO0H CPaBHHBAIOTCSA, CKJALBIBAIOTCS, YMHOXKAKOTCS, OKA3bIBAETCSH
M3BECTHBIM, KaK TOJILKO 3TH ONEpalUH ONPeNessiioTCs Hajl 3/1eMeHTaMH
Kosbua R, T.e. cTpoeHHe MOJSA YaCTHBIX P IOJHOCTBIO onpenensiercs
CTPOEHHEM KoJibua R, HJIH: 10AS HACMHbIX UBOMOPPHLIX KOrey wu30-
MOpghrot. B yacTHOCTH, JOGBIe JBAa MOJIS YAaCTHBIX OJHOTO H TOTO K€
KoJIblla 00s13aTeIbHO H30MOPOHBI, HJM: noae yacmubix P onpedessemcs

1) [efictBHTeNbHO, H3 ab==ba cielyeT, 4T0 ab l==b-la, ecau c/ieBa H crnpasa
YMHOXHTL Ha b1,
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Kkoroyom R OOHOSHAUHO ¢ MOUKOCMbI0 00 UBOMOPPHUIMA, €CAU MOAbKO
6006uie darnoe Koabyo 06aadaem noaeMm HACMHbIX.

3amaguMcs Terepb BOMPOCOM: KaKHeé KOMMYTaTHBHBIE KOJblUa
061ajal0T noAsMH uyacTHBIX? Mim, yuto TO XKe caMoe, — KakHe KOM-
MYyTATHBHBIE KOJIbLla MOTYT OBITb MOTPYXKEHbl B MOJS?

IOas Toro utoBnl KOAbO R MOXKHO ObLIO NMOrPY3UTH B TEJO,
HeOGXOAMMO mpexie Bcero, 4ro6sl B R ne ObuI0 AeqHTeNeH HY.H,
MOTOMYy YTO B Teje JeJuTenell Hy/as HEeT. B KOMMYyTaTHBHOM Ciydae
3T0 YCJOBHE M JOCTATOMHO: Kaokdoe yerocmuoe xoabyo R mooxwo no-
epyaums 8 Hexomopoe nhoael).

JokasaTeabcTBO. Mbl MOXEM HCK/IOYHTb TPHBHAJBHBIA Cly-
yaji, Korga R COCTOHUT TOBKO M3 HYJEBOro 3JME€MEHTa. PaccMoTpuM
MHOXECTBO BceX nap snementos (a, b), rme b==0. Jrum napam
M03/{HEe Mbl CONOCTaBHM JApO6H a/b.

TTonoxum (a, b)~ (¢, d), ecnu ad=>bc. (Cp. npuBeIEHHbIE BbIlle
¢opmyast (1).) OnpenenenHoe TakuM 06pasoM OTHOIUEHHE ~ SBJISETCH,
OYeBHJHO, pedVIEKCHBHBIM H CHMMETDHYHBIM; KpPOME TOro, OHO M TpaH-
3HTHBHO, NOTOMY YTO H3

@ by~ d), (¢, d~(& )
caenyer, 4To

ad=bec, cf=de,
H TNIOSTOMY
adf = bcf = bde.
Takum o6pasoM, B cua1y d =0 H KOMMYTaTHBHOCTH KOJbL2 R:
af = be,
(@ by~ )

OrHotlleRue ~ 06Jajfaer, TaKuM o6pa3oM, BCeMU CBOHCTBAMH 3KBH-
pajieHTHOCTH. B cootBerctBHu ¢ § 5 (ra. 1), 3Ta nocjeansisi onpene-
JsieT HekoTopoe pas6GueHne nap (a, b) Ha KJjaccel, NpPH KOTOPOM
SKBUBAJEHTHBIE Naphl MOMAAAIOT B ONHH Kjacc. KJacc, KoTopoMy npu-
HajMeXuT napa (a, b), Oyzer 0603HAYaTbC CHMBOJIOM a/b. Kak
CJELCTBHE 3TOTO OMpeNe/NEHHs pPaBeHCTBO a/b=c/d oOKasbiBaercs
BLINOJIHEHHBIM TOTAA M TOJAbKO TOrAa, koraa (a, b)~(c, d), T. e.
Korza ad = bc.

B cooTBeTcTBHH C npeAblyliuMu popmyaamu (1) Ml ompepenuM
CyMMy M NPOH3BEJE€HHE HOBbIX CHMBOJIOB a/b paBeHCTBAMH

d-+b
FTa= @
11
a c ac
3 aIT @)

1) JIns HeKOMMYTATHBHBEIX Kosiell Ge3 fe/uTenefl Hyjas 5Ta TeopeMa HEBEpHa.
CooTBeTCTBYIOWUI NpHMEp Obisi BepBhle mocTpoed Masbuesbim A. H. (Math. Ann.,
1936, 113, S. 686 —691).
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DTH onpefesieHHs KOPPEKTHEBI, NOTOMY 4TO, BO-TE€PBBI X, €cjH b=£0

ad 4 bc ac
n d=+0, o bd==0 u BHpaxenus —-5_5—— H o
BO-BTODBIX, NMPAaELI> YaCTH He 3aBHCAT OT BHOOpa NpeicTaBUTeNeH
(a, b) u (c d) knaccos a/b u c/d. JleficTBUTeNbHO, 3aMeHHM B (2) a

Hbwuaa ub, roe

HMEIT CMbIC/,

b’ =ba';
TOrAa
adb’ =a'db,
adb’ 4+ bcb' =a’db 4+ b'ch,
(ad4bc)b'd=(a’"d-+b'c) bd

H, cJjenoBaTeNbHO,
ad+be _a'd4-b'c

bd —bd
Touno Tak xe:
b’ =ba’,
ach’'d =a’cbd,
a __a'c
bd ~ bVd -

CoorBercTByIOlUIME paBeHCTBA MNOJYYAWTCA TpH 3aMene (¢, d) Ha
(¢, d"), roe cd' =dc’.

Bes Tpysa mnokasbiBaeTcs, 4TO NOJNyuYeHHAs KOHCTpPYKuus obna-
JaeT BCeMH CcBOHCTBaMH nojs. HanpHmep, 3aKoH acCOLMaTHBHOCTH
CJI0XKEHHS MoJyYaeTcs TaK:

a ¢ cf+de adf + bef 3 bde

v+ (Z + ) 3t = bdf ’
a c\ e ad+be adf 4 bcf + bde

(F+E)+T=——+T“—b—af——'

a OCTa/IbHble 33KOHBl aHaJIOIMYHO.

Uto6bl YCTAHOBHTb, YTO MOCTPOEHHOE NOJIE CONEPXKHT KoJbilo R,
MBI JJOJJKHBI OTOXIECTBHTb 3J1eMeHTH H3 R ¢ HEKOTOPHIMH IPOGSIMH.
Jenaetca 310 Tak.

b
ComnoctaBuM 3JeMEHTYy ¢ Bce APOGH fb—, rae b+0. 3tu ppobu

paBHBI MexKay coboifi:

EB’.’_ — Cbi,’, Tak Kak (cb) b’ =b (cb’).

C.nezxosa'renbﬂo, KaxJ0My S3JIEMCHTY ¢ COIOCTaBJAA€TCA JHIL OJXHaAa
Ipobb. Ilpn 3TOM pa3/iuMyYHBLIM 3/IeMEHTaM ¢, ¢’ COTOCTaBJAITCHA pas-
JIMUHBle ApPOGH, MOTOMY HYTO U3
b Y
BTy
cenyer, 4TQ
cbb’ =bc'b’,
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UM, Tak Kak b0, b’ =0, MOXKHO OCYWIECTBHTb COKpAallleHue:
c=c.

Wrak, snementaM KosJbua R B3aMMHO ONHO3HAYHBIM 0GpasoMm coro-

CTaBJIEHB COBEPUIEHHO ONpefe/eHHble APOGH.

Ecau ¢+ ¢y =3 UM €16, =C5 B KoJblie R, TO M5l NPOU3BOJILHBIX
by#0, by, #0 u by="bb, 370 03HaUaeT, YTO

c1by Caby _ Cibibat-cbiby _ cabs

b 5 " bibs = 5
COOTBETCTBEHHO
Clbl . Czbz . €1€2b1b2 . C3b3
b by by by
C,'bg

CaeoBatesibHO, IpOGH ~p, CKIaIbBAIOTCA M YMHONAIOTCA Tak e,

KaK 3JeMeHTH Kojblia R; TNO3TOMy OHH COCTABJAIOT CHCTEMY, H30-
Mopduyio KoJibiy R. B cHIy CKa3aHHOTO Mbl MOXKEM 3aMEHHTb ApOGH

cb
5~ Ha COOTBETCTBYIONIHE MM snementol ¢ (§ 12, xonen). Tem cambm

Mbl TIOJ1yuaeM TpeOGyeMbll pe3yJbTaT: NMOCTPOSHHOE [0Ne COLePKHUT
KospLo K.

Mbl nOKaszasu, CJegoBaTENbHO, CYIIECTBOBAHHE 110Js, COJEpXKa-
Lero 3ajlaHHoe LEJOCTHOEe Ko/buo R.

[TocTpoenre 4YacTHHIX fBJSIETCA NEPBLIM CPEACTBOM [OCTpPOEH NS
M3 JAaHHBLIX KOJel APYTHWX KoJel (B faHHOM cayyae — noneit). Ha-
IpUMeD, UMEHHO TaK M3 KOJbla OObIMHBIX LesbiX YHCed Z CTPOUTCS
none Q) panuonanpHbIX YHCeN.

3anauva. [Tokasarb, 410 /K0G0e KOMMYTATHBHOS KoaAbIO R (C AesqHTe/IsvMH
wian 6e3 fesuTeNiell HyJsA) MOXKeT ObITb MOTPYIKEHO B HEKOTOpPOe KOJMbLO UYaCTHHIX,
cocTOsllee H3 BCEBO3MOXKHLIX OTHOWeHH# a/b, rae b mnpoberaer Bce Hexc/uTeNH
nyns. Bosce obwo, aJjement b moxer mpoGeraTh JoGoe MuomecTBo M Henenute-
Jeil HYNS, colepiKaulee BMECTE ¢ ABYMs JIOGBIMH CBOHMH 3JeMeHTaMH by, b, H ux
npoussenenue bib,; B 3TOM Cllyyae NOJYUHTCS HEKOTOPOE KOJbLO 4YacTHbix Ry,

§ 14. Koabya MHOrouseHoB

Mycts RN — uwekotopoe Ko/plo. Mpl MOCTPOMM C MOMOULBIO HO-
BOro, He TpHHAL/IEXKAUEro Koiplly R, cuMBOna X BbIpaxKeHus BHIA

)= D] awx’,

B KOTOPBIX CYMMHPOBAaHHE BeIeTCs M0 KaKOMY-TO KOHEUHOMY MHO-
JKECTBY LEJOUBCICHHBIX 3HaueHuil uHAekca v==0 u «ko3pPuuuenTs»
a, npuHaanexkat koawuy R; Hanpuwmep,

| ) = 00x" + agr’ + agxd
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Takue BBIpaXKEHHS HA3LIBAIOTCA MHOLOYACHAML, CHMBOJ X HAashl-
BaeTcs nepemennor. Takum o6pasoM, nepemMeHHas — 3TO HE YTO
MHOE, KaK CHMBOJ B BBLIUHC/ICHHAX. [lBa MHOroujeHa Ha3blBAKTCH
pPAGHbIMY, €CJIA OHHM COJEPIKAT OJ(HH H Te JKe COCTABJAIIIHE cJjarae-
MBIE C TOYHOCTHIO IO CJAraeMblX C HYJIEBBIMH KO3(pHIMEHTAMH, KO-
TOpble MOTYT ObIThb NPOH3BOJLHO J0OAaB/JEHB! WJIH YIa/jeHbl W3 Bbipa-
JKEHUsl J1s1 MHOTOYJIeHa.

Ecnu no oGbluHbIM TpaBHIaM ONEpHPOBaHUS ¢ GYKBAMHM CAOXKHTDH
HJIM TIEPEMHOXHTb 1Ba MHOTOYIEHa [ (x), g(x), paccmaTpuBas x Kak
5JIEMEHT, MEePECTAHOBOYHBIA C 3/71€MEHTAMH KOJblLa (ax = xa), a mocne
3TOTO CrPYNNMPOBATh BCE WIEHbl C OJWHAKOBBIMH CTENEHSIMH Tepe-

MEHHOH X, TO TOJYuYMTCS HEKOTOpBI MHOTOWIEH X cyx¥. B cayuae
C/IOKEHUS

Cy=ay+ bv, (1)
a B cIydae YMHOMXKEHHS
Cy= D} Qgby- )
o4 T=v

C nomomero ¢opmyn (1) u (2) Mol ompenessieM cymmy H npo-
U3BeJieHHe JBYX MHOTOUJICHOB H YTBEDXKIAEM, UTO:

MHozourenn o6pasyrom Koasyo.

CpoiictBa cioxeHHst 6Ge3 KakuX Ghl TO HHM GBUIO HOBBIX JOKa3a-
T€JbCTB OYEBHMJHBI, TOTOMY YTO OHH CBOAATCS K CBOHCTBAM CJIOXKEHHS
Ko3pduuKenToB a,, by. IlepBelii 3aKOH XHCTPUGYTHBHOCTH C/IENyer

H3 paBeHCTBa
Z ag(by+cq) = Z agh.+ Z QuCq;s
O+ T=v O-f T=vy C-+T=v

aHAJOTHYHO MOJYYaeTCs BTOPOH 3aKOH AMCTpHGYTHBHOCTH. Hakomern,
3aKOH aCCOLHATHBHOCTH YMHOMKEHHs MNOJY4aeTcs U3 TOro, 4TO

> aa< > bﬁcv>== D>l aabgey,

att=v  \B+v=t a+B+r=v
3 < 3 aab5>cv=—-. >, asbgey
p+v=via4-p=p a+p+y=v

Kosbio MHorounenos, mosyuaemoe u3 R, oGo3savaercs uepes
R[x]. Ecim R kommyTatnBHO, TO KOMMYyTa1usHO u R [x].

Cmenerpro OTAHYHOTO OT HYJSi MHOIOYJ/IEHA HasbiBaeTcsi HaHGOMb
lnee 4YHCAO v, A KOTOPOro a,==0. DjeMeHT a, ¢ TaKAM MaKcH-
MajbHEIM v Ha3bIBAETCHA Crmaptium KO3ppuyuenmom MHOTOUMNEHA.

MuorouseHel Hy/1eBOf CTENEHH HMEIOT BHA @yx®. Mbl OTOMXKJECT-
BAIsieM HX C 3JIeMEHTaMH @, OCHOBHOIO Kosblla R, 4TO BHOJIHE fomy-
CTHMO, HOO OHM CKJIAABIBAIOTCH W YMHOXKAICICH TOMHO TaK Xe, Kak
SJIEMEHTHI OCHOBHOTO KOJ/IbUA; 6/1aroaps 3.0My 0OCTOATEbCTBY MHO-
TOusleHbl HY.I€BO CTelleHH 00pa3yioT CHCTeMY, H30MOpPHYI0 KOJAbUy i
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(cp. § 12, xomen). CnenopatenbHo, Kosblo MHorounenos R [x] cozep-
XKUT Kosblo R.

Tlepexon or R 1. R[x] HaspiBaeTcs (Ko0abyesoim) npucoeduneniem
nepesmenrol Xx.

EcaH K NpoM3BOJILHOMY KoJblly R MOC/eN0BaTebHO MPHCOEIH-

HSITb TEPEMEHHBIE Xy, Xy ..., X, U CTPOHTD R[x][xe] ... [xn], TO
noayuyutcs Koablo N [xy, Xy ..., Xa], COCTOsILEE H3 BCEBO3MOXHBIX
CyMM BHJA

o, a
Eaax--~an":l e Xm

Mol 6yzeM CuMTaTh, YTO B KaXKIOM TaKOM MHOTOW/JEHe Jomy-
cKaeTcsi J06as MepecTaHOBKA COMHOMKHTEsei x‘fl, . x‘,’l‘n. Tarum

o6pasoM, Koabuo MHorouneHoB R [x,][x]...[xn] Oymer oromzect-
BJSTBCS C KOJBLOM MHOTOUY/IEHOB, MOJYYalOIIHMCsi NYTEM NepecTa-
HOBKH mepeMeHHbX, Hanpumep, ¢ R[x,] [x]...[x,]. D10 oTOxKECT-
BJIEHHE JOMYCTHMO, TaK KaK MNepecTaHOBKa NEPEMeHHbIX X; He CKa-
3LIBaeTCs Ha  ONpENe/IeHHH CYyMMbl H  npousseneHHs. KoisbLo
R([xy ..., Xn] HA3BIBAIOT KoAbyOM MHO204.NEHO8 OM 1 NEPEMEHHBIX Xy, . . .
ceey Xne

B uyacTHOCTH, €c/n KoJbLo R fABAsfETCA KOJBLOM LEJbIX 4HCe,
TO TOBOPAT O YEAOYUCAEHHBIX MHO204NEHAX.

3aMeHa MepeMEHHbIX HA [MPOH3BOJIbHbIE 3JEMEHTH Koabua. Ecan

f(¥)=Y ax’ —wmHorounen Hax R H o — MEMEHT KOJbLA (camoro

KoJblla N HJM KoJbla, cojepxkailero R), nepecTaHOBOYHBIA CO BCEMH
sqemeHTaMH u3 R, To B BLIpaXKeHHe 71s [ (X) BCIOAY BMECTO X MOXKHO
NOACTABUTb 3JEMEHT o H TOJYYHTb TaKHM CoCOGOM 3nauenue f (o) =

= Zavav. Ecmu g (x) — mo6oil Apyroii MHOTOU/EH H g (a) —ero sHa-
yeHHe NpPH X =0, TO CyMMa H MNpOU3BEACHHE

f(x)+gx) =s(x),
f(x)-g(x)=p(x)
npn X =0, UMCIOT 3Ha4YCHHA
fla)+g(@)=s(a),
fa)-g(@)=p(a).

Ias cymmel 310 odeBHAHO. [Ias TMpOM3BE/EHUs! BHIUHC/IEHHS MPOBO-
nares no dopmyne (2):

p(ax)= Z CyaY = 2 x+§ a;vbua\’ = ; Z axbualﬂl —
v = n
=(Z o) (X burr) =F ) g ()

TeM caMBIM [OKA3aHO: 608 COOMHOWEHUS Mexncly MHO204AeHaMU
Fx) ..o (%), ..., noryuaowuecs npu  CAONEHUU U YMHONKERUU,
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OCMQIOMCA 8 Cuie Npu 3aMeHe NEePeMeNHOl X HA NpoussOAbHbul 3ie-
MeAm xoaeya R, nepecmarosourel co scemu nemenmamu uz R.

CooTBeTcTByWOLIAA TeopeMa CIpPaBelJIMBa H JJIsT MHOIOUJICHOB OT
HECKOJIbKHX NepeMeHHBbIX. B wacTHocTH, eciu Koablo R xommyra-
THBHO, TO B MHOTOUJIeH f(Xy, ..., X,) MOXKHO HOLCTaBJISATb BMECTO
nepeMeHHbIX [POU3BOJIbHBIE 3JeMeHThl H3 R (HaH H3 KOMMYTaTHB-
Horo pacitmpenus Kosbua R). Buiarogaps 3ToMy MHOrou/eHbl Hasbl-
BAIOT TaKIKe UeAblMlU DAYUOHAAGHBIMU (DYHKYUAML OM  NEPEMENHbIX
X1y ey Xp

Jl1si ueIOUMCJEHHBIX MHOTOW/JIEHOB 6e3 IIOCTOSIHHOTO 4JieHa BO3-
MOXKHOCTb TOJCTAHOBKH 3/1eMEHTOB KOJblla JaeT GOoJblliee: BMECTO
X1y .--s Xn MOTYT OBbITh IHOJCTaBJIEHHI IPOM3BOJNbLHBIE MEPECTAHOBOY-
Hble 3JEeMeHTH JI0GOro KOJblla He3aBHCHMO OT TOTO, CONEPHKHT JH
OHO LeJIBIE YHC/ia MJH HET.

Ecau R — yeaocmuoe rosrvyo, mo u R [x] — yesocmmuoe xorsyo.

HoxasatenbcTBo. Ecom f(x)5=0 u g(x) 50 u ecaun aq —
crapui Kos(puurent B f(x), a bg— crapunit KosdpduuHeHT B g (X),
T0 agbg 7= 0 — Koapduuuent npu x*P B f (x)- g (x), Tak uro f (x) - g (x) #
+# 0. CnenoBaresibHo, fequTeNell HyJsl HET.

M3 3Toro RokasaTesbCTBa MOJyYaercs

Canencrue. Ecau R — yesocmuoe KoAbYO, MO cmenenb MHO20-
unena f(x)-g(x) pasna cymme cmenened f(x) u g(x).

Jlnsg MHOTOW/EHOB OT # TEDEMEHHBIX C IIOMOILBIO HHIYKLHH He-
MeJJIEHHO T0JYYaeTcsl YTBEpIKAEHHE:

Ecau wonoyo R yeaocmuoe, mo roasyo NR[xy, ..., x,] mooe
yeaocmHoe.

Tlon cmenensio BLIPaXKEHHS g, . arx‘fl...xfr Mbl [IOHHMZeM CyMMy

fokasateJen Z . CreneHbio ke HEHYJ/IeBOTrO MHOro4J/icHa Ha3biBaeTCA

HanGoJplIast CTeNeHb OTIHYHBIX OT HYJsl COCTAB/ISIOUIMX €ro Bhipaxe-
HHE YyKa3aHHOTO Bblllle THIA. MHOrowieH HasbiBaeTcsi OOHOPOOHbIM
HIH popmOL, €CM BCEe COCTABJRIOIINE €ro BbIpAXKEHHsS HMeloT OIH-
HAKOBYIO CTeneHb. llpou3BesieHHe OJHODOIHBLIX MHOTOY/IEHOB BHOBD
fBJSIETCA  OJHOPOAHBIM MHOIOUJEHOM H €ro CTelleHb paBHA — IIpH
YCJIOBUH, YTO KOJbUO R [EJOCTHOE, — CyMMe CTeleHeH COMHOXH-
TeJe.

HeonHopo/Hble MHOTOYJIEHE MOI'YT ObITh (OJHO3HA4YHBIM 0Gpa3oM)
NPeACTABJEHEl B BHAE CYMMbl OJHOPOAHBbIX COCTaBJSIOUMX PasHBIX
cteneHell. IlepeMHOXHM [Ba TakuX MHOTOW/IeHA f, g cTeneHell m H n;
TOra HPOH3BEIeHHE OXHODOLHBIX COCTABJSIOUWIMX BBICIIMX CTeneHel
B cjydae LENOCTHOrO KoJblia R sABjAsercs HeHysneBoH (opMoH cre-
nesu m-n. Bce ocrajabHbe cOCTaBaAAIOLIME TPOH3BENCHHUS |- g HMEIOT
Menbinyio crenelb. CjiefoBaTesibHO, CTeNeHb MHOTOYJeHa [-g BHOBb
paBHa m--n. IlpuBegeHHas Bhllle TeopeMa O CTeneHU («CJeCTBHE»)
OKa3hiBaeTcs, TakHM o0pa3oM, BEpPHOH Ui MHOTOUJEHOB OT JK60oro
4HC/1a [epPeMEHHBIX.
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Anropurm nenenusi. [1ycts R — Kosbio ¢ enunuued 1; mycrs

g (x) = Z cyx¥
— [POM3BOJILHBIN MHOTOU/IEH, CTapuiHii KO3(dHUIHEHT KOToporo ¢, =1,
U NMycTb

f(x)= Z ayx”

— MPOM3BOMbHbBIN MHOrOWIeH crenenn m==n. Toraa crapuwmit Kosd-
(ULHEHT @, MOXHO OOPAaTHTh B HY/b, €C/H BHUECTb M3 [ HEKOTOpoe
KpaTHOe MHOrOWIeHa g, a HWMeHHO — MHOrou/leH a,x™ "g. Ecuu
B pesyJbTate CTeNeHb oOKaxercss Gonbluedl WJIH PaBHOH 1, TO cTap-
it Ko3dhduIUeHT MOxKHO OyneT onAThb OOPaTHTb B HYJb, OCYIIECT-
BIAA BblUMTaHHE HEKOTOPOrO KpaTHOro MHorouleHa g. Ilpoposkas
TakHM 06pa3oM, Mbl B KOHIE KOHIIOB MOJIYyYdM OCTATOK CO CTENEHbIO,
MeHblue# 71:

f—qg=r, 3)

rje 7 — MHOTOUJIEH CTEleHH, MeHblUeH CTeneHH MHOrou/eHa g, HJH,
BO3MOXHO, HYJeBoil MHorouneH. Takas Moc/esoBaTe bHOCTb NeHCTBRE
Ha3LIBAETCA QA20pUMMOM OeneHUs.

Ecay, B yacTHocTH, R —nosie u g =+ 0, TO NPeanosioXkeHHe O TOM,
yTO C,==1, W3JHIIHe, NOTOMY YTO TOrJa NPH HEOOXOAUMOCTH MOXKHO
YMHOXHTD g Ha C;' H NOJYYHTh eIMHHUHBIA CTapWHiA KOIPDUIKEHT.

3anaua. Ilyets x, Y, ...— GeCKOHEUHOE MHOXKECTBO CHMBOJIOB; MOXHO Dac-
CMOTPeTb COBOKYMHOCTb BceX Ii-MHOrOUJIEHOB OT 3THX MEepeMeHHBIX. Kaxnptit MHO-
royseH OyAeT COfep:KaTh JIHIIb KOHEYHOE YHCJO TAKHX nepeMeHHbX. Jl0KaaaTh,
4TO M TAaKHM 06pa3oM Onpefe/leHHast CHCTEMa SIBJisSeTCH KOMbUOM (COOTBETCTBEHHO
[eJIOCTHBIM  KOJIBLIOM), ecau R SIB/ISETCA KOJbLUOM (COOTBETCTBEHHO UEJIOCTHBIM
KOJIbIIOM).

§ 15. HUpeaant. Koabla KjaaccoB BIYETOB

[TycTh ©— NPOM3BOABLHOE KOJBIIO.

Yr06bl HEKOTOPOE MOJMHOXKECTBO B 0 BHOBb OblLJIO KOJbIOM (noo-
KOAbLOM KOJbLlA ©), HeoOXOIUMO M NOCTATOYHO BHIMOJIHEHHE CJeNyH-
KX YCJAOBHH:

1) 3TO MOAMHOMKECTBO AOJIKHO ObITh MOATPYNNOH ajJUTHBHOH TpyIl-
Tbl KOJIBIA; APYTHMH CJIOBAMH, BMECTe C JIOOBIMH @ 4 b OHO JOJIKHO
coziep:aTh pasHocTb a — b (cgoiicmso modyaed);

9) BMecTe C @ M b OHO JIOJIKHO COJepKaTh NMpoH3BejieHUe ab.

Cpemu mozkoJer, ocofyio poJib HIPaloT MOAKOJIBLA, HA3bIBAEMbIE
udeasamis; UX poJb AaHAJOTHYHA POJIM HOPMAJIbHBIX NMOATPYMI B TEODPHH
FpyNIL

Henycroe mofgMHOXKeCTBO 1t KOJIbla 0 HasbBa€TCA 40eaioM, TOUHee,
npassim u0earom, €Cciu:

l)us ae=m u b= m caenyer, uro a—b & m (CBOHCTBO MOAyeh);



§ 15] W/AEAJB KOJIbLIA KJIACCOB BBIYETOB 65

2) 43 a Ew cleayer ar & m A NPOH3BOJbHOTO r u3 0. Clopa-
MU: MOJYJb I BMECTe C KaXXIbIM CBOHM 3JIEMEHTOM a [IOJIXKEH Comep-
KaTh BCE «Npasble KPaniroiey ar.

PaBgbiM  06pa3soM, MOAYJb Has3bIBA€TCA JesbiM uOearom, €CU H3
@ e m caelyer ra € m s NPOU3BOJBHOIO 7 & 0.

Hakonel, MNOAMHOMKECTBO W HA3LIBAETCH O0BYCMOPOHHUM UOCANOM,
ecJi OHO $IBJSIETCS OJHOBPEMEHHO INPaBbIM U JIEBBIM HJEAJOM.

J1/19 KOMMYTATHBHBIX KOJIell Bce TPH NMOHATHA COBMAlAIOT U [I03TOMY
roBopsaT mpocro o6 upeasax. Mpueanel 6yayr 0003Hauarbecs CTPOYHbI-
MH TOTHYECKHMH OYKBaMHU.

[Tpumepsl HAeanOB B KOMMYTAaTHBHBIX KOJbLAX:

1. Hyaesoti udean, coctoslMil H3 OJHOTO HYJd.

2. Eduruurodi udeas o, COpep:KallUi BCe 3JeMEHTHl KOJBILA.

3. Hoeanr (a), nopoxcOenHoui 31eMeHmOM G H COCTOSIUMH H3 BCEBO3-
MOXKHBIX BbIpaxK€HHH BHJA

ra+na (r 0o, n—LeJI0E YHCTIO).

To, 4TO 3TO MHOXKECTBO JEHCTBHTE/IBHO ABJISETCH MAEaJOM, YBUIETb
JIETKO: DasHOCTh [ABYX TAKHX BbIPaXKEHWH HMEeT, OUeBHJHO, TOT XKe
BYJ, 4 NPOU3BOJDbHOE KpPaTHOE BHUVISAHT TaK:

s (ra -+ na) = (sr +ns) a,
T. €. uMeer BUA r'a waun r'a-+0a.
Upean (a) siBasieTcs, OYEBHIHO, HAUMEHBLIAM CPEAU UJIeasoB, COlep-
KAllHX 3/7€MEeHT @, [OTOMY UYTO KaM/blil HJEal JOJKEeH COAepKaTh
BO BCSIKOM C/ydae BCe KpaTHble ra@ H BCe CyMMbl == D a=na, a mno-

TOMY H Bce CyMMbl Buia ra-+na. HMnean (a) mMoxer, Takum o6pasoM,
OHPEJETATECA KaK MepeceueHne BceX HAeaJoB, COAEpKAllUX JIEMEHT a.

Ecian Koabluo o o6aajaer eIUHHIEH e, TO IS ra-+1a MOKHO
BOCIIOJIb30BATBhCSl  3amHChblo BUAa ra-+nea==(r + ne)a=r'a. Cnenona-
TEJIbHO, 8 3MOM CAydae ulear (@) cocmoum u3 scex OGbIMHbIX KPAMHbLX
ra. Hanpumep, uzpean (2) B KoOJblle LEbIX YUCEJN COCTOUT H3 BCEX
YETHBIX YHCeJ. ]

Mpuean, mnOpOXKIeHHBIA OJHUM 3JEMEHTOM @, HA3bIBAETCH 2AABHbLIM.
Hynesoit upean Bceraa riasubifi: 310 Hpaean (0). Enuxuusbiii uaean
TaKKe SBJICTCS IJVIaBHBIM, €CJH ©0— KOJIBLIO C eJAUHMIEH e, NOTOMY
4yTo Toraa o=(e). B HEKOMMYTATHBHHIX KOJBLAX HEOOXOJHMO pa3JiH-
YaTb MpaBbie H JE€Bble I'JaBHble Hieansl. IlpaBblfl upeas, nopoxjaeHHbIH
3JIeMEHTOM Q, COCTOMT M3 BCEBO3MOXKHBIX CYMM ar -+ na.

4. TO4HO TaK Ke MOXHO ONpeNe/NUTb JIEBBIH Hieasn, NMOPOKJAEHHBIH
HECKOJIBKUMY 3JIe€MEHTaMU &y, ..., O,, KaK COBOKYNMHOCTb CYMM BHJA

3o+ e
Wi Kak nepeceueHne BCEX JIEBHIX HJEAJOB KOJBLA 0, COJAEpKAIIMX

JIEMEHTHI 4y, . .., G,. DTOT Hjeas o003HayaloT yepes (a,, ..., a,) U ro-
BOPAT, 4TO 3JIEMEHTHl 4,, ., @, COCTABJSIOT 6Q3uc 3moeo udeaiq.
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5. AHaJOTMUYHO MOXKHO ONPENE/HTH JeBblfi uuean (M), nopokpieH-
Hblil GeCKOHEUHBIM MHOXKeCTBOM M; OH ABJSIETCS COBOKYIHOCTLIO BCEX
KOHEUHbIX CYMM BHJa

Mra+ Y ne (@EM, rieo, nyj—uense uicna).

Kaaccel BbiueToB. JI10GO# JieBbIH HMJIM NpaBbli Haean m KOJbLA
0, ABAAACH MOATPYNNOH aiAMTHBHOW TPYMNNHI, Onpejensiel HEKOTOopoe
pasbueHne KOJblla 0 Ha CMeXHble KJaCChl HJIH KAQCCol 6bMemos 1o
uaeany m. JlBa siemeHta a, b HasbIBAIOTCH CPAGHUMbLMU NO udeany
M MM CPagHUMbIMI MO MOOYA0 W, €CJd OHM TNPHHALIEKAT OZHOMY
KJaccy BbUETOB, T. €. ecan a —b & m. OGosHaueHue:

a=b(mod m),
WIH, B KpaTko# (opme,
a=b(m).

BMecTo «a He CPaBHHMO C by mumyT a=Eb.
Ecay, B YacTHOCTH, m — [JIaBHBIH Hiean (m) B KOMMYyTaTHBHOM

KOJIbIie, TO BMeCTO @ == b (m) MOKHO OblI0 Gbl TaKke nucarth a == b ((m)).
Ho B mensx ympolleHHsl 3alUCH B 3TOM cjyyae IMHIIYT, OMyCKas
napy ckobok, a=b (m).

TakuM nyTeM NPHXOAST, HaNpUMeP, K OOBIYHBIM CpaBHEHHSM IO
MOLYJIO NEJOro uucia: a==b(n) (cI0BaMH: a CpaBHMMO C b mo Mo-
AyJI0 n) O3Hayaer, 4Yro a—b npuHaunexuT upeany (n), T. e. ABJSA-
ercsi KpaTHbBIM 4HCJA A.

Onepauun Haa cpasHerusmu. CpaBHeHHe a==0 10 HEKOTOPOMY
JIeBOMY HJealy Nl OCTAaeTCsi, OYEBMJHO, BEDHBIM, €C/IH K O0GHM YacTsAM
npnOaBUTL ONUH H TOT JKE 3JEMEHT C WJH eClH 00e YaCTH YMHOMHTb
cJieBa Ha OJMH M TOT K€ 3/1€MeHT ¢. Ecau m — IBYCTOPOHHMH ujeal,
To 06e YacTH CPaBHEHHs MOXKHO YMHOXHTb Ha ¢ M cnpasa. Orciona,
fanee, caeayer: ecad a=a’ u b="b’, 10

at+b=atb =da 4V,
ab=ab' =a't’;

HTaK, CpPaBHEeHMs MO IABYCTODOHHEMY HJ€aly MOXKHO MOYICHHO CKJa-
IbiBATh U YMHOXATh.

O6e yacTH CpaBHEHHs MOXKHO TaKXKe YMHOXATb Ha OObIYHOE LeJloe
gyuceao n. B ciyyae n=-—1, ecaH CKOMOWHHPOBATH IPUBELECHHbLIE
Bbllle  PAaCCyIeHHs, MOJy4yaercs, B YACTHOCTH, YTO CpPaBHEHHS
MOXHO M TOYJIEHHO BBIYHTATh.

CnefoBaTelbHO, CO CpaBHEHHSIMH MOXHO ONEpHPOBaTh  TOYHO
Tak e, KakK C paBeHcTBaMd. TOJIbKO COKpaiiarh, BooOule roBops,
HeJb3s: B 00JACTH LE/IbX 4HMCes, Hanpumep,

15=3(6),

Ho cpapHenue 5==1(6) nesepHo, xora 3=£0(6).
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3anaua l. IlokasaTb, 49TO B KOJBLE UEJHX WYHCET KJAcChl BBYETOB MO
ureany (m) (m > 0) npexcrasjstorcss yucaamu 0, 1, ..., m—1 u Moryr GHTb,
cqle loBaTeNbHO, 0Go3HaueHbl uyeped Ko, Ky, ..., Ky g

3apauva 2. Kakoli nieaa nopoXaaiT B KoJblle eiblX uHcead yheaa 10 u 137

3anava 3. Uro osnavaer a == b(0)?

3angaua 4. Bce KpaTHble ra HEKOTOPOTO 3JieMEHTa @ 06Pa3yloT HEKOTOPHIH
JeBbli miean va. Ha npnMepe Koablla YeTHBIX YHCeJ YSCHHTL, YTO 9TOT HJealsl He
006s13aH COBMaflaTh C JIEBLIM [JIaBHBLIM HjeajioM (a).

JIBycTopoHHMe Hjeanbl HAXOAATCA B TOM )K€ OTHOLIEHHH K IMOHS-
THIO TOMOMOpGU3Ma KOJell, 4TO M HOpMaJbHble MOATPYMMNEl K IIOHS-
THIO Tonomopdu3Ma rpynm.  O6patuMcs K TIOMATHIO  TOMOMOp-
¢u3ma.

TomoMopuam o — 0 onpesesseT pasduenne KOJbla 0 Ha KJacChi:
knacc {, Oymer cOCTOAThL W3 BCEX SJEMEHTOB a, HMEIOIUX OJHH H
TOT XK€ o00pa3 @. 10 pa3bHeHHe Ha KJAacChl Mbl MOXKEM OIHCaTb
TOYHee:

Knace n koasya o, xomopoui npu eomomoppusme ©— 0 coomgem-
Cmeyem HYACGOMY IAeMeHmy, ABAAeMCA OBYCMOPOHHUM UOEAAOM 8 O,
a 0CManbHble KAQCCH. SBASIOMCA KAQCCOMU 8bI4emos no cmomy ude-
any.

HdoxkasarenbcTso. CHayana JAoKaxKeM, U4TO N — MoAyJab. Ecau
a u b npu roMomopdu3Me NEPEXOAST B HYJb, TO B HYJb NEPEXOAST
— b ¥ pasHocTh a—b; cieoBaTebHO, BMECTe ¢ a M b Kjaccy n
NPHHALNEXKUT H pasHOCTh a — b.

Jlanee, ec/ii a NEPeXOAUT B HYJb M 7 — NPOU3BOJBHBIA 3JEMEHT
Koablia, To ra nepexoaur B 7-0=0 u, cienoBartesbHO, NpHHALJE-
KHUT N. PaBHbIM 006pasoM, nepexoiuT B HYJb H 3neMeHT ar. CnenoBa-
TeJIbHO, 1 — JBYCTOPOHHHH HA€aJl.

SeMeHThl a ¢ {(c & 1n) OfHOro KW TOrO XK€ KJacca BbUETOB IO N,
NpEeACTABUTENEM KOTOPOTO CJYXKHT a, nepexoasit B d+0, T. e. B @,
H, CJe0oBaTebHO, NpHHanJexar ogHomy kaaccy &,. Ecnu, HaoGopor,
3/1eMeHT b mnepexoiut B d, T0 b —a mnepexogur B da —a=>~0 u, cue-
JoBaTeNipHo, b—aen, T. e. b NeXHT B TOM K€ KJ/acce BHIYETOB,
yto U a. Tem cambiM TpeGyemoe JOKa3aHO.

Wrak, Ka)aoMy roMoMop(pu3aMy COOTBETCTBYET HEKOTOPBIH nBYCTO-
POHHMH wHJeas, ABJAIOIMHACT €ro SAPOM.

O6parum Ternepb 3Ty CBSA3b — Oyiev HCXOMUTb M3 IIPOH3BOJBLHOTO
Uaeafa m KOJELA 0 W 3aJajMUMCS BOIIPOCOM: CYECMBYem AU 20MO-
Mopgroul 06pas v Koavya ¢ mMaxol, 4mo KAACcel 6bl4ermnog no udeany
M 0MoGpANCAOMCs 8 3AeMEeHMbL KOAbYA 0?

Uro6el MOCTPOHTb TaKOE KOJbLO, MBl TMOCTYIIHM TdK XKe, Kak
B § 10: B KauecTBe 3/IEMEHTOB KOHCTPYHPYEMOro KOJblida BO3bMEM
NPOCTO KJACChl BBLIYETOB IO MOAYJIO M; KJacC BbIYETOB a-4m 06o-
3HayuM uepe3 d, KJAacC BHIYETOB b+m—qepe3 b u_ onpeiennu
a-+b Kag KAGcc, 8 KOMOPOM AEHUM CYMMQ a-+b,u a-b Kak Kaacc,
6 komopom aexum npoussedenue ab. Eciu a' = a— kako#l-HuGy e
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Apyrof sjeMeHT u3 d, a b’ =b — pyrofl 3JemeHT u3 b, TO B COOT-
BETCTBHH CO CKa3aHHBIM Bbllle 1)

a' +b'=a-tb,
a'b'=a-b;

cnefoBatesibio, a’ -6’ neXuT B TOM JKe KJacce BhUeTOB, UYTO H
a-+b; TouHo Tak ke a'-b’ JEKHT B TOM K€ K/JacCe BLIYETOB, YTO H
a-b. Takum o6pasoM, Hall€ OMNpPeJeJeHHe CYMMBl H MpPOH3BEJCHHUS
KJA4CCOB He 3aBHCHT OT BLIGOpa 3/IeMEeHTOB a, b B KJjaccax d, b.

KaxmoMy 3JeMeHTY @ COOTBETCTBYeT KJIacC BBIYETOB &, U 3TO
otobpaxkeHHe ToMOMOp(HO, TOTOMy 4YTO CyMMa a-+-b NepexopuT
B CyMMy @ -+b, a mpoussenenne ab —B mpousseienne ab. Ciegona-
TEJbHO, KJACChl BLIYETOB 0O0Pa3yioT HEKOoTopoe Kojblo (§ 12). 3To
KOJIbIIO Mbl Ha30BEM KOALUOM KAQCCO8 8biMemog o/m WU ¢hakmop-
KOAbLOM KOJBLA © no udeaiy m WM Kojblia o mo mopymo m. C no-
MOLIbI0 YKa3aHHOrO BHIILE COOTBETCTBHs KOJBLO © FOMOMOP(HO OTO-
GpaxkaeTrcs Ha KOJbHO o/m. B 3Tofl curyauumu mieanm wm urpaer Ty
e poJib, YTO paHblle urpas n.

3pech Mbl BHAMM TNpPHHLHNHAJBHYIO BaXKHOCTb [BYCTOPOHHHX
HAeaN0B: OHHM TMO3BOJSIOT CTPOHTH KOJIbLA, roMOMOp(HbIE JaHHOMY
KOJMbUY. DJIEMEHTAMH TaKOr0 HOBOTO KOJbLA fABJSIOTCH KJAacchl BEbI-
YeTOB [0 HEKOTOPOMY JABYCTOPOHHeMY Hzeany. Jlo6ule ABa Kiacca
BLIYETOB CKJAABIBAIOTCS H YMHOXKAIOTCH, NIOTOMY YTO MOMKHO CKJaJbl-
BaTb W YMHOXATh /[Ba NPOM3BOJBHBLIX MPEJACTABHTENA 3THX K/aCCOB.
Hz a=0b caeOyem, umo a =b; maxkum obpasom, cpasHerus npu nepe-
x00e K KAQCcam 6biMemos CMAHOBAMCS paseHcmeamu, u onepayuu Had
CPABHEHUAMU 8 KOAbYE © COOMBEMCMEYIom onepayuim Had paseHcmeamu
8 Koabye o/m.

TNocTpoeHHble 3JieCh KOJbLA YaCTHOFO BHAA, FOMOMODGHhE AaH-
HOMY KOJIBLY 0, — KO/IbLIA KJIACCOB BBIYETOB 0/ — HCHEPIBIBAIOT, MO
CyLIECTBY, BCE KOJblla, TOMOMOpGHbIE KOJbLY 0. JleACTBUTENBHO,

€CJIM © — NIPOU3BOJILHOE KOJbLO, I‘OMOMOp(i)HOe KOJIbLY 0, TO Mbl YXe

BUAEM, HYTO 3JEMEHTHl H3 0 B3aHUMHO OJ/IHO3HA4YHO COOTBETCTBYIOT
KJaccaM BBHETOB 1O HEKOTOpPOMY [IBYCTOPOHHEMY HAECAJNY 1 B 0.

Kaacc BbiyetoB &, cootBeTcTByeT 3anemeHty @ H3 o. Cymma u rmpo-
u3BEJIeHHe JIBYX KJacCOB BBIUETOB &, &, NepPexopsiT COOTBETCTBEHHO
B Kg4p H &,y H, CICIOBATENBHO, HM COOTBETCTBYIOT 3JEMEHTHI

at+b=a-+b
ab = ab.

TakuM 06pasoM, COMOCTABJEHHE KJAaccaM BBIYETOB 3JIEMEHTOB M3 0
siBasieTcss u3oMopduaMoMm. Mbl JioKasaJH CaAELyIOLIee YTBEpHKIeHlle:

H

1) Camo coGoii pasymeercs, 4TO BCe CPaBHeHHA OEpyTCA N0 MOAYJLO ul.
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Kamxcdoe koabyo o, 2omomopproe Koabyy ©, U0MOPHHO HEKOmMOopomy
KoAbyy KAaccos ebmemos o/n. [Tpu smom W s6Asemcs 08YcmopoHHUM

UOearOM, SAEMEHMbL KOMOpPo2o umerom Hyresol obpas 6 o. ObpamHo,
20608 KOAbYO KAQACCOS BbIMEMOB O/N SIBASEMCA 20MOMOPPHOLM  06pA3OM
koabya v (Teopema o roMmomopduamax Koaeu).

Mpumepnbl KoJey, KJIACCOB BbIUETOB., B KOJblE LEJbIX YHCEs KJacChl
BbIUETOB (CM. 3ajady 1) 1o TNPOH3BOJBLHOMY  MOJIOKHTENBHOMY
YHCAY M MOXKHO 00603HAUHTb uepe3 K, &y, ..., &pu-y, TAe &, cocTOUT
M3 TeX YHCesi, KOTOpbie IPH AENEHHM Ha M JAl0T OCTaTOK a. UToObl
CJAOKHTb HJIH TEepPeMHOXKHTb J[Ba Kjacca BblueToB &, &, HYXHO
CAOXKHUTb HJIH COOTBETCTBEHHO TMEPEeMHOXKHTb HMX NpeiCTaBUTeNH a,
b ¥ TIPHUBECTH Pe3yJabTaT K €ro HaHMEeHbLIEMY HEOTPHUATETbHOMY OC-
TaTKy OT HeJeHHs Ha m.

3anaua b KoIplo K.I1accoB BEIUETOB ¢/it MOKET coliepKaTth AeJIUTE/IH HY.JI4
Jdaxe Torja, KoOrja HX HET B KOJBLLE ¢. Hpusecm NPUMEPH! L1 KOJbLa OeJBbIX
quce.1.

3agaua 6. TomomoppusM o — ¢ sBJASETCH H30MOPGH3MOM TOrAa H TOJAbLKO
Toraa, xoraa n=(0).

3agaua 7. B Tene HeT HieanoB, KpOMe HYJeBOro H eamHuuHoro. lokasatb.
Yro caeyeT oTciona Adst roMOMOPQHBIX OTOGpaKeHHH Tes?

§ 16, deaumoctn. [MpocToie upeasnt

IMyctb b — HekoTOPBIH Hean (1K, Gosee 06O, MOAYJb) B KOJIBUE 0.
Ecan a — sneMeHT u3 b, TO MOxHO 3anucath, 4yTo a==0(b); B 3TOM
caydae TOBOPST, UTo a Oeaumca Ha wudeasr b. Ecau Bce 3JeMEHTHI
HEKOTOPOro ujeana (A MOAyJs) a deaames Ha b, 1o (cnenys [ene-
KHHAY) TOBOPAT, YTO & Oeaumcs Ha b. D10 O3HAYaeT HE UTO HHOE,
KaK TO, 4TO HjJeas ( sIBJSIETCS MOAMHOMXKecTBOM Hpeasa . OGosnaue-
HHe:

a=0(b).

Vrean a HasbiBAIOT KPAmMHGIM HJH, KaK Terepb 4acTo TOBOPST, noJ-
udearom njeana b. Touno Taxk ke b HaseiBaeTcsi Oesumesem WIH HaO-
udeasom upeana o. Ecau, kpome Toro, as~b, 1o b HasmBawT Cc00-
CrgeHHuIM Oeaumerem aeaJsa a, a a — COOCIMEEHHbIM KpAmHbim uaeana b.

B ciayuae rsaBIbIX HAeasoOB KOMMYTaTHBHOTO KOJbLA C eIHHHUEH
cpaBHenue (a) = 0((b)) o3HayaeT He YTO HHOE, KAK PaBEHCTBO a = rb,
M [OHSTHE NEJHUMOCTH B CMbIC/I€ TEOPHH HIeasoB MepexoiuT B OOGbIu-
HOE TIOHSATHE JEeJUMOCTH 3JIeMEHTOB.

Hauunas ¢ smoeo mecma, 6ce paccmampueaemole Korvya 6yoym
CHUMAIMBCA KOMMYMAMUBHbIMU.

[lon npocmoim udeasom KoJbla o TojpasyMeBaeTcsl TAKOH uieal p,
KOJIbLO KJIacCOB BBIYETOB KOTOPOTO 0/p SIBJISAETCS LEJOCTHBIM, T. €. He
COAEPKHUT Je/UTeNIeH HYJd,
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Ecnu no-mpeKHeMy KJaccel BbUeTOB 0GO3HAUaTb HAACTPOUYHON
4epToH, TO AJIl MPOCTOTO Hjeala ) CKa3aHHOE O3HAyaer:

us ab=0 u a==0 dorxro caedosams b =0.

Wan, uto TO XKe camoe, H3

ab =0 (),
a=z=0(y)
JNOJIZKHO CJ1e10BaTh
b=0()

IJsl NPOU3BOJIBHBIX @ M b u3 o. CoBaMu: npoussederue 08yx 3remen-
mog QoaxcHO Oeaumbest HQ udeanr y moasko mozda, Koeda nay Oeaumca
00uH u3 comHoocumened.

OueBuHO, uTO eQuHuunbili udeanr ecezda npocmotd, MNOTOMY 4TO
npennonoxkeHrne a == 0 (v) Boobule He MOXET GLITL BHIIOJHEHO. Hyae-
80tl udean A8AALMCA NPOCMbIM MO0A U MOABKO moe2da, Koeda Koabyo o —
yeaocmroe.

HdpyrumMu npuMepaMH NPOCTHIX HAEAJNOB MOTYT CJYXKHTb TJIaBHbIE
MIeasbl KOJIbLA LeNbX 4hces Z, TOPOKAEHHBE TPOCTBIMH UYMC/IaMH,
0 yeM OyleT CKa3aHO HHXKe.

Wnean kosbna o HasblBAETCS MAKCUMAAbHOIM WIH He UMEIOWUM
Oeaumeaeti, eCIM OH He COJEPXKHTCA HM B KAakOM ApPYroM HjeaJe M3 o,
KPOMe €amoro 0; JPYTCHMH CJOBaMH, — €CJH Yy Heeo Hem Opyeux co6-
cmeenHbix Oeaumenetl, Kpome edunuynoco udeara o. Tax, Hanpumep,
Ha3BaHHLIE Bblllle NPOCTbIE IJaBHble HJealbl (p) B Z MakCHMAJbHHL.

Kaocool omausnoui om o maxcumanrsrowi udear y 8 Koavye ¢ eOu-
Huyell A8ASGMCA NPOCMbIM 1l KOABYO KAACCOB GbIMEMO8 ©fy ABASEMCS
noaem. Haobopom, ecau ofp —nore, mo p— maxcumaavhviii udeas.

HoxrkasarteabctBo. Tpebyercs pelIuTb B KOJbIE KJACCOB
BbIUCTOB ypaBHeHHe Xd =05 npu a 0. Ilycrb a==0(y) u b npous-
BOJIbIO. Mieasm y M 3JIeMeHT a BMeCTe NMOPOKJAlOT HEKOTOPHI Hpeal,
KOTOpBIl! fIBJAETCA [eJUTEJNeM Heana y 1 [PUTOM COOCTBEHHBIM JeJIH-
T€JIeM, IOTOMY 4TO OH cofepHT a. CileloBaTeIbHO, 5TOT Hjeasa paBeH o.
[TostoMy npOW3BONILHBIE 3JeMeHT & KOJAbAa © MOXKHOG IMpeICTaBUTb B
BHJE

b=p+ra sy, reo).

C NMOMOULBIO FOMOMOp(l)H3Ma H3 0 B KOJIBIIO KJ/J4CCOB BBLIYETOB IMOJY-
qaeTrcd paBEHCTBO
b=ra,

ueM ¥ pellaeTcs ypasHeHHe Xd =b.
TaxuM 06pa3oM, KOJbLO KJIAacCOB BLIYETOB sIBAsSETCS mojeM. Tak
KaK B IoJie HeT JenuTeNefi HyJs, WAean p SBJAACTCS NPOCTHIM.
HaoGopor,ecan o/p — nosie H a — coGCTBeHHBI Jle/IUTeNb Wleana y,
a a—3JeMeHT M3 , He NpHHALJIexalu#d p, TO cpaBHEHHE

ax="b(p)
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paspeluumMo npH Jo6oMm beo. CienobaTesbHo,
ax=b(a),
0=10b(n),

H, TaK KakK b — NpOu3BOJbHbIA 3JEMEHT H3 0, HMeeM a=0o.

OnHako, He KaXMIblii NpPOCTOH Hiean fABJSETCS MaKCHMAJbHBIM;
5TO TIOKa3biBaeT YKe TpHMep HYJeBOTrO Hjeana B KOJble UEJbIX
yyces. JIpyram, MeHee TPHBHAJIBHBIM TPHMEPOM MOXKET CJYKHTD Heas
(X) B KOJblle LEJIOYHC/IEHHBIX MHOTOWIeHOB Z [x]; OH HMeeT B Kavye-
cTBe co6cTBeHHOro nesutess umean (2, x). Kak nerko Buperb, o6a
npeada (x) u (2, x) mpocThe.

3 ajlada l. HpOBecm J0Ka3aTeJ JIbCTBO NMOCJECAHErO0 YTBEDXKACHHSA.

3agaua 2. PaccmoTpeTh Kosblla KJ1acCOB BEYETOB HAeasioB (2) H (3) B KoJblle
HeJBIX YHCEJA M NOKa3aTh, UTO 3TH HAeaJssl IPOCTHI. .

HOA u HOK. Hgean (a, b), nopoxjeHHbIH ABYMS 3aiaHHBIMU
HieanaMu a u b, Gyner Has3biBaThCS Haubosbwum obuum Oeaumerem
(HOJ1) stux upeasioB; Takoe Ha3sBaHHE ONpaBABIBAETCA TeM, 4TO (a,b)
ICHCTBHTENILHO JENHT a4 M 0 M MPH 3TOM JHEIUTCA Ha Joboil obmui
nemdteab a u b. MHorna (a, b) HasbiBaioT elle cymmoi naeaos a u b,
TMOTOMY YTO OH COCTOMT H3 BCEBO3MOXKHHIX CYMM a--b, rie a g,
beb.

TouyHO Tak Ke nepeceueHue ABYX HAeajoB a (b HaswBalOT Hau-
menvwum obuum kpamnoir (HOK) npeanos a, b, motomy uro af)b
JEACTBHTENbHO SIBJASETCS KPAaTHBIM 3TUX HJ€AJOB H AEJHT Ji060€ HX
obliee KparHoe.

§ 17. EBkauuoBsl KOJbLA H KOABLA TNABHBIX HeanoB

Teopema. B xorvye Z yenoix wucer KaxcOvii udear ssasemcs
2N06HbIM.

JokasarenabcTBo. Ilyctb a — npousBodbHbl Haean B Z.
Ecau a=(0), To nokaswiBaTh Hewero. Ecan ke B a4 €CTh elle 3Je-
MeHT ¢ =40, TO & CONEPXKHUT WU 3JAEMEHT ——C, & OJUH H3 3THX 3JeMEeH-
TOB SIBJISIETCS TOJIONKHTENbHBIM 4HcJIOM. I1ycTh @ — HanMeHbILIee moJo-
KHTEJIbHOE YHCJIO B Hjeaje da.

Ecau b — npousBosibHOe UHCIO B HA€ase U r —OCTaTOK OT feJe-
HMA 4YHCcJa b Ha 4MCJIO @, TO

b=qat+r, 0<<r<a.

Tax kak b W a npuHamiexat ugeany, YMcjao b —ga=r TOXe MNDH-
HajexuT 3TOMy HAeany. Tak Kak r<<a, TO ob0s3aTenpHo r =0,
NOTOMY YTO @ — HAHUMeHbIllee MOJNOXKHTEeNbHOe uHucao Haeana. Creno-
BaresbHO, b =¢qa, T. €. BCe UHCJAa HjaeaNa a SABJAIOTCH KPaTHbIMH
yneaa a. Orcioga CJaenyer, uto a=(a); C/JEAOBATeNbHO, & — IVIaBHEIH
njeas,
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ToyHO TaK K€ JO0Ka3blBAETCHA CJAERYIOLLEE NpeaJIoKeHHe:

Ecau P —noze, mo 8 koavye mruoeousenos P [x] xaxcOoui udear
ABNACMCA 2RAGHHIM.

JIeficTBHTE/IbHO, MOXKHO BHOBb B3fiThb IIPOU3BOJIBHBIA Hjean a4 o
# (0). B KauecTBe a Bi6EpeM MHOrOYJEH HAaHMEHbIUEH CTeNeHH U3
cozepxamuxca B a. Tak Kak H B KOJIBIE MHOIOYJIEHOB CYUIeCTBYeT
anroOpHTM JIe/IeHHs, NMPOU3BOJbHbLIE MHOTOWIEH b njeana MOXKHO IHpej-
CTABUTh B BHJE

b=ga-+tr;

ecau r==0, To cTenleHb MHOrOWIEHa r MeHbIle, YeM cTeneHb a. Jlanblue
JI0Ka3aTeJbCTBO NMPOXOJHT aHAJOTHYHO NPEebIIYLIEMY.

[lesiocTHOE KOJIBIIO € €MHUIIEH, B KOTOPOM KaxKJbl# Hean sBjsfercs
raBHBIM, Ha3bIBATCS KOAbYOM 2aasubix udeaaos. Kak 6buio cefivac
MOKA3aHO, KOJbIO Z UeJBX 4YHCed M KOJbLO MHorouneHoB P [x]
SIBJISTIOTCA KOJIbLAMH IVIaBHBIX HIEasoB.

Kaxjoe none TpuUBHAJLHBIM 00pPa30M SIBJASIETCH KOJBLUOM IJIABHBIX
HJeaJ0B, TOTOMY YTO €CJIH a — IIPOU3BOJILHBIA HEHYJIEBOH HJieal B noJje
P, To BMecTe ¢ JIOObIM 3jeMEHTOM a =0 OH COUepKUT W IPOH3BELE-
Hue a~la=1, 1. e. a=(l)—eQuHCTBeHHHHA HEHYJEBOH wujeas] 10Js.
(Cp. § 15, 3anaua 7.)

Ilpumenennblfi B 000X NPHBEICHHBIX BHIILE JOKA3aTEALCTBAX METO[
MOXKHO 00600WuTh caepyomwnm obpasoM. [lyers R — npoussosbroe
HeJIOCTHOE KOJbIO, B KOTOPOM KaXK/OMy HEHYJEeBOMY 3/eMEHTY a
CONOCTAaBJIEHO LEJIOE HEOTPHIATEJBbHOE YHC/I0 g(a) €O CIeIyIOmHMH
CBOWCTBaMH :

1. Ina as=0 u b0 copasepiuso g (ab) =g (a).

2. (Anroput™m jpenenusi.) Has moOblX JBYX 3JE€MEHTOB a, b, rge
a==0, CyIeCTByeT mpejcTaBJCHHE

b=ga-tr,

B KoTopoM 7 =0 uau g(r) < g(a).

B cnyuae R =7Z nonaraem g(a)=|al, B caysae R =P [x] uuc-
JIOM g (a) CAYyXKHT cTerneHb MHOrowleHa a. Kosbumo ¢ TakuMu cBoil-
CTBaMH HasniBaercsl eexaudosoim. IIpumensis 6e3 Kakux Obi TO HH 6bLIO
M3MEHCHUH METOJl, KOTOPbifi MCMOJb30BajCA B caydasx kojen R =27
U R=P[x], Mbl nosyyaem C/lIeyiOLLYI0 TeopeMy:

B ai0bom eskaudosom Konvye Kancovili udear agASEMCS 2AAGHbIM U
6Ce MeMEHNBL LOLAAQ SBASIOMCS KPAMKOIMU GO NOPpONOaoue20 e2o sie-
MeHma a.

Ecmn sty Teopemy DNpHMEHHTh K €QUHMYHOMY Hpaeany, T. e.
KO BCEMY KOJIbLly, TO MOJNYYHTCS, YTO B KOJbLE €CThb TAKOH 3JIeMeHT
a, YTO BCE 3/1EMEHTH KOJbLA CYThb KPaTHBIE ¢a 3TOr0 3JEMEHTa d.
B uacTHOCTH, caMm 3/1eMEHT g TpeACTaBJseTC B BUAE

a=ae,
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Iins b=ga orciona caexyer:
ga=qae, B CuJy 4ero b= be.

Mol poxkasanu caenyiolee yTBepKaeHUE:

Esxau0060 Koabyo 06s3amensvro codepocum eouruyy.

[IBa HeHy/eBLIX 3JeMEeHTa @, b MpPOH3BOJBHOTO KOJbLIA TJaBHLIX
1jeanoB MOpoXKAaoT Hueas (a, b), KOTOPLI COCTOMT H3 BCEX BLIpa-
KeHufi BUAA ra--sb 1 KOTOpHIi TOXe ABJASETCS TJIABHBIM HMAEAJIOM,
T. €. [OPOXKAAeTCsl HEKOTOPhIM 3jemeHToM d. CreaoBaTeNbHO,

d=ra-}sb, )
a=gd,
{ b=hd. @

CorstacHo (2) ajieMeHT d saBasieTcs obWUM jenuteneM a u b. B cuny
(1) snement d siBaseTcs Houborvwium obwum Oeaumenem, T. €. BCE
ofuie JeJUTEH JIEMEHTOB @ U b SBJSIOTCS AEJHTENSAMH U 3JeMeHTa
d. Vrak: 8 koasye enaswoix 1learos awGole 0sa daemenma a, b umerom
Hauboabwuti obwul Oeaumens d, komopeui npedcmasasemes 6 eude (1).

O6hiuno HanGosblinil OOUMH fAesuTesb 0003HAYaOT uyepe3 d =
= (a, b). IlpaBuapnee 6bi10 Obi nucatbh (d)=(a, b), moOTOMy uTO
sneMeHTaMH @ ¥ b OJHO3HAYHO ompenenseTcss Jullb uaean (d), a He
caM anemedT d. Ecmu (a, b)=1, To 3JeMeHTH @ W b HasbiBawTCA
B3AUMHO NLPOCIBLMU,

[IpusenenHoe Bhllle [oKa3aTeJabcTBO cyliectBoBanuss HOJI me
JaeT CPeiACTBa JJisi BHIYHCJAEHHS 3TOrO o6beKkTa. B eBK/MIOBBLIX KOJb-
aX TAKOe BbIUHCIEHHE OCYIIECTBJISETCS C MOMOMIBI0 IPEIJOKEHHOro
Epksngom?) cnocoba MOC/HeNOBaTebHOTO  fesieHHsl  (areopumma
Eexauda, Mo KOTOPOMY €BKJIMIOBH KOJbHA H IOJYYHJIH CBOE HaHMe-
HOBaHue).

Ilycts 3agaHbl gBa 3JeMEHTa KOJbHA 4, &y M IYCTb g(a;) << g(a,).
B cooTBeTcTBHM ¢ aJrOPHTMOM JeJieHHS NOJIOXKHM

Qo= G0, + s, g(as) < g(ay),
Ay = Gy -+ a5, g(as) < g(as),

H OpOZO/IKHM 3TOT TNpolecc A0 TeX Nop, NMOKa He HOJYUHM TNpH Of-
HOM H3 JeJleHUH HYJIEBOH OCTaTOK:

Q51 = (0.

Bce anements a,, a,, @q, ..., Q5 UMEIOT BUL ra,--fa;. Kaxauii pe-
JUTeNb 3/JeMeHTa a; (B YacTHOCTH, CaM @) COFJIAacHO MOC/eqHeMY
PaBEHCTBY SBJIIETCH JE/JIHTENEM 3JeMeHTa ds;, a NOTOMY, COTJIacHO
[pefnoc/iefHeMy paBEHCTBY, — JeJHUTe/ieM 37eMeHTa dg 5 H T. L. H,

YWEBkana Havana, kuura 7, teopemer 1 u 2.
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HaKoHell, 3JeMeHToB a; u a, CrenoBatenbHo, a; pasen HOJ/ sue-
MEHTOB a, H a;.

[p oBefeHHbie 1O CHX TIOP PacCyXkJeHHs NPOXOAAT B B C/yuae HEKOMMYTaTHB-
HHIX KOJIell, Hy:HO JIHWb 0Tpe6oBaTh CYIIECTBOBAHHSA KaK JIeBOro, TaK H IPaBoro
aJroOpHTMa HeJIeHHS:

b=gqa-+ri=ag+r, g(r)<<gla) glr) <gla)

Torza ponyuurcs, YTO KaKAblH JieBbIfi MAeasl COLEPKHT HEKOTOPHIA 3JEMEHT a, Bce
JieBbIe KpaTHble ga KOTOPOrO H COCTaBJSIOT NaHHLIH JIEBHIH HJeal; TO e BEpHO H
IAs NPaBoro ujeaja, B KOTOPOM BCE 3JeMeHTH sIBJISIOTCSA MPAaBLIMH KPaTHBIMH Qq
HEKOTOPOI'o 3JeMeHTa a. JIBYCTOPOHHHI »Ke HJleas COAPNKHT NOPOKIAAIOUINH ero
3JIEMEHT @, Ha KOTOpBIi BCE OCTaJbHble 3JEeMEHTH Hjeala HeisTcsi Kak CJAeBa, Tak
u cnpasa. Ecin 5T0T BHIBOA NMPHMEHHTb, B YAaCTHOCTH, K CIMHHUHOMY uJeasdy, TO
OTCIOAa Ccpa3y MOJIYYHTCsl CYLIECTBOBAHHE B KOJblE NpaBoli CHMUMLLI, JIEBO{l eju-
HHLB! H, 3HAYHT, [IPOCTO €AHHHIH.

Haxouen, kax M Bhillle, JOKasblBAeTCs CYIIECTBOBAIIHE JIGBOTO H [PABOro HaH-
GoablinX o6WMX Je.iuTesel ABYX 3JeMEHTOB 4, b.

BaxkHeHiluM NpUMePOM HEKOMMYTAaTHBHOTO eBKJMAO0BA KOJbLA SIBJIAETCS KOJbLLO
mHorousieHoB P [x] Han tesnom P.

3anaua 1. OrHoulenue (a, b)={(d) ocTaeTca BEPHLIM NPH PACUIHPEHHH KOJblA
v JI0 MPOH3BOJLHOrO COAEPIKAIIEro €ro Kojbla o.

3anaua 2. Kaxanlit sjeMeHT @ nopsiika 7s B npousBobHoft rpynne G apas-

€TCs1 MPOU3BEJCHHEM OAHO3HAYHO OIPEAL/IAEMOro 3/EMEHTA a"s nopsiiXa r H OIHO-

3HAYHO OmpejesseMoro siaeMenta a'’ mopsjka s B NMPEANOJIOKEHHH, YTOUHC/IA £ H §
B3aHMHO MPOCTHI:
(r, s)=1.

3apaua 3. [lukiauyeckas rpynna nopaixa n, [OpOXKAaeMas 3JeMEHTOM a,
MOPOJKIAETCH KaXIbIM 3JIeMeHTOM aM, rie (i, n)=1.

Euge oguH npuMep eBKINZOBa KoJbua. KoMnsekcHele uucaa a--bi (a u b —
OOEMHBIE LEJble YHeJa) 06pasyloT KOALYO YEAbLX 2QYCCOBLIX HUCEA.

Ecan onpepe/uTh «HOPMy» YHC/Ia o ==a - bi paBeHCTBOM

N (o) = (a+bi) (a —bi)=a?+ b2,
TO U3 Olpeje/eHHsl NPOU3BENCHHS
(@ bi) (c+di) = (ac— bd) + (ad +be) i
Jerko GyleT c/elloBaTh PaBeHCTBO

N (aB)=~N(a) N (§). @)

Hopma N(o) sBasieTcs OGLIYHBIM lieJIbIM YHCJIOM, KOTOpOe (KaK CyMMa JABYX KBaj-
paToB) ofpamiaeTcsi B HyJb JHWb TOrAa, KOrfa CaMo o PaBHO HYJ0, a B OCTalib-
HBIX CJyuasX nojoxuteibHo. M3 (3) cienyer, uto mnpouspenenne o obpautaercs
B HyJb JuWb TOIAa, Koraa o HIM [ paBHO Hymo. CnelloBaTesbHO, MBI HMEEM
Ies0 C LeJIOCTHBIM KOJbIIOM.
Corsiacho § 13 cyuiecTByeT nojie YacTHBIX 3TOro Kosbla. Ecin a=a-}bi 0,
a

—bi
T0 aﬂ:N—(Oﬁj; YHC/A NOJisl YaCTHHIX MOXHO, CJef0BaTesIbHO, NPEACTaBHTL B BHJE
a c .

— -+ =i (a, ¢, n—nueasle yucia). STH «IPOGHEE YHCIA» COCTABJSIOT «HOJE rayc-
n n

coBbiX ynces». OnpefeneHHe HOPMbl H PaBeHCTBO (3) HOCJIOBHO COXPAHMIOTCSA H AJs
3TOrO MNOJS.
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Yr1o6bl MONYYHTHL aJ10PHTM JeNeHHS B KOJbIe LeJHX FaycCoBBIX YHCET, I0C-
TaBUM nepel coGoii 3ajauy HailThH Anst 3ajiaHHbIX oo H B %40 uucio o —Af, HOpMa
KOTOPOTO MeHblle HopMbl 3/ieMenTa § CHauana onpegenny ApoSHoe yHcao A’ =a’ -
- b’t, pna koroporo o —A’ff=0, 3areM 3ameHHM a’ H b’ Ha OJAMKaHIHE K HHM
Heqble yHeada @ H b u nosoxuv A=a |bi, A'—A=¢ Toraa

a—Ap=a—Ap+ef=ef,
N (@—AB)=N(e) N (),

2 2

N E=N 0= =@—ap+e—br=(5) + (5] <1,

N (@ —AB) < N (B).
TeM caMbiM HafiieH «aJropuTM JeJeHHs», W Mbl BHIHM, 4TO KOJBIO LEJbIX rayc-
COBBIX YHCe.T eBKJHJOBO

Jlutepatypa Ilo Bonpocy o ToM, CyMeCTBYeT JIH B NPOH3BOJBLHOM KOJbIE

rJ1aBHbIX HJea T0B aJdropuT™ EBK/MAa uin ero oGobuenue, cM X acce (Hasse H) - -
J reine und angew Math, 1928, 159, S 3-12 Bonpoc o cymecTBOBaHHH aJre-
put™Ma EBK1HJa B TeX WJIH HIBIX KOJbHAaX anre6paHdyeckHX 4Hces H3yyascd B pd-
Gorax ITeppoH (PerronO) —Math Ann, 107, S 489, Onneureiim(Oppen-
heim A).—Math Ann, 109, S 349, Bepr (Berg E) —Kgl Fysiogr Sallska-
pets Lund Forhandl , 5, Ne 5, Xo¢paiitep (Hofreiter N) —Monatsh Math
Phys, 42, S 397, Bep6om, Pepeun (Behrbohm H., Reder L) —J. reine
und angew Math, 174. S 198

§ 18. PasnoxkeHHe Ha MHOXHMTENH

B srom naparpade Mbl OygeM paccMaTpHBaTh JIMILB LEJOCTHLIE
Kosbla ¢ enuHuielt Ilpexpe Bcero BBISICHHM, KakKHUe€ 3JEMEHTH B Ta-
KHX KOJIblIaX CJeLYeT CUHMTaTb APOCMbIMU HIH  HePASAONCUMbIMU.
Tlpu stom Mbl OyneM paccMaTpHBaTh, AaXKE €CJAH 3TO CIEIHAJbHO
H HE OrOBOPEHO, JIMIUb HEeHYJEeBble 3JEeMEHTHI.

OG6biuHOE MpOCTOE YHUCIO B KOJBLE LEeJbX YHCET BCEraa MOMKHO
Pas/IoKHTb Ha MHOXKHTEJNM H Jaxe IBYMS crocobamu:

p=p l=(=p) (=1).

OpHako B TaKOA CHUTYalMH OJUH W3 COMHOXHTejeHl ofbs3aTe/bHO $B-
Jasiercs «o6paTtUMbiMy 1), T. €. TaKHM YHCJIOM &, 0ofpaTHoe K KOTo-
poMy € ! cHOBAa MpHHAAIEKUT NAHHOMY Koably. YUmcaa +1 u —1
ABJSIOTCS OOPaTUMbMH LIeJIBIMH UHCJIaMH.

Ecau, Gosee o610, 3aaHO LEJOCTHOE KOJBLO C €IHHHYHBIM 3Je-
MEHTOM, TO TOJ 00pamuMmbiAl 3AEMEHmOM, WM noj Oeaumeaer edu-
HUYbl, WIH TIPOCTO TMoA eduruyeld ) NOAPasyMeBAeTCs TaKOH 3Je-
MEHT €, JJIsi KOTOPOro B KoJblie cyumecTByer obparHeiii &!. QOue-
BHJIHO, YTO TOrAa M &! sABJIseTcs O6paTHMBIM 3JEMEHTOM.

Kawmppiit snemeHT Kosiblla a JONYCKAaeT NPEACTABJIEHHE B BHJIEL

a=aqage !¢,

1) B opurunane «Einheit» —enunuuna — ITpun. nepes.

%) Cnoso «Eimnheit» (eamHuna) wacto yrorpeb/sercs Kak CHHOHHM CJIOBa
«Einselement» (eaunnunniii snement) Visyuas pasfiomende Ha MHOXKHTENH, 9TH 1Ba
IOHATHS WYXKHO CTPOrO pas3ienaTh, TaK Kak, Hanpumep, — | sABasercs exuHuuei
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rae e —Jo6oit pesuTeNb eguHHLBl. Takue pas3iokKeHHs, B KOTOPLIX
OJIHH W3 COMHOXHTENEH siBJseTcsi OOpaTHMBIM, HAa3bIBAIOTCS MpPUBU-
QANbHBIMLL.

dnement p==0, [OMYyCKAaOWMA JHIIbL TPHBHAJNbHBIE Da3JOXKe-
HHSA, T. €. TaKHe, uTO U3 p =ab cjaenyer, 4yto aubo a au6o b obpa-
THM, Ha3bIBAETCH HEPA3AONCUMbIM UV npocmoim sremenmom. (B uact-
HOM CJIyyae LENbIX YHCe] MPHHATO €lle Has3BaHue npocmoe HUucAo,
a B CJyyae MHOTOYJIEHA — HENpPUBOOUMbLL MHO04ACH.)

DnemeHThl @ ¥ b=ae!, oTaHYaOILKEcH JHUIIb O6PATHMBIM MHO-
KHUTEJeM, HHOTJa Has3bBAOT accoyuuposannoimu. Kaxaeth U3 HHX
SIBJIsieTCS  IEIUTeIEM JPYroro, M [JJAS COOTBETCTBYIOUIMX [JIABHbLIX
UIeaJOB HMEIOT MECTO COOTHOLUEHHS

(@) = (b), (b)=(a), T1ak uro (b)=(a);

TeM CaMbIM [IBa aCCOLUMHPOBAHHBIX 3JEMEHTa MOPOXKAAIOT OANH H TOT
JKe TVIaBHBIH Haeads.
O6patHO, eclu KasK[Iblii M3 JBYX 3JEMEHTOB a M b sBasercs je-
JIUTENEM JPYroro:
a=be, b=uad,
TO
b=bed, Tak yro l=cd, c¢=d7,

OTKYJla cJefnyer, uto ¢ U d oOpaTHMBl M @ accouuHpoBaH c b.

Ecau ¢— genutenb sjaeMeHta @, HO HE acCOUMHPOBAH C 4, T. €.
a=cd n d He #ABAALTCA OOGPATHMBIM, TO ¢ Ha3bIBAETCA COOCINBEH-
Hbom Oesumenem 3jeMeHTa a. B 3Tom cayuae a He sABJseTCs JesH-
TeJNeM ¢ W ujgeas (¢) sBasieTcsi COOCTBEHHBIM JeJHTeNeM Haeana (q).
HefictButenbHo, ecan Ol @ Oblil AeAMTE]AEM 3JeMeHTa ¢, CKaweM,
¢=ab, TO BBHIMOJHAIUCH Obl PaBEHCTBa

a=cd=abd,
1 = bd,
H aneMeHT d Obll Gbl OOGPATHMBINM.

[TpocTofi 3/1€MEHT MOXHO Tereph OMNPeJeIHTh KaK TaKOoH HeHy-
JIEBOH 3JieMEeHT, y KOTOPOrO HeT HeOOpaTHMBIX COOCTBEHHBIX JeJH-
TeseH.

Ecau 6 eskaudosom Koasye dsemenm b seasemcs coGCmeeHHbim
Qeaumenem anemernma a, mo g (b) <g(a).

HokasateabcTBo. Jlenenue 3ssieMeHta b Ha 371€MEHT a
BBHJY YCJIOBHSl HEBO3MOXKHO; TO3TOMY

b=aq+r, g(r)<g(a).
Orciona cJaenyer, 4To ecnu a==bc, 1O
r=b—aq=>5(l—cg),
g(=g(®), rtak uto g(b)<g () <g(a-



§ 18] PA3JIO)XEHUE HA MHOXWTEIMU 7

B esxaudosom Korvye Kawdoui HeHyreeoll snemenm a R8AAEMCA
npoU3Be0eHUEeM NPOCbLX SAEMEHIMO0B:

a=ppPs ... Pr.

3amMeuaHue. 3Ty TeOpeMy MOXKHO J0OKa3aTh B Gosee obuieH
CHTYyalUu¥ IJisl KOJIEIl TJIaBHBEIX HAEAJN0B, HO TOrJAa MPHILIOCH GBI HC-
noJIb30BaTh akcHoMy BhiGopa (§ 69). B panuoli anemenTapHofi yacTH
KHHTH aKcvoma Beifopa He 006CYyXKAaeTcsd, MO3TOMY AOKa3aTeIbCTBO
MPOBOJHTCH TOJNBKO JJI1 €BKJMAOBBIX KOJIEL.

HNoxrkaszateabctso. IlpoBenem wuHAYKIMIO NO wuucay g (a).
ITyctb yTBEpXKIEHHE BEDHO /Il BCEX TeX 3JeMEeHTOB b, Ui KOTOPHIX
g (b)y<<n, n nycrs g(a)=n. Ecan sneMeHT a npocT, TO 10Ka3biBaTh
Heyero. Ecau Xe 31eMeHT a pasioXuMm: a=bc, rie b u ¢ — coBeT-
BEHHbIE JCAUTEIN 3JeMeHTa d, TO

gb)<<gl(a), gl)<<gla).

[To mpeano/oxenuio WHAYKUHH 3JEeMEHTH b H ¢ SIBJSIIOTCS MPOH3Be-
JEHHAMH TIpocThbiX 3/eMeHToB. CiiefoBaTenbHo, @ = bC TakxKe SBJAsSIeTCS
NPOH3BE/IEHHEM INPOCTHIX 3JEMEHTOB.

Boisicuum Tenepb, Kak OOGCTOMT A€JO € OXHO3HAUHOCTBIO pas/oze-
HUSL @==pypy ... p, HA NPOCTbie MHOXKHTETH H NPH 3TOM PacCMOTPHM
e TOJILKO eBKJ/HAOBh! KOJbLA, HO M NPOH3BOJIbHBIE KOJbLA IJIaBHBIX
HJleasnoB.

B npoussosvrom konsye 2aa8HbILX UOEQN08 HEePA3A0NCUMBLL dAeMEH,
OmAuUHLIL 0om 0bpamumoeo, nopoxdaem MaxKcumaroHoul udear (Koavto
KAQCCO8 6bI4EMO8 NO KOMOPOMY ABAREMCS, CAe008AMEALHO, NOAEM).

IlokasareabcTBo. Ecau smemeHT p Hepasioxium, To y Hero
HeT HeoGpaTHMBIX COOCTBEHHBIX Je/HTeNel; CJeI0BaTeNbHO, C Y4ETOM
TOrO, YTO KaXAblll HAeak MO YC/IOBHIO sIBJSETCS IVIaBHBIM, Hjeas (p)

He MMeeT COOCTBEHHBIX Ae/uTesell, KpOMe eIHHHYHOIO Hieasa.

3ameuanue. KoHeyHo, paspemiuMoCTb ypaBHeHUS af=bh
B KOJblle KJaCCOB BLIUETOB MJIM CpaBHeHHs ax==b (p) B 3ajgaHHOM
KOJIbIle MOXKHO Obl70 Obl BbiBeCTH M3 TOro ¢axra, yto a1a a==0 (p)
ofsi3aTenrHO (@, p) =1 H, caenoBaTebLHO,

1 =ar+ps,
b=arb—+ psb,
b=arb (p).

Bor HenocpencTBeHHOe CJENCTBHE 3TOTO YTBEDPKIACHHS.

Ecau  nexomopoe npouseedenue Oeaumcs Ha npocmoid 3iemesm p,
mo o0un u3 ComMHOXNcumeneti 00Adcen O0eaumoCsi Ha p, TOTOMY YTO
B KOJIbLE KJIacCOB BLIYETOB HET JesurTesieldl HyJs.

3anaual. Pemnrth cpaBHeHue

6x=7(19)
¢ nomompio ajiroput™a EBkJnIa.
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3agaua 2. Ecin B HEKOTOPOM KOJblle IVIaBHBIX HJEAJI0B NMPOH3BEJeHHE ab
JeJHTCS HA € H 3JIeMeHT @ B3aMMHO NPOCT C 3JIeMEHTOM ¢, TO b Je1nTcsa Ha ¢.

Mbl B COCTOSIHHR Telepb AOKAa3aTb rmeopemy 00 00HOZHAYHOCHU
DABAONMCEHUS HA NPOCHIble MHONCUMEAU 6 KOAbye 2AasHeIY Uu0eanos.
Ilycts

a=pp, ... pr=q4s ... 4s (1)

— JIBa Da3JIOKEHHS OJHOTO H TOTO YK€ 3/IeMEHTa a B KOJIbIle IJ/1aB-
HbIX upeasnoB. TpuBHaJbHBIH cayuail, B KOTOpPOM a siBjsietcs oOpa-
THMBIM M, CJ€IOBaTeNbHO, BCE p; M ¢, OOPATHMBL, Mbl HCKJ/IOYHM
cpasy. ITosTOMV MOXKHO INPRANOJOXKHTb, YTO p; H ¢, HeoOpaTHMbI W
yTo BCE yuacTBYiouiue B BhipaxeHuu (1) Jeaurenn eguHuubl YiKe
o6beHHEHbl C 3JEeMEHTaMH p; M COOTBeTCTBeHHO ¢,. CienosaresbHO,
pi M ¢, He ABIAKTCA OOPATHMBIMH. YTBEPMKIACTCH: UMEeN Mecrmo
DPABEHCMBO =S U 3AeMEHMbl P; COBRADAIOM C 3ACMEHMAMIL §; C MO4-
Hocmbto 00 nopsdka ux Ccae008aKUA U € MOYHO.MbI0 00 YMHONMCEHUA
Ha obpamumole 3AeMeHmbL.

Haa r =1 yrBepxieHHe oueBHJHO, [OTOMY YTO B CHJY Hepas-
JIOXKHMOCTH 3JIeMeHTa a=p, I[POH3BEJEHHE (y...{s; MOXKET cojep-
¥aTb JHIb OJHUH MHOXKHTIb ¢y =p,. TakHM 00pa3oM, Mbl MOXKEM
npoBecTd HHAYKUHIO o r. Tak Kak p, BXOAMT B NpPOH3BeJeHHE
Gy -G, 3NEMEHT P, NOKEH BXOIWTb B OJHH H3 COMHOXHTE/IEH ¢;.
IlepenymepoBaB 3jeMeHTHI ¢, Mbl MOXEM JOOGHTBCSI TOTO, 4TOObI P,
BXOJHJ HMEHHO B (:

91 = €101 @)
3nech €; JO/KHO ObiTh JesHTe]eM eHHHLbl, TaK Kak HHaue ¢, He
6bu1 Obl TipocThiM 31eMenToM. IlopcraBum (2) B (1) H cokpatuM Ha py:

P2 Pr=(81q2) G5 - - Gs. (3)

[To npeano/okeHHI0 HHAYKINH COMHOXHTeIH B (3) ci1eBa M cnpa-
Ba COBMAJAlOT C TOYHOCTHIO A0 jAesnuteneil 1. Tak kak H p, coBma-
JaeT ¢ ¢; C TOYHOCTBIO O OGPaTHMOTO 3JEeMEeHTa &;, BCe Tpebyemoe
JI0Ka3aHo.

V3 gokasaHHBIX TeOpeM CHAefyeT: 6Ce AeMeHmbl e6KA006a Koabyd
00HO3HAUHO ¢ modHoCcmbl 00 Oeaumeneti eQuHuybl u nopadKa caedosa-
HUS MHOXCUMeAell pasiQearomes 8 npoussederue npocmeLx 3/eMEHMOs.
B wacTHOCTH, 3TO yTBep:KAEHHE BbIMOJNHAETCS] B KOJbLE HEJBIX YH-
ceJ, B KOJbIlE MHOTOWIEHOB OT OfHOH nNepemMeHHOH ¢ KoapduuueH-
TaMH H3 HEKOTOPOTO TOJIS, a TaKKe B KOJIbLE LEJbIX IayCcCoOBbIX YHCEJ.

3apaua 3. Llenouncaenyble MHOrOYIeHs! f(x) MO MORYJ/IO JOGOro mpocroro
yyucJa p OAHO3HAUYHO pas3/JOXKHUMBL Ha Hepas3JIoKUMbIE 10 MOJYJIO p MHOXHTEJH.

3agava 4. KakoBel genurTeny €IHHHLL B KOJblle HEJbIX rayccOBLIX YHCeN?
PasnoxuTh yucaa 2, 3, 5 B aTOM KOJbLie Ha NPOCThIE MHONKHTEJH.

3agaua 5. B xombue dyncen a--b J/ —3, rae a u b — uessle yucaa, yucao 4
passiaraeTcss Ha NPOCTHIe MHOMHTENH ABYMS CYLIECTBEHHO DA3JIHYHBIMH CIOCOOAMH:

4=2.2=(14+)=3) (1-V =3).
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3agauya 6. B Koablle IMaBHBIX HJE3JOB KJIACCHl BHIYETOB MO MOAYTIO @,
COCTOfIILME H3 B3aHMHO MPOCTHIX C & 3/IEMEHTOB, 06DasyIOT IPYNNY [0 YMHOMKEHHUIO.

B crneayloueit raage Mpl YBHAHM, 4TO, KpOMe KoJell FJIaBHBIX Hie-
aJI0B, CVILIECTBYIOT elle M ApPYrHe KOJblLid, B KOTOPbLIX BLHIOJNHAETCS
TeopemMa 00 OJHO3HAUHOM pasJIoOKEHHM HA MHOXKHTeqau. [las Bcex
TaKUX KoJel Mbl JOKaXKeM JHIb CIeNYIOLIYI0 TCOPEMY:

Ecau 6 koneye © kamcoul anemenm eQuHcmeeHKoiM 06pasoM Pa3aq-
20eMCA KA NPOCIMbIE  INEMEHIMbL, MO  KAXObIL HePA3A0NCUMGIE  3Ae-
MCHM P nopoxcoaem npocmoll udear, a Kool omauyHolll om HYyas
PABAOKCUMBIL 3MeMEHM NOPOsCOaem Henpocmoti udeaa.

HoxasartenabcTBo. Ilycts p — Hepaznoxkumblll 3;1eMeHT. Ecau
ab =0 (p), TO, CreAOBATEJBLHO, 3JIEMEHT p JOJXKEH COAepKaThCs
B pAa3JiOXKeHHH ab Ha NPOCTHIE MHOMHUTENIH. STO Pas3foeHue IoJy-
yaerTcsl, ONHAKO, OOGBEeIHHEHHEM pasjiokeHHH a8 a n s b. Cie-
JIOBATCJBHO, 3JIEMEHT p JOJXKEeH BXOAWTBH V¥e B a HAM B b, a no-
TOMY CIIpaBeJUIHBO 010 M3 cpaBHeHuil: a==0(p) wau b=0(p).

Ilyctp Teneps p — pasnoXuMbIfl 3jeMeHT: p=ab, T.¢. a 0 b—
cobcTBeHHble genuTesnn  deMmenta p. Torma ab=0(p), a==0(p),
b==0(p). Nnean (p) He sBasercs, C/lef0BaTENLHO, TPOCTHIM.

3apaua 7. Joxasate, YTO B JIOGOM KOJblE ¢ OJHO3HAYHBIM DPa3.J0XKeHHEM
Ha MHOXKHTEJU CYyIeCTBYIOT HauboJblinit o6WuA jennTesb M HaumMeHbllee 06mee
KpaTHOe ABYX (MJId HECKOJhKHX) 3JIEMEHTOB, ONpejeseHHble ¢ TOYHOCTLIO A0 06~
paTHMBIX MHOXKHTesel.

3ameuaHnue. JI1a roseu paccMmarpusaemoro tHna HOJL B cmbicse afemeH-
TOB HE BcCerja cosnajgaeTr C HOJI B CMBIC/I€ HjeaJOB: HanpHMep, KOJbHO LEJOYHUC-
JICHHBIX MHOTOYJIEHOB OAHOI?K I‘IepeMeHHOi:l X TAKOBO, 4TO 2 H x He HMEIOT OOUIHX
nendresiedl, KpoMe eNHHUIBl, HO HAeaa (2, X) eAMHHUHbIM He aBasercsd. (To, uro
B 2TOM KOJbile HMEET MeCTO OJHO3HAYHOCTE pas/IOKEHHs HAa MHOKHTEJH, 6yll€'[‘
JOKa3aHO B NATOH ruiage.)



T'rasa uemsepmasn

BEKTOPHBIE U TEH30PHBIE NMPOCTPAHCTBA

B nacrosimedl r/aBe BBOASTCA HEKOTOPHE OCHOBHBIE MOHATHA JHHEHHON asre6-
pbl. Mx usyuenue B Gosee obwelt ¢opMe Gyner npojonxeno B raase 12.

§ 19. Bexropxble mpocrpaHcTsa

ITycte pausi: 1) Teno K, snemeHtsl a, b,...Kotoporo 6ynyT Ha-
3bIBATLCS Kodppuyuenmamu Wy ckargpamu, 2) mMoayab (T. e. auiu-
THBHas abesesa rpynna) M, 3/eMEHTH X, Y,...KOTOPOro GYayT Ha-
3BIBATLCS  6eKMOPAMU; 3) YMHOMKEHHE Xa BEKTODOB Ha CKaslsphl,
YIOBJIETBOPAIOIIee CJAENYIOUHM TPeGOBaHHAM:

Bl. xa nexutr B M.
B2. (x +y)a=xa-+tya.
B3. x (a+b)=xa-} xb.
B4. x (ab) = (xa)b.
B5. x-1=ux.

Ecan Bece 510 BHImosneno, To I Ha3bIBAETCS eeKMOpPHbIM NpoCH-
pancmeom Had K, Tounee, npastim K-sexmopueim npocmpancmeon,
TaK KaK KOI(DQUUHMEHTH a NMHUUIYTCA CnpaBa OT BeKTOpoB. [loHsTHe
26020 K-6ekmoprozo  npocmpancmea  BBOAHTCH aHAJIOTHUHO, 3aKOH
acCOUMATHBHOCTH B4 1/1s J1eBOrO BEKTOPHOIO MPOCTPAHCTBA 3AIIHCHI-
BaeTcsl TakK:

B4*. (ab) x =a (bx).

Ecov Tteno K KOMMYTaTHBHO, TO BMECTO Xa@ MOXKHO TAKKe IIH-
caTb ax. B 3TOM ciyyae npaBoe BEKTOPHOE NPOCTPAHCTBO CTAHO-
BHUTCS JIEBbIM BEKTOPHBIM NPOCTPAHCTBOM. Ecau ke Tejio K HeKoM-
MYTaTHBHO, TO MpaBble H JIeBble BEKTOPHEIE NIPOCTPAHCTBA HEOGXOLUMO
pasJ/inyaThb.

Bmecro X (ab) uam (xa)b Me Gysem nHcaTh xab. Hysesoit sie-
ment rpynmsl I, kak u Tena K, Gyzer oGosHauaThcs uepes 0.

IlpuMepamu BEKTOPHBIX MPOCTPAHCTB MOTYT CIYXKHTH BCEBO3MOK-
HBIE 110/, COJepKauue AaHHoe noje K, a B Gosee ofiueli curya-
LA — BCEBO3MOXKHBIE KOJIbIA R, cojepxamue jaHHoe Teno K, mpu-
ueM TaKHM O0OPasoM, UTO eIHHHUHBIH 371eMeHT u3 K fBJseTcs W egi-
HHYHBIM 3JEMEHTOM H3 R.
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M3 B2, kak o0bluHO, CJaefyeT, 4TO
K1+ Fx)a=xa+...+x0,
(x—y)a=xa—ya,
0-a=0.
PaBubim o6pasom, u3 B3 caenyer, uro
x(a;+4...Fa)=xa,+...+xa,,
X (a —b)=xa— xb,
x-0=0.

BexTopuoe mpoctpaHcTBO I HA3BLIBACTCH KOHEUHOMEDHOIM WIIH,
KOPOTKO,—KOHeuHoim  Haj K, ecau cymecTByeT KOHEUHOe YHCJIO

NOPOXKJAIOIIUX 3/JeMEHTOB €y,..., €, 4epPe3 KOTOpble MOKHO BbIDa-
3HTb C IOMOMIBI0 KO3QduuuentoB a* us K 060k siement uz M 1)
x =) ek, (1)

Ecau opuH 43 NOPOXKAAIOUINX 3JEMEHTOB €, BbIPAXKAeTcs yepes
oCTaJIbHBIE €;, TO KaK IIOpOXKIAIOUIMH 3JeMeHT mpoctpaHcTBa I oH
SIBASIETCS JIUIIHHM. BbluepkHeM ero M3 psja €y, ..., €, H OyIeM Tax
NPOJOJIKAThL A0 TEX IIOP, MOKA Hesb3si GyaeT BbHIOPOCHTb HH OJHOTO
U3 TOPOXKAAIOIHX 3/JIEMEHTOB €;; B De3yJabTare OCTaHyTC 71 6asuc-
Holx sekmopos (Wnn 6asuc) Py, ..., Pn, U3 KOTOPHIX HH OJUH HeJb3S
JIMHEHHO BBHIPA3UTh Yepe3 OcTajbHble. Takhe BEKTOPHl, CPeAH KOTO-
pbIX HU OAMH HeJb3s JMHEHHO BbIPA3HTb Uepe3 OCTa/bHblE, Hasbl-
BAIOTCS AUHELIHO He308UCUMbIMU.

Ecau py, ..., P, — NHHEHHO HE3aBHCHUMBIE BEKTOPHI, TO U3
Pt par=0 )
¢ HeoOXOJUMOCTBIO CJEAYIOT PaBeHCTBa
al=0,...,a"=0.

JIeficTBUTENIBHO, €CH XOTs Gbl OfMH M3 3J]eMEHTOB a' bl OTJIH-
yeH OT HyJsl, TO M3 (2) MOXHO Obl0 Obl BLIPA3UTh BEKTOP p; uYepes
OCTaJIbHblE BEKTOPHI.

Ecau py, ..., P, cocTaBasioT Ga3uc BEKTOPHOroO npoctpadctea i,
TO KaXIbll BEKTOP X OOHOSHAYHO BbIpaXKaeTcsl uepe3 OGa3HCHBLIE
BEKTOPHI P, C IOMOLIbI0 Ko3(hduiuenTos x* u3 K:

X = ppxt. ©3)

1) Crneays DiHmTefidy, Mbl IPHMEM COIJIAllleHHE O TOM, YTO B TEODHH BEKTOp-
HBIX H TEH3ODHBIX MPOCTPAHCTB K03(UIMEeHTH ak GylyT HaJesiaThCs BepPXHHMH HH-
IeKcaMH — 3TO MO PsAAy NPHUMH mesecooGpa3nee. [IpH TakoM cornalleHHH CyMMu-
POBaHUs BeAyTCsS MO HHAEKCAM, KOTOPbleé B PACCMATPUBAEMOM BbIPAXKEHHH ONHMH pa3
YUACTBYIOT CBEPXY M OJHH Pa3 — CHHS3Y.
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HeficTBuTeNIBHO, ecau Obl CYLIECTBOBAJO BTOPOE BbIpaMeHHe A/is
TOTO 2Ke CaMoro BeKTopa X:

x:Zpkykv (4)

TO, BbluMTas (4) u3 (3), Mbl MNOJAYYMIH Obl HEKOTODPYIO JIMHEHHYIO
" aBHCHMOCTD

2Pk (xk—yk) =0,

rae Bce pasHOCTH x*—y* nOmxHbI Obliu  Gbl PABHSTBLCS HYJIO;
nosToMy y* o0si3aTebHO paBHO x* 151 Kaporo k.

C nomoupio (3) KaxAOMy BEKTODY X eIHHCTBEHHHIM 06pa3oM
conocrasJsercs psji KoagguuueHTos x1, ..., x" u3 K, KoTophle Ha3blBa-
0T Koopdunamamu BeKTopa X B Gasuce py, ..., p,. O6paTHO, KaxK-
noMy HaGopy u3 1 Ko3(DdHIHEHTOB x* ¢ nomouibio (3) OJHO3HAUYHBIM
obpasoM conocrasJsercsi BekTop X. CiefoBatesbHO, NPH (GUKCHPO-
BaHHOM 6a3uce HMeeT MeCTO B3aHMHO OJHO3HAUHOE COOTBETCTBHE

X (., xm). (5)

,H.Ba BeKTOpa MOXKHO CJIOXKHTBb, CKJaabiBag HUX KOOpﬂ,HHaTbII
X+y =Y puxt+ D Pyt = 3 pu(x* + 1),

BEKTOP YMHOXKaeTCAd Ha a, KOrjia BCe €ro KOOpPJHHATHI YMHOXKA0TCAa

HA a;
xXa = (Zpkxk> a=>p,(x*a).

Yucsio n 6a3uCHBIX BEKTOPOB HA3LIBACTCH PASHOMEPHOCIIbIO BEKTOP-
Horo npocrpancrtBa M. B crienyiomem naparpade ™Mbl yBHAMM, YTO
pasMepHOCTb He 3aBHCHT OT BhIGopa Gaswca.

BexkTopHOe NpOCTPaHCTBO pa3MepHOCTH f1, KOTOpPOE MOXET cay-
XHTb MOJEJBIO JIIOGOTO BEKTOPHOTO TNPOCTPAHCTBA 3TOH pasMepHO-
CTH, TOJyyaeTcsi cjleAylolkM obpasoM. B kauectBe eexkmopa x
GepeTcsi IOCTENOBATENbHOCTE H3 1 371eMEHTOB x%, ..., x" tema K.
Cymmolf JByX BEKTOPOB X H ¥ SIBJASIETCS [0C/JI€J0BATeNbHOCTD
(x'+y ..., x"4y"). BexTop X yMHOKAeTCsi Ha CKalAsip a NyTeM
YMHOKEeHUSI Ha @ KaXKAOTO U3 3/7eMeHTOB x*. Onpele/eHHble TakHM
Croco6OM CJIOKEHHEe H YMHOXKEHHE Ha a YJIOBJETBOPSAIOT BCEM YCJIO-
BHSIM, C MOMOUIbIO KOTODBIX BBOAHMTCS IONATHE BEKTOPHOrO Mpo-
crpaHcTBa. Bekrtopnl

e,=(0,...,0,1,0,..., 0) (I crour Ha k-m Mmecre),

KOTOPEIX BCEro £, COCTABASIOT 6asuC, NO1OMy 4YTO KaX[Ibli BeKTOp
X =(x, ..., x") JONyCKaeT O00HO3HA4HOe NPEICTaBJIEHHE B Buie

X = Z ekxk.
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Takum 06pa3oMm, Halia MOJEJb BeKTOPHOIO MPOCTPAHCTBA JAEHACTBH-
TEJbHO HMEeT Da3MepHOCTh .

M3 coorsercreust () c/lefyeT npeasoxeHHe:

Kancdoz sexmoproe npocmpancmeo pasmeprocmy n Had K uso-
MOPPHO MOOEAbHOMY NPOCMPAHCMGY, COCMOAuEMY U3 NOCAe008a mels-
wocmett (xt, ..., x").

3afava Ecim B oaHoM H TOM Ke BeKTOPHOM NOCTPAHCTBE MEPEHTH OT
6a3uca Py, ..., Py K HEKOTOPOMY HOBOMY GasHCy ey, ... ,e, H BbIDA3HTb cTapeie Hasuc-
HBbie BEKTODH pj Uepe3 HOBble ¢; C MOMOLibIO KoaPpuunenTon p,i:

Pk———*ZeiPi,

TO HOBHI€ KOODAMHATHl ‘X! BekTopa X OyAyT BuIpaaTbCsl 4epe3 craphie Tak:
Tyl = Z pj, Xk,
§ 20. WuBapHaHTHOCTH pPa3MEPHOCTH

Mbl  HamepeHBl JOKas3aTb, 4YTO pa3MEPHOCTb BEKTOPHOro Mpo-
crpanctBa MM, T. €. YHC/IO 3/1€MEHTOB [POH3BOJBHOrO Gasuca, He
3aBUCHT OT camoro 6asuca.

BekTop y Ha3bIBAETCS AUHEUHO 3Q8UCUMbIM OT BEKTODOB Xy, ...
vevs Xm (2R Tenom K), ecin

y=xwa+.. . +x,a", N
uJu, 4YTO TO XKe camoe, €CJU BbBINIOJHEHO JUHeHHoe COOTHOlleHHe
yo+x0r . X0 =0 2

¢ b==0. B 4acTHOCTH, BEKTOD Y HA3LIBAETCS 3aABUCUMbIM OM NYCMo20
MHOJMcecmea eekmopos, ecan 3y =0.

B cBA3H ¢ nMoHsATHEM JIMHEHHOH 3aBHCHMOCTH CYLIECTBYET MHOTO
TeOopeM, KOTOpbIe MBI pasjie/nsaeM Ha <«OCHOBHBLIE» H Ha «CJEACTBHA».
OcHOBHbIE TEOpeMbl BBIBOAATCSH HEMOCPEACTBEHHO H3  onpefeleHHA
storo noHATHs. ClefcTBHS Ke, HAIlPOTHB, YCTAaHABJIMBAIOTCA Yepe3
OCHOBHBEIE TeopeMbl 06e3 [OBTOPHOTO HCNOJAb30BAaHHA ONpejeseHNs,
T. e. 6e3 ofpalleHUss K CMbICIY TePMHHA «1HHeHHAasi 3aBHCHMOCTDY.
Takoe mosoxKeilne jes OKa3bBAeTCS MOJE3HEIM B CBA3UW ¢ OfHAH M3
NOCJIeAYIOIWUX IJIaB, NMOCBAIIEHHOH MOHATHIO «anreGpanyeckoll 3aBH-
CHMOCTH», IJsi KOTOPOTO HMMEIOT MECTO Te XKE caMble OCHOBHLIE Teo-
peMBl U TOITOMY Te K€ camble CJIECTBHS.

Byrner mocratouno tpex ocHoBHblX TeopeM. IlepBas siBsisiercs coBep-
IIEHHO €CTECTBEHHOMH:

OcHoBuas Teopema. . Koxdoui sexmop X; AuHelno 3asu-
CUM OM BEKIMOPO8 X1, ..., Xy,

OcuoBuas Teopema 2. Ecau gekmop Yy AuUHEHO 308ucum Om
Xy oo Xy HO HE OML K1y o oy Koy, MO Ky AUREURO 308UCUM OM X1, ...
veis X1y Ve
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IHokaszateabcTBo. B paBeHcrBe (2) obsasateabHo b™ =0,
TaK KaK WHade y Obla Obl 3aBHCHMBIM YXKe€ OT Xi,..., Xp-1-

Ocuosnas reopema 3. Ecau 2 auneiino 3asucum om Y, ...
v ¥n U ecau Kaoobil 6eKMOP Y; AUHEUHO 3asuCUM OM X1, ..., Xm,
MO 6EKMOP 2 ANUHELHO 3a8UCUM OM Xi, ..., Xp.

Hokasareanrcrso. U3 z=2yka" " yk=2x,-bf, crenyer,
4To .
2:2(inb;:\'(lk=2xib;gak:2xi (2 b}l;ak>.
R\ i / i k

N3 ocnoBHbIX Tcopem 1 m 3 monyuaercs
CnepncrBue 1. Ecau eexkmop 2 auneldno 3asucum om 3,

oy Y, MO 2 AUHEHO 3a8ucCUM U OM KasicOoll cucmemol {Xy, ..., Xm),
colepaicawgels cucmemy {¥i, ..., Ya}-

YacTHeI cayyall TakKoH CHTyalHH HMeeT MeCTO Toria, Korja
Vi ---, Y COBNAZAIOT C TOYHOCTLIO /IO MOpPSAKA CJENOBAaHHS C BeK-
TOpamMu Xy, ..., Xm. lakum o6pa3oM, [OHATHE JHHEHHOH 3aBUCH-
MOCTH HE€ 3aBHCHT OT TOPSiAKA CAEJOBAHHSA Xi, ..., X

Onpenenienune. Jaemenmol Xy, ..., X, HA3bIGAIOMCA AUHELHO

HE3ABUCUMBIMU, €CAl HU OOUH U3 HUX He A8ASEMCA AUHEUHO 3Q8UCUMIM
om OCMAAbHbIX.

ITousitue JsiMHeHHOM HE3aBHCUMOCTH HE CBS3aHO C TMOPSIIKOM CJie-
JIOBAHHS BEKTOPOB Xy, ..., X,. 11yCTOe MHOXKECTBO HOJUKHO, KOHEUHO,
CUHTATbCA JHHEHHO He3aBHCHMbIM. OJIHH-€IHHCTBEHHBIH BEKTOD X
AUHEUHO He3asucum, €CNU OH He ABJAETCS 3aBHCHMBIM OT NYCTOTO
MHOXECTBA BEKTOPOB, T. €. e€cJH X = 0.

CaencrBue 2. Ecau xy, ..., Xn.q AUHEUHO He3as8ucuMbL,
a Xy ..., Xn1, Xp MAKOSLIMU HE ABAAIOMCA, MO X, AUHEIHO 306UCUM
om Xy ..., Xn 1.

HokaszateanbcTBO. OnUH H3 3JMEMEHTOB Xy, ..., X,1, X,
JOMIKEH OBITh JIMHEHHO 3aBHCHUMBIM OT OCTaJIbHBIX. Ecam 3THM 3ge-
MEHTOM SBJISIETCS X,, TO BCE JOKasaHo. Eciu ke WM BJISETCS HE X,

a, CKaxeM, X,—;, TO X,.; JIHHEHHO 3aBUCHM OT Xj, ..., Xp.9 Xn,
1O He OT Xy, ..., Xn o CJENOBaTeJbHO (OCHOBHaf Teopema 2), 3Jje-
MEHT X, JIHHEHHO 3aBHCHM OT Xy, ..., Xu 90 Xn 1

Cnencreue 3. Kandaa KOHeunas cucmema 6eKmopos Xy, ..., Xp
codeparcuum  (B03MONCHO, NYCMYIO) AUHEUHO He3asucumyro nodcucmemy,
om xomopou ece x; (i=1, ..., n) aureldno 3aucumol.

JlokasarteabcTBO. Halizem B JaHHOH cHCTEME 10 BO3MOXK-
HOCTH OO/BIIYIO TIOACHCTEMY M3 JIHHEHHO HE3aBUCHMBIX BEKTOpPOB.
Kaxzeli cogepxauufics B 3TOH NOACHCTEME BEKTOp X; JHHEHHO 3a-
BHCHM OT 3TOH CHUCTEMBI B CHJIy OCHOBHOH Teopembl 1, Kak H Kax-
bl He cozjeprKalluiics B STOH CHCTeMe BEeKTOD X; B CHJY CJel-
CTBUA 2.

Onpenenenne. [ee KOHeuHoie cucmemvl Xy, ..., X, U Yy,
ey Vs Hasvieaomes  (AUREUHO) IKBUBAACHMHbIMU, €CAU KaxcOoili Y
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AUREHO 3a8UCUM OM Xy, ..., Xr @ KaXHO6LE X; AUNELHO 3a6uCUM OmM
Vis ooor Vsu

Onpepesienyie 3KBHBAJIEHTHOCTH IO CAMOMY CBOEMY IOCTPOEHHIO
CHMMETDHYHO, B CHJY OCHOBHOH Teopemsl | pedaekcusno, a B cujay
OCHOBHO} TeopeMbl 3 TpaH3HTHBHO. LEcjad HeKOTopbil 3/eMeHT 2
JIMHEHHO 3aBHCHM OT OJHOHM M3 JBYX 5KBUBA&JEHTHBIX CHCTEM, TO CO-
IJIaCHO OCHOBHOH Teopeme 3 OH 3aBHCHUT W OT apyro# cucremsl. Co-
[VIaCHO CJIEACTBHIO 3 KaK]asi KOHeuyHasi CHCTeMa SKBHBAJEHTHA HEKOTO-
pOH JHHEHHO 1e3aBHCHMON INOJCHCTEME.

Cnenyromass Teopema o 3awmene npuHagnexut [lred-
HHALY:

Cnencreue 4. Ecau gekmopbt ¥y, ..., Y5 MHEUHO HE3Q8UCUMOL
U KaiHOoul Y, AUHEUHO BbIPAJNCAEICA uepe3 6eKmopol Xy, ..., X, MO
8 cucmeme 6eKMOPO8 X; Cywiecmsyen noocucmema {x, oo x,s} 8 mou-

HOCMU U3 S B6EKMOP08 MAKAS, HIMO ee MOJCHO 3AMEHUMb HQ CHUCMeMY
gekmopos {¥y, .... Y} U noaywennas maxk u3 {Xy ..., X,} Hosas
cucmema Oydem  3KBUGAACHMHQ UCXOOHOL —cucmeme {Xy, ..., X,}.
B wacmuocmu, 06s3ameivHo s<<r.

HoxasarteabcrBo. [das s=0 yrsepxieHne TPHUBHAIBHO:
B 3TOM ClydYae HET BEKTOPOB ¥; U HEuero 3avMeHsThb. [IycTh, TakuM
o6pa3oM, YTBepKAeHHe BepHO 111 {yi, ..., Vs i} U TYCTb MOJICH-
cTemMy {xﬁ’ RO fo} MOXHO 3aMEHHTb Ha {Yy, ..., Ys—}. [Ipn 310N

3aMeHE BO3HUMKAeT cuctema {yg, ..., Vs-1, X Xp ...}, IKBHBAJEHT-
Has CHcTeMe {Xy, ..., X,}. BeKTop y, JuHeHHO 3aBHCHM OT |{Xy,

..., X}, @ IOTOMY H OT 3KBHMBAJeHTHOH CHCTeMH {¥i, ..., Vs1, Xi
X, ...}. Takum ofpasoM, CyLIeCTBYeT HaHMEHBIIEE IO BKJ/IOUEHHIO
NOJIMHOXKECTBO B {V1, ..., VYs-1, X Xpp ...}, OT KOTOPOTO Y, JIHHEHHO
3aBHCHM. JTO HaUMEHbIIEE MOAMHOMKECTBO HE MOMKET COCTOSTh TOJBKO
M3 YNOMSHYTHIX BHILE y,, TaK Kak Y, H Y, JUHEHHO HE3aBHCHMBbI.
CrenoBarte/ibHO, HaWMEHbILEE MOIMHOMKECTBO {y,, ..., Xi| COACPKHT
110 KpaHHEH Mepe OIMH M3 BEKTOPOB Xp, KOTOPOH Mbl 06O3HAUMM
yepes X, . B cuny ocHOBHOW Teopembl 2 BekTOp Xp= X JHHEIHO

3aBHCHM OT CHCTEMbI, KOTOpasi nojyuaercss M3 {y,, ..., X} 3ameHoH
X, Ha y,; TO3TOMY 3TOT BEKTOp JMHEHHO 3aBUCHM H OT GoJibluei
CHCTEMBI, COJEp2Kalllell NMOCTPOEHHYI, KOTopasi mnoaydaercs u3 {yy, ...

oy Yso1r Xpy, Xy, ...} 3aMeHOH X, y,. IlycTb 3Ta cucrema umeer
BHA {¥1, ...y Y5 1» ¥s» Xy ...}. OHa 3KBHBasNeHTHa cucreme |y,

oy Vs 10 Xy X5, ...}, TaK KaK X, JUHEHHO 3aBHCHT OT TiepBoil CH-
CTeMbl, a Y,—OT BTOpPoH. TeM cambiM Mbl OCYLIECTBH/HU €lle OfMH
llar B HanpaB/eHHH 3aMEHBl: HOBas CHCTeMa {yy, ..., Vi1, Vo
X, ...} 5KBHUBAJEHTHA CHCTEME {¥, ..., Vs, Xp» X, ...}, @ IOTOMY
H HCXOAHOH cHcTeMe {Xq, ..., X,}.

CaencrBue 5. [6e IKSUSAACHMHbIC AUHEIHO HE3ABUCUMbIE CU-
cmemol {Xy, ..., X} u {y1, ..., Y5} cocmosm u3z 00uHaK08020 Koau-
4eCmea 8eKmopos.
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HokxasarenncrtBo. B cuiy clecTBusi 4 uMEIOT MecTo Hepa-
BEHCTBA S<Ir U r<CS.

W3 crnenctBua 5 HeMejpsieHHO mosiydaeTcsi, 4YTO fBa JIOGLIX Ga-
suca {xy, ..., X,} U {¥y;, ..., Y5} BekTOopHOrO mnpocrpancrea M co-
CTOSIT W3 OJ[HOrO I TOTO K€ KOJIHYEeCTBa 3/JeMeHTOB. TakuMm o6pasom,
PasMEpHOCTh BEKTOPHOrO rnpocrpancTea MM He 3aBHCHT OT BhiGopa
6asnca. PasMepHOCTb HA3BIBAIOT TAKKe AUHELIHBIM PAHeOM UTW paH-
eom mpoctpancTea M Hag teom K.

Ecau i umeer pasmeprocts r Han K, To M3 TcopeMbl 0 3amene
CJAENYET, YTO Cpenu JKObX r--1 anementoB mpocrpanctBa IN ecThb
X0Tsl Obl ONMH, JHMECHHO 3aBHCHMBIH OT BCeX OCTalbHLIX. Takum 06-
pasoM, MOXKHO OMpemeNHTh pPasMEPHOCTb KaK MAaKCHMaJbHOE UYHCJIO
JIMHEHHO He3aBHCHMBbIX 3jemeHToB u3 M. Otciona:

Jlunedtoe nodnpocmpancmeo N npocmparemea M (m. e. nodso-
Jyas, 6 KOMOPOM  COXPAHAEMCS YMHONCeHue Ha saemenms u3z K)
lumeem pasMepHoCmb, He O60abulyio, 4em PA3MEPHOCL 60e20  Nnpo-
cmpancmea M.

Ecmu p,, ..., p, cocraBastor Gasue gia M, a e, ..., e,—
Gasuc a1st N, 1O MO TeopeMe O 3aMEHe MOXKHO BMECTO {py, ..., p,}
TMOCTPOUTb APYTYIO 3SKBUBAJICHTHYIO CHCTEMY, B KOTOPOH MepBHIMH §
jieMeHTaMu  6yayT ey, ..., e, OcrasbHbie p; MOXKHO OGO3HAYUTH
yepes €y, ..., €, Tak noJy4yuTcs HOBas CHCTEMA M3 IOPOXKAAIO-
ILHX 3/JEeMEHTOB:

{el’ oy By €si1y vy er}-

OHa BHOBb JMHEAHO HE3aBMCHMA, TAK KAK HHAue PasMEPHOCTD TPO-
crpancrBa MM okasanach Obl MeHblie 7. Takum oGpasoM:

Jloboil 6asuc aunelinozo nodnpocmpancmea N pasmepHocmu s
MoxcHo Oonoanums o Gasuca ecezo npocmparcmea MM Hexomopoimu
BEKMOPAMU €454y, ..., €.

3apaua l. OCwuHEE KOMIJIEKCHBIe YHCIa d-bi o6pasyloT IBYMepHOE BeK-
TOPHOE NMPOCTPAHCTBO HAJ [OJIEM BEILECTBEHHBIX UHCe.

Bagaua 2. HenpepeiBubie BemlecTBeHHble GYHKIHH f(x) Ha HHTepBaje
Oscx=<1 ofpasyloT BeKTOpPHOE NPOCTPAHCTBO HAJ M0JeM BeLIECTBEHHHX YHceT,
PaHr KOTOPOro GecKOHeueH.

§ 21. HsoiicTBeHHOe BEKTOpPHOE MPOCTPAHCTBO

[Tycte M — HekoTOpOE 71-MEPHOE BEKTOPHOE NPOCTPAHCTBO HAL
resoM K. Jluneinoil gopmoii na M HaswiBaercs onpejeseHHas Ha M
yukuus f co sHauenusmu f(x) B Tene K, sBasiowascs auneiHotl
B CJIELYIOLIEM CMBbIC/IE:

H(x +y) =f(x)+f(y), (1)
f(xa) = f(x)a. 2
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Ecin  BexkTOpnl X BbHIpa3uTb 4Yepe3 7 Ga3HCHBIX BEKTOPOB
P ooy Pul
X=pyx*+ ... +p.x°,

to u3 (1) u (2) nmosmyuynTCsi paBeHCTBO
fE)=FP)x'+...4[(Pn) 8" =ux* +. . A uax", 6)

rie w;=f(p;). Takum obpasom, JuHefiHas ¢opma f(X)— 310 TpO-
CTO OJHOpOAHAs JHHeAHas (YHKUHA KoopauHAT xi, ..., x" c KO3~
duUMenTaM 4y, ..., U, U3 K. KoabduiuenTs! uy, ..., U, MOKHO BEIOH-
patb M3 K IIpOH3BOJILHO: C TIOMOLIbIO paBeHCTBA (3) MO HUM BCerjaa
MOKHO OMNpeJeJIMTh HEeKOTOPYIo JInHefiHyIo dopmy f(x) co croiicTBamy
0 u (2).

Cymma apyx JnHelHBIX (OpDM  fBJSETCS, OUEBHJHO, JUHEHHOH
dopmoli. Touno Tax »xe JMo6yio JuHEHAHYIO GOpMY f(X) MOKHO YMHO-
XKaThb CJeBa HA TIPOH3BOJbHBIA CKaldp @ U NOJYYHTb MPH 3TOM
BHOBb JuHeliHYyio ¢opMy af (x).

PaccMoTpuM Tenlepb JHHeHHbBe POPMH f, g, ... KAK HOBbIE OOBEKTHI,
KOTOpBle OyJIeM HasbiBaTh Kosekmopamu u o6o3Hauyatb OYKBaMH ¥, U, ...
Bmecro f(x) Mbl OyneM mHcaTb #-X M HasbiBaTh 3TO BhIpaxeHHe
CKAAAPHBIM npouséederuem KOBEKTOpa u Ha BeKTop X. [IpaBumsia one-
PHPOBAHHS CO CKa/APHBIM NPOHM3BEJASHHEM TAKOBbL

u-(x+y)=u-x+u-y,
u-xa=(u-x)a,

w+v).x=u-x+v-x,
an-x=a(u-Xx).

KoBeKTOpbl MOXKHO YMHOXKaTh CJ€Ba Ha 3JeMeHTH 4, b, ... oc-
HOBHOrO Tena K; ciefoBaTesbHO, OHH COCTaBJSIOT HEKOTOpOE JIeBoe
BekTOpHOe npocTpancTBo. OHO Has3bIBaeTCs npocmpancmeom D, 060i-
CIMEEeHHOMY seKmopHomy npocmparcmsy IN. Ecan 3agan Gasuc py,

.., P, npoctpaHcTBa M, TO B cuay (3) KaKIOMY KOBEKTOPY & CO-
OTBETCTBYET HEKOTOphIH HaGop u3 7 KOIPDHUHUEHTOB Uy, ..., #,. O6-

paTHO, Ka)JIOMYy TakoMy Habopy U4y, ...,H4, COOTBETCTBYeT OJHH-
€[HHCTBEHHBIH KOBEKTOP #, KOTOpPbIH ONpele/isieTcsi paBeHCTBOM
WX =t xt ... u,xt 4)

Kosthduuuentsl uy, ..., U, Ha3bBAOTCA K0OpJuHamami KOBEKTOpa U.
JIBa KOBEKTOpa ¥ M O CKJAJBIBAIOTCH, KOrJa CKJAAJLIBAIOTCA HX KO-
opauHaTH 1; W U;. KOBeKTOp # yMHOXKaerTcs Ha @, KOTjJia YMHOXKa-
I0TCA Ha @ cJeBa Bce ero KoopjauHaTel. CnenoBaTtesbHO, JBOACTBEHHOE
npocTpaHcTBO T, Kak JeBoe BEKTOPHOE IPOCTPAHCTBO, H30MOPGhHO
JICBOMY MOJEJbHOMY IPOCTPAHCTBY HaGopoB (i, ...,U,), a 3T0 O3Ha-
yaer, 4yto © u M uMEIOT OAMHAKOBbIE pasMepHOCTH. B ciyuae kom-
MyTaTI/I]l;HOFO tena K mnpocrpaHcTBo D Jaxe H30MOp(HO mpocTpaH-
ctey M.
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Kosekrops
g=0, ..., 1,0, ..., 0) (1 Ha i-M MmecTe)
coctaBasiorT corsacHo § 19 6asuc B ©. C momoLLbio paBeHCTB
(=1, ec i=k
i i ] ’
p=05 ,
7 Pe k(: 0, ecan i;&k) ©)

3ToT GasWc WHBAPUAHTHO CBA3aH ¢ 6a3suCOM Py, ..., P, IPOCTPAHCTBA
9. Basucwk npocrpancts MM u D, cBA3aHHbe paBeHcTBaMH (5), Ha-
sbiBatoTCsl Ogoilcmeennvimu (Opye Opyey). Koopauratbl NpOH3BONLHOTO
KOBeKTOpa # B 6a3uce ¢, ..., " —3T0 B TOYHOCTH ONpE]CJEHHLIE
paHblle Uy, ..., Up.

CkansipHoe npoussegeHne (4) npu (QuUKCHPOBAHHOM # Olpeneasier
JUHEHHYIO ¢opMy OT X, a IpH (QUKCHPOBAHHOM X — JIMHEHHYIO (OpMY
or u. Kaxpjas sunefiHas ¢opmMa Ha © MoxeT ObITH NOJYYeHa TaKHM
crnoco6oM u 1ostomy I — NpOCTPAHCTBO, ABOHCTBEHHOE NpPOCTpPaH-
crBy D.

§ 22. JluHeliHble ypaBHEHHS! HAJ TeJOM

B KkauecrBe NOJArOTOBKH K BONPOCY O pELIEHHH CHCTEMBbI JHHEH-
HBIX YDaBHEHHH Mbl DacCMOTPUM JHHeHHoe MoAmpocTpaHcTso (6 pas-
MepHOCTH r B JABoiicTBeHHOM npoctpaHerse ©. Cornacno § 20 npous-
BOJIBHBIE Gasuc qt, ..., @ moanpoctpancTBa ( MOXKHO NOMOJTHHTE JIO
Hekoroporo G6asuca ¢!, ..., g* npocrpanctea ©. Coraacro § 21
B HCXOJHOM BEKTOPHOM NDOCTPAHCTBE CYIIECTBYET 0asuc py, ..., P,
JABOACTBEHHBIH Gasucy ¢, ..., @7, mortomy uyro M sBASETCS JBOMH-
CTBEHHBIM NPOCTPaHCTBY D.

Bynem tenepb HcKaTh TakHe BEKTOPHl X MpocTpaHcTBa IN, cka-
JIIPHOE IIPOM3BEJeHHe KOTOPLIX CO BCeMH KOBeKTopamH u# u3 €
PaBHO HYJIO:

u-x=0 s Bcex n=G. )]

JIist 3TOre JOCTaTOYHO, YTOOB! BHIMOIHSJINCE 7 JTHHEHHBIX PaBeHCTB!

¢ -x=0 (=1 ..., ). 2)

Ecau x BBEIDAa3HTb 4Yepes 6a3uCcHbIE BEKTODBI Pi ...y Pn U TNIPHHATH

BO BHUMauue cooTHomeHns (5) u3 § 21, To ;erko mnokasats, 4To (2)
3KBHBAJICHTHO YCJIOBHIO

=0, ..., »=0. (3)
CJleoBaTeNbHO, HCKOMBIE BEKTOPHl X HMEIOT BHJ
X=Pra¥ o Pax

roe x'*Y, ..., X" —TmpousBoJbHbie KO3UUMeHTH. B mpocrpaHcTBe
I 3TH BEKTOpPHl COCTABJSIOT HEKOTOPOE JIMHEHHOE MOANPOCTPaHCTBO
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N pasmepHocTH n—r. OHO mopoxiaercs Oa3hCHBIMM BEKTOPaMH
pr+1» crty pn-

O6GpaTHO, PaccMOTPUM MOANPOCTPAHCTBO N Kak 3agaHHOE C Camoro
Hayasa u OyneM HCKaTb Te KOBEKTOPbl ¥, KOTOpble HMEIOT HYJeBOe
CKaJsipHOe TIPOM3BeJeHHEe CO BCeMH BEKTOpamMu u3 ; B 3TOM ciyuae
NIOAYYHTCA B TOYHOCTH MPOCTpaHcTBO KoBeKTopoB €. Mbl nmosyduiu
T peLJIOKEeHHe:

Cyuecrneyem 63aumno 00HOZHAUHOE coomeemcmetie mescdy noonpocm-
parcmeanmy & pazmeprocmu r npocmpancmsa D u nodnpocmparcmeanu
N pasmeprocmu n—r ¢ M, onpedeasiemoe credyouum obpasom: N co-
CIOUm u3 GeKmopos, KOmopole UMeOm HyAesoe CKAASPHOe npousgederue
co scemu Kogexmopamu u3 ¢, a € cocmoum us Kosexmopos, Komopele
uMetom Hyaeeoe cKarsproe npoussederue co ecemu eexmopamu uz NY).

TlepeifineM Tenepb K Teopuu JHHeHHbIX ypasHenuil. IlycTtb cHa-
ya/ja 3ajaHbl § 00HOPOOH6LX JIHHEHHbIX ypaBHEHUH C 1 HEH3BECTHLIMH
XYoo, X

Za;kx”=0 (l=1, ceny S). (4)

Mpl paccvarpuBaeM x, ..., X" Kak KOODJHHAThl HEKOTOPOIO BEK-
topa X mnpoctpaHctBa M. C yyeroM 3TOro 0GCTOATE/NbCTBA ypaBHe-
HUs1 (4) MOXKHO Mepernucarb B BHJE

a;-x=0, )]

rje @;— KOBEKTOp C KOOpAMHATAMH &, ..., @, CCJH OJUH H3 KO-
BEKTOPOB @; JHMHEHHO 3aBHCHM OT OCTaJIbHEIX, TO COOTBETCTBYIOLLEE
ypaBHEHYUEe MOXHO ONYCTHTb. B KOHIle KOHLIOB NOJYYHTCS CHCTEMA
U3 r He3aBUCHMBIX ypaBHeHUH (D). JIMHeHHO He3aBHCUMblE KOBEKTOPbI
a; TOPOXKJAI0T B JBOHCTBEHHOM MPOCTPAHCTBE © HEKOTOPOE r-MepHOoe
nognpocrpadcTo €. B Takom cayuae pewienus cucremel (4) cocras-
JSIIOT B TOYHOCTH OPTOTOHAJbHOE €My TMOANpOCTpaHcTBO N B 1mpo-
crpancree M.

Uucsio 7 He3aBHUCUMBIX ypaBHeHHH (D) H/M HE3aBUCHMbBIX KOBEK-
TOPOB @; HA3bIBAETCSl paHeoM CUCTeMbl ypaBHeHHH. TaxuMm oGpason,
MIMEET MECTO Teopema:

Pewenua x O0OHOPOOHOU cucmemo. AUHEUHbIX YpasHeHUl pawea r
cocmasasiom 8 MM nexkomopoe (n — r)-meproe nodnpocmparcmeo N, m. e.
cyuecmeyem N —r AUHEHO He3asucumolx pewenuti yn, ..y,
Om KOMOPbIX AUHELHO 3QBUCAM 808 PEUEHUS CHCMEMDL.

Uto6b! MOJNYyYUTh peIleHUst ypaBHeHHH (4) a(QeKTHBHO, NpHMe-
HSIIOT H3BECTHLIH METOJ n0CAe008AMEAbHO0 UCKAIOHEHUS, KOTOPBIH TpU-
BOAUT K LEJIH H B C/lyyae HEOQHOPOIHBIX YpaBHEHHH

Dagxk=c¢, (i=1, ..., 9). (6)

1) Huxe noanpocrpauctBa € u I aBTop HAa3LIBAeT OPTOrOHAbHLIMH. —
[pum. nepes.
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Ecnu B KakoM-u60 ypaBHEHHH Bce KO3D(HUMEHTH paBHbEl HYJO, TO
aubo ¢; =0 W ypaBHEHHe NPOTHBOPEYHBO, JHG0 ¢; =0 u ypaBHEHHe
MOXHO ONMYyCTHTh. ECaH e OZHO H3 HeH3BECTHBIX X* B KaKOM-/u60
ypaBHEHHH HMEeT HeHYJeBOH KO3(hGhUIHEHT, TO ero MOXKHO H3 3TOro
YPaBHEHHsI EbIPA3NTh uYepe3 IpouHe HEH3BECTHbIC H MOACTABUTL BO
Bce ocCTajbHble ypaBHeHHs1. Ilpono/kas Takum obpasoM, Mbi 100
NPHAEM K [POTHBOPEUHIO I10C/IE HECKOJBKHX ILaros, JH60 HEKOTOpLiE
U3 HEHM3BECTHBIX, CKaeM, X1, ..., X7, BbIPA3uUM 4epe3 OCTaJbHHIE,
npyueM ocTajbHBle ¥+l ..., %" MOryT TNOTOM YyKe BhiGHpATbCsi 11pO-
H3BOJIBHO.

Ecaun jgaHHas cucreMa ypaBHeHuil ogHopogHa (Bce ¢;=0), To y
Hee o6s3atesbHO ecTb Hyaesoe pewerue (0, ..., 0). Hpyrue (xerpu-
BHAJbHbiE) PEeLICHHsl CYIIECTBYIOT B TOUYHOCTH TOTJa, KOrJA PaHr CHC-
TEMbl MEHBHIE 1.

3agaua 1. Cacrema (6) pas/ioxXuMa B TOYHOCTH TOrjJad, KOrja Kaxkjas JHHEH-
Hasi 3aBHCHMOCTb MeXAy JIHHEHHBIMH ¢opMaMHM @; HMeeT MeCTo M AJd ¢;, T. €.
TOorja, KOrxa

3 Y blag=0 caenyer Y, bic;=0.

3agaya 2. CucreMa M3 n OAHOPOAHBIX JIHHEHHBIX YDABHEHHH C N HEHM3BECT-
HbIMH MMEET HETPHBHMAJIbHOE pelleHHe JHUIb TOTAA, KOT&a JHHEeHHbe GOpMbl &y, ... , Ay,
JIHHE/HO 3aBHCUMEI, T. €. KOrjla HMeeT HeTpHBHAJbHOe peweHnue (Y1, ..., Y") «TpaHc-
MOHMPOBAHHAS CHCTEMA YPaBHEHHI»:

> yiaje=0.
§ 23. Jluneiinbie npeoGpa3oBaHHs

IMycte M u N — BekTOpHBIE NpOCTPAHCTBA. JIuHelinoe npeobpa-
306an1@ — 910 oToOpaxenue A uz M B N co crenyomumy CcpoH-

CTBaMH:

Ax+y)=Ax+ Ay, (1)
A (xc) =(Ax)c. 2

M3 (1), kak Bcerna, c/iefyer, 4ro
A(x—y)=Ax— Ay, 3)
Axi+...+x)=A4Ax+ ... + Ax,. 4
Ecau npocrpancTBo I nMeeT KOHEYHYIO PasMEPHOCTb fMm M BeK-
TOpH Py, ..., Pm COCTABJSIOT B HeM 6asuC, TO 3HauYeHHE JIHUHEHHOTO

npeo6pasoBaHusi A Ha NMPOM3BOJBHOM BEKTODE X NOJHOCTBIO ONpene-
JSieTCSl ero 3HaueHHWsIMH Ha GasHCHBIX BekTopax. JleHAcTBHTENbHO,
nycThb

X=px1+ ... + P x"™
Torpa B cuty (4) u (2)
y=Ax=(Ap)x' + ... +(Apn) x™ ()
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Ecim M TakKe uMeeT KOHEYHYIO Pa3MEPHOCThb 71, TO B (5) MOXKHO
c/1eBa M crnpaBa BeKTOpbl Y W Ap, Bbpa3uTh yepe3 Ga3uUCHbIE BeK-

TOpH gy, ..., g, TIpocTpaHcTBa N:
y=23 q, (6)
Api =3 qiai. (7)
M3 (5) npu cpaBHeHuH KO3pOHIHEHTOB MOJTydYaeTCs
yi= D aix* 8)

CrejosatesibHo, JnHeliHoe npeoGpasoBanye A onpejensercs He-
KOTOpOH mampuyeti A, T. e. IPSAMOYTroJbHOH TaGmuliel, B KOTOpPOH
B CIelHaJbHOM MOpSAJKe 3alHCaHbl mn 3J1eMeHTOB a. Teaa K:

1 1 1
al 02 am
A=l v,
n n n
al a2 ‘oo am
Ecin 6asucel py, ..., Pm YU G4, ..., g, UKCUDOBAHBE, TO Kak-

7loe JuHeliHoe npeo6pasoBaHue A ORHO3HAYHLIM 06pa3OM OMNpenessieT
HekoTopyio matpuny A, n HaoGopor. BepxHuil uHuekc i siBAfeTCS
HOMepOM CMpOKu, a HUKHBIH HHEEKC B — Homepom cmoabiya, Ha mepe-
CeyeHHH KOTOPbIX B MaTpuue CTOHT 3siemeHT a. Corsacko (7) ane-
MEHTHl k-T0 CTOJIOLA — 3TO KOOPAWHATH BeKTopa Ap.

Ecnn, xpome mnpeo6pasoBaHusi A, 3amgaHo BTopoe Ipeobpa3oBa-
Hie B, oto6paxarolliee BeKTOPHOE MPOCTPAHCTBO N B BEKTOPHOE IpO-
cTpaHcTBO R pa3MepHOCTH 7:

zh = Z bth iv (9)

TO Mbl NOJIYUHM JIMHe{HOoe mpeo6pasoBaHue C = BA, ortoGpaxaloilee
M B R B cormacuu co cneay}omeﬁ dbopmy Joii:

= Y bl = Y i, (10)
a8 COOTBETCTBYIOULEH MmaTpuuel OyneT MaTpuua
C=BA, (1

3/1EMEHTH KOTOPOH TAKOBBI:

= bla. (12)

dopwmyna (12) onpenensier ymuoncenue mampuy. Matpuust B u A
MOJKHO MEPEMHOXHTb H TOJY4uTb mnpoussenenue BA jumb Toria,
Korza B MaTtpHue B CTOMBKO ke CTOJIGLOB, CKOJLKO B MaTpuie A
CTpoK. JjemeHT c! npoussesenus matpun BA nomyuaercs mo dop-

MyJsie (12), B KOTOpOIi a/eMeHTHl Ai-ff CTPOKH MaTpuubl B yMHOXKaOTCA
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Ha 3J1eMeHTHl k-ro crosbua MaTpHibl A ¥ MOJIYUEHHBIE NMPOU3BEJEH Hsl
CKJIa/IbIBAIOTCS.

Pasymeercs, A/ yMHOXMEHHS MaTpPHll, KaK H /5 YMHOXKeHHS
npeo6pasoBaHill, BBHIIONHSETCS 3QKON QCCOYUAMUGHOCMIU:

D (BA) = (DB) A.

Mo sroii npuuure numyr npocto DBA. Touno Tak ke mocry-
NaT B 3alucH Npou3BejeHHst Gojiee, ueM TpeX COMHOKHTEseH.

KaxjaoMy BeKTOpy X ¢ KOOpAMHATaMH X* MOXKHO NOCTaBHTb B CO-
OTBETCTBHM MATPHLLY U3 OJHOTO cTONGUA:

STa MaTpHuUa ONpejessieT BEKTOD X =Y ppx* ONHO3HAUHO, KaK
TOJBKO (PUKCHPOBaHBl 0a3uCHbiE BEKTOPHl fy, ..., Pn. PaBenctso (8),
onpejiensiioliee npeoGpasoBaHue, Tenepb MOXHO 3alHCATh KaK MArt-
PHYHOE DPaBEHCTBO:

Y=AX.

Ecan M u N uMeEOT 0JHHAKOBLIE PasMEPHOCTH, To A sBasercs
KBajipaTHOH MaTpuue#i. B wuwactHocTH, JHHeliHble IpeoGpa3oBauus
BEKTOPHOTO mpoctpaHcTBa MM B ceOs 3amaloTcsl KBaapaTHBIMH MaTpH-
LaMH.

[lox paneom sunedinoro mnpeobpasosanusi A NOHMUMaeTcs pasMmep-
HocTb o6pasa AM!, TakxKe ABJAIOLIErOCA BEKTOPHBIM IPOCTPAHCTBOM,
T. €. MakCHMaJbHOe YHCJIO JIHHEHHO He3aBHCHMbIX BEKTOPOB CPejH
o6pasos  Ax. [llog cmoabyosein parneom MaTpuupl A moHHMaercs
YHCAO JIMHEHHO He3aBHCHMBIX CTo6HOB. Econ A — matpuua saunefi-
Horo npeoGpaszoBanus A, To cTojiOUbl B A — 3T0 BeKTOpul Apy, ...
.. AP, U MBI ¥MeeM I[pepJIOKeHile:

Pane npeobpasogarus A pasen cmoabuyosomy paney mampuyor A.

Ecan paHr paBed pasMepHOCTH m npoctpaHcTBa M, To otobpa-
Kenne A sBJseTCS B3aMMHO OJHO3HA4HbIM. Ecsu, Kpome Toro, pas-
MEepHOCTb NpOCTpaHcTBa N paBHA PasMEPHOCTH NpocTpaHcTBa M, TO
npoctpaHcTBo-06pas AM pasrHo N, U B 3TOM CJydae HAJHIO B3aUMHO
OjJHO3HauHoe JHHeHHoe oToGpaxenne A npocTpancrsa I Ha npo-
ctpanctBo M. Takoe npeoGpasoBanue A HaselBaeTCst HeocoObiM; TeM
e TepMHHOM XapakTepusyercs H marpuna A — weocobas. Takum
oGpa3oM, KBajpaTHasi MaTpuua siBAsieTC oco0OH JuUib TOrjaa, Korja
€e CTOJIGLOBHIA paHr MeHbllie 1.

SIBnAifice B3aMMHO OJHO3HAYHBIM, Heocoboe JHHelHoe mpeofpaszo-
Banne A obgagaer ofpameHueMm, T. e. mnpeoGpasoBanuem A1,
IeACTBYIOWMM oOpaTHBIM TIO OTHOLIEHHIO K A crnocoGoM H, cieloBa-
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TEJIbHO, YAOBJETBOPSIOIIUM PaBEHCTBY
Al1A=] (13)
rae I— moxdecmeennoe npeobpaszosanie WIH moscOecmneo, KOTOpoe

nepeBoANT Kaxabll BekTOp X B ce6s. Marpuua 3toro npeoGpasoba-
HUSl eOuHu4HAsA:

10...0
1=01...0‘
00..1

Ecau ocyilecTBUTh cHauaja npeoGpasoBanne A-!, a 3arem —
npeo6GpasoBanne A, TO TOYHO TAK Ke TOJYUUTCH TOXKIECTBO

AA =1 (14)

PapenictBa (13) u (14) MoxHO 3anucaTh W KaK MaTpUYHbE pa-
BEHCTBA:

A 1A=AA1 =L (15)

Uro6bl BbuHCAUTE Matpuiy A-! 3bdeKTHBHO, HYXKHO pelHThb
CHCTEMY YpaBHeHHH (8) OTHOCHTE/NBbHO HEH3BECTHHIX X MpPH H3BECT-

HBIX 4'; JIydIle BCETO BOCMOJ/Bb30BATHCS METOJIOM TOC/EN0BATENLHOIO
ucktouenns (§ 22). B xauecTBe pelleHHsl moJydaercs

= 3 by (16)

Marpuia B=Hb’; | fAB/IsieTcs KaK pa3 HCKOMOH obpammoil mampu-
yeit AL

BoisicHiM Tenepb, Kak MeHsieTcss MaTpuua A npeoGpasoBanus A,
Korja B mnpoctpaHctBax M u N BBojsiTcst HOBhle Gasucel. Craphie

0a3ucel 000O3HA4aJUCh 4Yepe3 Py, ..., Pp U §y,..., {n; HOBBEE 000-
3Ha4yuM uepes pi, ..., P, U q), ..., q,. Hore OGasuce BhIpa-
KAWTCS UYepes CTaphle Tak:
’ 3 ;
pi=pf} (17)
’ kR
q;= 918} (18)

Kosppuuuentsr fI u gk obpasyior Heocobbie Matpunsl F u G. Tlyers

obpatHas K G Martpuua G-! ofosnauena uepes H. C momolbio 31O
Matpuusl H =]k} | MokHO paspemuTb paBencTBa (18) OTHOCHTENBHO @4

qr= >, qih. 19)

Marpuna A noaywaercs B coorBerctBuu C (7), Korna Ap; Bobipa-
KAIOTCS yepe3 ¢y

Ap, = q:a]. (20)



94 BEKTOPHBIE W TEH30PHBIE [TPOCTPAHCTBA 711V

Uro6bl MONYYHTh HOBYIO MarpHily, BbIpasuM Api uepes qr:
Ap.=Y\(Ap) [i = X quatfl = X qifiaif.

CrnepoBaTe/qbHO, HOBasl Marpuna TaxKoBa:

A'=HAF =G-'AF. (21)
B uactoM cayuae M =N, F=G nonyuaercs
A" =F1AF. (22)

3agaua I. Heocobbe suHefinbie npeofpa3oBanis BEKTOPHOTO NpOCTPAHCT-
ga M B ce6s1 06pasylOT rpyNNy OTHOCHTEJIBHO YMHOXEHHS.

3anava 2. Ecin jnsl ABYX JIMHENHBIX Tpeo6pa3oBaHuil MpPOCTPAHCTBA m
B mpocTpaHcTBo M ONpejetuTh CYMAY A -+ B paBeHCTBOM

(A+B) x= Ax+Bx,

1o A--B BHOBb GyleT JHHEHHBIM npeoGpasosanreM. Ero Marpulla aB/sieTCs cymmoti
matpuln A B B, T. e. €e 3JeVMeHThl TaKOBhHI:

L i
ck—-ak—{—bk.

TpancnoHupoBanHoe npeoGpasoBaHue A!, Kaxpomy npeoGpasoBa-
puto A mpocTpaHcTsa MU B MPOCTPAHCTBO N cootBeTCTBYET Mpeod-
pasoanne A, KoTopoe oTOGpaNKaer 1BoficTBeHHOe npocTpaHcTBo N?
B NBOHCTBEHHOE INPOCTPAHCTBO M4, JleHcTBUTENBHO, €CIH U — (QUKCH-
pOBaHHbIH KOBEKTOD H3 NY u x—nepemenHui Bektop M3 M, TO
cKaJsipHOe TPoH3BeJieHHe

v-Ax

ABJISieTcs JMHeiHOH Gopyofl Mo X, T. €. CKaNsfpHLIM MPOH3BEICHUEM
BEKTOpa X C HEKOTOPHIM KOBEKTOPOM K:

v-Ax=u-Xx. (23)

ATOT KOBEKTOpP «, OUEBHIHO, nuneiino csszas ¢ ©. Crnexoa-
TeJbHO, MOMHO MOJIOXKHTD
u= A, (24)
H MOJYYHTH PaBeHc1BO
v-Ax=A"- x. (25)

Onpenenentoe B (25) nmpeoGpasopatiie Af HasuIBaeTCS MPAHCHOHU-
POBQHHbIM TIO OTHOLIEHHIO K
Papenctso (23), nepemucaHHoe B KOOPAIHATAX, BBIMVIALHT Tak:

D vaxt = D uxk

Orcona cjenyer, 410
1
Up = E [ery

Matpuusble 3/1eMeHTH npeobpasoBalius A! apasioTcsl, TaKHUM 06-
pasoM, 3/eMEHTaMH @, HO Tenepb k o3HayaeT HOMep CTPOKH, a [ —
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Homep croabua. Tak moJsyyaeMyio MaTpully HasblBalOT MPAHCHLOKUPO-
ganHol N o6o3Hayaior uepes A’

3anaua 3. Panr npeobpasoanns A’ pasen panry mpeoGpasoBanus A.

3anaua 4. Panr npeoGpasoBanust A’ paBeH TakkKe CTPOUEUHOMY PaHTy Mar-
pHubl A, T. e. yMCay JHHEHHO HE3aBHCHMBIX CTPOK. IIpH 3TOM CTpPOXHM paccMaTpH-
BAJOTCSl KaK 3JEMEHThl HEKOTOPOTro JIEBOrO BEKTOPHOrO NPOCTPAHCTBA, @ CTOJNGLBI —
KaK 3JeMEHTHl MPaBOro BEKTOPHOTO NPOCTPAHCTBA.

3anaua 5. M3 3agau 3 u 4 ciegyer, 4TO CTPOUEHHBIH PaHr Marpuisl A
paBeH ee CTOJGLOBOMY paHry.

§ 24. Tensopni

[Mycrs M — HEKOTOpOE n-MepHOE BEKTOPHOE MPOCTPAHCTBO H

P1, ..., Pn—ero Gasuc Han nmoJsem K. Bekropw mpocrpanctsa IN
NPeACTaBJIAIOTCS, CJEA0Bal1ebHO, B BHJE
1
X =pxt+.. . Fp.xt H

Paccmorpum  6uauneidnoe gopmor f(x, y) co 3Hauenusivu B K,
T. €. QYHKUHH OT IBYX BEKTOPOB X, ¥ CO CJAELYIOUIHMH CBOHCTBAMH:

f(x+y’ 2) =f(x, z)+f(y» 2‘), (2)
fx, y+2)=[(x, )+ (x, 2) (3)
[(xa, y)=F(x, y)a, )
Bunuueitnas ¢opma f(x, y) okaseBaeTca 3ajaHHOH, Kak TOJbKO
3a/laHbl 3HAUEHHS

tie=1(Di, Pr)- (6)

IleficTBHTE/IBHO, B 3TOM CJaydae
For, ) =F(2px, D pey®)= 3 tuxiyh, (7)

rl€ CyMMHpOBaHHe BejeTCs 1Mo BceM i U R or 1 10 n. DaeMeHTH fj,
HasblBaloTCs  Koopdunamamu OunnHeiliHolt ¢opMbt f. Bribepem i,
B OCHOBHOM noJje K 1pousBo/bHO; TOoraa ¢opma, onpejiesenHas
¢ nomoupio (7), ofs3atenbHO obaagaer cBoficrBamu (2) — (5). Caeno-
BaTeAbHO, CYUIECTBYET B3aHMHO OAHO3HAUHOE COOTBETCTBHE MEXIY
GuaunefinpiMH GopmaMu U cucTeMaMH U3 n? UX KOOpAMHAT [ .

[Tono6Ho paccmorpennwim B § 21 suneiinnim dopMam Gunuueli-
libie (OPMBI MOXKHO CKJ/aJblBaTb H YMHOXaTh HA KOHCTAHTH H3 K.
Bununeitnbie Qopmbl COCTaB/ASIOT BEKTOPHOE MPOCTPAHCTBO pasMep-
HOCTH 1% DneMeHTb 3TOro BEKTOPHONO MPOCTPAHCTBA HA3BIBAIOTCA
TaKXKe MEN30pamu, a TOUHER, — KOBAPUAHMHbIMU O8YXBANCHIMHbIMU MEH-
3opamu. Mel o60o3HayaeM 3TH TEH30pHl uepe3 ¢ U BMecTo f(X, y)
nuitem f- xy. Coraacho (7) B sTOM cayuae

toxy =D tux'yt



96 BEKTOPHBIE I TEH3OPHBIE MPOCTPAHCTBA [TJI. 1V

[Ipu xejaHHH pasie/HTeJbHYIO TOUKY MOXKHO OTGPOCHTH H [H-
carb IpocTo fXy.

AHaJIOTHYHO MOXKHO BBECTH B PAcCMOTPEHHS noAuAuHeltole Gop-
MbL WJIH KOBAPUAHMHK ble MEH30pbL TIPOH3BOJIBHON BaJEHTHOCTH:

f(x, 9,2 ..)=t-xy2 ...,

npuyem 3TH GOpMbl JHHEHHB KaK MO X, Tak H 1O ¥, 2, ... Hx kosd-
(HIIMEHTEl TAKOBLI:

tiks.. =[(Pi, Pry P1y - )=t DiDrD; ...

t-xyz ...=f(x, ¥, 2, ..)= b Xyt .

JBoiicTBeHHBIM 0Gpa3oM CTPOATCA KOHMPABAPUAHMHKbLE MEeH30pbL,
T. e. noauJuHeHHble GOpPMbl, apryMeHThl KOTOPHIX SIBJISIOTCS KOBeK-
TOpaMH #, v, ...; HanpuMep,

t-uow = g(u, 2, W) = Z tik’uivkwl.

KoBapHaHTHbIE OJHOBA/EHTHbE TEH30Dbl—3TO B TOYHOCTH KOBEK-
TOPHl, a KOH1paBapHaHTHble OJ|HOBAJECHTHbIE TEH30Dbl B3aHMHO OJIHO-
3HAYHO COOTBETCTBYIOT BEKTOpaM X mpocTpaHcta M

tu=u x=)> xu.

[To 51Ol mpHuKHHEe KOBEKTOpPHl H BEKTOPbl HAa3bIBAKT TaKkke, Cle.
Ays DBHILTEAHY, KOBAPUAHMHbLMI U KOHMPACAPUAHIMHbIMU BEKMOPAMU,
Hakonen, MOXHO paccMaTpHBaTh cmeiianrbie mensoper t. OHM oI
pEJNEISIOTCS Yepe3 MOJH/IHHEHHbIe (OpMbl, apryMeHTbl KOTOPBIX fIBJISA-
IOTCsl BEKTOPAMH M KOBEKTOPAMH B NIPOHM3BOJIbHOM UYHC/E; HanpuMep,

toux=f(u, x)=>tux.
3apaua 1. [Ipou3BOIBbHBLH JBYXBAJICHTHBI TEH30p CHMMETPHUEH [0 X H Y
t-xy=t-yx
TOrZi@ # TOJbKO TOTJA, KOTZia CHMMETPHYHb €ro KOOPAHHATBHI:
tip=="tpi-
3agaua 2. CMelwanHble IBYXBaJEHTHEE TEH30DH @ C KOODAUHATaMu a), B3a-

MMHO OJHO3HAUHO COINOCTABJSIOTCS JIMHEHHbIM npeodpasoanusM A mpocTpancrsa M
B cefs ¢ MATPHUHBIMEM SJEMEHTaMH a,. B cmiy paBeHcTBa

a-ux=u-Ax

conocTaB/eHue WHBADHAHTHO, T. €. He 3dBHCHT OT KOODJAHHATHOH CHCTEMEI.
3anaua 3. KoBapHaHTHBIA TEH30pP g C KOODAMHATAMH g;; ONMPEAEAET HCKO-
TOpoe JHEHHOe mnpeoGpasoBaHue X —> ¥ mnpoctpancTBa N B ABOHCTBEHHOC eMy
npocrpancteo M? no popmy.re
u-z=g-2x

=) gix "

U
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Ecau npeo6pazoBanne HEOCO60E, TO €ro MOKHO OODATHTh:
xh= 3 ghly.
Toraa npousBejeHHe MaTPHI | g;x || 4 || g#!| siBistleTcst elMHUYHOR MaTpHued:

Y gingh!=5;.

§ 25. AHTHCHMMeTpHUECKHE NOJHIKHEHHble (OPMBbI
H onpepesuTe M ’

[Tyctb K —mnose u M — HEKOTOPOe n-MepPHOE BEKTOPHOE IIpo-
cTpaHcTBo Hag K ¢ 6asucoMm Py, ..., Da-

Bununeiinas dopma f(x, y)= D)t x'y* HasbiBaeTca asvmepHi-
POBAHHON HJIA  QHMUCUMMEMPUIECKOl, eClIM Ui BCEX X H Y HUMEIoT

MeCTO paBeHCTBa
f(x, ¥)+7(y, x)=0, (1)
f(x, x)=0. 2)

CrofictBo (1) ABAfeTCS CcleicTBHEM CBOHCTBa (2), mMOTOMy 4To H3 (2)
cJeayer, 4To

f(x+y, x+y)=[(x, x)+F(x, y)+{(y, %)+[(y, =0,
u B cuny (2)
fx, »)+F(y, x)=
Ecnu npnvenuts (1) u (2) x 6a3uCHBIM BEKTOpaM, TO MOJYYHTCS, YTO
tint+ =0, (3)
t;=0. 4)

O6patno, (1) 1 (2) crenytor u3 (3) u (4). B camom nene, nocra-
Touno JokKasaTb (2). Vmeem

Fle, x)= tyxixt = D tuxix’ 4 3 (in+tw) x'x* =0.

i<k

[Toaununefinaa d¢opma F(x, y, 2, ...) Ha3bBaeTCaA QHMUCUM-
Memputeckori, ecqd OHa AHTHCHUMMETpHYecKas DO Jo6oH mape CBOHX
aprymenToB. [asa 3Toro pnocraTtouHo, uto6el F (X, ...) ofpamanach
B HyJb BCSIKHH pas, KOr'la JIBA apryMeHTa OKa3blBalOTCSi PaBHBIMH.
st KOOpAMHAT fyj... 3TO O3HAYaeT, 4TO OHM OGPAAOTCH B HY/lhb,
KaK TOJbKO OKAa3biBAIOTC pPaBHbIMH JBa HHAEKCA, W MEHAIOT 3HAK,
Korja /Ba HHJEKCA MEHSIIOTCH MeCTaMU:

t.i..i=0,
bLjk=—10b k...

PaccMoTpuM yacTHBI C/yyall aHTHCHMMETPUYECKOR MOJH/IHHEN-
HOI opMbl OT 1 apryMeHTOB Ha n-MepHOM mpoctpascree I, Ee



98 BEKTOPHBIE M TEH3OPHBIE MPOCTPAHCTBA [T 1v

KOODLHHATHI f; =~ HMEIOT 7 MHIEKCOB, KaX/biil H3 KOTOPbIX H3MEH ATCs
or 1 go n. Ecau gBa HHEKca OKasbiBalOTCH PaBHbIMH, TO f;. =0.
[TosToMy HYKHO paccMaTpHBaTb JHIIb Te f;;  , HHIEKCH KOTOPBIX
noJiyyalotcsi nepecranoBkofi uucea 1, 2, ..., n. Ilosoxum

t12 n=4a.

M3 mnoc/eoBaTeqbHOCTH HHAEKCOB 1, 2, ..., 7 MOXKHO NOJNYYHTDH
MoByio APYryio, Noc/eioBaTe/ b0 OCYIECTBIsAS MPaHcnosuyuio (T. €.
nepeMeny Mec1amu) IBYX HHJeKcoB. JleHCTBUTENLHO, C MOMOLLbIO
TAKMX TPANCHO3HLKEA MOXKHO CHayaja IIOCTABHTh Ha XKeJaeMoe MecTo
uHaeKe 1, 3ateM uugeke 2 W T. a. [lpn Kaxoll TpaHCHO3HUNH KO3(-
dunuent f;. ymHokaercs na — 1. Uernoe uncnio TpaHcnosuunit (ik)
L3aeT B KayeCcTBe NPOW3BEJIEHHA YeTHYIO I[IOJCTAHOBKY, a HEyeTHoe
UHCJIO TPAHCIO3MIHHA — HEUeTHYIO NOACTaHOBKY. Cle/loBaTesIbHO, €C/IU

7l — NOJCTAaHOBKA, KoTopas nepesoaut 12 ... n B ijk ..., TO
a, €CJH T yeTHas
Lije .= ’ ’ 6))
—qa, ecJM T HeyeTHas.

EcaH, B 4acTHOCTH, BwOpaTe a=1, To noaydurcs creuuduye-
cKas TOJHJ/HHefHasi aHTHCHMMeTpHuyeckasa (QyHKLHA

D(x, y, ..)=D Fxlyzk .. (6)

Cpeau npounx nonusmHeiiHelx Qopm 3Ta QopMa BbACASETCH TeM,

yTo ee 3HAYeHHe Ha GasHCHBIX BEKTOPAX pPi, ..., Pn OKa3bBAETCS
paBHLIM €JHMHHILE:

D(py, ..., Pa)=1. (7)

Vs (5) caenyer, uTo Kaxjas AaHTHCHMMETPHYECKAsh IOJHJ/HHEH-
Has ¢dopma paBHa aD:

F =aD, (8)
Wi, Tak Kak F(py ..., Pn)=0a, TO
Fx,y, ..)=F@y ..., p)D(x, ¥, ..)). )

TeMm cambiM Mbl TOJYYHJH CJAEIYIOYI0 OCHOBHYIO Teopemy:

Cyuwecmsyem eOUHCMBEHHAA QHMUCUMMEMPUYECKAS NOAUAUHEIHAS
gopma D, komopas Ha 603UCHbLX 6eKMOPax Py, ..., Pn NpuHuUMGem
arauenue, pasHoe edunuye. Kawdas anmucummempuieckas noausuret-
nas gopma F noayuaemes uz D ymuoxenuem Ha

a::F(pl’ vy pn)

dopma D(x, y, ...) HasbiBaerca onpedeaumenem f BEKTOPOB
X, ¥, ... OTHOCHTeNbHO 6asuca py, ..., Pn-

Ecaun B xauectse I BeiGpaTth onucanHoe B § 19 mozesnbHoe Bek-
TOpHOE MPOCTPAHCTBO, 3/EMEHTaMH KOTOPOro CJYXaT MOC/e10BaTe b
noeta (x%, ..., x%), T0 B W ecrecTBeHHbIM 00pa3oM OKaxueTcs Bblie-
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JelHbIM 6a3nuc

e,=(0, ..., 1,0, ..., 0). (10)
KoopjMHataMy INPOH3BOJMBHOTO BekTOopa (X!, ..., X") OTHOCHTEJBHO
storo Gasuca Oyayr Kak pas x!, ..., x*. CienoBaTenbHO, ONpee/H-

teab D okaseiBaeTca ¢yHKUMel 71 moc/efoBaTesbHOCTeH, KOTOphie
MOKHO PachoJ/ioKHTh B BHJE CTOJOLOB MaTpHIbl B:

a g

B: )C.2 y2 ] (11)

e e e

xn yn

CorjlacHO cKa3aHHOMY Bbillle 3Ta GyHKUHMA D moJHOCTBIO ompeje-
JIfeTcsl TpeMsl CBOACTBAMH:

1) D nunefina no xaxjomy crojibuy Matpuus B;

2) D paBHa HYyJIO, €CJH Ba CTOJ0LA OJHHAKOBHI,

3) D paBHa eIMHHIE, €CAH B KayecTBe CTOJOLOB B3siTh GasHCHBIE
pektophr (10).

O6biyno onpegenutens D 0603HAYalOT Tak:

D = 2oy ___Zixiyjzk (12)

OcnoBHoe cBoficTBO onpesesutens D 3akiaoueHo B meopeme 06
yruHOodeRul onpedeaumeneti. Mbl monyuum ee Ge3 Tpyna, ecaH mOpH-
MEHHM K BEKTOpaM X, 3, ... uHefiHoe npeoOpasoBanue A W NOCTPOHM
dopmy

D (Ax, Ay, ..).

Ona BHOBb OyjeT NOMUJIMHEHHOH Y OKaXKeTCs pPABHOH HYJIO, ecJH
JBa BEKTOpa W3 HHCJAA X, ¥, ...OYAYyT ofHHaKoBLIMI. C/eloBaTeNbHO,
MBI MOJKEM INPHMEHMTb OCHOBHYID Teopemy, T. e. dopmynay (9), u
NOJYUHTD

D (Ax, Ay, ..)=D(Ap,y, ..., Ap,)D(x, ¥, ..). (13)

Bextop Ap, uMeeT KOOpAHHATH @, @k, ... Ilostomy (13) moxuo
3amucaTh W TakK:

NMaix Mayt... af ay...| |st oyt
Mad Mawi. T a} a2 g (14)

P I s e e

B sToM 11 cocTout meopema 06 ymroscernuu onpedesumeneti. Eciu
lepeobosHaunTh 3/1EMEHTHl MATpHLLl B depes b, To Teopemy 06
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YMHO>KE€HHH MOXKHO 3anucaTtb H Tak:

Ip¢ 1,0 11 1 gl

E a;b, E ab, ... a; a,... by by
2,0 2,0 =1l,2 2 2 g2

E agb, E azb;... a; ag...|'|by b3...

uan  eme Kopoue, ecau uepes Det(A4) o6o3naunTb onpenesnTesb

MaTpuIb A,
Det (AB) = Det (4) Det (B). (15)

B uacTHOCTH, ecaH B KauecTBe A B3sTb /MOOYI0 HEOCOOYIO MATPHLLY,

a B KauecTBe B —ee o6partnylo, To neBas yacTb B (15) Oyzer paBHa l,
H MBI TOJYUHM

Det (A) Det (A-1) =1. (16)

Orciofa CJIefyeT, 4TO ompejetuTe]b HeocoGoi MaTpuim A He
paBen HYJIO.
dopmysa (13) MoxeT ObiTh TaKke INepenucaHa CJAeLylolnM 06-
pasom:
D(Ax, Ay, ..)=Det(4)D(x, ¥, ..).

Ecan 06e yacTH YMHOXKHTb Ha TIPOH3BOJIBHBIN 3JeMeHT ¢ u3 noas K,
TO TIOJIYUHTCS
c¢D(Ax, Ay, ..)=Det(A)cD(x, y, ..),
HIH
F(Ax, Ay, ..)=Det(A)F(x, y ..),

rie F —npousBosibHast aJbTeDHHPOBaHHAs TMOJMJHHEHHas dopma.
Anement Det (A) sgasemces, caedosamenrbHo, MHONCUMEAEM, HA KOMO-
poul HyscHo ymHodcume Gopmy F(x, y, ..), 4mobbr noayuume
F(Ax, Ay, ..). Otciona caenyer, uto Det(A) 3aBucutr T0aBKO OT
npeobpasoBaiua A, a He OT MaTpHLBI A, BbLIUHC/JEHHOH B JaHHOM
Gasuce py, ..., Pn. Cl€NOBaTEJIbHO, Mbl MOXEM rOBOPHTL 00 ornpede-
aumene Det (A) auneiinozo npeobpasosarus A, He obpaimias BHHMaHIsS
Ha 3ajaHHbIA Gasuc. DTOT ompenesauTesib BCETAd PaBeH OIPENLANHTENIO
maTpuubl A, Kakum 6bi HH Gbl1 BLIOpaHHBIA Oa3uc:

Det (A) = Det (A). (17)

3apgaua 1. Ecig crTon6ubl MaTpulibl JHHEHHO 3aBHCHMEI, TO ONpPEACIHTCIDb
paBser HyJIO.

3anaua 2. Onpejenutesdb JHHEHHOrO npeoGpasoBanns A paBeH HyJ/li0 Torja
U ToJbKO Torja, Koria A ocoboe.

3angaua 3. Cucrema n JIMHEHHBIX YPaBHEHHH C # HEH3BECTHHIMH

ik i
Zakx =
paspenirMa MpH JOGIX ¢f TOrAa H TOJIBKO TOTAA, KO ONPEAETHTe b MaTpHilbl h a, ||

OT/HYEH OT HYyJA.
3agaua 4. CucreMa n JHHEHHBIX OJHODOXHBIX YD&BHEHHH C 71 HEH3BECTHHIMM

Za,‘;xk =0
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06:1a/1a€T HEHYJICBLIM pelLIeHieM TOrJa M TOJbKO TOrjJa, Korha OnpefelInTe/b PaBeH
HYyMO.

TpaHcnoHHposanne. PaccmoTpum onpejesinTesb
xox2 L. oxn
Felt ¢ oo yr|= Y g2

rjie cymma crpaBa MOCTPOeHa TakMM 00pas3oM, 4YTO BEKTOPH X, ¥, ...
B Ipolecce CYMMHPOBAHHS OKa3biBAlOTCS MEPecTaBJeHHBIMH BCEBO3-
MOXKHBIMH criocoGamu. @yukuusi F sBJIsieTcss aJbTePHHPOBAHHOH H
Ha Ga3HCHbIX BEKTOpax €;, ..., €, €e 3HAaUeHME DaBHO eLHHHLE.
Cnejoatenbno, F —onpenenutens D (x, y, ...). Otciona:

Onpedeaumenrs mpancnoruposantotli mampuypr A' pasen onpedeu-
menio mampuyst A:

Det (A7) = Det (A). (18)
3anpaua 5. JlokaszaTb, uTO
(-x) (2-y) ...
(-%x) (¥ ..|=D@ v .) Dy ..)
3angaua 6. TIlpousBonbHass  albTePHHPOBAHHAA  NOJHJAHHeHHas  dopma
F(x, ¥, ...) or Gonee ueM n BEKTOPOB X, ¥, ... H3 A-MEPHOTO BEKTOPHOro mpo-
CTPAaHCTBA PaBHA HYJI0 TOXKAECTBEHHO.
3anava 7. Ecium u3 cka/lapHbIX NPOH3BEACHHHA #-X, ... n--1 KoBekTo-
poB &4, v, ... Ha n--1 BEKTOPOB X, ¥, ... BEKTOPHOTrO NPOCTPAHCTBA Pa3MEPHOCTH 1

COCTaBHTb OnpefenuTe]b u3 n-+1 cTpok u n--1 cToJ6LUOB, TO 3TOT HOCHACLHHHA
OyAeT paBeH HYJIO.
3anaua 81). JlokasaTb, 4TO

f g'=Det (A)- Det (B), (19)

rie A, B—xBajparHble KJIeTKH.

3anaya 91). Munopom k-ro mopsiika onpenenuress (12) Ha3biBaeTcs ompege-
JIMTeJb MaTPHUbl H3 3/€MEHTOB, PACMOJIOKEHHbIX Ha IepeceYeHHH BblAEJIHHBIX
k cTpok u k croauos Matpuubl B (cM. (11)). JlokasaTh ciefyioee npaBuJO «pas-

JIOXKEHHS OINpeJesuTesIsT IO CTPOKe»: MNyCcTh blt, oo, b} —i-7 cTpora matpuun B,

Btl, ..., B —muHOpH (n—1)-r0 mopsgka ee ompefeauTeNs, npuiem Bl —onpeze-

JUTeb MaTPHUBI, moJydaeMofi H3 B BLIYGDKHBaHHeM (-i CTPOKH H j-rO CTOJGLA;
Torza

n
Det (B)= ) (— 1)'*/ bB], (20
f=1
(Tak kak ¢ynxkuus Det Jnuueiinas mo cTpokaM, TO

n D I R A

Det (B)= }10...0 &/ 0..0],
j=1

TAC CTPOKH, He BBITHCAHHEIE SIBHO, Te ke, YTO W B Matpule B. IlepecTaBuB CTPOKH
H CTOJGUb, MPHMEHHTb K CJlaraeMbiM 3agayy 8.)

1) Otux 3ajay HET B OPHTHHAJE; OHH A0GABJEHB MOTOMY, YTO aBIop HEQLHO-
KpaTHO noJb3yerca Huxke dopmysoli (20) u noHsTHeM MUHOpA, = IFpum, ped.
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§ 26. TeHzopHoe NpoHM3BeJeHHE, CBEPTKA M CJeEN

IMycte 9 — HEKOTOpPOE n-MEpPHOE BEKTOPHOE NPOCTPAHCTBO Hal
noneM K.

M3 1Byx BeKTOPOB X H Yy MOKHO CJleAYIOHM 06pa3oM MOCTPOHTDH
TEH30pHOe IIpOH3BejeHHe X ® y. Bo3bMeM jBa mMepeMEHHBIX KOBEK-
TOpa ¥ M ¥, KOTOpble He3aBHCHMO JpPYr OT Apyra npoberaior IBOW-
CTBEHHOE BEKTOPHOE IMpOCTpaHcTBO M, W MNOCTPOMM NPOH3BEIEeHHE

f(u, 0)=(u-x)(v-y).

OHo sBJsercsd OujHHeHHOH (OpMOH OT # U ¥ M MNO3TOMY ompeje-
JisieT HeKOTOpblH TeH30p t:

t-uv=u-x)(v-y). )]

DTOT TeH30p Mbl Ha3blBAaeM MeH30PHbIM npoussederuem t—= xRy,
dopmysoit (1) oH omnpenesed HHBapHaHTHO. B KoopiMHaTax HMeeM:

3 = (3 u') (3 o)

1k = xlyt, @)

H, CJAE€L0BAaTEJIbHO,

JlokaxeM Tenepb NpensoKEeHHE:

Kasmcdoe 6ununeiinoe omobpasicerue nap (X, y) 8 Kaxoe-aubo eex-
mopHoe npocmpancmeo N MOMKHO noayuume  credyrouum obpasom:
CHauaAQ HYNCHO u3 Kaxedoll napel (X, y) nocmpoums npouigedenue
t=xQYy, u samem AMUHCHHO omobpasume RpOCHPAHCINGO < dsyxea-
NEHMHbIX MeH30po8 8 npocmparcmeo N.

JoxasartenbcTBo. [IponsBonbHoe GunnHedHoe oToBparkeHue B
co 3HaueHHsIMH B(x, y) B mpocTpanctBe N MOxkHO, caenys § 24,
npejcTaBuTL (HopmyoH

B(x, y)= ) Sux'y", (3)
rae §;, — Bektophl u3 N. Onpenpesum JauHeliHoe oToGpaxeHue § u3
B N dopmy.oi

St = 2 S,‘ktki- (4)

B vacTHOCTH, €C/IM TNPHUMEHHTb 3TO OTOODa:KEHHE K TEH30PHOMY
TNPOU3BEJIEHNIO £ =X ® Y, TO B CHJY (2) MOJY4YUTCSH PaBEHCTBO

S(xQY)= Y sux'y"=B(x, ),

yeM M JOKasblBaercsi Tpebyemoe.

Ho6aBaneHnune. Juneinoe omobpascerue S onpedeasiemca 6uau-
Helinum omobpasceruem B (X, y) 00HO3HAUHO.

HoxkazarenbcTBo. [IponsBeserys Ga3HCHBIX BEKTOPOB P; Py
COCTaBJ/ISIIOT HEKOTOPHIH Gasuc B npoctpaHcTBe TeH3opoB K. Crepno-
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BaTe/IbHO, €CJIi H3BECTHbl 3HaueHus § (p;@pP), To npeobpasopanue S
OJHO3HAYHO OIIpeJIeJIeHO.

Crenyer elie 3ameTHTb, 4TO Teopema H joGaBJ/ieHuHe K Hel (op-
MyJHupyioTcsi Ge3 ofpallieHHsl K KOOpAuHaTaM. JIMIUb A5 JoKas3aTesbs
CTBA BBOJHMTCSI IPOU3BOJILHBIL 6asuc py, ..., Pa.

3anaua. ChopMmyaupoBaTh aHAJOTHYHYIO TEOPeMY /s MOJHJKHEHHOTO 0TO-
Gpaxenus S(x, ¥, 2, ...).

Camo cofoit pasymeercs, 4TO copMy/MpOBaHHAs Bhille Teopema
BBINOJIHSIETCS H TOTJA, KOrJA BEKTOPbl X H Y GepyTcsi M3 pas/H4HbIX
BEKTOPHBIX 1npocTpaHcTB. [lycte © — mpocTpancTBo, ABOHCTBEHHOE
npoctpancTBy IN. M3 mpoussoabHoro Bektopa x u3 M ¥ KOBEKTOpa K
13 © MOXHO MOCTPOMTb TEH3OPHOE HPOU3BELEHHE

t=xQu.
Ero KOOpJANHATB! TaKOBbI:
t;e = x’uk.
Paccmorpum Teneps Gnaunelinoe oto6paxenue B, kotopoe mape X,
[ COIOCTaB/AACT CKa/lsipHOE MPOU3BENEHHE X U =W - X:
B(x, u)=x-u.

B cuiy Teopembl n no6aBneHMs K HeH CYLIECTBYeT ORHO3HAYHO
Onpeje/IeHHOe JIHHEHHOe OTOOpaXKeHHe NPOCTPAaHCTBA TEH30poB <
B noJje K, ans KoToporo

SxQu)y=x-u. (%)

[TpuBenennbie Bblme Gopmyspl (3) U (4) AT HaM CPEACTBO BbIPA-
8HTb OObeKT St uepe3 KoopauHatel f, TeHsopa ¢, B Hawewm cayuae
dopnysa (3) BBINIAAUT Tak:

X-ou=> xu;
nostoMy opmyna (4) AOMKHA HMETh BHJ

—_ i
St= 3¢, (6)
Onepauns § naspiBaetcsi cgepmkod cMelwaHHoro Tensopa t. ITpu-
BEJEHHOE BbIILE JIOKA34aTE/bCTBO MOKA3bIBAET, YTO CBEPTKA SIBJSETCH
onepauueil, HHBaPHAHTHOMA OTHOCHTEJIBHO BbIGOPA KOOPAITHATHBIX CHCTEM.
CocraBun Temepb M3 KOMIOHEHT (i paccMaTpUBAeMOro Teu3opa

MaTpHILy
il
7=t
TOria pesyJ/bTaT CBePTKH OKa3blBaeTcsl CYyMMOH JHArOHAJ/bHBIX 3Jie-
Mel1oB, uan caedom marpuubl T

S(M=3 4 ™

Caen matpuupt T sBAAETCS, C/€10BATE/bHO, HEKOTOPbIM HHBa-
PHaHTOM TeH30pa f, HE 3aBHCSLIAM OT BhIGOPA KOOPAHHATHBIX CHCTEM.
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Cornacuo 3anaue 2 u3 § 24 rersopam ¢ ¢ KOOpAHHATAMH £, B3aHMHO
OJIHO3HAYHO CONOCTABJSIOTCS JHHeHHple npeoGpasoBaHusa T ¢ Marpuy-
HbIMU 3JjeMeHTaMu 1. ComocTaBjeHHe OCYUIeCTBASETCA HHBapHAHTHO
¢ nomoulplo GopMYyJIbl

t-ux=u-Tx.

Hrax,

Caed S(T)= Dt mampuyper T sgasemca uneapuarmom auHed-
Hoeo npeobpasosanus T.

DTy 1e0peMy MOXKHO TaKxKe JI0Kas3aTb HeNOCPeNCTBEeHHO, 0e3 uc-
[0/Ib30BAHHS TEH30PHOFO TPOU3BeNeHHs. [[eACTBUTENBHO, H3 onpene-
JeHus cjaena (7) HEMeJJICHHO CIefyeT, YTo

S (BA)=S (AB),
S (CAB) =S (ABC).
[onomum 3gech B=F u C=F 1, rpe F—nHeocobas MmaTpHua;

TOoraa HOJIY‘-II/ITCH
S (F-1 AF) =S (A).

Corsiacuo (22) u3 § 23 martpuua npeobpasosauus A B NPOU3BOJILHO
BEIGpanHOM HoBOM Gasuce umeet Bug F *AF. Takum obpasom, caex S (A)
He 3aBUCHT OT Bbibopa Oasmnca.



Trasa namas

HEJIbIE PALUHOHAJIBHbBIE ¢ YHKLHH

Conepxaunne. [lpocThie TeopeME! O MHOrOYJIEHAaX OT OAHON M HECKOALKHX
nepeMeHHBX ¢ KO3(QHUHENTAMH H3 KOMMYTaTHBHOrO KOJbLA ¢.

§ 27. Anddepenunposanue

B srom nmaparpade Mb! onpejessem NPOH3BOJHLIE LEJA0H pauuo-
HaJbHOH GYHKUHHM [ NPOH3BONBHOIO KOJbIA MHOTOUEHOB 0e3
HCIOJIb30BAHUA HENPEPBIBHOCTH.

Ilycty f(x)= Zax‘—HpOHSBOJIbeIH MHOroOwIeH Kosbua o[x].
[TocTpouM B KoJblle MHOIOYJIEHOB o©[x, h] MHorouneH f[(x+-h) =

= 31 a;(x+4h)" U Pa3TOKHM €ro 1no creneHsM h:
F(x+h) = (x)+hfy () R, () +. .,
f(x--h) =f (x) +hf, (x) (mod £?).

Kosdpduumenr f, (x) npu nepsofi cieneu h (onpesefeHHB OfHO-
3HAYHO) Ha3LIBAETCH npouseoOnol MHorouneHa f(x) u oGosHauaercs
yepe3 f’ (x). OueBHJHO, MOXKHO MOJYUYUTH f (X) W TaKuM cHOCOOOM:
pasjesuTh pasHocTb f(x--h) —f(x) Ha comepxamuiics B Hell MHOXKHU-
Tedb N W B MOJIY4EHHOM MHOroujeHe nogaoxuts A =0. OTciona Jerko
cleqyer, uTo KOorja o -—MoJié BellleCTBEHHHX YHCeJ, TaKoe olrpejese-
HUe IIPOM3BOAHON corJacyercs ¢ OOLIYHLIM OMNpeaeJeHHeM npoussoo-
f(X-l-f;L)—f(x)

HJ/IH

HO ¢ OugbhepenyuarbHom ucuucrerun Kax mnpegesta lim
h—0
TlosToMy TOABKO 4TO ONpeieseHHYIO MPOM3BOIHYIO 0603HAYAIOT TaKkKe

d
yepes g, UJIH yepes af(x), WIH, ecJH [ COAEpKUT, KpoMe X, H

APyTHe nepemenHble, uepes gi -
Nwmetor mecto caenywomue npasusa Ouggbeperyu posarus:
Ff+o) =F+g (mpou3BoAHasA CyMMBHI), M
(fe) =fg+T¢g’ (nmpousBomHas mpousBeneHus). 2)

HoxasateancTBo dopmyas (1):

Fx+h)+gx+ ) =Ffx)+hf x)-Fgx)+hg' (x) (mod 4%).
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IlokaszatenbcTBO opmyan (2):
Fet+h)ge+h)={f(0+h (0} {g(x) +hg' ()} =
=F(x)g () +h {F (¥) g (x)+F (x) g’ (1)} (mod h?).

TouHO TaK e JOKasbiBaloTcs Gosee obliHe YTBePKIEHHS:

(Fi+.Hf) =F+...+ )
(Ffs--fu) =Fily o fatRfae fat o ARifae . o 4

N3 (4) caenyer najee, 4To
(ax™) = nax", (5)

M3 (3) u (5) nmonyuaercss paBeHCTBO
<Z akx") = 3 kayx*l.
0 I

C nomotibto 3T0H GopMyNBI MOXKHO OBIJIO OBl (OPMAbHO OUPENe THTh
BCE OIMHMCAHHBIE BHILIE NPOHU3BOIHLIE.

3apgava l. Ilycte F (2, ..., 2,,)—HEKOTOPH MHOrousex u F,=0F/0z,.
Ilokasats dopmyay .

m
d d
EF(fl (®): s fm (x))=2Fv (Fro oo fr) A(;; )
1
3agaua 2. [lna OIHOPOIHBIX MHOrOWIEHOB r-ii cremedd f(Xz, ..., X,) u3
paBeHCTBa

Fhxy, .., hxp)=Wf (x5 ..oy Xp)

BEIBECTH «3iiNepoBo AuddepeHInaNpbHOe COOTHOWICHHE» (TOXKAECTBO Jijepa):
of
= Xy=rf.
26xv v=11
v

3anpayva 3. [Jate asnre6pauueckoe onpejelleHHe MNPOHM3BOJHOH palUHOHAJbHOH
dyukupu f (x)/g (¥) ¢ xosdduUMEHTaMH U3 NOJIA H JOKa3aTb M3BECTHHE (OPMYJIb!
IJIST TIPOM3BOJHBIX CYMMbI, TIDOH3BEJCHHA M YaCTHOTO.

§ 28. Kopuu

IlycTh © - 1EN0CTHOE KOJBLUO C eAHHHIEH.

DJIeMEHT o W3 0 HasblBaeTcsl KOpHem MHorounena f(x) us o[x],
ecau f(a)=0. Vimeer mMecTO ciexyroulas Teopema:

Ecau o — xopero mrocounrena f(x), mo f(x) Oeaumcs Ha x—a.

HNoxkasartenbcTtBo. enenue f(x) Ha X — @ HaeT PaBEHCTBO

fx)=q(x)(x—a)+r,
rje r-—HeKoTopas KoHCTaHTa. [loncTaBUM B 3TO PaBEHCTBO X ==
O0=r,
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oTKYyJa
f)=q() (x—a).

Ecau oy, ..., o, — pasauunsle KopHu muoeousena f(x), mo f(x)
deaumcs Ha npoussederue (X — o) (X — ). .. (X — o).

HoxasateabctBo. Jas k=1 reopemMa yxe jokasaHa. Ecau
cuMTaTh ee JokasaHHOH m1d k—1, To OyIeT UMeTb MECTO PaBEHCTBO:

flxy=(c—ay)...(x—ak)gx).
[ToncTaHoBKa X =0, JAaer
0=(op —0y) ... (0, — 0tpq) g ();

CAEJ0BATENbHO, TAaK KaK B 0 HET JeJHuTeJeH HYJAA H O, 70y, ...
., OpZ=Cpy, HMEEM

g (ak) =0,
OTKYJa B CHJy MpelbiAyliell TeopeMmbl

g (x) = (x - ak) h (x)a
f)=(x—a)...(x—apy) (x — ) b (%),

a 370 ¥ TpeOOBAJOCh JOKa3aTh.

CaencrBue. OmauuHoui om HYAR MHOS04AEH CMeNnenu N umeem
8 UeA0CMHOM Koabye He 6o.see n KopHed.

dra Teopema BepPHA TaKkKe M B LEJOCTHBIX KOJbLAX 6€3 €IHHHIIH,
IIOTOMY 4YTO TaKHe KoJblia MOIYT OblThb MOrpy:KeHol B nose. OnHako
3Ta TeopeMa HeBepHa B KOJbUAX C JeJUTENSMH HYJs; HanpuMep,
B KOJIblle KJAacCOB BbIUETOB HO MOAyJal0 16 MHorouneH x? umeer
B KauecTBe KOpHEH KJjacchl, npencraBasiembie uuciamu 0, 4, 8, 12;
CYLIECTBYIOT JlaXK€ KOJIblla, B KOTOPHIX MHOI'OUJEH TaKOro XKe BHIA
nneer GeckoHeuyHo MHoro Kopue#t (§ 11, sajaua 3).

Ecan f(x) neanrcs na (x — )%, HO He memutcst Ha (x — )%l 10
3J€MEHT o Ha3blBAIOT R-Kpamueim Koprem MHorouneHa f(x). Mwmeer
MeCcTo Teopema:

k-kpamuuil  Kopeno mHo2ouneHa [ (x) Asasemcs He MeHee, uem
(k —1)-kpamnoim koprem npoussoduoil f' (x).

HoxasareabctBo. U3 f(x)=(x—a)* g(x) crenyer, uto

['x)=k(x—a)ftg(x)+x—a)g (1),

otkyzsa ' (x) nenaurcs Ha (x — o)L,

Touno Tak ke nokasbiBaercst yTBepxKaeHHe: npocmol (T. €. 1-kpat-
Hbl) KopeHb MHO20uAeHA [ (X) He Agasiemcs Kopuem npou3sodnol [’ (x).

[Tepeiinem Temepb K HEKOTODbIM TEOpeMaM O KOPHSIX MHOI'OYJIEHOB
OT MHOTHX HepeMeHHbIX.

Ecau f(xy, ..., x,) — Henynegoti mHo2OwAeH, @ Kaxdas u3 nepe-
MEHHbIX X, ..., X, MOJKem APURUMAMb OeCKOKeYHOe MHOMECMBO 3HA-
“eHull u3 Koabya v ual 206020 YEAOCIMHKO20 KOAbYA, COOepiraiyezo o,
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mo cyuwjecmayem no Kpairel mepe 00ur HAGOp SHAqeRUl Xy =0y, ...

ety Xn=0y, 041 Komopoeo f(ca, ..., &,)=0.
IHokaszarteabcTBO. Muorounen f(x;, ..., X,) KaK MHOTO4YJEH
OT X, (C KOSpOHIMEHTAMH W3 IEJOCTHOrO KOJblIA 0[Xy, ..., Xn-1])

UMeeT He Gosiee KOHEYHOro YHCJa KOpHell; cjejoBartesbHO, B Gecko-
HEYHOM MHOJKECTBE 3HAUeHHH, KOTOPOE MOXKHO IOACTABJIATE BMECTO
3/IEMEHTA X,, CYLUIECTBYET TaKOH 3/ENEHT ol,, 4TO

f(xl, veey Xn-1 OL,,)#O.

PaCCMOTpI/lM 3TO BbIpaXEHHE KaK MHOrOWIeH OT X, TOrjia cyuie-
CTBYET 3HA4€HHE O,y, IJI KOTOPOTO

Flxy, «ovy Xnegy O 1, Q) 70,

HoT.
CnenctBHue. Ecau 0aa 6cex 3HAUEHUT NEpemMenHbix X; U3 HEKOMOo-
po20  GECKOHEUHO20 LCAOCINHO20 KOAbYA MHO204AeH [ (Xy, ..., Xp) npu-

HUMQeM 3HAUeHUe Hydb, MO OH CaM ABAAEMCA HYACCbIM.

37ech cjaeAyeT HAlOMHHUTb O TOM, 4ro B aJjare6pe obpailenne
B HyJb MHOTOWIEHa OT X3, ..., X, O3HAUaeT PaBEHCTBO HYJIO BCeX
ero Ko3pGHIHEHTOB M He ONpene/sieTcs yepe3 PaBeHCTBO HYJIH0 BCEX
€ro 3HAUEHHH Ha BCEBO3MOMKHbIX KOHKPETHBIX HabopaXx 3HauyeHHui
NePEMEHHBIX Xy, ..., X,. [103TOMy mnochaefuss w3 cHOPMY/THPOBAHHBIX
TeopeM He SBJISIETCS TaBTOJOTHEH.

3anaua 1. PacnpocTpaHHTh MOCHAEAHIOIO TeopeMy HA KOHEUHble CHCTEMbI
MHOrOUJICHOB f; (X1, ..., X,), HH ORMH H3 KOTODBIX HE DaBEH HYJIO.
3apaua 2 (Onpenenrens Banaepmonpa)l). Jlokasath, uTtO
a—1
Lx %
1 x, ...ox0!
2 2 == H (x,-—-x,-).
....... ] iS5
n—
Lx, ... x,

§ 29. HUutepnoasunonusie GopmyJbi

Bepuemcsi K CAyYald MHOTOYJIEHOB OT ORHOH [1€DEMEHHOH; B Ka-
yecTpe KoJiblla Ko3ddHilueHToB Ternepb OYAeT paccMaTPHUBAThCA HEKOTO-
poe nose. COrJIACHO [OKa3aHHLIM Bblllle TEOPEMaM JBa MHOrouYJieHa
CTeNeHel << An, 3HAYEHHs KOTOPBbIX COBMNAJAT B rn-f-1 pasiHuHLIX
TOUKaX, OKA3bIBAKOTCH PaBHBIMH, [OTOMY 4YTO HX Pa3HOCTb — MHOTO-
YjJeH CTENEHH, He GoJbILIEH n, — HMEET B 3TOM cJjyuae 7+ 1 KopeHb.
CnepoBaTesIbHO, CYIIECTBYeT caMoe GoJjbllee OAHH MHOTOYJIEH, KOTO-
pbifi B 3ajaHHBIX n--1 pas/MuHBIX TOYKaAX o, ..., O, [NPHHUMAET
3ajjauHble 3HaueHus f(w;). C apyroil CTOPOHBI, BCEraa CyIHIECTBYeT

1) Ho6aBneHa npH NepeBofe, TaK KaK HCMO/Jb3yeTcss B JajlbHEHIIEM,
Ipun. peo.
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MHOTOUJIEH CTEIeHH =<1, KOTOprﬁ B 3THX TOUYKAX NPJAHHMAET HYX-
Hple 3HAYeHH S, — 3TO MHOTI'OUJIEH

N ) (5 — ) e () () (K )
F()- (ot — Qo) .- (@ — &ty y) (g —ia) (00 —n) 0

=0

Urak, cywjecmeyem OOUK U MOABKO 00UK MHO204AEH CMENeril =<1,
komopolil npu sadannolx N+ 1 pABAUMHOLY BHAYEHUAX Oy, Oy ...y Gn
nepemMenHol npuHuMaem 3a0aHHble 3HA4EHUS f(o;); 3TOT MHOrOYJ/IEH
sanaetcst gopmynoii (1). ®opmyia (1) nasbiBaeTCs UAMEPROAAYUOHHOI
popmyaott Jlazparaa.

MHOrOW.IeH € HYXHbIMH CBOHCTBAMH MOXHO MOJY4YHTh H C MG-
MOILBIO UHMePROAALUOHHOL opmyrsl Holomona:

Fx) =ho+2 (X — 0tg) g (X — ) (X —0tg) ...

-~‘+}‘ﬂ(x——a0)(x—a‘l)---(x'_a'nd)’ (2)
rae KodpQUIHEHTB Ay, ..., A, ONPEESIOTCS [OC/IEN0BATEIBHO i1y~
TeM MOJCTAHOBKM 3HAueHHH aprymMeHTa X =04, ..., X =0,

[TpoBOANTH BBIYKCJGHUS Jiydille BCero Tak: MOACTABHM B (2) cua-
yaja X ==0, [OJYUHM
f (ctg) = ho.

Briutem 310 M3 (2) U pasfesunM Ha X — O, IOAYyUATCH

i%;%@:M+Mu—%yh“+mu—%y”u—%4.(&
O6o3naunM JeBylo dacTb depes f(a,, ¥). [lomcraBum B (3) X =oy;
IO/IyIHTCA

oo o) =hs.

Beutem Tenepb 3T0 H3 (3) M pasjesuM Ha X — oy; TOTAad

[(@ %) =] (G “1)=k2+?»3(x—oc2)—{—...—{—7»,,(x—o¢2)...(x—oc,;_l)‘

X— 0

OGo3naunM JeBylo uacth uepes f(a, o, X). IloacraBum Teneps
X == 0Ly, TOJYUYHTCSH
f(o‘o» xy, a2):}\’2'
DTy BLIYMCAEHHS MOXKHO IPOJOMXKHTb. B ofiieM ciaydae noJo-
KHM (onpejesieHUe C MOMOLIBIO HHAYKIHH)

f(CLo, ey Ap1y x)—f (OCO, ey p 1 OLk) (4)
X—0Op

fotgy oy Opy X) =
H, KaK H BHIlE, NOJY4UM

fgs ...y Opqy x):?»k—}—)»k“(x—ock)—l—‘..—}—k,,(x—ock)...(x—ocﬂ_l),
fotgy «vvy O) =g (5)
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Koucranr Clgy ..., OLp) HA3LIBAIOT K-M PASHOCMHbIM OMHOUEHUEM
y 0
dyuruun f(x) B TOUKAx o, ..., o B cuay (4)
(og) — )
f(aov al) :f i;z_{l‘()ao) ’ I
g o, ag) =Gtz o) G
f(aﬂv cens Gpgy Oﬂn)—'f(ao, vy Up_gs aﬂ—l) l
J

fotgy «ovy op) = : P .
k-¢ pasnOCTHOE OTHOILIEHHE MOMXKET ObIThb OMpejeNeHo H Kak Koapdu-
UMeHT NPH x* B MHOrou/seHe @ (x) crernenu =<k, KOTOPbii B TOYKax
o, ..., O TPUHAMAET 3HaueHHs (o), ..., f(o). IleficTBUTENLHO,
3TOT MHOTOY/IEH 3aJlaeTcsi ¢ MOMOLIbI0 WHTEPIOMAUHOHHON GopMy bl
Helotona

Qr (¥) =ho+ A (x — o) oo F Ay (X — ) - (X — ),

a Ko3pQUUUEHT Npu x* 37€Cb paBeH B TOUHOCTH Ap=f(cty, ..., Q).

M3 mnoc/efHero omnpeneseHust c/efyer, 4To k-e pasHOCTHOE OTHO-
LIEHHe HEe 3aBHCHT OT HYMEpaluH TOYeK O, ..., Og. IDTO CBOHCTBO
caenyIoUEM 00pa3oM MCHOJIb3YeTCss Ha NMPAKTHKE: €CH O, ..., Oy, —
HanpuMep, palHOHaJMbHbIE YHCAA, PACHOJOKEHHbIE B €CTECTBEHHOM
NopsaKe, TO Pa3HOCTHbiE OTHOIUEHHS BBLIYUC/AIOTCA BCAKHI pas s
C/NYIONMX APYT 3a APYroM uucesa o, a rnotomy dopmyaa (6) ¢ mo-
MOIIbIO NTEPECTAHOBKH YHCe] o, OpeBpaliaercs B popmyay

O o) [y e @) 0

Qp— o

f(ao, Agy evey O(’k)

[TosToMy KOHeYHble pa3HOCTH MOXKHO PacCloJIOXKHTh B HEKOTOPYIO
cXeMy MO CJEAYIOWEMY MPHUHIHITY:

f (ctg)
f (o, 1)
f(“l) f(“o: %1 062)
[ oy, )
f (o) f o, o, o)
f o ) ces
[ ()

Kaxneiii mocsenyonufi ¢rosben nosyuyaerca no gopmyae (7) my-
TEM COCTABJCHHUS MEPBBIX pPA3HOCTHLIX OTHOLIEHHH TpPeabIAYLIEro
cTosIbI@. DTy CXeMY MOXHO KaK YrojHO PaclUMpHTb, BBOJS BCe HOBhLIE
¥ HOBBle HCXOAHble TOukH. Ecan f(x)— mHorouneH n-ii CcTemeHy,
T0 B (n-+1)-M croabue BCIOLY CTOMT OXHAa H Ta K€ KOHCTaHTa,
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a uMenHo KosbduumeHt A, npu x". B (n-+2)-M crosbue B 3TOM Cay-
yae CTOSIT HYJH.

Apupmemuneckue npoepeccut. golcuuux nopsokos. bBynem cuMTaTh,
4TO OCHOBHOE B HAlIMX PACCMOTPEHHUAX HOJIE COAEPKHT KOJbLO HEbIX
ypcesa M YTO TOUYKH O, Oy, Og, ... SBJFOTCA MOCJEIOBATEILHBIMH
LeJbIMH uncsaaMH, ckaxkem, 0, 1, 2, ... Ecau B 3TOM cJ/yyae COCTaBHTh
OMUCAHHYIO Bbille CXEMY pPa3HOCTHBIX OTHOIUEHHH, TO 3HAMEHATeNH
Oy — Oy, Olgsy — Oy, +.., KOTOPHIE corviacHO (7) MOSIBJSIIOTCH TPH BLI-
uncsenun (k-4 1)-ro crosbua, Gynyr Bee paBHbl k. Ecan BTOpoii CTOMI-
e, YMHOXHTb Ha 1, TpeTHii —Ha 2, ueTBepThili —Ha 2-3 M, BOOOIUE,
(k-+1)-# cronben Ha k!, TO BMECTO mpexHel CXeMbl Pa3HOCTHBHIX
OTHOLIEHHH TNOJYYHTCS CXema pasHocmel

by
Ab,

b, A,
Ab, ey

b, A%, ®
Ab,

by ...

rie f(ay) =by; cumBoa Ab, osnagaer by, —b,; cumoa A?b, osua-
yaet AAb,=Ab,;—Ab, u 1. 1. Ecau b,, by, ...— 3HauenHus HEKOTO-
pOro MHOTOY/NEHa A-H CTEMeHH, TO COTJIACIO CKa3aHHOMY Bbllle 71-e
pasHocTH GyAyT DaBHBI OLHOM H TOil e KOHCTaHTe, a (n-+1)-e pas-
HocTH Bce paBHbl Hyuie. Cam muorouneH 6yner 3anaBaTbest opmy-
aoii (2) ¢ KoapduueHTaMu

Akb,
}\'k: Bl (9)
OKasnLiBaeTcst, HMEET MeCTO H OOpaTHOe YTBepKIeHHe:
Ecau (n-1)-e paswocmu nocredosamenvrocmu by, by, by, ... pasHo
Hyato, mo by, by, ... ABAAIOMCA SHAUEHUAMIL MHO204AEHA N-t CMENnenu

f (x), komopeut 3adaemcs opmyramu (2) u (9).

JleficTBHTE/ILHO, [OCTPOMM C [OMOIIBIO MHOTOYJEHa f(x) cxemy
pasHOCTeH M CPaBHHM ee ¢ 3ajaHHOH cXemoH (8), 00s3aTeqbHO COB-
NAjyT HayaJLHBIE 3JeMEHTH b, Ab,, A%, ..., A"D, xaxjoro us
cronbuos, a (n-1)-if cronberr B obGonx ciayyaax Oyner HYJEBbIM.
Orciona noc/efoBaTeNbHO TOJNYYaeTCs, YTO 3/71eMEHThl 7-X CTOAOLOB,
a 3areM (n—1)-x cTon6uoB H T. A. H, HaKOHell, MEPBBIX CTOJOIOB
06EHX CXeM COBMAZaloT.

[TpuBenennsii Boillie €nocol JA0Ka3aTeJbCTBA OJAHOBDPEMEHHO T10-
KasplBaeT, Kak, HaupHas ¢ TOCIeHEero crogbla, MOXKHO MOJYYHThb
BCe 3jieMeHThl cXeMbl (8), Korja 3ajaHbl HayajbHble 3JeMeHThl Arb, =
=k, (=0, 1, ..., n) Bcex croabuoB. Huxecaenyoluii npumep
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(h=3, a,=0, Aay=1, A%,=6, A%,=6), BO3MOXHO, NOSCHHT
CKasaHHoe:

0
1 Ao =0,
1 6
7 6
8 12 =1,
19 6
97 18
37 6 xzzg =3,
64 24
6
61 h3='€=1)
195

f(x):ko‘f‘}‘lx‘f‘xzx(x—‘ DA (x—1) (x—2) =
=x+3x(x—1D)+x(x—1)(x—2)=x53

Bynem nonpasymesaTh mojx apugpmemuseckoti npoepeccueil Hine0eo
nopAOKa TNPOU3BOJNBHYIO INOC/IE0BATENbHOCTh OJMHAKOBBIX uHCesa b,
b, b,..., a non apupmemuueckoii npoepeccueii n-20 nOPAOKa — TaKYIo
10C/1e/10BaTe/IbHOCTb YHCEJ, Y KOTOPOH NMOC/Ie0BATEbHOCTL PA3HOCTEH
ABJIAETCA  apumeTHuecKod mnporpeccuelt (n— 1)-ro mopsinka. Ouye-
BHJIHO, YTO NepBbIH cTosbel B cxeme (8) saBJisiercss apuMETHYECKOH
nporpeccueii n-ro nopsuka, motoMmy uro (n--2)-ii cronbeu coCTOMT
H3 OfHHMX HyJed. Tem caMpiM J0Ka3aHHOE Bblllle Mbl MOKeM cPOpMY-
JHPOBAThH TAK:

3Hauenun muoeounena f(x) cmenenu n e moukax 0, 1, 2, 3, ...
COCIMABAIOM  apupMemu4eckyo npoepeccuro n-20 nopsdka, u Kaxoas
apupmemudeckas npoespeccust n-20 nopadKa cocmoum u3 SHaueHuil
6 BA0QHHbIX MOYKAX HEKOMOPO20 MHO204NEHA He 8biie n-li cmenewu.
Cam mHorousnen f(x) maxomutcs us Qopmya (2) u (9). O6wuii wien
b, apupMeTHUeCKOH IIPOrpecCHH n-ro NOpAAKa OIpejeNsieTcss 110

(opmy.Je
bx:f(x)=
:bo—{—(Abo)x—f——A—;ix(x—1)+---—f—%f,l7i’x(x—1)“-(X—ﬂ+1)-

Cxema passoctefi (8) HaXOAMT CBOe NPAKTHYECKOE MpPHMEHEHHe
B UHTEPNIOJMPOBAHHH H WHTErPUPOBAHHH (DYHKILHH, KOTOPEHIE 3a1al0TCA
YHC/IOBBIMH  (SMIIHDHUECKH IOCTPOEHHBIMH) Tabunuamu. Ecan by, by,
by, ...—3HAYEHHS] HEKOTOPOH (YHKUHMH @ (X) IPH pPaBHOOTCTOSIILUX
SHAYCHMSAX aprymeHta o, o,-+h, oy--2h, ..., TO NIpakTUKa NMOKAa3bl-
BaeT, YTO AJA JNOCTATOYHO IVIAAKHX (GYHKUME H A5 HeGOJIbIIUX 3HA-
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yeHHH A pa3HOCTH BTOPOrO, TPETbEro, YEeTBEPTOTO HJH, B XYJLIEM
cjyyae, TATOrO MNOPSAKA IPAKTHUECKM DaBHBI HYJIO; ITOSTOMY B He-
CKOJIbKUX HElOCPeCTBEHHO CJAeAYIOLUX APYT 32 APYTOM HHTEPBAJAaX
(YHKIHSA JOCTaTOYHO TOYHO 3aMEHSIeTC MHOTOUYJIEHOM CTelNeHH He
Bbillle ueTBepTOH. [l Uesedl YUCJIEHHOTO HHTEPNOJUPOBAHHS HJIH
MHTETPHPOBAHHS JAHHYIO (QYHKIHIO MOXKHO 3aMEHHTb MHOTOUJICHOM,
NPHHEMAIONIUM 3aJaHHble 3HAUGHHUA B CJEAYIOUUX JAPYT 3a APYroM
TOUKaX, YMCJIO KOTOpbIX KoJjebsercsi oT 2 go 5. MurepnoaupoBanue
OCyLIeCTBJSCTCA ¢ MoMollbio Qopmyasl (2). Kak mpasumo, npu 3ToMm
OKa3LIBaeTCsl BO3MOXK'IBIM OTPAHHYHTBCH PA3HOCTSMH NMEPBOrO U BTOPOTrO
[OpsiiKA, T. €. JIHHEHHbIMU WM KBaApaTHUHBIMHM Milorouienamu. Ilpn
BLIUHCJIEHHH 3J1eMeHTOB A*Q, B DPa3HOCTHBIX OTHOIIEHHSX QYHKIIUU
BCTPEYAIOTCS HE TOJbKO MHOXKHTEJIH k!, HO M CTeleHH JJIMHBI HHTEp-
Basna h; TeM cambiM BMecTo (9) mosyuyaercs dopmyna

_ Akgg
P ke

Ecau 3staueHns aprymeHTa o, ¢, ... He SIBJSAIOTCA paBHOYJa-

JICHHLIMH JIPYT OT 1Apyra, To BMecTo pasHoctell A*a, HYXKHO COCTaB-

JSTh pasHocTHhiE oTHoweHHust (7). Ilo mosoxy panbHEHUMX IOApPOG-

HocTeH TEOPHH, OUEHOK NOTPENIHOCTEH U T. J. Mbl OTCHLJIAEM YHTATEJIS

K COOTBETCTBYyIOILEH yueGHOH Jsutepartypel).

m—1

3agaua 1. YacTHUHBIE CyMMHI S, = Z ay apHMEeTHUECKOH NPOrpeccHt n-ro
v=0

nopsfka (rae npefnoJaraercsi, YTo Sp==0) cOCTABAAIOT aPHOMETHYECKYIO IIPOrPECCHIO
(n-+1)-ro nopsigka. Orciona nosyuaercss dopmysaa AJs CyMMbl
m

sm=mao—]—<’2n> Aa0+...+<n+1> Ang,.

m—1 m m—1
3anauva 2. INoayunts GOpMYJb A CYyMM Z v, Z V2, Z v8,
v=0 v=20 v=0

§ 30. PasnoxeHne Ha MHOXHTENH

B § 18 mbl yxe Bujend, 4o B KoJblle myorouseHoB H [x] nan
noiem H BhimoJHAETCs TeopeMa o006 OJHO3HAYHOM pa3sIOXKeHHH Ha
npocToie MuoxkuTeaH. Cefiyac Mbl JoKakeM OoJiee oOLLYIO OCHOB-
Hyilo TeopeMy:

Ecau & — yeaocmmuoe Koavtjo ¢ edunuuyeld u 6 & umeem mecmo
meopema 06 OOHOBHQAUHOM DPA3AOJCEHUU HA NPOCMble MHONCUMEAU, Mo
U 8 Koavye MHo2oen08 & [X] ama meopema 0Ka3616aCMCA BbINOAHEHHOL.

ITpuBonnmMoe 3lech 10Ka3aTesJbCTBO BOCXOAMT K Iayccy.

1) Cwm., manpumep, KosaneBckuii (Kowalewski G.). Interpolation und
gendherte Quadratur. — Leipzig, 1930.
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n

ITyctw f(x):Zaix"—npomsonbﬂbrﬁ HeHyJ/JIeBOH MHOTOUNEH H3

0
€[x]. Hauboabmmii ofmuit peautenb d KospQUUHEHTOB ag, ..., a,
B Kosbiie & (cp. § 18, 3amaua 7) nasoBeM codepocaxuem MHOrOUJIEHA
f(x). Ecnn BbimecTn d 3a CKOOKH, TO MOJYYHTCS PaBEHCTBO

f (x) = dg (x),

B KOTOpOM g (x) fBJISIETCS MHOTOUYJIEHOM C cojepxkandem 1. Mroro-
wien g(x) u ckaasip d onpejeseHbl OAIIO3HAYEO C TOYHOCTBIO N0
06paTHMBIX MHOXHTEJEH.
Jdemma 1. IIpoussedeniie 08yx mioeourenos ¢ codcpacanuenm 1
BHOBb SBAACHICS MHO20MAEHOM C codepoaicanuem 1.
HokasareanncrBo. [lycrs

f()=ay+ax+...

g(x)=0by-bx+...

— JaHnble MHOrouweHbl ¢ conep:kanuem 1. omycrim, uto nan6osb-
iyl obuki jenuTesb Ko3bduinedToB MHorousena f(x)g(x) pasey d
u neobpatum. Ecau p — npousBoabHLIE NMPOCTOH AequTesb aaeMenTa d,
TO p JoJxeH ObITb JeJHTeNeM BceX KO3(PhUUHEHTOB NMPOU3BeeHHs
f(x)g(x). Tlyctb a,—mnepBeifi U3 KO3(pOHUHEHTOB MHOrousena f(x),
KOTODHIH He JeIuTCs Ha p, U by — KkosdduuuenT miorousneHa g (x)
C aHaJOTMYHBLIM CBOHCTBOM.

Kospduuuent mpu x7+S B npoussenerinn f(x)g (x) BHIIALUT Tak:

abs+aribey +arobs ot Far 1bg - 0bon

dra cymma J0/KHA JeuThCs Ha p. Bee ee ciaraemble, 3a HCKJIOYe-
HHeM IepBOro, NOMKHBI AesuThes -Ha p. CaepoBatesiblio, a,bs Takke
JIOMKHO JeJHTBCSl Ha p, TaK 4TO 4, UM b, NO/IKHO [@IUThCS Ha p,
4TO IPOTHBOPEUHT MpPEeaNO/I0NKEHHIO.

[Mycts £ — nose yacTHuIX xoasua € (§ 13). Torna xaxkawiii mo-
rou/ien KoJbila X [x] pasnaraercs Ha IPOCTbie MHOXKUTENH OJHO3HAYHO
(§ 18). Urobbl mnepefitn oT pasnoxenund B 2 [x] K pasioxenio
B & [x], Bocmoab3yemcs chefyiomied MNpPoUeAypoH: Kamjbli MHOTo-

H

. F
ugeH ¢ (x) Koablla X [¥] MOKHO IpeicTaBHTL B BHIE “%l (rme F (x)

npunanniexut xoJaony €[x], a b —xoawny &), npuvem 0 aABaseTCS
npousBeneHueM 3HaMmenaresiell KO3(BQHIMEHTOB MHOTowsieHa ¢ (x).
Muorousien e F{x) MOMXHO 3alHCaTb B BHJE [POH3BEICHHS €r0
cojiep:KaHHs Ha MHOTOU/IeH ¢ coiepikKaHueM 1i

F (x) =af (x)
¢ () = 4} (%), (1)
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Mbl yTBEpKIaeM 1enephb CJeyrolee:

Jenma 2. Vrasanuoti 8 pasencmee (1) mroeounen f(x) ¢ codep-
acaruem | onpedeasiemcss MHO2oUAEHOM ¢ (X) ODHOHAHHO C MIOHHOCHILIO
do obpamumeix 6 & anremenmos. O6pammuo, muozousen ¢ (X} onpede-
Afemes MHo2oureHoM [ (X) 00HO3HauHO ¢ mouHocmeo 00 06pamuMbLx
6 Z[x] anemenmos. Ecau maxum cnocobom conocmasume Kaxoomy
¢ (v) uz Z[x] muocowren f(x) ¢ codepawcanuem 1, mo npoussedenuro
doyx  MHO04AeH08 P (x) P (X) Oydem coomeemcmeosamo ¢ HOYHOCTbIO
Jo  00pamuMbLX MHOMNCILMEACL NPOUSBCOCHILE COOMBCINCMBYIOULUX MHOEO-
uaenos ¢ codepocanuem 1 (1 ob6pamno). Ecau mroeouren « (X) Hepas-
aoxcum 6 Z[x], mo wu  mHocouaen f(x) nepazrovcum e S[x] (u
00pammo).

HokasarteanbcTso. [lycrs gaHel 1ABa pasJIHUHBIX HpEACTaBJE-
HHAl MHOrowileHa ¢ (x):

Q) =% () =7g ()
Torpa
adf (x) = cbg (x). @)

CopepxkaHue JeBOH 4acTH paBHO ad, a cojepxKaHue NPaBOH PaBHO
¢b, cnenoBaTesbHO,
ad = ecb,
rae e — obpatunmslii sjgement kosabua &. IloacraBum 310 B (2) M co-
KpatuM Ha cb:
ef (x) = g (x).
Takum o6pasom, MHOTOWIEHH [ (x) ¥ g (x) OTVIHYAIOTCA APYT OT ApYyra

06paTUMBIM B & MHOXHTEJIeM.
s mponsBeleHHs ABYX MHOIOYJIEHOB

a

90 =% F ),

C
P =g )
MBI HEMELJIEHHO IIoJyuaeM

¢ () (0 ="%,T (0 g,

H corjacHo Jjemme | npoussesenue f(x)g (x) BUOBb fABIAETCH MHOTO-
wieHoM ¢ cojepxanuem 1. CrenoBaTesbHO, MPOU3BEAEHHIO ¢ (X) P (x)
COOTBETCTBYET Npoussesenne f(x)g(x).

Haxkouen, ecau ¢ (x) — Hepas3/oXKHUMbIEl MHOTOYJIEH, TO TAKHM 2Ke
Oyxer u f(x), moromy uto /oboe pasjoxenue f(x)=g (x)h(x) cpasy
Xe MPHBOAUT K PAa3JIOKEHHIO

a

¢ (1) =% () =4 g(x)h (0.

OﬁpaTHOE YTBEPKACHHUE [101YYACTCA TOUHO TaK Ke.
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Jlemma 2 pokasana.

C nomolbio JeMMbl 2 OJHO3HAUHOCTb DAa3/10XKEHHS MHOIOYJIEHOB
HEMEJJIEHHO MePeHOCHTCsI Ha COOTBETCTBYIOLIME MHOTOW/IEHb C COjep-
xaunem 1. Urak: mmocounenst ¢ colepacanuem 1 pasaaearomcs Ha
npocmbie  MHONCUMEAU OOHOSHAMHO C MOYHOCMbI0 00 06pamumbix sae-
MeHIMOB, npudesm 3mu NpPocmble MHONCUMEAL CHOBA SABASAIOMCL MHOZ0-
yaeramis ¢ codepxcaruenm 1.

PaccMoTpuM  Tenepb pa3loiKeHHe Ha MHOXKHTEIH I1POU3BOJIBHOIO
muorousena B S[x].  Iepasioxivble MHOrousaeHbl 06513aTEJNbHO
SIBJIAIOTCA HJIM  HEPA3J/IOMUMBIMI  KOHCTAHTAMIT HJH HepPasJIOKHMBIMH
MHOTOUJIEHAMU ¢ cojep:kauuem 1, motoMy uto JmoO0H Jpyrofl MHOTO-
YieH pasjJoXKHM B [POM3BeJEHHE CBOSLO CONEp/kaHusd M MHOroY/I2HA
¢ comepxkaunem 1. CiegoBaresbHo, 4rofsl Pas/goKHUTh Kako#d-1160
MHOrousIeH f(X), HYXKHO cHayaga pas3nokuTh [(x) B mpoussejeHue
ero cojepxaHHs U MHOrOWIEHa C cojep:KaHuHeMm 1, a MOTOM KaKbid
M3 3THX COMHOXHTEJIEH pasjiararTh Ha TPOCTBI2 MHOXKHUTEIH. B cuay
MPEANOCHIIOK OCHOBHOI TEOPEMbI PasJoyKeHue CoAeprKalini OCylecT-
BHTb MOXKHO, H INPHTOM OJHO3HAYHO C TOYHOCIBIO MO OOPATHMbLIX 3Jie-
MEHTOB; Pa3JIOKEHUE »Ke Ha MPOCTble MHOMKHTeNH MHOLOY/IEHA C COep-
KaHueM | Tak:Ke BO3MOXHO B CHJIY [OKa3aHHOTO Bbiule. Tem caMbiM
OCHOBHAsI TeopeMa JOKa3aHa.

[MonyTHO Mbl MOMYYHJH CJAEAYIOIHH BaXKHBIH DE3yJ/b1aT:

Ecau mnoeounen F (x) uz &[x] passomcum ¢ Z[x], mo on pasio-
actim yoce 8 S[x].

JleicTBHTEIBHO, B CHJy TOTO, 4To F (x) = df (x), mHorouneny F (x)
COOTBETCTBYET HEKOTOPBI MHOrouleH f(x) c coaepxkanuem 1, a co-
rJacHO JeMMe 2 pasjokenue mporousneHa F (x) B Z[x] mpusoaut
K pasnoxenuio muorousena f(x) B &[x], no ecnu f(x) Hepasioxum,
10 HepasJokuM u F (x).

Hanpumep, /060 MHOTOWIEH C LEJbIMH PalHOHAIBHBIME KO3(-
(uuMenTaMy, KOTOpbifl pasjaraeTcsi Haji PAallHOHAJBHBIME YHCJIAMH,
OKa3blBAETCS DasJOXKHMbIM yXke Hajp uensiMu uHcgaamu. Hrak: ecau
HEAOHUCNEHHBIL  MHOLOMACH HEPA3AONCUM HAOD {eAbIML HUCAAMU, MO OH
HepA3A0NCUM U HAO DAYUOHAALHbIMU HUCAAMU.

C noMouibio HHAYKIHH M3 OCHOBHOH TEOpeMb! IOJyyaercs c.e-
JYIOWHME pesyabTart:

Ecau & — yeaocmroe Koabyo ¢ eduruyeli u 6 & umeem mecmo
meopema 06 OOHO3HAUHOM PABAONCEHUU HA MHONCUMEAU, MO OHA cnpa-
6e0UBA L 8 Koavye mHo204AeH08 & [Xy, ..., Xa).

Orcioga, Cpend Mpouyero, Mojydyaercs OJAHO3HAUHOCTb PAa3JIOKeHUH
IJis1 [EJIOUUC/IEHHBIX MHOTOUJIEHOB (OT IMPOH3BOJBHOIO YHC/a Mepe-
MEHHbIX), JJIsi MHOTOWIEHOB ¢ KO3(duiueHTaMu H3 NPOU3BOJILHOIO
noast U T. I

[TonsiTue MHorouJena c¢ cojepxandem 1, durypupypoliee B npu-
BeJIHHLIX Bhillle JjemMax [aycca, B 0coGeHHOCTH HUCHOJIb3YeTCs 0pu
HCC/JIEIOBAHHE  KOJIELl MHOTOWIEHOB OT OOJBbIIOrO 4HCJa MEepPEeMEHHBIX.
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Ecan K — monte, To muorounen f u3z H[x,, ..., x,] HasniBaeTCs muo-
20uneHOM ¢ colepocaHuem 1 OMHOCUMEAbHO Xy, ..., Xp_y, €CIH €ro
colepKaHue Kak MHOrowleHa ¢ KoshduuueHTaMu H3 UeJOCTHOro

koabia M [xy, ..., x,-y] paBHO 1, T. e. eciH OH He HMeeT JeJH-
Tesiel, OTJIHUYHBIX OT KOHCTAHT W 3aBHCAILUX JIHUIL OT X, ..., Xp-1.
3agaua |. ObpatuMmbiMu 3sseMenTaMu KoJblia € [x] sBasiorcs Jnwb ofpa-

THMBIC 3J1eMeHThl Koablla €.

3afaua 2. JlokasaTb, YTO B pas3JOXKEHHH Ha MHOXKHTENH NPOH3BOILHOIO
O(HOPOJHOrO MHOrOYJIEHA YYacCTBYIOT JIHIIb OAHOPOAHBIE MHOTOU.IEHA.

3anaua 3. JlokasaTh, UTO OnpelesHTeb

X11 .- X1n
A =
Xpt oo Xpn
IePas3oKUM B KOJIblie MHOrOUJIeHOB € [X(;, ..., X,,]. (PHKCHPOBATEL NPOH3IBOJILHYIO

nepeMeHHylo, CKaKeM, Xy, M T[0KasaTh, 4TO MHOrouJeH A mmeer cojepxanue |
OTHOCHTEJIbHO OCTAJbHBIX NEPEeMEHHBIX.)
3apaua 4. Ykasare Crocof, KOTOPBI MO3BOMHA Obl BBISCHHTb, o6/ajaeT JiH
IPOM3BO/IBHO 3a[aHHBIH UEJOYHCIEHHBIH MHOrOWIeH AeJHTeNSIMH NEepPBOfl CTENEHH
WJIH HeT.
3anaya b. JlokazaTh HepasJoKHMOCTb MHOrodJieHa
x—x241

B KOJbIle MHOrOY.JEHOB OT OJHO{I mepeMeHHo# x ¢ UeabiMH Ko3dduuuentamu. Pas-
JOXHM JIM 3TOT MHOro4JieH Haj NOJEeM paluOHaJLHLIX 4HceJ? PasjokuM JH OH
HaJl KOJIbLLOM LEJIBIX TayCCOBBIX YHCEJ?

§ 31. INpu3naku Hepas’a0KHMOCTH

[Tyctse & —1esgocTHOE KOJBLO C eIWHHLEH, B KOTOPOM HMEET MeCTO TeopeMma
06 OXHO3HAYHOM pa3/IOKEHHH Ha MHOXHTEJNH, H NYCTb

f(9)=ao+ax+...4-apx"
— NPOU3BOJILHBII MHOrouleH u3 Koabla & [x]. Huxecienyowas TeopeMa nospo-
JSICT BO MHOI'HX CJyYasiX BBISICHHTb BOIPOC O HEPasJOXKHMOCTH [ (x):

Teopema DiizeHwmreitna. Ecau 6 & cyuwecmeyem npocmoil snremenm p,
048 Komopoeo
a, %0 (p),

a; =0 (p) 0aa ecex i <n,
a 70 (%),
mo mroeounen [ (x) wepasaowcum & koase € [x] ¢ mounocmoro do NOCMOAHHBIY MHO-
dcumenett, Opyeumu croeamu, mHozodren f(X) Hepasasosncum 8 koaoye Y [x], ede ¥ —
noae wacmuolx Koavya .
Hoxkxaszateabctso. Ecau f(x) pasrtoxuMm, TO

[(x)=g (x) h(x),

g(x)= 2 byx,
]

S
h(x)=3 cyx¥,
0
r>0, s>0, r4s=n,
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W Toraa
a():boCo, aOEO(p)

Orciofa 6o by =0 (p), mmbo c¢o=0 (p). Ilycrb, cKaxem, by =0 (p). Torza
¢y 3£ 0 (p), Tak Kak MHaue
[ bng =0 (pg)

He Bce xo3pduuueHTs! MHOrousneHa g (x) AeasiTcss Ha p, NOTOMY YTO B NPOTHB-
HOM cJjayuae mpousBefienue [ (x)==g (x)h(x) Aemuyoch 6bl HA p M Bce KOapPuuH-
enrhl, B YaCTHOCTH @, JeIdJMCh Obl Ha p, YTO IPOTHBOPEYHT ycJoBHIO. IlycTh
b;--nepBblii  Ko3pduLBeHT B g (X), KOTOpbH He Jeantca Ha p (0 <<i=ir <n).

Tora
ay=bico+by_1614-...+ becy,
a;=0(p),
bi1=0(p),
: by=0(p),
H, cJeloBaTesbHO,
bico =0 (p),
€ E0(n),
bi =0 (p)r

4TO NPOTHBOPEUHT YCJIOBHIO.

Takum o6pa3oM, MHOrouseH f(x) sBJIsSeTCS HepPA3JOKHMBIM ¢ TOUHOCTBIO 1O
IOCTOAHHBIX MHOMXKHTEJeH.

[Ipumep 1. MHorouren x™—p (p—NpPOCTOE YHUCJO) B KOJblE LEJOUHCIEH-
HbIX MHOTOW.ICHOB (M TeM CaMblM B KOJIbLIE MHOIOYJIEHOB C PALMOHAJILHBIMH KO3(-

¢uunenramu) sepasaoxkuM. CrepoBaTelLHO, "]l/p (m>1, p—mnpocroe uHCIO) —
HPPalHOHaJJIbHOe YHCJIO.

ITpumep 2. Muorousen f(x)==xP-1-4-xP~24.,.4-1 npHu npocToM uucie p
SIBJSICTCS JIeBOH 4acThlo «ypaBHEHHMs JeJleHHs Kpyrar. I[ocTaBHM H 3/eChb BONpoc
0 PAa3’IORMMOCTH Hald UEIbIMH (MJH, 4TO MO CYIECTBY TO Xe caMoe, Hal PaliHO-
HaJbHLIMH) 4HcaMH. [Ipu3Hak OfseHmTeliHa NPHMEHHTb HENOCPEJCTBEHHO 3JeCh
HeJIb3sl, HO MOXKHO NOCTYMHTBL cJeAyloinM obpa3zoM. Ecsn G6bl MHOrousien f (x) GbL1
pasioxKuM, TO TaKuM K€ Obwl Obl B MHorodseH f (x4 1). Hmeem

IR e O Liaes 1L
GFD—T E -
il )

Fet )=

Bee xospouumentsl, xpome Kospduuuenta npu xP, AeATCAd HA P, NOTOMY YTO
B (opmyJie jis GHHOMHAJbHOrO Koadduiuenta

<P>=P(P—1)--:(P—i+1)

i it

npu i < p YHCMTeNb HEJNTCA HA p, a 3HaMeHaTe/b HeT. KpoMe Toro, moCTosiHHbIH
4neH (pp l) He neautess Ha p?. CrefoBaTesbHO, f(X-f- 1) — HepasaoKUMBIH MHOro-
YJeH, a NOTOMY HepasJOoKHM M [ (X).

I[Tpumep 3. To e camoe npeoGpa3oBaHue NPHUBOJAHT MHOTOYJIEH [ (x)= x2-4-1

Ay Fled-1)=x242x42

W TeM CaMbiM NPHBOAMT K DPCHICHHIO BONpOCA O Pas/J0KHMOCTH.
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P
3anaua | [lokasare HPPalHOHANBHOCTh YHCHAA Y P1Pg ... Prr THE Pis voe
«ee» Pp—PasTuuHBIe NMPOCTHIE LeJble YHcaAa H m > 1.
3anaua 2. [TokasaTb Hepas/OXKHMOCTb MHOrOUJEHA

2tyr—1

B koaeue P [x, y], rie P sBasieTcss npOU3BOJIbHEIM MOJeM, B KoTopoM —+1 =& —1.
3anaua 3. [TokasaTb HEPaA3JOXKHMOCTb MHOIOUJEHOB

w41, x8bx34-1

B KOJbIIC I1€JIOYHC/CHHBIX MHOTOUJIEHOB.
B caoeit ocHoBe Teopema JiiseHmTefina onMpaercss HA TO, YTO PABEHCTBO

fx)=g(x)h(x)
npeBpamaeTca B CpaBHEeHHMe 1O Moiytio p
Fxy=g®h (%),

a 3TO nocjcAnee NPUBOAHT K NMPOTHBOPEUYHIO. B MHOrOUHCMEHHBIX APYTHX CJydasx
OKasblBaeTCsd B PaBHOH CTEMEHH BO3MOXHEIM JOKa3aTh HEPA3JOKHMOCTH [1€PEX OXOM
OT PaBEHCTB B [aHHOM KOJblE K CPaBHEHHSM IO MOAYJIO HEKOTOPOTrO 3JEMEeHTa ¢
B Kosble & H BHIICHEHHEM, SfBJIAETCS JH JAHHBIH MHOTOWJIEH PA3JiOKHMBEIM IO
MOAyT0 ¢. B uacTHOCTH, ecnmn & —KOJbHO UeJBIX 4YHCesN Z, TO B KOJblie KJaccoB
BLIYETOB IO MOAYJIO HEJOr0 YHCIAa ¢ eCTh JHIWb KOHEYHOE YHCJIO MHOrOYJIEHOB
3a7aHHOM CTENEHH; NMO3TOMY eCTh JIHIb KOHEUHOe YHCJO BO3MOKHOCTEH pasJoKeHHs
MHOrouJeHa f(x) Mo MOAYJIO ¢, KOTOpDHE JIerKO MpoBepHTb. EC/AH OKaXKeTCst, uTo
f(x) HepasnoXuM MmO MORYJIO ¢, To f(X) GbL1 Hepa3iOKHM H B KoJbue Z [x], HO
B TPOTHBHOM CJy4yae MOMKHO NOKasaThb HEPasJOXKHUMOCTb, €CIH H3BJeUb H3 Pasnio-
JKHMOCTH MHOTOYJIEHA IO MOAYJIO ¢ HEeKOTOPYIO JIOMOJHHTEJbHYIO HHpOpMAIHIO,
NpHYeM, €cJH B KauecTBe g B3fATb KaKoe-JHOO IPOCTOE YUCHIO, TO MOMHO BOCHOJb-
30BaThcs TEOPEMOii 06 OJHO3HAUHOM PAa3/IOKEHHH MHOTOYJEINOB MO MOAYJIO 3TOro
npoctoro yucaa (§ 18, sagaua 3).

[Tpumep 4. €=Z; f(x)=x5—x241. Ecnu mHorousieH f(x) pasjioxuMm
mod (2). TO OAHH H3 COMHOXHTeJel{ JOMKeH ObITb JHHEHHbIM HJIH KBaJpaTHUHHIM.
Ilo monymo 2 ecTh /MWD ABa JHHEHHHIX MHOTOU/JIEHA

x x+1
W JIHIIb OJHH HePasJOKHMbll KBaJIPaTHYHEII MHOrOUJEH
24x41.

IMpouecc nenennst noxaswiBaeT, 4To x5 —x2--1 He AeNMTCT HH Ha OJMH H3 3THX
MHOTOYIEHOB (110 MOAYJI0 2). 3TO HENOCPEACTBEHHO YCMAaTPHUBAETC U3 COOTHOLIEHHH
WB—2l=x2 (B 1)+ 1l=x2(x+1)(x2+x+1)41.

CrnenoBatesbHO, [ (X) — HEPA3TOKHMLIH MHOLOYJEH.

§ 32. PasnoxeHHe Ha MHOXHTEJH B KOHEYHOE 4YHC/IO 1IAros

Mol paccMOTpesiH TEOPETHUECKYI0 BO3MOXKHOCTH Pa3jOXKEHHs KaXKNOTo MHOrO-
4jena KoJabua 3, [Xy, ..., X,] Hall MoJeM Y, Ha NPOCTble MHOXKHTEJNH H B HEKOTOPHIX
ClyYasiX yKasaJH CPeJCTBO BBISICHEHHS] TOTO, BO3MOMNKHO TaKOe DasJoXKeHHe HJIH
Her. OpHako y Hac HeT MeToJa, KOTODHIH NMO3BOJSI Obl B JIOGOM Clyyae DEuIHTh
BOPOC 0 pas/iokeHHH MHOrousieHa B KOHeuHoe 4Hcjo waro OfMH H3 3THX METO-
AOB, KOTOpBLIH NMPUTOJEH WO KpafiHefi Mepe B c/ydae, KOrAa 2, —Ilofie DailHOHA/b-
HBIX yHCes, Mbl cefiyac H3JIOoXKHM.
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Corsacio § 30 M06oii MHOrOU/IEH C PALHOHAJBHLIME KO3PDHULHEHTAMH MOXKHO
CYUHTATh MHOTrOUJICHOM C HeJbIMH KO3(pHUHMEHTaMH H HCKaTh LEJOYHCJIECHHOE pasJio-
JeHHe mocsefiHero. B xoJsiblie Z HeJBIX YHCEN PassiOXKeHHe Ha MPOCTble MHOXKHTEJH
NP OBOJIMTCS, OYEBMAHO, C IOMOIIBI0 KOHEYHOTo 4YHC/ia Hpob; Kpome TOro, B 3TOM
KOJDLE ecTb JHIb KOHEYHOe MHOXKeCTBO ofpaThMbiXx 3JeMentoB (41 u —1),
a MOTOMY JIMIIL KOHEYHO® UHCJO BO3MOXHBIX Pas/oxkeHHH. B xoibue MHOrodJs€eHoB
Z (%1 ... X;] YHCHO OOPATHMBIX 3JIEMEHTOB TOXE KOHEUHO: 3TH 3JIEMCHTH CyTh
4-1 'm —1. Muaykuued 0o YHCHy NepeMEHHBIX n BCe CBOAMTCSA K CJefylomiel 3ajave:

Hycms 6 Koavye & pasroHerue HA MHONCUMEAU OCYUECBAREMCA 8 KOHeUHOe
qucao wiqeos, u nycmo € € cyujecmeyem AUl KOHEUHOE MHOXCECMB0 OBPAmuMbLX
snemenmos. Hatimu memod pasnoiceHus npou3soabHO20 MHoeouaena u3 Koabya € (x)
HO RPOCHIbie MHOMCUMENU.

Pewenne 3toii safauu GbL10 AaHO KpoHekepoMm.

Iyctb [ (x)—mHorousned n-if crenend #3 & [x]. Ecan f(x) pasnoxum, To onuH
M3 COMHOXKHTeJEH OyIeT UMETh CTefleHb <t n/2; CJIefoBaTe/IbHO, €C/IH § — 1Han6o1b-
jee IeJoe WYHCAO, HE [PeBOCXOAsiee 7/2, To Mbl J0/DKHBl NPOBEPHTb, HMEET JH
f(x) KaKol-1M00 NeJHTETb g (X) CTENMEHH << .

Hafinem sHaueHus f(a,), f(a), .... f(a;) muorowrena f(x) B s--1 mpous-
BOJbHO BLIGDAHHBIX UEJOYHCTEHHBIX TOUKAX do, Qg ... , g EcTH Temepe f(x)
IeJNTCS Ha g (x), TO obs3atenvHO f(ag) AeauTcs Ha g (o), f(a;) AequTces Ha g (ar)
u T. 1. Ho Tak Kak Kaxjoe mejoe 4ducio f (a;) B koJjbue & uMeeT JIHIUb KOHEUHOe
YHcso JelnTeel, A g (a;) MMeeTcst JHMUIb KOHeUHOe HCJO BO3MOXKHBIX 3HAYEHHH,
KOTOpBIE, COLJIACHO YCJIOBHIO, MOXHO nepe6paTb. COrJiacHO TeopeMaM H3 § 29 aas
Kak10 BO3MOMHOH KOMOHHAIMH 3HaueHHH g (), g(a1) ... , g (as) cywmecTyer
POBHO ONHH MHOTOWIEH g(x), NpHUeM g (x) BCeria MoxerT OLTh yKa3aH B SBHOM
puze. TeM caMbiM Mbl HallIH KOHEYHOE MHOXECTBO MHOTOYJIEHOB g (X), KOTOpbie
MOTYT ObiThb JeJWTENSIMH JaHHOrO MHOroujeHa. Ilo noBoay KaJOro KOHKPETHOTO
MHOrOWIeHa g (X) C NOMOI{bIO aJIrOPHTMA [EJEHHS MOXKHO BBISCHHTDb, SBISAETCS JH
OH B JEHCTBHTENLHOCTH JejuTesieM MHorousesa f(x) uin uer. Ecan HH ofuH H3
MHOFOUJIEHOB g (X) He OKaXeTcs JeslMTesleM MHOTOuJeHa f(x) (Mbl omyckaeM ciydaH
OOpaTUMBIX JlelHTeqest), To f(X) Hepas/jOXKHM; B IPOTHBHOM XK€ C/aydae HaXOIHM
HEKOTOPOE PAa3JoMKeHHE M K KaXKJOMY H3 IOJYYEHHBIX MHOMKHTENEH MOXHO MpHMe-
HHTb Ty JXe Npouelypy H T. 1.

B nenounc/ienHoM ciayyae (€=7) OnHCaHHbIH METOJ MOXHO CHJIBHO COKPATHTb.
Chaualla HYXKHO DAcCMOTPETb DasJIOKEHHe JAHHOrO MHOFOYJeHa MO MOAY/MO 2 H,
BO3MOXHO, MO MOAYy/I0 3, UTOOLl MOHATh, KaKHE CTENeHH MOIJH Obl HMETb ero
KeJHTENH g (X) M KAKOBbi KJAacchl BHLETOB KOS(HIMEHTOB IO MOAYJIO 2 H NO
monyamo 3. Takue HaGMONCHHS 3HAYUTEJHHO COKPATAT YHCJO BO3MOXHBIX NpETEH-
JeHTOB Ha POJb JeJHTeNell Buia g (x). 3aTeM, NMPHMEHsST HHTEPNOJAUHOHHYIO top-
mya1y HbiOTOHa, MOXHO 3aMETHTb, UTO NOC/TEAHHH KO(ppHUHEHT Ag Kakoro 6ul TO
HM ObLIO JeNHTe]s sBJAsSeTCs CcTapiiuM KosQhHUueHTOM MHorouslesa f(x), a 2710
BHOBb yMeHbLIAET YHCJO BO3MOXKHocTel. Hakowew, 4acTo HCIIO/b3YeTCS NPHEM,
npH KOTOPOM Gepercst Gosee s---1 Touek a@;. 3echb HYXHO ONMPENENHTh BOSMOXHbIE
3HaveHHs g (q;), Aesmue Te f(a;), KOTOpHe COAePKAT HaKMEHbIee YHCJO MPOCTHIX
JeJHTeNeli; OCTaJbHble TOUKM TAKKe MOXKHO HCIONL30BaTh AASl TOrO, 4YTOGH Orpa-
HUUHTH UHCJO BO3MOXKHOCTel. [/ 3TOrO NPH RHIUKCIEHHH KaXKIOro MHOrodJeHa g (x)
HYXHO CHaya/la BBISICHHTH, SBJAIOTCS JH €ro 3HAUCHHS B HEYUTCHHBIX ele Tou-
Kax a; AeJIMTesMH COOTBETCTBYIOUIMX uyHces f(a;) WJIH HerT.

3agauya . PasnoxuTb MHOMOYJEH

f)=x24-xt+x24-x+2

B KoJblle Z [¥] Ha npocTele MHOXHTEJIH
3agaua 2. Pa3ioXute MHOTOYJIEH

f(x, 9, 2)=—x3—13—23+x2 (y+2) 42 (x+2)+ 2% (x+y) —2xy2

B Koablie Z [¥, y, 2] Ha NPOCThIE MHOXKHTCIH.
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§ 33. Cummerpuyeckne GyHKUHH

[Tycte ©— MPOM3BOJbHOE KOMMYTATHBHOE KOJBLO C eIMHHIIEH.

MHorouJes Koabua o [X;, ..., X,] Ha3bBaeTcs (1eJOH palHoHaJIb-
HOH) cummempuueckoli pynKkyuell TEpeMEHHBIX Xj, ..., Xp, €CJAH OH
nepexoauT B ce6Ga NpH Jo00H NepecTaHOBKE NEPEMEHBBIX X3, ..., Xa.
Hanpumep, cymma, NpoH3BeJeHHe, CyMMa CTelleHeli 3THX NepeMeH-
HBIX — CHMMeTpHYecKHe (PYHKIHH.

C 1noMOLIbI0 HOBOH mMepeMEeHHOH Z MOCTPOUM MHOrOWJIEH

fR=@E—x)(E—x%)...(2—X,) =
=2t — 02" 10,27 P — . - (—1)'0n (M

Torja KOSCp(bHLU/IeHTbI 3TOro MHOrodJjieHa IpH CTeleHAX Z TaKOBbI:

Op=X1+ X+ ..+ Xn
Oy ==X Xg -+ X1 X3+ ...+ XoXs+ ... Xn1Xn,
Oy = Xy XoXg 4 X1XoXg + o o Xn-2Xn-1%ns

Op == X1XoX3 ... Xp-

OueBHIHO, 3TO — CHMMeTpHueckHe (YHKUMM, TaK Kak JeBas 4acTb
pasencTBa (1), KaK H ero npasasi 4yacTb, He MEHAIOTCH NpH nepecta-
HOBKax nepemeHHslx X;. QPYHKUHH Oy, ..., O, HA3bIBAIOTCA JAeMEH-
MAPHOLMU CUMMEMPUHECKUMU (PYRKYUAMUL OM X1, «..y Xn-

Kaxaplit MHOTOYNEH @ (Gy, ..., O,) Aa€T CHMMETpHYecKyio QyHK-
LHIO OT Xy ..., Xn, €CJH BMECTO G MOJCTABHTH COOTBETCTBYIHOLIHE BEI-
pamenusi uepes nepemenHbie x. [lpu 3ToM csiaraemoe BHAA coyt...
...0%z B BHPAXEHHH MIA ¢ (0 ..., Op) OKAXeTcsi ONHOPOAHBIM

MHOTOUJIEHOM OT X; CTeNeHH py—+2up-+...+ MK, TaK Kak KaXnpld
MHOT'OUJIEH G; SBJAETCA OJHOPONHBIM MHOTOU/IEHOM CTENeHH i. Cymmy
Uy -+ 2py . .. A, MBI Ha3bIBaEM 6eCOM CJIaraeMoro cot ... ozn, a noj

gecom MHorouJeHa @ (o, ..., O,) NOApasymeBaeTcsi HaHCOJBLIMH BeC
U3 BXOAALLUX B HEro cnaraeMeix. Muorounens! @ (o, ..., 0,) Beca R
NAI0T TeM CaMbiM CHMMETPHYECKHE MHOTOU/IEHbl OT X; CTeneHH <<R.-

Tak Ha3niBaeMasn OCHOBHAas TeopeMa O CHMMeTpHYe-
CKMX QYHKIHAX IJACHT:

Kaooas uyeraa payuoHQAbHOS —CUMMemMpUYecKkas QYHKyua  u3
Koabya ©[xy, ..., X,] Moxgem Goimb sanucana 8 eude MHO204neHQ
¢(0y ...y On)

JloKka3aTeabCTBO. YNOPSLOYHM 3allaHHbId CHMMEeTPHYECKH i
MHOTOWIEH CA06apHO (KaK B cJoBape), T. €. TaKuM 0o6pasoM, 4ToObl
craraemMoe x ... x% TPEUIECTBOBANO C/AraeMoMy xf ...xgn B TOM

tayyae, ecad IepBas HEHyJeBas pa3HoCTb O!q—ﬁi NOJIO2KHTEJIbHA.
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Bmecte co cnaraembim axf‘l ... X%*» B BblpaxKeHue IJid JAHHOTO MHOro-
n

Y/€Ha BXOAAT 1aK:kKe BCe cjaraemble, [I0Ka3aTe/H KOTOPHIX SIBJASKTCS
(B cBoeM Habope) HEKOTODOH MepecTAHOBKOH MOKasaTeJed o;; 3TH
claraeMple Mbl 3alHMChLIBaTh He OyleM, a BOCHOJIb3YeMCsi 3allHChio

a Zx‘fl xffﬂ, B KOTOPY0 (DaKTHYECKH BXOAHMT JIHIIb HEPBOE B CJIO-
BAPDHOM YIOPSIIOYEHHH CJIaraeMo€ BO BCEH CcyMMe cJjaraeMbix. Jis
TAKOro CJ1araeMoro o == 0, == ... == O,

[lycts crenedp JaHHOFO CHMMETPHYECKOTO MHOrGW/IEHa paBHa &,

a nepsoe B C/OBAPHOM YIOPSJIOYEHHH CJaraemMoe ecThb ax%...x%.
n

CocTaBuM TpOM3BEJEHHE 3JIEMEHTAPHBIX CHMMETPHUYECKHX (YHKUMH,
B KOTOPOM (MOCJI€ DACKPHITHS CKOGOK U NPHBEJEHHS B CIOBAapHBif
MOPAIOK) MEpBOe cJjaraeMoe OYAeT TAaKHM XKe: axf ...x‘;‘n. ro npo-

H3BeJeHHe HAHTH JIETKO; BOT OHO:

Ay — %y X =, o2
1 2072 3
ao, o, NP
Boiutem 3To npousBefeHHe U3 JAHHOTO MHOTOW/EHA, YIOPSIOYHM
pasHOCTb CJIOBApPHO, HaHJeM B Hell cTapiuee cjaraemMoe H T. f.
Takas npouenypa no/mxHa G6yieT B KOHLE KOHLOB 060PBAaThCA.

ﬂeﬁCTBI/ITeﬂbHO, BbIUHTAEMOE I[POU3BEJeHHE HMEET BeC

oy — Oy + 200 — 2005+ 30ty —. .. — (n — 1) @, +na, =

=0 0ot <<k

I03TOMY, paClIHCaHHOe KaK MHOTOW/IEH OT NEPeMeHHbIX X, 3TO IIpo-
usBejeHue npuobperaeT creneHb =< k. C/€0BaTeNbHO, CTENEHL [aH-
HOH CHMMETPHYECKOH (YHKUMA 0PH BHYHTAHUM, ONHCAHHOM Bhillle,
He Bospacraer. Ho npu sajaHHOll crenmeHn R CyilecTBYeT JHUIb KO-
HEYHOE MHOXKECTBO NpOH3BeEHHH creneHed xj1 ... xo». Tak Kak npu
Kax<JIOM BbIYMTAHHM TaKOe [IPOU3BENCHHE HCUYE3aeT, a OCTaloICs
JUWDb cJefyloliye 3a HHM B CJOBAPHOM YHODSJAOYEHHH, NpOLEaypa
Noc/ie KOHEUHONO YHMCJa 1IaroB JOJXKHa oOOpBaThCsi: I[POCTO He
ocraercs GoJiblli€ CJ1araeMbix.

Takoe n0Ka3aTe/bCTBO OJHOBPEMEHHO JaeT CPEACTBO BbIPAXKEHUS
JAHHOH CUMMETDHYECKOH (DYHKLUHH uepe3 3JeMeHTapHble QYHKUHH O
Ecin pannas ¢yHKUHA HMeeT CTeNCHb #, TO HaHJEHHOE BbipaxKeHlie
¢ (o}, ..., 0,) Oyner umeth Bec k.

Kpome Toro, u3 nokasatesnbcTBa CJeAyeT [PENIOKEHHE: OJHO-
pOJHBIE CHUMMETPHYECKHE (DYHKUNH CTeleHH 2 MOTYT ObiThb BLIPaKEHbLI
«<u306apuyecku» uepes QYHKUHH O;, T. €. TaK, YTO CJAaraembie B I0-
JIY4JEHHOH cyMMe Bce OyAyT HMeTb Bec &.

[Tokaxem 1eneps, yTo Jo6as cHMMeTpHueckas OYHKUHS Bbipa-
KaeTcsl B BHJE UEJOH pauuoHaJbHOH (YHKUHH OT Oy, ..., 0, € AW H-
CTBEHHBIM cnocobom. Tounee;
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Ecauw @y (Yyy ooy Yn) U QoY1 ---» Yn)— 080 MHOZO4NEHQ OM ne-
PEMEHRBIX Yy, .oy Yn U
(pl(yh R ] !/n)#%(!/p N | yn)r
mo u

(P](Gl, ceey Cn)#@z(ch sesy Gn)'

PaccmoTpeHte pasHOCTH §; — @, = @ TOKa3bBaeT, YTO JOCTATOUHO
JOKa3aTh yTBepxkJeHHe: U3 @(y;, ..., Yo)3=0 caenyer ¢ (oy, ...
.y 6,) #=0.
HokasateabcTBO. Kaxnoe cnaraeMoe B ¢ (4, ..., Yn) MOKHO
3amucaTh B BHJIE
&, — 0, O, —(13 oL

ayll 2‘1/22 cea yn”.

Cpean Bcex cHCTeM (04, Cly, ..., O,), KOTOPHIE COOTBETCTBYIOT KO3(-
¢uunenTy a=£0, cyllecTByeT IepBasi B CJOBaPHOM YIOPSJOUEHHH.
3aMeHHM y; Ha O; M BBIPa3UM 3TH IIOC/JAEJHHE Yepe3 X;; Toraa IMoJay-
YUTCS MEPBOE B CJAOBAPHOM CMbICJe cjaraemMoe B ¢ (0, ..., 0,):

o o
1 n
ax] e X

3710 cJaaraeisoe HeJb3s HH C UeM COKpaTuTh, TakK 4YTO H B CaMOM
JieJie

o0y, ..., 0,)50.

Mu nokasanu:

KaowOoul cummeniputeckull MHO204AeH U3 KOAbYQ ©[Xy, ..., X,]
MOJICHO 1L NPUMOM eOUHCGEHHbIM COCOBOM npedcmagums 8 eude MHoO-
204NEHA OM Oy, ..., Oy, 66C 3MO020 MHO204NEHQ PaseH CrmeneHt 300aH-
H020 MHO204NEHQ.

Bce nedable pannoHasbHble COOTHOILEHHS MEXNY CHMMETPHYECKHMH
OYHKUHMAMI COXPaHSIIOTCS, eC/IH X; NepecTaloT GhiTh NEPeMEeHHBIMH H
CTaHOBATCS KAKHMH-TO 3JeMEeHTaMH M3 0, HaIpHUMEp, KODHSMH pas-
JIGFalollerocsl Ha JHHEHHHIC MHOXHTENH B o[z] muorousena f(z). Us
JOKa3aHHOro, TakHM o0pasoM, CJAeAYeT, 4TO KaxKias CUMMeTpHYecKas
Gynxuns xopHeil MHoOrouseHa f(z) Bbpakaercsi uepes Kos(hOHUHEHTHI
3TOr0 MHOTOY/IEHA.

3agaua 1. [l17 NpOM3BONLHOMO 7 BLIPA3HTb CYMMbI CTemeHeii in, Zxﬁ,
Y x! uepes sueMenTapHEIE CHMMETpHUECKHE (yHKIHH.
0 —
3anauwa 2. Iyt Y xP=s,. Jlokasats dopmysi

89— 8p-101+ Sp_o0s — ... (—1)P" L 5101+ (—1)°poy, =0 ans p=n
Sp=5p-101+ ...+ (=1 55_,0,=0 113 p>n,

H C HX MOMOLIbIO BLIPA3HTh CYMMBI CTENeHEeH sy, S, §3 S5 S5 Yepe3 3jeMeHTapHbie
CHMMeTpuyeckHe QyHKUHH.
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Baxuofi cummerpuueckod (QyHKUMeH sBJsercs KBajpaT IIPOHU3-
BeJIlCHHSI pasHOCTeH:
D=]] (x—xu)*

<k
Boipaxenne pas D Kak MHOrowieHa or
QG =—0y Q=0 ..., @y=(—1)"0,

HAa3blBAETCH OUCKPUMUHAHMOM MHOTOUJICHA
f@Q=2"t+azt ' +...4a,.

O6paiienye B HyJb AHCKPHMHHAHTa [JJS YaCTHHIX 3HAueHHH ay, ...

., a, O3Hauyaer, uTO [(2) uUMeeT KpaTHble JHHEHHBIE MHOXHTEJH.

Ecau muorousen f(2) mnpencraBuTh B Oosee oflieM BHAE C NPo-
H3BOJIbHLIM CTapiuM Ko3(phUUHEHTOM ay:

f(@)=aw"+a2" ' +...+a,
TO MNOJIYYHTCH
a ap a
Op=—g5 Ga=go e O,=(—1)" a—:.

JIMCKpHUMUHAHTOM MHOTOYJeHa f(2) B 3TOM CJy4ae HasblBalOT IIPOH3-
BeJleHHe pa3HocTell, YMHOKeHHOe Ha al*—?:

D=ar—2[] (xi—xx)*
i<k

B § 35 M yBuauMm, yto D mpexcraBsisieT co60d MHOrouY/eH OT a,,
gy -ovy Qp.

[NpumeHssi onucaHHBIH Bblle OOLMA METOH, Mbi IIOJYyYUM JAHUCKPH-
MKEHAHThI

I agx® 4 a.x +ay:

D =a} — 4ay,;
g apx® +ax? -+ ax +as
D = aia} — 4ayal — 4aja; — 27aa3 1 18a,a,0,0,.

3amauya 3. JJMCKPHMHHAHT OCTaeTcsl HHBaDHAHTHLIM NpPH 3aMeHE BCeX X; Ha
x;+h. BoiBecTH orciofia audxpepeHUnasbHOE COOTHOUIEHHE

oD oD
ng+(r—Nas—+...+ap 15— =0.
Oa, oa,

§ 34. Pe3yabTaHT ABYX MHOFO4YJEHOB

ITycts H — npousso/bHOe nose H
() =aper + i 4. a
g(x)=byx™+bx™ '4... 4 by
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— nBa wmHorouneHa u3 H[x]. Haiinem neob6xopumoe M 10CTAaTOYHOE
yC0BUHE IS TOro, yToObl 3TH JiBA MHOTOY/IEHA HMENH OTJHUHHIA OT
KOHCTaHTHl OOIMH MHOXHTEb ¢ (X).

C camoro Hauajga Mbl He HCKJIO4aeM BO3MOXKHOCTb TOTO, YTO
a,=0 nm by=0, T. e. crenenb [(x) MOXKeT B JEHCTBUTEJbHOCTH
6LITh MeHbIIE 7, a CTeneHb g (x) — menbiue m. Ecau muorousnen f(x)
3anicaH B YKasaHHOM BHJE H HauKWHaerCsl ¢ (BO3MOXHO HYJEBOTO)
CJ1araeMoro @y,X", TO UHCJO A Ha3LIBAIOT (OPMANGHOL CHIenewbro MHO-
20MNeHA, 8 Qy— POPMANLHLIM cmapuium Kosghpuyuernmom. Mpl Gynem
npeano/aratb, 4yTo NO KpaiiHeH Mepe OXMH H3 cTapluMx Kospduuuen-
TOB @y, b, OTJIIHYEH OT HYJA.

B 3TOM NpeAno/IOKEHHH Mbl MPEXKJe BCEro MOKaxKeM CJenylollee:
f(x) m g(x) umeloT OOIMH MHOXHTEJb, OTJIHUHBIH OT KOHCTaHTHI,
TOrjJa M TOJBKO TOTJa, KOTJa MMeeT MeCTO PaBeHCTBO BHa:

h(x) [ (x) =k (x) g (x), (1)

rae A(x) uMeeT cTemeHb, He 60apmyl0 m—1, a R(x)— cTeneHb, He
66apmylo n— 1, mpuueM XOTSl Obl OJMH M3 MHOTOUJEHOB /A, R He
SIBJIAIETCS] TOXJIECTBEHHBIM HYJ/eEM.

JleficTBUTEIbHO, €C/IH BBIMOJHEHO (1), TO npu pasoxeHuu obeux
qacTell 3TOr0 paBeHCTBA Ha MPOCTble MHOXHTEJIH CJeBa H CIpaBa
JOJIKHO CTOSATh OJHO H TO €. Mbl MOXKEeM HpPefNoJOXKHTb, 4TO f(x)
B JEHCTBHTENBHOCTH HMeeT CTeneHb n (H a,=~=0); B NPOTHBHOM Cay-
yae Mbl MOTJIM Obl NOMEHSTH poasmu [(x) u g(x). Bce npocreie muo-
KUTeJH MHOroujeHa [(x) Jo/KHb! ObITb W B NPaBOH YacTH paBeH-
crBa (1), mpuyeM ¢ TeM e caMbM YHCJIOM TOBTOpeHHH. B oxun
JIMIIb MHOTOYJIEH X (x) BCE 3TH MHOXKHTE/IW BXOLHTb B TeX e cTere-
HSiX, 4TO W B [(X), He MOryT, IOTOMY UTO CTeNeHb k (X) He IpeBoC-
xonut n— 1. CrenopatesbHO, HEKOTODPHIH MPOCTOH MHOXKHTEJb MHO-
rousieHa [ (x) BXOZHT B g (X), 4TO H TpeGOBaIOCh.

O6paTho, ecau ¢ (X) — OTJAHYHBIA OT KOHCTalThl OOUMH MHOXHTEND
f(x) n g(x), TO HYXKHO NMHWDb MNOJOXKHUTDL

F )= (x) & (x),
g (¥) =9 (x) h(x),

u noayuures (I).
Yro6n nmogpobuee H3yunTs paBeHcTBO (1), mosoxum

h(x) = coX™ -0 x™ 24 A Cpy
k (x) = d(,x”‘l + dlx"_z + cee "" dﬂ—l‘

Packpnias cko6ku B pasenctse (1) u cpaBuuBas ko3pdHUHEHTH
NPY OAMHAKOBBHIX CTemeHax xmrm-1 jxnim-2. - = x 1 cjeBa W cnpaBa,
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MBI TIPHXOZMM K CHCTeMe ypaBHeHHil s ko>dduuuestos ¢;, u d;:

Coy =dyb,,
Coty + €12 =db; 4+ dyb,

Coaz+clal —{—62a0 =d()b2+d1bl+d2b0’ (2)

Crmglln ~+ Cp10n-1 = An-obm+dp 101,
Cm—1Qp = dn 1bm-

310 1M OJHOPOAHBIX JHHEHHBIX YPaBHEHHH OTHOCHTENBHO 1 -+m
Besuunt ¢;, d,. OT 3THX BeJNYHH Tpebyercsi, 4ToGbl OHHM He ofpalla-
JIMChb B HYJb OJHOBPEMEHHO. Y CJIOBHEM JUISl 3TOr0 sAB/SETCS paBeH-
CTBO HyJi0 onpepenutensi. Yrto6el B onpejennTesie ne GblJIO 3HAKA
MHHYC, Mbl TEpeHeceM BBIPaXKeHHsI, CTOsIHE B INPaBBLIX yacTaX, Ha-
JIEBO M B KauyecTBe HEH3BECTHBIX PACCMOTPHM BeNHMUHHBI ¢;, — d;. Ecin
riocJie 3TOrO €lie IOMEHATh POJISAMH CTPOKH H CTOJIOLB! ONpefesiTe s
(TpaHCIOHHPOBaHHE OTHOCHTE/BHO IVIABHOH JUAroHa/M), TO MOJYUHICH
ornpeneauTeib BHAA

g Q1 ... Qp

R — 4 a an
by by ... bpm
bo bl . bm n
by by ... bp

(Bciogy TaM, e HHUEro He HANMCaHo, NOAPA3yMeBAIOTCH HYJIH.)
ATOT ompee/iuTe/ib Ha3blBACTCS pe3yAbrmanmom MHOTOUNEHOB f (),
g (x). Cienyer OTMETHTDL, YTO OH SIBJISIETCS] OJHOPOJHBIM MHOTOUJEHOM
CTENIeHH m O NepeMeHHbIM @; U CTereHH 7 10 nepeMeHHsM b); nasnee,
€ro CTapliuil 4jieH — MpoH3Be/ieRNie 3JEMENTOB IVIaBHOH JMaroHanu —

paBeH a,'bj, W, HaKOHel, De3yJbTaHT PaBeH HYJIO He TOJBKO TOrJa,
Korma f, g MMeioT OBHMii MHOXHTeIb, HO H TOTA4, KOrja (BOTMpeKH
clleJJaHHOMY B Hauaje MPeroNIoKeHHIo) ay=b,=10.

CymMipyeM Bce CKasaHHOE:

Pesyaomanm deyx muoeourenos [ (x), g(x) Aasasemesa yeroil pa-
YUOHAAbHOLL ¢hopmoil om Koapuyuenmos suda (3). Ecau pesyrvmanm
pasen Hyao, mo Aubo mHo204reHvl f, g obaadarom  OmMAUdHbIM oM
KOHCMaHmbL  00LuUM  MHONCUMmereM, AUOO 8 000UX MHO204AEHAX DaseH
Hyato cmapuiuil  kKosgpguyuenm. Bepro u obpamHoe.

MeTos HCKJIIOUEHHS, KOTOPOMY Mbl 3Jech CJIeJOBAJIH, NMpHHAajJje-
XUT Ditepy; eua (3) pesysbTaHTa H3BECTEH B OCHOBHOM Osaropaps
nccnegopanusM CuiabsecTpa.
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B npusejgeHHoll GopMyJHPOBKE TeOpeMbl HCKJIIOUMTENbHBIH ciyuait
a,=by=0 MOXHO ONyCTUTb, €CJM BMECTO TOrO, HYTOGhLI T'OBOPHUTH
0 JABYX MHOrOwieHax OT OJHOH IlepeMEeHHOH, MOBEeCTH pedb O ABYX
OJHOPOAHBLIX MHOT'OWJIEHAX OT JABYX IePEMEHHBIX:

F(x)=aux?+axt~ 1y, ...+ axt,
G (%) = box™ 4= byxm=1x, 4. . .4 bxm.

VicxonHule MHOrowleHnl f, g u uucaa m, n onpemeasior dopysl F, G
COBEPILEHHO OJHO3IAYHO ¥ HaoGopoT. KampoMy pas/oxKeluio Ha MHO-
KUTEI MHOrousena f:

fX)=apx"+ax" .. a,=(pex” +...4 P (qox*+...+qs)
COOTBETCTBYET pasJjioxenue ¢opmbl F:
F(x) =ax} 4. . A auxf = (DX +. ..+ pex)) (GoX +. ..+ gsx))

M aHaJoruutoe BepHo 11 g u G. Tem cambIM Kaxjaomy oO6ILEMy MHO-
AUTENI0 MHOTOY/IEHOB [ M g COOTBETCTBYeT OCLIME MIOXKHTEdb (opM
F u G. OGparno, Kaxjpoe pasdomenne aas F uin aist G, B KOTOpoM
MBI TOJIaraeM X; ==X, X, =1, naer pasJjoxkeHue aas [ HJAd COOTBET-
CIBEHHO IJd ¢ 1 KaxIblfl oOWUN MHOKhTeqb ¢opm F u G paer
OOWHEA MHOXHTEJIb MHOTou/eHoB [ u g. Ho MoxKeT okasaThCsl, uToO
HEKOTOpLIH OOIKH MHOXKUTeIb GopMm F u G Oyuer Juilb YHKCTOM
CTEMEHbIO NEePEMEIHOH X,; TOTJa COOTBETCTBYIOIIHH OGUIMH MHOXKHTE/b
MHorousnienoB f u g Oyjer xoucrautod. Cayuail, xorga F u G ne-
JISITCS Ha HEKOTOPYIC CTeNEeHb X,, KaK pa3 SIBJSETCS CJAydyaeM pPaBeHCTB
@y ="b, =0, 4 nosromy cHopMyJUpPOBAHHBIE BhILe ABA CJAYYas B T€O-
peme 00beIMHSIOTCA B €AMHOE BBICKA3bIBAlIMe: €CAU PEe3YAbMAKM  pa-
sen Hyato, mo F u G umeiom omauuneii om KoHcmawmot 00HOpPOOHbLL
obtyutl MHoxcumens, 1 Haobopom.

BeiBellem Temepb BaxHoe TOXKAeC1BO. IlycTe koshbuuHeHTH ay, by
MHOTOYJIEHOB [ (X), g(x) OyayT HeusBeCTHbIMH. [losoxum

X (X)) =ax® Ml faxtm 24 Faxm

x™ 2 (x) = agx® ™2t axmee,
f (x)= a " ...+ ay,

x" lg (x):baxnym 1+b1xn m 2+...+bmx”'1,

X lg(x) = bx™ ™ 2 A bpx,
g(x) = box™ ...+ by

Onpepenuress 37Ol cHCTeMBbl ypaBHenHit B TounocTH pasen R. Uckio-
YHM cnpaBa XM7Y, ..., X, JJISI YEro OCYLIECTBHM YMHOMEHISI Ha si-
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HOPBI NOCJAEIHETrO crojbua 1 COOTBETCTBYIOLIEE CJ'IO}KEHI/IE‘I); TOrjaa
MMOJYHYHUTCA TOXKACCTBO BHIA 2)

Al +Bg=R, (4)
rie A u B — nenounc/enHble MHOTOUIEHB! OT MEPeMeHHBIX ay, by, X.

3anava 1. B Tepmuuax onpefeiaureneli xaTe Kpurepu# ToOro, 4to f(x) u
g (X) MMeloT ofluue MHOMKHTCIH CTENEHH, Ne MeHblieH k.
3apava 2. Jlua mo6bIX ABYX MHOFOYJICHOB BTOPO#l CTENEHH CITPaBEIJiHBO
PaBeHCTBO
4R = (2a0by — a1by -+ 2a5b0)* — (4aea; — a3) (4beb2 — b}).

§ 35. PesyabranT Kak cHMMeTpHuecKasi (yHKUHS KoOpHeil

[pennonoxum Tenepb, uTo 06a MHOrouleHa f(x) u g(x) mojHo-
CTbIO pas3/iaraloTcsl Ha JHHeHHbe MHOMKHTEJH:

f(x)=ay(x —x;) (x — %) ... (x — %),
g(x) = by (x —y1) (x —ya) ... (X = Ym).

Torga Ko3bdHIMEHTb! @, MHOroujeHa f(x) fABJAAOTCA IPOH3BEJE-
HUAMH @, H 3/€MEeHTapHBIX CHMMeTPHYeCcKHX QYHKUHH KOpHel Xy, .. ., Xp;
paBHBIM 00pasoM, Ko3dduLMeHTH by ABAAIOTCA NPOM3BENEHUAMH b,
M 3JEMEHTapHbIX CHMMETPHYeCKHX (YHKUHH KopHel y,. Pesy.abrant
R sBJisieTcsl OJHOPOAHBIM CTENEHH 1M HO @, H OJHOPOLHBIM CTENEHH A
mo b,; cJaefoBaTebHO, pe3y/ablaHT R paBeH HPOU3BeAeHHIO a™b? Ha
HEKOTOPYI0O CHMMETPHUYECKYIO (QYHKLIHMIO OT X; U Yp.

IlycTh KOPHH X; ¥ Y, PACCMaTPHBAIOTCA CHAua/la KakK MEPeMEHHLIE.
Muorousen R ofpamaeTcss B HYJAb IIPH X; =Y, TaK KaK B 3TOM CJy-
yae MHOTOWJIEHBl [(x) W g(x) uMetoT OOWMHA JHHEHHBI MHOXKHUTED.
Tostomy R penutcs Ha x,—y, (§ 28). Tak kak suHelHble QOPMBI
X; — Yp TIONIADHO B3aHMHO IIPOCTEI, Pe3y/bTaHT R NeJUTCs Ha IPOU3-

BeJCHUE
S=ayby [ 111 0a—ua). W)
i k

1o nmpousBeJeHNE MOXKHO npeobGpasoBaTh ABYMs crocobamu. [lepBorii
noJiyyaercsi W3 paBeHCTBa

g @) =b ] T~y
k
HOJCTAHOBKOH X =X; M COCTABJICHHEM IIPOH3BEIEHHS

[lg =00 1111 (i~

i

1) Cm. sanauy 9 B § 25. —IIpunm. ped.
2) Ina dopm F u G cOOTBETCTBYIOIEE TOXKIECTBO TAKOBO;

Al 4+ BG =} Tm—1R,
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TaKUM 00pa3oM,

S=ar]]gx). )

BTopoil crioco6 mosyuaercsi H3 PaBeHCTBA

/(x) :%I] (x“xi):(“l)naon(xi—x)

H TOYHO TaK K€ INPHBOJAHT K

S=(— 1)"mb3IkIf(yk)- (3

M3 (2) ycmatpuBaercsi, 410 S sAB/AAETCA MEAWM H OFHOPOXHEIM
CTENEHH # MO TiepeMEeHHBIM b, a u3 (3) BuaHo, uTo S aABaseTca ue-
JBIM M OJIHODOAHLIM CTENEHH m [0 nepeMeHHuIM a. Pesyjprant R
HMEET, OJHAKO, Te K€ CTeHEeHH MO TeM 3Ke MepeMeHHbIM H JeJHTCH
Ha S; cnefoBaTesbHO, R M S COBNajaioT ¢ TOYHOCTHIO 7O HEKOTOPOIo
LeJIOYAC/IEHHOrO0 MHOXKHTe/ 1. CpaBHEHHe CJlaraeMblX, KOTOPbIE COfep-

»aT HauBLICLIYIO CTENEHb 3JemeHTa b, paeT caaraemoe - aj'by Kak
B R, Tak 1 B S; Mo3TOMy LIJOYHC/IEHHBIH MHOXHTENb paBeH | H

R=S.

Takun o6pasoM, mis R noayuensl Tpu npeicrasienus (1), (2) u (3).
B cuny Tteopembt exuuctBennocrd u3 § 33 pasencTso (2) BuinoaHs-
€TCSi TOXKAECTBEHHO MO by, @ (3) TOXKNECTBEHHO IO 4, T. €. (2) uMeer
MeCTO M TOrj/ld, KOrja g (x) He pas/araercsi Ha JIHHEHHbE MIOKHUTEH,
a (3) cnpasejJMBO M TOTJa, KOTAa Ha JIMHEHble MHOMXKU1EJH He pas-
naraercst f(x).

Orcioga  nerko clefyetT M HepasloKuMOCTb De3yJbTAHTA Kak
MHOrou/leHa OT @y, ..., Dp, IpHUEM HEPA3JOKHMOCTE HE TOJBKO
B CMBIC/I€ L€JIOUHC/ICHHBIX MHOTOU/IEHOB, & HEPasA0MUMOCTs QBCOMOM-
Hadq, T. €. HEDA3/JI0KUMOCTb B KOJbLE MHOTOUYJIEHOB HAA JIOGLIM TOJIEM.
HeictBuTennno, ecan O6uf R pasnarancs Ha asa muoxurens A, B,
10 A 1 B MoxHO 6bl1o Obl BHOBb DaccMaTpHBaTh KaK CHMMETPH-
ueckre ¢yHkuun Kophei'). Tak Kak R penutcss Ha x; —y,, 10 A
uaH B ~mycte A — penntca Ha 3Ty Xe pasHocTb. Ho Kak cummerpu-
yeckast QyHKUMS, MHOrounen A 0/DKEH (€C/TH OH JEJHTCS Ha X; — yy)
IeJNTbCSL M Ha BCE OCTA/bHLIE X; — Y, @ MOTOMY H HA IIPOH3BEJEHHE

H Ikl (1 = yr)-

R=arvz 111 =y

1) B sTOM MecTe HesBHO HCHOJb3yeTCS TEOPEMA O CYUIECTBOBAHHH KOPHA IO~
H3BOJILHOIO MHOTOYJEHA B HaJJexameM PACIIHPEHRHH NOAA KOMDQHIUEHTOB, O KO-
Topoi peub Buepean (§ 39). — Hpum peo.

Tak kak
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JJIs1 IPYTOro MHOXUTeI B ocTaercs JHIIb OfHA BO3MOXKHOCTL: B =
=afb?. Ho R xak mnorowleH oT a u b jenurcss Jau6o Ha a, JaH60
Ha b,;, moatomy Ajsi B ocraertcsi BO3MOMKHBLIM JIMIIb paBeHcrso B =1.
Tem cambiM HepasnoKIMOCTL MHOrod/jeHa R JoKasaHa.

Ilpyroe jokasatenbcTBO jaetcss B KHMre MakoJseit (Macaulay F S).
Algebraic theory of modular systems —Cambride, 1916, § 3

CylecTByeT HHTepecHasi CBSI3b MeXKJY pPe3yJbTaHTOM JBYX MHOTO-
YJ€HOB H JUCKPYMHHAHTOM MHOorowleHa. VMMeHHO, MOCTpoOMM pe3yiib-
tant R (f, ') mas pauHHOro MHOrousieHa

F)=ax"+ax" ' ...+ a,=a,(x — X)) (x — X3) ... (x — X,)

u ero mpousBogHo#t f'(x); Torga corsacHo (2)

R(f, y=ar—"[]F (x). )

Ilo dopmyne npousBOAHOH MPOU3BENEHUS HMeeM
Fra=2a,(x—%) ... (x—Xig) (X —X1) .. (X —xp),
t

() =ao (e — %) . (6 — Xia) (80— Xpa) - (50— %)

TloacraBuM ato B (4); TOrja MOJYUYHUTCS DaBEHCTBO

R(f, [y=ayr—"1] (x.— x)

L ER
WM, ecyau yepe3 D o6o3HaunTh AUCKPHMMHAHT MHOrodJena f(x),

R}, I')==*%a,D. ()

Ecan sanucate R (f, f') kak onpenenutenb us § 34, To u3 nep-
BOrO CTOJIOLA MOKHO OyJeT BLIHECTH MHOXHTeNb @, TeM caMbiM D
CTAQHOBH1CS MHOTOUJIEHOM OT &y, ..., Q,. PaBeHCTBO (D) BBINOJHSETCH,
KOHEUHO, TOXKJECTBEHHO 0 &y, ..., G, H HE 3aBHCHT OT TCro, pasna-
raercd Ju f(x) Ha JMHEHHble MHOMKHTEJNH HJIK HeET

3apgaua |l. Pesyabrautr MHOrouJeHoB [ m g sBJAseTcs M300apHUECKHM Beca
mn no koapdunuentam a u b (§ 33)
3anaua 2. Ecin yy, .., Y1 ABAFIOTCA KOPHAMH NPOM3BOAHOH [’ (X), TO

D = nnd} ‘Hf(yk

B3apaua 3. [uckpumunaut D o6pamaercs B HyJb TOTAA H TOJBKO TOTAA,
koraa f(x) u f (x) uMeroT ob6wuil MHOXKHTe/b. ECiM TaKOH MHOXKHTEJb CYLLECTBYET,
TO B pd3JIOMKEHHH MHOrouseHa f(x) Ha NpoCThle MHOXHTEJIH CYLleCTByer JH6o
KparHbll MHOMXUTENb, JHG0 MHOXKHTENb C TOMICCTBEHHO DAaBHOM HYJIIO IIPOH3-
BOJHOH.
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§ 36. Paznoxenue panHoHadbHBIX (yHKIUI
Ha OpocTeiiine ApPoGH

Paszsoxenyie palHOHaNbHEIX (QYHKOMH Ha npocTedinye apobu onu-
paeTca Ha CJEAYICHLYIO TEOPeMY O LesbiX PalHOHAMbHBLIX (GYHKIUAX:

Ecau g (x) u h(x) — dsa e3aumrno npocmoix muoeourena Hao nosem K,
ecaAl @ -— CMenens MHoeoureHa g(x), b— cmenens muoeourena h(x) u
ecau [ (x) — npoussosbHbili MHO204ACH, CMenert KOmopoeo merouie a -+ b,
mo umeem mecmo modxOecteo

f(x)=r(x)g(x)+sx)h{x), (1)

8 KOMOpoM 1 (X) uMeem cmenens, MeHvliyio b, a s(x) umeem cmeneno,
MeHbLUY a.

HoxrasarenbctBo. Ilo ycnoBuio, HanGoasmuil ofmuil  nequ-
T€JIb MHOTOYIEHOB g (X) M /i (x) paBeH l; mo3ToMY CIpaBELJIUBO TOXK-

JIECTBO
=c(x)g{x)+dx) h{x).
Ecan 370 YMHOXKHUTH Ha f(X), TO MOAYUHTCH
fl)y=F(x)c(x)g(x)+F (x) d (x) h (x). @)
UtoGel cresaTh cTenedb [(x)c¢(x) MeHbed b, pasneauM 3TOT MHO-
roused Ha h(x):
fx)e(x) =qx)h(x)+r(x), 3)

rjie CTeNeHb MHOTOWIEHA r (X) MEHblIe CTelMeHH MHOTOuIeHa /(X) H,
cnenosatenpHo, MeHblue b. Ilopcrasum (3) B (2):

fx)=71(x)gx)+{[(x)d(x)+qx) g} h ) =r(x)g(®)+sx)h(x).

ITpu 3T0M CTeNeHb JIEBOH YacTH H MEpPBOTO CJI4araeMoro ClIpaBa MeHbIIe
a--b; CJeNOBATENIBHO, W IIOCJE[HEE CJIaTaeMoe ClipaBa HMEET CTElEHb,
MEHBIIYIO @b, Tak 4YTO CTeneHb MHOTOUJEHA §(X) MeHblie a. Tem
cansiM chOPMYTHPOBAHHASA BhIllIE TeopeMa AOKA3aHa.

Paspeaum toxaectso (1) na g(x)A(x); Torga mHOJydYHTCs pasJo-
F (%)

XeHue apobu TORE

Ha jBe J1po6u:

[ _rx 4 8 (%)
g (X)) hi{x) hixy © glx)”

B nesoft wacTH, no YCJOBUIO, CTENEHb UYHCJHTEIS MEHbIIe CTeneHH
3HaMenatesAsl. B Kamxao# u3 gpofell cipaBa HMEET MECTO TO e ca-
Moe. Ecom B onuofi U3 3Tux ApoGell BHOBbL MOMKHO pAa3JOKHTb 3Ha-
MeHAaTesqh B MPOH3BEJEHHE ABYX B3aHMHO HPOCTHIX MHOIOUYIEHOB, TO
3Ty Apo6b MOXKHO GYJeT B CBOIO OUePeib PA3JIOKHTh B CYMMY ABYX
Apyrux apoGeéi. Taxk MOXKHO MpORO/KATh JO TeX MOpP, MOKa 3Hame-
Haled He MPeBpATsITCS B CTENEHH HPOCTBIX MHOTOYJIEHOB. DTO J0Ka-
3biBaeT TEOpPEMY O pPa3JOKEeHUHU pPalMOHAJABHBX QyHK-
LUMH Ha npocTeihmue ApolH:
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Kancdas 0pobe f(x)/k(x), snamenameirb xomopod umeem cmenes,
GOAbUIYIO CMeneny YUCAUMEeNs, ABARemCs Cymmoll npocmetiuiux Opobei,
SHAMEHAMEA KOMOPbIX ABASUOMCA  CMENneHAMU NPOCHbLY  MHO204AEHO8,
HQ Komopole pasrazaemcs 3Hamenamenb k(x).

[Monyuaemble TakuM crnocofoM Apo6H r (x)/q (x) cO 3HaMeHATeJsIMH
g (x)=p (x)f MOXHO pa3sarath janbiie. JleACTBUTENHLHO, €CIH MHO-
rousied p(x) uMeeT cTerneHb [, TO ¢ (x) uMeeT creneHb l{ W uucaUTEIDb
r(x), cremeHb KOTOPOrO MeHbIle [f, NOXHO CHauajla pasnenuTb Ha
p (x)"1, TOJNy4MB HEKOTOPBIl OCTaTOK cTemeHH, Menblied [ (f—1);
3aTeM 3TOT OCTATOK MOJEJHTb Ha p (x)f %, NMOJYYHB OCTATOK CTEIEHH,
menbiuet [ ((—2), u T. A

r(x)=s,(x) p (X) 7 +r1 (%),
ry () =85 (x) p (x) 2 413 (%),

Tty (X) =8¢y (%) p (%) + 71 (%),
re-y (%) =8¢ (x).

an/I 9TOM 4YacCTHLIE S, ..., Sp HMEKT CTENE€Hb, MEHBLIIYIO I. Y3 Bcex
9THX PAaBEHCTB B COBOKYIIHOCTH CJIEAYET, UTO

r(x)=s1 (%) p (X 145, (x) p ()2 A 5e1 (0) p () ¢ (),

r (%) 81 (¥) Sy (X) Se-1 (%) 8 (%)
= e = 4 /== 4
P  p) + p (x)? Feeet p (x)f1 + p (%) @

Tak mnosayuaercs BTOpas (GOPMYJHPOBKA TEOPEMbl O PAas3JiOKEHHH
B CYMMY 3JIEMEHTapHBIX J1po6eH.

Iycmeo [ (x)/k (x) — Opobe, uucaumers Komopot umeem cmenews,
MEHbLUYIO CIMeNery BHAMEHAMeAs, U SHAMEHAMEeAb KOmOopoL pas3aaeaemcs
HQ npocmble MHOJNCUMeAU credyrougum 00pasom:

R (x) = py (0)'1py (x)'2... pa (1)’
mozda [ (x)/k (x) seasemca cymmoti npocmetiwux Opobeil, 3Hameramenu
Komopeix npedcmasasiom coboii cmenent py (X)'V (y <= 1), @ wucaumeau
KOMOPbLX UMEIOM CMenenb, MEHbULYI0 CMEnenu 6xo0sueeo 6 3HaMeHa-
MeAb Hepas3A0NCUMO2O MHO204AEHA Py (X).

Ecsi, B 4aCTHOCTH, BCE NPOCTbIE MHOXKHTEJU Py (X) NUHEHHB!, TO BCe
YUCJAUTENU SBJSAIOTCA KOHCTaHTaMH. B 3TOM Ba:KHOM YACTHOM caydae
pasjioKeHHe B CYMMY MpoCTeHLIMX Jpobed OCYUIeCTBJISAEICSH OYeHb
NPOCTHIM CIIOCOGOM: HYXKHO BCSAKHH pas oTAesaTb APoOb ¢ Hau6OJIb-
el BO3MOXKHOH CTENEeHbIO 3HAMEHATeJs, W CTelleHb 3HAMEHATeJs TeM
campiM 6yneT mnoHuKatbest. JleAcTBHTEeNBHO, 3amnuileM 3HaMEHATe b
B Buje k(x)=(x—a)g(x), roe g(x) me peaurca HAa x—aq; TOria

f _ fm b f (%) —bg (x)
Ex)  w—afglw)  (—af  @—afg®’

©)
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rje KOHCTAHTy b Bceria MOXHO ONpeJe/IHTb TaK, YTOOb YHCIHTEN]b
BTOpoil JpoBGH ofpaulajcsi B HYJb IPH X =a H, CNEJOBATE/IbHO, Ie-

auiacA Ha X —a:
f (@) — bg(a) =0,
f (x) —bg (x) =(x —a) f, (x).

Bropyto n1po6b B (5) MOXKHO Tenepb COKPaTUTb HA X — a H, MPOJOJIKAs
TeM K€ Cnoco6OM, NMPHHTH K IOJHOMY pa3jioKEeHHI0 Ha IpocTefilue
1pobH.



I 2asa wecmas

TEOPHUS NOJIEA

[enb 3T0#i ryiaBBl — NOJYYHTH MeEPBbIE CBEJIEHHS O CTPOCHHM IIO-
Jed, 06 MX NMpOCTeHINX MNOANOJAX M pacluupeHusx. Hexkoropwe us
MPOBOJMMBIX 3/€Chb HCCAEJOBAHHH OTHOCATCA M K IPOH3BO.ILHBEIM
TeJaM.

§ 37. Noareno. Ilpocroe Tedo

[lycts £ — npousBoJIbHOE TEJIO.

Ecan nopvuokecTBO A B ¥ BHOBb SIB/IAETCA TeJOM, TO ero Ha-
3bIBAIOT nodmesom Tena X. JIAs 9TOro HEOGXOJMMO M JOCTATOYHO,
yroGbl A 6blJIO, BO-TIEPBbIX, NOJKOJBLOM (T. €. BMECTe C @ u b cojep-
¥ano a—b W a-b), BO-BTOPBIX, CONEPIKAJIO ENMHHYHBIH 3/EMeHT,
a TaKXe BMecTe ¢ KaxIbM a =0 o6paTHbHl K Hemy sjeMeHT a-l.
BMecto 3T0ro MOXHO Takke NnorpeGoBaTh, 4TOObl A conepkKano XOTs
Obl ONMH HEHYJEBOH 3/MEMEHT M BMECTe C @ M b COepKa/lo TaKKe
a—bwnabl

OvueBupHo,

Ilepeceuerue 2106020 MHOMecmea nodmea mesq T 6HO8b SBASCMCA
nodmeaom 6 2.

I1pocmeim mesom Has3bIBaeTCsl Takoe Teo, B KOTOPOM HeT cob-
CTBEHHbIX noAres. Huke MbI yBHIHM, UTO BCe MPOCTHIE Tena KOMMY-
TATHBHHI.

B kaxdom mere I cywecmeyem u npumom moasko oduo npocmoe
meao.

HokasatenbctBo. [lepeceyenre Bcex nogres B 3 siBjisieTcsl
TEJ0M, KOTOPOE, OYEBHAHO, HE HMeeT COGCTBEHHBIX MOJTE.

Ecan 6wr cymecrsoBasn nBa npocThiX Tema B 3, TO HX nepeceye-
Hue Obl0 Obl BHOBb IIOATEJOM B KAaXJAOM M3 HMX, a MOTOMY COBIA-
Ja10 ¢ KaxJIblM H3 HHX; CJelOBATe/IbHO, 3TH JABA TeJa He ObiH 6bl
PasJHYHEL.

Tunbt mpocteix Tten. ITycrs IT—npoctoe Tesmo, comepikameecs
B rene . OHO CONEPXKHT HYJb H EIHHMUHBLIH 5JEMEHT e, a NOTOMY
W UeJble KPaTHbIe 3TOTO JeMeHTa: ne=_t (e-e+...4e).

N Z

—_—
n pas

CJoxeHue o YMHOXKE€HHE 3JIEMEHTOB #He OCYLIECTBJACTCA MO Ipa-
BHJIAM:

ne-+me=(n-+m)e,
ne me=nm e¢=nm e.
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CnefloBaTe/IbHO, YeAOUUCAEHHbE KpamHble ne COCHIQBASIOM HeKomopoe
kommymamusroe koasyo ‘B. Hanmee, otobpaxeHue nr—ne 3ajaer
HeKOTOpoe TroMoMopdHOoe orToOpaxeHHe KoJblla Z LesbiX YHces Ha
koapo ‘B. CoriacHo Teopeme o romomopdusme (§ 15) xosbuo B
H30MOPGBHO KOJIbIlY KJACCOB BLUETOB Z/p, TAe ¥ — HJeas, COCTOSILHI
U3 TeX LleJbiX 4HCeT n, KOTopble oTofpaskaloTess B HYJb, T. €. AAIOT
pasencTBo ne =0.

Tax Kak KoJbLlO ‘i He COJMEep:KUT JeauTesI€H HYJs, KOJbLO KJac-
COB BBHIUETOB Z/p TOXKE HE COIEPKHUT JCJIHTeCH HYJs; CA€I0BATENbHO,
ureasa p JOJKeH ObiTh mpocTbiM. Jlasnee, mpean p He MOKET ObiTh €Id-
HUYHBIM, [OTOMY YTO MHaye BBINOJHAJIOCH Obl paBencTBo 1-e=0.
CJj1e10BaTeJbHO, €CTh TOJBbKO J(BE BO3MOMKHOCTH:

1. p=(p), rme p—nmpoctoe uucjo. B 3TOM ciayyae p SBJIAETCH
HAUMEHBILHM TTOJOKHTENbHBIM 4YHCIOM €O cBoiicTBoM pe = 0. Takum

o6pa3som,
B == Z/(p)-

Koo Z/(p) sBaserca nojem. CrepoBatenbHo, Koabuo ‘P — mose,
sBAsIONleeCs 10 TOCTPOEHMIO MPOCTHIM TesoM. B amom cayuae npo-
cmoe meao U30MOPPHO KOAbYY KAQCCO BbIYEIMO8 KOAbUQ LEAbLX HUCEA
RO HEKOMOPOMY NPOCTOMY UOeary; HA 3AEMEHMbL M -e pacnpocmpa-
HAIOMCS me dice npasusq Oeticmsutl, 4imo u Ha KAQCCbL 8bIMernos yeablx
wucen n no MoOyao p.

2. p==(0). Torna romomopdpusm Z — P aBjIseTCS H30MOP(HUIMOM.
Kparnble ne momapHo pasmuydb: w3 ne=0 cuenyer, uro n=0.
B sTOoM cjyuae KoJbIO ‘f He sBJAETCA TEJOM, NOTOMY YTO TaKOBLIM
He sIBJAeTCH KOoJbLO LEeJbX yuced. Ilpocroe teqo I jposxiio copep-
XaTb HE TOJBKO 3JeMeHThl U3 ‘P, B HeM IO/DKHB ObiTh €lle OTHOIle-
HHS 3THX aJemeHToB. M3 § 13 Mbl 3HaeM, 4yTO H30MOpQHBIE [€/]0CT-
upie Koablua P, Z umeroT H30MOpPQHbIE 110/ YACTHBIX, TaK YTO B 3TOM
ciyuae npocmoe meao 11 usomoppuo noao @ payuorarvhelx uucen.

Takum ofpa3oM, CTpOeHHe cojepakallerocss B 2 MNPOCTOro TeJa
TMOJHOCTBIO ONpeJe/IsAeTcs 3ajiaHneM uncaa p uau uucia 0, mopox-
nawowero ugean p. (Maeaa p coctont, Kak yxe ObIO CKa3aHo, U3
HeablX yucesa n co cofictBoM ne==0.) Yucao p uJIH COOTBETCTBEHHO
yucsio 0 HaswlBaeTCs xapakmepucmukoti Teja & Wau npocroro mods I1.

Bce o6blunbie yHCJIOBBlE M (PYHKUMOHAJbHbLIE Teja, COMep:Kallne
noJie palyoHAJbHBIX YHCeJ, HMEIT XapakTepHCTHKY HYJIb.

OnpejesieHre XapakTEPUCTHKH HEMELIEHHO MPHBOMHT K CJeAYIO-
wel reopeme:

Mycme a =0 — npoussorshoiti anemenm mesa = u k— xapakme-
pucmuxa mesa 3. To2da us na=ma credyem, 4mo n=m(k) u Ha-
oboporn.

Jloka3aTeabCcTBO. YMHOXHM paBeHCTBO na==ma Ha a’;
TOrja ne=me W OTCIOAA, [0 OMNpENENEHUI0 XapaKTePUCTHKH, H ==
=m (k). BoiBog sBAsIETCA OOPaTHMbIM.
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TodHo Tak e JOKaswBaercs, uto u3 na=nb u n=E0(k) cae-
nyer a=b.

OTMeTHM O/1i0 BaXKHOE MpPaBHJIO:

B noasx xapakmepucmuku p UMEOM MECMO paseHcmed

(a-+b)P =a?+br,

(@ —b)? =ar —b>.
HNorkasatenbcTBo. Kmeer Mecto Teopema o OnHome (§ 11,
3anaua S):
(@b =ar+(P)arbt.. (P Jabri4 o,
Ecan 0<<i<<p, TO

p plp—=U ... (p—i1)
(1>= 1.9-...+1 =0(p),

TaK KAk UMC/UTE]b COJEPKHUT MHOXKHTRNb p, KOTOPbIH HE MOXKET
Guith cokpaiied. Ocrarores, TakuM 00pasoM, JHIDb cjaraemble a? u b?:

(a-+b)P =a? +be.
Tosoxum 3zeck a-+b=c; Toraa
¢P = (c—b)? +-bP,
(c—b)p=cP—b>,
yeM M OKA3HIBAIOTCA 06a YTBEPKIEHHS.

3apaua 1. [lokasatb AJsa 1noJsi XapaKTePHCTHKH p HuAyxkuued mo f
1
{a-- b)”j=a’) —i—b"f,
/
(a_b)ﬂj_—_aﬂj—bp .

3anaua 2. Touygo Tak xe
(al—i—az—}-‘..—|—an)p=a{’+ag+...+az.

3apgaua 3. Ilpumenuts opmyssl 3agaun 2 K cymme 141-4...4-1 mo mo-
AyJiO P
3apaua 4. Jlokasatb a9 noJssi XapakTePHCTHKN p:
p—1
({@a—b)P 1= Z albP=1-J,
i=0

§ 38. Ipucoenunenne

Ilycte A —moarenio Hekotoporo Teja £2; Toraa Q HasnBaeTcs
pacwupernuem wunu Hadmeaom Tena A, Hama mesp — mostyduth cBe-
JeHHs O BCEBO3MOXHBLIX pacilpeHHAX 3ajaHHoro teJa A. OpHoBpe-
MEHHO 3TO0 OyJeT cJyxHuThb HHoOpMauued o Tesax BooOlie, MOTOMY
YTO KaxKjoe T€/J10 MOXKHO IIPEACTABUTb KaK PaCWIHpPEHHEe cojepIKallle-
roca B HeM IIPOCTOro TeJa,
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[lycte cunauana Q — pacumpenne Tena A 1 & — npoU3BOJIBHOE
MHOXECTBO 3JeMeH10B u3 Q. CyuiecTByer Teso, copepxaiiee A n &:
Hanpumep, 2 —ozxHo u3 Takux Tea. IlepeceyeHne Bcex TeJ, cojep-
xKauux A u &, caMo sBaserca TeJoM, cogepxamuM A u &, W
o6o3navaercs yepes A (Z). OHo sBJAsETCS HAUMEHBIIMM CPeNH HOJA-
req, copepxamux A uw &. Mwl rosopuM, uro A(€) mnosayyaercs
3 A npucoedunenuem MHOXKecTBa &. ViMeeM

A=A@)=Q.

JlBa kpaiinux cayuasi TakoBel: A(€)=A u A(&)=Q.

Teny A (€) npunanpiexaT 3J€MeHTH U3 A W Bce 3jeMeHTH u3 &,
a TakXKe BCE JJEMEHThl, I[I0JyYaeMble TPH CJIOKEHUH, BLIUUTAHUM,
YMHOXEHHH H Je/ennu 3jeMeHToB M3 A W &. Bce 3TH 37emMeHTHI
COCTABJISIOT HEKOTOPOE TeJo, KOTOpPoe, TakUM 06pasoM, JOJIKHO
copnagath ¢ A(€). Urak: mero A(€) cocmoum u3 6ceB03MONHCHOBIX
PAYUORAALHBIX KOMOUKAuut 3nemenmos u3 & ¢ aremenmamu u3 A.
B xoMMyTaTHBHOM CJy4ae 3TH KOMOHHAHMH MOXKHO 3alHcaTh MPOCTO
KaK OTHOILLEHUS HEJLIX palMOHAJbHBIX (PYHKOHH OT 3/1eMEeHTOB H3 &
¢ kospduunentanun u3 A.

Ecnin & — koneynoe MHOxecTBO: & = {uy, ..., U,}, TOo Teq0 A (€)
o6o3navaioT ¥ uepes A (uy, ..., U4,). B 3TOM cayuae rcBopAT Takke
0 npucoeQUHeHul 3.emMeNmos u,, ..., U, K meay A. Tem cambim,

KpyrJyble cKOGKH Bcerjga 6yayT osnadyath NPHCOEIHHEHHE K Teay, B TO
BpeMd Kak KBajpaTHble cKOOKH, Hanmpumep, A[x], o3nauatotr mpmucoe-
nuHeHHe K A Kak K KoJbly (T. €. 3JeChb COCTaBJSICT BCEBO3MONK-
HBlE lieJIble palMOHaJIbHble KOMOWHANH).

B paudoHa/IbHOM BHIPAXKEHHH KakOro-iu6o sjeMeHTa u3 A (€)
uepe3 3eMeHTHl M3 A ¥ & yuacTBYeT JIHIIb KOHEUHOE MIIOXKECTBO
aneMeHToB W3 &. Kaxnpit asnement 1ena A(€) npuHaniexwur, cle-
JoBatesbHO, EekoTopomy Teny A (R), rae € — KoHeuHOe MOJMHOKe-
ctBo U3 &. CrnepoBaresnibHo, menro A (&) agasemea obwveduHeHuem ecex
mea A (), e0e T — npouseorvHan KoHeuHas wacme MHoxcecmea &.
Tpucoenuyenne MpoU3BOJLHOTO MHOMKECTBA CBOJMTCS, TaKUM 06pasoM,
K TIDHCOENUNEHHSIM KOHEUHBIX MHOMKECTB H TNOCJEAYIOIEMY B3SITHIO
00be JHHEHHUS.

Ecnun @ — obbvenunenue MHoxec1B &; u &,, To, OUEBHIHO,

A@)=A (&) (&y.

B camom nene, 1e10 A(€,) (€,) conepxut A(S,) u €, u, caenosa-
Tenpio, A, €, u €, a notomy ¥ A u & H, clenoBaTebHO, TEJO
A(€); obpatno, Teno A () obssatesbHo comepxut A, & u &,,
a notomy ¥ A(E)) 1 &, H, caegoBaTesbHO, Teqo A () ().

[1pucoenunenue KOHEYHOrO MHOMKECTBA CBOLHTCSI, OYEBHIHO, K KO-
HeYHOMY MHOXKECTBY IOC/JEAOBATENbHLIX TNPHCOEIUHEHHH ONHOro 3Je-
MenTa. PaciuupeHue, NoJyyeHHOe NPHCOEJUHEHHEM OJHOTO 3JEMEHTA,
HaspiBaeTcsi npocmeim pacuiuperuem meaa. Takue pacClIUPEHHsS Mbl
PaccMoTpuM B chenyiollem maparpade.
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§ 39. MNpocTeie pacuuHpenns

Bce paccmatpuBaembie B 3TOM naparpade Tena mpeanoJarartcs
noasmu. Ilycts cHoBa A= Q u 0 —npousBo/bHBIA 37eMEnT H3 L,
paccMOTpHM mpocToe paciuupenne A (0).

10 foJe COREPIKUT, MPEXKIE BCEro, KoJblo & Bcex MHOrOuY/EHOB
N ab* (ar = A). Cpasunv @ ¢ xosbuom muorousexos Alx] or ox-
HOH IMepeMeHHOH X.

C momomnipio oTobpaxkeHus f(x) —sf(0), Tounee:

Z akxk —> Z akek,

koabiio A[x] romomopduo orobpaxkaercs Ha €1). Ilo Teopeme o ro-
momopdusme Kosabno & oxasbpiBaeTcss M30MOP(GHBIM KOJbIY KJ/accoB

BLIUETOB:
S Alx),

rjie yp — ujeaj, COCTOSIIUE M3 TeX MHOrouseHos f(x), Aasi KOTOpPBIX 6
IBJASIETC KOpHeM, T. €. s Kotopsix f(6)=0.

Tak kak & He comep:KUT geadTesed Hyuas, Kouabuo Alx]/p ux
TakXe He VMeeT, B CHJIy 4ero p» — npoctofl uzpeas. [asgee, unean p
He MOXKeT ObiTb eJHHWYHBLIM, I[IOTOMY YTO €IHHHYHbIH 3JEMEHT e IpU
roMoMopgu3Me nepexoaut He B HyJb, a caM B cebsa. Tak Kak B A[x]
KaxIblll ugeas siBaAfeTcs IJIAaBHBIM, BO3MOXKHB JIHIIbL JBa CJydas:

1. y=(p(x)), rae ¢ (x) —uepasgoxkumblii B A[x] mHOrousen ?).
Mrorousnen ¢ (x) siBJAsSieTCs MHOrou/JIeHOM HauUMeHblLIeH CTENeHH Cpeau
obsanatomux cBoicTBoM @ (6) =0. CienoBaresntHo,

S = Alx)/(g (x)-

Kosblio KJlaccoB BbIYETOB CclpaBa ABjsiercs mogeM (§ 16); caenosa-
TeJbHO, & Takxke sBAsieTcs mnoneM. Takum obpasom, € sBJjsiercs
HCKOMBIM NPOCTHIM pacwuperneM A (6).

2. p=(0). Tomomopduam A[x]+—> & okaspiBaeTcss H30MOPPHHIMON.
Kpome Hynsi, B [anHOA CUTyalldd HE CYLIECTBYeT MHOrouseHa f(x)
co cBoictBoM [ (8)=0, Tak uyTo ¢ BeIpaxkeHuAMH [ (8) MOXKHO o6pa-
mWaTeCs TaK, Kak ecau Obl 3aeMeHT 0 Obw1 nepemenHoll x. Koabuo
@ == Afx] nHe sBifeTcs B STOM CJyuyae IOJIEM, HO W3 YKa3aHHOTO
BBILIE H30OMOp(H3Ma CJeayeT KH30MOP(U3M COOTBETCTBYIOUIUX MOJEH
yacTHHIX: nose A(0), sasaawoweecs noaem 4acmublx roavya &, udo-
MOPPHO 1O payuoHArbHbLX PyHKYUL om 00HOUL nepemeHHol X.

1) B HexOMMYyTaTHBHOM cJly4yae 3TO HEBepHO, TaK KakK IllepeMeHHasi x Bcerja
CUATAETCH MePECTAHOBOYHOH ¢ KOIPDHLHEHTAMH Qp, @ dJeMEHT § TAaKOBBIM ObITH He
o6s3aH. Bee paccMoTperust storo maparpada OKasbBAalOTCs BEPHLIMH JIHLIb B TOM
YACTHOM CJy4ae, KOT[a § KOMMYTHPYeT co BCeMH 3JeMeHTaMH Teqa A.

2) Bmecto BoIpaKeHHsT «HEPasJOXKHM B KoJdblle A [¢]» uacTo roBopsT Takke
«HEpasIokuM B none A». [lo-BupuyoMy, ObLI0 Obl JIydilie TOBOPHTH «HEPAa3/IONHM
Haa nojem A».
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B nepsom ciayyae, xorjga 3jemeHT § yAOBJIETBOPSET HEKOTOPOMY
aare6panyeckony ypaBHeHHO @ (6) =0 Hag A, 3aemMeHT 6 HasblBaeTcs
anzebpaudeckum #ad A v nose A (0) HaswBaeTcs npocmoim areebpau-
weckum pacuwiuperuem noas A. Bo Bropon cayuae, xorga u3 f(8) =0
crenyet, uto f(x) =0, aneMenT 6 HasbiBaeTC st mparcyeHoenmHoin Hao A,
a none A (8) —npocmeim mpancyenOermoin  pacuiuperuen mogs A.
Cor/1acHO CKa3aHHOMY Bbllle, C TPAHCUEHAEHTHBIM HaJl IIOJIEM 3JIEMEHTOM
MOXKHO 00paniaTbCsl TAaK Ke, KaK C HEKOTOPOH HOBOH mMepeMeHHOM:
A () == A (x). B anreGpanyeckoM ciayyae, COrJIAaCHO CKa3aHHOMY BBHIILE,
1iMeeM

AO)y =S = A[x])/(o(¥)),

rie ¢ (x) — (HepasjJoKuMbill) MHOrOuY/JeH HauMeHbIIeH CTENeHH Cpeiu
HMEILINX KOpeHb 6.

s mocsennero cooTHOLUeRHsl B a/jreGpanueckoM cjaydae IMoJy-
4alTCA CJefyollue yTBEPKAEHUS:

a) Kaxsuas paunoHa/ibHas (YHKUHA OT § MoxeT GbiTh 3amucaHa
Kak mHorouneH Y| a;8%. (Ilotomy uto & ompegensiercsi KaK COBOKYII-
HOCTb TAKHX MHOT'OYJIEHOB.)

6) C TakuMH MHOrOWJEHAMH MOXKHO ofpaliaTbcs Kak ¢ KJaaccaMu
BLIYETOB NO MOAYJIO ¢ (X) B KOJblle MHOrouneHoB A [x].

B) PaBeHcrtso

f(6)=0

MOJKHO 3aMeHHTb Ha CpDaBHEHHe
f(x) =0 (¢ (1)),
1 HaoGopoT.

r) Tak kag Kaxipli MHOTowleH f(x) nmo Moaymo ¢ (x) MOKer
OblThb 3aMEHEH MHOTOYJIEHOM CTCIEHH, MeHbUIEH 71, Ile f — CTeleHb
MHOTOW/IeHa ¢ (x), TO BCe 3jeMeHThl u3 A () MOXKHO NpeACTaBHTDL

B BHJE
n—1

ﬁ= Z akﬁk.
k=0
1) Tax kak 6 He yIOB/ETBOPSET HH OAHOMY YPaBHEHHMIO CTEIeHH,

MEeHplIeH 7, TpeJCcTaBJ/EHHe
n—1

p= Z 6%
k=0
3leMeHTa  u3 A (0) sBIfETCA €IUHCTBEHHBIM.
¥Ypasuenne @ (x)=0 mnpu HEPa3/JIOKUMOM @ (X), pElLIEHHEM HJIH
KOpAHEeM KOTOPOro SIBJSETCS 0, HA3LIBACTCH YPABHEHUEM, ONpPeOeAsowjuMm
noae A (8). Crerenb MHOrouseHa ¢ (x) HasbiBaeTCs cmenexsio anrebpan-
YECKOro 3jeMeHTa 8 oTHOCHTENbHO A.
Crenenb paBna 1, korja 0 saBJseTcs pelUeHHEM HEKOTOPOTO JiH-
Helinoro ypasuenusi Haj A, T. €. ABJIAETCS 3JEMEHTOM €amoro moss A.
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B 3TOM cayyae MOXHO HOJOXKHTh @ (x) =X — 0, U BbIIENPHBEAEHHOE
yTBepKJIeHHE B) BHOBbL [PUBOJAMT K Y)Ke JOKa3aHHOMY (akty:
Kamncoowi mroeousren f(x) ¢ Koprem 6 Oeaumes Ha x —8.

3agaua 1. [duas cayyas npocToro ajre6panuecKoro pacClUHpPeHHs 10Ka3aTh
HepasJOKMMOCTh MHHHMAJILHOTO MHOTOU/eHa @ (X), @ Takmke YTBEpKIEHHA a)— 1)
HETOCPeACTBeHHO, T. €. 063 HCNOMb30BAHHS TEOPEMBl O TOMOMOPQH3ME H CBOWHCTB
nons A [x]/(¢ (x)). (Ioc/ienoBateabHoCTs yTBepMACHHH: HEpasIoXHMOCTh, B), 6), a)
r), ). JUis KokasaTe/ibCcTBa a) BOCMOJb30BATHCS B).)

3apgaua 2. ITokaszarh panee, 4to @ (X) sBJseTCsi €AMHCTBEHHBIM C TOUHOCTHLIO
JO MOCTOSHHONO MHOXHTEN Hepas/okuMblM MHoroudedom us A ([x] ¢ xopuem 6.

3agaua 3. KakoBe crTeneHb noOpoXKAAWILErO 3JEMEHTAa H Onpelessiolee
ypaBHeHHe:

a) 1moJisi KOMIIJIGKCHBIX YMCeJI Hajl MoJeM BelleCTBEHNbIX uMcel,

6) nona Q (} 3) wan nonem paumoHanbHBIX WHCEN;

2mi

8) nonrs Q\e 5 ) wan nozem Q pammonampubx unCes;

r) mons Z [t]/(7) Han cojepsalliuMcst B HeM TpocThIM mofnosieM (Z [i] —koabio
Le/blX TayCCOBBIX UHCEHA)?

3agaua 4. [lyecrs I'—ocHOBHOoe noJe, 2z—mepemeHHas, Z=T(2), A=

23
=T (m) TTokasatb, uto 2 daJjsercs IpOCTLIM aJII‘eﬁpqueCKHM pacudpeHueM

nonst A. KakoBo Hepa3/oumoe Haj A ypaBHEHHe, KOTOPOMY YAOBJETBODSAET 3.€-
MEHT 2?

IlBa pacmupenns 2, 3’ noass A Ha3blBAIOTCS IKGUBAAEHMHHIMU
(otHOCHTesIbHO A), ecau cyulectByeT H3omopdusm X == X', npu Ko-
TOPOM KaKiblH 3JeMEHT H3 A nepexopuT B cefsi (ocTaerca HeNof-
BHKHBIM).

JIobvle 0sa Npocmblx MPanCyeHOEHMHbLX PACUUPERUS NPOU3BOLL-
Ho20 noaa A sxsuearenmmbL.

JleficTBUTEIbHO, C MOMOIIbI0 oToBpaxenus f(x)/g (x)—F(8)/g (6)
TIPOM3BOJIBHOE MPOCTOE TPaHCIeHAeHTHOe paciuupenre A (6) cranoBUTCS
3KBHBAJEHTHBIM [IOI0 PALMOHANbLHBIX QYHKIUHI OT OJHOM NepeEMEHHOH X.

[sa npocmeix arzebpauteckux pacuuperus A (o), A(B) sxeusarenmnet,
ecau o u B A6ASIOMCA KOPHAMU O0HO20 U MO0 e Hepa3A0dUMO20
6 A[x] mroeourena @ (x); 6 amom cayuae cywecmsyem maxod usomop-
ussm MeHOy YKasaHHoIMU NOASMU, HMO 6éce 3nemenmot us A ocmaromes
HenodsusHbIMU, a o nepexodurn 8 .

n—1

JNokaszareabe¢TBO. DaeMeHTs H3 A (@) HMEIOT BHA Z a,ok,

0

n—1

a anemenThl u3 A (B) —Bua D) axf*. B 060HX ciyuasix sTH 3/eMEHTH
0

HYXHO paccMaTpuBaTh KaK MHOrodseH no mogymo @ (x). Comocras-

JeHue
> apak — Dl ap*

ABJIACTEA, CJIEJOBATC/bLHO, HSOMOpCpHSMOM HYXKHOro THIa.
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MHorousien @ (x), Hepasjoxumblli Haj A, He ofs3aH OCTABAThCSA
HEPA3JIOXKUMBIM 1]l KakUM-JInGo pacwnpenuem Q. Ecinm B Q y wero
[OABJSETCA KOpeHb 0, TO Yy Hero OTwWemasercsl no KpaHHed Mepe
OJUIH JIMHEHHBIH MHOXKHUTENb X — 6. Bo3MoxkHO, B nose {2 MHOrouJjeH
pasJaraercs elle M Ha JpYyrHe JHHEHHble H HEJMHEHHBIE MHOXHTE/IH:

@) =(x—6) (x—0)...(x—86) ¢ (x)...Px (1)

CorjiacHO JIOKa3aHHOMY Bbllle B 3TOM caydae moasa A(8), A(8,), ...
..., A(0)) oxasbiBaloTcA SKBUBAJICHTHBIMH, H NPH H30MOp(pH3IMAX

AB)==A(By)=...o2A(8)

aeMeHT § nepexoaut B 6y, ..., 6.

OKBHUBaAJEHTHbI pacupenusi (kak, Hanpumep, A(8), A(8), ...
..., A(0))), y KoTopeIX ecTb oflliee coliepxailleeé HX moJje €2, Hasbl-
BAIOT CONpssiceH oML (OTHOCHTeNbHO A); ssemeHTH! 6, §,, ..., 0, mepe-
XOAfiiHEe APYT B APyra IPH COOTBETCTBYIOLIMX H30MOPDH3Max, TakXKe
Ha3LIBAOTCS conpascerusimu t). VI3 [OKa3aHHOrO cCaefyeT: 6ce KOpHU
Hepasaosxcumozo 8 A[x] muoeourena © (x), npuxadaescauiue pacuiupe-
Hu0o Q, ABALOMC conpacerHoimu  omuocumensso A. O6GpartHo, 3Je-
MEHTh!, ajsrefpavveckie Haj JaHHBIM [10JeM H CONpsI:KEeHHBIE HaJl HHM,
SIBJISIIOTCS KOPHSIMH OJHOIO M TOTO K€ MHOTOWJIeHa ¢ (x), MOTOMY 4TO
npH nepexoje ¢ MoMollbio M3omopdusma or 8, K 8, u3 ¢ (6,) =0 cue-
ayet ¢ (8,) =0.

CymecteoBanne npocroro pacwupenuss. o cux nop Q Obuio
3aJaHHBIM HAAMOJEM, W CTPYKTYpa NPOCTOrO paclliipeHHs H3ydanach
suyrtpu noas Q. IloctaBuMm Temepb 3ajauy HHaue: jaHo noje A; HailTH
pacumipenne A (0), rae ot 6 Tpebyercs, uTOObl 3ITOT 3JAEMEHT ObLI
JNGO TPAHCIHEHAEHTHBIM JHGO KOpHEM Hanepes 3aaHlloro MHOrodYJeHa
us Afx].

Ecam 6 no/mken ObiTh TPAHCUEHIEHTHBIM 3JIEMEHTOM, TO PpeLUHTh
3ajauy IPOCTO: B KauecTBe § BO3bMEM nepeMeHHYIO 6 =x H mOCTpOHM
KOJIbIO MHOrousenoB A[x], a 3atem ero nose yacTHBIX A(x), sBJAA-
[ollieecst MoJIeM  panHoHaNbHBIX (YHKUMH nepemeHHodl x. Kak Mbl
Bitesd, noje A (x) sBjsieTcsl €IHHCTBEHHBIM NPOCTBIM TPAHCLEHJEHT-
HBIM pacuIipeHHeM roJs A ¢ TOYHOCTBIO 0 3KBHBaJ/eHTHOCTH DPACILUH-
penuifi. TeM caMbiM MOJYYMJIOCH YTBEPXKIEHHE:

Cyugecrneyem u npumom moasko 00HO ¢ MOYHOCMbIO 00 IKBUBANEHM-
Hocmu npocmoe mpancyerOerwmnoe pacwuperue A (8) sadannozo noaa A.

Ecmnr xe snemeHtT 8 posken ObiTh ajrebpanyeckuM, a MMEHHO —
KOpHEM HeKoTOporo Hepasaoxumoro B A[x] mHorounena ¢ (x), To
NpexkJie BCEro Mbl MOXKEM CUHTaTh, YTO @ HE HABJAAETCA JHHEHHLIM,
TaK Kak HHaye J0CTATOUHO Oblio 6bl MOIOXKHTL A () =A.

1) Taxkoe HasBaHHE HCIOJNB3YETCS B OCHOBHOM JJIsl a/irefpaMyecKHX 3JIeMEHTOB
8. TpauchengenTHble 3/JeMeHTHl OXHOTO M TOTO K€ IOJA 3aBeIOMO [OMApHO
CONPAKEHDI.
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Vckomoe mosie A (8) COTVIAaCHO CKa3aHHOMY Bhill€ JOJKHO GbITb

M30MOPQHO TOJIO KJaCcCOB BblYETOB!
3" = A[x(@ ().

B takoil CHTyalmun Ka)kIONMy MHOTOWIeHY [ H3 A{x] conocraBisercs
HEKOTOpbIHl KJacc BbiueToB [ M3 X' U 3TO CONOCTaB/EHHE OKasblBacTCH
romomopdusMoM. B wacTHOCTH, J1I0GOH KOHCTaHTE a M3 A coorsetcr-
ByeT KJIacC BbIYETOB d M 3TO OTOGpazkeHHe NoJs A gBJIsi€TCS HE TONBKO
rOMOMOPG®HBIM, HO M H30MOP(MHBIM, TaK Kak HYJb SBJSCTCS €IHHCT-
BeHHOIl KOHCTan10#, cpasuumoi ¢ O 1o MoxyJio @ (x). CilenoBate/bHO,
COrJIacHO H3JO0KeHHOMY B KoHue § 12 B mose X' Mbl MOXKEM 3ane-
HUTb KJAcChl BLIYETOB @ Ha COOTBETCTBYIOUIME HM 3JEMEHTH a H3 A,
TakuM oGpasoM, mose X' MepexoiuT B noje X, KOTOPOe CONEPHKHT
note A u usomopdHo nomo 2.

MHOrou/IeHy X CONOCTAaBJSETCS KJAacC BLIYETOB, KOTOPBIH MOXKHO
o6o3naunTh uepes 0. CiieoBartesbHO, B N0JE 2 MBI MOMEM MOCTPOHTH
nose A (6). (Bopouem, X =A(6), B ueMm HETPYAHO y6enutbes.) M3

n
@)= Dl axt =0 (¢ (x)
0
¢ TIOMOLLBI0 TOMOMOpdH3Ma CAeLYyeT, 4TO

N ag=0 (8 %),
0

a oTcroaa
n
[ (6) = Z akek '—_—0,
0

ecqll 3aMeHHTb d, Ha a. C/enoBartespHO, 3JeMenT § fBJIsETCS KOp-
HeM MHorousteHa @ (x).

MTak, 10Kaszano cjaefymoolee npeljokeHne:

JIas. npoussoavro 3adanHoeo noasi A cyuecmeyem 00HO (u ¢ mod-
HOCMb0 00 IKBUBAACHMHOCMU PACULLPERULl MOAbKO 00HO) npocmoe ai2el-
pauueckoe pacwuperue A (8) maxoe, 4mo 8 A6rfemCA  IACMENTOM,
ydosaemeopsiouun  ypasteruo ¢ (0) =0, ede @ (x) — HepasaoscumbLl
mrozounen uz A[x].

[Mpoueccy cumsoauteckoeo npucoeduHenus € IHNOMOLWIBIO  KOJIbUA
KJACCOB BLIUETOB M CHMBOJA 0 MOMKHO IPOTHBOIOCTABHUTh HECHMBO-
JHYEeCKOe TPHCOEJUHEHHe, KOTOPOe BO3MOXKHO TOrad, KOrja ¢ CaMmoro
HayaJa 34JaHO Cofiepxkalllee BCe paccMATPHBAEMBblE 3JIEMEHThHl I[OJe
Q u Korja H3HAuaJbHO 3aJaH 3JeMeHT § ¢ TpeGyeMbIMH CBOMCTBAMH.
Hanpuvep, ecid A —nose paldOHAMbHLIX UYHces, TO HECHMBOJHUYEC-
KOe NPHCOEJHHEHHE KaKOro-nbo aazedpauteckoeo 4ucaa, T. €. KODHs
KAKOro-1u60 ajre6panyecKoro ypaBHEHHd, [OCTHraeTcs TeM, 4TO 3a
OCHOBY GepeTcsl TPaHCIUEHACHTHbIM 00pa30oM IOCTPOCHHOE HOJE KOMII-
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JIEKCHBIX uHCes €2, B KOTODOM COIVIACHO «OCHOBHOMH Teopeme aare6phi»
KaXkJ0€ yYpaBHEHHEe C YHC/JOBBIMH DPallHOHAJbHBLIMH KO3(h(dHUMEHTaMU
umeer pemenne. OnucasHoe BHIIE CHMBOJHYECKOE IIPUCOEIHHEHHE
N103BOJISIeT U36€XKaTh STOTO TPAHCUEHJEHTHOTO MYTH, ONPEAesAs Heroc-
peiCTBEHHO asrefpanyeckoe YMC/JAO0 KaK CHMBOJI KJ4acca BhIYETOB,
[IOMYMHEHHBLI COOTBETCTBYIOIMM mnpaBuiam pefictBuf. Ilpu 3tom
HE BBOJSTCH OTHOWIEHHA Nopsiaka (>, <C) WJH CBOHCTBA BELIECTBEH-
noctH. Ho TeM He Menee Kak Ha CHMBOJHYECKOM, TdK M Ha HECHM-
BOJIMYECKOM TMYTH TMOJIydYaeTcsl OfHO U TO ke noJje A (), motomy uTo
B CUJY JOKAa3aHHOrO B Hayaje Bce paclunpenns A (6), B KOTOphIX 6
VIOBJETBOPSAIOT OJAHOMY U TOMY K€ HEepasJOXKHMOMY YPaBHEHHIO,
3KBHUBAJIEHTHBI.

BoJ/iee Toumsie CBeJeHHs O MOBEJEHHH asrebpanyecKuX COOTHOLIe-
Hufi copepxkatcs B riasax 10 u 11.

3agaua 5 MuorouwneH x#-+1 Hepas/JoxuM B noje PalHOHaIbHEIX yucea Q
(§ 31, sagaua 3). IIpHCOeMHHTL KOPEHb 3TOr0 MHOTQYJCHA, a 3aTeM pPasJoKHTb
nocJelNHfi Ha Hepasnoxumbie MHOxHTeaw B nose Q) (0).

3agaua 6. Tycts Il —npocroe node XapakTepuCTHKH p, X — NPOU3BOJIbHAS

nepemennas # A=1I (x). Tlpucoeansuts K A KopeHb { =X ¥ Hepasnomumoro Muo-
roysena zP—x M pasioxuTb Mporodusden zP—x B pacumpenun 1l ().

3anauva 7. 3 npocToro noJs XapaKTEPHUCTHKH 2 TIOCTPOHTH C NOMOILBIO TIPH-
COelHHEHHsT KOPHSI HEKOTOPOIO HEpasJIoKUMOro KBAJIDAaTHUHONO YpaBHEHHs HOBOE
0.1 M3 YeTHIPEX 3.1eMEeHTOB.

§ 40. KoneuHnle paciiMpeHust TeJ

Teno 2 Ha3bLIBAGTCS KOHEHHbLIM pactuupeHuem ToaTeJa A wiw,
KODOTKO, KOHeunbim HalL A, ecaum BCe 3JEMeHTh Teja Q ABIATCH
JUHEAHBIMH KOMOMHANVSIMH KOHEUHOTQ MHOXKECTBA 3JEMEHTOB iy, ...
..., Up C KOphuIHEHTAMH U3 A:

W="06ty+...+ 6 ltp. 1

B 3toM cayyae Teno 2 sABJIAETCA KOHEYHOMEDHBIM JIEBHIM BEKTOD-
HBM mpocTpaHcTBOM Han A. Pa3MepHocTb, 1. €. 4HCIO 3JeMEHTOB
basuca Q Wag A, Ha3biBaeTCH cmeneHuo paciiupenus Q Had A w
ofo3navaercsa udepes (Q:A).

IMMpuwmep. Tlycrp Q — npoctoe anreGpanueckoe pacluMpeHHe
noas A:

Q=A(0),

rjae 6 — 3jIeMeHT CTemeHH £ HaX A, T. €. KOpeHb HEKOTOPOTO NPOCTOro
MHOTOUJIEHA CTeNeHH n u3 KoJjbua A[x]. DreMeHTH
ly 0» 62» cey en‘l

cocrap/asoT 6asuc nodast A(6) max A, T. e. A(6) HMEET KOHEUHYIO
cleneHb 72 Hap A.
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ITycts ¥ — Testo, mpomexyTouHoe Mexay A u Q, T. e. A= X =
< Q. Torpa umeer MecTo clepyiouias

Teopema o crenensax. Ecau Q Koweuno Had A, mo u 2
KoHeuno Had A, a Q xoweno nad . O6pamno, ecau 3 KOHeuHO Had
A, a Q Koneuwo HaO 3, mo Q KoHeuHO Had A u

(Q:A)=(Q:3)(2:A). ©)

HNokasarteanbctBo. Ecan Q KoOHeyHo Haj A, TO NMOANpPOCTpaH-
CTBO X BEKTODHOro MpOCTPAaHCTBA  TakxkKe KOHEYHO Hag A B CHay
§ 20. To, yro 2 KOHeYHO Han X, OYEBHJIHO, MOTOMY YTO Q KOHEYHO
naxe nag A. O6paTho, nycTb KoHeuhbl (Z:A) u (Q:Z) u nyctb
ty, ..., u,} —6asuc npoctpanctBa X Hag A, a {vy, ..., u;} — Gasuc
npoctpanctea Q waa X. Torpma xaxapifi sjeMeHT Tejqa Q mpencras-
JaseTcs B BHIE

w:ZGiv, (Gi EZ)
=M <Z 6iAuk> v (B = A4)
i k
= Z Z S (1rvy).
ik

Takum 06pasoM, Kaxkabifi sjievent Teja @ JAMHENHO 3aBHCHT OT 73
BEJUUHMH Upv;. DTH BeNMYMHBl JIMHEHHO HE3aBHCHMBI Hax A, notomy

4YTO U3
Z Z 6ikukv,- =0 (6ik = A)
i k

B CHJIy JIMHEHHOH HEe3aBHCHMOCTH 3JEMEHTOB U Haj X CJeLyeT, 410

Z Sinttr =0,
k

a B CHJIy HE3aBHCHMOCTH 3JI€MEHTOB 4 Haj A
81 =0.

CnenoBaTenbHo, rs—cTeneHb Teqa £ Hag A, 4yTo u Tpe6oBasoch
JI0Ka3arth.

CnencrtBus dopmyan (2).

a) EcmnA=E2<Qu (Q:A)=(2:A), 10 Q=23. [lefictBuTesbHO,
u3 (2) crenyet, yto (2:2)=1. Ananoruuso:

6) Ecin A2 =Qu (Q:2)=(Q:A), 10 £=A.

B) Ecin A= 2 = Q, 10 cremens (2 :A) saBasieTcs peantesiem cre-
nenu (2:A).

3agaua 1. Kakyio ctenens umeer mosie @ (i, Vﬁ) nag notem @Q pauMoHaMb-
HBIX YHCen?
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3apauva 2. Bce 37eMeHTH MPOM3BOILHOIO KOHEYHOrO KOMMYTATHBHOTO pPACLM-
penust Q moast A ABAAIOTCS anareOpPaHYeCKHMH Haj A 3/eMEHTaMH H HX CTeleHH
ABJSIIOTCS Je.IMTEJNsIMH CTeleHH pacwupeHus (Q : A).

3apngaua 3. H3 cKOMbKUX 3JEMEHTOB COCTOMT MOJe XapaKTepHCTHKH p, KOTO-
poe MMeeT CTeNeHb 7 HaJ CBOHM MPOCTHIM MOANOJEM?

§ 41. AareGpanueckue paciupeHus

Pacmmpenne X noasi A HasbiBaeTcsl aseebpauteckum Had A, ecau
KaXIblfl 371eMeHT H3 X fBAsieTCsl asreGpanyeckum Haj A.

Teopewma. Kasdoe koneunoe pacwiuperue 2 nois A areebpauiro
u noaynaemcs u3 A npucoedureruem KOHEHH020 HUCAQ QACeOPAUHECKUX
aNeMeHMO8.

HokasateanbcTBo. Ecin n — crenenb KOHEYHOTO paciuupe-
HHsL 2 H o € X, To cpeau cremened 1, o, a?, ..., & NPOM3BOJILHOTO

3JeMeHTa @ ecTb He OoJjee 1 JHHEHO He3aBHUCUMbIX. CJIQLLOBaTeJIbHO,
n

JOMKHO MMETb MEC10 paBeHCTBO cha’*:O, T. e. o — aarebpaunyec-
0

Kuii 3znemeHT. Tem camelM JOKaszano, 410 foje X ajareGpawnuHo.
B kagectBe mopokparcliiiX 3/€MEHTOB pacliupeHust X (T. €. MPHCO-
e/IU151eMOr0 MHOXKECTBa) MOXKHO B3fTh 6ol 6Gasuc moas X.

Bararcpaps 3Toll Teopeme MOXKHO TOBOPHTH O «KOHEWHBIX asrebpa-
HYECKUX PaCIIHPEHUAX» BMECTO «KOHEUHBbIX DPACIIMpPEHHH».

O6parnas teopeMa. Kawdoe pacuiupenie noan A, rkomopoe
nOAYHAemCs  NPLCOEOUHEHUEM KOHEUHO20 MHOJCECMEA QAce0pauUHecKux
geautur K noato A, xoweuro (u, caedosamenvro, AAeeGPAUtHO).

INoxkasareabcTBo. [Ipucoennnenue anre6panueckoro sJaeMeHTa
§ cremenu 7 JaeT HEKOTOPOE KOHEUHOEe paciLupeHue ¢ Gasucom 1,
0, ..., 871 TlocsenoBaTeslbHOE TNOCTPOCHHE KOHEUHHIX PAaCUIHPEHHUN
corjiacio Teopeme H3 § 40 BHOBb NPHBOJIHT K KOHEUYEOMY pAaCIIH-
peHuio.

CnenctBue. Cymma, pasHocms, npousceCerue i 4acmuoe areeb-
pPaUHECKUX INEMCHMO8 ABASIOMCA CHOBA AN2EOPAUHECKUMI INeMEHIMAMU.

Teopewma. Ecau snemenm o areebpausen omuocumenrvio =, a & —
anreebpauneckoe pacuiuperue noaa A, mo a aseebpaunen u Hao A.

HoxasateabcTBOo. B anre6pauueckoe ypapHeHue IJsi 3Je-
MeHTa o ¢ Ko3(duuuentTaMn U3 2 BXOAHUT JIMIIb KOHEUHOE MHOMKECTBO
3meMeHToB P, v, ... noas % B kauecTBe koadpdpuuuenros. [Tose X' =
=A@, v, ..) xoneuno Hajg A, a nose X' (o) KoHeuno Hajg 2';
crefoBatenbHo, 2 (o) KOHeuHO Hag A M 3jeMeHT o aare6pauyen
Hag A.

Mona pasnoxenusi. Cpeay KOREUHbIX anreGpaduecKdX pacilypeHHH
0COGEHHO BaXKHBl 11048 PA3A0XEHUA NAHHOTO MHOroujeHa f(x), KoTo-
pble MoJyualTcs npucoeOureruem ecex Kopreil ypasuenus f(x)=0,
ITpu 3ToM WMeloTCA B BHAY MOJIA

Aoy, ..., o),
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B KOTOPHIX MHOrouseH f(x) u3 Kosbua A[x] nosHOCTBIO pasiaraercs
Ha JHHEeHHbIE MHOXHTEJH !):

f)y=@Ex—a)...(x—o)

W KOTOpble TOJYUaloTCsl NPHCOCTMHEHHeM K A KOpHeil o STHX JIHHEH-
HEIX QyHEIME, O TaKHX MOJAX JIOKASBIBAIOTCS ClIelyIOlHe TeopeMbl:
Ilaa kascdozo muoeounera f(x) xorsya Alx] cywecmsyem Hexomo-
poe none Pa3L0NHeHUs.
JlokasaTeabcTBo. B xoasue Afx] mmoroumen f(x) moxer
cJIeyIOlMM 06Pa3oM pasjiaraThes Ha Hepas/oMmKHMble MHOXKHTEJIH:

F(xX) =@ (%) @2 (%) ... @, (%).

Cpauasa Mbl NPHCOENMIIHM KaKoH-HHOYIb KOPEHb oy HepasJOxHMOro
MHOFOUJIEHa ¢, (X) B TPH 3TOM noayunm noie A (o), B KOTOPOM ¢y (x),
a moToMy H [ (X), uMeeT Jnueflblil MHOXHTeIb X — 0.
Tpearo/oKUM Tenepb, 4TO YK€ IMOCTPOEHO Toje A=A (o,
., ay) (k<<n), B KOTOpOM Yy MHOrouleHa f({x) OTLIENJIAOTCA (pas-
HEle WM PasTHUHLIE) MHOMKHTEIH X — 04, ..., X — . Haj nozem A,
MHOrowleH f(x) pasnaraercs Tak:

Fl)=(x—ou).. (x =) Proa (). 1 (%)

TlpucoeanunM Tenepb K Ag Kakoi-HHOylb KOPeHL O ; MHOTOUJEHa
Pr 11 (x). B pacmmpeHnom TakuMm 00pasom mnoue Ap(opaq) =A(oy, ...
., Gpyy) Y MHOroweua f(x) OTWENJSIOTCS MHOKITETH X — 0y, ...
..., X—day 1. Moxer oxkasaTbca M Tak, 4To B f(x) moc/ie yKasaHHOro
NpHCOeAHHEHUs BhiesieTcs Gonbuie k-+1 JTHHEHNbIX MUOXHTeseH.
TIpogomKasi TAKMM CIIOCOGOM, Mbi B KOHIE KOHIOB HaiijeM nole
A=Ay, ..., o), 4TO U TpebOBaJOCh J0Ka3aTh.

[NokaxkeM Temepb, 4YTO MOJE Da3JOKEHHs 3aJaHHOTO MHOrouJeHa
f(x) ompenessieTcs OJHO3HAYHO C TOYHOCTBIO JIO SKBUBAMEHTHOCTH 2).
Jlna 5TOFO HaM TMOHAZOOUTCs IOHSTHE npo0OANCeHUS USOMOPPUIMA.

[lyets A= Z, A= X H NycTb UMEET MECTO usomophusm A=< A,
Msomopdusm I o<3 HaswBaeTcsi npodoajceruem 3ajaHHOTO H30MOp-
dusma A ==A, ecim KaxIblil 3JeMEHT a M3 A, KOTOpHI TpPHU UCXOH-

HoM usomMopdusMe A=A mepexomusa B @, NPH HOBOM H30MOPhU3ME

S~~~ 3 umeer ToT Xxe cambifi o6pa3 @ us A.
Bce TeopeMbl O MNPOJO/IKEHHAX H3OMOPHH3MOB a/reGpandecknx
paciuipeHuil OnupailoTCsi Ha CJENYIOUIee NPEIOKEHHE:

1) Crapumit Ko3(ppHLHEHT MHOrOY/IEHa f(x) MBI 31ecb W B NOC/AEIYIOLEM CUH-
TaeM paBHbIM 1, UTO, OYEBHMJHO, He BJIMSCT Ha XOf paccyKaeHUH.

2) Tlpennaraemoe 3jech I0Ka3aTeJbCTBO ¢JIMHCTBEHHOCTH TMOJs PaSJOKEHHS
ye faeT 3hQeKTHBHOI KONCTPYKUMHM 3TOTO OOBEKTAa B KOHEUHOE HHC/IO ILIaros.
Cw. 1o stomy mosogy dpman (Hermann G.).—Math. Ann., 1926, 95, S. 736—
788 u Bau jaep Bapmen (van der Waerden B. L.).—Math. Ann., 1930
102, S. 738.
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Ecau npu wexomopom usomopgpusme A2 A nepasroncumviti mro-
eouneH ¢ (x) u3 A[x] nepexodum 6 (KOHEUHO, Hepa3A0CUMbLL) MHOZO-

aren @ (x) us N{x] u ecau o — xoperns muozourena ¢ (x) 6 HexKOmMopom
pacuiuperut noas A, a 8 -— KOpeHb MHO204ACHA ¢ {X) 8 HeKomopom
paciiuperuu noas A, mo Oannbui usomopdpusm A=A npodoascaermea

do usomophuzma A (o) =2 A (@), npu komopom o nepexodum & @.
JoxkaszateabcTBO. DmemMeHTH U3 A(z) HMEIOT BHE Y, Cpol
(ce = A) M DoOAUMHIAOTCA [paBu/iaM, aHaJOTHYHBIM TeM, 410 jell-
CTBYIOT Ha MHOTOUJCHAX TO MOAYJO ¢ (x). PaBHbmM obGpason, 3Je-
MeHTHE U3 A (&) uMeloT BUJ Y, Cp0% (€, = A) U NONUMHAIOTCS NPaBH-
JlaM, aHAaJOFHYHLIM TEM, 4ro JAEHCTBYIOT Ha MHOTOYJICHAX [0 MOAYJIO

@ (x), T. € BCe OOCTOMT TOYHO TAaK e, TONbKO HYXKHO CTaBHIb Hal-
cTpounylo uepry. C/lefoBaTesibHO, CONOCTAaBJEHHE

Z CkOLk —_— Z 6,,61’3

(rme Cp COOTBETCTBYIOT 3JeMEeHTaM ¢, Npu uzomopduame A=< A) aB-
JisieTcst H3onophu3MOoM, 06/1aal0MUM HYKHBIMH CBOHCTBaMH.

B uacrnocty, ecin A=A u 3ajaHHbi usomopdusM orobpaxKaer
KaXXAblH asieMeHT W3 A Ha cefsi, TO JOKa3aHHas BGHIIE Teopema
HoJyyaercst 3aHoBo, nortomMy uro noas A(w), A(@), ..., BO3HHKAKC-
iHe [OpH NPUCOeJUHEHUH KOpHEeH OJHOTO H TOTO K& HepasJoXHMOTro
ypaBHEHHsl, 3KBHBAJEHTHbl M KaXKJblH KOpPEHb MOXHO [E€PEBECTH
B JoGOf ADYrofl ¢ NOMOLIbI NOAXOASIIEr0 H3oMOopdH3Ma,

CooTBercrgymoias TeOPeMa NoJydaeTcs NpH NPUCOSHUHEHHH BCEX
KOpHell HEKOTOpPOro MHOTOYJIEHa BMECTO O/IHOrO:

Ecau npu rexomopom usomoppusme A=< A  mruocousen [(x) us

A[x] nepexodum e mruoeouren [(x) us A[x], mo smom usomopgpusm
MOXCHO  npo0oadkums 00 U30MOPPUIMA NPOUBZ0NOHO0 NOASL PAZA0ONHCE-
Hua A(ey, ..., a,) MHo204zena [(X) w npoussosbro20 NOAS pasziose-

Husa A By, ..., Pn) muocousena f(x), npudem anemeHmolr oy, ..., O,
nepetidym 6 Hexomopot nocaedosameabHocmu 8 anemermot By, ..., Pn.

Hoxasareabcrso. IlpeanosoxuMm, uro Hzomophusm A=A
YK€ TIPOJAO/IKEH JO HekoToporo u3oMmopdusma A (ay, .., o) =

=A@, ..., pr) (B cayuae HeoOGXOZMMOCTH H3MEHHM HyMepaluio
KOpHell), nepepoasimero Kaxgoe o, B f,. ([lns £=0 3710 npepmoxe-
HHe TpUBHaAbHO.) B pacummpenun A (e, ..., o) MHOrouses f(x)
pasjaraercsl Tak:

Fl)y=(x—o) ... (x—aw) Prra (%) ... Pr (%)
CoorsercTenno, ¢ ydyerom wusoMopdusma, MHorowleH f(x) passa-
raetca B A{fy, ..., Br):

fF)=@&—=01) ... c—PBr)brir (%) ... Pr (%)
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B pacumpenuu A (ay, ..., @), coorBetcTBeHHO B A(By, ..., B,)
MHOXKHTEMH @, H P, pasznaralorces Ha (¥ —ogy) ... (X —a,) 4 COoOT-
BeTCTBEHHO (X — Priq) ... (x—B,). Habopsl oy, ...y oy U Briy, ...

..+, Bn MOXHO YMOPSJOYHTH TaK, YTOOBI Oy OBLT KOPHEM MHOTO-
YJeHa @pip (x), @ Pryy — KOPHEM MHOrouJeHa 1., (x). CorsiacHo mpe-
IbLAYIeH TeopeMe H3oMopdH3M

A(aly sy ak)gA(ﬁ]» sy ﬁk)
MOKHO NIPOJOJ2KHTHL A0 TAKOTO H30MOpq’)H3Ma
Aoy, ..oy ) =A By, ooy Bra)s

DU KOTOPOM Clyyq OYJAET NEPEXOMHTH B Prip-
Takun crocofon, Imar 3a maroM, HaunHast ¢ k=0, Mbl IpHuxo-
JAHM K HCKOMOMY H30MOp(HU3MY

Aoy, ..oy )= A Py, ..., Ba)
IIpH KOTOPOM Ka)K[oe o NepexomuT B f;.
Ecan, B wuactHoctH, A=A u 3agawHell uzoMopdpusmM A=A

OCTABJISIET KaXaplil 3JeMeHT u3 A Ha mecre, T0 f==f W npomosKen-
HLIA n3oMoppu3sm

A(alv sy Ocn)/——\iA(ﬁl’ rery ﬁn)

TaK¥Ke OCTaBJISIET HENOJBHKHBIMH BCE 3JeMeHTHl U3 A, T. e. o6a moJs
pasJioxeHns A4 f (x) oKa3bBalOTCs aKausasermmuimi. Credosamersro,
noae pasi0NeHUs NpPOUBBOAEH020 MHo20HAeHA [ (x) onpedesero 00KHO-
BHUMHO € MOYHOCIEI) 00 KBUBANEHMHOCHIU.

Orciona crenyer, uto Bce anareGpaHyeckue CBOHCTBA KOpHEH He
3aBUCAT OT crnoco0a NOCTPOEHHA MoJs passoxenus. Hanpumep, pas-
Jaraercs JiM MHOTOUJEH Haj MOoJieM KOMINIEKCHBIX uYucesa HJH B pe-
3yJbTaTe CHMBOJIMYECKOTO MPHCOCAVHEHHS, — ¢TI0 CYIIECTBY», T. €.
C TOYHOCTBIO JO 3KBUBAJEHTHOCTH, [0Je PasjoxkeHus OyIeT OJHHM
H TeM Xe.

B yacrHocTH, Kaxablfl KopeHb MHorouseHa f(x) obGnamaer kpam-
HOCM6I0, C KOTOPOH OH BXOAUT B pPasJokeHHE

f)=(x—a) ... (x—an)

KpaTHple KOpHM HMEIOTCS TOTAa H TOJBKO TOTAa, Korja f(x) u
f' (x) umetoT OOWMH menuTesb Hah MOJEM PA3JOKEHHS, OTAHUHBIA OT
KoHcTauTel (§ 28). HauGonbmu#i o6wuit penwiens f(x) u [ (x) Hazn
MPOU3BOJBHLIM pacIlipeHHeM sIBJASETCS, OXHAKO, TaKHM Ke, KaKOB
Hauboablul oOWuH nenutesns B HexogHom Kodbue Alx] (§ 17, sa-
naua 1). Tem caMbiM, C MOMOILBIO MOCTPOEHHS HauGoabuIero OBIero
nemutens f(x) u f'(x) B xoabie A[x] MOXKHO BbISICHHTb, €CTb JIH
y f(x) xpaTHbE KODHH B COOTBETCTBYIOIIEM MOJIE PasJoKeHHS.
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JlBa 1o/Is pas/ioMEHHsi OQHOTO W TOrO K€ MHOroujeHa, coaepxa-
muecss B HEKOTOPOM IoJje Q, sIBJISIOTCS He TOJbKO KBUBAJEHTHBIMH,
HO Jaxe pasubimu. JlefCTBUTENbHO, B 3TOM CJydae COBNANAlOT ABa
pasjokeHHss Hag Q:

fx)=x—0y) ... (x —o),

f)=(x—p) ... (x—Bn)

M U3 TeopeMbl 06 OAHO3HAYHOM pas3/oXKeHHH Ha MHOKHTENMH B Q [x]
CAEIYET, YTO C TOYHOCTBIO JO TNOPSJKA CJeIOBAHHA MHOXKHUTEJH
NOJIKHBI COBIAJaTh.

Hopmajbubie pacuiupedus. Pacumpenne ¥ nons A HasbiBaercs
HOpMAAbHbLIM HAX TIOTeM A WM pacuupenuem [aaya, eciy OHO, BO-
NepBbiX, aare6panyHo Hamg A M, BO-BTOPHIX, KaXKIblH Hepas/oxHUMbIA
B Alx] muorounex g(x), obrapamomuii B X XO0Th OJZHHM KOp-
HeM o, pasjaraetcsi B X [x] Ha JMHEHHbIE MHOXHTEIH.

Tlonst passoxkeHns, MOCTPOEHHBIE BHILIE, SABISIOTCH HOPMAaJbHLIMHU
B COOTBETCTBHH CO CJeAyioUleH TeopeMoi:

Pacuwpenue, noayuaroujeeca u3 A npucoedureruem 6cex KopHel
00H020 UAU HECKOABKUX, Ul Oaste GECKOHEUHO20 MHONCeCmEa MHO20-
unenos u3 Alx], asasemca HopmaroHbim.

CrauajJa Mbl MOXKEM CBECTH CJyuad GEecKOHEUHOIo MHOXKECTBa
MHOTOUJIEHOB K KOHEUHOMY MHOMECTBY, NOTOMY YTO KaXKIbld JIEMEHT
o U3 TIOJS 3aBHCHT JAHIIb OT KOPHEH KOHEYHOro MHOXKecTBa 3ajaH-
HbIX MHOTOWIEHOB H Mbl MOMKEM MPH [OKa3aTeJbCTBE HOPMaJbHOCTH,
paccMaTpuBasi pasliOKeHHe Hepas3NOKHMMOIo MHOTOU/ICHA, OJHH W3
KOpPHER o KOTOPOTO COMAEPIKUTCH B [aHHOM TOJe, OTPaHHUHThLCH
KOHEYHBIM MHOMXECTBOM 3THX KOpHeH.

3arteM cjayuali KOHEUHOTO MHOXKECTBA MHOTOWIEHOB MOXHO CBECTH
K C/yyam OJHOrO-eHHCTBEHHOTO MHOrOY/eHa, MJIfA Yero Hajo Bce
NlanHbie MHOTOYJIEHbl MePeMHOXKHTb W [PUCOEJHHATL KOPHH MpPOH3BE-
JCHUSI — 9TO TO KE CAMOE, YTO INPHCOENHHSTH KOPHH COMHOMKHTeJeH.

ITycth, Takum obpasoM, X =A(ay, ..., ®,), TAE Cy— KODHH HEKO-
TOpPOro Miuorousaena f(x), W nMycTb HepasnoKuMblit B A [x] MHOrOU/IEH
g(x) umeer B X kopeub P. Ecau g(x) pasnaraercs B X HeENOJAHO-
CTbIO, TO Mbl MOXKEM [IPHCOEAMHUTH K 2 ellle OfUH KopeHb P’ MHO-
rowieda g(x) u moayuurs nose 2 (B'). Torma, taxk kax B u P’ co-

Ip Si2KEHB,
APB)=AP).

[Mpu stom wu3oMopdu3ame 3ymeMeHTH M3 A H, B YAaCTHOCTH, KO3pbdu-
IHeHTH MHorouseHa f(x) nepexopsit B ceba. IlpucoeannuM Tenepb
ceBa M ChOpaBa Bce KOPHH MHorouseHa f(x); rtorma MoxKHO OyjeT
NPOJO/IKUTE H3OMOPHU3M:

AB, oy ooy ) ==AP', oy ..., ),

rge o, nepexoasaT BHOBb B Qj ObITh MO2KEeT, B JAPYrOM IMOpsjKe.
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Onement B — panuoHabHas GYHKILKA OT &y, ..., O, C KO3pPUUHEeHTaMH
U3 A:

P=r(oy, ..., ),

H 3TO palHOHAJbHOE COOTHOLIEHHE COXpaHfeTcs MpH Jo6oM H30MOp-
¢usme. Cnenopartesnno, B’ Tak:ke SBJ/ISI€TCSH palHOHAJbHON (yHKIHEH
OT Oy, ..., Gy H NPHHALJIEKHUT MO0 2, 4TO IPOTHBOPEUHT YCJOBHIO.

O6partnasa Teopema. Jlwboe HopmarbHoe pacuuperue 3
noas A noayuaemca npucoeOureHuem 8cex Kopueti HEKOMOpPo2o MHO-
JICECIMBA  MHO20HNEHOB U, eCAU OHO KOHEYHO, — NpucoeOuUHenuem KOpHell
dagkce KOHEUHO20 MHOMNCECINBA MHO204AEHOB.

HokasateabctBo. [lycts mose £ moJsyyeHo NpHCOeIHHEHHEM
HEKOTOporo MHoxecTBa I asreGpanueckux BesuydH. (B obuiem
c/Iyyae MOMKHO I0JIOKHTb I == Z; B cilyyae KOHEUHOro pacmupenus I
MOXHO CYHMTAaThb KOHeuHbIM.) Kaxjpil snement uz M ynomJerBopser
HEKOTOpOMY aJjre6pandeckomy YypaBHenuio f(x)=0 ¢ kospdumen-
TaMH M3 A, KOTOpoe IHOJIHOCTBIO pasjaraercst B X. Ilpucoenunenue
BCEX KODHEH TaKHX MHOTrOYJEHOB f(X) (COOTBETCTBEHHO, €CJM TaKO-
BbiX JIMIIb KOHEUHOE YHCJO, TO BCEX KOPHeH WX IPOU3BEIEHHS) JaeT
TO K€ caMoe, 4TO IIPHCOeAMHEHHE MHOxKecTBa MM, T. €. Jaer Bce
nose X. 910 u TpeGOBaJOCh [0KA34Th.

Hepasnoxumoe ypaBHeHue f(x)=0 Ha3biBaeTCsi HOPMAALHOIM,
€cAM MoJie, IOJY4Yalolleecss NpPHCOeAMHEHHEM OLHOTO H3 KOpHEH
5TOT0 yDaBHEHH?, SIBJACTCA HOPMAJbHBIM, T. €. €CJH [(x) IOJHOCTBIO
pasJjaraercs.

3anaua 1. Eciu A= X< Q u Q nopManbeo Haa A, To Q HOpMajbHO
Hap Z.

3anaua 2. IlocTpouTh Mnoje pasloKEeHHs MHOrouJeHa x3—2 mHaj moJeM
pannonanphblx ducead Q. TMokasate, uTo ecu o —OAHH M3 KOpHel 3TOrO ypaBHe-
nus, 10 @ (a) He sBAsIeTCH HOPMALHLIM.

3anaua 3. Ecam f(x) —Hepasnoxumblii Hal nodem H MHorouwreh, To Bo
BCSIKOM HOPMasNbHOM pacliMpeHHH [ (X) pasfiardercss Ha MHOXHTEJNH OAMHAKOBOH
crenieny, conpspkeHHble Hapg K.

3apaua 4. Kaxpaoe KBajpaTHuHoe Hap A moje HOpMadbHO Haj A.

§ 42. Kopuyu M3 exMHHUbI

Boiile  ObliH  M3JI03KEHBI OCHOBHBIE OOLIME IIOJIOKEHHSI TEOPUH
noJie#. IIpexkne yeM pasBHBATb TEOPHIO JaJibllie, IPUMEHHM [IOJYYEH-
Hble TeopeMbl K HEeCKOJbKHM YpaBHEHMSM O4eHb YaCTHOIO BHJAA Haj
CMeLUaJbHBIMU TIOJSMH.

[Tycts  n—mwuartypanabHoe uncio. Kopuu wmuoroutena x" —1
B TNPOM3BOJILHOM TMoJie K HAa3BIBAIOTCA KOPHAMU N-cmeneHu u3 edu-
Huybl, 119 MpoU3BONBHOrO KOpHS n-fl CTENEHH U3 €JIHHUUM { crpa-
BENJIHBO, TaKUM 06pasoM, COOTHOILIEHHE

anl'
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Ecan K —rojie KOMINIEKCHBIX UHCEJ, TO KOPHU A-H CTENeHH U3
eIHHHLL MOXHO N[EeICTaBHTbL TeOMETPHYECKH KdaK TOYKH HA €JHHHY-
HOM Kpyre:
{=ei"=cosa+tisina,

rjge yroa o yAOBJIETBOPAET YCJOBHIO

no ==~k 20
H ONpeJeseTcs PaBeHCTBOM
2n
=p. 2
n
Ecan ana k 3agaBaTh shauenus: 0, 1, 2, ..., 1 —1, To moayuurcs s
TOYEK
Lo v ..., vt (r=1),

KOTOpHE JeJSiT KPYr Ha 7 paBHBIX Ayr. Muorousen x"—1 umeer,
TakuM 00pasoM, B [0JI€ KOMIJIEKCHBIX YHCEeJ POBHO # Pas/HYHBIX
KOpHeH, KOTOpble MNpeJCTaBJAOTCA KaK CTENeHH OJHOrO-eJHHCTBEH-
HOTO MPUMUMUBHO20 KOPHSL | N-1l Cmenenu u3 eOuHuybL.

PaccMoTpuM Telneph KOPHH H3 €HHHIL B IPOU3BOJbHOM moge K.
[Ipexje BCEro HMeeT MecTo Teopema:

Kopuu n-ii cmenenu u3 eduwuuypt 6 nose K obpasyiom abenesy
epynny OMHOCUMENbHO YMHONCEHUA.

Us a"=1 u b»=1 caenayer, uto (ab)*==1 n (a)»=1. To, uro
aTa rpymnina abeseBa, OYEBHIHO.

Hoxaxem Temepb oHy JAeMMy 00 abejeBoIX Tpynmnax.

[ycte by, ..., by — 3jeMeHTbl abeeBOR TPYMIb, MOPSIAKH Iy, ..., I'm
KOTOPHIX TOnapHo B3amMHO mnpocthl. Toraa mpoussenenue
b=0bb, ... by
HMEET TOPSIIOK
r=rry ... I'n
NoxasateabcTBo. Tak xak b =bib) ... b,,=1, mnopsinok

37eMeHTa b SIBJASIETCST BO BCAKOM cayuae JeaurtesieM 4yucJgaa r. Ecan
g — TIIPOH3BOJIBHOE MPOCTOE YUCJ/JI0, COAEpKaueecs B r, TO ¢ BXOIHT
B COBEPIICHHO OHpeﬂeﬂeHHbIﬁ MHOXKUTECJb r; H r/q JeJUTCA Ha BCE
OCTa/JbHBIE 7j, HO HE Ha 7;. CJIeILOBaTe.HbHO,

b= by b = 1.

Tak Kak 3TO pacCy:KieHHe TNPOXOANT MU KaxJOr0 BXOZLSILEro
B 7 NpPOCTOrO uHC/Ia ¢, TOPANOK 3JeMeHTa b papeH B TOYHOCTH 7.
Ecau tenepb K — nose xapakTepucTHKH p, TO MOJOXKHM 1 = p™h,
rae A me genutcss Ha p. ILaA Ka)kaoro KOpHsa n-H CTeNeHH U3 enu-
HHLbLI { B COOTBETCTBHU C 3ajavell 1 u3 § 37 MMeeT MECTO DaBEHCTBO

(@ — " =" 1= 1=0;
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CJIeI0BAaTEJbLHO,
gr—1=0.

Takum 06pa3oM, KOPHH f-fi CTEIIGHH M3 €JUHHUIbl ABJSAKTCS OJHO-
BPEMEHHO KODHAMU H-H CTENMEHH H3 eIMHHUB], e A He JeJuTCs Ha
XapakTepuc1HKy Inoas. B clydae XapakTepHCTHKM HYJb MOXHO
nosioxkHTh A=n. B oboux cayuasx

=1,

rae h He meqUTCA Ha XapakKTepUCTHKY IOJA.
Byaem ucxoauth u3 mnpocroro noJs II xapaktepuctuku O uau p
u npucoeauHuM K II Bce KOpPHH MHOrodseHa

f(x)=x"—1.

[Moayuaromeecsi TakuM crocoGoM IIJI€ Pas3joXKeHHs 2 Ha3bplBaeTCs
nosem OereHus Kpyea uau noaem Kopretd h-ti cmeneru u3 eOuruUbl
nad npocmewm nosem II. Muoroused f(x) pacrmajaetcss B 3TOM Cay-
yae Ha pasAudrble TUHEAHbIE MHOXKUTENH; 1efCTBUTE/1bHO, IIPOU3BOHAS

[" (%) = hxt 1

oGpaulaercsi B HyJpb JHIb npH x =0, Tak Kak A He jAeJHTCA Ha Xa-
paKTEPUCTHKY MOJS; CAeloBaTeqbHO, [ (X) He uMeeT OOMHUX KOpHeH
¢ f(x). Hosmomy 8 2 codepxcumcs posno h kopred h-ii cmenenu u3
eduruybL.

Pazoxum Temepb wHCJAO A B [pOU3BEAEHHE CTeNeHeHd MPOCTHIX
umces:

m m
- Vi — : < =g
h=11 ¢ =11r (r;=q?).
=1 [
B rpynne xopHeil h-#i cTeneHd U3 eQUHHLBI CYIIECTBYeT He GoJee
h
h/g; 37eMeHTOB @, AR KOTOpHIX "%i—1, motoMy 9T0 MHOTOUJEH

h o
x™% — 1 umeer camoe Goabluee h/g; Kopueit. CiieoBaTe/bHO, B Ipymne
ecTh 3IJEMEHT @;, 1J9 KOTOPOro

h
a ‘./ =1,
DJeMEeHT
h
bi:ai/'i
umeeT nopsnok r;. (Tak Kaxk r,-f CTENeHb 3TOro aJemedTa papHa I,
ero MOpsiiOK SABJAETCS Je/]UTeNeM YHCaa r;; HO ero (r;/q;)-f CTeneHb

OTAMYHA OT | M MO3TOMY €ro NOPSIOK SBJSIETCS HECOGCTBEHHBIM
neautresnem uucaa r;.) Ilj onsBeneHue

€=Ill by,
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6y11ytm NIpOU3BEAEHHEM JIEMEHTOB B3aUMHO IPOCTHIX MOPAAKOB 7y, ...
-y I'my HUMEET IMOPHAIOK
m
H f,' = h.
1

KopeHb H3 efMHHIB, TNOPAAOK KOTOPOro paBeH B TOYHOCTH A, Mbl
Ha3LIBAEM NPUMUMUBHbIM KOPHEM h-Ti CTENeHH W3 eAHHHIbI.

Crenmenn 1, {, (% ..., {*! DPUMHUTHBHOIO KOPHSI M3 €IHHHIIbI
pPasJMuHbl; TaK Kak BCA TrPynha HMeeT JHIIL /i 3/eMEHTOB, BCe ee
3JEeMEHTHl SIBJASIOTCS CTENeHsIMH 3jemeHTa (. Mrak:

T'pynna Kopred h-ii cmenenu u3 eQuHuybl YUKAUMHQ U NOYOXNC-
Oaemces A06bIM NPUMUMUBHOIM KOpHeM u3 eOuruybt {.

UHc/0 NPHMUTHBHBIX KOpHefl A-H CTeNneHH M3 eIHHHUUb Tenepb
JIerko onpene/utb. [lns nHawana o6osnauum ero uepes ¢ (k). Uucao
¢ (h) paBHO uucry anemenmos nopadka h 6 yuKkAudeckotl epynne no-
psadka h'). Bo-mepBbiX, ecaw h—cremenb NpoCTOro wucaa, h=gv,
TO ¢Y cTemeHeH 3jemeHTa {, 3a uckJouenneM g¢¥-! creneueii 3sge-
MeHTa [, sABJAIOTCSA 3JMEeMEHTaMH A-ro NOpPSiiKa; CJef0BaTe]bHO,

V@) = - =g g =¢"(1 - ). M)

Hanee, ecnn h pasnaraercsi B Npou3BeJeHHE NBYX B3aHMHO IPOCTBIX
MHOXKuTesleH, h=rs, To KaxIblll 37eMenT A-rO MopsfKa OLHO3HAYHO
NPEJCTaBUM B BHJE NPOH3BEJCHHS HEKOTOPOTO 3JIEMEHTa 7-I0 MOpfAKa
U HEKOTOpOro a/eMenTa s-ro nopsaxka (§ 17, sanaua 2); o6patHo, Kax-
Jloe TaKoe MpOH3BeNeHHe sBJAACTCS 3/A€MEHTOM h-TO mopsifka. Jje-
MEHTBI 7-TO MOpSAAKa NPHHALIEXKAT UUKJIHYECKOH Ipymne 7-ro nopsika,
TNIOPOXKJEHHOH 3/1eMeHTOM (¥, YMCJO 3THX 3JEMEHTOB PaBHO, CJeo-
BaTenbHO, @ (r). TOYHO TaK Ke UHCIO 3JJIEMEHTOB S-FO TNOPRAKA
paBHO ¢ (S); CJEROBATEIbHO, IJS YHC/AA NPOH3BEAEHHH HMEeT MecTo

PaBEHCTBO
B ¢ ) =9 () @)

Ecan h=n r; — pasjioXeHHe uYHcla h HAa B3aHMHO MPOCTHIE MHO-
!

HUTENIH, TO TNOC/ENOBATE/IbHBIM NPHMEHEHUEM 3TOrO PaCcCyXAEHHA
U3 TMOJyYeHHOH (POpMyJibl BHIBOJHM PaBEHCTBO:

P =0 (r) @ (rs)... 0 (rm),
T. e. B coorserctBuu ¢ (1)

e =g (G—1) g " (=1 ...¢n  (gu—1)=
=h<1 —5‘{)(1 —%)(1 _51;)

1) Cornacuo sapave 3 u3 § 17 uncno @ (h) paBHO Ko.MUeCTBY HATYpaJbHBIX
UHCeJ, B3aHMHO MpPOCTBIX € /4 M He NpeBocxopamux k. Pynkumio ¢ (k) HaseBaioT
suieposott @-gytryued.
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Mbl nosyun/u:
YJucao npumumushsix Kopreil h-ii cmenesu u3 edunuybl pasHo

cp(h):hﬁ<1 —qii)

[Tosioxkum g =1 (h). TlpumMuTHBHbIE KOPHHW h-fi CTENMEHH W3 €eflH-

HANBl o6o3nauMM uepes {;, ..., {,. OHH dABJAIOTCH KOPHAMU MHOTO-
4yjIeHa
=) (x =) ... (x — L) = D (x).
Hmeem
xh—1=]] P4 x), @)
dih

rie d npoGeraerT MNONOXHTENbHbIE JenuTean uuciaa hl). IelcrBu-
TEJbHO, KaXJbi KOpeHb A-H CTeNeHH U3 €IUHHUUBI SBJASETCH HPHUMH-
THBHBIM KOpHeM d-B cTermeHH M3 efHHULbl /s OAIOTO W TOJbKO NS
OIHOrO TOJIOMKUTENBHOTO Je/uTessd d yucaa h, Tak 4TO Kamabli Ju-
HeliHbI MHOKHTEJNb MHOrOWIeHa x" —1 BXOAHT B OJMH H TOJbKO
B OJMH 43 MHorouseHos @, (x).

®opuyna (2) onpesensner muoroueH By (x) oRO3HAYHO, MOTOMY
4TO U3 Hee IPEeXKJIe BCEro CJENYeT, 4To

O, (x)y=x—1,

u ecin Dy usBecTeH JUIA BCeX MOJOXKHTENbHBIX d <A, T0 @), ompe-
JeJseTCA € TMOMOLLBIO JiesIeHus u3 (2).

[TockoJbKy Takue neNeHUS OCYIUECTBJSIOTCS € NOMOIIBID aJjro-
pHTMa JJIeHHSI B KOJblle ULEJOYHCJAEHHbIX MHOTOWICHOB OAHOH mepe-
MEHHOH X, HMEET MECTO CJefVIOUEe YTBEepPKICHHE:

Kaocovii mroeousren @y, (x) A8ASCMCS UEAOUUCACHHBIM MHO20YACHOM
u He 3agucum om xapakmepucmuru noas Il (ecau moasko h we Oe-
AUMCS HA MYy XAPAKMEPUCTNUKY).

Muorounenn @ (x) naspiBalOTCH MHO20UMCHAMU OedeHUs Kpyea.

Ilpumepr. s Kaxkporo npocToro uyucaa g

W —1l=x—1)(x? x4 ... +x+ 1)

H, CJIENOBATE/IbHO,

DO, (x)=x914+x2+ ... +x+ 1.

BouJiee obimo,
D iy (x) = x0—D¢" f gla=20" 4 4 xa" 11,

q
Touno Tak xe

B=l=x=DE*+x+1)x+1)(x2—-x+1),

1) CumBoa a|b o3HAayaeT, 4TO a ABJAAETCH JAGAMTENEM 4HC/IA b (uuTaercs
«a AeJHT b»).
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4, CJe0BaTeNbHO,
Dy (x) =x2—x+1.

Muorouen @ (x) MOXKeT OKa3aTbCA pa3/IOKHUMBIM, HampHMeEp,
B TPOM3BOJILHOM MOJIE XapaKTEPUCTHKH 3 HMEET MECTO PAa3JioKeHHUE:

Q)= +1=(xF—x—1) (x> x—1).

[Tozguee, omuako, Mbl BuauM (§ 58), 4To B MpOCTOM TNoOJE Xapak-
TEPUCTHKH HyJb MHOrouneH @, (x) Hepasjoxum, B CHJIy 4Yero Bce
TPUMUTUBHBIE KOPHHW f1-# CcTeneHu U3 efvHMLB compsixkenb. B § 31
Ha OCHOBE TeopeMmbl DH3eHIITeHHa Mbi BHISICHHJH, YTO Takasd CHTya-
s CKIaAbBaeTcsi BCAKHMA pas, KOrja h—Ipocroe 4Yuc/o;, s
Dg=x'+1 1 Oy =x*—x241 3To yTBepKJEHHE COCTABJSIO COALP-
kanue 3anaud 3 w3 § 31 u 3agauu 5 us § 30.

HacTo OKasblBaeTCst MOJE3HOH CJeAYIONasl TeopeMa:

Ecau [ — Kopeno h-ii cmenenu u3 eOunuypl, mo

h (€=1)
0 (€==1).

JloKasaTesqbCTBO MoJydaercss HeMeAJeHHO H3 (GopMyJbl CYMMbI I€o-
MEeTPHUECKOH mnporpeccuu: a/s1 =1 umeem
1—¢h

=t

3axaua 1. Tlone KopHeii A-fi CTemeHH H3 eIUHHILH AJs HEUETHOro /A COBIa-
LaeT ¢ 1oJeM KopHeil 2A-ii CTeNeHH H3 eIUHHIHI.

3anaua 2. Tlone KopHEH TpeThell M Ye€TBEPTOH CTEeNMeHH M3 EIHHULLI Haj
0JE€M PalHOHANBHLIX 4HCeJ KBAAPAaTHYHO. BEIPA3HTh 3TH KODHH U3 eJHHMIbI
uepe3 KBaJpaTHHE KOPHHU.

3anaua 3. [lose KopHeit BOCBMOH CTelleHH M3 €IMHHIBl KBaJPATHUHO Haj
[10JIeM TFayCCOBBIX 4HCe.l (D(i). Bbipa3uTh NPHMHTHBHBII KODEHL BOCHMOH CTEMeHH
M3 €IMHHIbLI C IIOMOWIBIO KBAPaTHOTO KOPHs H3 Kakoro-1u6o siaementa u3 [ ().

3anaua 4. Kopuu n-it crenenn u3 efMHHIb! B MPOH3BOJMbHOM mose H o6pa-
3YIOT OUKJIHYECKYIO TDYMIy, NMOPSIIOK KOTOPOH REJHT A.

1+C+?+.u+@4={

§ 43. Mona lanya (koHeuHble KOMMYTaTHBHbIE TeJa)

Cpenu npocThiX II0J€H XapaKTePHCTHKH p Mbl yXKe BCTpeyasu
noJisl U3 KOHEUHOrO 4ucia 3jeMeHToB. KoHeuHble MOJs HA3LIBAIOTCS
noaamu I'arya 1o UMEHYW HX NEPBOro Hcciejopartestst dpapucta [anya.
Tlpexxie BCEro, Mbl YCTaHOBHM HECKOJLKO OGHIMX CBOMHCTB.

[Tycts A —mnone T'anya u ¢ — 4HC/IO €O 3JIEMEHTOB.

XapaktepucTuka noas A He moxeT ObiThb paBHAa HYyJI0, II0TOMY
4To0 HHaue B A cojepxajoch Obl mpoctoe noge I xapakTepHCTHKH
HyJ/b, COCTOslleE H3 OECKOHEYHOro YHcJa 3/eMeHToB. [lycts p —
XapaKTeDUCTHKA [NaHHOTO KOHeyHoro mnoJtst. [Ipoctoe moae 11 wuso-
MOPGHO TOrja KOJbLY KJaCCOB BHIYETOB KOJbllA LEMBIX 4HCEa N0 MO-
IyJI0 p U T03TOMY COZAEPMKHT p 3/EMEHTOB,
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Tak kKax B A Booflle ecThb JHIIb KOHEUHOE YHCJAO 3JIEMEHTOB,
B 3TOM MOJIe CYLIeCTBYeT Haubonbllasi CHCTEMa U3 JMHEHHO He3aBH-

cuMpix Haj II sjaemeHTOB O4, ..., Q. 1OTAA A — CTeN€Hb pacuInpe-
uust (A:II) n kaxpmblfi snement u3 A npuobperaer Buj
Clo(’l—l_ e —{-C,;(X,,, (l)

rae koadpduunentt ¢; U3 nosa Il oxuesnayHo onpenesieHsl.

Ins Kaxaoro Ko3pOWIHEHTAa ¢; €CTb p BO3MOXHBIX 3HAYEHHH;
CJIeloBaTeIbHO, HMeeTcsi B TOYHOCTH p" BbipaxeHu#l Buaa (1). Tax
KaK 3TH BBIPAXEHHS H JAIOT JEMEHTHl I0JIsi, O KOTOPOM HJET peub,
MBI TOJIyYyaeM PaBEHCTBO

q=p"
Wtak, [0KA3aHO: YUCAO IAEMEHMOB8 KOHEHHO20 NOASL ABAAeMCA  Cme-
NeHbI0 XAPAKMePUCMUKY p; NOKA3AMeAab motl Cmenenu pasex cmerenu
pacwuperus (A :1I).

Jlioboe Tejo mocie oTOpacblBAaHUA HyJd IpeBpaulaeTcsi B HEKO-
TOPYI0 MyJbTHILIMKATUBHYIO rpynny. B caydae noas lanya srta
rpynna abenesa u umeer nopanok g —l. Ho nopasok npoussoss-
HOrO 3JEMEeHTa o, TOTAa JOJuKEH ObiTh jenuTteleM uucaa g — l; cue-
JIOBATEJIbHO,

ad-l=1 pna gaxgoro o ==0.

B aTOM Ciyuae ypaBHEHHe
ol —a=0

umeeT kopueM u o =0. CiefoBaTeJbHO, BCE JIEMEHTH I10JI5 SABJSIOTCS
KopHsmu wmHorowteHa x?—x. Eciam o, ..., o, —31eMeHTH [OJS,
1o X7 — X JEJUTCHA Ha
q
H (X — (li).
1

B cu/y paBeHCTBA CTeNeHeH mojydaercs, 4TO
9

P —x=]1(x—a).

[

CrepoBatenibHo, A COCTOMT H3 BCeX KODHEH OJHOrO0-eXHHCTBEHHOIO
MHOrouJeHa x? — X, KoTopble mpucoepuHsatca K nomo [I. Srumu
yCJIOBHSME Nosie A onpejenserca OJNHO3HAYHO C TOYHOCTBIO 1O H30-
mopopusma (§ 40). CiexoBarenbHo,

Ipu 300aHHbIX YUCAQX P U N 6CC NOAS U3 P™ JAEMEHIMO8 U30MOPPHLL.

Mbl noKaxeM Tenepb, uTo AMst Kaxnoro n>0 H 4aa Kaxaoro p
JEHCTBUTENbHO CYLIECTBYET IOJIE W3 §==p" 3JIeMEHTOB.

BygeM ucxoiuTh U3 mpocroro noss Il XapakTepucTHKH p U 10-
crpoum Han Il none, B KoTopoMm MHorouses x?—x MOJHOCTBIO pas-
JAaraercsl Ha JIMHEHHbIE MHOXHTEAH, B 3TOM f10/1€ PaccMOTPHM MHe:
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KECTBO KOPHEI:"! MHOrounena x?—yx. Hocnem{ee SABJISICTCA TI0JIEM,

NOTOMY uTO M3 X" =X n y?" =y cornacuo sazaue | u3 § 41 caenyer,
4yTo
x =y =" — ",
a B cayyae y==0
B o xpn
< y ) - g

TaK 4TO pAa3HOCTb W OTHOLIEHHE JBYX KOpHeil paccMaTpHUBaeMOro
MHOTOUJ/IEHA BHOBL SIBJISIOTCSI €r0 KOPHAMH.

Muorousten Xx? —x HMEeT TOJBKO MPOCTbE KOPHH, TOTOMY 4TO
ero npousBojHas, BBHLY cpaBHeHus ¢ =0 (p), paBHna

g9l —1=—1,

a —1 He ectp Hyab. MHOXeCTBO KOpHell sBJseTCs, Cle10BaTeNbHO,
MHOKECTBOM 3/IEMEHTOB TOJISI M3 ¢ 3JIEMEHTOB.

Msbl nokasaJu:

HAas raowdotl cmenenu npocmoeo wucaa q=p* (n > 0) cyuiecmayem
00HO u ¢ mourocmoio 00 uU30MOPPuUsMa mMOoA6KO 00HO nose I arya us q
SACMEHMO8. IMil INCMEHMbL ABASIOMCS KOPHAMU MHO20MACHA X9 — X.

[lone T'anya u3 p” snementos B mocrexyiomem 6yzeT 0603Ha-
uaTbesl yepes GF (p7).

Honoxum g—1==h u sameTum, yto Bce OTJHMYHBIE OT HyJs 3Je-
MeHTbl mosif [ajya SIBAAIOTCH KODHSIMM MHOTOWJeHa x*— 1, T. e.
KOpHAMH h-ii cTeneHn u3 enunnubl. Tak Kak A M p B3aUMHO MpoCTBI,
AJIsl 5THX KODHEH U3 eIMHHLBI UMEeT MeCTo BCe CKa3aHHOe B IIpe-
Ibgymes naparpadge:

Bee omauunvie om nyas snemenmor noas seasiomes cmenewamu we-
ROMOpo2o NpUMUMUEHO20 KOpHA h-ti cmenenu us edunuypt. Vinu: myae-
munaukamughas epynna noaa laiya yukauuna.

Eciu { — npumuTuBHbI KOpeHb A-il cTemeHH W3 eqHHHmB B A =
== GF (p*), TO Bce HEHyJEBbIE 3/JEMEHTHl M3 A SBARIOTCH CTENEHSIMH
anementa {. Orciona caenyer, uto A=II() n A sBasercs IIPOCTBIM
pacupennem noas II. Crenenp saementa { Han I pasna, Koweumo,
CTeNeHH paclIUpeHus 1.

D10/ TeopemMoll CTPOEHHE KOHEUHBIX MNOoJeH OmHCHIBAGTCH MOJ-
HOCTBIO.

B nanpuefiiem nam nomagobutcs cieaymomas teopema:

lloae Tarya xapaxmepucmuxku p codepocum emecme ¢ KancOoim
CE0UM INEMEHMOM Q POBHO 00UH KOpeHo p-ii cmenewu u3 a.

JokasatenbcTBo. JlNs KaXAOTO 3€MEHTa X B MOJe cylille-
CTBYET €ro p-a crenedb xP. PasjuuHble 3JEMEHTH HMEIOT pas/IHy-
Hble p-€ CTeleHH, TaK Kak

xp_ypz(x_y).”‘
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CiiefoBaTeJbHO, B MOJe CYIIECTBYeT CTOJbKO K€ p-X CTeleHed,
CKOJIbKO caMMX 3JeMeHTOB. [lo3ToMy Bce 3/JeMEHTBl ABJSIOTCS p-MU
CTEMEeH AMH.

Hakouen, omnpenesuM asToMopdusmbl moast 3 = GF (p*).

[Mpexkpe Bcero oToGpakeHne o> of ABJAFETCH ABTOMOPGHUIMOM.
JleficTBHTEbIO, COIVIACHO IIOCJENHEH TeopeMe 3T0 OTOOpaKeHHe

06paTHMO U
(o 4-B)? = a? -+ B,
(@f)? =arpr.
Crenenu 3toro asToMopdu3Ma nepeBOAAT o B oF, o, ..., o =a.

TeM caMbiM Mbl HAlIH 71 aBTOMOP(H3MOB.

C Ipyro# CTOPOHB!, YHCJIO ABTOMOP(H3IMOB HE MOKET GbiTh GOJIbILIE 71,
[Tpou3BOJbHBLIH  aBTOMOP®HU3M  JOJIXKEH TEPeBOAMTb  MPHUMHTUBHLI
KOpelib { B CONPSKEHHBIH 3/€MEHT, T. €. B KODPEHb TOr0 XK€ CaMoro
MHOTOUJIeHa, KOTOPBIH ofpaiiaercs B HyJb 4 Ha (. JloGoit MHOrOUsIEH
CTEIIEHH n HMEET, OfHaKo, He Gonee n KopHeH. OnpesieneHHbIE BHILIE A
aBTOMOPU3MOB o > alP ABJAIOTCA, CJIe0BATEbHO, € THHCTBEHHO
BO3MOKHBIMH.

Teopembl, cnpaBeiuBbie Aasl mnoneit GF (p*), B 4acTHOM ciydae
n =1 CTaHOBATCS TEOPEMAaMH O KOJbLE KJacCOB BbiUeTOB Z/(p) U COB-
NajalT ¢ TEOPEMAMHM, HM3BECTHBLIMH M3 3J€eMEHTApPHOH TeopUH udcesl.
HmenHo:

1. CpaBHeHHe TO MONYJIO p UMEET camoe GoJbllee CTOJbKO ke
KopHe# Mo MOAYJMIO p, KaKOBa €ro CTeleub.

2. Teopema depma:

ar-'=1(p) ansa a=£0(p).

3. CymecTByeT «nepBooGpasHbli KOpeHb { MO MOAYJIO p» — Ta-
KOe 4YHCJIo, uTO JoGoe 4HCjo b, B3aWMHO NIPOCTOE C p, CPABHHMO MO
MOAYJIIO p ¢ HEKOTopoH cTemedbio uucnaa {. (Mmawe: rpymna kJjaccos
BLIUETOB MO MOIYJIO P, OTJHUYHBIX OT HYJ/S, SIBIAETCS LUHKJIHYECKOH.)

4. TlpousBeneHHe BceX OTJHYHBIX OT HYJA 3JEMEHTOB @, Gy, ..
..., ap moas GF (p™) paBHo — 1, Tak Kak

h

h—1=]] (x—ay).

1
HOns n=1 5310 naer Teopemy Buabcona:
(p—l=—1(p)

3agaua 1. Kaxmoe moanone noast GF (p*) siBasetcs noiem GF (pm), rae
cTeNeHb M1 fABJSIETCSl JeJuTerneM 4ucaa n. JLas Kaxaoro JeauTeds m 4ucia f
CyLIeCTBYeT POBHO OfHO nopnose GF (p™) B GF (p"), 3/JeMEHTBl @ KOTOpOro ompe-
REJISIIOTCS PaBeHCTBOM
P =q.
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3agava 2. Ecan r B3auMHO mpocto ¢ pt—1, TO Kam[blii 3/eMeHT H3

GF (pn) aBasietca r-ii crenessio. Eci' r— penntesn 4ucaa p®—1, To r-MH crene-
uaMu B GF (p?) ABASAIOTCA Te M TOMBKO Te 3JEMEHTH o, JIs KOTOPBIX
n
oc(” —0)/r 1.

CdopMyaHpoBaTh pe3ysbTaT DPHUMEHHTEJLHO K TEOPETHKO-YHCJIOBOMY CJydalo («r-s
CTeleHb OCTAaTKa»).

3anaua 3. Ecam npocroft ujpean p B KOMMYTAaTUBHOM Kojblie » 06AafaeTr
JHWB KOHEYHBIM UHCJIOM KJAacCOB BBIYETOB, TO o/p-—ToJe ["anya.

3apaua 4. PaccmoTperb, B YACTHOCTH, KOJBLA KJACCOB BBIYETOB 110 HPO-
croiv mpeadam (1), (3), (241i), (7) B KoIblle LeJBIX rayCCOBbIX YHCE.

Janmaua 5. Haiitu uepasnomxumoe B GF (3) ypaBHeHHe AT NPUMHTHBHOIO
KOPHSI BOCBMOJ CTENEHH H3 eAMHHLBI M3 nojis GF (2), a TakxKe HepasJoxkUMoe ypas-
IIeHHe JJIsi OPUMHTHBHOIO KODHSI CeAbMOll CTeneHH H3 eJMHHIB H3 noas GF (8).

Bagaua 6. [lns moGblX p U m CYLECTBYIOT LeJIOUHC/ICHHblE MHOTOYIe b f (X)
m-i CTENeHM, HepasIoKHMBle MO MOAYJIO p. Bce onH sBAAOTCA MO MOAYJIO p

JeJHTeIIMH MHOrOdJena xP™ —x.
Onno unTepecHoe cBofictBo mnoneil Fanya ycranosua [lesaungae (Cheval-
ley C.).—Abh. math. Sem. Hamburg, 1935, 11, S. 73.

§ 44. CenapalearHble u HecenapabeabHble pacUIHPeHHS

[Tycts cHoBa A —mode.

BeisiciumM, MOXeT JM Hepasaoxkumblil B A[x] mMHOrouseH obsanathb
KPaTHEIMH KODHSMU?

Huas toro utobhi f(x) obsajgan KpPaTHEIMH KOPHSIMH, MHOTOUJIEHBI
f(x) u ' (x) nOMKHB HMETb OOUIHE OTJIHYHBIH OT KOHCTaHTbI MHOXH-
Te/1b, KOTOpBIH corsacHo § 41 moxuo BbuKCAHTE yke B A[x]. Ecan
MHOrouJieH f(X) HepasJoXuM, TO HH ¢ KaKUM MHOIOYJIEHOM MEHblIeH
cTeneny f(x) He MOXKET HMETb HENOCTOSIHHBIX OOUHX MHOXKHTEJseH,
CJIEAOBATENBHO, JOJ/KHO MMETh Mecto paBelcTso [’ (x)==0.

Iosoxum

fx)= D) aw’,
0

f(x) = i} vayxvl,
l

Tax kak [ (x)=0, B HyJb JHo/KeH obpailaTbcsi Kaxublli Ko3hdu-
L{HEHT:
va,=0 (v=1, 2, ..., n).

B cayuyae xapakTepHCTHKHM HYyJb OTCHOIa ciepyeT, 410 a,=0 pas
Bcex vs£0. CienoBaTe/ibHO, HENOCTOSIHHBIA MHOT'OUJIEH HE MOXKET
UMeThb KPATHBIX KopHe#. B ciyudae ke XapakTepUCTHKH p DaBeHCTBA
v@, =0 BO3MOXHbI H JJ51 ay==0, HO Torga oOsi3aHbl BBIIOJAHATHCSA
CpaBHEHHU S

v=0(p).
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Takum o6pasoM, yToGb MHOTOuUMEH f(x) obsanan KpaTHHIMH KOPHSAMH,
BCE €r0 cJjaraembie AOJKHBI 00palaThCcsl B HYJb, 32 HCKJIHOYEHHEM
Tex a.x¥, aas kotopulx v=0(p), T. e. f(X) JO/KEeH WMETb BHA

F(X) = aq -+ apeP 4 aypx® + ...

O6patno: ecau f(x) umeer Takoi Bua, 1o [’ (x) =0.
B sToM cayyae MBI MOXKEM 3alucarhb:

[ (x) =@ (x7).

Tem camMblM [OKA3aHO YTBEepAeHue: B cayuae xapakmepucmuxu
Hyab Hepazaoncumsli 6 A[x] muozounen f(x) umeem moasko npocmote
KOpHIL;, 6 CAydqe Jce XQpakmepucmuku p Meo2ouren [(x) (ecau oH
OMAUYEH OM KOHCMAMIMBL) UMeem KpamHple KOpHu mozda u Mmoa6Ko
moeda, koeda €20 MONHO npedcmagumos KAK MHO204AEH § om XP.

B nocsiefHem ciydae MOXKET OKas3aThCsl, YTO ¢ (X) B CBOIO Ouepelb
aBasercss MHorounenom ot xP. Torpa f(x) aBaserca MHOrOWJIEHOM

ot x7*. Tlyctb f(x)— MHOrOWIeH OT X7

F (%) = (x7°),

HO He sBAasieTcsi MHorousnesom or x?°*'. Pasymeercs, muorousen i ()
Hepasaoxum. [lanee, ¥ (y) 70, notomy uro uuaue 1P (y) umesa Obl

BUA X (yf) H, CIE€ZOBATENBHO, f (x) mpencraBasics 6u B BUAE x(xl’” I),
YTO NPOTHBOPEUUT Npeanooxennio. CiefoBaTeNbHO, P () HMEET TOJIBKO
NpOCThie KOPHH.

Pazsioxxum MHOrodsieH 1 (y) B HEKOTOPOM PACIIMPEHHH OCHOBHOIrO

oJisl Ha JUHEHHbIE MHOMKHUTEJNH:
m

ww=nw—m.
Torna

m
H@=I]&“—BJ
[lycts o — Kakoli-HuOYAb KOpeHb MHOrounena xP°—B;. Torna
@’ =,
X P =xr o =(x—a)
Criel0BaTeJIbHO, 0 ABJSETCA p’-KPATHLIM KOPHEM MHOrouneHa x?° — f; u

fx)= lrfl (x — ).

Bce kopru mroeodsena [ (x) umeiom, maxum o6pasom, 00Ky u my e
kpamHocme p’.
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CrereHb m MHOTOY/IEHA 1\ HA3bIBAETCH PEOYYUPOBAHHOL CMenervto
MHOrousiena f(x) (WAH KOPHS oy); UYMC/IO e HashiBaeTcs noKasarmenem
MHOTouseHa f(x) (MM KOpHsA ;) Haj nojem A. Mexjy CrefeHblo,
pellylUpPOBAHHOH C1eNeHblo M IOKasaTeseM HMeeT MeCTO COOTHOLUEHHE

n=mp®,

€ m PaBHO YHMCJY pa3jvuHbIX KOpHell MHorousena f(x).

Ec/in 6 — Kopenb HepassoKHMOro B KoJble A [x] MHOrousena, obaa-
JAIOIIETO JIMUIb NPOCTHIMH KOPHSIMH, TO 0 Ha3biBaeTcs cenapabervHbim
anemenmom HaO A uau 3aaemenmom nepsoeo pooa Had Al). Tlpu stom
HEPa3JIOKHUMbI MHOTOUJIEH, BCE KOPHH KOTODPOroO cenapabesibHbl, Ha3bl-
Baetcsi cenapabeibHoim. B mpoTHBHOM cJ/yuae ajreOpaHuyeckud sse-
MEHT 6 W Hepas/JoXHMblil MHorouseH f(x) HasblBalOTCsl Hecenapabensb-
HbIMU WU 3aeMeHmom (COOTBETCTBEHHO, MHO2O4ACHOM) 8MOpo20 pooa.
Hakonen, anreGpanuyeckoe paculipeHue X, BCe 3J€MEHTbl KOTODOTo
cemapaGenvHbl Haj A, HasbiBaeTcsi cenapabeavrbim Hal A, a mo6oe
Apyroe ajrefpanyeckoe pacilMpPeHHE Ha3biBaeTCsl HecenapabeibHbim.

B ciyuae xapakTepHCTHKM HYJb COTVIACHO CKa3aHHOMY Bblllie
KaXKIbiH HEepas3JIoXKHMbli MHOTOYJEH (2 MOTOMYy M Kaxpuoe aJrebpau-
yecKoe paclperie) sBjsercsi cenapabenbHbM. [lo3nHee Mbl YBUIHM,
410 GOJILILMHCTBO HauboJ/ee BaXKHbIX W HHTEPECHBIX pacllipeHHH noJjel
cenapabesibHbBl U 4TO CYLIECTBYIOT LeJble KJaccel IoJsel, BooOlle He
HMEIUINX HecemapabesbHbIX pacllidpeHUH (TaKk Ha3blBaeéMble «COBEp-
meHHbEe Togaf»). [lo 3Toi npuuMHe B Jna/bHEHIlEeM Bce CBSA3aHHOE
CIIELMANBHO ¢ HecemapaGesJbHbIMH pacllHpPeHHAMH Halpano MeJKHM
IIPHGPTOM.

Paccmorpum Teneph anreGpauueckoe paciinpenue 2 = A (8). Korpa
cTeneHb n ypaBHeHHs [(x)=0, onpezrensiollero 3To paclUHpeHHE,
paBHa creneHu (2 :A), penyuupoBaHHas CTeNeHb M OKa3biBaeTCH
paBHOH 4ucay u30mMopuamos noas L B clelylolleM CMBIC/e: pacCMOT-
PHM JIMIUB 1aKHE H30MOpGH3MBl X o= X', IPH KOTOPBIX 3J€MEHTHI
noanoss A ocTaloTCsi HENOJABHIKHBIMH M, CJE[0BaTeJbHO, 2 MepeBo-
IUTCS B 3KBHUBaJeHTHoe Tosie X' (udomopuamer noas 2 Hao nosem A)
M OPH KOTOPHIX Mose-06pa3 X' JieXXUT BMecTe C MojeM 2 BHYTPH
HEKOTOpPOro obulero 1/si HUX noJdsa 2. B 3THX yCJOBHUSIX HMeeT MecTo
Teopema:

ITpu nodxodsawenm evibope noars Q pacuwuperue 2 =A(8) umeem
posHo m usomopusmos Had A u npu awbom ewibope noan Q nose =
He moocem umeme 60aee M MAKUX U30MOPGUIMN08.

HoxasateabctBo. Kaxknawii usomopdusm Hax A ponxeH mepe-
BOIUTL 3JIeMEeHT 0 B CONpsKEeHHBIA ¢ HHUM 3JjemeHT 6’ u3 Q. Bribe-
pem Q Tak, uto6bl f(x) passarajacsd Haj  Ha JHHEHHbIE MHOXKHUTE/IH;

1) Bropaxenue «nepsoro popa» socxofut K [refinumy. S npeanaraio cioBo

;C(EH)apaﬁe.anbIﬁ», KOTOpOe Jiydlle OTpaxkaeT TOT (akT, 4TO BCe KOPHH MHOrodJ/eHa
X) mpocThie.
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TOrJa OKAXKETCHA, UTO 3JeMEHT 6 UMeeT pOBHO M COTpPSKEHHBIX 3Je-
menTtoB 6, 6°, ... [1pu 31OM, KaK 6Bl HH BeIOMpaJoCh moJe &, 31emeHT 0
He GyjeT uMeTb B HeM Gosiee m CONpPSXKEHHBIX. 3aMeTuM Tenepb, yTo
Kaxapil n3omopdusm A (6) =2 A (8') Hag A mnoJjHOCTbIO OnpeneaseTcs
3a7laHHeM COOTBeTCTBUS 6§+ 6'. JleficTBUTE/IbHO, eCau 6 MepexomuT
B 6/ ¥ BCce 3j7eMeHTHl M3 A OCTAlOTC HA MECTe, TO 3JEMEHT

> a8k (a, € A)

Z akelk’

a 5TUM OIpeleJadercs H30MOPGhH3M.

B uactHoCcTH, ecay 6 — cenapaGesbHbLIN 3IEMEHT, TO M = #i H, CJEJ0-
BATEJbHO, YHCJIO H30MOPGH3MOB Hah OCHOBHBIM II0JIEM PaBHO CTEMEHH
paciiipeHus.

Ecau umeercs Kakoe-To (UKCHPOBAHHOE IIOJIe, COIEpaKallee Bce
paccMaTpuBaeMble MOJIsl, B KOTOPOM COJIEPIKaTCA BCe KOPHU KaXK A 0T O
ypaBHenus f(x)=0 (xak, Hanpumep, B TOJE€ KOMILJEKCHBIX YHCE]),
TO B KauecTBe € MOXKHO pa3 M HaBCErJa B3ATb 3TO INOJIE U [O3TOMY
OTOPOCUTb N00aBJIEHHE «BHYTPH HEKOTOporo {2» BO BCEX MpeJioiKe-
HUAX 06 usomopdusmax. Tak Bcerga MOCTYmaloT B TEOPHU YHCJIOBBIX
nosef. [lo3gHee Mbl YBHAWM, YTO M A1 aOCTPAKTHBIX HOJEH MOXKHO
NIOCTPOHThL Takoe moJje Q.

JIOJIZKEH NEPEXOJHTH B

3agaua 1. Eciu II—nosie XapakTepUCTHKH p M X —IepeMeHHasl, TO ypaB-
Henue 2P —x=0 B xoabue II (x) [2] Hepa3noxuMO, a onpefesieMOe WM pacuiHpe-
aue IT(x!/P) necenapaGesbro nag II (x).

3anaua 2. IlocTpouts H3OMOPGH3MBI Haj mnojieM panuoHasbHeix uncea Q:

a) NOJsi KOpHEH MATOH CTEeNeHH U3 eJMHHUIIBL

6) noas Q (52).

O6o6meHneM NPHBEJEHHON BHILE TEOPEMBl CJAYKHT CJEAyIollee YTBEPKICHHE:

Ecau pacuwupenue T noayuaemcs uz A nocaedosamensHoim npucoeOureruem m
an2e0paudecKUX SACMEHIMO08 Oy, ..., Oy, NPUHEM KAXO0E U3 Oy ABASEMCA KOPHEM
Hepagaoxcumozo Ha0 A (o, ..., Gy_1) YpasHenus pedyyuposarnol cmenexu n!, mo

m
pacuwuperue 3 umeem posHo I[ n; usomopusmos nad A u Hu 6 00HOM pacuiuperuu
1

Hem 60AbUiee0 4UCAQ MAKUX U30MODPUIMO8 noas 2.
HoxasaTeabcTBo. Iasa m=1 teopema ywxe Gbla JoKa3aHa Beie. ITpex-
MOJIOXKHM €€ CNPaBeAJHBOH JJs pacliHpeHus Zy=A (0, ..., Q;_1): B HEKOTOPOM

m—1

MNOAXOASIIEM pacIIHPEHHH Q; ecTb pOBHO H n; usomopduaMos moas Z; Haj A.

&L

m—1
Iyers Z; — $; —O0AMH U3 3THX H n; M30MOP(pHU3MOB. YTBepKAaeTCs, YTO B IOA-
1

XOASALIAM 00pa3oM BEIGpaHHOM moJje Q OH MOmeT ObiTb MPOAOJIKEH IO H3oMOpdH3Ma
S=3 (&) 22 2=23; (am) He Goslee ueM nm CHOCOGAMH.

ODJIEMEHT 0y, YAOBJIETBOPSIET HEKOTOPOMY ypaBHeHHIO fy (x)==0 max ¥ ¢ n/, pas-
JIMYHBLIMH KOPHSAMH. C noMombio HaoMophusMa 2y > S| MHOrOuNeH fi (x) mepeso-
JHTCS B HEKOTOPbHIH MHOrowlen [, (x). Ho Toraa f, (X) B MOAXOASILEM PaCWHPEHHH
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’ 3 P
HMEET OMNSTH-TAKH Mm DPA3/HUYHBIX KOpHedl u He Goabuwe. ITycTb &, —OIHH H3 ITHX
kopuei. B cusy BmGopa aJemenTa &, usoMmopdusM I < 3y npojo/ikaerca 10

naoMopdusma Iy () =2 1 (Gpy) € Cpy —> &y OLHUM H TOJBKO OJHHM CIOCOGOM:
JIeHCTBUTE/IBHO, 3TO NPOROJIKEeHHe 3ajaeTcss QopmyJioi

ety —> 20,00,
Tak Kax BuI6OpP 3/EMEHTa G, MOXeT ObITh OCYUIECTBJEH R, cnocofamu, cyule-
’ o —
CTBYET fim NPOAO/IKEHHH TAKOrO COPTa JJIsi BEIOPAHHOrO H3OMOp(H3MA i > Ty
m—1

Tak KaK B CBOIO OYepefib 3TOT H30MOPGH3M MOxer GbITh BHIGpPaH H n; cnocoGamu,

1
TO BCETO CYyIIECTBYeT (B TOM moJe , B KOTOPOM COJep:aTcs Bce KODHH BCeX pace

CMaTpHUBaeMblX YpaBHeHHH)
m—1 m
’ r ’
“ "t‘”m"””i
1 1

n3oMopdu3MOB pacliMpesuss X Haj noJjeM A, 4To H TpeGOBaJOCh JOKA3aTh.
Ecin n;—monnas (HepeAyUMpPOBaHHAs) CTENMEHb 3JeMeHTa a; Hay A (ay, ...
«evs Ojop), TO 7; PABHO CTENEHH PACWIHPEHHS A (0ty, ..., @;) moast A (%r, ... Oy_1);
m

cJie/loBaTeNbHO, cTeneHb (2 : A) paBHa H n;. EClH CPaBHHTL 3TO YHUCJIO C YHCJIOM

1
m

H30MopH3MOB Hn;, TO MOJMYYHTCS c/eAyiolee NpefaciKeH e:
i

HYucro usomoppusmos pacuupenuns E=A (o, ..., Q) Ha0 A (8 Hekomopom
nodxodawem pacuiupenuu Q) passo cmenenu (X : A) moeda u moarvko moeda, xoeda
Kasedeud saemenm o cenapaberen Had nosem A (Qq, ..., Qj_y). Ecau e xoms ot

00ur aremenm oy Hecenapabeser HAO COOMBEIMCMBYIOUUM NOACM, MO HUCAO UIOMOD-
hU3N08 MEHDUIE CMENeHU PACUULDERUS.

M3 3roit TeopeMbl Cpady MOJY4YaeTcsi HECKOJIbKO BaXKHBIX cJseAcTBHE. [Ipexne
BCETro Teopema yTBepxmaeT, YTO CBOHCTBO KamxA0ro sJjieMenra oy 6bITh cenapaéenbﬂbm
HAA OpemBAYIIEM NOJeM ecTb CBOHCTBO CAMOI'0 DAacUIHPeHHs X He3aBHCHMO OT
BHIGOpA MOPOKJAAIONMK 3JEMEHTOB ;. TaK KaK NPOH3BOJbHBIA 3JeMeHT [ mnoas
MoxeT ObiTh B3ST B KauecTBe MEPBOr0 MOPOKJAIOLIEro, 3JEMEHT [} OKasblBaeTcs
cenapabesibHBIM, €CJH BCe @ SIBASIOTCA TaKOBhIMH. HTak:

Ecau & noato A nociedogamesvro NPUCOCOUHAIOMCS SAEMEHMBL Oy, ..., Oy U
KaXcObll 3NeMEHIM OL; OKQ3bIGAEMCs Cenapabenvhbim HA0 noAem, NOAYHEHHbIM nPUCoedu-
HEHUEM NPEOLIOYUIUX INEMEHIMO8 Oy, g, ... s Oy, MO pACUUPEHUE

Z=A (01, ..., Op)

cenapabeapbro Hao A.

B 4acTHOCTH, cymma, pu3HOCMb, NpouseedeHue u uacmwoe cenapabenbHolx sae-
MEHMO8 cenapabeasHbol.

Hanee, ecau B cenapaGeren nad I, a nore T cenapabeavro HaO A, mo sae-
menm P cenapabesen nad A. D10 OOGBICHACTCS Te€M, 4TO P YJAOBJIETBOPSET HEKOTO-

POMY YPABHEHHIO C KOHEUYHbIM YHCJIOM KOS(QDHUUHEHTOB Oy, ..., Oy H3 X H, CJe-
JoBaTe/bHO, cenapabeseH Hag A (otg, ..., Q). TeM cambiM cenapaGenbHO H pacliH-
peHne

A(C oons Qg B)-

HakoHen, MMeeT MECTO CJelyloulee TPEMJIOKEHHE: 4UCA0 USOMOPPUIMO8 KOHed-
HO20 cenapabesbrozo pacuuperus T Had noaeM A pasHo  Cmenenu  pacuiuperus
(2:A).
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Tak Kax B COOTBETCTBHH CO CKa3aHHBIM Bblllle pPAHMOHAJBHLIE ONEpPAalHH HAJ
cenapaGe/ibHbIMH 3/1eMEHTAMUM BHOBb NPHBONAT K cenapabe/bHbIM 5JeMeHTaM (BHYTPH
HEKOTOpOro pacuwigpenus Q noas A), To Bce cenapaCesibHbie Haj A 3JeMeHTH u3 Q
COCTaB/ISIIOT HEKOTOpoe moJie Qg. D10 mose Iy MOXKHO ONMHCAaTh H Kak HauGoJbluee
cenapabesbHoe pacliHpeHHe nosas A BHYTpH Q.

Ecau Q anre6panmiuo Hag A, HO He o6fi3aTe/bHO cemapabesbHo, TO pf-a1 cTe-
neHb KaXJOro 3JeMeHTa o H3 Q JIeXHT B Q,, TIAe e-—I0Ka3aTelb paccMaTpHBae-
MOro sseMenTa, JleHCTBHTEJbHO, H3 PacCMOTPEHHi Hauasla 3TOro naparpada Hemej-
JIEHHO cJe/yeT, uTo o’ yOBAETBOPSAET YPABHEHHIO C IONAPHO Pa3/HYHEIMH KODHSIMH.
Hrak,

Pacwupenue Q nosyuaemes u3 pacuupenus Qg ussiedeHuem KopHeti pé-ii cme-
neHu U3 €20 3AeMCHITOB.

Ecian, B 4acTHOCTH, Q KOHEUHO Hall A, TO NOKasaTeld e 06s13aTeNbHO OrpaHH-
yeHbl. HauGoabuinii cpefil HHX, KOTODBIA Mbl 0GO3HAYAM BHOBL 4epes ¢, Ha3blBACTCH
nokazamesenm pacuiupenus Q. Crenenb pacmupenus Qg Hag A HaswiBaercs pedyyu-
posarHol cmenensro Q Had A.

Camo coGoli pasymeeTcsi, YTO KODHH p®-H CTENEHH MOXKHO MOJYYHTh MOC/ef0Ba-
Te/IbHBIM H3BJeueHHeM Kopred p-H crenenu. IIpu usBievenuH KopHs p-H crenenu
M3 KAKOTO-TO JEMEHTa, HE HMEBINErO B HCXOZHOM II0Je 3TOr0 KOPHS (T. €. npH
NPHCOEJHHEHUH KOPHS HEePasJIoXKHMOro ypasHeHHs1 2P —f =0), crenenr pacwnpenus
ymuoxaeTcs Ha p. CiefloBaTe/ibuo, B KOHUE KOHLOB NOCAE [-KPATHOTO NOBTOPEHHS
onepaliH¥ H3BJIEYEHHS KODPHS p-fi CTENEHH MBI NOJYYHM

(Q:A)=(Q: A pf
HJH
creneHb = (PeAyIKHPOBAHHAA CTeneHs) - pf,

Kak B NPOCTHIX cemapale/IbHbIX PaCLIHPEHHSX.
3anaua 3. Ecam ana HeKOTOPOro KoHEUHOro HecenapaGe/bHONO paciIHPeHHs
uMcaa e u f onpeieiensl, Kax Bblle, TO e=<f. B ciyuae mpoctoro pacumpenus

e=J.
§ 45. CoBeputeHHbie W HECOBEPUICHHbIE NOJS

ITone A HasblBaeTcA cogeputeHHoiM, €Cl JHOGOH HepasioKHMbI
B A[x] muorouned f(x) cemapaGeseH. Bce ocTaibHble noJisi Haswi-
BAOTCS HECOBEPIUCHHOIMLL.

YciioBust, NpH KOTOPhIX [OJ€ SBJSAETCS COBEpPILEHHBIM, ONHCHI-
BAIOTCS B CJEAYIOLIMX JABYX TEOpEMAX:

[. Mose xapaxmepucmuru Hyrb eceela cosepuieHHo.

HokasareabcTBo. Cm. § 44.

II. ITosre xapaxmepucmuku p sgisemcs cosepuieHHoM moeda u
MOAbKO moeda, K020a OHO 6Mecme ¢ KaiObLM CBOUM SACMEHMOM codep-
HUmM U KOPeHs p-Ui crmenenu us Heeo.

HoxasarenpcTBO. Eciau BMECTE C K@XK[bIM 3JEMEHTOM M0JIsl
HMEETCSl M KOpeHb p-H CTENeHU W3 Hero, TO KaXAwll MHOrouaes f(x),
COfiepKalllUH JIMIIb CTENEHH 3/eMeHTa P, sBJSETCS p-H CTENEHbIO,

TaK Kak
fx)= ; ay, (xP)* = ; (Vanxty = {2 e xk}p,

T. €. KaXJApil Hepas3oXKMMbIH MHOTOWIEH SBJSETCH B 3TOM cayyae
cenapaGe/ibHbiM, a MOTOMY CaMO MOJI€ — COBEpIIEHHbIM,



§ 46) [POCTOTA AJITEBPAHUECKHX PACIIMPEHHE 165

C llpyFOﬁI C10DOHbBL, €C/IH B I0JIe €CTb 3JEMEHT &, KOpPeHb p-if'l CTe-
NeHu H3 KOTOPOTO B IIOJI€ HE COAEPKHUTCSHA, TO PACCMOTPUM MHOIOUJIEH

f(x)=x? —a.
[Tyctb @ (X) — HepasIOKUMbIA feauTe/ b MHOrousexa f(x). ITocse npu-

COeJIMHEHHS 3JIeMEeHTa 1p/ o =} MHorouses f(x) passiaraercs Ha pas-
Hble JIMHeHHbie MHOXKHUTEMM (x—f), T. e. ¢ (x), ABJASCH nenHTeNeM
[ (x), npencraBsisier coGoil HEKOTOPyIO CTemeHb AByWIeHa (x — P).
Ecan 6o1 ¢ (x) Obil qnuedinbiM, T. e. @ (x)=x—f, 10 s1eMent P
npuHajgiexan Owl nomo A, uTo mporuBopeunt ycjaosuio. Chenoa-
TesbHO, @ (X) = (x—PB)* npu k> — HexoTophil HecenapabesbHbIi
MHOrouwsneH Haa A, a noromy A — HecoBeplieHHoe moJe. Bripouem,
CcTerneHb MHOrOWIeHa ¢ (x) coryiacHo § 44 ofssarenbHO JequTCs Ha p,
a NOTOMY B 3TOM CJyuae OHa NPOCTO paBHA p, T. €. ¢ (x)==f(x).

M3 reopempl 1l n nocnexneit teopembt B § 43 3ak/ouaeM:

Bce noas Faaya cosepuenner. }

Tonte Q HasbIBaeTCA AnreebpautecKl 3aMKHYMbIM, €CIH KaxablH MHO-
rounied u3 Koabla Q [x] passaeaemesn na aunerinoe muoxcumeny. B xax-
JIOM TaKoM noJje Jio00H HepasloxKUMBIE MHOrowIeH JuHeeH. Mrak,

Bee ancebpauvecku 3amKHymosie noas cosepuiertol.

W3 onpenenenusi COBepIIEHHOro Mojs €pasdy NOJydYaroTcs Cefylo-
(i€ JBE TEOpeMbl:

Kaooe arzebpaudeckoe pacuuupenue Co8epuieHH020 NHOAS cenapa-
BenbHo HaO smum noaem.

s 2106020 HecosepuienHo20 nOAS Cyujecmeyom HecenapaberbHoie
pactuuperus.

JleficTBUTEIbHO, 3TH HecenapalbesbHble DACLIMPEHHs 110/1yHaloTCs
NPHCOeMHEHHEM KOPHSI KaKOro-HHOY b HEIIPHBOJHMOIO Hecenapabe/ib-
HOrO MHOFOUYJIEHA.

CresiaHHOe npu JoKasaTesbcTBe TeopeMbl 11 sameuanue o Tom, uto
B COBEPLICHHOM [OJI€ XapPaKTePUCTMKH p Kaxipli MHOrouned [ (x),
3aBUCAWIMA /ML OT XP, ABASETCA p-H CTENEHBIO, COXPaHAET CHJY
M I Coydasi MHOTOY/IEHA OT HECKOJIbKMX NepeMeHHbIX f(x, y, 2,...),
ABJISIOLLETOCsi B A¢HCTBHTEJNbHOCTH MHOTOUJIEHOM OT XP, yP, 2P,
IT0 — 4acTo WCIOJb3YeMoe CBOACTBO NOJEH XapaKTepHCTHKY p.

3apaua. Kaxpoe arrefpanyeckoe pacilMpeHHe COBEPLUEHHOrO [OJA COBEp-
HI€HHO.

§ 46. IlpocTtora asnrebpanueckMx pacuidpeHHit.
Teopema 0 mpUMHTHBHOM 32/1EMeHTE

BhisicHnM  Tenepb, B KaKMX C/lyyasiX KOHeyHOe paciihpeHue 3
nojsi A sB/AETCA IPOCTBIM, T. €. TNOJYYaeTcsi NMPHCOeNUHEHHEM of-
HOTO-€MHCTBEHHOTO  MMOPOXKAAIOIETO HJIH HAPUMUMUBHO20 3JIEMEHTa.
Otsetom Ha 3TOT BONpPOC SIBJSETCS CJAEAYIOUIAA TEOpPeMa O I p u-
MHTHBHOM 3J/JeMEHTE, CNpaBeAHBas 117 LOBOJbHO LIHMPOKOIO
Kjacca caydaeB. Ee ¢opmynnpoBka TakoBa:
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Hyeme A (o, ..., o) — KOHeuHOe argebpauyeckoe pactiiperie noas
Aua, ..., o,—cenapabersrvie aremermot). Toe0a A(ay, .. , @)
ABAACMCA NPOCMbIM  PACLULPEHUEM:

A(OLI, cevy ah):A(G).

NoxkasaTeabcTBO. JIOKakeM TeopeMy cHauajaa Jjs ABYX 3Je-
MEHTOB o, P, H3 KOTOpLIX Mo KpaiHeil Mepe § cemapaGesnen. [lycrs
[ (x) =0 — Hepas/joxuMOe YpaBHEeHHE NI 3aemeHTa o M g(x)=0—
Hepas/oKHMOe YypaBHeHue s snemedta f. Ilepeiinem k nomo, B
KoTopoM [ (x) H g(x) nomHocteio pasnaraworcs. Ilyerts oy, ..., o, —
pas/nuHble KODHM MHOrounena f(x), a P, ..., Ps—Kopuu mHoro-
ynena g (x). Ilyete ay=a, f;=0.

Mbl MOKEM TPEUIONOXKUTB, YTO HoJe A GECKOHEYHO; B IIPOTHBHOM
cayuae nose A(a, P) Takke Obl10 Obl KOHEUHBIM, a JJIsSl KOHEUHBIX
foJiefl CyliecTBOBAHHE NMPUMHTUBHOTO 3JeMeHTa (laxkKe IPUMHUTHBHOTO
KOpHSI U3 EIMHULBl, CTeNeHsMH KOTOPOro fBJISIOTCH BCE HEHYJIEBble
3/leMeHTHl ToJIsl) yke OblIO jgokasaHo B § 43.

Has k=~1 uMeeT MecTo HepaBeHCTBO P, ==f,, No3TOoMy ypaBHe-

Hue
o+ xPp = oy 4 %Py

OpH KaXkaoM i ¥ KaxaoM k=~=1 nmeer camoe Gosiblliee OAHH KOPEHb
x B A. BriGepeM 3/ieMeHT ¢ OT/JIHYHBIM OT BCE€X KODHEH 3THX JIHHEeH-
HBIX ypaBHEHHH; Torga aas BceX i H k==l

oy +cPr 7 o s
0 =ay4cpy=a-tcp.

Torga 0 siBasercs sjeMentoM roast A (a, f§). dokaxem, uro 6 oGia-
J4eT CBOMCTBOM HCKOMOIO MPHMHTHBHOTO 3jemeHTta: A (a, B)=A (8).
DnemeHT [ yLOBJETBOPSIET YPaBHEHHAM

g(p) =0,
f(B—cB)=F () =0,

K03(hduLHeHTs KOTOPLIX JexaT B A (8). Muorounenn g(x), f (6 —cx)
HMEIOT OOLIMM JIKUIb KOPeHb f§, MOTOMY 4TO /151 OCTaJbHbIX KOpPHEH
B. (k==1) mepporo ypaBHEHHs HMeeM

0—cPrsoy  (i=1, ..., 1)
H, CJIe10BaTe/bHO,
(8 —chr) 0.

Dnemedt P sBASETCA OPOCTHIM KOPHEM MHorousneHa g(x); caegoBa-
TeqbHo, g(x) u [(6—cx) wumeloT OOWKM (ML OXMH JHHEHHBIA
MHOXKUTENb X — P. Koadduunentsl storo HamGoJbliero obwiero ie-
JHuTeNs NOJKHBL Jexarth B A (6); caenoBatenbHo, P sexuT B A (6).

Tosnoxxum

1) SiBjseTcsl M Oy W IEM CaMbIM Bce NoJe cenapabenbHbM, HECYLECTBEHHO:
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M3 paBeHctBa ao=8—cP To Ke caMoe caeayeT aAs o, TaK uTo,
nefictButenibHo, A (o, ) =A (6).

Tem campM Hama Teopema jaokasaHa mas h=2. Ecau cuurarte
ee JnoKaszaHHod ana h—1, To

A (061, rees O‘h—l) =A (7])
U, CJI€J0BATEJIbHO,

Aoy, ..., ap)=A(n, ay)=A(H)

B COOTBETCTBHM C YK€ JOKA3aHHOH 4YacThl0 TEOPEMBI; Te€M CaMbIM
TeopeMa noJydaercs U anas A.

CnencrBue. Kamdoe Koxednoe cenapabensbroe pacuiuperie
ABASEMCS NPOCHIBIM.

dra TeopeMa CYILECTBEHHO YIIPOILAeT H3YueHHe KOHEUHLIX cela-
pale/IbHBIX paclIMpeHull, MOTOMY YTO CTPOeHHE M M30MOPPH3MBI 3THX
pacllupeHHH OueHb JIETKO OMMCBHIBAKOTCS Yepe3 npeacraBJenue 6asucoB

n—1

2 akek.

]
Hanupumep, Mbl HUMeeM Telepb HOBOE J0KAa3aTeJbCTBO YTBEPKICHUSA
3 § 44 (merut), NOKA3aHHOTO TaM IOCPEACTBOM IIOCJENOBATEIbHOTO
NPOJOJ/RKEHUSA H3OMOD(HU3MOB: KOHEYHOE CenapabesbHoe pacliuperue
2 noas A umeem cmoaeko e udomoppuamos Had A, Kakoea cmeners
(2 :A). HefictBuTe/bHO, 151 MPOCTHIX cenapabe/bHbIX pacilipeHui
3T0 yTBepXKJeHHe yike OblJO JoKasaHo B § 44, a, Kak Mbl Tenepb
3HAEM, BCAKOE KOHeyHOe cernapabesbHOe pacllMpeHHe sIBJseTCs Mpo-
CTbIM.

§ 47. Hopmbl 1 caeapt

[Tycrb £ — koHeuynoe pacumpenue mnoas A wuau, 6Gosee o061,
HEKOTOpOe KOJIbLO, SIBJAOIeecs ONHOBPEMEHHO KOHEUHOMEPHbLIM BeK-
TopHbIM TNpocTpancTBoM Hag A. Torga 3s/eMeHTbl KoJjblia & MOTYT
ObITh BbIPaXKEHbl uYepe3 £ GA3UCHBIX 3JEMEHTOB Uy, ..., U, C KO-
dunueHtTamy U3 A:

U=UC;-F. ..+ Uy
JJ1s1 pOU3BOJBHEIX £, 4, U H3 % HMEIOT MECTO COOTHOMIEHHS:
t(u+v)=tu+tto,
t(ue)=(tuye (c=A).
Takum o6pasoM, yMHOXKeHue cjeBa Ha ! SBJSETCs JHHEHHBIM Npeod-

pasoBanueM MnpocTpaHcTBa X B cebsi. Marpuua 7 3Toro JMHEHHOro
npeobpasoBanusa B 6asuce 4y, ..., U, ONpele/sieTcsl YCAOBUSIMU

tu, = Z U;tip. (l)
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Onpegenutens D (T) 3Toit MaTpHilsl, KOTOPHIH corqacuo § 25 we 3aBu-
CHT OT BhIGOpa 6a3nca, Ha3bIBAETCH Pe2YAAPHOLL HOPMOL WJIH TPOCTO
Hopmoii sjeMenTa [ B pacliupeHud X moas A:

N () =D (T) =Det |t;). 2)

B cuay (1) HOPMY MOXKHO ONpeleNuTb KaK OIpeNe/uTesb BEeK-
TOPOB {, OTHOCHTENLHO 0asuca uy, ..., Up

N (ty=D (tuy, ..., tuy). 3)

Cnen S(T) wmarpuubl 7 cormacHo § 26 Toxke HE 3aBHCHT OT
Bhifopa 6asuca; 3TOT 3JeMeHT OCHOBHOrO 10Js Ha3biBaeTcs peeyrap-
HolM cAeQoM WAM TIPOCTO CcAe0oM SieMeHTa ! pacluupeHus 2 Haj

nosem A:
SH=S(T)=2 tr (4)

Eciu snementy f cooTseTcTByeT Marpuuia 7, a 3JemeHty ¢ —
matpua 7T’, To mpousBeienmio ff' coorserciByer wmatpuua TT',
a cymme ¢+t —cymma T4 T'. CneposarteiibHo,

N (Y= NG N (), (5)
S{+-1)=8S{H+S{). (6)
Hauppas ¢ 3TOro MecTa, Mbl OyjeM Npeanojararb, yto X ABJA-
eTcsi HEKOTODPHIM Te/oM, B LEHTPe KOTOPOro CONEpKHTCs mnoje A,
T. €. Bcerma
cu=uc 118 c= A, ues 2.

Kaxaeii asneMedT { W3 2 COAEPKUTCS B HEKOTODOM KOMMYTaTHB-
HOM Tese A (f) u cyulec1ByeT MHHHMAaJbHBIA MHOTOUYJIEH

PR =2"+az" . Fan
co cpoiictBom ¢ (f)=0. Crpoenue npoctoro pacumpenus A (f) no.-
HOCTbIO OINpPENENsieTCs] MHHHMAaJbHBIM MHOIOUJIEHOM H, CJeJ0BaTe/b-

HO, HOPMY M cJiejl 3/7emeHTa ! B paciuupernu A (f) MOXKHO BBIYHCIUTD
yepes KOIDDHIIMEHTHl MHHHMMA/JIbHOrO MHOTOYJeHa.

B kauectBe 6asuca u,, ..., U, pacumpenus A (f) BeiGepem HaGop
i, ¢, 2, ..., t"L )

Ecan GasucHbIe BEKTOPBI YMHOXHTb Ha f, TO TOJydYuTCs Habop:
A R R AU 8)

Tenepb, B cootsercTBud ¢ (1), BbipasuM BeKTopbl (8) uepes Ga-
3UCHBIE BEKTOpHl (7), Torpa:

= t,
{2 = tz'
P o p—y

M= —aul —apqt —ap o2 —. .. —at™
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CyMMa 1MaroHasbHbIX 3/€MEHTOB MaTpHIEI peofpasoBaHus paBHa
—@,; CJIeJOBaTeNbHO, CJIef 3JeMeHTa { B pacluupeHuu A (f) pasen

s (f) =—a,. )
Hopma snementa ¢ B paciupenun A (f) sBAfieTcs OnNpeJesHTeNEM
BeKTOpoB (8);
n{t)=D(, £ ...t".
VamenuM 3TOT OmpejesuTesNb B COOTBETCTBHH C IpaBHJIaMH JEHCTBHH
Haj onpefeauTeaaMu. IIpexae Bcero nepectaBUM BEKTOPHI:

n()y=(=0m1D@m ¢ #, ... "), (10)
Tocse sToro BhIpasum f™ uepes 1, ¢, ..., f" 1L
"= —0,l — @yt —Qy 2 — ... —a ™ (1)

Onpenenutesab ¢ ABYMS ONMHAKOBBIMH CTOJIOUAMH paBeH HYyJHO, IO-
TOMY M3 BCeX cJjiaraemeiXx B npaBoft uacTd (11) Mel JOMKHBI IPHHSTH
BO BHHMaHHe JIHLIb NepBoe. Torja IOJNY4YHTCA PaBeHCTBO:

n(t)z(_l)m—lD(_am’ L, &, .., "=
=(—1ma,D 1, t, 2 ..., "),
HJIH, TaK KakK ONpefe/quTe/ib U3 6a3HCHBIX BEKTOPOB paB€H €IWHHIE,
n () = (— 1y"ap, (12)

Cnex u HopMa 3jemeHTa ¢ B mose A (f) sBasioTcd, TakuM obpa-
30M, C TOYHOCTBIO JIO 3HAKa BTOPHIM M TOCJEAHHM Ko3(dHLHeHTaMH
B MHHHMa/JbHOM MHOTOUJEHe ¢ (2).

B nekoropom mnopxonsimuM 06pa3oM BEIOPAHHOM PACUIMPEHHH 110151
A () MUHHMa/bHBLI MHOrOYIEH ¢ (z) pasjaraercsi Ha JIMHEHHBIE MHO-

KUTEH:
pR)=@E—1t) ... (—tn) (=0 (13)
Toraa
n(f)=(—Dmap="1tt; ... i, (14)
s)=—a,=t+4+ ... +in (15)

CriejoBarte/IbHO, HOPMa M CJeq 3JeMeHTa ¢ B pacuupeHun A (f)
Hajg A OKasLIBalTCS DPAaBHBIMH [POM3BEJCHNI0 H CYMME 3/EMEHTOB
ty ...y lmy CONPSKEHHBIX C [ B 1I0/€ pas/OXeHIs MHOrowIeHa ¢(z),
npUYeM KaXKAblf COTPSXKCHHBIA 3/7€MeHT ¢; GepeTcs CTOJMbLKO pas,
CKOJIbKO Pa3 COOTBETCTBYIOIIMH MHOMHTENb C {; BXOAUT B pa3/oxke-
mue (13). Ecan anement ¢ cemapaGesen Hajy A, To KaxIblH conps-
JKeHHBIH 3J1eMeHT GepeTcsl OAMH pas.

TeMm Ke caMblM METOAOM, HO TOJbKO C HECKOJAbKO OOJNbLINMH BbI-
YHCAEHHUSIMH, Mbl MOKEM NOJYYMTh HOpMy N (f) u ciex S (f) anementa
{ B pacupenus X. Ecnu BHOBb m —cCTeneHb paclIMpeHHs A(f) nan
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A U g—cTeneHb pacumpenus X Hal A(f), TO # == mg — CTeneHb pac-
wpenuss 2 uan A. Basuc pacumpenus A (¢) moss A cocTaBsiorT CTe-
nedu (6). Ilycts vy, ..., Ug— HEKOTOpPHIH 6Gasuc pacuiupeHus X M0Js
A (). Torna npousBeleHUS

loy, toy, ..., "o 1oy, .05 lug, ..., 71y,
COCTABJIAIOT HEKOTOPHIA 6a3uc mosas X Hajy nosem A. Ecam ymHo-
KHTL 6asicHble 3JeMEHTHl CJeBa Ha ! WM BBIPA3HTb MNPOH3BEJCHHA

BHOBbL uyepe3 3TOT 6a3uc, TO CyMMa JAMATOHAJbHBEIX 3JIEMEHTOB OKa-
JKeTcst paBHOH

St)y=(—a)+ ... +(—a)=g(—ay),

HJn
S{t)=gs (). (16)
Onpenenutesb GasHCHBIX 3JIEMEHTOB, YMHOXKEHHLIX Ha {, paBeH
N (t)=D (lvy, BPoy, ..., ™0y ... lUg, ..., MUy) =
=(— 1)&m-D D (tmv,, tv,, vy, ... ... "0, [Ug, ..., [™1U,).
BHoBb BhIpasum ™ uwepes 1, £, ..., (™1 u BocrmoJb3yeMcs Teope-

Mamu 00 OIpejeUTe]sX; TOTAA NOJYyYHM
N () =(—1)smat = {( — l)mam}g
HIH
N (f) =n (8)8. (17)
CiaefloBaTe/ibHO,
Hopma s paciuuperuu % asiaemcs g-li cmeneHolo HOpMmol 8 pac-
wupenuu A (1), a caed ssarsemes g-kpamuoin caeda 6 A (1).
B cuny (14) u (15) 3Tu BbIBOABI MOXKHO 3amucaTb U Tak:
N (@)= @ty ... )8, (18)
St =glty+tat .- +Ln). (19)
3apaua 1. Hopma xoMnaekcuoro yuc/ia a-bi paBHa
N (a-+bi)=a2+ b2,

S (a -+ bi)=2a.

a cJel paBeH

3apaua 2. BeUHCJAHTL HOPMY 3JEMEHTA a—{-bVE B KBaJPaTHYHOM paculi-

peunit A (V'd).
3anaua 3. HopMa MaTpunel

A=ab

c d

B KOJbLUE BCEX ABYXCTPOYHBIX MAaTPHIL HaJ OCHOBHBIM I[0OJIEM A sBAsgeTCH KBajapa-

TOM ONpefeIHTe/N:
N (4)=(ad — bc)



Taasa cedoman

NPOAOJHDKEHUE TEOPHH TI'PYII

Conepxaunue. B §§ 48, 49 ofcyxknaercs HekoTopoe 0GoGLIeHHe MOHSATHS
rpynnsl. §§ 50 —52 conepkaT BaxKHbIE OOUIHE TeopeMbl O HOPMAaJbHBIX NOArPYNNax
H «KOMOO3HUIHOHHLIX Pagax», a §§ 53, 54 —crnenuanpHble TeopeMbl O Fpynmax Mmoi-
CTAHOBOK, KOTOpble B jasbHeliileM noTpeGyioTca JHIIL [PH H3JI0KEHHH TEOPHH
Tanya.

§ 48. 'pynnbl ¢ oneparopamu

B arom naparpade 6yaeT pacliMpeHO IOHATHE rpynnsl, 6Jaro-
napst yemy BCe PacCMOTPEHHS MoJy4aT GOMBIIYI0 OGHIHOCTb, HYXKHYIO
LI JadbHeRmMX npuioxkenni (raaeel 17 —19). Untatenn, uurepe-
cyrouuiicss Jqumb Teopued [asya, MOXKeT CIOKOHHO NPONycTHTb O6JH-
»Kafiime 1Ba naparpada; mox rpynmnaMi  (Hanpumep, KOHEUHBIMH
CpymmaMy) OH MOXKeT B jajbHeHLIeM IOAPasyMeBaTh I'PYNIBl B IIpeK-
HeM CMbICJIE.

[Tyctb pgaubl: BO-IepBBI X, HekoTopas rpynna (B OOBIYHOM
cMbice) (B ¢ agemeHTaMH @, b, ...; BO-BTODH X, HEKOTOPOE MHO-
JKeCTBO 2 HOBBIX OOBEKTOB 1, 8, ..., KOTOpble MBI Ha3uIBaeM onepa-
mopamu. Tlycte Kaxaomy 6 M KaKIoMy a COOTBETCTBYeT HEKOTOpoe
«ipou3BesieHne» 8a («3HaueHue orepaTtopa 0, IPUMEHEHHOTO K 3Je-
MEHTY @»); Npearosaraercs, 4To 3TO MPOU3BEJEHHE BHOBbL MPHHALJe-
xkut rpynme . [lanee npeanoJaraercs, 4ro KaxApld omepatop 6
«AMCTPUOYTHBEHY, T. €.

6 (ab) =6a - 8b. (1)

Mnaue rosops: «ymMHOMEHHEe» Ha omnepatop 0 NOJXKHO GHITb IHAOMOp-
¢usmom rpynnel '), Ecad BoimosneHbl Bce 3TH yc/I0BHA, TO
HasblBaeTcsl epynnoti ¢ onepamopamu, a 2 —obaacmeio onepamopos.

Honycmumas nodepynna rpynnbl & (OTHOCHTENLHO 06/JacTH Ole-
patopoB Q) —3To Takas NoArpynna ), KOTopas B CBOIO O4Yepenb
nornyckaer € B KauecTBe 0o0JacTH ONEPaTopoB, T. €. €CAN a MPUHA-
JEXHT &), TO Kaxnibll sneMeHT Oa Takike JoJKeH Jexartb B &). Ecau
JOMYCTHMAST TOATPYMNNA ABJSETCH HOPMAAbHOH, TO FOBOPAT 0 dony-
crnuMoll HoOpmaabHotl nodzpynne.

INpumepsn. 1. Ilycrb onepaTopamu cayxaT BHYTPEHHHE aBTO-
mopduambl rpynnb (&

ba = cac'.

1) Orciofla CJaefyeT, UYTO MPH «YMHOKEHHH» Ha § €\MHHYHDBIA 3.JEMEHT Nepexo-
IHT B €IHHHYHBIH, a o6paTHbil —B OOPATHbEH.
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JlonycTHMBIMH  SIBJISIIOTCSL Te MOATPYMMNbI, KOTOPHIE BMECTe ¢ KaKIbIM
CBOMM 3JIEMEHTOM @ COZepXKaT TaKKe W BCe JEeMEHTH cac™l, T. e.
HOpMAaJIbHBIE MOATPYTIIHL.

2. Tlycte onepaTopamu CJyZKaT BCEBO3MOXKHBIE aBTOMOP(H3MBI
rpynnul . JlonyctumeiMu Toraa GyayT Te MOATPYMNIIbl, KOTOPHIE NPH
KaXJoM aBTOMOpGU3ME Mepexonar B cebsi; TakKue MOJATPYNIbl Hasbl-
BaIOTCA XAPAKMepUCmuuecKumu.

3. Ilycth (& — HekoTopoe KOJBLO, paccMaTpuBaeMoe Kak Kpynma
OTHOCHTE/IbHO CjoXeHus. IlycTe obnacTblo omepaTopoB Q CayKHT
CaMo 3TO KOJbLO: TNpousBefeHue fa GyneM MNOHHMATh MPOCTO Kak
npousseieHe B KoJble. Torma (1) sABisieTcst OOLIUHLIM AHUCTPUGYTUB-
HbIM 3aKOHOM:

r{a+b)=ra-rb.

HonyctumelMu  moarpynnamu  3aech OyIyT sesble udeaast, T. e. Te
NOATPYINbl, KOTOPLIE BMECTE C KaXKAbIM @ COZEPIKAT BCE JIEMEHTH rd.
4. U coobpaxeHuil yjoG6cTBa MOXKHO ONEpaTopsl § 3aMHCHIBATD
ClpaBa OT TPYNIIOBLIX 3JIEMEHTOB, T. €. BMmecTo fa mucarh ad. Toraa
(1) BoirAAUMT Tak:
(ab) 6=ab - b0.

Ecau, wnanmpumep, snemeHTHl HEKOTOPOro KoJbla (paccMaTpHBAaEMOro
KaK aJUINTHBHAsi TPYNNa) paccMaTpPHBaThb KaK IPAaBble ONEPATOPHI,
Tie af BHOBb O3HauyaerT NpOM3BeJeHHe B KOJbLE, TO B KAuecTBe NOMY-
CTUMBIX NOArPYNN NOJyyaTcsl npassle uoeanst.

5. Haxoueu, uwacTb onepaTopoB MOXKHO 3aMHCHIBATH CJEBA,
a yacTh — cnpaBa. Hanpumep, ecnu B KauecTBe 06J1aCTH ONepaTopoB
6paTh KO./IbLO, IeHCTBYIOIIEe HA CBOIO aANUTHBHYIO TPYNNY yMHOMe-
HHEM, TO €ro 3/eMeHTbl MOXKHO pacCMaTPHBATh KaK /esble M Kak
npagele  MyrbmunAukamopes;, B 3TOM CJlydae IOMYCTHMbIMU MOACPYM-
namu OynyT 0O8ycmopounHue udeaisl.

6. B cootserctBin ¢ Tpaguumel, moOysem HA3HLIBAIOT BCAKYIO
ANIMTHBHO 3amuCaHHYO abe/ieBy rpynmy. Moay/ab Takke MoOKer
HMETb Ty WM HHYI0 00JacTh ONMepaToOpoB, KOTOpasi B 3TOM c/ydae
Ha3bIBAETCST OOMACTBIO MYALMUNAUKAMOPOS, €€ 3JeMEeHThl NOXYHHEHbI
YCJIOBHSIM:

0 (a+ b) = ba -+ 6b.

Kak mnpasuso, okaswiBae csi Tak, uTO 0GJIACTBIO MyJIbTHIIHKATOPOB
CHIYKUT HEKOTOPOE K0Abyo W

(m+8)a=mna-+6a, }
(m6) a=n (6a)
(COOTBETCTBEHHO, eCcJu My.IIbTI/IHJII/IKaTOpI:I NHIIYTCA CHpasa, TO

a(mb) =(an)6). Torna (n—6)a=ma—06a u 0-a=0 (nepsbiii Hy b —
3TO HYJIEBOH 3JIEMEHT KOJblla, BTOPOH HYJb — HYJEBOH 3/EMEHT

2
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moayasd). Ecau o — KOJMbLo MYJbTUILIMKATOPOB, TO FOBOPAT 06 o-40-
Oyasix wian o modyaax wad xoneyom o. Ecam Koablo ofnajaer enu-
HUYHBIM 3/JEMEHTOM €&, TO OUYeHb YacTO MPEATONaraloT, 4to 3TOT eflu-
HHYHBIH 37€MEHT OJHOBPE€MEHHO SIBJISETCS «JAHHUYHLIM OTMepaTopOM?,
T. €. €-a=a 145 Bcex a u3 G,

7. Jlio6oe (npaBoe WJIH JieBOE) BEKTOPHOE [IPOCTPAHCTBO HAaf
TesoM K sBisiercst K-MopyJeMm.

8. CoBOKYNHOCTB BCEX 3HAOMOP(PU3MOB abeseBoll rpynnnt (T. €. Bcex
roMoMopHEIX oToGpaxkeHuil B ce6s1) sABJIseTCA 06JaCTbIO ONEPATOPOB,
KOTOpas CTAHOBUTCS KOJBLOM, €CAH CYMMY H TIpOH3BeleHue IBYX
roMoMopdusMoB  onpenenutb Gopmynamu (2) (rae crnpaBa 3HaK IJIOC
O3HAYAET OIIEPALUI0 Haj TPYNMOBBIMU 3JeMeHTaMH). 3DTO KOJbIO
Ha3bIBaETCS KOAbYOM 3HOOMOPPU3MO8 abeneBOH T'DYIIILL.

V3 5THX NPHMEPOB CTAHOBUTCS SCHBIM, HACKOJbKO HIMPOKH IpHU-
JIOXKEHHS TPYNI € onepaTopamu.

3anaua 1. Ilepeceuenne Bcex NOMYCTHMBIX NOATPYNN SIBJASIETCS JNONYCTHMOH
noarpynnoil. To e BepHO H A HOPMAJbHAIX AONYCTHMBIX MOATPYIIL.

3anmaua 2. I‘Ipouaseﬂerme AB JABYX NepecTaHOBOUHHLIX AOMYCTHMBLIX MOATD YO

sBJAseTcsl fonmycTuMmoil noArpymnmoi. B uactHoM cayyae MonyJaei: cymma (2, B)
IBYX HONYCTHMBIX IOAMOAYJeH SIBASETCS RONYCTHMBIM MOAMOIYJEM,

§ 49. Oneparopabie H30MOPGHHU3MBI H FOMOMOP(H3MbI

Ecin & u —rpynmel ¢ ofHoH M TOH ke 06;aCTbio oneparo-

poB € u 3anaHo ortobpaxenne u3 & B (9, Mpu KOTOPOM KaxaoOMy
5JE€MEHTY @ COOTBETCTBYeT HEKOTODHIH 3JIeMEHT @, a IIPOH3BEIEeHHIO
ab — npoussesienye (b, NPHUUEM IEMEHTY Ba COOTBETCTBYET /IeMEHT 64,
T0 OTOGpaMeHUe Ha3biBACTCHA OnepamopHoim eomomopguamon. Ecmu

3/1€MEeHTHI-00pa3bl COCTABJASIOT BCIO TPynny (3, T. €. KaxkaIoMmy sJe-
MeHTy u3 ($ coOTBeTCTByeT MO KpafHelt Mepe omuH 3n1emeHT u3 (3,

TO HaNHIO ToMoMopgHoe oTobpaxeHHe rpynmnel & Ha rpymny .

Ecnu xe KaxJoMy a COOTBETCTBYET DOBHO OIHH a4, TO UMeeM onepa-

mopreul uzomopusm n mamem == .

Ecaun 9 — nonmycTuMasi HoOpMajdbHas foarpynma B (9, 10 36
MEHTHl ab HEKOTOPOro CMEXKHOTo KJjacca @=adl MepexoidT NpH npu-
MeHeHKH onepatopa 6 B mnpousBegeHus 6a-6b, T. e. B snEMEHTHI

cmexkroro kJacca fa-. Cmexubilt kJaace 8a MbI HasbiBaeM IpOH3Be-
JeHueM ormeparopa 0 M cMeXHOTO KJaacca d. Tewm cameim gaxmop-
epynna /N npespawjaemes 6 epynny ¢ mot e 064acmbi0 onepamo-
pos Q, a omobpadsierue a—> 4 OKA36IBAEMCS ONEPAMOPHBIM 20MOMOD-
husmom.

O6patno, ecau ™Mbl OyneM HCXOIMTb H3 ONepaTopHOrc roMOMOp-
¢usma, 1o, Kak B § 10, nonyyum Teopemy o roMomMophuaME:

Ecau epynna (3 omobpasxcaemes wa epynny (% nocpedemsom onepa-
MOPHO20 eOMOMOPPUIME, MO NOOMHOXecmEo i 2aemenmos u3 &, Komopuie
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coomsemcmeyrtom  eOuruuromy  sremenmy u3 &, seasemca 6 ®
donycmumoii HopmaasKoil nodepynnoll, a cmedicHbie Kaaccol no N e3a-
UMHO OOHOBHQUMO COOMEEeMCmaYom 3nemenman u3 (&, npudem 3mo
nocaedree coomsemcmeue — ONEPAMOPHbIL UB0MOPPUIM:

G/N==G.

To, uro N sBAsAETCS HOPMAJBHOM MOATPYNIOH, Mbl 3HaeM elle
us § 10. To, uro N — gomyctumas NOATPYNNa, OYEBUIHO: €CIH a
otofpa’kaeTcsi Ha €IWHUUHBIA 3JeMeHT &€, To Ba oroOpaxaercs Ha
¢ =¢, T. e. BMecTe C @ 37eMeHT Oa TakKe NPUHANICKUT rpynne N.
To, uTO COOTBETCTBHE MEXIY CMEXHBIMH KJjaccaMH U 3/JE€MeHTaMH

u3 & B3auMHO OJHO3HAUHO, MBI YyXKe 3Ha&eM; TO, YTO 3TO COOTBET-
CTBHE — ONEPATOPHBIA U30MOPOHU3M, C/IeAyeT u3 TOro, 4YTO 3ajaHHOE
oTo6paxenne & — (¥ SBISETCS ONEPATOPHBIM TOMOMOPGHH3IMOM.

B cayuae aijuTHBHO 3alMCAaHHBIX I'PYNN ¢ 06/1aCThiO ONepaTopos o
(o-MOJy/ef, HAeatoB B © W T. J.) ONepaTOPHbIH roMoMOp(HU3M Hasbl-
BaeTcs eoMomopgusmom modysed. 3aMeTHM, uWTO M B 3ToM cayuae fa
nepexondT B 64 W 6 ocraeTcs Heu3MeHHbIM. B 3TOM M COCTOMT pas-
HUla MeXAy TroMomMopdu3MoM MonyJaefi H romoMopdusaMoM KoJell,
npH KoTopoM ab mepexoauT B a@b. PaccMoTpuM mpuMep: 1Ba JIEBBIX
faeasa U3 KOJAbllda ¢ MOXKHO paccCMaTpHBaTh KaK 0-MOJYJIK; MPOU3-
BOJIBHLIH OIePaTOpHbiA roMoMopdu3M MePEBONMT @ B 4 U MPOHU3BENS-
HHe ra—B mnpoussenenue rd (r u3 o). Ho 3tu XKe npeasbl MOKHO
paccMoTpeTb M KaK KO/bla, & KOJIbLEBOH TOMOMOP(H3M CONOCTAR/IAET
NpPOM3BENCHHUIO ra (r W3 HJeana) He rd, a ra.

Tam, TIe B NOCJAEAYIOUIEM pedb 3afiieT MpocTo O rpynnax, Gyayr
MMeTBCSt B BHJY TPYINst ¢ onepatopamu. [log ciaoBamu «mOArpyfmbiy
M «HOpMaJibHbie TOArpynnbi» Bcerga OyayT MOJIYaIHBO INOApPa3yme-
BaTbCsl JONYCTHUMBbE TMOATPYNHb M JAONYCTHMBIE HOPMaJ/bHBEIE HOIL-
rPynmbl; ca0Ba «u3oMophH3M» M «romMomMopduam» OyayT oO3HauaTh
«ONEpaTOpHbI H30MOPHU3M» H ONEPATOPHBIA FOMOMOP(U3MY.

3anaua 1. Haeans (1) u (2) B Kojble MEJBIX YHCEJ H3OMODPGHBHI Kax
MOLYJIH, HO HE Kak KOJblia.

3anaua 2. B Koabue nap umcea (a;, a,) (§ 11, 3anaua 1) uzeasl, nopox-

genuble snementamn (1, 0) u (0, 1), u3oMOpQHEI KaK KOJbLA, HO HE H30MOP(HEHI
KaK MOJLYJH.

§ 50. [lge Teopembl 06 H30MOp(HH3ME

EcrtectBennbii romoMopdusM, KOTopblii orofpaxaer rtpynny &
Ha akroprpymny ®&=@®/R, orobpamxaeT Kaxkayl NOACpynmy
u3 ® Ha Hekoropyio noxrpymny § u3 G u toxe romomopduo. Ecau
HCXOAUTh H3 E i Hafiti B (B BCIO COBOKYNMHOCTH & 3JEMEHTOB,

06pasbl KOTOPBHIX (WM CMEXHBIE KJAacChl KOTOPBIX) MpHHAJIeXKaT 9,
10, BOOOHIE rosopsi, B & okamercs Oosiblue 3JEMEHTOB, 4eM B 9,



-

§ 50] IIBE TEOPEMBI OB U30MOP®U3ME 175

[OTOMY 4TO BMECTE C K&XIBIM @ H3 &) MHOXKECTBO & CONEPKHT Bech
cvexubii kiaace aX. O6o3nauum uepe3 HN rpymmy, Kotopasi Mmogay-
4aeTCsl W3 BCEBO3MOXKHLIX IPOM3BeNeHHH ab, rje a — 371eMeHT u3 &
u b —snement u3 N (cp. 3apauy 2 u3 § 48); torna K =HN n H =
= HN/N. C npyroil cTopowsl, eciu & romomopdHo oTobpaxaercs
Ha §, TO § wusoMophHa (aKTOPrpymnme rpymmsl § M0 HEKOTOPOH
HOPMA/ILHON MOArPYINe B §), KOTOPast COCTOUT U3 3/1€MEHTOB TPYIIbl &),
COOTBETCTBYIOLIUX €JMHHYHOMY 3/IEMEHTY, T. €. TeX 3/JEeMEeHTOB U3 ),
KOTOpble OJHOBPEMEHHO INpHHapIexaT u N. Orcioga noaydaercs
nepsas treopeMa o6 usomMopdpusMme:

Ecau SE—HOpMa/zbﬂaﬂ nodepynna epynnet & u § — nodepynna
6 &, mo nepecederue § (\N asaaemea Hopmarerol nodepynnoti 8 § u )

HR/N 22 H/(HUN).

COBOKYIIHOCTb 3/1EMEHTOB, OTOGPaKAIOMWHUXCS B &), TOTAA M TOJBKO
TOrja COBNajaeT ¢ ), Korja rpymma ) BMeCTe € KaKAbIM CBOHM
37EMEHTOM G CONEPXKHT H BeCcb CMEXHHH Kiacc adl, T. e. Toria,
Korzaa

H2N.

otn rpynnbt @ =9 B3aUMHO OJIHO3HAYHO COOTBETCTBYIOT OMNUCAHHLIM

rpynnam H=8/N B G. BMecte ¢ TeM Kaxkja s NOArpymnna HBO
COOTBETCTBYeT moarpynmne & =N, cocTosmell U3 BCeX 3J€MEHTOB
BCEX COZepKallMXCs B ) CMEXHBIX KaaccoB no noarpynne RN. Hako-

Hel, IMpaBbiM H JIEBLIM CMEXHBIM KJaccaM IO TMOArpymnre JQ B Q)
COOTBETCTBYIOT IIpaBbi€ H JIEBHIE CMEXKHBLIE KJIacChl IO -b B (9. CJIEJLO-

BATEJIbHO, €cau §) — HOpMa/ibHas moarpymna B (3, 10 & — HOpMaJb-
nag mnoxarpynna B &, u naoGopor. AHaJOrHYHOE pacCyXjaeHHe,
C HEKOTODBIMH HM3MEHEHHAMH, HCMOJb3YeTcs IpPH JOKA3aTe/bCTBE
BTOPO# TeopeMb 06 H30MOppu3Me:

Ecau &=GO/N u H — nopmarsras nodepynna ¢ &, mo coomsem-

cmayrouyasn nodepynna & 8 & Agraemcs HOPMQAALHOL U
&/H =6/9. Y
JdokasaTeabcTBo. Eciu & romomopduo orobpaxaercs Ha (3,

a (b), B CBOIO ouepesb, Ha 55/, To u & romomoppHO OTOGpaKaeTcs

na (/. Cnenosateapno, rpymna 5/ wusomopdua akToprpymme
rpynnel (& mo HOpMaabHOH NOArpyIne, COCTOSILER M3 TeX 3JEMEHTOB

rpynnel B, Koropele npuH romomMopdusme & — ($/§) mepexopar B eu-
HWYHBIH 3J€MEHT, T. €. MPHU NepBom roMoMopduame 3— (% atH 3J7€-

MeHTHl MepexopaT B rpymiay . Droil HOpMasbHOH NOArPYNNOH H
spasiercss §. JloxaszaTesbCTBO OXOHYEHO.

1) B cnyuae mopyseil HyKHO, KOHeuHo, BMecTo HNR nucats (9, N).
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Msomopdusm (1) MoxKHO 3anmucaTh H Tak:
/9 22 (S/R)N(H/R).

3agaua 1. C nomomeio nepsoii TeopeMmbl 06 naomopthH3Me 10KasaTb, 4TO
tdakroprpynna cummerpuueckoft rpynnet €y no uerBeptoii moarpynne B, (§ 9,
3agaya 4) usomopdHa cHMMeTpHUecko#d rpyrnne s.

3anaua 2. Toyno Tax ke B JOOOH rpynne NoOACTAaHOBOK, B KOTOPOii ecTb
He TOJIbKO YeTHbIe MOACTAHOBKH, 3TH HOC/eJHHE COCTABJSIOT HOPMAJbHYIO MOArP YNy
uHiexkca 2.

3anaua 3 ToyHo Taxk e akTOprpymna rpynmbl ABHXKEeHHH BepXHell eBKJH-
JIOBOH NOJIYNJOCKOCTH 110 HODMAJILHOH NOArpynne napaJjijesbHbX NePeHOCOB H30-
MopdHa rpynne NMOBOPOTOB BOKPYT HEKOTOPOH TOYKH

§ 51. HopmanbHbie ¥ KOMIO3HUHOHHBIE Psijbl

Ipynna & HaswiBaetcss npocmot, ecau B HeHl HET HOPMasbHBIX
MOATPYI, OTJAMYHBIX OT Hee caMOH M eJMHUYHOH MOArpYIIIbI.

ITpumepsnl. I'pynnsl npoctoro nopsigka MpocTel, TaK Kak Iops-
JOK MOArpynnbl JO/KeH OblTh fejuTeseM MOpPsiAKa BCEH I'pYIIH;
c/1e0BaTeIbHO, B TaKOH rpymme, Kpome Hee caMmMoH U eqUHHYHOH
HOATrpYyMObl, BOOOIE HET MNOATPYNN, a NOTOMY HET M HOPMAaJbHBIX
noarpynn. Ilo3pnee Oyjer AOKa3aHO, YTO 3HAKOMEepeMeHHas TIpyIna
VW, npu n>4 npocra (§ 53). JlioGoe onHOMEDPHOE BEKTOPHOE MPO-
CTPAHCTBO SBJSIETCS INMPOCTHIM, MOTOMY YTO Ka)Kaoe COGCTBEHHOE TOJ-
IPOCTPAHCTBO HMEET pa3MepHOCTb HYJb M COCTOMT M3 OJHOrO JIMIIb
HYJIEBOTO BEKTOPA.

Hopmanroron psdom rpynubt & HaswBae1Cs NOC/AE10BATENbHOCTh
fnoarpynn B (9:

{Q)ZQJO_D.@IEQ@I"—‘@}, (1)

B KoTopo#t mia v=1, ..., | noarpynna &, siBAsieTcsl HOPMAJBHOL
B Oy, Umcno ! HasbiBaercs Oaunod nopMmasibhoro psaa. ®akrop-
rpynnel &, /G, HocAT Ha3BaHue ero Paxmopos. HeobXoaHMO 3aMeTHTD
clepyiollliee: JVIHHa eCcThb He 4Mcao unaeHoB psAxa (1), a uuciao dakro-
poB (Jy_,/Gy.

Iipyroii HopMa/bHBIN psj

G=2H2...29,=C} (2
Has3bIBAeTCH YNAOMHeHueM NEpPBOro psna, ecau Bce mnoarpynmsl
u3 (1) Bcrpewarorcs u B (2). Hanpumep, nis rpynmel &, (§ 6) pan
@, 2 DB, > E}
(cm. § 9, 3anaua 4) ABafeTCs YIJIOTHEHHEM psija
{€,08,o E}.
B uopmaabHOM papge mMo6of 4Yle€H MOXET NOBTOPATHCS CKOJb

YyrofgHO MHOro pas: &, =@y, =...=0),. Ecan 310ro He npoucxomr,
roBOPAT O HOPMasbHOM psne Oe3 nogmopenud. HopmanbHelll psp
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6e3 noBTOpeHHH, KOTOphH 6e3 MOBTOPEHMH He/b3sl YIJIOTHUTb, Ha3bI-
BaeTCA KoMno3uyuorueim. Hanpumep, B cuMMeTpuuecKo#d rpynme &y

psn
(@, %o €}

SIBJISIETCS] KOMIIO3MLIHOHHEIM, a B rpynne &, KOMNO3ULHOHHLIM GyHeT
pan
{€,2U DB, o {1, (12) (34)} o ¢}

B ofoux cayuasix HCKJOUeHa BO3MOMKHOCTb JaJbHEHIIMX YIJIOTHe-
HMH, TOTOMY 4TO HHAEKCHl TMOC/EAYIOIHX HOPMAJbHBLIX NOArPYMI
B MNpeblAylyX NOATPyNnax SBAFIOTCA NMPOCTHIMUH gucaaMu. OpHako
CYIIECTBYIOT U TPYINbLL, B KOTOPHIX BCe HOPMAasbHBIE Psiftbl 06JafaI0T
VIVIOTHEHUSIMM; TaKHE TPYIIbl HE YMEIOT, CJIeJIOBaTe/IbHO, KOMIO3H-
HMOHHBIX pAnoB. IlpumepoM MomeT cayKuTh Jm06as OGecKOHeyHas
HUKJHYecKasl TPYNNa: ecJd B HeH 3ajaH NPOM3BOJbLHBIAE HOpPMaJbHBIA
psan 6e3 moBTOpenuil

o6, >...06,,>C),

u &,_,, Hanpumep, HuMeeT MHIEKC m, T. e. (5,_,={a™}, TO MexK1y
®;; u ¢ Bcerja ecTh ellle onHa noxprpymnna {a*"} uHjaexca 2m.

HopManbHuifl pan  ABAfA€TCA KOMIO3HLHOHHBIM TOTJA W TOJBKO
TOTJla, KOTa MeXay ABYMS JIIOObIMH €ro ujieHamMH By, H (&3, Heb3s
BKJIOUMTh KaKyio-1HGO OTIHUHYIO OT (&, ; HOPMa/JbHYI MOATPYIY,
uay, uto corsiacHo § b0 To ke camoe, Koraa rpynua (9, /%, mpocra.
Ilpocteie daxropsr (¥, {/($, KOMINO3ULHOHHOIO PsAa HA3LIBAIOTCS KOM-
no3uyuoHHbIMy. B 060HX MPUBEJEHHBIX Bbillle KOMIO3HUHOHHLIX Psnax
BCE KOMMO3ULMOHHLIE (AaKTOPbl SBJISAIOTCS HUKJIHYECKHMH MOATPYM-
namH HOpsiKoB 2, 3, cOoTBeTcTBeHHO 2, 3, 2, 2.

IiBa HOpMa/NbHBIX pAjA Ha3bIBAIOTCH UB0MOPPHOIMU, €CJIU BCe
cdaktoprr (¥ /), OHHOro u3 HHX MOryT ObiTb OTOOpaxKeHnl H30-
MOp(hHO HA MepecTaB/]EHHBIE B ONpEAETEHHOM Mopsajpke HakTopul ApY-
roro. Hanpumep, B wukauyeckoit rpynne {a} mopsaxka 6 psusl

{{a}, {e®, €},
{{a}, {a%}, €

u3oMopdHB, NOTOMY 4YTO (PaKTOPLl NEPBOrO pAAad ABASIOTCS HHKIU-
YeCKHMM TIOPSAKOB 2, 3, a GaKTopbl BTOPOro psja — LHUK/JIHYECKHMH
nopsakoB 3, 2. Hasa oGoanaueHus usoMopdu3Ma HOPMAJbHBIX PsOB
Mbl GyfeM B janbHEHLIEM HCIIOJIb30BATh 3HAK 2.

Eciy nens HOpMasbHBIX MOArPYII

G2 =..}

3aKaHuuBaeTCs HopMagbHOH moxrpynnoft ¥ rpynnel &, orinuHoH
o1 ¢, 10 roBOpAT O HOopmasbHOM psde epynnot & Had nodepynnoi A,
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TAKOMY HOPMANLHOMY PALY COOTBETCTBYET HOPMAJbHBIL pAn
GRA=G/A=... 2 WA=¢E}

tdakroprpynnu &/, u HaoGopoT. PaKTOPEl BTOPOTO Psiiad, COIJIACHO
BTOpo# TeopeMe 06 H3oMopdHu3Me, H30MOPQHLI (pakTopam IepBoro.
Ecau nopmarsuee padel

B=6=...206,=C¢}
G=29H=2...29H,=C}

U30MOpHoL, Mo 045 KancBo20 ynaomHeHus nepeoeo pada MOMCHO Hatimu
U30MOpPHOe emy ynaomrerue amopoeo. JeficTBUTeNbHO, Kaxjple dak-
Top &,,/®, H3oMOpdeH BroMHE oONpeAeneHHOMY GakToOpy &, 1/Hy;
TEM CAMBIM KaXKAOMY HODMalbHOMY pPARY 418 &y_;/\Y, COOTBETCTBY €T
H30MOPGHBIH HOPMaJBHBIA Psid 18 yu-/Hy, a IIOTOMY H KaKJoMy
HOPMaJIbHOMY pAny rpynnbl &, Hag noarpynmnod (§, coorBeTCTByeT
n30MOpPGHBIH pAn moArpymnst &, ; Hajg MOATPYNIoH &.

Tenmepp Mbl MOXKEM [0OKa3aTb OCHOBHYIO TEOpeMY O HOpPMaJbHEIX
panax, npuHagnexamyto O. lpafiepy:

Jlea npoussorbHblx HOPMAAbHbIX pAda ApoussoabHoll epynnol (9:

=26,202...26,=¢},
2H2H,2...29H,=C}
obaadarom U30MOPGHEIMU YNAOMHERUAMU:
G=2...20,=2..28,=2..2C =
=2{®B=..2H=2..28=...26¢).
HoxasareanctBo. Jas r=1 uau s==1 Teopema oueBujua,
INOTOMY YTO B 3TOM CJyuae ORMH M3 pdAaoB HMmeeT BUA {& = &} u,
CJIeJIOBATE/NBHO, APYTOH SB/ASETCS €ro yIJIOTHEHHEM.
Jlokaxenm cHauajga 3Ty TeopeMy A §=2 HHIAYKUMEH mo 7,

a MoTOM JJIf TPOH3BOJIBHOIO § HHAYKUHEH IO S.
s s=2 Bropo#l pax BLINISIHT TakK:

B=9H=CE}.

IMosoxum D=, NH u P=&,H; Torga ‘B 1 D — HopMaibHBE HOJ-
rpymnbt B (8. Koweuno, moxker okasatecd, 4yto B=©O umm D=CE.
[lo mpeamosioXKeHWI0 WHAYKIMH, DBl MIMHBL r — 1 H puHbl 2

$26,=2...26,=€C 1 {& =2D=2¢}
o6nanaior U30MOPGHBEIMU YIIIOTHEHH AMU:
3, 2. 20,2..2¢={,=2...29=2...2¢. @3
B cuay nepsoil Teopemsl 06 H30MOpdH3ME

PO=G/D u PO = H/D;
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cJ1eloBaTeNbHO,
PR26,20=2C={P=29=2D=26) (4)
[paBas uwacte B (3) 3ajaer YIJOTHEHHE JIEBOH 4acTH M3 4), nas
KOTOPOro MOYKHO HailTH H30MOP(HOE YMJOTHEHHe NpaBOH YacTH:
P2o,20,2..20=2...2¢ =
~{P=2...2H29=2...=2 ¢} )]
s (3) u (5) caenyeT u3omMOpdH3Mm
BG2P20,2..20:,=2...2€¢ =
~{B=2P=2..2H29=2...2E,
yem M JIOKa3biBaeTcsl Teopema sl ciydas s=2.

B caydae NpOM3BOJNBLHOTO § COTVIACHO JIOKa3aHHOMY Mbl MOKEM
TaK YIIOTHUTL paAg {O =G, = ...}, 4robsl OH cTaj 130MOPhHBIM

HeKOTOpOMY yImioTHenuo psiza {& = H, 2 €}

vW=..20=2..26,=2...2¢ =

==2...2H,=2...=26. 6

Bxojsinil B npaByl UacTb OTPE30K pPaAna (H;=2...=C} u pan
(=20 =...29,=CE} corsacso NpPeINoJOKEHHIO  HHAYKIHIH
06/1a1a10T H30MOP(UBMH  YIIJIOTHEHUSMH:

{@12...2@}—::_{{)12...26322...2@}. (7)
JleBaa uacrp B (7) MaeT HEKOTOpOe YMJOTHEHHE npasoii dactn B (6),

115l KOTOPOrO MOXKHO HaiTH H30MOpPQHOE YIIOTHEHHE JIeBOH uacTH
B (6). Crenosaresblio,

G=2.202...26,=2...2¢
~(G=..20=2...2¢
By (N]={0=..2H=2...28=2...26¢

Tem camblM TeopeMa MOJHOCTBIO JOKa3aHa').

Ecan B gByX u30MOPGHBIX pAAAX BHYEPKHYTH BCE NOB1OPEHHS,
70 octamyTcs usomopdmbie pagpl. CreloBaTesbHO, B OCHOBHOH TeO-
peMe YTJIOTHEHHS, O KOTOPbIX HAET peub, MOXKIO CUMTaTh YIJOTHE-
HHSIMH 6€3 TOBTOPEHHH.

3 OCHOBHOH TeOpeMbl O HOPMAJibHBIX PslaX HEMEJJIEHHO NOJy-
yaloTes JBe CJEAYIOLME TeOpeMbl O rpynmax, 00/ajalolliX KOMIO3H-
[IHOHHBIMU pAIaMH.

1. Teopema Koppana—[lé&nbnepa. Jioboe 06a KOMNO3U-
YUOHHbLX psda 00HOU . motl dice epynnol (5 usomopgroL.

1y Jlpyroe A0Ka3aTeJbCTBO MPEATONEHO B pa6ote llaccenxays (Zas-
senhaus H). — Abh. math. Sem Hamburg, 1934, 10, S. 106.
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HeficTBHTeIbHO, 3TH pP#AABl COBIIAAAIOT CO CBOMMH YIIOTHEHHSMHU
623 NOBTOpPEHHH.

2. Ecau (9 obralaem KOMAOBULUOHHbBIM pAOOM, MO KaObul ee
HOPMAAbHOIL pA0 MOMCHO YnAomKums 00 KOMNO3UYUOHH020. B uacm-
HOCMU, 4epe3 KaxOyro HOPMAAbHYK HOOPYNNYy npoxooum HeKomopoll
KOMROBUYUOHKYIL psid.

[pynma HasbiBaeTc paspewumoil, eCcau y Hee ecTb HOPMATbHbIH
psan, B KoTopoM Bce (akTopnr abeneBbl. (IIpumeprr: rpynnel &, u
&, — cM. Bbile.)

Vs ocnosHoil Teopembt c/efyeT, WTO y PaspeuiuMofi Tpynmbl JIo-
6ofi HOpMaJbHBIH psAJl YNJIOTHAETCS [0 HOPMaJBHOrO psja ¢ abesne-
BbIMH (hakTopamu. B uyacTHOCTH, ecsu Takas rpymna obJsafaer Kom-
TIO3MLMOHHBIM PALOM, TO BCe (PAKTOPHI ITOC/IELHEr0 — abeieBbl TP YIIIb.

3anaua |. Beakas xoneunast rpynna o6/aJaeT KOMIMO3HIIMOHHBEIM PSIAOM

3anayva 2. TlocTpOHTb BCe KOMNOSHUHOHHbBIE DAABI LHKJIHYECKOH IPymHmsl
nopsipka 20.

3anawa 3. AGeaesa rpynma (Ge3 OnepaTopoB) ABJSETCH NPOCTOH JIHillb

TOrAa, Korja CHa UWKJHYHA U UMeeT MPOCTOH TOPSANOK.

3anava 4. B moboM KOMNOSHUMOHHOM pAjie KOHEUHOH DPaspemtuMoll rpymnnbt
KOMMNO3HLHMOHHBE (aKTOPBl LHKJIHYHBI H HUMEIOT NMPOCTON MOpsiIOK.

§ 52, [pynnet nopsaxka p»

Tlon yewmpom rpynnsl & wau konbua R noapasymeBaeTcs MHO-
KeCTBO TAKMX 3JEMEHTOB 2 3TOH TPYNNB KW 3TOTO KOJbIla, KOTO-
phle MepPecTaHOBOYHBEI CO BCEMH 3JEMEHTaMH:

2g==gz 117 Bcex g u3 & uan NR.

Llentp rpynnel & daBjAseTcs rpynnoHd M Jaxe HOPMAJILHOH mMoj-
rpynnoit B (%. IlenTpoM KoJblia SIBASIETCS MOAKOJBIO.

[lyctb p —mpocToe 4mc/ao, 72— HaTypasbHOE YHCIO ¥ (& — HeKo-
Topaa rpynna mnopsaxka p®. Tlokaxem, uto UeHTp rpymubl & He
MOIKET COCTOATb TOJbKO W3 eIMHHUHOIO 3JE€MEeHTA.

Pacemorpum pasbuenue rpynnsl (& Ha Kaacchl CONPSIXKEHHBIX 3Je-
MeHToB (§ O, 3amava 7). Uemy paBHO YHCJIO 3JEMEHTOB B OJNHOM
TakoM KJjacce?

TlycTb a —npousBonbHBIH TPYNNOBOH 3/eMeHT. JlBa 3seMenHTa
bab-! u cac !, compsKeHHBiE € @, PaBHLI TOTJa M TOJBKO TOTZ3,
Korja npoussefieHue b ¢ mnepecTaHOBOYHO C !

u3 bab' =cac ' cnenyer a(b-lc)=(b"%)a.
['pynnoBbie 3/€MEHThI, TEPECTAHOBOYHBIE C @, COCTABJAIOT HEKOTOPYIO
HOArPYNIY &), HasbIBaeMYIO HOpMaausamopom siemenma a. Ecju

b~lc npuHapneXKHT rpynne &, TO ¢ JEKHT B CMEXKHOM KJaacce b4).
O6patno: eciin ¢ JeXNT B DY), TO MOKHO NOTOKHTb ¢ = bh u Torja

cac™t = bha (bh) *=bahh b *=bab L
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TakuM 06pasoM, KakIOMY CMEXHOMY Kiaccy bE) cooTBeTcTBYeT
HEKOTOPbIA CONpSKEeHHBIH 37eMeHT bab~!, u naoGopor. Ymucnao pas-
JIMYHBIX JEMEHTOB, COMPSKEHHBIX C 3JIeMEHTOM @, pPaBHO YHCHAY
CMEKHBIX KJaccoB, T. €. paBHO HHeKcy rpymnel & B rpymne &.
Hnneke Beerga siBAsieTCsl JeTHTENEM NOpsAAKa rpymnsl. B gacTHocTH,
ecaM a—saeMedT medTpa, 10 H=E ¥ Kracc COCTOMT H3 OIHOTO
Julllb 3jeMedTa a. BO BCeX oCTafAbHBIX Caydasix 4HUC/IO 3JEeMEHTOB
KJacca 60Jblle €IHHHLIbI.

[lyctb Tenepb (B — HekoTOpas p-gpynna, T. €. Cpynna nopsaka p”.
Torza uMciao 3/1€MeHTOB B JioOOM KJjacce paBHO JAeJUTeNTI0 4dHcaa
p", T. €. siBIsieTCsl CTeleHbio umcaa p. [lopstok rpynoer & pased
CyMMe MOIIHOCTeli OTAEbHBIX KJacCoB, T. €. CyMMe HEKOTOPBIX CTe-

neHeil uucaa p: _ _
pr=14p p ...+ pm (1)

Ecau 6bl eguuuia Obia €QUHCTBEHHBIM 3/€MEHTOM LEHTpa, TO
B CyMMe CIIpaBa Yy4acTBOBa/lO Obl JMIIL OIHO caaraemoe 1, a Bce
ocTa/jbHble fenuauck Obl Ha p. Torma JieBas wactb B (1) nemunach
6bl Ha p, a OpaBasi — HeT, YTO HeBo3MOxHO. ClenoBaTenbHO, yenmp
210600 p-epynnoel He MOdcem COCMOAMy U3 00H020 eOUHUHYHO20 3ae-
MeHma.

MosKeT oKasaTbCsl TakK, 4TO HEeHTpP 3, sBJAdeTrcss BCceH TpYIIIOoH,
Torja rpynmna & aGeneBa. B MPOTHBHOM e C/ydae MOXKHO TOCTPOHTD
dakroprpyniny =(5/3;. OHa BHOBb SBJISETCS pP-TPYINOA H, CJe-
noBaTeNbHO, 061anaer HeequHHUYHBIM HeHTpoM 3= 3,/3,. IIpomomxasn
TaKUM 006pasoM, Mbl [OJYYHM BO3PacTalollylo [0C/eL0BaTeNbHOCT
LENITPOB

Bl ...

Tak Kak Kaxaplii ee wieH uMeeT OOJbIUMH NMOPAAOK, 4eM Ipe-
JBIAYLIHE, [0CTe0BaTeNbHOCTh JOKHA 3aKOHUYHTHCS Yepe3 HEeKOTO-
poe KOHEUHOe YHC/IO YJEHOB paBeHCTBOM J3,=(. ®akroprpynmnsl
31/3r 1 BCe abenieBbl; MO3TOMY:

Kawmoas epynna nopadka p" paspeuiuma.

§ 53. Mpamble npousBeneHus

[pynna & uasweiBaetcst npamoim npeuseederuem noarpynn A u B,
€CJIM BHIOJIHEHBI C/IeNYIOIKE YCJIOBHA:
Al. %A u B—Hopmasbuble noarpyniel B &;

A2, =Y,
A3. ANB=E.

DKBHBANEHTHBIMH 3TOMY SIBJSIOTCH TPeGOBaHHA:
Bl. Kaxnpiét smemedt rpynmsl & ABJAfeTcss NpoH3BeieHHEM

g=ab, a=¥, b 1)
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B2. MuoxuTteau a v b OJHO3HAYHO ONPENNAIOTCS 3JEMEHTOM g.

B3. Kuxaplli sneveHT moarpyinsl 2 repecTaHOBOYEH C KaXKIbM
3JIEMEHTOM ToArpynne B.

H3 yerosuii A credyiom yeaosust B. Jleficrsutensro, Bl caeayer
3 A2. Ycaosue B2 nosayuaercs Tak: €CiH

g=a;by = asb,,
10
—1 —1,
a.z a] :b2bl 3
3MeMeHT a; 'a, NO/KEH MPUHAIeRATh Kak A, Tak 1 B, a noTomy
B cuay A3 oH OKasblBaeTCsi PaBHbIM EUHHIIE; CJIEJOBATENBHO,

a;=0ay by=0b,

M yCTaHOBJEHa eIMHCTBEHHOCTb mpexacTaBiends (1). VYcaoue B3
cienyer u3 Toro, uto aba~'b-' B cuay Al npunaagexut Kak 2, Tak
¥ ¥, a notoMy B cuny A3 3TOT 3/1€MEHT PaBEH EIMHUYHOMY.

H3 ycaosuti B caedyrom ycaosus A. To, uto noarpynna ¥ sBjsercs
HOPMAJIbHOH, MOJIyYaeTcss Tak:

glg 1t =abAbta? =ada'=A [B cury B3].

Yeaosue A2 caenyer w3 Bl. Ycmosue A3 rnosywaercs Tak: ecid
¢ — ajgeMeHT mnepeceyenus ANB, To ¢ NpPeACTABIASETCH ABYMS CIIO-
co6aMHi Kak TpOM3BEJEHHEe HEKOTOPOro 3JeMeHTa H3 A H HEKOTOPOro
sjeMeHTa U3 B

=l.¢c=c-1.

B cuny enunctsenHocTd [B2] I0MKHO BbINOIHATBCS PaBEHCTBO ¢ = 1.
Yenosne A3 mosyueno.

ITpoussenenne AV, Korja OHO ABAACTCH MPsMbIM, OyaeT oGo3Ha-
yatbcsi uyepes YU XB. B ciyuae aaauTHBHBIX TPyna (MOAyJeH) muuyT
(U, B) a1a obosnavenuss cymmpl ¥ A+ B — aas oGo3HAYEHUs MpS-
MOH CYMMBI.

Ecnau wusBectno crpoenue rpynn A u B, TO H3BECTHO CTpOeHHE
u rpynmel §, noTomMy uTO JioGble Ba 3JeMeHTa gy =a;b; U gy = ayb,
MEPEMHBOXKAIOTCS NyTeM YMHOMKEHHS] COMHOMKHTEJICH:

£18: = a0z - bybs.

I'pynna & HasbIBAETCS NPAMbIM NPOU3BEOCHUEM HECKOADKUX C80UX
nodepynn & = Ay XA, X ... XA, €CIH BbINOIHEHBI C/IEAYIOlLHE YCIOBHA:

A’l. Bee 9, siBAAIOTCS HOPMAJbHBIMH Noarpynnamu B O.

A2, A, LA =0.

A3 QI AN =C (v=2, 3, ..., n).

Ecay 3TH YC/IOBHS BHIMOAHEIB, TO Tpynusl Ay, ..., U,y ABASIOTCS
HOPMATLHBIMH NOATpyNnamu M B uxX npoussepennd A, ... A, .,
TaK 4TO 3TO NPOU3BELEHHE COIVIACHO TOMY K€ OIIPEJETEHHIO ABJSETCH
npambiM. [Janee, AR, ... A, 5, KAk NPOM3BeJCHHE HOPMATLHLIX MOA-
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TPy, BHOBb SIBJISIETCH HOpMasabHOH moirpynmoit B & u
(9[15\)12 e s)ln..l) n%[n =65.

G=QAy ... Apyy) XU, =B, XAy, (2)

CiiefoBaTeNbHO,

rape
B,=A2Ay ... Wy =AU XAy X . XUy

C nowmowpio (2) mpsAMble IPOHU3BEJIEHHUSI MOXHO ONpPENensiTb PeKyp-
pertHo. Ecau k mnpoussenenuto & =B, XA, npuMeHUTL onpejele-
Hue B, TO HHAyKUMEH MO 7 NMOJyUHTCH:
B’. KaocOoui anremenm g epynnve & 00HO3HAUHO npedcmasum KaK
npouseederue
g=aa, ... a, (a, =),

u Kanooul ssemenm u3 A, nepecmanosouern ¢ KancObiM INEMEHIMOM
uz Ay (LWFEv).
s B’ B cBow ouepenp, caexayloT ycjous A’. JleHcTBHTENbHO,
TOJIOXKHM
9/{1%{2 ce Q’[V—lg’ln—*—l cen %In-—_%v;

Torga M3 B’ 1J8 NpPOH3BOJABHOIO vV MOJYYaercs

=, X B; 3)
c/efloBaTebHO, Kaxjas nogrpynma U, siBAseTcs HopMaabHOU B & H
?I’V ﬂ %v == @-

[MocrenHee yTBepXKAEHHE CONEPKHUT HedTo Goabliee, yeM ycjo-
e A’3.
N3 (3) coruacHo mepBoii TeopeMe 06 u3oMOpdHU3ME CIelyer, YTo

G, =B, /B, =2

G =W XU X ... XA,
@51=’211X2[2X e X%In_l,

[pynnsl

Cee e (4)
@nq:?{l,
@)‘n=(§

COCTaBJASIIOT HOpManbHBH psn rpymnel & ¢ dakrtopamu &, /G, o
=N, v,;. Ecou rpynner A, ob6gagaloT KOMIO3HIHOHHEIMH psAaMH,
TO U (% obiajaeT KOMIO3ULHOHHLIM PSAOM, JJIHHA KOTOPOro SIBJASIETCA
CYMMOH IJIHH OTZAE@NLHBIX (AKTOPOB.

3agaua l. Ectn O=%AXYB, & —noarpynna 8 A u &' 2%, to &' =AXY’,
rae B’ o6o3Havaer nepeceueHHe O u B.

3apaua 2. Jlio6as uUuKJIHYecKas rpynma nopsiaka n==rs ¢ (r, s)==1 8-
JISIeTCsl OPSIMBIM [POHM3BEACHHEM CBOMX IOATPYIIN IOPSIAKOB § H /.
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3amgaua 3. Koneunas LMKJIMUECKasi [PYyNMa sBJSETCS NMPAMBIM TIpOH3Bele-
HHEM CBOMX MOATPYNH, MNOPSAKH KOTOPBHIX SIBJSHOTCS HAHGO/IBIIMMH BO3SMOMHEIMH
CTENEeHAMH IIPOCTBIX YHCEJ.

Ipynna (8 HaswiBaeTcs 6noawe npusoOuMmol, eclu OHa ABJSETCH
NpSMBEIM [POH3BEJEHHEM IPOCTBIX TIpynn. B stoM caywae coorser-
CTBYIOIWIMA HOPMANbHHEIA pAn (4) ABJASETCS KOMIO3HIMOHHLIM PfAJOM.
CorstacHo Teopeme )Kopnana — I'ésbaepa KOMIMO3HIIHOHHBIE (GAaKTOPHI
Oy /Oy 22U, vy ONpelesieHbl OJHO3HAYHO € TOYHOCTBIO 0 H30MOp-
¢u3Ma M nopsiaKka ciefoBaHuS.

Teopewma. B awboil enoane npusodumoi epynne & kasxcdas nop-
MarbHas nolepynna SBASeMCS NPAMbIM COMHOXCUMenreM, m. e. 0Af
Kaodot HopManvHoil nodepynner &) cyuwjecmsyem pasaodicerue & =
= HXB.

HokasateabctBo. M3 GB=AxAyx... XA, creryer, 410

G=9 G =9 A Ap-... Ay (5)

C xaxjabM u3 comHoxurenedt U;, ..., U, MOXKHO mpojenarb cie-
LYIOUYIO OMHepanuio: MHOXHTeJAb JH060 3auepKuBaercsi, JuGO npes-
[IECTBYIOIIMIT eMy 3HAaK - 3aMeHsieTcsl Ha 3HaK X TNpPsIMOTo Mpou3-
Befiennsi. JleACTBHTeNIbHO, TlepeceyeHHe paccMaTpHBaeMOH Tpymilbi
U, ¢ npousBepenueM [I==§ A, -...-A,_, sABJAseTCS HOPMAJLHOH NOJ-
rpymnoit B U, no3TOMy OHO paBHo JauGo U, aubo €. B nepsom
cayvae TN, =A, u A, =11, 1. e. muoxurenr A, B NMpousBeseHHUH
I1%, wucuesaer. Bo Bropom cayuae mnpoussenenue 1.2, sBasercs
npsimbiv: 119, = 11 ¥,

CorsiacHO J0Ka3aHHOMY BHILIE NpousBenenue (5) moc/ie BhYEPKUBa-
HHA HeHYKHbIX rpynn ¥ npuoGperaer GopMy NpsIMOrO MPOU3BELCHHA:

G = XA XA; X XA
Orciona crenyer Tpebyemoe.

§ 54. 'pynnoBpie Xapakrepn

ITycts & — Bekotopas rpynna u K — nekotopoe moae. [Tox xa-
paxmepom rpynmel (¥ B nome K nonumaercs Jwo6oe romMomopdHoe
orobpaxenue rpynusl & B MyJbTHIIHKATHBHYIO rpynny noas K.
Hpyrumu cjoBaMH: XapakTep ¢ rpyninl & B noge K — 3T0 HEKOTO-
pasi GyHKOHUS s7eMeHTOB M3 & co 3nauenusmu B nose K, OTIHYHbIMY
OT Hyqs, objajawollas CAeIyIOUNHM CBOHCTBOM:

0 (xy) =0 (x) o (1). (1)
s (1), xak ofbiuno, caexyer, uTo
O(Xy .. X)) =0 (%) ... O(x,),
o {x") =0 (x)",
U(e) =1

o(x HY=oa(x) L
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Ecau 0 u t— xapakTepnl, TO C MOMOILbIO PaBEHCTBA
0T (x) =0 (x) T (x)
onpesnensieTcsi MPOU3BEJeHHE OTOOPAXKEHHH 0T, OHO TOXKe SIBJIAETCS
xapakTepoM. OTHOCHTE/IBHO TAKOr0 YMHOXEHHS Xapakrteps! rpynmsl &
B noje K ofpasyrior abereBy rpynny &, epynny xapaxmepos
epynnot & 6 nore K.
Teopema o0 neszaBUCHMOCTH. Pasmuutbie xapakmepst

Oy, ..., O, 2pynnot & g noae K eceeda auHertino He3asucumel, m. e.
ecau 8 nose K evinoansemes pasewcmeo
0101 (X) + ...+ €0, (x) =0 (@)

0as ecex x u3 &, mo 6ce Koapguyuermor ¢; pasHol HYAr.

HNokasareabcTBo. (ITo xuure: Aptuu (Artin E.). Galois-
sche Theorie. — Leipzig, 1959, S. 28.) Hdna n=1 u3 ¢0,(x)=0
cpasy caexyeT, uto ¢;=0. CjenoBaTe bHO, MOXHO HauyaTh WHAYK-
LUHIO 1O 7 W NPEMNoNOXKHTb, YTO YTBEDKIEHHE CIIpaBeliHBO s
n—1 xapakrepos.

3ameHuM B (2) sJeMeHT X Ha ax, e Q — NPOM3BOJLHBIH 3Je-
MEHT rpynnbl ($; Torga mosyduTcsl pPaBeHCTBO

0y (@) 0y (X)+ ... F+¢,0,(a) 0, (x) =0. 3)
Briutem oTciofa paBeHCTBO (2), YMHOXEHHOE Ha O, (a):

&1 {0 (@) — 0, 4a)} 0y (1) + ..
vee F g {0ny (@) — 0, (@)} 0,y () =0.  (4)
Cor/1acHO HHIYKTHBHOMY TDEJNIOJOXKEHHIO XapaKTepsl 0y, ..., Gpy

JHHEHHO HEe3aBHCHMbI, C/EJOBaTeNbHO, Bce Kodbbuuuentsl B (4)
JOJKHB! ObITb HYJIEBBIMHU:

ci{oi(@)—o,(@)}=0 maa i=1, ..., n—1. ()

Tak xak 0; H 0, — pas/HUHbE XapaKTephl, AIs1 KaxkKIOro (PUKCH-
POBAHHOTO { MOMHO TaK BbIOpPaTb 3J€MeHT a, 4ToOB OblIO

0; (a) # 0, (a).
Torna us (5) caenyer, urto
=0 ai=1, ..., n—1.

[ToxcraBum 310 B (2); Torza OKamercsl, 4To ¢, =0, uem u Jo-
KaspiBaeTcst TpeGyeMoe.

CanepnctBue. Ecau oy, ..., Op~ pasauunsvie U30MOPHHbIE OMO-
6pascerus noaa K' 8 nose K, mo ece onu auneiino Hezagucumor. J1eh-
CTBHUTEJIbHO, MOXKHO paccMaTpuBath 0y, ..., O, KaKk XapakTepsl
MYJIbTHIIMKATHBHON rpynnst nouas K’ B mnone K.

Oco6eHHO BaXXHbl XapakTepbl abesneBblX Tpyml.

[Tpumep 1. Ilycrs (Y — nuk/indeckas rpynna nopsigka n. Onu-
meM xapakTepbl rpynms & B noae K.
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Ecin a — obpasyiowuit 3/1eMeHT rpynmsl & ¥ — IpOM3BOJIbHBIA
XapakTep, TO MOJOXKUM

x(@)=¢. ©®)
[Tpon3Bo/bHEIH 3/1eMEHT U3 (9 ABJSETCS HEKOTOPOH CTEIlEHbIO
x=a (2=0,1, ..., n—1).
U3 (6) caenyer, 4to
% (0) =% (@) = @)

Hanee, a®=e;, caegoBatTeqbHo, % (@?)=§"=1, a mnoromy {—
KOpeHb n-d cTemeHH u3 ejuHULb. OO6paTHO, KaXKAOMY KOPHIO f-#
CTENeHH U3 eNUHHUB { B mojie K COOTBETCTBYET HEKOTOPHIH Xapak-
Tep ¥, ONMpejeasieMbii paBeHCTBOM (7).

CorsacHo sajgaue 4 u3 § 42 KOpHM n-U CTENEHH M3 €IMHULLI
obpasyior B noje K LHK/JIHYECKYIO TPYyNmy, MNOPALOK n’ KOTOPOH
AB/aseTcs geauTeseM uucaa n. CnepoBaTesqbHO, XapakTepel ) obpa-
3yI0T IMKJAMYECKYIO TPymmy mopsika n', rae n’|n.

[Tpeanonoxkum, 4T0 K COAEPKUT BCe KOPHH n-H CTeNeHH H3 eflu-
HUMIBl ¥ 71 HE JNeIHTCA Ha XapakTepucTuky noas K; Ttorma n' =n
W, cJaefoBaTesNbHo, rpymnna xapakrepoB &' rpynmsl & usomopdua
camoit rpymnne . Ilyctb, cKaxeMm, v — NPUMHTHBHbIH KOpEHb n-#
crerenn u3 epununbl B nose K. Torza pasencrso

o (@?) =n? .
onpenesieT XapaKTep O H BCE XapakTepsl ), SABJAIOTCHA CTENEHAMH
XapakTepa o:
¥e=0% (=0, 1, ..., n—1).
CrenoBaTe/bHoO,
o (az) — nkz_ (8)

[Tpu ¢uKCHpPOBAHHOM R XapakTep ¥, MOXKHO paccMaTpHBaTh Kak
GyHKIHMIO OT 2, a Npu QUKCHPOBAHHOM Zz —KakK (GYHKUHIO oT k. Tak
noayuawoTcsi Bee xapakrtepbl M3 &'. Cuedosamenrsro, onsme epynna
xapakmepos &' usomopgra epynne .

B xoHue § 42 6bL10 10Ka3aHO, UYTO

n npu {=1
1—I—C+---+€”‘1={0 pr t=1,
npu =1

JIst 1I060ro KOpHsS n-fi creneHH M3 enuHuubl §. Orciona B cuay (8)
crefyer, 4To

an_|n 2=0,
Swe={t 20 ©
4%
k:
21 (@) :{ g k#%, .
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WJ4, 3allucblBag HHaAye,

n, X=2e,
zxzxoc)—{o, e (11)

_ n, y=1,
;x(x) {0, el (12)

Hs (11) crenyer, eciu X 3aMEHUTh HA XY, UTO

n, ecad y==x1,
PRICHORY / (13)
x 0 B ocranpHBIX CaAyYasix.
ToyHo Taxk xe u3 (12) ciaenyer:
, n, ecam ¥ =x"1,
S e = * =k (14)
p 0 B OCTalbHBIX Clyyasx.
Bpezem marpuny A ¢ 37€MeHTaMH
ar=ye(@) (2 k=0,1, ..., n—1) (15)
u MaTpuuy B ¢ aseMeHTaMH
1
ba = — % (@79); (16)
torga pasencTBo (13) MOXHO 3amucaTb B BHIE
AB =1,
a paseHcro (14)—B supe
BA=1.

O6a paBeHCTBA TOBOPSIT O TOM, 4TO B —o6GparHasg Matpupna 14
matpuis A.

Oyuxuun f(x), Kotoppie orobpaxaior rpyniy & B noae K,
onpejeasioTca n 3HaueHHMH

fle), F@, f@, ..., f@)

U, cJeJ0BaTeqbHO, 06pa3yloT n-MEPHOE BEKTOPHOE NPOCTPAHCTBO Hal K.
COrJIacHO TeOpeMe O He3aBHCHMOCTH £ XapaKTepoB Y (X) JHHEHHO
He3aBHCHMB. CJIeIOBATEIbHO, Kamaylo (GYHKUHIO f(X) MOXHO BBIpa@-
3UTb uepe3 ¥y (X):

[(x) = E CrXr (X)- (17)
k

TMoaoxum f (x) =f(a°) =g (2); Torna Bmecto (17) MOXKHO 3anucarh
g2 = Z Crlep = Z e (18)
P k

Pellene 3TOH CHCTEMbl YPABHEHHI C y4eTOM TOro, 4rto Marpuua B —
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obpatHast gast A, BBINVIAAWT TakK:

Cp= 2 breg (2) = Lﬂ 2 n7*g(2). (19)

B YaCTHOCTH, BO3bMeM B KauecTBe K moJe KOMIIVIEKCHBIX 4HCeJ H
[10JIOZKUM

2m
n=e";
toraa (18) npespaturca B Koneunniit psap Pypbe
" ok,
g@=Dae " (20)
’
i k=0
rie
1 n-—1 o k
—27 — 2
ckZEZe " %g(2). @1)
2=
ITpumep 2. Tlycrb & —npsimoe NpousBefeHUe WHKIHYECKHX
rpynn 3,, ..., 3, NOPSAKOB 4, ..., n,. Byner npennosnararecs, uto
HauMeHbllee OOllee KpPaTHOE U MOPSIKOB ny, ..., N, HE JEJHTCS

Ha Xapaktepuctuky mnonsi K, a camo nose K copepxut Kopuu uv-ii
cTeneny u3 equHHUbl. Onpenennm Bce xapakTephl rpynns & B noge K.

ITycte a;, ..., a,— nopoxjamoliye 31eMeHThbl rpynn 34, ..., 3,
Hm; (i=1, ..., r) — DDUMHTHBHBIA KOpeHb A~ CTENEHU M3 eQMHHULLL.
Ecan y — npoussosbusbiil xapakrtep rpynme 8, to ¥ (a;) a1a Kaxporo
[ SIBJISIETCA KODHEM 7;-H CTENEeHM U3 eMHHUBL H

kR
x (a,') = 7],-i.
Kaxaelii snevent x w3 & onHosHauHo mpejcTaBasieTcs B BUJIE
pa z, V4
=a'a,...a’

k2

X () =% (@) ...x (@) =i’ e

B kxauecTBe k; MOXKHO B35Thb 1060e U3 wuuces 0,1, ..., n;—1;
CIELOBATENLHO, HMEeTCA n=ny...1n, XapakTepoB. Buibepem oauo
U3 k; paBHBIM 1, a Bce OCTa/IbHble paBHbiMu O; B pesyabrare mosy-
HHTCs XapakTep o;. [IpousBonbHBI! XapakTep mpeacTaBasiercs B Bue

=of1glz. . o*
;o1 9 0L

L
I'pynna xapaktepos &' sBasiercs, cienoBate/ibHo, NPAMBIM NPOU3-
BCJICHHEM LHKJIMYECKHX TPYNN [OPSAKOB My, ..., M, T. €. H3OMOPHA
rpynne &. BHOBb oKasanoch Tax, yto &' M & H30MOp(]HbI,
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Touno Ttak »xe, Kak pawnblle, JA0KasnBaloTcs paBeHctsa (11) u
(12) u u3 mux Bewogarca (13)—(19). B pasenctse (15) myxHo,
KOHEYHO, BMECTO @ MHCATh

all...alr,
a B (18) Bmecro 0¥ —
7]’;1 % .

[TosgHee Mbl JOKaxkeM OCHOBHYIO TeopemMy o6 abeuae-
BblX I'pynnax, KOTopas yTBEpXKjaeT, uTo Jo6as abeneBa rpymnia
C KOHEYHbIM MHOXECTBOM NOPOXKIAMMKX 3/1€MEHTOB, B 4acTHOCTH,
Jqobasi Koueunasi abeseBa TIpymma, SIBASETCS NPSMbIM [POM3BeJe-
HUeM [HKJHYecKHX rpynn. CrenopartenbHO, JOKa3aHHblEe Bblule ¢op-
MyJbl BBIMOJIHSIOTCA B JIOO0H KOHeuHOH abeneBOi rpyrme.

Teopusa xapakTepoB MoxKeT OHITb mepeneceHa H Ha OGeCKOHEYHble
abenesbl rpynmnel. JIBoficTBeHHOCTb Mexay & u (' aBasercss Baxk-
HbIM BCIIOMOrare/1bHbIM CPEACTBOM B U3YYEHHH GECKOHEUYHLIX abeseBbiX
rpynn. Cm. IToutparus Jl. C. — Ann. of Math. 1934, 35, p. 361,
v Ban Kamnen (van Kampen E. R.). —Ann. of Math., 1935,
36, p. 448.

.. nkrzr
r .

§ 55. IlpocroTa 3HakKonepeMeHHOW rpyNnbi

B § 51 mb Bugenu, uro cummerpuyeckue rpynnsl &, u &, pas-
pelrHMsl. B mpOTHBOMOMOXKHOCT 3TOMY, BCE MOC/IEAYIOLUIHE CHMMe-
TpHYeckHe rpynnel &, paspemlMMbiMH He sBJstoTcsA. [IpaBaa, B HUX
BCErjia ecTb HOPMaibHasl TOATPYMNNA HHAEKCa 2 — 3HaKOoNepPeMEeHHAd
rpynna ¥,; OJHAKO KOMIO3WLHOHHBIA P KaXJOH M3 HHX Nepexo-
aut ot A, cpasy k &, B COOIBETCTBHH CO c/elyiollel TeopeMoii:

Teopema. 3nakonepemennas epynna A, (n>4) npocma.

Ham nonapo6urcs

Jlemma. Ecau nopmarsras nodepynna N epynnot A, (n>2)
codepaicum Yuka w3 mpex nemermos, mo N =,

HokasaTeabcTBO smeMMBbl [Tyctb N comepxur uuka (1 2 3).
Torna B N nomxken conepxaTbCsl H KBaApaT 3Toro wukiaa (2 1 3) u
BCe TpaHCHOPMHPOBAHHbBIE H3 3TOTO LHKJA 3J1€MEHTbL:

0:-213-01 (c&,).
Bosbmem o= (1 2)(3 &), rne £>3; Toraa
c-(213)y-0t=(l 2 &).

Taknm o6pasom, noarpynna N cozep:kuT Bee wukabl Buga (1 2 k).
Ho raxkme umkabl nopoxpawor seio rpymmy ¥, (§ 10, sagaua 4).
Cregosarenbno, N =U,.

JloxasatenncTBo Teopembl. Ilyctb N —npoussosbHas
oTnuHass ot & HopMmaibHasg noxarpynna B U,. Mbl J0/MKHbl JOKa-
3atb, 4yTo N =N,,.
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Bhibepem B N MOACTAHOBKY T, KoTopas, Gyayuyw OTIHUHOH oT 1,
OCTaBJISICT HETIOJABHXKHBIMK HaHOOJbIIee BO3MOXKHOE KOJHYECTBO YHCEI
H3 TeX, Ha KOTOpbie NeHCTBYIOT MOACTAHOBKM H3 JAHHOH CHMMeETpH-
yeckoil rpymnel. [lokaxem, 4TO T MepecTaBisieT B TOYHOCTH TPH
yycsa, a OCTajlbHBIE He CABHIAET C MECTa.

CHauaja MpPEANO/IOKHUM, YTO T IepecTaBisieT B TOYHOCTH 4 3je-
menta. Torja T sBAsieTCsl [IPOM3BENEHHEM JIBYX TPaHCHO3uiUH,
NOTOMY YTO [POCTO HET JPYroro croco6a MOCTPOUTH YETHYIO MOJCTA-
HOBKY, KOTopas MepecTasiasieT B TouynocTH 4 3nementa. Coenosa-
TeJbHO, NYCTh

=(1 2)(3 4).

[To ycroBuio n >4, [103TOMy MNOACTAHOBKY T MOXHO TpaHC(HOp-
MUpPOBATh C NOMOLIBI) MMOACTAHOBKH 0 =(3 4 5) M moNyuuTh

T =010 l=(1 2)(4 5).

[Ipoussenenne tt, sBJAsETCS TPOHHBLIM LWHKJIOM (3 4 5) H, cieno-
BaTe/ibHO, [EPEcTaBIseT MEHbLIE YHCeJ, YeM T, YTO MPOTHBODPEUHT
BLIGODY T.

[Ipeanooxum jajee, 9T0 T nepecrabaser Gomee 4 uucel. BHOBb

sanuuieM T B BHJE [POH3BSAEHHS LHKJ/IOB, NpHYeM HayHeM C Hau-
Gonee AAHHHOrO; Hampumep,

t=(1234..)...,

HJIH, €CJU CaMbifl [IJIMHHBIA [HKJ COCTOMT M3 Tpex uucel,
t=(123)45..)...,

WIH, €CJH B MNOJACTAHOBKY BXOAAT JIMIUb ABOHHBIE IHK.IBI,
t=(1 2)(3 4)(5 6)...
TpaucopmupyeM T ¢ HOMOUIBIO NOACTAHOBKH
o=(2 3 4);
NOJNYYUM IIOACTAaHOBKY
T, = 070 7,

KOTOpas B K&XKAOM H3 TpeX Ha3BaHHBIX C/yyaeB MMEeT TdKOil BHA:
n=(1342..)...,
u=013425..)...,

,=(1 3)(4 2)(5 6)...
Bo Bcex sTHX caydyasx T, 5~7T, TaK 4r0 T7'1; %= 1. [loacranoBka

T-1T, B 1IePBOM H TPEThEM CAyudsiX OCTABJISIET HENOJBHKHBIMH BCe
ypena k>4, notomy 4ro A5 HHX T,k =Tk. Bo BTOpOM Xe ciayuyae

T=(123)(45..)

i T-lT, OCTaB/seT HENOABHMHBLIM BCe 4ncia, Kpome 1, 2, 3, 4 u 5;
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TakuM o0pasoM, 3Ta [OACTAHOBKA IEpecTaBjsieT JHIIb NMATL YHCen,
B TO BpeMsl KaK T mnepectaBasier GoJjee NATH YuCes.

Taknm o6GpasoM, BO Bcex caydasx MNOACTaHOBKA T T, mepecras-
JISIET MEHbIle 4YuCe], YeM T, YTO IPOTHBOpeuuT BwiGOpy T. Cuegoa-
Te/IbIIO, TOJACTAHOBKA T MOXKET IMepecTaBisiTbh JHWlib TPH uHcaa. Ho
TOTA4 T SIBJASETCS TPOHHBIM LHKJOM U, COIJIAacHO Jemme, N =?3U,.
Teopema TOJHOCTBIO J0Ka3aHa.

3apaua. JlokasaTs, 4TO AJlst n =4 3HaKonepemeHHas rpynma %, saBasercs

€IMHCTBCHION HOPMAaJbHON NOATPYNNOH rpynnsl &,, OTJHYHOH OT caMoH 3ToH
rpynnsl ¥ ot .

§ 56. TpaH3UTHBHOCTH H NPHUMHTHBHOCTH

[pynna NoACTaHOBOK HEKOTOPOro MHOXKeCTBa I  HasblBaeTcs
mpansumusnoil #ad IN, eclu HEKOTOpHIH 31eMeHT @ u3 I ¢ Ho-
MOHUIbIO NOACTAHOBOK M3 3TOH TIPymNbl MoxkeT ObITh nepeBeleH BO Bce
3JeMEeHTh X H3 M.

Ecsu BhinoiHeno ato ycioBue, 10 a5 JoGHIX JBYX 3/€MEHTOB
X, Y CYLIeCTBYeT NOJACTAaNOBKAa H3 TpPYINbl, KOTOpas NEPEBOJMT X
B 4, MOTOMYy YTO H3

pa=x, ca=y
c/IesyeT, 4To
(Cp ) x=y. :

CaepoBatesbHO, B BONPOCE O TPAH3UTHBHOCTH 0e3pas/HYHO, KaKOil
HCXOAHbIH 3/1€MEHT BbICHPAeTCss B KauyecTse d.

Ecim rpynna & ne sisnserca Tpausutuhoit nax M (unmparsu-
MmusKas epynna), T0 MHOKecTBO M pacmagaercs Ha obaacmu mpan-
SUMUBHOCMU, T. €. Ha TaKHe NOAMHOMKECTBA, KOTOPbe TPyMma mnepe-
BOJIUT B ce6si ¥ HAa KOTOPBIX OHA SIBJAsETCS TPaH3UTHBHOA. B ocHose
pa3OHeHHs Ha TaKHe MOJMHOMKECTBA JEXKHT C/AefyiCllee OTHOLICHHE:
JBa 3jemMeHTa a, b u3 M Torga M TOJABKO TOTJA BKJIOYAIOTCS B OJHO
TIIOJIMHOKECTBO, Korja B ( CylllecTBYeT 3/eMeHT O, NepeBOAAIHE a B b.

IJT0 OTHOIIEHHe, BO-NIEPBbX, pPe(IEKCHBHO, BO-BTOPbIX, CHMMe-
TPUYHO, B-TPETbHX, TPAH3UTHBHO, [OTOMY YTO:

1) ca=a paa o=1;

2) us ca=> caenyer o-h =a;

3) u3 ca=>b, th=c caenyer, uto (10)a =c.

CiiefloBatesbHO, 3THM YCJIOBHEM ONpeensieTcsl pasGHEeHHe MHOMKECTBA
M wa KIaccol.

Eciu rpynna ® tpansutusna max M u &, —noarpynna, co-
CTOANASA H3 IEMEHTOB IPyNib! (B, OCTaB/IOMIUX HENOABUMKHBIM 3JI€-
MeHT a u3 I, TO Kam/bli JIeBbIH CMeXHBIH Kiaace 1@, 1o HNOArpyH-
ne (5, MepeBOXMT 3/EMEHT Q B OJHO3HAYHO ONpPENE]CHHEI 3/EeMEeHT Tda.
Takum 00pasoM, JeBBIM CMEXKHBIM K/J1acCaM B3aHMHO O{HO3HAYHO COOT-
BETCTBY!OT 3/eMeHTH MHoxecTBa IN. Ciie0BATEIbHO, YHCAO CMEXKHBIX
K1acCoB (MHJAEKC rpymmbl ;) paBHO YHC/Iy 3J€MEHTOB MHOMxecTBa IN,
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I"pynna TeX 3J€MEHTOB U3 @, KOTOpble OCTaBJIAIOT WHBAPHAaHTHbIMH
3JC€MEHT Ta, 3a4aeTcd PaBCHCTBOM

Gpq = TG, 7L

TpausuTHBHAs TpYMNa NOACTAHOBOK HEKOTOpOro Mmuoxectsa Mt
HasblBaeTCs umnpumumuenol, ecna M pas3buBaercs Mo MeHbLIeH Mepe
Ha [Ba Hemepecekawolluxcsi moaMHoxecTsa My, My, ..., U3 KOTOPHIX
XOTs 6bl B OLHOM COAEPKHUTCS1 GoJiee OJHOrc 3JeMeHTa, NMpHUeM 3Jje-
MeHTBbI TPYNIb NepeBolsT Kamuoe M, B Hekotopoe M. MHoxkecTsa
M, M, ... HA3LIBAKOTCA OGAQCMAMU umnpumumuerocmu. Eciu xe
pasbueHue

M =M, U, U ...

TOJILKO YTO YKAa3aHHOrO BHAa HEBO3MOXKHO, TO TIpyMla HasbiBaercs
npUMUMusHoL.

[Ipumepun. YUerepuas rpynna Kiefina uMmnpumuTHBHA € 0Osac-
TAMH HMIPHMHTHBHOCTH

{1, 2}, {3, 4}.

(Bnpouem, BO3MOKHBI ellle ABa pa3bHeHHA HA O6GJACTH HMIDHMHTHB-
HocTH.) HaoGoport, moJHasi rpymnma MoACTaHOBOK (M, paBHbBIM o0pa-
30M, 3HAKOIepeMenHasi TPyNNa) Ha 7 CHMBOJIAaX 0053aTesIbHO SIBJSIETCS
TIPUMHTHBHOH, TOTOMY 4YTO JUIs KaXKIOrO PasioKeHHsi MHOxecTBa M
Ha TMOJMHOXKECTBa&, HampHmep,

M=1{1, 2 ..., BUL.JU ... A <k<n),

CyLIeCTBYyeT [OACTaHOBKA, KoTopas mnepesoguT {1, 2, ..., k} B
{1, 2, ..., k—1, k+41}, 1. e. B MHOXecTBO, umeollee ¢ {1, 2, ..., k}
o6lHe 3JEMEHTHI H HE COBMajaiollee ¢ HUM.

[pu soGom pas6uenun M ={M,, ..., M,} c onucaHHbM BbIlIE
CBOHCTBOM, B KOTOPOM, C/EIOBaTeIbHO, Ipymnmna (9 nepectaBisieT MHO-
xectBa M, Mexily co6of, M1 KaXkIOrO Vv CYLIECTBYET NOACTAHOBKA,
npuHajiexamas rpynne, Koropas nepeBoaut Mi; B IM,. [leficru-
TEIbHO, HYXKIO JHIUb Ha OCHOBE TPaH3MTHBHOCTH HAaHTH Takylo MOJ-
CTaHOBKY, KOTOpasi IPOU3BOJLHO B3ATHIl 37eMeHT u3 M, repeBomut
B Kakoi-HuGyAb deMeHT U3 M,; Torga sTa MOACTAHOBKA Oyler me-
pesogure IM; B IM,. Orciona, B YaCTHOCTH, CJENYET, UTO MHOKECTBA
M,, My, ... COCTOAT H3 OJHOTO H TOTO IKE YUCAA ITEMEHTOB.

15t IpOM3BOJIBHOH TPAH3UTHBHOH TPYNIBI IIOACTAHOBOK (Y HeKo-
TOpOro MHOXKecTBa IN BhINOJMHSIEICA C/exyloiasl TeopeMa:

ITycmo § — nodepynna, cocmoauan uz mex remernmos epynnvt 9,
KOMmopole OCMABASIOM  HenoOBUNCHLIM HEKOMOPbLL 3AeMeHm . MHOJiCe-
cmea M. Ecau epynna & umnpumumusna, mo cyuecmsyem nodepynna b,
omauuHas om & u om g, 0aa Komopot

jcbhci®,
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u obpamuo, ecau cywecmsyem nodepynna b, yOOBACMBOPAIOUIL IMUM
gxouerusn, mo O umnpumumusna, I'pynna b ocmasasem Henodsuoc-
HoOl 00HYy w3 obaacmell umnpumumusrocmu My, a nessle cMexcHble
Kaaccor no by nepesodam Iy 6 me uau unvie o6racmu M,
HoxasateabcTBo. [lycrs cravata rpynna (Y UMIPHMUTHBHA
g M={M,;, M,, ...} —ee pasjokeHue Ha 06,1aCTH HMIPUMUTHB-
noctd. Ilycib a — HekoTtopwii asiemeHT obsmactu M. Ilyers b — noa-
TPyINa 3/7eneHTOB I'PYNMbl (¥, OCTABASIONIMX HNBAPHAHTHLIM MHOMKe-
ctBo M. CorslacHO cjle/laHHOMY BbIle 3ameuaHuio rpynna by cogep-
HKUT BCe IOJACTAaHOBKH M3 (%, mepeBoisiliie a B ceGsl HIH B KakoH-
HUOYIb APYroH 3JeMEHT MOoAMHOXKec1Ba IN;; OTCloAa CJAeAyeT, uTO
acl u bh==q. Ho B rpynme (¥ cyliecTByeT MNOACTaHOBKa, KOTOpas
nepeBofuT Mi;, ckaxeM, B My nostomy | == G. Ecau v nepesoant
cucremy N, B M, 10 1 Bech ChexHbIA Kiaace th nepeBogut My B M.
Q6paTtro, nycTb g—rpynna, oTiuuHas or & u or b, W nycrsb

gch@.

[pynna & pacnajaerci Ha CMeXHbIe KaacChl Tl) M KakAbH H3
3THX CMEXHBIX KJAaCCOB paclialaeTcsl Ha CMEXHBIE KJjaccel 04. [lo-
CIeJlHHEe CMEXKHBle KJacChl IIEPeBOAST 3JEMEHT a B HEKOTOpble 3Je-
MEHTBH! 0aQ; CJeJ0BaTeJbHO, eclH HX cO6paTbh B CMEXKHBIE KJaacchl Th,
TO 3JEMEHTHl 04 COCTaBSIT N0 MeHbIled Mepe JBa HelepeceKkarolluxcs
MHOXKecTBa Mi;, IM,, .., KakAoe U3 KOTOPHIX COCTOHT IO MeHbliel
Mepe M3 JBYX 3JeMeHTOB. MuoxectBa MM, ONpenesiorcs, TaKHM
0o6pasoM, YCIOBHEM

M, =1la. (1)

Kamnas Hopasi nojcraHoBKa ¢ repeBoiutT IM,=1tha B otha, T. e.
ONfTb-TAKH B HEKOTOPOE NMHOMXKECTBO TOTO Ke BHIA, UeM H JOKa3hl-
BaeTcsi HMIPUMHTHBHOCTh rpynms 5. OGosHaunM uwepes IN; MHO-
KECTBO, MmoJyyamolneecss B cooiBeTcTBHH ¢ (1) mpu t=1; Torma }
(B cuty b, =bhla =bLa=NN;) ocraBaser 06JacTb UMIPHMHTHBHOCTH
i, HEMOABMKHOH, a CMeXHBIE KJjacchl Th mepeBoasit I, B ocTasb-
Hple obnacTu uMIPHMHTHBHOCTH M, (B cuay T, =thha =tha).

3apauva l. Ecam uyucao sneMeHTOB MHoxkecTsa IR npocToe, TO Kaxkjxas TpaH-
3UTHBHAA Ipynna Ha N NpUMHTHBHA.

3anaua 2. Onpefenentan Boiue rpynna b TpansutusHa Ha M.

3agaua 3. [Mycrs muoxecrso M passaraeTcst Ha TPH OBMACTH HMIIPHMHTHB-
HOCTH, B KaX[0H M3 KOTOPHIX 110 jiBa 3Jementa. [TycTb mopsi ok rpynms g paser 12.
Yemy pasen

a) ungexc rpynnsl § B rpynne (;

6) HHIEKC rpymnel ¢ B rpynne f

B) HOPSAOK rpynikl g?

3agaua4. [lopsigioK TPaH3UTUBHON rpyNNbl MOJACTAHOBOK KOHEUHOTO MHO-
xecTBa OOGBLEKTOB AEJHTCS Ha YIC/IO 9THX OOBEKTOB.

3aMeuangue. Yucio nepecraBJ/isieMbiX 00bEKTOB Ha3biBaeT st Crne-
fIeKb/0 TPYIIBI NOJACTAHOBOK.



T rasa eocomas

TEOPHS TAJIYA

Teopus [anya 3anumaercss KOHEUHBIMH cemapaGeNbHBINMH  paciiu-
peHusamy nojs H u, B 4aciHOCTH, WX H30MOP(GHU3MAMH U aBTOMOD-
¢usmamu. B Hell ycranaBinBaeTcsi CBfi3b MeXLY PaCIUMPEHHAMH AaH-
Horo noJsst H, coxep:Kamumucss B (DUKCHPOBAHHOM HOPMAJbHOM pac-
[MPEeHUH 3TOTO TNOJfA, WM MNOATPYINAMH HEKOTOpOH creluaabHOMN
KOHEUHOH rpynnel. Bjarogapd 3T0i TEOPHH OKa3blBAETCS BO3MOMHbIM
OTBETHTb Ha pAasJjiMuHblE BONPOCH O pa3peliuMocTy aJjrefpandyecKux
ypaBHeHUH.

Hpyroe uznoxenue teopur lanya cm. B kuure Aprud (Artin E).
Galois theory. — Notre Dame, 1944.

Bce Tena, paccMmartpuBaembie B 3TOH rJaBe, CHHTAIOTCA KOMMYyTa-
THBHbIMH. [locie K GyieT Ha3LBATbCA OCHOSHOIM.

§ 57. I'pynna Faaya

Ecau 3agano ocHoBHoe mnote H, To coriacHo § 46 kaxpoe Ko-
HeyHoe cenapabeabHOe pacllMipeHHe 2 310r0 NOJAA  TOPOXKIAETCs
HEKOTOPBIM «IIPUMHTHBHBIM 3JjiemMenToM» 8: X =H (0). Corsacno § 44
paciiipeHue X UMeeT B HEKOTODOM MOAXOJfllie BHOpaHHOM pacilupe-
nug Q cronbko ke usomopgusmo Hag H, T. e. usomopduaMoB,
OCTARJISIIOUIUX BCe 3JeMeHThl U3 H Ha Mecle, KakoBa CTemeHb n pac-
mupenns 2 moas H. B kadecTBe Takoro pacilMpeHusi © MOKHO
B3STb NO0JE€ pas3JioKeHWd MHorowieHa f(x), KOpHeM KOTOPOro fABJsi-
ercsl 3aemeHT 8. Takoe mnosie passoKeHHS SBASIETCS HAUMEHBIIMM
nag H HopMasbHBIM paclidpeHHeM, COJEpPKallUM MoJe X, HJAH, Kak
MBI elle Oy7eM TIOBOPUTb, $2 HABJACTCH HOPMAALHOIM PACULLPEHUEM,
coomeememsyiowiumn noyo X. HMszomopdusmel paciupenusa H (6) nvag K
Moryt OBbITL omnpefenenb 6jarogapa ToMy OBCTOSITENBCTBY, UTO 3Je-
MeHT 0 NepeBOJAHTCS HMHU B CONpSKeHHbIE sjeMenTs 0y, ..., 0, mona Q.

Kawawiit anemvent ¢ (8) = Y] a6 (ay = H) nepexonur torza 8 ¢ (6y)=
22%93 ¥ NO3ITOMY BMECTO TOro, 4TO6hi FOBOPHTbL 00 M30MOpQH3NMe,
MOXHO TOBOPHTb O nodcmaroske §+— 0.

HeoGxopumo, opHako, o6paTHThb BHHMAaHHE Ha TO, YTO 3JIEMEHTHI
6 u 0y ABAAIOTCA ML BCMOMOTaTeNbHBIM CPEIACTBONM, jle-
JarouumM Gogee yI00HBIM NpeACTaB/eHHe H30MOPHU3MOB, H 4TO 110 H H-
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THe usoMopdH3Ma COBEPIIEHHO He 3aBUCHT OT TOrO HJH HHOFO BbI-
6opa asnemeHrta 6.

Ecau Z — nopmansroe pacuiuperue, mo 8Ce CONPANEHHbIE HOAS
H (8y) cosnadaom c Z.

JleHCcTBUTEILHO, IIPEXKNE BCEro, B 3TOM cJayuae Bce 0, cojepkarca
8 H (6). Ho H (6,) sxBuBasnentHo H (6), a motomy sBasieTCst HOpMAJib-
upiM. CrenoBaTtesibHo, H HaoGOpOT, 3JI€MEHT 6§ CONEPIKHICA B KarIOM
nose H (8y).

O6patHo: ecau Z cognadaem co scemu noaamu 3 (8y), mo pacuu-
perue % HOPMAALHO.

JeficTBUTeNIbHO, B 9TOH CUTyanMH paciiMpeHHe X pPaBHO MO0
pasaoxenus H (6, ..., 6,) muorounena f(x), a noromy OHO uop-
MaJibHO.

Bynem Bipeab cuutath, yto 2 =H (6) — HOpMasbHOE paciunperHe.
B 3TOoM caydae n3oMopdi3Mbl, mepeBoisiiue 2 B CONPsKEHHOoe C HHM
none H (8y), okasbiBaioTcst agmomopguamami nona 2. OueBHIHO, 4TO
5TH aBToMopduaMbl Mo/t X (OCTaBJASIOIIHE HENOABHIKHBIM KaXKIblH
ssnemenT H3 H) cocraBasiioT rpymnny U3 s 3J€MEHTOB, KOTOpas Hasbl-
Baercd epynnoti Farya noas E nad nosem K uau omuocumersro H.
B HaIMX NOCAEAYIOIMIMX PAcCMOTPEHHAX 3Ta TPyMna Urpaer IVIaBHYIO
poab. Byxem oGosnauaTh ee uepes . IlonyepkHem elle pas, 4to
nopadvk epynner Faaya pasen cmenenu pacuiupenuss n= (3% : H).

Korga B HEROTOpLIX caydasix pedb 3aXomur o rpynne [anya ko-
HEYHOro cenapafe/bHOro paciidpenus 2', He ABJ/IAIOWErocs HOPMaJb-
HbIM, NOApasymeBaercsi rpynna [anya COOTBETCTBYHOIEIO HOPMAaJb-
Horo paciuupenus 3 = 23'.

Has  oTbicKaliisl  aBTOMOP(U3MOB  COBCEM HET HeoOXOIHMOCTH
HCKaTb NPUNHTHBHBLIA s/emMeHT paciuupenus 2. Moxno mocTponth X
nyTem HECKOJIbKUX MOC/Ie0BaTe/ibHbIX npucoeannennfi: 3 =H (ay, ...

., Om), 3aTeM HafiTy usomopdusmbi noas H (a,), xotopbe nepeso-
AAT O B CONPsIKEHIbIe C HUM 3JIEMEHThl, MOC/E 3TOr0 [POJOJ/IKHT
noayuennble H3onMophusmsl A0 H3omopdusnos nois H (o, a,) u T. 4.

BaKHbBIM YaCTHBIM CJAYYaeM fIBJASETCA TaKOH, KOTAA Oy, ..., Oy —
370 BCce KOpHH HekoToporo ypasHenus f(x)=0, He MMmewwero kpar-
Helx  xopueit. [lon epynnod ypasuenus f(x)=0 nan muozourena f(x)
noapasymenaercsi rpynna [anya noss pasnoxenus H (o, ..., oy)
aToro MuorouseHa. Kaxaei#i asromopdusm Han nosnem H mepeBomut
cucteMy Kopiiefi B cebsi, T. €. mepectap/feT KopHH. Ecau takas nepe-
CTAHOBKA H3BECTHA, TO H3BECTEH H aBTOMOPGH3M, MOTOMY 4YTO eCJH,

HaNpUMEp, Oy, ..., Oy MEPEXOAAT B O, ..., Olm, TO KAXKIBIA 3JIEMEHT
uz H (o, ..., Qm), Kak palmyoHaNbHas QYHKLHA @ (04, ..., Op), 0€-
PEXOJUT B COOTBETCTBYIOLLYIO QPYHKIHIO ¢ (2, ..., &n). Clenosaresbro,

2pYnny YpABHEHUS MOXCHO POCCMOMPUBAMb KAK epynny HeKOMmopbix
nodcmanosox KopHeil. ViMeHHO 3Ta rpynma nojicTaHOBOK OyjaeT Bceria
mojpa3syMeBaTbCsl, KOLJa peub 3alJeT O rpymnile Kakoro-1u6o ypas-
HeHud.
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[lyc1s A — HcKoTOpoe «mpomexyToudoes note: H=A < Z. Io
onuoit u3 Teopem § 41 kaxnpil nsoMmopdusm noas A Hap H, nepe-
BoASMEA A B conpskeHHOe ¢ HUM mnoJje A’ BHyTpu X, MOXHO Mpo-
LOMAHTD 0 HEKOTOPOro H3omopdmuama nois Z, T. e. 10 HEKOTOPOro
snemeHTa rpynnsl [anya. Otciona criepyer yrBepikieHHe:

Hea npomesxcymotnsix noan AN, A conpsoenor Had K moeda u
moaeKko moeda, Koeda OHu nepesodamcs Opye 6 Opysa Hekomopot
noOcmanoskoil us epynnet 'arya.

[Tonoxum A=H (a); Torna TOYHO Tak ke MOJYYaeTcs YTBepKje-
HHe!

Hsa sremenma o, o noasn T conpsoicener Opye ¢ Opyeom nad H
moe0a u moavko moeda, Ko20a OHU nepesodamca Opye 8 Opyea Heko-
mopoil noocmarnoskoid uz epynnot Farya noss Z.

Ecau ypaBHenue f(x)=0 HepasJoXKHUMO, TO BCE €ro KOPHH CO-
npsixedsl, W HaoGopoT. CjenoBarenbHo,

T'pynna ypasrenus f(x) =0 mpansumusna moeda u moasko moeda,
K020a YpasHeHue HepasioxCumMo HAO CCHOBHOIM NOACM.

YHeso pasauulbix  CONPSIKEHHE!X € O 3JEMEHTOB 10Jsi £ pPaBHO
CTENeHH HEepasJONHMOro ypaBHEeHHs, ompejeasiomero o. Ecau 310
uucsaI0 paBHO 1, TO @ sABJAsETCH KOpPHEM JIMHEHHOIO ypaBHeHHs H
nosremy cosnepxutcs B H. Crenosaresbno,

Ecau  anremenm o noas % ocmaemcs HenoOBUNCHoIM npu ecex noo-
cmanoskax uz epynnor Iarya noas %, m. e. nepesoOumcs 8cemu noo-
cimaroskami 8 ceds, mo ocrosroe nose K codeprcum o

M3 Bcex a1HX TeopcM yike BHAHO TO OOJMbllIoe 3HAueHHEe, KOTOpoe
uMeeT rpynna anTomopdH3MOB MpH M3yueriuu cpoiicTB noJs [lpuse-
JEHHBIC TeopeMbl JIHIIL A1 yaobeTBa opMyJHPOBANUCh LSt KOHEY-
HbiX paclUMpeHHuH; ¢ MOMOLLbIO «TPAHCHUHUTHOHK HHAYKUHH» OHHM Ge3
TpyJla InepeHocsitcs M Ha GeckoHeuHble pacuipenus. OHH oOcTaloTcs
BepHBIMH Jlazke JJ1st HecenapaGe/bHBIX pacLUIIPeHHH, €CiH TOJBKO
3aMEHHTDb CTENeHb PacIlHpeHHs] Ha PelyLUPOBAHHYIO CTENeHb U YTBep-
JKJIEHHE I0C/efiHell TeopeMbl BLICKA3aThb TaK: « .. TO OCHOBHOe noJse H

comepkuT o’ , rie p — xapakTepucTikay. Hanpoius, «ocHOBHasi Teo-
pema [anya», KoTopo#l nocesillen CJeAYIOWMH naparpad, BBINIOJHS-
eTcsl TOJNbKO JJIsl KOHEUHbIx cenapabesbHBIX pPaCIIHpPEHHH.

Pacwupenne ¥ noas H HasuiBaercsi abesegoim, €Cjin €ro rpymmna
lanya aGeneBa, yuxauueckum, ecau ero rpynna I'anya UHK/JHYHAG, H
T. 4. TOYHO Tak Xe ypaBHEHHE Ha3bIBACTCS abeacebiM, YUKAUHECKUM,
npumumusHeim, ecau ero rpynna Tanya abeneBa, LHKAHYSCKAs HJH
(kak rpynna rnojciaHOBOK KOpPHeH) NpHMHTHBHas.

Oco6enno mnpoctodi npuwvep rpynn Tanya nociaBasoT noas
TFanya GF (p™) (§ 43), ecau cozepxxaiieecsi B HHX mnpoctoe mnoge [I
paccMaTpUBaTh Kak OcHoBHoe. PaccuniorpenHud B § 43 aBTOMOpdHU3M
s (o —> af) H ero crenenu s, s, ..., s” =1 OCTaBJASIOT HENOIBIKHBIMU
Bce a7eMeRTh H3 JI u nostomy npunapnexar rpynne Ianya; Ho Tak
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KaK noJje HMeeT CTeNeHb m, 3TH aBTOMOP(PH3MBI COCTABJSIOT BCIO
rpynny. [locnennss sBasercs, TakuM 00pa3oM, UHKJUYECKOH MO-
paaka m.

3anaya l. Kakias paunonasbras QyHKIHS KOpHell HEKOTOPOro ypaBHeHus,
KoTOpas Moj AeHCTBHeM MOJACTaHOBOK W3 Ipynnul lanya nepeBoautcst B ce6s, npH-
HAAJEXXHT OCHOBHOMY MOJIIO, H HA060pOT.

3apnaua 2. KakHe BO3MOXHOCTH HMEIOTCH JAs TPynmbl HEPA3NOKHMOro
ypaBHeHHsI TpeTbel CTeneHH?

3apava 3. I'pynna ypaBHEHHS COCTOHT TOJNBKO H3 YETHbIX MOACTAHOBOK
TOI\@ H TOJBKO TOrAa, KOTJa KBajpaTHbIA KOpeHb H3 AHCKDHMHHAaHTa 3TOr0  ypas-
HCHHS COJEPXKHTCH B OCHOBHOM ToJie (NpeAnonaraeTcsl, UTO XapaKTEePHUCTHKA He
paBHa IBYM).

3apnaua 4. C nomoubio 3agay 2 ¥ 3 HaliTH Tpynny ypaBHeHHS

B42x41=0

Hal NoJieM palMoHa/lbHbiX uMcen. (McenegoBaTh npexje Bcero TPaH3UTHBHOCTDL!)
3apgaua 5. C nomoupio KBagpaTHbHIX H KyOHUeCKHX KOpDHeH pelHTh ypas-
HEUHs
¥ —2=0,

x¥—5x2+46=0
H TOCTPOMTL HX rpynnsl. CienaTh TO XKe caMoe A «YPAaBHEHUH ACJCHHA Kpyra»

¥4 x241=0,
xt-1=0

(Bce Haj mojeM palHOHAJLHBIX YHCEN).

§ 58. Ocnosnas Tteopema Teopun Tanya

OcHoBHast TeopeMa 3BYYHT Tak:

1. Kascdomy npomexcymournomy noao A, H=A <=3, coomeem-
cmeyem Hexomopasi nodepynna § epynnst Faaya &, a umenno, coso-
KRYRHOCMYb MeX asromMoppuamos u3 (v, KOMopble OCMQBASION HQ Mecme
ece gremenmot u3 A. 2. [lore A onpedeasiemes nodepynnoil o 0dHo-
BHAYHO; UMEHHO, N01e A A6ASEMCA COBOKLNHOCIbIO Mex 3AeMeHmos
uz X, Komopele «6bl0epicusaionty ece ROOCIMQHOSKU U3 g, M. e. 0Crma-
IOMCA  UKBAPUAHMHbIMU npu  smux nodcmanoskax. 8. Jlas xawdodl
nodzpynnet § epynnot & moocro Haumu nore A, xomopoe Haxodumcs
¢ nodepynnoii § 8 MOALKO 4mo onucaHHou ceasu. 4. ITopsdok nood-
epynnoL § pasen cmenchu noas X Had nosem A; unlexc nodepynnoi g
8 epynne & paser cmenenu noas A wad nosem K.

HdokasareabctBo. COBOKYNHOCTb aBTOMOPGH3MOB HoJA 3,
OCTaBJIAIIIMX Ha MECTe KaXKAblli 3JeMeHT u3 A, aBasieTcs rpynmnof
l'anya monst ¥ wan A, T. e. Heko10po#i rpynnoii. Tem cambiM JoKa-
34HO yTBEpXKIeHHe 1. YTBepxieHHe 2 cJenyeT H3 moC/JepHEH Teo-
peMbl § 57, mpHMeHeHHOH K X KaK pacIUHPeHHI0 W A Kak OCHOB-
HoMy noJwo. Heckonbko 0osee TPyIHBIM #BJSeTCS yTBepxKAeHHe 3,
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ITyctb onate S = H (6) ¥ nycTs ¢ -- 3ajaHHag noArpynna rpynns &.
O6o3nauum uepes A COBOKYMHOCTH 3/EMEHTOB W3 X, KOTOpHE MpU
BCEBO3MOKHLIX TMOJCTAHOBKAX O u3 g nepexoast B cebs. OueBnaHo,
MHOXKEC1BO A sBjfeTcsl MojeMm, MOTOMY 4TO ecad o H [ ocralTrcs
HENOJBHAKHLIMH NpPYU MOJACTAHOBKE O, TO HEMNOJBHMKHBIMH IIPH 3TOH

nojcraHoBke 6yayt u a-+f, a—Pp, o B, u, B cayuae B0, %.

Jlanee, umeer mecro BkJodenve H < A < 2. ['pymnna lanya nogs 2
Haj moJeM A CcolepXHT NOATPYNNY ¢, TaK KaK MNOJACTAHOBKH M3 §
OCTaBJISIIOT HEMOJABHIKHBIMUA 37eMenTel H3 A. Ecam Oet rpynna lanya
nois X Haj A cojepxkana GoJiblie 3JIEMEHTOB, UeM BXOAUT B ¢, TO
crenedb (X2 :A) 6uuia Onl Godibiie, YeM NOPSJIOK MNOArpYNnnel ¢. Ita
CTeeHb paBHa CTeneHH 3JeMeHTa O Han moseM A, Tak Kak 2 =A (8).
Ecau oy, ..., 04— HOACTAHOBKH U3 ¢. To 0 ABJASETCS OAHUM U3 KOp-
Heil ypaBHeHUA h-# CTeneHH

(x—0,0) (x — 08) ... (x—0x8)=0, (1

KO3(dUILUEHTEl KOTOPOIO OCTAKTCS HWHBAPHAHTHBIMH NPH JeHCTBUH
Tpynnsl ¢, a NOToMy IpuHanaexaT nomo A. CrefoBare/bHO, CTeNeHb
sneMeHTa 6 Hag A He OOsblle, 4€M MOPAAOK NOATPYNNbl §. Takum
o6pas3oM, ocraeTcs JHIIb OfHA BO3MOXKHOCTb: NOAIPYyNna ¢ sBJafeTcA
B TouHocTH rpymuoil Taaya nons X nan nonem A. Tem cambiv
yTBep:xaeHHe 3 10Ka3aHo.

Haxoneu, ecny # — nopsiiok rpynnel (8, 4 — nopaioK NOArpy sl §
H j—HHJIEKC 3TOH MOATPYNMbI, TO

n=@X:H), h=2:A), n=h-j,
(Z:H)=(Z:A)-(A:H),

OTKYla
(A:H)=]j.

STUM J0KA3biBaeTcs yTBepXKIeHHe 4.

CorjlacHo TOMBKO YTO [OKA3aHHOM Teopeme ¢BA3b MEXIYy M[OA-
rpylnamMi ¢ M [POMEXKYTOUHBIMH TNOJAMH A  ABAAETCS  B3aHUMHO
OJIHO3HAYHBIM COOTBETCTBHEM. Bo3HHKaeT cuepylouuil BOIpoOC: Kak
HAWTH NOArpynmy ¢, Korja H3BecTHO A, M kak HalTH A, Korga
H3BeCcTHAa noarpymnma g?

[Tepsoe oueHp mnpocto. IIpeanosaoxus, 4TO yaKe HaHIeHB CONpS-
XKenuele ¢ 6 sugementsl 9;, ..., 0, BbipakeHHble uyepe3 8: Torga y Hac
€cTb  aBToMOpdH3Mpl 0+ 6,, KO1OphIE HCUepnmBawT rpynny &.
Ecnu Tenepp 3ajano mogmode A=H By, ..., Br), rae Py, ... Pr—
H3BECTHLIE BHIPAXKEHHS, 3aBUcsMe OT 0, TO @ COCTOMT NPOCTO M3
TeX HOACTAHOBOK TIpynmbl (J, KOTOpblE OCTaB/AT HHBAaPHAHTHLIMH
sJeMeHThE f,, ..., P, TOTOMY YTO Taxkue MOJCTAHOBKH OCTAB/ISIOT
MHBaDHAHTHBIMU BCe pallMOHA/AbHBIE QYHKLUH OT By, ..., Ps
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O6patHo, ecnn 3ajaHa Mojrpynna ¢, TO COCTABHM COOTBETCTBYIO-
iee Tpou3BefeHue

(x—00) (xy — 050) ... (x — 0,0).

Koshduuuenibt  3roro MmHorou/JeHa, Ccorjacho OCHOBIOI TeopeMe,
JOJZKHB TIPHHAIEKATh MO0 A H jaxe nopoxaats node A, noromy,
Y10 OHH MOPOXKIAIOT T0J€, OTHOCHTEJSbLHO KOTOPOro 3/jemeHt 6, Kax
kopeuib ypasHenus (1), nmeer cremenb /i, a ObiTb COGCTBEHHbIM
pacwmpenien a8 A 310 nose He moxer. CnenosailenbHo, o6pasyio-
e nodass A SBJISIOTCH 1IPOCTO 3JEMEHTAPHBIMH CHMMETPHUECKHMH
(YHKIUHAMH OT 0,8, ..., O40.

Hpyroit neToi COCTOHT B 10M, 4106bl OTBICKMBATH 3JeMeHT % (6),
KOTOpBHIH INpPH NOACTAHOBKAX U3 g OCTAETCS HENOABHXKHBIM, HO HHKA-
KHX JpYFHX MOJCTaHOBOK W3 (% He Bbigepxubaer. Torja snemedt
% (0) npunapJeRHT nosr A, HO He NPHHALIEKUT HHKAKOMY COOCT-
BEHHOMY NOANOJI0 Nossi A; TeM CaMblM 3TOT 3/€MEHT nopoxkiaeT A.

C powouwpio OCHOBHOH 1eopeMbl Teopud [anya noayuaercs nod
jIoe ONHCaHHEe NpPOMEXYIOUHLIX Mexay H u X nosed, xoria us-
BecTHa rpynna Iasya. OueBuano, uuC/A0 TaKuX nosefl KOHEYHO, MO-
TOMY 410 hOHE€UHas FPynna MMeeT JHULb KOHEYHOE YHUCJIO MOATPYII.
O6 OTHOIIEHHH BKJIOYEHHS MEXJIY pa3JHUHBIMK OOJSIMH  TaKKe
MOXHO CYAHTb [0 COOTBETCIBYICLUHM TPYNNan; 7104YHEe, HMEEeT MeCTOo
1eopema:

Ecau Ay —nodnone noas A, mo epynna ¢, coomsemcmsyrouan
noato Ay, codepacum epynny §,, coomeememayrowiyro noawo Ay, u Haobopom.

HoxasateabctBo. [lycte chnauana A, = A,. Toraa kaxpas
II0JCTaHOBKA, OCTABJAOIIAS Ha MecTe 3JeMeHThi H3 A,, ocTap/asieT Ha
MECTe W 3JeMEHTHl H3 A,

[lyctb, nanee, g; =¢q,. Torma Kaxnuwiil sneMeHT nons, KOTOPHIA
BbIJICPXKMBAET BCE MOACTAHOBKH H3 ¢, BHIIEPKHUBAET U BCE MOACTa-
HOBKH H3 .

B sakjicuenHe BbISCHHM CJeAYKCLIHH BONPOC: UTO MPOHCXOAHT
¢ rpynno#i Tanya nons H(6) nan nosnem K, Koraa ocHoBHOE mnose
K pacimpsietca 10 HekoTOpoOro modsisi A W COOTBETCTBEHHO pacliHpe-
nue H (6) —po pacwmpenus A (0)? (Konweuno, Mbl mnpearogaraem,
yto cumBos A (0) umeer cmbics, T. e. Kak A, 1ak u B comepxarcs
B HeKoTOpoM ofllev moje )

[TonctanoBku 6+ 0,, KOTOpbIE NOCJE MPONOJIKEHHS CTAOBSATCS
aBToMopusmamu noas A (8), npaiot 1axkxke usomopduambl noas H (6);
HO Tak Kak H () nopmanbuo mHan H, 3ty usovopdusmbl saBasiioTCs
H asTomoppusvamu pacwnpenus H (8). [Tosmomy epynna nodcmaro-
60K,  NOAYHQIOUAACS NOCAE PACULUPEHUS OCHOBHOZO NOAf, ABAAEMCS
nodepynnoi ucxodnol epynnet nodemanosox. To, 4io 3Ta moarpymma
MOXeT ObiTb COGCTBEHHOH, Cpa3y ycMaTpPUBAeTCsi B 4aCTHOM CJydae
BriGopa A kak npomexyrtouroro noas mexay H v K (6). Ho onu-
Caunaa moarpyuna MoOXel H COBNajaTh ¢ NEPBOHAuaJbHOH; TOraa
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FOBOPAT, YTO PACHIHPEHHE OCHOBHOTO IMOJISl He pedyyupyem rpynmy
noas H (6).

3agaua 1. Ilepeceuedne asyx moarpynn rpymnut Tanya ® coorsercTsyer
o6belHHEHHIO TIoJell, COOTBETCTBYIOIUX 3THM NOATPYNNaM, a 0GbeAHHEHHIO MOArPYNN
COOTBETCTBYET NepecedeHue nosed 1).

3anaua 2. Ecaum £ —uukanyeckoe pacuupesne noas ¥ cremenu 7, 10 44
KaxAoro nedauTenss d 4YHCIA n CyIECTBYeT POBHO OJIHO MpPOMEXYTOUHOE paclliHpe-
HHe A cTeneHH d W JBa TAKHX MPOMEXYTOUHBIX NOJS COpepXatcs APYr B Apyre
TOTa M TOJbKO TOrJa, KOrja CTeieHb OJHOrO M3 HHX JEJHTCS Ha CTemeHb Apyroro.
( 3agaua 3. C nomowpio Teopuu [ajlya 3aHoBO ompeneuTb noanoas B GF (p")
§ 43).

3anaua 4. Ilycte H= A u K (6) —uopmanbHoe pacwupenue noas K. IMo-
Kasate, 9to rpynna-noas K (6) sag K TorAa r Toabko TOrAa paBHa rpynne noas A (8)
nan A, xoraa K ()N A=H.

3agaua 5 C nomompio Teopem § 56 mokasats yTeepxaenue: noje H (@),
KOTOpOe MoJyyaercs NPrCCefHHEHHEM KOPHS HEKOTOPOro HEepas;0MHMOro ajireGpa-
YeCKOrO ypaBHeHHs, TOTAa H TOJIBbKO Torja o6/1afjaeT NofnoseMm A, yAOBJETBOpsiO-
UMM YCJIOBHIO

Ho AcK (@),

xorja rpynna [ajya sToro ypaBHeHHs Kak rpynfa MOACTAHOBOK KODHeil HMIPHMH-
THBHA. B 4acTHOCTH, moje A MOXKHO ONpejeJHTb TaK, 4ToObl cTeleHb paciiupenus
(A :H) Gbina paBHa uyucay obJacTeli HMIIPHMHTHBHOCTH. :

3apaua 6. [TokasaTs, YTO OCHOBHAS TeopeMa BepHa M AJisi HecenapaGe/bHbIX
pacluUpeHHil (XapaKTePHCTHKH p) TpH cjefyoueii MOAHGHKALHKH. YreepxaeHHe 2
NPHHAMAET BHA: COBOKYIHOCTb 3JEMEHTOB H3 X, BBIAEPKMBAOWHX NOICTAHOBKH H3
g, ABJsETCS «noseM KOpHejt monst A B moje Z», T. €. COBOKYNHOCTb TeX 3JEMEHTOB
noas 2, HeKOTOpas p/-a cTemenb KOTOPHIX MPHHANIEXHT A. YTBepkieHue 3 Mph-
HUMaeT TakOH BMA: AJS KaXkIOH MOATPYNMNBl § MOXKHO HAaHTH POBHO OAHO moje A,
KOTOPOE MHBADHAHTHO OTHOCHTEJILHO ONEPAlluH H3BJeYeHHs Kopuefi p-# crenehu H
BHIIEPIKHBACT NOJCTAHOBKH M3 ¢ H TOABKO M3 §. YTBepxieHue 4 Qopmyanpyercs
AN PelyLHPOBaHHBIX CTeleHei.

§ 59. ConpsixeHHble IPYNMbl, NOJAR H JMEMEHTHI MO

[Iycre onate & —rpymna Tanya noas 2 wag H w nycts f—
HexoTopeil  aemeHT W3 . Iloarpynna g, cooTBeTCTBYMOILAs® HpOMe-
®yrtounomy nomo H (B), cOCTOMT 3 MOACTAHOBOK, KOTOPhIE OCTaBJIAOT
snemeHT P HemoaBuxHbM. OcTasbHble NOACTAHOBKH 3 (& mepeBOAST
B B CONpsKEHHBIE 5MeMEHTh H Kaxpili compsxenibii ¢ f§ siemeHT
MOXXHO TNOJYYHTb TakuM crocoboM (§ 57). B atoit cutyauun umeer
MECTO cJjenylolllee NpefJoXKeHHE:

[Todcmanosxu epynnor &, Komopsle nepesodsm siemenm B 8 Heko-
mopbiti CONPAXCERHbIL ¢ HUM 3AeMERM, COCMABASIOM CMENCHblL Kaace Tg
nodepynnst § u Kasdoll cmesxcHbul Kaace nepeaodum saemenm B & o0ut-
COUHCIMBEHHBILL CONPANCEHHOIL C HUM FAEMEHM.

1) O6beAnHEeHHe IBYX NOATPYNN HEKOTOPOH rPyNIbl-— 3TO MOATPYNNa, mOpoxK-
JenHas! o6beMHEHHEeM YNOMSHYTHIX NOArPYNI KaK MHOMECTB, AHAJIOTHYHO onpejcs
AReTCA OODbeJHHEHHE [OJICH,
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ﬂ.O Ka3zarteabcTBO. Ecau P #u T —INOACTAaHOBKH, KOTOpbLIE
NepeBoAAT ﬁ B OAHH H TOT XK€ 3JIEMEHT.

p(ﬁ) =T (ﬁ)v
T @R)=1tt(B)=p

c/eioBaTeNbHO, T lp = 0 — 3JEeMeHT NOATPYMMLl § H [O3TOMY p = T0;
TaKuM 06pasoM, p H T JeXKaT B OJHOM H TOM K€ CMEeXHOM KJacce Tj.
O6paTHO, €cau P W T JeXaT B OJHOM H TOM K€ CMEXHOM KJjacce —
B KJacce Tg, TO p=1T0, e O — 3JeMeHT NOATPYNIH §, H

pB)=Tt0 @) =1(c(B))=7(B)

W3 nokasanHoro ¢akrta 3aHOBO C/I€AyeT, YTO CTeNeHb 3/1eMeHTa [
(T. €. YKCIO CONpPAXKEHHBIX C HHM 3J]€eMEeHTOB) paBHAa HHAEKCY TOJA-
rpynnul ¢ (T. €. 4HC/IYy CMEXKHBIX KJacCOB).

AptomopdusM T, KoTopmiHl mepesomuT f§ B TP, mepeBOAUT moJje
H (B) B compsxennoe none H (tf). OkaswiBaeTcss BepHbIN C/elyio-
mee yreepxkienue: nose W (1f) coomsemcmeyem nodepynne v 1.

HefictBuTenbHo, mnoarpynna, cootsercTByiomas mnomo H (tf),
COCTOMT M3 NOACTAHOBOK O°, KOTOpbi€ OCTABJAAIT HENONBHMKHBIM 3Je-
MeHT TP; C/JefOBaTe/blO, A5 HHX HMeeT MecTO PaBEeHCTBO

TO

o'tf =1p,
HIIH
v 0'1f =§,
HITH
tl¢'t=0 B g,
WM

o' =101 },

T. €. 3TO 3JeMEeHTH Tpynns T4t 1.

Taxkum 06pas3oM, COMPSIKEHHBIM NOJSAM COOTBETCTBYIOT COMSIKEH-
Hble TPYIIIbL.

Coraacno § 57 nome A HopmasnbHO Haja H Torga M TOMLKO TOTAa,
KOI/la OHO COBIIafiaeT CO BCEMH CONpPSDKEHHBIMH ¢ HMM mosisiMu. Ort-
cloa clIefyer:

fore A, H= A= X, nopmarsno moeda u moseko moeda, Koeda
coomeemcmBylowQa  epynna § cosnaoaem Co  6CEMI  COMPANEHHbIMIL
¢ Hed nodepynnamu TyTt snympu &, m. e. asasemca 6 & Hopmanb-
HOU nodepynnotl.

Ecniu A —HopmasibHOe moJse, TO BO3HHKaeT BOIIPOC: KaKoBa rpylina
nonst A nazg mosaem H?

Kaxneii aBroMopdpusm u3 & nepepogutr A B cebsi M, ciaejiosa-
TebHO, 3afaeT HEKOTOpbl aBTOMOP(MH3M HCKOMOH Tpynmsi noas A
Han H. [IpousBeneHHIO BYX aBTOMOP(H3MOB H3 (J COOTBETCTBYET
NpH 3TOM MpPOH3BEJEHHE COOTBETCTBYIOIIHX aBTOMOP(U3MOB noss A,
T. e. & romomopdHo oTOOpaxkaeTca Ha Tpynmy aBTOMOP(H3MOB
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noas A. Dnements u3 &, KOTOpble NEPEXOAAT B €IHHHUIYIO N0ACTA-
HOBKY MoJst A, —3T0 B TOYHOCTH 3/eMeHThl M3 MOATPYMIbl §; OTCIONA
caeayer, no teopeme o romomopdusme (§ 10), yto mckomas rpynna
usomoppra daktoprpynne &/g. CrenopartenbHo,

T'pynna Taaya noas A nad W usomopgua gakmopepynne /3.

3anaua 1. Bce nomnoas aeneBa moJs HOpMaJbHbl H camu fBJAsAOTCA ale-
JeBbIMH. Bce MOANOJs IMKJHYECKOro MoJsl UHKJHYHBL.

3amava 2. Ecim K= A= 2 n A—uanmenbiiee HopMadbHoe Hal H nose,
conepikallee A, TO Tpymna, CoOOTBeTCTBYMOWas Moalo A, fBJSETCS nepeceyeHueMm
rpyHnbl, COOTBETCTBYIONIeH no/io A, M ConpsKenHwX ¢ Heft rpynm.

3anaua 3. Kakossm nognoas noas @ (o, ¥'2), rne Q—rnose paunonais-
—1-YZ3
2

perb TpeTbell cTenenn H3 efuHulbl? Kakospt crenens nosefi? Kakue noanoss
SBJSIOTC S CONPSKEHHBIMH, KaKHE HOpMaJibHBIMH?

3agauya 4. Te Xe BONpPOCH OTHOCHT@IBHO MOJIsS Q (Vf, ]/ET)

HBIX 4HCeJl paccMaTrpHBaeMOe KakK OCHOBHOE, p== —HpHMHTHBHHﬁ KO-

§ 60. Iloas peaenust kpyra

Iyers Q — none paunoHanbHbIX yHcesa, T. €. IPOCTOE MONe Xapak-
TEPUCTHKH HYJb. Y paBHEHHe, HMelollee CBOHMH KODHAMH TO¥IBKO
NPUMHTHBHbIE KODHH /A-fl CTENeHW H3 EJMHHLbLl W NPHTOM KaXAbii
M3 HUX OJAHOKPATHO:

@, (x) =0, )

naspiBaercs (cp. § 42) ypasnenuem Oesenus Kpyea, a nose KopHei
h-fi CTeneHH M3 eJMHHILI HA3LIBAETCS notem O0eaeHus Kpyea WU Kpy-
cosbim noaem. B § 42 Mbl yKe BHJEIH, 410 KOPHM fi-i CTeneHu u3
eNMIHLEl B TI0J1e KOMIJIEKCHBIX YHCeT AeMAT €AUHHUHYIO OKDYKHOCTDb
Ha h paBHBIX AYT.
Iokaxenm Tenepb, urto ypasHenue (1) mepasmoxumo B moxe Q.
[lycte f(x) =0 — HepasjoKHUMOe ypaBHEHHE, KOTOPOMY yjoBJe-
TBOPAET IMPOM3BOJIBLHO BHIOPAHHBIH TPHMHTHBHBIH KOpeHb M3 elH-
Huipl §. Ilpu atoM f(x) MOXKHO paccMaTpUBaTh Kak LEJIOUMCJAEHHbIH
MHOTOuJeH ¢ cojepxannem l. Hyxkno nokasate, uto [(x)=®d, (x).
IMycts p—mpocToe 4YUC]0, HA KOTOpOe He NeAdTCs 4YHeao h.
Torga BMecTe ¢ { Takke H (P siB/fieTcsl MPUMHTHBHBIM KOpHeM h-#
CTENEHH M3 EJHHULb,, H 3TOT 3JIEMEHT Y/IOBJETBOPAET HEKOTOPOMY
1IeJIOYHCAEHHOMY HEPA3/NOKHMOMY ypaBHeHHo g ([F) =0, seBas wacTb
KoToporo umeer cojepxanne 1. [pexne Bcero mokaxem, 4to f(x) =
=g (x), rne e=— 1 —ofpaTuMbiii 3/1€MEHT B KOJDbIIE HEIbIX YHCEN.
Mrorowies x" —1 Bmecte ¢ f(x) uMeeT KOpHeM 3JeMeHT (,
a BMecTe ¢ g (v) — KopeHb {P; ciefoBaTeNbHO, 3TOT MHOTOUY/IEH JNeJHTCH
Kak Ha [(x), Tax u Ha g(x). Ecim Ob f(x) n g(x) Oulin cyulecT-
BEHHO pAa3JIMUHBIMH MIOrOYIeHaMH (T. e. oTiHyaauch Obl Apyr OT
Ipyra He TOAbKO OOPaTHMBIM [OCTOAHHBIM MHOXHTeNeM), 10 X" —1
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nonxkeH Obl7 Obl AETHTBCA Ha npousBeneHue f(x)g (x):
=1 =F(x) g (x) h (x), @)

rae corsacho § 30 MHorouwnen A (x) ToxKe AO/IKeH ObIThb LEJOYHC/ICH-
HeiM. Jlanee, MHOrouneH g(xP) umeeT { CBOHM KODHEM, a IOTOMY
JOJIKEeH fenuTbhes Ha f(x):

g (") =f(x) k(x), @)

[IpHYeM ONATb-TAKH K (X) — 11eJOYHCIEHHBIH MHOTOU/EH.
Paccmotpunt Temepe (2) w (3) Kak cpaBHeHHMs 0O MOAYJR p.
Torpa no moayaw p:

g () ={g(x)"r.

JleCTBHTENBHO, €CJIH  BBITIOJHUTH BO3BeJleHHE B CTEleHb CHpPaBa,
3anucaB NpeaBapHTeIbHO g (x) 6e3 Ko3hdHIHEHTOB KaK CyMMmy cre-
neneil x (nanpumep, Bmecto 2x* 3armcate x® -+ x%), a 3aTeMm packpuITh
CKOOKH B COOTBETCTBHH C mpaBusiamu M3 § 37, noayuus {g(x)}” BO3-
BeJeHHeM B p-10 CTENeHb KaKJIOTO CJaraeMoro, TO NOJY4YHTCs Kak
pa3 g(x?). M3 (3) teneps caenyer, uto

{g@)}r=F(x)k(x) (modp). (4)

Pasnoxum o6e yacTy paBeHcTBa (4) Ha HepasJOKHMbie MHOMKHTEIH
no moiyJaio p. B cuay TeopeMbl 06 OIHO3HAYHOM pa3/IOKEHHH Ha
MPOCTBIE MHOMKHTEJNH MHOTouJeHa ¢ KosdduuueHTamu u3 noas Z/(p)
(cp. § 18), xaxpplli MHOXKHTeNb @ (x) H3 f(x) AOMKeH BXOAHTL H
B |g(x)}?, a motomy u B g(x). CnenoBarenbHo, npasasi yactb B (2)
Mo MONYJIO p JeIuTcA Ha @*(Xx), a MOTOMy 1O MOAYJIO p Kak JeBas
yacTh x* — 1, Tak u ee npousBoaHast Ax* ! MOMKHBI NENHTLCS HA @ (X).
Osaraxo npousBoaHas hx*! B cuay Toro, uto h==0(p), umeer auuib
Te NPOCThie JeJUTeJNH X, KOTOpele He neasiT x”— 1. TeMm cambini Mol
NOJYYHJIH NPOTHBOPEUUE.

Takum ofpasom, f(x)==-g(x) u (P —KopeHb MHoOrou1eHa f(x).

Ilokaxkem Terepe cienylollee: Bce NPHMUTHBHbIE KOPHU h-H cTe-
MIEHH H3 eJUHHLLI ABISIOTC KOPHAMH MHorouneHa f(x). ITycts ¥ —
Takoll KOpPeHb U3 eIUHHULl H MyCTh

'V=p1 e pﬂ'

Tle p; — PaBHble WJIH pa3/HUHbIE NPOCTHIE MHOMKHTE/NH, B3aUMHO NpPO-
cTble ¢ /.

Taxk kax { ynosierBopsieT ypapHenuio f(x)=0, Takum ke n0J-
XKeH OblTb W 3nemeHT (Pr. IloBropeHue paccyxkjaeHHH /s HOBOI'O
MPOCTOroO YMcja p, NOKa3biBaeT, YTO H 3JEMEHT (PtP: YyNOBJETBOpSIET
3ToMy ypasHenHio. Ilpojomxkas TakuMm o6pa3oM, Mbl MOJAy4HM, 4TO GV
yI0B/aeTBOpsieT ypaBHeHHIO f(x) =0.

CnenoBatenbHo, Bce KOPHH MHorousena @y (x) yAOBJIETBOPSIOT
ypaBuenuto f(x) =0; Tak kak f(x) HepasgoxuMm, a D, (x) He nmeer
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KpaTHBIX KOpHeH, To
@y (x) = [ (¥).

TeM caMbiM JIOKAa3aHA HEPA3AOHCUMOCTL YPaBHeHus Oerenua Kpyea'l).

Ha ocroBanuu 310oro ¢akra Mbl MOMXKeM J€TKO MOCTPOUTH TPYIMMy
Tanya noaa nenenus xpyra Q (2).

[Ipexje BCcero, CTemeHb M08 paBHa creneHd mHorouwsnena Dy (x)
M, caejoBaTeabHo, paBHa uucay ¢ (h) (cp. § 42). JloGo# asTOMOp-
¢usm nons Q (§) samaercs Tem kopHem wmHorounesa @, (x), B KoTo-
puiii mepexonut 3nement . OpnHako Bce KopuH Muorounena @ (x)
ABAAIOTCA CTenmeHsiMu (*, rae A — uucio, B3aumMHo npoctoe ¢ h. [lyctb
0, — aBToMopu3M, nepeoasiuit { B L*. PaseHncrso

G, =0y

uMeeT MeCTO Torja v TOJBbKO TOrjd, Korja

g =t
WU
A=p(h).
Hanee,
630, (§) = 05 (L") = {0, Q) =™
c/efoBaTeNLHoO,
03,0, = Oyp.

Tpynna asmomopdusmos noas Q(T) wusomoppra, caedosamersro,
epynne Kaaccos oemos no modyaw h, ezaumno npocmeix ¢ h (cp.
§ 18, 3anaua 6).

B uwacrtHocTH, 3Ta rpynna aGeneBa. [lostomy Bce ee noarpynmoi
HOPMa/IbHbl ¥ BCE COOTBETCTBYIOUIHE MM MOANO/A HOPMa/bHbl W abe-
JIEBBL.

[Mpumep. Kopuu 12-ii crenenn u3 emunuubl. Kaacch, B3aHMHO
npoctbie ¢ 12, mpencTaBaslOTCA YHCIAMH

1, 5, 7, 11.

[TostoMy aBTOMOPGM3MBI MOXHO 00O3HayHTh 4epes oy, O;, Oy Opy,
u apTomopdusm o; Oyaer nepesoantb [ B {*. TaGnuna ymuoxeHHs
3[€Cb TaKOBa:

0y |05 07 op
5 | 01 O 0y
07 | On 0y Oy
Oin| 07 O Oy

2

Kamawit s1eMenT B 3710l rpynme umeer nopsagok 2. Ilostomy,
KpoMe camoH TPYMnsl W €IHHHYHOH TOATPYMMbl, 3J€Ch €CTh TOJbKO

1y Jlpyrue nmpocThle NOKa3aTe/NbcTBA CM., HampuMep, B craTbe Jlanmay u Hemo-
cpencTBeHHO 3a Heli cienyioweit cratbe lypa B Math. Z., 1929, 29, S. 462 —463.
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TPH MOATP YTk
1. {0y, oy},
2' {Gl’ 67}1
3. {0y, oy}

DTUM MOATPYNMAM COOTBETCTBYIOT KBAaApaTHUHLE MOS, MOPOKIaEMbie
KBaApPATHBIMH KOPHAMH. UTOGbl HMX HaHTH, yCTAHOBHM C/EAyIOLIee:

Kopun 4eTBepToli CTeNM2HH M3 ENHHHIL [, — [ ABJAAIOTCH TaKKe
KOPHSIMH JBEHAAUATOH CTeNeHH H3 eIUHHIBL, 2 [I0TOMY MPHHALIEXKAT
paccmaTpuBaemomy noso. Creposatesuo, @ (i) — ksanpatuunoe mog-
noJse.

Touno Tak e paccMaTpHBAaEMOMY M[OTIO [PUHANIEKAT KODHH
TpeTbeH CTeneHH H3 enuHnubl. Tak Kak

1 l y —x
9:—‘7‘1“71/—“3

— KOpeHb TpeTbeil crenenn u3 enunnunl, pacumpenne Q (V' =3) ss-
JISIETCA KBaJDATHUHLIM TMOAMOJIEM.
W3 kBajpaTHbix Kopueil { M J/—38 mpH yMHOMEHUH MO.1ydYaeTcs
koperb /3. Cnenosareasno, Q()/3) —tperve noanoe.
BbIsicHHM Tenepb, Kakue MOACPYIIMbI COOTBETCTBYIOT 3THM TOJSM.
Tak kak oy(*={% =3 anement {={_° Bbiep:KHUBaET aBTOMOp-
dusm ;. Cnenosarensuo, nose Qi) coorserctsyer rpymme {o,, o).
Tak kax o;0'={*={% onement p=7{_! BoizepKuBaeT aBTOMOp-

dusm g,. [Toatomy (D(]/-—B) COOTBETCIBYET rpynmne {o,, o,}.
OcraBiieecst 1o te (D(VB) HO/KHO  COOTBETCTBOBATL  IpYIIMe
{0, oy
Jltobble Ba M3 3THX Tpex noamosell mnopoxkpaioT Bce nose. Cre-
/IOBaTe/1bHO, KOPEHb K3 €IHHHOBI { MOXKHO BhIPA3UThb uepe3 jpa
KBaJIpaTHbIX KOpHs. JlefCTBUTENBHO,

C=§‘3C4=i‘lp=—~i—l+2‘/‘3=i+2‘/3 .

3angaua |. Saement ({1 npu A>2 n0OpPOKZAET MOZNOAE CTENEHH

1
5 @ ().

3apgauva 2. Onpegesntb rpynmy u NMOXMOJSA MOJs1 KOpHEll BOCbMOH CTeneHH
H3 €IHHHIBI, BBIPA3HTb STH KOPHH Yepe3 KOPHH KBAAPATHbIC

3apauya 3. OnpegennTh TPyNny M MOANOJS MOJS KOPHEH CeAbMOH CTeneHH
H3 eauuuusl KaxoBo onpegedsiouice ypashenne mods Q (2 -{71)?

[lycTe Temepb moOKasaTesb CTeNeHH A pacCMATPHBAEMbIX KOPHEH
H3 €JHHULlBI fBJSIETCS HEKOTOPLIM [TDOCTBIM YHCJOM (. B 3tom Cay-
yae ypaBHeHHe JeJeHHA Kpyra BBINVIAAUT TaK’

(D,,(x)=f)§=xq*1+x7 x4 1=0.

Ono umeer crenenb fn=:¢ — 1.
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[lycTs { — NPHMHTHBHbIH KOpeHb g-fi CTENeHu W3 €JIHHHLbI.
I'pynna K.iaccoB BLIUETOR, B3AHMHO MPOCTHIX ¢ ¢, nukanuna (§ 43);
CAENOBATENbHO, B 910M CJydae OHA COCTOMT H3 /1 3JEMEHTOB:

ly g, gz, crry gn“l’

€ g — «IPUMHTHBHOE YHC/JO» MO MOAYJMO ¢, T. €. SJMEMEeHT, MOPOXK-
fatoumufi Tpynny KaaccoB BeluetoB. ['pynna larya seasemcs, caedo-
BAMEAbHO, YUKAUYECKOU U NOPOXCOGEMCS mem asmomoppusmom o, Ko-
mopuoil  nepesodum ¢ 6 (&, TIpuMHTHBHBIE KODHH H3 €IMHHUbI MOTYT
6biTh MpEACTaB/EHH CJeNylouuM o6pasom:

. n-1 o
n ;v Cg! Cg Y reey Cg , TIE an = (.
OJIOKHM

Cgv = Ev»
rIe ¢ YMCJaMH Vv MOXKHO ONepupoBaTh MO MOLYJIO
ng+n — ;gv'
Nmeem
0 (@) =0 (t) =10 O = @ =0 = L.

ClieloBaTesIbHO, aBTOMOP(H3M O yBeqMuMBaeT HHAeKC Ha [. v-kpar-
HOe foBTOpeHHe aBTOoMOpdH3MA O JaeT

oV (Cz) = CH—v-
CrenpoBaTenbHO, aBTOMOP@H3M OV YBeJHUHBAET HHAEKC HA V.
Aaemenmor & (i=0, 1, ..., n—1) cocmasasom 6asuc pacuuupe-

#us. Y1obbl 3T0 YBUJIETb, HYXKHO JHIUbL 3aMeTHTb, YTO OHH JIHHEHHO
Be3aBHCHMbI. JICHCTBHTENbHO, 3/€MEHTHI {; COBMAMAIOT C TOUYHOCTBHIO
ZO nopanka caegosanus ¢ L, ..., {971 soGoe JMHHERHOE COO1liowUIe-
HHE MEXAYy HUMH MOSTOMY O3HAYaeT, uTo

Gl ..+ ag e =0,
WJaH, IocJe COKpallleHHs Ha C:
a;—I—azC—I—-..—I—aqu”'2=0-

Orciofia clejyer, NMOCKOJbKY { He Y/0BJETBOPSiET HH OJHOMY ypas-
HEHHIO CTeneHW, Medbilell g — 1, uTo

A =0y=...=0q, ;=0

CJIEIOBATENBHO, 3JIeMEeHThl §; JHHeAHO He3aBHCHMBI.
[Toanoad noas jefeHus KPyra MOJY4aioTcsi HEMEJ/IE€HHO ¢ [OMO-
WbI0 MOATPYIN UMK/AHYeCKOH rpynnsl (cM. § 7, kouen):
Ecau
ef=n
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—  pasnoxcexue HUcAQ 1 HQ 080 ROAONCUMEAbHBIX MHOXCUMEAS, Mo
cyujecmeyem nodepynna § nopaoka f, cocmoswan u3 remenmos

of, o, ..., of e gfe

20e of¢ — edunuunoui ssemenm. Kawdas nodepynna moxcem Obims noay-
UCHQ MAKUM CROCOGOM.

Kaxj0#i Takod MoArpymnmne ¢ COOTBETCTBYET B CHJY OCHOBHOH TeO-
pembl Teopun [ajlya HeKOTOpoe MpOMeXyToyHOe mojpnose A, cocto-
guiee H3 3JIEeMEHTOB, KOTODbI€ BBIIEPHKHBAKOT IMNOACTAHOBKY o° H, cjae-
JOBATEJAbHO, BCE IIOJNCTAHOBKH H3 4. Takue 3JeMEHTH HMEKT BHJ

n\':§v+§v+e+cv+2e+---+§v+(f—1)e (V=O, [ERE) e‘—l)- (5)

DeMeHTHI, OTpeleneHHble ¢ nomonsio (D), caexysa [ayccy, Haswl-
BAOT [-4AeHHbIMIL nepuodamu noas OeieHus Kpyea.
Kaxpifl 271eMeHT 1), BhLIEP:KUBAET M0/ICI1AHOBKY G° M €e CTeNeHH,
HO HE BBIIEPXKHBAeT JIOOYIO APYIYIO TOJICTAHOBKY rpynnsl T'anya.
CrejoBaTeTbHO, KaMABIH 3J€MEHT 1), TMOpOXJAeT HEKOTOpOe IpoMe-
xyrtoyHoe nose A. Hanpunmep, Bo3bMeM v=0; Toria
A = D (710)»
7]0:§0+CB+C2e+--~‘|‘C(f—1)e:

e ,2° (f 1e
SR GEELNTIEE SRS
Tem caMbiM HalileHbl BCe TOAMOJS MOJs NeJeHHsT Kpyra @(C).
ITpumep. Iycrs Q () —nose kopueit 17-# crenenu u3 eanHumbE:
g=17; n=16.
O:HUM H3 NPHMHTHBHBIX MO Monymo 17 ygucen sapasercs g=3,
MOTOMY YTO BCE KJacChi BBIYETOB, B3aHMHO HpocTthle ¢ 17, sapasiores

crenedsiMH Kiaacca BbiuetoB 3 (mod 17). CnemoBartesnbHo, Gasuc mous
JeleHus Kpyra cocTouT u3 16 siemenTos:

Co:C; C1:€3; EQZCQ; e

CyutecTByloT 1toanoasi crenexeil 2, 4 u 8. BoT onucanne Kaxaoro
i3 HHUX.
8-unennble nepuoder:

No=C+C 8L+ T2+
M=P LT DA I T
Jlerko mpoBepHTb, UTO
' Mo+M=—1
NNy =—4.
CiiefloBaTeIbHO, 3/EMEHTH Y, H 1)y ABJISIOTCA KOPHSMH YpaBHEHHS
y2 +y— 4= 0) (6)
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peljenye KOTOPOTO BLITJAAHI TakK:
n=—o L V17,
4-upeHHble NepuodsL:
E=L+H L L+
& =008
=1L O
=0+ T+

Bt =m0 Ef=-—1,
E4E=mn, &E=-—1

CnenoBatennto, & 1 & YHOBIe1BOPRAIOT ypPaBHEHHIO

Hnmeem

X2 —mex—1=0. (N
PaBubiM 06pasom, & W & YIOBNETBOPAIOT ypPaBHEHHIO
2—mx—1=0. 8

Ity YpaBHEHUA yKa%bIBd‘OT Ha TO, 4TO OBlJIO H3BECTHO 3apaHee: I10J€

Q (&,) kBanpaTuuro Ha U (1)).
PaccMOTpHM JiBa 2-4AeHHbIX hepuola:

MO =L,
MO =L
Crnoxenue ¥ yYMHOXKeHHE JaloT
AL A =&,
R R A T
Caeposateabio, ALY u A% ynoBJeTBOPAIOT YPABHEHHIO
- §0A -+ El =0. (9)
Hakonen, cam 3JeMeHT { YIOB/JETBOPSET ypPaBHEHHIO

Lt =2,
A1 =0

KOpHI/I 17-fi crenen” U3 €AUHHILI MOTYT, CJA€J0BATC/bHO, BLIUHC-
JATLCA TIOCAeNoBaTe/NbHAIM DElIEeHHEM KBAaAPDAaTHhEX ypaBHeHI/IH

HJH

3angaua 4. [lpoBecTH aHaJOTHUHBIE PACCMOTPEHHA A9 JIOASA KOPHEH usTOH
CTETEHH H3 CJIHHHMIBL.

3ajgaua b. JJoxasaTb, U4TO Mg, ..., Ve_1 COCTABIAIOT NEKOTOPLIH 6asuc nosas A.

3anaua 6. ITokasaTe, uTo pelileudsi KBajgpaTHbIX ypasHeHuii (6) u (9) Be-
IeCTBeHHbl ¥ MOryT OBITb MOCTPOEHE! C MOMOILbIO IHPKYy.As M JMHeldKkH. Brlsect
OTCIONA CIOCOS NMOCTPOEHHSA CeMHARUATHYTOJbHUKA.

110 CUX [1OP OCHOBHBIM IMO1TEM MOCTOAHHO CAYXKHUJIO TIOAE paLHO-
HaJIbHBIX 4HCEJI. HPSAHOHO}KHM Te€Nnepb, 4TO XapaKTepPHCTHKa OCHOB-
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Horo mosas H He JEAHT YHCIO A; TOTAa MO-NIPEXKHEMY KaXKIblH aBTO-
MOppH3M GyneT MNepeBOAMTb MPUMHTHBHBIA KOpenb h-i crenenu H3
eIMHHLBl { B HEKOTOpYIO cleneHb {*, rae A B3auMHO mpocTo ¢ A:

opb =M
[o-npexxueMy GyeT BHLIIOJIHEHO PaBEHCTBO
03,0, = O

Cnenosatenbhno, epynna laaya noss W (L) usomoppra nekomopoi
nodepynne KAaccos eviiemos no modyawo h, 3aumno npocmeix ¢ h.

§ 61. llnkanveckue moast M ABYWIEHHble ypaBHEHHS

IMyctb H —ocHoBHOe nose, cojepikaliee KOPHH n-# CTeNeHH H3
eNVHHIL, B KOTOPOM n-KpaTHOE eQUHHUHOTO 3JeMeHTa He pPaBHO
Hymo (T. e. n He meantcs Ha Xapaktepuctuky). Torpa: epynna la-
AYa «OBYUACHHO20Y YPABHENUS

t—a=0 (az=0)
nHad K yuxkauuna.

HNokasatenbcTBo. FEcam 8—Kopewb ypaBHeHus, To (6,
(26, ..., {0 (rme {— npuUMHTHBHBIH KOpeHb n-H CTENEHH W3 e1H-
HIILLBI) — OCTa/IbHble KOPHH 370r0 ypasnenus!). Ilostomy 6 mopox-
jaeT mose KopHed M Jio6asi MOACTAHOBKA M3 rpynnel 'anya nmeer
BH]L

0 > £6.

[TocsenoBatenblioe NMpHMEHeHHe JIBYX TMOACTAaHOBOK 6 +— L6
8 — {M6 paer 0+ {**0. CrenoBaTebHO, KaX[OH NOACTAHOBKE COOT-
BETCTBYET HEKOTOPbIH BIOJIHE OMNpeJeNeHNbH KOPeHb M3 eNuHHMUb! LY,
a NOM3BEJEHHIO MOJACTAHOBOK — IIPOH3BEJEHHE KOPHEH H3 eXHHULbI.
[Tostomy rpynna [anya u3omopdHa HEKOTOPOH NOArpymnme rpyrmibl
KOpHEH n-il cTeneHH M3 eiMHHlbI. Tak Kak nocjiefHsiss rpynna K-
JUYHa, T0 Jwbas MOArpyNnna B Hefl ToXKe LHKJIMYHA H, CJI€10BATENbLHO,
nMK/AWYHA cama rpynna [asnya.

Ecan, B yacTHoCTH, ypasHeHne x* — a =0 Hepa3loKHMO, TO KOPHH
t¥0 conpskennl ¢ 6 u rpymna lanya usovopdna noauod rpymnmne
KOpHe#l n-fi CTeneHy U3 eAHHHLbI. B 3TOM ciyuae ee NopsiloK paBeH fi.

Tenepb Mbl XOTHV IOKa3aTh, 4TO, HAO0OPOT, KaXKuoe UHKJHYe-
cxoe nose n-ii creneny Hajg M nopoxaaercss KOPHSAMHM JABYW/IEHHOrO
ypasuenus x" —a=0.

[Tycts X — WHK/IHYECKOE [10/1€ CTENEHH 7 W MyCTb G — MOPOKAA-
jomast moacranopka u3 rpyunsl [anya, 1. e. o”=1. Ilpeanonoxum
Onsilb, YTO OCHOBHOE Tosie H COpepUT KOpHHM n-H CTENeHH H3 elu-
HHIIBL

1) OueBHAHO, BCE TH KODHH Da3/HyHbBl, TaK 4TO ypaBHEHHE cenapaGesnHo



210 TEOPHS TAJIVA [ra Vit

[TycTh { — NPUMUTUBHBIN KOpelib 71-i CTeNexH 113 eiuHuLbl B note H.
1 KaXJoro 3JeMeHTa o H3 X COCTaBHM pesoavsenmy Jlaepawdca

&, a)=a+toa+*Pa+...+ " o" 1o, 18]
CoryacHo TeopeMe 0 HesaBucHMocTH W3 § 54 aptomopdusmebl 1, o,
6%, ..., o" 1 JuHeAHO HE3aBHCHMBI, I103TOMY 3JE€MEHT ot MOMHO Bbi0-

patb B 2 Tax, utoOnt 6ewio (§, o) #0. AsToMOopdu3M © mNepeBONUT
(§, o) B
o, a)=oa-+lo%a+...+{"la=
={1(oa+ oo +4...+ ) =1 (L, @). 2

[Tostomy n-s crenens (L, @)® ocTaercs HEH3MEHHOH oA JAeHCIBHEM
NOACTAaHOBKH O, T. e. ({, @)" MpHHALIEKHT OCHOBHOMY momio H.
M3 (2) noBTOpeHHEM ONMHCAHHOTO PACCYKIEHHS TOJNYUYaETCs PaBeH-

C1BO
", a)=CT"(E @)

EjuncrBennas noactaHoBka u3 rpynnel I'amya, kxotopas octas-
AsieT HeH3MeHHbM sieMentT (¢, a), sBasiercs ToxaectsenHoH. Cieno-
Bate/ibHo, ({, &) mopoxpaaer Bce mone H (). Otciona Mbl noaydacm
HYKHBIH Pe3yJbTar:

Jloboe yukauveckoe nose n-ti CMENeHu npu Ycao08UL, 4imo e2o OCHos-
HOe 104e Codepicum KOpHu N-ti Cnienenu u3 eOuHuybl u N He Oeaumcs
HA XQPaKmepucmiKy, NOAYHAemes NPUCOCOUHEHUEM KOPHS n-ii cmenexu
U3 HEKOMOPO2O 3AEMEHMQA OCHOBHO20 1OASL.

Ecan ocuosroe noie H He comepxut KopHeH n-fi CTemeHH H3
eIHHHIBI, TO JJIsi MCMOJIL30BaHHs ONIHCAHHOTO METOAd HYXKHO CHauaja
npucoeaunts K H Kopuu { n-d creneHu u3 enuHulb. IlpH Takom
npucocgMHenun rpynna [a’gya ocraercss LHKJIHYeCKOH.

JlokaxeM Telepb eille HECKOJABKO (DAKTOB 0 HepasAoxcumocmu 0gy-
YABHHBIX YPAsHeHUll npocmotl cmenext p.

CHayaja npeano/ioKuM, YTo OCHOBHOe moje H COlepXHT Kopiu
p-H cTeneHW H3 eJUHUIBL; TOraa COTVIACHO JOKA3aHHOMY B Hauale
3T0rO maparpada rpynna [anya ABjasieTca NOATPYTNOH LHKIHYECKOH
rpynnel nopsaka p, a notomy Jau6o Bcedl rpynnofl, au6o exHHHUNON
rpynnofi. B nepBoM caydae Bce KODHH CONPSIKEHb H, CJA€N0BaTEIbHO,
ypaBHEHHe HepasloxkuMo. Bo BTopom cayyae Bce KOPHH OCIakOTCS
I1IBAPHAHTHBIMH OTHOCHTEJIbHO MOJACTAHOBOK rpymisl [anya; crepo-
BaTENbHO, ypPaBHEHHE pacnajaelcsl Ha JuHeHHble MHOXHTEJH YyKe
B none H. Mtak, mrozousen xP— a aubo Hepasaonrcum, AubO noAHoO-
CIMOLI0 PA3AASACINCA HA AUHELIHBIE MHONCUMEeAL.

Ecan nose H He comepKHT KOpHEHl U3 eIHHHULL, TO YTBEPKIaTh
TaK MHOTO yiKe Heab3sl. OJHAKO HMEET MeCTo Teopema:

Jubo MHo2ou eH XP —a Hepazaomcum, aubo 31eMEHM a ABAAEMCA
p-ti cmenensio u 6 nire K useem mecmo pasercmso:

5 ==t — PP (= B) (22 P S )
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JlokaszaTeabcTBo. [Ipexnosoxum, 4yTo MHOrowleH xP —a pas-
JIOXKUM:
xP—a=q@(x)}(x).

B cBoeM mose pas/ioXeHHsi MHOrounerl x? —a pasjaraercs CJIenyio-
muM o6pasom:

—1
xP—a=i—[ (x—1C8) (67 =aq).
v=0

CJle0BaTebHO, MHOXKHTENb @ (x) NOMKeH OblTb MPOM3BENEHHEM MHO-
suTeneli x —CV0, a cBoGOjHBIA uieH b MHOrouleHa ¢ (x) HOJIKeEH
umeTh Bua £ 6%, rae ¢’ — KopeHb p-H CTENeHH U3 €IHWHHIbL:

=10,

bP =GPk = g,

Tak kak 0 << | << p, HMEET MECTO PABEHCTBO (M, p) =1; mostomy npu
NOAXOASLUINX IE/bX PalHOHAJbHBIX YHCIAX P H O

o +op =1,
a == a°™a% = bPPa°P;

cJef0BaTe/IbHO, 3J1eMEHT a fABJSAETCH p-ﬁ CTENEHBIO.

Wutepecnble TEOPEMbl O DA3JOKHMOCTH JABY4JEHHBIX ypaBHeHHH CcOgepXkatcs
p paborax Kameusan (Capelli A)). Sulla riducibilita delle equazioni algebri-
che. — Rendiconti Napoli, 1898 n Ta p6u (Darbi G.). Sulla riducibilita delle equa-
zioni algebriche. —Annali di Mat. (4), 1926, 4, p. 185 —208.

3anaua. Ecad He npenmojaraercst, uro ocHosHoe mose K cozepxur KOpHM
n-fi CTCTICHM W3 CAMHWIB, TO FpYNNa ABYYJEIIHOTO ypasnenus x"—a =0 u30-
Mop(Ha HEKOTOPOl TPyNMe JHHeHBIX MOJCTaHOBOK IO MOL.IO 1

'=cx+0b.

(CooTBeTCTBYIONIEE HOPMAJBHOE MOJE PABHO H (8, §) u 15 KaK10¥ MOACTAHOBKH O
U3 TPyMIbl CIpaBeJIHBE PABEHCTBA of =1{r° u ob ={%0.)

§ 62. Pelnenne ypaBHeHHd B pajuKajax

V3BeCTHO, 4TO KOPHH ypaBHeHWH BTOpO#, TpeTbed M 4YeTBepTOH
cTeneHell BbIPAXKalOTCs depes KOIPGULHEHTH STHX ypaBHeHu# ¢ To-
MOLLBIO PALMOHAMbHBIX ONepalui W H3BJIeYeHHUs KOpHe# V , V y e
(«panukanos») (cp. § 64). IlocraBum Temepb BOMpPOC: Kakue BOOOlLLLE
ypaBHeiusi O0GNajaloT TeMm CBOHCTBOM, Y10 HX KODIIH Bbipamalorcs
gepe3 3/JeMeHTHl OCHOBHOTO noisi H ¢ momollbio palMOHAMBHEIX orle-
pauuit ¥ pajnkanos? [Ipu 5TOM Mbl MOXEM, KOHEWHO, OTpaHHUHTLCS
HEepa3/IOKUMbIMA yPaBHEHHAMH ¢ KOIPuIHEHTaMH H3 H. 3apaua coc-
TOHT B TOM, 4YTOObl MOC/€LOBATeIbHBLIM I[IPHCOCIHHEHHEM 3/EMEHTOB
guga )/ a (rie a MpHHALIEXKHUT yXKe MOCTPOCHHOMY TI0/i10) MOCTPOHTD
wagr H moje, KOTOpoe COIEPXKHT OJHH WK BCE KOPHHM 3aJaHHOro
ypaBIIeHHS.
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Takan mocTaHoBKa BOIMpOCa 4BJAS€TCA, ONHAKO, HETOYHOH B cie-

n
aytoueM otHowenuH. Kopenb Y, BOOGllie TOBOPS, SIBIAETCS MHOTO-
3HauyHOH (yHKUHEH B TO/Je M BO3HHKAET BONPOC, Kakoe HMEHHO H3

.
3HaueHHii cnejyer nonumMath nof y a. Hampumep, ecan Bbipasuts
yepes pajMKaibl MPUMHTHBHLIH KOPEHb IIECTOH CTeNeHW H3 eJHHHIbI,

8/ 4 3
10 mpexcrasaenne 1 wan naxe Y1 6yner HeyNOBIETBOPHTENBHBIM,
1 —
B TO BpeMs Kak MpejcraBieHHe { = .- 2—1/——3 HaMHOTO YJOBJe€-

—

0| — 10y

1 ———
TBOpHTE/IbHEE, TaK KaK BbIpaXKeHHe - i 51/—-3 npu A1060M Bbl-

Gope 3HAueHHH KOpPHSA V' —3 (1. e. Bbifope pelleHus ypaBHEHUS
x243=0) naer 06a NpHMHUTHBHLIX KOPHS IIECTOH CTeNEHH H3 €IHHHIIbi.

Baxueiimuid BbIBOA, KOTOPBIA MOMXKHO cjiejaThb H3 3Toro Hablo-
NEHHS, COCTOHT B CJIENYIOLIEM: HYXKHO, 4TOObl, BO-NIEPBLIX, BCe pelle-
HHMA paccMaTpHBaeMbiX YpPaBHEHMH INpeiCTaBH/AHCh B BHIE

V. VoV 1)

(1M aHAJOTHYHOM) H, BO-BTODHIX, 3TH BBIDAXKEHHS MpPH JOGOM
BoifOope BXOAALMX B HHX paJHKAIOB IPEACTaBAANH pelleHus pac-
cmatpuBaemoro ypasseHnus. (Koueuno, umeercsi BBHAY, UYTO ec/H

paaxkan T/a BXONUT B BbIpakeHue (1) HECKONBKO pa3, TO eMy BCiogy
MpUIAeTCs ONHO M TO Xe 3HaueHue.)

TpegmonioxkiM, 410 mepeoe Tpebopaniie BhinoiHeHo. Torpa Gyger
BLIFIOJTHEHO M BTOPOE, €CJH M03aBOTHTHCH O TOM, 4YTOOH MPH MOCJE-
JOBaTeJbHON MPHCOELHHEHHH pajiKaJoB l”/;i BCSIKHA pas ypaBHe-
HHe x*—a =0 Obwi0 Hepas3JOoXKHUMBIM. [eficTBuTaNbHO, TOrAA
BCE BO3MOXKHble 3HaueHHst (YyHKIIH 1’}’5 OyayT CONpSKeHHBIMH H,
C/IEe/I0BATe/IbHO, MOTYT MEPEBOAMTHCH APYL B Apyra H3omopdiamamy;
3TH H30MOP(HU3MbI MPH BCeX MOCAEAYIOUIHX TPHCOSIHHEHHAX MOXKHO
IPONOJIKATE 1O H30MOP(PH3MOB oOuepefHOro pacwiupenusa (cp. § 41).
CnenoBate/ibHO, €C/IH IPH HEKOTOpOM BblOOpe 3HAayeHHs pajukana
Y a Boipaxenne (l) 1aeT KOpeHb paccMaTpPHBAeMOrO —ypaBHeHUs,
TO ¥ NpH JoGOM JpPyromM 3HAa4eHHWH 3TOrO pajuKaga YNOMSHYTOE Bhl-
paXkeHHe BHOBb JlaeT KOpPeHb ypaBHEHHs, MNOTOMY uTo JII06OH H30-
MopdH3M nepeBogHT KOpHM MHorowieHa u3 H[x] B KopHu 3Toro ke
MHOT'OY/IEHA.

Tlocne 3TuX npeaBapHTe/bHBIX 3aMEUaHHH Mbl MOxeM cdopmy-
JUpPOBaTh OCHOBHYIO TeopeMy 06 ypaBHEHHAX, pa3pelluMblXx B pa-
IHRaJTax:

1. Ecau kaxoid-aubo Kopews Hepasaroxcumoeo 6 H  ypasuenus
fxy =0 npedcmasasiemca 6 sude (1) u ecau noxasameau paduxairos
8 9MoM 8bipadiceHuu He Oeaamces Ha xapaxmepucmuxky noin H, mo
epynna larya Oannoeo ypaswenus paspewuma. 2. 06pamno, ecau
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epynna Tarya ypaswenus paspewiima, mo 6Ce KOPHU ypasHerus nped-
cmasasomes 8 sude (1); npu smom noxkasameau noce008amenbHo
npucoeduHseMolx  paduKaos f/' a 6ydym npocmoimu duciamu, a coom-
gememeyrougue  ypasrenua x" —a =0 nepasroxcumer. [1pednonraeaemcs,
umo xapaxmepucmuxa noas K pasna nyao uau npesocxodum Haubone-
wee npocmoe wucao, codepocaueecs cpedi NOPAOKOs KOMNOSUYUOKHBLX
pakmopos 1).

Dra Teopema, MO CYUIECTBY, YTBEPMKAAeT, YTO JyIsl peLIeHus BO-
fIpoca O Pa3pellMMOCTH ypaBHEHHsI B PainKajax JOCTaTOYHO DEIHThA
BONPOC O pa3peilMOCTH Fpynmnbl. B jefcTBuTeqbHOCTII, TeOpeMa YT-
BepIKJAaeT Heuro Gosbluee, IOTOMY 4TO B [EpBOH ee¢ YacTH TMOHSATHE
pa3peluMOCTH B pajHKanax chopMyJaHpoOBAHO B Haubosee caabom
BUJE, a BO BTOpOHl — B HanboJ€e CHIBLHOM.

NoxkasateabcrBo. 1. [Ipexae Bcero Mbl MOKeM CYMTATH MOKa-
3aTeJi KOpHEH [POCTBIMH YMC/IAMH, BOCMO/Nb30OBABIIHCH T€M, 4TO

rs p— Tfs p—

a=VvVa
[Mpucoegunum k nomo H KOpHU M3 €JHHHILI CTENEHH py, CTE-
MeHH p, U T. A., TAe Py, P ... — NPOCTHIE UHCJIA, BXOAsLIHE B MOKa-
3aTesn KopHei, yuactsytomux B (1). B pesynbrare mosyuutcs cepHs
UMKJIHYECKHX HOPMaJibHbIX pPAacIIMpEeHHH, KOTOpbE Mbl MOXKEM CUH-
TaTh pa3/OKEHHBLIMH Ha pacliMpeHus mpocTuix creneneil. Korza yka-
3aHHble KOPHH W3 eJHHHIBI OyayT MPHCOEAHHEHD], MPUCOEAHHEHHE
KaxKJ0ro 1”/?1, cornacto § 61, nubo He AACT HHUKAEKOro pacuiMpeHHd,
An60 1acT LMKJAMueckoe pacuupexne crenenu p. CaepoBaresbHO,
BMeCTe ¢ 3/ K MOJI0 NPHCOGIMHAITCSA BCE COMPFKEHHBIE C STHM
KOpHEM p-ii CTenesH H3 a 3JEMEHTHl; TOCKOJNBKY TaK MOJy4YaioTcs
JHIbL [HK/JAMYECKHE pPACUIHPEHHs TpPOCTOH CTeneHW, B HMTOre MOJYy-
yaerc HopmajibHoe Hax H monme. Takum o0pasov, B KOHIE KOHLOB

Mbl MPHIEM K PAAY UHKJIHYECKMX pPaciuMpeHuil

HocAcA o...CA,, (2)

KOTOpasi MPHROANT K HOPMAJbHOMY paciMpendio A, =, coxepxa-
memy Koperb (1) muorowrena f(x). Tak Kak 2 — HOpMa/JbHOE pac-
IUHpEHHe, OHO COJEPXKHT BCE KOPHH MHOTouneHa f(x), T. €. couep-
KUT TOJIe pasioxkenuss X MHoOrouneHa f(x).

Mycrs & —rpynna [anya pacmmpenns Q Hap H. Torza pany
noseli (2) cooTBeTCTBYeT psA MOArpynm rpynnsl ©&:

GG DG >...D0, =6, (3)

1) Ecan gonycTuth, 4robel B OpMyJy peuwleH#s BXOAH/IM, KPOME DalHKaJoB
OMUCAHHOTO BHAA, KOPHH H3 ENMIHMUBL, TO INOCJEAHEC YCJOBHE MOKHO OCJIaGHTH
noTpe6oBas, 4TOObLl Cpefid GOPSIIKOB KOMIO3HUHOHHBIX ¢dakropoB HC OBLIO Xapak-
TepucTHKH noas H.
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M Kaxaasg ¥3 3THX MOATPYNI SBJAETCS HOPMAJbHOH B NPEXLIAYIUEH,
NpHYeM GaKTOPrpynnbl ABASIOTCA HHK/IUYCCKHMH TPYMIaMH [POCTHIX
NOPSIAKOB. JTO O3HAYaeT, yTo rpymnna & paspemnma H (3) —ee KoM-
NO3HLHOHHBIA PAL.

[Tonto % cooTBerc1ByeT HexkoTopasi moArpynma &, HopMma/ibHas
B %; cornacHo § 51 MbI MOKEM MOCTPOHTL KOMIIO3HIMOHHbIH DS,
NpoXoAAiHi dYepes §), KOMIO3UUHOHHLIE (DAKTOPHl KOTOPOrO C TOY-
HOCTBIO 10 u3oMOpdH3Ma OYAYT TemMH ke, 4TO H Y psga (3), Ho,
BO3MOXKHO, PaclIOJOKEHHBIMH B APYIOM MOPSAKe:

GoH;DHD...0H>D ... o€ 4)

I'pynna Tanya nons ¥ nap mosem H —sto rpynna &/%; ans nee
Mbl HMeeM KOMMO3HIHOHHBIA psj

G/ D H/H D H/HD ... D HH =6,

(akTopbl KOTOPOro corsiacHo BTOpPOi Teopeme 06 usomopdusme (§ 50)
H30MOPGHBI COOTBETCTBYIOLUIM (akTOopam psjia (4), a notomy cHoBa
IMK/MYHB H MPOCTBIX MOPSIAKOB. YTBep»aeHue 1 jokasauo.

st yTBepaaenns 2 Mbl JOKaKeM cCHauana CIeAyiollylo JeMMYy:

JTemma. Kopwu q-ti cmenenu u3 edunuyer (g — npocmoe 4ucao)
npedcmasumol «HepasoNCUMBLMU PAOUKAAQMUy (M. e. KOPHAMU Hepas-
A0KCUMBLY YpasHeHull xP — a = 0), ecau cuumames, 4mMo XapaKmepucmuKa
noas W paswa Hyno uru Gonewe uucaa gq.

Tak Kak yTBep:KAeHHe TPHBHAJIbLHO I8 cayyas ¢=2 (KOpHH
BTOPOW CTEMEHH M3 eHHHOBl pauHOHAAbHBI —3T0 uncaa —+ 1), mbl
MOXKEM CuMTaTh, UTO JieMMa JOKasaHa /i BCeX INPOCTBIX uHCes,
meribiiix ¢. Ilose KopHe# g-it cTeneHH U3 eHHMIILI IIMKJIHYHO B COOT-
percteun ¢ § 60, u ero crenmenp fBasieTcs nenHTeseM uwucaa g — 1.
Ecau, takum obpasom, pasioxutb ¢—1 Ha mpocTble MHOMKHTENH:

g—1 =p§’1 pSV, TO yKa3aHHOE NOJIEé MOXHO MOCTPOUTL C MOMOUIbIO
N0C/Ie40BATEbHBIX UMK/JIHYECKHX paclidpeHui creneHeit p,. [1pucoenu-
HHUM KOPHHU py-H, py-H, ..., p,-i CTeNeHeHd U3 eUHHIIbI; COTVIACHO NPENro-
JIOXKEHHIO MHAYKIHH OHH NPENCTaBJAIOTCA HEPa3JOKHMbIMH pajHKa-
jamu. [locsie 3Toro ™Mbl MoxkeM npuUMeHHTL Teopemy H3 § 61 K nHKJIH-
qeCKHM DAaCLIHPEHHSM cTeneHell p,, YTBEPKAAWOUIYIO MMPEICTaBHMOCTD
B paguxajax [OCJe/loBaTe/IbHEIX OOpa3yIIIUX 3/71€MEHTOB IHOoJed,
YuyacTByiolmue B pacCMOTPEHHAX ypaBHEHHS X”V —a =0 JOJXKHbB 6bITh
Hepas/OKHMBIMH, TOTOMY 49TO B MPOTHBHOM CJyyae uucjaa p, He
Moryii Gbl GBLITh CTENeHsIMH COOTBETCTBYIOUIHX TOJeH.

Tenepb Mbl MoxkeM Jokasatb yrtBepxuaenue 2. Ilycrs 2 — nose
pas/ioxeHHsi MHorouneHa f(x) 1 &> ;> ... D ¥, =E — KoMn0o3H-
UHOHHBIA psp rpynnmel lanya nosmss % wapn nosem H. dromy psany
TPYII COOTBETCTBYET psAj moJefi:

HcoAc...cA =8,
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B KOTOPOM KaxJIOe [10Je — HOpMa/JbHOe LUMUKJIHYeCKOe paclidpenue
npealecTsyomero. Eciau ¢y, Gy, ... — OTHOCHTEJNbHBIE CTEIIEHH 3THX
moJiel, TO cHadasa Mbl npucoeauHsieM kK H KOpHH H3 ejuHMUBl CTe-
NeHn ¢y, 3aTeM — CTENeHH ¢, U T. J., YTO COIVIACHO JIEMME BO3MOXKHO
Clles1aTh MPHCOSAHHEHHEM Hepas3/oXKHMbIX panukasioB. CorsgacHo Teo-
peme u3 § 61 nmopoxparoiiue sneMeHTH nonet Ay, A, ..., A; MOXHO
BbIpa3uTh 4epe3 pajuKa/ibl, NMPHUEM BCSKHI pa3 ouepennoe ypaBHEHHE

" —a=0 6yner uin HePasNOKHMbIM H/IH NOJHOCTBIO PasaaramlumMes
(§ 61, xounen). B nocnennem cayuae npucoeinHeHNe pagvKa/la H3JHUIIHE,
Tem cambIM J0OKa3aHO U yTBepiKieHue 2.

To, uTo yTBep:xkjaeHHe 2 OKa3biBaeTCsl HEBEpHLIM, KOLJA OJHA U3
crerieHell ¥ paBHa XapaKTepHCTHKE NOJs p, TOKa3bIBaeT ClAeAYIOWHA
npumep: «ofliee ypaBHeHHe BTopoli creneHu» x%-}-ux+v=0 (4, v—
nepeMeHHble, NPHCOENUHEHHLE K [POCTOMY TOJIK XapaKTepHCIMKH 2)
HEpa3sioKUMO H cenapabesbHO H OCTAeTCsl HepPas3lOXKHMBIN NpPH IDH-
COeJIMHEHHH BCeX KOopHe# u3 enuuuubl. [Ipucoenunenue KopHs Hepas-
JIOXKHMOI'O JBYY/IEHHOrO ypaBHEHUS HEUeTHOH CTelelld He MOXKeT MpH-
BECTH K DAa3/JOXEHHIO paccMaTPHBAEMOro YpaBHECHMS, TaK KaK Takoe
NPUCOeIMHEHHE TTOpPOXK/AaeT noje HeueTHoM crenenu. Ho u npucoenu-
HEeHWe KBAJpaTHOrO KOPHSl He JaeT pa3/ioxKeHHs YPaBHECHHS, TOTOMY
YyTO TP 3TOM He MEeHseTCA peaylHpoBanHHasi crenenb nosas. Creposa-
TeJbHO, YpPaBHEHHE HH OJHHM CHOCOGOM He peliaeTcsi B pajHKanax.

[pumenenne. Cummerpuueckue Frpynnbl BTOPOH, TpeTbeH H uer-
BepTOH creneHell (M WX NOATPYNIbI) paspellHMbl; 3THM OObsCHSETCH
BO3MOKHOCTb M0OJyueHHs (OpMY.1 pellleHus1 ypaBHeHUH BTOPOH, TpeTbell
1 ueTBepTOil creneHedl (BbIBOA AaeTcs B § 64). CuMMeTpHYeCKHe IpYINbI
naToli u Gosiee BLICOKMX CTeneHell paspemmmbiMH He sBasoTces (§ 55)
H, KaK Mbl CKOPO YBHJHMM, /s Ka)KJAOH CTermeHd CYIIEeCTBYET Ypas-
HeHHe, TPYIla KOTOPOro eCTb CHMMETPHUECKas I'PyNNa 5TOH CTemeHH.
CrejoBaTenbHO, He cyllecTByeT oflied (GopMyJbl pellenus AAs ypas-
HeHMH nsTOR U Gosiee BLICOKHX crereHel. JIMLUb yacTHbIE BUIABI TAKHX
ypaBHeHHH (HanpuMep, ypaBHeHHe NeJeHUsl Kpyra) MOryT ObiTh pPelleHbl
B pajnkaJnax.

§ 63. OGwee ypaBHeHHe n-ii cTenexu

[Ton obwum ypaswenuem n-ii cTeneHH NOHHMAETCS YpaBHeHHe

2 — w2 b w2t — L (— 1), =0 (1)
¢ HeonpedenreHHoiMu KO3DOUUHEHTAME Uy, ..., U,, KOTOpBIE NPHCOENH-
Hsitoress K ocHoBHoMy mosio K. Ecnu vy, ..., v, — KOpHH 3TOTO ypaB-
HeHHs, TO

=0+ ...+ 0Up

Uy =00, + 0034 ... +0, Uy

Ltn:Ule e U”.
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CpaBuum ofilee ypaBHenue (4) ¢ JpyruM ypaBHeHUeM, KOPpHH
X1y ..., X, KOTOPOTO SIBJIAIIOTCA HEONpeJeJeHHbIMH BeJHUHHAMH H K03b-
(HUHENTH KOTOPOI'O BLIPAXKAIOTCS TMPOCTO KakK 3/MeMeHTapHble CHM-
MeTpHuecKHe (PYHKUHH 3THX BEJHUHH:

P — 0@ 02"t — A (=)0, =
=2—x)(2—X%) ... (2—x,)=0; (2
Oy =Xy+ ... +Xp, '

Oy = XXy XX+ ..o+ Xpo1Xn,

n=x1X2 P x,l-

Yparuenue (2) cemapabenbHO W MMeeT B KauecTRe rpynmbl 'anya
Han H(oy, ..., 0,) CHMMeTPHYECKYIO TPyNny BCeX MOACTAHOBOK 3Je-
MEHTOB Xy, TIOTOMY UTO KaxJas Takas [MOACTAHOBKA TMpPEeACTAB/IAET
HEKOTOpbIH aBToMOpdu3M moast H (xy, ..., X,), ocTaBjasiomuii HHBa-
PHAHTHBIMH CHUMMETpHYECKHe (QYHKLHM OT Oy, ..., O, a NOTOMY M BCe
aneMeHTel noas H(oy, ..., 6,). Kaxnas ¢yHkuus or xq, ..., X,
MHBapHAHTHAS OTHOCHTEJNLHO IMOJACTAHOBOK U3 TPYMNIbl, NPHHAJIEKHT,
caenoBatenbHo, novito H(oy, ..., 6,), T. €. Kasdas cummempuueckas
yHKyus om x, Modcerm ObimMe PAYUOHAALHO CHIPANCEHA HePe3 Oy, ..., Oy
Tem caMblM Mbl 3aHOEO J0OKa3aJd 4Yaclb OCHOBHOH TEOPeMbl O CHM-
meTpuyeckux ¢ynkunax u3 § 33 ¢ nomompbio Teopuu aaya.

Kpome Toro, mMbel Ge3 Tpyna mno/ydaeM Tenepb «TE€OPEMY €IHH-
CTBEHHOCTH» M3 § 33, T. e. cJjenywllee YTBEPKIEHHE: COOMNOUICHUR
f(o; ..., 0,) =0 soxmem umems mecmo iuwie moeda, Ko020a MHOZ0-
yaen [ a8asemcs moncoecmeeHHbIM HYACM.

HeficTBUTEIbHO, B IPOTHBHOM CJyuae

fon .oy 0 =F( X % X xikn -oh %1% ... %) =0,

H 3TO COOTHOLICHHE OCTaBa/oCh Obl BLINOJHEHHBIM I10C/IE 3aMEHbI X;
Ha v;. Taknum o6pa3oMm, Mbl MOJYuYuIH Obl

f(Zvi, D Vil ey Uiy .. v,,>=0,

win f(uy, ..., u,)=0; crenoBaTesbHO, MHOrOYIeH [ oOKasajcs Obl
TOXKJIECTBEHHBIM HYJIEM.
Vs 1eopembl €JMHCTBEHHOCTH C/IeAyeT, 4TO COINOCTaB/leHHe

f(ulv ey un)'_"f Opy vvvy n)

ABJAAETCS He TOJbKO TOMOMOP(H3MOM, HO JaxKe W H30MODP(PHIMOM
koren M [uy, ..., u] u Koy, ..., 0,]. 210T u30MOpPdU3M MOKET
ObITh MPOJOJZKEH JO H3oMopduama nosefl wactHbix H (i, ..., uy)
u H{oy ..., 6,) n, cornacuo § 41, g0 usomopduama mnojell KopHeh
H (v ...v v) B H (xq, ..., x,). CHMBOJBI U; IEPEXOAAT B X; B KAKOM-TO
NopA/Ke, TAK KaK X, NePeCTaHOBOUHLI, Mbl MOXKEM NEpPEBOAHTbL Ka-
Apift v; B cooTBeTCTBYloWMH x;. Wrak, poxasano cieayouiee:
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Cyuecmeyem u30mopeusm
H@y, ..., x)=H @, o0y %),

Komopeul nepesodum KaxOoil snemexm Uy 8 Xi Q Kaoooll u; 8 0y.

C MOMOMIBIO 3TOr0 H30MOP(}H3MAa MOMKHO TIEpEHECTH BCe TEOpEMb
06 ypasuenuu (2) ua ypasrenue (1). B uwacThocTH,

O6uwee ypaenenue (1) cenapabeatro u umcem epynnod Tanrya Had

nosem ceoux koadguyuenmos W (uy, ..., Uy) cummempuseckyro epynny.
Cmenens noas PasACHEHUS MO0 MHO204AeHA pasHa hl.
[TostoxKM
H(ui’ ey un):‘A’
H, ..., v,)=2,

n o6osuauum uepes &, cuMMeTpHueckyio rpynny. B Heii Bcerna ecTb
noArpynna uHieKca 2 -~ 3HakolepeMeHHas rpyrnmna A,. CooTBETCTBYIO-
lee NPOMEXKYTOUHOE moje A HMeeT CTeneHb 2 H NOPOKIAETCs Jc60#
(dyHKLHEH OT v;, MHBAPHAHTHOH OTHOCHTEJbHO 2,, HO He OTHOCH-
renpio &,. Ecan xapakTepucruka moas H oranuna or 2, 10 OJHOH
U3 TaKHX OGYHKIHE sBASETCs npoussedenue paswocmel

I1@—v)=VD,

<k

KBajpaT KOTOLOTO DPaBeH NMCKPHMHHAHI1Y ypaBHEnHs (1):

D= ] (v:i— )
[<k
JIMCKPUMHHAHT SB/ISETCS CHMMETPHYECKOH GbyHKUHeH, T. €. MHOro-
wienoM oT u. CjaejoBarenbHo, nofe A Mbl nosydaem B BHIE

A=A (YD)
Nas n>4 rpynna A, npocra (§ 55); mostomy
€, oA, o€ @)

— KOMMO3HUHOHHBIH paAn. CaefosarenbHo, rpymna &, mupn n>4
Hepaspelnma Hu cornacko § 62 orcioga ciefyeT 3HaMeHHTas Teopema
Abens:

Obuee ypasHenue n-fi cmeneHu npu n>>4 HEpaspeLuUmo 6 padu-
Kaaiax.

Jlnst n=2 u n==3 KOMNO3HIHOHHEIE hakTOpPHl Psija (3) LHKIHUHDL.
Ins n=2 oxasblBaeTcsa jAaxK€ BEPHbIM PaBEHCTBO U, =C; w1 n=3
daxtopsl umelorT nopaikd 2 H 3. Ilia n=4 uMeeTcs KOMIOSHIHOH-
HBIA pan

€, o, >oB 23 2¢E,

rae B, — «uerBepHas rpynna Kseina»
{1, (12)(34), (13)(24), (14)(23)}
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H 3, —ee mobas mogrpynna nopsiaka 2. [TopsiAKH KOMIO3HIIMOHHBIX
(aKTOpOB TaKOBhI:
2, 3, 2, 2.

dti 06cTOATENBCIBA JMeKAT B OCHOBE (GopMyJ Ansa pelueHuii ypabhe-
HHH BTOpPOH, Tperbeli M UYeTBEPTOH CTeneHeH, KOTOphie paccMaTpH-
BAlOTCA B cjenyloulem naparpade.

§ 64. YpasHeHus BTOpOIi, TpeTbell M ueTBepTOl cTeneHeii

Pelienue obuiero ypasrenus smopotl cmenenu
¥+pr+qg=0

COrJTacHO OOIeH TEOPHH JAOMKHO OCYLUECTB/ISITbCS B TEPMHHAX KBaj-
PaTHOrO KOplisi; B KayecTBe TAKOBOIO (CP. KOHeIl NpebAYIIEero napa-
rpaga) MOXHO B3ATh NPOHM3BeleHHe DPa3HOCTeH KOpHeH Xy, Xy

X —x, =) D; D=p?—4q.

Orciona 1 W3 paBeHCTBa

XXy =—p
NOJIYUAKOTCST U3BECTHBIE (POPAY.Ib]
_ —p+VD _—p—VD
hET o hE

[Ipepnonoenye BO BCEX 3THX BLIMHCJAEHHAX TOABKO OLHO: XapakTe-
PHCTHKA OCHOBHOTO NOJ He KPaTHa JBYM.
Obuee ypasHerue mpemseti crmenexu

224022 +a,2+a;=0
C MOMOIIBIO NOJCTATIOBKH

1
sz—‘?al

MOXKeT ObITh Tpex]e Bcero npeoOpasoBaHO K BHAY
x*4-px+q=0.

310 jpesaercs TOJAbKO A yhpouleHusi dopmya. M3 nokasatenbcrsa
JIETKO YCMOTDPETh, KaK BBINIAAAT (OPMYJbl A5 PElIeHHH HCXOAHOro
yPaBHEHHS

240,22+ a2+ a,=0.

(B coorsercTBuu c oflulefl TeopHeH peLICHHS YPABHEHHH, H3J0KeH-
HOM B MpefbilyileM mnaparpade, Mbl MPeANoONaraeM, 4TO XapaKTepi-
CTHKA OCHOBHOTO NO0JST OTJIMYHA OT 2 H 3.)

PyKoBoACTBY ICb KOMIO3HUHOHHBIM PSIOM

@3 =2 ?‘3 D@,
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NPUCOENHHIN CHAyasa [IPOH3BEJEHHE DA3HOCTEH KOpHe#

(X — %) (X1 — X3) (X3 — X3) = VD=V —4p*—27¢g
(cp. § 33, xomew, rae a; =0, ay=p, a3=—g). B pesysprare nony-
gnress nose A()/ D), OTHOCHTEJBHO KOTOPOTO ypaBHEHHE HMeeT
rpynny 3, T. €. UHKJIHYECKYIO TPyNNy Tperbero nopsaxa. B coor-

BETCTBHM C oOlielt Teopuefi u3 § 62 npHCOeMHMHHM KOPHHM TpeThed
CTENEHH H3 eNUHHIbI

i | J—— 1 1, —=
p=—2-‘+§‘V—-3, p2=-—~2———2—V—3» (1)
H 3aTeéM PAcCMOTPHUM pe30sbBeHTH Jlarpamxa

(L, x1)=x1+x,+ %5 =0,
(0, X)) =X+ pxs+ P X3, 2)
(% X1) =X+ p2xy + pX3.
Tperbsi creneHb moéo& M3 3THX 3JEMEHTOB JO/KHA pAUMOHABLHO
Bbipaxkatbes uepes )/ —-3 u J/D. Vveem
(0, %)) = x]F x5+ X3 -+ 3pxixy -+ 3pxixs -+ 3px3%; +
4 30,45 + 3p%xax5 - 3 XaxT 4 B Xo X,

1 COOTBETCTBYIOUIHM 06pasoM rovyuaercsi (p2, x;)® npu samene o Ha p2.
TMoxgcTaBuM ciofa paBeHcTBa {l) 1 3aMeTHM, YTO

V' D = (%, — x,) (x; — X3) (xp — X3) =
= X§X, ~F X3Xg -} X5y — X1 X3 — XX -~ XaX;
Torjaa

L3N L 3 =
(0, x,)* = 2’51 —9 Z X1+ Bxpxoxy +‘2‘ V—3VD.

Berpeuaroliyecs B pacCMOTPEHHBIX BBIPAKCHIsX CHMMETPHYECKHE DY HK-
uny corgacHo § 33 Jierko Bbipa)Kaiorcsl yepes 3JEMEHTapHbIE CHMMeT-
puueckie (YHKUMH ), Oy O3, a IOTOMYy H uepe3 K03 pUIHEHTH!
Hawero ypaBHenus. Vmeem:

ot = Y, 2143 D) xixp + bx1xy, =0, Tax xax 0, =0;

9 9 27
— 5 010y = ——2—2x‘;’x2—-——2—x1x2x3=0, TaKk kax oy =70;
7 27
PR PR

3 27
2.15? -3 zx?xz 4 6x %5 %5 = — - ¢
[103TOMY

0 %P =—3q+3V=3VD,
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H TOYHO TakK xe
27 3 —5
(0% %) =—2" g— 2V =3VD.

Ky6uueckue uppauuonanbhoctn (p, x;) H (0%, x,) He aBASIOTCH
HEe3aBUCHMBIMH, HMEHHO:

(0, %) (0% X)) =x1+ x4 x5+
+ o+ 0% x4, -+ (0 + %) X134 (p + ?) X5 =

=X} X3+ X5 — XXy — X1 X3 — XXy = 0} — 30, = — 3p.

Takum o6pasoM, KyGuueckue KOPHH
3
27 3
(0. x1)=]/—- 59+, V—3D,
3
27 3 T
0 x)=y -3 ¢— SV=3D
CJeyeT OnpenequTb Tak, 4To6bl OblIO BHINOJHEHO PAaBEHCTBO

(o, x1) (0% x1) =— 3p. (4)

YTo0bl BLIYHCIMTL KOPHH Xy, X,, X, YMHOXHM YDaBHEHHS (2) nocie-
josatenpHo Ha 1, 1, 1, cooTBerctBeHHO Ha 1, p?, p u 1, P, P% a sarem
CJI0KHM pe3yJabTaThl. Toraa nosyyaTcs paBeHCTBa:

3x; = % (& x1) = (p, x1)+(p? x1),

3”52 = ; C- ! (C’ xl) == pz (p’ xl) +p (92' xl)r (5)

3rg= DL 1) =p (o, X))+ (0% xy).
4

)

Dopmyant (3), (4), (5)— aro gopmyaer Kapdarno. Ouu COXpaHsIOT
CHJYy HE TOJIBKO B cJjyyae «ofllero», HO M B CJydYae ,060ro yact-
HOrO KyOHYECKOro ypaBHEHHS.

O BewecteennocTh Kopuedt. Eciu ocHOBHOe nofe, cofepikatice KOs(puiHenTs
p, g ABISETCS INOJIEM BeLeCTBEHHbX uuce. H, TO BO3MOXKHbBI ABa cayuas.

a) YpaBHeHHE HMEeT OJWH BEICCTBCHHbIH H JBa KOMIJIEKCHO COMpSIKEHHEIX
KOpHs. OQUeBHAHO, TOTJa MPOM3BEAEHHE (X3 — Xg) (X3 — Xs) (Xp— X3) SBJASETCH YHCTO
MHHMbIM YHCJIOM, Tak uto D << 0. Beanunnwt +}/ — 3D BeuiecTBEHHb H B (3) MoxkHO
B xauecTse (0, ¥;) B3siTb TPETHil BEWLleCTBCHHBIA KOPeHb. B cuay (4) saevent (p?, x;)
OyAeT TOrja ToOxe BELECTBEHHbIM, H nepBasi w3 Qopmya (5) MpeicTaBaseT 3x; Kak
CyMMy JBYX BCLIECTBEHHbIX KYOMUECKHX KOPHeH, B TO BpeMa KaK Xy H X3 npej-
CTaBJISIIOTCS KaK KOMIIJIEKCHO COMNpSXKEHHBIE YHCJ/IA.

6) YpaBHeHHe HMeeT TPH BElECTBEHHbIX KopHa. B stom cayuze V' D — pewe-
cTBeHHoe uHesno H D =0. B cayuae D=0 (gBa OfHHAKOBbIX KOPHS) PACCYHLEHHS
AOCTOBHO MOBTOPAIOT MpebIAYLLKe; B cayyae D > 0 sneMeHTbl Noj 3HAKaMH KyOu-
YeCKHX KOpHeil B (3) OyqyT MHHMBIMH H, C/IEAOBATe/blO, MOJYHAIOTCA TpPH (Belne-
CTBEHHBIX) BbIpaxeHHs (D) B BHAE CYMM MH B MBbl X KyOHYECKHX KOpHed, T. e,
BbIP&K€HHS1 HE B BEU|ECTBEHHOM BHJE.
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3TO TaK Ha3bIBAEMbll «HenpuBOOUMbLI CAy4ad» KyOHYECKOro ypaBHeHHs. Iloka-
KeM, UTo 8 maxoi cumyayuu OCeliCMBUMPeAbHO HEBOSMONCHO Deulums YpasHenue

WBA-pr+4q=0

C NOMOLYHIO BELYECINBeRHLIX  PAGUKAAOS, eCALL MOALKO OHO HE pasAQeaeincs yme & oc-
HogHom nose H
Hrak, nyctb ypasuene x®-}-px--qg==0 uepasiokumo Hag H u umeer Tpu

BeleC1BEHHBIX KODHS Xy, Xp, X3. [IpHCOEAHHMM cHaya.a l/ D. Ilpu stom ypasrenue

ne pasmaraetcs (notomy uto nose K () D), spasiomeecs, camoe Gonbuee, KBaJipa-
THYHBIM, HC MOXKET COAepKaTh KOpHeHl HLepasJIOKHMOTO KyGHUecKOro ypaBHeHHS) H
ero rpynnoii Oyaer rpynna ;. Ecam 6bl 0Kasanoch BOSMOXKHBIM [OGHTbCS passo-
JKEHHS C NOMCIUBIO Dsiia NMPHC(EAHHEHH! BelIeCTBEHHBIX PAJHKaJOB, MOKa3aTe.lH
KOTOPBIX MOXKHO, KOHEUHO, CUHTATb NPOCTHIMH HHCJAMH, TO CPeld ITHX IPUCCELH-

h—
HeHK[ HAULIOCH Gbl KPHTHUECKOE npHCOoennnenne )/ a (A—npocToe uncio), Kak pas

H BbISbIBAIOWICE DA3IOKEHHE, B TO BPeMs KaK 1O NPHCOCIHHEHHS KOPHS Q/ a, cKa-
xeM, B none A ypaprenHe Hepasaoxumo. Corsacro § 61 1n6o muorounen x#—gq
HepasoXuM B A, 1u6o a sBasercs A-fi CTeNeHbI0O HEKOTOPOTo 3/AeMeHTa noas A.
IMocaennuit cayuaid oTnagaer, MOTOTY YTO TOrja BeIeCTBEHHBbIH KOpeHb A-i CTeneHH
u3 0 umencs Obl yhe B A M €ro NpHCOEIHHeHHE He MOMMO Obl AaThb pasnoKeHHs

N h o —
ypasiienus (aegoBaienbHo, MHOrOuJEH x” —a HEpa3JNOKHM H cTeneHb noas A (]/ a)

h -
paBHa B TOYHOCTH h. B noae A('y a), COIVIaCHO MPEMNONOKEHHIO, CORepkKHTCS KO-
peHb HEpasJOKHMoro Hag A ypasuenus x3-px-g=0; caexoBateabHo, yucio A

Jenutea Ha 3, a motomy h=3 u A(VE)=A(x1) Crenesb nosisi  pasjioxeHus
A (%1, X5, X3) Hax A TakXKe paBHa 3 H, CJeJOBaTE.IbHO, A(VE):A(xl, Xy X3).
Byayun HopMatbubM, nosie A (Y a) momxwo BMecte ¢ 3 a cofepath M Conps-
JKEHHDbIE 3JIEMEHTHI P Vﬂ u p? V?z, a NOTOMY H KOPHH H3 elHHHLbI 0 u p2. Takum

sl
06pasoM, Mbl NpHUNIH K mpoTHBopeuio: sexp nose A (3 @) semlecrsenno, a uncio
p— HeT.

Obuwyee ypasHenue uemsepmoti cmeneru
dAata, +a2+a,=0
C NOMOLILIO MOACTAHOBKH

1
2=x—-

s 4

MOXeT ObITh Takxe Nnpeo6pa3oBaHO K BHAY
- pxtg+x+r=0.
Konnosuiuuonsomy psiny
SoUDP;03,0€E
COOTBETCTBYET psili HOJIEH:
AcAVDcA cA 3.

[To-npexkxuemy 6yneT CUMTATLCSH, YTO XapaKTePUCTHKA NoJad A OTIHYHa
or 2 u 3. Kak ™Mbl yBujauM, pa3sBepHYTOe BBIDAXKEHHE [LIsi JHUCKDH-
MHHaHTa HaM He morpebyerca. [lose A; nopoxkaaerca Haj mnoJem

A () D) TakuM 91€MEHTOM, KOTOpLIH BbIIEPKHBA€T NOACTAHOBKH W3
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B,, Ho He u3 A,. Bor omuy H3 TaKHUX 3JEMEHTOB!
0 = (%1 + x3) (x3+x,).

3aMETHM, KCTaTH, H4TO yKaSHHHbel 3JIEMEHT BbLIJIEPXKHUBAET HE TOJLKO
MNOACTAHOBKH H3 %4, HO ¥ TNOJACTAHOBKH

(12), (34), (1324), (1423)

(kotoprle BMecTe ¢ B, cocTaBasioT rpynny nopsaka 8). Han nosem
A saemeHT © HWMeer TPH Pa3UUHBIX CONMPSKEHHBIX 3JEMEHTa, B KOTO-
phI€ OH MEepPeBOAUTCS NOACTaHOBKaMH 3 &y

0, = (¥, + x2) (X3 + x4),
0, = (x1+ X3) (X2 + x4),
0, = (%3 + x4) (X, + x3).

OTH 3JEeMeHTH ABJSIOTCS KOPHAMH YpPaBHEHHUS TPETheH cTenenu:
03— 5,02+ 5,0 — b; =0, .6)
rae b; — snemeHTapHbie CHMMeTpHYeckHe GyHKUHH OT O, 6, O
by=0,+0,+6;=2 Zx1x2= 2p,
by= 0,0, = ¥ xix} -3 D) xixpxy + 6xprax,x,
by=0,0,0;= 3 xixdr; -+ 2 X ¥ixaXox, + 2 D) ¥ixixi 4+ 4 D) xixix x,.

Snementsl b, W b; MOXKHO BBIPa3HTh Yepe3 3JeMEHTAPHBIE CHM-
MeTpHuecKiie QYHKIHUH O;, O, Oz Oy 3JEMEHTOB X;. C NOMOMIbIO Me-
Topa n3 § 33 noJsyyaem:

o= D) xixd +2 > Xixexs + Bxaxgxex, = PP,
0,0, = 3 xixaxs - dxxargn, =0,
— 40, = — 4x XoXgXy = — 41
by = Z xix3+3 2 XiXoxXg - 6X1X, x5 = p* — 4r;
010505 = 3, X{x%+ 3 D) xixaxsry +3 N xixind 48 D) xixixsx, =0,
—0oloy = — ¥ xixaXsX,y — 2 ) xixixx, =0,

—0i= — Y iy — 2 D) xixdngx, = —¢?

by= ) xindng+2 D XixaXsxy +2 3] xixixg 44 D xixixgx, = — ¢
Tem cambiM ypaBHEHHe (6) NpUBOAMTCA K BHAY
09— 2p0? 4 (p2 — 4r) O+ ¢* =0. (7

Dr0 ypaBHEHHE Ha3bIBAeTCs KYGuHuecKoli pe3onbeeHmoll ypaBHEHHsS der-
BepTOH CTeneHu; KopHH ©,, O, O, 370H pPe30/bBEHTH MO Qopmy.aam
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Kappano MoryT 6biTh pWpakeHbl ueped paavkadis.. Kakabiii ornesb-
HBIH KOopelb S} BbIJIEPKHUBAET rpynny M3 BOCbMH Ha3BaHHLIX BbIIIE
TIOJCTAHOBOK, a BCE TPH KOPHS BBHIAEPXKHUBAIOT JIMUIL Tpynny By H
no3TOMYy

H(le @2» 63)":/\1-

[Tosre A, noayuaerca u3 noast A, NpHcoeiHHEHHEM 3JIEMEHTd, KO-
TOPBIT BbIAEPXKHBAET HE BCE YEThIPE NOACTAHOBKH H3 B, a TONBKO
MO/ICTaHOBKH €AHHHuHYI0 M (HanpuMep) (I 2) (34). OauuM ©3 Takux
5JIEMEHTOB fABJSACTCH X; -+ Xx,. Vimeem

Xt X)) (Gt x) =0, u (X -+x)+(x3-4+x)=0,
OTKY/a no.rlyqaeTCﬂ, Hanpu Mep, qTo
Xtx=1 =0, xtx,=—) —6,.

Touno Ttax xe:

x1+x3:]/“®2§ Xytxy=—1 — 0y
—_ R
Xy -k V4:V“‘@3§ Xyt x3=—1V O3
11 TpH HpPalliOHAJbHOCTH He SIBJAIOTCS HE3aBHCHMbIMH, TaK Kak
V =60,V =0,V — 03 = (x;+ %) (¥, + %) (%, - x4) =
= X1 - X1 (Xa + X5 Xa) - XqX0%5 - Xy XX - X Xy - XpXahy =
2 Al \ 1
= X7 (X + X+ X3+ Xa) - Z X1 XgXg == 2_‘ X1 XoXg = — (.
[Tockoabky By uMeeT MoOpsanok 4 u o6jajaer MOArPynnof nopsijika 2,
JABYX KBaJAPaTHYHbLIX HPpallHOHAaJbHOCTEH [0CTaTOYHO, YTOOLI CrIy-
CTHTBCSH OT LBy K & UM, YTO TO K€, NOAHATLCS OT nodas A K noJio
2. [efictButesbHo, KOpPHH © pallHOHAJBHO ONpejessioTesl 4epes Tpu

3JCMeHTa X; (KOTOpble 3aBHCAT YxKe OT JIoOblX JABYX CPeAH HHX);
B CaMOM JieJie, Bejb

20,=V =0, +V —6,+V —6,,
2, =V =6,V —6,—} —6y,
23 =—V —6,+V —6,—) —6y,
2, ==V —6, =V —6,+ ) —0,.

D10 — GOpMysbl pelleHHs OOGHIero ypaBHEeHUsl YEeTBEPTOH CTENeHH.
Ouu coxpaHsioT cHAY W 1451 J1060r0 KOHKPETHOI'O YypaBHEHHsl Yer-
BEpTOH CTeneHH.

3ameuanune. Tak Kak

@1 - 82 = (xl - X4) (x2 - X3),
0 — O3 = —- (x; — X3) (x; — Xy),
0; — Oy =— (x; — X) (V3 — Xa),
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TO AMCKPUMHHAHT KYOHYECKOH pe30/IbBEHTbl paBeH IMCKPUMHHAHTY
HCXOJHOTO YypaBHeHHsl. IJTO JaeT MNpPOCTOe CPEeICTBO BbiUHCJ/CHUA
JMCKPHMHHAHTA YpaBlleHHs 4YeTBEPTOH CTeNeHH, MOCKOJIBKY BCS HH-
¢gopMaunsi 0o KyGHUYECKOM YpDaBHEHHH Y Hac yxe ectb. Vimeem

D = 16p*r — 4p3q® — 128p*r* + 144pg*r — 274" 4- 25672,

3agaua |. Tpynna kyGHueckoii pe3oJbBEHTbl KOHKDETHOTO YPaBHEHUS YeT-
BEPTOll CTeneHH sBAsieTCss (GAKTOPrpynioll TIpynnbl HCXORHOTO YPABHEHHS MO ee
nepeceueHuio ¢ yeTBepHOH rpynmnoit Ly,

3apgaya 2. Onpene/iutb Ipynny ypaBHEHHS

M4+ x4+ x+1==0.
(Cm. sapauy 3 u3 § 57 u npenpaymyto 3afauy 1.)

§ 65. MocTpoeHHs: ¢ NOMOLLBIO UMPKYAS H JHHEHKH

O6patuMcsl K DacCCMOTPEHHIO CJefylollero Bonpoca: Kozda 2eomern-
puteckas 300a4a HA NOCMPOEHUe Peuiaemcs ¢ NOMOWbH UUPKYAR U
AuRellku 1)?

[lycte paHbi 06pa3bl 3/1eMEHTapHOH TeOMETPHH (TOYKH, MpsIMbie
HJIM OKDPYXKHOCTH). 3ajaya COCTOHT B TOM, YTOObI € MX NOMOIIbIO MO-
CTPOMTb JApYyrue o6pasbl, MOJYHHEHHbIE KaKHM-JIHOO H3BECTHBIM YC-
JIOBUAIM.

[pucoeMHMM K 3ajaHHbIM 00pasaM JeKapTOBY CHCTeMYy KOOpJH-
Har. Torjga Bce naHHble o6pasbl MOXKHO OyjaeT NPeICTaBJsiTh C 10-
MOIIBIO Map yuces (KOOPAHWHAT) W TO XK€ CaMOe€ BEPHO OTHOCHTEJLHO
KOHCTPYHpYeMbiX 00beKToB. Ec/M ynactcsi mocTpoMTh (Kak OTPEe3KH)
yycJsa, MNpeJCTaB/sIoONHe [0C/AeHHe OOBEKTh, TO 3aj]da4ya OKaXercs
peienHol. Tem caMbiM BCE CBOAMTCS K NOCTPOEHHIO ONHHX OTPE3KOB
no apyruM, yxe 3anaHHbiM. IlycTb a, b, ...—3ajaHHble OTpPE3KH,
a X — HCKOMbIH OTpEe30K.

[Mpexkne BCero Mbl MOXEM JaTb HEKOTOpPOE A OCTAaTOYHOE
yC/IOBHE MOCTPOEHHS] MCKOMOTO OTpe3Ka:

Ecau pewenue x HeKomopou 3a0auu  6eL4ecmeesno u moxcem Obumo
BOIMUCACHO C NOMOWbIO PAYUOHAAbHbIX onepayutll u ussiredenuil (He
06A3aMeAbHO 8eUieCMBEHHbIX) KBAOPAMHbIX KOpHell u3 300aHHbIX Ompes-
Koe a, b, ..., MO OMPE30K X MONCHO NOCIPOUNL C NOMOWbIO YUPKYAA
U aunelxu.

Vio6Hee Bcero nokasaTb 3Ty TeopeMy Tak, 4ToObl BCE KOMJEKC-
HBIE 4HCJA p--gi, y4acTBYIOUIHE B BLIYMCJEHHH OTpE3Ka X, MOXHO
6bII0 H306pas3uTh C NOMOILBIO TOUYEK C KOOpAMHATAMH p, ¢ Ha MJO-
CKOCTH C MPSIMOYTOJIbHOH CHCTEMOH KOOPJAMHAT, @ BCE HCIOJb3yeMble
onepaiul MOXKHO OblI0 HM306pasuTb C TNOMOLLbIO TEOMETPHYECKHX
nocrpoeduii. Kak 310 chesath, AOCTaTOYHO XOPOILO H3BECTHO: CJIO-

1) [To nopoay HCTOpHH BOmpoca cM., Hampumep, llrenae (Stelle A. D.).
Die Rolle von Zirkel und Lineal in der griechischen Mathematik. —Quellen und
Studien Gesch. Math., 1936, 3, S. 287,
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EHHe — 5TO CJOXKEHHE BEeKTOpOB, a BbIYHTaHHE — 3TO o0parHas orne-
panusi. Ilpy YMHOMEHHH CKJIANbIBAIOTCSl apryMeHTH M NepeMHOKa-
IOTCSI MOJYJ/IM; TIOITOMY, €CJIH @, @ — aPLYMEHThl H 7y, 7y — MOJYJIH
nepeMHOXKaEeMbIX YHCeJ, TO COOTBETCTBYIOLIME 3HAuUeHHs ¢, r IJd
NpoH3BesieHsl CTPOATCS € MOMOUIbIO YpaBHEHHI

Q=@+ @ ¥ r=riry Wi liry=ry:r.

OGparoit onepauuell siBasercst Jenenne. Hakowell, 4TOGh U3BJeUb
KBaJpaTHbIH KOPeHb H3 YMCJla C MOAYJeM r W apryMEeHTOM ¢, COOT-
BETCTBYIOUINE 3HAYEHUS ry, ¢, BHIUHC/IIOTCA U3 ypaBHEHUH

1
0=20, P=35¢

r=ri wm l:irp=r;:r.
Tem caMblM BCe CBeJOCH K H3BECTHLIM IOCTPOEHHSIM € TOMOULbIO
IIUPKYJI U JIHHEHKH.

Mmeer mecto u ofpaTHasi TeopeMa MO OTHOLIEHHIO K TOJbKO 4TO
JIOKa3aHHOM:

Ecau ompe3ok X MOXMHO NOCMPOUMb C NOMOULLIO YUPKYASL U AU~
HeliKu u3 OaWHbix ompe3kog @, b, ..., MO HUCAO X MOJNCHO HNOAYHUMb
C NOMOULbIO PALUOHGALHLIX ONepayuti U U36AeHeHUs K6AOPamHblx Kop-
Heil u3 uucea a, b, ...

U066l OKA3aTh 3TO, PACCMOTPHM TNOApOOHee Oonepaiil, KOTophie
MOJKHO OCYIIECTBJISITb B Mpolecce NOCTpoenus. BoT OHM: 3ajaHue
NPOM3BOJILHON . TOUKH (BHYTPH 3aJaHHOH 006J1aCTH); NpoBeJcHHe Mpsi-
MOil uepe3 [Be TOUKH; NPOBeJeHHe OKPYXKHOCTH C 3aJlaHHBIMH HEHTPOM
M paaMycoM; HaKOHell, NOCTPOEHHE TOUKH NepeceyeHHsi ABYX MPSMBbIX,
TOYEK [epeceueHus NMPAMOH M OKPYMKHOCTH HJIH JBYX OKPYMKHOCTEH.

Bce 5TH OnepamyH MOMHO MPOCJEAHTb C MOMOLLbI0 KOOPAHHATHOH
CHCTeMbl 4HCTO ajre6pauuecku. Eciau Touka Geperca BHYTPH 00JacTH
NPON3BOJILHO, TO MBI MOXKEM CUHTATbh €e KOOPAMHATbI PallHOHAJIbHBIMH
yycaamu. Bce ocTajibHbiE TOCTPOSHHMA MNPHBOAAT K PallHOHAJBHBIM
OmepaLMsM, 33 MCKJIOUEHHEM JBYX MOCJEAHHX (MepeceueHue MpsMOok
C OKPYXHOCTHIO HJH TepecedeHHe JBYX OKPYXKHOCTeH), KOTOpbIE
NPUBOAST K KBaJPaTHbIM YPaBHEHHMsIM W, CJel0BaTelbHO, K KBajpar-
HbIM KOpHsM. Tem caMbiM yTBepXKJeHHE JOKa3aHo.

Crnenyer eme OTMETHTb, YTO B TeOMETPHYECKOH 3ajaue pedub
He WZET O MOCTPOEHHAX [ KakIoro KOHKPeTHOTr o BbiGopa
3aaHHbIX ToYeK; TaM Tpebyercss HalTH OOl €ee MOCTPOEHHE, KO10poe
(11py M3BECTHBIX OrPaHUYEHHSIX) MPUBOAHT K DELICHHIO 3a1auH. Aure6-
paHyecKH 3TO O3HAYaeT, YTO OfHA H Ta Xe dopmysa (OHA MOKET
cojiepKaTb KBajJpaTHble KOPHH) NpPH BCEBO3MOXKHBIX 3HAUYEHHAX @,
b, ..., YAOBNETBODPSIOUIMX 3aJaHHbLIM YCJOBHMAM, JNaeT peileHue X,
HMEIOIee CMBIC H YJAOBJETBOPSIOLIEE yPaBHEHHAM TE€OMETPHUECKOH
sajaud. Mbl MoxKeM 3TO BbICKas3aTb M TaK: YPaBHEHHS, KOTOPBIMH
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cnpen~IsieTcs BeMYHHA X, a TaKXKe KBaJADATHbie KOPHH H PallHOHAJb-
Ible ONEpallu, C NOMOILbI0 KOTOPBIX Mbl pewa'1 3TH ypaBHEHHS,
JO.2KHBl COXPaHsATh CMBICH, €C/IH 3aJaHHble 3/1eMeHTH a, b, ... O6yayT
3aMeHeHnl Ha mepemeHnsle. Tak, Hampumep, eciau 3azaercs BoIl-
poC O BBIIOJIHUMOCTH J@JeHUs Ha TPH paBHbIE HacCTH € MOMOLILIO
UHDKYJsi ¥ JIHHEAKH, — B cuay (GopMyJibl

cos 3p =4 cos®p— 3 cos ¢
3Ta 3ajaya CBOJWTCS K PELIEHUI0 ypaBHEHHA
4x3—3x=a (a=cos3y), M)

— TO BONPOC COCTOHT BOBCE He B TOM, 4TOOBbl pelluTb ypaBHenue (1)
18 KaKHMX-TO KOHKPETHbIX 3HaueHMH o C [OMOLIbIO KBaJApaTHBIX
KOpHel, a COpalliBaeTcs, CYLIeCTBYeT JH obuias Gopmy./a pellenus
ypastenus (1) —dopmysa, KoTopasi COXPaHSAET CMbICJ TPH Heolpe-
JIeJleHHOM 3HAYEeHUU .

Taknm o6pa3oM, Mbl CBe/IM T'€OMETPHUYECKYIO 3a7a4y [OCTPOSHHSA
C NOMONLbI0 IMUPKYJaS W JHHEHKH K cJaedylollledfi anrebpanyeckoi
3ajaue: KOrja BeJHUYHHA X MOXKET ObITb BbIPaXKEHA C [OMOLLbBIO
palMOHATbHBIX ONepanud H KBaJAPATHBIX KOpPHEH uyepe3 3ajlaHHbie
BEJIUYHHH a, b, ...?

OtBetuTs Ha 3TOT Bonpoc HerpyaHo. Ilycts & — mose paumo-
HaJbHBIX (YHKUHA OT 3ajaHHBIX BesqMuMH a, b, ... Ecau anemenr
X JO/Kel BbIPAXKAThCs C [IOMOILBIO pAaUHMOHAJBHBLIX Onepauui H
KBaJpaTHbIX KOpHeH uyepe3 a, b, ..., TO X JO/KEH IpHHALIeXKATb
Moo, KOTOpoe mfojdydaercsi M3 § Moc/jefoBaTeNbHBIM MPHCOEAHHE-
HMEM KOHEUHOTO uMCJa KBaJIpaTHbIX KOpHeH, T. €. IOC/eI0BaTe b
HbIM [EpeXOJIOM K pacilMpeHusM creneHu 2. Ecau BMecte ¢ Kax-
IbIM KBajJpaTHbIM KOPHEM MpPUCOCIHHATbL K INOJIO KBAJAPATHHIE KODHH
U3 BCEX CONPSKEHHBIX 3/1€MEHTOB, TO OYAyT M0Jy4YaTbCHA TOJNBKO
KBaJpaTHuUHble pacIIMpPeHHsi, U B HTOre HOJYUMTCA HOpMajbHOE pac-
LIHpeHHe CTeneHu 2™, B KOTOPOM JIEKHT 3aeMeHT x. Mrak:

Umobot 0mpe3ok X MONHO GblA0 NOCMPOUMs € HOMOWbIO YUDPKYAR
U AUHEKU, HeobX0OUMO BbINOAHEHUE CAEOYIOUe20 YCAOBUS: HUCAO X
NPUHABACHCUM HOPMALLHOMY pacuiuperuro noas { cmenewu 2™

Odnako smo ycaosue u docmamouro. JleicTBHTeNbHO, TpyINa
Faaya noas cremend 2™ sBAseTcs Cpynnod nopsaka 2™ M, Kak
rpynma, NOPsOK KOTOpPOH €CTh CTeleHb NMPOCTOro uMCjAa, OHA p a3-
pemuma (cm § 52) CrenoBarenbHO, CYLIECTBYET KOMIO3HIHOHHBIA
pal, KOMIO3HLMOHHBIE (aKiopbl KOTOPOrO HMEIOT MOPSAOK 2; COr-
JIACHO OCHOBHOH TeopeMe Teopuu [adya emy COOTBETCTBYET LElb
nojed, rAe Kaxaoe MOCIefyiollee IoJe MMeeT CTeleHb 2 Haj mpe-
aeinywnm. Ho sioGoe pacmmpeHHe CTeleHH 2 MOXKHO OCYLIECTBUTD
NPUCOEIHHEHHEM HEKOTOPOTro KBAJPAaTHOTO KOPHfA; TeM CaMbiM BeJH-
YMHA X BBIPAXKASTCA 4Yepe3 KBajpaTHble KODHH, OTKYJa H CJelyer
yTBEepKACHHE,



§ 65] MOCTPOEHHUS C MOMOLIBIO LIHPKYJISL U JIMHEMKHU ezl

Tlpumennm Tenepb 3TH ofllKMe TeopeMbl K HECKOJbKHM KJaccH-
YeCKHM 3ajladaM.
Wnpuiickas sadava 06 yosoenuu Kkyba') MPUBOXHT K KyOHUECKOMY
yPaBHEHHIO
=2,

KOTOpPOE COIVIACHO KPHUTEpHIO DH3eHIUTEHiHA Hepas]oXHMO; IO3TOMY
Kaxapll KOpeHb 5TOr0 YpaBHEHHS IOPOXKAaeT pacIIHpeHHe TPeTbeH
crenenu. Ho Bcsikoe Takoe pacuiipeHHe He MOxeT ObITbh NOATIOJNEM
noast crenedu 2m. Caedosamenvro, 3a0aua 06 yosoewuu Kyba He pe-
WiGemCcs. ¢ NOMOULbIO UUPKYASL U AUHEUKU.

3ada4a 0 mpucekyuu yeaa TIPUBONMT, KaK Mel BHAEJM, K ypas-
HEHHIO

4x3 —3x —a=0,

rie o — nepeMeHHasi BeJqHuxHA. HepassoxuMoCTh TakKoro ypaBHEHHs
Haj] [OJEM palMOHAIbHBIX (YHKUMH OT « [OKasaTh JIETKO: €CJIH
6bl JeBas yacTh HMeJa PAallHOHANbHO 3aBHCSIUMHA OT O MHOXKHTEIb,
TO y Hee Obl1 Gbl MHOMXHTENb, LEJOYHCIEHHO 3aBHCAIIMH OT a; HO
JAUHEHHBI MHOTOWIeH OT o, KO3(D(HUIHEHTH KOTOPOTO HE HMEIOT
ofliero neuTess, O4EBHAHO, HepasnoxuM. Orciofa, Kak M Bbllle,
[OJYYaeTcsl, 4TO TPHCEKLHS YIJa HEOCYIIECTBHMA € IOMOLLLIO IIHp-
KyJas H JHHEHKH.

Anre6panuecku Gosee yno6Had ¢opMa ypaBHEHHS TpPHCEKLHU
yrJa noJaydaercsi, KOrjia K IOMI0 PalHOHANbHbIX (YHKLUHE OT @ =
= COS 3¢ MPHCOEIUHAETCSH BEJIHUYMHA

isin3p=1)"— (1 —cos?3¢)
M ypaBHEHHe 3alHChIBAETCs s

Y =Cos ¢-+isinq.
HmenHo:
(cos ¢+ isin @) =cos 3p 4 isin 3q,
HIH, Kopode
y*=§.

To, uto TpucekUHs yria 3¢ MOXKeT ObITb CBeJeHa K 3TOMY ABYY/IEH-
HOMY ypaBHEHHIO, JIETKO CJjelyeT H M3 IeOMETPHYECKOH HHTEpIpe-
TAUHH KOMIVIEKCHBIX 4HCE/.

Keadpamypa Kpyea npuBoauT K NoCTpoeHHio uucia n. Ee HeBos-
MOXKHOCTb GyJeT YCTaHOBJIEHA, €CJH I0Ka3aTh, 4TO YMCJO T HE Y/O0B-
JIETBOPSIET HUKAKOMYy a/Jre6paHuyeckoMy YypaBHEHHIO, T. €. SIBJSETCS
TPaHCUEHAEHTHBIM. JIeHCTBUTENBHO, TOrAA 7 HE MOMKET JeXaTb HH

1) Ucropuo sTofi 3ajau¥ Mul 3HaeM OGJaroapsi KomveHntapuaM Apxumena
no noBoay BrBoAcB EpToxus. Cm. Ban gep Bappaen bB.JI INpobyxiaomascs
éi;zkas—SM Pusmarras, 1959, c. 190 194 209 211, 221 -—224, 317=318,
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B KAaKOM KOHEUHOM paclUMPEHHH M0/ palHoHaabHbIX yuces. CooT-
BETCTByIOllee JI0Ka3aTe/NbCTBO, KOTOpPOe He OTHOCHTCS K aijreGpe,
cM., nanpumep, B kuure: IeccenGepr (Hessenberg G.). Trans-
zendenz von e und .

Tocmpoeriue npasUAbHO20 MHO20Ye0AbHUKA, BNHCAHHOTO B 3a]aH-
HYIO OKPYXKHOCTb, B Clyyae A Yr/JOB NPHUBOAHT K YHCTY

2cos 27"=C+§-1,
20
rie {=e " —NpUMHTHBHBI KOpeHb A-ii cTeneHH M3 eauHuUbl. Tax
KaK 3TOT 3/eMEHT NepexOjHT B celsi JIHLIb NpH NOACTaHOBKaX {+—>§
u {+— {1 us rpynne lanya nosns penenHs Kpyra, OH MOpOXAaeT

h
HEKOTOpOe BelleCTBEHHOe [OAlNOoJe CTENEeHH ipé_Z; TeM CaMbiM Mbl
h
rnosiyyaeMm ycCJOBHE IJji1 BO3MOXXKHOCTH NOCTPOEHHS 3TOro yucJja: E—é——) ,

a Takxe ¢ (h) DOKHBEI ObITh CTeneHsAMH ABOHKH. [IycTh h=2"q¥1
... §'r (g; — HeueTHble YHCJIa); TOTAA

Q) =2"""gr" g (g, = 1) ... (g, —1). @)

(B ciyyae v=0 nepBhili MHOXHTeab 2V-' BhIajiaeT.) YcioBue, cie-
JOBATeJbHO, COCTOMT B TOM, UTOGb! HEYeTHble NPOCTbE JAEJNHTENH BXO-
IMAM B A numb B nepBofi cremeHu (v;==1) B, Kpome TOro, 4ToChl
KaxK/bii HEeueTHbIH NPOCTOH [e/HTEIb ¢; MOCJe BbIYHTAHHS €MHUILDL,
T. €. UMCJIO ¢; — 1, OKasbiBajoch CTenmeHblo JBOHKH, T. €. H4TOOb!
BbIOJIHSJIOCh COOTHOILIEHHE

qi=2k+l.

KaKoBhb e NpocThie YMCJAa TAKOro BHAA?
Uucsno k He MOXKET JEAMTbCS HAa HeueTHoe uMcao U1, noToMy
4TO H3
k=pv, W HeyeTHoe, n>1,

caenoBano 6w, uto (2Y)*+1 penutca Ha 2V--1 H, Takum oGpasom,
He fBJASETCS IPOCTBIM.
CJ/lef0BaTeNbHO, NOJKHO HMETb MECTO pPaBeHCTBO BHIA R=2V U

g=2"41.
3Hauenuss A=0, 1, 2, 3, 4 peficTBU1e/bHO 3aJaI0T IPOCTHIE HHCA

g;, a UMeHHO:
3, 5, 17, 257, 65537.

IOas A=5 H HecKoJbKHX OOJBIIMX A (KaK JaJeKo, HEH3BECTHO)

A
gueao 22" 41 He ABaseTcs NpocThiM; Hanpumep, 22° 41 uMeel jesu-
Teqb 641,
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Takum o6pasoM, Kaxipli NpaBUJbHBIA A-yroJbHHK, TAe A, Kpome
CTENeHH [BOHKH, COAEPXKHT JIHIUb YKa3aHHBE [POCThHe MHOMXKHTETH
3, 5, 17, ... He Bblle, 4yeM B NePBOH CTENEHH, MOMXKHO IOCTPOHTDH
¢ nomowbio LuPKYyas H Jjaunediku ([aycc). Ilpumep 17-yroapuuka
6bl1 paccmoTpeH Hamu eme B § 60. M3BectHw nocrpoenus 3-, 4-, 5-,
6-, 8- u 10-yrombunkos. IlpaBuibHble 7- U 9-yroAbHHKH yike He
MOryT ObITb MOCTPOEHBI C NMOMOLIBIO LHPKYJS H JHHEHKH, NOTOMY YTO
OHM NpPHBOAAT K KyOUYECKOMY TMOANOJMI0 B MOJAX JeJeHHs Kpyra
6-# cTeneHw.

3 afaua. [lokasarb, 4T0 KyOuueckoe ypaBHEHHe
B4-pr4q=0

B HENpPHBOAMMOM CJyYae MPHBOIMTICA C [OMOUIBIO MOJACTAHOBKH X==Px’ K ypaBHe-
HHSAM THIA YPaBHEHHs TPHCEKLHH (1), ¥ BbBecTH oTClOAa GOpMYyJy peiseHust KyGH-
YECKOro ypaBHEHHs] B TePMHHAX TPHUIOHOMETPHYECKHX (YHKLUA.

§ 66. Buluncaende rpynnel [anya.
YpaBHeHHsI ¢ CHMMETPHYECKOii rpynmnoi

OauH M3 MeTONO0B, C MOMOILBIO KOTODOrO MOXKHO MoCTpouth rpymmy Canya
ypaBHeHus f (x) =0 Hax nosem A, COCTOHT B CJeAyiOlIeM.
Iyetb @y, ..., G, —KODHH YypaBHeHHs. [IOCTPOHM C IOMOLU(bIO NepeMeHHLIX
Ugs ... Up BHIDAKEHHE
O=usoty+... 4,0,

NpUMEHUM K HeMy BCEBO3MOMKHble MOJCTAHOBKH S, NMEPEMEHHHIX H COCTaBHM MDOH3-
Be/leHHe
F(z wy=]] —s.8).
S

OueBHIHO, 3TO MPOU3BEAEHHE SIBIAETCA CUMMETPUYECKOH QyHKUMel kopHed u
103TOMY, corsacHo § 33, MoxeT GaiTb BbIPaXKEHO Yepe3 KO3(DHIMEHTH MHOroY/eHa
f(x). Pasaoxum MHOrowler F (2, #) Ha HepasoKUMLIE MHOXKHTEIH B KOJbIE
Afu 2]:

F(z, uy=Fy(z, u)Fy(z, u) ... F, (2, u).

[MocTaHoBKH S, KOTOpLIE MEPEBOAAT B ceOs HEKOTOPHIH COMHOXKHTE/b, CKAKEM,
coMHoxHTeNb Fy, cocTaBaaloT rpynmy §. Msl yTsepmpiaeM, 4To epynna §—amo
6 moynocmu epynna Iasya 3a0GHH020 YPABHEHUS.

ODoxasateabcrBo. [locie npucoeiuHeHHs BceX KOpHed MHorou.ed F,

a OTOMy ¥ MHOrcuieH F; pasiaraloTcsi Ha JIHHEHHbie MHOXKHTENH BUAA Z — 2 Gy,
KO>(pHIKEHTAMH KOTOPHIX CJAYXKaT KODHH Oy, PAClOJIOKEHHBIE B HEKOTOPOM MO-
psaike. Ilepenymepyev KODHH TaK, 4ToObl F; COAEpKasd MHOXKHTEIb Z — (U0l ...
-fugzo,). B onocaenywoiiem cuMBoa s, OyseT 0603HauyaTh IOACTAHOBKY CHMBO-
JIOB U, a Sy — TaKyl0 Ke MOACTAHOBKY CHMBOJIOB or. OQueBWAHO, 4TO B TaKWX 060-
3H3QUeHUsX IIOACTAHOBKAa §,S, OCTaBJIseT Bblpaxenue O=u o;-...4u,x, HHBA-
PHAHTHBIM, T. €.
SuSe8=0,
sg0=s,'0.
Ecan noscraHoBka s, NpHHap/IexUT rpynme g, T. €. OCTABJISET HHBADHAHTHHIM

MHOrouen Fy, TO s, HEPeBOAMT KaXJbll MHOXKHTEIb MHOrodsesa Fj, B yacTHocTu
2—0, BHOBb B HEKOTODHIl .JMHEHHHH MHOMHTEIb MHOrowieHa Fy. O6paTHo, ec.is
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HEKOTOpasl MOJACTAHOBKA S, NMEPEBOAUT MHOXKHTETb Z——0 B APYrod JvHERHbIH MHO-
JKHTeJb MHOroulena Fj, TO OHa MepeBOAMT F; B HEKOTODBIA HEPas/IOKUMbI
B Koablie A [u, z] MHOTOU/EH, SIBASIOULHCA AeauteseM MHorounesa F(z, u), T. e.
B OJMH M3 MHorouseHoB F; W mMpUTOM B Tako#f, y KOTOPOTO ecTb OOWHH JuHel-
HBI MHOXHTeNb ¢ Fq; 3T0 O3HayaeT, uto Fy nepeBoautcst B ce6s. CJefoBatesbHO,
NOACTAHOBKA S, NPHHANIEXHT rpynme g. TakuM o6pas’oM, rpynna g COCTOMT H3
MOACTAHOBOK CHMBOJIOB i, KOTOpBIE MEPeBONAT Z—8 B JHHeAHbIH MHOXHTE/Ib MHO-
rouseda Fy.

IMoacranoBku S, ®3 rpynnsl [anya Muorousexa f(x)—3T0 TaKueé NOACTAHOBKH
CHMBOJIOB ¢, KOTODBI® MEPEBONAT BHIPANKEHHE

6=u 0 +...+u,0,

B CONpSKEHHBIE C HHM K AJIA KOTOPHIX, C/EJOBATE/BbHO, 3JIEMEHT Suf yAOBJETBO-
pHeT ToMy K€ HepasJoKHMOMYy YpaBHEHHWIO, 4TO M 0, T. e. 3TO TaKhe NOACTa-
HOBKH Sy, KOTODHE NEpEeBOAST JWHEHHBIH MHOXKHTeNb Z-—6 B Apyrofl JuneAHbI
MHOXHTeNb MHOrowiena Fy. Tak kak s f6==s;'f, TO nojcraHoBKa S! TaKxe Mnepe-
BOAMT JHHEHHBI!l MHOXKATeJAb 2—6 B JHHeHHBIH MHOXHTEJAb MHoroysewa Fp, T. €.
s;1, a MOTOMY M s, MpuHAMIeXHT rpynne g. Bepso u ofparnoe yTBepxkjienHe.
CheoBatesibHO, rpynna [aqya cOCTOMT W3 TeX M TO/MBKO TeX MOJCTaHOBOK, KOTO-
phbie BXOAAT B I'PYNNY g, HYAKHO TOJAbKO CHMBOJbI 00 3aMEHHTb Ha CHMBOJbI 4.

10T METOA omnpejesienust rpynnel [ajlya unTepeceH He CTOJbKO MPaKTHYECKH,
CKOJIbKO TEOPETHUECKH; U3 HEro MoJyyaercsl YMCTO TEOPETHYECKOE C/eACTBHE, KOTO-
poe 3BYYHT TaK:

Hycms R — yeaocmroe kosbyo ¢ edunuyed, 8 KOMOPOM UMEEM MECINO Meopema
06 00HO3HAUMOM pPa3AOXMceHUl Ha npocmole muoxcumeau. ITycms p—npocmod udeas

8 R u N=N/» —rkoa6yo Kaaccos somemos. Mycms A u A —noas wucmuoix kosey RN
u N. Haxoney, nycmo f(x)=x"-4~...—mHocouren uz R [x], a [(x) nosyuaemcs u3
f(x) npu eomomoppusme R — N, nputem 06a MHO0MACHQ HE UMEIOM KPAMHLIX KOp-

wetr. Toeda epynna g ypasrenus f=0 uad nosem A (xax epynna nodcmanosox
no0xodauum 00PA30M NEPEHYMEPOBAHHbIX KOPHed) A2anemca nodepynnod epynnel §
ypasrenus f=0.

JokaszatenbcTBO Pasiloxenye MHOrous€HA

F, u)'_—"ll (2 —s,0)

Ha HepasnoxuMble MHOxuTeadu Fy, Fy, ..., Fp B Koabue A [z, u], cornacuo § 30,
ocymecrsisiercs yxe B R [z, 4], B NMOITOMY €ro MOXHO MEPEHECTH C NOMOILLIO
ecTecTBeHHoro roMomopdusma Ha R [2, u]:

F(Z, u)=F1'Fg'...'ch

Meuoxutean Fy, ..., BO3MOXKHO, OKaXyTCHl pasJOXKHMBIMH Janbuwe. [loxcra-
HOBKH M3 TIpynmbl ¢ nepesopar Fy, a motomy u Fy B cebs, a ocrajibHblC nojcTa-
HOBKK cuMBOJIOB u mnepesoast Fy B Fa, ..., Fy. TloncranoBks u3 rpynnu g mepe-
BOASAT JI0G0H HEpasJoXUMbIH MHOXKUTEeIb MHOrOWIeHa F; B cels; MO3TOMY OHH He
MoryT nepesoguts F; B F,, ..., Fpi o6s3steqbHo Fy nepeBolutcst B celst, T. e.
g — HEKOTOpas NOArpynna rpynnbl §.

Sra TeopeMa YacTo HCMOJb3yeTcss Al HAaXOXJeHHA rpynnut g. Ilpn 3ToM
ugeal P BHIGHPAOT Tak, 4TOGbl MHOro4JeH [(x) OBl DPa3/ioKHM MO MOAYJO b,
[NOTOMY 4To TOrda Jerde onpeledHTs rpynny g ypaHesus f. IlycTs, Hanpumep,
R —KOABUO LedHX uHcesq M p==(p), Tle p—npocToe unciao Torga no moayaw p
MHOrouY/eH [ (x) npeacTaBiasieTcst B BHJE

[ ) =91 (%) @2 (%) -+ P (%) (Ph
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CJjiejoBaTe.1bHO,

f=%i2 ... Pp-

Tpynma ¢ MHOrouneHa [ (x) UMKIMYHA, TAK KaK rpynna asToMopdu3mMoB noJs
Tanya o6sizatensno umkimdna (§ 43). IlyeTs s —nolcranoska, nopoX alolias
rpynny § W UPeACTABJSIOWAACS B BUJE HHKJIOB CJEAYIOIIMM 06pa3oM:

(2.4t ).

Tak Kak o6JacTh TPaH3HTHBHOCTA TDYINITH é COOTBETCTBYIOT HEPA3JIOKHUMBIM MHO-

KHTENAM MHOroYJeHa f, TO CHMBOJB, BXOAsiuue B mukae (1 2 ... j), (-
AOJLKHE! HAXOAUTLCA B TOYHOM COOTBETCTBHH C KODHfMH MHOTOY/IEHOB §; s, ...
Kak TO.IbKO OKasbiBAlOTCs M3BECTHBIMH CTENEHSAMH j, &, ... MHOTOUJIEHOB S, 0Ka3bi-
BaCTCH U3BECTHBIM M THI TOJCTZHOBKH: IIOJACTAHOBKA COCTOMT TOIJa H3 OJHOTO
[-4NEHHOTO 1IMKJI4, OJIHOTO K-YJIGHHOTO UHKJAA M T. . T4K K4aK B COOTBETCTBHH

¢ TNpPHBEICHHON BHllle TEOpeMON NpH MOAXOAAUlEH HyMepauuu KopHell rpymna g
OKasbBAETCA MOArPYNNOd rpymnel §, epynna g Goaxua codepaamn nodcmanosky
maKkoeo sice muna.

Tak, HampuMep, eciu WeIOYHC/CHHbE yDABHEHHS NSTOH CTETEHH MO MOAYJIO
KaKoro-in6o MpPOCTOr0 YHC/A pPaclafaeTcs B MPOH3BEJCHHE HEPA3/ONKHMOTO MHO-
HTE BTOPOH CTENEHH H HEPA3JOXHMOrO MHOMHTeJs TPeThell CTeNeHu, TO rpylna
Tanya obsi3ana comepxaTh TofcTanoBky Tuna (1 2)(3 4 5).

ITpumep. Ilyctb nano wetoyucaenHoe ypasHeHHe

ces sy

X6 —x—1=0.

Ilo moaysmo 2 neBas uacTb pasnaraercs B pou3BelcHue
(2 x4 1) (04224 1),

a Mo MoAy/o 3 OHAa HepasJOKHMa, NOTOMY YTO HHAue y Hee GbLT Gbl MHOKHTEJD
MepBOf WJM BTOPOR CTeleHH, a NOTOMY U OOWUHA MHOXHTedb ¢ X —x (§ 43, 3a-
Jaya 6); mocjefHee o03HauyaeT HaJuuue OGLIEr0 MHOMKHTeNs JuGO C X3 —x, aubo
¢ X34-X, UTO, OUEBHJHO, HEBO3MOKHO. TeM CaMBIM rpymuna 3ajaHHOTO ypaBHEHHs
COZEPIKUT ONUH NMATHYIEHHHH HHKJ U mpousBefeHHe (¢ k) (/ m n). TpeTbss cTemeHs
TocjielHell NMOACTAHOBKH paBHa (i k), a 3Ta mocJjefusis, TpaHCPOPMHUPOBAHHAS
C ToMOIEIO ToACTaHOBKH (1 2 3 4 5) u ee cTemeHei, AaeT WLenb TPaHCHOSHLH
(i k), (& p), (p q), (g r), (r i), KOTOpHIE BCE BMecTe MOPOKAAIOT CHMMETDPUUYECKYIO
rpynny. CiefoBatesbHO, §— CUMMEMPULECKAA epynna.

C noMowpio ycraHOBJEHHBIX (PaKTOB MOMKHO IIOCTPOHTb ypaBHEHHE MPOK3BOJb-
HOHi CTeMeHU ¢ CHMMETPHYECKOH IPYNIOi; OCHOBaHHEM CAYKHT CJe/yIoas TeopeMa:
MpansumusHas epynnd nodCmanoeox n-ii cmenenu, codepicausas odurn 080LHOL yuKaA
u 00un (n— 1)-useHubid YuKA, A6AREMCA CUMMEMPULECKOL .

Hoxasareancrso. [lycts (1 2... n—1)— pausmii (n—1)-uneHHbI LUK
JBoiHOM wHKJ (i j) B CHJIY TPAH3HTMBHOCTH MOMHO nepeBectd B uukJa (k n), rie
k—onun w3 cumsosos ot 1 1o n—1. Tpaucdopmupopanue unkaa (4 n) ¢ NOMOLLbIO
kaa (1 2... n—1) u creneneii nocieasero faet uukas (1 n), (2 n), ..., (n—1 n),
4 OHH MOPOMKIAIOT BCIO CHMMETPHYECKYIO IpyImy.

YTo6bl Ha OCHOBaHWH 5TOff TeOpeMbl MOCTPOHTH ypPaBHEHHE f-ii CTENeHH (n>3)
C CHMMETpUYeCKOH IPYNINOK, BbiOEpEM CHayaJa HepPasNoKHMbI MO MOAYJMIO 2 MHO-
TOUJIeH n-ii cremeHw fi, a 3aTeM MHOTOWIEH fy, KOTOPHIf 10 MOAY/IO 3 pasmaraeTcs
B NpousBe/ieHne HEPa3JIOKMMOIO MHOIOU/IEHA (f— 1)-if CTeNeHH W JHHEHHOro MHO-
TouleHa, W, HakoHeL, BhIGEPEM MHOrOUJIEH fz CTENEHH 7, KOTOPHIH MO MOAYMO 5
Pasnaraetcsi B npowusseseHue KBAAPATHOrO MHOXKHTEIS! § OBHOTO WJIH IBYX MHOKH-
Tellefl HEYCTHBIX CTENEHEH (BCe OHM AOJKHB! GHITh HEPA3IOKHMBIMH MO MOLYJO b).
Bee 310 Bo3mowHO, MOTOMY HTO MO MOAYJIO J06Or0 MPOCTOro YHC/IA CyUIECTBYeT
HepagnoxuMpli MHorouwien J000H Hamepel 3aJaHHOH CTENEHH (§ 43, sapaua 6).
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B sakmouyenne Bbl6epeM MHOTro4J1eH f TaK, 4TOOb! BLIMOJHSJHCH YCJIOBHSL

=f; (mod2),
f=fs (mod 3),
f=/s (mod 5);

cjiesaTb 3TO BCErjla BO3MOXKHO. JlocTaToOYHO, HaAmpuMmep, MOJIOXKHTD
f=— 15}1 + 10, +-6/5.

I'pymna Canya Gyfer TOrAa TPaH3MTMBHOA (T2K KaK MHOrouJIeH HEpAsNoXuM Mo
MOAYJII0 2) M GyleT COfepKaTh UHMKJ THOA (1 2 ... n—1) u ABOMHOH WKMKJI, yMHO-
JKOHHBI Ha LMKJIB HeyeTHoro mnopsiika. Ecju 3T0 noc/ieliHee NpousBe/CHHE BO3-
BECTH B HeYeTHyI0 CTeNeHb, NOAXOASIMM 06pasoM NONOGPaKHYylo, TO MOJdyduTCH
queThiil ABofiHo# wMKa. CorJacHo npuBeJeHHOH Bblle Teopeme rpymna Tanya 6yaer
CHMMETp HYeCKOH.

C NOMOIIBIO TOFO MeTOAa MOXKHO A0Ka3aTb HE TOJbBKO CYieCTBOBaHWe ypaBHe-
HHil ¢ cHMMeTpHueckoll rpymmnoit Tanya, HO H HEuTO GoJsiblllee: WMEHHO, acHMITO-
THUECKH BCe IeJodHc/JeRHbe ypaBHeHus, Ko3(QdHIUEHTH KOTOPbIX HE NPEBOCXOAST
rpaHuily N, cTpeMslylocss K CO, MMEIOT CHMMETpHYECKyio rpynny. Cm BaHu fep
Bapaen (van der Waerden B. L.).—Math, Ann., 1931, 109, S 13.

CyuiecTBYIOT JIH YPaBHEHHS C PAllMOHA/IbHbBIMU koshdunueHTamMs, rpynna lanya
KOTOpbiX fIBJf€TCS MPOM3BOJBLHO 3aJaHHOM TIPYNMNOH TOACTAHOBOK, — HEpELIEHHAR
npobieMa; cM. 1o 3ToMy mosogy Hértep (Noether E.). Gleichungen mit vorge-
schriebener Gruppe. — Math. Ann., 1917, 78, S. 221—-229.

3anaya l. Kakoa rpynna [anya ypaBHeHH:

x42x24+x4-3=0

Haj NOJieM PaliMOHAJbHEIX UHCeJ?
3agaua 2. [ocTpouTh YypaBHEHHE IUECTOH CTerieHH, TIpynma KOTOPOro
ABJSIETCS CHMMETPHUECKOH.

§ 67. HopmaabHble Ga3uChi

Ton HopmarsHoim 6asucom wy, ..., W, pacuupenus X noas A
nojpas’ymesaercss TakoH 6asHc, y KOTOPOrO 3JeMEHTbl W INepecTas-
nstorca rpynnod Ianya ©&:

ow,=w; 118 Kaxjaoro o 0.

MoXKHO [0Ka3aTb, 4TO HOpMa/bHbIE 06asnCc BCeraa CyliecTByeT.
JloxasaTenbCTBO, KOTOPOe Mbi 3jleCh MNpHBEjeM, cJaeays Apruny b,
OTHOCHTCS K Cayualo GeckoHeuHoro ocosnoro nojs A. Ciyuaii KoHed-
HOTO 10JIsi Mbl PacCMOTDHM [MO3/Hee.

[lycthb @ =a; — NIPUMHTHBHBIA 3/IEMEHT H f (x) — MHHHMaJbHbIHA
MHOroOuJ/IeH AJf o

S=A@, f)=0.

B xosbue 2 [x] muorounen f(x) NOJHOCTbIO pasjaraercs Ha JiH-
HelHble MHOMKHTEJIH:

fF)=@Ex—aq) ... (x—a). M)
1) Aptun (Artin E,), Galois theory, —Notie Dame, 1944.
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D/eMeHTH Oy, ..., O, TPyNnb (9 0EpeBOAAT & B CONPSKEHHbBIE
3J€MEeHTH Oy, ..., O, ABIfIOUIHecs nonapHo pasinusbiMu. [lpn moa-
Xopsilllell MepeHymepannyn aBTOMOPOH30B O, MONYHAIOTCS paBEHCTBA

oa=a, k=1, ..., n). (2)

[TocTpOHM KOJIBIIO KJIACCOB BLIYETOB KOJbUA MHOrouseHoB 2 [x]
no MOMLYJ/IO MHOrouwseHa f(x):

R =X [x]/(f (x))-

DsieMeHTHl KOJblld R NpENCTaBJAsAOTCS MHOroW/IeHamM# ¢ Koabhdu-
LHEHTaMH M3 Z CTEeNmeHH He Bhllle, uem n— 1:

gX)=gytgx—+...4+gn1x" 1. (3)

KoHcTaHThl g;, SIBJASIOIHECH KJacCaMH BBIUETOB, KakK OObIYHO,
6yAyT OTOKIECTBIATbCA C 3/emeHTaMu mnoist Z. Kuace Bbiuetos,
KOTOpbIl MpeACTaBiseT nepeMeHHas X, obosnaunm uepes fi. Torsa
KJace BbIYETOB, KOTOPHI TpencTaBjsieT MHOTOUNEH g (X), HMeeT BH[

gB)= Z gupF = Z cir0t Pk, (4)

k i, &

rie Bce i 1 k mpoGeraiot 3Hauenus ot 0 go n—1.

B Koablle KJAaccoB BhIUETOB R JleaT JBa H30MOPQHBIX MOANOJSA
S=A(2) u 2 =A (). Kaxnwii snement u3 R corsacno (4) opHo-
3HAYHO NPEACTABJINETCS B BHAE CYMMB Mpou3Belenuit af*, cocras-
JEHHbIX H3 GasHCHBIX 3/eMeHTOB o nojs 2 u 6asuCHbIX 3/71eMeHToB fF
noas ¥/, ¢ kospdunuentasu u3 A. Koabuo R HasuiBaeTcst npiMbim
npoussedenuen anre6p X u I’ Hag A H obo3nayaercss uyepes

R=ZxZ".
IMokaxeMm, uto R mpencTaBisieTcsl Kak NpAMas cymma 1 Hsomopd-
noix mosed Ky, ..., K,
CorjacHo WHTepHoOJALLHOHHOA opMyne Jlarpanxka Kaxiblii MHO-

rouied g(x) u3 2 [x] creneuu, He Goabiuedt n—1, NpexcTaBASETCS
C TIOMOLIBIO 71 3HaYeHH# g (%), ..., g(x,) B BHIE

gx) =D Pr(x) g () (5)

ITpu stovm P,(x) sBAsieTcsi MHorouneHoM H3 X [x], KoTopmuli
B TOUKe o, NPUHHMAeT 3HayeHHe |, a B OCTaNbHLIX TOYKaX o PaBeH

HY 0!
Py (x) =[I1 (ak—ai)]“ Tl (x =) (6)

iFk i £k
Ecau onars nepediTy K KjaaccaM BLIYETOB 110 MOZYJIO f(x), TO

H3 (5) nosysuTcs
g ()= 2] erg (o), (7)
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rae
er= Py (p). (8)

B pasenctBe (7) cneBa CTOMT COBEPIIEHHO NPOWU3BOJILITBIN 3JIe-
meHT (4) u3 kosmbua R. Koabpbuunents g (o) cnpaBa SBIAAIOTCS 3J€-

meHTamu noas 2. M3 (7) ciepyer, 4TO 3/J€MEHTH ey, ..., €, COCTaB-
JSIIOT HEKOTOpbli 6asuc Kosbla R Haj nosem :
R=e X +e,24...+¢,2. 9)
BriGepem B (7) B KauecTBe g KOHCTAHTy l; Torha noJyuuTcs
n
1= 2 es. (10)
i

Tpoussenenne aByX MHorouwieHoB P;(x) m P,(x) npu j==k ne-
aurcs Ha f(x). Ecau nepefiTi onsiTh K KJaccaM BbIYETOB 110 MOy IO f (x),
TO MOJYYHTCS

el'ek:O (]#k) (11)
YumuoxuM (10) cneBa u cnpaBa Ha e¢;; TOTAE TOJNYYUTCH
eie/:e,‘. (12)

Korpa y npoGeraer mose X, NpPOU3BEEHHS ey IPOGEraiwT MmoJe
e;3, uzomopdHoe no/io X, MOTOMY UTO COMOCTaBJEHHE y+—>e;y fB-
JsIeTCs, OYEBHUAHO, H3OMOPPU3MOM. EAHHHUHBIM 3/eMeHTOM B €3
HBJIAETCS €.

BuiGepem B (7) B KauecrBe g{x) MHOrouwjgeH ¢ Kos(pdpuuueHTaMH
M3 A; Torga cJeBa NOJYYHTCS NPOM3BOJbHbLIA 3MeMeHT g (B) mona X'.
YMHOxkHMM o0e yactu B (7) ewie Ha e;, TOrja MOJYYATCH

¢g (B) =e;g (@) (13)

Ecin g (f) npoGeraer Bce anementhl u3 X', To g(w;) mnpoberaer
BCe 3/JeMEeHThl M3 X; TakuMm o6pasom, u3 (13) moayuaercs

e’ =eZ. (14)

Hrak, pasnoxenue (9) MOXHO 3anMcaTb Takxe B BHJIE
R=¢2"4...+¢€,2, (15)
M. e. aneMenmolL ey, ..., €, COCasAsiom Hexomopoii 6asuc koavya R

Had nosem 3'.

AsTomMopduaMbl ¢ moJss X MOryT GbITh PACHPOCTPAHEHBI HA  KOJIBIO
2 {x], ecan ycJOBHTBCS, YTO OHH COXPAHSAIOT MePeMEeHHYl0 x: X7 = X.
Takum o6pasom, aBTOMOpdH3M ¢ Oyjer AeHCTBOBATh JMILL Ha Ko3d-
(buumenTsl g, MHorousenoB (3). Ecau Ttenepb onATh HepedTH K KJjac-
caM BLIUETOB MO MOAYJIO f (x), TO MOJyYaTcsi aBTOMOPGDH3MBI Gy, ..., O,
KOJIblla R, KOTOphIE NepecTaBsioT MeKAY COOOH 3JIeMEHTH Oy, ..., %p,
HO Kax[plfl s7eMeH1 nojs X’ OCTaB/AIOT Ha MecTe. '
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B uacTHOCTH, NpHMEHHM aBTOMOP(HU3M O, K OMNpENEeJeHHOMY
¢ nomouibio (6) MHOrouseHy P, (x); TOoraa mosy4uTcs

0xPy1 (¥) = Py (%), (16)
H, CJIE0BATelbHO,
Oy = €.
Orciopa ciaefyer, uro
0¢;, = 0 (0xe,) = (00;) €; = 0;; =¢;. (17)
Takum 06pasom, IAEMEHMbL ey, ..., €, COCMABASIOM HEKOMOpbitl HOp-
MaavHolll 6asuc Koseya R Had nosem T'.

[lyctb Tenepb 4y, ..., U,— NPOM3BOALHBIA Gasuc noas 2 Haj
nonem A. Muorounedn Pp(x) Moryr OLITb BbIPAXE€Hbl Yepe3 3ITOT
6asuc Tak:

Pk ()C) == Z U;Pir ()C), (18)

rie pir (x) — MHorouensl ¢ Kodpounuenramn u3 A. OnsThb-TakH me-
peiiieM K KJ/accaM BBIYETOB; IOJIYyYHM

€, = Z UiTlig,

Ifie T, — KJ4CChl BHIUETOB MHOTOWIEHOB py (x) mo moayawo f(x). Tax
KAK e, COCTABASIOT JHHeAHO He3aBHCHMbl GasHC Kogblla R Han
nojeM ', TO ONpPEAeTHTENb 3JIEMEHTOB iy, OTIH4eH oT nyas. Cie-
foBaTenbHo, onpeaeInTenb D (X) MHOPOWIEHOB pj, (X) OTVIHYEH OT HYJIS.

Tak Kak OCHOBHOE TOJE Mpeanoiaraercas OGeCKOHEUHbIM, B Kaue-
CTBE X MOXKHO MojoGpaTh Takoe 3HaueHue a H3 A, yro

D (a) = Det (p (@) 0. (19)

MMoncrasum 310 3Hauenne a B (18); Torma mnosy€aTcs HOBbE Gasuc-
Hbl€ 3/1eMEHThI

v =Py (@)= D) uipir (a), (20

Kotopsie B cuay (19) cOCTaB/SIOT AHHEAHO HE3aBUCHMbIH 6a3HC OIS X
Han A.
Mpumennm K v, =P, (a) aBToMOpdH3M 0j; Torma B cuay (16)
NOJYYHTCS, YTO
Oply = Up,

T. €. Uy, ..., Uy COCTAaBJISIOT HEKOTOPHI HOPMaibHBI Gasuc moas 3
Hag moseM A. Tem cambiM caydail GeCKOHEYHOTO HOISA A paccMOTpeH
TIOJIHOCThIO.

Ecan A asiisercs KOHEUHBIM TOJeM H3 g=p™ 9JeMeHTOB, TO U X fBJIAETCA
KoueurpiM. I'pynna Tanya mons £ Hajl A COCTOMT TOTAA U3 creneHel

1, o, 6% ..., 071 (07"=]1)
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aBTOMOp(H3Ma O, KOTODBI OMpeje/iseTcss paBeHCTBOM
ca==ai

H OCTaBJSIET 3JeMeHTHl MoJst A HemoABMKHBIMH. HaMm HyxHO Joxasatbh, 4To B 2
CYMIECTBYET TAKOH 3JEMEHT {, 4TO 3JIEMEHTH!

& of, 0%, ..., o7

Nubelino HesaBucumbl Hajd A. Torlla 3TH 3JeMeHTH OYAYT COCTaBJATb HOPMaJbHBIH
6asuc noJs.

Wnest AoxasaTe bCTBA Ta Ke, Y4TO H B JIOKA3aTe/bCTBE CYyLIeCTBOBAHHMS NPHMH-
THBHOTO KODHS W3 €XHHHMIBI cTereHH A. Torla Mbi paccMatpuBajin MyJbTHILIHKA-
THBHYIO TPYNIy KOpHel A-H CTemeHH W3 eJWHHMLBL; TENepb ke Mbl PaccMarpHBaeM
rpynmy 3aemMeHToB moast X. B kawectBe 006JaCTH MyJIbTHIJIMKATOPOB B JaHHOM
cayyae BO3bMeM KOJbLO MHorousteHoB A [x]. Ilpou3ssefieHue MporouseHa

g=g(x) = cpx*
Ba sJeMeHT { M3 Y Oompeje/isieTCs PaBeHCTBOM
gL =gt =] cx0*.

TouHo TakK ke, KaK B c/lydae MYJbTHIJIHKATHBHOH TPYNIBI, KaXkAOMY SJEMeHTy {
COTOCTABJIAJOCH 1Ie/10e YHCJO0 — NMOPAAOK g, TaK Ternepb KakAOMY { Mbl CONOCTaBHM
MHHHMaJbHbIE MHOTOUJIeH g, OnpeleseHHbIH KaK MHOIOYJIeH HaHMeHblieli CTeneHH
co cBoitctBom gf=0. B nepBoM ciayuae yHCJO g GblIO JenHTeJeM NopsiKa IPymmbl
h, a Temepb MHHHMAJIbHBII MHOTOUJIEH g ABJACTCS AeNHTeJeM MHOroujena x%—I,
KOTOPHIH B CHJy paBeHCTBa 07 ==1 ofpaliaercs B Hy/lb Ha BceX aJjemeHTax . Tax
e, KaK paHbille £ pa3jarajJoch B NpOH3BEJIeHHE NPOCTEIX MHOXKHTedel ¢; Tak
Temepb MHOrouseH A (x)=x"—1 B Ko/blle A [x] pasnaraeTcss Ha MPOCThle MHOXKH-
tean gy(x). Tak ke, KakK paHblie RIS KakJOro { CyLIeCTBOBaJO YHCJIO a; Y KOTO-
poro (h/g;)-s cremeHb Oblia OTJIHYHA OT I, TaK Tenepb CYUIECTBYeT 3JEMEHT 4,
KOTOPbIil HE SBJISIETCST KOPHEM MHOTOUIeHa A /q;. JeHcTBHTebHO, MHOrOUMEH h/q;=g;
HMeeT CTelneHb, He NPEeBOCXOAsUlyio uHc/la n—1, a aBToMop¢usmel 1, o, ...,0771
JIHHEHHO He3aBHCHMBI, CJeJ[OBAaTeJbHO, CYUIECTBYET 3JIEMEHT a;, KOTODHIii He SIBJISA-
ercsi KOPHeM MHOrousneHa gj(X)=cy+ciXx+...-Fc,_1x""1. YMHOKHM 3TO @
Ha h/r;, TOJOGHO TOMY, KaK paHblie 3JeMeHT a; Bo3BOZWJca B (h/r;)-10 CTeneHsb;
y Hac HOJYUHTCS 3J1eMeHT b;, MHHHMAaJbHbI MHOrousied KOTOPOro — 3TO B TOUHOCTH

rizqri. B npexpiaylieM ciyvae OblIO MOKa3aHO, 4TO TPOH3BEJeHHE BCeX b; HMeeT
nopsfoK h; TOYHO TaK e CyMMa
t=2b

aBAfeTCS KOpHeM MHorouJeHa x"—1. MuHorouslen g(x) cTenedn, MeHblle#t uyeM n,
HE MOMET HMeTb B KauecTBe KODHei 3JeMeHTH {, ciejoBaTennHo, §, 0 §, ..., 071 §
——JIHHe{HO HEe3aBHCHUMbIE 3JIEMEHTbI, H MBI MOJYYHJIH HOPMa/bHBIA Gasuc.

3anaua 1. ITposecty nocieiHee NOKa3aTeJhCTBO BO BCEX JeTasifX.

3apmauva 2. Ecim yMHOKATb 3JEMEHTH Tpynnsl dy, ...,0, Ha O CJ€Ba, TO
OHH MOABEPrHYTCSl HEKOTOPoil nepecraHoBke S. Ilpescrapienne 0—»S HasbiBaeTcs
peayanprsin npedcmagaerues rpynnsl @. C Apyroli CTOPOHEI, €CJIH 3JEMEeHTbl HOp-
MaJbHOrO 6a3uca MOJBEPraloTcs HEKOTOPOMY aBTOMOPQH3MY C, TO HpPOHCXOAHT
HekoTopasi nepectaHoBka S’ 3THX 6a3HCHBIX 3/1EMEHTOB M OKa3bIBACTCS 3a4aHHBLIM
npeacrasienne o—S’ rpynnel (& noicraHoBKamH. IToKa3aTh, yTO Mbl HMeeM jeJlo
3Jech C pPery.IsipHbIM NpeJCTaBJelHEM.
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YIOPAAOYEHHDIE
U BIIOJIHE YNOPAAOYEHHDIE MHO)KECTBA

§ 68. YnopsinoueHHble MHOKECTBa

MHOX€eCTBO Ha3BIBACTCS YHOPAGOUEHHBLM WIH AUHEHO YnopadoueH-
HolM, €CJIM Ha €T0 3JeMeHTaX ONpeNlesIeHO OTHOUIeHHe a << b, mojyu-
HEHHOE CJIe[lyIOIHM YC/IOBHSM:

1. Jasi mobuix 1ByX 3aemeHTOB @, b aubo a<<b, qubo b < a,
Jaubo a=>o.

2. Jlna IBYX 3/eMEHTOB a ¥ b HMeeT MeCTO OJHO H TOJBKO OJHO
H3 COOTHOLIeHHH: a< b, b<<a, a=b.

3. U3 a<<b u b<<c caenyer a<c.

Ecau npepnosaraiorcsi BBINOJHEHHBIMM JIHIIb TpeGoBaHus 2 U 3,
TO MHOXKECTBO HAa3bIBAETCS HACMUMHO YHOPAOOUEHHbIM UJIH NOAYYNOPS-
OouerHoim. ONMH BaXKHBI KJIacC MOMYYNOPSIIOUEHHBIX MHOXKECTB
u3ydaercs B Teopuu cmpykmyp. CMm. no atomy nosopy Bupkroo T.
Teopust crpykryp. —M.: WJI, 1952.

Ecau a<Cb, To roopar, uto a npedwecmeyem b, a b caedyem
3a a WaH 4TO a Haxodumcs neped b, a b— nocre a.

N3 orHoweHuss a<<Cb ornpenensieTcs HECKOJIbKO MPOH3BOJHBIX
OTHOLUEHHH:

a > b o3gayaer, 4rto b <<a;
a<<b o3Hauaer, 4To a<<b wiH a=";
a==b o3nauaer, uto a>b wiu a=>b.

B nunefiHO ynopsjoueHHOM MHOXKECTBE OTHOIEHHE a=<b sBJfA-
€ICsl OTpHIAHHeM OTHOWIEHHS a>>b M TOYHO TaK e OTHOILIEHHEe
a==b — oTpullaHHeM OTHOLUeHHSI a < b.

Eciu HekoTOpoe MHOXKECTBO YHOPSIOUEHO HJH YACTHYHO yIops-
NOYEHO, TO M KaXK[Oe ero NOJMHOXECTBO YIOPSAJO0YEHO HJAH COOTBET-
CTBEHHO YACTHYHO YHOPSAJOYEHO TEM 2KE CAMBIM  OTHOILEHHEM.

MoxeT cly4ynTbes, YTO YMOPSIOYEHHOE WJH MOJYYIIOPsJOUeHHOe
MHOXKecTBO M 06/ajiaeT «IepBbIM 3JIEMEHTOM», KOTOPBIH MPENIIECTBYeT
BCeM ocTajbHbIM. Hanpumep, TakoBo uucio 1 B pspy HaTypajbHBIX
uncel.

YnopsjoueHHOe MHOXKECTBO HA3LIBAETCS 6MOAHE YNOPAOOHEHHBLM,
€C/IH KaxJoe Hemycroe €ro INOJAMHOXECTBO HMeeT IEepBbIH 3/eMEeHT.

Mpumepn. 1. Kaxnoe ynopsigoyeHHOe KOHEUHOE MHOMKECTBO
ABJISIETCH BHOJIHE YIOPSAL0YEHHDIM,
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2. Psan maTypa/ibHbIX 4HCeN BIOJHE YHOPSIOUEH, [OTOMY 4TO
B MIOGOM HemycTOM MOJAMHOMXKECTBE MHOXKECTBA HATypajbHBIX UHCe]
HUMeeTCsl NepBbIH 3/1eMEeHT.

3. MuoxecTBo neasix umeea ..., —2, —1, 0, 1, 2, ... B «ecre-
CTBEHHOM» TOPSAAKE HE $SIBISETCS BIOJHE YMOPAJOYEHHBIM, [OTOMY
4YTO B HEM caMOM HeT HepBoro sjemeHra. OJHAKO €ro MOXKHO BIIOJIHE
VHOPSAOUUTD, €ClTH PAcHOJIOXKHTb €r0 3JEMEHTHI, HampuMep, TaK:

0» 11 _—l’ 2y —2, (XX}
HJIM, HanpHMeEp, Tak:

19 2y 3, ceesy 01 _13 —2’ ""39 teey

Tre BCE IOJIOXKUTEJbHBIE YHCAA TPENIIECTBYIOT OCTaJbHBIM.

3agaua |. OnpefenuM Ha MHOXKECTBE Map HaTYDAJIbHBIX 4mcea (a, b) OTHO-
IueHHe TOPAAKa CJaeAyiouHM obpasoM: mycth (@, b) << (a’, b'), ecan smbo a<<da’,
Jubo a=a’, b<<b’. Jloka3aTb, 4TO TaK ONpEeJeJieHHOe OTHOIIeHHE NpeBpallaer
JIAaHHOE MHOXECTBO BO BIIOJIHE YHOPSJOYEHHOE.

3agaua 2. B moBoM BOOMHE YMOPSAOYEHHOM MHOXKECTBE KaxKIbld 3/eMEHT
@ (33 MCK/IIOUeHHEeM, GbITb MOXKET, 3/IeMEeHTa, SIBJISIOUerocs Moc/efHHM) oG1ajaer
HETIOCPeICTBEHHO CCAyIOUHM 33 HHM» 3JEMEHTOM b >>a, TpHueM MexAy b u a
HeT HHKAKHX JAPYTHX 9JeMEHTOB X (T. €. 3/€MEHTOB x CO CBOHCTBOM a << x<<b).
JlokasaTh 370. MMeeTcss JiH B 9TOM CJydae A KakJOro s/eMeHTa (3a HCKJOUe-
HHEM IIePBOrO) 3JeMEHT, HEMOCPeACTBEHHO MpejuecTByIOmHit eMy?

T1ycTb M — NMOIMHOXKECTBO YACTHHHO YIIOPSIOUeHHOro MHOMecTBa E.
Ecau Bce 37eMenThl ¥ M3 M yJOBJAETBOPAIOT YCJAOBHIO X<<S, TO §
HasbiBaeTcs eepxrell epanuyeil MHoxkectBa M. Ecnu B E cylectByer
HauMeHbIlAasi BePXHSS TpPAHULA g, TaK YTO IJs BCEX IPYTUX BepX-
HUX TPaHHI § BBHIOJHEHO YCJOBHE $=g, TO g sIB/fETCA OJHO3HaYHO
onpejieJieHHOM I'paHULed H Ha3bIBAeTCH 6epXHell eparbio MHOXKECTBa
MsBE

[Mpumepn. 1. Bepxufif rpadb MHOXKECTBA OTPHIATENbHBIX
uuces B mose Q) paummonanbHbIX uMcesn paBHa Hy/Mo. 2. MuoxecTBo
HaTypa/ibHbIX uHces] He umeer B (1 BepXHell IpaHMIBl H, KOHEUHO, He
uMeer BepxHeil rpaHu. 3. MHoxkectBo M palHOHAJbHBIX 4YHCEN X CO
cpoficiBoM x2< 2 umeer B {1 Bepxmiolo rpaHuny 2, HO He HMeer
BepxHed rpanu. OnHako, €C/aIH IPHUCOEAHHUTbL K Q) BemecrBeHHOE

aneno V2, To muoxecteo M B @ (}/2) mnpuoGperaer BepxHIO0
rpasp /2.

§ 69. Axcuoma BoiGopa M Jemma Llopua
Hepmeﬂo [epBbLIM 3aMeTHJI, YTO MHOI'OYHCJEHHbIE MaTeMaTHUYeCKHe

HCC/IeI0BaHH A ONMUMPAIOTCH HA HEKOTOPYIO aKCHOMY, KOTOPYio OH cdop-
MYJHpOBaJl KaK aKCHOMY Bbl60pa. COCTOAT OHa B CJeAyIOLIeM:
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Ecau 300aHO0 HEKOMOpOE MHOMCECIBO HENnyCmblX MHONCECME, MO
cywjecmayem  «pyHKyuL 66i60pa», m. e. PYHKYUS, KOmopas Kardomy
U3 MUX MHONECM8 CONOCMABASiem KAKOU-AL60 e2o dAemenm.

[TopuepkHeM, YTO KaxK[0e OTAEJAbHO B3STOE MHOMKECTBO MNpPEAro-
JlaraeTcsl HemycCThIM M, CJI€JOBaTe/IbHO, M3 KaxKIOT'0 MHOXKECTBAa BCerjaa
MOXKHO BHIOpaTb HEKOTODBIH ero 3jeMeHT. AKCHOMa yTBEpKJaer, 4To
U3 BCEX TAKHX MHOXKECTB MOXHO OJHOBpPEeMEeHHO BeifparTh [0
JIEMEHTY.

Bciony B hanbHeHIeM, TAe 5T0 GYAET HYMKHO, MBI NpejrnoJaraem
BBINIOJTHEHHOH aKCHOMY BbiGopa.

BaKHBIMH  CJI€ICTEUSIMH H3 aAKCHOMBI BBbIGOpA SBJSIOTCS JIeMMa
Ilopra u TeopeMa O TOM, YTO Ka)KJOe MHOMKECTBO MOXKHO BIIOJIHE
yropsnounTs. B Hactosmiem naparpade Mbl chopmyJsHpyeM M JOKa-
xeMm jJemMmy UopHa, a B ciepyiomem naparpade — TeopeMy O MOJHOM
YIOP ANOYEHHH.,

[MogmHOXKecTBa @, b, ... HEKOTOPOro OCHOBHOTO MHOXKECTBA
B CBOIO Ouepeib COCTAaBJSIOT HEKOTOPOe MHOXKECTBO: cmeneds P mHo-
aecmea §. Mexny IByMs IOJAMHOXeCTBaMH & M b MOXKET HMeTb
MeCTO COOTHOIIeHWe a C b, o3Havamwllee, Y10 @ — COOCTBEHHOE MOJ-
MHOXKECTBO MHOXecTBa b. C [OMOIIBIO 3TOrO COOTHOLIEHUS MHOMKe-
¢TB0 P OKa3plBaeTCs MNOJYYNOPSAOYEHHBIM. JIMHEeHHO ynopsioueH-
HOe TMOJMHOMKECTBO MHOXecTBa P Ha3blBaeTcsl, B COOTBETCTBHH C Tep-
munosiorneit Llopra, yenewo. [Ina moObIX NBYX 3J1€MEHTOB a H b
HekoTopoll Lenu K JOJKHO, CJI€J0BATeNbHO, BBHIIOMHATHCA ONHO H3
COOTHOILEHHH: a — b unu b a umm a=bh.

ITogmuoxkectBo A B P HaswiBaercsi samkwymein no Llopuy, ecau
C KaXIOH LENbI0 OHO CONEPIKUT U OObeJMHEHUE ee 3JIEMEHTOB.

Maxcumansrowi semeHT B TOAMHOXKecTBe A MHOMXecTBa P — 310
TaKOe MHOXECTBO M M3 A, KOTOpoe He COJEPIKHTCS HH B KaKOM Jpy-
TOM MHOMKECTBE, SBJISIIOILEMCS 3JeMeHTOM B A.

[Tpusuun makcuMmyma uau Jjgemma Llopua ytBep-
Kpaert:

Kaodoe samxnymoe noOmuoscecmso A & mroxecmse P codepacum
no Mexoulell mepe 00UR MAKCUMANGHBUL IAeMEHN .

ATy JeMMy MOXKHO CQOpPMYJHPOBATh HECKOJBbKO Gosee OGIIHM
obpasom, cienysl DypGaku. Bwmecto nopMHoxkecTBa A u3 P MOXHO
paccMaTpHBaTh IPOM3BOJBHOE IOJNYYIOPSAJAOUEHHOE MHOXKecTBO M.
Hene K B M, Kak u npexje, onpeuessieTcst Kak JIHHEHHO ymnopsijo-
yeHHoe moaMHOXKecTBo B M. [l1a mo6GbiX ABYX 3/1€MEHTOB @ H b
HEKOTOpOli LeNnu JOMKHO, CAEJOBATETbHO, BBIMOJHATHCA OJHO M3 CO-
OTHOWeHHH: a<Cb nian b<<a wim a=>s.

MuoxecTBO M Ha3bIBaeTCS BAMKHYmbLM, €CIH BMECTE C Kax[oH
UeNbi0 OHO COJAEPKUT M ee BepXHIO rpaHb. [IpHHLUN MaKcHMyMa
TOTA2 yTBepKIaer:

Jloboe wacmuuno ynopsdouennoe 3amxHymoe mHodxcecmso M codep-
UM MAKCUMAAbHOUL dreMenm m,



240 YIOPSIIOYEHHBIE MHOMECTBA [ra x

Corstacio Kne3sepy!) cyuecTBOBAHHE MaKCHMANbHOI'O SJEMEHTa MOXKHO J0Ka-
3ath TpH Golee cJabbiX MPEANONOKeHHHX. Bmecto TpeGoBaHHA O TOM, 4TOGB MHO-
wecTBo M copepxkasio BMeCTe C KaXIbIM CBOHM JIHHEHHO YNMOpPSAOUEHHBIM NOJMHO-
xecThoM K M ero BepXHIOIO TpaHb, JOCTATOYHO NPERANOJIONKHTb, uTo M comeput
BMECTE C Ka¥JbIM CBOMM BIIOJIHE YNOPSITOYEHHBIM MOAMHOXKECTBOM K Kakyio-iu6o
ero Bepxhiolo rpanully Kpome Ttoro, kak mokasan Kuesep, npu sToM ocaabieHHOM
NPENNOJIOKEHHH J0KAa3bIBaeTCs «OCHOBHAsl JieMMa Byp6Gaku».

[TokaxkeM. 4TO MPHHUMM MAKCHVYMa ClelyeT H3 akcHOMH BuiGopa. J11a 9Toht
Lead JOKaXKeM cHauala, He HCNOMb3ys akCHOMY BhIGOpA, CJAEAYIOULYI0 OCH OB HY 10
neMmy Bypbaxku:

Hycme M —uacmuuno ynopadowenHoe 3AMKKRYMOe MHONECMBO, L NYCHb X —»
—> fx— Hexomopoe omobpawenue mroocecmsa M g ceba, o6aadatowee caedyrouum
C80LCMBOM:

x<<fx Oas ecex x us M.

Tozda 8 M cywecmsyem sremenm m co ceoticmgom: m=fm.

IMonmuoxcectBo A yacTHUHO ynopsiiOYEHHOro MHOXecTBa M HasuiBaeTcst Hauasom
MHOKecTBa M, ec/iu BMecCTe C KaKAbIM 3JIEMEHTOM Yy MHOXKeCTBO A ComepxHT Bce X
u3 M, npemwecTBylollHe 3/EMEHTY Y.

Ompesox M, onpedenerinowi ¢ M asemenmom 2, COCTOMT U3 3/IEMEHTOB X MHO-
xkecTBa M, npepuecTBYIOMEX 3jeMeHTy 2. KaXIblii Takoil OTPe3oK sB/IfAeTCS Haya-
oM MHoxecTBa M. KpoMe Toro, Bce MHOXecTBO M sBiIsieTcst Hauasom ceba caMoro.

B uwactHocTH, ecnu M BroJHe ymopsiZOYeHO, TO KaxKJoe HAyalo MHOxecTBa M
sBaserca Jbo orpeskoM M,, su6o BceM M. [lefcTBHTENHHO, €CJIH HEKOTOpOe
Hauano A oTimyHo oT M ¥ eciH z—mepBulll H3 Hecopepkawuxcs B A, To A —
3T0 B TOYHOCTH OTpe3oK M,.

Iycre Temeps M — 4acTHYHO YMOPSIIOUEHHOE H 3aMKHYmMOe MHOXKecTBO. Kampast
wenb K B M ofiagaer Torja HekoTopoit BepxHell rpamsto g (K) B M. Kamawit
otpesok K, BHOBb SBJSIETCS HEKOTOPO# LEMbIO M NO3TOMY 06/1alaeT BepXHel IPaHbio
g (K,). Ecmn nogmuoxectso K enoane ynopsdoieno w pnsi Kaxporo y 3 K umeer
Mecto pasenctBo y=fg (K ), To K nasmBaeTcs fg-yensio. Kaxnoe Hauajo moGoit
fg-uemu BHOBb siBJIfleTCSH fg-llenblo.

Iycte K n L —nexoropsie fg-uenn. ITokaxeM, uyto ecau K He sB/IseTcs Haua-
JloM MHOXecTBa L, To L —Hauajao MHoXectBa K.

Havana wmuoxecrsa K —»3To orpeskn K, u camo muoxectBo K. Tak kak K
BIIOJIHE YMOPSIIOYEHO OTHOWEHHEM X <Y, MHOXKECTBO HayaJl BIOJIHE YIOPSIAOUH-
Baercst oTHouwleHneM <. Ecuam K He sB/seTcss Haua/joMm MHOXeCTBa L, To cymect-
ByeT nepBoe Hauyalo A MHoxecTBa K, He sIBJSIOlleeCs] HAuaJoM MHOxecTBa L.

Ecan 66 B A He GBIO mocsenHero 3JeMeHTa, TO st KaXaoro X uz A cyue-
cTBOBal Obl y u3 A co cBoiicTBOM x <<y, T. €. A Gbulo 6bl 0ObedHHEHHEM coOCT-
BeHHbix Havan A,. OfHAaKO TaKOBHIMH SIBASIOTCA Hayasla MHOXKecTBa L, H, criefoBa-
TeJbHO, OOBEAHHEHKe 3THX uYacTeill Obu1o Obl paBHO A u ObI0 6B HauajoMm B L, 4to
NPOTHBOPEUHT NPENNOJNOKEHHIO.

CrienoBaTeIbHO, Mbl MOXEM MpEMNOJNOKHTh, 4To A 06.1a1aeT HEKOTOpPLIM MoCae] -
HEM snementom y. Hauano A'=A, ssasercs navaiom B L. Eciu L== A’ u ecin
z—nepBbIA 3JemeHT B L, He mpHHalJexaliuil MHOXecTBY A’, TO

K,=A"=L,,

y=fg (Ky)=[g(L)=z2.

Teneps A coctour B TouHocTH M3 A’ H y, T. e. A sB/IfETCA HAYATIOM B Ly,
YTO NPOTHBOPEUHT MpPEeANoJdoKenHo. OCTaeTCR JMHUIb OAHA BOSMOXHOCTE: L=A'"#
L sBnsercs Hauaiom B K

Takum o6paszoM, u3 ABYX fg-Uemeii Bcerja OJHa SIBJSETCS HAyasloM JAPyroii.

cJlefoBareibHo,

1) Kneser H. Direckte Ableitung des Zornischen Lemmas aus dem
Auswahlaxiom. — Math. Z., 1950, 53, S. 110.
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INoctpoum Teneps ofveauuenne V Beex fg-ueneii. Torpa:

1) mEOxecTBO V JIMHEHHO YMOPSIZOYEHO H, CENOBATENIbHO, SBJASETCS UENbIO;

2) mHo)KecTBO V BrnOJMHe ynopsaoueHo;

3) B mHoxecte V umeeT mecro papencTso §=fg (V,) ana kaxzioro y, T. e.
V saBasiercs fg-lenbio;

4) ecaim KV po6aBuTbL eule OOHH 371EMEHT W, TO MNOJYYEHHOE MHOMKeCTBO
{V, w} ne Gyner fg-uensio.

MMosoxum w==[g (V) Tak kak g(V)=fg(V)=w, TO 3j1eMeHT w sBAfeTCH
BepxHell rpaHunesi mHoxkecrBa V. Ecan 6ul w He npuHaanexaso MHoxectBy V, ToO
muoxectBo {V, w} 6bino 6bl [g-uensio, uto nporueopeunt 4). CieposaTelbHO, @
npuHannexuT muoxecrsy V. Ilostomy w = g (V).

C npyro#t cTopoHbl, GbL10 H3BeCTHO, 4TO g (V) << w; cienoBaTeJbHO,

gV)=w, w=fgV)=fw,

ueM M JOKa3blBAeTCsl OCHOBHAsl JeMMa.

Tenlepb Mbl MPEANONOXKHM BHIIOJHEHHOH aKCHOMY BLIOOpa H JOKaXKeM MPHHLHI
MaKCHMyMa.

ITycrs M — vactuuHO ymopsiloueHHOe 3aMKHYTOe MHOXecTBO. EcaH X — 3/eMeHT
u3 M, He SBISIOMHACS MaKCHMaJbHBIM, TO MHOMXKECTBO TeX 3/€MEHTOB Y, AJs KOTO-
phiX Y > x, He mycTo. CoramacHo akcHoMe BbI6OpA KaXKXOMY HeMaKCHMAjbHOMY 3Je-
MEHTY X MOXHO CONOCTaBHTb HEKOTOpHIf fX >> X; AJA MAKCHMA/NbHOIO X MOJOXHM
fx==x. CorlacHo OCHOBHO} JevMe CYUIECTBYeT 3JIeMEHT W@ CO CBOHCTBOM fw=w.
DT0T 3/MEMEHT W MaKCHMaJeH, YeM M NOKa3blBaeTCsl MPHHUHMND MAaKCHMyMa.

70. Teopema Llepmeno

HauGosee BaXKHbIM CJ€JCTBHEM aKCHOMBI BbIGOpa SBJSIETCHA TEO-
pema Llepmeno o noawmom ynopsadouenuu:
Kandoe mHOxXcecmso modxcem 6bims 8nOAHE YROPAOOYEHO.

LiepMeao nan gBa JoKasaTeancTBa 3Toif TeopeMer!). [lepsoe u3 Hux 6o
ynpouteHo X. Kne3epoM H COCTOHT B CJeAYIOUIEM.

Ilycts M —HekoTopoe MHOXecTBO. Kaxaoe cobcTsenHoe nmogmuoxectBo N B M
nmeer Hemycroe jgonosiHeHHe M N\ N. B cuay axcuombl BbifOpa cyuiecTByeT (yHK-
uus ¢ (N), Kotopas KawxjJoMy cOGCTBEHHOMY MOAMHOXKecTBY N cOMOCTaBJseT Heko-
TOpHIil 37eMeHT H3 M\ N.

[Tox @-yenvio Mpl MOHHMaeM Tenephb J/ofoe nogMHoxecTBO K B M, BmoaHe
yNopsiioueHHoe TaKHM 06pa3oM, 4TO Aid Kaxjaoro y u3 K umeeT MecTo COOTHO-
leHHe

y=q (K,)

rae Ky —oTpesok MuokectBa K, COCTOSIMHA M3 TeX X, KOTOphie MNpPeIeCTBYIOT
aJeMeHTy Y BO BHOJHEe YNOPAJOYEHHOM MHOxecTBe K.

Tenepb HYXHO BOCMOJIB30BATbCSI TEMH K€ PacCyXAEHHSIMH, KOTOpble NpHMe-
Hsiuch B § 69 Npu 10Ka3aTeJabCTBE OCHOBHOH JIEMMEBI, HO BMECTO fg-LemeH Hy¥KHO
Gpatb @-uenu. HMrak, Bo3bMeM obbeaunenne V Bcex ¢-Leneil H 3aMeTHM, 4TO MHO-
XKecTBO V' BMOJHE yHOpsOYeHO, MHOMKECTBO V sBjseTcs (-Uempl0 u ecan K V
HOGaBUTH ellle OLWH 3JEMEHT W, TO ToJyuyerHoe MHoXecTBO {V, w} He 6yxaeT @-uenbi.

Ecau V £ M, 10 B MHO)ecTBe M \ 'V MOXKHO B35ITb OTMEUEHHBIH 2J1eMEeHT
w=1g (V) u paccMOTpeTb €ro Kak noc/efHuit anemenT B V. Pacuiiperuoe MHoxe-
cro {V, w} GygeT Torja BHOBb (p-lleNbiO, YTO TNPOTHBOPEYHT CKa3aHHOMY BhILUe.
Tem camuiM ocTaeTcA OfHA BO3MOMKHOCTh: MHOXECTBO V COBMajaeT CO BCEM MHO-
xectBom M. CnepoBaresibHO, MHOXkeCTBO M =V BroJHe ynopsjaoueHo.

1y Math. Ann., 1904, 59, S. 514; 1908, 65, S. 107,
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BaKHOCTL BIOJHE YMOPsIOYEHHBIX MHOXECTB COCTOHT B BO3MOXK-
HOCTH TNPUMEHEHHS MEeToja HHIYKIMH, H3BECTHOrO HaM [0 CUETHBIM
MHOMKECTBAaM, B CJydae JIOObIX BIIOJHE YNOPSJIOUEHHBIX MHOKECTB.
AToT BOMpOC paccmaTpuBaeTcs B CaeAyIoOllleM naparpade.

§ 71. TpaHchuHMTHAS HHAYKLHSA

Jloka3aTeabCTBO € TOMOMIbIO TPAHCHUHHUTHOH HHAYKUUH. UTOOGH!
JI0Ka3aTb HEKOTOpoe cBOHCTBO E 1/1s1 BCeX 3/EMEHTOB BTIOJIHE YIIO-
PSIIOYEHHOrO MHOXKECTBA, MOXHO PaccyXjaTh Tak: [OKa)eM, 4TO
ceofictBoM E ob6napmaer so6oH 27€MEHT NMPH YCJAOBHH, 4TO UM 06.1a-
JAK0T BCE 3JIEMEHThI, TNpeIIecTBYIOLHe 3TOMY 3JeMEHTY (B 4aCTHOCTH,
¥ TepBb 37eMeHT MHoXecTBa). Torpma cBoicTBoM E  no/mkeH o6ua-
IaTh BooOlle Ka)ibll 3JeMeHT MHoxkecTBa. JleficTBUTeNbHO, HHAye
61 6bl 3/71€MeHT, He ofjajalomlui cBoiicTBOM E; HO Torja cymiect-
oBan Obl H IEPBBIH 3JIEMEHT e CPefd He 06aafaloliuX cBoicTBoM E.
Bce npejuecTByiomHe 37eMEHTHI B 3TOM cjydae objajaiu Obi CBOH-
cteBoM E, HO Torza M 3JeMeHT e o6sajnan Obl 3THM CBOMCTBOM, YTO
H JaeT NPOTHBOpEUHE.

[ocTpoenne ¢ nomMou b0 TpaHChUHUTHON HHAYKUHMH. [Ipe1nonoxum,
4TO 3/71EeMEHTaM X HEKOTOPOro BIIOJIHE YIOPfAIOYEHHOro MHOXKecTBa M
TpeGyercs CONMOCTABHTL HOBBIE OOBEKTHI @ (X), M MPEINOJOXKHM, UTO
IJIsT 3TONO Mbl PacHOJaraeM «PeKyppPEHTHBIM OIpEeesiolluM COOTHO-
[IEHHeM», KOTOPOe CBsI3bIBAeT KaXKjoe 3HAueHHe ¢ (@) cO 3HAYEHH MU
¢ (b) (b<<a). Ilpeanosnoxum, 4TO 3TO COOTHOLIEHHE Omnpenenser ¢ (a)
OJIHO3HAYHO, KaK TOJbKO onpefenensl Bce ¢ (b)) (b<Ca), KoTopuie
Mexay coO0H CBsi3aHBl TeM e COOTHOLIeHHeM. BmecTo OnHOro cooT-
HOIIEHHS MOXKET ObiTh 3ajaHa TaKXKe M CHCTeMa COOTHOLUEHHH.

Teopewma., [Ipu cOeranHbix NPEOROAOKCEHUAX CYuiecmByem O0HA
u moavko 00HQ pyHKkyus @ (X), 3HaUeHUs KOmopou YyoosAemBEOPSIOMm
300aHHOMY COOMMHOULERUIO.

JokaykeM cHauaja €JHHCTBEHHOCTb. IIpefnosioxuM TPOTHBHOE:
CYIECTBYIOT pasiuuHbie QYHKUHH @ (x), ¥ (x), yIoBJeTBOpSAIOLUIHE
OIIpeiesIsTIoLeMYy COOTHOLIEHHIO. Torja Jo/KeH CyLiecTBOBAaTb MePBhIH
sJeMeHT a, A5 Kotoporo ¢ (@) == (a). Hdas Bcex b<Za paBeHcTBO
¢ (b) =1 (b) okasbiBaercs BbINOJHEHHBIM. B cuiy npeanojoxenus
0 TOM, UTO 3aJaHHOE COOTHOIICHHE OIpefiesifgeT 3HaueHue ¢ (a) OfHO-
3HAYHO IO BCEM MNpeAblAyiuM @ (h), NOMKHO HMETh MECTO DPaBEHCTBO
¢ (a) =1 (a), 4TO NPOTHBOPEUHT MPEAIOJIOKEHHIO.

Uro6ul [0KAa3aTh CYIIeCTBOBAHHE, PACCMOTPUM OTpe3kH A MHO-
xectBa M. (Otpe3ok A —3TO MNoO-TIpexkHeMy MHOXECTBO 3JIEMEHTOB,
TIPEILIECTBYIOMHX HEKOTOPOMY 3JeMeHTy a.) OHH COCTaBafIOT BIOJHE
yHopsiloueHHOe MHOXKECTBO (C OTHomeHHeM A C B Kak OTHoOlIeHHeM
1OPsiAKa); NeHCTBHTEIbHO, KaMJOMY 3/€MEHTY @ B3aMMHO OJHO3HAUHO
COOTBETCTBYET OTpPe30K A, cocTOosLIHA H3 TeX X, AJs KOTOPHIX X < a,
¥ u3 b<<a caenyer B < A. BosbMeM B KauecTBe IOC/TIEJHErO OTPe3Ka
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camo MHOXKecTBO M; Torja MHOMXKECTBO OTPE3KOB OKaXercsl BIIOJHE
YHOP ANOYEHHBIM.

Tenepb Mbl XOTMM JOKa3aTb MHAyKUHefl 1o A, 4TO Ha KaXiOM
us A cymecTtsyer QyHKHUA @ (X) =@, (x) (onmpenenennas s BCex
x u3 A), ynosieTBopsioias 3ajJaHHbIM cooTHouleHusiM. [lycTs 3TOT
¢axT CyLIeCTBOBAHHA YyXKe JOKa3aH Jyisi BCeX OTPE3KOB, Mpe/LIecT-
BYIOIIUX 3ajaHHOMYy oTpe3ky A. EcTb TObKO 1Ba coayuast:

1. Otpesok A obnajgaer nocJefHHM s/71eMeHTOM a. Ha mHOMxecTBe
A’, xotopoe mnojiyuaercst H3 A or6pachiBaHUeM 3jemeHTa @, QyHKUUs
@ (x) yxe onpenesesa, moromy urto A’ mpexuectByer ortpesky A.
Ho ¢ moMomnipio COBOKYNMHOCTH 3HaueHHit @ (b) (b<Ca) u ¢ NOMOLIbIO
3aJAaHHOTO COOTHOLIEHHsI ompefensercs 3naveHHe ¢ (a). Ecau BmGpath
ero, 1o QyHkiuua ¢ OyleT onpejeseHa Ha BCeX 3JIeMeHTaX OTpe3kKa
A W Ha BceX 3THX ayeMeHTax Ge3 HCKJ/OUeHHA OGyJeT yAOBJETBOPATDH
3aJ]aHHOMY COOTHOILIEHHIO.

2. Orpesok A He HMeeT MOCJEAHEro 3/1eMeHTa. Takum o6pasoM,
KaKablfi sneMeHT a u3 A T[pUHALTERUT YKe IpeillecTBYIOmieMy
orpe3ky B. Ho Ha xaxjoM mnpeauiecTByiouieM orpeske B QyHKuusA
¢p yxe onpeneneHa. Mpl XOTHM ONpeJeHTb:

¢ (a) = @ (a);

VA 3TOr0 CHauajga HYKHO JOKa3aTb, uTo PYHKUHH @p, Qc, ..., COOT-
BETCTBYIOIHE pA3.JTHYHBIM OTPe3KaM, COBNAjaloT B KaxKaoH obuiefi
TOYKE 3THUX OTpe3KoB. IlycTs, chenoBatenbHo, B u C — pas/inuHble
orpeskn u nycrb, Hanpumep, B C. Torma ¢ u ¢ onpeneieHbl
Ha B 1 ynoBI1eTBOPSIOT 3aJaHHBIM COOTHOLIGHHSIM; CJIeN0BaTe/NbHO,
OHU COBIAjaloT (B CHJY TEOPEMbl €NHHCTBEHHOCTH, KOTOpas yiKe Oblia
noxkasana). Takum oGpasoM, onpepeieHHe ¢ (a)=¢p(a) npuobperaer
OJHO3HAuHLIA cMblc/. To, YTO TaK MOCTpoeHHas (QYHKUHSA YyIOBAETBO-
psieT 3aJaHHBIM COOTHOIIEHHSIM, OYEBHJHO, MNOTOMY UYTO TaKOBBHIMH
ABJAIOTCS Bce (QYHKUHU @p.

Taxum o6pa3oM, KaK B caydae 1, Tak ¥ B ciydae 2 cyuiecTByeT QyHK-
1usi ¢ Ha A ¢ 3a7aHIBIMH CBOACTBAMH, @ MOTOMY J0Ka3aHO CYILECTBOBAaHHE
dyHKUIM @ Ha mo6oM OTpe3Ke. B yacTHOCTH, B KauecTBe TAKOTO OTpe3Ka
MOXKHO B3SiTh CaMO MHOXKeCTBO M; yTBep:KIeHHe JOKa3aHO.
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BECKOHEYHbLIE PACLIHMPEHHSA TNOJIEA

Kaxpoe mose nosyuaercst H3 CBOEro MPOCTOro NOANOMS € TOMOLLIBIO
KOHEYHOrO HJIM OecKOHeyHoro paciuupesusi. B ruasax 6 u 8 mul pac-
CMOTpeJH KOHEUHble pacIuMpeHHs noJell; B 3TO#l IyiaBe paccMaTpH-
BalOTCSl GECKOHeuHble PACIUHPEHHs TNoJedl, CHayajaa ajre6padyeckHe,
a 3aTeM — TPaHCUEHJEHTHLIE.

§ 72. AareGpanueckd 3aMKHyTbie TOJsi

Cpenn anre6panyecKMX pacIIMPeHHH 3aJaHHOTO MOAS BAXKHYIO
PO/Ib HIpaKT, KOHEYHO, MAKCUMAAbHbEe anre6pauyecKHe pacIlHpeHHs,
T. €. TaKHe, KOTOpble He JOMYCKAloT JasbHeHilero ajreGpamyecKoro
pacummpenus. CyllecTBOBaHHe TaKHX pacllMPeHuii 6yleT JOKa3aHO
B HacToslleM naparpade.

Yrobbt none Q ObLIO MaKCHMaNbHBIM aare6pauyeckuM pacIuHpe-
HHEM, HeOGXOIHMO c/ejylollee YCJAOBHE: Kax[blil MHOTOWIeH Koabla
Q [x] nmosBOCTBIO pas/iaraercst Ha JMHEHHbBIE MHOMKHTEH (HHAUE MOXKHO
6b10 Obl, B cooTBeTcTBHH ¢ § 39, paciHpuTh nose Q ¢ MOMOUIBIO
NIDHCOeIMHEHHS] KOPHS KaKoro-JHO60 HeIHHeHHOTO HEepas/JoXHUMOro
MHOXHTEJIS). DTO YyC/JIOBHE SBJISETCH H JOCTATOYHBbIM. JleHCTBHTENBHO,
ecin Kaxawll MHorouleH B Q [x] pasnaraercsi wa JuHefiHble MHOMXKH-
Te/ld, TO BCE MPOCThIE MHOFOUJMEHB! B €2 [X] NHHEHHB H Kampblii sne-
MeHT JI060ro asre6panyeckoro pacuinpenus Q' nosas Q oxasuiBaeTcs
KODHEM HeKOTOPOro JIHHEHHOro MHoroumena x—a B Q[x], T. e.
COBIAJAaeT ¢ HEKOTOPLIM 3JIEMEHTOM a moJsa Q.

Iostomy nangum crexyioiee onpenenenue:

Honre Q nasvisaemca arcebpautecku 3amMKHymbim, ecau 060 MHO-
eousen 8 Q[x] pazraeaemcs Ha AuHedHble MHOXCUMEAU.

PaBHo3HauyBOe ¢ 3THM ompejeneHHe TAKOBO: nose Q anzebpautecku
BAMKHYMO, ecAl KancObll OMAudHbILL 0Om KOHCIMAKMbL MHO204AeH U3 Q [X]
ob6aradaem & Q xomo OOHUM KOpHeM, M. e. XOmb OOHUM AUHELIHbIM
MHoxcumerem 8 Q [x].

JleficTBHTEIbHO, €C/TH TaKOe YCNOBHE BHIIOJIHEHO M MPOH3BONBHO
B35TbIH MHoroused f(x) pasjaraercsi Ha Hepas/JOXKHMBIE MHOXHTENH,
TO BCe OHH JOJKHbI OblTh JHHEHHBIMH.

«OcHoBHasi TeopeMa anreGpbl», XK KOTopol Mul BepHemca B § 80,
YTBEDKIAET, YTO MOJIE KOMIJIEKCHBIX uxCeT aarefpaHyecku 3aMKHYTO.
Crepytomnm npumepoM anre6panuecK 3aMKHYTOTO NOJS MOXKeT CJIy-
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XKHUTh TOJE BCEX KOMILJIEKCHBIX a/ire6paHuecKHX 4YHCeNd, T. €. MHOKe-
CTBO T€X KOMIJIEKCHBIX UYHCeJ, KOTOpLIe yJOBJAETBOPSIOT KaKOMY-THGO
ypaBHEHMIO ¢ palHOHAIbHBIMH KO3Dbuiuentamu. KomniekcHble KOpHH
ypaBHeHHsl C anre0pauyeckKuMH KO3pOHIHEHTaMU ABAAIOTCA H B CaMOM
Jeje anreGpaudyeckuMy He TOJIbKO Haj TojeM aireGpanuecKix 4uced,
HO W Haj MoJeM palHOHAJbHBIX 4HCes, T. €. CaMH siBAsioTCA ajrebpa-
MYECKAMH YHCJIAMH.

B stoM naparpade Mbl MOKa)eM, Kak MOCTPOUTb ajrebGpanyecKH
3aMKHYTOe pacllUpeHHe MPOH3BOMbHO 3aJaHHOro mois P u mputom
yucto anre6pandeckuM nyrteM. Llrefinuuy npuHagnexuT caenyio-
lgad

OcuoBHasa Teopema. [aa kawmdozo nors P cyuyecmsyem
anreebpandeckyu 3amKHymoe areedpaudeckoe pacuuperue Q. C mounocmsro
00 3KEUBANEHMHOCTIL MO pacuiupenrue onpedeseno 00HO3HAYHO: AoGble
Osa areebpaudecku 3amMKHYymolx asebpauteckux pacuiupenus Q, Q' noas
P sxsusarenmrot.

JlokasatenbCcTBY 3TOH TeOpeMbl Mbl JOJKHBI TPEANOCIaTh HECKOIBKO
JIEMM:

Jemma 1. [Tyeme Q —anseebpauueckoe pacuiupenue noas P.
Hocmamounoim  ycrosuem 0asi moeo, umobor Q 6oiro  areebpautecku
SAMKHYMbLM, ABASEMCA PASA0NCEHUE HQ AUHeliHble MHONCUmeau ao602o
mroeounena us P [x] 6 koavye Q [x].

IlokaszareabcTBO. IlycTe f(x) — MPOM3BOJIBHBLIH MHOTOY/EH
u3 Q[x]. Ecam o He pasnaraercss Ha JHHeHHble MHOXKHTENH, TO
MOXKHO NPHCOEIWHHTb HEKOTODHI €ro KopeHb o0 ¥ NPHHTH K coOCT-
BeHHOMY Haxnojiio Q. DieMeHT @ sBJseTCcs anrebpanueckum Haj Q,
a Q sBaserca anrefpanyecKUM paciiupeHueM noJs P; cienoBaTenbHo,
sjemMeHT o anreBpauded u Hajy P. [lostomMy oH sBisiercss KopHeM
HeKoToporo MHorowieHa g(x) us P [x]. Dror mHorounen passnaraercs
B Q[x] Ha sgunefinble MHOXKHTeJH. ClefoBaTe/bHO, G — KOPeHb HEKO-
TOpPOro JHHEeHHOro MHOXUTeJad B Q[x], T. e. npuHamiexut nomio Q,
YTO MPOTHBOPEYHT IPEANOJJOKEHHIO.

Jlemma 2. Ecau nose P snoane ynopsadoueno, mo Koabyo MHO20-
4nenos P [x] moxcem 6bimb enoine ynopsaododeno u npumom max, 4mo
8 amom ynopsadoueHuu nose P 6ydem ompesxom.

JoxasateabcTBo. OnpeneiyiM OTHOLIEHHE MOPSJKA MeXAY
mHorousenamu f(x) us P [x] ciaenytomumM obpasoMm: myctsb f(x) < g (x),
KOIJja BHIMOJHEHO OJIHO W3 YCJAOBHH:

1) crenenb f(x) Menblie cremeHH g (x);

2) crenens f(x) paBHa creneHd g(X) ¥ paBHa n, T. e.

f)=ax"+...+an gx)=bx"+...4+b,
U NPH HEKOTOpPOM HHIEKce k:

a;=b; ana i <k,

a, << b, B cMbicae yrnopanoueHus nojis P.
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[pu stom aas wmuorowlesa 0 jpenaerTcs HCKJIOYEHHE: €My MpHCBaH-
Baercsi crernedb 0. QUeBHMAHO, YTO TAKUM CHOCOOOM NOJY4aeTCsi HEKO-
TOpOe ynopsjouenue, B cMeicsie Kotoporo P [x] Bnosne ymopsijouero.
[TokasbiBaeTcss 3T0 TAK: B KaK/[AOM HeNYCTOM MHOXKeCTBE MHOrodJe-
HOB €CTb HEenycroe MoIMHOMXKECTBO MHOTOWIEHOB HaHMeHbLIeH CTEleHH;
nycTh TakoBasi paBia n. B 10M MOJMHOXKECTBE €CTh Hemyctoe MHOM-
MHOKECTBO MHOTOUJIEHOB, KO3(Q(ULIHEHT @y KOTOPbIX fB/ISIETCS NEPBBIM B
CMbICJIe HMERLIerocs Nopaaka Cpein CBoOOAHbIX 4/IEHOB paccMaTpHBae-
MBIX MHOTOWJIEHOB; B yKa3aHHOM IIOJMHOMECTBE €CTb B CBOI Ouepeflb
[TOJIMHOMKECTBO MHOTOY/IEHOB C [epBhIM @; W T. A. [logmMHOXKecTBO
C TEepPBBHIM a,, KOTOPOE B KOHIIE KOHIIOB MOJIYYHTCS, MOXKET COCTOSITh
JUIIb M3 OAHOTO-€MHCTBCHHOTO MHOrowjleHa (Tak Kak @, ...,
ONpeeasoTCs OAHO3HAUHO 6/1arojiaps [0C/1eJI0BaTe]bHO  BhHIIOJIH e
MOMY YCJIOBHIO MUHHMA/JbHOCTH B BbiOOpE); 3TOT MHOFOUYJIeH fABJASETCS
NepBLIM 3/JIEMEHTOM B 33JaHHOM MHOXCCTBE.

Jemma 3. Ecau nose P snoare ynopsadoueno u 3a0arbt MHOZ0UNCH
f(x) cmenenu n w n cumsonog oy, ..., G, mo nose P(oy, ..., a,),
8 Komopom [(x) noanocnibio pasaaeaemcs Ha AUHELHble MHOXCUMel
n

1 & —a), cmpoumecs eduncmeennon obpasom u seasemea  8noine
1

ynopsdouennom. [ore P 8 cubicae smoco nopaoka seasemes ompesKom.

JloxkasatenbcTBO. Mbl 6yJeM IPHCOSAUHATD KOPHH Oy, ..., Uy
rnocJeoBaTenbHo, BeaeaciBue yero 3 P =P, nocnenosatesbHo 6YAYT
Bosnukats noas P,, ..., P,. Tlpennonoxum, uto P; =P (a, ...

., O4) — y2Ke mocTpoenHoe nosie M yto P —otpesok 8 P;,; Torna
P; 6yner cTpouthcs Tax.

[Ipexkae Bcero B CUAY JeMMbl 2 KOJbLO MHorounenos Py [x]
BroJIle yrnopsijounBaercsi. MHorouneH f pasjaraetcsi B 3TOM KOJ/bLE
Ha HEepas3/IOkKMMble MHOXKHTETIH, CPeIH KOTOPbIX Ha NepBOM MecTe
6YNYT CTOSITb X —0y, ..., X —Oi_y; CPEAH OCTAJbHBIX MHOMXKHTE/EH
nycTh f;(x) GyneT mepBbIM B CMbICJe HMeollerocs mopsiaka. Bmecre
¢ CHMBOJIOM 0, O603HAUAMLIHM KOPEHb MHOrousneHa f;(x), Mbl ompe-
nensieM Ha ocnose § 39 moie P; =P; ; (@;) KaK COBOKYMHOCTb BCEX CYMM

h—1

Z Cka?\"
0

rae h—crenenb Mporowiena f;(x). Eciu f;(x) /inueen, TO, KOHEuHO,

Mbl 1ojaraem P;=P;_;; cuMBos o; B 3TOM ciaydae He HyxeH. [lo-

CTPOEHHOE TI0/Ie BIIOJIHE YIOPSJOUMBAETCH C MOMOUIBIO CJIEAYIOLIEro
h—1

3
YCNOBHSA: KAXKIOMY 3/EMEHTY NOJst D) €0 CONOCTABHM MHOTOW/IEH

0
h—1

Z C;»)C}‘ U SJIEMEHTHI IO/l YIOpAJOYMM TOYHO TaK XK€, KakK ynops-

0
JIOUEHbl COOTBETCTBYIOLIHE WM MHOTOUY'TEHbI,
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OueBuano, torna P;, sBasercs orpeskom B P, a noromy u
P —otpesok B P;.

Tem cambim moas Py, ..., P, noctpoessl u BrosHe yHopsifoYeHHl.
[lore P, sABASETCS HCKOMBIM OJHO3HAYHO ONpPEAECHHBIM I10JeM
P, ..., Q).

Jlemma 4. Ecau 6 ynopalouennom mHoMecmse noaed xasdoe
npedutecmsyroujee nose ABAAemMcA nodnosem nocaelyouezo, mo 06vedu-
HeHue 3Mux noaeil A6asemcs HoAeM.

HokasarteabcTtBo. 1 Jo6bIX ABYX 3/eMeHTOB , f o6benu-
HeHHA CYUIeCTBYIOT JBa noas X, X, KOTOpble copepKaT o U P H
H3 KOTOPBIX OJHO NPeliiecTByeT A0yroMy. B ofbemiomemM nosae omnpe-
JeneHbt 31eMeHTHl oo+ W @ -B u HMEHHO TaK ONPeaIs:OTCS 3TH
3JeMeHTH B KaXKIOM H3 MOJIeH, comspkamMx o # f, MoroMy uTo
u3 00X ABYX TaKHX T10JeH OfHO NpefuIecTBYeT APYTOMY H SIBJIA-
ercsl ero nopuosneM. Hampumep, uroGbl AOKa3aTh 3aKOH acCOLHATHB-
HCCTH

of-y=a-fy,

Halilem cpenu moseil X4, g, Jy TO, KOTOpOe COAEPKHT ABa ApY-
rix uoJs (HauboJbllee); B 3TOM IoJe coaep:Karcsl o, f§ 4 ¥ U B HEM
3aKOH acCOUMAaTHBHOCTH BHINOJHEH. TeM e crocofoM NpoBepsioTCs
BCE OCTa/bHLle TNpaBH/IA BBLIMHCJAEHHH ¢ 3/1€MEHTAMH OOBeJHHEHHS.

Jloxa3aTeJbCTBO OCHOBHOH TeopeMbl pacnajaercs Ha
JBE YaCTH: IOCTPOEHHe Mo.sl & U J0KA3aTeJbCTBO €JHHCTBEHHOCTH.
[TocTpoenre mno.isi W [OKA3aTeIbCTBO eIHHCTBEHHOCTH IPOBOASATCS
¢ MOMOIIBIO TPaHChOUHHUTHOH HHAYKUHH B CMbicie § 71.

[Toctpoenne nons Q. Jlemma 1 cBuAETENLCTBYET O TOM, YTO
N1 TIOCTPOEHHsl aire0pan4yeckH 3aMKHYTOro pacluuperns Q2 noas P
JIOCTATOYHO TOCTPOHTH Takoe asnrefpaHueckoe paciiuperue nosas P,
yToGbl Kaxablii MHorouwleH u3 P [x] pasnarascs Ham sTUM paciuupe-
HHeM Ha JIMHeHHble MHOMHTENH.

Byaem cuutath, uTO TOJEe P, a noTOMy M KOJBUO MHOTOW/IEHOB
P [x], Bnoane ynopsinouensl. KakpoMy MHorousneHy f(x) comocTaBuM
CTOJ1bKO HOBBIX CHMBOJIOB Oy, ...,0,, KaKOBa €r0 CTelleHb.

Ianee, KaxA0My MHOTOYIEHY f(x) CONOCTAaBHM JBa BIOJHE YIIO-
panodeHHnX moas Py, Xy, KOTOpbIC ONpERensOTCa CAEAYIOUMM PEKYp-
PEHTHBIM CIIOCOGOM.

1. Tlore P; saBasercs ob6bepunenneM nois P u Bcex noaeit Z,
s g<f.

2. Toae P; Brnosne ynopsiaoudBaercs Tak, uto6sl P u Bce moas
Z, npu g<<f Goutu orpeskamu B P,

3. Tlose X, noayuaercs u3 P, mnpucoenvHendem BceX KopHei
MHOroujieHa f ¢ HOMOLIbIO CHMBOJIOB Oy, ..., O, B COOTBETCTBUH C JIEM-
mo# 3.

HyxHo nokasartb, 4TO TakuM CrocoSoM [AeHCTBHTENbHO OfHO-
3HAYHO ONpefeIOTCA BMOJHE YyNopsaoueHHble noas Py, Xy, ecan
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TOJILKO y¥Ke OfpefieseHsl Bee npexpiaymue Pg, 2., ynoBreT Bopsiomiye
NepeurCIeHHbIM Bhillle TPeGOBAHMAM.

Ecau Boinmonneno tpeGoBawue 3, To mpexie Bcero Py — oTpesok
B X, M3 storo u us tpeSoBanus 2 ciedayeT, uTO moje P u kaxpoe
none 2, (g<f) sBasorca oTpeskamn B ;. IIpennonoxum, uTo
paccmaTpuBaembie TPeGOBaHHMA BBINONHEHBl 1Sl BCEX MNPebAyIHX
HHJEKCOB f, Tak u10

P —otpesok B X, npH h<f,
Z,—oTpe3ok B I, npu g<h<f.

Orciona caeayer, yto mnoie P u mors Z,(h<Cf) cocraBisior
MHOMKECTBO 10r0 THIIA, O KOTOPOM roBopHT Jemma 4. CiefoBatenbHo,
oObelHHeH e 3THX I[oJeHd CHOBa SIBASIETCH MOJEM, KOTOpoe B COOT-
BeTcTBUH ¢ TpeBoBaHueMm | Mbl JOMTKHBI 0603HauuTh yepes P;. CTpyk-
Typa BlONHE yropsitouyeHyoro nona Ha Py onnosnaurno onpenensiercs
Tpe6opanueM 2, MOTOMY dYro JoObie 1Ba 31eMeHTa a, b us Py npu-
Haj1exaT ognoMy u3 nosell P wanm 2, u nmostomy CBfI3anbl OTHOLIE-
HHeM a<Cb uain a>>b, KOTOpoe JO/KHO coxpaHsTthess B Py 210
OTHOUICHHE TNOpPsAJKa sIBASIETCS OJHHM H TeM e BO Bcex noasx P
Uil Z,, KOTOpble COlIepKaT Kak a4, Tak H b, MOTOMy 4TO BCe 3TH
noNs SBASIOTCA OTpe3kamud Apyr apyra. Mrak, oTHouwenue mnopsaaka
onpeseseno. To, 4TO OHO onpejeaseT BIOJHE YNOPSAJOYEHHOS MHO-
KeCc1BO, OUeBMIHO, TAaK KaK Kax1oe HemycToe MHoxectBo IN B Py
CONE[’KHT N0 MEHblUeH Mepe OjHH 371emMeHT u3 P uiau M3 HeKoToporo
nois =, a notoMy H nepBuiil siemeHT w3 MNP wi w3 M Z,.
D70T 371eMeHT OTHOBPEMEHHO SBJSETCS W TNepBbIM 3sjaeMeHToM B M.

Takum o6Gpasom, none P, BrmosHe ynopsiiouHBaeTcst ¢ MOMOILBIO
tpeGosannit 1 u 2. Tak Kak mnoje X, OIHO3HAYHO ONpELEseTCs
TpeGosannem 3, nmoaa Py m T nmocTpoeHsl.

B cuny ycaoBusi 3 MHOrouseH f(X) MOMHOCTbIO pas.iaraercs Ha
JUHeHHbIe MHOXKHTEJH B TOJE Zf. Janee, ¢ nNoOMOIIbIO TPaHCHUHUT-
HOM HMHIYKUHM [10Ka3blBaeTcsi, 4TO0 2, ABAAETCS ajreGpanv4eckKum
Han P. JleficTBHTe bHO, NpPeNIOJIOKHM, 4TO BCe moas 2. (g << f) yxe
anre6pauueckune. Torma u ux obwvenunerne ¢ nosem P, . e. mone Py,
anre6panueckoe. [lanee, noise X, B CHIy yCJAOBUs 3 anreGpanuHo
nag P;, a noromy anre6panuno u naja P.

CocTaBuM Temepb o6beuHeHHe Q Beex mosedl Zy; corsacuo nemme 4
OHO fBAfeTcA moJeM. D10 nose aiarebpanyHo Hajx P u Haja HEM pas-
jaratoTcsl BCe MHOrowjeHnl [ (Tax Kak KaxIpld MHOrousnel f pasnia-
raetcst yxe van X¢). CrenoBaTeqbHo, noje Q anreGpaHyecky 3aMKHY-
TO (JEMMa ).

EauuctBenHocTb noasa Q. Tlyete Q u Q' —gasa moas,
ABJSAOIIAECS anrefpanyecKUMH K anre6panyeckd 3aMKHYTLIMH pac-
pppenusMu noas P. JlokaxeM 3KBHBA/IEHTHOCTb 3THX mogaed. [las
31TQr0 GyjAeM cyHTaTh, 4yro oba moJjis BHoJHe ynopsiiodeHsl. [TocTpoum
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151 Kaxkuoro orpeska ¥ u3 Q (camo moje £ 1aKkMKe CYHTaercst OX-
HHM H3 TaKHX OTPE3KOB) moxMHOxecTBO ¥’ B Q' M HEKOTOpBIA H30-
MophH3IM

P Q=P Q).

[Mocnenuuil JOKEH YJIOBJAETBOPATH C/AEIYIOUIHM PEKYPPCHTHBIM COOT-
HOLLIEHHSIM.

1. Nsomopdusm P (A)==P ()') no/KeH oCTaBAsATb Kaxiblii 3Je-
MeHT moas P Ha mecre.

2. Hsomopdusm P (A)=~P (A') npn B A nomken ObiTb 0po-
noaxeHnen usomoppusma P (B) =P (¥').

3. Ecan U obaajaet nocaefHuM 3/71eMeHToM g, Tak uto A =B {a},
W eclH a —XKopeHb Hepasnoxumoro B P (8) muorounena f(x), 70
sJeMEHT @’ NOJKeH ObITb NEPBbIM KOPHEM COOTBETCIBYIOLIEIO B CHJY
P (8) = P (¥') muorousena [’ (x) Bo BNoJHe ynopsjoueHHom mone €.

HysXHO 1oKasartb, 4YTO STHMH Tpems Tpe6oBaHUSIMH JefCTBHTEJbHO
onpeaeasiercs n3omopdpusm P (A)== P (N’), ecau Toabko oH yxke on-
pelieleH st BCeX Mpejpliyllux oTpeskoB B < U. 3uech HeOOXOLHMO
pasauyath ABa cayuas.

lepovii cayuaii. MuoxectBo A He HMeeT MOC/IEIHEro 3JeMeHTa.
Toraa Kaxibli 3JeMEHT @ INPHHALIEKHT HEKOTOPOMY NpelblaylleMy
oTpesky B; nostomy U sBASieTCss OObeAMHEHWeM OTpe3koB B, a mo-
Tomy P (%) — o6begunenuem noneit P (B) nia B <A Tak kak Kax-
nplil 3 usomopdusmo P (B) == P (B') siBaseTcs NMpoJ01KEHHEM BCeX
NpeNbAYIMX, TO KOXKIAOMY 3EMEHTY o NPH BceX 3THX H30MOpQH3Max
COTOCTaB/SIeTCH JHULb OAuH 3aeMeHT o. [loatomy cCylecTByeT OAHO
¥ ToabKo ojHo otoOpaxenue P (U)— P ('), npoponxaouiee Bce
npenpiyle usoMopdusmsl P (B) — P (B'), a umeHHO — oTOOpaKeHHe
o— 0. QOueBHAHO, OHO fBJSETCS H30MOP()HU3MOM H YJIOBJETBODSET
TpeGoBannsm 1 u 2.

Bmopoti caysad. Muoxecrso ¥ uMeeT NOC/Te[HHE 3/eMEHT a; cie-
poBatesbHo, U =B {a}. Bcnencrue TpeGoBanus 3 3JIEMEHT a’, co-
NOCTaBJsieMblil 3JEMeHTY @, ofHO3HauHO ompejeneH. Tak Kak a’ Haj
nosiem P (B’) (B cMblcsie paccMaTpHBaeMOro M3oMopdu3Ma) yAOBJIETBO-
PSET «TOMY JKe» HepasJOKUMOMY ypaBHeHHIo, 4yTo W a Hax P (B), 1o
usomoppusm P (B)—P (B') (¢ B Tom cayuae, Korga B mycro, T. e.
TOXKJIeCTBEHHbill H3oMopdHusm P — P) mpogosmkaercs 10 u3oMopdusma
P (8, a)—P ¥, @), npu kotopoM a nepexoaut B a’ (§ 41). Kax-
AbIM 13 NpHBEJEHHDLIX Bbillle TPeGOBaHHH 3TOT H30MOPGHU3M OmpeneneH
OJHO3HAYHO, MOTOMY dTO Kaxjias pauuHoHanbHas QyHKuusa ¢ (a)
¢ KosdguienTamy u3 ¥ 0653aTeNbHO NEPeXoIHT B pynkumio ¢’ (a’)
¢ cooTBeTCTBYIoWUMH Koddpduunentamu u3 B'. To, uto Tak ompene-
JeHnplii usomopdusm P (A) — P (¥’) yaoaersopsier Tpe6oBaHusAM |
U 2, Oo4eBMIHO.

Tem cambiM nocTpoenne nomoptusma P ()P (U’) 3asepmeno. O6o-
3HauuM uepes Q" obbeanHeHne Beex moaedl P(A'); Toraa cyuiectByer
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usomopdusm P (Q) —Q" unu Q — Q”, ocraBisomuil Ha MecTe Kaxuiplil
aaement noast P. Tak kak mnote £2 anreGpanueckn 3aMKHYTO,
TAKHM K€ HO/MKHO ObThb ¥ Q”, a mortomy " coBmajgaer co BceM Mo-
aem 7. Orcioga clefyeT 3KBHBaJeHTHOCTbL nojeill Q u Q.
3Hauenne aqare6paHuecKd 3aMKHYTOTO PacClIWPEHHS NAHHOTO MOJf
COCTOHT B TOM, YTO C TOYHOCTBIO O 3KBHBA/JEHTHOCTH OHO COAEPMKHUT
BCE BOSMOXHbE a/jre0panueckHe pacllMpeHHss 3Toro mnojs. Tounee:

Ecau Q — arcebpausecku 3umknymoe areebpauteckoe pacuiupenue
noas P u I — npoussonsroe arcebpauseckoe pacuuperue nois P, mo
sHympu 2 cywecmsyem pacuiuperue X, IKUSANEHMHOE PACUILPEHUO 3.

HoxasateabctBo. [Iponosmxnm X 10 Hekotoporo aare6pau-
YeCKH 3aMKHYTOro ajrebpanueckoro pacmmpenus Q'. OnHo Gyger asre-
OpauueckuM H Hal P, a noToMy 3KBHBa/JEHTHLIM pacluMpenHio Q.
[Tpy kaxom-To nsomopduame, nepepoasiiem Q' B Q u coxpansioliem
HEMOJIBAXKHBIM KaxKablfl sJemMeHT u3 P, nose £ nepexomuT B HEKOTO-
poe 5KBHBaJIGHTHOEe eMy noamose X, B Q.

3 axgada. ﬂOKaSaTb CylmleCTBOBaHHEe H €JHHCTBEHHOCThH pacuIupeHusa noJis P,
KOTOpOE INOJAYyYaeTCA MNPHCOCAWHEHHEM BCEX KOpHeﬁ 3aJaHHOTO MHOXKE€CTB2 MHOrO-
wieHoB H3 P [x].

3ameuanue. Bmecro TpaHCOHHHTHON HMHIAYKLUH B TAKOM JOKa3aTesbCTBe,

KaK [OpuBeJeHHOe B 3TOM naparpade, MOXKHO HCNONBb30BaTh Jemmy Llopna. C.
Hops (Zorn M.).—Bull. Amer. Math. Soc., 1935, 41, p. 667.

§ 73. MNpocTbie TPaHCUEHIECHTHbIE PACIIHPEHHS

Kaxnoe HpocToe TpaHCHEHAEHTHOE pacliMpeHde noas A, Kak
Mbl 3HAeM, 3KBHBAJEHTHO MOJIO YacTHHIX A (X) KoJbla MHOrO4/JIEHOB
A [x]. TlosToMy MBI H3yuUM 3TO MOJIE YACTHEIX

Q=A(x).
DneMeHTaMu noJst € cayxaT panHoHalbHble QYHKIHH
_ 1™
1=t

910 mpeicTaBJeHHE MOXHO CUMTaTh HecoKpatTuMbIM (f W g B3auMHO
npocTet). HauGosblias u3 crenexedl MHOrousneHoB f(x) u g (x) Hasbl-
BaetTcsi cmenervlo QYHKUHH 1).

Teopewma. KaowOoui omausHoil om KOHCMQHMbL 3NeMeHmM 1| cme-
newu n mpancyendenmer Had A u nose A (x) — ascebpauteckoe pac-
wuperue nois A (n) cmenenu n.

HoxasareabctBo. IlpencraBnenne m=f(x)/g(x) Gynem cyu-
TaTh HECOKPAaTHMbIM. Toraa s/ieMent X yJIOBJETBODSET ypDaBHEHHIO

gx):n—Ff(x)=0

¢ kosdduiHentamu u3 A (1)). dtu KosbdHIHEHTH He MOTYT GHITh BCe
paBrbl HyJ0. JleficTBUTENBHO, ecaH Obl BCe OHH DaBHSINCH HYJIIO H
@y Obil Obl MPH TOH K€ CTENEHH X JIOObIM HEHYJ/EBbIM KO3 PduilueH-
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TOM MHOTOU/IEHA g (X), d b, — HeHy/eBbIM KO3(Q(hHIHEHTOM MHOrou/IeHa
f(x), To noaxHo Gbl10 Gbl HMETh MECTO PaBEHCTBO

am— by =0,

oTkyza m=b/a,=const, uto nportuopeuut mnpexnosoxenuio. Cre-
JOBAaTeJbHO, 3JeMeHT x airebpauyeH Hax A(m).

Ecan Gbl 3J1eMeHT 1 Obl1 aire6pandeckKuM Hax A, To H x Obl1
6bl anrebpanyeckuM Hax A, uro, opHako, ue Tak. CsegoBaTe/bHO,
3J€MEHT 1) TPaHCUEHIEHTeH Hax A.

SneMeHT X ABAAETCS KODHEM MHOrOY/eHa CTElEeHH 7

g@n—1(

B Koablle A (n)(z). droT MHOrowleH Hepasioxum B A (n)[z], noTomy
yTo WHaue OH Obl1 6bl pasnoxkuM H B Kosiblie A[m, 2], u, Tak Kak
OH JIHHEEH MO 1), OAHH M3 MHOXKMTeJeH Jo/KeH Obl1 Obl 3aBUCEThb He
or 1, a Jumb oT 2. Ho Takoro MHOXHTeNs HE MOXKeT ObiTh, MOTOMY
qro g(2) # f(2) B3aUMHO NPOCTHI.

C/lefioBaTe/IbHO, 3JEMEHT X sIBJAeTCH aJreOpanyeckKHM CTENeHH
nap nojeMm A(n). Orciona ciepyer yTBepjaenxe o ToM, uTo (A (x):
tAn) =n.

Haa nanbHefiliero OTMETHM, YTO MHOTOYJEH

g@)yn—f(

He HMeeT MHOXKHTesaeH, 3aBHCAIHX TOJbKO OT 2z (T. €. Jexalllux
B A[z]). D10 yTBEpHKIEHHE OCTA€TCS BEPHBIM, KOTJa 1) 3aMeHaeTcA
cBOMM 3HaueHueM f(x)/g(x) W yMHO}KaeTCs Ha 3HameHaTeab g (x);

TeM CaMbiM MHOTOU/IEH
g@)f(x)—F(2) gk

Koapla Af[x, 2] He HMeeT MHOXHUTe/Ieil, 3aBHCAUIMX TOJBKO OT Z.

3 noka3aHHOH TeopeMbl BLITEKAKOT TPH CJAENCTBH .

1. Crenens ¢ynkuuu m=f(x)/g (¥) 3aBHCHT JMIIb OT mosed A (m)
u A(x), a He OT TOTO HMJIH MHOTO Bbi6OPa MOPOXKMAIOLIEro 3/EMEeHTa X.

2. PasenctBo A (n)=A (x) uMeeT MecTo TOraa H TOJbKO TOTZa,
Korja 1 HMeeT cTemeHb l, T. e. aBJseTcs Apo6Ho-TuHEeHHOR PYHK-
fiMell. DTo 03HAYAET: NOPONOAOWUM IAEMEHIMOM 1045, KPOME 3Ae-
Menma x, Mooicem CAydcums 2106a3 OpOOHO-AUHEUHAS pyHKYUA om X
U MoAbKO MaKas QyHKYUA.

3. JlioGosi astomopduaM mnosst A (x), OCTaBJSIOUIHA Ha MecTe
Kaxaolli 9J4eMEHT nodsi A, JOMKeH [epeBOJMTb 3/1eMEHT X B Kakoi-
JIHO0 [OPOXKMAICLUIUH 3JIeMEHT TIOJst. O6paTHO, €C/H X NepeBOAKTCH
ax—+b
cx—+d
uus @ (x)—B QyHKRUKO @ (%), TO Monyyaercs aBTOMOP(H3M, NpH
KOTOpOM BCe 3/7eMeHThl 43 A ocraiorcs Ha Mecte, C/efoBaTelIbHO,

B KaKOH-AHOO MOPOXKIAIOWHUHA 3JIEMEHT X =

H Kaxaan (yHK-
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Bce asmomopgpusmer noas A(x) wad nosem A ssasiomes Opo6Ho-
AUKEHLIMU NOOCMAROBKAMU

ad —bc=£0,

BaxHO} /11 HEKOTOPLIX TEOMETPHYECKHX HCC/ICNOBAHHH ABJ/fAETCH

Teopema JliopoTta. Kawdoe npomesncymouroe nose Z, 041
komopoeo A < 2 = A (x), fasagemcs npocmslm mpanCyeHOeHmHbLM pac-
wupenuem: X =A(0).

JoxasaTeabCTBO. DJEMEHT X A0/KEH ObiTb anreGpaHueckKuM
Hajl X, NOTOMY YTO €eCJaH 1 — /0o 3/eMeHT u3 X, He NpHHaj/Ie-
Kali nomo A, To, Kak ObuUIo [I0Ka3aHO, 3/EMEHT X SABJSETCH
anre6panueckuM Hag A(n) u Tem Gosee anrebpanueckum Hajy .
[MycTb HepasjoXKHMbIH B KOJbLE MHOrou/leHoB 2 [z] MHOTOWIEH cO
crapiiM KospduiuenToM 1 U KOpHEM X HMeeT BHJ

fo(@)=2"4az" 4. .4 a,. (1)

BrisicHuM CcTpoeHHe 3TOro MHOTOWJIEHA.

DieMeHTH a; ABJAIOTCH pauuoHasbHbIMH GyHKRuuaMu or x. C no-
MOIBK) YMHOXEHHsS Ha OoOWMH 3HaMeHaTeJb HX MOXHO C/leJaTh
Le/IbIMH PallMOHAJbHBIMH QYHKUHSMH M, KDOMe TOro, MNOJYYHTh MHO-
rou/seH OTHOCHTeNbHO x C coxepxkanueM 1 (cp. § 30):

f(x, 2)=by(x) 2"+ b, (x) 2" 4. ..+ b, (x).

CreneHb 3TOr0 MHOrouJieHa MO X O003HAuMM uepes m, a Mo 2z —
yepes n. :

Kosdpduunenrsl a; = b;/b, u3 (1) ne Moryt Bce ObIThb HE3aBHCHMbIMHU
OT X, TaK KaK HHaue X OKasajcs Obl aarebpaHyecKUM 3/1€MEHTOM
Haj A; MO3TOMY OJQUH H3 HHX, CKaeM,
bi (x)

I=a=51"

foaxKeH (AaKTHUECKH 3aBHCeTb OT X; 3alHIIEM €ro B HECOKPAaTHMOM
BH e
g4
h(x)’

Crenenu MHOTOUJIEHOB g(x) © /(x) He mpeBOCXOAAT m. Muorousen
g(@)—0h (@) =g (1)~ 43 1)

(Re SBASIOUWIMACS TOM/IECTBEHHBIM HYJEM) HMeeT KOpeHb z=x,
4 TIOTOMY OH fenuTcs Ha fo(2) B Kosibue Z{z]. Corsacro § 30, ecan
nepefiTy OT 3TMX PALHOHA/LHBIX IO X MHOTOWIEHOB K UEJbIM IO X
MHOTOuWJenaM ¢ COJepKaHueM |, TO OTHOLUEHHE JeJIHMMOCTH COXpa-
HUTCS,, U Mbl IIOJYYHM

h(x)g(2) —g)hz=qx 2} 2).
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Jlepasi yacTb B STOM paBeHCTBE MMEET CTeleHb IO X, He MPeBOCXO-
aawylo m. Ho cmpaBa yxe MHOrousneH f HMeeT CTeleHb m; CJeAC-
BaTe/JbHO, CTeNeHb JeBOH 4YaCTH B TOYHOCTH paBHAa m H ¢ (x, 2) EHE
3aBUCHT OT X. ONHaKO 3aBHCALIMH JIMIIb OT Z MHOXHTENb He MOXKET
JEJUTb JIeBYIO 4YacTb (CM. BBIllle); MO3TOMY ¢ (X, 2) SIBASETCH KOH-

CTaHTOH:
h{x)g(2) —gx)h(@)=q-f(x, 2).

Tax Kak NMPHUCYTCTBHE KOHCTAHTHI ¢ POJH HE HIPaer, CTPOGHHE MHO-
rouneHa f(x, z) omucaHo mnoJHocTbio. CTenmeHb MHorousmeHa f(x, 2)
o X pasHa m; CJAeAOBaTeIbHO (IO COOGpaKEeHUSIM CHMMETPHH), U
cTeneHb MO z paBHA m, Tak uTo m=n. [lo MeHbluel Mepe ongna H3
cTemeHefl MHOrousieHOB g(x) u A (x) MO/KHA aKTHYECKH NOCTHIaTh
3HaueHHsa m; CJe/oBaTeNbHO, W QyHKUUA O NOKHA UMETb CTeleHb m
no x.

Tem camblM, Tak Kak C OJHOH CTODOHBI YCTAHOBJIEHO PaBeHCTBO

u (A(@): A E)=m,
a C Jpyroit — paBeHCTBO

A(x):Z)=m,
TO, NMOCKONBKY 2 conepxuT A (6),
E:a0) =1,
2 =A(0).

Teopema Jliopora umeer ciefyioliee 3HaYEeHHe /151 [EOMETPHH.
[Naockas (menpuBoxnuMas) aJgre6pamdeckas kpupast F (§, m)==0 Ha3bBaercs

pAyUOHANbHOT, €CJIH €€ TOYKH, 33 HCKJOYEeHHEM HEKOTOPOro KOHEYHOro 4Huc/a us3
HHX, NPefCTaBJATCS PALHOHAJNbHBIMH IaPAMETPHYECKHMH YypaBHEHHSIMH

E=f (),
n=g (t).

Moxer okasaTbCs TaK, 4TO KaKJas TOYKa KPHBOIi (32 HCKJIOUEHHEM KOHEYHOro
4HCIa) noJayyaeTcst NPH HECKOJIbKHX 3HaueHHsX napametpa ¢ (Hanpumep:

E=2,
n==8£+1
It m — ¢ noaydaeTcs OfHA M Ta ke Touka.) B cuay teopemn JTiopoTa ¢ nomoumpio
YAayHOro BbOOpa NapameTpa 3TO ABJEHHE BCETAA MOMKHO 000HTH. JIefCTBHTENbHO,
nycTe A —ione, Kotopoe colepXHT KoshpuuueHTs Oynxkuuit f, g, u ¢ —Kakas-
HuOyab nepemennas. Toraa T =A (f, g) ssasiercs nognovem noast A (f). Ecan ¢/ —
NPUMUTHBHBII 3JIeMeHT noJs X, To
f(@)==F1 (¢') (paunonanpHas QyHKuHs),
g{t)=g () (paunoHaJbHas QYHKUHS),
V=¢(f g)=9E )

H Jlerko [IDOBEPHUTHL, UTO HOBOE [NapaMeTPHYeCKOe MPeACTaB/CHHE

E=f )
n=g ()
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JaeT Ty e KDHBYIO; B TO Xe BpeMs 3HaMeHaTedb (QyHKUMH ¢ (¥, §) ofpamaercs
B HyJb JHIb B KOHEYHOM YHCJE TOYeK KPHBOH, Tak 4TO BCeM TOUKaM KpHBOH (3a
HCK/IOYeHHEM KOHEUHOTO YUHCJa) COOTBETCTBYET JIHIUb O I H O 3HaYeHHe napamerpa &'

3agaua. Ecan mose A (x) HOPMaJdpHO HaJ HEKOTOPBHIM NOAnOJeM A (n), TO
MHOrousied (1) pasjaraercs B HeM Ha JHHeiHBle MHOXHTe/H. Bee 5TH JHHEHHbe
MHOMHTE/]H TNOJYYaloTcsi H3 OAHOTO H3 HHX Kakoi-nnGo ApoGHO-JHHeAHOH mojcTa-
HOBKOW OT X; HANDHMep, H3 MHOXKHTeJs Z2—X. DTH APOOHO-THHEHHble Mpeobpaso-
BaHHS COCTA4BJIAIOT KOHEYHYIO TPynny, OCTaBJsOT HHBAPHAHTHOH QYHKUMIO 0=
== g (x)/h (x) ¥ 3THM ONpeNe/SIOTCS OAHO3HAYHO.

§ 74. AsareOpanyeckasi 3aBUCHMOCTb
¥ ajreGpauveckasl He3aBHCHMOCTb

Mycts Q — paclupende 3ajarHoro mois P. Ouement v us Q
HA3BIBAETCH Q12e6pAUYECKU 3ABUCUMbBIM OM Uy, ..., Up, €CIH U al-
re6panuen Hax mnoseM P (uy, ..., U), T. € €CIH U YIOBJETBOPSFET
a/reGpauyeckoMy ypPaBHEHHIO

a, (1) v8 +-a, (w) v8 1 4. . 4ag (u) =0,

KO3QhOUUHEHTH @y (4), ..., Qg (4) KOTOPOro ABJAIOTCA MHOrO4/IeHaMH
OT Uy, ..., Up C KO3PHIMEHTAMU H3 P u He Bce paBHBI HYJIO.

OrHolerne anre6panyeckoil 3aBUCHMOCTH 00/1ajaer CJ/eyiomiMH
OCHOBHBIMH CBOIICTBAMH, AaHAaJOrHYHBIMH OCHOBHBIM CBOHCTBaM OTHO-
wenus JuHefiHoH 3aBucumocTtH (cM. § 20):

OcuosHnas teopema 1. KawOoul snemenm uy (i=1, ..., n)
areebpausecku 3a8UCUM OM IAEMERIMO8 Uy, ..., Un.

OcunoBHasa teopema 2. Ecau v arcebpaudecku sagucum om
Uy ovvy Upy HO HE OM Uy, ..., Upy, MO U, QA266PAUMECKU 3ASUCUM
OMm Uy, ooy Up-1y U.

NokasaTeabCcTBO. DyieMm cuurarb, YTO Uy, ..., Up-q OPH-
coenHeHbl K ocHoBHomy nosiio. Torga v asre6panyecky 3aBHCHT OT
U,, T. €. HMEET MEeCTO a/ire0panyecKkoe COOTHOLICHHE

A (Un) U4y () V8141 - ag (#n) =0. )
PacriosioxuUM 3T0 ypaBHEHHE MO CTENEHsIM 3JEMEHTa U,; TOrAa
by (v) ul by (V) ub—14-.. .4 by (v) =0. 2)

CorslacHO YCJIOBHIO 3/1€MEHT U TPAHCUEHJEHTEH Haj roJeM P (4, ...
..., Un). Muorounens b,(v), ..., bs(v) mo sroil npnunHe GO
TOXKAECTBEHHO PABHbl HYJIO KaK MHOTOY/IEHbI OT U WAH OTIHYHBI OT
nyas. Bce ony, oasako, He MOryT GbiTb TOMXAECTBEHHO DaBHbI HYJIO
Mo v, TaKk Kak uHaye Jesas 4acTb B (1) Gbita Obl TOXKAECTBEHHBIM
HyleM MO U, T. €. BHIIOMHSMHCH Obl PaBEHCTBA Qg (in) =y (Un) =...
...=ag (u,) =0, uro mpotusopeunt ycnopuio. CreoBatenbHO, HE Bee
Bxomsine B (2) KoapduUMEHTH by (V) paBHbI HY/IO; TeM CaMblM,
B cuay (2) aJeMeHT u, aiareGpauyeckh 34BHCHT OT U Haj I0JeM
P(ula very Up 1)-
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OcunoBuasn Teopema 3. Ecau ssemenm w anreebpautecku

sasucum om Uy, ..., Us W KaxOoui v; (j=1, ...,s) areebpauecku
saeuUcUmM ONl Uy, ..., Uy, MO W QA2e0PAUHECKU 3QBUCUM ONL Uy, ..., Upg.

HorkasarteabcTBo. Ecin w— anre6paudeckuii 3/JeMeHT Haj
nonem P (vy, ..., vy), To oH Gyner anreGpauueckuMm u Ham P (4, ...
weoy Upy U, ..., Ug), @ 3TO noae anreGpauyto Han P (¢, ..., up).
[TostoMy B cuay § 41 snemeHT w anrebpauueH Han P (uy, ..., u,),

yTo H TPeboBaNOCh JOKa3aTh.

B cuny 3THX OCHOBHBIX TeopeM 06 anrebpandeckoil 3aBHCHMOCTH
CNpaBeJJ/IUBbl H CJEACTBHS W3 HHUX, aHaJOTHYHble c(hOpMYJHPOBaH-
Hein B § 20; B gacTHoCTH, ClpaBelyidBa TeOopeMa O 3aMeHe.

AnanoroM TOHATHA JiMHEeHHOH HE3aBHCHMOCTH MOXET CJYKHTb
NOHSITHE asirebpaudyeckoil He3aBUCHMOCTH: 31€MEeHTHl Uy, ..., U, Ha-
3BIBAIOTCA  ateebpaudecKu He3aBUCUMbIMIL HAJl OCHOBHbIM mogeM P,
€cTH HH OJMH U3 HHX He fBJseTCa aire6panyeckd 3aBHCUMBIM OT
octaapHbX. Mmeer mecto

Teopema. OSaemenmor uy, ..., U, Qr2e0pAUYECKU HE3QBUCUMbL
moeda u moavko tmoeda, Koeda u3
fuy ...y u)=0,

e0e [ — mHoeounen ¢ Kosppuyuenmamu uz P, credyem pasencmeo Hyao
scex Koaghpuyuennos MHoeodreHa .

HoxasateabcTBo. Ecmm f(uy, ..., u,) =0 uMeer cBOUM cjef-
CTBMEM pAaBEHCTBO HYJIKO MHOrouneHa [, TO, OUEBUAHO, HH OJHH
H3 3J]E€MEHTOB U; He MOXKeT ObITh anre6panyecku 3aBHCHMBIM OT OCTaJb-
HbiX u,. IlycTh, HAO6ODOT, 3JEMEHTHl Uy, ..., U, ajJreGpaHyecky Hesa-
BUcUMBL. Ecin

Fluy, ..., u)y=0

H €CJli MHOrOWJIeH [ pacmosioXeH IO CTelNeHsM 3J1eMeHTa U, TO KO3(-
Gbnumentst f; (uy, ..., U,4) 3TOrO MHOTOUWIEHa OKAa3bIBAOTCH TOXKIECT-
BEHHO paBHBIMH HYJIO. Pacrmosoxum 3TH K03(pdHUHEHTHI-MHOTOUJIEHbI
N0 CTENeHsM 3JeMeHTa U,.; U TOUHO TaK e YCTAHOBHUM, YTO H HX
KO3(D(HIUUEHTh TOXKIECTBEHHO DaBHBI HYJIO; MPOJOIKAS TaKHUM ofpa-
30M, Mbl B KOHL€ KOHLOB YCTAaHOBHM, 4TO KO3(D(DHUIIHEHTH MHOrodieHa
f paBub myJO.

CornacHo 3Tofi Teopeme 3JIEMEHTHI Uy, ..., W, TIPH YCJAOBHM, 4TO
OHM a/are0pauyecKM He3aBHCHMBl, 1€ CBA3BIBAIOTCS HHUKAaKHM aJjrel-
panvyeckum ypaBHeHUeM. [lo 3TOH mpHYHHE KX HA3LIBAIOT He3a6UCU-
MOLMU M PAHCUEHOEHMHbIMIL IAEMEHMAMLL.

Ecin wuy, ..., u, anreGpaunyecku HE3aBHCHMBH U 2y, ..., 2, — NEpe-
MeHHble Haj mosteM P, To kaxpomy muorouwneny f(z, ..., z,) ¢ Ko3d-
$uumentamu u3 P MOXHO B3aHMHO OJHO3HAYUHO COTIOCTABHTb MHOTO-
wien f(uy, ..., u,). Tostomy Pz, ..., z,)==Puy, ..., u,). Us

CYLIECTBOBAHHS 3TOrO H3OMOPQ)H3M8 KOJ/Iell MHOTOWIEHOB CJEAYEeT
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CyUlecTBOBaHHEe H30MOP(H3MA MOJEH YACTHBIX:
Pz, ..., 2)=P (g, ..., u).

TakuM 06pa3oM, He3aBHCHMble TPAHCUEHAEHTHbIE 3J€MEHTbl Uy, ...
., U, COBNAJAIOT B CMbIC/IE anre6pauyeckHx CBOHCTB ¢ OObIUHBIMH He-
32 BHCHMBIMH N€PEMEHHBIMH.

TlousTus anrebpaHuyeckofl 3aBHCHMOCTH M HE3aBHCHMOCTH MOL'YT
ObiTb BBEJEHH W JJs GECKOHEUHBIX MHOMXECTB. DJIEMEHT U Has3blBa-
etcs (areebpaudecku) 3asucumeim om muoxcecmsa M (HaO OCHOGHOLM
nosem P), ecmn oH aireGpauued Hap nostem P (M), 1. e. ynposaer-
BOpSIET HEKOTOPOMY YypaBHeHHI0, KoyhuIHeHTaMH KOTOPOro fBJISIOTCS
panuoHasbHble (DYHKLUHH OT 3/1eMeHTOB MHOXKec1Ba M ¢ Koahduunen-
tTaMH u3 nonsa P1l). B sTom cayuae ynomsHyTOoe ypaBHEHHe C MO-
MOLIbI0 YMHOMEHHS Ha IPOH3BeJleHHe 3HameHaTejeH Ko3(hpHIHEHTOB
MOXKHO CHeslaTh LeJbIM palHOHAJbHLIM YPaBHEHHEM C 3JEeMEHTaMH
u3 M. B Takoe ypaBHEHHe BXOAHMT JIHIIb KOHEUHOE YHCJIO 3J1€MEHTOB

Uy, ..., U, MHOXecTBa I, mo3TOMY:

Ecau snemenm v sasucum om MM, mo v 3a8ucum om KOHE4H020
HUCAQ IAEMEHIMO8 Uy, ..., U, u3 M.

Briepem koHeyHOe MHOXKECTBO {Uy, ..., U,} TaK, 4YTOObi HH OJHH

M3 €ro 3/eMEeHTOB He ObiJl JHIUHHUM; TOTJa B CHJY OCHOBHOH Teopemsl
2 KaXnbli 3/1eMeHT #; 3aBHCHT OT U M OT OCTA/bHBIX ;.

OcHoBHasi Teopema 3 6e3 OroBOpOK NEPEHOCHTCS Ha cayyail Gec-
KOHEYHBIX MHOMECTB:

Ecau u 3asucum om I u xascOoui saemenm u3z M sasucum om N,
mo u sasucum om N.

MHoxectBO N HasblBaercs (as2e0paudecKu) 308UCUMbIM OT MHO-
XKectBa M, ecau Bee sneMeHTH M3 N 3asucar ot M. Ecau N 3aBu-
cut or M, a M 3asucur or ¢, to N 3aBucHr or L.

Ecan nBa muoxkectBa M w N 3aBUCAT JApyr OT Apyra, TO OHH
HasuiBawTCa sxeusarenmuoimy (Han P). OTHOLLeHHe 5KBHBAJEHTHOCTH,
BBEJICHHOE TAaKHM MyTeM, sBJsieTca ped/eKCHBHBIM, CHMMETPHYHBIM
U TPAH3HTHBHLIM.

Muoxectso I HasbiBaerca aseebpauuecku Hedasucumoim (Hap P),
€cAH HH OJHMH H3 €ro 3/€MEHTOB He 3aBHCHT ajreGpandyeckd OT
ocTasibHbIX. B 3TOM cjyuae rOBOpPAT TakiKe, YTO MHOXKecTBo I «coc-
TOUT H3 HE3aBHCHMBbIX TPAHCUEHJAEHTHBLIX 3JEMEHTOBY.

Ecin muoxkectBo I anreGpanueckH HE3aBHCHMO, TO COOTHOLLIEHHE
Mexjy saemeHTamMH I Buja

Flag - ey u)=0,

rge f—wmuorounen ¢ kosbduuuentaMu u3 P, MOXeT BBINOJHATbCH
JIMIIb TOTHA, KOTAA [ TOXK/IECTBEHHO paBeH HYJIO:

flxy, ..., %) =0 (119 NepeMeHHbIX X;).

1) DjeMeHT 3aBHCHT OT MYCTOrO MHOMECTBA, €C/AH OH aarebpanmyen Hag P,
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Ecau noctpouts kKombuo MuorouieHoB P [X] or crombkux nepe-
MEHHBIX X;, CKOJbKO 3jeMeHTOB B M (HEeBaXKHO, KOHEUHO HJIH GecKo-
HEYHO 3TO MHOXKECTBO) H KaiKJIoMy MHOrouiewy f(xj, ..., X, comnoc-
TaBUTb 37eMeHT noas f(uy, ..., 4;), TO, OUEBHUIHO, MOJYUHUTCS HEKO-
TOpBIH rOMOMOPGH3M KOJIbLd MHOTOU/IEHOB Ha Ko./1b10 P [IN] anementoB
noas f(uy, ..., u,). Ecin M anreGpanyeckH He3aBHCHMO, TO pas-
JIMYHBIE MHOTOWIEHbl MepexoisT B pas/iHuHbIE 3JAeMEHTHl MOJf; CJae0-
BATE/JbHO, B 5TOM CJIyyae MOJy4aeTcss U30MOP(H3M

P [X]=<P [M].

M3 usomopdu3ma Kosel MHOTOWIEHOB BHOBb CJeflyeT M3oMopdusm
noslefl yacTHeIX. TeMm camblM JOKa3aHa Teopema:

Ioae P (M), noayuaroweecs npucoedurenuem ar2edbpautecku Hesasu-
cumozo mrowcecmsa M Kk noao P, usomopdro noro payuoranrbHux
pynkyutll om muoxcecrnea nepemeHnoix X, paBHOMOWHOSO MHOXMCecmay
M, m. e. noao wacmuoix Koasya Mro2ouseros P [X].

Kaxjoe nose P (M), kotopoe nosyyaetcs npUcoeRHeHHEM anre6-
pauuecKd HE3aBUCUMOro MHokectBa I K P, HasblBaetcs 4ucmo
nipatcyerOenmuoim pacuiuperuem noas P. CTpoeHHe YuCTO TpaHCUEeH-
JIEHTHBIX paclIMpeHHi MOJTHOCTBIO OMHCHIBAETCA NpelbAyLIell TeopeMoi:
KaXJ0e TaKoe pacliupeHde H30MOP(HO MO0 YACTHBIX HEKOTOPOro
Kosmbla muorousneHoe. Takum o6pa3oM, ctpoerne mosst P (IN) saBu-
CHT JIMLIb OT MOIIHOCTH MHOXKecTBa I: 3Ta MOLIHOCTb HA3bIBAETCSH
CMenensio mpancyenOeHmrocmuy; el NocBsiueH cuaenyooluil naparpad,

§ 75. CreneHb TpaHCUEHAEHTHOCTH

Mb! nokaxkeM, 4TO KaxKJ0€ paclHpPeHHe NAHHOTO MOJAS MOMKET
6LITh Pa3JjoKEHO Ha HEKOTOPOe YHCTO TPAHCUEHIEHTHOE pacIlipeHHe
U caenylomee 3a HUM anreGpanueckoe pacwinpenue. B ocHoBe pac-
CYXKJIEHUH JIEXKUT Teopema:

ITyemo Q — npoussorstoe pacwuperue noas P. Toz0a kaxcdoe noo-
Muoxcecmeo M noas Q KBUBAAEHMHO 8 cmblcae areebpaudeckotl 3asu-
CUMOCIU HeKOmopomy ceoemy nodmHoscecmsy M', ssasowemycs arees-
paudecKl He308UCUMbIM.

Hokasateabctso. Ilycrs MM BrnonHe ymopsnoyeno. [loamuo-
xectBo M’ onpegesuM cieayouiuM o6pasoMm: sieMeHT a u3 M mpu-
Hajnexut M', ecad a He 3aBUCHT ajreGpaHyecKd OT NPenLIecTBYIO-
uero emy otpeska . Torma o MHoxkectBe I’ MOKHO BBICKA3aThb
H J0Ka3aTh CJEAYIOWHE yTBePKIEHHS:

1. MuoxectBo I’ anreGpanuecku He3aBUCUMO. [lefiCTBHUTENBHO,
€C/IH Obl HEKOTODLIH €ro 3/eMeHT @y 3aBHCEJ] OT 3JIEMEHTOB dy, ..., g,
TO MHOXeCTBO {Qy, ..., G} MOXHO OblIO Obl BbIOpPATb MHHHMAJIbHBIM
M TOraa KakAbld 3JIEMEHT @; 3aBuces Gbl OT BCeX OCTaslbHBIX. B wacr-
HOCTH, mocsefHH# B CMBbIC/IE MMEIOLIETOCs NOPsAAKa WIEMEHT a; 3aBHCe
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Obl OT ocTa/ibHBIX 3nemeHTOB. Ho Torna stor mociennuii a; (B cuay
onpeznesienus muoxecrsa M’) He MOT Obl NPHHAAJIEKATH MHOMKeCTBY D’

2. Muoxecteo M saucut or M’. JleHcTBUTENBHO, B NPOTHBHOM
ciayuae B M cylecTBoBaa Obl NMEPBBIA 3/€MEHT @, He 3aBHCSLIHE OT
D', dnement a He NPHHALNEKHT MHOKeCTBY MN', a MOTOMY 3aBHCHT
OT mpefiecTByiollero orpeska 2, KOTOpuii B CBOIO ouepenb (BeJb
@ —nmepBbifl He 3apucamuil or M’ sgement) 3aBucut or M’. Tewm
CaMbiM 3jIeMEHT @ 3aBHCHT OT IN’, YTO NPOTHBOPEUHT NPeIIOIOKEHHIO.

Hononuenwne. Ecou MN, 10 kamdaa keusarenmuas mHo-
secmey M arcebpaunecku Hesasucumas nodcucmema M’ ¢ M moxcem
Goume Oonoanena 0do arzebpauuecku Hesasucumol nodcucmemer 8 N,
aKgusareHmrotl MHoscecmey N.

HokasateabcTpo. ClelaeM MHOXeCTBO I BMOMHE yIOPsifo-
YEHHBIM TaK, 4YToObl 3/€MEHTH MHOxecTBa I OKaszajuch Mpejilect-
BYIOIHMH OCTQIbHBIM 3/71eMEeHTaM OGDBeMJIIOIIEr0 MHOMKECTBA, H MOCT-
pouM cucremy N’ u3 N aHAJOTMYHO TOMY, KaK CTPOHJIACh CHCTEMa
M’ u3 muoxectBa MM B mpenwimymeit teopeme. Ouesunno, N’ conep-
KHT CPeIH NPOYHX U 3/eMeHTH u3 M',

Cucrema I’ HaswiBaeTcs Henpusodumod.

3apgaua 1. ITpoBecTH [0Ka3aTe/lbCTBO 5TOH TEOpPeMbl C MOMOINLIO  JIEMMbI
LlopHa, mpuMeHeHHOl K 3aMKHYTOMY MHOXecCTBY A Beex anre6panyecKy He3aBHCHMBIX
NOAMHOXeCTB H3 IN.

CorsiacHo npegpinymiell Teopeme Kaxjaoe pacmmpenne Q moss P
MOXHO pacCMaTpHBaTh KdK HEKOTOPOe ajare6paHyeckoe paciiupeHue
nonst P(€), rne & —mHenpusogumas cucrema, a notomy P (&) —
UHCTO TpaHCUeHJEeHTHOe pacluupenue nois P. Takum o6pasom, 370
O3HayaeT, 4ro mnoje € nosnyyaerca u3 P ¢ momouibio HekoToporo
YHCTO TPAHCLEHJEHTHOIO PacLIMPEHHs] W MOCJEAYIOIEr0 YUCTO anre6-
paHyeckoro pacinvpeHus,

[Toctpoennass B HpeiblAyLIMX TeopeMaX HeNpPUBOAHMAA CHCTEMA
MM’ aBaseTICs, KOHEUHO, HE eJMHCTBEHHOH; OJHAKO MOIIHOCTH 3TON
CHCTeMBI (H THII YHCTO TpaHCLeHJeHTHoro pacwmpenus P (D)) ompe-
Ae/leHa O[HO3HAuHO. [leficTBUTENbHO, HMEET MeCTo TeopeMa:

Hee  sxsusarenmuoie  areebpausecku Hesasucumvie cucmemsr N,
N pasromowree.

[lo nosoxy ofmero nokasatenbcTBa 5Tofi TEOPEMBI MOMKHO yKa-
3ath opuruHaibHylo paGory llrtefinunuma B J. reine angew. Math.
137, a rakxe xuury: I'aynt(Haupt O.). Einfiihrung in die Algebra
II, Kap. 23,6. Baxueiiwunii uacTHbIi cayuaii MMeeT MeCTO TOrZa,
Korga mno Kpaiinedl Mepe oxHa u3 cucreM I, N koweuna. Hanpu-
Mep, ecan I COCTOHT W3 r 3/IEMEHTOB Uy, ..., U, TO COIVIACHO
caencteuio 4 (§ 20) B 9N umeercs me Gosee r 3/1€MEHTOB, TaK 4TO
M N — KOHEUHOe MHOXKECTBO; MOCKONbKY Ha TOM 3Ke OCHOBAaHHH I
He MOMKeT MMeTb OoJblle 3/1eMEeHTOB, yeM N, MHOxecTBa M u N
PaBHOMOLUHE,
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OnHO3HAYHO Orpejie/ieHHas MOMIHOCTbL anreGpanyecky He3aBHCHMOH
cucteMbl I, 3KBHBAJIEHTHON MOJI0 £, HA3bIBAETCS CIMENEHbIO MPaH-
cyendenmHrocmy noas Q Haj noueM P.

Teopema. Pacuuperue, nosyuarouieecss 6 pesyrvmarme 08yx noc-
aedoamenvrblx  pacuiuperuti  (KoHeuHbiX) cmenexel MmpaHCyeHOeHm-
wocmu S U t, umeem cmeneHo mpancyenoenmuocmu S--11) .

IloxasateabcrBo. Ilyeth P=2 = Q. Tlyetp @ — cucreMa,
anrefpauyecky HesaBucHMasi Haj P, 3KBUBaJeHTHas NOMIO 2 H MPH-
pajiexamas X, U nycte & —cHucTeMa, are6pauuecKH He3aBHCHMasi
Hajy X, 3KBUBaJeHTHas momo £ u cojepxamasca B Q. Torna &
pMeeT MOIIHOCTE §, € HMeeT MOLIHOCTb [ M MHOXecTBO & He mepe-
cekaetcs ¢ <, Tak uto obbenunenue &S| uMeeT MOUIHOCThL §--f.
Ecai Ml CMOXEM yCTaHOBHUTb, uTo cucteMa &|J T areGpanuecku
mesaBucuMa Hag P W skBuBaseHTHa momo L, To TpeGyemoe OyaeT
JIOKa3aHo.

[Tose Q siBasieTcss ajreGpanueckuM Hax 2 (X)), a 2 — aareGpau-
ueckum Han P (&); cnenoBartenbno, Q sABagercss anre6panyecKuM
nag P (&, ), 1. e. skBHBateHTHEM cucteme <.

Ecan 6Bl CYIIECTBOBaJO Kakoe-Mu60 anre6pauyeckoe COOTHOLLE-
HHe MeXIy KOHEe4YHBIM MHOxKecTBOM 3JeMeHTOB M3 @ T ¢ koaddu-
uvenTaMH #3 P, T0 B Hero mpexae BCEro He MOIVIM Obl BXOIHTb
saemeHTel M3 &, NOTOMY YTO HMHaue CYLULeCTBOBaJO Obl COOTHOLIEHHE
MEKAY STHMH 3JeMeHTaMH ¢ Kos(duumeHTamMH wu3 2, 4TO IIPOTHBO-
peuynt anreGpanyeckoil HesanucumocTH muoxectBa <. Taxum obpa-
30M, a/lre6pPaHyeckoe COOTHOIIEHHE OKa3aloch Obl COOTHOIIEHHEM
JUIIL MEXKAY 3JeMeHTaMu H3 &, 4To NpPOTHBOPeUNT HX asareGpau-
yeckoli He3apucumocTH. CienoBatesbHo, MHOxecTBO & | sBJjstercs
anrefpanyeckd HesaBHCHMbIM Haja P, yem H 3aBepinaerca jpoxasa-
TeJIbCTBO.

§ 76. uddepenunposanne aareGpandecKux (GyHKumi

BeenenHoe B § 27 onpejejeHHe NPOM3BOAHOH MHOroueHa f(x)
6e3 KakuxX-JH60 JONMONHEHHH IepPeHOCHTCs Ha palHona/bHble (yHK-
I{Hd OJHOM NepeMeHHOM
(x

f
(P(x)zg(—x

=

¢ xos(puuuentamu u3 moasi P. JleficTBHTENBHO, COCTABUM BhIpaie-
HHe

i [t g —f (g xth),
(P(x+h) (P(X)—— g(x)g(x+h) ’

1) Dra TeopeMa CrpaBCIMBA M 151 GeCKOHEUHBIX CTeNeHefl TPaHCUEeHJEHTHOCTH,
HO 1JIs1 9TOr0 HaJ10 BBECTH [OHSTHE C/OKEHHS GCCKOHEUHBIX MOULHOCTEH, O KOTOPOM
Mbl He TOBOPHJIH,
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TOrJa YHCJHTENb 3TOH Ipo6u obpamaercs B Hyab npu h=0; caego-
BaTeJbHO, y Hero ecTb MHOXKdTeap h. Pasnenum obe vactu Ha h;
NOJYYUTCSA
Ut —9® _ _ gxh )
h gxgx+h

[TpaBasi uyacTb sABJASETCA pPaLHOHAJbHOH GyHKUHEH mo A, KoTopas
npu h==0 npuHHMaeT BIOJHE ONpejeJeHHOe 3HAYEeHHe, TaK KaK 3Ha-
meHatesib pH h=0 He oOpamaercsi B HyJb. DTO 3HaYeHHE PAIHO-
HaJlbHOH (YHKLUHMHM Mbl HasbiBaeM Oughheperyuanotoism OmHoweHuem
HIH npoussodnoil ¢ (x) panuoHaJbHOH GYHKIHH @ (x):
dp(x) _q(x0)
’ _ — » V)
CP (x) - dx g(x)ﬁ N (2)
Uro6bl (pakTHUECKH BBIYHCIUTL ¢ (X, 0), PpasioKHM YHC/IHTENb
npaBoil wacty B (1) nmo Bo3pacTaloUUM CTeneHsSM h, pasjgenuM Ha
h un monoxum h=0; Torna

g% 0)=F () gx) —F(x)g x)

NpH TMOACTAHOBKE 3TOrO BHIPAXKEHHs B (2) moJsyuaeTcss H3BECTHAs
¢dopMyJa IJis NTPOM3BOJHOH YacCTHOTO:

4im _'Wew—Ixg (x)

dx g(x) g (x)?

IMycts R (44, ..., U,) —NPON3BONBHAA paUHOHANbHASL QYHKIMS;
nyctb Rj, ..., Rp—ee uacTHble IPOU3BOAHBIE 10 NEPEMEHHBIM
Uy, «.., Uy W TYCTB @y, ..., @, — DANUOHAJBHBIE (GYHKLHH OT X.

BriseneM gopmyay 0as noanod npouseoOHoil:

n
d ’ di
RO s )= DRI s B) ®)
1

Insi stoff meJM B COOTBETCTBHH C OIpele/IeHHEM IMPOH3BOMHOM
MOJIOXKHM

oy (X +h)—ou()=hpe(x, B), Py (¥, 0) =0y (x),
H
R(ug+hy ooy Unthy)—R(uyy 0.y u,)=
= Z Ry +hy, ooy tythy v, .., ) —

v=1

_“R(ul +h'19 coey Uyy Uyryy o0y un)}:

= Z h'VSV (u1+h1’ ceey uw hvy uv+1’ caey un)’ (4)
v=1

rae
4
Sty oovy Uy Oy Uyigy ovvy Un) =Ry (4, ..., Un)
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Tonoxum B TOXaecTBe (4)

Uy =@y (%), hy=0y (x+h) — @y (x) =Ny (x, h)

U pasfeNuM TOMYyYyeHHOe Bblpa)keHue Ha h:
R (x+h), ..., @n (x—l—h’)l)—R(% (*)s - P (X))

=Z 1|5v (X, h) SV ((PX'Jf_h’lplv veey @y, hle Pytts o0 ey an)-

v=1

Tlonoxum crnpasa h=0; Torna

'%R((Pl, ey an)= ECPG(JC)R\”((Pn veey (pﬂ)y

yeM H JIOKaswbBaercs (3).

[TonbiTaeMcsl  pacnpoCTPaHuTL TeOpHIO AU(pGhepeHUHPOBaHHA Ha
anrebpanuyeckve (yHkuuu ogHoi nepemennod x. Ilox aseeGpauve-
ckoii hyHKyueli O0HOI nepemeHHOU X Mbl TOHHMAeM MPOU3BOJIBHBIHA
ajeMeHT 1 ajre6pauyeckoro pacumperusa moas P (x).

Mol GyneM cuutaTh, 4YTO 3JeMeHT 1 cemapabenen Hap P (x).
Takum o6pasoM, anreOpauueckast (GYHKHHMSI 1M SBJSETCS KOpHeM
HEKOTOpOro Hepasnoxumoro Haj P (x) cenapaGesbHOro MHOrou/eHa
F(x, y):

F(x, n)=0.

Ipoussoaubie MHorouleHa F(x, y) mo x u y o603HAUMM COOTBET-
cTBeHHO uepe3 F u Fy. B cuay cenapabenbnocTn mHorouner F (x, y)
He uMmeeT obmwmx KopHell ¢ F (x, y); cjaenosaTenbHO,

Fy(x, n)=%0.

Jlns pa3yMHOTO OMpejiesieHHsi NPOU3BOJHOH dv/dx HyXHO mOTpe-
GoBaTh, 4TOObl MHOrouseH F (¥, y) YAOBIETBOPAI QopMyJe MOJHOM
NIPOH3BOJINIOH

’ an s
Fix, m)+ 50 Fy(x, ) =0.

[MonoxuM 1o onpeneneHHo

dn _F;';(x, )
dx F,x W’ ©®)

Cpasy ycmaTpuBaeTcsi, 4TO 3TO ONpeJiesieHVe He 3aBHCHT OT BhI-
Gopa wmuorounena F(x, y), noroMy uto ecau F(x, y) 3amesuTh Ha
F(x, y)-¢(x), rtme P (x)—mnponssosbHast pamMoHaJIbHAsA QYHKUHA
OT x, T0 Fy(x,m) u F,;(x, m) B (B) 3ameustca Ha

Fx(xy m) 9 () +F X n) ¢ (¥) =Fx(x, ) $(x)
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1 Ha
Fy(x, m)-¥ (%),

YTO He W3MEHHT COOTHOLIeHHs (D).
B wuwactHocTH, ecnM 1 =C—KOHCTaHta u3 P, To x He BXOmuT

de
B ypaBHEHHE, onpeaeadrouiee 3JeMEHT 1), l'IOSTOMyE;zO,

[ycte {— npousBosabHBIA 3nemeHT moast P (x, n), T. e. Hexoro-
pasi panuoHanbHas (QYHKUHA OT X M 1), leJass paluoHajbHas MO T

C:‘(P(x9 TI)
Hnst sTofl GYHKUMHM MBI JOKaXeM C/AefyIoUlylo GOpMyJay MoJHoMH

NPOU3BOJHOMN:

%ftp; (x, M)+ oy (x, n)%—”x—, (6)

The @r U @, — IPOU3BOJHbIE OT ¢ (X, ¥) Mo ¥ U 10 y. C 3TOH HEJbIo
COCTAaBHM ypaBHEHUE, omnpeaeiswllee {, KOTOpoe MOXHO CYHTATb
[1eJILIM PallHOHAJBHBIM TO X U §:

G(X, €)=0,

MOJACTABHM B HEro BBIPAXKeHHE ¢ (¥, M) AI9 { W 3aTeM 3aMeHHuM 1
Ha nepemeHHyr y. ITosyueHHBIH MHOrOY/IeH OT y HMEET KODHEM 1) H
noroMy genutca Ha F(x, y):

G(X, (P(X, y)):Q(x, y)F(xy y)'

Ecan npoauddepeHndpoBaTbh 370 TOXKAECTBO MO X H Y € MOMOLIBIO
(GopMyJIbl MOJMHOH MPOU3BOAHOH (3), TO MOJYYHTCS

Gi(x, @@ M)+G(x, ¢(x, v) 9x(x, ) =QF:+QiF (x, y), }
G (x, @ (x, v) @y (x, y)=QF;+QiF (x, y).

3ameHuM Tenmepb y onfATh Ha 1, Gjarogapsa yemy uJjeHsl ¢ F(x, y)
o6paTATCS B HYJb; B COOTBETCTBHH C ompepejeHueM (), nasnee,

Fie, m=—Fy(x n) 3,
Gilr, =—Gi(x D%
O1cioga noJsyyaercs, 4To
—mmo%+@m@¢mm=—mnmmmm%}
Gz (%, D oy (x, M) =Q(x, ) Fy(x, m).

d
VYMHOXHM BTOPOE DAaBEHCTBO Ha E?, npu6GaBUM K [IEPBOMY, H pas-
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IeJUM TOJyYeHHOe PaBeHCTBO Ha Gy; IOJyuYHM
d&’; ’ ’ d‘l]
- 7x+¢x(x’ n)+ ¢y (%, M) 77 =0,

yTo M jokaswiBaer (6).

[Tocsie TOro Kak € MOMOWILIO [POBEJEHHOrO BHIUNCIEHHS yCTa-
HOBJIER YacTHBIH ciywafi (6), He NMpeiCTaBJAsieT TPYaa N0KA3aTeJqbCTBO
obedt  gropmyavt  noanoli  npoussoOnoii. COOTBETCTBYIOLLEE TPaBHJIO
TAaKOBO: €CAU My, ..., N,— cenapabeisrvie airzebpaudeckue GyHKyuL
om X u3 HeKomopozo noaf u R (uy, ..., Up)— MHO204AEH ¢ npou3600-
womi Ry, mo

d \ ’ v
SRy ooy )= YR Oy .y ) G (7)
1

HoxasaTeabcTBo. IlycTb 6 — NPUMHTHBHBIA 3/1eMeHT cemapa-
6eaproro pacwmpenuss P (x, my, ..., m,) noaa P (x). Torma sce v,
SBJSAIOTCS PalMOHAJBHBIMU (QYHKIMAMH OT X U 6:

My =@y (x, 6).

CornacHo (6), ecmn @y M @y — NPOU3BOAHBIE OT @y (X, ) MO X
uno t TO
d ’ ’ de
%=¢V-f(x1 e)+(PVl(x’ e)d_x’
H, paBHbIM 00pasoM, eciH R; M R;— npou3BoiHble GYHKUHU

R ((Pl (xv t)r veey Pn (x! t))’
TO

SRy ey M) = R@ (5 6), ooy alx, 6) =

=R} (x, 6)+Ri(r, 0) 0.
Ho B cuay (3)

R,,t (x’ t) = Z R\; ((Pl (xr t)’ veey @y (xs t)) (p;x (x’ t),

R; (x, t)=ZR\/i ((PI (x’ t)v ooy O ()C, t)) (P(’t (x’ t)’
1

CJIe0BaTeNbHO,

d
d_xR(nlv ey nn)=

= DRI 0, oor @als ) {00 (6, 6+ (x, -} =
i

ft1 ) d
= YRV, oy M) e
1
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Bot BaxkHefilue 4acTHbie cnyqan obiweli dopmyant (7):

2 m+t=204 E ®
an§=n3+j—j}§; ©)
et o
%n’=rn"13—2. (11)

Onpenenenue TPOU3BOAHLIX (D) NMPHMEHHMO, KOHEUHO, He TOJIBKO
TOrjla, KOrja X — IepeMeHHas, HO H TOrja, Koriaa x — /0ol TpaHc-
LeHJEHTHEIE OTHOCHTENbHO P 3jemenT, a m — aarebpanueckuil cemnapa-
Geabubl aseMeHT Haj P (x). B stom cayuae sneMeHT x npepnourH-
TeqbHee oGo3nauaTh uepe3 E. Taxum obpasom, B JO6OM MOJe CTENEHH
tpancuennedTiocty 1 Han P Bce asemenTH W, cenapaGesbHble Haj
P (8), moxHOo nuddepeHnupoBaTh MO TPAHCHUEHJEHTHOMY 3/eMeHTY E.

Ecin m u § anre6panveckn 3aBucar ot §, 1o noae P (§, n, ()
uMeeT CTeneHb TpaHcueHneHTHocTH | nap P. Ecau teneps 1 Tpanc-
uennented Han P, 10 { anre6panueckn 3aBucHuT OT 1. IIpemnosnoxum,
yto { cenapaGenen Hax P (n); Torma MOXKHO NOCTPOHTH df/dvm. Ecuu

— on; efeqisiioulee  ypaBHeHHe 3jeMeHta { Hag P (m) u eciu Gy u
G, — yacTHbe TPOM3BOAHLIE MHorouwseHa G (y, z), To

G, (n, O+ D ge=0. (13)

C npyro#t cropormw, ecau npoanddepenuuposats (12) nmo & 1o B co-
OTBETCTBHH C (POPMYJIO# MOJIHOH NMPOM3BOJHOH NMOJYUHTCS PaBEHCTBO

’ d ’ dg
Gy, DF+G:(m O g =0. (14)
Ecmn (13) ymMHOXKHUTb Ha %2— u BbiuecTb u3 (14), To mosyumtca
(opMyJia NPOM3BOAHOH CJOXKHOH QYHKIHH

ag __df dn

&= d (15)
B uwacrnoctu, mpu {=§ oHa jaer

ag dn _

i & =1. (16)

Takum 06pa3oMm, Mbl HOJYYHJIH YHCTO aare6padueckd, He mpube-
ras K IOHATHIO Tpenesa, Bce OOblUHbIE MpaBuJa AupdepeHHanpHOro
HCUHC/ICHHA /1A anrebpavueckux (yHKIHH OLHOH IepeMeHHOH,



T'rasa o0unradyamas

BEILECTBEHHDBIE I10JIs1

[Tpy H3yueHHH NoJeH anre6paHyecKHX UYHCEN BaxKHBI HEKOTOpLIE
Hea1reGpaHyeckie CBOFACTBA 4uces, Hanpumep, abCoawmHoe sHaueHue
\a|, eewecmeenHocmy, noaoxcumeabHocme. To, 4YTO 9TH CBOHCTBA
ONPENeATCS ¢ TNOMOILBIO aareGpauyeckux onepauuil -+ H - He OfHO-
3HAYHO, MOKET ObIThb MOKA3aHO Ha CJAEAYIOIIEM TPHMEpE.

[Tycts Q) —mose paunonanbubix uncen W w — HEKOTOPBIA Belle-
CTBEHHBI!l H, 3HAUMT, (@ — YHCTO MHHMbIH KOpeHb ypaBHeHHs x*=2.

Tlpu H3omopdu3me
Q (w) = Q (iw)

COXPAHSIOTCS BCE a/jrebpaHyeckue CBOHCTBA, HO 3TOT H30MOpOH3M
NepeBOJMT BELIEeCTBEHHOE YHCJO @ B UYHCTO MHUMOE 4YHCJIO (W@, TMO-

JOKHTEIbHOE unHcao w?=]/2—B oOTpHuaTeqbHOE UHCIO ((w)? =
=—1/2, B 10 Bpema kak wicao 1412 ¢ monyreM, 66ibunm 1,

nepesogutcst B uncao 1 — )/ 2 ¢ monpysiem, meHbumm 1.

OnHako B XOJe¢ HajJbHEHIero HCCIeIOBaHHS Mbl YBHAHM, UTO
STHM HeaJre6paHyecKuM CBOACTBaM MPHCYIIH HEKOTOpPhIE ajireGpaunyec-
KHe uepTel, a HMEeHHO: B Moje anre6panyeckux umces (T. €. B ajres-
paMuyecku 3aMKHYTOM a/Jre0panyeckoM pacllMpeHHH MO/ Q) moxuo
BHIIE/JHTH He OJLH O INOANO/e, a lenoe ceMeHcTBO MOANOMeH, Kaxioe
3 KOTOPBHIX anre6pauueckd SKBHBAJEHTHO TIOJIO BEILECTBEHHbIX aared-
paHyeckHX uucea, H 3TO CeMeHCTBO MOXKHO OXapakTepu3oBaTh airel-
panyeckuMH cBoicTBaMH. [Ipu omnpejeseHHOM BLIGOpE TaKOro Mmouis,
3/€MEHThl KOTOPOrO MOXKHO OINpPEJeNHTb KaK «BElleCTBEHHbIE», MOAYJIH
M TMOMOXKHUTETbHOCTL BBOJAATCS UHCTO ajireGpanyeckH.

Ho npexne uyem nepefitn x 3ToH aiareGpauyecko# TeopuH, Hamo-
MHHM oOblyHOE B aHa/JH3€ BBEJEHHE BEUIECTBEHHBIX H KOMIIIEKCHBIX
unces; Mbl CleJaeM 3TO He MO IIPHYHHAM JIOTHYECKOH HeoGXOXHMO-
CTH, a A/isl Toro, uyToObl GbLia sicHee COOTBETCTBYIOILAs 3ajjaya YHCTO
anreGpanyeckoil TEOPHH, MPEINOJIAralolel yKe H3BECTHbIM (akT
CYLIECTBOBAHHS BEIECTBEHHLIX W KOMILJIEKCHBIX YHCeNd, a Takxe
BBUJY TPHHIMNHANLHOIO 3HAYEHHs MOHATHH YNOPAJOUEHHA H (yH-
JaMeHTalIbHOH IMOCJ/Ie0BaTe/bHOCTH,
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§ 77. YnopsijoyeHHbiE NOJSA

B stom mnaparpade aKCHOMaTHYECKH HCCHeNyeTcss I[epBoe Heas-
reGpauyeckoe CBOHCTBO — IIOJIOXUTENbHOCTh, @ TaKikKe OCHOBAHHOE
HA HeM TOHATHE YIOPSJOYeHU.

[ore W Hasvisaemces ynopsadoueHHoiM, ecAu OAfL €20 JAeMeHMmos
onpedeseno ceoticmeo Obimb  nosovxcumensvrom  (0603nawaemen: > 0),
yOosaemeopsroujee CALOYIOUWUM YCAOBUAM.:

1. Has xaxcdoeo ssemenma a u3 H umeem mecmo poswo 00HO
U3 COOMHOUICHULL:

a=0, a>0, —a>0.

2. Ecau a>0u b>0, mo a+b>0 u ab>0.
Ecim —a >0, TO MBIl TOBODUM, YTO 3AeMEHM « Ompuyameiex.
Eciv B HeKOTOPOM VIOPSIOYEHHOM II0JIe Mbl OINpeNeJTHM COOT-
HOILIEHHe
a>>b (cnosamu: a Gosabiue b)

(umn b << a; cioBamu: b MeHblIe a),

KaKk uMelollee MeCTO Torja M TOJbKO Torja, korga a—b>0, To
6e3 TpyZAa MOKas3blBAaeTCs, UTO MOMYUYUTCS YIOPAJOYEHHE, VIOBJeET-
BOpfAwollee akcuoMaMm. B camoM gnene A1 JOOBIX ABYX 3J€MEHTOB
a, b aubo a<<b, mubo a=2>5, qu6o a>b. Uz a>b u b>c cie-
nyet, ut0 a—b>0u b—¢c>0, Tak yto a—c=(a—b)+(b—¢) >0
H, cJaegoBaTesabHO, a>>c. Jlamee, Kak W B § 3, HMeeT MecTo Cile-
Ayioliee TMpaBuio: u3 a>>b caenyet, uto a+c>b-+c, a B cayuae
¢ >0 —u cootHoweHue ac > bc. Hakonel, eciu a u b NOJTOKUTENbHE,
TO U3 a>>b crenyer, uto a'<<b! (1 HAoGOPOT), TAaK Kak

ab(b'—at)y=a—>.

ByneM moxpasymeBaTh TOJ QbCOMOMHOL 6eAU4UHOl WITH MOOYAeM
|@| TMpOH3BOJIBLHOrO 3JeMeHTa a HEKOTOPOro YIOPsIOYEHHOIO TMOJs
HEOTPHUATENbHEIH M3 3JIEMEHTOB @ M —a; TOrja GyAyT BLIMOJHEHH!
cJenylolue npasuia:

lab|=la|-|b],
la+b|<<|a|+|b].

[lepBoe Ge3 Tpyma mnpoBepseTcs /IS BCEX UYeTHIPEX BO3MOXKHBIX
c/Iy4aes:

a=0, b=0;

a=0, b<0;
a<<0, b=0;
a<<0, b<O.

Bropoe mpaBuso, OYEBHIHO, HMeeT MECTO INpH OJMHAKOBBIX 3HaKaX,
TAK KaK B 5TOM c/iyuae o0e 4aCTH COOTHOIIEHHS (/eBas M npasas)
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SIBJSIOTCS HEOTPHIATEJIbHBIMH 9/1€MEHTaMH, paBHBIMH a-+-b npu
=0, b=0wu —(a-+b) npu a<<0, b<<0. M3 yerpipex BO3MOXK-
HBIX CJYuYaeB OCIaeTcsl PaccMOTpeThb JMIUIb OCTABILIMECS JBa; OOCTa-
TOYHO paccMoTpeTh ofMH u3 Hux: a=0, b<<0. B 3TOM cayuae

atb<a<<a—b=|a|+|b],
—a—b<<—b<a—b=|a|+|b|

H, CJeJ0BaTe]bHO,
lat+bl=<lal+]|b].
Kpowme Toro,
@ —(—a=laP=0

co 3HaKoM papeHCTBa JKb npH a==0. Orciona crenyer, yro cymma
KBafpaToB o6s3aTeqbHO OGoJblle HJIH DPaBHA HYJIO, NPHYEM paBHA
HYJIO JIHIIL NIPH HYJEBBIX C/IaraeMbiX.

B uactHocTH, 3s1eMeHT 1 =1% Bcerja NOJOXHTe/NEH, KAK M CYMMb!
nl=1+1-+4...+1. TlosToMy HHKOrjja He MOXeT ObITb BBIIOJHEH-
HeM paBeHcTBo n-1=0. CjegoBatenbHO: xapaxkmepucmuka ynopsoo-
HeHHO20 NOAS PABHA HYAO.

JJemma. Ecau K —nose wacmuvix xoaeya R u xoasvyo R yno-
padowero, mo nose K moxno ynopadouums u npumom moreKo OOHUM
cnocobom mak, umobol noayderHoe ynopsdouenue Ha N cosnadaro
C UCXOOHBIM.

HefictButenbHo, nycth H ynopsimoueHo HyxHbiM cnocoGom. Ilpo-
n3posbHblfl 3memeHT W3 H umeer Bun a=0b/c (b u ¢ aexar B R u
c5=0). U3

b b b
== 0, CoOTBETCTBEHHO == 0, cooTBETCTBEHHO < 0,

C TIOMOILIO YMHOXKEHHST Ha ¢? caefyer, 4To
bc> 0, coorBeTcTBeHHO bc =0, cooTBeTcTBeHHO be << 0.

Tem cambim moGoii mopsgok Ha H oxHo3HauHO ompepenasercsi yio-
psizouenneM Ha R. OGpaTHO, JErKo MOKasblBaeTCf, YTO € HOMOUIBIO
YCJI0BHS:

~f—> 0, ecau bc>0,

ynopsimouenne Ha H ¢dakTuuecKu ompesessieTcsi W HPH 3TOM COXpa-
HsieTca ymopsizoyeHHe Ha R.

B uactHoctn, moste paumonanbubix uucen & moxer GwiTe ymo-
PSNOYEHO TOJBKO OJHHUM CMOCOGOM, IOTOMY YTO KOJbLUO Z ueJbX
YHCea JOMYCKaeT, OYEBHJIHO, TOJIBKO OIUH — eCTECTBEHHLIH — Mops-
Rok. Takum ob6pasom, m/n>0, ecid m-n— HATypajbHOE YHCJO.
Kaxpoe ynopsmouennoe mnose comepxut mone Q n coxpanser Ha
nocsieiHeM ero eCTeCTBeHHBIH MOPANOK.
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JIBa yNOpSAOUEHHBIX INOJsI HA3bIBAIOT NOPAOK0BO UOMOPHHLIMU,
eC/IH  CyLIeCTBYeT H30MOPOHU3M Mex1y STHMH IOJAMH, NePEeBOASLIHA
HOJIOKHUTENbHBIE 3JIEMEHTH! B [OJIOXKHUTE/bHBIE.

YrnopsinoueHHoe Iroje HasbiBaeTcs apxumedogoim’), €cau  NPH
3a/]aHHOM YTIOPSIAOYEHHH [JIS1 KAXKIOTO 3/eMEeHTa [oJsl @ CyLIeCTByeT
«HaTypajbHOE YHCIO» n>>a. Toraa A1s Kax1I0ro @ ecrTb H YHCJIO

1
—n<<a, 418 KaxJaoro MnoJIOKHTEJbHOIO a CYyHIeCTBYeT IlpOﬁb 7<

< a. Hanpuwmep, mnome pauuoHanbHBIX 4Yuces apxumefoso. Ecau
YIOPAJOYEHHOE [OJie He SIBISETCH apXHMEOBbIM, TO CYUIECTBYIOT
«6eCKOHEYHO OOJIbIINE» 3JIEMEHTbI, NPEeBOCXOAALINE KaXKJ0€ pallHOHAJb-
HOE€ 4YucAao, H «6ECKOHEUHO MaJnie», KOTODbIE IIPEBOCXOAAT HY/JIb,
HO MeHblle J000ro PallHOHAJBHOIO 4HCJIa.

JlutepaTypa o neapxumenoBeix noassix AptTuun U paiep (Artin E, Schrei-
er O) Algebraische Konstruktion reeler Korper —Abh Math  Sem Univ.
Hamburg , 1926, 5, S. 83—115, Bap (Baer R) Uber nichtarchimedisch geor-
dnete Korper.—Sitzungsber Heidelb. Akad , 1927 8 Abh

3agaua 1. Hasosem MuOrouseH f(f) ¢ pauxoHaJbHHIMH Koadduunentamu
MOJIOKUTEJIbHLIM, €eClH Ko3pQUUHEHT TPy CTapmefl CTENeHH MEPEMEHHON TOJOXKH-
Tesied [lokasath 4To TakuMm o6Gpa3oM ONpefiesisseTcsl HEKOTopOe YMOopsAOouYeHHe
KOHIA MHOTouJeHoB Q [{], a moToMy U noJs yacTHHIX Q (£), mpuueM 3TO mocjejHee
yIOpsiloueHHe He SIBJISIETCS apXHMENOBBIM (3JeMeHT ! «BECKOHEUHO BEJHK»)

3agaua 2. Ilycs

fx)=xt+4axr 1+ .. +a,
rle a; NpHHAlJEeXUT HEKOTOpoMy ymopsigouenHomy nomio H. Ilyctb M — nanGosb-
wuH u3 snementoB 1 u |a; |4 ... +|a,| Tloxasats, uto
F($)>0 mas s> M,
(—1)2f(s) >0 pas s <—M.

CrefoBatesibHo, ecin y f(x) ectb kKopuu B K, To Bce oHu mpuHajnexat 06iacTh

—M=<s<M

3agaua 3 Ilycrs no-npexueMy f(x)=x"--a;x* 14 ..4-a, ¥ BCE KO3D-
dunuenTHl @, 6OJIbWE HJM DaBHBI HEKOTOpUMY a/eMeHTy —c, rie ¢ == 0. Iloxka-
3aTh, 4T0 f(s) >0 miasa s> 1--¢ (Bocunosb3oBaTbCsi HEPAaBEHCTBOM

s> c(sm 1gsm24 L 1))

C NOMOWIBI0O 3aMEHH X Ha —X ONPEeleNUTb TEM Ke cmocoboM rpaHuny —1—c’

TaK, 4To6s 6bl10 (—1)7 f(s) >0 g1 s <<—1—c’. Ecnu, xpome crapuiero kosg-

¢unnenta 1, w Bce @;, ., 4, MONOKUTENbHBI, TO TPaHHLY |-}-C MOXHO 3aMEHHTb
c

R 7R

1) AxcuoMa ApxuMmena B TEOMETPHH 3BYUHT TaK ecau P, Q—iofuie 3ajpan-
Hble TOYKH, TO, OTJOXKHB JI060H 3afaHHBI HEHYJeBO#i OTpe3oK («elUHH4HBHIA oTpe-
80K») OT TOuKH P («HyJeBofl Touku») B HampaBJeHu# PQ XOCTATOYUHO MHOro pas,
MOXHO [epelarsyTb yepe3 Touky Q.
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§ 78. Onpepeenne BeLECTBEHHBIX YHCEN

18 Kaxnoro ynopspouyenHoro nojst H Mel mocTpoum ynopsjo-
yeHHOE paclHpeHHe €2, B KOTOPOM OKAMKETCH BBHIIIOJHEHHON M3BECTHAsA
teopeMa Koum o cxogumoctd. B wacrnoctd, ecin H —mode paiwo-
HaJbHBIX 4Hces, To Q GyjeT MoJeM «BelleCTBEHHBIX 4Hcets. M3 pas-
JHUHBIX H3BECTHBIX B aHalH3€ CMOCOGOB MOCTPOEHUS NOJst Q Mbl Npen-
JIOXKHUM 3/1eCh KaHTOPOB CIocob «pyHAAMEHTANbHBIX I[10C/AeJ0BaTE/Nb-
HOCTEH».

BeckoHeuHasd MOC/IAE/0BATEILHOCTh 3JEMEHTOB @, Q,, ... H3 HEKO-
TOpOro yrnopsjouenHoro noas H nasbiBaerca ¢yndamenmanvroil nocae-
dosamenvrocmoto {a,}, €CAH JI KaKAOro MOJOXHTeJIbHOro & H3 H
CyIECTBYeT HATypajbHOE 4HCJO 1 =1 (g) TaKoe, YTO

lap—a,|<e mia p>n, q>n. (1)
Hs (1) nis g=n-1 caeayer, uyto
lapl<<|ag|+la,—a,|<|ann|+e=M npn p>n.

Taxkum o6pasom, Kaxaas dyHJaMeHTalbHas NOCJAe/l0BATelbHOCTL Orpa-
HUYeHa.

Cymma ¥ mpousBesieHHe (yH[aMEHTa/bHBIX [OCJ/EI0BATE/IbHOCTEH
ONpefeNAoTCA PaBEHCTBAMH

Cn=0an + bn; dn = anbn-

To, 4ro CymMMa M NpOM3BeleHHe TOxKe SBJAKTCA (yHIaMeHTamlb-
HBbIMH TIOCJEI0BATE/NbHOCTSIMH, IIOKasbiBaeTcs Tak: JIs Kaxaoro € >0
CYILLECTBYIOT A; H N, TakHe, 410

|a,,—-aq]<—;—a npu  p>ny, §>>n;
]bp—bq|<—;~e IpU  p>n, ¢ n,.
[ycth # — HauGoJiblilee H3 YHCENT Ay, My, TOrAA
| (@p+bp) — (@, +b,) | <& mna p>n, §>n.
Anasoruyno, nyctb M; u M, TakoBbl, 4TO
lap|<M; mpu p>ny,
[bp| <M, mpu p=>n,
H, nanee, aasa Kaxkporo € >0 nycrb n' ==n, U n” > n, TAaKOBH, YTO

lap—aq|<2872 mpy p>n', g>n,

]bp—bq|<ma—4? npu p>n', qg>n'
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Orciona € MOMOIIbIO YMHOXKeHHS Ha |b,|, COOTBETCTBEHHO Ha |a,|,
noJy4aem

|apbp-—a,,bp|<% uppy p>n', g>n',
]aqb,,—aqbq|<—;~ npy p>n", q>n'.

C/lefioBaTeNbHO, €Ccau n — Haubosbluee M3 uucen n' u n’, 10
|agh,—agb,|<<& mpu p>n, q>n.

OueBHIHO, YTO CJIOXKEHHE W YMHOXKEHHE QyHAAMEHTANbHBIX TOC/e-
JOBaTeILHOCTEH yJOBJETBOPSIOT aKCHOMAM KOJIbLA; TaKuM 00pasoM:
yrdamermarorblie noc008AMEALHOCT 00PABYION HEKOMOPOe KOALYO D.

H yae-nocaedosamenvrocmoio Ha3bBaeTCs (yHIaMeHTalbHAA MOCJe-
foBaTeNBHOCTD  {a,}, KoTopasi «cxonurcsi K O», T. e. Takas, dTO
IIs Joboro € >0 CyIecTByeT 7 cO CBOHCTBOM

lap|<<e mpu p>n.
[TokazkeMm, 4YTO
Hyav-nocaedosamensrocmu o6pasyrom 6 o Hexomopeltl udear n.
HOokasarteabctBo. Ecnu {a,} u {b,} —HyAb-MOCAENOBATEMD"
HOCTH, TO ISl Kaxaoro € >>0 CyllecTBYIOT 1, U f, TaKHe, 4YTO

1

lap|<ge mna p>n,
1

byl <5 e ma p>ny

c/el0BaTeIbHO, €CIH ONATh OGO3HAYHTL Hepe3 7 MAaKCHMa/lbHOE H3
yHcesad fq, My, 10

la,—b,|<<e mis p>n,

OTKyaa {a,— b,} —Hyab-nocaefoBatenbocTsb. [anee, ecan {a,} —
HYJIb-TIOC/IEJOBATEIbHOCTb, @ {C,} — NPOU3BOJbHAS (yHIaMeHTaNbHAS
NoC/IeI0BaTe/1bHOCTb, TO CYIIeCTBYIOT Takue n' u M, uto

lep|<<M mpu p>n';

TIpH 3TOM I Kaxzjoro & >0 cylmiecTsyeT Takoe n=£n(€)>n', uto

b

[ap|<% npy  p=>n.
Ho torpa
la,c,|<<e mpu p>n,;

C/IEI0BATEBLHO, {G,C,} — HY/Ib-NIOCJE]0BATENbHOCTE.
O6o3HaulM KOJBIO KJaccoB BhluertoB o/it uepe3 Q. [lokaxem, uTo
Q sgasemea nosem, T. €. TOKaXeM, 1TO CPaBHEHHE

ax=1(n) 2
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B Koablie o npu a==0(n) ob1ajaeT HEKOTOPHIM pelleHHeM. [Ipu 3TOM
cumBoJa 1 o6o3HayaeT eMHUYHBIA 37€MEHT B 0, T. €. QyHIaMeHTa/b-
Hylo mocaeosareabrocts {1, 1, ...}

Jlo/KHEL cyliecTBoBaTh £ H 1 >0 Takue, uTO

la,|=n mpu g>n.

HeficTBUTENIBHO, ecau Obl 17151 BCeX n U BceXx 1 >0 BHINOJHAIOCH
HepaBeHCTBO
la,|<n (9> n),

TO MOXKHO 6blTI0 6b BHIOpaTh 7 MPH 3aJAHHOM 1) HACTOJIBKO GOMBIINM,
yTOOB! IPH P =1, g =N BLIIOJIHSIOCH HEPABEHCTBO

la,—a, | <m;

oTciofa cefosano Obl, 4TO
lap|<<2n

A8 BCeX p>>n, T. €. TOCJeNOBaTeIbHOCTL {a,} Obt1a OB HYJIb-
TI0C/I€/I0BATENbHOCTIO, YTO IPOTHBOPEUHT IPENIIONOKEHHIO.

dynpameHTasbHas T0CIEJ0BATENbHOCTh {A,} OCTaeTcsl B TOM e
KJ1acce BBIYETOB IO MOAYJIO 1, €CIM 3aMeHHTb @y, ..., 4, Ha 1.
OGo3Haunm ONsATH Yepe3 @y, ..., @, 3TH HOBbIE A 3JEMEHTOB 1; TOTAA
045 6cex p OKaxXKeTCsl BLITOJHEHHBIM YCJIOBHE

la,|=m; B uwactHocTH, a,=~0.

Tenepp nocsenoBaTenbHOCTh {a,'} sBAsleTca (dyHAAMEHTANLHOH,
noToMy 4TO A Kaxjoro & >0 cyllecTByeT n Takoe, 4TO

lap,—a,|<<en® npu p>n, g>n.
Ecin Gbl BRIIOJIHANOCH HEPABEHCTBO |a;' —a,'|==¢e 118 HEKOTOpOTO

p>>n 1 HeKOTOpPOro ¢ >>rn, TO C MOMOIIbIO YMHOMXKEHHS! Ha |a,|==n
M Ha |a,|==" noayuatoch Obl COOTHOIIEHHE

— —1 ~1 2
lap—a, | =|a,a, (@, —ay") [ =en?,
yTo, OjilHako, MecTa He uMeeT. CienoBatenbHO,
la;' —a,' |<<e mpu p>n, ¢>n.
OueBnnno, ¢dyHzaMenTanbHasi NOCTEJOBaTeNbHOCTb {a,'} sBAseTCA
pelieHueM cpaBHeHHS (2).

[Tone Q CONEPXKHUT, B YaCTHOCTH, T€ KJ/AaCChl BLIYCTOB 110 MOAYJIIO 1,

KOTOpble NpeACTaBAsIOTCA (PyHAAMEHTANbHBIMH IOCAEL0BATEIbHOCTIMH
BHa

{a, a, a, ...}.
OTH noc/esHHe COCTaBASIOT HeKoTopoe mnoskonsuno H' BHYTPH Q,

usomopproe nomo H, noTomy uyto Kaxiomy a u3 H coorBerctByer
TaKOH KJ1acC BhIYETOB, PA3JIHYHBLIM ¢ COOTBETCTBYIOT Pa3jHYHblE KJIacChl
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BBIYETOB, CyMMe COOTBETCTBYET CyMMa, a NPOM3BEJEHHIO COOTBETCTBYET
npoussenenre. OtoxKnecTBUM 3iaeMeHTBl U3 K’ ¢ cooTBeTCTBYOWEMU
asementamu u3 H; torna Q craser pacumpennem noas H.

dyHnnaMeHTaNbHasA MOC/AEL0BATENBHOCTh HA3LIBACTCA AOA0NCUMENb-
Hol, ecau cyuecrsyer €>0 B nose H u warypaibHoe 4ucio #
Takue, 4TO

ap,>¢ 1npu p>n.

CymMma ¥ npousBelieHHEe JBYX MOJOXKHTEJIbHBIX (YHJAMEHTAIbHBIX
noc/1e10BaTe/IbHOCTEH SIBJASIOTCHA, OYEBHAHO, NOJOKUTENbHBIME. Kpome
TOTO, CyMMa MOJIOXKHTE/NbHOH MOCAEN0BATebHOCTH {,} U HYJIb-NIOC/IE-
JOBATEILHOCTH {b,} TOJNOKHTENbHA; 3TO IOKA3bIBA€TCA C IOMOLIBIO
BbI6Opa CTOMbL GOJIBILIOTO HOMEpA 71, 4TO

ap,>¢e npu p>n,
1
Ibp|<—2—e npu p>n;

1
OTCIOfa 3aKJ/IoyaeM, 4To a,,+b,,>—2~e npy p>n. Tem camblM, Bce

TI0C/Ie/IOBATEIBHOCTH  OJHOTO KJacca MO MOLYJIO 1 MOJIOXKHTEJbHB,
€C/IH B 3TOM KJ/acCe eCTb XOTH Gbl OfHA MNOJONKHTENbHAs MOC/]eI0Ba-
TeJIBHOCTb. B 3TOM cilyuae KJacC BLIUETOB HA3BIBACTCH MOAONCLMEAb-
Hoim. Kiuiace Bbl9ETOB £ HA3bIBACTCS OMPUUAMENbH6LM, €CIH TIONO0MKHU-
TeJeH KJace — k.

Ecin nu nocriesoBatenbnocTs {a,}, HU mocienoBatensuocts {— a,)
TNOJIOXKUTEJbHBIMU HE SIBJAIOTCA, TO 1/ Kamkaoro € >0 M Kaxuoro n
CYILIECTBYIOT TaKOe r>>r W TaKoe $ > 4T0

a,<<e H —a,<e.
BriGepeM n HacTonbko GOJBbIIMM, 4TOOB NPH p>>n, ¢>>n BHIOJ-
HSJ0Ch HEPaBEHCTBO
lap—a, | <e;
TOoria, noJarasi cHayaja g=r ¥ Gepsd p NPOM3BOJIBHO GOJBIIHM,
NPEBOCXOAALIUM 7, HOJYUHM
ay=(ap—a,)+a,<<e-tge=2e,
a 3aTeM, nojarasi g=s u Gepsl p NPOH3BOBHO GOJBLIMM H MpeBoC-
XONAUM 7, TONYYHUM
—ay=(a,—a,) —a,<<e-+e=2¢,
OTKYyIa
lap|<<2e p1a p>n,

H, CJIeJI0OBATeNbHO, {a,} — HY./b-TIOC/IEN0BATENBHOCTD.

Takum o6pasom, MH60 {a,} — N0MOKHTENbHAS IOCTELOBATENBHOCTD,

160 {— a,} — NONOKHTeTbHAS NOC/Ie0BATEIBHOCTD, JHEO {a,} — HYIb-
T10C/Ie/I0BaTeILHOCTb. T103TOMY Kaxbli KJace BHIYETOB [0 MOLYJIO N



§ 78] OTPEJEJNEHUE BEHNECTBEHHBIX UUCEN 2{3

[IOJJOKHUTENIEH, OTPHLATeNeH MM paBeH Hymo. Tak Kak cyMma H
NpOU3BEJIEHHe NOJOXHTEJIbHBIX KJACCOB BBIYETOB MOJOXKHTEIbHBI, MBI
JenaeM CJelylolii BhHBON:

Hore Q ssrsiemcs YnopsadoueHHbIM.

Henocpenctsenno ycmarpusaercsi, 4rto ymopsizoyenne mons H
coxpaHsiercst B nose .

Ecnu mocsienoBaTe/bHOCTh {a,} ONMpenensieT 3/JeMEHT o, a mocje-
JoBaTeabHOCTh {b,} — snement B noas Q, 10 U3

a,=b, npu p>n

caenyer, uto o.==f. [leficTBATeNBHO, ecin Obl BhIMOMHSAOCH o < f,
T.e. P—a>0, To ana <¢yHEaMeHTaJLHOH IIOC/IEN0BATENBLHOCTH
{b,—a,} cymecrBoBaiu Gbl &€ M m TaKHe, 4TO

bp—a,>e>0 p1a p>m.

Bui6 M 3mech p=m--n;, TOrza IONYUUTCA NPOTHBOpeyHe C yCJo-
BHeN 1, =b, OTmeTHM, 4TO M3 a,>b, crexyer He a>f, ao=p.

b CHy CKa3saHHOrO BhIlE, H3 OrpaHHuYEHHOCTH Kaxnoi ¢yHaa-
MEHTa bHOM I10C/IeJIOBATEBHOCTH CJeyeT, 4TO NI KaxJoro aie-
MEHTa ®© TIOAS § CYIIeCTBYeT MPeBOCXONsWMA ero siaemeHT s u3 H.
Ecan none K apxumedoso, To pjs S CyLIeCTByeT NMpPeBOCXOAsllee €ro
HaTypajJbHoe YHCaA0 n. Takum o6pasoM, IJs KaXgoro @ B 3TOM Cay-
yae CyLIECTBYeT IIPeBOCXOJfllee ero HaTypa/lbHOe 4YuCIo 7, T. €.
noase Q maksce apxumedoso.

KoHeuno, B caMoM Hoje Q MOXHO BBECTH MOHATHS aGCOJIOTHOIO
3gaueHus (MoxyJsi), QyHIaMeHTaJbHOH NOC/Ae[0BATEbHOCTH U HYJb-
noc/Ie0BaTeIbHOCTH. Hysb-noc/enoBaTe/IbHOCTH M B 3TOM  C/Iyuae
COCTaBJIAIOT HEKOTOPHIH ujean. Ecan nocnefoBaTelbHOCTb {a,} Cpas-
HHMA C HEKOTOPO#H TOCTOSIHHON IOC/IEJ0BATEJbHOCTBIO {0t} MO MOAYJIO
3TOro Hjeana, T. €. €CIH {0, — O} — HY/b-NIOCAENOBATENLHOCTD, TO
FOBOPAT, YTO MOCJENOBATENBHOCTD {@,} cxo0umes K npedesy o ¥ MUILYT

lim a,=o uam, xopoue, lima,=oa.
p—>0

dynnaMeHTanbHble TOCTEI0Ba1eNbHOCTH {a,} M3 H, Kortopele cay-
XKaT I OnpeneNeHHst 3JeMEHTOB IoasA €, MOryT, KOHEUHOo, pac-
CMaTpHUBaThCsl KaK QyHIaMeHTa/IbHbIE NIOC/Ie0BATeNILHOCTH B §2, IOTOMY
uto H copepxutca B Q. IlokameM crenywuiee: ecau nocaedosameno-
Hocme {a,} onpedeisem anemem o noan Q, mo lima,=o. Ias
JIOKa3aTe/bCTBA 3aMETHM, 4TO JUIsl KaXKJOro IIOJIOXKHUTENbHOrO € u3 Q
CYIIeCTBYET MeHbIUMH NOJIOXKUTeNbHbIE 3neMeHT & u3 H, a ansa Hero
B CBOI0 Ouepelib CYLIECTBYET TakKoe A, YTO NpU p>>n, ¢ >>n HuMeeT
MECTO HEpaBEHCTBO

la,—a,|<<¢,

T. €. PasHOCTH a,—a, H a, —a, o6e menbie &'. CoryacHo crenaH-
HOMY Bbillle 3aMEYaHHIO OTCIOJA CJAENYeT, YTO dp — O H & — @, MEHbIIR
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HJIH DaBHBI g H, CJAel0BaTe/dbHO,
la,—oa]<e <e.

3nauurt, {a, —a}— HyJb-TI0C/IE10BAaTEeILHOCTD.

ITokaxem Terepb, 4To moJje 2 He MoxeT OblTh jajee paclIHpeHO
¢ moMollpto (PyHIAMEHTANbHBIX I10OCJIEIOBATENbHOCTEH, T. €. Kaxkjas
dynaamenTanbHas MOCAE0BATENBHOCTD {Q,} HMEET pees yiKe B moJe Q
(reopema Komu o cXoAuMOCTH).

ITpu nokasaTesNbCTBE MBI MOXKEM IpeANoJarath, 4To B IOC/EI0Ba-
TEJBHOCTH {0.p} NBA CJEAYIOUHX APYT 3a JAPYTOM 3JEMEHTA Cy, Cpyq
BCerja pas3auuyHbl. JIEACTBHTEIBHO, €CJH 3TO HEe Tak, TO Mbl JH6o
MOKeM BbiGpaTh IOJMOCAE0BATEILHOCTD, COCTOALLYIO H3 Op, OTAHYAIO-
IHXCA OT Qpy, H H3 CXOJUMOCTH KOTOPOH, KOHEYHO, HEMEAJIEHHO
CJIelyeT CXOAUMOCTb JAaHHOH TO0C/Ie0BATENbHOCTH, JHOO CYHTATH, YTO
TIOC/IE/OBATEebHOCTb O, OCTaeTcsl NOCTOSHHOH, HAauMHAfl C KaK ~0-TO
MecTa: o, =0a IPH p >>1; KOHEYHO, B 3TOM cayyae lima,=a

[Tonoxum

[0ty —tpry [=2p.

Tak kak InocsefoBaTeNbHOCTD {0} (DyHAAMeHTa/lbHA, MOC/IeA0BaTe b
HOCTb {€,} fABJAETCHA HYJb-TIOCJen0BaTe bHOCTbIO 1). CorsiacHo mpep-
noJokeHHo &, > 0.

BribepeM Terepbh 51 KaxKJOro o, alNpOKCHMHPYIOLUH ero 3sje-
MEHT @, CO CBOHCTBOM

lap—otp | <<&p.

CrnenaTb 3T0 MOXKHO, IIOTOMY 4TO CaM 3/1eMEHT o, onpenensercs byHaa-
MEHTAJbHOH TOC/IEN0BATENBHOCTBIO BUAA {ap,, Qp,, ...} C IDEIEIIOM 0.
Hanee, nas kaxporo € >0 cymectByioT Takue n’ u n”, yto

]ocp—ocq|<%e npu p>n', q>n',
1 "
gp<<g€ mpn p>n.

Ecnu tenepb n —HauGosbuiee U3 wucen n’ U n", 10 1as p>n,
g>>n TpH alCOMIOTHblE BEJIHYHHB |@p—ayl, |2y —0y| B |0, —a,|

1
MEHbIIE 38 Hu, CJE€A0OBATEABbHO,

1 1 1
\a,,~—aq|<IaP—ap]—}—locp——oaq’—]—\aq—aq1<§s—|——3\e—l—~3-8=8.

Tem caMbM, 3/1€MeHTHl @, COCTABJAIOT GYyHIAMEHTAIbHYIO TIOCJAEN0Ba-
TeIbHOCTE B H, omnpenensioumylo HEKOTOPBIA 3/MeMEHT ® Hoas Q.

1) ITo 3TOro MOMeHTa LeJ/b JO0Ka3aTeslbCTBA COCTOSIA B OTHICKAHHH HYJb-TIOC/e-
[IOBATEIbHOCTH, HCNOJb3yeMOll B JajbHefiieM. B apXuMeNoBoM ciyyae MOMHO
6BLIO GBI MPOCTO MOJIOKHTb €,==2"P, HO MBI XOTHM J0Ka3aTh TeOpeMy B MOJHOH
ofwmHocTn. B HeapxumenoBom ciiydae {2-P} He SBJACTCS HYJb-[IOC/ENOBATENBHOCTBIQ.
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[Toc/e0BaTe/IBHOCTD  {&t,} OT/IHYaeTCs OT 3TOH  (yHJAaMeHTanbHOM
1OCJIe/I0BATEIBHOCTH JIMIIb HA HYJb-IIOCJE0BATeIbHOCTE {@, — %y,
a TOTOMY y Hee TOT e Tpefes o.

ITpoBeneHHas Bblllle KOHCTPYKIHS COMOCTABJ/ISIET KAXKIOMY ynops-
noyenHomy momo H Takoe ero pacummpeHse €2, B KOTOPOM BbIINOJ-
pena Teopema Kowm o cxomumoctd. B wactmoct, ecau H —mose
palHOHAIbHBIX YHCe @Q, To Q —nose Bemecrsennnx uucea K. Cre-
JIOBATEJIbHO, BEIUECTBEHHOE UYHCJO B 3TOH TEOpHH Orpefessiercs Kak
KJacC BBIYETOB [0 MOAYJIO 1 Koabla (yHAaMeHTa/JbHBIX MOCAE10Ba-
TeJbHOCTEH pPallMOHANBHBIX UYHCeN.

[lycts 2 — ynopsitoueHHoe mnoje n IN — Henycroe MHOKECTBO
sneMeHToB u3 2. Ecam B H cymectByer sneMenT s, 1uisi KOTOPOro

a=<s npu Bcex a u3z IM,

To s Ha3blBaeTCsi eepxuell epanuyeid MHoxectsa M, a M naswiBaercs
0epanuteHHbIM  c8epXy. Ecmu cyllecTByeT HaWMeHblUas BEpXHAA Ipa-
HHla, TO OHA Ha3bIBAeTCs GepxHetl 2panbio MHOmecta M.

PaccnoTpHM ONATH [OCTPOEHHOE Bbille Ha ocHope mois H mose
Q W pokaxen paas ciyuasi, korma H, a 3naunt, H 2 apXumelOBBHI,
TeopemMy O BepXHell rpaum:

Kaodoe Henycmoe oeparutenroe cgepxy mHodecmgo I < Q umeemn
8 Q 6epxHIO0 2paHb. @

IlokaszateabcTBO. IlycTh s—TNpoU3BOIbHAS BEPXHss rpa-
guna MHoxectBa MM, a M — IpOHM3BOJbHOE IIEJO€ YHCIO, IPEBOCXO-
psimee s (KOHEUHO, 3TO YHCJIO — TOXKE BEepXHsAs TPAHULA); MyCTh [ —
NMPOM3BONBHBIA 3/1EMEHT MHOXKecTBa I W m — uenoe 4ucyIo, NpeBoc-
xopsuee —u. Torma

—m<p< M.

Jlis KaxjI0ro HaTypajbHOrO 4HCAA p PAcCMOTPUM (KOHEUHOE) MHO-
WecTBO BceX apobell k.27 (k— HeKOTOpoe Leoe YHCIO0), Jexallee
wexny» —m u M:

—m<k-2P <M. (3)

HafizeM HauMeHBLIYI M3 TpeX NEPEUHC/IEHHBIX APOGei, ABJSIOUIUXCS
BepXHHMM rpanunavu muoxkectsa M. Xors Gbl ofHa Takas APoOb
CYIIECTBYET, NOTOMY UTO TAKMM CBOMCTBOM ofnajpaer uucio M.
OGo3HaYHM 3Ty HAHMEHBIIYIO BEPXHIOO IPaHHuUy uepe3 a,. Toraa
a,—2 P yxe ne OyieT BepXHeii rpaHUUeH; TeM caMbM A5 KaXJ0ro
g = p UMEeT MeCTO COOTHOLIeHHE
a,— 27 <<a,=a,. (4)
Orciona caenyer, uTo
la,—a, [ <27,
a 1oTomy
lap—a,|<<2™ mpu p>n, ¢g>n. (5)
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JJs 3ajaHHOrO € MOXKHO HaHTH HaTypa/jbHoe 4Hcao A >el,
a 3areM H cremeHb 2" >h>e"l. Torpa 2-*<Ce. Taxum o6pasowm,
(5) yrtBepxkpaer, uto {a,} daBafeTca (QyHjaMEHTaJbHOH IOC/IEN0Ba-
TEJBHOCTBIO, KOTOpast TeM CaMbiM ONpeje/AeT HEKOTOPHIH 3/7eMEHT
nons Q. U3 (4), nanee, ciaenyer, 4TO

a—2P<o<ar

DjieMEHT © ABAAETCA BepxHel rpaHHuel Mmuoxkectsa M, T. e.
BCce 3JeMeHTH W u3 M He NpeBoCXOUAT ©. [IeHCTBUTENBHO, €C/iH Gbl
W>®, TO MOXKHO ObL10 Obl HaliTH uneIo 22> (uW— )l Torma
BLINOJIHSJIOCH Obl HEPaBEHCTBO 2P < — . Ecin K 3TOMy HepaBeH-
CTBY NPHOGABHTb HEPABEHCTBO Gp, —2P<C®, TO INOJIYUHTCH a,< M,
uTO HE TaK, MOTOMY 4YTO @, —BePXHffA IpaHHula MHOXKecTBa IN.

DjeMEeHT © sBJAsSETCS HauMeHblleH BepXHeH TrpaHUIed MHOKe-
ctea . HefictBuresibHO, ecau Gbl 371eMeHT O Toxe Obl1 BepXHeH
rpanunel, Ho MeHblleH ®, TO ONATb MOKHO ObLIO Obl HAHTH YHCJIO p,
115 KoToporo 27 <Cw—o. Tak Kak a,— 277 He sIBAsETCA BepXHeH
rpaHunell MHOxkecTBa M, TO CywlecTBYyeT d1eMeHT W u3 M co cBOil-
cTBOM: @, —27P < n. Orciona ciepyer, 4To

ap—2"P <o,
¥
H C TIOMOIIbIO CJIOXKEHWS ¢ NpPeibiiyLIM HEPABEHCTBOM MbI MOJMyUYaem
ap < o,

yero 6biTh He MoxKeT. CrieloBaTeNIbHO, 3MeMEHT » — BepXHsAs TpaHuila
MHOMKecTBa IN.

B neapxuMeZOBOM IMOJIe TeopeMa O BepXHeH IDaHH MOXET He
uMeTb Mecta. JleHCTBHTENIbHO, PAacCMOTPHUM B TaKOM IOJie MOC/ej0Ba-
TeJbHOCTb HATYpadbHbIX uucen 1, 2, 3, ...; CYLIeCTBYeT 3/eMEHT
nojas S, INPEBOCXONSIIUHA Bce HATypaJ/bHblE HHCIA; TaKUM 06pasoM,
3Ta NOCJIEN0BATENBHOCTL OorpanuueHa. Ecian Obl 3/1eMeHT g Obl1 Bepx-
Hell TpPaHbO YHOMAHYTOH IOC/E0OBATENBLHOCTH, TO 3JEMEHT 2g OKa-
3ascs Obl BepXHEH IpaHbIO YBOEHHOH MocjefoBaTenbHOCTH 2, 4, 6, ...
Tak Kaxk 3/eMeHT g 00s53aTeJbHO IOJIOXKHTEJNEH, HMeeT MeCTo Hepa-
BEHCTBO g<C2g, B TO BpeMs KakK g sIBJfETCS BepXHe#l rpaHuuedl H
I8 uHcesq 2n; TakKuUM o0pa3oM, 2g He MOXET CJIYXHTb BepxXHel
rpaHblO — HalUMeHbleH BepxHe#l rpaHuued. Teopema o BepXHeld rpanu
MOXKEeT BBIIOJHATBCS JIHMIIL B apXHMELOBOM MOJe,

HokaxeMm Terepb CJefyioliye MpeNJOKeHH:

1. Kaxdoe apxumedoso nose K ssasemcs nopsaokoso u3oMOppHbIM
nexomopomy nodnoaro K’ noasa R seujecneennvix uucen.

2. Ecau 6 nose H umeem mecrmo meopema o epxuerd epanu, mo
K'=R u, credosamenrsro, nore K nopadkoso usomopgro noro seuse-
CIMBEHHbIX Hucen,
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JlokasaTeabcTBo. Kaxaw#l siemednt a nona H asasiercs
pepXHefl TPAaHbIO HEKOTOPOI0 MHOXKeCTBA 9N pauHOHATbHBIX YHCEJ.
B kauecTBe I MOxKHO BHIOpaTh, HanpHMep, MHOXKECTBO BCEX paLHo-
HAJbHBIX YHCeN r, AJs KOTOPBIX r<<a. To xKe camoe MHOXKeCTBO
uMeeT HEeKOTODPYIO BEPXHIO I'panuuy a’ 4 B R. Oro6paxenune a—a’
SBJSIETCS AJIMTHBHEIM romoMopdusMoM, T. €. CyMMma a--b mepexoaut
B cymmy @’ +b'. Slapo 3Toro ronmomopduama COCTOHT TOJIBKO H3 HYJIS,
CJIE0BATEIbHO, 3TOT aJHTHBHBIH TroMOMOp(H3M sBJSETCST H30MOp-
dusmom. IlpousBeneHno ab ABYX MOJIOXKHTEJBHbIX IEMEHTOB 4 W b
cootBeTcTBYeT mpousBenenne a'b’. CienosatenpHo, NPOH3BEJEHHAM

(—a)b=—ab u (—a)(—0b)y=ab
cooTBeTcTBYIOT B noJe R uncia
__alb’ — (— al) b’ I/I a’b’ — (_ al) (_ b’).

3nauuT, H B OOIEM ciyuae TNPOH3BEJIEHHIO COOTBETCTBYET IPOH3BE-
nenne. IlonoxuTenbHble 3aeMeHTH H3 H 1epexoasr B MOJOXKHTENb-
nble saenienTsl U3 H'. Takum o6pasom, noje K nopsaxoBo u30MOppHO
momo H'. YrBepxkaeHue 1 nokasano.

Ecau B K BHIIOJHEHa TeopemMa O BepXHed TIpaHH, TO, B 4acT-
HOCTH, KaKJoe OrPaHHUYEHHOE MHOXECTBO pallHOHAJbHBIX YHCel
COIJIaCHO CKa3aHHOMY Bbille uMeeT B H BepXHIO rpaHb a; MO3TOMY
10 e MHOxectBo B H’' umeer BepxHiol rpaHb a’. Otciona c/iejyer,
yto B H’ nexUT Kaxkjoe BEIECTBEHHOE 4HC/IO, IIOTOMY UYTO KaxJoe
BEIECTBEHHOE YHCJIO fBJISIETCA BepXHell IPaHblo HEKOTOPOrO MHOXKe-
CTBa palMoHaJbHEIX uuces. CregoBaTesbHO, H' =R, uem u nokasu-
Baercs 2.

3agaua 1. [lokasaTs, YTO MOHNTHe npefesa o6ialiaeT CAEAYIOLHMH CBOI-
CTBah:l;I.Ecnu {a,} 81 {B,} —cxXonamuecs nocrepoBaTeLHOCTH, TO
lim (@, & B,)=lima, * lim B,,
lim a,f,=1lima, lim f,.
6) Ecau limf, =0 u Bce B, 0, To
lim (B71) = (lim B,)7%.

B) ToanocJ/lefoBaTe/LHOCTE CXOASIIEHCA MOCAER0BATEJNbHOCTH CXOAUTCA K TOMY
xe npejesy.

3agaua 2. Kaxnoe BemecTBeHHOe YHCJIO § NpeJcTaBJseTcs B BHAE 6eCKO-
HEYHOH JecsTHYHOH ApobH:

[ee] n
s=ay+ E ay- 107V (T. e. s== lim <ao+ Z ay- 10“’)) 0<<a, < 10).

v=1 n—® v=1

3agaua 3. Kaxloe apXuMegoBo moJe, B KOTODOM HMEET MECTO TeopeMa
Koiun 0 cXOauMOCTH, NOPSARKOBO H30MOP(HO MOMO BelWECTBEHHHIX 4Hced R.
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§ 79. Kopuu BewmecTBeHHbIX (yHKUH

[ycte R —nose BeuiecTBeHHBIX umMcesn. PaccMOTPHM BeleCTBEH-
HOo3Haunble QyHKUMH [(x) BeliecTBeHHOH nepemenHoll x. Takas
(YHKUUS HA3bIBACTCS HENPEPuIBHOIL TPH X =a, eCau AIs Jio6oro
yicia € >0 cyuiectByer takoe yucao § >0, npu KoTopom

[fla+hm —fla)<e mia |h]|<<§.

Jlerko nokasaTb, YTO CYMMbl U TPOW3BEJEHHS HENPEPHIBHbIX (YHK-
UME SABJAIOTCS HENPEephHIBHEIMH (QYHKUMSMH (CM. aHAJIOrMYHOe HOKa-
3aTesIbCTBO M1 (PyHIaMeHTalbHBIX HOCHAejoBaTesbHOCTEH B § 78).
Tak Kak KOHCTaHTH U QYHKUHA f(X) =X HempepwBHBI BCIOY, TO BCE
MHOTOUJIEHb OT X TPEACTABJISIIOT BCIOJY HelpephiBHEE QYHKIHUH OT X.

Teopema BefiepmrTpacca o KOPDHSIX HENPEePHBHH X
GYyHKUUHA yTBepKIaeT:

Ecau wenpepoishas npu a<<x<<b ¢ynxyus [(x) marxosa, 4mo
F@)<<0 u f(b)=>0, mo memdy a u b ona obpawaemcs 8 HYao.

NokaszartenbcTBo. IlycTh ¢— BepXHsisi TpaHb BCeX X, Jexa-
HHX Mexay a W b, gns Kotopwix f(x)<<0. MmeroTcs Tpu BO3MOXK-
HOCTH.

1. f(¢)>0. Torna ¢>a u cymecryer §>0 rakoe, 4T0 14
0 <<h <6 umeer Mmecto

IFe—Rm—F) <)
fle)=Fle—h <fle)

fle—=hn=>0,
fX)>0 msn c—d6<x<c.

CnenoBartenbHo, ¢ — 6 — BepXHsA TpaHHLA LJIs TaKHX X, 4To [ (x) << 0.
Ho anemeHTt ¢ Obl1 HauMeHblled BepxHeH rpanuied. C/eoBaTeqbHO,
3TOT CJy4yall HeBO3MOXKEH.

2. f(¢)<0. Torma ¢<<b u cyumecrByeT Takoe &>0, yt0 117

0 << h <6, Hanpumep, aas h=% 6,

fle+h —f)<<—Ffle)
f(c—+h)<O.

Tem caMbiM 4HC/IO ¢ He ecThb BEPXHfS I'Dalikla BceX TaKHX X, 4YTO
f(x) << 0. CnenoBaTe/IbHO, H 3TOT CJyuyadl HEBO3MOXKEH.

3. f(c)=0— enuncTBeHHBI ocTaBluuiica caydaid. CnenoBaTebHo,
[ (x) obpamaercss B HY/JIb NPH X =_C.

Teopema Befiepiitpacca 0 KOpHAX NPHMEHUTENBHO K MHOTOU/IEHY
SIBJISIETCS] OCHOBOH BCEX TEOPEM O BellieCTBEHHbIX KODHAX anre6pau-
yecKuX ypaBHeHui#l. Ilosgnee Mbl mepeHeceM ee Ha cayuyad Tak Hasbl-
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BAaEMBIX «BELIECTBEHHO 3aMKHYTHIX IoJefi», TaK UYTO OHa OKaeTcs
BepHOIl He TOJBKO /sl MOJIsl BEleCTBEHHBIX 4vuces. Bce mocrenyro-
[Me TeopeMbl 3TOro naparpada OCHOBBHIBAIOTCH MCKJKOYHTEIbHO Ha
teopeMe BeiltepmTpacca 0 KOPHSIX MHOFOY/IEHOB H TeM CaMbIM OKa-
XKYTCSl CrpaBelINBBHIMH Il BCeX BBOJMMBIX MO31HEE NONEH, rje 3Ta
TEOPEMa BBINOJIHEHA.

Caenctue 1. Mnuoeouren x*—d npu d>0 u awbom namy-
pasbHoM N 6ce20a umeem KOpeHb U Npumom 0ade ROAOKCUMENbHbUL.

TeilictButensho, x* —d << 0 npu x=0, a npn GONBIIAX X <Hanpn—

Mep, x>1—|—%> umeeM x* —d > 0.

Uz a*—br=(a—0b)(a*1+a"?+...+b*1) caenyer, nanee, uTo
a*>b" npu a>b>0, OTKyaa MOXKHO MHOJYYHTb NOJOMKHTE/bHbII

xopeHb ypapaenns x*=d. OH of03HayaeTCs yepes Y d, anpu n=2

npocto uepes )/ d («kBagpaTHuiit Koperb»). ITosoxmm Y 0=0. Us
SR _

a>b=0 craenyer Va >1/b, moToMy uTO ecau 6bl OBLIO ]n/a =

gf/b, TO OKa3aJoCh Obl BBHIMOJHEHHBIM HEPaBEHCTBO a == b.

Cnepctaue 2. Kawloui mHO204NeH HEHeMHOL Cmenenu umeem
xopens & nose R.

JleficTBUTeIbHO, B cuay 3ajaud 2 u3 § 77 cymectByer Takoe M,
yro f(M)>0 u f(— M)<0.

O6paTuMcsl Tenepb K GbIUUCACHUID GEU4ECINBERHbLY KOPHeld MHO20-
urena [(x). Tlojg BbIUMCIEHHEM, B COOTBETCTBHH C OIpe/eNeHHEM
BelleCTBEHHBIX UHCEJ, MOApa3yMeBaeTcsi CKOJb YTOJHO TOUHAs allpoK-
CHMaLUA PAalHOHAIbHEIMH YHC/TaMH.

B § 77 (3amaua 2) MBI YyXe BHAEIH, KaK MOXKHO 3aKIIOYHTh
B TPaHHIBI BElIECTBEHHBIE KODHHM MHOrouseHa f(x): ecau

fy=x"+ax1+.. . +a,

1 M —uanboabuee u3 uyucen | u |a;|+4...4|a,|, 70 Bce KopHH
nexar mMexay —M u M. Uucao M MOXHO 3aMEHHTb HA HEKOTOPOE
(mpu Heo6XoAMMOCTH GOJbllee) PalMOHAIbHOE YHC/IO, KOTOPOE BHOBb
o6osnaunM uepes M; untepBanr — M=-x<- M c panHOHaNbHLIMHU
KOHLAMH C IIOMOIIbI0 MPOMENKYTOYHBIX PALMOHANBHBIX TOUEK MOMKHO
pa3fe/HTh Ha CKOJIb YTOAHO MeNKHe 4acTH. B Kako# u3 3THX yacTeit
HAaXONATCA KOPHH, MOXKHO OyJeT YCTaHOBHTb, 0O/1anasi CpPeacTBOM
mojcueTa yucaa KOpHel B KaXJ0H M3 MOJyYeHHBIX yacTell HHTepBaJa.
C nomompio fajbHeHiero pasdueHusi HHTEPBata, B KOTOPOM JIEXKAT
BEIleCTBeHHBIE KOPHH, MOMKHO OYIeT anmnpoOKCHMHPOBATb 3TH KOPHH
CKOJIb YTOAHO TOYHO.

Crepyroliasi Teopema JOCTaB/Js€T CPEACTBO ONpejeseHHs 4HCIa
KOpHejl Mexkay JABYMsi 3aJaHHBIMH TpaHHIAMH, a Takke oOilero
YHC/Ia KOPHEH NAaHHOrO ypaBHEHHT.
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Teopema Illrypma. Onpedeaum muozounenvt Xy, Xy ..., X,
Ha ocHose 3adannoeo muoeounena X =f(x) no caedyroweil cxeme:
X, =["(x) (znddepenunpopansne)
X=Q:X,— X,
.)fl =Q2X2“ X3’ (aroputm EBkanza) (1
X r-1= QrX re

Jas Kaxd020 BeujecmeeHH020 HUCAQ Q, He SBAAIU4E20C KOPHEM
mroeounena f(x), nyeme w(a)—uucao nepemen 3naxa') e nocaedosa-
MeALHOCIU HUCen

X(a), Xl (a)r R | X,(a),

ua xomopoti yoasrenst ece Hyau. Ecau b u c— npoussorvuvie 4ucia, Ha
Komopeix f(x) e obpawaemca 8 Hyas, nputem b<c, mo 4ucao pas-
AuUKbIX KOpHell 8 unmepsase b<Sx=Cc (Kpammuvle KOpHU CHUMAIOMCA
moabko o0ur pasl) paswo

w (b)) —w (c).

[ocnenosBaTesnbHOCTh MHoOrounenos X, X, ..., X, HasnBaercs
padom LImypma wmuorounena f(x). Takum obpasom, Teopema yTsep-
XAA€T, 4TO YHCJIO0 KOpHEH MeXay b H ¢ 3aJaeTcsi YHC/iOM IepeMeH
snaka B psiny lltypma, noTepsiHHBIX NpH nepexoje OT b K c.

HoxaszarteabcTBo. OueBHIHO, TNOCAEAHHH MHOrowIeH X, yKa-
3aHHOTO psAfA SIBJASETCS HAUGOMbLUINM OOLIMM JIeTHTENEeM MHOrouJje-
HoB X =f(x) u X;==f"(x). Ecau cunutarh, 4TO BCE MHOTOY/IEHbI pPsija
pasnesennl Ha X, To f(x) Gyner ocBOGOXK/EH OT KPaTHBIX JHHEHHBIX
MHOXKHTEJeH, a YHC/IO NepeMeH 3HAKa B TOYKe a, He sBAsoledics
KOpHeM, oCTaHercsi NpeXXHUM. JleHCTBHUTENBHO, 3HAKH WIEHOB psjla
npu TAKOM JieJleHHH JHGO Bce H3MeHsATcd, JHGO BCe COXpaHATCH.
[TosToMy MBI MOXEM CUHTaTb C CaMOrO Hauyajla JOKa3aTe/bCTBA, UTO
ONHCAHHOE [Ie/IeHHE yIKe OCYLIECTBJICHO H MNOCJAEeJHUH uleH B PARY
ABJAAETCS HEHYJIEBOH KoHCTaHTOH. BTopodt wieH B psgy B ofmem
cIyyae yxe He GyneT NDOM3BOJAHOH I€pPBOro, Tak Kak, €c/aH, CKa-
xeM, d — HeKoTOphIi [-KpaTHBIfl KOpeHb MHOToujeHa f(x) H

X=fx)=(x—d)igx), g(d=*0,
Xi=(x)=1l(x—d)}gx)+(x—d) g (»),

1) Tlon 3naxom uHWCIa ¢ Mbl MOAPa3yMeBaeM OJHMH H3 CHMBOJOB -, — uad 0
B 3aBUCHMOCTH OT TOTO, NMOJIOXKHTEJIbHO, OTPUUATENbHO HJIH PABHO HYJIO UHCJIO C.
Mepemerod B 10CTEOBATEJbHOCTH SHAKOB -+ M — CuHTaercs JoGoi cayyad,
Koria 3a -+ cjleiyeT — uJAH 3a — ciefyeT --. Ecau B nocaenoBaTeJbHOCTH
3HAKOB YYacCTBYIOT M HYJH, TO NPH TOACUETE YHMC/IA MEPEMEH 3HAKOB OHU NPOCTO
He NPHHUMAIOTCS BO BHHMaHHE.
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To yjaajeHHe MHOXHTeas (x —d)"! mact gBa MHOrouJeHa:

_)_?:(x-—-d)g(x),
Xi=l-gx)+x—4d)g (),
a HaJuuHe JPYTHX KpaTHhIX KopHel d’, d’, ... Bb30BeT na/bHeillee

cokpaienne. OGo3HauUM TaK H3MeHeHHble MHOrouiensl pana lltypma
puoBb uepes X=X, X;, ..., X,

[Ipu 3TOM NpejnosOKeHHH B JI0GOH TOYKE a ABa MOC/AEI0BaTE/]b-
HHIX UY/JeHa psja He PaBHE OJXHOBPEMEHHO HYJIO, NOTOMY YTO, €CJH
6bl, cKaxeM X (a) U Xpi (@) onHOBpEMEHHO ObLIM paBHbl HYJIO, TO
u3 paseHcTB (1) MOXKHO ObLIO Obl 3aK/MIOUMTH, 4TO H Xpiy (), ...
..., X,(a) paBupl HyJIO, B TO BpeMs Kak X,= const == 0.

Kopuu wmuorowienos B psapy llItypma pasGuBaioT uHTepBan b <<
< x={C Ha NOAbIHTepBaJbl. BHYTpH m060ro Takoro mNOALHTEPBAIA
a1 X, HH X, He ofpawlaioTcs B HYJb, a no Teopeme Befiepmrpacca
0 KOpHAX OTCIOfa CJeNyeT, YTO BHYTPH KaXIOro TAaKOro HHTepBaja
pce MHorowileHol psaga LIrypma coxpansioT CBOM 3HAKH, TaK YTO
uueao w (@) coxpaHsieTcsl HeW3MeHHHIM. HaM, caenoBaTesbHO, HYXHO
ellle TOJIBbKO BBISICHHTb, KaK MeHsieTcsi yuciao w (a) B Touke d, B KOTO-
podl paBeH HYJIO OJMH U3 MHOTOWIEHOB psia.

[lyctb cHauana d — xkopeHb MHorouwneHa X, (0<<k<r). B cuay
paBeHCTBA

Xp1=QeXp— X

uncia Xp-q(d) B Xpsy(d) 06sA3aHbl MMeTb pasHbie 3HakH. Toraa
B JABYX TMOJBIHTEpPBa/iaX, INPUMBIKAIOWIMX K TOYKe ¢, MHOTOUY/IEHH
Xpq1 ¥ Xpy HMEOT pasHoie 3HakW. KakoB 3Hak MHorounesa X,
(+, — wuau 0), a1s 4ucia nepemeH 3Haka Mexny Xy, H X, He
MMeeT 3HAuYeHHs: BCerja ecTb POBHO ojlHA nepemena. CieoBaTesNbHO,
yucao w (a) He MeHseTCsA IIPH Nepexoje yepe3 TOUKY d.

[Tycte Temeps d — KopeHb MHOroujesa f(x) 4 B COOTBETCTBHH CO
C/IeJIAHHBIM BBIILE 3aMEYyaHHEM

X=(x—d)g(, g0,
Xy=1-g(0)+x—d)g (),

rae | — HeKOTOpOe HaTypasbHOe YHCI0. 3HAK MHOrou/leHa X, B TOUKe d,
a MOTOMYy M B JBYX IPHMBIKAaKOLUX HHTEpBa/jaX, COBNAjaeT coO 3Ha-
KoM yHcsa g (d), B TO Bpems KaK 3HaK MHorowieHa X B KaIOH TOuKe X
paBeH 3HaKy MHorouseHa (x—d)g(d). CnepoBarenbHo, npH a<<d
HmeeTcs TepeMeHa 3Haka mexay X (a) u X;(a), a npu a>d— Her.
Bce ke ocranbHble nepemeHbl 3Haka B psay Lltypma, kak yxe Gblio
NoKasaHo, COXpaHSOTCA INpH nepexone uepes Touky d. CienoBa-
TeJbHO, YUCIO w (@) NpH mepexoje Yepe3 d yMEHbIIACTCHA Ha €Iu-
Huny. Teopema jokasana.

Ecnn teopema IlTypma npumensiercst 4js OnpenesqeHHsl YHcaa KOp-
Hell (pas/iuMyHBIX BeIleCTBEHHbIX) MHOrou/leHa f(x), To B KauecTBe
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rpanuibl b HYXHO B3iTh HACTOJbKO Majoe UHC/IO, a B KauecTse rpa-
HHIBI ¢ — HACTOJABKO GOJBILOE YHCJO, YTOOB MpH X< b u nprn x>¢
MHOrouJsieH BooGile He HMesa KopHeil. JlocTatouHo, nanpumep, IoJO-
KHTh b=—M u c=M. Yjgobuee, ojHaxko, BuOUpaTb b U C TakK,
y1o6bl Bce MHorowsienbl B psiay llrypma nmpu x<<b u npu x >cC He
umeau Kopueil. Torga MX 3HaKH OYAyT ONPeNEsATbCsH SHAKAMH HX
cTapiinX KO3(QMHUIHUEHTOB: MHOTOWIEH @uX™ @ X™'--... 1pu OueHb
GobIIMX 3HAUEHUAX X HMEeT 3HAK YHCIA @, a NPH OUeHb MaJblX
(oTpuIaTesbHBLIX) 3HAUEHHsIX X —3HaK uucaa (— 1) a,. Ilpu TakoM
MOAXOJ€ He NPUXOAMTCS AyMaThb O TOM, KaK BEJIHKH JOKHBI ObITh
yucsaa b M ¢ HYXKHO JIHUIb ONPENeIHTb CTapiine KO3(QOUUHEHTH g
u creneHd m MHorowileHoB Illtypwma.

3anaua 1. OnpefenuTh YHC/IO BEUIECTBEHHBIX KOPHEH MHOrOW/IEHa
x3—Dbx2-}8x—8.

Mexly KaKHMH MOC/EA0BATebHBIMH HEJhIMH UHC/AaMU J€XaT 3TH KOPHH?

3anaua 2. Ecam nocneanue asa MHorousdeHa X,_;, X, B psapy lrypma
uMetoT cremedd 1 u 0, TO MOXKHO BHIYMC/IWTB M KOHCTanty X, (/M ee SHaK, 3TO
TONBKO W HYIKHO), TOACTaBJsAS KOPeHb MHOrouweHa X, ; B MHOrouleH X, ,.

3agaua 3. Ecan npu souncaeHnn psiga LITypma BeTpetntcss MHOrOUJeH Xp,
KOTOPHIl HHMIJe HE MEeHseT CBOero 3HaKa (Hampumep, CyMMa KBaJDAaToB), TO PSifl
MOXHO 06OpBaTb Ha 3ToM uJjeHe. TOUHO TaK K€ MOXKHO KamAbili MHOroufeH Xp,
061aa0UHH BCIOAY MOJIOXKHTE/bHBIM MHOXKHTEJEM, COKPATHTb Ha 3TOT MHOXKHTENb
# MPOLO/IKATh BEIMHCJACHHS C 3TUM H3MEHEHHBIM Xp.

3agaua 4. HcnosbayeMblii npu pgokasaresnbctBe Teopemsr llTypma mHoro-
uieH X; (AesinTesb NpPOM3BOAHOH f' (X)) 06s3aTe/bHO MEHFET 3HAK MEXNY ABYMS
noC/eloBaTEbHLIMA KOPHAMH MHorousesa. Joxasate., Ilostomy f'(x) wumeer mno
KpafiHeli Mepe OAWH KOpPeHb MeX1y ABYMS JIOOBIMH MOCJEAOBATEJbHBIMH KODHSIMH
MHorousieHa f(x) (reopema Pouaas).

3agaua 5. BuiBecTn u3 Teopemsl Poasis TeopeMmMy O CpejiHeM 3HA-
yenun AupdepeHNIHAaNbHOIrO MCUYHCJAEHHS, YTBEPKAAOULYIO, YTO
O0a8 a << b umeem Mecmo paseHcmso

[o)—f@ _ .

—— ="
npu nodxodawen evibope mouxu ¢ mexdy a u b. <H0/zomumb fo—f @ —
~LOZT@ (o=

3anaua 6. B moGoM HHTepBaJte a << x<< b, r@e [’ (x) > 0, mHOrousen f(x)
ABJasfeTcH Bo3pacTalollelt (GyHKIHEH OT X; paBHBIM ofpasoM, ecau [ (x) <0, 1O
MHOTOUJIeH siBJIsieTcs yOmBawollell QyHKUueE.

3anaua 7. MuorouteH f(x) MMeeT B KaX1OM HHTepBaJe @ =I X <Ib Hau-
Gofblilee H HanHMEHbLUee 3HAUEHHE, NPHYEM KaxJ0e H3 HUX JOCTHraercs JuGo
B KOpHe NPOH3BOAHOMH [’ (x), 1160 B KOHEUHbIX TOYKAaX OTpe3Ka a Wau b.

§ 80. INone KOMMNJAEKCHBIX 4YHCEJ

Ecnu npucoefMHHTL K MOJIO BELIECTBEHHbIX 4yucen R Kopems §
Hepasioxumoro B R wmuorowiena x*4-1, To momyuntcs nose Komn-
sexcroix uucea € =R ().

Ecin peub WJET O «uHucjaax», TO B MOCTeAylouleM 370 OyfeT o3Ha-
yaTb, 4YTO Mbl TOBOPHM O KOMIVIEKCHbIX (H, B YaCTHOCTH, O Belle-
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CTBEHHBIX) uyHcaax. Aacebpaudeckue qucaq — 3T0 TaKHe uYMcaa, KOTO-
phie anre6panunbl Haj noseM paunonanbusix uucen Q. TMonatno, utd
HYKHO TOHHMATh MOJ MOJIAMH aAre0paudyecKHX YHCeJI, MOJisiMH BeLecT-
peHHLIX uucen M T. A. CorsiacnHo Teopemam n3 § 41 anre6panyeckue
yyc/aa COCTABJSIIOT HEKOTopoe mojde A; B HeM cojepiKaTcsl Bce IoJf
ajrebpanyeckux 4HCeJ.

JlokakeM clenyollee MpejIoKeHue:

B nose Komnaexcuelx uucea ypasHenue x*=a-bi (a, b seuwe-
CIMBeHKbL) PA3Peutimo; Mo 03HAHAem, HMO KaxcOoe 4ucA0 NoAL KOMA-
AEKCHbIX Huces 06.200aem KeAOPAMHbIM KOPHEM.

HokasateabcTtBo. Yueao x=c+di (¢, d BelleCTBEHHLI)
TOrga M TOMBKO Torjga o0nanaeT HYXKHBIM CBOHCTBOM, KOrjia

(c+di)* =a+bi,
T. €. BBIMOJHEHbl yC/JIOBHS
E—d®=a, 2d=b».
M3 stux paBeHctB cienyer ganee (c¢®- d?)?=a?-- b2 Tak uto C® 4
4 d?=)a?+b% Orciona ¥ M3 NEPBOrO YCJIOBHS ONpelesioTes ¢2
u dx

.

2 0HVEFE 4, —adVatE
- 2 ’ - D) .

JleficTBUTEIbHO, YKa3aHHBle CIIpaBa BeJHYMHB HEOTPHLATE/LHEI,
M05TOMY UYepe3 HHUX MOXKHO ONpPEJeJUTb 4ucjaa ¢ B d C TOYHOCTBIO
O 3HaKa. YMHOXKeHHe AAeT

4c%? = — a? 4 (a® + b?) = b%;

MO3TOMY 3HAK y ¢ H d MOXHO OIpeie/uTh TaK, 4YToGbl BBINOJHSANOCH
U IIOC/Ie/liiee yCIOBHE
2cd = b.

W3 pokasaHHOro CJelyeT, 4TO B NOJIE KOMIVIEKCHBIX YHCEJ] MOXKHO
pelinuTh noboe KBajpaTHOe ypaBHEHHE

x? +px+q= 0,
NIpeACTaB/Isisi €ro B BHUJE
p\2 _ p?
(x+g) =% -0
Pemeune TakoBo:
xX=— %—i w,

IAe W — Kakoe-HHOYNb pelleHue ypaBHEHHA w*= T —g.

OcHoBHas Teopema anarebphl, a Jydlle CKA3aTh — OCHOB-
Has TeopeMa YYeHHS O KOMILIEKCHBIX 4HCJIAX, — YTBEPKAAeT, YTO
B nose O He TOMbKO Kax[blll KBajpaTHBIH, HO M BOOOILE OGO
OT/IMYHBIA OT KOHCTAHThl MHOrOWIEeH f(2) HUMeeT KOPEHb,
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ITpocTeiiluee 10Ka3aTebCTBO OCHOBHOH TEOPEMBI — 3TO0, BEPOSTHO,
TeOPeTHKO-PyHKIHOHAMbHOE, KOTOPOE MPOBOJMTCS TaK: MPELNOJIOXKHM,
YTO MHOTOWIeH f(Z) He HMeeT HH OJHOTO KOMIJIEKCHOrO KOpPHS; TOTZa

Tl(z—)'=(P(Z)

ABJISITCS PEryJasipHO BO BCell 2-MJIOCKOCTH (yHKIHMEH, KOTopas mpH
z— M ocTaeTcsl orpaHHYeHHO! (fa)ke CTpeMsllelics K HYJIO); B CHIY
TeopeMbl JIuyBuiisi 31a (YHKIHA ABJIAETCS KOHCTAHTOH, HO TOrza
u f(2) — KoHCTaHTa.

laycc mpensioRuJ MHOTO J0Ka3aTe/qbCTB OCHOBHOH Teopembl. BTo-
poe J0Ka3aTeJqbCTBO ['aycca, KOTOpOe HCMOJNb3YeT JIHIIb NPOCTediine
CBOHCTBA BeIECTBEHHBIX U KOMIIEKCHBIX 4YHCEJ, HO 3aTO HOBOJIBHO
CJIOJKHBIE anre6panuecKue CpejcTBa, Mbl paccMoTpum B § 811).

[Tox modyrem || KOMILIEKCHOTO uucaa a=a-+bi mojppasywme-
BAeTCsl BELECTBEHHOE YHCIIO

la|=Va+ b=V g,
rjge o — KOMILJIEKCHO COMNpSAXEHHOEe, T. €. COINpSXKEHHOE HaJ IIoJieEM

BELLECTBEHHBIX 4HCeI, 4HCa0 a— bi.
Ouepuano, |a|=0 u |a|=0 toapko mia a=0. [azee,

Vapap =1 aa VBB, B cury uero
lop|=|al
UTo6E J0Ka3aTh BTOPOE COOTHOLIEHHE
latpl<ioa|+IBl, @)

NpeAnoaoKHM Ha MHUHYTY YyxKe H3BECTHHIM 6osiee crennasbHOE COOT-
HOIUEHHE!:

Bl. ' 1)

[T+yl<<1+]|y] )
Ecin a=0, To (2) TpuBHaJbHO; ecan ke a 70, TO
Bl =] (1+aB)[=a|[1+aB|<
<lo|(t+]a'B])=]a|+|p
JInsa nokasarenbcTBa (3) MonoXKMM y=a-} bi; Toraa
7 =VETE=V @ =a),
yP=0+D A+ =1+r+y+rv=
=142a+ [y P<T142]p[+[vP=0+]v)%

Hty[<141vl
yeM M JfokaswiBaercst (3), a 3HauuT, U (2).

cJieoBaTeJIbHO,

1) [lpyroe nmpocroe HOKa3aTeabCTBO MOXKHO HafiTH, HampuMmep, B Kuure: )Kop-
naun (Jordan C.). Cours d’Analyse I. 3-e naf., c¢. 202. MHTyHIHOHHCTCKOE NGCKa-
sareabctso npegnoxua I Befiap (Weyl H.),—Math. Z., 1914, 20, S. 142.
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§ 81. Auare6panyeckas TEOpHsl BEIECTBEHHBIX MOJEH

YnopsijoueHHble IOJs, B YACTHOCTH, MOJS BEIIECTBEHHBIX YHCEJ
06/1a7al0T TeM CBOHCTBOM, YTO CYMMbl KBaJpaToB B TaKHX MHOJAX
ofpallaioTcs B HYJb TO/IbKO TOTJa, KOrja PaBHBI HYJIO Bce cjarae-
mple. VM, YTO paBHOCH/BHO: 3/eMeHT —1 He mpejicTaBsseTcs B BUAE
cyMMbl KBajpaToB'). Ilose KOMILIEKCHBIX YHCEN 3THM CBOHCTBOM He
o6sajaaeT, NOTOMy 4YTO B HeM —Il siBisieTcs KBajpatoM. Mbl moka-
JKeM cefiuac, 4YTo yKa3aHHOe CBOHCTBO XapakKTepHO /sl MoJiedl Belle-
CTBEHHBIX ajre6pauyeckKdx 4YHCeJ H Iiosied, CONPSIKEHHBIX C TaKo-
BLIMH (B TNoJie BCeX anre6paHuyecKHX UHCeN); 3TO CBOHCTBO MOXKET
6bITh TaK2Ke HCIOJb30BAHO JJIsl anre6pauyeckoro MoCTPOEHHs ToJsel
BEIleCTBEHHBIX aireGpanuyecKHX UHCEN H CONPSKEHHBIX C HUMH Mosed.
Crnepys Apruny u lllpafiepy, Mbl BBejeM moHsiTHE (GOPMAaJIbHO Belle-
CTBEHHOTO ToNg 2):

ITore Haseieaemes opmanrbHo eetyecmeenroim, ecau —\ we npeo-
CmasAsiemcs 8 Hem 8 6ude cymmbl Keaopamog.

dopManbHO Belllec1BeHHOe ToJe 06d3aTeNbHO HMEET XapaKTepH-
CTHKY HyJ/b; JIeHCTBHTEJbHO, B JIIOOOM II0/I€ XapaKTePUCTHKH p 3je-
MeHT —1 gBasercsa cymmo#i p— 1 ciaraemeix 1. QueBupgHO, 4TO BCSi-
Koe ToAnosne (opMaibHO BeLIECTBEHHOr0 MO/ TOoXe (opMa/ibHO
BellleCTBEHHO.

IToare P naseisaemcs  eeuiecmeeHHO 3aMKHYymbiM 3), ecau camo Oowo
GopmarvHo gewyeCmeenHo, Ho a0boe e20 cobCmseHHoe aneebpautecKoe
pacuiuperue OPMAAbHO BEUIECITIBEHHbIM HE ABAACMCA.

Teopema 1. Kawdoe 6eujecmseHHo 3amxuymoe Hnone Moxcem
Goimb ynopaooueHo OOHUM U MOAbKO OOHUM CrRoCOGOM.

[Tycts P — BellecTBeHHO 3aMKHyToe mnoJe. [[okaxkeM cienylollee:

Ecnu a — otsinynbiil ot 0 ssemenT u3 P, To au60 a siBaseTCA KBaj-
patoM, JaH60 —a SBJAsSETCA KBajpaToM, U 3TH CIy4YaH HCKJIOYAIOT
apyr apyra. Cymmbl KBajparoB 3/eMeHTOB U3 P camu siBasores
KBanpaTaMH.

Teopema 1 orciofna HemepneHHo cienyer. [leficTBHTE/NbHO, INOJA-
ras a>0 B TOM ciayyae, Koria a-— KBajpaT, OTJIHYHBIH OT HYyJ,
MBI OIIpejequM, OUEeBHIHO, YHopsiioyeHue Ha P, KoTopoe sBasiercsi
€[MHCIBEHHO BO3MOXKHBIM, IIOTOMY UTO KaXK[bli KBajpar JOJKeH
ObITh HEOTPHUATENbHBIM IIPH JIOOOM YIIOPSAOUEHHUH.

1) Ecin B KakoM-HUOYAb MmoJe 3JeMeHT — 1 mpeAcTaBiseTcss B BHIE CYMMEI
KBaJpaToB Zaﬁ,, TO 12-}-2 a?=0; TeMm cambiM 0 sBAsS€TCA CyMMO} HEHYJCBEIX
KBaapatoB. O6paTHO, ec1u JaHa cyMMa Zbﬁ,=0, B KOTopoil, cKaxeM b, 5 0, 10
Ha Mecto b, Jerko nocTaBuTb 1, pasgenns Bcio cymmy Ha bj; ecau 3aTeM mepe-
HecTH 1 B JpYryio 4acTb DPaBeHCTBA, TO NOJYYHTCS —I =Za§.

2) Apruu u IlIpaiiep (Artin E., Schreier O.). Algebraische Konstruk-
tion reeller Korper.—Abh. Math. Sem. Univ. Hamburg, 1926, 5, S. 83 —115.

3) KpaTkoe HaHMEHOBaHHE <«BCLUICCTBEHHO 3aMKHYTOe» NPELIOYHTAIOT GoJlee
TOUHOMY <BELIECTBEHHO ajre6paHyeckd 3aMKHYTOes,
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Ecan y He siBIseTCss KBajpaTOM SJEMEHT2 H3 P, 1o, ofo3Hauas
yepes )/ y KopeHb MHOTOWIEHa x2—7v, Mbl TojyyaeMm COGCTBEHHOE

anreGpanyeckoe pacuiupenne P(V'7) noas P, ne spisiomeecs ¢op-
MAJbHO BellecTBEHHHIM. I[Io 3TOM HpHUYKHE HMEeT MECTO PaBEHCTBO

— 1= 5—31 (OL\, V§+ ﬁv)e’

HJIN

=y Nyt D p+H2V Y by

v=1 v=1 v=1

rie a.,, Py nmpuHaytexat P. Orciona ciaepyer, uTo nocaeiHee cna-

raeMoe JOJIKHO OBITb HYJEBbIM, TNOTOMY UTO HHAue 3JIEMEHT VY
npuHaniexan Obl MO0 P, uTo TpPOTHBOPEUYHT TPEANONOXKEHHUIO.
HaoBopot, meppoe claraeMoe He MOXKET obpaTuTbCcsi B HYJb, TakK
KaKk B NpOTHBHOM cayuyae mone P e 66110 Obl (hopManbHO Bellle-
cTBenHBIM. OTCIOA MBI 3aKjioyaeM, MNpexje BCEro, 4yro y He Hpei-
crapagercsi B P B Buge CyMMbl KBanpaToB, TaK Kak HHAad€ MBI
nosyuuan 6bl H 18—l mpeacTaBieHHe B BUIE CYMMbl KBaJpaToB.
TIpoBejieHHble PacCyK/eHUs JOKa3LIBAOT — CIGLYIOLICE: ecii Yy He
apJseTcss KBajpaToM, TO OHO He sABJAETCS U CyMMOH KBajpaToB.
Wau, B nmosutnsHOH dopme: Kaxjas CyMMa KBalpatos B P sBaserca
B P KBajpartoM.
Mbl moayuuiaH, 4TO

UpeauTedb W 3HAMEHaTelb 3TOrO BRIPaXKEHHs SABJAIOTCA CyM-
MaMH KBajipaTcB, @ IIOTOMY IIPOCTO KBajpaTaM; OTCIOAa —y=c?
re ¢ — saement noast P. CrejoparenbHo, st KAXJIOro S7EMEHTA Y
i3 P uMeer MecTo MO KpadHeH mepe OJHO M3 pABEHCTB: v=>5b% Wi
— me=c®. Ho ecin y==0, To 06a paBeHCTBA OJHOBPEMEHHO HE MOTYT
HMETh MecTa, TaK KaK MHaye BbIIOIHAJIOCh 6bl papenctBo —1 = (b/c)?,
yero ObITh HE MOKET.

Ha ocuopanud Teopemsl 1 Mbl GyjaeM mpearnoJiaratb B JasbHef-
LeM, YTO BElECTBEHHO 3aMKHYTBIE MOJs YNOPSAAOUEHSI.

Teopema 2. B nobom eujecmserO SAMKRYMOM noae Kanosiil
MHOZOUNCH HedemHOLl Crmenext umeem no Kpadwel mepe 00UH KOpeHb.

Dra TeopeMa A5 CTeleHH 1 TpPHBHAbHA. [peanonoxum, 4TO OHA
yXKe JoKasana s BCEX cTemeHeil, MEHpHIMX 7, H TycTb f[(X) —
TIPOM3BO.IbHLIA MHOrOU/IEH weuerHoft crenenu n>1. Ecan f(x) pas-
JOKAM B BEECTBEHHO 3aMKHyTOM noJe P, 10 y HEro ecTb no Kpaki-
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Hell Mepe ONMH HEepasJOXKHUMBII MHOXKHTEIh HEUETHOH CTENeHH, MeHb-
mwed n, a NOTOMY, B CHJY HMHIYKTHBHOrO MNpPEIIOJOMKEHHS, H KOpPeHb
g noJje P. Ilpubenem Temneph NpepnosoKeHHe O TOM, YTO MHOTOYJIEH
f(x) Hepas OXKNM, K NpPOTHBOpeuHio. [leHCTBUTENBHO, NMYCTh o — CUM-
BOJIHYECKH IIPHCOEIMHEHHBIH KOpeHb MHOrouneHa f(x). ITose P (a) ne
MOKET ObiTh (POPMa/IbHO BEIECTBEHHBIM; MO3TOMY

1= 3 (@) M)

v=1

e ¢y (¥) —MHOTOY/eHbl CTENEHH He Bhille 72— 1 ¢ KoappuuueHTaMH
u3s P. 13 (1) nonyuaercs ToxpecTso

—1= ZZII (v ()P -+ (%) g (x). 2)

Cymya MHOTOY/IEHOB @y HMEET YeTHYIO CTelIeHb, TAaK KAaK CTapllHe
KO3(Q(UUUEHTBl FBJAIOTCA KBaApPalaMH M, CJIEJOBaTeNbHO, MPH CJIO-
MEHHM He JaloT Hyab. [lanee, cTemeHb MOJOKHTeNbHa, TaK Kak
unaue yxke (1) naBamo Gbt npotuBopeune. [Tostomy g(x) umeer He-
YeTHYIO CTeNeHb, He NPEBOCXOAALYI0 n —2; CJeJ0BaTe]bHO, g (X)
obnanaer B P Hekotopeim kopuem a. [Toxcrasum a B (2); Toraa

r

—1=3] (v @),

v=lI

YTO ¥ MPHBOJMT K TPOTHBOPEUMIO, TaK KakK SJEMEHTHI ¢, (a) Jexkar
B noae P.

Teopema 3. Bewecmsenno samxrymoe nose we ssasemes areeb-
pauvecku samxHymoim. Ho 6 pesyromame npucoedurenus ssemenma i
noAyHaemes. arzebpautecku 3amkHymoe noae ).

IlepBasi mnonoBuHa yTBepxieHHS TPHBUAAbHA. leficTBUTENBHO,
ypasnenue x*-1=0 nepaspemnmo B ;1060M (GOpPMATbHO BELECTBEH-
HOM ToJIE.

Bropas nosouna crenyeT HeNOCpeiCTBEHHO M3 C/IEAYIOLIETO
YTBEpPKAEHHUS.

Teopema 3a. Ecau e nexomopom ynopsadouenrom nose K xask-
Obul nonoocumenchowi 3nemenm obaadaem  K8adpammeLm KOpHem U
KQowcOnitl  MHO20uNEH  HewemHOU cmenenu o6aiadaem no Kpatinel Mepe
OOHUM KOpHeMm, MO 6 pesyrbmame npPucOeOUHEHUs SNeMeRma i noay-
4aemcesa aneebpautecKu 3aMKHYymoe noie,

[Tpexkpe Bcero 3ameTuM, 4TO B [oJe H ({) xaxaui#i sg1eMeHT 06-
JajlaeT KBaJpaTHbIM KOPHEM M TO3TOMY KaxJ0e KBajpaTHOe ypaBHe-
HHE paspemwnmo. [loKa3aTeJbCTBO INPOBOAMTCA € MOMOLLbIO TAKOIO

K€ BbIYHC/IEHUSs, KaK M /11 IO0As KOMILIEKCHBIX wucea B § 80.
-_

!) Cumpoa i sfiech W B Aa/bHejieM 0603HayaeT KOPEHb MHOTOYIEHA x241,
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Ias nokasarejbcTBa Toro, uto noJe H (i) anre6panuecku 3saMK-
HYTO, COrJacHO § 72 JOCTaTOYHO II0Ka3aTh, YTO KaX[bid Hepasio-
kumblil Hag H MHorousen f(x) ob6nagaer B H (i) HeKOTOPLIM KOpHEM.
I[Tyctp f(x) —MHOrowIeH 6e3 KpaTHBIX KOpHEl, HMEWLIHA CTENeHb 7,
H n=2mg, TIe ¢—HeueTHoe yucao. Mpl npoBeaeM HHAYKIHIO IO M.
[NpeanosoxkuM, YTO KaxAbléi MHOTOuJeH 6e3 KpaTHbIX KOpHEeH ¢ Ko-
spduumentamu u3 H, cremeHp KoToporo fgeautcs Ha 2™, HO He
neautcsi Ha 2™, obaajaer B H (i) HekotopniM kKopHem. [lis m=1
3T0 HMeeT MecTo no ycaoBuio. Ilyets o, o, ..., G, —KOPHH MHO-
royseda f(x) B HekoTopoM paciunpernd noas H. BriGepeM ssemeHT

n(n—1) o
¢ u3 H TaK, yrobbl ——5— BbIpaXKeHHH o0 4c(oy+a,) A 1<
< j<<k<n uvenn pasinuHble 3HaueHHf. Tak Kak 3T BblpaxkeHH,
nn—1
OYEBHIHO, V/OBJETBOPSIOT HEKOTOPOMY YPaBHEHHIO CTENeHH —(—2———)
Hag H, To, MO NpEANOJOXKEHHIO, MO KpaiHeHd Mepe OJHH H3 HHX
nexut B H({), Hampumep, saeMeHT oo, -C(oy +a,). B cuay tpe-

60BaHI/Iﬂ, KOTOpPOMY TMOJYHHEH 3JIeMEHT ¢, HMeeT MeCTO paBEeHCTBO
(M. § 46)

H (o2, o 4-0tg) = H (a0 + ¢ (21 + @) );

TakuM 06pasoM, o, U o, MOXHO HAHTH KaK peUleHHs HEeKOTOPOro
KBajpaTHoro ypasHeHus Haja H (i).

OfHOBPEMEHHO C 3THM Mbl IIOJIy4aeM H3 TeopeMbl 3a, 4TO IHOJE
KOMIVIEKCHBIX ~4Hcea ajre6panyeckH 3aMKHYTO. ITO — «OCHOBHasl
TeopeMma ajredpoi».

Teopema, obpatHasi K TeopeMe 3, 3BYUHT Tak:

Teopema 4. Ecau gopmansro seujecmeeniroe nose K cmarosumca
aneebpauiecKy 3aMKHYMbLM Rpu APUCOEOUHEHUU SaeMeHma i, MmO OHO
BELECINBEHHO 3AMKHYMO.

HokasareabcTBOo. Mexay H m H({) Her npoMexyTouHbIX
noJei; nostoMy mnose H He mHmeer asnrefpauueckuX paclliupeHHH,
oTanuHbIX OT ceba camoro u or moas H (i). TToane H (i) ne aBasercs
GopMasbHO BeLIECTBEHHBIM, TaK Kak —1 ABJSETCS B HEM KBaJpaTOM.
CnepoBarensto, none H BeliecTBeHHO 3aMKHYTO.

M3 teopembl 4, B YaCTHOCTH, C/IeJyeT, YTO MoJie BelleCTBEHHbIX
YHCeJ BEIeCTBEHHO 3aMKHYTO.

Kopuu ypaeuenus f(x)=0 c KoapduuneHTaMu H3 HEKOTOPOTrO
BellecTBeHHO 3aMkHytoro nosss H jexar B H () u Bxogar B 3710
noJe, ec/H TOJbKO OHH He MNpHHAanIexar camomy H, BMecte co CBO-
HMH conpsikeHnbiMH 3gementamu (Hag H). Ecin a--bi — HexoTophil
KOpeHb, TO a— bi — conpsixeHHbl ¢ HUM Kopenb. Ecau B pasmoxe-
HHM MHOrou1eHa f(x) Ha JIMHEHHbIE MHOXHTEJM CrpyNnHpOBaTh Te
U3 HUX, KOTOpble COOTBETCTBYIOT COIDSKEHHBIM KODHAM, B Haphi, TO.
MOJAYYHTCS pas/ioXKeHHe MHorouseHa f(x) Ha JHMHEAHBIE H KBajpaTHbIE
MHOXKHTEJIH, Hepasjoxumbie Haj H.
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Mei MoxeM Tenepb JOKasaTh «Teopemy Befiepumirpacca o KODHSAX»
Afs MHOTOY/MeHOB (§ 79) Hajg MOGBIM BEUIECTBEHHO 3aMKHYTHIM [10-
JIEM.

Teopema 5. [Tyemo f(x)— mrocouren ¢ rospuyuenmanu ua
BEU4ECMBEHHO  3amKHymozo noas P u a, b — aremenmor us P, 01 Ko-
mopbix [(a) <O, f(b)>0. Toeda cywecmeyem no kpaiine Mepe 00un
saemenm ¢ 8 P, saxaiodennoul mexdy a u b, das xomopoeo f(c)=0.

HoxasatenbcTBo. Kak Mbl BujeaqH Bblllle, MHOrOYJICH f(x)
pasnaraetcst Haj P na suHefiHbie W KBajpaTHblE Hepas/OXKHMBIE
MHOKUTeNH. JIio6o# Hepasmoxumblil Hag P KBajgpaTHbi MHOrOW/IEH
x®+px - q MMeeT TO/BKO MOIOKHTENbHEIE 3HAUCHHSI, [IOTOMY 4TO €ro

2 2
MOXKHO [PEJCTaBHTb B BHJE <x+ g) + <q — %), rje rneppoe cJjarae-

MOC HEOTPHLATENbHO, @ BTOPOE B CHJy HPEATNOJIOMKEHHS] O HepasJo-
HHUMOCTH CTPOTO MOJOXKHTEIbHO. [103TOMY mepeMeHa 3HaKa MHOrOYJIEHA
f(x) MOXer mpoMCXORMTb JIMIIb H3-32 NepeMeHbl 3HAKa HEKOTOPOro
MHUHEHHOrO MHOXKMWTEJIsl, KOTODbIl JOMKEH MO 3TOH NPHYHHE HMETh
KOpeHb B IIPOMEXYTKe OT a 10 b.

B cusy 3Tolf TeopeMsl /ISl BellleCTBEHHO 3aMKHYTOro MOJS1 OKa-
SbIBAIOTCSt  CIIPaBeVINBbIMH  BCE CJEACTBHSA, KOTOPbIE BLIBOXMJIKCH
B § 79 u3 teopembl Befiepiutpacca 0 KOpHSAX, B 4acTHOCTH, Teopema
lltypMa o BelleCTBEHHBIX KOPHSX.

B sak./ouenune 6yjger nokasana

Teopema 6. ITycms K — ynopadouennoe nose u K — noze, Komopoe
noaywaemes u3 K npucoedurenuem xeadpammoix Kopreii ua ecex noao-
wumenrohoix  snemenmos noas K. Toeda nore K opmarsno seuwe-
CMBEHHO.

OueBHIHO, [OCTATOYHO [OKAa3aTh, YTO HE MOXKET HMETb MecTa

PaBeHCTBO Blija
n

—1= Z c‘vg\zh (3)

v=1

FAe c¢y—monoxkuTenbHbie s1ementol U3 H, a &, —snementn us H.
[Ipennonoxum, 4T0 Takoe COOTHOIEHHE HMeeT MecTo. B sieMeH1ax Ev
MOTyT BCTPETHTBLCS JIMLIL B HEKOTOPOM KOHEYHOM YHC/IE KBajpaTHbIE
kopun Vay, V@, ..., Va,, kotopsie Gl NPHCOCAHHEHDBI K Mmoo H.
Bynem cunrath, uto cpenu Bcex paseHCTB Buja (3) Mbl BhIGpadH H
paccmaTpuBaemM Takoe, B KOTOPOM 7 NPHHHMAET HaUMEHbLICE BO3MOXK-
Hoe suauenne. (OGs3ateavno r==1, Tak kak B H He cymectByer
paBencra Buma (3).) Kaxawii snement &, npencraBasercss B BHje
Sv=mwy+0vVa, re n, § nexar 8 none K(Vay, Va, ..., Vary).
aKum o6pasom,
n

—_] = Z eyl + Z e, Lo 42 V(7r Z 0 4)
v=1

v=1] v=1
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Eciu 66 B (4) moc/ienHee c/araemoe paBHAJIOCH HYJIO, TO 3TO pa-
BEHCTBO HMeJO Obl TaKOH e BHJ, KaK W paBeHCTBO (3), HO B HEro
BXOM/IO Obl MeHee r KBajipaTHBIX Kopueil. Eciu ke 570 mociepHee

cjaraeMoe He O6paIILBETCH B HYyJb, TO l/a, [IPUHAJIEKUT I10JIIO0

K(Va, ..., Va,4) 1 (3) MOKHO 3anucaTh Menee, ueMm C r KBal-
paTHbIMH KOpHsiMH. Takum 06pasoM, Haille NPEANOJIOKEHUE B Jo6oM
cayuae NPHUBOAUT K [IPOTHBOPEUH!IO.

3apaua 1. Tlore anreSpautecKnx UHCEN aireGpauuecku 3aMKHYTO, a MoJe
BeIECTBEHHBIX aJre6panuyecKHX Yucesl BEeleCTBEHHO 3aMKHYTO.

3apaua 2. INocTpoennoe B § 72 UHCTO ajireGpaHuecKHMil CPEACTBAMH a.re-
Gpamueckn 3aMKHYTOe anreGpanyeckoe DAaCIUMpeHHe Mo/ Q@ paunoHaNBHBIX YHCE]
u3oMopdHO NoJo A aireGpanueckHx HHCes.

3agaua 3. INycts P—HekoTopoe mosie BellleCTBEHHBIX HHCE], 2 ¥ —rmoJe
BCEX BelleCTBEHHBIX aireGpanveckux Hap P umcen. Torja 2 BeileCTBEHHO 3AMKHYTO.

3agaua 4. Ecan none P ¢opMasbHO BENIECTBEHHO H JIEMEHT { TpaHcueH-
nenten Hag P, To P (f) dopmaabHO BellleCTBEHHO. (B paBencTBe —1= 22 (/) 3ame-

HUTh ! Ha mOAXOjsule BHOGpaHHYIO KoHcranty u3 P.)

§ 82. TeopeMbl CylIeCTBOBAaHHS
adsi GOPMAJbHO BEeCTBEHHBIX MOJei

Teopema 7. [Tycmo H — gpopmarero seujecmeenroe nore u Q—
aneebpautecKy 3AMKHYMoe pOCcULUpenue NoAs K. Toeda cywecmsyem
(no xpaiineil Mepe OO0HO) BEULECIBEHHO SAMKHYMOE noie P, saxawouen-
noe mexcdy K u Q, 0as komopoeo Q=P (i).

JlokasarteabcTso. [Ipumennm jgemmy Llopra (§ 69) K yacTHYHO
ynopanoueHHOMy MHOMecTBY M (opManbHO BEIECTBEHHKIX H COLEP-
wamux H moanosein mosst Q. B KaXioMm JIMHEHHO YIOPsIOYEHHOM
NOAMHOKeCTBe M HMeeTcsi MaKCHMaJbHblil 3/EMEHT, a HUMEHHO — 00b-
eIMHEHHe BCeX moJiedl 3TOro nojMHoxec1Ba. COr/acHO Jemme [lopHa
CYlIeCTBYeT HEKOTOpoe MaKCHMasbHOe (OPMabHO BELLECTBEHHOE N0/e,
conepxamee H v npunapiexaiee ; 0003HAYHM €ro Hepes P.

Ec/iii a — NPOU3BOJIbHBI 37eMeHT u3 £, He npuHajaeKalui
nomo P, 1o P (a) ne siBasercss GpopmasbHO BEIECTBEHHBIM. 10 BO3-
MOXKHO JIMIIb TOrAa, Korjaa a aareGpauued nax P, motomy 4To mpo-
CTOe TPaHCUEHJEHTHOe pacuipeHre (HOpPMaIbHO BEleCTBEHHOrO NOJIf
dopmanbro Bewectenno (§ 81, sanasa 4). CrenosaTesnHo, Kax Apli
ajgeMedT u3 Q aiare6panuen Hapg P, T. e. Q — anreGpanueckoe pac-
mmpenne noas P. Tak xak, jajnee, B KauecTBe @ MOXHO B3ATh IPO-
W3BOJIBLHBIE 3/71eMEHT u3 Q, He coiepxaluiuiics B P, T0 HM OXHO IpO-
cToe cobeTBeHHOE aareGpanyeckoe pacuupenne P (a) nons P e moxer
6biTh (POPMa/IbHO BELECTBEHHBIM, TaK uTo nose P BelllecTBEHHO 3aM-
kHyTS. CoriacHo Teopeme 3 (§ 81) mone P (i) anre6panuecky 3am-
KHyTO, a TOTOMy OHO coBrmajaer c¢ monem £. Teopema J0Ka-
3aHa.

ChopmyaupyeM B SIBHOM BHJAE HEKOTOPHIE HYaCTHbIE Cayuan H CAEA-
CTBUSl H3 Teopembl 7,
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Teopema 7a. [aa kaxdozo ghopmanrsro seujecmeennozo noss H
cyujecmeyem no Kpatinell mepe 00HO 6EU{ECMBEHHO 3AMKHYMOe ar2ebpali-
weckoe paculipenile.

15 noKasaTesqbCTBA HYXXKHO JIHIb BHIGPATh B KayecTBe MoJf §
U3 TeopeMbl 7 aJre6paHdyecKd 3aMHYTOe anreGpauyeckoe pacIUHpPEHHE
noast H.

Teopema 76. Kascdoe ¢opmarsno eeujecmeenroe noae moxcem
Ovime YynopadoueHo no Kpatnel mepe 00KUM Cnocobom.

10 caenyer 6e3 KaKHX-1H60 HOBBIX COOGpaXKeHHH U3 TeopeMsl |
(§ 81) n Teopemnr 7a.

Ecny, nanee, nose Q — npousBosbHOe anreGpanyecKH 3aMKHYTOe
pacLIMpeHHe XapaKTepUCTHKH HYJAb U B TéopeMe 7 B KauecTse noan K
fepercd TmoJe palMOHA/bHBIX YHCEJI, TO MOJYydYaercs

Teopewma 78. Kagdoe arcebpauuecku 3amkuymoe nose Q xapax-
mepucmuKky  Kyab codepacum (no Kpadreld mepe 00KO) 6eulecmeenHo
samkHymoe noonoae P, 0aa xomopoeo Q=P (i).

JJisi ynopsijoueHHbIX mosned Teopema 7 MOXeT GbIThb CYIIECTBEHHO
yCcuJIeHa:

Teopema 8. Ecau H — ynopadouennoe nose, mo cywecmeyem
00HO u, ¢ mounocmero 00 SKSUBANCHMHOCIU PACLULPEHUL, MOAbKO
00HO 6eiecmeenHo samKHymoe arcebpaudeckoe pacuiupenue P nosa K,
ynopadouerue Komopoeo ABASEMCs npodoaxceruem ynopadouenus noas K,
[Toae P He umeem nemodOecmsenHbLx aBMOMOPPHUIM08, OCMABAAIOULUX
Ha mecme KascOoul saemenm u3 H.

HokasarteabcTBo. Kak u B Tteopeme 6 (§ 81), uwepes H
Oyaer o6o3HayaTbCA T10J€, KOTOPOE MOJYYaeTcss MPHCOeAMHEHHEM
kK H KBaapaTHbIX KOpHeHl M3 BCEeX NOJOMKHTEIbHHIX 3/JeMeHTOB u3 H.
[lyctb P —anreGpanyeckoe BEIECTBEHHO 3aMKHYTOE paclIMpeHye

nonss H. TakoBoe cyilecTsyer B CHIy TeopeMbl 7a, TIOCKOJIbKY YiKe

ussectHo, 4ro H ¢opmanbHo BemectBenno. Ilose P anreGpauuno
nag H u ynopsjouenwe nois P sBasiercss mpojo/nkenuem yrnopsiio-
uennss Ha H, Tak Kak Kaxkabli NONOXKUTEJNbHEI 3JeMeHT u3 K
aBJaseTcs KBajgpatoM B H, a 3HauuT, ¥ B P. TeM caMbiM NOKasaHo
cyulecTBoBanue Tpebyemoro noas P,

Ilycts P* —BTOpoe anreGpanyeckoe BEIIECTBEHHO 3dMKHYTOE pac
unpenne noas H, ynopsjoueHne KOTOPOrO MHPONOJKAEET YIOpALOUe-
e nra H. Tlycrs f(x) —(ne oOsi3aTe/lbHO HepPA3/NOKUMBIH) MHOTO-
unen ¢ kosppuuuentamu n3 H. Teopema Illrypma nossossier Boisic-
HUTb, HE BBIBOJASI 3a mnpeneanl noas H, ckoJbko KopHed HMeer
MHorouned f(x) B P unm B P*: ans atoro nocratouno pacemorpethb
psin rypma pos f(x)=x"+ax**+...+a, CnefoparenbHo, f(x)
HMeeT CTONBKO XKe KopHed B P, ckoabko u B P*. B wactHocTH,
kKaxnoe ypasnenne Hap H, obnanatoimee B P 1o xpafineil mepe oguum
KopHem, o6najaer u B P* no kpafiHeli Mepe OjHHM KOpHeM, H Ha-
obopor. Ilyets oy, @, ..., %, —KOPHH MHOrOuJeHa [(x) B P, a B},
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B%, ..., B¥ —ero kopuu B P*. ITyctb, nanee, snement § u3 P BhiGpan
rak, uto K (E)=H (o, ..., @), ¥ nycTb F(x) =0 - Hepasnoxumoe
ypasuenne aas & Hay H. Mporounen F(x) ofranaer B P kop-
HeMm £, a notomy u B P* y Hero ecTb no kpaiiHeil Mepe OJlHH KOpeHb 1*.
Pacumpenns H () u H(n*) sksuBanentn nan H. Tax kak H(§)
TOPOK/JAeTCsl 7 KOPHSIMH @, ..., &, MHOrounesa f(x), pacuupeHne
H (n*) 1OMKHO MOPOXKIATHCS r KOPHAMH 3TOro ke MHOrowlena f(x);
TaknM o6pasoM, H (m*) ssasercsi moanmoseM B P*, otkyma H(n*) =
=H @5 ..., B¥). Tostomy H(ay, ..., @) u H(B, ..., p7) aB-
JISIOTCA SKBHBAJEHTHHIMH PaCIIMPEHHAMH MOJIs

Yrobbl mnokasatb, 4yTo P u P* — ToXe 3KBHBa/JeHTHHIE paciuupe-
uug moas H, 3ametnMm, uro mo6oe H3oMopdHoe oTobpaxceHHe u3 P
Ha P* ofszaTenbHO COXpaHsieT MNOPSIOK, KOTOPhIH (COTJIaCHO AOKa-
satenbeTBY TeopeMsl 1 u3 § 81) ompenensiercss CBOACTBOM 3JeMeHTa
GbITb MM He OhITh KBajgpaToM. [losTomy onpeesuM ciejyioliee OTO-
gpaxenue o u3 P ua P*. Ilyctb a— snemert us P, p(x)— nepas-
JOKHUMBI MHOTOWIEH, KODHEM KOTOPOro SBJISIETC o H KOPHSAMH
KOTOPOTO CJyXKaT 3/EeMEHTH @, G, ..., G W3 P, mponymepoBaH-
Hble TaK, 4TO Gy << Oy < ... < O, TMYCTb IIPH 3TOM o = a. Ecau af,
of, ..., af —KOpHH MHorouleHa p(x) B P* n of <af << ... <or,
10 nyctb 0 (o) =oaf. OueBHAHO, O OINpEJEJIEHO OJHC3HAYHO H OCTaB-
aser saementsl 3 H Ha wmecte. HyxkHo nokasath, 4To 0 siBjsiercs
u30MOpGHEIM OTOOpameHueM. [IycTb f(x)— Mpou3BOJBHO BHIOpaHHBIH
as 3Toi mean MHorouwted Han H, vy, Vs ..., ¥s—ero kopuu B P,
a v, %, ..., y¥ —ero kopuu B P*. Tlycts, nanee, g(x)— mHoro-
yaen Haa H, KOpHH KOTOPOro SIBNAIOTCA KBAJpaTHbIMH KOPHSMH H3
pasuocTeli KopHeii muorowresa f(x). Ilycts &, &, ..., & —xopuu
muoroutena g(x) B P, a 6f, &3, ..., 0f —ero kopHH B P*. Co-
rJ1acHO J0KA3aHHOMY BbIILE TIOJIS

A=H @y oor Por 815 ooy ) 1 A¥=H@], ..., 5, 6, ..., 6)

SBASIOTCS! SKBHBANEHTHbIMH pacuipennsivp moas H. CrenoBatenbHo,
cyliecTByeT H3omMopduoe oTOGpaKenue T H3 A ua A*, octapasioiiee
Ha MecTe Kaxapll 3aemeHT H3 H. C IOMOLIbIO T KaxJAOMy y COINO-
CTaBASITCsi HEKOTOpoe ¥, u KakioMy §— Hekotopoe &*. OGosnave-
Hua BbGepeM Tak, uToObl G6LUIO T (Yx) = Y&, T (8x) =0h. Ecam y, <<
(8 P), To y;— Y, =0k 4151 HEKOTOPOTO HHIEKCA h, Tak uro

vi —vi =068,

oTKyna vi <yi (8 P*). CienoatenpHo, oToGpaxeHHe T yNOpsAAOYH-
paeT KOpHHM MuorouneHa f(x) B P u P* no ux Beanunne. Tak xaK
5T0 € MMEeT MeCTO sl KOopHell HepasnoxuMbix B H MHOXuTene#t
mHorounena f(x), To T(y:) =0 (yx) (k=1, 2, ..., s). Bubpas Tenepb
MHOTOWIeH [ (x) Tak, 4rtoGbi CpeiH €ro KOpHeil cojepxasuch [B8a
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NpOH3BONBHLIX Hamepej 3aJaHHLIX 3/leMeHTa @, P u3 P, paBHo kak
U UX cymma o -+ P u npoussegenue o-f, y6enHMcs B TOM, 4TO O —
n3omoppHoe ortoGpaxenne noas P na P* u npurtom eauuctBenHoe,
octapasfiolee Ha Mecte sjeMeHTh M3 H. Ilosnoxkum P* =P; Torna
OKaXeTcs, YTO Hale yTBepxjeHHe o6 aBToMopdu3Max nosas P rtakske
ClpaBej/IHBO.

Tak xak coryacHo § 77 nose pauuoHanbHeix uncen O momy-
CKaeT TOJbKO ONHO YIHOPSJOYEHHE, H3 TeOopeMbl 8 HeMeLIeHHO cle-
nyeT

Teopema 8a. Cywecmsyem —u npumom moasko 00HO ¢ mou-
HOCMbIO 00 U30MOPPUIMA _NOAeL — BELIECIMBEHHO 3AMKHYMOe areebpati-
4ecKoe pacuiuperue noas

B KauecTBe 3TOr0 MOJIsi MOXKHO, KOHEUYHO, B3siTh OOhuHOE moge R
BELIECTBEHHBIX anre6panyeckux uucea (§ 78), nonyuaiouieecs nyTem
BbieJIeHHs1 anre6pauueckuX 4YHCeN M3 COBOKYIIHOCTH BCEX BeIecT-
BEHHBIX 4HCeJ.

Kak mbl yBuaum, note R B A sABasiercs He eHHCTBEHHBIM Be-
IIECTBEHHO 3aMKHYTHIM TIIOJIeM, a TOJMbKO OJHHM H3 GECKONEUHOro
MHOXKECTBA 5KBHBAJICHTHBIX €MY.

Teopema 9. Kaocdoe ¢opmarsro seujecmeennoe arcebpauseckoe
pacuwuperue K* noas Q usomoppro nexomopomy nodnomo e R, m. e.
HEKOMopoMY NONO BEU4ECIBEHMBIX (N2COPAUHMECKUX HlLCen.

HokasatenbctBo. CornacHo TeopeMe 7a Mbl MOXKEM IIO-
CTPOMTb anreGpanueckoe BelleCTBEHHO 3aMKHYTOe paciuupeHde H*
noas P* kotopoe cornacHo TeopeMe 8a 06s3aTeNbHO H30MOPGDHO
nomo R. Orcrona caenyer TpeGyemoe.

Kaxpoe usomopduoe otobpamenne u3 H* ma H =R naer, ko-
HeuyHo, HeKoTopoe ymnopsanoueHue Ha H*, Tak kKak Bce nogmoas H
B R siBastorcss ¢ camoro nauana ynopspoueHnbiMH. HaoBopor, Tak
MOXHO MNOJyyHTh Jo6Goe ynopsanoueHne Ha H*, notomy uto Kou-
CTPYKIHS BEHIECTBEHHO 3aMKHYTOTO pacuiipeHus P*, mpoeenennas
B JIOKa3aTe/NbCTBE TeopeMbl 9, MOXKET COIJacHO TeopeMe 8 mpoBo-
JHTBCH TaK, 4TO ymopsAnoyeHue Ha H* coxpanutca. dto ynopsjo-
YeHHe IIPH YKa3aHHOM H3oMopdH3Me nepelifieT B (€IHHCTBEHHO BO3-
MOxkHOe) ynopsigouenue Ha R.

Ecau, B wactHoctd, B KavecTee H* B34Th KOHewHoe moJjie anare6-
PaHYeCKHX YMCeJ, y KOTOPOrO eCTb JHIUb KOHEYHOE YHCJIO H3OMOp-
¢du3MoB B mosne A, TO MOJYUHTCS CJEAYIOLIEE yTBEPKIEHHE:

Yucao usomopgpusmos, nepesodsuyux nose K* 6 nose eewjecmsennoix
QA2E0PAULECKUX HUCeA, PABHO HUCAY DABAUMHBLL YnOpsOouerutl, B03MONC-
woix na H* (6 wacmnocmu, smo wucao pasro Hymo, ecau K* we sg-
ASeMCS (POPMANGHO BEU{ECMBEHHOIM).

Tor dakt, uyto Kaxpoe comepxxkaiieecs B A dopMmasbHO BelIeCT-
BEHHOE NoJI€ MOXeT ObiTb pacCUIMPEHO 1O HEKOTOPOro BeleCTBEHHO
samkHyToro mnoas P* c A, npuBOAMT K cheayolieMy pesyqabTaTy:
B noae A ecTb OGCKOHEUHO MHOrO Takux mnogaedi P* (koTopbie
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coraiacso Teopeme 8a usomopdHsl Apyr apyry). Iloas Buna Hf =

Py
=@Q (@ 1/2>, IJie 7 — HeKOTOpOe HeueTHOe HaTypajbHoe YHCJI0 H §—
HEKOTOpBIl KOpeHL 7-H CTeNeHH H3 eJWHHIbI, H30MOP(HBEI MO0

" —
@(1/ 2>, a rnoToMmy ¢opManbuo BeuiectBeHHbl. Onu, Takum OG-
pasoM, MNPUBOMAT K BELIECTBEHHO 3aMKHYTbIM DACIIHPEHHSM P¢,
KOTOphi€ IIPH @HKCHPOBQHHOM n BCe pasjanYHbl, INOCKOJbBKY BCAKOE
YNOpsIOYEHHOE TI0/Ieé MOXKET COjepXKaTh JHIb OIMH KOPEHb n-i
cremedn u3 2. Unejao e n TakuxX moJeill MOxeT ObiThb Kak YTOAHO
BE&JIHKO.

3agaua 1. Ilyctb 6— KOpeHb HEPA3JIOKHMOIO Hax Q ypasuenus x4 —x— 1=
— 0. CKObKHMH crocobamu Mower Obith ymopsgoueso nose @ (6)?

3anaua 2. [Toxe @ (f), rae {—nepemennas, moxer ObTb YIOPSAOYEHO 6ec-
KOHEUHBLIM UYHCJIOM CIocoGOB, NMpPHUEM KaK apXHMeIOBEIX, TaK H HeapXHMEIOBbiX.
Tepemennas ¢ MoxeT GbiTh BhGpaHa # Kak GeCKOHeUHO GoJibiuas H Kak OECKOHEUHO
Manasa (cp. § 77, 3agaua l).

3apgata 3. CKOIbKO KODHell HMeer MHOroujeH (22-—f)?—I3 B BellleCTBEHHO

3aMKHYTOM pACIIMPEHHH [OJs Q (¢), ecin ¢—GCeckoneuno Manas? I'Ze Jexar STH
KOpHH?

§ 83. CymMMbl KBajpaToB

BLISCHUM Telepb CAGNyIOUHME Bompoc: Kakue aieMeHTsl noas H
NpeACTaBASIOTCS B BHJIE CyMMbl KBajpaToB 3/JEMEHTOB H3 H?

TIpu 3TOM MOXKHO cpa3y OrPaHHUMTHCA (POPMATbHO BEIECTBEH-
HbIMH moJisiMu. JlelicTBuTeabHO, ecau noide H He sBasercs ¢op-
MaJbHO BellleCTBEHHBIM, TO —1 T[pejcraBasieTcsi B BHAE CYMMb

KBajpaToB:
n
—1=Yai.
1

Ecau H uMeeT XxapakTepHCTHKY, OTJIHYHYIO OT 2, TO OTCIOJA C/eLyeT,
yTO VIS TPOM3BOJLHOTO 3/€MeHTa ¥ u3 H HMEeT MecTo pasjoxeHue
Ha n-}+1 KBajgpaToB:

1 2 1 —wv\2
=5+ (B ()
Ecau xe H uMeeT XapakTepuctuky 2, To JqoGas cymma KBajpaTos
caMa fIBJASeTCsl KBafpaToM:

9\2
Yot =(X )
Jlerko mposepHuTh, YTO CymMMa W IIPOHM3BeJieHHE CyMM KBaapartoB

BHOBb ABJSIOTCH CyMMaMu KBaapartoB. OJHAKO H 4acTHOE JBYX CyMM
KBajpaToB sBJAsieTCS CyMMOH KBajpaToB:

[¢2

% —a-B (B

JlokameM 18 CUeTHbIX (QOpMaJbHO BellecTBeHHBIX mojedl H cie-
LYWILYIO TEOpeMy:



§ 83} CYMMbl KBAPATOB 295

Ecau snemenm vy noas W we ssasemcs cymmoii xeadpamos, mo
cywecmeyem ynopadouenue noan W, e komopom y seasemes ompuya-
MEAbHOIM INeMEHMOM.

Hoxasarteanctso. Ilyctb y He siBIsiETCss cymMMofi KBagpaTos.

[Mokamem npexge Bcero, urto none H () —9) dopmaibho Bemecr-

BeHHO. Ecsn —vy npuHamIexut H, To yTBepxKieHHe OUEBHAHO.
B mporusnom ciyuae Gygem paccyxaath Tak. Ecau

—1= i (“v V__‘—Y—‘f' ﬁv)2,

TO TOUHO TaK »Ke, Kak 370 Oblio monyueno B Teopeme 1 (§ 81),
YCTaHaBJIHBAETCsl, YTO
1+ 308}

Ve
L
T. €. 3JIeMeHT ‘V oKa3sniBpaercsa CyMMOfI KBallpaTOB, qyTo npomsopeqm

yeaosuio. Ilostomy none K () —79) dopmansno Beuectsenno. Eciu

Tenepb H (I/—v) yNOPsI0YEHO B COOTBETCTBUH ¢ TeopeMoll 76 (§ 82),
TO 37TEMEHT — Y, SIBASiACHh KBAAPATOM, JO/KEH ObITh IO/J0KHTEbHBIM.
YTBepKIeHUe J0Ka3aHo.

B npuvenenuu K QopManbHO BEIECTBEHHBIM MOJAAM ajrebpau-
€CKHX 4YHCes (eCH IPUHATb BO BHHMaHHe, 4TO coryiacHo § 82 Bce
BO3MOXKHLIE  YNOPAJ0YEHHSI TAKOTO MNOJAA MOrYT ObiTh MOJdYUYEHD!
C [OMOLULBIO H30MOPQHBIX OTOOpa:KEHHH Ha CONpPAKEHHbE MOAS Be-
LIECTBEHHBIX YHCEN) 3TO faeT CJAEeNYIOULYIO TeopeMy:

Jnemenm y noan W areebpaudeckux uucer seasemcs cymmoil
keadpamos moeda u moabko moeda, Ko2da npu 6Cex USOMOPPUIMAX,
nepesodawux KW 6 conpasennoe ¢ Wum eewjecmeenroe noae, 4UCAO Y
He nepexooum 8 OMmpUYAMeAbHOe HLCAD.

OJT1a Teopema COXpaHseT CHJAYy M Torja, Korja moje H He siB-
AsieTcsi (POPMasbHO BEIeCTBEHHBIM, IOTOMY UYTO B 3TOM C/ydae Bce
yncna u3 H o sABAAIOTCS CyMMamH  KBajpatoB, H30MOP(DH3MOB Ke
YKa3aHHOIO THna BOoOOIIe He CYILeCTBYET.

OneMenThl nons aiareGpanueckux uucea H, koTopbie mpH MoGoM
H3omopdusve Ra compsuikeHHoe ¢ H Tosie BellecTBEHHBIX YHCEJ OKa-
SBIBAKOTCH [IOJIOXKHUTEJNbHBIMH, HAa3bIBAIOTCH GMOAHE MOAONCUMEALHBIMLL
B H. Ectn y mosnsi K HeT BelecTBeHHBIX CONpSKEHHBIX MoJel, TO
Kaxgoe uucao u3 H Moxker GbiThb HA3BaHO BIIOJIHE MOJOMKHTENbHBIM.
llouarne BHOMHE NONOKUTENBHOTO UHCAA MOMET OHITH IePeHEeCeHO
Ha mpousBo/ibHOe noje H, ecau BrOAHE MNMOMOKHTEAbHBIMH 3JeMeH-
Tamu U3 H Ha3BaThb Takue, KOTOpble OKasLBAKOTCS MOJIOKHTENbHBIMH
npu Bcex ynopsinoueHuax Ha H. (B uwactHoct, ectn H ue ofnanaer
HHKaKHM YyMopsijodeHHeM, T. €. He fB/IseTCR (QOpPMa/IbHO BEIIECTBEH-
HBIM, TO JIIOGOH €ro 3/JeMEeKT BIOJIHE MO0/IOMKMTeeH.) MTak, pesyabrarsl
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sroro naparpada MOXHO  PE3IOMHPOBATb  CJELYIOLIHM o6pasom:
6 NpPOU3BOALHOM TNO0AE, XAPAKMepUcmuKa Komoposo omauuHa om 2,
KaoicOblli  6NOANE NOAONCUMEALHbIL  dNEMERM npedcmasasiemcs 8 eude
cymmolL K8a0pamos.

JluTepaTypa K OXMHHARUATOH TiaBe

JlanbHeiilune CBeJeHHSt O YHC/Ie KBaJpaToB, XOCTATOHHOM VLA [peNCTaBIeHHs
BIIOJIHE TOJOMHTEJAbHBIX HHCe YHCJOBOTO MO/, MOXHO HaiiTH B pabote Jlanpay
{Landau E.). Uber die Zerlegung total positiver Zahlen in Quadrate. — Géttingen
Nachr., 1919, S. 392. Cayua# QyHKUHOHAJIbHBLIX nodefl omucan B pabotax: ' W b-
6ept (Hilbert D.). Ober die Darstellung definiter Formen als Summen von
Formenquadraten.—Math. Ann., 1888, 32, S. 342—350; ApruH (Artin E.).
Uber die Zerlegung definiter Funktionen in Quadrate. — Abh. Math. Sem. Univ.
Hamburg, 1926, 5, S. 100—115. Tlo nosony OCHOBHO} Teopembl aiare6pbl CM. BaH
1119eg Kopnyrt (van der Corput G.). —Colloque international d’algébre, Paris,

949.



T aa6a Osenadyamasn

JIMHEHHAS! AJITEBPA

Jlunelinas asre6pa 3aHHMaeTcsi MOAYJSIMU H WX TroMoMopdus-
MaMHi, B 4YacTHOCTH, BEKTOPHLIMH NpPOCTPAHCTIBAMH M UX npeobpaso-
BaHUAMH. B KadecTBe NpHJIOKeHHS Teopuu MonyJed B § 86 Oymer
noJlyyeHa OCHOBHasi TeopeMa 06 aGeneBbix rpynnax. B § 90 peus
HIET O KBajpaTHuHbIX ¢opmax, B § 91 —06 aHTHCHMMETPHUYECKHX
6unuHedHbIX (popMmax.

Ipenaguaras rJjaBa UEJHKOM ONMHPAaeTcs Ha TEOPHIO [Py ¢ ore-
patopamu (rsasa 7).

§ 84. Moayau Haj NPOH3BOJbHBLIM KOJILLOM

Iyctb R — npousBo/ibHOE KOAbLO ¢ enuHuledl € U H M — moboi
npaBbii R-Monysp, T. e. ANAMTUBHAS rpynna ¢ o6/acCTbio Omeparto-
poB R. Dnementbl u3 M OGyayT o603HAYATHLCA JATHHCKHMH OyKBaMH,
a u3 R —rpeveckumd. [lpaBuia onepupoBaHUs COCTOAT H3 COOTBET-
CTBYIOIMX NPaBMI B aJJAMTHBHOH Ipynne M eule CJAefyHLHX:

(@-+b)h=ah+bh,

a(h+p) =ah+ap,
a- A =ah-p.

U3 3akonos puCTPpUGYTHBHOCTH, KakK OObIYHO, CJENYIOT aHaJoruy-
Hblé 3aKOHbl 15 BLIUHTAHMS, MYJbTHITMKATUBHbIE CBOHCTBA CHUMBOJA
(MHHYC», @ TaKxke TOT (aKT, YTO NpPOH3BEJEHHE DABHO HYJIO, €Ciau
B HEM yuacTByeT HyJeBOH COMHOXHTeab (6yAb TO Hy.ab u3 R wiu
u3 M),

Msl 3amyceiBaeM omnepaTtopbl CIpaBa, OJHAKO 3TO JEJO cOrJlallie-
uus. Bece fokaspiBaeMbie HHXKE TEOPEMbl OCTAIOTCH BEPHBIMU H TOTA,
KOrJia ONMeparTophl CTOAT CJIEBA.

Enununa xosbia R He o6s3aHa ObiTb €NHHHYHBIM ONEPaTOPOM:
3JIEMEHT a€ [/ HEKOTOPhIX @ MOxKeT ObiTb OTaHuYHbM OT a. (Ilpu-
MEpPOM TOMY CJYKHT MpaBHJO onepupoBanda aA=0 j1a BceXx a H
oisa Bcex A.) OgHako Bcerga HMEET MECTO PaBEHCTBO

a=(a— ae) 4 ae. M

[leppoe ciiaraemoe 3hecb aHHYJAHPYETCS ClpaBa MHOXKHTeNEM &, a
BTOpPOE COXPAHfAETCS NPH TAKOM yMHOXEHHM Ha &. Bce mepBsoie cia-
raemele B paBenctse (1) o6pasyioT HekoTOphli noaMomysas M, B M,
AHHYMMPYEMBblii 3/IEMEHTOM & M, CJIeIOBATeJbHO, BCEMH 3JEMEHTaMH
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eh u3 M; BTOpBIE Ke caaraemble 06pasyioT nmoaMoayb My, Ha KOTO-
POM €JMHHIA € CJYKHT €IUHHUHBIM orepaTopoM. OOLHM 3/eMEeHTOM
5THX ABYX MOAy/iell MOxeT OblTb TOJBKO HYJb, MOTONY 4TO MOGOH
JIPYTO 3/JEMEHT He MOXET OJHOBPEMEHHO aHHYJHpPOBATbCA H COXpa-
HSITbCA eIHHHLeH naHHOro Koabla. Takum o6pasoM, MpejicTaBIeHHe
(1) mokasbiBaeT, uto MOAY/b M SBIAETCS MPAMON CYMMOI N, -+ M.
[Tocie Toro Kak u3 moaysast M HCKJIIOUAETCs HE HHTEpPecHas s
najbHellero yacts M, OCTaeTcs JMLIL MOAY/b, HAa KOTOPOM € fB-
JSIeTCH eIUHHYHBIM ornepatopoM. 1o smoil nputune Mol 8 nocaedyrouem
nocmosHHo npednonazaem, umo edunuya koavya R seasemes 00HO8pe-
MEHHO u eQunuunbsim onepamopom modyan M.

Ecan, B 4acTHOCTH, KOabllo R sBasercs TenoM, 1o M mpencras-
AsieT coGoil BeKTopHoe mpoctpancTBo Hajg R B cmercae § 19.

Moayab I nasbiBaetcsi KoHeuroim HAO Koavyom R, eciu ero sie-
MEHTBl MOT'YT GbiThb JHHEHHO BbIPaXKeHLI Yepe3 KOHEYHOe YHCJO 3Je-
MEHTOB U, ..., U, B BUIe

Uy + .. tghg. (2)
B stom cayuae MM smasercs cymmoii moxamozyied R, ..., u,R:
M= (R, ..., u,N). (3)

Bmecto (3) MHOrja KpaTko IHILNYT:
M= (ty, ..., Un)-

Ecin B npencraBienud (2) ko3pdHUHEHTH Ay, ..., A, oOJHO-
3HAYHO ONpENeIAOTCS 3JeMeHTOM u, To M HasbiBaeTcs modyaem
auneinox gopm nvag R. B atom cayuae cymma (3) ABASIETCS MPSIMOK:

M =uR+...+ uR.

Kaknoe KOHEUHOMEPHOE BEKTOPHOE IMPOCTPAHCTBO ABJAETCS MOAY-
JeM JHHeHHbIX ¢opM, noTomMy 4YTo corJacHo § 19 B stoM ciayuae
BCerja MoHO Bu6GpaTtb 6asuc (¢4, ..., u4,). Cor.iacuo § 20 pasmep-
HOCTb 11 He 3aBHCHT OT BblOopa GasHca.

OnepaTopubii  romoMopdusm, oTOGparKarouui MOAYAb JHHEHHBIX
dopm M = (uy, ..., u,) B MOAYIb JMHHEHHBIX Gopm N = (vy, ..., U,),
HasbiBaeTCsl Aunelnoim npeobpasosanuen M & N. Jlaa  xaxporo
Takoro npeo6pasoBanusi A, O aHAJOTHH CO CKasaHHbIM B § 23,
HMEIOT MeCTO paBeHCTBA:

A (x+y) = Ax+ Ay,
A (x1) = (Ax) A.

I[Tpeo6pasoBanne A omnpejieeHO OAHO3HAUHO, €CJAH 3ajaH obpas
KaJ0r0 TMOPOKAIOLIET0 3/IEMEHTa Uj:

Auk = Z UiQip.
KOS(I)(bI/IL[HeHTbI O;r COCTABJAKT Mampuyy Hp306PaSOBaHHﬂ A.
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Ecniu A —B3aumHo opHO3HayHOe oTOGpaxkenne MmonyJas I ua
moay/ib M, To cymectByer obpatHoe orobpaxenue A-l. Jlnis Hero

AA=1 n AA'=1,

rne cuMBOJ 1 of03Hauaer TOXKIECTBEHHOE mpeoGpasoBanue. B 5ToM
ciydae oroGpaxkenue A ¥ ero matpuua || HasbiBalOTCSH 06pa-
MUMBIMU.

Jluneiinoe npeo6pasoBanve A u ero Mmatpuny |oue| Mbl uacto
Oyrem 0003HauaThb ONHOH H TOH ke OykBo#l A. DTO He BIOJHE JO-
THYHO, HO 3aTO YIOGHO.

§ 85. Moay/u Haj eBKIMAOBBIMH KOJBUAMH.
WHBapHaHTHbIE MHOXHTEIH

O xosbue R Mbl Gynem Ternepb Npeanosaratb, 4ro OHO KOMMYyTa-
TUBHO K €BKJHIOBO B cMblcjie § 17. D710 o3nauaer, Takum oGpas’oM,
YTO KaxjaoMy 3JeMeHTy a=~=0 Ko/Jblla CONOCTABJAEHO «aGCOJIIOTHOR
3HaYeHHe» g (a), mpuyeM Tak, 4To g (ab) == g (a) H BO3MOKHO JE/EHHE.
CorsacHo § 17 B 3ToM cayuae kaxpawiii ujean B R sBasercs rJas-
HbiM. JloKakem Jisi Hauasna Cjaeaylolee:

Teopema. ITyems M — moOyrs aunednvix Gopm Had Koabyom
R ¢ basucom (uy, ..., u,). Toeda kaxdoui nodmodyre N ¢ M aeas-
emcs MoOyrem AUHEUHbIX Popm He 60ree, 4em ¢ 1 GABUCHBIMU dne-
MeHmamu.,

HokasarteabcTBo. [na Hyaesoro mouy.as IN Teopema TpH-
BuanbHa. ITycTh oHa yxke foKasaHa s (n— 1)-wieHHBIX Mopyaedt IN.
Ecin N cocTout U3 uHeHHbIX GOPM JIHIL OT 3JEMEHTOB 4,

.y Up_g, TO IO NPEANOIOXKEHHIO HHAYKIHH BCE€ HOKasaHo. Ecau N
CO/IEPXKUT JIMHEeHHYI0 GOpMy BUIA U A ...k, ¢ A, =40, 10 371€-
MEHTbl A,, TOABJAIOWIHECH NPH 3TOM, 06pa3ylOT HeHy/eBOH NpaBbI
ujean B ¢ H, CIe10BATeNbHO, IMaBHbIA npean (W,) ¢ M, 5=0. Takum
ofpasom, B N wumeerca dopMa = u;pu; ...UM, U 105 J106OH
npyroit Gopmbl uyA; +. ..+ uyh, MOKHO HaHTH TaKyIO KpaTHYIO GOpMY
lo. popMet I, 4TO ecan ee BBIUECTb M3 A +...+u,h,, TO HCUE3HET
KoaPpduunent A,. INoaywaromuecss TakuM 06pasoMm JuHelHbie GopMbI
u3 N OT mepeMeHHbIX Uy, ..., U,_; COCTABJISIOT MOAMOLY/b, KOTOPHIM
COITaCHO WMHAYKTHBHOMY mNpelnoJioxeHnuio obaanaer GasucoM ([, ...

oy Imy), m—1=<<n—1. Ho rtorna dopwmut Iy, ..., Ly, | nopox-
JaloT noaMoayab N.

OnemeHTHl Iy, ..., lp, JHHEHHO HesaBHCHMHL. Ecau 6bl cymiect-
BOBaJa JIMHEHAsl 3aBUCHMOCTD

llﬁl +..F lm—lﬁm—-l + lﬁ =0

¢ P40, 10 cpasHeHne Ko3pdumueHTOB npH u, chnpaBa M CJeBa
aano 6wl u,f =0, a 370 HEBO3MOXKHO.
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3agauva ! Ecin M —uesounciiedtbifi MOAyab JuHefHbIX dopM H RN —ero
NOAMOAYAb, TOPOKAEHHBIA KOHEUHHIM UHCAOM 32JaHHBIX JUHEAHBIX HOpM Up =

=2uiaik, to 6asuc (ly, ..., lp) C© OHNHCAHHBLIMH BbilUE CBOACTBAMH CTpPOHTCH
B KOHEYHOe 4YHCJO IIaros.
3agaya 2 C nomowbio Gasuca ({1, ..., Ip), TOCTPOEHHOrO B 3ajaue 1, yka-

3aTh crocol ONpejeeHus, ABJAETCH JH NaHHAA nuHefiHan dopMa P+ .. Palty
aJieMeHTOM MOAyJis T HJIM HET; APYTHMH C/IOBAMH, YKasaTh crnoco6 pacro3HaBaHHs,
ofJazaeT Ju cHcTeMa AMOGAHTOBHIX ypaBHEHHI

N k=0
eJiouncleHHEIME peiieHusMH  HIH HeT.

Teopema 06 HHBAaDHAHTHB X MHOXHUTEIAX. Ecau N —
nodmodyao moOyAs AUHEHLX GOPM M, mo cyujecmsyem maxoid Gasuc

(ty +..y Un) 6 M u maxol Gasuc (vy, ..., Um) 6 N, umo
Uy = Uy,
—0 )
g = (81)-

JlokasaTeabCTBO. ByieM HCXOMHTL M3 MPOH3BOJIBHOrO Gasuca
(43, ..., W) Mopysasi D H NPOU3BOJIBHOrO Gasuca (U -.-» Um) MO-
ayas N. Ilyerb

Up= 2 UiOyp. (2)

C mOMOLIbI0O MATPHUHOrO CIOCO6a 3alHucH BMECTO (2) MOXHO 3a-
nMcartb
(V1 «vvy Um)=(tg ..., U)-A. 3

Mbl XOTHM C TOMOLIbIO TOC/TENOBATEJIbHBIX W3MEHeHWH G6asHcoB
npuBecid marpuny 4 K JKeJ1aeMOH JuaroHanbHOH (opme:

&1 0 ... 0
0 8 ... 0
0 0 ... enl’ *)
0 0 .. O

JlonycruMble M3MeHeHHMs Oasuca MpH 3TOM TAKOBBI:

1. TlepecranoBka nByX (opM u« wiu ABYX (opM v, 4TO BJEYET
32 cOGOil NEpecTaHOBKY ABYX CTPOK HJIH ABYX CTO/GLOB MATDHIbI A.

9. 3amena onHOH u3 GopM u; na dopMmy u;+uh (j=~=i); npu
5TOM M3 -l CTPOKM Marpuubl A BLIUMTAeTCs i-A CTPOKA, YMHOXKeEH-
Has CjeBa Ha A

Up = Z uiocik=...+(ui—|—u,7»)061k+---+u1 (alk“}\‘aik)_I—"‘

3. 3amena moGoii GopMbl U, Ha vp—UA (j=k); npu 3TOM U3
k-ro croa6ua MartpHisl A BblunTaercs j-ii cloaGer, yMHOMEHHEIH
cnpaBa Ha A:

Uy — U/}\t = Z u; (oc,k — oc,,?»).
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Bynem npeoGpasoBbiBath MaTpully A ¢ momoulblo onepauuit 1, 2,
3 70 Tex Mop, IOKa Heab3a Oydem ymervuiumo aOCOMOMHOe 3HQUeHUe
HAUMEHbUIE0 U3 OMAUYHBIX Om Hyas saemenmos mampuypst A. C mo-
MOLIbIO Orepaldu | Mbl MOXKeM JOGHTbCA TOro, 4ToObl HAHMEHbLIHH
3J1€MeHT MaTPHIbl, OTIMYHBIL OT HYJIS, 3aHAT MECTO O4y. C MOMOLIBIO
omepauud 2 chesaeM Tak, 4ToObl OblM  MPENeJbHO  YMEHbIIEHBI
OCTaJbHbIE 3JEMEHTHl [EPBOro croJbua; A5 3TOr0 HY:KHO BBIUHTATh
MOAXOAALIHE KpaTHble IIePBOH CTPOKH M3 MOCJENYIOUIHX CTPOK.
[Tonyuuresi, 4TO abCOMIOTHble 3HAYEHHS 3JEMEHTOB MEPBOro CToJbua
MeHblle, 4YeM |oyq|, T. €. OHH paBHbl 0. TouHO TaKk ke 3aMEHAITCS
HYJASIMH 3/ME€MeHTH nepBofi CTPOKH (mpeo6pasoBanusi Tuma 3) Ges
M3MEHEHHS 3JeMEHTOB IepBoro crosbua. Ilocie sTHX omepauuii Bee
51€MEHTH MATPHIbl JO/KHBl LEMHTBCS Ha O4;. Ecu 6bl 310 ObLIo He
TaK, TO KAKOH-TO 3JIEMEHT, CKaxeM, O, He Jeausacs Obl Ha oy H
T0rJa Ha OCHOBAHHMH aJTOPHUTMA JIeeHHS] HMeo Obl MECTO DPaBEHCTBO

ap=0,084v, v7#0, g(r)<g(an)

[Ipu6aBumM cHadaja C HOMOIIbIO ONepauud 2 MepBYI CTPOKY K i-il
M BbIUTEM 3aTeM C [OMOUIbIO Omepanud 3 U3 k-ro cronbua NepBLi,
YMHOXKEHHDBI Ha P; Torja Ha MecTe ({R) NOSIBATCH 3JIEMEHT 7y, sl
KoToporo g (y) << g(a@y;), 4YTO TNpPOTHBOPEYHT MUHHMAJTBLHOCTH 3Je-
MEHTa Cly3.

Tenepb MaTpulla BbILIAJHT TaK:

11 0 ... 0

0

LA ,
0 I

rme Bce aneMeHTH M3 A’ gesisitess Ha ay;. C MNOMOLIbIO MOCMHEYIOWHX
onepanuii Hy>XHO H3MEHHTb NEpPBHIH cTO/OEl M MEpPBYI0 CTPOKY MaT-
puibt A’ TOUHO TaK Ke, KakK 3To penanoch ¢ matpuuel A. Ilpu 3tom
ne Gyjer yTpaueHa JeJMMOCTh KaxJoro M3 3/ieMeHtoB B A’ Ra oy.
B kouue koHuos A’ npuMeT BUA

oy 0 ... O

0

s Ar/ N
0
r7e Bce 3jeMeHTH M3 A" JeJATCs Ha Q. Ilpojonxkas TakuMm obpa-
30M, Mbl Yepes s LIArOB MHOJNYYHM HCKOMYIO HOpMaAbHYyto opmy (4).
Cayuait, korma oxua u3 Martpuu A, A’, A", ... coCTOMT cnJOLIb H3
HyJefl, MCKJ/HUYaAeTcsi, NOTOMY 4YTO HHAye HEKOTOpble H3 3/eMEHTOB
U, GbLIM Obl PaBHBI HYJIO, TOIAAa KaK HA KaXAOH CTaJiMH ONHCAHHOIO

npolecca 3/7eMeHThl U cocTaBisioT Gasuc moxysaa M. Teopema po-
Kasaua.
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3ameuanud. 1. Onepanuu 1 — 3 Bcerna ocyuiecTB/AAIOTCS YMHO-
JKeHHeM MaTpuibsl A cjJeBa MM CIIpaBa Ha HEKOTOpble 06paTHMble
MaTpHibl Hax kKogaenoM R. Ecau BBecTH HOBbie Gasuchl

(uy ... un)=@y ... up)-Bu (vi ... vp)=(vy ... v,)-C,
TO
(0] ... Um)=(0y ... 0)C=(uy ... up) AC=(uj ... us) B* AC.

Teopema 06 MHBAPDHAHTHBIX MHOXKHTEJSIX PaABHO3HAUHA, TAKHM o6pa-
30M, YTBEPKIEHHIO O CYILIECTBOBAaHHWH oOpaTuMbiXx Matpuu B, C, ais
kotopbix B-1AC —wmatpuua Buja (2).

2. Ilpeo6GpasoBanue MaTpuiel A TeM Ke caMbiM METOJIOM Yjaercs
M TOrJid, KOTJa 3JeMeHTHl U HE COCTABJAIOT JMHEHAHO HE3aBHCHMON
CHCTEMbI; TOJILKO B 3TOM cJydae onHa u3 marpun A, A’, A", ...
OKa)eTCsl HYJeBOH M Mbl IIOJYYHM BMECTO HODMa/dbHOH (opMbl (4)
¢dopmy Gosiee ofliero BHJa,

&1 O

BAC = " ®)
8"

0 0

rae r — paur Matpuusl A. COOTHOLIEHHS NEJHMOCTH MEXIY 3JeMeH-
TaAMH &; OCTAIOTCS TEMH 2Ke.

3. MuHopsl k-ro nopsjaka npeoOpasoBaHHoH MaTpuubl D = B-1AC
ABJSAIOTCS JIHHEHHBIMH (GYHKIHMSAMH MHHOpPOB Martpuusl A u, asaljo-
rHYHO, MuHOpPBI MaTpuuel A =BDC-! gpisorcsi JHHEHHBIMH (yHK-
uusMH MuHOpoB MaTpuubl D. CienoBatesnbHO, HanGOJbUIME OOLIHH
genuTesb 8, MHHOPOB k-ro mopsinka Marpuusl A oTyuyaetcs oGparu-
MBIM MHOXHTEJEM OT HauOOJbILIero OGLero NeNuTens MHHOPOB R-ToO
nopsigka Matpunsl D. Ho gna D Jjerko nojacuurtarb, 4To

Sp=2¢:8,...8, (R<<r),
TaK 4TO
Sp=0p18, (l<<hk=r). (6)

DneMeHTH O HA3BIBAIOTCS OemepMUHARMHOIMY OCAUMEeAIMU MATPHILBI
A, a e, — unsapuanmuoinu MmHoscumeaamu Matpuusl A. M3 (6) cie-
AYeT, YTO UHBAPUAHMHbIE MHONCUMEAU SBASIOMCL OMHOWEHUAMU 08YX
noce008amenbHblx OemepMUHARMHbIX Oeamenet.

4. Tot dakT, 4TO MHBapHAHTHbLIE MHOXHTE/H €, OJHO3HAYHO OTpe-
JeSTCS MaTpHied A ¢ TOYHOCTBIO 0 O6PAaTHMOrO MHOXKHTENS, OyAeT
HHBIM NyTeM NOJYyYeH B cjelyloileM naparpade, Ie NOKasbiBaeTcs,
YTO HMHBapHaHTHbie MHOXUTENH (€CNH TOJBKO OHH He OGpaTHMbI)
3aBucAT JUWb OT (akrtopMonynas /N, kKoTOpwlfi B CBOI ouepenpb
onpeje/sieTcsi, KOHeYHo, maTpuuel A
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3ajgaua 3. Kaxpas cucreMa JUHEHHBIX AHODAHTOBHX ypaBHeHHH
n
Eaik§k=ﬁi i=1, ..., m)
1

¢ NENBIMH YHCJAMH Oz M B; MPHBOAMTCS C [OMOLILIO YHHMOAYJSPHOrO Mpeodpaso-
BaHUsl HEHM3BECTHBHIX 1) M ypaBHEHHH K BHAY
eMi="7Yi (i=1, ..., r; g;#0),
0=§; (=r+1, ..., m).

YCI0BHS Pa3pelIuMOCTH 3TOH CHCTEMbl B LEJBIX YHCAAX BRINVIAAAT TaK:
y1=0(e); §=0.

HeussecTnbie 1); NPHU { <= 7 ONDEJEJEHHEE, a OCTa.IbHbIe 1); — cBoGoguble. Henspect-
§ble £, TMPEJCTABASIOT COOOH LeJOUHCTeHHEe JHHEHHble GYHKIKNN CBOGOAHBIX HEH3-
BECTHHIX 7).

§ 86. OcHoBHas Teopema 06 alesneBbix rpynmnax

[Tycts & — npousBoabras aleseBa rpynna ¢ KOHEYHbIM YHCJIOM
o6pasylolnX, 3anucaHHas agiuTHBHO, T. €. HeKOoTopbIfi Mony./1b. Ecin
sanaHa 064acTh MyJbTUNAHKaTtopoB R aas rpynnel (9, TO Mbl mperno-
naraeM, yTo B R CyHIECTBYeT €IWHHYHBIA 3JEMEHT, ABJSIOLIHHCS
OHOBDEMEHHO €eIMHHYHbLIM OIePATOPOM; €C/H XKe 00JacTb MYJbTH-
IVIMKATOPOB HE 3a/1aeTCs, TO Mbl CUHTAEM, UTO TAKOBO CJYXKHUT KOJBLO
LeJIbX YHCeJ, KOTOpPOe YAOBJIETBOpPSAET YKa3aHHOMY YyC/IOBHIO. B 3ToM
naparpade Mbl 3alHCHIBaEM ONEPATOpbl C/ieBa OT JIEMEHTOB MOAY/A.

Ilycrh cnavana & — uukiaudgeckud R-monyan: © = (g). MHoxkecTBO
s7emMeHToB W H3 R, aHHYJUpPYIOUHX g, COCTaBJseT JeBbiH Huean a
Koaba R: u3 wg=0 n p,g=0 caexyer, uto (U; —Up)g=0, u u3
ug=0 caenyer, uro xpg=~0 nr1a xaxmoro » u3 R. Kaxpomy A
u3 R COOTBETCTBYET 3/MEMEHT Ag M, Tak Kak

A+wg=rg+ng,
Mg =7 ug,

3TO COIOCTaBJEHHE SBASETCS OINepaTOpHbIM romomopdusmom Hay R.
Orciona mo teopeme 06 H3oMOpdhH3IME CIELyeT, YTO

S = R/a,

wan apoussorbrelil yukaudeckuit M-modyre & usomopger modyao kaac-
08 ebiemos Koavya R no anHyaupyouemy modyse & sesomy udeany.

JIns cayuasi OOGBIUHON LMKJHYeCKOR rpymmel & Mbl nosydaem
OTCIOJla 3aHOBO C/EAYIOUWMi pe3yabTaT: rpynna (9 u3oMmopdua aanu-
THBHOM TpyMMNe LeJbX YHCeJ H/IH TPyMNie KJIaCCOB BbYETOB IO HEKO-
TopoMy nejgomy uHcay. Ecanm n >0 — nopoxpaiomui snemMeHT uieana

1) TIpeo6paioBaHue Ha3LIBACTCA YHUMOOYAADHOLM, ECIH OHQ HMRET LeJble Ko3d-
bunuenTsl H onpegeautesn * 1.



304 JUHEMHAS AJITEBPA [T XII

a, TO n SsIBASIETCS MOPSIKOM [HKJIHYECKOH rpynmel (g), a Takxe
MOPSIIKOM 3/1eMeHTa g.

Jlokasannas Bbile TeopeMa CHpPaBeIHBA HE3AaBHCHMO OT CTIElH-
anbHHIX npennosoXxeHud o Koabue R. Ecau xe xonbio R KomMmyTa-
THBHO M €BKJHMJOBO, KakK 3To OyeT NpearnojarathCsl B JajbHEHIIEM,
TO K CKa3aHHOMY MOXHO Koe-uTo n06aBHTh. Maean a sBnsercst B 3TOM
cayyae raaBHeM: a==(a). Cunras, uto oo 5=0, pasnoxKuM, €CIH 3TO
BO3MOXKHO, O/ Ha [iBa B3aHMHO ITPOCTHIX MHOMXHUTEJS:

o = 00,
1 =2%p + o,

¥ TOCTPOMM WHKAudeckue rpynnbl &, =(pg) n &, =(og). Torma &
aHHyJHpyeTcs 31eMeHTOM 0, a &, — snemenTOoM p. IToCcKOIBKY

g="*og +npog,

rpynna & saBaserca cymmoli & u &,. ITepeceuenne &, NG, anny-
JUPYeTCA 3JeMEHTaMH 0 M O, a [OTOMy H 31emMeHTOM 1| =Aip -+ uo;
nostomy &; &, =(0) u yKasanHasi cymMmma sIBASeTCH P AMOH:

®=@1+@2-

Ecant 6 u p B cBOIO odepeib pas3naraiorcst B [POM3BEIEHME B3aUMHO
NpoCTHIX comHOXHTeNeH, To &, mau &, pasnaraiorcs B npamyio
cyMMmy nanblie. B kowye xomyos yuxauveckas epynna 5 cmanem nps-
MOL cymmOLl MaKUX UYUKAUHECKUX 2PYnn, KOMOpvle QHHYAUPYIOMCS
cmenenamu npocmex qucea ). Ilpoussederue smux cmenerell npocmolx
quces pasHo . JIaa TPYnn ¢ TakKMM CBOMCTBOM GyJleM YHNoTpe6/sTh
TEPMHH «npUMapHele 2pynnoi» 2).,

Mul nepexomum Tenepbp K oflleMy cayudailo, Korga & siBasercs
R-MozyeM C KOHEUHBIM YHCJIOM MOPOXKNAWIMX gy, ..., €, H, Cle-
IOBaTeNbHO, 3JEMEHTH M3 (& HMET BHJ

Mg+ g,

Ecnv nocTpoHTh Ha NMEPeMeHHBIX Uy, ..., U, MOAYJb JHHEHHBIX HOpM

M=(uy, ..., u,),

To Kaxno# JuHefino#t dopme > Au; w3 M conocraButcs eMeHT

> higi u3 G. D10 CONOCTAB/IEHHE BHOBb ABJAETCA TOMOMOPGhH3MOM
MOJyJiell, H M3 TeOpeMbl 0 romMomopdusMe CJ€NyeT, 4To

© = M/R,

1) «lIpoctoe 4uuc/O» — KPATKHH CHHOHHM BHIDAKEHHSI «MPOCTOH 5/EMEHT
Kosiplla f». B cayuae oOblYHEIX abe/eBBIX [PYHI 5TO NOHSITHE COBMAAAeT C OGBLIUHEBIM
TMOHATHEM MPOCTOro YucJja.

%) B opurunane «Primzahlpotenzgruppens. —Ipun. nepea.
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rae M — noxMOAY b, COCTOSILME M3 TeX JHHEHHLIX GopM Z}»,u,, hit:
KOTOPBIX ) Aig;=0.
Mel onate npepnosoxkuM Koablo R eskaumosbim. Corsacuo § 85

B MORY/IAX N u I MOKHO BBECTH HOBbIE 6asuchl (Uy, ..., Up) H
(Uly <.y Up)(n=m), A1 KOTOPHIX
vy=¢gu npu i=1, ..., m,
&1 ="0(g).

DneMeHTaM u’ COOTBETCTBYIOT (B CHJIY YKa3aHHOTO BbIlIE T'OMOMOP-
tu3ma) snemeHTtH hy, ..., h, Monyas &. Bce smementnl u3 & umeor
BUL Why ...+ Uyh, B 060 TaKoH 3/MeMEeHT paBeH HYJI0 TOrjia M
TOJBKO TOTJa, KOTJa

Wi 4. ot =0(vy, ..., Un),
T. e. TOrja, Koria
m=0(e), Mm:1=0,

b =0 (&), R, =0.

70 03HavaeT, 4ro cymma pih; ...+ W,f, TOABKO TOTAA paBHA HYJIIO,
KOTJida HY/IeBbIM SIBJASIETCS Ka)kJoe ee c/araeMoe, a CJaraeMoe paBHO
HY.TI0, €cIM ero Ko3ppuuMeHT W; JeanTcd Ha & npu i=1, ..., m u
paBeH HyJIO MpH i=m-1, ..., 1.

Bor apyroe Bolpaxenue atoro ¢akra:

Tpynna & ssasemes npamoil cymmoti yuxauveckux epynn (hy) ...
oo (hy) u annyrupyowum udearom nodepynnot (hy) cayrcum

(&) Oan i=1, ..., m,
©) Oag i=m+1, ..., n.

Takosa ocHoBHasa Teopema o6 abeNeBHX rpynmnax
C KOHEYHBIM YHC/JAOMIIODOKAAWIIUX 3JIeMEeHTOB,.

B cnyyae oObiunbiX aGeseBbIX TPYIN YHCIA | & | SIBASIOTCS MOPSif-
KaMH LUUKAHYeCKHX Tpynnm (hy), ..., (Am), a rpynnbl (Amyq), ..., (Ra)
HMeI0T GecKOHeYHBIH NOpSAOK.

Tpu nonosnHeHHs c/lenyer cesnaTh K JOKA3aHHOH Teopeme:

@) 0 BblJleNeHHH cpefy & OGpaTHMBIX 3JEMEHTOB;

6) o nanbHeillleM pa3NoOXKEeHHH UMK/JIHYECKHX TPYNN Ha MpuUMap-
HbIE;

B) O €JMHCTBEIHOCTH.

a) Tlyctb, ckaxeM, € — oGpaTHMBIN 3/JE€MEHT, TaK YTO (&) — enu-
Haunblit upean R, 1. e. Rh; = (0). Toraa wukanueckas rpynna RA,
MOxKeT GbiTh MCKJIIOYEHa U3 4HCJIA cjaraeMbelx B cymme RA, ... RAaz,

Ilocne BbigeneHHs o6paTHMBIX 3JEMEHTOB OCTAIOTCS AHHYJIHPYIO-
liwe upeannt (g;), (0), KOoTopble Mbl PAcHONOXKHM B BUIE ylwsaroujezo
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pada ay, ..., a, TOria
a; =0 (a;44).

6) Tpynnw (;), KoTopble aHHyJaHpylotca uaeanom (0), nzomMopdubl
ajyMTHBHON rpymnie Koabua R. [pynmel, KOTOphie aHHYJIHPYIOTCA
uneanamu (g;) = (0), B COOTBETCTBHH C AOKAa3aHHbIM B Hayaje pacna-
JaloTcsl Ha npuMapHble rpymmel. Mpeanwt, asHysaupyouiue npuMapHbie
TPYNMbl, HAXOAATCA C TOMOUIbIO PA3/MOXKEHHSI YHCJIA € Ha MpPOCThie
MHOXKHTeNH. CyMMa BCEX BCTPEYalolMXCA B Pas/okeHHH rpynnsl &
NOArPYIMMN, OTHOCSIMXCA K (UKCHPOBAHHOMY HPOCTOMY YHCTY p,
seisiercs Tpynmoit B, cocrosiiefi H3 TeX 3IeMEHTOB TIpynmel (&,
KOTOpHIE AHHYJMPYIOTCS JOCTATOYHO BHICOKOH cTemeHbio p°. Ilo 3ToH
npuuvHe epynnot B, onpedesenst o00xo3nauno. Ecam U oGosnauaer
cymmy rpynm, nas Koropwix a=(0), To

G=>8,+1.
p

B pesyabrarte pa’bHefiliero pasoxeHHs rpynn B, BHOBb NI01yYAIOTCS
npuMapHble TPYINB, KOTODble ONpene]eHbt He COBCeM OJHO3HAYHo,
HO, KaK Mbl YBHIUM, ONHO3HAYHO C TOYHOCTbIO IO H3oMOpdH3Ma.
B kaxno#i rpynne B, uMeeTcs OJHO3HAYHO ONPEAETIEHHBIH psia TMOA-
rpynn B, 0 By o—1r ---» Bp,o» THe B y COCTOMT U3 TEX 31€MEHTOB
rpynnsl B,, KOTOpbie aHHyJHpYIOTCA uucaoM p¥. Tlepsoit rpymnmoi
B 3TOM psifly fiBJsercss caMa rpynna Bp; MOC/eNHsis Ipynna COCTOUT
H3 OJIHOI'O JIMIUb HYJS.

[pynna U onpeneneHa HEOJAHO3HAUHO, HO OJHO3HAUHO C TOYHOCTHIO
10 u3omopdu3ma:

U=®/) %,
14

B) ExuncrBennocTs. Aunyrupyrouue udearl ay, ..., a, Apu
yeaosuu a; =0 (a;.,), 6cmpeqaroujueca 8 pasiroxerul 8 NPAMYIO CYmmy
& =06,+4...+G,, onpederenvi 0dnosnauro modyrem &. (Uubivu cao-
Bamu: rpynnel G; onpejeneHsl OJHO3HAYHO C TOYHOCTBIO [0 H30MOp-
¢usma.)

HoxasaTeabCTBO. YTBepxKaaemass €IUHCTBEHHOCTb Oyjer
70Ka3aHa, KaK TOJBbKO MBI NMOKAaXKeM, YTO O KaK[OH CTeleHH mpOCTOro
yhcaa p® u3 Kojbla N OJHO3HAYHO MOMKHO YCTAHOBUTb, BO CKOJBKQ
HpeatoB &; oHa BxoauT. [lefdicTBHTENbHO, ecqH p® BXOAHT B R U3 yKa-
3aHHBIX H€aJOB, TO B CHJY CBOMCTBA NEIHMOCTH IOCJAENHHX 3ITUMH
k vjeanamMu SIBJSIOTCSI TIepBble B UIEANO0B a), ..., (p; TAKUM 06pa3oM,
0 Kaxjao#i cremedn p° OKa3biBAETCA M3BECTHBIM HE TOJBKO TO,
BO CKOJDbKO HeaJoB OHA BXOAMT, HO M B KaKHe HMEHHO HJeaJbl.
TeM camblM O KaKJOM &; BLISCHSIETCS!, KaKHe CTeleHH MPOCThiX YHCel
B HEro BXOAAT. Mpeanw a;, B KOTOpble BXOISIT HEOPPaHHUEHHO 6OJb-
HIMe CTENEHH, PABHBEI HYJIO, a [poYde HJleanbl OJHO3HAYHO Ofpeje-
JSIIOTCA Pa3/oXkKeHHeM Ha NPOCTble MHOMHUTEIH,
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Ecau uucao p° BXOXHT B HJeas, aHHYJIHPYIOUHHA UHK/IHYECKYIO
rpynny 6;, 1O
a’~16,/p°@;

AB/ISIETCA [UK/ANYECKOH TPYNION ¢ aHHYJHPYIOUIUM HAaeanoM (p), T. €.
npoctoit rpynnofi. Ecau ke p° B yKasaHHbIl ujean He BXOLWT, TO
po6;=p°-16;, u p’-16,/p°C,=(0). Ilo sroii npuunue p"-®/p°®
ABTAETCSl MPSAMOM CyMMOIl CTOJIBKHMX NPOCTHIX TPYHI, KaKOBO 4UCJIO
k uneanoB a; jAeasAumuxcs Ha p’. Takum o6pas3oM, YHCJIO B PaBHO
JJHHE KOMIIO3MIIHOHHOTO psija rpymisl p°~1/p’® u, cienosarenbHo,
OnpeseseHo OJHO3HAUHO.

Bagaua 1. IlpoBectn moppoGHO MOCNEJHIOI, KOUCINEKTHBHO H3JI0KEHHYIO
yacTb 10Ka3aTeqbCTBA.

3anaua 2. [Toctpoennast B pasgene 6) rpynna A sBIfeTCS MOAYyJ/eM JHHEH-
HBIX (JOPM HaJ KOJbLOM Z LeJbiX yuces, H KOJHYECTBO €€ LHKIMYECKHX cJara-
eMbiX paBHO paHry rpynmsl & (paHr— 3T0 MaKCHMaJlbHOE UHCJO JWHEHHO He3aBH-
CHUMBIX 9J1€MEHTOB Haj KoJblom R).

3apgaua 3. [lposecTn BTOpoe J[0Ka3aTeJbCTBO EQWHCTBEHHOCTH C MHOMOLIbIO
MOHSTHA AJHHB KOMIIOZHIMOHHOrO Psiia NPHMEHHTEIbHO K IOCTPOSHHLIM B pasjefe
6) ¥ onpeneJIeHHBIM OZHO3HAUHO TPyNNaM W NoprpyninaM. MoxHO uCnoib30BaTh
raxxke panr monyas A (3apaua 2).

§ 87. IlpeacraBieHuss H MOAYJH NpeACTABAEHHH

IMycrs H — HekoTOpoE TeJ10.

Tlox npedcmagreruem Koabya © AUHelHbIMU  NpeodpasosanUAML
uiu mampuyamy Had mesom H rnoppasymeBaercs IpPOM3BOJbHbIA To-
Momopdhu3M

o~ £,

rie O —KO/MbllO KBagpaTHbIX Mmatpuy r-ro nopsaka wag H. Ecau
romomMopdusM  siBAsieTcsi  U30MOPGHU3MOM, TO TOBOPSAT, YTO HMeeT
MeCTO MmoUHOe npedcmasrerue.

Tlon moOyrem npedcmasrenus xonbua o Hag H noxpasymesaercs
«dgoiinoll  MoOyae» M, I KOTOPOTO © CAYKHT 06/1aCThIO JIEBBIX
MYJAbTHIIMKATOPOB, H — 06/1acThi0 MpaBLIX MYJBTHIIHKATOPOB, 00-
JIJaloMMH CeAYIOIKMMH CBORCTBAMU:

1. Moayns I siBasietcss MoxyseM JHHeNHbIX ¢opm Haj H:

M=uH+...+uH.
2. Hna gwobbix aeo, ue M, A =H crnpaBerinBo paBeHCTBO
a-uh=au-\ 1)

IMTocnennee yc/IoBHE O3HAYaeT, YTO YMHOXEHHe HA a SABJAACTCA
HEKOTOPEIM OmepaTopHbiM romoMopduamom H-monyass M, 1. e. He-
KOTOpBIM JIHHEHHbIM TpeoGpazoBaHueM. D10 JMHHeHHOe npeobpasoBaHue
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sajaercsi KpajpaTHoH Matpuuedl A =[oy|—

a-Up— Z UjOjp,
a: E ukkk = Z Z UI'CCJ'];?\«;;.

Takum 06pa3oM, KaxKAOMY 3JIEMEHTY @ KOJblia 0 COOTBETCTBYET He-
kotopasi matpuua A Haj Ttesom H. B cornacku ¢ akchomMamyu Mo-
AyAs TPOM3BEEHHIO M CyMMe JABYX 3/€MeHTOB @, b KoJjbLa © COOT-
BETCTBYIOT NpOU3BEAEHHE H CYMMa COOTBETCTBYIOUMX HM JIMHEHHBIX
npeo6pa3oBaHuii, a MOTOMYy W HX Matpul. Hmak, omobGpaxcenue
a—> A sgasenics npedcmagieruem KoAbya o.

Ecay, HaoBopoT, 3ajano NpeiCTaBjleHHe KOJblla 0 JHHEHHbIMH
npeo6pasoBaHUAMH MOAYJIst JHHEHHBIX dopMm MM Han Tenrom H, To u3
M MOxKHO cjenaTh ABOMHOH MOAYJb, B KOTOPDOM IPOM3BEIEHHA @ -U
(a =0, us M) onpenetensl ¢ nomombio yeaosuit (2). Ilposepsercs,
YTO B 3TOM CJydyae Bce CBOHCTBA JABOHHOTO MOAYJs M papeHcTBO (1)
BBIMOJIHEHB, TaK 4To IN — MoOyab npedcmagreHus.

Hmax, kancdomy mo0yao npedcmasieHuss COOMEEMCMEyem HeKo-
mopoe npedcmasieHue KOAbYQ © AUHEHbIMU NpPeoOpPAs0BAHUAMU UAL
nocae evibopa 6asuca (Uy, ..., U,) Ha0 H — mampuyamu Had merom
K; ob6pamno: kandomy npedcmasirenuro coomsemcmsyem HeKomopot
M00yab npPeOcmasAeHUs.

Ecau or 6asuca (4y, ..., U,) TepeHTH C IIOMOLIBIC PAaBEHCTBA

(uy .. up)=(uy ... uy) P

@)

K KakOMy-HMOyab apyromy 6asucy (ui, ..., Un), TO JIHHEHHOE Impe-
o6pasoBanue, NpejcTasiasBiueecs matpuileid A, OyaeT mpeiCTaBasATbCA

MaTpHileil
A’ =P-1AP.

DJeMEHTy KOJbLA @ COINOCTaBJAETCH, TaKuM 0GpasoM, HOBas Mar-
puna A’; B 3TOM cayuae TOBOPST 06 SKEUEANEHMHOM NpeOCmasAeHul.
[MockosbKy Tmepexol K 3KBHBAJEHTHOMY MpEICTAaB/EHHIO SBASETCA
He ueM HHBIM, KaK NepexojoM K JApyromy 06asucy B TOM Ke MojyJje
npeicTaBJaeHHs (MM ONEPAaTOPHO H3OMOPGHOM €eMy), Mbl IPHXOLHM
K C/IELyIOeMy BLIBOALY: UBOMOPQHOLM MOOYALM NpPeICragAeHUs coom-
BemcmeYyiom 9KEUBANEHMHbIE N peOCmasenus, u Haobopom.

CucTema JHHEHHBbIX TpeoOpas3oBaHHi MoAy/fl JHHEHHBIX (GOpPM
M, B €aCTHOCTH, KaKoe-1HOO NpPEeACTABJEHHE KOJblla, HasplBaercs
npueodumoti, ecai Bce INpeoGpa3soBaHUs ITOH CHCTEMbl NEPEBOASAT
duxcuposannoe noxnpocrpatctBo N0, N==M B cebs. B srom
cnyyae N HA3LIBACTCS UHBAPUAHMHOLM  noOnpocmpancmeom. EciH
peyb HMJET O NPeACTABIEHHH Koabla o, TO D! MOXHO paccMaTpHBaTh
KaK JBOHHOR MOAy/b OTHOCHTENbHO 0 M H, a MHBapHaHTHOE MOA-
IpoCTPaHCTBO N —KakK MHOXKECTBO, JOMyCKalollee BCE 3JeMEHThl H3
0 B KayecTBe JieBhIX omepaTopoB. Otcioa C/lefyer, 410 npedcmag:
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Jerlie Koabya npusodumo moeda u moavko moeda, Ko2da coomeemcmay-
jouuil modyns npedcmasrenus obradaem (Osotineim) nodmodysrem N.

UTro6bl BLISICHHTb, KakK BHIVIAAST MaTpHUB NPHBOAUMOIO HpeX-
cTaB/eHHS, BO3bMeM Kakoii-HuGyap H-6asuc B N u JIONOJHHM €ro
no H-6asuca monyns M. Takum oGpasom,

W=UIH+..-+U;H,
8)1=le+...+U,-H+le+...+WtH-

Tor (akT, 4TO NPOU3BOJMbLHOE JHHEHHOE NpeobpasoBaHye MEPeBOAUT
mogy1b R B cebs, o3HauaeT, 4To 00paskl SMEMEHTOB U OTHOCHTENbHO
TaKOro Npeo6pa3oBaHHs BHOBb BbIpaxKaloTCs uepes v:

vj= Z Uiy
w} = Z Uicij + Zw,"ﬂu.

Tonokum R ={pyl, S=[oy|, T =]t
NpesICTABHTCS CJIeNyIomed MaTpHIIeH:

A=[o 7| “

CreloBaTeNbHO, CUCMEMA MAmpuy —npusoduma mozda u MmoAb6Ko
moeda, K020a 6ce Mampuybl cucmembl mozym Gvinib 0OHOBPEMERHO npu-
gedenst k 6udy (4) ¢ nomowpio npeobpasosarus A~ P-1AP (goibop
Kog020 6asucay).

Hs (3) caepyer, uto

(v ... v)=(v; ... U;)-R,
(@i ... w)=(wy ... w;)- T (mod N). (5)

Orcioga ycmaTpHBaeTcs cjeayiolee:

dukcupyem 6 cay4ae npugodumozo npedCmasieHus KOAbYQ © UH6A-
puarmusii nodmodyrs N u gaxmopmodysrs IN/N u paccmompum ux
Kax modyau npedcmasienus; moeda nOAYHQIOUUECS NpU SMOM npedcma-
enenusn sadaomes wacmamu R u T, yxasannoimu ¢ mampuye (4).

Ecan mbl BoifepeM B N MaKCHMA/IbHbIH WHBAaPUAHTHBIA NOAMOLYJIb
9M,_,, B KOTOPOM BHOBb BbIGEPEM MAKCHMaJbHbli WHBaPHAHTHBIA MOJ-
Moayab M, , ¥ T. A., 4O TOJy4YEHHS KOMIO3HLHOHHOrO psja

M=M,, Myy, ..., N,=(0),

T0 BCE MATpHIH TPEICTaBJEHHs C TMOMOULbIO MOAXOASIIEro BbiGOpa
Gasuca npusenyTCss K BHAY

Riu 0 ... Ry
0 Ryy ... Ry

3)

, Torjga 3To npeoépasoBaHue

: (6)
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JlnaronanbHble KMeTKH R;; 3ajaloT NpejCTaBJIEHHs, KOTOPHE COOT-
BETCTBYIOT KOMIO3HIHOHHBIM (hakTopam M;/M,_;; NOCKOJbKY nocaes-
HHE SABASIOTCA IPOCTHIMH [BOHHBIMH MOZYJISIMH (T. €. He CONepKaT
HHBADHAHTHBIX MOAMOJYJIEH), COOTBETCTBYIOLUIHE TNpPEACTAB/ICHHA He-
npusodumel. Tlpouece, NPHBOASMMA K MaTpHlaM (6), HasbBaercs
«npusenennem» npexcrasiaenust. Ilo Tteopeme )Kopnana — [énbaepa
(§ 51) KOMMO3MUHOHHBIE (DAKTOPHI ONMpENeTeHB OJHO3HAUHO C TOY-
HOCTBIO O TNOPsIAKA CJIEIOBAHHA M ONEPaTOPHOrO H30MOpPdH3MA.
Orciona: wenpusodumsie npedcmasrenus R;; npusederHo20 npedcmag-
1enus (6) onpedensenor 00nOBHGUHO ¢ mowrocmbro Do nopsdka caedo-
BAHUSL U SKBUBANEHMHOCIU Npe0CmasAeHUL.

Ecin B cucreme (3) o1CyTCTBYIOT KOS(bHIIUEHTDI Oy, TO 3TO O3Ha-
4aeT, 4YT0 He TOJNBKO (v, ..., U;), HO M (@, ..., w,) sBJIAETCS
HHBADHAHTHLIM NOAMOAY./eM, a notoMy M SBISETCA npPAMOil cymmOL
Osyx unsapuanmmuolx nodmodyaed N, O. Matpiua (4), CJIeI0BaTE/IbHO,
BLIIVISIUT TaK:

i 2

1

rie R cootseTcTByeT npeacraBiennio Ha N, a T — IPEeICTABICHHIO
Ha O. B sToM cayuae rosopsT, uTo mnpeicrasienue a— A pacna-
daemcst Ha npedcmasaenue a— R u a—T.

Ecmu nBoitnoii monysin I Brosme npuBoauM B cMeicae § 53, T. e.
AB/IATCA NMPAMOH CyMMOH MNpOCTHIX JABOWHBIX MOJy./ell, TO Moaydae-
Moe ¢ momompio M TpeicTaBieHHe 3aaeTcs MaTpuiel

Ry 0
Ry,
' ) (7)

10 Ry

rJle OTACJAbHBIE KJETKH 3aJai0T HENpHUBOAUMEBIE MpEACTaBJICHUA, cpeau
KOTOPBLIX, KOHEYHO, MOryt ObiTb M paBHble. Takoe TnpejncTasieHHe
Ha3bIBAETCA BMOAHE NPUBOOUMBIM.

IIpumepsl, WIIOCTpUpYIOWIHE TOHATHS 3Toro naparpada, jaocra-
BHT TEOPHUS OTAEJTbHO paccMaTpHBAEMOH MATPHUbBI, MOMELICHHAS B Cie-
AymooueM naparpade.

3anaual. Ecin o—KoO/bIO C eMHHIEH U IPENCTABJCHHE 3TOr0 KOJbIA
COMOCTaB/SeT eNMHHLE eXMHHYHYI0 MATPHLY, TO AJS MOAYJAS NpPeACTABJCHUSI 3TO
O3Hayaer, YTO elUHHIA ABJSETCH eNWHHYHBLIM omeparTopoM. I[loKas3aTb C IOMOMLIBIO
oaHO# u3 Teopem § 84, uTo /MmoGoe IpeAcTaBiEHHE KOJbLA © pacrajdercs Ha ABa
TaKUX, YTO B NEPBOM M3 HHX ELUHHIE COOTBETCTBYeT €JHHMYHAS MaTpHLA, a BO
BTOPOM KaXJOMY 3JIEMEHTY CONOCTaBJSIeTCS HyJeBas Marplia:

SO”

!
A=lo ol
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3apaua 2. Hpenﬂasneune SBJISIETCS BIIOJIHE [TPHUBOJUMLIM TOrfla U TOJIBKO
TOrja, Korja KaxJAOMY HWHBADHAHTHOMY MOANMPOCTPAHCTBY N MOXKHO CONOCTAaBUTh
HHBAapHAHTHOE XK€ TNOANPOCTPAHCTBO 0 TAKOE, 4TO BMECTE OHH ITOPOXKAAIOT MOAYJb Mm:

M=N-+L.

Banaua 3. Eemu (4, ..., up)=(uy ..., tty) P —romomopbnam moays npea-
cranjiedus B cebsi, TO MaTpuua P nepecTaHOBOYHA CO BCEMHM MaTpUIaMH NpeaAcTaB-
JIEHH S

AP =PA,
H Hao6oporT.
§ 88. HopmaawHbie dopMbl MATPHLB Hal ToOJaeM
IMyctb M = (4, ..., U,) — MOLY/Ib MHHEHHBIX opM HAX noneM H u

Up > U = Z Uiy,

— HEeKOTOpOoe JuHeliHoe mnpeobpasoBanue Mopy.is M B ce6a. Mol
coBrpaemcsi BBeCTH HOBbIH 0asuc,

(i ...up)=(Uy ... up) P
(rne P —nexortopasi obpatimas MaTpuua Haa H), B kotopom Mart-
puna A =|a;| npuobperer naubonee MPOCTYIO HOPMadbHyio dopmy
A’ =P 1AP.
PaccmotpuM cremeHH MaTpHubl A KaK IpeiCcTaBJeHHe CTereHel

TIPOM3BOJIBHON MEPEMEHHOH X H NPOJO/KHM €ro 10 MPeICTaBJeHHS
Kosbla muHorousnenoB H[x], koropoe MHOrouseny

Fr)=>)
F(A) = a,Av.

IMpencrasienne roMOMOPdHO, MOTOMY 4TO CTemeHH MaTpHibl A mepe-
CTAHOBOUHEI MeXAY CcOG0Of U ¢ KoapdHLHEHTAMH Q.

DTOMY NpPeJCTAaBJEHHIO COOTBETCTBYET MOAYJb NpeacTaBaenust i,
B KOTOPOM [pou3Bejenne wmuoroureHa u3 H[x] c arementom u < M
orpese/sercss paBeHCTBOM

<Z ocvxv> u= Y ayAu.

Monyab npexcraBiernss I gBidAeTCA JBOHHBIM MOJYJEM OTHOCH-
tensio H[x] u H; omuako, Tak kak BeanuuHsl M3 moas H mepecra-
HOBOYHLI CO BCEMM OCTa/JbHBIMH H MEXAy CO00H, Mbl MOXEM MNHCATh
MX cJieBa OT 3J1eMeHToB Mmoxyas IM:

uh = Au;

COMOCTABJSAET MaTPHLY

nostomy M MOkKHO paccmaTpuBaTh npocto Kak H [x]-mony.n.
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Tak kak kosbno MHorousnenoB H [x] eBKJHMI0OBO, NpHMEHHMa oOc-
HoBHasi Teopema u3 § 86: Moaysap M sBasercs mpsMOM CyMMOH UHK-
anueckux H[x]-monynet (w,), ..., (@,), aHHYJUpYIOUIHE HIEAJbI
KOTOPHIX HJM paBHbl HYJIO, WIH IOPOXNAIOTCH KaKHM-IHG0 MHOrO-
yneHoM. Ciyualt HyJIeBbIX HJeaJoB HCKJ/OYaercs, IIOTOMY 4TO AAS
KaxJIoro @ =, MOXHO YKasaTb He 6ojee n JIMHEHHO He3aBHCHMBbIX
BEJHYMH CPeIH W, XW, x°w, ...; CJIeJOoBaTelbHO, CYLIEeCTBYeT MHOIO-

uten D) aux’ =0 co cpoiicTBOM

D ay’w =0.
[TosToMy Kaxabi 3/eMeHT @ =w, o6Jajnaer aHHYJAHDYIOUHM MHOTO-
uJleHoM Haubo/lee HH3KOH CTENeHH

Fy (1) = F (1) = 2% gL .+t
fys=0 (fv)

Beanunnn w, xw, ..., ¥*lw JuHeliHo He3aBHCHMbl Hal H M nostomy
MOTYT HCMO/Ab30BaThCH J/1s MocTpoenHs H-6a3nca B HHUKJIHYECKOM
H[x]-Monyie (@)= (w, xw, x*w, ...). Vneem:

Aw = xw,
Axw = x%w,
At lw =xtw = —0y 0w —ay - Xw —...— 0y, - X 1w.

CnenoBaTtesbHO, npeobpasoBanue A monynsa (w, xw, ...) B ce6s B HO-
BOoM 6asuce 3andercsl mMarpHuiied

Ay=[0 1 .0 —ay | (1)

0 0 ... 1 —apy

Takne MaTpullbl Ha3bIBAOTC conpososcoarowumu. Kaxaomy ae-
MEHTY @, COOTBETCTBYET CONpOBOXKHaiollas Matpuua A, Takoro Tuma.
Tak kax Moayab M sBjaseTcA npsMOH CcyMmMoi Mopyned (w,), And
MaTpuibl A TNOJNYYaeTCs Nepeas HOPMAAbHAL HopMa

4
A= ' . @

A,
20e 6aoku A, — conposoacdaroujue mampuyst muna (1).
M3 Tteopembi enuHCTBeHHOCTH § 86 cienyer, uto MHorouneHsi fy (%),
KaK W CONPOBOXKAAOUIME MaTpHubl A,, ONpefelsioTcs MOLYJEM
00HO3HA4HO.
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Baoku A, MOXHO pasjaraTh [aJblie, NPEACTaBJsisl UHKIHYECKHe
MOAYH (wy) B BHAE MPAMBIX CYMM TAKHX LUHK/IHYECKHX MOAMOLYJIeH,
KOTOPbIE aHHYJMPYIOTCA CTENeHsIMH HEPa3/O0XKUMBIX MHOIrOUJEHOB.
dopMa (2) COXPAHHT CBOH BHJ, TOMBKO B 3TOM CJjydae COINPOBOXK-
patoule Matpuubl (1) 6yAyT cOOTBETCTBOBATH CTEMEHAM MHOTOY/IEHOB
(p ())° (6mopas ropmarvhas Gopma). W 3pech conpoBoxpaioliye Mat-
pHIlb OlpefeJieHbl OXHO3HAYHO C TOYHOCTBIO JIO MOPSAKA C/EJOBAHHA.
MuorousieHbl (p (X))° HHOTHA Ha3bIBAIOT IACMEHMAPHLIMU OeAUMEAAMY
mampuypt A. CBsi3b MeXIy TOHSTHEM HHBAPHAHTHOTO MHOXHTEJS
u3 § 85 W TOHATHEM 3JIEMEHTAapHOTO JeNuTens BuisiBHTCs B § 89.

C TIOMOLIbI0 KOMMO3HIMOHHBEIX PSIIOB IMKJHYECKHX MonyJed (wy)
noJTyueHHble Bhllle HOpMasbHble (OPMbI MOXKHO YNPOCTHTH JaJblle.
Mbl paccMOTpHM 31eCh JIMLIb CJydad, KOrJa BCTpedaiollnecs B pac-
CYMIEHHSAX MHOTOUNEHBI p (x) SBJSIOTCS AUNElNbIMUL; TAKAs CHTyalHs
CK/IaJbIBa€TCH, B YaCTHOCTH, Koraa moje H aire6panyeckd 3aMKHYTO.
Wraxk,

p (x) =x—2,

f(x) = (x— ).
B kauectse OasHCHBIX 3JIEMEHTOB Mbl BO3bMEM 3JIEMEHTHI
o =(x— AP w,
U= (x —2)P?w,

o s o e o s & o s

Vp=10.
Nmeem:
(X -_ )v) vl = 0,
E=Nou=v (I<p=<o),
HJIH

Avy = xv, = My,
Avy = xv,=hv, -+,

6]

Tem caMmbiM 610K A, NpHOGPETaeT «penylHPOBAHHBIH BHI»:
A1 0...00
0O A 1..00
A=l e N
0 0 0..A 1
0 A
U, paBHRIM 06pa3oM, TAaK KaK KaXAOMY 3JIEMEHTY W, COOTBETCTBYET
HeKoTopoe Ay,

Aw 1 ...0 0
0 A ...0 0
A=l vvveven]
0 e Ay 1

0
0 0 .0 Ay
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dtu GJIOKM CIELyeT ONATh MOACTABUTL B (2), W MBI TOMYYHM mpemsr
HopManeHyro gopmy. Xapakmepucmuueckue KopHu Ay n TOPAIKU p,
paccMaTpHBaeMblX GJIOKOB BHOBb ORPedeAeHbl 00HO3HAUHO.

Bce BeKTOpBI vy, KOTOpble COOTBETCTBYIOT (PUKCHPOBAHHOMY KOPHIO
A, TOPOKIAWT HEKOTOPHIH MOAYAb By, ARHYJMPYIOWMIC CTETeHbIo
MHOTOWIEHa X —A (§ 86); 3TOT MOAy/b (HA s3bIKE BEKTOPHLIX MPO-
CTPAHCTB) Ha3bIBAETCS KOPHEGOLM NOONPOCMpPancmeom KopHA A. Bech
Moay/ib M ABAAETCA NPAMOH CyMMOH TakHX KOPHEBBLIX MOATPOCT-
paHCTB. B 5THX NOCJAEAHMX CYLIECTBYIOT yNOMsiHyThie B § 86
pANLbl MOANPOCTPAHCTB, AHHYJIUPYIOUIMXCA MHOTOWIEHAMH (X — A)?,

(x—21)°-1,..., 1. Bektopsl X — A, aHHYJHPYICIIHECA MHOFOYICHOM w,
T. €. YJOBJETBOpsILHe PaBeHCTBY
Aw = hw,

.

HasbIBAIOTCSl COOCMBEHHOIMU  6eKmOopamy MaTPHUbl A, OTBeYaioliHMH

cobcmeerromy 3HaveHuo M. ;
Buosxe npusoaumenit cayuahi (cp. § 87), B kotopom HopmadbHas

¢opma (2) nMeeT nuAaroHanbHBIE BUJ,

A .
1 " 0

. , 4
0 -
BCTPeyaeTCst, KOrja Bce MOPAAKH o pPaBHH 1, T. €. KOrja MHOTOYJeHbi
fv(x), u3 KOTOpBIX (p (x))° BOBHHKAIOT NPH Pa3JOMKEHHH Ha npoCThie
MHOXKHTE/H, He HMEIOT KpaTHHX MHOxHTeseHd. Tak Kak
ferr=0(fy),
AJA  3TOr0  JOCTaTOYHO, 4YTOOB CTApLIHH 3JeMEHTAapHBIH JeqHTelb
fv(x) He uMen KpaTHBIX MHOXHTeseH.
Metonbl 3bdexTHBHOrO OmpeneseHus: XapaKTePUCTHUECKHX KOpHe#l
¥ NOCTPOEHH 1 HOPMaJIbHBIX (OPM H3/I0KEHB! B CIEAYIOUHX naparpadax.

3apgauva l. Crapuiuii sneMeHTapHBI JeuTens fy (X) COBNAAAET ¢ MHOTOUJe-
HOM f(X) HauMeHbIIe} BO3MOXHOH CTeNeHH CO CBOHCTBOM

FOM=0 nan f(4)=0.

3anava 2. Jas NponsBosbHON MaTpuLel A, 3a1aHHOMN BO BTOPOH MJIH Tperbeft
HOpMasbHOM  (JOPME, Onpefe/HuTs COBOKYIHOCTb NMEPECTAHOBOYHLIX C Heli MaTpull
(cp. § 87, 3agaua 3).

§ 89. duementapHble fesuTeNH H XapakTepHCTHHECKAS (YHKUMS

ITpu npeobpasosanun
A’ =P-1AP
marpuna xE — A nepexoaur B
PY(xE—A)P=xP'EP — P-1AP =xE — A'.
OnpenesiumM HHBapHaHTHBlE MHOXMTeAM MaTpHusl xE — A B Koapue
H[x]. Tak kak OHM HHBapHaHTHBI OTHOCHTENBHO OJHOBPEMEHHOTO
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yMHOZKEHHS MaTpHLbl A cjeBa M cmpaBa Ha JoGble ofpaTHMblE MaT-
pHIBl, Mbl MOXKEM ONpDeNeIHTbh HX A1 MaTpullel XE — A’, rge A’ —
nepBas HopMaibHas ¢opma B cMbicae § 88. Corvacro (1), (2) u3 § 88,
maTpuua xE — A’ coctont u3 670KOB BHja

X o ... o0 Bs
—1 X . 0 ﬁl
A A L
0 0 cee X ﬁh_z)
0 0 ... —1 x+4Bpg

Hnsi  onpenestenusi MHBApHAHTHBIX MHOXHTEJTEH Mbl J0MKHBI 3Ty
MATPHILy TPHBECTH K IHaroHatbHoMy Buny. K mepsoil crpoke npu-
6aBHM CTPOKM CO BTOPOH 1O h-10, YMHOXEHHblE COOTBETCTBEHHO
na %, x% ..., "%, nomyuum:

0 0 .. 0 f(
—1 x ... 0 B

0 .0. . .x. 6"_2

0 0 e —1 x-}-ﬁh*f

[TepecTanoBko#l 0OAHHMX TONBLKO CTEOK nepeBelieM NepBYI0 CTPOKY
B CaMbiii HW3; TOTJa NOA IJIaBHOH JHArOHAaJbIO OCTaHyTCS TOJbKO
Hy/in. IlpuGasienuem x NOCAEAYIOMHEM CTOIOLUAM CTONIONOB, KDPAaTHBIX
NIPEABLIAYINHUM, JIETKO NOJYYHTh BCIOAY HAJ IVIaBHOH AMArOHAJBIO HYJH.
Takum o6pasom, monyuntes MaTpHua

-1 0
—1

L
0 f )

Pacnionaras Takue 6a0ku ApYr 3a JApYroM M TepecTaB/sii CTPOKH
W cToa6ubl TakK, 4T06bl — | 3aHWMaJH HAyal0 LIaBHOL JHaroHasmu,
MBI [IOy4HM HCKOMYIO NTHArOHa/lbHYIO (opMy

—1 0
—1

0 r (%)
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Tem camoim mrocounerl [y (X) emecme ¢ HeckoabKumu eduruyamu cay-
ocam  uHeapuaHmubimu  mrovcumesnamu mampuyst xE — A. Crenenu
IIPOCTBIX MHOTOYJIEHOB, Ha KOTOPblE OHH PaCKJajbIBAIOTCS, SBJSIOTCA
5JIEMEHTAPHBLIMH JIETHTENSIMH MaTphubl A.

Xapaxkmepucmuseckutl MHO204MeH (XapaKmepucmuuecKas QyHKyus)
mampuyst A

x(x)=Ilva *)

aHHyaupyeT Moayab I, MOTOMY 4TO 3THM CBOHCTBOM o6/nanaer yxke
MHOKHTENb [, (X); CleloBaTebHO,

% (4) =0. (1)

XapakTepucTUUeCKUil MHOTOU/EH SBJASETCA HAHOGOJABIIHM B CMbIC/E
nopsaka MHHOpPoM MaTpuupl xE — A, a moToMy € TOYHOCTBIO O KOH-
CTaHThl paBeH ompepeautemo |¥E — A|. Ho sra xoHcraHTa pasna,
OUYEBHJHO, EAHMHHIE, CJIeL0BATENbHO,

x(x)=|xE—4

. (2)

Xapaxmepucmuueckoe ypcenenue (1) prs maTpuusl A BBHIBORUTCSH
HenocpeacTBeHHO u3 (2). MmMenHo,

XlUp= Z U0p

M HCKJIIOYeHHe BCeX 4 H3 3TOH CHCTeMbl ypaBHEeHHH JaeT HaMm (Hafo
YUHUTHIBATh, YTO MEPEMEHHAA X H €€ CTeNeHH IepecTaHOBOYHBI C KO-
3(PUIHEHTAMH O;p):

X—0y —0Qip
........ ulv =0,
— %1 X—Cnn
HJIH
|xE— Alu;=0,

T. €. % (x)=|xE —A| aunyJupyerT Bce nepeMeHHbE #;, a MOGTOMY
M Bech MoayJb M. D10 M TpeGoBaIOCh NOKa3aTh.

B cuny ckasaHHOro KO3(QUUHEHTH XapaKTepHCTHYECKOH (yHK-
uuu ¥y (¥) marpuubl A HHBapHaHTHBl OTHOCHTEIBHO NpeobpasoBaHHs

A—s P1AP.

BaxHeHIIHMH cpeau Ko3(QpHLUHEHTOB SBASIOTCA NEPBHIA H MOCAEAHHH.
Caed matpuupl A — 310 Ko3ppuuuent npu — x"

S (A) = Z xyie
Hopma matpunpl A — 310 ko3pduunent npu (— 1)x0:
N(A)=|A4|
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Kopui xapaKTepHCTHUeCKOH (QYHKIMH Ha3biBAIOTCA Xapaxmepu-
CMuMeCKUMY  KOPHAMU My, KOTOPblE B NMpeNbIAYHIMX Taparpadax yxe
BBOJAH/INCH Kak KOPHH MHoOrouwnesa fy(x). 9To pocTaB/sieT CPeaCcTBO
onpejeNeHnsl KOPHEH A, W MOCTPOEHHs HOPMaNbHbIX (opM, omHCaH-
HBIX B NpeiplAylluXx naparpagax. MMenHo, cnavana HYXHO onpeje-
JHUTb A, KaK KODHH MHOTOWIeHa

x(x)=|xE—A|,
3aTeM BEKTOpPHl U; H3 JHHEHAHbIX ypaBuenuit (cp. (3) us § 88)
Av; =M.

B cayuae KpaTHbIX KOpHeil (p > 1) nmocaenyioliue BEKTOPB Uy, ... Up,
KaK [DaBUI0, OMpeje/sioTcs JErko u3 ypasnenuil (3) u3 § 88; npu
5TOM MOMKET OKasaThCcd HeOOGXOAUMBIM 3aMEHHTb COOTBETCTBYIOLIUE
KOPHIO A, BEKTOPHl U; UX JHHEHHBIMH KOMOHHALMSIMH.

Ypasuenne 7y (A)=0, KOPHAMH KOTOPOro SBJAIOTCA Ay, TOSIB-
JAsleTcs BO MHOTMX [PUWJIOXKEHHSX; TOCKOJbKY OHO OYeHb vacTo
BCTpedaeTcsi B TEOPHH BEKOBbIX BO3MYUIEHHH, €ro HasbiBAlOT elle
6EKOBLIM YPABHEHUEM.

§ 90. KsaapaTnuHbie H 3pMHTOBbI (hOpMbI

IMyctb K —mnose u Q — kBanpatuynasi popma
Qs +ves Xa)= D, qix} + D GueXi¥n (9]
i i<k
¢ xosbdunuentamn u3 noad H. Tlosoxum g; =¢q;; v GyieM mucath
BMecTO Q (X1, ..., X.) mpocTo Q (x); Toraa (1) MOXKHO 3amucarb KOpoue:

Qx) = Z GirXiXp-

i<k
IMoctpoum dopmy Q(x--y), rae y o6o3nauaeT HOBbL Haop
TNepeMeHHbIX Yy, ..., Yn. DBbIUHC/IEHHE MOKA3bIBAET, UTO
Qx+y)=Qx)+QW+Bx y) )
rae B (x, y)— cummeTpuueckaa Guauneiinas gopma
B(x, y)=D] bixixe 3)

¢ Kos(ppuHeHTamu
by = 24q;,

buy=bu=qun (i<<k).
dopmy B (x, y) HasuBalOT noasprot gopmoil KBapaTHUHOH (HOPMEI

Q).

Korza mepemenHble X JHHEHHO IpeoOpasyoTCsi:

=X nx (yeH), (4)
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dopma Q (x) mepexogur B HOByW dopmy Q' (x'):
Q) =Q ().

Ilpu stom marpuua P =|m; | npexnonaraerca HeocoGoi. PopMbl
Q u Q' Ha3LIBAIOTCA PAYUOHAALHO IKeuBaseHmHoimu Had nosem H.
Ecin wmatpuuna P u obpatHas K Hell P~1 cocToAT M3 3/1€MEHTOB
Hekotoporo koabiia N = H, To PopMbl HA3LIBAIOTCH IKBUBANCHMHBIMU
Ha0 Koavbyom RN (HampuMep, I[€JOYHCJIEHHO SKBHBAJIEHTHBIMH, KOrja
R =7 — KOIBUO LeTBIX UHCET).

Ecau nepemeHnHble y npeoOpasyloTC TOUYHO TaK XKe, Kak nepe-
MEHHBIE X, ¢ KO3(QbhHuUHEHTaMH Ty

= ) Y, ()
T0 ¢opMa B (x, y) mepexoguT B HEKOTOPYIO OHIMHEHHYIO (opMy
B (x', y'):
B(x, y)=B"(', y').

U3 (2) caenyer, uToO
Q' +y)=Q *)+Q ) +B &, y). (6)
Eciun B —nonspuas dopma kBagpatuuuoil dopmbl Q, To B’ —
nonsipass ¢opma kBaapatuuHoit dopmbl Q'. TlocTpoeHne nosIpHOH
(opMbl HHBApHAHTHO OTHOCHTEJNBHO JHHEHHBLIX NpeoOpa3oBaHUH mepe-

MEHHBIX.
Ecau B (2) moacraBuTh y =X, TO NOJYYHTCS

4Q (x) =2Q (x) + B (x, x)
20 (x) =B (x, ). Y

Ecin xapakTepucTHKa MoJaf OTJIMYHA OT 2, TO H3 B (x, X) MOXHO
BOCCTaHOBUTL ¢opmy Q (x )'

Q)=+ B(x, x)= 2 bpXiXp.

HJIN

1
[Tos0KHM Tenepb 3bik=a,’k, Torna MoxHO OyneT 3anucaTh KBaj-
paTHuHyKO QopMy B BHIE

Q(x) = D awxixr (i =ap). ®)

M3 koabduunentoB b;, Guinneiinod ¢opmel B(x, y) MOXHO NO-
CTPOUTb CJELYIOLIUEH ONpPeNeTHTe/b:

bu b1 .ol b1 21 Gua +ve Gin
D—| b baebon | | Gz 262 .00 Gon | 9)

bn1 bpg .v. bpn Gin Gan voe 24n
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Onpenenntenb D HasbiBaetcs onpedeaumesem dopmel Q. Ecmu xapax-
TePUCTHKA OCUOBHOrO MOJAS HE paBHa 2, TO M3 pasie/eHHbX Ha 2
K03DPULHEHTOB Q;, MOXHO TOCTPOHTH omnpejenutesb A. DtoT onpe-
JeJuTenb HaspBaeTc Ouckpumurarnmom dopMbl Q. OueBHAHO, HMeeT

MEeCTO pPaBEHCTBO
D =2"A. (10)

BhisicHuM, Kak MeHsercsl onpeneautenb D mpu JUHEHHBIX Ipe-
o6pasoBanusix (4). Iloncrasum (4) u (5) B (3); momyuum

B' (&', y') = ) budumuxixl;
cJeJ0BaTe/IbHO,
bi, = Z bikﬂijﬂkz, (11)

rie CYMMHDOBaHHe BeleTcsl 1O MHJEKCAM, BCTPEYAIONHMCS JBaKbl.
PagenctBo (11) MoXKHO 3amucaTh Kak MaTPHYHOE PaBEHCTBO

B’ =P'BP, (12)

me Pf —wmarpuua, TpPaHCNOHUPOBAHHAS IO OTHOIICHHIO K MaTpHLE
P=| |,
Ecnn B3sTh onpepenutenu ofenx uactedi paseHctBa (12), ToO
HOJYYHUTCA
={Det (P)}*-D. (13)

naue rosops: onpedeaumenv D ymroscaemes Ha xsadpam onpedeau-
meas OCYWeCmsAsieMo20 npeobpasosanus.

Hauunas ¢ sroro mecra, mnpexpnojaraercs, 4To XapaKTepHCTHKA
OCHOBHOTO MO/l OT/IMYHA OT 2. 3aMeHHM IepeMeHHble X; Ha KOOpJH-
HATBl ¢; TPOU3BOJBHO B3ATONO BEKTOPA 4, a TMepeMeHHble Y, — Ha
KOOpJMHATBl d; BEKTOPA U M 3aIluIleM:

1
f(u, v)= 2 aipcidy = b B(c, d),
B YaCTHOCTH,

(u, u)= Z aycicr =Q(c).

[lpuBesem kBagpatHuHyilo ¢opMmy f(u, ©) ¢ MOMOIILIO JIHHEAHOTO
npeobpa3oBaHusa K Haubojee NpocToMy BHAY. [lisi 3TOro BhiGepem
BeKTOp v, Tak, 4robbl Obuio f (v, v;)5=0; 3TO Bcera BO3MOXKHO,
ecnn [ He ecTh TOXKAeCTBeHHbI Hyab. Torma ypasHenue f(v;, u)=0
OnfenensieT HEKOTOPOe MOAHPOCTPAHCTBO R,_; BEKTOPHOrO INPOCTPAH-
ctBa R,, KOTOpOoe He CONEPXKHT U;. BribepeM B 5TOM MOANPOCTPAHCTBE,
€C/I BO3MOXKHO, BEKTOD U, TaK, 4Tobbl Obl1o f (v, 0,)5=0; Torma
ypaBHenHye [ (v,, #) =0 BMecTe C MpeAbAYLIUM yPaBHEHHEM Opee/seT
HEeKOTOpoe MOAMPOCTPAaHCTBO R, , B R, ;, KOTOpOe HE CONEPKHUT U,.
Bygem npogomkarh 310 j0 Tex mop, moka He OPHAEM K MOZIMPO-
cTpaHcTBy R, , Takomy, 4ro f(u, u)=0 nisi Bcex u u3 R,_,, Tak
uro f(u, v)=0 m1a u u v u3 R,,. Moxer okasaTbcs, 4TO r=n;
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Toraa R, ,— Hy/neBoe MOANPOCTPAHCTBO. B NpOTHBHOM cayuae BhiGe-

peM B R, , NPOU3BOJBLHEI BEKTOPHBIH 6asuC v, ..., U, Toraa
f(viy Uk) :'0 (l#k))
f(on, v)=v50 (i=1,..., ),
f(vi, v)=0 ((=r+1,..., n).
Pasnioxxum Temepb Kaxplli BEKTOp U [0 HOBOMY 06asucy vy, ..., Uy
U= Z Uidi;
Torja
f(v, v)= ZZ f(vi, vg) didy = Z Vidi. (14)
1

Takum oGpasom, dopma f, Kak NPHHATO TOBOPHTE, npeobpas’oeana
K cymme xeadpamoe.
BekTopel @ u3 moanpoctpaHcTBa R,., 006/1a7al0T TeM CBOHCTBOM,
4T0
f(w, u)=0 p1s xaxnoro u,

M Xapakrepusyiorcs 3tuM. CrefoBatesbHO, MNOANPOCTPAHCTBO R,_,
H €r0 pDasMepHOCTb 7 —7 MHBAPHAHTHO CBs3aHbl ¢ (opmoit f. Uucao
r KBajparoB B (l4) Takme MHBADHAHTHO; OHO HA3LIBAETCH PAHOM
¢opmnl f.

Hpexnosoxum, yto note K ynopsinoueno (§ 77). Uucno orpuua-
TeNbHBIX KO3(huuuentos y; B (l14) HasmBaercs wuwdexcom unepyuu
gopmor f. TlokaxeM, 4TO W MHAEKC HHEDUMH HHBAPHAHTEH (3aKOH
uHepuuu CuabpBecTpa).

Ilycts Ta xe ¢dopma f, pasnoxenHas no APYrHM OasHCHBIM BeK-
TOpaM w;, BBHINISIZHT TaK:

r
’ 4 .
f= > vide
1
NIPENNONOKHM, YTO Yy, ..., Vs TOJOXKHTENBHB, a Yhiy, +.., 7, OTDH-
nare/bHbl H, aHAIOTHYHO, Vi, ..., Yk TOJOXKHTEIBHBI, & Yhis, ..., v

oTpuuarenbHbl. [1ycTh, Haupumep, k> h; Torja JuHeliHbie ypapHeHHS
d;=0, ..., dy=0, dp,,=0,...,d, =0

ONPENEJSIOT NPOCTPAHCTBO pasMepHOCTH, GoJblled n—r. as npo-
M3BOJILHOTO BEKTOpPA 4 3TOr0 MpPOCTPAHCTBA JOJXKHO MMETh MECTO
r

HepaBeHCTBO [ (4, u) = Z v:di<<0, a ¢ xpyrofi CTOpoHbI — HepaBeH-
h+1

k
cTBO f (4, u)=Zy§d{2<0; cnenoBaTensHo, f(u, u)==0 u Bce KoOp-

1
AHHATHL d; M di HynaeBbie, [losToMy BekTOp 4 MexHuT B R,_,. Iloay-
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qaeTcs, 4YTo HEKOTOpPOe NMPOCTPaHCTBO PasMepHOCTH, Oodblued #n—r,
COJIEPKHUTCH B (7 — r)-MEPHOM MPOCTPAHCTBE, 4ero ObITh HE MOXKeET.
Ecaun Bce koaddunuentnt y; B (14) noJoxutenbHbl, TO B C/ayuae
= QopMa [ Ha3LIBACTCA HOAONHCUMENbHO OnpedeneHHol, a B CIy-
yae r << n— noayonpedesernol. TlomoxuTe pHO onpejeseHHble QOPMEL
XapakTepU3yloTCs TeM, 4YTO Ha J/oOoM BeKTope u == 0 OHH MPUHHUMAIOT
MOJIOXKUTEAbHOE 3HayeHHe; IHoJyonpejeseHHble (QOpPMBI  XapaKkTepH-
3YIOTCS TeN, YTO WX 3HAYEHHS He BCErJa HOJOXKHTEe]bHbl, HO BCeria
IMosnoxutenbHo onpeneneHHass (gopma, Kak 3TO HEMELJIEHHO CJe-
ayer u3 (14), nocne npucoeauHenus K mnoqo H Beauuun V'y: npu-
BOJHTCSH K «@OUHUYHOL qbopzwe»:

(u, uy= Y, di.

Auasorom KBajpaTHuHbIX GOPM SBJISIOTCS 3pMmumoss goopmsr. YTobbl
MOJYYUTb HX, NMPHCOCAUHUM K YNOpsAoueHHOMY moJjio H KBajapaThbiil
KOopeHb 6 H3 Kakoro-1M6o OTpHLAaTelbHOro 3jaeMeHTa o mnoas H,

nanpumep 6=} — 1. O pennunuax noas H GyaeM roBopuTb, uTO
OHH (BEILECTBEHHb», 4TOOGb! OTJaH4aTh uX or BeanuuH noas H(0);
B npujoxeHusx mnoje H Goabliell uacTbio fBJsSETCA MOJeM Belle-

CTBEHHBIX umcea H 8=7/— I.

C KakanM uHcaoM ¢ =a-}-b8 conpsixkeHo uucao ¢ =a— bf. [Ipo-
H3BegeHue ¢f = a*— b*? Bcerga BewlecTBeHHO M ==0, npuyYeM 3HaK
paBeHCTBA BO3MOXeH Jinwb npu ¢ =0.

TMox apmumosoti ¢opmoil Mbl MOHKMMAEM BbIDaXKEHHE

H (u, u) = ZZ hikcick (hik = Eki)'

3uayenune Gopmsl H Ha MPOH3BOJBHOM BEKTOpPE 4 BCEr/la BELECTBEHHO.
[TocTpous

H(u+M, u+20)= 33 hypCilp+ 4 D)D) hipid +
+A D3 hpdici M 3N hpdidy,

noJlyuHM B KauecTBe KoshduuueHTa npH A GHIHHeHHYIO (opmy

U) = ZZ hikéldk-
neeT MeCTO paBeHCTBO
H (v, uy=H (u, v).

[lpu JauHefiHOM npeo6pa3oBaHHH IEPEMEHHBIX ¢;, TAe ¢; npeol-
pasylorcs, KOHEYHO, CONDSKEHHBIM IpeobpasoBanueM C MaTpHLUeH
P=|#,|, varpuna H 3pMuTOBOH (OpMBI MeHSETCH TaK:

H' =P+AP,
rje Pt=P!— martpuna, TPaHCIOHHPOBAHHAS M CONpsuKEHHas K P.
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Hawy npeabliyiiye paccMOTPEHHS O NPeJCTaBIeHHH KBajgparud-
HbiX GOpPM B BHJE CYMMbl KBaAPaToOB OCTAIOTCS CPaBENIHBBIMU H s
spmuTOBHIX opM. Hopmanbnas GopMa BHIMVISIAMT B JaHHOM C/yyae TaK:

H(u, u)y= > y.cc; (v BEIIECTBEHHE). (15)
1

®opva H BHOBb Ha3BIBAETCH NOA0MUMEALHO Onpedesentodl, €can Bee
shauenus H (i, u) NOJOXKHTENbHB, 3a MCKJ/IOUEHHEM CJyuas, Korja
u=0 wig Korga r=n 1 Ko>pPUOHEHTH V;, ..., Y, MOJOKHTEIbHLI.
ITocsie NpUCOENHHEHHS K OCHOBHOMY MOMIO KBAaJPaTHEIX KOpHefl H3 y;
NosIoKUTE/bHO OnpejieeHHast GopmMa NPUBOAUTCA K «edunu4rotl gopmer

E(u, uy=>) ¢

[Mocaeayouine paccyieHusl CIpaBeIMBL B DaBHOH CTENeHH
IVl 3PMHTOBBIX M JUis KBajJpaTHYHLIX GopMm. Mol OyneM roBopHTb
0 hopMax >pMHTOBBIX, @ A1 TOro YTOObI IIEPEBECTH [OKa3biBaeMble
NpeAJIOKeHHsT Ha Clydall KBaapaTHuHBLIX (OPM, HAno BLIOHPATh KO-
dunuentsl B nose H 4 0T6pocHTL HAACTPOUHbIE YepThl B 3aNHCHX.

Mul 6yjeM BbGHPATh KOHKPETHYIO, 60/bllell 4aCThIO NOJOKUTETHHO
onpejeneHtyo 3pMutoBy Gopmy G (u, u) panra n B Ka4eCTBE OCHOBHOU
gopmor v Gypem ofo3nauath uepes G maTpHuy ee KO3(pduIMEHTOB
|gix Il. Ecau, B wactnoctH, G (4, 4)— eaHHHYHAS dopma, 10 G —enu-
nyunas Marpuuia E. JlBa BekTopa u, v OyAyT HasblBaTbCsi Opmioeo-
naroroimu, ecau G (u, v)=0. B atoM cayuae v G (v, 1) =0. Bekrtops,
OpTOroHa/bHblE K GHKCHPOBAHHOMY BeKTOPY U 5= 0, COCTaBASIOT JHHEH-
HOe NOANPOCTPAHCTBO; OHO HAa3bBACTCH MOOAPOCHMPARCIIGOM, OPMO20-
Hanroubin K eekmopy u. Ecanm dopma G NONOKHTENbHO ONpejenieHa,
to Beerna G (4, u)=0, Tak 4TO CaM BEKTOD 4 B 3TOM CJIyuae He
NMPUHALNERKHT OPTOTOHATBHOMY eMy MOAnpocTpancTtBy R, . Dbasuc,
COCTOALLMII M3 7 NONAPHO OPTOTOHAIBHBIX BEKTOPOB Uj, ..., U, KOTO-
pulil HCMOMIB3YeTCs ANS NPeACTaBaeHHs GOpMLI B HOpMasbHOM Buje (15),
Ha3bLIBAETCA NOAHOL OpMO2OHAAbHOL cucmemoti BexTopoB. OpToronann-
Has CHUCTEMa HAa3bIBAETCS HOPMUPOBAHHOU, eC/H

G(U/', Uj)=1.
Jlunefinble npeoGpasoBanus A, YZOBIETBOPAIOUIHE PaBEHCTBY
G (Au, v)=G (u, Av) (n151 BCEX U U V), (16)

Ha3bIBAIOTCS IPMUMOB0 CUMMEeMPUYECKUMY WIH [POCTO cuMMempuye-
~Kumu. BOT Kak BBHINJALUT B pacnHcaHnHOM BHJE NOCAE/IHEE PABEHCTBO:

> Z Z gudyC, e =) > > 8kl sancty

\ ) ~ \
_>.J gudyj = }_4 8/kQki
i %

HJIH
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HJIH
A*G = GA. (17)

Ecu, B wactHoctH, G —enuHuuHast GopMa, TO YCJOBHE CHMMeT-
PHH BBITJISIIHT IPOCTO:
At=A wm Aip=Qy;,
”
YeM H OGBSCHACTCA TEPMHH «CHMMETPHYECKOE».
Jluneiineie npeo6pasoBanns A, OTHOCHTENBHO KOTOPHIX OCHOBHAS
dopma G (4, #) HHBAPH4HTHA, T. €.

G(Au, Au)=G(u, u) wmu A'GA =G, (18)
HA3LIBAIOTCS YHUMAPHHIMU, @ B BCILECTBEHHOM C/1y4ae — Opmo2oHas-
Howmu. OuenpHo, uro Torma v G(Au, Av)=G(u, v). B uacthocty,

ecin G=E, yero Bcerjga MoXKHO NOGHTBCS B IOJOMKHTEIbHO onpeje-
JIEHHOM C/yYae, TO BLICKA3aHHOE YCJOBHE BHIIVIAAHT TaK:

A*A=E wm A*=A"' um AA+=E.

PacnuceiBasi noapoGHO, MOJIyYaeM «yCJOBHS OPTOTrOHAMLHOCTH»

Z _ 5 0 mia k=1,
ikt ki 1 18 j - l,
HJH, UTO TO XK€,

P

BelectBeHHOe opTOoroHambHOe NpeoGpasoBaHHe C onpeneauTenem 1
Ha3LIBACTCA BPAUCHUEM.

Ecau cummempudeckoe uau yrumaproe npeobpasosanue A nepe-
600UM OMAUYHGLL OM HYAR eKMOp U & Kpammwil emy:

Au =My, (19)

m. e. ecau A ocmagasiem UHBAPUAHMHOLU NPAMYIO, ROPONOCHHYIO 6eK-
MopoM U, Mo u OpmMoO2oKAaAbHOEe K u nodnpocmpancmso R,_; ocmaemces
UHBAPUARMHABIM OMHOCUMEAbHO A.

HoxkasatenbcTBo. Ecau v npuHajgmexuT npoctpancrsy R,,,
T. e. G(u, v)=0, To WIA CHMMETpHYECKOro Mpeobpa3oBaHus A uMeeT
MeCTO CHCTeMa PAaBEHCTB

G (4, Av)=G (Au, v)=G (M, v)=MAG (4, v)=0,
a 15 YHHTapHOTO — CUCTEMa DAaBEHCTB
G(u, Av)=G(AA ', Av)=G (A4, v)=
=G My, v)=A"1G (4, v)=0.

BexkTtop # 540 co cBofictBoM (19) HasbiBaeTcs cobecmeentsin gexmo-
pom TmpeobpasopaHHf A; UYHCIO A Ha3bIBaeTCA COOTBETCTBYIOLIHM
CODCMBEHHbIM 3HAUERUEM,
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Kak mbl yxke Bujgeau B § 89, coOGCTBeHHbIE 3HAUEHHS HAXOOATCH
H3 6EK0B020 lPABHEHUR
7»——!11‘1 —O1g ...
A= —on A—am .. |=0, (20)
a COOTBETCTBYIOUIME COGCTBEHHBIE BEKTODH — H3 JIMHEHHEIX yPaBHEHHH,
3KBHMBAJIEHTHBIX MaTpuuHoMmy paseHcrsy (19):

Z OirCh =7\.Ci. (21)

IMpexnonoxum, uro mnojse H BelllecTBeHHO 3aMKHYTO (Hampumep,
AIBJISAETCA TOJIEM BELIECTBEHHHIX 4HCes) u noatomy mnose M (8) anre6-
panuecku 3amMkHyTo (cp. § 81); rorma BekoBoe ypaBHeHue (20)
o6sizatelbHO  o6snanaer xKopHeM A, B H (6), KoTropoMy cOOTBETCTByeT
HeKoTopblll coGcTBeHHBI BeKTOp €. OpTOroHanbHOE K e, TOAIPO-
cTpaHcTBO R,y nepeBonutcsi mpeobpasopaHueM A B cels, U Ha R, 4
npeoGpasoBaHue A CHOBA CHMMETPHUECKOE HJIH YHUTApHOE, €C/]IH
TAaKOBEIM OHO Obuwio Ha R,. CrepoBaTenbHO, IO TeM Ke IMPHYHHAM
B R,.; CYUeCTBYeT HEKOTODbIH COGCTBEHHBIH BEKTOD €,, OPTOrOHAJb-
HOe IIPOCTPAHCTBO K KOTOPOMY BHYTPH R, ; —0003HauuM ero uepes
R, ,—BHOBb HHBApDHAHTHO W T. H. Taxkum obpasom, Hatidemcs noa-
HQsL CUCMEMQ U3 N AUHEIHO HEe3GBUCUMbLY NONAPHO OpPMOSOHOALHBIX
COOCIMBERHBIX 6EKMOPO8 €y, ..., €

Aey, = hey.
Ecnu nepeiith K HoBoMmy Gasucy ey, ..., €, TO Marpuua A npuMer
IMaroHaJbHBIE BHI:
M 0
Ay
A =P1AP = . ] (22)
0 .

Taxyro HOpMAAbHYIO OPMY, CORAACHO CKA3AHHOMY 8bltie, U Meem
KOK CUMMempu4ecKoe, MaxK U YRUmMapHoe npeobpasoearte.

Ecnu Mbl HOpMHDYEM BeKTOpH e, ycaoBueM G (e, ey)=1, a 3710
BCerja BOSMOXKHO, MOToMy uTO mose H BellecTBEHHO 3aMKHYTO M CO-
IepXKHUT KBAaAPATHHE KODHH K3 MOJOXHTENbHBIX BeaHUuH G (ey, ey),
T0 Qopma G Ha 0Gasuce e, okaxeTcs paBHOH epuHHuHOH dopme E.
Eciu matpuuna A cumverpuueckasi, TO [OMKHA GBITb CHMMETpHYEC-

Koit n A;, coBmajaiomas, caeioBatenbHo, ¢ AT, u IIO3TOMY

My=A, um AeH.
XapakrepucTHyecKuil MHOrowIeH MaTpuiiel A WX MaTpuubl A; Takos:

n

% (%)= le (¥ — M) (23)
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Orciona: eexosoe ypasnenue % (A) =0 cummempuueckold mampuybe A
UMEEMm MOLLKO 6ELLECMBEHHbIE KOPHU.,

Ecin, xpome Toro, Marpuiuni A # G BelleCTBEHHH, TO Bellect-
BEHHBI H COOCTBEHHBIE BEKTOPbl €y — KaK pelleHHS BellleCTBeHHBIX
ypasueHu#t (21). Orciona: sewecmseenran cummempuueckas mampuya
npusodumes Kk OuzOHANbHOL opme (22) BeLeCMBEHHOIM  AUHETHHM
1 peobpasoeanuem.

C cumMeTpHueckHM npeoGpasoBanuem A WHBapHAHTHBLIM 06pa3oM
cBs13aHa apMuTOoBa opMma

Hu, u)y=0G(u, Au)=G(Au, u)
¢ MaTtpuiles

H=GA,
0 KOTOPOH BOCCTaHABJHBaeTcs marpuua A:
A=G'H.

OcyulecTs/15s1 AHaroHa/jpHoe mnpeoGpasoBaHue ¢ maTpuuamn A
u G, Mb onHoBpemeHHO jeficTByem H Ha H = GA; noayuaiomascs
B pesyJbrarte dopMma BRINVIAIMT Tak:

H(u, u)= Y] ccM,

Tem cambiM f0Ka3aHO clefyloliee YTBEPKAEHHE:

JIwboe 0Ose spmumosolx gopmee G, H, uz xomopeix odma, cka-
acem, G, onpedeaeHa nOAONCUMEAbHO, NPUBOOAMCS 0OHOBPEMEHHO 00-
HUM U mem oie npeobpasosaHiuem K 6udy

G (u, u)="> ¢\,
H (u, u) =] t\cyhye
HUucna A; ABAAIOTCA XapPAaKTEPHCTHUECKHMH KODHAMH MaTpHUb A =
=(G"'H, u1H, 4To TO Ke, KOPHSIMH BEKOBOTO ypaBHEHHS
IAgn—h|=0.
B wactHoctn, aw6oie Ose eewjecmsennbly  Keadpamuuneix gopmst,

00HQ U3 KOMOPBLX NOAOJCUMEABHO ONPEOeACHA, BEU4ECINBEHHbIM Npeol-
pasosaruem 00HOBPEMENHO NPUBOOAMCA K CYMMAM K8adpamos:

Gu, wy= a,
H (1, u)= ] cihy.

OGee uccrenopanue Bompoca O KaaccHUKaLMM nap KBaipaTHy-

HBIX popm cM. B kHure: Jukcon (Dickson L.E.). Modern Algebraic
Theories.—Chicago, 1926. '

Bapaua . Ecan 7 BEKTOPOB vy, ..., U, NOPOKAAIOT NPOCTPAHCTBO R,, 10
BEKTOpELI, OpPTOrOHa/IbHBIE K HHM, COCTABJSIOT HEKOTOpOe NOANPOCTPAHCTBO
@ NPOCTPAHCTBO R, fABJACTCA NPAMON CyMMOH R, Rp_p
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3axavua 2. Fcan cCHMMETpHuECKOe MM YHHTapHOe npeoGpasosanme A ocTas-
JsieT MHBADHAWTHBIM TOANDOCTPAHCTBO R, TO OHO OCTABJISET HHBADHAHTHBLIM H
NOATIPOCTPAKCTBO Ry_,, MEPIEHAMKYIAPHOE X R,.

3agaua 3. Jlobas cucreMa CHMMETPHUECKHX HJH YHHTapHHIX 11peo6pa3osa-
HHH BrOJIHE MPHBOLHMA.

3apgaua 4. Onpelesnreas D mo6Oro yHHTapHOrO npeoGpasoBanHs IO abeo-
JMOTHOH BeJHuuHe paseH [, T. e. DD=1. Onpexesuresb BeWECTBEHHOTO OPTOro-
HaJBHOrO Tpeofpasopanust paseH -+ .

3agaua 5. YuurapHble W, PaBHbIM OGPa30M, BEL(ECTBEHHblE OPTOrOHAJbHbIE
npeo6pasoBanusi NPOH3BOJLHONO BEKTOPHOTO TPOCTPAHCTBA B Celst COCTABJAIOT

Tpynmy.
§ 91. AuTHCHMMeTpHUYeCKHe OUauHelHble (OpMbI

Bununeiinas GopMa OT TNEPEMEHHBIX Xy, ...y Xp H Y1y ooy Yn
¢ xosduumentamn u3 noas H
fF(x 9) =) auxi (1
ik

Ha3bIBAETCHA aﬂmucuMMemputtecxozi, eCJIM oHa obJanaer CJACAYIOUL MU
AByM#A CBOHCTBaMH:

fx, o) =— fy, x), @)
Fix, ©)=0. )
Jas xo>bUUHEHTOB 910 03HAYaeT, YTO
Qip == — Qgis 4
a; =0. (5)

BBeeM HOBHE NEPEMEHHBE X7 H y; BMECTO CTaphiX X; U Y C IO-
MOLIBIO OIHOTO M TOTO K€ JIHHeHHOro NpeoOpasoBaHHs:

Xp= Z DX
Y= Z Priyis
Torga dopma f(x, y) mepefiier B HOBYIO GWJHHElHYIO QopMy
F'& y)= Z ik <Z Pt/x}> <Z sz!/f> = D auxiyi,

KOTOpas BHOBb OyJeT aHTHCUMMETPUYECKOH; KOIPOUUHEHTH MOC/Tel:
neil GyayT 3a/1aBaThCsl PaBEeHCTBAMH

’
ajr= Z PijQirPris
WiaH, B MaTpuuuol gopme,

A’ =PtAP. (6)
Ilnsi onpenenutenss D matpuust |ai | u3 (6) monyuaercs caenyiouiast
¢opmysa npeo6GpasoBaHyA:

D’ =DA?, ™.

rae A —onpeienuTesp MaTpHUL NPeo6pasoBaHy .
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3apaua l. [doxasars, yro H3 (3) cienyer (2).

C nomolwbio NoAXoAAWHM 06pa3oM BhLIGPAHO MATPHILbI npeo6pa-
soBanus P mnpuseseMm dopmy f x HauGosee npoctomy HOPMaJbHOMY
Bi1y. JTo npeoGpasoBaHue Oy/ieT BBEEHO 3a HECKOJIbKO ILATOB.

Ecan dopma f ToxkzectsenHo paBHa Hy.0, TO 6€3 BCAKOrO mpe-
00pa3oBaHlifl OHA MPENCTAaBIAETCS B HOPMadbHOH (opMme:

f0=0-

Ecan xe xora Obl ofun kosdduuuent aanHoil GOpMBI OT/IHUEH
OT HyJf, TO MOXHO CUHTaTh, 4TO a;, %= 0. Haitnem B (1) Bce cna-
raeMple ¢ NepeMeHHOH X;:

X1 (Arels 4. . .4 Aynlfn). )
Torna canaraemble ¢ nmepeMeHHOH y, TAKOBBI:
—(QyaXs . . .+ QyaXn) 1.
BBenem BMECTO X, H Y, HOBbIe NePeMEHHbIE X; H y; no dopmyam:

Xy = QyoXy +. . . Qy, X,
Ya=apls+.. Tt 1nYns

nocae 3TOro 3anumem f Kak Gopmy OT X, x5, Xs ..., Xn M OT Y,
Ys Y3y +-vs Yno Claraemble ¢ x; U y; Tenepb BLIMAAAT IIpocCTo:;
Xy — X3y

Cnaraemble ¢ y; TAKOBHL:
’
(1 baxs - .+ b,x,) v

Baiecto X1 H Yy BBEJEM TelEePb HOBble INEPEMEHHLIE

Xy =x; +bgxg 4. . .+ bux,,
!/;=ZJ1 +byys +.. ot OnYn,

i sanuieM [ Kak QOPMY OT Xj, X3, Xy ..., Xu H OT U}, Yh Yo ...
v+oy Yp. Torza OCTaHYTCS TOMBKO JBa ClIAraeMbiX, COJEPKAIIHX X),
X3 Yy WIH Y5, a MMEHHO:

Y 4 ’ ’

X1Ya — XoY;-

Bee ocranlbHble CaraeMle COAEPXKAT JHIb Xy ..., X Ys ...
«++y Yn. ECIH BCE OHH DaBHBI HYMIO, TO Mbi MOMYYi/JH HOPMABHYIO
$opmy

7 ’ r, 7
fr = x1ys — xay1.
B nporuBHOM ciyuae MOXHO NOBTOPHTB TNPOBEJIEHHYIO  IIPOLUERY Py

W BMECTO X3, X4 Ys Ys NMOJYUHTH HOBBIE NEPEMEHHLIE X, X{, Ui, Yi
KOTOpble OKaXXyTCA JIHIUb B CJaraeMelx

X5yt — XilYse
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B KoHLE KOHIOB MOJAYYUTCA HOpMa/ibHas ¢opma, Kotopas 6e3 BBe-
IEHHBIX BbIllle IUTPUXOB BBIIVIAIUT TaK:

fr = (X192 — Xab1) +. . . (X2p-1Y2e — XorlYar 1) 8
rue

0<2k<n.

B n-MepHOM BEKTOPHOM MpPOCTPAHCTBE, COCTOSILEM N3 BEKTOPOB
Buaa (¢, ..., C), €CThb NMOANpOCTpaHCTBO N, KOTOpOE 3ajaeTcsl ypas-
HEHH AMH

f(c, Yy =0 ToxKzmecTBEHHO MO Y,

Z A;pCy = 0.
)

PasmepHOoCT: 3TOrO MOANPOCTPAHCTBA paBHA n —F, TAE F— PaHD
marpunbl A. OueBuaHO, YKas3aHHasf pPasMEpPHOCTb HABJIAETCA HHBA-
puaHToM (opMbl f OTHOCHTENbHO OOpATHMBIX JIHHEHHBIX Npeobpaso-
BaHUH NepeMeHHbIX X; H y,. Takum obpa3oMm, HHBADPHAHTOM SBJASETCSH
U UYHCIO 7.

Eciu BBIUMC/HTB PAHT 7 HOPMaNbHOH (OPMBI [, TO MOJYUHTCS

r=2k. 9

HJH

Taxk kax r — uWHBapuaHT, TO pPaHl' 7 MCXOXHOH (GopMbl f ABAAETCA
yeTHHIM yncaoM. Mmeem:

Pane anmucummempuueckoll mampuyor A SBAAEMCA HEMHOIM HUC-
a0m 2k. Dm0 4uUCAO PABHO KOAUHECHBY CAQRAeMbIX 8 HOPMAALHOL
gopme (8).

Ecnn pasmepHOCTb 71 — HEYeTHOE YUCAO0, TO paHr 00f3aTe/lbHO
MeHbLIE, YeMm 71, H NO3TOMY onpeaetutesb D pasen Hy 0. Ecau xe
f1=2m 4YeTHOe, TO CYIIECTBYIOT (opMmbl C onpejenuresem D =0,
Hanpumep, HopmaibHas Gopma f,. CirefoBaresbHO, OIpeje/NHTe b
AHTUCHUMMETPHUECKOH MATpHUbl H3 YeTHOTO 4YHC/Ia CTPOK He BCErja
paBeH HYJIO.

Mbl TOIYUUM 06WyYI0 ARMUCUMMEMPULECKYO OpMY, CUATAs KO-
shpUIHEHTRI @, NPH [ <k HE3aBUCHUMBIMHM II€DEMEHHBIMH H BbIPA3HB
ocTanbHele uyepe3 HUX ¢ nomoubio (4) u (5). Ecau n uernoe (n=
=2m), TO ompeleauTe/]b TaK TMOCTPOEHHOH oOmed (opMbl B CHAY
CKa3aHHOrO Bbillle OT/IHYeH OT Hyasl. BEcau npusectd 3Ty 06LLYIO
GopMy K HOpPMajibHOMY BHIY, TO NOJYYHTCS HOpMma/bHas gopma (8)
¢ k=m. KoapdhuineHTbl COOTBETCTBYIOLIEH MaTPHIbl [peocbpasoBaHus
ABJISIOTCS PAlHOHATbHBIME (DYHKUUAMH OT NEPEMEHHBIX Gy, a ONpe-
nemuteab D' HopManbHOR (opMbl pasen epunuune. CrefoBaTenbHO,

D=A-" (10)

rae A — paunoHajsbHas (QYHKOHA OT a;, NpejcTasldeMas, TaKHM
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06})3301\1, OTHOILII€EHHEM MHOTOYJ/IEHOB:

A=G/H. (1
W3 (10) u (11) crenyer, uro
DG? = H2. (12)
Cnenobatenbno, H? penurcs Ha G2, a notomy H —ua G:
H=GQ.
[ToactaBum 310 B (11) u (12); Torma monyuurcs
A=QY, (13)
D =Q2. (14)

Onpeneautens D saBasercss ¢opMoH CcTenmeHH n=2m, M03TOMY
Q —dopmMa cTeneHH m OT NEPEMEHHBIX a;;. Eciau 1as ciyyaes n =2
M n=4 NpOBECTH COOTBETCTBYIOLIHE BHIUHC/IEHHS, TO I[OJYUHTCSH

n== 2: Q = Q9
n=4 Q = 21904 — Q13054 -+ A140o3.

dopmyna p1a Q B obuiem cayvae Obiia Haiigena ITdadpdom. o-
Ka3aTe/bCTBO HMEETCS1 B OJHOM OYEHb MOYUHTEJBbHOM NHChbMe JIu -
muia (Lipschitz R.). —Ann. Math., 1959, 69, p. 247), ony6.u-
KOBAHHOM MHOTO JIET CIYCTSI TOCJE €ro CMepTH.

Ipynna nuuvefinmix mnpeoOpasoBaHHil mepeMeHHBIX X; H Y, nepe-
BOASIMX B Clydae 7 =2m HopMajbHYyl0 ¢opMy f, B cebs, HasbBa-
eTCsl KOMNAEKCHOL WIH cumniexmuueckol. [1o MOBORY CTPOEHHS STOH
TPYNNbl, a TaKXe OPTOTrONa/bHLIX TPYNN H BooOlle JHIEHHBIX TPy
cM. Abenonne (Dieudonné J.). Sur les groupes classiques. —Pa-
ris, 1948.



T'rasa mpunadyamas

AJITEBPbI

Koablo 91, ABJIAIONIEECH KOHEYHOMEPHBIM BEKTOPHLIM Inpocrpad-
CTBOM HaJ HEKOTOPHIM IIOJIEM Pu YZOBJIETBOP AIOLIEE YCIOBHIO

(o) v =u(ow) =0 (uv) g a =P,

Ha3blBaeTCs accoyuamusHotl arcebpoidl Haj mnoneM P. Ecian wuckio-
YHTb YCJOBHE ACCOLHATHBHOCTH, TO NONYYHTCA ofulee MNOHSITHE (JIM-
HeltHOH) azeebpor. Cpenyl HeacCOUHATHBHBIX are6p OCOGEHHO BaKHBI
IBa Tuma:

1. AnbmepramusHele Koabya, B KOTOPBIX BBIIONHSIOTCS CJAEAYIO-
IHe oc/iabseHHrle 3aKOHBl aCCOIHATHBHOCTH:

a (ab) = (aa) b,
b (aa) = (ba) a.

HauGonee pannuii npumep ajbTepPHATHBHOH anreGphbl NpeacTas-
aseT coboi aare6pa oxtas Ksau; cm. mo sTomy moBoay Ilopwu
(Zorn M.). Alternativkorper und quadratische Systeme. — Abh. Math.
Sem. Univ. Hamburg, 1933, 9, S. 395. AnbrepHaTHBHBIE KoOJbLA
BaXKHBl JI11 aKCHOMaTHKM TeoMeTpHH Ha miockoctH '). HoBele uceite-
NIOBaHHA MO 3TOMy TNOBOAY cM. B pabore: liladep (Schafer R. D.).
Structure and representation of non-associative algebras. — Bull.
Amer. Math Soc., 1955, 61, p. 469.

2. Jluegor K0Abya — KONbLA, B KOTOPHIX BLIIOMHSIOTCS CJEAYIOUIUE
npaeuna:

ab—+ba=0,
a-be+b-cat+c-ab=0.

WudunnuTe3nMaMbHEIE NOPOXKAAIOILKE TPYIN JIH NOXYHHSIOTCS 3THM
npapisaaM. Kosabua JIu (JmeBbl KoJblia) HCCIENOBAJIHCH B (DYHAAMEH-
TajbHbIX pabotax Kaprtana?) u I'. Beiina® B cBAs3u ¢ tecpueit

) Mydanr (Moufang R.). Alternativkorper und Satz vom vollstindigen
Vierseit. — Abh. Math. Sem. Univ. Hamburg, 1933, 9, S. 207; cM. taxke Math.
Ann., 119, S. 416 u ®pefinenrans (Freudenthal H.). Zur ebenen Oktaven--
geometrie. —Proc. Akad. Amsterdam, 1953, A56, p. 195; A57, p. 218, 363;
A58, p. 151. ,

2y Cartan E. Thése. —1894. B sroif &e cBa3n cM. @ pefigentaans (Freu-
denthal H.). —Proc. Akad. Amsterdam, 1953, A56.

3) Weyl H. Darstellung halbeinfacher Gruppen durch lineare Transformatio-
nen, [—ITI. — Math. Z., 1925, 23, S. 271; 1926, 24, S. 328, 789. B artoii xe
CBSI3H ¢M, Bal fep Bapagen (van der Waerden B. L.)—Math. Z., 37, S. 446.
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rpynnsl JIn. Tlo moBopy HOBbIX HCClefoBaHME B 3TOH 06aacTd cM.
CJenyIoLLYIO JIHTEpaTypy:

Burr (Witt E.)—J. reine anges. Math., 1937, 177, S. 152;
Abh. Math. Sem. Univ. Hamburg, 1941, 14, S. 289.

Opetinentaasp (Freudenthal H.). —Proc. Akad. Amsterdam,
1954, A57, p. 369, 487; 1956, A59, p. 511; 1958, A61, p. 379.

B 5TOl KHHIe MBI OTPAaHHYHMCHl ACCOLMATHBHBIMH ajreGpaMH Ko-
HeuHoH pasMepHocTH Hapx nojeMm P. CnoBo aace6pa Oyner OTHbHE
yHOTPeOJAATECH B 3TOM Y3KOM CMBIC/IE.

§ 92. lpsamble cyMMbl H mepeceyeHHs

B cBoux mekuuax Ommu Hértep Bcerma noguepkuBaja BaxkKHOCTb
CBSI3M MEXAy NpPAMBIMH CYMMaMM H IepeceueHHsiMH MopyJeidl. Ita
ujaest NPOXOAUT KPacHOH HUTBIO uepes Bce ee TBopuecTBO. CeHuac Mbl
pa3bsCHUM 3TY CBs3b, HAa4aB C MyJbTHIJIMKATUBHBIX TPYNI W Mepeiins
3aTeM K aJyIMTHBHOH (opme 3amucH.

ITycts rpynna & sABaseTca NpsMBIM NPOH3BEIEHHEM MOArPYINI
Ay, ..., A,. Oro o3Hauaer, yTo:

1) kaxpas noprpynna ¥; HopmaJjbia B (;

2) npoussenenue nogrpynn A, ..., ¥, papuo ;
3) ecau B; —npousseneHue pcex M, 3a uck/aoueHnem A;, 10
ﬁiﬂ%i:@,

rge ¢ coCTOMT M3 OfHOTO JMUOIb €IUHUYHOTO 3JIEMEHTA.

B cuny § 53 u3 1), 2), 3) cuenyer, uT0 KaxIblii 3J€MEHT g
rpynnel & OAHO3HAYHO NpPEACTABJsETCS B BUAE NPOM3BEACHUA @ ...
vty (=) uopna is= ] Kaxabll 3JeMeHT mnoArpymnel U; mepe-
CTaHOBOYEH C KaxIbM 3/ementoM noarpynmel %, K3 2) caenyer pa-
Jee, 410

’l(,-%i———@)'.

pynna B; coctouT M3 MPOU3BeNEHHH a; ... 4, B KOTOPLIX MHO-
KUTeJb @; paBeH e. OTClofia cJjeayeT, YTO NepeceueHde BCeX MOJ-
rpynn B; paBHo € u nepeceuenne Bcex B; ¢ jz=i paBHO ;. Tem
CaMBIM [OArpYNNel B, 06/12a10T CAELYIOIHME TPeMsi CBOHCTBAMH, O
HeKOTopoil cremeHu ABOHCTBeHHBIMH cBoficTBam 1), 2), 3):

1) kaxknast moarpynna B; sBasercs HopmasdbHOH B (8;

2"}y nepeceyenre By ... N B, pasuo C;

3') ecau ¥, — nepecedyenue Bcex noarpynn B;, kpome By, To

4B, = 6. (1)
Ecau Bomossiorest csefictea 17), 2), 3'), To enuHHYHAA TOA-
rpyrna & uaswiBaeTca npamoim nepecetenuem nogrpynm By, ..., B,

Ecan B 2') Buecto & crout apyras rpynna D, a 1') u 3') ocraworces
HEH3MeHHbIMH, TO T Ha3bIBAETCH NPAMbIM NEPecedeHlesM MOArP Y
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By ooy By DroT OOWHE cayuall 6e3 Tpyaa CBOAUTCS K Caydaro
© =¢ Beenenuenm caxkroprpynn &/ u 8,/2.

Hokaxem tenepb 1), 2), 3), ucxona us 1’), 2'), 3’). Ecan onpe-
nenuts noarpynmsl ; ¢ nomouwsio 3'), To M3 2') Gyner cJeAOBATH

ANB =E. @)

[Toxgrpynner 2;, fBJASCH MEpPECEYCHHAMH HOPMAJbHBIX NOATPYI,
caMH fIBJIAIOTCH HOpMaJbHBIME B (8. [lokamxeM, yTo WX npousBejleHHe
paBio & d npoussenenue Bcex ¥;, 3a uckmouenueM ¥;, paBHO B;.

Ilycrb g — npousBosbHBI asemeHT u3 &. B cuay (1) u (2)
rpynna & spasercs npaMeiM npousBeienvem mnoxarpynnm ; m B,
TaK YTO g OJHO3HAYHO INpPEJACTABJSETCS B BHJIE

g= aibi (ai = S\)(i, bi = 58,)

Janee, Kaxapli snemeHT noarpynne! ¥; NepecTaHOBOYEH € KaXKIbIM
3/71€MEHTOM NoArpynns B; H, B YACTHOCTH, C KaXKIbIM 3JEMEHTOM MOJ-
rpynnsl U, (js=10). CocraBuM npoussejeHue

g'=a;...a,.
Torna
gl =b"ai"ay ... a,.

B CUJY TNepeCcTaHOBOYHOCTU 3JEMEHTOB a; NnocnelHee BbIpaKeHHE
MOXKHO 3amnHcaTb Tak:

— ' —
glg =b'ay ... a1 141y ... ap.

Bee comuoxuTenn cnpaBa JiexkaT B NOATpynme ¥B;, B CHIAY Yero
g'g’ mexur B B, npu mobom i. B cuay 2') orcioma ciemyer, 4To

gig’ =e
taKk yro g’ = g. CnenoBaresibHO, Kaxblii 3/1eMeHT g rpynnsl & npep-
CTaBJSTCS [POU3BELEHHEM @ ... A, ECJH 3/1eMEHT g JIeXKHT B MOA-

rpynne B;, TO COMHOXKHUTENb @; PABEH €, M MOITOMY KaxKIblH 3/JEMEHT
noArpynnsl B; mpejcTABsieTcss B BUHIE

al PR al_la”l v a,,.

Orciona ciefyer, uto npoussejeHne Bcex noarpynn A, pasno &,
a npouspelleHne Bcex moxrpynn ¥;, 3a uckJjouenueMm A;, pasHo By
Caenosatenbio, noarpynnel 2, o6GnajgaioT ceoiicrsamu 1), 2), 3).
Hs (1) u (2), B cooTBeTCTBUH C INepBOH TeopeMod 06 H30MOp-
¢bu3sme, caenyer, yTo
@)/381_%%![

B apauTHBHOA 3amHcH BCe JOKa3aHHOE MOXKHO ChopMmyJ/Hpo-
BATb TaK:

Ecau modyre G ssasemes npamoii cymmoti nodmodyreid 3y, ..., Uy
u By —cymma scex W;, 3sa ucknovenuem N, mo nodmodyrs {0}
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ABASILMCA NPAMbIM  riepecedenuem noomodysed By, ..., By, a U; A64a-
emcst nepeceqeruem ecex B;, 3a uckaoueruem By Bepuo u obpammoe.
Hakorey, umeem mecmo usomopgpusm &/B; =2 U;.

Bce ckasanHoe HMeeT MeCTO M JJif IPYIN C omneparopamu. B npu-
JOXKEHHSX K Teopud Kovel & sBiaseTcs KoabloM, Wi Kotoporo &
CIYKHT 06JaCTbiO JIEBHIX HJH NpaBuX onepaTtopoB. Moaymu % u By
CTaHOBATCS B 3TOM C/yyae JIEBbIMH HJIH NpaBbMH Hieasamn B .
TakuM 06pasoM, HaM MPEACTOHT HMETh 1eJO ¢ HEKOTOPHIM IIPEeAcTaB-
JenveM Kouapna & npsaMoE cymMMo# JIEBbIX MJM NpPaBblX HieanoB 2U;
¥ C COOTBETCTBYIOUIUM NpEACTaBJIEeHHEM HYJ/EBOro Mjeasja NMPSAMbIM Me-
peceueHueM JIEBbIX MJIH IpaBblX HaeanoB LB;. Mol coxpanum Teo-
PETHKO-TPYTINOBbIE 0603HAYEHHUs!, TIOTOMY YTO KaikjAoe KoJabilo Oyaer
paccMaTpHBaThCsl KaK AJMTHBHAs TPynna, I/1st KOTOPOH camo 3TO
KOJIBIIO CJYKUT 06/1acTbiO ONEeparopos.

Ecau ¥U; (u Taxke B;) AAAOTCA IBYCTOPOHHHMH HA€aNaMH, TO
npoussenenne W A; cozepxutca Kak B ¥A; Tak u B ;. Onmaxo Ans
[ 5= j mepeceuenue ;1 AU; ABIAETCA HYJNEBHIM HIEAJIOM, B CHIYy 4Yero
A, ={0}. CrenoBaresbHo,

Ecau Koroyo & seasemes npamoti cymmoti 0sycmoporrux udeanos 3;,

O=A +...- Ay, )
mo N, aeasomes Korbyamu, aHryaupyiouumu Opye Opyea:

OGpatHo: ecau Koablo (9, paccmaTpuBaeMoe Kak ajlITHBHAS
rpynna, fBasercs NpAMOH cymmoHl Komen U, aHHYJHPYIOUMX APYT
apyra, To Koabua ; ABJAOTCA NBYCTOPOHHHMH Hieatamu B &. lo-
Ka3aTeJbCTBO OUYEBHJHO. B 3TOM C/lyyae TOBOPAT, 4YTO Koablo &
(414, B wacTHOCTH, aarebpa () sBaseTcAd npamol cymmoil Koaey
(uan amre6p) ;.

Ecan umeror mecto (3) u (4), To crpoenne Koabua & Jierko
BLISiCHSieTc yepe3 crpoeHue Kogen ;. MiMenno, ecin g u h—aje-
MEHTBl KOJblLlA, IIPeACTaBjeHHble ¢ moMoibio (3) u (4) B BHae

g=g+...+gn
h=h+...+hy
g+h=(@+h)+.. .+ g+,
gh =g1h1 +.. -+gnhm
T. €. CJOXKEHHE H yMHO}KeHI/Ie TIPOUCXOJHT MMOKOMIIOHEHTHO.

TO

3agaua. Eciu xoasilo & c eaunuueil 3afaercd TNPAMOfl CyMMOH /eBbIX
HJeasnos ‘
O=1+...+, (5)
a pas/oMeHHC CAHHHIL! 3aJaeTCsl PABEHCTBOM

e=¢ -+ ... tep (6)
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10 [ = G¢; n

e% = elr (7)
eej =0, iz£7. 8)

HaoGopor, ecau Buimosinerst (6), (7), (8) u onpeneneHel
Ii = @ei: (9)

10 ® sagaercs npsiMOBt CyMMol JeBHIX HAealoB I;.
Ecnin, paBHeIM 0o6pa3oM, onpeiesuthb
vy = ¢;0, (10)
TO Kosblo & oKkaxercs MpsiMOH CyMMOH NpaBblX HIEANOB Ti.

§ 93. NMpumepbl anredp

1. BaxubiM npumepoM ajire6pbl SIBIAETCS NOAHOE MAMpPUUHoe
Koasyo P,, cocrosliee u3 BCeX 7n-CTPOYHBIX KBaApATHBIX MAaTpHIL
¢ sjemeHTamu u3 nojs P. dra anre6pa umeer panr n?. B Kauectse
GasucHBEIX 3JIEMEHTOB MOXKHO BhIOpaTh MaTpuubl C;,, B KOTOPHIX Ha
nepeceyeHuy - CTPOKM M R-ro crosibua cTouT 1, a Ha OCTaJbHHIX
mectax Hy.au. Kaxnas matpuna A ¢ s/eMeHTaMH Oy, IIPEACTaB/jisiercs

B BHJIE CYMMbI
Z Cirins

B KOTOPOW CYMMHPOBAHHE Bejercsi Mo BceM { W &, NPUHHMAON[HM
3Haueniiss oT 1 go n. IlpaBuna yMHoXeHHS A5 GA3HCHBIX 3/€MEHTOB
C,, TaxKoBHI:

CalCp=0 (i~ j),

Chlcik = Chk‘

2. Aneebpa reamepruonos. Ilycth U — yeTbipeXMEPHOE BEKTOPHOE
MPOCTPAHCTBO ¢ Oa3uCHEIMH 3JeMeHTaMH e, j, k, [. Dynem cuurars,
yTo € sBJfAETCA euHHueH, T. e. ef=e¢, €j=j H T. I 3agagum
Jajee paBeHCTBA

ff=—ea, ki=—ep,
rie o H P — NpPOH3BOJIbHBIE 3jieMeHThl moast P, u
jh=—rFkj=1.

Torpa
I = jkjk = — jjkk = — eaB,
jl=jjk=--eak=—ka,
lj=—rkjj=-1 kea =ka,
lk=— kkj = + eB] =,
lk= jhk = —jef = —jB.

TonyuuBascsa anre6pa U HasbiBaercss aacebpoil  0600ujeHHbIX

keamepH1onos. Ee 3jieMEHTHl BHINAAST TaK:

x=exy+ jxy ke, lxg (X, X5, Xy X3 = P). :
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CaMmo co6ofi pasyMeeTcsi, YTO JEMEHTH! X, H X, OTOXKAECIB/SIOTCS;
TakuM obpasom, noie P oxaspiBacTcs BIOKeHHBIM B aare6py .
Hopma mpoH3BOJbHOIO 3/€MEHTa X ONpeje/nsercss PaBeHCTBOM

N (x) == x% = (exq + jx1 + kxy =4 Ixg) (€xy — jx; — kxy — lx3) =
' = x4 oxf -+ Bx§ 4 afxi.

Ecau 3Ta KBajpatuusHas ¢opMma IpejacTaBiasier Hyqamb (T. e. ofpaiua-
ercs B HyJb Ha TaKHX X;, KOTOpble HE PaBHBI HYJIO OJHOBPEMEHHO),
TO TpOU3BEJEHHE XX MOXKeT ObiTh HyJeM npH x==0, a A moxer
objazath penutenamu Hyds., Eciu ke yrnomsimytas ¢opMa He mnpen-
cTaBasieT HyJ s, TO Kaxublit x40 obnagaer o6paTHBIM:

x 1= (x5 + oxf -+ Pai + aPxf) Y,

U, cjaenoBaTeibHO, anrebpa I aBfeTCS TeJIOM.

Mampuunoe npedcmagrerue anre6ppl OOOOLIEHHbIX KBaTePHHOHOB
9 nonywaercs Torja, Koraa ? paccmMaTpHBaeTcsl Kax JABOHHOH MOAYJb,
ans KoToporo A cayXKuT o6aacteio JeBbiX, a X =P (j) —obaactbio
npaBbiX MyJbTHILIHKATOpoB. DyjeMm cyutath, 4T0 — & He siBJfieTCH
kBajparom B noje P; Torza

S=P()=P(V=a)

— noJe. Anre6pa 2 sIBNseTCS ABYMEPHBIM BEKTOPHLIM I1POCTPAHCTBOM
Hajg 3TUM IoJeM; B KauecTBe OasuCHBIX 3/I€MEHTOB MOXKHO B3ATb,
Hanpumep, e H — k. BeKTopel X NpeJCcTaBJSIOTCSI TOTAA 1aK:

x=e(Xy+ jx) + (— &) (— x3+ jx3). (D

Ecan 3TH BEKTOPH X YMHOXAaTh CHpaBa Ha IPOU3BOJBHEI 37e-
MEHT y, TO MOJNYYHTCA JHHeiiHoe rnpeo6pa3oBaHxe Y BEKTOPHOTO
npoctpancTBa ¥, KOTOpOE MPeICTaB/IseTCs HEKOTOPOH MaTpHUEeH. Ity
MaTpHUily Mbl Takxke obosHaunM uepes Y. Ee croabusl mosyudatcs,
eC/H YMHOMKHTb Ga3HCHBIE 3JeMeHTh e U — K cieBa Ha y U pesyilb-
TaTel cHoBa 3amucaTh B BHjae (1). Ecau, B 4acTHOCTH, B Kauecise Yy
B3ATh j, K WK [, TO MOJIy4yaTCs MaTpPHILbI

j 0 0 B 0 JjB|
M e L= ] 2
0 —]’v —1 0] j ol @)
Ecan Temepb BhIOpaTh a=B =1, TO noayyarcs eamunbMOHOSb!

KBAMePHUOHbL
X =Xy jxy+ERxy -+ lxg

¢ NpaBHJIAMU ONEPHUPOBAHMA:

peR=l=—1,
jh=1, kj=—1,
Rl=j, lk=—j,

li=k, jl=—-F
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Ecin P — BelecTennoe uncioBoe 1oJie, To B MAaTPHUHOM npes-
CTaBJICHHH 3JIEMEHT | MOXKHO 3aMEHHTb Ha MHHMYK euHuIy i. Torja
MOy YHTCST:

i 0 01 0 i

=l b k=lovol ]2 o]
3. Ecim B KauectBe Ga3HCHHIX 3/1eMEHTOB anre6pel B3ATh Bce
S/IeMeHThl KOHeUHOH TPYNNbBl 4y, ..., U,, TO TNOJYUHTCS 2pynnosoe

Koabyo 310N KoHeuHoH rpynnsl. QueBHIHO, 31eCh 6yleT BHINOJIHEH
3aKOH acCOLHATHBHOCTH.
4. Tpaccmanoso eneutree ymuoncenue. ByneM UCXOIHTD H3 BEKTOD-
HOTO INPOCTPAHCTBA
M=uyP4...4u,P

H 33ajauMCcs crelyioliell UeNbio: ONpeNeNHTh acCOLHATHBHOE YMHO-
XEHHE BEKTOPOB, IS KOTOPOrO BHIIONHSINCH 6bi IpaBHia:
uu=0 u wv+ou=0. (3)

Hdns storo wicto QopmaibHo 06pasyem chauana Mpou3BesieHHs Ga-
BUCHBIX BEKTOPOB #; B €CTECTBEHHOH MOC/e10BATeAbHOCTH

Ui, = Uttty (< ]j<<k),

NpHYEM TNpOH3BeJeHHe NYCTOrO MHOMECTBA GyAeT 0603HAYATHLCS te-
pe3 e. IJTH 2" TNpOU3BENEHHA Mbl BO3bMEM B KAYecTBe GasHCHLIX
S/EMEHTOB  HEKOTOPOrO  BEKTOPHOro mpoctpanctBa A. Tem cambiv,
SMeMEHTAMH HPOCTPAHCTBA ¥ SIBIAIOTCS CyMMbl

eOH‘Z”ﬂH‘Z Uifjt oty w0 ne 4)
i i<y
Tenepb ONpene/IUM IMPOU3BOJIbHBIE TNIPpOU3BEIEHU A
Ugpe .. = Ualpli,. .. ()

caepyomuM o6pasom. Ecan B (5) aBa mmpjekca paBHBI, TO NOJIOKHM
Uape...=0. Ecam »xe Bce HHuekcH pasanynbl, TO HEKOTOPOH nepe-
CTAHOBKOH OHH TMpPHBOAATCS B eCTECTBEHHbIH TOPSANOK ijk ... u Mul
noJjaraem

Uabe,,. = Eljp .

rie e=--1 nna verHolt W e=—1— 18 HeyeTHo# ynoMmsany1of
BHILIE NEPECTaHOBKH.

Hakonen, nponspesenne mByX GasHCHBIX S/1EMEHTOB OTNpexesisieTcs
PaBeHCTBOM

Uijk ., Upgr... = Uijr  .pgr... s (6)

Ile cymmbl BHna (4) TepeMHOMKAIOTCA TYTeM NEPEMHOMKEHHS HX
CJ1araeMbiX H IIOCJEAYIOUEro C/I0keHHN pesyabTaToB. Cormacho stomy
ONPEAENCHHIO NPOUSBEJCHHE U,lp... PABHO Ha CaMOM jefle U,
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Kak yTtBepxkaaercd B (9). OueBuano, npasuaa (3) BHIMOJHSIOTCS.
AccounaTHBIOCTb YMHOKEHHS JIEFKO JOKa3aTb.

Cymmpr (4) ¢ Tak oONpelesieHHBIM YMHOMXEHHEM COCTaBJsOT
epaccmarnosy ancebpy A (wau aareGpy [paccmMana) Hag BEKTOPHBIM
MpocTpaHcTBoM IM; CAMO Ke YMHOMKEHHE HAa3LIBAETCS GHEWHUM.
Bekropuoc mpocTtpanctso M BKjaagbiBaetcs B anre6py . B kaue-
CTBE 3HAKAa IS BHEIUHEro YMHOMXEHHSI 3JeMEHTOB @ W b 4acTo Huc-
noJIb3YIOT cuMBOI a A b.

DKBHBAJIEHTHOE onpenesieHue o TyyaeTcs, Koria U3 BEKTOPHOTO NMPOCTPAaHCTBA m
CHayaJsa CTPOAT MEH30PHOE KOAbLO, COCTOfLLEEe H3 BCEBO3MOXKHBLIX KOHEUHBIX CYyMM

B+ X uiBi+ 3w+ 3, B+ s ]

B KOTOPHX HA HHAGKCH {, [, ... He HaKJaJbBaeTCsl HHKAKHX orpaHuueHHii. Jlse
TaKWe CYMMbl OOBSBJAIOTCS PaBHLIMM JHIIb TOrJa, KOTJa PaBHEI (COOTBETCTBEHHO)
Bce HX Kos(pduuneHTel. Kak cksajblBaTbh TAKHE CyMMbl, MOHSITHO. Y MHOMEHHE XKe
onpegensieTcst paBeHcTsoM (6).

JIerko yBHETb, 410 CJAOKEHHE H YMHOXKEHHE B TeH30DHOM KO.JbLE HE 3aBHCAT
OT BHIGOpA 6a3HCHBIX BEKTOPOB.

BosbMeM Temepb B TCH30PHOM KoJgblle ¥ ABYCTOPOHHHH WjeaT J, KOTOpPHI
MOPOXKIAETCS] TIPOH3BeJCHUAMH wuu, TAC u npoberaeT MHOXKECTBO BCEX BEKTOPOB
npoctparcrBa M. [1nea1y J npuHAANeRKAT TaKKE H JIEMEHTH BHAA

(u+v) (u+v)—uu—vo=uv-+tvou.

Ecau kaxaoit cymme (7) cormoctaBHTh Ty e cymmy B 9, TO MOJIyYHTCst rOMO-
mopgroe orofpaxenne u3 T ma . DiemenThl HAeala I NPH ITOM OTOGpaKEHHH
nepexoasT B HyJb. OGpaTHO: cc.1M Kakas-nMGo cymMMa (7) mepexouT NpH yKasaH-
HOM OTOOpaKEHHH B HyJb, TO OHA MPHHANTEKHT Hieany J. JlciicTBHTENbHO, CyM-
My (7) MOXKHO cHauala 3anucaTh B BHJE

B+ 3w+ 2 wpuBy+ X uinuBijpt- .. ®)

4 3aTeM C MOMOIIbLI0 MPHOABJICHHS 5JEMEHTOB H3 J MPHBECTH K HOPMAIbHOWM (opme

eoc—i—Z w4 Z ui i+ Z UjlilpOijp ..o s
i i<j (< j<k

KOTOpPOIf COOTBETCTBYET 3JeMeHT (4) u3 2 ¢ TeMH e KOIPPHLHEHTAMH &) Oy Cyjy -..

Ec.H 3TOT 3JeMeHT paBeH HYJIO, TO pPaBHbl HYJIO H BCE ero Kosdduituents, a mno-

ToMy cymMa (8) mexuT B 3. TeM caMbM HI€ad J ABJfETCS SAPOM roMoMopohH3Ma
Kotenn ¥ — A U HMeeT MecTo H3OMOPPH3IM

A== 3/3. 9

B npasoii yacta coorHowenusa (9) xoaeuo T W maeat J He 3aBHCAT OT BHIGOpa
Gasuca uy, ..., 4, CaegoBaTesnbHO, asare6pa 2 ¢ TOYHOCTLIO A0 H3OMOp(H3Ma He
3aBUCHT OT BbIGOpa Gasuca. MuBapuanTHOe ompejesenuc rpaccMaHoBoll ajreGpbr 9
nosyyaeTcst Kak pas Toria KOTAa oHa omnpefessercs kak T/J.

5. Aneebpsr Kaugppopdoa. Oun mMoryT ObiTb ONpelesteHsl awano-
ruuHo anrebpam [pacemana. Ilyets Q(x) — kBagparuunas ¢opma ot
nepeMeHHuX X, ..., X, ¢ Kospdpuuuentamu us noas P

Qrr, oy Xa)= X qX+ 3] gy,

1< f
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Torna mas Kaxknoro BekTopa urzz u;y; mpocrpanctea M omnpe-
IeJeHO 3HaueHHe (GopMbl

QW)=Q®w -++y Vn)

Kpome Toro, nasa moOBIX JABYX BEKTOPOB i H U OnpefeseHa G-
HelffHasi cHAMeTpHUecKast dopma

B(u, v)=Qu+v)—Qu)—Q(v).
Q(uw) =g,
B(uy, u))=B(u, u)=qy; (i<j).

OnpezxemdM TeNepb YMHOXCEHHEC BEKTOPOB Tak, 4TOObl BBITOIHS-
JIHCb paBEHCTBa:

B uactnocth,

uu = Q (u), (10)
uv-+vu =08 (u, v). (1)
B stom cayvae (11) sBasercs caepcrsuen (10):
uo4-vu = (u--v)(u+v)—uu—vo =
=Qu+v)-QW)—Q()=B(u, v).
Taxkum ob6pa3om, B 4acTIOCTH,
Uity = iy (1 2)
- wuy =gy (@< j). (13)

TTocTpouM BHOBb 27-MepHOE BEKTOPHOE MPOCTPAHCTBO, COCTOS-
uiee U3 CyMM

€Q+Zui0¢i+Z”ii“ij+---+f412...n°‘12...n- (14)
7 i<j
3atem OIpEfeNHM HPOU3BOJILHBEIE [IPOU3BEAEHUS
UglpUe. .. =Uqpe ,,, - (15)
Ecan wugekcsl @, b, ¢ ... pasqu4yHbl H PACMO/IOXKEHL! B €CTeCTBEH-
HOM MOpSiIKe, TO BEKTOP Ugp, . . ONpeReaaeTcss Kak Ga3HCHLII Bek-
TODP Uij,... - BO BCEX OCTAIbHBIX CJydasX MPOH3BEICHHE U, Uyl ..

npeobpasyercsi ¢ nomouisio cooTroilenuit (12) u (13). Ecau, nanpu-
Mep, bc-—nepBasi napa pacroJOXeHHBIX APYT 33 JPYIOM HHJEKCOB,
175 KOTOPbIX HE BBINOJIHEHO ycjoBHe b <Cc, TO 3amumieM MpOH3Be-
nenue (15) B BHAE

Ug (ubuC) v

H 3aMEHUM w1, B cooTBeTcTBHU ¢ (12) u (13) onwolt u3 dopmya:
Uply =Gy (¢="b),
Uplte = — Uty Gep (€< D),
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Muoxurenu ¢, u g, craBsrcs mepex npousBseneHueM. [Tosyuaem

Ug (Upllp) o= qGpliq ...,
Ug (ubuc) coe= Ul .t Geollg v

Ilocne Takoro npeob6pasoBaHust B MNPOU3BENEHHH OyjJeT MeHbIE
HJIM Ha JIBA MHOXKHTE/d, WIH Ha ofHy HHBepcuio. I[1pojonkas Takum
o6pasoM, Msl B KOHLE KOHIOB IIOJYYAM HEKOTOPOE BbipaKeHHe
Buga (14).

Tlocne Toro, Kak OGBSCHEHB! CHMBOJB! Uy, ., MOXKHO ONPEJEIHTH
npoH3BeieHHe JABYX OasHCHLIX 37MEMEHTOB CHOBA C MOMOILBIO (6) H
JIOKa3aTb acCOLHAaTHBHOCTb YMHOXeHHs. TeM caMmblM IIOJHOCTBIO Ofl-
pereneHa kauggopdosa aseebpa (unu ascebpa Kaugpgopda) @
tdopmbl Q(x). Ecim c¢opma Q Hynaeeas, 10 anrebpa Kauddopra
CTaHOBMTCA TrpaccMaHoBoHM anre6poii. Ecnum B (14) orpanuuutbes
yJleHaMH C YeTHBIM UYHC/JIOM HHJEKCOB:

ea, -+ Z u,-,ﬁ;;-%— Z lii;kzai;kz"r- v

i<j i<j<k<l

TO HONYuYHTCS Topairebpa, HasbiBaeMasa emopoll aaseebpod Kaug-
¢gopda G..

HuBapnautHoe onpejeneHde anreGper ¢ mosyuaercss Tak: BO3LMeM B Tel30p-
HOM KO.bLLe 3 ABYCTOPOHHHH HAeas I, MOPOXKIEHHBIH BhIP AKEHHAMK

uu—Q (u),

H IOCTPOMM KOJIBLO KJAacCOB BblYeToB /3. OTHOPaBJSACH OT 3TOrO OfpejeseHHs,
IUeBannel) passua TeopHio anre6p Kinddopaa Haj NPOH3BOILHLIM OCHOBHBIM
osieM. TIpocToe J0Ka3aTesbCTBO TOrO, YTO HHBAPHAHTHOE ONpEAe/eHHe COBMAjaeT
¢ JaHHBIM BhIE, MOXKHO HaiiTH B pafoTe: BaH aep Bappgen (van der Waer-
den B. L.).—Proc. Kon. Ned. Akad. Amsterdam, 69, S. 78.

Bropas aare6pa Kuauddopna 6blia ucrnosne3oBana bpayspom u Beltaenm
(Brouwer L. E. J., Weil H. —Amer. J. Math., 57, p. 245) nia gokasaTe/bcTBa
TOro, YTO OpPTOroHa/bHble NpeofpasoBaHHs (T. €. JHHefAHHE npeobpazopauns T
¢ onpefeauTeseM 1, ocraBisioule HHBaDHAHTHOH AAHHYIO KBajpatHuHyio dopmy Q)
NpeACcTaBAAOTCA B BHJE

Tu=sus™.

3nech u mpoberaer BeKTOpHOe IpocTpaHcTBo M, a s—osdeMeHT asireGpel ¢, nepe-
BoAamui npoctpancreo M B cebsi:

sMs 1=9R.

B panHoM caydae Heo6XOAMMO IpeAnoJararb, 4YTO XapakTepHcTuka noas P
oNInuyHa oT 2, a dopma @ Hepcobast. Ilas ciyvyas xapakTepHCTUKH 2 pacCMOTpeHHs
HeCKoJbKo caoxkHee (cM. kHury [lleBasne, rteopema II 3.3).

3apgauya 1. Bropas aare6pa Kanddoppa GunapHON KBagpaTHuHO# (hopMbI

Q (x1, %)= q1%} - Gra¥1X2 - GoX3,

He pasnaraomeiics B moJe P Ha JuHefiHble MHOXHTENH, ABASETCA PacliHpeHHeM
OCHOBHOTO NOJs, B KOTOPOM JanHas ¢opMa pasjaraercs.

1) Chevalley C, The algebraic theory of spinors, —Columbia Univ, Press,
1054,
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3agaua 2. Bropas raudxpoprosa aare6pa TepHapHoil KBaipaTHUHOR (opMEbI
Q (¥1, Xz %3)=qu¥} 4 G2¥% + ¢a¥]
sBJasercs ajre6poii 0600lIECHHEIX KBaTePHHOHOB.

§ 94. Mpoussenenua M CKpelleHHbiE MPOU3BENCHHUS

1. I1poussedenue sexmoprolx npocmparcms. Ilycts A u B — Koney-
HOMepHble BEKTOPHBIE NMPOCTPAHCTBA Haj mno.em P:
W=y, P ... 4 u,P,
B=u,P+...-}v,P.
Onpenenum npoussefenue Ax Y. Jlisa 3706 wead HOCTPOHM  Apo-
cmpancmeo-npoussederue, Hal1AHYTOE Ha mn Oa3HCHBIX BEKTOPOB Wip,

rie i npoGeraer 3HaueHHs oT 1 fo m, a k mpoGeraer 3HayeHHs OT
I o a:

6= 2 w,P,

M ompeeiuM Juisi Kaxjoro 4 u3 ¥ u ajas Kaxporo v u3 B npous-

BeJeHHeE:
Uy = (Z u,-oc,-> (Z vkﬁk> = Z WP
ik

B uwacrtHocTH, TOrIa
Uil = Wip.

Takum o6pa3oM, Bce a1eMeHTh! npocTpaHcTBa ¢ HMeloT BHI

w = Z W0V = Z WirYik: (1)
i, k i k

OTu BbIPAXKEHUS HA3BIBAIOT TAK¥XKeE JBYXBAJEHTHBIMH TEH30DaMH,
a npoctpaHcTBO-TipousBe/etie € — men3oprois  npouseedenuem npo-
cmparems A n B.

Bmecto (1) MOXKHO Tak:Ke 3alHCATDH

W= E Llib,', (2)

rje b; — npousBoibHbie 31eMeHTsl M3 B. Takum obpas3oMm, HpoOCTpaH-
crBo € siBasercst npsiMOil CYMMOH NOANPOCTPAHCTB 4;Y:

G=uB ...+ uDB. ®)

dopmyaa (3) nokaswiBaer, yro Moiy/ib & He 3aBucuT OT BHIGOpa
Gasuca B B. dementol w u3 € MoxkHO 3anucwiBaThb B BUAE (2) M HX
CJIOXEHHEe H YMHOXEHHe Ha 3JeMeHTbl M3 P MoxHo onpepenntb Ge3
BBefenus Gasuca B npocTpaHcTse B.

PaBHpiM ofpasom, BmecTo (1) MOXHO mucath

= E Arlse (4)
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CnenoBaTe/bHO,
€ =o, +...} Ao, (5)

W Mo3TOMy TeH3opHoe npoussefenne (& He 3aBuUCHT OT BhiGopa Oa-
suca B A,

Cornacno (3) Moayip @ =AXV MOXKHO MOCTPOHTb U TOTAQ,
Korna A — Ipou3BOJIbHOE KOHEYHOMEPHOE BEeKTOPHOE IIPOCTPAHCTBO,
a B —npousBosibhbii P-moayib. Touno Tak ke Momyab ¢ MOXKHO
nocrpoutb ¢ momowpio (5), kKorga U -—mpouspoapHblit P-monyiib, a
B — NIPOM3BOJIbHOE KOHEUHOMEPHOE BEKTOPHOE IPOCTPAHCTBO.

Tensopnoe npousefenue A x B monyaeir A u B MOKHO OnpeenTh
1 6€3 HCIoAb30BaHHA GasHUCOB. DTO WHBAPHAHTHOE ONpejeeHHe HMeeT
CMBICT JlaXke TOrJa, KOrja P — KOMMyTaTHBHOE KOJbLO C elAHHHMIEH,
a A u B—npoussoibHbie P-MOAYJM, Ha KOTOPHIX €IMHHUHBIH 3./€-
MeHT u3 P nefictByer Kak epuHuuHblil omepartop. Ilockosbky Ham
31ech norpeSyercs Jumb ciydadl, koria P —noae, a A uwin B—Ko-
HEYHOMEpPHOE BEKTOPHOE INpPOCTPAHCTBO, OrPAHHUMMCS JAHHBIM B Ha-
yaje onpele/eHHEeM, a M0 MOBOLY OOIIEro Clydas OTOLLIEM YHTaTels
K Kuure: Byp6aku H. Aare6pa. —M.: ®usmatrus, 1962, ra. I11.

Tem ke CcmOcOGOM MOXKHO CTPOHTH TEH30PHBLIE NMPOH3BENEHHS H3
TpeX H 60.1bLIero 4pcaa BEKTOPHBIX MPOCTPAHCTB:

AxBXE = AxY) < E=AUx(BxE). (6)

2. Ipoussedenus aree6p. Ecau A u B—anre6put nan nosem P,
TO MOXKHO rocTpoutb MoAyab € = B u npespatutb ero B aaredpy,
B KOTOpO#l nNpou3BeieHHs Oa3HCHBIX 3JEMEHTOB W;, ONpPeNeJAIorCs
TaK:

Wi j1 = (Uy) (1) = (u,uy) (k) (7

Herpynno o6oiiTch 1 Ge3 GasHCHBIX 3J1eMEHTOB B B, eC/H 3alH-
cath s/emeHTol u3 G B Buie (2) M NOJOXKHTH

(Z u,-b1> (Z ulb;> = Z lliujbib;'.
i,

D70 MOXKHO BBIPA3UTb CJAEYIOUIUMH CIOBaMU: 71pou3eedenus GasucHbix
snemenmo8 ;i aneebpol A CMIPOANICA MOYHO MAK, KAK OHUL onpedens-
omea 6 9, Ho emecmo P 6 Kadecmee Koavya Kospuyuenmos caedyem
6pame areebpy B. Tlonyuennas anre6pa Oyfer 0603HAYaTLCA TaKKe
yepes Uy, To ke camoe oGosnaueHue OyneT NPHMEHATHCA M TOTAR,

Korna B SBAAETCH TNPOM3BOJBHBIM KOJIBLOM, cojepxauium noae P
B cBOeM meHTpe. [oBops KOpOTKO, anrebpa Uy sBJsETCS a/jreGpoi
¢ TeMH e Ga3UCHBIMH JeMeHTaMH, uTo d 3, HO ¢ KOJbIOM Kos(du-
uneyToB B.

QueBUIHO, HMEET MeCTO H30MOpPQH3M

U V=B,
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ONpPEeAENSeMbIH TEM, YTO #;U, OTOOpAXKaeTCsl Ha Uiy, 3aT€M 3TO OTO-
OpaxkeHue NPONOJIIKAETCS M0 JHHEHHOCTH Ha cymmbl (1).
MurepecHble COOTHOIIEHHS! MeX/Y NPOU3BEACHHAMU BLIIOHAIOTCA
JJIs TIOJIHBIX MaTpuuHblX Koseu. Cumpod 2, 6yneT 0603HauaTh KOJAbLIO
BCeX MaTpHL r-ro nopsjaka ¢ koapdunuentamu us xoasna . Toraa

Ax P, 22, ®)
P, XPs=P,. 9)

s nokasatenberBa H3omopdusma (8) HYKHO JIHIUL 33aMETHTb,
410 onpejesenssie B § 93 marpuubt C;, obpasyior 6asuc B P,. Urobmut
OCYLIECTBUTL TpeSyemoe oToGpaxkenue anre6pbl I x P,, nyxuo B ka-
yectBe OasiCHBIX B3ATb Te K€ CaMble 3/MEMEHTH, HO B KauecTse
obnacty KospumuentoB Koawvwo . Torma mosyuutcss B TOUHOCTH
anrebpa ,.

Usomopdusm (9) nmonyuaercs tak. Asre6pa P, nopoxpaercs r?
GasucHbIMH 3emenTamu Ci,, a aare6pa P nopoxpaercs s? 6Gasuc-
HeiMH aementamu Cjfj; nosromy P, x P, nopoxpaercss r%?* npousse-
JenHsAMH

Cij,klzct{k ;'lv

YAOBJIETBOPSAIOUIUMH IIPABHJAAMHU:

C C _{ 0, ecm ks=m wm [s£n,
PRIEMMEETN Cp gy €0 k=m  u  l=np,

Ecin wHOXecTBO, cocrosliee H3 rs map ij, 3aHYMepoBaTh HHAEKCAMH
J, mpoGeraomiuMy 3HayeHHa OT 1 JO 75, TO MOJYYUTCS COOTHOLUCHHE

_§ 0, ecmm K=£L,
C’KCLM—'{ Ciy ecin K=IL,

OTKyJla M yCMaTPHUBAeTCsl HYXHBI H3omopdusm ¢ P,,.

3. Ckpewennvie npousgedenusn. Ilyctb X — cenapafennHoe HOp-
MaJbHOe KOHeyHoe pacuupenue noas P. Ipynna Fanya & pacwmpe-
Hua 2 (§ 57) coctout u3 aBromMopdu3MOB S; noas 3, OCTAB.ISHOLLMX
HEMOJABIKHBIMH BCe 3JeMeHTsl nonisi P. Mu He npeanosaraem spech
uspecTHOH Teopuro T'anya, a quwb coxepxkauue § 57 H, B 4acCTHOCTH,
TOT (akT, 4TO NOPAAOK Tpymnel ( paBeH CTENEHH paciuypenys
n=(Z:P).

CumposioM S 0603HayHMM 3/JeMeHT, NOJyYaloUHCA M3 3JeMeHTa
f mosna X npumeHeHuem aBToMopdusma S.

[Tpoussenenne asromoppusmo S u 7T (cHavana S, a motom T)
Ha 3TOT pa3 Oygmer ob6o3Hauatbcs yepes ST M, TakuMm 00pasom,

BT — (%)

Beenennoe 3. Hérep cxpewenroe npoussedenue nors X ¢ ezo
epynnott  Taaya © onpejensiercs caelylouuM ofpasom: cnauana
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CTPOHTCH BEKTOPHOE MPOCTPAHCTBO
521 == Ltlz +. . .-f—ll,tz,

B KOTOPOM KaxJOMy 3/€MEHTY TIpynmbl S; COOTBETCTBYeT Ga3HCHBIM
BeKkTOp «;. Ec cumBon S; sameHHTb HAa CHMBO S, YJAAMB HMHJIEKC,
TO COOTBETCTBYIOWMH 3/eMeHT u; GyjeT obo3HauaTbes yepes ug. Ta-
KHM 00pa3oM, BEKTOPHOE MpPOCTPaHCTBO U COCTOHT H3 CyMM

Dwbi= ] usps. (10)

i S

3atem ompejesnsiores npousseneHus Pug mo dopmyae

Buts — ushS (11)
U MpOU3BRJIEHHS Usty O Gopmye
ustir = usrls, r, (12)

rne MHOXHTCIM Og 7 SBAAIOTCA 337aHHBIMH C €AMOro Hauanaa aJje-
MEHTaMIl Tojist %, HC PaBHBIMH HYJIO.

C monoubio (11) u (12) moxHo nepemHoxats moGbie cymmsl (10),
OCYLIECTBJISIST YMHOXKEHHE OTJEMbHBIX CJaraeMsix 1o Gopmyse

usP -ury = usurpTy = usrds, 17y,

H 3areM CKJ/aAblBasg TMOJY4YeHHLIE NDPOH3BEJEHHUA.

UTo6bl BBEICHHOE C TOMOWLBIO CUCMEMbL PAKMOPO8 S r yMHOMKe-
nue ObIO acCOUHMATHBHBLIM, 3/IEMEHTHl g, 7 HO/DKHBI YAOBJAETBOPSATH
YCJAOBHIO aCCOLHATUBHOCTH

8s, 7ROr, R =857, R (s, I)R. (13)

B BbiGope GasHCHBIX 3JEMEHTOB ug H (GaKTOPOB &g r CyIIeCTByeT
HEKOTODBIH HPOU3BOJ; UMEHHO, JIEMEHTHI ig MOXKHO 3aMEHHTb Ha 3Jje-
MeHTHI

us=usys (vs#0, vs<3). (14)

CoorBeTcTBYIOIIas TOMY HOBOMY ©0asucy cucTema (akTOPOB BBIMVIS-

JUT Tak:
T

gs, 7= Is¥r s, 7. (1)
Vst

HBe cucrembl akTopoB s 7 M &5, 7, CBA3aHHblE APYT C APYTOM
coorHowenyem (15), naswBaroTca accoyuuposannemu. Takum o6pasom,
aCCOLMIPOBAHHKE CHCTEMBl (DAKTOPOB ONPEISTAIOT ONHY H Ty xKe
anrebpy Y.

Iyers E —emudmunntfi a1emeHt rpynasi (3. Tor1a MoxkHO nojo-
Oparb MHOKNTSIDL [Pl 371€MEHTe Up Tak, 4TOObl ObL10

UpUp = UE,
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H, TaKMM 00pasoM, BHIMOJHAIOCH paBeHcTBO Op p= 1. M3 3akonos
ACCOTUATHBHOCTH

(upur) ug = ug (upug),
us (upug) = (Ustig) g

1enepb Clefyer, UTO up — eIMHHUHBIA 31eMeHT anrebpnl A. Crenopa-
TeJIbHO, TNpPOU3BENEHHS wUpP MOXHO OTOMKAECTBUTHL C 3JeMeHTamMu f
nojas X.

KakoBbl Te s/1eMeHTHl €= )| lUgys, KOTOPb€ MEPECTAHOBOYHLI CO
BceMH 3jiemeHTaMH § moast 2? Yenosue fic =cf naer paBeHCTBO

Z usPSys = Z UsysP;
oTCI0Aa B CHJY JUHEHHOH HE3aBWCHMOCTH 3JEMEHTOB Ug

(B° —B) vs=0.

Ins S==1 370 yc/10BHe BuloJAHAETCH aBTOMarnyecku. s S 7= 1
cyiecTByeT Takoi asiemeHT P, uto PS = f; nosromy ys=0. Tem
CaMbIM,

C=UEYE=YE

ABJASETCS 3JAeMEHTOM noasa 2.

Otciona cienyet yTBEPKAEHHE: r104¢ 2 ABAAEMC MAKCUMAAbHbIM
KOMMYMamueHotm no0kosoyom areedpol .

OnpenesiuM Temeps yewmp Koabla ¥, T. €. MHOKECTBO 3/i€MEHTOB
¢ aare6pul A, mepecTaHOBOYHBIX CO BCeMH 3jgeMeHTamH H3 .

ac=ca JJsd BCeX a.

Ecaul ¢ — 3/MeMeHT IeHTpPa, TO ¢ NEPecTaHOBOYEH, TPeXie BCEro,
co BCeMH 3j1eMeHTamMu noss X, a notomy conepxurcs B . [Tostomy
MOXKHO TIOJOKHTb ¢==7y. Tak Kak y nepecTaHoBOuYeH co Bcemu Gaswuc-
HBIMH 3/€MEHTAMH Ug, JIEMEHT Y JOJKeH OCTaBaTbhCA HEMOABHKHBIM
npu Bcex aBToMopduamax S B coorsercTBuu ¢ (11). Cornacno mocien-
Hell Teopeme u3 § 57 370 MOxKeT ObITh TONBKO TOTAa, Korpa 7y Je-
KUT B OCHOBHOM nosie P. Mel moiyuuau npeasiokenue:

Llenmpon aree6por A ssasemcs nose P.

AnreGpul Han mogaem P, mentp KoTopelx coBnajaer ¢ P, HasbBa-
TC yermpaabHoimu Hany P. Panblile HX HasbBalH «HOPMaJbHbIMHY,
HO Tenepb 3T0 CJIOBO UMEeT CJAULIKOM MHOTO 3HaueHHH.

Jlanee Mbl JOKaxKeM CJERyIolllee yTBep:KAeHHE:

Ecau 6 kakom-aubo Koaeue, colepxcauiem noae X, 6bLLOAHAOMCA
coomrowienuss (11) u (12) ¢ 8s, r == 0, mo saemenmot us 2160 ce pagHbL
HYAt0, AU60 AuReliHbl He3asucumsl Had X.

INokasateancTBo. Ecaw 6ol oauH M3 3JeMEHTOB ug Obla
MUHEHHO 34BHCHM OT OCTAJbHBIX YK€ H3BECTHBIX 3JIEMEHTOB Ur, TO
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s gauHoro S uMes 10 Gbl MECTO PaBeHCTBO

Us= Z Uryr. (16)

T£S
Ywmuoxas (16) cnpaBa na PS, monyunm

usBS = D\ uryrps. (17)
T
C npyro#t croponbl, ymHoxas (16) na B ciepa, moayyum B CHJIY
(11), uro
ushs = E urtyr. (18)
T

Cpapuenue (17) u (18) noxaspiBaer, uro BBHIY JMHeHHOH Hesa-
BHCHMOCTH 3JIEMEHTOB 47 HMEeT MECTO PaBeHCTBO

BTyr =vrB°,

vr (BT —B%)=0. (19

Tak kKak T =£S, MBl MOXKeM B3ATb 3JjeMeHT [ Takofi, urto
BT £ pS. Torma u3 (19) caenyer, uro yr=0. 210 BepHO Haf Bcex
T, sxopamux B (16), a motomy ug=0. M3 (12) crnegyer temeps,
uto Usr=0 aas Bcex T, T. e. BCe B3]EMEHTH 4g DaBHBl HYJIO, UTO
u TpeboBasoCh AOKAa3arh.

M3 nokasaHHOH Bbillle TeopeMbl MOJAyYaeTcss TaKoe CJeACTBUE:

Ancebpa A sagasemcst npocmoil, m. e. 8 Hell Hem O8ycmOpOHHUX
udeanros, omauursix om Hee camol u om {0}.

JeHcTBUTENBHO, €CAH W -— [IPOH3BOJbLHBIH JIBYCTOPOHHHH HJiean
B I, To A/m sBaAseTcs KOJBLOM, B KOTOPOM KJacChl BLIYETOB fg
yuoBaerBopsiioT paBeHctBam (11) u (12), a notomy onum uiu Bce
paBHBl HyJIO MM JUHEHHO He3aBHCHMBbI Haj mnojem X. B nepBom
cayuae m=23, a o BropoMm m = {0}.

O0bequHss BCe 3TO, 3aKII0YaeM:

Crpeujennoe npousseOerue N Agrsemcs LeHMParsHol  npocmoll
arcebpott Had nosem P.

4. Hukauweckue aneebper. Ecan rpynna [anya & nukiauueckas,
TO COOTBETCTBYIOLIEE CKpellleHHoe mpou3BesieHye I HasbiBaeTcs yuxkAu-
veckoti anreebpoil. B sToM cayuae Bce ajeMeHTl T U3 & sBasiorcs
CTeneHbio Hopoxkjatoueil S:

Han

T,=8% (k=0,1, ..., n—1)
H BCE BJEMEHTH iy MOXKHO BLIOpATh KAk CTENEHH 3JIeMEHTa Ug:
ur == (us)? (=0, 1, ..., n—1). (20)

Tako#t BbIOpP 3J1eMEHTOB iy HAXONUTCA B COLJIaCUM € YCJIOBH-
€M, COrJIaCHO KOTOPOMY g BLIOHpAEeTCA KaK eMHHYHLIA 3JeMEHT
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anre6per :
up = (us)’ =e.

n-5i CTENIEHb 3JIEMEHTa Ug SBJISIETCS Mpou3BefieHHeM (1 — 1)-it cre-
neHy u neppoii crenedd. Orciona B cuay (12) caeayer, uto

(llg)” = e§, (21)

rjae 0 — HeKOTOpHI 3/MeMEHT noJas . ITOT eNHHCTBEHHBIA 31eMEeHT
onpese/sieT BCIO CHCTeMy (akTOpPOB, TaK KaK 415 i~k <1 nmeer

MECTO PaBEHCTBO _ .
(us) (us)r = (us)™**,

a s i-+k==n— paBeHCTBO
(us)i . (uS)k — (us)i+k~n . (us)n — (us)i+k—n . 6‘

Takum o6pasom, daktopst 87z paBHbl | HIM § B 3aBHCHMOCTH
OT TOro, GyieT au B Bblpaxenusax 7T =S’ u R=3S* cymma mnokasa-
Tened i{-+k MeHbIIE 7 UM HeT.

YmHoxkuM (21) cieBa MAM crnipaBa Ha ug; TOTAA NOAYYHM

(ng)'“ 1— Lt36 = (SLZS.

Orciopa B cuay (11)
§=85.

Tem camblM, 31eMeHT 8 UHBapHaHTEH OTHOCHTENBHO rpynmel &,
a noromy sexur B mote P. Ho ecan 310 Tax, 1o BuimosHens pee
ycioBua accounatnsioctd (13). ITosTomy asiemenT § He nogumuen
HUKaKHM YCJI0BHMSAM, KPOME JBYX €CTecTBeHHHX: §=£0 u § = P,
Ecan Buipasuts ug uepes vg=ugy, TO MONyuHTCA:
_ — SayS* sn 1
(Us)" = (usy) (us¥) . . (usy) = (us)*-yySyS ... yS"
ITponsBsesieHne BceX 51eMEHTOB, CONPSIKEHHBIX C Yy, ABJSETCS HOP-
MoOfi 3siemenTa y Haj nostem P. ITostomy

(vs)*=ee, rme e&=20N (y). (22)

Mel nokasanu yrBepxkieHue:

Huxaueckan ancebpa A noanocmeto onpedeasemcs Kak cKpeugertoe
npoussederue yukauteckoeo noas 2 ¢ eeo epynnot Farya & 3adanuem
00r020-edurcmeenno2o aaemenma S8 0 u3 ocnosnoeo noss P. He us-
MeHAR anzebpy A, sMOm snemenm 8 MOMCHO yMHONAmb® Ha HOpMY
ar06oeo snemenma y=~=0 noas X.

Crenyst Xacce, HHK/IHYeCKYIO aireGpy 2 0603HAYalOT CHMBOJIOM
6, 2, S).

Ecin B xauecrse P B3sitb mosie XapakTepHCTHKH, OTIHYHON oT 2,
a B KauecTe X — kBajparuuHoe pacumpenue P () —a) u sarem
HONMOKUTb 0= -—f§, TO B KayecTBe COOTBETCTBYIOUIEH IIIKIHUECKOI
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anare6pel mONYUHTC anre6pa  oGoCLIEeHHBIX KBAaTEDHUOHOB W3 MpH-
mepa 2.

HecmoTps Ha cTosib MPOCTYIO CTPYKTYPY, LHKJHYECKHEe aireOphl
ABJSIOTCS OueHb OGIMHMMH KOHCTpyKUusMH. DBpaysp, Xacce u Hértep
(J. reine u. angew. Math., 167, S. 399) nokasain «oCHOBHYIO Teo-
peMy», rJ1acsAiyro: Jo6asn LHeHTpaJbHaA anre6pa C JleJJEeHUeM Haj
noJieM anreGpanyecKHX YHCeJ KOHEYHOH CTelleHH SIBJISETCH LHKJIM-
YeCKo#.

3angaua l. lentp koabLA sIBASETCA KOJIBLOM.

3anaua 2. IonHoe MatpuyHOe Koublio P, sBJsIeTCA HEHTPaJbHON npocToi
aareGpoit nag noaeM P.

3anaua 3. Ecmu Bce daktophl 83’ o DaBHBL I, TO ckpelleHHOe NpousBeleHHe

noits & ¢ rpymmofi ® spaseTcst npousBeieHHeM TOM T ¢ CPYNNOBBIM  KOJBIOM
rpynne G.

§ 95. AureGpbt Kak rpynmbi ¢ ofepaTopamu.
Mopnynu ¥ mpejacTaBieHHs

ITpousBonbhas anre6pa A kak abeseBa TpyNNa OTHOCTHTENBLHO
caoKeHHs ofjajgaeT AByMs 06JacrsMM ONEPaTopoB:

Bo-nepBr X, 370 —noje P. VHBapuaHTHble OTHOCHTENBHO 3TOH
06/71aCTH ONEpaToOpPOB MOATPYNNbl ABJISIOTCA AuHelinbLMu  nodnpocm-
PaHCMBaMu.

Bo-BTOpH X, 3T0 —cama aiareOpa A, 3jeMeHTHl KOTOPOH pac-
CMaTpHBAlOTCST KaK JeBble WJIW npasble onepartopbl. KusapiantHbie
OTHOCHTEJIbHO 3TOH 06GJacTH onepaTopoB HOArPYNINBl SABJSIOTCA se-
soMu  udearamu, npasvimu udearamu u OBYCMOPOKHUMU UOeArAMU.

Pas u HaBcerja Mbl JIOTOBODHMCSI ceHyac O ToM, 4TO NpH pac-
CMOTPeHHH (JIeBHIX, IPaBbiX HJIH IBYCTOPOHHHX) HJea/oB B aareGpax
noje P cunTaercs o6JacTblo OmepaTtopoB. 3TO O3HAYaeT, YTO B Ka-
yecTBE OONYCMUMBLX A€6blX 1O0EAA08 PacCMATPHBAIOTCA JIMIIL TaKHe
NMOArPYMNIb], KOTOPHE BMeCTe C KaXk[biM 3JIEMEHTOM a COfepxkar He
TOJbKO BCE MNpoH3BeneHus ra (r mpuHajgnexuT ), HO M Bce NpPOH3-
Benenus ap (P mpunaniexut P); aHaJOrMYHBIA CMBICT HMeeT CIeJaH-
Hoe yTBepXKIEHHE M 1/1A MNpaBbiXx HneanoB. TakuM o6pasoM, nomy-
CTUMbI JHIIL TaKue Hieastbl, KOTOpPhe OJHOBDEMEHHO HABJAIOTCA U
BEKTOPHBIME MOATpOCTpaHcTBaMUu. TouHO Tak e 1Ba JieBbiX Mieasa
0nepamopHo U30MOPPHeL UL TOTAA, KOTAd CYLIECTBYET H30MOPHH3M
a > @, NPH KOTOPOM ra MepexoiutT B rd, a af —B aP. Jleswit npean
HA3LIBACTCH APOCMbIM WIN MUHUMAALHOIM, €CTH OH He COJIePKHT
JOTYCTUMBIX HIEaJIOB, OTJHUYHBIX OT HYJeEBOTO M cebs camoro.

Jas umeasoB anreGphl, NMOAYHHEHHBIX TAKOMY OI'PaHHUEHHIO, BbI-
TNIOJHSIOTCS  YCAOBUS MAKCUMANGHOCIU U MUHUMAALHOCIU:

Kaocdoe wenycmoe mHoxcecmgo udearos (npasoix, esuix uau 0ey-
cmoposHux) codepacum (no KpaiiHel mepe) 00UR MAKCUMANbHbIL udean,
m. e. maxkoi udean, KOmMopbii He COOEPHCUMCA Hu 6 KAKOM Opyeom
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udeare OawHO20 MHONCECMBA, U O0OUW MUHUMAAbHbUE udeas, m. e.
udean, we codeprcauyutl Hu 00K020 Bpyeoeo udeara OaHHG20 MHONCESMEA.

JTO yTBEpXKJIEHHE CIPaBeJIMBO, TaK KAK B CHJIY MPHBEIEHHOTO
Bblllle COrVIAlIEHHS KaXIblH HAean SBJASETCS ONHOBPEMEHHO U BeK-
TOPHBIM TOMNPOCTPAHCTBOM, @ B JIIOGOM HENYCTOM MHOXKECTBE JHHel-
HBIX NPOCTPAaHCTB PasMEPHOCTH <</ CYIIECTBYIOT NpOCTPaHCTBA
HanOo/iblieH pasMePHOCTH H HaHMeHbUIEH PasMEPHOCTH.

UToGbl MOMYYHTH OCHOBHBIE TEOPEMBI TEODHH anre6p HpH JoCTa-
TOYHO OOIMX TPEAno/OKEeHHAX, Mbl OYAEM Ha NpOTSMEHHH B3Toll
T1aBbl pacCMaTpHBaTh He anire6pbl, a IpPOM3BOJbHBIE KOJbla 4,
B KOTOPBIX, B 3aBHCHMOCTH OT NOTPeGHOCTeH, GYAeT CUHTATbCH Bhbi-
NOJHEHHBIM YCJIOBHE MAaKCHMAJbHOCTH HWJIH MHHHMAJbHOCTH JAs
JIEBHIX WJIM TpPaBbIX H7eanoB. Kosblo ¢ MoXeT GLITh HajesdeHo 06-
J1acTbIO  orepaTopoB Q (urpaiomeil TyT posab noas P), snemeHTH

KOTOpOH f, vy, ... OGMAJAIOT ClEAYIOIHEMH CBOHCTBAMH:
(@+0) P =ap + bp, (1)
(ab) B = (af) b =a (bB). @

Ecnu sanana takasi o61acTh OnepaTopoB, To MOHATHE wjea’ta orpa-
HUYHBAETCH C/eAYIOIHM TpeGOBaHHEM: BMECTE C KaXKJbIM 3JEMEHTOM
a ujean ColepXHUT M Bce saementdl af (B mpunagnexur Q). Korna
HaM OyJieT HYMHO NOJYEPKHYTh HANHYHE 3TOLO YCJIOBHS, Ml GyzeM
TOBOPUTb O donycmumbix TPaBbIX WJH JEBLIX Hieanax. TOMBKO Mis
HUX Oyzer TpeGOBATbCS BBINOJIHEHHE YCJIOBHS MAKCHMAJbHOCTH WM
MHHHMAJIBHOCTH.

Crenyer BLISICHHTb, KaKHE M3 KOHCTPYKIHMH TEOPHH WJIEa/IoB —
CYMMbl, TNDOH3BEIEHHSI W T. JI.— HMEIOT CMBICA /15l HEKOMMYTATHB-
HBIX KOJel ¢ 06s1acThio un 6es obsacTH orepatopos. [Tpexne Bcero,
SICHO, YTO nepecedenue ¥ cymma IBYX NONYCTHMBIX MPaBbIX HJH JIEBbIX
HJI€a/JIOB BHOBb fIBJSIIOTCS JOMYCTHMBIME IIPABLIMH HJH COOTBETCTBEHHO
JIEBLIMH HJIeanaMHi. [Ipoussedenue a-b (MHOXKeCTBO BCex cymm Y ab,
aesa, beb), Kak 310 MOKHO 3aMETHTh HENOCPEICTBEHHO, SBJSETCS
JONYCTHMBIM TPABBIM HJ€AOM, €CNH TAKOBBIM SIBJISIETCH MPABbIi CO-
MHOXKHTeNb, H JONYCTHMBIM JIEBBHIM IJIea0M, €CJH TaKOBBIM SIBJISIETCS
JIEBbIH COMHOXKHTENb. BTOPOH MHOMKHTENb B 5TOM CIy4ae MOMKET GbiTh
COBEPIIEHHO NMPOH3BOJIBHBIM MHOMKECTBOM HJH MPOCTO HEKOTOPHIM 3Jle-
MEHTOM H3 0; Hanpumep, pb-—3T0 MHOMKECTBO BCEX INPOH3BENCHHH pa
(a &b), sBasOUeeCs NMPaBbM HIEAJOM, €CJH b — npaBbili Hpead.

Ecnu a —JneBrifi Maean W ¢ — IPOM3BO/IBIOE MHOMXKECTBO KOJBIA o,
TO MOXKHO ONDELEJNHTh 2€60¢ HQCMHOe & ;¢ KaK MHOMKECTBO TeX X U3
0, IJ5 KOTOPHIX

X = a,

JleBoe yacTHOe sBJIAETCA JIEBBIM H7EAJIOM, TOTOMY YTO U3 X¢ = a
H yes=da CIefyer, 4To (X —y)(Sa M M3 XCS=a CJIeIyeT, yTo
rX¢ S ra S 0 404 J1o6oro r u3 o, Ecan 6 M ¢ 06a ABASIOTCS JICBbIMH
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HAeaJaMu, TO a:¢ sBJfETCS Aaxe ABYCTOPOHHHM HJEaJOM, MOTOMY
YTO U3 X¢ < 4 CJELYyeT, Y4TO X7¢ & x¢ & a. AHAJOTHUHO MOXKHO Ofpe-
JeJUTh NPABOE YacTHOE JBYX IPaBbiX HJeasoB, HO HAM 3TO He [o-
Tpebyerca.

UTo6Ll 10Ka3aTh, HACKOJIBKO BaxKHO YCJIOBHE MHHHUMAJbHOCTH,
Mbl JIOKaXKeM CJelyIollie TeOpeMbl:

Ecau o —Koabyo ¢ ycrosuem MUHUMALbHOCMIU 0N Aegolx u0eainos,
@ — 9NeMEHM U3 O, He ABAOWULICS Npasbim Oeaumesem HYas, Mo
8 Koabye 0 ypasHenue xa=>b paspewumo 0as ao6oeo b.

IlokasaTeJabCTBO. B MHOXKeCTBe JeBBIX HAeanoB ta® (n =
=1, 2, ...) IOMKeH CyUeCTBOBaTb MHHHMAa/bHbId, CKaxkeM, cta™.
Tak kak oa™!'<oea™ u ycioBHe 0a™!C 0a™ HEBO3MOXKHO, TO
caml = oa™. CieoBaTe/bHO, KaxKJ0e MPOM3BeieHHe ba™ npeiCTaBUMO
B BHje ca™

ba™ = ca™'1,

Otciofa IocJe COKpaillleHHsi Ha m MHOXKHTeleH @ cJeBa H CrpaBa
[IOJyyaeTcsl PaBeHCTBO
b=ca,

T. €. ypaBHeHHe xa=~>b pa3peunmo.

Touno Tak e JOKA3LIBACTCS: ecAu ©— KOAbYO C YCAOBUEM MUHU-
MarbHocmu OAfL npagblx UOCAA08 U SACMEHM 4 HE SBASACMNCS NegbiM
deaumenem Hyas, mo ypasHexnue ax=~>b paspeuiumo.

M3 3TuX 1BYX 1eopeM C/efyeT YTBEpKIEHHE:

Ecau o —koroyo 6e3 Oeaumeneli HYAS C YCAOBUEM MUHUMANOHOCTU
028 Aesblx U Npagvlx UOeAn08, MO OHO ABAACMCS MEAOM.

B uwacTthocTH, Kaxpasi anreGpa Ge3 nesiuTenell HyJdsa sIBAseTCH
TesoM. Takue anre6pbi Ha3LIBAKTCS aseebpamu ¢ OeeHuem.

3agaua 1. [ns Kojdpua C eIMHMIEH pacCMOTPEHHOE BLILIE OrPAHHUYCHHE
TNOHATHS HJeaJla, CBSI3aHHOE C YYETOM P nan Q kax obactu onepaTopOB, Hecy-
HIECTBEHHO: B 3TOM CJlyudae Ka)KllbIﬁ Hjaeas JONyCKaeT YMHOXKEHHE Ha P wau na Q.

33}18‘{ a 2. HGOGXO,HHMI:IM U JOCTATOYHBbIM YCJIOBHEM I/ BBIITOJTHEHH A ye-

JoBUH MHUHHMAJLHOCTH M MaKCUMAaJbHOCTH IJs JIEBBIX HAEAJOB KOJAbIA ¢ SABJAETCS
CYILIECTBOBAHHE KOMIIO3ULIIMOHHOIO psiia U3 TaKHX HJCaJIOB.

Kpome HieanoB KOablla ©, Mbl DPAcCMaTPUBAEM TaKXKe H 0-MOMYJH
M, B OCHOBHOM, TakhHe MOAyJH IN, B KOTOPHIX MVJbTHIIHKATODHI
M3 0 CTOAT cJeBa. OTH MOLYJH Ha3bBAIOTCS Ae8bIMU C-MOOYASLMLL.

Ecau a, b, ...—31eMeHTH M3 © W 4, U, ...— 3JeMeHTH H3 M, TO
6yJeT CUHTATHCSH, YTO BHINOAHEHH YCJAOBHSA:

a(u+v)=au-av, 3

(a+b)u=au-tbu, “4)

(ab) u=a (bu). )]

Ecan Romplio 0 HajeneHo o6JacTbio omepatopoB {2, TO MHl Tpe-
GyeM, uto0bl Q Oblia ofnacTbio onepatopoB H aas DM (kotopoie
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B 3TOM CJyvae MHUIYICS cripaBa) H 4toBbl BBIUTOMHSIHCH TpaBHJa:

(4-v) f=up+vp, 6)

(au) B =a (up) = (ap) u. (7

TakuM o6pa3oM, paccMarpHBaeMble MOAYJH SIBASIOTCH  OBOLHbIMU
(na uux o geficTByer cJeBa, a  — crpasa).

Byner nojppasymeBaThcsl, YTO HoOMoO0yau JaHHOTO Mozyas M
BCerja JONYCTHMBI, T. €. TaKOBbl, YTO JONYCKAlOT B KauecTBe Olle-
paTopoB 3jeMeHTH M3 ¢ U Q. Moayap I, He uMeloUwuA NOAMOIY-
Jeil, 3a HCKaoyeHneM ceGa camoro H moayas {0}, HasbiBaercs npo-
cmoiM, WAM MuHumanrooin. KoJbLO © Ha3biBaeTCA 1pOCHIbIM, €CTTH
OHO SIBJISIETCH MPOCTHIM KaK ABOHHOH MOZyJb, L/ KOTOPOTO CaMO O
CAYXKHUT 06GJACTbIO JIEBBIX U NPaBbIX OlEPATOPOB (M, BO3MOXKHO, [O-
MOJHUTENBHOH 0O/ACTLI0 OMepaTopoB sB/IfETCA €2), T. €. eclu © He
CONEPKUT HHKAKHX NONYCTHMBIX JIBYCTODOHHHX HJea/loB, Kpome cebs
camoro u {0}.

VMHOMKeHHE 57eMeHTOB MOy/st M Ha (DUKCHPOBAHHBLIA 3/IEMEHT
KOJIblla 0 NaeT HeKoTopwlit 3upomopdusm A Q-mopyns M

au = Au. (8)

Taxknm o6pa3oM, KaXXjJOMy 3JMeMEHTY @ KOJblla 0 COOTBETCTBYET
nekotopriit sHnoMopdu3M A. [IpousBenenuio 3J1eMEHTOB ab COOTBET-
CTByeT npoH3BeneHue sngomopdusmos AB, a cymme a+b —cymma
A -+ B, xoTopasi onpeje/sieTcs PaBEHCTBOM

(A+ B)u=Au-+ Bu. 9

CnenoBatenbHo, OToGpakeHue a+—> A spisercs roMoMophu3MoM
kosetl. OnpemenuM Terepb sHpomopdusm AP nia P e Q dopmysok

(Ap) u=(Au) B; (10)

TOrja npousBeneHuto af Oyner cooTBeTcTBOBATH mnpou3BeneHne Af.
[Mostomy romomopdusm Kogen, ar> A SBASIeTC] OXRHOBPEMEHHO H
onepaTopHLIM roMoMopduaMoM oTHocHTesbHO 2. omomopdusm Kosen
C 5THM CBOFCTBOM Ha3blBaeTcs npedcmagreruem Koassya o (3HIOMOP-
dusmamu Q-mopyas ).

Mu Bujenn, 4to Kaxaoii asofiHoi Momyae I (mas kotoporo
p — 06sacTh JIEBHIX, a §2—006/7acTb NPaBHX ONEPAaTOPOB) IPHBOAUT
K HEKOTODOMY IPEJCTaBJEHMIO Kogabla o. EciH ke, vaoGopor, 3a-
JaHO TpejcTaBienue > A Koablla 0 3HIOMOPGU3MAMH HEKOTOPOro
Q-moayas M u ¢ nomousio (8) ompenesneHsl NPOM3BEIEHHS au, TO
moayab M Gymer ABOHHBIM C 06J4cThi0 JIEBBIX ONEPaTopoB 0 H
¢ 06/MacThio NpaBLIX ONepaTopoB £2.

Eciu o— anre6pa Hajl OCHOBHBIM Il0JIeM €2, T. e. fBAfieTCS BEK-
TOPHBIM MpPOCTPAHCTBOM Haj Q, TO, Kak MPaBUJIO, OTPAaHHUUBAIOTCH
JHIb MOAYJASMH IR, SBJAAIOUWMMHCS BEKTOPHBIMH IPOCTPAHCTBAMH
Haz §; B TaKUX MOAYJAX EAUHHYHBIH 3JEMEHT H3 Q fABJIAETCHA eJU-
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ItYHbIM onepalopoM. B atom cayuae sHIOMOPGHU3MBI ABJISIOTCS JH-
HEAHBIMIT  TIPeoOpPa30BaHUSIMH  BEKTOPHOrO NpOCTpaHcTBa M, H MBI
UMEEeM [0 ¢ NpedCcmasreHUuUsmMU KOAbYa O AUHEUHbIMU npeodpasosa-
HUAMU.

Snpo romomopdusma a—> A COCTOMT H3 TeX 3JIEMEHTOB @, /S
koropeix aM=1{0}, T. e. AAp0 AB/IAETCH JBYCTOPONIHM HIEAJIOM
10} : M. Ecam sppo —HyJIeBoH uiean H romomopdusm sBJjsercs
H30MOPGU3MOM, TO MpPEACTABAEHHE HA3LIBACTCH HIOUHLIM.

TpencraBienue a+> A HaswiBaercs (kak U B § 87) npusodumovin,
eCJIM MOyJb IpeacTaBiaeHust Vi o6nanaer noxmoay/ieM N, OTIHUHBIM
ot {0} u M. Eciu Taxkoro nopMoayJs HeT, TO MoAyab IN mpocT, H
npeicraBaeHue av+— A Has3blBAETCH HenpusoOUMbIM.

Ecan monysnb I sBisiercs BmoJHe NPHBOAUMBIM B cMbicie § 53,
T. €. paBeH NpsMOH CyMMe HPOCTBIX MOAyJeH, TO U NpejcTaBJeHHe
Ha3bIBATCS 8nOAHEe npueodumbim. BHI MaTPULl MPHUBOJHMOIO U BIOJHE
IPHBOJUMOrO MATPHYHBIX IipeAcTaB/]eHHH Obl1 omucad B § 87 ¢ mo-
moueto opmya (4) u (7).

IBa npeicTapjeHHsi KOJbILA © HA3bIBAIOTCS JKBUBAACHIMHLIMU,
€C/I OHH CBfI3aHBI ¢ U30OMOPGhHBIMH JIBOHHBIMH MOAy/sfMH. B cayuae
KOHEYHOMEPHBIX BEKTOPHBIX MPOCTPAHCTB 3TO O3HAYaeT, 4YTO IIPH
COOTBETCTBYIOIIEM BbiGOpe (asucoB MaTpHlbl O0OHX IHpeACTaBJeHHH
COBMNAJAIOT. .

HecMoTpsi Ha NpPOCTOTY 3THX CBsi3ell, UX 3HAUEHHE OYCHH BEJIMKO
JJIsl ONMCAHHMST CrpOeHUs ajare6p M TeOpUU MpeicTaBjenuil anre6p.
Yxe B § 93, mpumep 2, Mbl NOAYUYHJH NPEACTaBACHHE KBaTEPHIIOHOB
JABYCTPOUHBIMH MATpPHLAMM, TIPH KOTOpOM cama airebpa KBaTEpHHO-
HOB ¥ paccmaTpuBasiach Kak JBOHHOH wMOAYJab (C 06JacTLIO JEBBIX
onepatopoB ¥ u 06saacTBIO MPAaBBIX OMNEPaTopoB X).

§ 96. Maamiii n Goabwoil pagukab

WMpuean a (neBblil WJH NpaBblil) HASLIBACICH HILAGNOMEHMHbIM, €CTH
HEKOTOpas €ro CTelleHb A™ fABJSETCA HyJeBbIM HjeanoM. Mmeer mecro

Jlemma 1. Cymma (a, b) Osyx Huasenomenmeroix aegblx uOeanos
HUNGNOMEHMHA.

HNokasarenbctBo. Ilycte a”=07={0}. Ecau BbluHCIHTS
uuean (v, b)™r-1 1o mony4nTcs cymMma INpOH3BeleHHH u3 m-tn — |
MHOXKHTeJsIeH, KOTOpPbIMH siBJsitoTCA a uiad b. B moGoMm Takom mpo-
u3BeJleHHH JHOO MHOXKHTEJIb G BCTpeYaeTcsl IO KpakiHeHd Mepe m pas,
Au60 MHOXKHTeb b BcTpeuaercs s pa3. B nepsom caydae mpouspe-
IEHHE HMeeT BHJ

e a e a .,

rJe 1 BCTpeyaeTcs He MeHee, yeM m pa3. Tak Kak oa &, U3 CKa-
3aHHOTO CJe4yeT, 4YTO

B S S B e LU
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Bropoit cayuait paccmatpuBaercs aHasiornyHo. Tem caMbiM Ipo-
H3BeJIEHHS pPaBHLI HYJIO H

(a, by n-1=1{0},

Jlemma 2. Kancooui nunrenomenmmuoui seswili (uau npaseui) udean
codepoicumest 8 0BYCMOPOHHEM HUALNOMEHMHOM tOeae.

HlokasarteabcTBo. IlycTh [ — HUJABNOTEHTHBLIA JIEBbi HAeas:
(»={0}. Toraa HuibnOTEHTEH H Hpearn [o:

(lo)r =1Ll to=[" 1o =I["0=]0}.

[Topoxpenustii uneanoM [ npaebiit uaean (I, (o) B COOTBETCTBHM C 3THM
IBJIAETCS CYMMOH JBYX HHJ/IBIOTEHTHBIX JIEBHIX HJEAJNOB, a IOTOMY
W caM OH OYyJeT HUJBIOTEHTHLHIM JIEBbIM MJEAJIOM; CJEJ0BATENBLHO,
3TOT MJeal SBJASETCS JBYCTOPOHHHM H HHJbIIOTEHTHBIM.

Ion maneim padukasom I Kosabla o Mbl HOJApa3ymMeBaeM OOBENH-
HEeHHe BC€X HHUJBIIOTEHTHHIX ABYCTOPOHHUX HjeanoB. CorjacHo Jem-
Me 2 B 3TOM OOGBEJMHEHHOM MHOXKECTBE JIEXKAT BCE JIEBble M Bee
npaBble HU/BIIOTEHTHbIE Hpaeanbl. [loatoMy manbiil pagukan N MOXKHO
ONpEJEIHTh U KaK oObeJHHEHHE BCEX HH/ABIOTEHTHBIX JeBbIX (WJH
NpaBbiX) ujpeadoB. MOXKHO TaKxe CKa3aTh: 3JEMEHT a JeXHT B N,
€C/IM a TIOPOXKAaeT HHJLIOTEHTHBIH JeBLIH (UM NMpaBblil) uipead.

Ecan koabno o siBasercss anre6Gpoii, uiau, Gosee 06O, KOJIbIIOM
C YCJIOBHEM MHHHMMAJ/bHOCTH [IJs1 JEBbIX HealoB, TO MaJbifl paju-
Kasg N coBmajgaer ¢ ompejeiasieMbiM HHXe GoabmiuM  pajukanom R.
B stoM ciyyae Mbl MOXKeM OTKa3aThCfl OT IPHJATaTe]LHOrO «MaJbliy
u TIpocTo HasbiBaTh N =R paduxairom anredpur A.

Anre6pa Ge3 pagukana, T. e. ajnreGpa, paivkald KOTOPOH €CTb
HyJeBOA ujeasl, HasbBaercs noaynpocmoti. CTpoeHue MOJAYNPOCTHIX
ajre6p Obwio Buisicheno JIxk. I'. Makueren-Beaaepbepuom. Ero oc-
HOBHbIE TEOpEMbl TIJIACHT:

Kaocdas noaynpocmas ancebpa s643emes npamol Cymmoi npocmoix
ancebp ¢ edunuyerd, a Kaxndas mMaKas npocmas areebpa usoMOp@HHa
NOAHOMY MAMPUYHOMY KOAbYY HAO HEKOMOPbIM IMEAOM.

Aptun (Abh. Math. Sem. Univ. Hamburg, 5, S. 245) nepenec
Teopemsl BennepbepHa Ha ciayuall IpOH3BOJBHBIX KOJElL C YCJIOBHEM
MHHHMA/JIBLHOCTH JJIs JIeBbIX HleasoB. Bes 3Toro ycioBusi He yaaertcs
MOJIYyUATb NPOCTHIE CTPYKTYpHble TeopeMmbl. llpensitctBue, Kak elle
B Ty IIOpY MONO3peBa/lH, COCTOMT B TOM, 4TO pajukan 9 OKashiBa-
eTcsl CAUIIKOM MaJeHbKHM. Psja aetopoB, B ToMm uuciae Bap u Jle-
BHUKHH, BBeqH GOibluMe pagukanasl. Ho Toabko [kekoGecoHy ¢ mo-
MOLIBIO TOAXOASLIEro ONpejeneHHs pajgukasa R yaatoch HONYUYUTD
CTPYKTYPHBIE TeopeMbl NIsi Kosell 6e3 pajuxasia. [lasi JeTasbHOro
03HAKOMJICHHSI cO Bcell Teopuell [IxKekoGcoHa MOXKHO MOPEKOMEHJO-
BaTh ero KHury «CrpoeHue Kojely. 3/eChb K€ Mbl OTPaHUYHMCS He-
CKOJILKHMH T.1aBHBIMH TEOpEMaMmil,
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B cBoedl knure lxekobcon onpexensier pagukad R Kosbua o
KaK MHOXKEeCTBO TeX 3/eMEHTOB @, KOTOpble B JIIOGOM HellpHBOAHMOM
NpefcTaBleHHU MpelcTaBisotcst HyjeM. OH 1oKasan, yTo pamukan R
MOXKHO IOJyUHTb H Kak IepecedeHHe CIeLlHa bHBIX MaKCHMAJbHbIX
[paBhIX HAEAJIOB, KOTODhle ObLIH MM Ha3BaHbl MoOyaaproimiu. Bmecto
NpaBbiX HJEeanoB MOXKHO B3fiThb H JieBble HJeajhl — 3TO He HMeeT 3Ha-
uesns. Mbl Bocnosb3yeMcst  37€Chb MOAYJAPHBIMH MAKCHMAaJabHBIMH
JeBLIMH HJeasnaMu Anf oNpenefeHus ujeasna N.

JleBblfi mpean ¢ naswiBaeTCs MOOYAAPHLIM, €CAH CYLIECTBYET 3Je-
MEeHT ¢ KOJblla 0 CO CBOHCTBOM

ac=a(¥) 113 BceX aeo. 8]

ODjeMeHT ¢ WrpaeT, B HEKOTOPOM CMBICJIE, POJb NPABOH EQHHHIbI
no Moay/o €. CloBO «MOLYJAPHBIAY MTPORCXOAUT OT CJIOBA «MOLY /b —
CTaporo Ha3BaHHs EJNHHHUHOIO 3JIeMEHTA,

Mbl ompepenuM Tenepb GoAbiol  paduKas HIH TPOCTO paduxar
R xonbma o Kak mepeceueHHe BCEX MOJYJSIPHLIX MaKCHMAJbHbBIX
JeBblX upeanos ¢. LEcau, KpoMme camoro Kodbhia ©, B ¢ HET MOAy-
JISIPHBIX MaKCHMaJbHBIX JIEBBIX H/CAJ0B, TO PAJAHKAJIOM SIBJIAETCS BCE
KOJIBIIO, KOTOPOE B 3TOM CJy4ae Ha3bIBRETCS PAOUKALLHLIM.

ITycts € —mMoaysApHBIA MaKcHMadbHBIH (JeBbifl) ugean. Moxpydb
KJ1aCCOB BLIYETOB ©/¢ B 5TOM C/ydae SBAAETCA TPOCThIM H JOMYCKAEeT
HEKOTOpOe HEIIPHBOAUMOE NpeJCTaBAEHUE. FIIPO 3TOro npejcraB/eHus
ABJISIETCS ABYCTOPOHHHM HI€aJ0M

P=2:0 ?
WY COBOKYIHOCTBIO BCEX TeX @, A KOTODBIX
a0 = & 3
CpoficTBO (3) paBHOCHJIBHO CBOHCTBY
abe= ¢ pns Bcex beo. 4)

B uactHocrn, w3 (3) creayer, uto ac & € u, TakuM ofpasoM,
B cuny (1) a= L 3ro unmeer Mecto A5t Beex a H3 P; nostomy

PLE=23 (5)

Kaxnomy uneany ¢ upumantexur ugead PB==2«:o0. B cuay (5)
nepeceueHHe BCEX HJean0B ‘3 NpPUHANJIEKHT MEPECceueHHio Beex &,
a MOTOMYy colepxuTcsl B pagukane. JlokakeM Temepb, uto H, Hao6o-
pot, pagukaad N JexunT BO BceXx Hueanax I, a moToMy M B HX
nepeceyeHu.

IlycTe @ — npou3BOJIBHEIA 3/71eMeHT Kouabla R. Mol MoKHB 0Ka-
3aTh, YTO BKJiO4eHHe (4) cmpaBeanuBo npu JicGeix b U ¥, T. €. 4TO
3MeMEHT a NPHHAIJIEXKNT BCEM JIEBLIM HjealaM BHIA

=405,
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Ho sneMeHT @ JEXHT BO BCEX MAKCHMaJbHBIX MOAYJASIPHBIX JIEBBIX
uneanax kKoabua o. ITo3TOMY [OCTATOYHO MOKa3aTh, yro &' Jjaubo
paBHoO ¢, Ju6O sBASETCS MOAYJ/APHBIM H MakCHMa/JbHbIM HI€A/J0M B 0.

Tlpu ¢ukcupoBanHbiX b U ¢ KaxKAOMy 3JEMEHTy X Koubua b cooT-
BETCTBYET HEKOTOpPOE NpOU3BEJeHHE Xb H, CJE0BATeNbHO, BIOJIHE
onpejeenHpifi Knace BbiueToB xb ¢ mo Moaymo ¥ IJTto oToGpake-
HHe fABJAAeTCA romomopdusMoMm moxpyaeii. Ero sapo paBHO B TOYHO-
ctH ¥ =¢:5h, Tak 4to (akTOPMOAYTH t/¢’ H30MOPGHHO morpyrKaercd
B ¢pakTOopMonyab o/¢. Moay.p o/¥ MHHUMANbHBIA, & MOTOMY BO3MOXKHDI
TOIBKO #Ba cjydas: Janbo o/¥ usoMophHO oToGpazkaercs Ha HYJb
U, cJaefoBaTebHO, CaMO paBHO HyJAlo, au60 o/%’ usomopdHO oTOGpa-
kaercst Ha /8. B nepeom cayuae ¥ =rv, a BO BTOpoM Hujeaa ¥,
Kak W ujgea’l ¢, MOAyJsipeH U MakchMa/leH B 0.

ChopmyaHpyeMm Bce IOKa3aHHOE B OLHOM MPELIOKEHHH:

Teopema 1. Padukar R paser nepeceueruro dsycnopornux ude-
aro8 P==~L:0, a nomomy u cam aeasemcs. OBYCMOPOHHUM UOLANOM.

INoctpoum Tenepnb paxkTopkoapio 0 =rt/R. Kaxaomy Mopy/spHOMY
MaKCHMaJbIIOMy JI€BOMY Hpeany ¢ KoJblla © COOTBETCTBYET HEKOTO-
Pl MOAYJISIPHBIH MaKCHMa/lbHBI JeBblit upean ¢ =R koipua o,
u naoGBopoT. ITosTomMy HMeeT MecCTO

Teopema 2. Koasvyo kaaccos evwemos ofR a8a5emes Koabyom
«6e3 paduxara», m. e. paduxar Kosbya o/R pasex Hyresomy udeary.

Kosbua 6es panuKasae HasbiBawoTcs noaynpocmoeimu. IlosTomy Teo-
peMy 2 MOMKHO c(OPMYJIHDOBATbL TaK:

Koavyo kaaccos ssiiemos korsya o no e2o paduxary R noaynpocmo.

3angaua . Kaxmwiii Jesblii Hlead €' npH YCQJIOBHH, 4TO MoAyqad o/’ u v/R
onepaTopHo HSOMOp(beI, NPHUBOAUT K COBNANAIOUIHM YaCTHBIM:

ie=0:0="%.
3agaua 2. Ilyere € —moayasipublii qesblit naeat. Toraa J=oa:o—coaep-

Ramuiicst B £ ABYCTOPOHHMH HAeas, B KOTOPOM JieXKaT BCE ABYCTODOHHHE HAealibl,
npuHagiexamue ureany .

[Mosgnee HaM NOHAZOGHTCS c/efylollas Teopema:

Teopema 3. KawOouwi modyrsproul aesoili udear [ ==o npunad-
NEIHCUM. HEKOMOPOMY MAKCUMALbHOMY aesomy udeary £ ==o (Komopeid,
KOHEUHO, mOJCe MOOYAAPEH).

NoxasaTeabcTBo. [lycTh ¢ — 37€MEHT KOMBLA O CO CBOHCTBOM

ac=a(l) mnd BCeX aeo. 6)

JleBuiil mnean | He cOmepXHUT 3/eMeHTa ¢. PacCMOTPHM MHOMKECTBO
BCeX JeBblX upeasos [’, comepxkaumux [, HO He conepxkawux c¢. Cpenu
HHX HaligeM MakcuMagabHblil wgean ¢ Taxkol wnjean cyulecTByet
B cuay Jemmbl Jopua (§ 69). Mnean & moxyaspen, Tak Kak comep-
xut [. Ho oH M MakchHManeH W He paBeH 0. [leHCTBUTENBbHO, eCau
Q' —unean, cobcTBeHHBIM 00pasoMm copepxkauwmii €, To ¥ conepXKur u
5JEMEHT ¢, a TOTOMY B CUay (6) — Kamiplil 3JEeMEHT KoJbla i,
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YroObl BBLISICHUTbL CBfA3b MEXAY MaJbiM H OOJMbLIMM pajvKadaMmH,
BBEIEM B KAueCTBE BCIOMOTATE/bLHOTO CPEACTBA HOBYI) KOHCTPYKIIHIO
IIPOU3BEJICHHS.

§ 97. 3Be3nHoe mpou3BeneHHe

3ge30n0e npouseedenue a=b 0syx sremermos a U b xosblia o ompe-
JeJIAeTCST PaBEHCTBOM
asb=a-+b—ab.

J.I)KeKOéCOH B 3TOM CJaydae TMHIIET a-b u naseciBaer KOHCTPYKIHIO
«KPYTOBOH KOMITO3HIIHECH».

3863ILHO€ NpoHU3BeJeHHE ACCOUHATHBHO, a4 HYJ/b ABJSAETCS €JHHHY-
HBIM 3J/IEMEHTOM NPH TaKOM YMHO2XKEHHUU!:

Osa=a=ax=0.

Ecnn koabnmo o uMeer CIUHHILY 1, TO [POH3BEACHHUE axb=c
MOXKHO ONpEeAeJAUTb H PaBEHCTBOM

I—a)(1-b)=1—c.

Jlegoul 38e30H0 o6pammbul ssemerm 2 IS JAHHOTO 3JEMEHTa 2
onpeessieTcsl yCI0BHEM

2'x2=0, wm 2'+z2—2'2=0,
WM, €caHl ecTh efupuia l, — yciaoBuem
1—2Y1—-2)=1.

OneMeHT 2z, 06aajawliuii JEBHM 3Be3JHO O0OpaTHbIM 3/eMeHTOM Z’,
HAa3bLIBACTCSA 36€30H0 pecyrsipHoim caesa (U K8A3UPERYASPHOIM CAE8a).
Toyno Tak Ke OMpPEeNEeJNSIOTCH MpaBblil 3BE3JHO OOpaTHbLIH M 3BE3NHO
peryJsipHelii crpaBa MeMeHThl — ycioBueM 22" =0.

DseMeHT 2 HAa3bIBAETCs [IPOCTO 36e30HO PE2YASPHbIM, €ClH Cylle-
CTBYeT Takoil 2’, KOTOPBIl SIBJIAETCS JIEBbM M NPABHIM 3BE€3JHO OOpart-
HBbIM /151 2Z:

Zv2=0=2x2".

Teopema 4. Kaxdeul HuAbNOMEHMHbIUL INEMEHM 2 36€30HO
pecyAfpen.

HoxasateabcTBo. Ecaun 27 =0 B NOJOXKHTb

== 2™}

10 noayuutcs, 4rto 2’ xz=0=2z=%2'. Takum obGpasom, 3s1eMeHT 2
3BE3JHO peryJsipex.

EcaH B HEKOTOPOM JIeBOM Hjease | BCe 3JEMEHTH 3Be3JHO pery-
JIAPHBl CJI€BA, TO OHU M 3BE3JHO Pery.sipHbl. JIeHCTBUTENLHO, MyCTh
2z —saeMeHT U3 [ H 2’ —ero JeBbifl 3Be3HO 0OpaTHbIA /IEMEHT, TOIAd

J=2z—2
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CnenoBaTenbHo, 2' JeXHT B | H o6JanaerT JeBbIM 3Be3jHO oOpar-
ubiM 2. Mmeem Teneps

2=0%2=2"#2"%2=2"%0=2",
TaK 4YTO
2#2 =2%%2' =0,

T. e. 2’ —HE TOJbKO JeBbil, HO W NpaBblfi 3B€31BO OOpaTHBIA 1718 2.

JleBbifi WJM MpaBblil Huean, 3JMEMEHTH KOTOPOro 3BE3JHO pery-
JIAPHBI, HasbBAETCH 36e30H0 peeyaspruim. COraacHO J0Ka3aHHOMY
BLILIE, JIEBLIH Huean siBAsieTCs 3BE3JHO PeryJasipHRIM, €CJH BCe €ro
3JeMeHThl 3BE3JIHO peryJsipebl caeBa. TouHo Tax ke npapbifl naean
3BE3JHO pPOTYJsIPeH, €eCJW BCe €ro 3JeMeHTh! 3BE3JHO PeryJspHE
crpaBa.

Teopema 5. Paduxar R sasrsemca 36e30HO pecyripHbIM 1e6biM
u0eanroM, COOepHALYUM BCe 36e30HO pecyrsipHble Aesble UOeaist.

INokasateanctso. [lycts z—anement uneana R. Mol xoTHm
MOKasaTh, 4YTo 2z o6JajgaeT AeBbIM 3Be3NHO oOpaTHhIM. [locTpouMm muo-
JKECTBO BCEX 3JIEMEHTOB

X2 —X,

B KOTOPOM X Tpoferaer KOJbLO 0. JTO MHOXKECTBO SIBJAAETCA MOLY-
JISIPHBLIM JIEBBIM HJI€asioM, 115 KOTOPOrO Z HIpaer Ty pojb, KOTOPYIO
pasibllle Hrpaj 3jeMeHT ¢. Eciu 3701 JeBbifi HJean COIEPKHT 2, TO
CYLLECTBYET 3/EMEHT X CO CBOHCTBOM

Z=XZ—X.

Orciona caexyer, 410 x%2=0, T. e. x-—/eBblil 3Be3/lHO 0OpaTHLIH
1A 2z, Ecan moayssapHbIA JIeBblfl HAeas He CONEPXKUT djenenTa 2,
TO OH HE paBeH v ¥ B CHJIY TeOpeMbl 3 NPHHALIEKHT HEKOTOPOMY
MOIYJ/ISIPHOMY MaKCHMaJbHOMY JIEBOMY Hjeany €=&=0. O/eMeHT 2
gexut B R, a R sABasercs nepeceyeHUeM BCEX MOAYJISPHBIX MaKCH-
MaJsIbHBIX JIEBBIX H€asoB; MosToMy 2z Jexut B & Ho rtorpa Bce age-
MEHThI
X =x2— (x2 —X)

JexaTr B &, T. e. € coBrnajaer ¢ o, B TO BpeMsl Kak JO/KHO BbIITOJ-
HSTBCH NPOTHBOMOJOXKHOE COOTHOLIeHue: ¢ = o.

CnenoBaTe/bHO, KaxKAblH 3J¢MeHT 2 wujeasa R obnagaeT JIEBLIM
3BE3JHO OOpATHLIM, T. €. N — 3Be3HO peryJaapHHId JEBb HAeas.

[lycrs Temepb [ — MpoM3BOABHBIE 3Be3JHO PEryAAPHBIA  JeBHIA
ujeas. Mbl XOTHM nOKasaTh, 4TO [ COJEPIKHTCA B KaxIOM MOAyJsap-
HOM MakCHMaJbLHOM JIeBOM Hjease €, T. e. npuHamiexRut R. Ecau 661
[ He snexan B uieane ¢, To cymma ujeanos (¢, [) coBnagana Gol
€O BCEM KOJILLIOM O0;
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Tak kak upean ¢ MOLy/sApeH, CYIECTBYeT 3JeMEHT ¢ CO CAEAyio-
UM CBOMCTBOM:
ac=a(¥) 115 BCeX ac<o. (2)

B cuny (1) s10T snemeHT ¢ RO/KEH MPEeACTABIATBCS CYMMOH y -z,
B KOTODOH y NpHHAnJNEXKUT ¥, a z npuHagnexur [. Orciona:

c=2(9). 3)

Tak kax siemeHT z J€XKHT B upease [, T0 oH objajgaeT 3BE3HO
obpatHeiM 2':

242 —2'2=0. 4)
U3 (3) u (4) caenyer, uto

c+2'—2'c=0(Y),
a noToMy B cuny (2)
c=0(Y),
4TO HEBO3MOXKHO.

VM3 Teopembl 5 oueHb JIErKO CJIELyeT paBEHCTBO «IPaBOrO» H
«JIEBOTO» PaiHKasoB. [leficTBHTENbHO, ONMpeenuM NpaBsill pagukaa R’
KaK MepeceyeHHe BCeX MOJYJISPHbIX MaKCHMAaJbHbIX IPaBLIX MIEaJOB;
torga R’ —3Be3HO pery/ApHbIA JBYCTOPOHHHMI HIeasl, a NOTOMY
B cuiy Teopemnt 5 om comepxutcs B R. Touno tak xe R cogep-
xuTcAd B R’ u, cienosatenbno, R=NR'. Tem campM, pagukanr R
MOXHO ONpENESHTL JIOObIM U3 CJeLYIOMHX CHOCO60B: Kak mepeceye-
HHME BCEeX MONYJ/IAPHLIX MAaKCHMaJbHbIX JIEBBIX HJIH MpPaBblX 1J1€aJIOB,
A TaKXKe Kak OObeluMHEHHE BCeX 3BE3JHO PEryJasipHbIX JEBBIX HJIH
IPaBBIX HJEaJsoB.

JleBbifi nziM npaBelil H7ean Ha3bIBAGTCS HUAbUOAAOM, €CH BCe
€ro 3/EMEHTb HHJAbMNOTEHTHbI. M3 Teopemsl 4 HemocpenCTBEHHO cie-
AyeT, YTO Kaxabll HHJIbHAeaN 3Be3HO perynaapen. Ilostomy u3 Teo-
peMbl 5 moJsyuaercsi

Teopema 6. Bce nunvudearst codepacames ¢ padukaie.

B wacTHocTH, Bce HHJBMOTEHTHBIC Hieasbl copepmarcss B R. Mx
obbearHeHde siBjasierca MagabiM papukasaoMm . CjenoBaTesbHO, HMeeT
MECTO

Teopema 7. Manoui padukar N codeprcumes 8 Goaviom padu-
kazre R.

3anaua 1. Hu neBsll, HM nOpaBblfl eiMHHUHbIE 3JEMEHTH KOJbIA 1 He

MOTYT ObITb 3BE3ZHO DPErYASPHHIMH H NOTOMY HH OIHH M3 HHX He CONEpPIKHTCH
B pajukaje R.

§ 98. Koabua c ycioBHeM MHHMMAJbHOCTH

Hauunas ¢ storo Mecra, GyjaeM mOpearnosaraTb, 4TO B KOJbLE 0
BBIIIOJTHEHO YCJ0BHE MHHUMAJBHOCTH AJA5 JEBBIX HIEAJIOB. lefl 3TOM
NPEANOJNOKEHHH Mbl TIPEXJIE BCEro JOKaXXeMm CJIEIlyIOUlyIO Teopemy:

Teopema 8. Paduxar R Huavnomermen.
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JlokasaTeJbCcTBO. B iocteoBatelbHoCTH cTenehedt R™ cyute-
ctByer Munumaibubli ujean R*. Tak kak R copepxkutca B R,
HMEET MECTO DAaBeHCTBO

M2 — mn,

win, ecad moaoxnth R* =&, — pasenctBo €?=&. Ilokaxem, uTo
=1{0}.
Ecin & == {0}, To paccMOTPUM MHOXKECTBO BCeX JIEBbIX HJea-
JOB 3 €O CBOUCTBAMH:
S=@; (1)

SREUS @)

D10 MHOMKECTBO HENMyCTo, TOTOMY YTO B HETO BXOJMT JIEBbIi
upean ©. CiefoBaTeNbHO, CYLIECTBYeT MHHHUMAbHBIA Hjeal RN
cpoiictBam (1) ¥ (2); B cuay (2) CymecTBYeT Takoi /eMeHT b usz 3,
yto @b~ {0}. Jlepbiit unean €b JexuT B J, u 061aaeT CBOHCT-
pamu (1) u (2); crenoBatensho, &b=J,. Tlostomy B & cyuiectByer
Takoil sjemeHT z, uto 2b=>b. Tak Kak z npuHaJIEXKHI R, T0 B cuay
TeopeMbl 5 OH 06.1ajaeT JEeBLIM 3BE3JHO OOPaTHBIM 2"

2+2—2'2=0. (3)

YMHOXKHMM 3TO pPaBEHCTBO CrpaBa Ha b; Torja MOJYYHTCH, YTO
b=0, a 3TO NPOTUBOPEYHT IDEATNONOKEHHIO @b =1{0}. Tem cambiM
nokasano, uto & = |0}, a notomy n R={0}.

Maneii pagukas N coAep:UT BCe HUJABIOTEHTHBIE JBYCTOPOHHHE
wneassl; nostomy N = R. B cuny teopembi 7 HMeeT MeCTo oGpaTHOe
srjouene: N = R. [lostomy cmpasennnBa

Teopema 9. Maaoui paduxar N pasen Goarvulomy padukary R.

Tak Kak B CHIy TeopeMbl 6 Bce HHJIbHAeanibl cozepxarcs B 3N,
HUMeeT MecTo

Teopema 10. Bee Hunoudearsl HUAGNOMEHITIHOL,

CoriacHO TeopeMe 2 KOJbIIO K/acCOB BHIYETOB /R nosympocto.
Ecan B 0 BbLINOJHSIETCS YCJOBHE MHHHMMAJBHOCTH [JIs JIEBBIX HJea-
OB, TO, KOHEYHOo, OHO BbimoaHsercs H B o/R. PaccmoTpum Tenepb
B O6lIEM BHJE BOINPOC O CTPOEHHH MOJYIPOCTBIX KOJEI C YCIOBHEM
MHHHMAJbHOCTH JJisl JIEBBIX WJH INpaBbIX UJEa/0B.

Teopema 11. Kawdoe noaynpocmoe KOAbUO © C YA0BUEM MUHL-
MAAbHOCMU OAfL Aeeblx U0eanos SeAsemcs npsamoll CYMMOUL npocmolx
Aesblx udearos |;.

JloxaszareabcTBo. Pagukaa Kospua o, T. €. €ro HYJIeBOH
Wjean, ectb, IO onpejeleHHIo, NepeceyeHHe MOAYJIAPHBIX MaKcH-
MaJbHBIX JessiX nueadoB L. [Tokaxem cHayasa, 4TO HYJEBOH ujeal
ABJISIeTCs NepecedyeHHeM J[a)(e KOHEYHOro 4Yucaa YIOMAHYTBIX Hiea-
JoB L.

PaccMoTpuM MHOMKECTBO BCEX [€PECEeYEHHH KOHEYHbIX MHOKECTB
MOLY/IAPHLIX MaKCHMaJbHbIX JeBhX HieanoB ¢ B sToM MmHOXKeCTBE
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CYINECTBYET MHHUMAaJbHBIA Hjean
I=an e ngm.

Ecau 61 Gbl10 [ {0}, To cymecrBoBan 6bl ujpean L., mepece-
ueHHe KOToporo ¢ [ 6bw10 Obl nojamHOXKecTBOM B [. Ho 3To mportuso-
PeYHT CBOHCTBY MUHMMasbHOCTH Mpeana [. CnenoBatesibho, [= {0} u

Ecan B 3TOM mnpejcraBleHHH B BHJIE NEPECEYEHHS ydacTBYeT
Kakod-nnbo upean ¥;, cofepkalluil MepecedeHHe OCTANbHBIX HAeaJoB,
TO €ro MOXKHO yJaquTh H3 3amucu (4). Ymaaum u3 (4) Bce Takue
JUIIHHE Hpeajbl ¢;, B pe3y/ bTaTe 4ero OCTAHETC HECOKPATHMOe

npeactaB/IeHHe
{0} =¢N...N¢, (5)

B KOTOPDOM HH OJMH M3 HAeanoB &; HE CONepKHUT mnepecedenue [;
ocTanbHbiX HaeanoB. Cymma (¥, [;) siBAseTcst B TaKOM cayuyae Hjea-
JIoM, COOCTBEHHO COJepKallluM Hjead €, a TaK Kak ¢; MaKCHMAJICH,
TO OHa paBHa o

(&, ) =0. (6)

PapenctBa (5) u (6) yrtBepxpator, uto upean {0} spasercs nps-
MBbIM [IepeceyeHHeM MaKCHMalbHbX HieasoB ¢;. B cuay § 92 orciona
caefyeT, YTO °0— NpAMast CymMMma JI€BbiX HAEAJoB [;:

o=l . .1, @)

B coorserctBHM ¢ § 92 ans KaXKIoro i MMeeT MeCTO Omepatop-
HBIE H30MOp(hU3M
I,go/?,—, (8)

a Tak KaK MOJYJ/b KJacCOB BBbIUETOB 0/¢; MPOCT, TO Hjeatsl [; aB/sIOTCA
npocTeiMU. TeM caMbiM BCE JOKAa3aHO.

CorsiacHo (7) KaxKablif 3JEeMEHT @ KOJbLA 0 MPEACTaB/ACTCS eIHH-
CTBEHHBIM 00pa3oM B BME CYMMbI

a=m-+...+a, (@<sl). ©)]
B paBencTBe (9) MOMKHO BbIIEJAMTH OJHO CJATAaeMOE @; H BMECTO

(9) nanucatb
a=a; +bi (Cli = li, bi = Qi) (10)

OneMeHT a; HaswiBaeTcsi [;-Komnowewmot snementa a. Orto6paske-
HHE a+>@; ABIAETCS ONepaTOPHBIM TOMOMOP(H3MOM, SIPO KOTO-
poro paBHO B TouHOCTH ¥;. [IBa 3jemeHTa @ W @' Torna M TOJLKO
torga cpaBHUMBI o mod &, Korja coBmajaioT MX [;-KOMIIOHEHTbI.

dneMeHT KOJBI@ C CO CBOWCTBaMH (%= ¢ HasbiBaeTcs ulemno-
IMEHMHbIM.

Teopema 12. B obosnauenusx u npu npednoroicenusx meo-
pemvr 11 goinoansaromen caedyioujue ymeeprcOerus;
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A. Kancooui udear I; nopoxcaemes Hexomopsim UOeMIOMermHbiM
INEMEHIMOM €;:
[, =ve; ef=e.

B. Saemenmor e; annyaupyrom dpye dpyea:
ee,=0 o0Oara i=tk. 1

B. [;-Komnonenma a; npouseonsH0e0 INEMEHMA G MOAYUAENIC YMHO-
JCeHUEM INEMEHMA A HA e;:
a; = ae;. (12)

e:el+...+en (13)

Agasiemcs eOunuyell Koavya o.
HoxasateabctBo. Tak Kak Hiean ¢ MonynspeH, cyiie-
CTByeT 3/IeMeHT ¢; KOJiblla © CO CBOHCTBOM

I. Cymma

ac;=a(¥;) mnIs BCeX a. (14)
Pasnoxum teneps snementst ¢; B coorserctsud ¢ (10):
cr=¢e;-+f. (15)
Otcrona /s ac; NoJy4aeTcsi pasjomeHHe:
ac; = ae; + af;. (16)

M3 cpaBnenna (14) crnenyer, 4TO ac; ¥ @ HMEIOT OJHH M Te XKe
[;-xomnonenThl. CorsacHo (16) 310 o3Hauaer, 4TO

= ae. (17)

Tem cambim pokasano (12). Leau a mpoGeraer Kojblo o, To g
npoberaer Becb Hujeasa [;, TOITOMY

[; =re;. (18)
[onoxum B (17) a=e;; 10rma nosiyuuTCcs, UTO
e, =éji. (19)
Tlonoxum B (17) a=e,; nonyuum
O=ewe; (k1) (20)

Tem campiv nokasaunwl ytBepxnenns A, b u B.
Ecnn B o6o3navenusix (13) nosnoxuth

e=e,+...+ep, 1)
To B cuny (17) monyuutcs paBeHCTBO
ae=ae;+...+ae,=a,+...+a,=aq, (22)

T. €. € —IpaBasa €AMHHULA KOJba 0. Taxkum o6pasoM, OCTaeTCs ,J10Ka-
3alb, YTO € ABJSETCA W JEBOH eJUHHLEH,
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DnemMenTH a —ea 06pas3yloT mpaseiii uiean t. [l NPOH3BO/DL-
HOTO b HMeeT MeCTo DaBEeHCTBO be ==b, nostomy

b (a —ea) = ba — bea = ba — ba = 0.

B uvacrHoCTH,
(@a—ea)*=0.

Takum o6pasom, t—mHuabHIeal H B CHIy Teopemul 6 OH cojep-
JKUTCA B pajdKase, a MOTOMY paBeH Hyaio. TeM caMelM Ajs BCex
37€MEHTOB @ UMEET MeCTO pPaBeHCTBO

a—eaqa=0,

T. €. ¢—JeBas eJdHHIIA.

Koviblio, siBasliolieecs BNO/HE NPHBOAHMBIM KaK JI€Bbl MOAYJb,
T. €. MpPEeACTaBUMOE NPAMOH CYMMOH NPOCThIX JIEBHX HILAJNO0B, Ha3hl-
Baercst 6noixe npugoOumvim cresa. Teopembl 11 1 12 Mel Moxem
Tenepb OOBEJUHHTL B CJeAyIOUel (opMyJiHpOBKe:

Jloboe noaynpocmoe KOAbYO € YCAOBUEM MUHUMAAGHOCTU  OAS
Aegbix  10ean0s  ABAREMCS  6nOAHe npusoOumbim caesa u  obiadaem
eduruyet.

Ora 71e0peMa HMeeT ofpalleHue:

Teopema 13. Jloboe snoane npusodumoe caesa Koabyo ¢ npa-
60ll  eQunuyell SBASEMCS NOAYNPOCMoIM U YO0BACMBOPSLM  YCAOBLIO
MUHUMAABHOCMIL 047 Aeeblx U0ea08.

HoxaszarteabcTBo. IlycTb

o=l 4.1, (23)

— pasjoXkeHue KOJbLA © Ha IpPOCTHE JeBble Hjealbl W NycTh & —
cymma Beex [, 3a ucksouenueM [;. Torga o/¥; =2 [; u, ciefoBare/bHO,
¢; —MmaxkcnMalbHHN HIea1. Eciau e —nmpaBas enuuuila Koablia o, TO
ae =a J1s BCEX a M, CJIEN0OBATeNbHO, &; — MONYJ/IsIpHBIA upead. B cuiy
§ 92 unean {0} sapBadeTcst mepeceyeHHEM HueasoB ¥;, a TOTOMYy 0
NOJYIPOCTO.

Corsracio § 53 KoambLO © 06/a33a€T KOMIO3HIMOHHBIM  PAJOM
auHbl 1. B ocuay § 51 moGoii seBrifl uzean [ MOXKHO BKJHOUHTB
B HEKOTOPBIH KOMMO3HUMOHHBIA psl. YYacTOK 3TOr0 KOMIIO3HIHOH-
noro psga ot [ po {0} uMeeT JIMHY m<<#; YHCJO M HA3HIBAETCH
Oaunoti udeara (. Jlio6oll cobecTBeHHml moaunean [’ upeana [ umeer
MEHBIIYIO MAIHHY, MOTOMY uTo M [ U {' MOXHO BK/IOUHTE B HEKOTO-
Pblfl KOMNOSHUHOHHBLIA Dsif. B KaxuoMm (HemycTOM) MHOMKECTBE JIEBBIX
HeaJsoB CYILECTBYeT JeBbiil unean [ Hanmenbnedl aaunn. On siBJAsSeTCS
MHHUMA/JbHBIM B JIaHHOM MHOXKeCTBe, TaK Kak Jwo0od upgean [”, cob-
CIBeHHLIM 06pa3oM B HeM COAep Kaliuiics, uMmen Gbl MEHBIIYIO IJIHHY.
CrenosatesibHO, JJSl JIEBBIX WACAJIOB KOBLA O BbIIOJHEHO YC/JIOBHE
MHHHMaJIbHOCTH.
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§ 99. JsycTOopoHHHE DPA3JOKEHHS M Pa3joONEHHe UEHTPa

B § 98 Mbl uccneposasu passoXKeHHS] B MPSAMbIE CYMMbI JI€BBIX
HjaeasnoB IIPpOU3BOJIBHOTO KoJiblla 0, [NOJYHHEHHOI'O €CTECTBECHHBIM Tpe-
GOBaHHHM; Tenepb Mbl HaMmepeHbl BbISICHUTb, 4YTO MOXXHO CKa3aTb
0 pas/joXKeHHUsIX B CYMMY JBYCTOPOHHHX HJEaJ/OB.

Teopema 14. Ecau xoaeyo o ¢ eduruyeii npedcmagumo 6 éude
NPAMOLL CyMUbL NPAMO HEPABLONCUMbLE OBYCMOPOHHUX U0earos, OmAau4-
HbIX Om HYAeeoeo udeaid:

D=al+...—}-dn, (1)

mo amu udeanvt a; onpedeservl OOHOIHAUHO.
JdokasaTeabCcTBO. EcIH HMeeTca Kakoe-TO BTOPOe pasao-
KeHnue
0=1C;+...7}Cmy
TO
03 =00y = (A30y, Ty, ovy Aply).

Cymma cripaBa siBJAfieTCsl IPSMOH, TaK Kak
A0 S Agy vney G0 S g

Ho Tak Kak Hjeas ¢, IPSAMO HEPa3/IOKHM, TO MPOU3BENEHHUS a;(q
JOKHB! ObITh DABHLI HYJIIO, KPOMe KAaKOTo-TO OJHOTO, CKameM, (.
Takum o6pasoy,

G =a,0 S 4.

TouHo TaK e INOKa3blBAETCH, 4TO M HAoBOPOT, 4, CONEPIKHUTCH B OfI-
HOM H3 (;, TaK 4TO
(i = ((1 o= (i;

orciofia caenyert, 4to { =1 u ¢; ==a,. Takum obpason, KaxAbH nuean
COBIIaZldeT C HEKOTOPbIM H3 HJEa/IOB ;.

T oXHOCTOPOHHHUX pasjoXKeHHH B HpsIMble CYMMBl Takasl OXHO-
3HAYHOCTb MECTa HE HMeeT.

Joxkaxem Ternepb caepylouiee:

Ecau koavyo ssasemcs npamold cymmol 08YCcmopoHHUX u0earos
8, Mo yenmp I Koavya © ABAAEMCA RPAMOU cymmot yeHmpos 3

Koaey @
J=3+...+3

HokaszateabctBO. Ilyers 2z=2,+...-4 2, — NPOU3BO/IbLHLIA
3JEMEHT IleHTpa M X ==X;+...-+ X, — IPOU3BOJIbHBIH 3JIEMEHT H3 D.
Torma zx = xz; nostomy

27Xt + 20X = X121 . o . Xn2n (2)

Orciopa cJenyer, 4TO 2;x; =X;2; NI BCeX X; U3 q; T. €. 2; JEXKHT
B uedTpe Kosbua ;. OOpaTHO: €cAH KaxkAbl 3/JeMeHT 2; JEXHUT
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B LIEHTPE KOJbLA ¢;, TO PaBeHCTBO (2) BHIMOJHSIETCH 151 BCEX X H
2x =Xz, TaK 4TO 2 JIEXKHUT B LEHTPE KoJblia 0.

YTBepKICHHS, KOTOpble MBI paccMaTpHBajJH 1O CHX MOp, CHpa-
BEeIVIMBBl B HPOH3BOJNBHBIX KOJbLAX 0. Temephb Ke Mbl TPEINONOKHM,
YTO KOJBIO 0 TOJYHNPOCTO H YIOBJETBOPSIET YCJIOBHIO MHHHUMAaJbHOCTH
IJIsl JIEBBIX HAeasoB. B 3ToM ciyuae © BmosiHe MPHBOXMMO CJIEBa:

o=l +... &, ®3)

H obJsanaer eIHHHIEH:
e=e;+...F+e, ().

Ecan a — npousBo/ibHBIH IBYCTODOHHHE HIeas], TO KaXJoe IpOH3Be-
IeHHe ae; ABJSETCS JIeKAIMM B [; JeBBIM HIeajoM; MO3TOMY OHO
paBHO su6o [;, qmu6o {0}. Mneanwl [; MOKHO pACIIOJIOKHTH B TAKOM
HOpSsiKe, YTOOBI BHIIOJHSVIHCH PaBEHCTBa

aep=1ly, ..., aep=Iy, ae,,=1{0}, ..., ae,={0}. 4)

Torpa Iy, ..., [, comep:Karcad B a U MO3TOMY B a COAEPKHTCS TaKKe
unean [y-...+ 1, Kaxasii snemeHT a wugeasna a mNpeacTaBisieTcs
B BHJE

a=ae=ae,+...}+ae,.

B sTolf cymMe ciiaraemele aen,q, ..., @€, PaBHLL HYJIO, a MOTOMY
OHA CBOJMTCS K
a=uae,+...+ae,.
CnepoBatenbHo, a = [, ...+, u
a=l ...+, (5)

HJIH CJIOBAMH:
Kaoeoout Osycmopornuti ulear a agaAsemes CYMMOL HEKOMOpbix
udeanos I;.
s uneanos [;, BXomAwux B dopmyay (5), HMEIOT MeCTO paBeH-
CTBA
al; = ave; = ag; =,

a jpisa [,, He BXoAsKX B Qopmyay (5), chpaBemTHBbl paBeHCTBA
aly, = ave, = ae, = {0}.

Takum o6pasoMm, Hpeans! [;, BXopsmue B dopmyay (5), xapakre-
PH3YIOTCS TeM, YTO HIeal 4 HX He aHHYJHDYeT:

al; == {O}

Ecnu wupean [; obi1asaer 3THM CBOHCTBOM, TO H BCe HaeaJnl I,
onepaTtopHo H3omopdHbie uueany [, Toxke um o6aagaior: al 5= {0},
Ilostomy B (5) BXomaT Bce Hpeasn! [, usomopdubie uueany ;.



364 AJITEBPHI [CJ1. X111

[Myctb, ckaxkeMm, wuneats [, ..., [, H3oMOpOHBI wuzeany [y,
a oCTajblbie uAeanbl HeT. Torga yTBepKaaercs:

Hoear oy =1,+4...+ 1z dsycmopornudl.

HokasaTeabctBo. [i15 Npou3BONBLHOTO 3JeMeHTa b & v uMeem:

a1b=albe=ﬂ1(b€1+.,.—}—ben)E
= (agbey, ooy dbeg, oo, e )= (1, a1 O, Lo., O)y=a,.

CnenoBatenbHO, a4, SBJASETCS NPaBbiM, a MOTOMY M JABYCTOPOHHHM
HJ1eaNIOM.

OtuM crocofoM M3 KaXJOro KJjacca MONapHO H30MOPOHBIX ujea-
J0B [; MOXKHO MOCTPOHTb ABYCTOPOHHHE uzean ;. Ilycts a5, ay, ...

., @,—TaK MOCTPOEHHbIE HIeabl.

Kaxzubiii nBYCTOpDOHHME Hpean a siBasfeTcss cymmoH Buua (5), H
eC/JIM 3Ta CyMMa COZNEepKHT KakoH-nu60 upeas l;, To B Hee [OJKHbI
BXOAHTb H Bce wuneannl [;, nzomopduuie uueany [;. Orciona craepyer
yTBEpKICHHUE:

Kaoncdeui Osycmoponnuii udeanr ABASACMCA CYMMOL HeKOMOpblx U3
0BYcMoporKUX 10eanos 3y, ..., 0, IlocaeOnue ABAIOMCS MUHUMAAL-
Houmu  0sycmoporrumu  udearamu. Koaoyo o sasasemcss npamod cym-
Moll udeanros ay:

0=ay+...4q, (6)
[Tocnentiee yTBep:KACHHE CaeflyeT HEMNOCPENCTBEHHO H3 (3).
B cuny § 91 wupeansl «; SBASIOTCS KOJbLAMH, aHHYJIHDYIOUIMMU
IpYyT apyra: .
G, =10} ana i#k )

M3 (6) u (7) BbITeKaeT, YTO KaxJbIH JeBBIH HJH NpPaBblil Hjeal
KOJIbLIA A; SIBISIETCS TaKiKe JIEBbIM HJIM TPaBbIM HAEAJOM KOJbUA D.
st neBbIx upeaqoB | JOKa3aTeJabCTBO MPOBOAMTCH TaK:

ofl =(a;4+...Fa)l =
= (\Ill, Cey a,l) =

=@©, ..., ol ..., 0) =],

a JUIs TpaBblX HAeanoB — ananoruuno. CrejopaTeqbHO, KaXIbil 1BY-
CTOPOHHUE HZeas B {; ABTAETCS ABYCTODOHHHM HjaeasaoM B o. OpnHaxo,
TaK Kak &; —MHHHMaJblUbLIH JBYCTOPOHHHMI Hjean, B (; He CyIIecT-
ByeT JBYCTOPOHHEro ujeasa, oT1uuHoro or a; ¥ or {0}. Takum oGpa-
30M, KaXABIH HAeal &; fBJISETCS IPOCTHIM KOJBLOM C €IHHHLEH e
Mbi NONy4Yu/IH B HTOTE CJENYIOULYI0 TEOpeMy:

Teopewma 15. Jloboe noaynpocmoe Koaeyo o ¢ ycarosuem Muru-
MAAGHOCMU OASL Jesblx U0ean08 ABASCMCA NPAMOU CYMMOL npocmslx
Koaey ¢ eduruyer.

Inst anre6p o TeopeMbl NepBol mnosoBuHbl § 96 npuHamIexat
BennepGepny.

Hccnenyem tenepb crpoeHHe NMpPOCTHIX KOJIEL C €JMHHIEH.
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§ 100. TlpocTble H NPHUMHUTHBHBIE KOJBUA

[lycTe o— mpocToe Kosblo ¢ fipaBod eguHuUed e:
ae=a [Jf BCeX a. M)

Papencrso (1) yTBep:knaer, uto Hy/eBOH HAeal sBJAsSETCS MOAY-
JSIPHBLIM JeBbIM HfeasoM. CoriacHo § 96 (teopema 3) cymiecTByer
MOAY/IADHHIA MAaKCHMa/JbHbLIH JeBuil Hieal ¢ ~=o0. Moay/ib Kaaccos
BBIYETOB 0/¢ $IBJSIETCS NPOCTBIM H J3€T HENPHBOAUMOE IIpeJCTaBJe-
HHe. S1Apo 3Toro mpeacTaB/ieHUs — ABYCTOPOHHUH uieana ‘B, KoTopwifi
B COOTBETCIBHH ¢ § 96, paseHcTBo (D), cogepxuTca B ¢ ¥ He paBeH 0.
Tak kaxk 0 —pocToe K0/bIO, KOMKHO UHMETh MecTO paBeHcTBO ‘P =={0},
T. €. INpejCTaBJeHHe, COOTBETCTBYMOLIee MOAY/IIO /%, sBAsieTCs
TOYHEIM,

Kosbilo, ofsajaiolliee TOYHBIM HENPHBOAUMBIM ITPEJICTAB/IEHHEM,
Ha3mBaeTcss npumumusHoin. TakuM o6pa3oM, HMEET MECTo

Teopema 16. [Ipocmoe xoavyo ¢ edunuyeti nPUMUMUBHO.

BoisicHuM, BepHO /M 0OpaTHOE yTBEepHKIEHHE.

[TycTs © — NPUMHTHBHOE KOABLO H I — IPOCTOH 0-MOAYJb, CO-
OTBETCTBYIOLIHH HEKOTOPOMY TOUHOMY [pPeNCTaB/leHHI0 KoJblia o.
IlycTe u — mpousBosibHBI 37eMeHT MoAy/ass Wi, He anHyJIHPyeMbId
KoibuoM o, Torma o4 —nonmopyab B D, OTJIHYHBIA OT HYJIEBOTO,
a NOTOMYy paBHBIA camomy Moxy. o M. OrtobparkeHHe X+~ xu OIpe-
JeJsieT HEKOTOpbli romoMopdusm u3 © Ha M, SAp0 KOTOPOro siB-
JfieTCst JIeBBIM preajoM € Kosplua o. MoAayab KaaccoB BbYeTOB 0/%
usoMopen moxaya M, a motomy SBJIAETCS [POCTbIM, T. €. & —
MakcuManbHbil upean. Tak kak ou= M, TO MEMEHT U NO/KEH HMETb
BUJ, cu:

u=cu.

Orciona ciepyer, YT0 au==acu 115 BceX a u3 0. Takum oGpaso,
oro0bpaxKeHHe X~ Xy TepPEeBOIUT 3JIEMEHTbl & Il a¢ B OJHH H TOT e
saeMeHT Mozyas M. Orcioga:

a=ac (),
T. €. unean ¥ moayndapex.

Baarogaps usomopbuamy M =<o/¢ mpencraBleHHe, COOTBETCTBYIO-
mee MOAYJa M, 5KBHUBAJEHTHO NPEACTABJIEHHIO, COOTBETCTBYIOIEMY
moay/o o/¢. SIapom 3TOro mpeACTaBJEHHS fBJSETCS JBYCTOPOHHHH
uaean

P==2:o.

TIoCKOIBKY paccMaTpuBaeMoe NpejAcTaB/]eHHe TOYHOe, JOJNKHO HMETh
mecto paBeHctBo B = {0}. Corsnacuo § 96 (reopema 1) pangukan R
KoJiblla v cofepxutcs B B, a notomy R = {0}, T. e. KoabLo 0 nOIY-
npocro. Hrak, nokasana

Teopewma 17. [Ipumumusnoe Koasyo nOAYNPOCITIO.



366 AJTEBPBI [T, XIIT

B repBofi uacTH JI0Ka3aieJbCrBa TOYHOCTh TMPEACTaBJCHHA HE
HeMOTB30Basiach. MCrosp3oBatoch JHIIb TO, 410 MOAyab M mpocT
U He BCe MeMeHTH Moayas M amHyanpyioTcs KoapioM o. [Tostomy
s Jo6blX KoJell BepHa

Teopewma 18. Jloboi npocmoil o-100yas M, we anuyrupyemoii
KOAbYOM ©, U3OMOPGher M00YAr0 KAGCCO8 Gbiiemos 0/ no Hexomopomy
MODYARPHOMY MAKCUMAALHOMY 1€60MY UOEAry ¢. Ecau P —a0po npeo-
cmasnenus, coomsememsyioueeo modyawo M, mo paduxan R codep-
sumes 6 udeare N, m. e. 6ce snemenmol u3 R npedcmasIAIOMC HYAEM.

BepHeMcsl K NPHMHTHBHBIM KoablaM. 3 mosynpocToTsi KOJbA ©
c/efyeT, 4TO IpH YCJOBUH MHHHMAbHOCTH Ui JIEBHIX HICA10B
KOJBIO 0 ABAAETCS NMPAMOM CYMMOH MHHHMA/bHBIX JIEBBIX HAEAJI0B:

:{1‘[—...—}"{”.

Tlo xpafinelr mepe OAMH U3 HAeaIOB [; He colepKuTCs B HAease &,
[IOTOMY YTO HHaye CyMMa o=I,-+...-+1, npunaniexana Ol &, a 310
ueBoamoxno. Cymma ([;, €) paBHa TOrjia KOJbUY 0, MOTOMY 4TO ¢—
MAKCHMAJbHBIH Haead, B mepecedenue [;(1¢ paBHO HYJ/O, TaK Kak
[; — muHuMabHBH Hpean. CrefoBaTelbHO, HMEET MECTO H30MoppU3M

D/Q_f—v_—.[i.

Monyas M usomopden, Takum 00pasoM, HEKOTOPOMY MPOCTOMY
JeBOMY Hujeany [;, a MpeiCTaBleHHe, COOTBETCTBYIOUIEE MOLYJIO RUN
SKBHBANEHTHO NPEJCTABIEHMIO, COOTBETCTBYIOMIEMY MOLYJIO [;.

CornacHo § 99 KoJbLo © siBAsieTCA TPAMOH CYMMOH ABYCTOPOH-
HUX WAEajoB a4y, BCe OHH, 32 HCKJOUEHHEeM OJHOro, MPeACTaBJSIOTCS
HyJeM B MPEICTaBIEHHH, COOTBETCTBYIOUIEM HACATY ;. Ecan mnpexn-
CTaBJCHHE TOYHOE, TO MOXKET CYIIECTBOBATh JMIllb OAHH HICANT dy,
T. €. 0 CAMO TIO ceBe sBJSETCH MPOCTHIM KOJAbLOM ¢ enuuunefi. Mol
J0Ka3a/H CJeNyIOILYI0 TeOpeMY:

Teopema 19. Jwboe npumumugHoe KOAbLO C YCAOBUEM MUHU~
MasvHocmu 045 aegblx udeanoé sgasemca npocmeim u obaadaem eou-
Huyed.

Ecau o6bepuuutb TeopeMst 16 u 19, To craHer $CHO, uTO W15
KOJIeIl C yCJOBHEM MHHHMaIbHOCTH, B 4aCTHOCTH, A5l anre6p, cBoii-
cTBA «BbITb MPUMUTHBHBIMY M «ObITb MPOCTHIM KOJBIOM C eMHHUIIeH»
PaBHOCHJIBHBI.

Crpoenne MPUMHTHBHBIX Kojen B ofuieM ciydae (Ges ycjaoBHdA
MHHHUMaJBHOCTH) GblI0 TIOAPOOHO H3YUYeHO Ixexkobconom. Kaxpoe
MPUMUTHBHOE KOJBIO 0 MOMKeT ObITh IMOrPY:KEHO B KOJBLO O nuHel-
HBIX rpeobrasoBanuil HEKOTOPOro BEKTOPHOrO MPOCTPAHCTBA TAKHM
ofpasom, uto O okamercs 3aMKHYTOH 00OJOYKOH KOJbLA © B HEKO-
TOpoil BIOJHE ompeeseuHoil Tonosorku ha DY) 31ech Mbl JHLb

1) ixxeko6coun H. Crpoenne xoser, . Il
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NIOCTPOUM YIIOMSIHYTOE BEKTOPHOE [POCTPAHCTBO M YKAXKEM BJIOKEHHE
KOJblld © B KOJBLO L.

B 5T0# KOHCTPYKUHMHM Ba:KHYIO pPO/b HIPaeT KOJBbLO 3HIOMOPQH3-
MOB  IIPOHM3BOJIBHOTO  0-MOAYJst. Iudomoppusmer L npouseorvroeo
o-Monysi I ompeneasiorcst Kak oroGpaxkenus mopyas IR B ceGs,
obajaomye CIeAyIOLKUME CBORCTBAMY:

L(u+v)=Lu-Luv, )]
L (au) =a (Lu). (3)

CeoficTBo (3) yTBepKjaaer, 4YTO OTOGpaXKeHHe L JIOMKHO GHITh
NePECTaHOBOYHO C NpeofpasoBaHuAMH A TOTO NpejcTaBJeHHA ar— A,
KOTOpOe CBSI3AHO C MomyJem i

LA=AL 118 Bcex A.

Ecnin monysp M obiajnaer o6.1acTbio NpaBbiX onmepaTtopos Q, To,
Kpome (2) u (3), TpebGyercs ere

L (up)=(Lu) P (4)
ms Beex fous Q. Hanpumep, ecin Q —nose 1 M — BekTopHoe npo-
CTPAHCTBO HAaJ 3TUM noseM, TO cBoicTBa (2), (3) u (4) osuauator,
YTO 3HAOMOPGH3MEI L ABAAIOTCS JMHEHHBIMH Npeo6pasoBaHHSAMH BeK-
TOPHOTO NpocTpaHcTBa M, NEpecTaHOBOUHBIMH €O BCEMH JIHHEHHBLIMH
npeobpasoBaHusaMU A mpencraBaenus ar— A.

Ecnn cymmy ¥ npousseneHne 3HIOMOPQH3MOB ONPEJENUTb B COOT-
BeTCTBUH ¢ § 45 paBeHcTBaMu

(L+-M)u=Lu-Mu,
(LM)u =L (Mu),
TO SHAOMOPGH3MBI 00pa3yIOT HEKOTOPOE KOJbLO — KOAbYO Aesblx IHOO-
moppusmos modyass M.

B nanbueiiliem yacto Oyner 1enecoo0pasHO 3amHCbIBaTh 3HIOMOP-
Gu3Mbl Kak [paBble Onepatopel A, W, ..., a HX NPOHM3BEJEHHE OIpe-
JeJIATh PaBEHCTBOM

(M) = () .

Torpa Bmecto (2), (3), (4) BHIIOMHSIOTCS paBeHCTBA

(u+4v)h=uh -+ vh, )
(au) A = a (uh), (6)
@P)rh==(ur)p m1s PpesQ. )

ITpaBele 9HAOMOPGU3MBI TOYHO TaK K€ COCTABJSIOT HEKOTOPOe
KOJIBILO — KO2bYO npagsix sndomopguamos o-monyas M. Korga B 3Tom
U caenyiouleM naparpagax pedb IOfAeT O Koabye SHAOMOPDUIMOS
HEKOTOPOro MOAYJsi, OYIeT MOCTOAHHO MOAPA3yMEBATHCS KOJbIIO Hpa-
BbIX 3HJIOMOP(U3MOB. OHO UHBEPCHO U30MOPPHO KOJBILY JEBBIX 3HJO-
MOPQH3MOB, T. €. KauJOMy JIEBOMY 35HIOMOPDH3MY L OZHO3HAYHO
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COINOCTABASIETCS MpPaBblil 3HAOMOP(PHU3M A Tak, uto cymme L+ M coot-
BETCTBYeT cyMMa A--W, a mpousseneHHio LM — npousseneHne ph.

Konoyo amdomoppusmos npocmoeo o-mo0yarsi A8ASemcs mMenoM.

KoneuHo, Kosiblo 3HAOMOP(H3MOB HMEEeT €AMHHIY, 8 HMEHHO —
TOXKJAECTBEHHbIH aBToMopdu3m L. Ocrtaercsl J10Kas3aTb, YTO KaxXablH
suaoMoppusm A==0 obnamaer o6patabiM Al Dupomopdusm A oTo6-
paxaer mMoaysib M Ha HeKoTophill moaMonysab MA. Ecau A=£0, To
5TOT NMOJAMOAYJb HE SABJASETCS HYJEBbIM, a MOTOMY JOJKEH COBIAJaTh
¢ M. MHOKECTBO 3/EMEHTOB, KOTOpbie OTOOPaXKATCs SHAOMOPGHU3-
MoMm A B 0, aBasercss moamoaysaem B M. Ecau A =£0, To 3tor nox-
MOAy/Ib He ecTb I, a moTomy OH HyxeBoil. TakuM o6pasoM, 3HMO-
MopGuam A otoGpaxkaer moay.Jb M nsomopdro na cebs. Ho Torza
oH obsajaeT oOpaTHbiM aBTOMOPGHU3MOM A~l, uTO MBI M XOTe/M JOKa-
3aTh.

Ounucaunoe rteno H HaswiBaercsi mesoM HOOMOPU3MO3 TIPOCTOTO
c-moayJ st M. Tak kak enunuua v rena M sBiseTcss eIHHHYHBIM One-
paTopom, To MoayJb M — BeKTOpHOE npocTpadcTBo Haa H. dnemeHThl
@ KOJIblla © B CHJIY COOTHOLICHHH

a(u-+v)=au-av,
a (ud) = (au)

TOPOMKJAIOT JHHEeHHble INpeoOpasoBaHust A BEKTOPHOTO NPOCTPaH-
ctBa M. Orobpaxenve a+— A sBJAgeTCs TOMOMOPPUIMOM KOJIEIl.
Ecau npeacraBjeHue TOYHOe, TO aw-> A sBJAAETCH H30MOPHHUIMOM
H KOJBIO 0 OKAa3bIBAaeTCS BJIOMKENHBIM B KOJbLO O JHHEHHHIX Npeod-
pa3oBaHuil BEKTOPHOTO mpocrpancrTa M.

3apaua |. Tlpn moGoM BrOJIHE MPHBOJAUMOM NPEACTABJCHHH KO.IbLia 0 Dajl-
Kaa N npeacrasasieTcsl HyJIeM.

Bamaua 2. [IpocToe KOJBLO, HE fBJAIOMEECT NPUMHTHBHBIM, — 3TO HE 4TO
HHOE, KaK MpocTas ailMTHBHAsi TPYMNa; Bce NPOW3BEISHHS ab PaBHLI HY.TIO.

3agaua 3. Jliobas mnpocras anrefpa 6e3 eJHHHILI ABJAAETCS OJHOMEPHEIM
BEKTOPHBIM MpocTpascTBoM a;P, rae a3=0.

§ 101. Kouabiio 3HACGMOPHH3MOB NPSAMOi CyMMbl

IMycte M =M, + ... +MV, —npsiMasg cymMma 7 TNPOCTHIX MOAY-
Jeil. Mepl coGupaemMcst HceaeloBaTh KOMbUO 3HA0MOPPH3MOB Moy st .

Ecan xako#-1ubo 3saeMeHT u Moayast I HMeeT pasioxkeHHe
Ha I;-KOMIOHEHTH BHJA

=u;+ ...+ 1

TO Kaxjoe OTOOpaKeHHe U+~ U; SIBJISETCS HEKOTOPHIM 3HIOMOp-
tdusmom ;. Cymma BceX 3THX 3IHAOMOP(GH3MOB SBJSETCS TOXKIECTBEH-
HBIM 3HJAOMOP(QHU3MOM L:

v=%;+ ... +%,. (2)
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Takum o6pason, Kaxkzapll sHfoMOpdH3M (. MOXKeT ObITh Npen-
CTaBJieH B BHJE

p=r=(3 ) p (3 ) = hZi%hW‘i-
KpW¥y = Wpgs ®3)
n 2; Wi 4)

TTonoxum

TOTAA

Kaxpaplii 13 3HI0MOPOH3MOB W, OTOGpaxKaer monyab M, B Mo-
nyab My, a Bce octanbHbie monyau MM, (k==h) —B Hyas. Cneposa-
TENbHO, MOXKHO CUHTATh, YTO y; SIBJASETCS 2oMoMOpduamom modyas M,
6 modyas M;. TomoMOpOUIMBI Wy, BXOAswME B (4), —Beero ux n?—
MOXKHO BbIGHpaTh TPOH3BOJBHO; TMPH 3TOM HX cymMma Bcerjga Gyger
HEKOTOPBIM 3SHAOMOD(OH3MOM [ M KaXKABIH 3SHAOMOPOH3M |1 MOXKHO
0JyYuTh TaKMM criocoGoM. PasnokeHne W Ha roMOMODQH3MBL Ly
moay./st MM, B moayap I; oxHO3HAYHO, TaK Kaxk u3 (4) ciepyer (3),
eC/H TepBOe H3 PABEHCTB YMHOXKHTb C/€BA HA Xy, a CIPaBa — Ha ;.

Ecan p= D pw # v=D|Vy—/aBa 3HIOMOPDUEMA, 10 JerKo
NOCTPOHUTb HX CYMMy H mpousBefeHne. JIIsi 3TOr0 HYMKHO HMeTh
B BHAY, YTO WsVj, PAaBHO HyMo ans i==j. Takum o6pasom,

ptv= ; (Wai + Vai)s (5)
= 3 <Z ;mm)_ (6)
h, k {

AuomMopdH3Mbl [ MOXKHO 3aMHCaTh B BHAE MaTPUUH |ty {. Torna
KaxKJAOMy 2HAOMODPMH3MYy | OKaKeTCH COMOCTaB/JIeHHOH MaTpuila
U3 roMoMOpPPU3MOB Wy, KOTODbie MOTYT ObITh JIOGBIMH; IIpH 3TOM
CyMMe -V COTOCTaBJfeTCS B COOTBETCTBHHM C (5) cymMMa Marpwil,
a NPOU3BENEHHIO WV B COOTBETCTBHH C (6) — mpoM3BeneHHE MaTpHIL.

Boo6iiie roBops, MHOTHe H3 TOMOMOP(H3MOB [lp; PaBHBI HYJIO.
Tounee, nMeeT MeCTO CJeAyioLas Teopema:

Ecau modyre M, eomomopgpro omobpascaemes. 8 modyas M; u smo
0mobpasienue He SSAAEMCS HYAEBbIM, MO OHO ABASEMCA  USOMOPPUS-
mom uz M, na M,

HokasateabcTBO. Slgpo Takoro romomopdH3Ma sABJSETCS
noxmoayseM B M, W nostomy, ecan M, He nepeBoAMTCH B HYJIb
meaukoMm, 3to sapo paeuo {0}. O6pasoM sABAsETCA HEKOTOPBIH HOI-
MOAY/b B OM; M, Tak KaK OH He paBeH HyJIO, OH coBmagaer ¢ IN;.

s sroit Teopembt crenyer, uto Wy =0, 332 HCKIIOUCHHEM CITy-
yaf, KOrja HMeeT mecto H3omopduam M, =2 M;. Ecau sl pacmpe-
Jeaum MonyJd Mi; Ha Kaacckl M30MOPOHBIX APYT APYry H TNepeHy-
MepyeM uX Tak, 4to6bl Wiy, ..., MM, ObLIH NONApHO H3OMOP(HHI,
satem Mgy, ..., My, ObIM MONAPHO H3OMOPGHBI U T. f., TO,
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OUCBHJHO, MAaTpHUBI Wy pacnagyTces Ha KBajpaTHble GJIOKH U3 g,

7, ... CTPOK H CTOJIOLOB, BHE KOTOPBIX OYAYT CTOSITH HYJIH:
Hix .-+ Mg
Mg1 ... Kgq
Lo 1941 -
Woir g4t «--

Ecin nucats B mepBoM G/0OKe NPOH3BOJIBHBIE 3JEMEHTH, 4 BO
BCEX OCTA/bHBIX — HYJIH, TO HOJYYHTCS HEKOTOPOE MATPUUHOE KOJBIIO
E., saBasomeecss NMOAKOMBIOM Koabila E HCXOmIHBIX MaTpHL; TOYHO
TaK JKe, eCJH BCIOZY BHE BTOpOro 6/10Ka MHCATh HYJH, TO MOJYYHTCS
HeKkoTtopoe Koabllo E, u T. a. OueBHAHO, YTO KaxKIblll 3/JEMEHT
Kosblla E mpencraBisiercsi B BHae cyMMnbl asiemeHTtoB M3 E;, E,, ...
H uro aieMentol u3 E,, E,, ... aunymupyior apyr npyra. Takum
obpasom, Koaeyo E ssasemca npamoli cymmol annyaupyouux Opye
Opyea xozey E,, E,, ...

Uto6bl BLIACHUTH C1poeHHe Koablla E, HaM HYXHO HM3yuHTb JMLIb
onHo u3 xogeu E, wanpumep, E,. daemenram us E, conocrasienb
¢-CTPOYHBIE MATPHIIbL

Ugr -+ Mgq

™

nepsoro 6Joka.

OneMeHT W;; NPHHALIEKUT Teay sHIomopdusmoB H, moayas M.
Ocra/ibHbE 3/1eMEHTB W HE IpPUHANJIEHaT TOMY Tely, a SBJISIOTCA
romoMopdusmamu u3 M, B M;. OgHAKO MOKHO OAHO3HAUHO OTOOpa-
3UTb 5TH 3/M€MEHThl Ha HEKOTOpble 3JeMeHTHl Tena Hy; naa 3tol
IeJH MBI (QHKCHPYEM ¢ H30MOP(HHU3MOB

[ P Ty
orobpaxalomux My, ..., M, nHa M;. B kauecrBe W, Mbl BHIGEPEM
TOXJECTBEHHbIH aBTOMOPGH3M. COMOCTaBUM KaXK/JOMY Wy 3J€MEHT

Mpi = Wi iy, 8

npuHantexamni reny H; (tak xak pp' orobpaxaer M, ua M, wy
orobpaxaer M, B M;, a w; orobpaxkaer M; ua M,). OueBuano npu
3TOM CYMME fp; Vs COOTBETCTBYET CHOBA CYyMMa, @ IPOU3BEACHHIO
WrVip, BCTpevatollleMycst B (6), cooTBeTcTBYeT npousBsesenue. Takum
crocoboM MaTpuie (7) OMIIO3HAYHO COMNOCTABJSETCS MaTpHUA || Ay |l
c anementaMM H3 Tesqa H,, npuueM cymMMa TNepexoiHT B CyMMY,
a npousBejieHHe — B npoussesenue. ITostomy konbuo E; usomopduo
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KOJIBILy BCEX ¢-CTPOUHBIX MaTpHil ¢ aementamu w3 tena H,—rena
aBTOMOpP(H3NOB npocToro mMoayas M.
[TonBOAs HTOT CKa3aHHOMY, Mbl NOJ1ydaeM CJAEYIOULYIO Teopemy:
CTpykTypHas TeopeMa O KOJIblax 3HAOMOpPOHS-
MoB. Koavyo sndomopdusmos enoane npusodumoeo modyis I s6-
ASIemes. PAMOll CyMMoil noarsix mampuunsx koaey E; nad meramu H;.

§ 102. CTpykTypHble TEOPEMbI O MOJYNPOCTHIX
H TPOCTHIX KOJAbLAX

Mbl HCXOIMM H3 TPOM3BOJIBLHOTO KOJbHA 0 C IPaBOH eIMHHUEN e
ge=a JJsd BCEX d.

Bysem paccmaTpuBaTbh © Kak MOAYJb, Il KOTOPOrO CaMo xKe o©
CTYKHT OOJACTbiO JIEBBIX OMEPAaTOpPOB, H TMOMBITAEMCS  OMPENENHTH
SHJOMOP(HU3MBEI [t 3TOTO MOAYJS. DHAOMOPDH3MbI W ABJASOTCA OTO-
GpamenHsiMH Moayas o B ce0sl TaKUMH, YTO

(@+0b)w=ap+by,
(ab) p = a (bp).
[MocnenHee cBOKCTBO B caydae b =e naer
ap = a (ew).

dupoMophu3M W COBMAAAET, C/IEIOBATENbHO, € TMPaBbiM YMHOXKe-
HHeM Ha a7eMeHT d —eu KoJdbila v. OO6paTHO, KaKli0€ Takoe npaBoe
YMHOXeHHE SBJAATCS 3HIOMOPHH3MOM:

(a-+b)d=ad+bd,
(ab) d = a (bd).

Takum o06pasoMm, 3HAOMOPDH3MBI U OJHO3HAYHO COOTBETCTBYIOT
saeMeHTaM d KoJablla o. [Ipu 3TOM cyMMe COOTBETCTBYET CyMMa,
a TIPOM3BEJEHHIO — IIpou3Beienue. Mbl mosyuu/in yTBepKIeHHe:

Ecau Koabyo © ¢ npasoil eQuHuuyeil paccmampueams Kaxk Aegolit
Modyab Had camusm coboil, Mo KOAbLO NpPAgoLx SHOOMOPPUBMOB 3MMO20
MOOYAS UBOMOPGHO KOAbYY 0.

B KayecTBe NpPHJIOKEHHS 3TOH TeopeMsl OMpPEAEJHM CTpOeHHe
NOMYIIPOCTHIX KOJIEI € YC/JOBHEN MHHUMAJbHOCTH JUIS JIEBLIX HJea-
aos. Kaxpoe Takoe koabuo coriacHo § 98 (teopema 11) siBasieres
OpaMofl CyMMOH NPOCTHIX JIEBBIX HJEaJ0B

o=0-+ ... +1, h

Ko/bilo 3HZOMOP(H3MOB Takoi mpsiMod cymmbl cornacuo § 101 siB-
Jsercst TpsIMOA CyMMOH MOJIHBIX MaTPUYHBIX KoOJel Haj TelaMH.
C npyroil CTOPOHBI, COTVIACHO § 98 xousbo o obn1azaer eIVHHIIEH.
[ToaTOMY KOJIBIO 3HAOMOPDH3MOB H30MOPGHO camoMy Koabuy o. Tewm
CaMbIM T0JIyyaeTcs
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CTpykTypHas Teopema a4 NONYyNpOCTHX KoJel,.
Jl1060e noaynpocmoe koasyo o ¢ Yyerosuem MURUMAAbHOCTIL OAS Aesbix
u0earos u30MOPHHO NpAMOL CYMMe MOAHBIX MAMPUHHDLY KOAey Had
meaamu.

Ecau xonbuo o mpoctoe, T0 0HO MoKeT GbITh NpsIMOH CyMMO#I TOIBKO
OIHOrO MaTPHYHOTO Kosblla. TeMm cambiM mosyuaercst

CTpykTypHas Teopema aas HPOCThH X KoJael. Jlw6oe
npocmoe  Koabyo ¢ eOuruyet, ydosremeopiowee ycaoBuI0 MuUMUMANL-
Hocmu OAsL Aeeblx 1u0eaA08, UBOMOPPHO NOAKOMY MAMPUHHOMY KOAbYY
K. nad wnexomopoim mesrom K. _

Ilopsinok n B sTOM yTBepKIeHHH paBen KOJIHYECTBY JIEBBIX Hje-
anoB B pasnoxenHu (1). Tak Kak KoJblo 0 mpocroe, BCe HACA/IbI {;
nonapuo usomopduel. Teno H apasiercs tesom 3HAOMOD(}U3MOB OJ[HOrO
H3 JI€BLIX umpeanos [;.

Ecan, B wacrroctn, o— npocras anrebpa Haj HEKOTOPHIM IIOJIEM
P, 10 saementnt f noas P NOPOKAAIT IHAOMOPPH3MB X — xf J1€-
BBIX HAanoB [;, Tax 4o P MOXHO BJIOXKHTL B Teso 9HJ0MOP(}H3MOB
H. Hanee, nia kaxmuoro sujioMopduama A u3 H umeer vecto pasencrso

(*B) A =(x2) B,

H, CJeJOoBaTe/NbHO, [ HepecTaHoBOUEeH ¢ KAXKABIM 37EMEHTOM A Tesa
H. D10 o3nauaer, uro P cozepxkuTcst B uenrtpe Ttema K. Taxk kax
Bce MaTphuHOe Koublo H, mMeer koneumnlit paur maa P, To Teno K
TOXE HvmeeT KoHeunyrw crenenb Hap P, 1. e. H —anre6pa c pene-
HueM Han nosem P. Mo momyunsn, takum o6pasom, W (313 %0114% )
Teopemy:

Teopema Bepnep6epua. Kaxdas npocmas arzebpa ¢ edu-
Huyed usomopgra noanomy mampusromy Koavyy Had arcebpoti ¢ de-
NEHUeM.

Besikuii pas, korga B 6ymymem peub 3ainer o npocmod areebpe,
GyneT mojpasymeBaTbCcs NpOCTasi anrebpa ¢ epuHHIEH, T. e. Heko-
Topce moJnoe marpuydoe Koaplo H, wmax tetom H. Kparubie ep
€IMHHUBL OYYT OTOXKIECTBJAATBCA C SJAEMEHTAMH p nmoas P.

3anauva l. [lpamas cyMmma UoaHBIX MaTPHYHBIX KOJCL Hajl TeJaMH [OMy-
npocra.

P 3anava 2. IlonHoe MatpHuHOE KOJBLO HAX TesoM TIPUMHTHBHO H IPOCTO.

3anaua 3. KommyratusHoe NOJIYNpOCTOe KOJbLO C YCJAOBHEM MHHHMAJL™-
HOCTH $IBJISETCA NPSAMONl CYMMON movieH.

§ 103. Mosenenue anreGp npu pacuiipeHHd OCHOBHOTO MOJs

Hycte ¥ —nonynpocras anre6pa maz oCHOBHBLIM roseM P. Mu
cofupaemCs BHIICHHTB, KaK BeieT cefsi 3 NpH pACLIUDEHHUH OCHOB-
HOro moJs j0 HekoToporo mois A, Kakue cBoficTBa anreGpor 3
COXpAHAIOTCA, a KaKue MOryT yTpartuthes. Mecsieposanue Gyger Bec-
THCB Tak: cHauaja 3 GyneT moJeM, 3aTeMm — TeJoM, 3aTeM — NpoCcToR
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anre6poil W, HakoHew, — NOJYNpocToli anre6Gpoi, mpuueM B KaKJOM
NOCIENYIOMEM clydae GyJeT HMCNOJb30BaThes MpeAblyLinii. Bee pac-
CMaTpHBaeMble KoJblla JOJKHBI 00/afialb equHHLEH.

1. Ecan A~ cenapabersroe Koneuroe pacwiupenue noas P, mo
areebpa N, wHe umeem paduxara, Kakum 6or Hu 6biA0 HOAe Ay Ha-
oGopom, ecau pacuiupenue ¥ wecenapabensro, mo npu  nodxo0sauem
goibope noas A & arceGpe U, noseasemes wewyaesod paduxan.

HoxkasareanbcrBo. Ecau pacuupenne 3 cenapabesnHo, 86—
NPHUMHTHBHBIM 3/eMeHT pactunpenust A (§ 46) u ¢ (2) — Hepas/IoKH-
Mblif MHOTOU/IeH, O0paIaouUHics B HY.b HAa 0, TO I COOTBETCTBHH
¢ § 39, obo3nauas yepes n cTeneHb MHOrOYJIeHA @ (2), uMeeM

A=P () =P +6P + ... +6"1P =P (2)/(¢ (2)),
a TIOTOMY IIpH pacuiipeHHu OCHOBHOI'O MOJASA noJiyyaercs
Uy =A+0A+ ... 40717 = A[2)/( (2)).

Tak kak @(2) He uMeeT KpaTHBIX MHOXKuTe/JEH W B Alz], To He cy-
LECTBYET MHOTOU/eHA f(2), KaKasi-Tu60O CTenenb KOTOPOrO AeMH/Iach
Obl Ha @(2), a caM OH Ha @ (2) He JEJHJICH, T. e. B (hakTop-KoMBLE
A[z)/(@(2)) He cylulecTBYeT HM/IBIOTEHTHBIX 3JIEMEHTOB, OTJHUYHBIX
or uyssi. CornacHo § 98 (teopema 8) pagmkain ajre6pel 3, cocrout
H3 HUJIBIOTEHTHBIX 3/1EMEHTOB, O KOTOPBEIX TOJNBKO 4TO YHOMHHAJIOCK.
Taxk xak, Kpome HyJs, TAaKOBLIX HeT, pPajuKaj paBeH HyJII0, T. €.
anrebpa ¥, mosynpocra.

Ecnu pacumpenne U HecemapabesbHo u 6 — KakoH-HuGy b Hece-
napabeqbHbiil sneMeHT u3 U, To A obsajaeT moanosem P(6), a A, —
noxkosbloM A (6), Kotopoe, Kak M Bblwe, H30MOPDHO (haKTOPKOJIBILY
Alz]/(¢ (2)). Tlpn moxxopsiem BhiGope paciuMpeHHsi A MHOroOu/eH
@ (2) WMeeT KpaTHble MHOMUTENH B A, M B KOJblie A[z] cymecrsyer
MHoOrowsIeH f(z), KoTopmiil cam He geantess Ha @ (2), HO HeKoTopas
crenelb €ro ReauTCs Ha @ (z). Tem cambiv B koabue A [z)/(¢ (2))
CYUIECTBYET HEHY/EBOH HH/BLIOTEHTHBI 3JEMEHT, a MOTOMY TaKOBOH
ectb M B A(6); cle10BaTe/NbHO, 3TOT HUABNOTEHTHBI 3JIEMEHT HO-
poxiaer B Y, HEKOTOpbIH HWJIbUAeA], MOTOMY uTO B KOMMYTaTHBHOM
Kosiblie JIIOOOH HHJIBMOTEHTHBI 3JeMeHT MOPOKAAeT HHIbHIeas. Teo-
peMa JRoOKasaHa.

Hockoabky ponn noseit A u A B3aumno sameHuMmb, HepBYi0
4acTh T1€0PEMbl MOXKHO CHOPMY/IHPOBATh TaK: ecau no Kpaiwei mepe
0010 u3 noxed A unu A umeem Koweuwyio cmenenv u cenapabesbro
nao P, mo arcebpa XA noaynpocma. Tax kax, xpome toro, a/ire6pa
Ax A komMmyTaTHBHA, orciona caenyeT: AXA asamemcs npamot cym-
moil noaed (cp. § 102, sagava 3).

2. Tlepeitnem Temepb kK caygaio, Korza ¥ — Hekoropoe Teqno H.
10T cayyadl CBOAMTCH K KOMMYTATHBHOMY Ha OCHOBE cIenyomen
PEAYKILHOHHOH TEOpEMBL
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Ecau K —meno nad nosem P ¢ yenmpom Z =P, A — nexomopas
ancebpa Had P u ecau K =H XA u 3=2ZxA, mo kaxnoOoui Osyctno-
pornLt ulear a 6 Koavye & nopowcOaemes HEKOMOpPbIM O8YCIIOPOHKUM
udearom u3 3.

PenpyxinonHas Teopema Oyaer HaujgydiliM o6pa3oM BOCIPHHHU-
MaTbCsl, ecji ee OGOGIMTL M BbICKa3aTh KaK HEKOTOPYIO TEOpeMYy
0 MOYJfX:

[lyets H —teqo, ofnajatolliee HEKOTOPHIMH aBTOMOP(MH3MaMH O.
[ycte M — nekoTopeil H-Moay b KOHEUHOTO paHra:

M=zH+...+2H.

Astomopdusmel ¢ Teta H unuayuupyior aeromopdusmer mopyas I,
onpeesisieMble PaBeHCTBOM

O (20 . 2gng) =2 (%) F-. . .24 (0%,). '

Torna yTBep:kaaetcs: 4060l noOmodysre o modyrs M, evidepacusa-
rowutl asmomopgusmer ¢, obaradaem H-6asucom, sremenmor Komopoeo
OCMAIOMCS HENOOBUMCHBIMIL DU 3MUX QBMOMOPHUIMAK.

JNokasarteabcTBo. Ecam (2, ..., 2,)— HekoTophllt H-Gasuc
MOAMOLYJIA a4, TO €r0 MOKHO JONOJHHTb HECKOJBKHMH 3/1€MEHTaMH
2;, CKameM, Zr,y, ..., 2, N0 H-6asuca Bcero momyas M. Kaxawih
s/eMeHT K3 M CpaBHHM MO MOAYJIO a4 C HEKOTOpOH JuHefHOH ¢op-
MOMl OT 2,4y, ..., 2, ¢ Kosbduunentamun u3 H. B uacrHocty, wis
i=1, 2, ..., r UMeeT MeCTO cpaBHeHHe

q
= D) 2w (moda).
k=r-1 \
TTonoxum
q
li=2— Z 2k Yki-
k=r-+1

Torpa ¢opmbl [; — IMHEHHO He3aBHCHMbE 3JEMEHTH MOAYJs a: Belb
M06oe JHHEHOe COOTHOLIEHHe MeX1y [; NpPHBOXUT K Takomy ke
COOTHOIIEHHIO MEXIY 2y, ..., 2r, @ IIOCJAEIHHE 3JEMEHTHl HE3aBHCHMEI,
Tem camblM, 3jeMeHTH I, ..., [, coctaBasior nekoropuii H-6asuc B a.
Ecau x [; npuMeHHTb aBTOMOp}H3M ©, TO NOJIYYUTCSH

q

oli=2— D) 2, (0w). (1)
r-+1

DeMeHTH Ol; BHOBb JOJKHBI TIPHHAJIEXaTh MOAYJIIO @, a MOTOMY
6LITh JHHEHHBIMH KOMOMHALMSMH HCXOJHBIX 3JIEMEHTOB I;:

r q
O‘li = Z llCZ,/ = $ 2,0 — Z 2y Z 'ij(xj. (2)

rt1 i
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CpasuuBas (1) u (2), monyuyaeMm: Bce a; HOMKHBLI ObITh paBHbl 0,
Kpome oy=1. TeM campiM ol,=1{;, 4TO H YTBep:KAa/J0Ch.

YT10o6bl MOJYYHTh PENYKLUHUOHHYIO TEOPEMY M3 TeOpPEeMbl O MOAYJSX,
HYXKHO JIMIUb B KauecTBe YNOMHHABIIHXCH B TEOpPeME O MOAYJSX 4BTO-
MOpP(H3MOB B35Tb BHYTpeHHHe aBroMOpdH3ME % +—> BxP~! Tera H.
[TpeoGpasoBanne nocpeacTsoM P neAcTBYeT Ha CyMMY 2% +...-2,%,
cyefyoluM o6pa3oM: 3JIEMEHThI 2; OHO OCTABJISET HENOJBUKHBIMY,
a s1eMeHTHl x; nepesoaut B Px;f-1. JloGo#i jaBycroponuuii wuuean a
B npousBefieHnH H X A sBisercs TakxKe u ABycTOpoHHHM H-Moay.em,
a IoToMy JomnyckaeT aBToMopdusambl a— Pafi~-l. Taxkum o6pasom,

upean & obnajnaer 6a3UCOM, COCTOSIIIHM H3 TAKHX 3JEMEHTOB Z 2%,

KOTOpble npH npeoGpasoBanuu f nepexoasit B cebsi, T. e. Ko3phHIHU-
eHThl %; KOTOPBIX NpHHauiexar uentpy Z tesa H. Ho atu xke Gasuc-
Hble 3/1EMEHTHl NpHHajIexaT u 3=2Z XA, yeMm U JoKasbiBaeTcss pepyk-
IMOHHAst TeopeMa.

HonoaneHue. PeiykuuoHHasi TeopeMa CHpaBellMBa H TOTA,
Korpa BMmecto A Gepercs NpoH3BOJIbHOE TeNo Q B IPEANONOKEHHH,
yro H umeeT koHeyHell paur Hag P. [lefictBurensro, ecau a — aBy-
cTOpoHHUH Hpean anre6bpel & =H X Q, To npgean a, xak u anrebpa
R, UMeeT KOHEYHBII PaHr Hajy 2, a MOTOMY H KOHeuHpill Q-Gasuc

(@1, ..., a,). DasucHbie 3jeMeHTH, BhIpaxelnHbie B QopMe Zwixi,

COZePKAT JIHLIb KOHEUHOE YHCJO 3JEMEHTOB ®;, KOTOPble MOPOKAAIOT
KoHeuHblH moamonyab A B Q. K mnpouseesennio M=H XA u ero
NOAMOZYMO a ()M MOKHO B TAKOM CJydyae MPUMEHHTH TeopeMy
0 MOAYJSAX H HaHTH 6asuc mjs a (| M, T. e. 6asuc wujpeana a, KoTo-
pblif OCTaeTcst MIBAPHAHTHBIM OTHOCHTENBHO BHYTPEHHBIX aBTOMOP(HHU3-
MoB Tena H u, ciesoBaTenbHO, NPHHANIEXKHT Koably Z X Q.

Haunnas ¢ sroro mecta, H u A Gyayr anre6pamu ¢ pesaesnnem
vajp nonem P uau, B wactHocTH, pacwupenusmu noast P. U3 penyk-
[IMOHHOH TeopeMbl HEMOCPEJCTBEHHO CJENYET YTBEpPIKJEHHE:

Ecau aneebpa Z x A npocma, mo npocma u arce6pa KX A. Ecau
anreebpa Z X A noaynpocma, m. e. ABASeMCA NPAMOU CYMMOL NPOCMbIX
aneebp, mo K XA ssasemea npsamoi cymmod maxozo ae 4ducia Rpo-
cmoix aagebp, m. e. CHO8a NOAYRPocmoll areebpol.

[Tono6Ho ToMy Kak MOXKHO 3aMeHHTb Koiblo H Ha ero uentp Z,
KOJIBIO A MOXKHO 3aMeHUTh Ha ero coGcTBeHHbIH HenTp. Takum obpa-
30M, UMEET MECTO MpPEJI0MKEHHE:

Ecau npoussederue yenmpos mea K u A npocmoe uau noaynpocmoe,
mo HXA npocmoe uau coomsemcmeenno noaynpocmoe. B wacmuocmu,
npoussedenue H X A noaynpocmo moeda, xoeda odun us yenmpoe cena-
pabesen nad P.

Ecnn anre6pa H nentpasbna nHag P, 1. e. Z=P, 10 npousse-
penve ZX A=A sBaserca anre6poii ¢ peseHneM, a NOTOMY IPOCTOH.
Mbl nONYYHAH YTBEPIKIEHHE:
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Ecau o0no us mea W ouauw A yewmparswo nad P, mo azeebpa
Hx A npocma.

3. Tlepexon ot aarebp ¢ J[eJeHHEM K IIPOCTHIM anareGpam, T. e,
K TOJHBIM MaTpHunbiM Koablam 3 =H,, ocymectsuts nerko. Ecam
A — npousBosablice Ten0 Hag P, To

AXA=H, xA=HXP,xA=HxA)XP,.

Koraa H XA —noaynpoctas aarebpa, T. e. npsiMas cyMma MOJ-
HBIX MATPHYHBIX KOJeL, IS nodyueHus aare6psr U-+A Bce 3TH Mar-
PHUHBIE KOJbLA HYXKHO YMHOXKHTB Ha P, T. e. YMHOXHTb MOPSAOK
MaTpHi, Ha r. HTo KacaeTcs NPOCTOTHl HJH IIOJYIPOCTOTHI [POU3Be-
nenust H XA, 10 3pech HHYEro He MeHFeTCH.

Lleurp anrebpwt A=H, paBen nentpy Z tesa H. Ilostomy cmpa-
BEJVIULO cJedylolliee TIpelJokKeHHe:

Ecau yenmp Z aneebpor N =W, cenapaberen nad P, mo aireebpa
AX A noaynpocma. Ecau areebpa U yenmparona Had P, m. e. Z =
=P, mo aneebpa U XA npocma, xaxk 661 Hu evidoupasoce meso A.

M3 poGapseHHs K pPeAyKIUOHHOH TeopeMe CAefyeT, YTO Mociae]-
HUH pesysbTaT HMeeT MecTO H /17 Tesl A GecKOHe4HOH cTenenu Hap P.

4. JlioGas nonynpocras anarebpa A sABasieTcs CYMMOH IMPOCTBIX
aare6p W, A’ ... Eciu xaxpoe U3 caaraeMelXx YMHOXKHTbL Ha A, TO
noJtyuntcst npoussefenue AXA. B wactnoctn, BrifepeM B KayecTse
A none; torga nosyuurcs caenyollee IperToOKeHHe:

Toaynpocmas arzebpa ocmaemcsa noaynpocmoi npu aobom cenapa-
BeabHOM pactiuperuu ocHosHoeo noas. Ecau yewmpbr npocmoelx aneebp
W, W, ... cenapabervror HaO P, mo noaynpocmoma coxpansemcs npu
A060M  pACUILPERUL OCHOBHO20 HOAA.

5. Mpl BupgaH, UTO MOBejeHHe TPOCToff adrebpul NPH paciuiupe-
HUH OCHOBHOIO NOJMS TOJHOCTBIO 3aBHCHT OT IOBEACHHA JexKallero
B ocuoBe 310l anre6pel Tena. VMecaenyem 1eneph IOBejcHHE IEHT-
pajgbHBIX aare6p ¢ genenvieM HeCKOIbKO MojipolHee.

CorsiacHO JOKa3aHHOMy B 1. 3, Jawobad NeHTpaJbnasd aareGpa
C JleJleHHEM INpH JOOOM paciiipeHMH OCHOBHOTO IOJISE  OCTaeTcs
neHTpanbHo# n npocroii. Ilpm s3ToM ona ne o6A3ana octaBaThes
TEJOM, a4 MOMKET MepeHTH B HEKOTOPOE MATPHUHOE KOJbLO Hall TeJIOM.
B sToM ciyyae Mbl TOBOPHM, YTO pacildpeHHe OCHOBHOTO IOJIS NpH-
BOAHT K pA3AOXCeHui0 anrebpbl ¢ neseHneM (2 HMEHHO — X PasJ/oxe-
HHIO Ha TPOCTHIE JIEBblE WJEANBI).

Tloxaxem Tteneps, uto: ecau H = P — yenmpanoras areebpa c deae-
Huem, mo ecez0a CYUiecmsyom paCUiUPeHUs OCHOBH020 NOAA, KOMOopble
npueodam K pasaoscertio OaHHOL arzebpet.

HeiicTButebHo, nyctb § — aiemeHT Tena H, He npusaniexaui
noao P; Torjna HeKOTOPBIH HepasloXKHMBIE MHOrowleH ¢ (x) us P [x]
cOpawaercss 8 Hyab Ha B. B noxxonsme seibpanHom noje A MHOro-
unen @ (x) paszjnaraercs Ha MHOMMTEIH; HAapPHMEP, MOXKHO BHIOpATh
A==P (), u torma or @(x) B A OTILENUTCH JUHEHHBI MHOXKHTEND.
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B cooTBeTcTBHM C [0OKa3aHHBLIM Bbillle MMEET MecTo H3oMopdusm A X
X P (B) = A [x]/(9 (x)); mostomy xoabuo AXP (B) wumeer nenutenu
HyJs1 H, CJel0oBaTesqbHO, TakoBble HMeloTcsi B Koabue AXH, copep-
xameMm Koablo A XP (f). 3nauut, koibuo AXH He sB1se1CH Tes0M,
TAK YTO OHO MOXKeT OBITh TOJIbKO MaTpuuHbiM KoabioM Hj ¢ r' >1.

Ecau cpaBHUTE paHry /neBof M npaBoil yactell paBeHctBa H X A =
= H} Hag nosem A, To mojyuuTcs:

H:Py=r*-(H' :A),

rae uepes (H :P) o6Gosuauaercsa paur tena H uag mosem P,

Takum obpasom, paur teqa H’ nam A Mcublie, uem panr Tesa H
Hag P. Eciu H' £ A, 10 pganbuefiniuM paciunpendem mosasi A MOXKHO
nonyuuth U pasnoxkenue Tena H'. Kosabno K- nepeiiger torga B mat-
pyuHOe KoJbLO nopsagka r'r’. Ilpomoskast TakuM o6pas3oM, Mbl HEMpe-
MEHHO TNpHJeM K KOHIY, MOTOMY YTO paHrH TOJNyYaIOMIMXCA Tesa BCe
BpeMs yMeHblUalOTcsl. B urore mnpousoliieT noanoe pasaozcenue H

anreépa C JIeJIeHHueM H HpeBpaTI/ITCﬂ B ManI/I‘-IH()e KOJAbLO HAJ NTOJEM AZ
HxA==A,.

[lone A, Gnarogaps KOTOpPOMY moJydYaeTcss 3TOT H3oMOphH3M,
HasbiBaeTCsl nosem pasroxenus tena H. TlpuBeseHHOe Bhillle JOKa3a-
TeJbCTBO TMOKA3hiBAET, Yr0 BCerja CYLIeCTBYET T[10Je passioXKeHH:
KoHeunofi cremenn nag P. [Nocaeanee cOOTHOlleHHe MEXIY paHTCaMH
[IpeBpAaLLaeTCsl Terepb B PaBEHCTBO

(H:P)=m

Takum o6pasoM, paur airebpwl ¢ penennem H Han ee newtpom P
gce20a AcAfemcst Keadpamom HamypasvbHozo uucaa. Yucmo m —nops-
JOK MalpHLl HaJ [0JeM PAas3JOKCHUS — Ha3biBaeTC uHOexcom anreGphl
¢ generueM H.

TTose pasnoxkenus tena H spasieTcs moJieM pasioKeHHs U anrebpol
H,, u Haobopot, motomMy uto HXA u H,XA saBasgioTcs HOJHBIMH
MaTPUYHBIMH KOJIBLAMH HAaJ OfHUM ¥ TEM Ke TeJOM.

3anaua 1. Jlponssesenne gByX npocThix anre6p nag P, ogHa U3 KOTOpBIX
[LeHTpaJbHa, ABAACTCA MNPOCTLIM. Ecan HEeHTpaJbHbI obe am"e6pm, TO HEHTPaJbHO
H WX TpPOU3BEACHUE

3anaua 2. Aare6pauyeckn 3aMKHyToe paciuupenne Q noas P sBasercs
NoJIeM Da3J/IOKCHHA JJIs BCEX LEHTPaslbHBIX NpoOCThiX anrebp nap P.



T rasa wemeipradyamas

TEOPUS NPEACTABJIEHHH TPYIIT U AJITEBP

§ 104. IlocraHoBka 3agauM

[Tycts & — npousBonbHas rpynna. Ilon npedcmasrenuenm epynnet
® wad nosem K nonumaercss /M060f TOMOMOP(HU3M TPYIIN, KOTOPbI
KaXJOMy 3J€MeHTY HCXOJHOH TpYyMNbl a COMOCTaB/sieT JIHHeHHOe
npeo6pasoBanue A HEKOTOPOTO 7-MEPHOTO BEKTOPHOIO INPOCTPAHCTBA
Hag H (uau, 4To Mo cyliecTBy paBHOCH/IBHO, HEKOTOPYIO 1-CTPOUHYIO
matpuny A). Pa3mepHOCTb 7 HA3LIBAETCSl Cmenensio TPeACTAB/ICHHUS.
[TpesctaBnenne Ha3bIBAETCSl MOYHbIM, €CHM OHO SIBJISIETCSI H30MOp-
dhuzmoM.

ToyHO Tak ke NOA npedcmasieHuem RPOUIBOALHO20 KOAbYA © HAO
nosem H monnmaercs romomopdusam Kogsern a~ A, rtae A — BHOBb
JIHHeHHoe 1peoOpa3oBaHie 7-MePHOrO BEKTOPHOI'O MPOCTPAHCTBA. ITO
olpejesieHye coBnaznaet ¢ ompejesnenueM u3 § 87. Eme Ttorpa 6nuto
NOK43aHO, YTO KaXXJAOMYy TpejCTaBJeHHIO KoJblla © Haj notem H
COOTBETCTBYET JBOIHOH Moxy/ab M (Ha KOTOpblA © meHcTByeT cJeBa,
a H —cnpaBa), HasBaHHbIl MOOysem npedcmasrenus, W HaoGOpPOT;
KaKABlH TakoH MONYJ/b NpPEACTABJEHUs 3ajaeT HEKOTOpoe Mpe]CTaB-
JeHue. M3omopdHBIM MOAYJIAM TpeNCTABJEHHSI COOTBETCTBYIOT 5KBH-
Ba/IeHTHLIE TpeACTaBJeHHs, W HaoGOpoT. [lpeacTaBieHue Ha3bIBaeTCH
npusoOuMbis, €ClT MOLYJdb Mpeictas/eHnsi 06/1a1aeT Co6CTBEHHBIM
HeHYJIeBLIM TMOIMONYJEM, H HenpueoOuMsiM, €CJH COOTBETCTBYIOUIMH
MOJAY.JIb IpPEACTaBJEHHS HPOCT.

Ecan o— nexkoropasi aare6pa Hapx monem P, To oT mpencrasieHus
TOLIOJTHUTE/IbHO TpebyeTcs, 4ToObl ocHOBHoe MNote P mpuHamnexasno
nomo H u uTo6bl U3 cooTBeTCTBHS @+ A aas moboro f uz P cie-
LoBaso cootBeTcTBHE af —> AB. Jlns monyast npencrasjenuss M 310
03HauaeT, 4TO

@u=(@)p ma acso, p=P, usMM.

OcHoBHasi 3ajaua COCTOMT B OTHICKAHHM BCeX IIpPEACTaB/CHHH
3ajaHHof rpynmnel uau ajnredpet. [Ipu 3TOM 3a7aua 0 MpeACTaBJEHUAX
IS KOHEYHBIX TPYNN HeMelJeHHO CBOAMTCS K aHaJOrMYHOH 3ajaue
Ana anre6p: HYXKIO JHIUb B COOTBETCTBHH € § 93 NOCTPOHUTb H3 TpYIIbL
[PyNmoBo¢ KOJAbLO

o=qH ...+ aH,
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GasuCHBIMH 3/IEMEHTaMH 4y, ..., dp KOTOPOro OyAyT 3/1€MeHTbl I'pYIbI
&. Ecau a;— A, — npejcrabjaenne Ipynmsl, TO

Z a;p; — Z A

—- TpeAcTaBJeHHe TPYINOBOrO KOJbUA 0, B YeM JIeTKO YOeAHThbCs.
O6patHo, J1060e NpejcTaBleHHe TPYNIIOBOro Kosplla © Hajx nosem H
COMOCTABJSET, B YACTHOCTH, U GA3UCHBIM 3JEMEHTaMm a;, ..., 4y HEeKO-
Topble JIHHeliHble Mpeofpa3oBaHus, a OHH ONPENe/ISAIOT NpeJCTaBleHue
camofi rpynnbl. MBI MOAYYUIH NIpelJIOKeHue:

Kaocdoe npedemasrenue KoHeurotl epynnst nad norem W 3adaemca
HEKOmopbiM npedcmagiernuem epynnosozo Koabud.

B Teopuu npeicTaB/ieHHi anre6p, Kak NpaBu/o, MPEANOJAraercs,
yro noJae npeacTaBaedust H coBnagaer ¢ ocHoBHBIM rojem P. OGumiuit
c/ly4ail MOXKHO CBECTH K 3TOMY 4YacTHOMY, paculMpuB aareGpy o mo
anre6pel 0x. EciaM B HcXopHOM mpencTaBieHnH GasHCHBIM 3JeMEHTaM
a,, ..., Q5 arebppl o cooTBeTcTBOBaMM MaTpuuel A, ..., A TO

nponsBoJbHOMY daemenTy ) a;f; (B & K) anre6per og Moo coro-

craBuTh Matpuiy 3, A;f; M TeM caMbM NPONOMIKHMTb MpeicTaB/eHHe

anreGpbl © A0 NpencTaBieHus anare6pul ox. Tem camoim kaxcdoe npeo-
cmasaerue arzebpol o Had notem H 3adaem uexomopoe npedcmasnenue
arzebpol vg.

JlanbHelnee orpaHnHyeHre TOCTAHOBKA 3ajadd MOJYUYHTCA B Cay-
yae, KOrJa KoJblo 0 o6jafaet ennHuuell. 31eck Mbl BCErja MOKeM
CUMTATb, YTO €AUHHIA | HABJAAETCE M EJUHIYHBIM ONepaTopoM Ha
MOJyJIe NpPEeICTaBIeHHA, T. €. B JAHHOM TNPEJACTABJIEHHH 3TOMY 3Je-
MeHTy COOTBETCTBYeT eAuMHHYHAd MaTpuua. B mporusuoMm ciyyae, Kak
Ha 370 Obuio ykaszano B § 84, MoAy’1b MNpEICTaBJIEHUs SIBJSETCH
npaMoit cymmoi M, -+ M, rae My annyaupyeTcs KOJbIOM o, a Ha Ny
e/IMHULA ABJSIETCS €IMHHYIIBIM omepaTopoM. Takum o6pasom, npel-
cTaB/JeHHE pacrajaeTcss Ha [Be YacTH, MepBas U3 KOTOPBIX COCTOUT
M3 HYJ/EBbIX MATpPHIL H II03TOMY HEHHTepecHa, a BTopasi siB/seTCs Npef-
cTaBJeHHeM, B KOTOPOM €JMHHIA NEPEeXONHT B eIHHHUHbIH OmepaTop.

Oco6eHHO BaXKHbIM [PEJACTaBIeHHEM anreOphl ABIASETCS pe2yAipHOe
npedcmasaexte, KOTOpoe IoJydyaercsi, Korja cama anre6pa o Gepercst
B KauyecTBE MOAY./si NIPEJCTaB/]EHHS, Ha KOTOPLIH o JeACTBYeT CJ/ieBa,
a P —cnpasa. [ToamonyasiMu 37lech CIy:Kar JIeBble HJICalbl KOJbLA 0.
Pery/asipHoe mpeicTaB/eHHE BIOJHE IPUBOAUMO, €C/H BIIOJHE NPUBO-
JIHMBIM CJIeBa SIBJASIETCA CAMO KOJIbLIO.

§ 105. Ipepcrasaenus anareGp

B § 100 (treopema 18) mbl BHzenu, uTo panukaa R ajre6po o
MpejicTaB/isieTcss HyJeM B JI060M HENPHBOIMMOM [PEICTaBIEHHU 3TOH
asre6pbl. To ke camoe BEpHO, KOHEYHO, U JJIsl BIIO'THE MPHBOAUMOLO
NpejACTaBIeHHs, [OTOMY YTO OHO CK/AAbIBA_TCS K3 HEMPUBOAMMBIX
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npescraBiennii. Taknm obpasom, ai0060e BIOJHE MNPHUBOANUMOE Mpej-
CTap/leHHe aqreOpbl 0 MOXHO CUHTATh TNPEACTAaBIEHHEM [OJYNPOCTO
anre6pur v/R.

Crenyiomasi Teopema yKasbiBaeT, Kak IOJy4YaloTcs NpeCTaBIeHHS
NONYNpPOCTLIX anre6p wJH, Gosee 06O, NOMYNPOCTHIX KOJEIL C yCao-
BHEM MHMHHMaJbHOCTH JJisi JeBbiX ujeanoB. CorvacHo § 98 kaxnoe
TaKoe KOJIbLO 0 06/afaeT eHHHYHBIM 3J€MEHTOM M BIOJIHE TTPHBOJMMO
cleBa, T. €. fBJsETCA NPAMOH CYMMOH IDOCTHIX JIEBBIX HJEasoB.
Kaxnomy npencrap/iennio Ko/bLa © COOTBETCTBYeT HEKOTOPBIH 0-MO-
Ayab M. Hmeer mecto caenyromas

OcnoBuasn teopema. [Tyemo o—e6noane npusodumoe caesa
Koavyo ¢ edunuyeli u I — Hekomopoul ©-MOBYab ¢ KOHeuHbIM GABUCOM.
EQunuuneui snemenm Koabya © cuumaemcs eOUHUMHBIM OREPAMOPOM
na M. Tozda M sersemes npsamoi cymmol npocmex c-modysei.
KaoOeul us nux wusomopgpen nexomopomy npocmomy nesomy udeany g v.

HlokasatenbcTBo. COracHo NPENNoNOKeHHIO KOO 0 SIBJIAETCS
npsMOH CyMMOH HpPOCTHIX JIEBHIX HEAJIO0B:

o=+ ... +1,. ()

Hanee, no ycaoBuio mMopyib M obnajgaeT KOHEUHBIM 0-6a3HCOM
(uy, ..., us). Otciona

M = (ouy, ..., ouy). 2
[oacrasassa (1) B (2), nomyuum
M=(.., Ly, ..). 3)

M3 cymmel B ipaBoit yacTu paBeHCTBA (3) MOKHO yAAMUTL MOLY.TH [y,
paBHbie Hyuto. Eciu xe [ju, = {0}, To comocraienue x — xi;, onpeje-
JIfieT OnepaTopHbIi H30MOPGU3M U3 [; Ha [u,. OTauYHBIE OT HyJas Mo-
Ryau [;u, u30MOPHBI, TaKUM 06pa3oM, MOAYJIO [;, a MOTOMY SB/ISIOTCS
NpocThiMA. Ecau 01HO U3 caraeMbix [, COfepXUTCS B CyMMe OCTa/lb-
HBIX, TO €r0 MOXHO yjanuth. IIpono/mKath B TakoMm AyXe MOXKHO 10
TeX MOp, MOKa Kax/bli H3 OCTaBLIUXCA YMEHOB [ji;, He GyaeT HMeTb
HyJIeBOE NepeceyeHnHe ¢ CyMMOH oCTa/bHBIX. B TakoM ciyuae cymma
6yzeT IpsIMOH.

PasymeeTcsi, ocHOBHasi 1e0peMa OCTaeTCsi BEPHOH W TOrja, KOrja
KOJIblly 0 W MOAy/a0 M npuaaHa 061acThb NPaBbIX MYJAbTHIVIHKATO-
poB Q co crlenyoumuME CBOHCTBAMU:

(@)B=a@p)=@p)u  (pesQ).

B npuMeHeHHsiX K TEOPUHM TIpeNCTaBJeHUl anre6p Q sBJAseTCS moJem
xo3pduurentTop P anre6pel ¢ ¥ OJHOBPEMEHHO II0JIEM I1PeACT aBJIeHHS.
Ecnu 2 — BexTOpHOE MPOCTPAHCTBO KOHEUHOH pa3MepHocTH Hap P,
To D! @BTOMATHUECKH HMEET KOHeHblil 0-6asuc, 4T0 U Tpebyercs
B OCHOBHOH Teopeme,
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Hna nonynpocTelx anre6p sTa TeopeMa yTBEPIKIAeT, YTO KaxKjioe
npejcrapjenne JGOH H3 HUX BIOJHE NPHUBOAMMO, H YTO COCTABJSIO-
l1He HEeMpHBOAMMBIE NPENCTABNEHHA BXOAAT B KaUeCTBE HEIPHBOAMMBIX
COCTaBJ/ISIONIMX B PerysispHoe NpeicTaB/jexHne. Henpusogumbie cocras-
JIFIOUIHE DeryJ/sipHOro NpeicTap/leHHs B COOTBETCTBHU C (1) cBA3aHbI
C MPOCTBIMH JIEBBIMH Hjeanamu |;.

Jlio6as nomynpocrast aare6pa o B cooteTcTBHH ¢ § 99 sBAfeTCH
NPAMOH CyMMOH IpoCThIX aarebp ay:

=04 ... +a,. 4)

Anre6pnbl a, MOXKHO pa3fiaraTh B CBOX ouepeib Ha MHHHMAJbHbIE
JeBble ujeanbl [;. Bxogsmue B ukcupoBauHyio aire6py a, uieanb [
IONapHO M30MOPGHEl, a NMOTOMY 3aJalOT OJHO U TO XKe MpPeACTaBJeHUe.
HMpeannt [;, conep:kamuecst B anreGpe a,, aHHyJHPYIOTCA KaxKnoi H3
anre6p a, IpH U £ v:

“u[i = Ay = {O}

[lostomy Bce 3T anare6pnl a, MPEICTAB/SIIOTCA HYJEM B TOM Ipei-
CTaBJIEHHH, KOTOPOe COOTBETCTBYeT uaeany l,. JInww anre6pa a, Gyner
NPEJCTaBAATLCS 3THM INIPeJCTaBJeHHeM TOYHO. JleficTBHTENbHO, A1pO
NpeicTaB/ienust anare6prl a, ABJAAETCS JBYCTOPOHHHM HIEA/IOM B .,
M TaK KaK d,—IpocTasi anre6pa, He BCH NPEACTABISAIOLIASCS HYJIEM,
AP0 MOXeT ObITb TOJBKO HYJIEBBIM HAEAJIOM.

Mbi paccmoTpHM Temepb MpencTaB/JeHHe NPOCTOH anreGphl, KOTO-
poe CBsi3aHO C JIOGLIM MPOCTHIM JIEBBIM HI€aqOM 3TOH anreGpl.

Ilpocras anre6pa o c exuuuueii cornacko § 102 usomopdua nos-
HOMY MaTPHYHOMY KOJBIY Haj HEKOTophriM TejaoM A. Ecin ¢ —
BBeJieHHble B § 93 MaTpuYHBlE €JMHMIILI, KOTOPbie TaM 0603HAYaslHCh
uepe3 Cyp, TO

0=CpA A+ ... 4 CrA.

MunnmasbHBIA JeBeIH uaean [ Gyner 3ajaBaThCs PaBeHCTBOM
[ ZCIIA +021A + “ o +cn1A.

Hakonen, ocHosHoe noje P, Hal KOTOpbIM onpejeneHo NpencTaBJe-
IiMe, CONEPKHTCS B UeHTpe Tena A, u A uMeeT KoHeuHblii paur Han P.
Pacemorpum  cravana caywait A=P. Basuc (¢, Gy .-y Cni)

uaeasa [ MoxeT CIV2KUTb IJ51 SIBHOrO OITHCAHHUA MaTpuLl npeacranJae-
n

Husi. Eciw a= E Cip%;, — 3JIEMEHT KOJIblia ¢, TO
i, k=1
n n

Ay = Z CinCr@ip = Z Cir%iks

(=1} =1

mem camoli 6 npedcmasaenuu, coomeememeyiowem udeary |, snemenmy a
conocmaganemes mampuya | oy, | CneposatenbHo, H30MOPPUIM KOIbUA
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¥ [I0JIHOTO KOJblia MaTpHL | o, || — 3T0 TO camoe HENPHBOAMMOE IMpej-
CTaBJleHHe, KOTOPOe COOTBETCTBYeT MHHHMMAaJbHOMY JeBOMYy Hpeany I.

[TpumeuaTesbHO, 4TO B paccMaTpuBaemoM ciydae A =P npep-
CTaBJieMble MaTpHlbl 00pasyloT n04HOe MATPUYHOE KOJBLO n-H CTe-
neHn, D10 ke 0GCTOATENbCTBO MOXHO BBIPA3HTh U TAKHMH CJIOBAMH:
Cpean MpeACTaB/sieMbIX MATPHIL €C1b POBHO n? JIHHEHHO HE3aBUCHMbIX.

[Tycts Temepbp A — co6CTBEHHOE paclIMpeHHEe KOHEYHOIl CTermeHH
nosia P:

A=MP+ ... +2P.

B 3ToM cayyae Mbl mpexkje BCEro MOCTPOUM peryJsipHOe MpejcTaBJie-
Hue anare6pnl A Haj nosem P, npum Kotopom KaxKiomy asiemeHTy P
n3 A conocrapgasieTcs maTpuua B ¢ momouibto paBeHcTBa

Br =D My, B=[By].
3aTeM Mbl IOCTPOHM HIean

[=CHA+ oo +CﬂlA=
=(cuMP+ ...+ Py + o e P+ . e P).

Ecan ¢ momolipio 310ro 6asuca NpejacTaBHTb JEMEHT ¢;f anrebpsi o,
TO MOJYYHTCH:

rie HyJM MpPEACTaBJASIOT r-CTPOUHbIE HYJb-MATPHLE, a Marpuua B

3aHMMaeT MeCTO Ha IepeceyeHHH k-ro croabua u i-# crpokn. Cywm-

MHpYSl, MoJy4aeM OTCioja:
n

Z CipOltpy >
i, k=1

All ses Aln

.o .

()

r
rae A;,—OnfATb-TaKW MAaTPHIlbl, COOTBETCTBYIOIHE 3JEMEHTaM 0Oy
B peryJ/JspHOM IMpeACTaBleHHH anre6poi A.

M3 Buga HenpUBOAMMOrO MpPEJCTABJIEHHS, COOTBECTCIBYIONIETO
MOZYJIO0 [, MOMXHO IIOHSTh, KaKUM OOpasoM OHO paclajdercs Mpu
TOM WJIH HHOM pacliipeHuH OCHOBHOro noiasi P po kakoro-to moJjisi Q.
[Tpyn TakoM paciMpeHdd Tea0 A mepexomuT B cucTeMy Ap=AXQ,
a JeBbidl upean [=c A+ ... +cA—B

lo=cpAo+ ... +cnha.

Ecan koabuo Ag NpUBOAMMO U COAEPKHUT COGCTBEHHBIH JeBbll upeads [,
To u [q conep:KUT cOGCIBEHHBIH Noaujeal

Y=cul' + . Al

nl e Ann
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Touno Tak xe: ecan Aq pacmajaertcst Ha JeBble Hueasnl I, 10 upeaslg
pacnajaeTcsi Ha TO Ke uHeja0 JeBmx wHpeanos €. CaenoBaTenbHO:
NPUBOOUMOCTG AU DABAOIEHILE HENPUBOOUMO20 N PeOCMABACHUS KOAbYA T,
coomsememeyrougeeo uleasy | npu pacwuperun nois P 8o noaa Q,
HOAHOCTBK) ONPEOeASIeNCA  RPUROOUMOCINGIO UAL COOMBEMCMEERR0  PA3-
A0%ceruem aazebpor Ag Ha nesbie udeaisl.

Ecau A=£P, 1o coraacuo § 103 none © Bcerga Moo BeiGpaTth
TaK, 4TOOBl anre6pa Ag cojep:raja JeJUTeNH HYJS H, CJeN0BATETbHO,
He gBJassach TeJ0M, a conepikaJja 1o KpafiHeli mepe OJHH COOCTBeEH-
HHIE JieBHIT pjaeasn. B TakoMm caydae HeNpUBOIHMOE IIPEACTABJICHHE
Han mojteM P, cooTserctBylomee uieany [, GyaeT NpUBOAMMO Haj
HoteM 2. B cayuae A =P, HaoGopoT, npeacTaBieHue, COOTBETCTBYIO-
wee ujpealy I, abcoaomruo HenpugoOuMo, T. €. 0CTaeTCs HEIPUBOAHMEIM
npHu J000M paclIHpeBUH OCHOBHOTO moasi. Tex camom ycaosue A =P
[easiemes Heobxo0umbim 1 Oocmamounsin 048 abcoitomuoll Hen pusodu-
Mmocmu npedcmagaenus, 3a0anno2o Had P.

Ecau anrc6pa o sBAsieTcs He NPOCTOH, a BCero JHUIbL MOJYIIPO-
CTOH, paBHOH NpPsAMOH CyMMe NpOCTbiX anreGp ay~ ...+ a, u [—
KaKoH-HIOy b JICBBIH HOCaJN, CKaxeM, a4y, TO A8 OMHCAHHS Mpej-
CTaBJAEHUA TPOH3BOJBHOLC 3JeMeHTa @ M3 0, 3a7aB4eMOIo HieasoM I,
HY>KHO HOCTYNHTb TaK: CHayaja 3anucaTh @ B BUJE CYMMBI ;- ...
... +a, 3areM H3 3TOH CYMMbl H3BJeUb KOMIOHEHTY @, H B COOTBET-
CTBUH ¢ PopmyJof (5) mocTpouth A1 3nemeHTa @, Matpuny. Ocrajb-
Hbl€ K€ KOMINOHEHTBI &y, ..., (y-y, Qyiy, ..., Qg AHHYJHPYIOT Hjean |
W TIO3TOMY IPEACTABASIOTCH HYJEM.

Ecan ay, ..., a,— no/HBIe MATPUYHBIE KOJIBUA HOPSAAKOB fy, ..., fg
COOTBETCTBEHHO Haji TemamH Ay, ..., A, u ecam r,— panr teda A,,
a Py — HempHUBOXHMOE IPEACTABJEHHE, COOTBETCTBYIOLIEE JIEBOMY
uueany d,, TO paHr /i aare6psl 0 PaBeH CyMMe PaHTOB aareép 4y, ...
eeey gy T €.

h= Y niry (6)
i

Lajee, CTeleHb npencTasjenusi T, coryacHo (b) paBHa
gv="1yIy. ™)

Haxkoneu, anareGpa a, pacnajgaeTcss Ha #, SKBHBAJEHTHBLIX JEBbIX
ufeanos [, Gnaropaps uemy peryJaspHOe IPeACTaBJEHHE COIEPIKUT
Hpe,B;CTaBﬂeHHe @V Kak ny-KPaTHY COCTaBJSKOINYTO.

B uacTHocTH, ecjinm Bce T, abCOMIOTHO HENPUBOIHMbLI, TO BCE
ry=1; tem campiM (6) u (7) mpHHHMaOT GoJee MPOCTOH BHI:

h= 213 n o gy =ny. (8)
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§ 106. Mpexacraprenust uextpa

[lentp anre6pni o mpu M0GOM HENMPHBOAMMOM HPEACTABJEHHH 40J-
KeH 0ToOpaKaThbcsl Ha TaKHe MATPHIlbl, KOTODble NEePecTaHOBOYHBI CO
BCEMH Marpuuamu npeicrasleHHsd. Eciu ocHoBHoe mnosie anreGpau-
4eCKH 3dMKHYTO Il KOJBILO NPEACTABAAIIINX MATPHI, — NOJTHOE MaTPUY-
HO€ KOJIbIO, TO MaTPHIUbl LEHTPA COCTOST JHIIbL H3 KPATHBIX €IHHHY-
HOH Matpullbt E; crenoBaTesqbHO, UEeHTp aareGpbl 0 B 3TOM cjaydae
npeacraisiercst matpuuamu Bupa Eoa. To ke camoe BepHO M AJ4
aBCcoNMoTHO HENPHBOAMMBIX [PEACTaBJIEHHH, MOTOMY 4TO B 3TOM Ciydae
MOXHO mepelTii K anre6pandecKd 3aMKHYTOMY OCHOBHOMY MOJIO, He
yTpauyuBas HempuBomuMocTH. WTak: npu awbom ateoriomrno wenpueo-
Jumom npedemasaeriii aneebpoL © SNEMEHMbL ee YeHmMpa npedcmasAItomes
KpamHbimu eOUHUYHOL MAmpuybL.

Ecan XoJIblO ¢ KOMMYTaTHBHO, H, CJEI0BATENBHO, SBASETCH CBOMM
COGCTBCHHBM LEHTPOM, TO BCEe MATPHIbI aGCOTIOTHO HENPHBOLIMOTO
npeacTaBaeHust uMcOT BUA E,A. M3 HenmpuBOZMMOCTH ClefyeT, uTO
NpeICTABJCHHA J0/K'bl HMeTh MepEyio cieneb. Miak: a6comomuo
Henpueodumbie npedCmacaenisl KOMMYMAMueHot aizebpel umeiom cme-
news 1.

Jlioboe npezncTaBienyue NEpBOil CTENeHH aarebpnl o —3TO TOMO-
mMopdree oTobpacHHe U3 v B Tesio npeactaBienust H. Ecau H xou-
MYTaTHBIO, TO ARa SKBHBAJICHTHHIX MNPeACTABAEHUs NEpPBOi CTeNeHH
MPOCTO PABHLI, HOTOMy uT0 ecin A =|a| —maTpuna npeaciasacHus
H A — agement noast K, to

Mo h=ptor] =]«

Orciona crieyeT yTBepIKIeHHE: YUCA0 HEIKBUBAAEHMHbIX npedcmasrenuli
nepeoll cmenenu Kommymamuenoll areebpor o 6 nose K paswo uucay
pasauureix 2omomoppusmos u3 o ¢ H.

Bepremcsi K HEKOMMYyTalHBHBIM anre6paM H IPEATNIONOXKHM, 9TO
anrebpa o moiynpocta. Torja oHa siBAsieTCsl MpPAMOL CYMMOH Hpo-
CTHIX aarebp:

0=, 4 ... Fag,

H UenTp 3 anreOpsl ¢ ApeACIaBAfeTCss B BHje CYMMBbI TOTO e YHCJa

ToJiel:
J=%+...4+3:  (3s—uentp B uay).

Hucjo He3KBHBAJIEHTHHIX HENPHBOJHMWX MPEACTABACHHH KOJbIA O
¥ paBHLIM 00pasoM €ro LEeHTpa [ PaBHO YHCHY S JIBYCTOPOHHHX KOM-
NOHEHT B © HJHM B 3, NOTOMY 4YTO Kax10e TaKoe IpejacTaBieHne D,
KOJIBLA © ONPEJeNseTCsl HEKOTOPHIM JIEBbIM HAEAJOM B a,, a KamkKjaoe
HENPHBOAKMOE TIpe/cTaBaeHHe Ty LEHTPA 3 ONpenessieTcst nojeM 3.
Hrak: cyuwecmsyem cmoavKo sce HEIKBUBANCHMHBIX HenPUBOOUMbLY N ped-
CMABAeHULl KOAbYG ©, CKONOKO HenpusoOUMbLX HEeIKEUBANCHINHBIX 1 ped-
CMagAeHuUld yenmpa 3, u Kaxoomy Henpueodumomy npedcmasienuro D,
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Koabya ©, npU KOMOpOM 6ce 4; ..., a5, KpOMe W, nepexodam @ HYAas,
MOJMHKO conocmasums npedcmasaenue D yewmpa 3, npu Komopom ece
Ju s B Kpome 3y, nepexodam e uyas.

B YACTHOCTH, €CJIu 0 — CYMMa IIOJIHBbIX MaTpPHYHBLIX KOJIell Hal P,
T0 nosst Jy umeroT panr 1 u uzomopdHbl P; Tem cambiv B paxnow
cJayuyae 4YHucJOo S HEIIPHBOJAHMBIX Hpe}lCTaBJleHHﬁ KoOJiblia 0 paBro paHry
uentpa 3. CBsA3L MeX 1y HEIPHBOJUMbIMHU I1PEACTAB/ICHH SIMH Dy KoJblA 0
H HENPUBOLUMBIMH TNpPEACTABJICHHAMH (repBOH CTeneHu) uentpa 3
B paccMaTrpuBaAEMOM CJaydae COBepIIeHHO fnpocrta. I/IMEHHO, npencra-
pjenne D, NepeBOIUT KaxKAblH 3JeMeHT LeHTpa 2 B maTpuny Buaa Lo,
rjae E—elII/IHH‘{Haﬂ MaTpHia n,-ro nopsaaka. Ka}KLIOMy JJIEMEHTY 2
TaKHM 06pasoM conocrabisieTcst (IpH (GHKCHPOBAHHOM V) HEKOTOphii
JIEMEHT @, H MOXKHO 3amnucarthb:

a =0, (2).
Oyukuus Oy ompeneaser roMmoMopdusm IeHTpa, T. e.

®v (y+ Z) =0, (y) + ®v (Z)v
®v (yz) = ev (y) ®v (Z),
O, (2‘3) =0, (z) ’ 5

[Tpu 31oM romomopdusme mosist 3y, ..., 3, 33 HCKJIOUEHUEM 3y, open-
CTaBJAIOTCA HYyJIeM, T. €. roMoMopdusm O, —3T0 He 4ro HHOe, Kak
oGo3HauaBlleecs paHblile yepes DY MNpeACTaBJeHHe MepBOi cTemely
LeHTpa.

Ilpencrasnenne ©, 3agano BeAKHH pas, Koraa 3agan P-Gasuc
MOnyJ/is 3y, @ B KauecTBe MOC/ENHEr0 MOXKHO B3ATb €IHHHUHBI 3J1e-
MeHT e, nosist Jy. Ecium xaxneift snement 2z us 3 3amucath B BHze

N
2= Z evﬁv, (1)
v=1
TO IOJYYUTCS

zey = eyfy = eyfy;
TeM cambiM Ef, Gyner npeactaBasiouleii MaTpHueH, T. e.

Oy (Z) = ﬁ\r
Bmecto (1) Mel moxeM Temepb mucath

s
2= 2,0, (2). (2)
v=1]
Wnaue rosopsi: koappuyuenmor O, (2) pasroscenus sremenma z yernmpa
no UOEMROMENMHbIM IACMEHMAM e, MO20 e uenmpa 3a0aiom 2omo-
MOppusMbL UL npedcmasnenus nepeoil cmenenu mozo yermpaQ.
3apaua 1. Uncio npeacras/iennii mepBoii cTeneHn KOMMYTATHBHO# a.1refipel o

Haj| anreGpaWvyecKH 3aMKHYTHIM paclimpeHneM Q noJg P paBHO paHry anare6pe;
/X wan P, rae R —pamukan xombua o,
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3anaua 2. Ecnmn H—noae, sBistomeecs paciuupenueM moas P, To uuc.1o
npeAcTaBAeHMil nepBoil creneHn noas K Hax Q paBHO pellyUMPOBaHHON CTenmenH
toass H nag nomem P. PasenctBo N = {0} umeer mecto toraa M TOJBKO TOTAa,
gorja nodse H cemapaCenbHo Hal moJeM P.

§ 107. Cregbl U xapaktepbl

Caedom aremenma a 6 npedcmasreruts © — o6o3HAUEHHE
Sg (@) un npocto S (a)

— HaswiBaetca caen S (A) matpunsl A, KOTOpylo mpeicTaBiaeHne D
conocrapisier anemeHTy a. Cnep Sg npu ¢ukcupoBanHoM D, pac-
cMaTpuBaeMblll Kak (QYHKUHS OT @, Ha3blBaeTcA TaK:ke caedom nped-
cmasgaenus D.

B cuay cootHoleHus

S(P1AP)=S (A)

9KBUBANCHMHNbIE 1PeOCITIQBACHUS UMEIOM DPABHble CAedbl.
Crneppl  SBJSIIOTCA  AUNellHbMU  (YyHKYUAMU, T. €. CIOpaBelIHBbLI

paBeHCTBA:
S(@+b)=S@+S®),
S (aB) =S (a) .

Caenpl aBCOMIOTHO HENPUBOAUMBIX INpeicTaB/ieHHH (HJH, UYTO TO
&Ke camoe, cjebl HeIPUBONUMBIX NMpeACTaBIeHUH HaA anreGpandyecku
3aMKHYTBIM 110JIeM) HasblBalOTCA  xapakmepamu'). Xapakiep sJe-
MEHTa a B V-M HENPHUBOLHMOM IIpeicTaBJIeHHH T, 6yaeT o603HAUAThCS
uepes

Av (@)

Korna peub naer o GUKCHPOBAHHOM IPEICTABICHHH, HHIEKC v OyIerT,
KaK [IpaBu/IO, ONYyCKaTbCH.

[Ipu s06oM abCoMIOTHO HENPUBOAMMOM MpeACTaBjJeHHH Dy cTe-
MeHyu A, JIEMEHTbl LIEHTPa 2 NpeAcTaBastioTea B cooTBercTBHU ¢ § 106
JuarosaabipMu  matpunamu E-0©,(2), rae O, — HEKOTOPHIH TroMo-
Mopduam nenrpa B mose Q. Caen marpunsl E - O, (2) 3anaetcs paBeH-
CTBOM .

Xv(z)::nv'@v (Z) (1)

B uacTHOCTH, €JMHHUHBLIA 3/JeMEHT KOJbLA 0 NPeACTaBjseTcs eau-
HU4HOH MmaTpuueit E, cjel KOTOPOH paBeH .

X‘V(l): Ny.

1) MHorue aBTOPH YNOTPEGJSIOT CJOBO «XapakKTep» H LJI NPHBOAHMBIX IpeA-
cTaBJeHHH W TOBOPAT B 5TOM CJyyae O «CJOXKHBIX XapakTepax». Mol n3Geraem
Takoll TeDPMHHOJOIHMH, MOTOMY YTO B YacCTHOM c/lydae abeJieBEIX TDYIN OHA He COB-
najgaeTrT mno CMBICAY € MNPHHATHIM €IIE B JaBHHE BpEMEHa TEPMHHOM «XapaxkTep»
{cp- § 54); Kpome TOro, C/0BO «c/ieA» He MeHee YeTKO BblpakaeT CyTh Ae/a.
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B panpuefimieM Mbl npejfiosaraem, 4TO CTCHeHb #, aBCOMOTHO
HENPHUBOJMMBIX TPEJACTABJEHHH He [CJAMTCH Ha XapaKTePHCTHKY
noas Q. Torpa (1) MOXHO pasjeqauTb Ha #, ¥ NOJYYHTh

6y (z) =12, (@)
V

Tak eomomoppusamel HeHMpPa ORUCHIBAIOMCS € NOMOUWLBIO XAPAKMEPOs.
Teopema. Jlwboe snorne npusodumoe npedcmasieniie arzebpor v
Had nosem Q xapakmepuctmusku O 00HO3HA4HO ¢ mourocmbO 00 3KBU-

BANEHMHOCMUL Onpedessiemcs. caedamu npedCmasAse Mol MAmpUt,.
HoxkasareanbcTBOo. Econ R — pagukan xoabua o, 10 Ja1060e
BIIOJIHE TPHBOIMMOE IPEeACTaB/AeHHE anre0pbl 0 COBMNAJaeT C HEKOTO-
pbBIM  BIIOJHE MPHUBOJHMBIM IpeACTaBAeHHeM dakTopanrebpur  of/R.
[To ycnoBuo, cienpl MaTpHll, NPeICTaBASIOIINX IeMeHThl areSpu o/R,

u3BecTHbl. IlycTh
o/R=a,+...4a,

U €, ..., €,—€IUHHIB B KOJAbLAX 4, ..., a, COOTBETCTBEHHO,
Torga B HenpuBOAMMOM NOpE€ACTaBJAeHHH D, 31€MEHT @, MpPEICTaB-
JISIETCS Ny-CTPOYHOH €JMHHUHOH MAaTpHLEd; TeM CaMbiM COOTBETCTBYIO-
U CJeA paBeH
Sv (ev)=nv,
U OJHOBPEMEHHO
Sy(e)=0 m1a ps£&wv.

Jlanee, BIIOJHE NPHBOAMMOE TpeJCTaBJEHHE H3BECTHO, KaK TOJbKO
M3BECTHO, CKOJIbKO Pa3 B HETO BXOJMT KaxJOe HENPHBOAMUMOE Mpef-
crapiense D,. Ecam, ckaxem, npencranenne P, BXoguT g, pas,
TO BCE paccMarpHBaeMoe NPEACTaBAEHHE COCTOHT U3 ¢; GIOKOB T,
gy OnokoB D, u 1. A Crejy sneMeHTa e, B 3TOM MNpPEACT4BJAEHUH
paBeH TOra

S (ev) = QyMy. (3)

M3 (3) MOXHO BBIUMC/AHTbL MNApaMeTpul ¢y, KaK TOJbKO H3BECTHb
crensl S (ey). Teopema pokasana.

3ameyaHnue. Ciaeapl BceX 31€MEHTOB KOJbLUA 0 CTAHOBATCH
M3BECTHBIMH, KaK TOJbKO W3BECTHbl CJEIbl GAa3HCHbX 3/]eMeHTOB
anre6pbl 0. Takum ob6pasom, eciH, HaMpHUMep, ©— rPyNIoBoe KOJslio
HEKOTOPOH KOHEUHOH IpYMbi, TO HYKHO JHULIb 3HATh CAEIbl IEMeH-
TOB TPynnul —H TOraa NpeicTaBaedue 3anauo. Ecau qq, ..., a, —
6a3HCHBIE 3JIEMEHTBl M Yy (@;) — HX CJIeAbl PH HENPHUBOAHMBIX Npefl-
CTaBJIEHHAX, TO [/ JIIOG0ro NpeJCTaBAEHHS HMEIOT MECTO PABEHCTBA:

S (@)= Z gvky (). 4
ve1

CorusacHo IIOKaSaHHOﬁ Bblllie Te€OpeMe 3TUMH DABEHCTBAMH HHUC/IA Gy
onpeneJasioTCA OAHO3HAauyHO, PabenciBa (4) a0l 4uc/eHHBIA MeTOL
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pas/oXKeHHs BIOJHE MPUBOAUMONO MPEACTABJIEHHS HA HENPHBOIUMBIE
COCTaB/IAIOLHE TIOCPEJCTBOM BHIUHCJAEHHS cejoB. [IpH 3TOM JIO/IKHbI
ObiTh 3apaHee 3ajaHbl XapaKTepbl HEMPUBOAUMbBIX [PEACTABJIEHHUH.

§ 108. TlpexacTaBiiendst KOHEYHbIX rpymn

Mgl foKakeM Npexje BCero CAeAyIOLLYIo Teopemy:

Teopema Mawmxke. Jlioboe npedcmasrenue Kowedroti epynnet
& Had nosem P, xapakmepucmuxa komopoeo He Oeaum nopadox h
epynnot (B, gnoaxe npueodumo.

HokasateabctBo. [lyets moaynb npencraBieHus I npu-
BOAHM H N —ero MHHHMAJbHLIA HOAMOAYJAb. IlokamkeMm, uro N
aasieTcs npsamoi cymmor N+ N”, rie N” — BHOBb HEKOTOPHIH MOIY.Ib
IpejCTaBAEHHUS.

Kak BekTOpHOE MpOCTpaHCTBO, MOAY/Ib I pacnanaercs B npsMyio
cymmy N+N’, HO npocTpanctBo N’ mpU 3TOM MOXKET M He GLITh
MHBADHAHTHBIM OTHOCHTENbHO ($. Ec/iu y — Npou3BONBHLIH 3/1€MEHT
3 N’ H a— NpPou3BO/IBHLIL 3/1eMEHT U3 (B, TO @y ONHO3HAYHO Npej-
CTaBJSIeTCA B BHJE CyMMbl HEKOTOPOTO 3JeMeHTa H3 N U HEeKOTOPOro
snemenTa y' u3 N’, Tak uro

ay =y’ (mod N).

[Tpn QuxcupoBaHHOM a 3/1eMeHT Y’ OJHO3HAUHO OMpefeasieTCa 3Je-
MEHTOM Yy W 34BHUCHT OT y JIMHeHHO: U3 ay==y W az=2" caenyert,
yto a(y-+2)=y'+2' v ayp=y'p n1a moboro P < P. [Tosromy
MOXKHO 3amucaTth

y =Ay, A'y=ay(modMN),

rae A’ — nuHefiHoe npeobGpasoBaHye MmomnmpocTpancTBa N’, 3aBucsllee
oT a. Takum o6pasoM, npeoGpasoBanusi A’ COCTaBIAIOT HEKOTOPOE
npexcraBienne rpynosl &, motomy uto us a— A" u b+ B cae-
ayet, uro ab— A'B’.

[Tosoxum

1 ’ ”
7 Dat Ay =Qy =y

a

Toraa Yy’ TaKxkKe JIHHEHHO 34BHUCHT OT y H 3JEMEHTH Yy’ 06pasyioT
HleKoTopoe JiHHeliHoe moanpocTtpaHctBo N =QN'. Ho rtorna mno
moayuio N umeeM

y”z% 2 atay=y.

CrnenosartenbHo, Kaxaplil sneMenT mMoayast IN cpaBHHM no mopyJaio N
HE TOMLKO C HEKOTOPHIM 3JEMEHTOM y H3 N’, HO U C HEKOTOPBIM
OAHO3HAYHO ONpejeJeHHbIM 3/MeMeHTOM Yy’ u3 N”. D10 03Hauaer, 410
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UMeeT MEeCTO pas/OoXeHHe B NMpAMYI0 CYMMY
M=N+N".

Hakonen, pns xaxporo ajementa b u3z & umeem

by = Y, ba Ay = V(@b ) (4B By =QB'y &= QU =,

T. €. mojpupocTpaHcTtBo N mnepeBoauTcst B ceOsi omepatopamu b u3
&, a ato u o3Hauaer, yTo N’ — MOAY/b MpEJ]CTABIECHHS.

Eciu monysns 9” npHBOAMM, TO TeM e CHOCOG0M MOMKHO Bhije-
JUTb MeHbWMH MoAy/ab M T. 4. B KoHIe KOHUOB GyjeT HaiaeHo
NoJIHOe pas/oxkeHHe MOAyJas IN B NpsMyI0 CyMMy H, CJIeJ0OBAaTeJbHO,
TpeGyemoe mnpejcrtaBjaeHne. Teopema Maiike nokasaHa.

CorsnacHo § 104 kaxjoe npejcrtabjenue rpymmsl 3 MOXKHO Ipo-
JOKHTB IO HEKOTOPOrO MpPEeJCTaBJIEHHSI TPYINOBOrO KOJbila

v=a,P+...+0a,P;

Hao060pOT, KaxJoe MpejCTaBjJeHHe TPYIIIOBOTO KOJbLA O €CTECTBEeH-
, HbIM o6pasoM 3ajaeT npejcTtaBienne rpynnst &. M3 teopemb Mamke
Tenepb CJEAYeT, UYTO Kakloe IIpeJICTaB/JeHHe KOJbIa ¢ BIOJHE IIpPH-
BOIHMMO. B 4acTHOCTH, 9TO BEPHO M JJIsI PEryJ/sSIPHOTO NpeACTaBJIEHHUS,
IOMYCKAIOIIEro B KayecTBe CBOETO MOLY/S caMo r. [103TOMY KOJIbLO 0
SIBJIeTCS MNPAMOA CYMMOH MHHHMANbHBIX JIEBHIX MJ€AJ0B H B COOT-
BeTcTBHH ¢ § 98 (Teopema 13) noaynpocmo. Cornacuo § 105 muuu-
Ma/bHblE JIEBbIe HJeasbl KOJbL@ 0 33a1al0T BCE HENPHBOAMMBIE TPE-
CTaBJIEHH .

Uucso abCcoMOTHO HENPHBOAUMBIX HpejcTaBieHuii corsacHo § 106
paBHO paHry LEHTPA, a LEHTP TPYINOBOrO KOJbLA, KaK JEerko Ipo-
BEPUTb, COCTOHT U3 BCEX TEX CYMM

; b (e, fhesP), 1)

B KOTOPBIX COMpSKEHHblE 3JEMEHTHl UMEIOT OJXHHAKOBbIE KO3DdHuu-
€HTbl. D/eMeHTbl, CONpSKEHHNE C JaHHBIM 3/eMEHTOM @, COCTaBJ AT
HEKOTOpbIl «KJaaccy. Ecan k,--cymMMa 371eMEHTOB 3TOr0 KJjacca, To
(1) —cymma takux k, c xosdpbuunnenramu u3s P. Creposarennyo,
HMEeT MECTO TEOpPEeMa: YeHMp 2pYynnogoeo KoAbYa nopoxcoaemcs cym-
mamu Kaaccog k.. PaHr neHTpa paseH, TaKMM 06pa30oM, UHCIY KJjac-
COB CONMpSIXKEHHLIX 3J€MEHTOB rpynnel. Mbl moayuniad teopemy:

Yucao Hesxsusarermrolx aOCOAOMHO HenpusoOumbLx npedcmagienutl
epynnbl PAsHO HUCAY KAQCCO8 COMPANCEHHOIX IAEMEHMO8 8 Mol epynne.

CornacHo § 105 mns creneHelt ny, ..., ng; HENPUBOAUMBLIX Mpej-
CTaBJICHHH BLIMONHACTCS COOTHOLUIEHHE:

Mmoot as=h
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Cpeau paccMaTpHBaeMbIX IIpeACTaB/J€HMH NePBOH CTeneHH BCerna ecThb
«TOXKJECTBEHHOE TPEACTABJAEHHE», KOTOPOE Kam/AblH TPYyNnoBOH 3Je-
MeHT nepeBoauT B 3nemeHT 1. Ecau ke CylllecTBYIOT ellle M JpYyTHe
npeACTaB/IeHHs] MEepPBOH CTeNeHH, TO B JaHHOM IPyNNe JOJ/KHbI Cylie-
CTBOBATh COGCTBEHHBiE HOPMaJbHBE NMOATPYNNbl ¢ abeneBofl dakTop-
Ipymno#, MOTOMY YTO MAaTpHib J000r0 NpeCTaBIEHHS TMEPBOH CTe-
[IeHH NEePeCTAHOBOUHBL MeKAy cofoil u obpasylor abejeBy rpynmy,
B KOTOpylo roMomopdHo orobpaxaercda Aannas rpynna. Hao6opor,
eCIH  CyIIeCTBYyeT coOCTBEeHHAs HOpMalbHas NOArpynna ¢ aleneBol
(bakTOprpynnol, To XapakTepbl 3ToH (aKTOPrpynnbl 3ajialT Mpej-
CTaBJeHHsA InepBoll cremeHd. Bce ocTasbHble HpeAcTaBJeHHA HMEIOT
6O/BIUYIO CTEIEHb.

INpumepsl. 1. Cummempuueckana epynna &, Yncao kaaccos
paBHO 3, IOSTOMY €CTb BCEro TPH HESKBHBAJEHTHBIX HENPUBOAMMbIX
npeactasieHusi. [lo 3HakomepeMeHHOH MNOATPYNIE HMeEM JBa CMEX-
HBIX KJjaacca R, &;: yeTHble U HeueTHble IOACTAlIOBKH. BoT aBa xa-
paktepa daxroprpynnbl &,/

%Koy =1, % (8)==E1;
OHH OnpejensdioT npejcTaBleHus neppofl cremeHH. Tak Kak
ni+ n34-nj =6,

TpeTbe MNpEACTaB/JAeHHE JROMXKHO HMETb CTENEHb 2. Bosbmem B mjo-
CKOCTU TpH BEKTOpa, 2y, €, €3, CyMMa KOTOPbIX paBHA HYJIIO; TOraa
flepecTaHOBKH 3THX TPeX BEKTOPOB JaAyT TOUYHOE MNpeacTaB/ienHe
]’)aCCManHBHQMOﬁ rpynnel noacTaHoBOK. Jlerko YCTAaHOBHTbL, UTO 3TO
npeacraBJedne HEIPHBOANMO. HyCTb € H 62-—633HCHbI€ BEKTODLI,
TOorja IpeiaCTaBJACHHE BLIVISIAHT Tak:

(1 2)ey=e,, (1 3)ey=—e,— &, (2 3)ey=ey,

¢! 2)‘32:31:} (I 3)e,=e, } (2 3)ey=—e,—6,, }
(1 2 3)e;=e¢,, (1 2 3)ey=—e;,—e,
(1 2 3)ey=—e;,—6, } (1 2 3)e,=e,. }

2. T'pynna rkeamepruonogs £4—3T0 I'DyNila BOCbMH KBaTepHHOH-
"X eauunn 1, = ko [0 Ona uMeeT NBe NOPOXKNAWLIKE |
H k, YNOBJETBOPHAOLUINE COOTHOLICHHAM: .

=1, k=7 kj=j%

UmycJo KJACCOB PaBHO O; TO3ITOMY HMEETCs NATh IIPeACTaBJeHHH.
Hopmanbnasi noarpynna {1, j2} onpénenser B KauecTBe (akrtop-
rpynnsl  uerBepHyio rpynny KoeHna, ofiajaiollylo ueTbIpbMsi Xa-
pakiepamy, JQIOLMMH YeThipe NpejCTaB/IeHHA. B CHy COOTHOLICHHs

ni-bmAnini-bng=38
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ocTalbHble TPEACTaBJEHHSI NOKHBI HMeTh cremenb 2. Ecan rpyn-
nosuiM 371ementam 1, j, %, j° k, jk, j?k, j*k conocraBuTb KBaTepPHHOHHI
I, j, —1, —j, k I, —k, —I, T0 nonyuurcsi romomopproe orobpa-
HEHHe TPYIMNOBOrO KOJbLA 0 HA TeJO KBaTepHUOHOB. [lostoMy Teso
KBATEPHHOHOB JOJ/IKHO OblTh CPelH JIBYCTOPOHHHMX HPSMBIX CJlarae-
MbIX KOJIblla 0 H TEM CAMbIM [OJYUaeTCsl PasnOKEHHe KOJblla 0 Haj
noJeM pauuoHadAbHbIX uucen Q

v
0 ==y -+ g + A5+ a4 4 a5,

rae a;, a, as, a, usomopdun nomo @, a a; uzomopduo Teny kma-
TepHHOHOB. Ecau nepeiiti K anreGpanyecky 3aMKHYTOMY OCHOBHOMY
nomio (B JaWHOM CJydYae JOCTATOUHO NPHCOELHHHTH i=)—1), 10

TEJI0 KBaTepHHOHOB pacnauaeTCﬂ 14 nonyqaeTCﬂ ManHQHOG npeu-
cTaBJieHue

0 ¢

i o]

3. 3uaronepemennas epynna AU, MOKET ObiTh HCC/IENOBAHA TEM Ke
METOIOM, 4TO H cHMMeTpuyeckas rpynna &, — Mbl npenocTaBlisieM
3710 uhTaTemo. B pesyabrate OyayT HalieHbl yeThipe NpeicCTaB/EHHS
crenenedd 1, 1, 1,

4. Cummempuueckas epynna €, Uucno KaaccoB pasHo 5, mno-
3TOMY JOJKHO ObiTh 1ATb npefcraBaenui. YerBepHass rpynna
Knesina {1, (12) (34), (13) (24), (14) (23)} onpeneaser daxroprpynmy,
usomopdnyio rpynme &; [A8 KOTOPOH MBI YK€ HALNIH TPH TIpef-
craBienust crenenefi 1, 1, 2. Onu 3aja0T TakXKe [peICTaBJICHHUS
camoii rpynnbl &, creneneit 1, 1, 2. Ecam 3TH creneHd 0GO3HAYHTD
uepes ny, fy, fg, TO

ni -+ ni +nj+ni+ny = 24,
ni+ni=18.

Taxkoe paBeHCTBO MOXKET HMETb MeCTO JHIUb ISl 71, =3, #;=:3.
Ecam Mbl BRejleM 4YeThipe BEKTOpa e, €, €3, €, C HYJAEBOH CYMMOI,
TO NOJCTAHOBKH 3TOH ueTBepKH BEKTOPOB AaAyT TOUIlOe IMpejcTaB/e-
HHe TpeTbhel creneHu rpynnet &,. Bnibepem e;, e, e; B KauecTse
6a3uCHBIX BEKTODPOB; TOTJa YHNOMSHYTOE NpEjACTABJCHHE BBIIVISIAUT TAK:

(I 2)e,=e, (I 3)ey=es, (I Hey=—e,—e;—e,

(I 2)e,=ey, (I 3)e;=ey, (1 He,=e,

(1 2)e3=ey, (1 3)ez=ey, (1 4)eg=e,

T 0 1

TaK 4YTO

(1 2 3)e,=e,,
(1 2 3) 62=€3,
(1 2 3)eg=¢e,

7T I
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[TockobKy TpencTaB/ieHHe TOYHOE, OHO HE MOMKEeT CBOJAHTHCA
K TpejiCTaBJeHHSsIM TNepBOH M BTOPOH CTENEHH; C/IeJ0BaTeNbHO, OHO
HENPUBOAUMO. Ec/aH MaTpHUB, NpPEACTAB/SIONIHE HEUETHbE IMOACTa-
HOBKH, YMHOXHTb Ha —1, TO MOJYYHTCS HOBOE M TOXKE TOYHOE He-
NPHBOAUMOE IIpeJCTaB/eHHE TPeTbeH CTENeHH, 3aBEJIOMO HE SKBHBA-
JIHTHOE MpeABbIAYLIEMY, MOTOMY YTO MX CJeIbl PasJjHUHbI.

3agaua 1. DieMeHT s= E a TPYNmoBOro KoJbla o YAOBJETBOPSET pa-
aE®
EEHCTBAM bs=s a7 b= ©. Kakoil JeBrlii niean mopoxpaer s? Kaxoe mpeacras-
JIeHHe COOTBETCTBYeT 3TOMy Hieasy? Kakod uAeMIOTEHTHHI 3/IeMEHT COopepkHuTCH
B 3TOM HJeaJje?

Sanauya 2. Ecan uucio A 37eMEHTOB IPymnbl LeJMTCA HA XapaKTepHCTHKY
Nosisi, TO Ha3BaHHLIH B 3ajaye | Hjeas HHJILNOTEHTEH. DTO CBHAETEJLCTBYET O TOM,
4TO yCJAOBHE O HEBOSMOXHOCTH JeJIeHHsl A Ha XapakTePHCTHKY IOJA sBJsSeTCS
B TeopeMe MalliKe HeOGXOAHMBIM.

§ 109. 'pynnoBbie XxapakTepbl

KpoHexkepoBo nmpousBejeHue npeo6pasoBaHHH

[Tycts pamel 1Ba JuHefHbIX mpeoBpasoBanus A’, A”, nepesogs-
IHX HEKOTOpOe BEKTOPHOE NPOCTPAHCIBO (U, ..., 4,) B APYyroe
BEKTOPHOE IIPOCTPAHCTBO (Uy, ..., Up):

Alup =Y iy,
t

A”v[ = Z U/a;l.
i

[Toctpoum B cooTBeTcTBHH ¢ § 94 MpoH3BeleHHE 3THX ABYX BEKTOP-
HBIX IIPOCTPAHCTB — OHO GYJET MOPOKJIATHCS MPOUSBEICHUAMH UpU; —
H MOJIOXHM

A (ukv,) = (A,uk) (A"XI) = Z Z u,v]afka'}l. (1)

Onpepenennoe TakHM o0pasoMm JuHeHHOe mnpeo6pasopanne A Ha
NPOM3BEJEHHH BEKTODHBIX TPOCTPAHCTB HA3LIBAETCS KPOHEKEPOBLIM
npousseOenuem npeobpasosaruii v o6osHauaeTcs uepes A’ x A".
D/eMEHTaMH MATpPHIUbI, COOTBETCTBYMOUleH mpeoGpasoBanuio A, GyayT
coryiacHo (1) mpoussenenun aipa;;. Caen matpuust A pasen

2 aaf = Yol D aj=S(4")-S(4).
[} [} f i

Orcrona:  caed  npoussedenus npeobpasosanuii A’'x A" seasemcs
npousgedenuem caedos npeobpasosanuii A' u A”.

Ecin Ha BeKTOpBl u© MNOC/T€0BaTeNbHO MOAENCTBOBATL Npeobpa-
sopanusMu B’ u A’, a Ha BekToph v— npeoGpasoBanuamu B” u A",
TO Ha MpPOM3BEJEHUS URU; NOC/IEJOBaTEIbHO MOAEHCTBYIOT 1peolpa-
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3oBanusl B'<B" u A'x A", t. e.
(A’ X A”) . (Bl ><BH) - AIBI >< AIIBII. (2-)

Ecan matpuuer A’, B’, ... cOCTaBISIOT HEKOTOPOE NPEACTABJIECHHE
D' rpynnmet 8, a marpuun A”, B, ...— apyroe npeicrasieHue D"
TOH e caMOi Trpymmbl, TO H3 (2) C/JefyeT, UTO NPOH3BENEHHs npe-
obpasoBannit A=A"x A", B=B'xB", ... ToXe COCTABASIOT HEKO-
TOpoe MpeicTaBJeHHe. D10 npoussedenue npedcmasrenuli T u D"
o6o3Hauaercs uepes D’ x D"

Eciau cumBosom D'+ D" 0603HauaTh NPHBOJIMMOE II eJCTaBJ/IeHHe,

1 " p
pacnanatoumeecss Ha ®" u D, M cunuTaTh IKBHBA/IEHTHBIE MpeCTaBJe-
HHS OJIHHAKOBBIMH, TO BepHbl CJIEAYIOIIHE PaBEHCTBA:

@I_*_Q”:__@U_*_Ql,
@’X@”:Q”X@’
@"‘}—(D”—*—zm):(@’ —*—3”)—*—9",,
@l >< (@”X @/I/) — (DI >< Q”) >< @"/‘
@I >< ({DI/_*_E"I) — @I >< @II_*_@’ >< @”/,
(@”+®W)X®, :SHXQI—I—EW X@I.

B uactHoctH, eciu & — KoHeunas rpymnna, HOPsiIOK KOTOPOH He
JeJUTCS Ha XapakTepHCTHKY moas P, To Jio6oe mpeicrabienye
NOJTHOCTBIO pacmajaeTcss Ha HeNPUBOJIUMbIE IIPEACTaBJACHHA D, U
OKAa3bIBaeTCs BBLITONHEHHBIM PaBEHCTBO

DX D= ¢}, 2, 3)

rae ¢y, —leible HeoTpuilaTelbHble uucia. B dopmysne (3) cumson

v — He M0Ka3aTe/b CTelleHH, a WHJEKC.
W3 (3) nasa crenoB cienyer paBencTso

S,@)-S (@)= ¢S, (@

Ecan npeacTaBneHus abcoJIIOTHO HEeTIpUBOAUMLL H, CJ€JI0BaTEJBHO,
cIelbl SABJAAKOTCS XapakTepamMH, TO OTCIOJA MOXKHO 3aKJIUUTb, YTO

%, @ %, (@ =D i, (@ (4)
(nepeoe coomrowenue mexdy xapakmepamu).

XapakTeph Kak GYHKUHH KAacCOB
Ecau a u a’ — conpsikeHHble 3J€MEHTH TPYMIbL, T. €.
a' =bab,
TO A5 TPEACTaB/fIOIIHX MAaTPHIL HMEEeT MeCTO paBeHCTBO
A' =BAB-.
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Tem campim A U A’ HMEIOT OLMHAKOBbLIE CJEHbL:
S (bab ) =S (a);

x (bab=') =y (a).

Ecnn mbl cobepem Bce Te 3jeMeHTb FPYNIbl, KOTOPHIE COMPSIXKEHDI
¢ (GUKCHUPOBAHHLIM 3/JE€MEHTOM a, B OAuH KJjaace K, TO Kaxibld
xapakTep OyneT HMETb OJHO W TO Xe 3HAa4YeHHe Ha BCeX 3JeMeHTaXx
3TOro KJacca.

Ilyctb h, —uucno anemenToB kaacca &,, a k, —cymma ajemeH-
TOB 3TOTO KJacca (B TpPYNNOBOM KOJbLE 0); TOrja XapakTep,
COOTBETCTBYIOIME k,, fABISETCA CYMMOH XapaKTepoB, COOTBETCTBYIO-
KX 3/eMeHTaM pPaccMaTpUBAaeMOTrO KJjacca; TakuM o0pasoM,

X (ka) = ha s (a)

Otubige ™Mbl GyJeM U0pepnoJaratb, 4TO HH HOPSAOK TPYNNB /A, HH
cTeneHb 7, a06CONIOTHO HENPHBOAMMBIX mNpeacTaBAeHHH D, He ne-
JIATCS Ha XapaKTePHUCTHKY ocHOBHOro mojst. Kak Owio mokasano
B § 108, sneMeHTH k, NOPOKIAIOT LEHTP 3 TPYNMNOBOrO KOJbUA O.
Coraacuo § 107 romomopduambl O, nenrpa 3 cBsisaHbl C XapakTe-
paMy Yy CJIEeAYIOIHMH COOTHOILEHHIMH:

B YaCTHOCTH,

®v (Z) =L )
B YaCTHOCTH,
2
0, (ka) _ Y (ka) __ Jay (@) (5)

ny ny

Ilpoussenenue k,k, sBASIETCS CYMMOE TpYONOBHIX 3/]€MEHTOB,
BHOBb IpHHaJJexalled 1eHTPY 3 u MO3TOMY BHOBbL Bhipaykaroltefics
yepe3 CYMMbl KJacCOB &,:

ko ky= 280k, (6)

FomomMopdHOCTb OTOOpaxeHHst O, BblpaxaeTcs B TAaKOM C/ydae paBeH-
CTBOM

®v (ka) ) ®v (kb) = Z gtclb@v (kc)’ (7)

KOTOpOe C MoMOIblo (D) nepenucHiBaeTcsi B BHAE

h hx, (@)%, ) =n> gk, () (8)

(6mopoe coomrowierue mexndy XapaKmepamu).

B cymmax (6), (7) u (8) uHmekc ¢ npoGeraeT npousBoOJbHO (HK-
CHPOBAHHYK CHCTEMY MpejcTaBuTenefi Bcex KJaaccoB. Ecam xe ¢
npoferaeT BCe 3/eMEHTH IPyNmnbl, To B (8) CJAeAyeT ChpaBa Bobiyepk:
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HyTb MHOXHTeNb h, Tak Kak O, — eIHHCTBEHHO BO3MOXKHBIE T'OMO-
MOpdu3Mbl LEeHTPa 3, XapakTephl Y, SABJISKIOTCH eIMHCTBEHHO BO3MQIK-
HBIMH pelLIeHHSIMH ypaBHeHHs (8).

ConpsaXeHHBIE XapaKTepHh

Jna Kaxjaoro npeicraBieHHst aw—> A CYLIECTBYET «CONPANEHHOE
(nu kowmpazpaduenmnoe) npedcmasrenuer a— A1, rge A’ —mar-
pHIa, TPaAHCIOHHPOBaHHAs MO OTHOWEHHIO K A. [lelicTBHTeNbHO,
IIPH TaKOM COMOCTABJIEHHH HMeeM:

ab— (ABY ' =(B'A") ' =A""B"N.

[IpencraBnienne, cCONmpsiKEHHOE K COIPSIKEHHOMY [PEJCTaBJIEHHUIO,
COBNAjaeT ¢ HUCXOAHBIM. Ec/aH mpeacraBieHue a+—s A NPHBOAMMO, TO
TAKOBO K€ H CONpsAXKEHHOe, U HaobopoT. Takum oOpasom, npejcTas-
JIeHHe, COMpPSKEHHOe K HENPHBOJAHMOMY, TOXE HeNpHBOAMMO.

Ecnu or panHoro mpeacraBneHuss A mepefiTH K 3KBHBAJEHTHOMY
npeacrapieHuio P-1AP, 10 conpsikeHHOe MPEJCTaBJACHHE Mepelifer B

1 1 ~1
(P *APY "=P'A" P,
T. €. TOXE€ B 3KBHBAJIEHTHOE.
O6o3nauum uepe3 I, MpejcTaB/eHHe, CONpsKEHHoe K ,; TOTAa,
v

ecn Dy (@)=A4, 10
Dy (@)=A4",

4, Tak Kak cnaen matpuusl A’ paBen cneny matpuusl A, crupasep-
JIUBO PaBEHCTBO

A (@) =%y (@)-

Xapaktep Yy CONPANCeHHblL K %y, O0003HAUAETCH TaKXKe H Uepe3 Yy.
Kaocooui xapaxkmep sgasemes cymmoildl Kopueil u3 edunuybl. IT10
06bsACHSIETCS  TEM, YTO KaXAb 371eMeHT a rpynmel & mopoxpaer
HEKOTOPYIO IMKJWYecKyr noarpynny (¢, mopsgok m KOTOpo# sB-
JAsieTcsl  JlenuTeseM A, a Jofoe HeNpUBOAUMOE INpeACTaBieHHe T,
rpynnsl 8 3anaeT HeKOTOpoe mpejcraBiaeHHe rpynnsl (§; mocsenHee
NOJHOCTBIO pacrajaeTcss Ha NpejCTaBIeHHS MePBOH CTereHH, MaTpHy-
HLIe 3JEMEHThl KOTOPBbIX SABJASIOTCS KOPHSMH M-i CTeMeHH U3 elu-
Huukb. Crel MpeacTaB/siiomlell MaTpUIkl paBeH CYMME JHATOHAMbHBIX
5JIEMEHTOB, 