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NPENUCIOBUE KO BTOPOMY PYCCKOMY U3JAHMIO

«Kypc coBpeMeHHOro aHaiusa» YuTTekepa u BartcoHa Boizepikai
3a pyGexoM HeCKOJbKO Manauu#., Hauunas ¢ yetseproro uspauus (1927 r.)
3apyOexxHble W3JaHusl CTAMM CTepeOTHNHBIMHM. [lepBoe pycCckoe uaiaHMe
poino 8 1933—1934 rr. fion penakumedt I, M. Toaysuna. Bropoe
pycckoe u3ganue, MpejiaraeMoe ceffyac 4MTaTe[qi0, eue pa3 CBePeHo
¢ aHrJufCKUMH H3J1aHMaMH. B HeMm yCTpaHeHH 3aMeyeHHHIE ONEYATKH,
npou3BelileHa He3HAuYUTe/bHAS MOJCPHU3AUMA TEPMUHOJOrUU M 10GABJIEHH
HeKOTOpble CCHUIKM. B OCTa/bHOM OHO COXDaHHJO CTHJIb AHrIHHCKOH
HIKOJIH KJAACCHYECKOrO KOMIIeKCHOTO aHamau3a (Bpomywu, Bapuc, Battaw,
Xapau u Jlurasys, Tutumapum), ¢ KOTOPOH cOBeTCKUH UMTaTeNb 3HAKOM
Tellepb MO MHOTOYHCJ/EHHBIM NePeBOLAM.

Kuura pazneneHa Ha jnBe yactH. IlepBas M3 HMX COLEPXKHUT H3JI0Ke-
HHe OCHOBHEIX BOIIPOCOB KOMIIJEKCHOTO aHaju3a. Bropas 4acTb nocBslueHa
rIapHBIM 06Pa30M U3YUeHHIO PA3JMUHBIX KJACCOB ClellHalbHBIX (YHKLMIH.
XoTs 3a TpuAnaTh JeT, Npolleflie C BHXOJa NEPBOrO0 PYCCKOTo H3la-
HUsl, MOSIBUAOCH MHOIO KHUT M CIIPABOYHMKOB IO CIElLMAJIbHbBIM (PYHKIMAM
(nanpuMep, cnpaBouHuK Dphe#tn, Marnyca, Obepxerrunrepa u Tpuxomu
«Higher transcendental functions», rtr. I—III), xnura VYurrekepa wu
BatcoHa ocTaeTcs HenpeB3oHAeHHOH MO IIMPOTe OXBATa ¥ YETKOCTH
KOMIIEKCHOH (KCOBPeMeHHON®) TOUKM 3peHMs Ha CrelMa/bHbie (QYHKUUH.

B KHHre OTCYTCTBYIOT, OLHAKO, Takie MeTOAH TeOpUHM (YHKUAH KOM-
"NAEKCHOTO IePeMEHHOr0, Kak, CKaXeM, MeTOJ KOHGHOPMHBIX OTOGpaXeHUH
¥ METOJL NepeBaJa, Wrpaiolile BAXHYIO POJb B COBPEMEHHOH TeOpUU Cle-
yHaTbHHX ¢yukuufi w B ee NpUIOKeHUsAX. B aTOM CMBICIe KHHra He
fBJAsteTCA ucyeprbiBaooltelt., Hexoropble raaBb, Kak, HAanpuMep, TJaBa
0 TPUrOHOMeTDHYECKHX pAlaX MJM [1aBa 00 MHTerpPaJbHBIX YPaBHEHHSX,
ceffuac OnlM Obl HANUCAHEL MO-HHOMY, .

OcHOBHas LeJb KHUMM B 1LIeJOM ~— HAy4uTh uurdTens obpalarbes
CO CreuHajbHBIME (YHKUMSMM Tak ke CBOOOIHO, Kak OH oOpaluaercs
C 9JeMeHTapHHIMH (QYHKLUAMU, K KOTOPBIM OH TOJbKO M NPHYYeH IUKOJOH
¥, yBul, yHusepcurerom. Crennanbible (GYHKIMH B BelIeCTBEHHOM dHAJH38
06/127a10T «XKeCTKOCTbIO». MeTolaMu BeleCTBEHHOrO aHaMH3a MOXHO,
HANPHUMED, PA3JOXKMTbL KOTAaHMeHC B Pan saeMeHTapHuiX apobeit. OnHaxo
pelueHUe KaXLo# Tako#l aajauu TpefyeT CBOEr0 MCKYCCTBEHHOIO NpueMa,
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TOJLKO NPH KOMIJIEKCHOM TOIAXOAE «XKeCTKHe» (QYHKUMM BeluecTBEHHOrO
ana/M3a CTAHOBATCA «MJACTHYECKUMM». MeToL KOMIIEKCHOrO nepeMeHHOro
roaso/faet (ecteCTBEHHBIM CrnocoGom!) mpeobpaszosath PaA B NpOU3Bele-
HHe, TpOHM3BeIEHHe TPEBPATUTL B- Pl 9JeMeHTAPHHIX Apofeft, pax
3/JeMEHTapHbIX Apo6e#i NMpPOCyMMHUDOBATH M BHOBb CBEPHYTb B (DYHKLMIO
M T. 0. DTOH KOMIIEKCHOH <«IJIACTMKE» M YYMT UMTATe/d KHUTd YHUT-
rTekepa u Barcoua. _

OrpoMHyio poJb B KHHIe HrpaiOT IPUMEpPb M 3a1auM (HX OKOJIO
ThiCAYd B 06eux uactax). TpynHble, a uHOrZa M OYeHb TPYAHbIE BHI-
KJIalKH BJEKYT 32 coO0# cBoOOAHOE BJALeHHe aHAJIHTHYECKUM ANNAPATOM. .

KBaHToBas MexaHHKA, TeOpUs DACTIPOCTpPaHeHHsl PALMOBONH M MHOTHe
ApyrHe AMCLMIUIAHBL HYXAAIOTCA B TEOPUM CTELHAIbHBIX GYHKLHH; 3Ty
noTpedHOCTD ¥ NDU3BAHO YAOBJICTBODUTL (Tenepb YXKe TONBKO OTYACTH)
HOBOE H3JaHHe «COBPEMEHHOrO» 4Ha/au3a, CTaBIUero HbIHE YXKe KJjac-
CHYECKHM.

@. Hlupoxos



FTABA1
KOMIIVIEKCHBIE YUCIA

1.1. PanuonajbHeie uHCJIA

Miaes COBOKYNHOCTM uMCe] BO3HHKAET B NEPBYI0 Ouepelb M3 pac-
CMOTPEHHS COBOKYNHOCTH ROALONCUMEAbHUX ) yeavix 4ucen, T. e.
uucea i, 2, 3, 4, ... [TosoxuTe/ bHble LeJble YUCIa 06JaLAIOT MHOrMMH
CBOMCTBAMM, KOTOpLIC M3JAraloTcsl B DYKOBOACTBAX 110 TEOPHUM uucel.
OnHako emwe Ha CaMOH paHHe#t CTanuMM pPA3BUTHA MaTeMaTHKU GBHUIO
M3BEeCTHO, 4TO apudMeTHdeckue AeHCTBUA BHIYMUTAHUA U [eJEHUS BBHINOJ-
HUMBI B OOJIACTH MOJONHTENbHBIX 1eJbiX YHCeJ JHIUb NPU HEKOTOPHX
HeyROOHEIX OrpaHuueHMsAX. BCaelcTBhe 3TOrO B 3JMeMEHTAPHOH apudme-
THKe 00JacTb uHMCea Oblaa paciuipeHa TakuM o06pasoM, 4TOGH apugme-
THYEeCKHe HeHCTBUA BHIYUTAHMA U JeJeHus OblJM BCErla BBINOJHUMbI
B 00JacTH 3THX uHCel.

Yro6B MOMYyYHTb KJAACC YHCeJ, Hal KOTODBIMH MOXeET IPOM3BOAHTLCS
6e3 BCAKUX OrpanuueHu#l AeHCTBHe BHIUMTAHMSA, MBI CTPOUM KJACC 4envx
yyces, KOTOPHH comepXuT B ceBe KIAcC MOJOMHTENBHBIX 2) HeanX uyuces
(+1, 42, 43, ...), kjaacC oTpHUATENbHBIX LeJHX uucea (—1, —2,
—3, ...) un uyucao 0.

Jaa Toro ke, yToOH MOJYYHTb KJAcC YHUCeJa, Hal KOTODHIMHU K Bbl-
uATdHHE W JefeHde ¥) MONKHO INPOU3BOIMTbL 0e3 BCAKOrO OrpaHUYeHus,
MBl CTPOMM KJACC DAYUOHAABHBLX 4ucesn. YucnaMmu, NPHHALIEIKAUIUMH
K TOMy KJjaccy, OynyT, Hampumep, 12, 3, 0, — 15/7.

Mpl, TakuM oOpasoM, BBedn Tpu kKJjacca uyucen: (1) 6essnaunsie yeave
wucaa, (1) yease wucaa, (1) payuonassusie wucsra. B nnan wacroa-
el KHHMM He BXOJAMUT pACCMOTPeHHe TOro, KaK CTPOUTCS KJacC lesbixX
uKCes, a TaKXKe JOTMYeCKoe OGOCHOBAHHE TEOPUH PALUUOHANLHHIX uucen?),

1) Crporo rosops, 6oJee MONXOLAIIMM HazBaHHeM 6bla0 bl He n0A0NHCUMENDL-
Holte, a Oes3naunesle,

2) B yskoM cmbicae.

%) 3a uCK/IOYEeHneM JeleHHs Ha pauuoHajbHoe wHcao 0.

4) Takoe u3noKeHHE, OMPENEIAONIEe PAUOHANLHOE YHCAO KAK YIOPAKIO0YEH~
Hyl0 Tapy neablx YHCeX, MOJIOGHO TOMY Kak KommiekcHoe uncao B § 1.3 onpene-
JAETCA KaK yIOpamoueHHas napa BEMIECTBEHHBIX YMCEN, MOWHO HaNMTH B KHure
F'o6coua (Hobson) «Functions of a real variable», §§ 1—12. Cm. raxxe
. Jlaunay, OcHoBu aHaausa, MJI, 1957,
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ToAbKO 4TO H3MOMEHHOE OCOGLICHHE HIEH HKUCAA NPOHCXOAMAO He 6e3 He-
KOTOPOrO NPOTHUBONEHCTBHA €O CTOPOHHI GOJNEe KOHCEPBATHBHBIX MAaTEMATHKOB.
B nocaenuwon noiosuny XVHI Bexa Masepec (Maseres, 1731—1824) u ®peun
(Frend, 1757—1841) onyGaukoBasu paGoThl 1O aire6pe, TPUrOHOMETPHH M T. 1.,
B KOTODHIX OHH COBEPIIEHHO OTKA3aJAHCb OT MPUMEHEHHA OTPHIATEAbHBIX YHCES,
xors JlexapT CBOGOJNHO MNOMb3OBAJCH OTPULATENbHBIMH YHCJAAMH Gojee ueM 3a
CTO J€T IO HUX.

Paumuonansnoe umeio x Moxer OHTb HArSIOHO NPEICTABJICHO CJe-
OYIOLIMM 06pasoM.

Ecau Ha npamo#t B3ATh HauadbHyw TOuky O H onpenene'HHblﬂ OT-
pesok OP; (mycts P; jexur cnpaBa or (), TO M MOXKeM OTJIOXUTH
PX
OP,
Oeperca cnpasa #ad caesa oT O, cMOTPS MO TOMY, OyieT JH uYHCIO X
NOJOXKUTELHHIM MM OTPHIATEJbHBIM. MBI MOXeM pacCMaTpUBaTh HJIH
mouxy P, unu nepemeuwenue OP, (xoropoe Mbl GyneM oGosHauaTs OP,)
Kak H3o6paxeHue uyucJaa x.

or O nmuuy OP, Tak, 4TO OTHOLIeHKe

Gyaer pasno x. Touka P,

Bce paunonasbHble wncia, TakuM 06pa3oM, MOTYT ObITh NMpPENCTaBJEHE TOY-
KaMH NpAMOH; 06paTHOE ke 3akjiouenue OyleT HEMpaBHAbHBIM. B caMoM nede,
€CAM MB!I OTJAOXHM Ha OpaMoi aaMHy OQ, PaBHYI THArOHAAM KBajpara €O CTO-
poHOit-OP,, TO MOXHO ZOKa3aTb, 4TO TOuka @ He GyIeT COOTBETCTBOBATH HH-
KaKOMY PalHOHAAbHOMY HHC.Y.

ByneM cuMTaTh, 4TO TOUKH, HE NPEACTABAAIONHE PANHOHANBHEIX 4HCEA, Mpej-
CTaBIAT uppayuonaishsie uncna. Tax, Touka Q wusobpaxaer coGow uppauuo-
nanbHoe umcao ¥V 2=1414213 ... Ecau TaxOe pa3bacHEHHE CYIECTBOBAHHA
HPPanMOHAAbHBIX YHCEA YAOBAETBOPANO MarematnkoB XVII croamerns H, Moxer
GuITb, eme fBAAETCH YIOBAETBOPHTEJbHBIM [Js TEX, MHTEPECH KOTOPHIX Ha-
npasjeHbl 60Jiee. K NPHAOXKEHHAM MAaTE€MaTHKH, YeM K BBICHEHHIO JOTHYECKHUX
OCHOB €aMOH TEODHH, TO C JOTHYECKOH TOYKH 3PEHHH 3aMeHa apUPMETHYECKOTrO
J0Ka3aTeNAbCTBA -CYILECTBOBAHNSA HPPALUHOHANBHOTO YHC/IAa MHTYHTHBHBIMH FEOMeE-
TPHYECKHMH NPEACTABICHHAMH sBaAseTcd HenpapuiabHoil, exexunn (Dedekind)
B 1858 r. nokasan, 4TO TEOpHR MPPALHMOHAJAbHBHIX HHCE] MOMET GHITh MOCTPOEHA
Ha yHcTo apudMETHYECKOH OCHOBE, 6e3 HOMOmM I'€OMETPHH.

1.2. Teopus MppannoHaJsHBIX umces [Jlexexkuupal)

" TeoMeTpuueCckoe CBOKCTBO TOUYEK NpPAMOH, NOCJIYKUBIIEE HCXOAHBIM
MYHKTOM IOCTPOeHUS APUPMeTHYECKOH TeOPHMM HPPALMOHAJBHBIX YMCed,
3AKMI0YaEeTCA B TOM, YTO €CJM BCe TOYKHM NPAMOH pasjeleHH Ha IBa
KJaacca TakUM O6pAa3OM, yYTO KaX/[as TOYKA MePBOrO KJacca pacloJioixeHa
npaBee KaXIOH TOYKH BTOPOro KJjaacca, TO Ha NpsMO¥ uMeeTca ogHa M
TOJBKO OJHA TOYKA, KOTOpPAs INpPOM3BOLUT YKa3aHHOe pasfelicHHe TOYeK
Ha TpAMOM.

) Teopus, paspa6oransas B 1858 r., He Gblia, OJlHAKO, ONYOGANKOBaHA panee
nospaenus Tpyaa Henexusna «Stetigkeit und irrationale Zahlen», Braunschweig,
1872. [lpyrue rteopum npuuaijexar Bejiepmtpaccy (cm. von Dantscher,
Die Weierstrass’ sche Theorie der irrationalen Zahlen, Leipzig, 1908) u Kan«
topy (Cantor, Math., Ann., 123—130 (1872)). '
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Crneaya stof umee, JleleKWHA YCTaHOBHA NPABUIA, MO KOTOPHIM
MOXeT OBITb OCYILECTBJIEHO pasiesieHne, WX cederuel), 8cex pauuo-
HaJbHLIX YHMCeJ Ha JBa KJacca TaK, YTOGB 3TH KJACCH (KOTOpHiE Ha-
30BeM: KJaccoM L M KI1acCOM R WM JeBHIM K NPABHIM KJ4CCaMH) 06sanaju
CJeLYIOIUMH CBOHCTBAMM:

(1) cywectByer no Kpadue#t Mepe OJHO HHCJAO KaXAOro KJacca;

(Il) xaxnoe yuCa0 Kaacca L MeHbIle KaxAoro uucaa kJaacca R.

SIcHO, YTO Takoe CeyeHHe NMPOUIBOLUTCA JIOOLIM PALHOHAJLHBIM uH-
cIOM X, W x OymeT HamGo/JbLIMM YMCJAOM Kjaacca L, MM HauMeHbLUMM
yucaoM kKaacca R. HO MOxHO Ipou3BeCTH Ceuelus, B KOTOPHIX HHKAKOe
paLOHa/bHOe. YHCIO X He Oyder obaanath sTuM coHctBoM. Hampuwmep,
TAK KaK HeT TAKOTO PaUMOHAJBHOTO 4YUCJI4, KBALPAT KOTOPOro ObLI 6l
paseH 22), T0 MH MOXeM 06pa3oBaTh CeyeHue, B KOTOPOM kjaacc R colep-
XKUT TNOJOXHATEJbHble pPAalMOHAMbHBIE YHCAA, KBaAPATH KOTOPBIX Ipe-
BOCXOZAT 2, a kjJacc L —Bce OCTajbHBE panuOHAMbHbE 4YHC/Ia.

Toria 3710 Ceuende OGyjJeT TAKOBO, YTO knacc R He Oyier- MMeTb
HauMeHbIUEr0 4uCaa, a knacc L — HauboJblero uyucaa. B camom fgede,
ecid x OyleT KakuM-aub0 IMOJOXUTEJbHBIM PAUMOHAJIbHHIM YHCIOM H

3
:____x?’(x:-{-ﬁ) , TO TOrAa y—x:————Qx 2— % 2 —2)° ,
x2 2 3x2 4.2 (3x% +2)2

1 x2, y> u 2 6ylyT pacro/OXeHH B MOpPAIKe BO3PACTAHUA WM yOhiBa-
HUA; TMOSTOMY, eCau OyneT naHo Kaxoe-HuGyAb uucaO X Kaacca L, To
MH MOXeM Bcerja HaiTh OoJbllee yUCAO TOro Xe kjacca L, H, ecaw
OyieT LAaHO Kakoe-IM60 uMCAO x’ kaacca R, M MOXeM BCeraa Hairu
MeHblllee YUCAO0 KJacca R; TAKMMH YUCJIAMH MOTYT OblTb, Hanpumep,
y u y, rae vy Gylder onpexensatbcs To#t ke camofl ¢yHKuueH ot X',
Kak 4 y OT X. :

Ecau npousBencHO cedeHHe, NMPH KOTOPOM KJacc R MMeeT HaUMEHblIee
uucao A, i kaacc L umeer Hamboabmee ducao A;, TO 3TO CedeHue
ONpefeUT PAYUOHAALHOE BEULECMBEHHOE HUCAO, KOTOPOe IPHHATO
0603HayYaTh TeM Xe CaMHM CHMBOJIOM Ay Hau A 3).

nyY—2=

) JroT Tmpounecc COCTABJAX OCHOBY DPAaCCMOTPEHHS HPPALMOHAJbHBLIX YHCE
rpeyecknx MareMatHkoB B VI n V Bexax p0 uamefl spel. [Iporpecc, 1OCTHIHY-
Toiff JIeTeKHHROM, 3aKJloYajca B TOM, 4YTO OH 3aMETHJ, YTO Ha 3TOM Hponecce
MOxeT GbITh NMOCTPOEHA YHCTO apHpMeTHuecKasd TEOpHs HPPAUMOHAABHEIX HHCEN.

2y Ecau % 6yneT TakHM YHCJOM C HAMMEHBIIMM BO3MOXHHIM 3HaMEHATE/eM,

29 —p ‘
TO JIETKO BHIETb, YTO b —q 6yrer npyruM TakuM uncioM H 0 <p—g <g,

TagK 4TO g— HE 6yﬂeT TAKUM YHCJAOM ¢ HAUMEHbBIUIUM BO3MOXHBIM 3HaMCHaTe-

aeM. 2T0 MPOTHBOPEUHE NPHBONHMT K 3aRJIYEHHIO, YTO TAKOrO PaLMOHAABHOrQ
YyucAa CylUieCTBOBATb HE MOXKET.
%) 310 He BHI3bIBaeT Ha NpaKTHKe HUKAKOH MyTaHHMIBL
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~ Ecar npousseneHo Takoe CeyeHHMe, 4TO KJacC R HE HMEEeT HAUMEHb-
wero, a kJaacc L uHauboablliero yucjaa, TO OHO ONpelenaeT u€ppayuo-
HGABHOE Beuwjecmsenroe wucaol).

Ecan x, y-— BemlecTseHHble uucaa (OnpejenseMble CeYEHHAMH), TO
MH TOBOPHM, YTO X GOnblue, 4eM Y, eCad kaacc L, onpepensiommil ',
COZepXHUT MO KpaiHe# Mepe 1BaZ?) uMcja kjaacca R, ONpene]AmolIEro Y.

[lycts a, B, ... — BeulecTBeHHsle uucaa, A;, B, ... — Kakne- 1160
yucid COOTBETCTBYIOWIMX KaaccoB L, a Ay, B,, ... — Kakue-aub0 4ncaa
COOTBETCTBYIOIMX KjaaccoB R. Kiaaccwl, 3/JeMeHTaMu KOTOPbIX OyayT
COOTBETCTBEHHO A;, A,, ..., 6yieM 0603HauaTh cuMBoaaMu (A;), (4y), ...

Toraa cymmoil (0603HauaeMol a — (3) AByX BelleCTBEHHBIX uucCen o ¥ f§
GyneM Ha3biBaTh TAKOe BelleCTBEHHOE YUCJIO (pallMOHA/IbHOE WU Uppa-
LLHOHAMbHOR), KOTOpOe Onpenefdercs kiaaccoM (A, -+ B;) Kak kaaccom L
u kaaccom (A, By) Kak xaaccom R. '

Koneyno, He06X01UMO [OKA3aTh, UTO STH KJIACCH ONpEeNsIoT CeueHHe pa-
IHOHAALHBIX yuced. Sleno, uro A, - B, < A, + B, u ut0o cyuecTByeT 10 Kpanueh
MEpe OJHO YMCIO Kamuoro u3 knaaccoB (A4, 4 B)), (4, + B,). Ocraerca noxa-
3aTb, YTO CYILECTBYET HEe Gojee 00HO20 panHOHAIbHOrO 4HUCHA, GOJbINEro, YeM
ao6oe us yucen A, 4 B, n meHbImero, ueM jgwo6oe H3 yucen A, -+ By; ana sroro
JOMyCTHM, YUTO MMEITCS JiBa Taxux yucaa X u y (x < y). Ilycrb a, 6yaer 4nciao
u3 (A)) u a, —unciao u3 (4,), u nyctb N Oyiger OamkaHimee LeJIOE WHHCIO,

a,—a
Goabluee, ueM ——= L.
bl (y—x)
m
BospMeM mociaepHee u3 wHCEN 4 +7v~(a2--a1) (m=0, 1, ..., N), npu-

Hagnexamee ¥ (A,), ¥ nepBoe H3 uyHcen, NpHHanIewxamee K (A,); MyCcTb 3THMH
1 1
qucaraMu 6ynyT ¢ H ¢ Torma ¢ — ¢ = —N(az —a)) < 5—()} — Xx).

Buepem d, u d, nomoGubiM ke 0GPa3oM H3 KJAaCCOB, ONpereasomux f;
TOrzA

Gotdy—cec,—d, <y—x.

Ho ¢;+dy > y; ¢+ d; < x, nostomy ¢, +dy—c¢;—d;>y—x; 1axuM
06pa3oM, MB NPHIILIM K NPOTHBOPEUMIO, NPEINojaras, 4TO CYIIECTBYKOT JBa
panuoHaJbHBIX 4MCAa X, y, He MpuHanaexamue 1 k (A, -+ B)), uu x (4, - B,).

Ecan BcAKoe panuoHajbHOE 4HUCAO TPUHALAEKHT HAM K Kaaccy (4, + B)),
win K kaaccy (A, + By), 10 xaacew (4, + B)), (A4; 4 B;) ompereasior
HppanyoHaabHOe YHCaO0. ECaH CymecTByeT OIHO DallHOHAJAbHOE YHCJIO X, HE

1) B, Paccea (B. A. W. Russel) onpenensier kaacc BEMECTBEHHBIX 4YHce]
NPOCTO Kax KAace 8Cex KAaccO8 L, Kaacc BEMeCTBEHHBIX wuced, kKAaccH L
KOTOPHIX HMEIOT HauboJbluee UUCIO,- COOTBETCTBYET KJAacCy palHOHAIbHBIX
yucea, u, Xo0Tga paLlHQHaJleOE BeIIeCTBEHHOE UHCAO X, COOTBeTCTBy]OU.lee pauuo-
HaJAbHOMY uucay x, OyieT Kax HOHATHE OTIHYAaThCa OT Hero, o6oanaueHue o0oux
OIMHM M TeM K€ CHMBOJOM HE BbI3bIBA€T HHKAKOH IyTaHHIH.

?) Ecau STH [Ba KJACCA ‘HMEIOT TOBKO ONHO 4HCI0 OOIIMM, TO OHO MOMKeT
0Ka3aTbCsa HaHOOJBINMM Cpejpyu 4HCEeJ kJaacca L uucia X u HauMEHbIIMM CpejH
yucesn Kaacca R uucnaa y.
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OpHHaJJIeXamee HH K KaKOMy KJaaccy, TO Torpa kaacc' L, o6pasoBaHHBIA H3 X,
(A, + B)), n xnacc R, obpasosauuniii U3 (4, - B,), onpeneisdioT panuoHaIbHOE
BelleCTBEHHOEe wucio Xx. B ofomx caywasx ompenenseMoe HHCIO HA3BIBAETCH
cyMMoH a - 8. :

PasHocTh a — B IBYX BEIECTBEHHbIX WHCEN Onpeneisercs kaaccom (A; — B,)
Kak kaaccoM L u kaaccom (A, — B,) xak knaccom R.

[lpouspenenue JBYX NOJOMHTENbHBIX BeNECTBEHHBIX 4uced a U § ompere.
aserca kaaccoMm (A,B,) xak kmaccoM R u kaaccoM L, cOCTOSIHUM u3 BCEX
OCTAJbHBIX PAlMOHANbHBIX yHCeJ. UHraredb JMerko coo0pa3uT, KaKk ONpEeNeAnuTb
NPOK3BEJEHHE OTPHIATENbHBIX BEHIECTBEHHBIX YHCENA H YaCTHOE JIBYX Bemiect-
BEHHBIX YHCeJ. MOXHO /J0Ka3arth, YTO BEIIECTBEHHBIE YHCJIA MOMHO KOMOHHH
pOBaThb COTJNAaCHO COYETAaTEAbHOMY, PACHPENeNuTeJbHOMY M NePEeMeCTHTENbHOMY
3aKOHaM.

COBOKYNHOCTb BElLICCTBEHHBX PALMOHAJbHHX U BELIECTBEHHBIX Uppa-
IMOHA/IbHBIX YHCe HA3HBAETCA COBOKYNHOCTBIO BelleCTBEHHEIX YHCE; /4
KPAaTKOCTH BelleCTBEHHEIE PALMOHANbHbIE YHC/]A H MPPALMOHAAbHBIE YHC/A
HA3bIBAIOTCA, COOTBETCTBEHHO, pPalMOHAJbHBIMM M HPPalMOHAIbHLHME
YHCJAMU.

1.3. Komnaekcusie uncaa

Mbl BMIeNM, YTO BelleCTBEHHOE WYHCIO MOMKET GHTb NpPeiCTaB/IEHO
HArJSIIHO KaK IMepeMellleHHe BLOJAb OnpejeseHHOH npamoit. Ecam xe
P 1 Q—-1Be Kakue-qu00 TOUKH HA TIOCKOCTH, TO LA ONpefeJeHHs
nepememienus PQ TpefyeTca yiKe 1BA BEIIeCTBEHHBIX 4MC/A, HANPHMep
pa3HOCTH KOOPAMHAT ToYeK P U Q, OTHEeCEHHHX K HEMOLBHIKHBIM NPSIMO-
yroabHeM ocaM. Ecmu koopamnatet P ocyts (¢, %), a E—x, n4y)—
KOOpAuHATH Q; TO mepeMellienne PQ MoxeT ObiTh 0003HAYEHO CHMBO-
aoM [x, y]. Takum o6pasoM, Mbl JOMKHB B STOM C/yuyae paccMaTpH-
BATb YNOPAJOYEHHBlE MAPH BEUIeCTBEHHBIX uMceal).

EcrecTBeHHbIM OnpelelieHHeM CYMMBl JABYX INepeMemieHuit [x, y],
{x/, ¥’ daBasercsl nepeMelleHRe, 3aMeHAIOLEe IMOC/eLOBATRIbHOE NpH-
MEeHeHHMEe STHX ABYX TepeMelleHHH; MOSTOMY NPUHATO ONpPeleNsTb CyMMY
IBYyX Map uuces paBEHCTBOM

[x, Y+« yi=I[x4+x", y+¥]

Hponsaeneﬂﬂe napol 4UCeJ U BelleCTBEHHOrO 4uC/a X’ ecTecTBEHHC
Toria onpenequTh PaBEeHCTBOM _

x" X [x, yvl=[x"x, x'y].
Mbl MOMeM onpefe uTh LeHCTBUE YMHOMXEHHMS 11Ap UycCeJ Pas3AHYHbIM

06pa30M, HO €LUHCTBEHHBIM Ollpelie/eHueM, NPUBOAAUIUM K HETPUBUAJDe
HBIM pesyJbTaTaM, fBJAAeTCA TO, KOTOPOE BLIpAXKAeCTCA PABEHCTBOM

[, Y1 X %, y1=I[xx"—yy', xy + %'y].

1) [opsnok Ymcen OTAMMAET YNOPANOUYEHHYW mapy [x, y] OT yHopanOYeHHOK
nape! [y, x].

2 2. T. Yurrekep, Ox. H. Barcou
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OueBuinHo, 4TO
[x, 0] X [x', y]=1[xx", xy']=x X[x', ¥'].
[0, yIX I, yl=[—yy, £'yl=yX[—y, x'].

FeoMeTpuyeckas HHTEPNpPeTALUs STUX OnpeleaeHUlt 3aKII04aeTCA B TOM,
4TO pe3yJbTaT YMHOXeEHMS Ha nepeMeuienue [x, 0] coBmanaeT ¢ yMHo-
JdeHHeM Ha BelileCTBEHHOe YHCJO X, @ Pe3y/bTaT YMHOXEHMS nepeMelie-
sust Ha [0, y] coBmajaer ¢ YyMHOXEHMEM €ro Ha BelUeCTBEHHOE YHCIO Y
¥ MOBOPOTOM HA mpaAMOH yrod.

[TpunaTo 0603HauaTh NAapy uucea [X, y] COCTaBHLIM CHMBOAOM X — iy
U HaswiBaTb (clenyda [ayccy) xomniexcroim 4ucsom. B OCHOBHBIX Hefi-
CTBUAX apH(PMETHKU KOMIUIEKCHOe 4Yucio X -+ 70 MoxeT GHITH 3aMeHeHO
BEHIECTBeHHBIM YHC/IOM X, H, onpelnensis i Kak KOoMIIekcHOe yuciao 0-—-i1,
Mu 6ynem umers 2 —=[0, 1] X [0, 1] ==[—1, O}; caenosarenbHo, i2 MOXKeT
OHTb 3aMeHEeHO ueped — l.

Yurateab gerko yGeIUTCS B TOM, UTO ONpejesieHUE CJOMEHUS U YMHO-
HeHUA Nap 4UCeJ YCTaHOBJIEHO TakuM OGpasoM, uTo oObiuHble AelcTBUS
anreGpbl MOKHO OCYLIECTBJATb 110 TeM Ke CAaMbIM NPABHJAM, KaK U C Be-
LIECTBEHHBIMH WYHCJaMM, paccMaTpuBasi CHMBOJ [ KaK 4YHC/JAO U 3aMeHss
npoussejenye if, rie OHO BCTpeTuTCs, Yeped — 1.

Hanpumep, nerko y6eaurscsi, uTO eCau @, b, ¢ — KOMIJIEKCHBlE YHCAA,

T0
a-t+b=b+4a,

ab = ba,

(a+b+c=a-t+®+0),

ab.-c=a-bc,
a4+ c)y=ab-} ac.

Ecnu ab paBHo Hy/m0, TO AW @&, A b PABHO HYJIO.

OxasuiBaercd, uto anarebpamueckde neHCTBUS MnpsaMble M obpaTHble,
NpUMEHEHHbIE K KOMIIEKCHBIM YHC/IaM, He NMPUBOLAT K KaKUM-JIMOO HOBBIM
KJACCaM YHCeJ, -OSTOMY KOMILIEKCHOE YHC/I0 MOXHO PacCMaTpHBaTh LA
Hamux uenefl xak Haubosee oOuiMit THN wuCJA.

BBegeHue KOMIIEKCHHX 4YHCEA NPHBEJO K BAaMHBIM OTKDHITHAM B MaTeMa-
tuxe. Hanpumep, HexoTophie dyHKUHH, PAacCMAaTPUBAaEMBblE TOJbKO KaK (QYHKIUH
BELIECTBEHHBIX apTyMEHTOB, KaMYyTCA CYMIECTBEHHO PA3AHYHLIME, MCXIY TEM Kak
OHH OKAa3HBAITCA POACTBEHHBIMH, €CJM DPACCMATpUBaTh HX KaK (QyHKIHMH KOM-
naexcHblx aprymenrtos. Tak, 6bn0 HafifeHo, 4TO TPHroHOMeTpHYeckue (OyHKuHH
MOTYT GBITH BhIpaXKeHbl uepe3 NMOKAa3aTeabHble (BYHKUHH KOMIIEKCHOTO apTyMeHTa

TPH OMOIIM PABEHCTB COS X = (e +e~%), sinx= o (e* — e~ %),

Kpome Ttoro, Muorue BawHelimue TeopeMbl COBPEMEHHOrO aHaJH3a OKaXyTcs
HEBEPHBIMH, €CJIM OrPAHHYATLCS 064acThiO BewiecTBEeHHbX yHcea. Tak, Teopema
O TOM, 4TO BCAKOe aare6pamyeckoe YpaBHEHHe CTENEHH 71 UMEET 7 KODHed,
Gyxer cnpasenauBa B ofLIEM C/yuae TOAbKO B 06JaCTH KOMIIEKCHBIX YHCEl.
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Ksarepunonst I'amMmibTOHa AT npuMep AajibHERWIEro paCIIMpeHHs HIEH
yucaa. Ksarepuuon @ +4- xi 4 yj 4 2k cocrapiasercs H3 YETHIPEX BellleCTBEHHBIX
ugcen @, X, y, 2 K YeThlpeX HHCJOBBIX efuHun 1, i, j, 2 Taxum xe o6paiom,
Kax u odwmoe KOMIIEKCHO® YHCJAO X -} yi COCTABAAETCA U3 JBYX BelleCTBeH-
HBIX YHCeA X, ¥y M ABYX YMCIOBHIX eAuHun 1, /. KBarepHuOHB He MOIYMHAKLTCS,
OIHAKO, HEPEMECTHTEIbHOMY 3aKOHY yMHOMKEHHS.

1.4. Moaylb KOMILIEKCHOI'O uucJa

IMycTs x -1y — KOMIIEKCHOE YHCJI0, X M Y — BelleCTBeHHBIE UMCJa.
Torza moJoxuTeNbHBIR KBaApATHHE KOpeHb M3 x2 - y? HasbIBAETCS MO~
Oyaenm x iy u ofosnavaerca |x—iy|.

PaccMOTPUM KOMILIEKCHO® YHC/IO, TMPEACTAB/SIONIEE CYMMY ABYX KOM-
~TeKCHBIX 4Mced x-—Iy U u - iv. Mbl umeeMm

(x4 )+ (@ - iv) =(x +u)+ i (y+ o).
Moaynb cymMMBl 3THX OBYX uydces OylZeT NOITOMY
1
{((x+ w4+ (y+vp) 2,
UM

1
7

H {2+ y%) + (@2 + D)+ 2 (xu—+ yo)} 2.
]

2
{1+ i9] -+ [u-to])2 = {24 427 +<u2+v2>2} _
— () (i 9 2 58T (o)
— (524 ¥+ (82 99+ 2 ((xu b yol - (xv — yup)

IMocnennee Bhipaxenune OymeT GoJblue (MM, CaMOe MeHbliee, PaBHO)

%2+ )+ @+ v+ 2 (xu+ yo).

ITosToMy MEl UMeeM ,

|6 i) + [+ #0] > |(6 = 1)+ (- i),
T. €. MO0YAb CYMMBL O08YX KOMNACKCHOLX HUCEA He Moxcem Ouims
Goxrvuie cymmol ux mo0yel; N0 UHAYKUUN NOJYUUM, YTO MOLYJb CYMMHI
J1I060T0" YHCJIa KOMIUIGKCHHIX 4YHMCeN He MOXeT OBiTb GOJbINE CYMMH HX
MopnyJieft.
Jdanee, paccMOTpUM KOMILIEKCHOE 4HCJO, IpeicTaBifwilee CoOoH
npousBeleHHe IBYX NAHHBIX KOMIIEKCHBIX udced X — Iy U 4} iv; uMeeM

(x +iy) (u—+ iv) = (xu — yv) 4 i (xv+- yu),

1
2

H MO3TOMY
[(x + iy) (4 4 10)| = {(xu — Yo+ (xv 4 yu)?)
1

=P+ P @+ =[x+ iy| - [udt-to],

1
3

PA
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T. €. M00YAb ApPOU3BeOCHUR O08YX KOMAAEKCHbX yucen (U, CleloBa-
TeJAbHO, 110 MHAYKUWU, JI0OOT0 YHC/Ia KOMILIEKCHBIX '4HCed) paser npous-
8edenuio ux mooyaeil. '

1.5. Juarpamma Aprana

Mul BHIAENH, YTO KOMIUIEKCHOE YHC/I0 MOXHO NpPeICTaBHTh FeOMEeTpH-
YecKd Ha IJOCKOCTH, MOJb3YscCh MPAMOYroJbHeiMi ocsiMd Ox u Oy.

Toraa Touky P, KOOpPAMHATH KOTOPOH OTHOCHTENBHO ITHX OCeH
OyLyT X, ¥, MOXHO pAacCMaTpuUBaTh KaK M300paXKeHHe KOMILIEKCHOTO
uucna x -+ iy. Takum o0pa3oM, KamaAOH TOYKE IIOCKOCTH COOTBETCTBYET
HEKOTOPOE KOMILIEKCHOE 4YKCIO , Hao0opoT, JM1060My KOMIJIEKCHOMY
YUCTY COOTBETCTBYET OIHd H TOJLKO OAHA TOYKa Ha Naockoctd. Kom-
MJieKCHOE YuCca0 X —FIy MoxeT ObiTh 0003HaueHo onHOH Oykso# z1).
Torma touky P OyleM HasblBaTh u300padsceruenm uMciai 2. Mnl OyiaeM
TaKie TOBOPUTb, YTO YHCJO 2z eCTh agphuxc Touku P.

1 .

Ecau Mpr oGosnaukM (x2— y2)2 4 pes r u Bo3bMeM 0 Takoe, 4TO
rcosf=x, rsin0 =y, 1o, oueBuano, r Gyner NAMHOK paamyca-BeKTOpa
Toukn P oTHOocutenbHO Hayaia O, a O-—ero yraom ¢ ocsio Ox.

Taxkoe MpeicTaB/ieHHe KOMIJIEKCHOTO YHCJIA Ha3blBAeTCSl 4acTo Oua-
epamnoti Aprana?). Ilo 1aHHOMY BbIllle ONpEJEEHHIO OYEBHUIHO, YTO F
€CTb MOAYJb, YHCad 2, YFoJ ke 0 HASHIBAETCH apzyMeHm oM, AMNAL-
myodol win ¢gasol.

My numem

0 —=arg 2.

K] reoMeTpHUECKUX cooépaxceum”[ SICHO, YTO apryMeHT KOMINIEKCHOrO 4ucaa
He OAHO3HaueH (B TO BpeMA Kak MOAy’b OJHO3HaueH)3); ecau O ecTs omHO
3HageHWe apryMeHTa, TO JPyrHe 3HAUEHHS apryMeHTa JAlTCS BHPAXKEHHEM
2nn 4+ 9, rae n— mo6oe 1eNOe uUCIO, He PABHOE HyJio. 3HaueHHE arg 2, KOTO-

poe yIOBAETBOPSET HEPABEHCTBY — T < arg z < 7, HA3BIBACTCA 2ZAAEHOLM €ro
SHaueHHEM. ;

Ecan P; u Py — TOUKH, COOTBETCTBYIOLIME YMCIAM 2 H 2,5, TO TOUKA,
NPeACTaBIAOWAS 3HAYEHHE 2|+ 25, OyleT KoHeyHOM TOYKOH OTpeska,
[pOBeJeHHOr0 U3 P, KOTOphfi paBeH U MapajjeleH OTPE3KY, COeAMHSAIO-
WeMy Hayajao KoopauHaT ¢ P,. UYroGul HaWTU TOYKY, NPeACTaBJAIOLLYIO

1y [TpuHATO HA3BIBATH X M Yy COOTBETCTBEHHO 6EU4ECMEEHHOL W MHUMOL
yacmsro z. Mpl 6yxeM gacro nucath x =Rez, y=Imz.

2) JLR. Argand, Essai sur une maniére de représenter les quantités
imaginaires dans les constructions géométriques, 1806 r.; oaHako €10 MOAL3O-
Banesi yxe Faycc B ero xeapmmrtenckoit auccepranuu 1799 r. (Werke, 111, 20—23),
KoTopHlii mpuimen x Heid B okrtabpe 1797 r. (Math. Ann. LXIIIL, 18); Beccean
(Caspar Wessel) paccmorpen ee B MeMmyape, mpexctaBiensoM JlaTckod akanemuu
B 1797 r. u ony6auxkoBarHoM 1aM B 1798-—1799 rr. TepMuH <KOMIAEKCHOE YHCAO»
prepeule BeTpeuaeTcs B 1831 r. (Gauss, Werke, II, 102).

3) CM. nmpuaoxenue, § A.521,
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KOMIIEKCHOE YHCJIO 2,29, THE 2;, Z, — JBA JaHHHIX KOMILIEKCHBLIX 4YHMCHa,
3aMETHM, YTO eCJH

2y =ry(cos b, isinBy), 2zy==ry(cos Oy~ isinby),
TO MepeMHOXeHHE RaeT’

212y == Iy [c0s (0, 4 05) i sin (8, 4 0,)].

Touka, NPeACTABARIOLAA UHCAO 2,25, UMECT IOITOMY MOAY./b, pPaBHbil
npousselieHulo Moayae#t Touex P, M Py, M apryMeHT, paBHEIH CymMe
aprymeHToB Todex P, u P,
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gleye

MipumMmepwn

1. Mokas3aTs, YTO TOHKHM, NPEACTABJIAOIME KOMIAEKCHBIE umcaa 1+ 44,
24 7i, 34 10i, nexar Ha OgHOH NPIMOH. :
. 2. MokazaTh, 4TO MOXHO MPOBECTH MapaGony uwepes TOYKH, IPEACTaBIdONE
KOMIUJIGKCHBlE YHCIA

944, 44-4i, 649, 84 16i, 104 25i

3. MpexncraBuTh 7 KOpHEH 3 eIMHMUB HA IuarpaMMe ApraHa M IOKasarb,
4TO YMCAO NepBOOGpPAsHHX KopHeH (T. e. KOpHeH, CTeMeHM KAXKIAOro u3 KOTO-
PHIX NAKT BCe KOPHH) PAaBHO UHCJIY UEJbIX yucel (BKIIOYAsd eIHHMIY), MEHbIIMX 71
H B3aUMHO NpOCTHIX € 7. :

Hoxasats, uto ecau 0y, 0,, 8;, ... — aprymentsl nepsoo6pa3ubix xopue#, T0O

- n
Y cos pb =0, korjia p — NONOKHUTEABHOE LEJOe YHCAO, MEHbIIee, YeM — %
npuueM a, b, ¢, ..., k—BCe PaGJUUHbIC MPOCTHIE MHOMHTENX YMCAA 71; a TaKXKe,
" 10 > cos pb = (=0’ e ¢ — 9MCAO MPOCTHIX
abe ...k’ abe ...k’

MHOXHUTEJEH uucaa n.

Y10 ecau p =

(Math. Trip., 1895)



TJTABA 2
TEOPHS CXOJIUMOCTH

2.1. Onpeaenenune!) mpejena nocaegoBaTENAbHOCTH

Mycts 2y, 29, 23, ...— Oecxoneynas MOCJeLOBaTeJbHOCTL YHCEJ,
BElIleCTBEHHEIX MM KOMIJIEKCHBIX. Torna, ecCiu CyIlecTByeT Takoe YucJo I,
UTO COOTBETCTBEHHO BCAKOMY MOJOMHUTEJNBHOMY 2) uMCAY €, KaK YropHo
MaloMy, MOMeT OHITb HAHZENO TaKOoe YHC/IO My, UTO '

2, — 1] <e
ANs Beex 3HaueHu# n, GOJbIIMX 7y, TO TFOBOPST, YTO NOCALQ08aAMENH-

nocms (2,) cmpemumcs K npedeny l npu cmpemienuu n K 6ecko-
HewHoCcmu.

CHMBOJIMYeCKH YTBePAIEHHE KTIPEJes MOC/e10BATeNLHOCTH (2,) NpH 1,
CTpeMsileMcsl K OECKOHEYHOCTH, PpaBeH [» 3ANUCHIBARTCA CJAELYIOLIUM
oGpasom 3): ’

lim z,=1; limz,=1l;, 2z,—>1I, «Koeda n— oo,
n-y oo
Ecay nocnenoBaTebHOCT TaKOBAa, YTO MNPH 3alaHHOM INPOH3BOJILHOM
yucie N (kak yrogHo G6OJbIIOM) MOXHO HaHTH Takoe 4HCIO My, YTO
|2,| > N ans Bcex 3uaueHult n > fy, TO TOBOPAT, uTO «|Z,| cTpemurcs
K GeCKOHEYHOCTH NPA CTPEMJIEHHHM 1 K OECKOHEYHOCTH», ¥ SaNuCHIBAIOT
7 |2,] — co.
COOTBETCTBEHHO B cJayuae, KOria — x, > N 1npu # > ny TOBOPAT, 4TO
X,—>—0C,

Ecnv mocnefoBaTe/IbHOCTh BEILECTBEHHBLIX YMCEJN He CTPEMHUTCS HH
K KOHEYHOMY Tfpefeiy, HU K 0O U HM K — CO, TO OHA Ha3bIBAaeTcd
Kosrebaowelics.

1) Onpenenenne, paBHOUEHHOE IaHHOMY, BHepBue aauo Bannucom B 1655 r.
(J. Wallis, Opera, 1, 382, 1695).

2) Uycao HyJ b MCKAOHAETCH M3 KJacca MNOJOXKUTENbHHX YHCEl.

%) O6osnauenne cTpenxoii npunamiexur Jusemy (Leathem, Camb. Math,
Tracts., Ne 1).
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-2,11. OnpejeneHue TepPMHHA «NOPAAOK BEJIMUHHBLI»

Ecan nse nocienosateapnoctd (S,) u (2,) TaKOBH, YT0O CYLIECTBYeT
Takoe 4YHCNO n,, uto |G,/z,| <K npu n>n, npuieM K He 3aBucaT
OT N, TO TOBOPAT, YTO BeMuuMHA {, uMeer MOPSIOK BeIHUHHH Z,, W 3a-
NIHCHIBAIOT 1)

L=0(,)
TaK, HanpuMep, s 1o .
12
T =0(7):

Ecau lim (—C"—
. 2

) =0, To 3anuchBaior {,=0(2,).
n

2.2. Ipexen Bo3pacraiomeil NOCACAOBATENbHOCTH

Ilyctb (x,) — Takag nmOC/KeOBATEJNbHOCTL BELICCTBEHHBIX YHCeJ, 4TO

w1 2> X, And BCcex sHaveHu#t n. Torna sma nocaedosamensrocms
CMpeMumcs K HeKomopomy npedery usu K 6ecxoneunocmu (4, TAKUM
06pasoM, OHa He sBaseTcst KoJebuiowelica MOC/Ie10BATENLHOCTBIO).

IMycts x — kakoe-au6Go panyvonasbnoe uucao; toraa uwan (I) x,>'x
Aas BCeX 8HauyeHuH £, OOJbUIMX HEKOTOPOTO 4YHCIA My, 3aBUCALIETO
oT BequuuHb X, uau (II) x, < x naa Bcex 3HaueHuldt n.

Ecm ycnoBue (II) He BHINOJAHSIETCS MU 048 KaKO20 3HAYEHUS X
(xak yroiaHo GOJBIIOrO), TO X, —> OC.

Ho ecau cywectByer TaKoe 3HaUeHHE X, LIS KOTOPOro ycnoane {In
HMeeT MECTO, TO MBI MOXeM pasneJuTb pAUUMOHAJIbHBIE 4YUCJAA HA JBa
knacca: kaacc L, comepxawu#i Te panUoHaJbHBE YUCJA X, A8 KOTOPBIX
umeeT Mecto (I), u Kaacc R TeX panMOHAJbHHIX 4HCesq %, AJf KOTOPHIX
umeeT Mecto (II). D710 ceueHHe onpepnensseT BeHIECTBEHHOE YHUCIO &,
panoOHa/IbHOE WM UPPANUOHANLHOE,

Ecan e ectb TNpOU3BO/IbHOE NOJOKHTENLHOE HYHCHO, TO HUCIO

1 .
0 — & € NPHHALJICHKHUT K KJjaccy L, ONpeAe/iiouIeMy «, H Mbl MOXEM,

2
) : 1 .
TakuM o0pasoM, Halith Takoe ny uTO X, > @— €& TNpH n>ng;
. 1 .
HANpPQTHUB, YUCIO a+—2—e OyneT 4MCaIOM Kiacca R wu, c/IeLOBATEJbHO,
1
Xn <a _+’ 9 €

HosTomy mnpu n > n,
: a—x,] <e
4, TakuM 0o6pasoM,

X, —>0.

) 310 o6o3Hauenue mpunamiexur Baxmauy (Bachmann, Zahlentheorie,
401, 1894) u Jlanmay (L and au, Primzahlen, 1, 61, 1909).
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CaencTBue. Y6pBaomasa NocaeioBaTelbHOCTh CTPEMUTCE K HEKOTOPOMY
npejeny MIM K —co,

. . ! 7 . 14 ’
Mpumep 1. Ecn limz,, =1, limz, =1, 10 lxm(zm—i—zm)=1+l . 160
I JAaHHOTO &€ MBI MOXEM INOABICKATH Takve 7 U n’, 410

) 1zm—1) <—;~s, Korna m > n,

am |z,—1| < %s, Koria m > n'.
Hy'crb n, 6yner Goxbwie 7 ¥ a’; TOrAa Mpu m > ny
I(zm—f—z;n)—(l—}—l’) <!zm—l|+\‘z,’n—l'|<t,

a 3TO U O3Havaer, 4TO

. 7 t
lim (2, +2,,) =1-+1".
0 . ’ ’
I p,u Me ;,> 2. ﬂc,masarb aHanm:mxHo, ,‘{TO lim zm——zm)=l——l ,
lim (zmzm):ll u ecan I =£0, lim (z;n/zm): yr.
Mpumep 3. Faru 0<x <1, 10 x%->0, ubo eciu x=(1+a)"! u
@ >0, o nn dopMmyne 6HHOMA AJA NOJOXKHTEJbHOTO LEJOTO IOKA3ATEAd HMEeeM
1. < 1
(14 a)” 1-tnae”
C jpyrofl CTODOHH, OUYEBHAHO, YTO AJA IaHHOrO IOJONKHTEABHOTO UKcIa &

Mbl MOXKEM B3fiThb Takoe 7, uto (I —I—na)_1 <& NpH n > ny; Takum 06pasoM,
x%—0.

0<x”

2.21. MpeneasHuie TOukM M TteopeMa bBoasnano — Befiepmrpaccal)

[Tycte (x,) — NOC/e OBaTEALHOCTh BeleCTREHHHIX ducea. Ecau cyuie-
cTByeT Takoe uYucao (i, 4TO AMA KAKAOrO TOJONHTEILHOTO 3HAYEHHA €,
KaK YTOJHO Majoro, MOxeT ObiThb Ha{leHO HEOr paHUYEHHOE YMCJO TAKUX
YIEHOB NOC/IEN10BATENbHOCTH, 4TO

G—e<x, <045,

10 ( HaswIBaeTCs NpedesbHOl mMOuKOL WIM MOUKOI CZYUjeHUs mociae-
JIOBaTeJIbHOCTH.

TeopeMa Boabuano coctour B TOM, 4TO ecau h< X, < g, 20e i, p
He JaBucAm om n, mo nocaedosamesbHocms (X,) UMeem o Kpaiinel
Mepe OOHY RPedesbHYI0 MOULKY.

Jlist 0Kas3aTeNbCTBA TeOpeMbl BO3bMeM cedenne, npu koropom (I)
KMacc R COCTOMT u3 TAKMX pALUMOHAJbHBIX 4YHCEJ, 4TO ecan A ectb
ONHO W3 HHUX, TO UMEETCHs TOJbLKO OrpaHuueHHOE YHUC/IO YJIEHOB X,, YIO-
BJAeTBOpsIOWUX YycioBuio x, > A; (II) wknacc L tako#t, 4t0 B HeM

) 9r1a rteopema, uacro mnpumnuchlBaeMas BeliepmTpaccy, Obina Iokasaua
Boasnano (Bolzano, Abh. der k. bohmischen Ges. der Wiss. v. (1817)) (nepe-
nesataio B «Klassiker der Exakten Wiss.», Ne 153). Ilo-BuauMoMy, oHa Gblaa
usBecTHa u Komm. )
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uMeeTcs HeOTpaHWYEHHOE YMCJO WIGHOB X, TAKHX, 4TO X, > & I/ Bcex
yuces a KJjacca L.
J10 ceueHHe ompejenseT BewlecTBennoe uucao G, W eciu &€ — npo-

1 1
W3BOJILHOE MOJOXKUTEJNbHOE YHCJAO, TO 0—75 " G—{——7€ €o0T-

BeTCTBEHHO OyAyT uHMcJIaMH kaaccoB L u R; CJe/10BaTelbHO, UMeeTcH
HEOTPaHUYEHHOE YHC/IO 4/eHOB MOC/e0BATENbHOCTH, YAOBJIETBOPAIOIUK
YCIIOBHIO

G—e<G—ge<x,<045e<Grs,
a torza G W OyjeT npeliefbHOH TOYKOH.

2.211. OnpeneneHue «HauGOJHIWET0 H3 HpPEAENOB>

Uucno G, noayuennoe B § 2.21, nasbipaerca «HauGOJbIIMM H3 Mpe-
HeJOB NOCJHENOBATENLHOCTH (X ,)». TlocnenoBaTeNbHOCTL (X,) HE MOKeET
¥MeTb npejenabHolt Touku, Coapwel G, ubo, ecam G’ OGyner Ttakoh

TOUKOH M e_—.-;—(G’-—G), 10 (/ —e Oyger uucsioM knacca R, onpe-

aeasiomero G, Tak 410 OyHeT TOJMbKO OrpadHM4EHHOE YUCAO Y/CHOB
NoC1e10BaTeNbHOCTH, YIOBJETBOPAKIIMX yCioBulo x, > G’ — e, 3Ir0
yCJIOBHE MPOTHBOPEUMT NPHHATOMY Mpeanogoxexuio, 4ro G’ — mpe-
JeabHag Touka. Mbl 0003HayaeM

= lim x,

n > oo
«Haumenbiinii w3 mpenegsoB» L nocieroBatebHOCTH  (0603HauaeMHIH
lim x,) onpenenserca Kax
n-—> oo
— lim (" xn)-
n-—>»

2.22. Teopema Komn'!) o Heo6XoaMMOM H AOCTATOYHOM YCJOBHHU
CyumecTBOBaHUS mpejxeaa

[ToxaxeM Tenepb, 4TO HeOOXOAMMOE H LOCTATOYHOE YCIOBUE Cylie-
CTBOBAHHS INIPeAeNa INOCAeNOBATENLHOCTH UHCEN 2y, 29, Z5, ... COCTOMT
B TOM, YTOOBI COOMBEMCMBERHO BCAKOMY OAHHOMY NOLOHCUMEALHOMY
qYucay €, KAK YZOOHO MQAOMY, MOMHO Ovin0 Halmu maroe
4ucA0 N, 4mo -

(2,0, — 2, <e

1) Cauchy, Analyse algébrique, crp. 125, 1821,
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0l 8CeX NOAOHUMEAbHBLX yeasxX 3nauenuli p. DTOT pe3ynbTaT
sBJIseTCA ONHOH U3 BaxKHeMIIMX MW OCHOBHBHIX TeopeM aHaiausa. lIHorza ero
Ha3LIBAIOT APUHLUNOM CXO0UMOCHU.

Mpl 10/KHBI NMOKasaTh, BO-NEPBHIX, 4YTO 3TO YCJOBHE HE00X00UMO,
T. €. YTO OHO YVIOBJETBOpseTCA, KOrAa mnpelen cyuiecrByeT. Hrak,
NpeinoNOKUM, YTO cyuwecTByeT npenea [; torma (§ 2.1) ans moBoro
MOJIOKHTENbHOTO KAK YrOoAHO MAJIOTO 4YHMCAa € MOXHO HalTH Takoe
HeJsoe 4HCJAO M, YTO

2y —1] <5 |2ap,—I <o

ILJIfl BCEX IOJOMKUTEAbHBIX 3HAYEHHH p; NO3TOMY
Zyp 20 = |@nypy— D — (@, — D] <2p3, — 1+ |2, — 1] <,
YTO MOKA3HIBAET HE0OX00UMOCMD YCIOBUS
lzn+p'_—zn’ <e,

H TakuM OOpasoM, nepsas MOJOBMHA TCOPEMBI JOKa3aHa.

Ilasee Mbl IOJDKHB [1OKa3aTb !), 4TO' 3TO VCJOBHE OOCMAMOYHO,
T. €. 4YTO eCJM OHO YIOBJETBOPSAETCH, TO MpeleJ CyecTBYeT.

(I) TpeanooxuM, 4T0 NOC/ICNOBATENbHOCTb 82U eEMBEHHbLX YuCen (X ,)
yILOBJIETBOPSET ycJoBHI0 Kowu, uHave ropops, u4To A4as MoGOro noJo-
KUTEJLHOTO YMCJIA € MOXHO HaliTH TaKOoe We/oe YHUCIO A, UTO

’xn+pA— xn' e

IJs1 BCeX MOJIOXMTENbHBX LEeJbX 3HaueHul p.

[lyctb 3HAaueHue 1, CcOOTBeTCTByOwWwee e==1, Oyler m. Ilycrs,
nanee, )y, p; OyiyT HauMmeHblluM U HAubOJbIIUM U3 3HauYeHUH X,
Xoy «vus Xps TOTAA

N—1<x, <p+1

ISt BCeX 3HadYeHWH n; obosHauuM A — 1 =4, p; 4 1=p.

Torna ans Bcex sHaueHu# n umeeM A < x, <p. [losromy no meo-
peme § 2.21 nocaedosamensnocms (x,) umeem no rpailined Mepe
00HY npedeavryin mouky G,

IlokaxeM, 49TO He MOxeT ObTb Oojee OIHOW NpelebHOH TOUKH;
LeHCTBUTENbHO, ecau ux HMeerca ase, G u H (H < G), 10 BO3bMeM

1
e << T(G —— H); Torna no yciaoBuio GyneT CyllecTBOBAaTh TaKOe YHKCIO 11,

uTo |xn+p—~xn| <& AJs BCEX MOJOXHTEJpHHX 3HaueHu# p. Ho Tak
Kak, ¢ japyroft cropoHsl, G u H dBASIOTCA MNpefe/bHbIME TOYKAMH, TO
CYIIECTBYIOT TakHe NOJOXKUTeJbHBIE YHCJIA ¢ W r, 4YTO

]G_er»ql <, |H¥xn+r' <e.

1y Ato nokasarteabcTBo aano llrtoabumem u Imatinepom (Stolz, Gmei-
ner, Theoretische Arithmetik, II, crp. 144, 1902).
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Orciona uMeeM
IG_xn+q! + 'xn+q-xn’ + ]xn"_xnwkr’ + ]xn+r'"_H{ < 4e.

Ho no § 1.4 cymma B sieBoit uacTd GoJblue uiu paBHa |G-— H|.
MosToMy G — H < 4e, .4TO NpPOTUBOPEUNT NPEANOJOKEHUIO; CAeLOBa-
TeJIbHO, CYLIECTBYeT TOJbKO OJHA TnpefesbHas Touyka. OTciona e
BHITEKAeT, YTO CYLIECTBYET TOJbKO KOHEYHOE YMCJO YJIeHOB MOCJeLO0Ba-
Te/bHOCTH BHe HHTepBajta (G —38, G —-9), rae 3 — npousBO/LHOE NOJO-
KUTEJIbHOE YHC0. MO0 ecau OBl CyLeCTBOBaJO HeOTPaHUYEHHOE UYWCIO
TAKMX Y/JACHOB, TO OHU uMenu Gbl NpeleJbHYI0 TOYKY, KOTOpas Gbina Gul
npenebHON TOYKOW JaHHOM MOC/JAeL0BATENLHOCTH M KOTOpas He COBMA-
nana 6et ¢ G; urak, G ecms npedes (x,).

(II) Temepy mnycTh nOC/ELOBATENLHOCT (2,) BEIIECTBEHHHIX WJH
KOMILIEKCHBIX YMCes YAOBIETBOPseT yCaoBuio Komy; nycrs 2, = X, iy,
rie x, W y, BelleCTBEHHb; TOTJa /i BCeX 3HAYeHulh n u p °

’xﬂ-l-p_xﬂ' i\ilzm-p_znl’ lyn+p_ynl <!zn+p*zn"

Tlosmony nocasedosamenvrocmu seujecmsennslx uucen (x,) & (y,)
yoosaemsopsrom ycaosuto Kouw w, creporateasto, no (I) cymwecrsyior
npenens (x,) u (y,). Toraa, coriacHo npumepy | § 2.2, cyuiectByer u
npenen (2,), v TeopeMa, TakuM o0pasoM, J0OKasaHa.

2.3. CxonuMoCTs G@CKOHEYHHX pAJOB

[yctb wy, uy, 43, ..., &, ... — NOCHEIOBATEJNLHOCTb YHCeJ, Belle-
CTBEHHBIX WM KOMMJeKcHHX. O603HauuM uepes S, cyMMy

bttt . Aty
Toraa, eciu S, crpemurcs x npepeay S NpH CTpeMJEHHH 7 K Gecko=
HEYHOCTH, TO TOBOPAT, u4TO OECKOHEUHBIfl psl

g A,
ABASIETC  CX00AMuMCA WIM 4TO DTOT pan cxodumca k cymme S.
B nporusHoM ke cayuae rosopst, uTO GeckOHeuHmi pan Oyrer pac-
xooauwumca. Ecau pan cxomurcs, TO BhpaweHue S-—S,, npeicra-
BJSIOIEE CYMMY psiia

un+l+ un+2+ un+3+ LR |

HasblBaeTcs nN-M OCMAMKOM PSAia W 0003HaYaeTCs YacTO .CHMBOJIOM Rn'

Cymmy
' un+1+ un+2+ te + un+p
OyneM 0003HauaTh CUMBOJIOM Sp.pe

Wz s10ro ompenenenus u pesyibTATOB NEeALAYLEro naparpadyi,
HenOCPEACTBEHHO I0JYYaeM, YTO HeoOXOLMMOe M J0CTATOYNOE VC/IOBMe
CXOAUMOCTH OeCKOHEYHOTO psiia 3aK/YAeTCA B [OM, YTOGH a4 J060r0
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L4HHOTO TOJOXHUTENLHOTO HHCAA & MOXHO OLLIO Hail?d TaKoe 7, uTO
|8, p] <& ANA BCEX NMOJOKHTENbHLIX 3HaueHuf p.

Tax Kak #,,,==3S, ;, TO OTCIOJa, KaK YacCTHH ciryuaf, ciexyer,
yto limu,,, =0, IpyruMu cnopamu, #-# 4Y/ieH CXOJALIETOCHA psjla CTpe-
MHTCA K HyMO TNpPH CTpeMJcHHd 7 K OGeCKOHeYHOCTH. 3TO MHOC/ejHee
yCJOBHE XOTH M HeOGXOZHMMO, HO HEJOCTAaTOYHO A/ CXOLMMOCTH psiia,
KaK 3TO BHJIHO M3 PaccMOTpeHHst psAa

1,1 ,1,1 1
Tz stz
B 371O0M psle |
1 1 1
S"’":n+1+n+2+n+3+ e Ty

BhlpaxeHHe B TpPABO# YACTH YMEHBIUMTCA NpH 3aMeHe KamIoro
4neHa Ha (2n) ', M TakaM 06pPasoM,

1
Sn, n> 9"
Tlostomy
SQrH-x =1 +Sl,1+S?,2+S4,4+SS,8+SIG, 16+ .
o+ S > 2 (B> 00

U pAL, CJIeNOBATeJbHO, PACXOAUTCH; STOT pedynbrTaT Obll 3aMedeH JlefiG-
HuneM B 1673 1.

CyuwectByeT JABa o0wux Kiacca npo6JeM, nOGYKIAOUWIMX HAC
K HCCAENOBAHUIO CXOMMMOCTH DALOB:

(I) Mer mMom.M mnoayuutb psjn KakuMu-uuGynb (OpMajbHbIMH Jeli-
CTBUAMH, HAlNpUMep, NMpPU pelileHHH auHeHHOTo nuddepeHUHaILHOTO YpaB-
HeHHsl C IIOMOWI0 pAAOB, 4 TOTAA JJIS ONPaBiaHHA 3TUX JeHcTBult
Tpefyercs OOGHYHO JOKa3aTh, YTO PdAll, NOJYUYeHHLIH TakuM 06pa3oM
¢dopmaabno, GyleT CXOAAUIMMCS.

[TpocTele npu3Hak#, KOTOpbie HO3BOJSIOT CYAUTL O CXOAHMOCTH
pAnOB B TaKHX cJyuaax, paccMartpusaiorca B §§ 2.31—2.61.

(II) Moxer cayuuTbcs, 4YTO AN JAHHOTO BhIPAaXeHUs S MOXKHO

n
fOJIyYdTh pas/oxkeHue S= 2 u, - R, roanoe njs Bcex 3Hauyenufi n;
m=1

U3 onpeljeneHus npenesaa cieayer, 4Yro e€CJAM Mbi CMOXEM HOKa3arThb,
- .

uto R,—>0, T0 psx X u,, CXOIHTCS U €ro cyMma pasHa S.
m=1
ITpumep taxo#t sazaun mpuseseH B § 5.4.

BeckoHeunble psamsi BcrTpeuawoTcsa!) y aopia Bpaymkepa (Brouncker,
Phil. Trans., II, 645—649 (1668)). Bripaxenue «cxoasuuicsi» GblIO BBEJEHO

1) CM. mpuMeuaHue K § 2.7.
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B TOM ke camoM rony [lwelimcom [Iperopu (James Gregory), npodeccopom
MaTeMatHkn B J1unbypre, a TepMuH «pacxopsuuiea»> — H. Bepuyaau B 1713 r.
BeckoHeuHble psaab INpUMEHAAMCh CHCTeMaTHuecky HsiooToHom B 1669 r.
B «De analysi per aequat. num. term. inf.», 1 oH e uccaenoBan B 1704 r. cxomxu-
MOCTh runepreomerpuueckux psazor (§ 14.1). Ho Bemukue matematuxu XVIII
CTOJIETUS NMOJAb30BAJHCh OECKOHEUHbIMH pATaMH CBOGOAHO M Mo 60JAbINeH yacTH
6e3 paccMoTpeHHsl Bompoca 06 ux cxomumoctd. Tak, Ditnep (Euler) yreepxnan,
YTO CyMMa psana

1 1 1
R B =2t mbiy b e n e a il aE A SRR (a)
PaBHA HyJIO, HAa OCHOBAHHH TOTO, YTO
2Dt = o
! 1 1
S . P4
1+?‘r‘?+...——'—_—z~_l- (C)

Ommubka mpou30lINa, KOHEUHO, BCAEACTBHE Toro, uto pax (b) cxozurcs
TOABKO Tipu | 2| < 1, a psa (c) cxoauTcs TOABKO Hpu-|z| > 1; Tak urto pax (a)
HHKOorza He cxoautrca. OTHOCHTEAbHO MCTOPHHM HMCCAENOBAHMA O CXONHMOCTH
cM. Tlpunrcrefiv u Moabk (Pringsheim, Molk, Encyclopédie des Sci.
Il\Aath., I (D) u Paiid (Reiff, Geschichte der unendlichen Reihen, Tiibingen,
889).

2.301. HepaBenctBo AGeas!)

Hycmo f, > f,.1>0 0aa scex wyeasvix 3uawenuit n. Tozda
m

D a,f,| <Afy, 20e A ecms HauGOABULAR UB CYMM
1

faq], a4+ ay], o+ ay+as], ..., |y a4+ ... +a,l.

B camom nene, nonoxus a;—+ ay;+ ... +a,=s5,, Mb UMeeM

m

= anfn=Slf1+(32—81)f2'+_(33—$2)f3+ *'i"'(sm_"srn—l)fnz:
=8(fi—Td+S%(fo—fD+ - T Spa1(Fn1— fd =+ Snf e

Tax xak f;— fo, fo— f3. ... He OTpHLATEJNbHH, TO Mbl UMeeM MipH
m
i

n=4c, y .

lsn—li(fn—l_fn)gA(fn—l_fnx
Isml T <Af.u

TakuM 0Gpa3oM, CyMMupys W nouab3ysck § 1.4, Mbl nosayuaeM
m

a

z a!lfll
n=1

') Abel, Journal fur Math,, 311—399 (1826). Yactuuii cayuail TeopeMil
§ 2.31, caeacteue (I), uMeercs B 3TOH e CTAThe.

KpPOMe TOro,

< Afy.
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Cunexcrsue. Ecau ay, ay ..., @, Wy, ... — Kakue-au60 uucaa, Belle-
CTBEHHBI€ HJIH KOMIIJEKCHBE, TO
m m-—1
3! a4y, <A{ 3, 10— w11 .
n=1 n=1

p
2} e

n=1

rae A ectb HauboabIIAs M3 CYMM (p=12,..., m) (Xapan).

2.31. MNpusnak cxomumoctu Nupuxae!)
p - -
2 e,
n=1

far fap1 >0 u limf,=02 psao Y a,f, cxodumes. B caMom
n=1

Hene, Tak kak lim f,==0, TO MB MOXeM AJd JaHHOTO NPOU3BOJBLHOIO

Hycme

< K, 20e K ne 3asucum om p. Tozda, npu

€
- MOJIOXKUTE/ILHOTO Hucaa & HaltTH Takoe m, uto f,.1 < 5 - Ho

m+q m+q m
D o, <| X a,|+| X an| <2K
n=m+1 n=1 n=1

IS BCeX MOMOXKHUTEJbHHX 3HadeHuH g, u Takum 00pasoM, MO HepaBeH-
crey AGeass Mbl MMeeM g BCeX MOJOXKUTEJNbHHIX 3HAaueHUH p

m+p |
2 anfnr<Afm+lr
n=m-+1
rae
A < 2K.
m+p )
TostoMy | % @ufn| <Kfms1 <& uw pin X a,f, no § 2.3 cxo-
n=m+1 n=1
auTcs.

f

[eo]

Canexncrsue (1). Ipusnax cxodumocmu Abeas. Ecau pan Z a, Cxo-
n=1

IUTCA, a MOCAEIOBATENBbHOCTb (I1,;) MOHOTORHA (T. €. BCETIa WIHM Uy, > Up.y,, HIA

o0
Up <L Uyyy) ¥ Uy | <X, rlle X HE 3ABHCUT OT A, TO Pk 2 @ply CXOIHTCA.
n=1
B camom nexe, no § 2.2 u, cTpemuTca K npenety ¥; HOMOKUM |4 — u,| = fp.
o 4

Torna f, -0 MOHOTOHHO, M HO3TOMY p#I Eanfn cxonurcs. Ecau teneps (#,)
. n=1

Y Dirichlet, Journal de Math. (2), VII, 253—255 (1862). o omy6auxo-
Bauusi BO 2-M wusmamumu kopraHoBckoro «Cours d’Analyse» (1893) npusnax
Hupuxae u npusnak Abeas wacTo 06beIMHAIMCh Kax npusHak Jupuxie — AbGens
(M. Pringsheim, Math, Ann., XXV, 423 (1885)).

2) Tlpu 3THX YCJAOBHAX MHB FOBODHUM, 4TO fp~>(0 MOoHOMOHHO.
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<«

€CcTh BO3pacTalilas MOCAeAOBATEAbHOCTb, TO fp=U—U, U paj E(u_—un) a,
n=1

cxoUTCA. Tostomy, TaK Kak px 2 ua, cXONMTICS, TO M PAL 2 uma, Gyner
=1 n=1
cxomuThes. Ecan xe (2,) ectb yébmaxomaa NOCAC0BATEABHOCTD, TO f,, == B, — &,
¥ TOKA3aTEAbCTBO AHAJOTHYHOE.
Cunencrsue (lI). Bass B npusnaxe ﬂnpﬂxne a, = (—1)""1, HOXY YUM,

4TO npn Ffn>fuer v limf, =0 pan fi —fy +f3 fi+ ... cxoxmurcs.
Ipumep 1. Mokasatb, uro npu 0 < 6 <2z

2 1
2 sin nf | < cosec 7 0;
n=1

BHBECTH OTCIOZA, YTO €CAH f —> 0 MOHOTOHHO, TO pPAf

[ee)
2 fnsin nb

n+1
CXOAUTCS A BCEX BCIMECTBEHHBIX 3HayeHut 8 U 4yto pan

o0
Z Sy cos nf

n=1

cxogutcd, ecau 0 He 6yHeT UeTHHIM KPATHHIM 7.
Mpumep 2. [llokasath, 4T0 ecau f, —>0 MOHOTOMHO, TO pan

> (1) £, cos nb
1

n=
cxonuTcsl Mpy 0 Beu(eCTBEHHOM M He PAaBHOM HEUETHOMY KDAaTHOMY T, a psj

oC
2 —1)" £, sin ab

cxonmca Aas BceX BellecTBeHHHIX 3HaueHu# 0 [3amenuts 0 ma = -8 B mpu-
mepe 1]

2.32. AGcoaroTHAs M YCJOBHAst CXOJHMOCTh

[se]

Ilns Toro uto6ul psi Zun BELIECTBEHHBIX WM KOMIJIEKCHHX Yuced
cxXoau/ca, docmamouro (HO He HeOGXOLUMO), YTOO Pall Monyneﬁ 2 |2,
Obi cxoiswuMcs. B camom jene, mousaras o, _lun+1|+]un+2[+

N [Se]
oo U], MHL MOXeEM, ecanm psn > ’un{ CXOIHUTCH, TIO LAHHOMY.:
n=1
udcay € HaliTH Takoe 7, 4T0 o, , < & JJa BceX 3HaueHudt p. Ho |S, |
oo

<6, 5, <& TaK 4YTO ¥ psA 21 u, CXomutcs.
n=
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Ycnosre 3T0 He HeoOxonuMoe, GO, NOIOXMUB f, —:_% B § 2.31, cren-

1
creue (II), MBI BHAMM, uTO pax T—%—l—%—— %—l— ... CXOLHUTCH, XOTA

(§ 2.3) pan mMomyneit %—1——%—{-%4——1——{- ..., KaKk u3BecTHo, Oyuer
pacxoasuuMce. ‘

B sToM cayuae, C/liefOBATeJbHO, PACXOJAUMOCTL PAla MOLYJel He Bie-
yer 33 cOGOH PACXOAMMOCTH CaMoOro psza.

Panel, A1 KOTOPHIX PAABI MOAYJeH UX UJEHOB CXOIATCH, 00JalaloT
0COGLIMH BeCbMa Ba)XHBIMH CBOHCTBAMHM W HA3BIBAIOTCA AGCONIOMHO CXO-
Oswunuchd palamua. Paiel ke, X0Ts M cXonsiwuecs, HO He aGCOMOTHO
(1. e. ecav caMM PsAbl CXOASATCH, HO Psfbl MOAyJeH pacXonsaTcs), Hashl-
BAIOTCA YCA0BHO CXO0AUUMUCS DSAIAAMU. '

: ©
2.33. [eomerpuueckui pag u pag ra
) n=1

CXORUMOCTb OTHENbHBIX PSLOB B GOJMbLIMHCTBE CJAydaeB yCTAHABIM-
BA€TCA He MPAMBIM PAacCMOTpeHHeM cymMmbl S, ,, a (kak GyleT noKasaHO
B NOCJedyIOLeM) CPABHEHHEM TAHHOTO PAla C HEKOTOPHM APYTHM DRIOM,
0 KOTOPOM H3BECTHO, YTO OH CXOAMTCH WM pacxoiurca. Ml uccienyeM
Tenepb CXOAMMOCTb JABYX PsIOB, HauGoJee 4acTo NMPUMEHSEMBIX [UIs CPaB-
HeHHs. '

() Feomempuneckul pao.

FeoMeTpuueckuM "psaloM HasbBaeTcs Psa

Izttt .
PaccmotpuM pan Moayunet
L 2| 4224 2P+ ..
Has storo psma.
Spp=lelm 4 |2mtip . felr P == [
Orciona npu [z| < 1 '

21+

Snp < 1—1(z]

s BCeX 3HayeHuM p, u no npuMepy 3 § 2.2 ana 1060r0 AAHHOTO
MONOXKUTENLHOTO YHUC/IA € MOXKHO HaHTH Takoe n, 4TO

J2)m 1 (1 — 2]} <.

TakuM 06pasoM, 1Js JAHHOTO € MH MOXeM HaliTH Takoe #, yt0o S, ,<e
Aas Bcex snauenui p. CuaenopareibHo, no § 2.22 psx

14 |2| - 2124 ..
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cxomutcs npu |z| < 1, n reoMeTpuueckuil psaa Gyner a6coslOmHoO cxo-
oawuncs npu |z| < 1.

Ecau ke |2| > 1, TO 4/MeHH FreOMeTPHYECKOTO pfla He CTPeMSATCH
K HYJIO NpH CTpeMaeHdH 7 K OeCKOHEYHOCTH, W pAl OYLeT pacxods-
UuMCA

1 1 1 1 1
)P g+ttt t-

PaccMorpuM Tenepb cyMMy

n
=3 e s>
— m’ )

Myl uMeeM
=g <=
4 i
4s+5s+6s t 7s<4s—'43-_l—ld T. L.
Takum oﬁpasoM cyMMa 2p—~1 YJIeHOB paja 6yaeT MeHbllle, 4eM

1
1s-—| + 23—1 + 45—1 ~+ 85—-1 —+ . + _1)(5 1 < 1—91-5,

a CJleOBAaTENbHO, CYMMa 42006020 YHC/IA YMEHOB psja OyleT MeHblie
n
- 1
(1 — 2179 L [MosaToMy BO3pacTamouwias MOC/AEL0BATENbHOCTD 2 He
m=1

MOXET CTPeMUTbCS K OeCKOHeUHOCTH, Tak 410 no § 2.2 psod > —
n=1

6ydem cxooawumcs, ecay §>1; a TaKk Kak BCe €ro 4JjeHH Belle-
CTBEHHBl U TOJIOXUTEJNbHB, TO OHM PABHEI CBOMM MOAYJ/AM, H DAL MOLY-
Jgelt uieHoB OygeT NOITOMYy cXojsuiuMmcs, 7T. €. CXodumoctms Oydem
abcorOmMHOU.

Mpu s==1 noayyaercs psan

1 1 1 1
Ttst+ztzt-o

KOTOpBIH, KaK Ml NOKasamu, Oyler pacxoisuuMca. Ecau s <1, To psn
a fortiori 6yAer pacXoIsUMMCH, TaK KaK ¢ yMeHbIUEHHEM § UY/eHb paaa

< |
Bo3pacraior. HMmax, pad 2 5 0ydem pacxodawunca npu s < 1.
n=1 -

2.34. Teopema cpaBHEHHS

IMokameM Tenepb, wmo pad uy—uy~+ w3+ ... Gyoem a6coroOmno
cxodauumca, ecaun |u,| scezda menvue, uem C|v,|, 20e C — nexo-
mopoe wucao, He 3asucAujee om n, a v,— n-ii 4aen 0py2020 paoa,
0 KOMOpOM U3BECMHO, WMO O AGCOAOMHO CXO00UMCA.

3 3. T. Yurrexep, Jx. H. Barcon
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Ilpu 3THX yCJIOBUAX HMeeM

]un+1|+|un+2l+' .. + lun+p] <C{ lvn—{»ll + Ivn+2l + .. '+1'Un+pl}'

TIe 7 H p—-KaKMe YroaHo ueisie uucra. Ho Tak kak psa X v, a6co-

MOTHO CXONUTCH, TO Pl Dy|U,| ABASETCH CXOLAILMMCSH, U TAKUM O6pa-
30M, AAs [AHHOTO &€ MOMXeM HaliTW TaKoe £, 4TO

O]+ [Oal 4 - [vap) <

a8 BceX 3HaueHu#t p. OTCl04a BHITEKAeT, YTO MOXHO HAHTH TaKoe A,
AJIS KOTOPOTO

{un+ll+ [un-f-QI + L _i'" 'un+p' <e

AMA BCeX 3HAYeHHA p, T. . pam X |u,] Gyaer CXOASMMCS, PAL ke
X\ 1, a6COMIOTHO CXOIALIUMCH.

Cnencreue. Hrak, psas 6yleT abCOMOTHO CXOAHTbcH, €CAH OTHOLIEHHE
€ro n-ro 4ieHa K n-My 4YJeHY Ipyroro psjpa cxoisuerocs a6coiioTHO 6yner
[0 MOIYJNIO MeHbINE HEKOTOPOr0 KOHEYHOrO YHCJAa, HE 3ABMCAMIETO OT A.

Mpumep 1. INokasarb, uto pax

cosz—}——%z—cost—}—%l?cos3z+715cos4z+...

Oyner aGCONIOTHO CXOISUIMMCA IAs BCEX BELWIECTBEHHBIX 3HaueHHuil z.
Korma z BeumectBeHHO, MB uMeeM | cos nz| <( 1, u nostomy
1

<=

cos nz
n?’

n?

Mogxyan uneHOB KaHHOro papa 6yiyT MOSTOMY MeHblle (MaH B KpaHHeMm caydae
PaBHb) COOTBETCTBYIOUIHX YJIEHOB pana

1 1 1
Ittt g+

xoropulk 1o § 2.33 Gymer abcoawoTHo cxopaulumcs. [losTomy W paHHHIA psnm
a6CcoNIOTHO CXOIUTCS.
ITpumep 2. Tlokasarh, YTO psl
1 1 , 1
Te—z) T Be—z) T Fe—zm "

rjie .
zo=e (n=1,23, ...)

6yAeT CXONAMMCS A8 BCeX 3HAUeHHH 2z, He JeXaumuX Ha OXKPYXHOCTH |z ] == 1.

Ipn paccMOTpeHHHM BOMPOCOB TAKOTO POja BeChbMa MOJE3HO reoMeTpuuecKoe
NpeicTaBieHHEe KOMILIEKCHBIX uHcel. [IycTb 3HaueHHA KOMILIEKCHOrO 4ucaa 2
NpENCTABJICHH HA HEKOTOPOH IMIOCKGCTH, TOTJAa uMcaa 2y, 22, 23, ... JAaAyT
NOCAEN0BAaTENRHOCT TOUEK, JEWKAIHX HA OKPYKHOCTH paiuyca, paBHoro 1, u
C LEHTPOM B Hauaje KOOPAMHAT; MOXHO NOKA3aTb, 4TO J06as TOYKA OKPYXKHOCTH
aaseTcs npeleapHoii Touko (§ 2.21) Touek z,.

Jlna 3THX YACTHHX 3HAYeHWH 2, BEAHUUHBl 2 NaHHH pAJ HE CyIIeCTBYeT,
TaK KAk 3HAMEHATENb A-TO YWIEHA DABEH HYJIO NPU 2 = Z, Pagy npoCToTH Mb
He 6y11eM1 paccMaTpHBaTh HAWI DAL B TOUKAX 2, PACHOJOMEHHBIX HA OKPYKHOCTH
panuyca
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WUrax, npegnmonoxuM, uto | z| = 1. Torna mas Bcex 3HaueHuil 7

fz—z,| 2|1 —|2]|>c¢7!
npH HEKXOTOPOM 3HAYEHWH ¢ M, TakUM 0o6pa3OM, MOLYIH WIEHOB JAHHOrO psiaa
6yﬂyT MeHbIIe COOTBeTCTByKHuHX Y4JE€HOB pana

¢

4 c [4
Tttt

0 KOTODOM HM3BECTHO, 4TO OH a6COJIOTHO CXONHTCA.

Hanunil pan nostoMy 6yzer abcooTHO CXOAAIMMAMCH Ias BCex 3Hauedudl 2,
HCKJI0Uad Te, KOTOphle JNEXAT Ha OKPYwHOCTH |2| = 1.

MHTEpEeCHO OTMETHTH, 4TO 06JaCTh IIOCKOCTH 2, B KOTOPOH Psi CXOXHTCH,
JGUTCA OKPYXHOCTbIO | 2| =1 Ha IBe 4acTH, MeXIy KOTOPHIMH HET HHKAKOro
coobieHus.

Npuwmep 3. Tlokasars, yro pan

oz L2 - .z
2sin =+ 4sin—= 4 8sin— 4 ... +2%sin =+ 4 ...
g T4sing +8sinoz ... 4 3 T
o . . [z
6yner abcoMIOTHO CXOAAWMMCA 1si BcexX 3Hauenui 2. Tax xak 1) lim 3% sin (—):z,

n-> oo 3"
TO MBL MOXEM HaHTH Takoe 4HCJIO k, He 3asucsujee om n (HO 3aBUCALIEe OT 2),

! . -4
4To I 3" sin (7)' < Rk, 4 noatomy
4 2\"
2% sin o =
3 | <*3
2\n
Tax xak paa Z (§> CXOAMTCH, TO MaHHMH psx 6yneT abCOMOTHO CXOnf-
n=1
mHMCS.
2.35. HpusHak a6comoTHO# cxogumocTtu Kowmu 2)
i_ o
Ecau tim|u,|® <1, mo pad X u, cxodumcs aGcoromuo.
n->oo n=1

B camom nesne, Mbl MOxeM HaliTH TakOe m, 4TO NPH A > M HMEEM
1

lu,|® < p < 1. rae p ue sapucur ot n. Torna npu n > m Gyxer |u,| <p,

a TaK KaK pax Z p” cxomures, To u3 § 2.34 cuaenyer, 4TO pan
n=m+1
O

jee)
> o, <a NOTOMY H pHA 21 u,,> cXouTCcs abCOMIOTHO.
n=

n=m+l
2
Npumeuwanue Ecm lim|u,|” > 1, 10 u, He cTpeMurca K HYMO M 1O

oo
§ 23 pan Y, 4, He Gyner cXoAsumMMCS.
n=1

1) D10 BUTHO M3 Pe3YAbT4TOB, AOKA3AHHBHIX B IPHIOKEHHH,
2) Cauchy, Analyse algébrique, 132—135,

3*
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2.36. Mpusnax a6comoTHoli cxogumoctn [Janambepa !)

[MokaxeM Tenepb, uTo psAd
g+ Uy -ty 4. ..
6ydem aGcOMOMHO CXOOAUWUMCS, eCAl 048 8cex 3Hayerul n, 60Lb-
Il-+l
Uy
MeHblle p, 20e p— HEKOMOpOe NOAONHCUMENbHOE HUCAO, He 3GEUCA-

ujee om n U MeHblUlee eGUHULBL.
JlefcTBUTENLHO, 4YieHbl psla

l”r+l| + 'ur+2' + Iur+3‘ + e

OyLyT MeHblle COOTBETCTBYIOLIMX 4YJEHOB pAAa

|, 1] A4-p4p2+p34...),

WUX HeKOmOpO NOCMOAHHON BeAUHUNYL F, OMHOULeHIE Gydem

[ee)

abcoMmoTHO cxoisuierocs npu p < 1; mostoMy psa 2 u, (a BMecTe
n=r+l1
C TeM W JaHHBbI# psf) aGCOMIOTHO CXOAMTCH.
' . u
Yactupt caydall sToll TeopeMb: ecau lim —Zi’—‘}=l< 1, To pan
n

6yaer aGCOJIOTHO CXOAALIMMCS.
JeficTBUTEILHO, O ONpele/eHUIO fIpejesa, Mbl MOXEM HAaHTU TaKoe r,

4TO

u"“' l]< (1—10) npu n>r,

u
H TOTJa

%ﬁ%<%a+n<1nmn>n

Mpumeuwanne. Ecau llm’ i/ u l>1, TO U, HE CTPEMHUTCH K HYJNI0 U

cornacuo § 2.3 pax ¥ u, He 6yleT CXOAUTHCA.
n=1
Mpumep 1. Mokasars, uto mpu jc| <1 paa

foe]
2 c,,z enz

o u -
6yneT aBCOMOTHO cXOAAMMUMEH AAs BCEX 3HAYEHHH z.[l/lﬁo —%J1=c(’”'“2 (P -
n

=21 ¢? 5 0 npn n > co, ecan |c[<1.]

) D’Alembert, Opuscules, V, 171182 (1768).
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Mpumep 2. ITokasars, 4TO Pk

— —b)(a—2b — —_ —
24 a 2!b 22 (a )3(;1 ) 24 (a—b)(a 4!Qb) (a 3b)‘z4+
-1 Uy a-—nb
Gyner abCOMOTHO CxopfmuMes npu |z | < |b|™ . [l/lﬁo = z—>—bz,
Uy n+41

Korjia n—>co; TakuM 006pa3oM, ycaoBreM abcoaoTHOH cxoamMoctd Gyier
bzl <1, 1. e 2] <|b|78]
o o]
nzi—1
Mpumep 3. Tlokasare, 4TO paz 2 P Ty 6yner abCcONOTHO

=1 “"(1 +n
cxoaaumMcs mpu | z| < 1. [l/léo ecm|z| <1, 10]z" —(14+n" D20 +n"Y)'—

n n—1
— | > 1414 o

4 ...—1>1 4 Moayau uieHoB psna OyIyT MeHblie
0 .

COOTBETCTBYIOIUX UJEHOB pAna 2 n|z"~1|; Ho nocaenuuit psg a6COMOTHO CXO-

‘ n=1

AMTCA, ¥ TakuM 06pa3oM, HaHHHH pax 6ylneT aGCONIOTHO CXOASM{MMCA.)

2.37. O6uwas TeopeMa o psaax, Aas Koropwx lim | 221

n->»co

n

flcHo, uTO ecam Ans BceX 3HadeHu# n, GOJbIIMX HEKOTOPOH NMOCTOSH-
HOH BeNMuuHbl 7, |u,,;| Gyser GoJblie |u,|, TO uneHw pspa He cTpe-
MATCS K HY/MO Mpu n—>co U pal Oyder pacxoasumumcs. C gpyro#t cro-
Up
Uy
MeHblle €JMHUIB ¥ He 3aBUCHT OT # (KOrla n > r), TO, KaK Mbl MOKa-
samt B § 2.36, pan Oyzet aGcomotHO cxoasitnMcs. COMHUTE/bHHM CIIy-
Uniy l
Up

pOHBI, €Cau 6y,ueT MeHbIlI€ HEKOTOPOro 4uc.jaa, KOTOpOe camo

ydaeM 6y,£le’l‘ TOT, KOria NnpH BO3pPAaCTaHUU 1 CTPEMUTCH K €dU-

nuue. B sToM cayuae HeoOXOAMMO dajibHeilliee HCCJ/eLOBAHUE.
IMoxaxeMm Tenepb, 9t0 padl) wy—+uy—+uz;—+ ..., 8 KOmopon
lim
n >0
cmeyem mMarKoe NOAOHCUMEeAbHOE HUCAO C, HMO

lim n{ —1}::—1-——c.
n-» oo
JleHCTBUTENLHO, CPABHUM AN Y| #,| CO CXORSLIMMCS DSAOM X0,

R
rie v,=An * u A—nocTOsHHas; Mbl HMeeM

u
—ff%l:l, Gydem aGcortomno cXO0AWUMCH, eCAU Cyuje-
n

Uniy
Un

1 (14l 141
Mz(nilt)lJch:(l‘Jr‘%) (14 ):1_#_*_0(_’}2_).

Uy \

1) 316 npennoXeHNe 3aHUMAET BTOPOE MECTO B MOCJAELOBATEIbHOCTH TEOPEM,
npunannexamefi Je Moprany (De Morgan) (nepsoe MecTo 3aHHMaeT TeopeMa
HNanambepa, nokasauHass B § 2.36). THOCUTENAbHO HCTODHH 3THX TEOpeM
¢v. Chrystal, Algebra, ra. XXVI,
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IMpy n—> 0
n{&'ﬂ—l}»;lm—l—c,

Uy 2
¥ TakdM 06GpasoM, Mbl MONeM HaWTu Takoe m, 4t0 APU n > m

Unt
Un

s Uni1

Un

HazaexauwuM BuiGOpoM HOcTOsSHHOR A MOXHO 0CTHYb TOTO, 4TO JJH
BCEX 3HaueHH#H n OyleM HMeTb

CAR

Tak KaK PAil XU, CXOAHTCH, TO W pam X| #,] TaikKe CXORUTCA,
a pan X u, Gyner a6COJI}0THO CXOALIUMCS,

CaenctBue. Ecau

Unyt
u

=14 — +O( ), rie A, He 3aBUCHT

oT 1, TO pax Gyxer abcoawOTHO cxXonsmuMcsa npu A, < —1.
[»e]

ITpuwuep. Mccrenosats cxoauMocTs paia Z n"exp| —&
n=1 1

n
NG 1
—”7 , Korua

r>k%kuxorpar<e.

2.38. CXOIMMOCTb THAEPreOMeTpPHYECKOro PAAa

BriBemeHHEIe HaMM TeOpeMBl MOTYT OblTh WLIIOCTPUPOBAHL HA TNMpPH-
Mepe CXOAUMOCTH 2Unep2eoMempuiecKozo paoa

ab a(@+1)b @1
It 1e2t—Tocexry £+

a@+D(@e+Hb (41 (+2)
LA WO Jery R Y CE) 22"'

oGosHauaeMoro o6biuHo (cM. 1. 14) cumsosom F(a, b; ¢; 2). Ecim ¢ —
OTPHIATE/BHOE [1€J10€ YHCJIO, TO BCe wWieHH mnocie (1 — ¢)-ro uMmeior
3HAMEHATE/IAMH HYJIM; 2 eC/d @ WiH b — OTpullaTeJbHOE LEJIOE YHCJIO, TO
psL OKoHYuTCS cOOTBeTcTBeHHO (1 — @)-M wan (1 — b)-M uieHoM. Tlpen-
NOJNOXHM, YTO STH CJyYadm HCKJIIOYEHB!, TaK 410 @, b u ¢ He OyayT
OTPULATENbHBIMU LEJbIMH YHC/IAMHU.

Jas aToro psna npu n—>oco uMeeM

@a+n—0G+n—1)
l n(c+n—1)

MMostoMy no § 2.36 pad 6Gydem alcosomuo cX0Q0umbca npy
|z} <1 u pacxodumscs npu |z| > 1.

un+1

z|—>|z|.
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Korza |2|=1, MH nMeceM 1)

un+1

2t~ 5o ()=
Ry

Iyctb @, b, ¢ OynyT KOMIUIEKCHBIMH YUC/AMH, 33J1aHHBIMH HX Belile-
CTBEHHBIMH M MHHMBIMU 4acTsIME:

a=a +ia", b=0+i0", c=c" Fic".

Torna Mbl ¥MeeM

‘1+a’+b’—c’—-—1;l{-i(a”+b"—c”)_}_O(;lz_) _

(S (= o ()
:1'+Mi:—1+0(7>t

un+1

n

CornacHo cuaepctsuio § 2.37 ycioBueM abCOMOTHOH CXOAUMOCTH

Oyner
o+ b — ¢’ <O0.

Orciona: npu |z|=1 0sa abcoromnoi cxodumocmu zunepzeo-
Mempuneckozo paoa asasemcs 00Ccmamounum?) ycaosue, umobul
sewecmeennan wacme a4+ b-—c 6niaa ompuyamenrsioil.

2.4. BansiHne H3MEHeHHs NOPAJAKA YJEHOB paja

B KxoHeyHOl CYMMe MOPAKOK 4YJCHOB HE MMEET HHKAKOrO 3HAYEHUf,
TdK KAaK ero M3MEHeHHe He OKAa3biBAeT BJHSHUS HA Pe3y/NbTAT CJIOKEHUS.
B GeckOHeuHHIX e pslax Heno OGCTOWT uHaue3), Kak 3To 6yldeT BHIHO
U3 CJEAYIOLIEro NpuMepa.

1 .
1) CumBox O(-n—2> ne o6o3HauaeT Bcerfia ONHY H Ty Xe OQYHKUHIO OT 7.

Cum. § 2.11.
909 2) 1o ycaoBue Takixke Heob6xomumo. CM. Bromwich, Infinite series,
02—204.

. [o0] [o0]
3) Mp roBoOpuM, 4TO pal 2 U, COCTOHT M3 WIEHOB psifa 2 Uy, B3ATHIX
n=1 n=1

B JApyroM nopaike, €CId LAHO NPABHJIO, IO KOTOPOMY MBI MOeM HaliTH Aas
KamA0ro MOJOXHUTENLHOTO LEAOr0 YHCAa p OAHO (M TOABKO OIHO) LEJOoe HHCIO ¢,
u 06paTHO, TaK YTO Uy = U, Pesyaptar 3toro naparpada 6bin1 otmeueH [u-
puxae (Dirichlet, élerlmer Abh 48 (1837), Journal de Math., IV, 397
(1839) ). Cm. rakxke Cauchy, Resumés analytiques (57, 1833, Turin)
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[ycts

1 1 1 1 1 1 I 1
I=ltg—gtst7s—7tstm—5+t

1 1 1 1 1
S=l—gt+z—gt+ts—5t+t.

M NycTh L, ¥ S, 0603Haual0T CyMMB TEPBbLIX 7 HX HYIeHOB. DT DsLbl

COCTABJIEHbl U3 OJIHUX M TeX Xe 4WIeHOB, HO NOPANOK 4JIEeHOB pasjnHyeH,

M NOSTOMY CyMMbl X, u S, SBARIOTCS Pasiu4HLIMU (QYHKLUSIMU 7.
[TycTs

1 1 1
GY=1+5+ ... +5

TOoraoa
S2n == GOgp ~ Gy
H, JlaJjee,
1 ! 11 1
n=1t3gt. tpTT T T =

Co|
—

== Ogp = 5 %on — 'é' Op == (04n — %) + %(6211 — o) =S+ 'é' Sone
3acraBasg n—> 00, Mbl BHAHMM, YTO
X=3S§ -+ %S;
TaKUM O6pPa3oM, MNEPeCTaHOBKA WICHOB B psiie S M3MeHHNA ero cyMmy.

[Tpuwmep. lMokasats, uTo ecau B page 1 — % —+ %—— %—{— ... H3MEHHTH

NOpAAOK YAEHOB TaK, YTO OTHOMICHHE YHCAA MONOXKHTENbHBHIX WICHOB K UHCAY
OTpHLATE/bHLIX B MEPBHIX 7 ujieHax psaja GyneT paBHO B npejfene a2, To cyMma
paga Gynet paBha In(2a).

2.41. OCHOBHbE CBOACTBA aGCOMOTHO CXONAMMXCH psIOB

[ToxaxeM, 4TO CyMMa abCOJIOTHO CXOAAUIETOCH psaa He 3asucum
OT MOpAAKA, B KOTOPOM CJAELYIOT 4jieHn pana. [IycTb

S=ut+ua,+u;+ ...

-— abCcoqIoTHO cXonsuufics paa, W MycTh S~ pAN, COCTaB/JEHHBIH U3
TeX e UJEHOB, PACMOJOXKEHHHX B IpYroM MNopsike.

TlycTs € — MPOU3BOJAbHOE MOJOMUTENbHOE HYHCJIO, W MNYCTb 7 Bbl-
Gpato Takg, uTo

[gatl 4 (ol + - oo A 8 ,) <

A8 BCeX 3HaueHHd p.



2.5. NBOHHBIE PAIBI 4]

[Tpeanos0KUM, uTO M1 MOJYYEHHS NEPBHX 7 WIEHOB psaa S Ml
JNOJKHBL B3SITb M 4jeHOB B S’; torna, ecau k> m, 10 S;:Sn+ Y/IeHbI
pana S ¢ nHiexcamu, 60abMME 7, TaK 4T0 S, — S=3S8 — S + ujennl
pana S ¢ HHAexcaM#, GOJbIINMH 7.

Moayab cyMMH M060r0 yucna YaHOB pafga S ¢ uHAexcaMu, 6oJb-

IIHMH 7, HE NPEBOCXOIMT CYMMBl HX MOAyJeH H MOSTOMy GyleT Menbliue

Le
5 e

CaenoparebHo,
’ 1
lSk——S[ <]Sn—SH—7e.
Ho

. 1
ISn-—SI <p1-1-)m ”un+l|+’un+2l+ eor 'un+pl} \<—§e'

[TosToMy 1449 HdaHHOTO € ML MOXeM HallTH TaKoe m, YTO TnpH
E>m
S, =S| <e.

T. €. S:n—>S, YTO ¥ ABJAAETCH TPeGyeMHM DPe3y/bTaTOM.

Ecau pAL ¢ BeIUeCTBEHHbIMM 4Y/JeHaMHU CXOAMTCH, HO He 86COJHOTHO,
K €CJH Sp—cmea NEePBBIX P NOJOXUTEJbHBIX 4Y/JEHOB, a 0, — CyMMa

TIepPBBIX 72 OTPULATEAbHBIX Y/JEHOB, TO Sp—> 00, g,—» — co # lim (Sp+ S,)

He CYWIECTBYeT, €C/AH He J3HO HHKAKOrO COOTHOINGHHSA MEXKAY P W 1.
PuMaH lJaxe TOKasaJ, YTO MOXHO HAMJEXKALUMM DPAaCIOJOXKEHHEM YJIeHOB
pana creaats 1im(S,-to,) paBHHM 2/060MY KAHHOMY BELECTBEHHOMY
uncay 1).

2.5. Jsoiinsie psiabi 2)

Tycte #, ,~— 4uCAO, ONpellefieHHOE A BCeX MOJNOXHTEAbHBIX Lie-

JbIX 3HaueHu# m W 1, paccMOTpuUM TaGJaHLy uucea

U1 U9 Ui - -

Ug,1» Mo 9 Uy 3 +ve

U, 1, U39 U330 --.

Y Riemann, Ges. Werke, 221.

%) MoaHaa TeopHs ABOWHBIX PANOB, Ha KOTOpO# GasMpyeTCA NaHHOE H3J0-
wenue, nana Ilpunrcredimom (Pringsheim, Minchener Sitzungsberichte,
XXVII, 101—152 (1897) ). Cwm., ero e naxbuefimuii memyap, Math Ann., LIII, 289—
321.(1900) u memyap Jloumona (London, TaM e, 322—370), a takxe Bpo-
myuda (Bromwich) «Infinite series», B xOTOpOM. B OonONHEHHE K T€OPHH [IpuHrc-
refiMa, cOepKaTCs MHOTHE APYrHe BONPOCH, OTHOCAILHECH K TOH K€ TEOpHH.
Il%)_f:ue BaxHble TeopeMunl faHbl Bpomynuem (Proc. London Math. Soc. (2), 1,
176—201 (1904)). -



42 ria. 2. TEOPUS CXOLMMOCTH

CyMMy u/eHOB B NPSMOYTOJbHHKE, COCTOSIIEM M3 NepBHIX M CTPOK
M mepByix 7 CToa0LOB, 0603HAUHM uepes S, ,.

Ecau cylecTsyer Takoe 4ucaA0 S, 4TO NPH 3a1aHHOM NPOU3BOILHOM
NOJNOXKHTEILHOM UMC/Ie & MOXKHO HaHTH TaKHe leJble YHCAA M H 7, YTO

]S‘L’,—SI e

npe p>m ¥ v>n, TO Mbl TOBOpMM!), uTo O8odnoid pad, o6uwui
WAEH KOMOPO2O ecmb U, ,, CXO0UMCA K cyMie S, W THIIEM
lim S, ,=S.

®->co, v->00 #

Ecau nsofino#f psan, obwuit 4wieH kOTOpOro lu}“[, CXOIUTCH, TO MBI
rOBOpUM, YTO JaHHbLIH IBOHHON pfii ABIAETC ACCOAOMHO CXO00AUUMCA.
Tak xaxk u, ,=(S, , —Su,v_l)«(sp_“—S}L_l’v_l), TO JIETKO
BUIETb, YTO €CJM ABOHHOR pal CXOLHUTCH, TO
lim u,
p=>00 v->co

,==0.

3

Heo6xo00umoe u docmamounoe ycarosue cxodumocmu Lllmoavya?).
Ycaosue, cocrosimiee B TOM, YTO TNpY 3aNaHHOM € MbBl MOXeM HafTH
Takue m # n, 4r0 S,y v4e — S, | <e Koraa p>muv>n, ap o
NpUHUMAIOT /00bie W3 sHavewndt 0, 1, 2, ..., ouennnno (§ 2.22), ne-
o06X0AUMO [ CXONMMOCTH. YCJOBHE 3TO TaKXKe M AOCTATOYHO, ubO
ecif OHO YIOBJAETBOPSETCH, TO TpH P > m—n

,Suﬂh pte Su: u' <%

nostoMy no teopeme § 2.22 S, umeeT npesen S, a Torama, sacTasjss p

M O CTPeMHTHCS K GECKOHEUHOCTH TaKuM 06pasoM, utolbl p.—p=v g,
Mbl YBUILHM, 4TO |S — Sl“} Lenpu w>m U V>N, a3To U ABIAeTCs
YCIOBHEM CXOAMMOCTH ABOHHOrO psia.

Caencrsue A6comoTHo cxoasmuiics ABoHHOH pax OyAeT CXOXSIHMCH.
HefictBuTenbHo, ecnu ABOHHOH psaj  aGCOMIOTHO CXOAMTCA H €CAH fpy n—
CyMMa 4JeHOB NepBHIX m CTPOK B MepBHIX 7 cToabuax paAja MoayldeH, To mpum
3ajaHHOM ¢ MBI MOXeM HaliT! Takoe i, YTOMpH p > m > @ M g > n > w Gyder
Ly g—tmp<ec

Ho {8, ¢—Sm nl <tp,g—%m n u TaKuM o6pasoM, |S,, ;—Sm, 4 <e
NpU p>m >, ¢ > n>yu; a 370 # eCTb YCIOBHE CXOAMMOCTH IBOHHOrO psaaa.

) 3710 onpeiedenne no cymecTsy Mpuhanaéxur Komm (Analyse algeéb-
rique, 540.)

2) d1o ycaosue, Bbickazanuoe Hrombuem (Stolz, Math. Ann, XXIV,
157—171 (1884) ), kaxercs, BnepBnie 6bii0 JokasaHo [IpuHrerefiMoM.
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2.51. MeToas HAxXO0XJAeHHA CYMM IBOHHBIX panos!)

o o0
TIpeanonoxum, psi ;1 #,, CXOmATCH K cymve S,. Torza pan 21 S,
= p=

Ha3bIBAIOT 'cyMMoﬂ NBOHHOTO pslla 70 CMPOKAM, HHaYe TOBOPH,
- .

[ee]
cyMMa To ctpoxaM Oyner 21 <2} i, v). [Tono6ubIM e 06pasoM cymMa
l,L: v=
(o]

oQ
no cmoAbyam ONpelenseTcs Kak 2<21 a,, v>. ITH CyMMbI He 00si3a-
v=1 \p=
N

TeJbHO ONMHAKOBHI, KaK BHLHO U3 NpHMepa SW—]T—T-—W B KOTOPOM
cyMMa TMO cTpokaM pasHa -—1, a cymMa no croabuam -+1; S we ne -

CYLIECTBYET. |

Teopema IIpunrcrefima?). Ecau S cywecmsyem u cyue-
CHLBYIONL CYMMBL NO CMPOKAM U CHMOACYAM, MO KQ*COAA u3 mux
cyuim paspa S. JleHcTBUTENHHO, eCaM CYWIECTBYEeT S, TO Mbl MOXeM
HalTH Taxkoe m, 4TO

IS}“—~S| <e, ecam p>m, v> m.

TMosroMy, Tak kKak lim Sp,» cyuectByer, TO | lim S}M—“S <& Tk
v => oo I Jesl

<& mnpu p>m, u creposateabHo, (§ 2.22), cymma mo

i

,,;1 S,—S
‘crpoxkam crpemures K S, ITonoGHeiM ke cnocoGoM NOKasLIBAETCS CXO-
OUMOCTb K S CyMMBI MO CTOJOLEAM.

2.52. AGCONHTHAA CXOAMMOCTH ABOHHMHX PALOB

Ananornuno § 2.41 bl MOXeM [0Ka3aThb 1J8 IBOHHBIX PALOB, YTO
CYMMQ 4AeHO8 QOCOAIOMHO CXO00AUe20cA 0B0OHHO20 pAdQ, 83AMBLLY
8 MOOOM nopaoKe KaK WAeHb NPOCmMoz0 pide, cmpeMumcs K 00HOMY
I momy e npedery, eCAl MOABKO BCe HACLHBL YHLACMEYIOM 8 CYM-
Muposarul.

[lycts o, , Oyaer CyMMOfi uneHOB B MNPAMOYroJbHUKE, COCTOALIEM
U3 | NEPBLIX CTPOK MEPBHIX v CTOJAOCLOB ABOHHOrO psia, obWMA uYleH KO-
T0poro |, ,|; MycTb: cyMMa 3TOrO ABOHHOro pssa Oyaer o. Torza

1
Mpu 3a1aHHOM € MBl MOXEM HaHTH Takue m u n, 410 6 — o, , < 5 &

Koraa w>m u v>n.
Tenepb NpPENNONOKHM, 4YTO HEOOXONMMO B3ATb /N UJNEHOB mepecTa-
BJIGHHOTO psaa (B TOM TOpPsIKE, B KOTOPOM 4YJeHbl B HeM CTOSAT), YyTOO

') Jtu metogw mpuHaniexar Komu.
) Uur. cou., ctp. 117,
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B HEM CONEPXKAJHCH BCE YIEHB CYMMBl Spriy pry1, M MYCTb CyMMa STHX
uneHoB OyaeT fy.
Torna £y~ Spiy, me1 OYIET COCTOATb M3 CyMMb YJIGHOB BUAA u,

P
rae p>m u g>n, xorna M m n M2 n; nosromy
1
v — Sae1, mar | <o — Opppr, i <5 &
Ho S — Spi1, m41 T8KKe COCTOMT M3 WIEHOB 4, ,, B KOTOPhIX

. 1
p>m, g>n; wostomy [S—Spi pun| <o—opy par < 5 ¢
u caenoBateabho, |S—fy| <& mpu 5TOM LS MOGOrO 3aLaHHOTO € Mbl
MOxeM HafiTu cooTBercrsyiowee N; mosromy £, — S.

Mpumep 1 ,U.oxaaafb, 410y a6co.momo cxoasierocs nBoftHoro psua

CyIIeCTBYIOT CYMMBI 2 Um,n U 9TO CYMMBl IO CTPOKaM H cTOA6UAM CXOAATCH
n=1
kK cymume pana S.
[MycTb tu» 4 — CyMMa 4JeHOB B NepBHX . CTPOKAX H l’IepBle v cTox6Hax

pana Monynen H NycTb f— CyMMa paaa Monynen

Torna 2 |y, y| <t n, TaKum obpasom, 2 4,,, CXOmMICH; mycTh b, —
v=1
. €ro cyMma Torna '

Bl B+ o 1B lim 4, <2,
v ->

o

U, CaeoBaTeAbHO, 2 b, cxogurca abcomotno. Ilostomy cymma asoitmoro
=1
pajla N[O CTPOKaM CyILIeCTByeT, MOAOOHbLIM e 00pasoM JOKasblBaercsl cymie-
CTBOBaHHe CyMMBI 1o croabuam. TpeGyembifi pesyabTat nonyuaeTcs TOrAa u3
tTeopemul [IpuHrcrefima.]
Ipumep 2. IMokaszaTh, HCxoad M3 npocrefimmx coobpaxeHHdt, uTo ecan
uaeHb aGCOMAIOTHO CXOAAIIErocs ABOHHOrO pAia pa3MecTHTb B MOPsIKeE

Wy, (g, Ay, 9) (g, g, o Fuy, ) (o u )

T0 TOAyUeHHBIH pAA CXOAMTCs K S.

2.53. Teopema Komu 06 yMHOEHHH
a6CcoMOTHO CXOAAULMXCH PAAOB 1)

TTokaxeM Tenepb, utTo ecau 0sa psda

S=u+tu+ a4 ...
T=0;4+v+v+ ...

abcoalomuo cxo0amcs, mo paod

P=uv 4 w0, +uv,+ ...,
1y Cauchy, Analyse algébrique, npum. VIL
y y g

u
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COCMOBACHRUE 13 NPOU3BeOeHul UX HAEHOB, HANUCAHHUX 8 AIO6OM
nopadxe, maxce abcoromuno cxodumca u ezo cymma pasia ST.

Ilycrs
Sll: ul+u2+ “ e ‘+‘un,
T,=v,+v,+ ... 49,
ST =1im S, lim T, = 1im (S,,T,)
corjgacHo mpumepy 2 § 2.2. Ilanee,

SaTh=wv + w0+ ... 4-u,0, -
+ @Vt 0+ .+ u, Uy

Toraa

- ulvn+ u2vn+ M + UpUpy-
Ho coorsercrBylolifl ABo#HOR psin OynaeT aBCcoaOTHO cXOnsiuMcs, u6o
ecJn ero 4ieHHl 3aMeHHTb HX MOLYJsMH, TO BMecto S,T, moayunM o, - T,

ruie
cn:|u1]+lu2]+ +Iunlv
=t . ]
a 6,T,, N0 NpPeANoJONKEHHIO, uMeeT npefed. [losromy, cormacho § 2.52,
ecii B33Tb SJEMeHTHl NBOHHOro pana, OOIMER uJeH KOTOPOro 4,7,
B moGoM mopsake, To cyMMma ux OyaeT cxoaurscs k ST.

[Tpuwmep. IToxasate, 4T0 pal, NMOAYYEHHHIH yMHOXEHHEM IDYX PSIOB
z 2 23 1 1 1
I+5+5temt+ 0 Ito+mt+m+ 0

C MOCAENYIOIHM DPACMOAOKEHHEM UJAEHOB MOAYHEHHOrO pAla MO CTENEeHAM 2
6yneT cxopAmIMMCA, NMOKAa TOUKAa & AEKHUT B KOJbLEOOpasHOH 00AacTH, orpaHH-
YeHHOH OKPYXHOCTSIMH [2|==1n |2|=2.

2.6. CrenenHble psiasl )
Pan Buna

ay+ a2+ a2+ ...,
B KOTOPOM KO3(pOUUHEHTH @ &y, Gg, Qg, ... HE 3ABUCAT OT 2, HA3bL-
soemca pAOOM, DPOACHOAONCEHHWIM 1O 803PACMQIOUUM CMeNneHAM Z,
WIH, KOpOUe, CMeneHHuMm paooi.

TlokaskeM Tenepb, UTO ecAl cmenenHold pao cXooumcs OAR HEKO-
mopo2o 3HAUEeHUs 2z, Nepemennol z, mo OH 6ydem QOCOAMOMHO X0~
0Amumca OAf 6cex 3HA4eHUl 2, 048 KOMOPbLX COOMBEMCMEYoule
mouku Aedcam BHYMPU OKPYICHOCMU, npoxodaweld wepes 2y & umen-
weil Bewmp 8 Hauwase KOOPOUHAM.

1) PesyabTaThl, H3nOKeHHHe B 3ToM mnaparpade, npunagnexar Kommu
(Cauchy, Analyse algébrique, ra. IX). )
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IleficTBuTeNbHO, €CAM 2 Takas TOYKa, TO MMeeM |2Z]<C|Zz,|; HO Tak Kak

0
Za,,zg CXOLHTCH, TO @,2f HLOMKHO CTPEMUTbCS K HYJNO TPH 72 —> 0O
= :

4, C/eNOBAaTeNbHO, MBI MOXeM HaiTu Takoe M (He saBucslyee OT 7), uTO
|a,25| < M.

z n
—_— .
2

oo
ClenoBaTeNbio, KaXIHH uleH pana |a,2"| Gyner Menbuie coOT-
n=0

ITostomy
la,2"| <M

n

4

0
BETCTBEHHOr0 4J/JieHa CXOQIALIErocs reOMeTpUUYeCKOro psua ZM P
0

n=0

Otciona cneayer, uTo RepBHft pAX GyIeT TakKe CXOAUTHCH, H TO-
STOMY creneHHOH pag OGynerT a6coA0MHO CXOIAAILMMCH, TaK KaK pax

MoAyJefi ero 4jeHOB CXOAMTCHl; TeOpeMa [0Kasaua.
1

o
Mycts lim|a,| "=r, Torna mno § 2.35 pan X a,2" Gyrer a6co-
- . n=0
MOTHO cxonswmMes npu |2|<r. Ecau |z|>r, 10 @,2" He crpemurcs
(o8]

K HYJI0 u, TakuM o6pa3oM, pan Zanz" pacxomutca (§ 2.3).

n=0
Kpyr [2|<r, Bkmouaolu#i Bce 3HaueHus 2, A KOTOPBIX CTemeH-
HOH pan
ay+ a2+ a2+ a2t 4 ...

CXOLMTCS, HA3HBAETCA KPY2oM cxodumocmu psna. Pamumyc storo kpyra
Ha3HBACTCH PAOUYCOM CX00uMOCTMU.

Ha npaktuke npumensiercss G6ojee mnpocTol cnoco6 HaxoxueHus r
BHTexalomu#i u3 mnpusHaka [lanam6epa (§ 2.36). Papumyc cxopuMocTH ecTh

a
lim( n ), €cau 3TOT Hpejed CyuiecTBYerT.
n+1

CreneHHO psll MOMeT CXOAUTHCH AJS BCEX 3HaueHud nepeMeHHoH,
Kak, HanpuMep, psal)

28 28
z—ﬁ—i——f}T_“”

npeAcTaBasolukil GYHKLMIO Sin2; B 9TOM CJAyuae psi CXOIUTCS BO Bceld
naockoctu 2. C APyro#t cTOpOHB, pamMyC CXOAMMOCTH CTENEHHOTO psaia

') Paapl Ras €7, sin 2, cOs 2 H OCHOBHblE CBOMCTBa 3TuX (yHKUuH, a TaxKe
YHKUMH g z TPeAmosaramTCs H3BECTHHMH. KpaTkoe W3AOXeHHE TEOPHH 3THX
YHKIHH JaHO B NMPHACKEHHH.
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MOKeT ObITb paBeH HYJ/O; Tak, B Caydae paia
Tz 212243125 4124 - ..,
HMEEM

u;'t—l"‘z nfz].

Ho nocaeansss BequuHHa MJsi BCeX /4, HAUMHAS C HEKOTOPOTO 3Haue-
Hus, Oyner OoJblue enuHUUBl AJAf JIOOOTO 2, OTIHYHOrO OT Hy.Js. Ilo-
3TOMY pAL CXOLUTCA TOMLKO B Touke 2==0 M paluyc ero Kpyra cxo-
AUMOCTH DaBeH HYM0. B Toukax, KOTOPHE NeXAaT HQ Zpaxuye Kpyra
CXOMMMOCTH, Psill MOMXeET KaK CXOAUTbCA, TAK M PacXOLHTbCS; HANpHMep,
paL

2 3 4
I+ 4+t mt+F+

pagMyc CXONMMOCTH KOTODOTO paBeH eiuHuie, Syler CXOAAUMMCS HJH
pacxXomsfllMMcA B TOYKe 2Z==1 B 3aBUCUMOCTH OT 7TOro, GyIeT Ji §
fonbule MM MEHblle eIWHMIBl, KaK 9TO Mbl BHAeau B § 2.33.

Caencreue. Ecmu (a,) — rakas MNOCAELOBATEALHOCTb MOAOKHUTEALHBIX
1

. (a Y
4JIEHOB, UTO 11m< Z“ ) cylmecTByeT, TO 3TOT mpejen paBed lima” .,
n n

2.61. CxonuMoOCTb pANOB, MOJyyaeMux AuddepeHuuposannem
CTeneHHoro paxa '

IlycTs MaH creneHHOH psan
ay+ a2+ a2+ 28 ...
Paccmotpum psn
a +2ay,2-+3a322 440,25+ ...,

noJyyaeMplit NOUWJIEHHbBIM AuddepeHunpoBatieM IaHHOTO CTENEHHOrO pAia.
TloxaxkeM, 4TO nosywennull pad urmeem mom sce Camvii Kpy2 cxo-
dumocmu, KAQK U nepsoHaYaAbHbLE,

B camoM neae, nycTh 2z OyleT TOUKOH BHYTpH KDyra CXOAMMOCTH
CTENEeHHOrO psiia; BsiGepeM NOJOKHTENbHOE UACIO ry, JeXalllee MeX1y |2 |

o0
¥ paauycoM cxomumoctu r. Toraa psi Eanr{' Oyxer cxoautbecs abceo-
n=0

JIOTHO H €ro WiIeHbl NOMKHBE CTPEMUTHCA K HYJII0 IpH 7 —> CO. Bcaen-
CTBHE 3TOTO0 MOXHO HaHTH Taxkoe He 3aBucslee OT 7 TOJOKHTENb-

noe uncio M, uro |a,| << Mr{" nns Bcex 3Hauenu# n. Torza usieH
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jos)

-1
paza X n[a,|lz[""" Gyoyr MeHblue COOTBeTCTBYIOWMX u/IeHOB pAna
1

. MEn]zl”“ )

Ho stor psax OyneT cXomuTbes -no § 2.36, Tak xak |z| <<r;. llo-
stoMy no § 2.34 psn

RICAI

ibMg

-1
cxomurced, . T. €. Pil Znanz” CXOAMTCS abCOJMIOTHO [LJA BCEX TOYEK 2,
n=1
pacnonOXKeHHBIX BHYTPH Kpyra CXOAHMOCTH TNEPBOHAvajbHOTO DpaAAd
© .

> a,2". Korna |z >r, 10 a,2", u Tem Goxee na,2"~1, ne crpemurcs
n=0

K HyJa0; TakuM oO0pasoM, o0a psla MMelOT OAMH M TOT #e KPyr cxo-
IHUMOCTH.

[ee]
N\ apzt!
nt+1"'
n=0
HHeM NEpPBOHAYANBHONO CTEHEHHOTO PsAla, MMEET TOT e CaMbii KPYyr CXOZHMO-
[eo)

CanenctBue. Pag MOAyYeHHHl MNOYJICHHHIM MHTErpHpOBa-

CTH, 9TO H pAA Y @2
n=0

2.7. BecKoHeyHble HMPOH3BEIEHUSA

PaccCMOTpHM KJjace MpenesoB, M3BECTHHIX NMOA HasBaHueM OeCcKOHeY«
Holx npoussederuil,

Mycrs 1 4ay, 14 ay 14a, ... Oymer noc/ienoBaTebHOCTHIO,
HA OLMH uwjaeH Koropo#f He papeH Hy/o. Ecau npum n-— oo mpousse-

JeHue
I+ a)(14a)(14a) ... (1 +a,)

(xoTopoe Mb oGo3naunM uepes Il ) cTpemurcs Kk onpeleieHHoMy mpe-
neay, OTIMYHOMY OT Hya s, TO 9TOT Hpelen HA3LIBACTCH 3HAYEHUueM
CeCKOHE™H020 npoulsedenus :

O=(1+a)1+a)(1+ay)...

B o9rom cayuae roBopsT, u4T0 OeCKOHeYHOe TIPOM3BEACHHE CX0-
dumcs v). Ouesnano, uto ycaosue lima, =0 apaseTca Heo0x00uMuM

1
") CxomuMOCTh MPOHM3BeJeHHA, B KOTOPOM &,_ =7 6blia HecleloBaHa
Baaaucom yxe B 1655 r.
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yCHOBHeM CXOAUMOCTH, NOTOMY uTO
limII,_; == tm1J, + 0.

3nauenne OeCKOHEYHOrO NpousBeAeHUst 0603HAYAIOT TAK:

n[=[1(1 -+ a,).

Janee, uMeeM

nI=[1<1+a,,>=exp{n2=‘allg<1+an>}
ul) ‘
exp{ lim um}= lim {expu,]}.
m-=yoo m->x0

o0
ec/qM MNepBHfl Npesena cyuecTBYeT; CXOAMMOCTb psala 2 g (1 4+ a,)
n=1
rie JjorapudMaM HPUMHCHIBAETCA HUX TIJAABHOE 3HadeHue, ABJAACTCA TIO-
3TOMY HOCTATOYHBIM YC/JOBMEM CXOAUMOCTH OeCKOHEYHOro -Mpou3Beje-
uust. Ecan 91071 pAa MorapudMoB CXOAUTCS abCOJIOTHO, TO FOBOPAT, UTO
GeckoHeyHOe NpPOU3BEAEHUE CXOMMTCS A0 COAIOMHO.
Yecnoene abcomOTHOR cxoAMMOCTH IHaeTcd cielyiolielt Teopemoil:
048 mozo wmobv GeckoHewHoe npoussederue

(I+ap(d+a)(+ay) ...
€X00un0ch a6COAOMHO, HeO6X00uUMO u OOCMAmO4rO, 4mobb pAd
at+a+ 03+ ...

Obin a6 COAIOMHRO CXOOAUUMCS.

B camoM nene, coraacHo onpenedeHuio 1 6ymer uau He Gyler
alCoOMOTHO CXOLALIMMCH, CMOTPS MO ToMy, OyneT uanm e OyneM abco-
JIOTHO CXOAALLUMCH PR

lg (14 a)+lg (14 a)+ g+ a)+ ...

Ho tak kak lima,==0, TO Mb MOXeM HAHTH TaKoe M, 4YTO TPH
n>m

1
lanl<:ff’
" Toraa

-1 an a?z ai
| a; lg(l+a)—1]= —r -+ <
1 1 1
<gt+wm+ =73

") Cm. npunoxense, § A2,

4 3. T, Yurrekep, [Joxk. H. Barcon
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CienoBareiabHo, npu o > m

_1_/\ g (1 +a,)
2 a,

3
<5

ITo Teopeme o cpaBHeHMM psAOB OTCIOAA CJeAyeT, 4TO abCOJTIOTHas
cxomuMocts pasa g (1 - @,) Bieuer 3a coGOH aGCOMOTHYIO CXOLM-

MOCTb psaaa Zan, u .00parHo, anub OB TOBKO a@,%-— 1 Hu npu
KakoM 3Ha4eHuu 1.
OTuM TeopeMa noxasaHa l).

Ecan B GeckoHeuHOM Mpou3BeJEHHH KOHeYHOE WHCAO MHONHTENEH paBHAETCA
Hyn0 ¥ TpH OTOpachiBaHHMU MX OCTAWIIEeecs MPOH3BeleHHe CXOIMTCH, TO roBoO-
pAT, 4TO nEepBOHauaAbHOE GeCkOHeuHOe MNpOH3BeneHHe cxoauTca kK mymo. Ho

[ae] .
o takoM mnponssenennn, kax [[(1—n"), rosopsr, uto oo pacxodumes k nyme.
n=2
Caencreue, Tax kak exp S,->exp/, npu S,—> 1, o u3 § 2.41 caenyer, aro
MHOXMHTEAH aOCOMIOTHO CXOAAIIErOCA NPOHM3BEIEHHA MOMXHO NEPECTaBIATh, HE
OKa3piBasl BAMAHHA HA BEJMUHHY NMPOH3BEICHMS.

0
Mpumep 1. Iloxasare, 49T0 eciH II (14 a,) cxopurca, TO CXOmMTCS
n=1
(o0}
Takke 3 Ig (1 -+ a,), ecan norapudMbl HMEIOT TAABHHIE 3HAUESHHS.
. n=1 X
Mpumep 2. [Mokasate, uto GecKOHEUHOE MPOH3BEACHHE

sin—1~z sin—l—z sin—l-z
sin 2 2 3 4
z 1 1 T
7% 3%  7*

a6COMOTHO CXONHTCH npy BCeX 3HAYCHHUAX Z.

" .z z A
Hefictsurensto, (sin—)/|—-) moxer GBITh HANHCAHO B BHIE 1——72,

o
Ay
rie |\, <k w k He 3aBUCHT OT 1, paj Xe e ABJASIeTCA A6COMIOTHO CXO-

n=1
[se]
1
nt
n=1

OAUHMCA, KaK BHAHO H3 CpaBHeHHd C DAIOM . Beckoneunoe MpousBeje-

HHe OyJeT MOSTOMY aGCOMOTHO CXOARLIHMCAL.]

1y PaccMOTpenHe CXOAMMOCTH GeCKOHEeUHBIX MPOH3BEIeHUR, B KOTOPOM Te Xe
PesyAbTaThl MOJY4YaloTca Ge3 MOMOLIH Jlorag)(utbmuqecxnx byHkuui, nano Tpuuc-
creiivom (Pringsheim, Math. Ann, XXXIII, 119—154 (1889)), a raxie
BpoMyunuem (B rom wich, Infinite series, ra. VI).
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2.71. Mpumepsl GecKOHeYHHLIX HPOM3BEACHHH

PaccMorpum 6eckOHeYHOe NPOH3BEJEHHE

22 22 22
(1“75)(1“525)(1‘”323)'-w
koTopoe, Kak OyneT nokasano Hinke (§ 7.5), mpelcTasiseT QyHKIMIO
z-lsinz.

Yro6ul y3HATD, 6y11eT JH OHO 36COJIIOTHO CXOASAWMMCSH, Mbl JOJIKHBI

paccMOTpeTb pal 2 —5gr W 2——; 9TOT pfl abCOMIOTHO CXO-
. n=1 n=1 )
JHTCS, M TAaKUM 00pasoM, nmpousBelenue OyAeT abCOMIOTHO CXOIALIHMCS
Ipu BCEX 3HAUEHHAX Z.

[Mepenuumem temepb GeCKOHeYHOe MPOM3BeleHHe B BUle

(=)0 =) (%)

AGcomoTHag CXOAMMOCTb 9TOr0 OGeCKOHEUHOrO MPOU3BeNeHHS 3aBUCHT
o1 abcomoTHO’ CXOAUMOCTH psiia

4 2
—or Tt T
Ho 3TOT pag TOMLKO YCAOBHO CXOAswMMCA, TAK KaK Pl MOLY/eH
z ]z z| z|
| I EaLal lz] +l +I 4.

pacxogutcsi. CurefoBaTelbHO, B 3TOM BHIe OGeCKOHEYHOE NPOU3BEEHHE
He Oyzer aOCOMOTHO CXOAAWMMCH M, TakuM 00pasoM, NPH H3MEHEHHH

2

___.{_z

T K

r4
NopaiKa MHOXHTeTel (1 iﬁ) HYXKHO ONAcaTbCs H3MEHEHHS 3HAYEeHHs

Npon3BeAeHHUS. .
Hakonen, nycts To ke camoe OeckoHeyHoe NpousseleHHe OyieT
HaNuCaHO B BHAE

=2+ ) HO-2) =10+ ) F e
B KOTOPOM KaXioe U3 BHIpaKeHuH |

- 2z
(1 ii)exL”F

mw

CUHTAeTCA 32 ONMH MHOXHTeIb 0eCKOHEYHOro npousseleHud. ABcomoTHas
CXOAMMOCTb 3TOr0 MNPOU3BCHAECHHUS 3aBUCUT OT abCoOMOTHO! CXOLUMOCTH

4%
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pina, (2m —1)-# u 2m-# uneHH xKoTOpOro GyayT

(1 —T’,;,E,T)ei%_ 1.

Ho nerxo yGemuthcs B TOM, uTO

(1755) =1 o[ ).

H, TakHuM oGpasoM, abco/I0THas CXOIHMOCTb PAld CJefyeT M3 CpaBHe-
HHS ero ¢ paioM

e i

BeckoHeyHoe NpousBelieHHe B 9TOM MNoOc/AefHeM BHAe OyIeT NMOITOMY

OnATh abCOJIIOTHO CXOAAWUMCH; TaKuM 06p330M, BBCICHHE MHOXHTE-
z

+ —_—
Aeit e " npeBpaTHIO YCJOBHYIO CXOZMMOCTb B abCoJIOTHYW0. JTOT pe-
3yAbTAaT ABAAETCA YACTHBIM CayuyaeM MNepBoit uacTH TeopeMul DBefep-
wrpacca (§ 7.6) 0 OeckOHeUHBIX NPOHM3BEINEHHAX.

[ee)

z
- z —
Mpumep 1. Hokasars, uro ]1 { (1 — m\ el } 6yzer a6GCOMIOTHO
n=1
CXOASIMMCH TP BCEX 3HAUEHMAX 2, €CIM € — KaKO€ YToJHO IOCTOAHHOE YHCJIO,
OTAMYHOE OT OTPHUATENbHBIX HENHX YHCel.
He#crBurenbno, GeckoHeuHoe NpouaBeneHue Gyrer aGCOMIOTHO CXONAMKMCH
OJIHOBpPEMEHHO € PSIOM

0

S(ew) 1)

n=1

O6ui xe uieH sToro pasa Gyier

(et o)} 1= 1
S ()=o)

[o o]
Ho psax 2 -IT CXOIKTCH, TakuM o6pazoM, no § 2.34 pax
n=1

S(-ez) 1)
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CXORUTCH A6COMIOTHO, & MOTOMY M GeCKoHeUHoe Npou3BefeHHe a6COMOTHO CXO-

IUTCA.
o

l -n
Mpuyep 2 MMokasars, uto l I { 1— (1 —-7) 2~"} cxomutcs BO Beex
n=2
TOUK2X, PACIONONEHHHX BHE KPYyra ¢ PaiuycoM eIHHMNA U ¢ LIEHTPOM B Hayaje

KOOpPJLHHAT.
B camoMm nene, GeckoHeuHOe NPOH3BelJeHHE CXORHTCHA abcoJIOTHO mpu abco-

JOTHOH CXORMMOCTH paza
[se) 1 -n
¥ (=1 e
n
n=2

Ho lim (1———1—) = ¢, Tak vyro npenea orHomeuus (n- 1)-ro uaena
n->o0 n

1
PsAa X n-My DaBeH —; TNOSTOMY abconoTHas CXORMMOCTb PAjad HMEET MEcCTo,

Korjaa

%<1, T.e. npau |z|>1.

Mpumep 3. [Mokasars, uto

1.2.3...(m—1)
GFNGEFD ... eFm—D "
CTpGMHTCﬂ K KOHCUHOMY npeireay NpH m —>CO, €CJH TOJbKO 2 HE 6y}1€T neabiM

OTpHUATENbHEIM THCIOM.
3710 BHpaXeHHe MOMET GbTh 3aMHCAHO KAK NPOM3BENEHHE, n-H MHOKHTENb

KOTOPOT'O paBeH

o () =) (43) = {257 oG

Takum o6pasom, 9T0 NpousBeneHHe a6COMOTHO CXONMTCH, €CaH TOAbKO cxo-

IHTCA a6COJIOTHO DPAXR
2{ =52+ o))

n=1

CpaBueHue NOCAEIHEro pAAa cO CXONAIMMCA PAIOM 2;12— noKa3bBaer,
n=1
YTO 3TO MMEHHO M uMeeT MecTo. Ecau ke z eCTb OTpHUATEJbHOE WEJ0e YHCIO,
10 JaHHOE BHIDAXEHHME HE CYIeCcTBYeT, TaK Kak OJHH W3 MHOXMTenel B 3HaMe-
HareJae paBeH HYJIO.
MMpumep 4. Joxasars, uro

(1= D) (1-2) (14 2) (1= Z) (1= 2) (14 &)= e
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JleCTBUTEABHO,

k“;”mz(l—%)(l“iz;)(‘ +2) - () () (1 + 5) =

z 1 1 1 1 1 1 1
i L R g e mm )
k>0

z z

AT A V- 2\ %= 2\ "

)e(1=2)e (=) T (1) () -
-2 (1-7+3 )
= lim ¢ E - %
(o]

160 Npou3BENeHHe, MHOKHTENIMH KOTOpOro Oynyt

z\ T
(li——)e L
re

a6CcoROMHO CXONUTCA U, TAKHUM oGpaaoM, NOopANOK €ro 4J€HOB MOXHO MEHATH.

Ho rak kak ) . ) .
lg2=1— 5o —— A= — ..
g 2 -*- 3 4 + 5 veey
TO 3TO MOKa3biBaeT, UTO JaHHOE NpOU3BENEHHE PABHO
2
—-— 1g2
e T sin 2.

2.8. becKoHeYHBIE OmpereauTe N

BeckoHeuHble DAAB M OeCKOHeyHble TNPOM3BEIEHHS OTHIOAL He
ABJSIOTCS eJHHCTBEHHBIMM M3BECTHBIMH GECKOHEYHLIMH NMPOLECCaMH, KOTO-
pbie NPHBOJAT K pasymHuiM pesyabTaTam. Hccaenosanus [, Y. Xuuaa
no Teopun IBHKeHus JIyHBI!) MpUBEAM K PACCMOTPEHHIO (eCKOHEUHbLX
onpedenumenei.

PakTHUECKOE HCCIEeIOBAHME CXOIMMOCTH mpHHaadexHuT He Xwmaay, a Ilyan-
kape (Poincaré, Bull. de la Soc. Math. de France, XIV, 87 (1886)). Mm
npujiepxuBaeMcs usjaomeHnus, LanHoro Koxom (H. von Koch, Acta Math,
XVI (1892), 217).

1y Hill Q. W., Researches in the Lunar theory, Amer. J. Math,, 1, 5—26,
126—147, 245—260 (1878). Ilepeneuatano B Acta Mathematica, VIII, 1—36
1886).
¢ Beckoneunnie ompeleanTeNd paHblie BCTPEYAJUCh B HM3HICKAaHHAX 06 aare6-
paMuecKkux ypaBHeHHAX n-# crenmend, Piopcrenay (Fiirstenau, Darstellung
der reelen Wurzeln algebraischer Gleichungen durch Determinanten der Coe-
ffizienten, Marburg, 1860). CnenuanpHbie TUIB 6eCKOHEUHBIX ompeieauTene (13-
BECTHBIX KaK KOHMUHYAHMb!) BCTPEUAIOTCS B TEOPHH GECKOHEUHBIX HEnpepsiB-
X apobeil; cm. Silvester, Math. Papers, I, u. 1, 504 u I, 249.
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[Tycts A;, onpeneleHo A/ BCEX LEJAHX 3HAYEHHH (NOJOMKHTEIbHHIX
0 OTPHLATEJbHbIX) { m k; 0003HauHM uepe3

Dm: [A[k] L k=—m, ...,+m

onpele/uTe b, COCTaB/leHHbIH u3 uncexr A, ((, k=—m, ..., - m).
Torna, eci IpyW m —> o0 onpelenuteib D, CTPeMUTCS K ONpPefeneHHOMY
npedeny D, 1o Mb Gynem ToBOpHTb, uTO GeCKOHEUHBI} ONpeleuTelb

[Aik] {,k==00, +v., +0

cxo0umca u vMeer 3HadeHnme D. Ecim npefena He CyuIecTByeT, TO ro-
BOPAT, YTO PACCMATPHBAEMHIt ONpelenutTesb Pacxodumcs.

06 saementax A (rie { NPUHHMAET BCEBO3MOXHbLIE 3HAYEHHS) TrO-
BOPAT, YTO OHH 00pasyoT 2.2a8HYI0 duazonass onpenerutets D. Dae-
MeHTH A;,, Tle { NOCTOSHHO, a R TMPUHUMAET BCEBO3MOXKHbBE 3HAYeHHH,
00pasyoT cmpoKy I, & 37eMeHTH A;,, rie R NOCTOAHHO, a [ NpUHU-
MaeT BCEBO3MOXHbiE 3HaueHusi, oOpasyioT cmosbey k. dnemeHt A, Ha-
3BIBACTCA OUAZOHAALHOLM UK HEQUA2OHAAbHELM B 3ABUCUMOCTH OT TOro,
OyneT Jau i==k Hmm (< k. DaeMeHT Ay, Ha3bIBACTCI HAXAALOM ONpe-
IeauTens.

2.81. CxomuMocTh GeCKOHEYHOTO onpepeauTens

IMokaxem Tenepb, 4T0 OeCKOHe4Hul onpedeaument Cxodumcs,
ecau npoussedenue OUAROHAANLHOLX JAEMEHMO8 U CYMMQA Heduazo-
HAAbHOLX 3NEMEHMOB (X00AMCA QOCORIOMHO.

O603HauuM [1MaroHajbHble 3JAeMEHTH GECKOHEYHOrO ONpejenuTes
Yepes 1--a;, a HeIuaroHambHHle yepe3 a;,(I-~k), Tax 4YTO ONpeJe/H-
Telb 3anulueTcs Tak: :

D L N T T T . . . . .

oo 1 da_ a_y O_y -
a1 146y g e |-
.o al—l ° alo 1+a11 ‘o .
(o]
Torza, Tak Kak psa X |a;,| cxommtes, To mpowusseieHue
) R=—00
_ [s] [s0]
pP= H <1+ p3 |a1k|>
I=— k=—0o0

TaK¥XKe CXOIAMTCH.
CocraBuM TeN€pb NPOU3BedEHHSA

mn

P,= I <1+k§ a,-k>, o= 11 <1+ 3 Iaikl>;

i=—m =—m j==—m R=-—-m
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TOrJa, ec/u B PasBEPHYTOM BHIPaXeHHA P, HeKOTOpble Y/IeHb! 3AMEHUTh HY-~
ASAMHM M Y HEKOTOPHIX IPYTHX u/JeHOB U3MEHHTb 3HAK, TO MBI noayunm D, ;
TakuM 06pa3oM, Kaw/I0OMy u4/eHy B BolpaseHuu D COOTBETCTBYET B BHI-
paxennu P,, uneH ¢ papHyiM HaIn Gonbuum moayaem. asee, Dm+p - D,
NpeiCTaBJsgeT CYMMy Tex WieHoB B ompenemutene D, . ., KOTOpHie 06-

palWaloTcst B HYJdb, eCau uucaa a,{l, k=t(m+41), ..., £(m + p)
3aMEHHTb HYJAMH; KAXIOMY M3 STHX U/JEHOB COOTBETCTBYET Y/eH paB-

HOrO HJH OOMblIero MOLYJAS B Pm+p-—Pm,
Takum o6pasom,

|Dm+p— Dm’<Pm+p_ﬁm'

Ho rtak kax P, cTpemaTcs K npeieny npu m—>oo, To u D cTpe-
‘MUTCS K Tpeflenly, YTO ¥ JHOKA3HIBAET HPelJOXeHHE.

2.82. Teopema 06 M3MeHEHHH SJEMEHTOB
B CXOAAMMUXCA GECKOHEUHBIX ONpPeeJHTEIAX

TloxkaxeMm Tenepb, 4YTO onpederumend, CXO00AUULCA 8 BbULEYKA-
3QHHOM CMBICAE, OCMOEMCA CXOOAWUMCH, €CAU INeMEHmMBb. 210606
CMPOKHU 3QMeHUMb NPOUIBOALHOU cucmemol s1emenmos, 8ce MOdyau
KOMOpBLX MEHbULE HEKOMOPO2O ONPEOCAEHHO20 NOAONCUMELbHO20
qucad.

3aMeHUM, HANpPHMep, 3JEMEHTH

coir Ay s aees A eeer Ao een

HauaJ bLHOH CTPOKH 3JIEMEHTAMH

ceen B e B e e Py e
YLOBACTBOPAIOIIIMY HEPABEHCTRY

o] <
rie . -— HEKOTOpOe RoAOkuTeabHOe uucao. Hosbe snavenns D,, u D
0603HauuM uepes Dy, u D' Kpome toro, o603HaunM uepe3s ﬁ;,, ub
npoussefeHns, MoJyyeHHsie u3 P, n P oT6GpactiBaHHeM MHOXHTE S, COOT-

¥
BeTCTBYIOUIEr0 HHIOEKCY HOJbL, Mbl BHAMM, 4YTO HM OJAUH U3 YJECHOB Dm
He MOXeT uMeTb O60J/bUIETO MonyJg, ueM COOTBETCTBEHHbI! uJeH B BbI-

=7
paxenun pPp; creloBaTeNbHO, PacCykias, Kak B NpelbUIYINEM mapar-
pade, Mbl nOayYHM

ID;n+p_D;nI <P‘p.;n+p—9ﬁ,m'

" UTO JOCTATOYHO O] YCTaHOBJ/IEHHS BBHICKA3aHHQrO pe3yabTaTtd.
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Mpumep. Iokasarb, uTo Heo6xonuMoe M JOCTAaTOYHOE yCAOBHE abco-
JOTHOH CXOIUMOCTH GeCKOHEUHOro OonpejeauTens
lim |1 & 0O 0 0
m->» oo
g 1 a 0 O
0

3aKA0YAETCA B TOM, 4TOOW pal 8, + asfy + asBs + ... 6bin abcomoTHO CXO-
AALIEMCA.
(von Koch)

JIMTEPATYPA

CxonsimiHecs psabt

A. Pringsheim, Math. Ann, XXXV, 207—394 (1890).
T.J. 'a Bromwich, Theory of infinite series, ra. 11, lII, IV, 1908.

Yc10BHO cxonasiuHecs pAanbl

G. F. B. Riemann, Ges. math. Werke, 221—225.
A. Pringsheim, Math. Ann, XXII, 455—503 (1883).
JBofiHbIe PSABI
A. Pr ngsh elm, Minchener Sitzungsberichte, XXVII, 101—152 (1897).
A. Pringsheim, Math."Ann., LIII, 289—321 (1900
G. H. Hardy, Proc. London Math. Soc. @), 1, 124—128 (1904).
Mpumepn
1. Onpeseants lith (e~"2n?), hm (n=%1gn) npr a >0, b >0.
n->w
2, MccnenoBark CXOIUMOCTD psma
3 2n+4-1
2 { 1——nlg—~2n__1 }
n=1 .
(Trinity, 1904)
3. UccaenoBath cxOAHMOCTb pala
W0
Z{ 1-3...2n—1 4n43)?2
1 2:4...2n 2n+2}
n=
(Peterhouse, 1906)
4. Hafitn cOBOKYNHOCTh 3HaueHMil 2, IPH KOTOPBIX Pl
2sin?z —4sintz L 8sin® 2 — ., - (— 1)+ 12"sin? 2 4,
CXOIHUTCA.

5. [ToxasaTs, uto psan
1
T zFI T EFr g3 b




58 r1. 2. TEOPHS CXOIMMOCTH

6yneT YCJHOBHO CXOAAIMMCA MNpPH BCeX 3HAUEHMAX 2, 32 HCKJIIOUEHHEM HEKOTO-
PBIX YACTHBIX 3HaYeHHH, a paAx

1 1 1 1 1
PLNey W EE L M=prnypany il oy Rl gy e
1 1
TEF =1 o T

B KOTOPOM BCErAa 3a P NOJOMHTENbHBIMH WIEHAMHU CAENYIT p 4 g oTpuuaTeb-
HBIX 4JeHOB, 6yIeT pacxoifamumMcs.

(Simon)
6. [loxkasaTh, uToO

(Trinity, 1908)
7. MNokasats, uTO pAaAX

a+ +na+ .. (I<a<f)
CXOAuTCSH, XOTH
Usnt >
Usn
(Cesiro)
8, oxasatb, uTO psin
o B2 pa® 4B O<a<p<l)
CXORHUTCH, XOTH
o,
Usn—y
(Cesaro)

9, INoxasath, uTO pax

i n2"=1 {(1 +n-1y1 — 1
i G [ (A F )]

a6CcoNIOTHO CXOAMTCH NMpH BCEX 3HAUEHMAX 2, HCKJOYas 3HAYEHUA
a \ 2kni/m
z={1 — } €
(14 5) eiim,

rie a =0,1; k=0, 1,...,m—1; m=1,23,...

10. Tlokasatb, 4TO TpH 5 > |
D
s—l (n+ 157t ps! }]

W 4TO Pai B NpaBolt wactu cxoxurcd mpu 0 < s < 1.
(Dela Vallée Poussin, Mém. de ’Acad. de Belgique, LIII, Ne 6 (1896))

1

- =
n
n=1
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11. lnag psiga, o6uHil 4ieH KOTOPOro

1
fes *2-\'\\'+1)
Up=¢qg" X O<g<l<x,
rie v obosHavaer uwuca0 uudp B uucae 1, 3aNHCAHHOM B OOBIUHOH mecATHUHOM

CHCTEME CUMCJEHHS, NMOKa3aTh, 4TO

1
N n o_
lim uyj =gq
n->0
T Ynr
M YTO PAA CXOZHTCH, XOTd lim —— = oo,
n>c Up

12. Tloxasats, uto pax

n+a+atad+a+atat...,
rie
142
dw=q "
CXOIMTCS, XOTs OTHomeHue (n - 1)-ro unena k n-my 60Jblue efMHULB, KOrAa n
He 6yIeT TPEeyroJbHBIM YHCIOM !).

13. MoxasaTb, 4TO psA
[o o]
E e2nnix
S
(@ 1 n)

rie @ BellecTBeHHO u moj (w - n)° nounmaertcs suauenne 8 '€(®+% rre go-
rapudM B34T B ero apudmeTHuecKOM CMbicie, OyneT CXOAALIMMCA IpH BCeX
3HaueHHaX S, ecan Im x mnonoxurearsa. OH GyAeT TaKke CXOAAMMMCA IpH
BCeX 3HAYEHHAX S, BEUIECTBEHHAA YaCThb KOTODBHIX MOJOXKHTENbHA, NPH YCIOBHH,
4TO X BEIECTBEHHO H He PABHO LieJIOMYy YHCIY.

14, llpn u, > 0 nokasarb, 4TO eCad PAL 2”" cxoxurcd, 1o lim (nu,)=0

n>oo
H 4TO eCJH, CBEPX TOTO, U, > Uy, To lim (nu,) =0.
n-»co

15. IloxasaTe, uto ecau
m—n (m4n—1)!

= m,n>0
T gmin m! n! e, )

Um,0=2"", appn=—2"" 4,,=0,
TO

[s0) o0 o0 [so]

Y N

Qmyn ) =—1, E Zam,n =1
m=0 \n=0 n=0 \m=0

(Trinity, 1904)

k(k4+1) rre
2 td

) Moxn TpeyrombHbiM uHCAOM NOHMMAETCA YHMCJAO BHAA

& —ueuoe. (Tpus. ped.)
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16. O6pamennem psza

8q 1642 24q°
1
R P i el s SO

(rre | g < 1) B nBofiHO#l paAx MOKa3aTh, YTO OH PaBEH

T+ (1 Tt (1+q2)2 + (1—q3>2 -
(Jacobi)

. - 22
17. Mpunumas, uTo sin 2 =2z I I (1 —-—W), NMOKa3aTh, 4YTO €CJHH M —>»CO
r=1

.oom
U n-»o0 rakuM obpasoM, urto lim - = k, rie k KOHeuHo, TO

m z
lim I,I,(l_l_r_it.):kﬂ sin 2z

r=-n

npuYeM HITPUX o6o3HauaeT, 4TO MHOXUTENb, IJf KOTOpOro r=20, ONYU[EH.

(Math. Trip., 1904)
18. Ecau uy==u; =u, =0 u ecau npu n > 1

1 1 1 1
Uppy = — 7=, U= -F7=T+—1 —7=,
Vn n n nVn

10 l] (1 + u,) cxoautcs, XoTa pAib Z u, u 2 U, DPACXONATCA.
n=0 n=0

(Math. Trip., 1906)
19. [lokasatb, uto GeckoHeuHoe NPOH3BEIEHHE
&
ot +1

Tr{o-3"e (F222)}

n=1 . m=1]

rie k— mo6Goe uea0e MOAOKUTENbHOE UHCHO, a6COJIOTHO CXOIMTCS NMpH BCeX
3HAYEHHAX 2.
[ee]
20. Ecan Zan—ycnosno cxoisuuiics P49l ¢ BelUleCTBEHHBIMH YJIEHaMH,
n=1

o0
o JJ (1 +an) Oyner cxomamumes (Ho He aGcoMOTHO) K HYMO MAM pacxos-
n=1

o0
UUMCH, CMOTpSl MO TOMYy, GyJAeT Jd paln Z afl CXOAUTHCH HIH PACXONMTHCH.
n=1

(Cauchy)
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21, Ilyctb pag 20,, a6comotHo cxonuTcd. IToxasath, uTo GeckoHeuHbIH

n=1
OnpeacuTeNb
{c =42 —H — 0, — 0 — 8
42— 4§, — b, 42 — 1§, 42 — 0, 42 — 4,
— 9, (c—2)2—8, —0, — B, — 04
22§, 22 — 6, 22—, 229, 229,
- 62 ¢t — 00 — 9] —_ 62
A(e)y =]1... 07—, -9, 07—, 06, 0z 0,
— B —~0 (+2—0, 8
22—, — 0, 22 — 0, 2 — 8, 22—,
— 0, — 0 —8  (c4-4*—40
42— 4, —f 42—, 42 — g, 42 — G,
CXONMTCA U YTO ypaBHEHHE
A (C) =0
9KBHBAJEHTHO YPaBHEHHIO
1
| .1 5.
sin? & n¢ = A (0) sin? =

2

(Hill; cm § 19. 42)



F'TABA 3
HENPEPbIBHBIE ®YHKHUM W PABHOMEPHAS CXOJUMOCTD

3.1. 3aBHCHMOCTH OJIHOTO KOMILIEKCHOTO 9HCJAa OT APYToro

3afaun, KOTOPHIMA 3aHUMAETCHA aHA/AM3, OTHOCATCS B OCHOBHOM K 3a-
BUCUMOCTML OJHOTO KOMIUIEKCHOTO uuC/Aa OT APYroro.

Ecau 2z n {— /B4 KOMILIEKCHHIX 4HC/AA, CBA3aHHBIE Mexay co6oi0
TAaK, YTO A 3HAYEHUM 2, MPHHALJIEKAUUX K HEKOTOPOH COBOKYMHOCTH,
MOMHO ONpene/uTs COOTBETCTBEHHbIe 3HAueHH: ( (Hampumep, ecau { ecTb
kBanpaT 2z mau ecad =1 npu 2z BewecrBedHoM M (=0 aag Bcex
OCTa/bHBLIX 3HAYEHHA Z), TO rOBOPAT, 4TO { ecTh QyHKUMA OT 2.

Ty 3aBHCUMOCTb He HAL0 CMEIIMBATH C HaubOJee BAXHHIM CJIyyaeMm
ee, KOTopbifi Oyner OOGDBACHEH HMKe NOJ HasBaHHEM GHAAUMUUECKOH
PYHKYGLORAABHQE 3aBHCHMOCTH.

Ecau { ectp BenmlecTBeHHas QyHKIUA OT BemleCTBEHHOH MepeMEHHOH 2, TO
COOTHOIEeHHe MexIy { H 2, 3amHChIBaeMO€ B BHJE

L=/()

MOXeT ObITh HarJfSfHO NpPEACTaBAeHO NpPH NOMOW(M KPHBOH HAa NAOCKOCTH,
HMeHHO FeOMEeTPHYECKMM MecTOM ToYeK, MPAMOYTOJNbHBIE KOOPAMHATH KOTOPHIX
¢yTh (2, {). Ho Heabas HalTH TaxoOro NPOCTOTC ¥ yLOGHOTO, FEOMETPHYECKOTO
cnoco6a Ias HarJgAHOrO NpelcTaBJdeHus COOTHOIIEeHHA { = f(2) B ciyuae, Korjia
{ ¥ z 6GyayT KOMIICKCHHIMH NEPEMEHHBIMY, T. €.

(=E-4in, 2=x-Iiy.

B stoM cayuae mnpeicTaBieHHe, TOJHOCTBIO AHAJIOrHYHOE YKa3aHHOMY 1ad
BEUIECTBEHHHIX NEPEMEHHBX, NOTpe6oBas0 OBl YeTBIPEXMEPHOrO NPOCTPAHCTBA,
160 37ech HMeeTcsl YeThipe NMepeMeHRBX: §, 7, X H V. .

OxuH u3 cnoco6oB, npeliowxenHstii Jlu n BeitepmrpaccoM, 3saxmouaercs
B NPUMEHEHHH [BYNapaMeTPHUecKoR CHCTeMBl MPAMBIX, NPHHAANEKANMUX K Ye-
TRIpEXIapaMeTPUUECKOH CHCTeMe NPAMBIX TPEXMEPHOTO MPOCTPAHCTBA.

Jlpyroe mpenpjOXeHHe 3aKJIOYAaETCH B NPeACTaBAeHHH § M 7 OTHAENbHO NpH
HOMOIIY MOBEPXHOCTeH

E=¢(x, ¥}, =1(x, )
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Tperuit npueM, npunazrexawmuit Xebdrepy !), saxaouaercs B ToM, 4ToGHI,

3amucaB "
{=re",

[HOCTPOUTD NOBEPXHOCTD ¥ = r (X, ¥), KOTOPYI0 MOXKHO Ol Ha3BaTh n08EDXHOCMBIO
M00yasi GyHKNuM, ¥ Ha Heil orMeuaTh 3HaueHus 6. Moxuo 6biio Obl M3MEHHTH
3TO NIPEJVIOKEHHE PA3AUYHBIMM CNOCOGaMH, H3o6paxas O KpHBHIMH, BHIUEPUEH-
HBIMH Ha NMOBEPXHOCTH + == r (X, y).

3.2. HenpepsiBHOCTh ()YHKUHI BemeCTBeHHBIX HepPeMEHHHIX

Uurateab, KOHEYHO, MMeeT ofuiee npeicTaBieHne (NOAYYEHHOE U3
rpaguuecKoro npeicrasiaeHns QYHKUH BellleCTBEHHOM NepeMeHHOR) o ToM,
YTO TOHHMAETCs 101 HeNpPEpPHBHOCTHLIO.

Mbl 10/DKHBL Tellepb 1aTh TOYHOE ONPELE/eHHE, KOTOpOoe NpUBano Gul
OMNpeJeleHHOCTb 3TOMY DPACHALIBYATOMY HPEACTAaB/EHHIO.

[ycte f(x) ecTb (ynkuus x, KOTOpas onpeleneHa npu o < x < b,
B NyCcTb X, TaKOBO, 4TO & < X; < b. Ecam cyuecTsyer Takoe uuciao [,
YyTO0 NpH NPOU3BOJABLHO BHIOPAHHOM MOJOMXHTEALHOM YHCJ/IE € MOXHO HaliTu
TaKoe HNOJOKHTENbHOE YHCIO 7], YTO

[f () <~1] <e,

korga |x— x| <%, x=x, u a{x<b TO [ HazmlBaeTCA mpene-
JoM f(x) npu x— x.

MoxeT cayuuTbcd, uTO ME CMOXeM HallTm Taxkoe uucao I, (Haxe
TOTHA, KOTJa He cymectByet [), uto | f (x)—I, | <enpn x; < x < X7,
Mb HaspiBaeM Toraa [, mnpeneaom f(Xx) npH X, cTpeMauleMcad XK X
cnpasa, u o6o3HayaeM STOT mnpeled -deped f(x; 4+ 0); moxoOHLBIM ke
o6pasoM MH ompejeasieM f (x; — 0), ecau oH cymecTsyeT. Ecau f(x,+0),
f(x)), f(xy—0) Bce cyilecTBYIOT ¥ paBHH Mex1y COOOH, TO Mbl roBO-
puM, uTo f(x) Henpepnsua 8 x;. CaejnosareabHo, ecau f(x) Henpe-
pBIBHA B X, TO NpH JaHHOM € Mbl MOXeM HalHTH Takoe 7, 4TO

Lf (%) — f (x| <e,

korfa |x — x| <nna<x<Lh

Ecin [, u [_ cymecTBYIOT M He PaBHbl MexAy COOOH, TO TFOBOPAT,
4T0.f (X) HMeeT pa3psis nepsozo poda ) npu x; ecau ke [, =1_= f (x,),
TO rOBOPAT, 4TO f(X) HMeeT yCcmparumslli paspus B Xy.

Ecan f(x) — xoMuekcHas PyHKUHS BellleCTBeHHOH MepeMeHHOH, T. e.
ecay, f(x)=g(x) -+ ih(x), rie g(x) u h(x) BellecTBEHHH, TO U3 He«
NPEPHBHOCTH f(X) B X, BHTeKaeT HenpepuBHOCT: g(x) u A(x). H6o
ecam | f (%) — f(x)| <e 10 [g(x)—gx)l <en|h(x)— h(x)| <e

NMO3TOMY BbLICKA3aHHOE YTBEpKIEHHE OUYEeBUIHO.

) Heffter, Zeitschrift fir Math. und Phys., XLIX, 235, (1899).

) Ecan roBopurcsd, u9T0 (YHKuHS HMMEET pa3phiB NIEPBOTO POAA B ONpene-
JEHHBIX TOYKaX HHTEpBajda, TO MOJPasyMeBaeTcd, YTO OHA HENPEPHIBHA BO BCeX
OCTaJbHBIX TOYKaxX MHTEPBaJa.
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Mpumep. 1. Mz mpumepos 1 u 2 § 2.2 BuBectn, uto ecan f(x) u ¢ (x) He-

NpepLIBHE NpH ;t(l, )TO TaKOBEIMH OyayT u f(x)x e (x), f(x) -¢(x), a ecan
X
9 (x,)0, To H e )

Pacnpoctpanennoe npeacTaBJeHHE O HENPEPHBHOCTH, MOCKOABKY OHO OTHO-
CHTCA K BEIECTBEHHOH mepeMeHHOH f(x), 3aBucdmell oT Apyrofl BeuecTBeHHOH
nepeMeHHOH X, HECKOJNbKO OTJMYAETCs OT TOABKO UTC YCTAHOBJEHHOrO, H €ro,
noxany#, Jydiie BCero MOXHO BBIDa3HThb caefyluuM oGpasom: f(x)— Hempe-
pbiBHaA (QYHKIHA X, €clH NpH NPOXOXAEHHH X BCEX 3HAYEHUH, IPOMEXYTOUHHIX
MeXJIy MOGHIMH JByMs CMeXHbIMH 3HAUEHHAMH X, U X, GyHKnus f(x) npoGe-
raer BCe 3HAYEHHS, TNPOMEKYTOUHBHIE MEXJY COOTBETCTBEHHBIMH 3HAUEHHAMH
Flx) u ().

Bo3nukaeT Temeph BONPOC, HACKOABKO 3TO HarjsiHOE ouperesienne Syner
SKBHBAJIEHTHO TOYHOMY ONpEJNENEHHIO, JAHHOMY BhHIUIE.

Komu moxasan, uyto ecau B2ulectBexHas OyHkius f(X) BemecTBeHHOH
nepeMeHNOR X YIOBAGTBOpAET TOUHOMY ONpEIEJ]EHHI0, TO OHAa YIOBJAETBOpseT
H TOMY, KOTOPO€ Mbi HA3BAJH HArJAIHBIM ONpeleNeHHeM; sTOT pe3yJabraTt Oyaer
nokasan B § 3.63. Ho o6patHoe mpennoxeuue, kak noxasaix HapGy, HeBepHo.
3
2x
Mexny x=-—1 n x=+1 (uckmoyan x =0) u f(0) =0. MoxHo 10Ka3aTh,
uTO f(X) 3aBUCHT HENMpPEPHBHO 0T X B6AM3H X == ( B CMBICJE HarJfAJHOTO OMNpe-
Ienexus, HO He GYIET HempephHBHA NpU x =0 B CMBICJAE TOUHOTO ONpERe]eHHUS.

Mpumep 2. Ecan f(x) Gyzer onpeneneHnofi u Bospacraomed ¢yuxuuei
B npoMexyTtke (a, b), To npexenast f(x+0) CymecTBYOT BO BCEX TOUKAX BHYTpH
3TOTO MPOMEKYTKA.

[B camom jgene, ecnu f(x)— BospacTawomas QyHKiHsA, TO MOMXHO HaHTH
T4KOE CEYEHWUE PANMOHANbHBIX YHCEJ, YTO €CIH & U A OyAyr KaKuMu-au6o yuc-
JaMH COOTBETCTBEHHO KaaccoB L u R, 10 a < f(x 4+ h) ana mo6oro mOJNOKH-
TeJAbHOTO 3HaueHus A u A = f(x -4 h) 119 HEKOTOPOrO MONOKHTEJNLHOIO 3HA-
uyenus h. Yucno, onpergenseMoe atuM ceueHneM, Oyxet f(x -4 0).)

10 MOXET 6biTh HIMOCTPUPOBAHO caenyiomuM npumepoM !). [ycrs f(x) = sin

3.21. Iipoctrie xpuBnie. Kontunyymu 2)

Hycts X M y— 1Be BeuieCTBEHHBIE (GYHKIHH BelIECTBEHHOM Mepe-
MEeHHOR f, HempepbiBHbIE IJA BCex 3HAaueHHH ! B npoMexyTke a < f < b.
OGosHaukM 3aBHCHMOCTb X M Yy OT ¢ caepywouum o6pasom:

x=x(t), y=y) (@<I<h),

Gyuxuuu x (£), y(f) npeanonaraloTCs TaKMMH, YTO OHH HE TIPHHH-
MalOT OIZHOH M TOH :Ke mapsl 3HaueHMH HHM HAPH KAKHX JBYX pasjuu-
HBIX 3HAueHUAX ¢ B mpoMexyTke @ < ¢ < b, Torza coBOKYNHOCTb TOUYEK
C KOODIMHATAMH, COOTBETCTBYIOLUMMM STHM 3HaueHHaM {, Ha3biBaeTcd
npocmoti kpusoi®). Ecan x(a)==x (b), y(a)==y(b), T0 npocras XpH-
Bas HasblBACTCHA 3AMKHYMOL.

(189;)% )Hpuﬂannemamum Menmeny (Mansion, Mathesis (2), XIX, 1290—131
2) TepMHHonomﬂ aBTOPOB OTJAMYAeTCA OT MPHHATOR B prcckoi aureparype.
(ITpun. peo) :
%) B pycckolt jureparype ymnorTpeGJsfieTcs TEpMHMH <IpOCTad KOPAAHOBA
kpuBasi». ([{pum ped.)
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Mpumep. Oxpysmuocrs x*4 y?=1 mnpeacrasaser co6ofl npocIywo 3aMx-
HYTyH0 KPHBYIO, H6O MBI MOXEM.HamHucaTth ')

x=cost, y=sinf O <t 2n).

Jsymeprois KoHmunyymom ?) Ha3BIBAETCS COBOKYIHOCTb TOYEK Ha
IIOCKOCTH, 06/alaiomux C/AeLyioWdMH AByMA CBOHCTBAMHU:

() Ecmu (x, y) — mexkapToBel KOOPIWHATH 11000 ee TOUKH, TO MOXKHO
HAATH TaKOe n0.40NCUMeAbHoe YUCA0 O (3aBUCAMI2E OT X H y), 4TO Ka-
KHad TOUKA, paccTofHde KOTopofl oOT (X, y) MeHbule O, MPUHALIEKHT
5TOH COBOKYIHOCTH.

(1) JhoOble pBe TOYKH COBOKYNHOCTH MOTYT OBITh COEJHMHEHH HpPO-
cTOM KpuBOH, cocTOodllel LeAMKOM U3 TOUEK COBOKYMHOCTH.

Mpumep. Touku, nis koTopuix x?2-4- y2 < 1, obpasyior KOHTHHYYM. Ecau
P ectp oOnHA W3 TOYeK BHYTPH €IWHUYHOTO Kpyra, H TNPHUTOM Takad, 4To
OP =r <1, T0 MBl MOXeM B3Tb b =1 —r; nO6HE jABE€ TOUKM BHYTPH KPyTa
MOMXHO CO€JHHUTb TPAMOH, HeNuKoM Jexaiel BHyIpH Kpyra.

Caenywoue nse TeopeMbl ) TpHHUMAIOTCA B 5TOH KHure Oes H0ka-
saTebcTBA. [IpocThie ciyuyad uX KaXyTCA OUYEBHJAHLIMM TEOMETpHYecKH,
B o0uleM ke c/ayuyae TeopeMbl NOAOGHOrO pona npuHUMAalOTCa 6e3 JOKa-
3aTeNLCTBA MOTOMY, YTO TOYHBlE JOKA3aTeAbCTBAa OOBIYHO YPE3BHIYANHO
OJUHHBL M TPYAHLL.

(I Tlpocras samkHyTas KpuBas AeJUT MAOCKOCTh HA ABA KOHTHHYYMa
(«BHYTPEHHOCTH® M «BHEUIHOCTBHY).

() Ecim P — Touka na kpuso#t u Q -—Toyka BHe KPHBOH, TO yroa
Mexay QP u Ox wusMensercs Ha =t 2m wnu Ha Hyas, xorja P onuce-
BaeT KPUBYIO, CMOTps NO TOMy, OyAeT Ju ( BHyTpeHHel MaM BHeluHe#
TOYKOH.

Ecnn usmenenue 6yper -+ 2w, 10 ropopsar, ufo P onuceiBaeT kpH-
BYI0 «IIPOTUB YaCOBOH CTpeJIKU».

Kontunyym, o6pasoBaHHblil ¥3 BHYTPEHHOCTH MPOCTOH KPUBOH, yactro
HA3bIBAETCA OMKPLMOE 08YyMepHOE 002QCMbI0 WM, KOPOYE, OMKPbL-
moii 064acmbi0, & KpPUBAS HASLIBACTCA €€ KOHMYPOM, TAKOH KOHTH-
HYYM, B39THH BMeCcTe C KOHTYDPOM, HA3LIBAETCH 3AMKHYMOL 08yMepHOl
ofracme0 WM, KOpOuYe, 3amrnymoti ofracmeio. IlpocTas Kpusas
YaCTO HA3BIBACTCH 3AMKHYMOL 00HOMepHOE 06.4GCmbI0, & MPOCTast KpH-
Bas C MCKJIIOUEHHEM KOHIEBHIX TOUYEK HA3LIBAeTCA OMKPHMOE 00Ho-
MepHOU o6racmsio.

) Hoka3aTeabCTBO TOTO, YTO CHHYC M KOCUHYC fipefictaBasioT coboit
HempephiBHpe (QYHKIHE, NOMENIEHO B NpHiIoxeHuH, § A. 41,

2} B pycckoii autepatype ynorpebasercs TepMHH «o6aactby. ([1pum. ped.)

3) Tounoe nOKasaTeJdbCTBO MOXKHO Hafitn B xuure Barcona: Watson,
Complex integration and Cauchy’s theorem (Cambridge Math. Tracts., Ne 15).-
(Cu. tagkwe II. C. Aunexcanjypos, Koubunatopras Tonosorus, ra. II, Ioc-
Texuspat, 1947.)

5 3. T. Yurrekep, k. H. Barcou
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3.22. HenpepbiBubie YHKOMM KOMILIEKCHBIX NepeMEeHHbIX

[Tycts f(2) ectb $yuxkuus or 2z, onpeleseHHas BO BCeX TOUKAX He-
KOTOPO# 3aMKHYTOH 06s1acTH (OLHO- M/M ABYMepHOH) HA MJIOCKOCTH KOM-
IJIEKCHOTO TMEePEMEHHOr0, ¥ MyCTh 2Z; — OJHA U3 TOyek 9TOH ob.JacTu,
Torna rosopsit, 4To f(2) ABAAETCA HeMpepPLIBHOM B TOYKe 2, €CJH 144
J000r0  33JaHHOTO IOJNOKHUTENbHOTO . UHCIA € MBI MOXKeM HalTH Taxoe
MO0 XKHTEAbHOE YUCIO 7, YTO

/(@ — f@] <e,
Koraa |2 — 2| <7, npuyeM 2z — Touxa OG/ACTH.
3.3. Paanl ¢ nepeMeHHbHIMH 4ieHaMHM. PaBHOMepHasi CXOZMMOCTH
Paccmorpum pan
9 x2 x? x?
X +1+x2+(1+x2)2+ +(l+x7)”+ s

Otor pan OGyier abcoawTHo cxoisiuuMmcs (§ 2.33) naa Bcex Bewe-
CTBEHHBIX 3HayeHUH x.
Ecan §,(x) —cyMma n NepBBIX 4Y/€HOB, TO

1
—1 e -
S,(x)=1-4x G

lim S, (x)=1+4 x2 (x =+ 0).
n-»co

OTKyIa Cclenyer

Ho §,(0)=0, mostomy
lim S, (0)=0.
n > oo
Cren0oBaTebHO, XOTS STOT DPSA HEMpephHBHuIX (yHKuuit 0T x abco-
JIOTHO CXONHTCH, TeM HE MeHee ero CyMMa fBaseTcd pAa3phiBHOH (yHK-
uuelt or x. Hac, ecTecTBeHHO, MHTepecylOT MPHYMHHL ITOTO 3aMeyaTedb-
HOrO aBJeHHst, uccienosaHHoro B 1841—1848 rr..Crokcom!), 3epne-
aeM?) u Beftepmtpaccom3), KOTOpbie MOKAa3aiW, 4YTO OHO BCTpedaercs
TOMLKO MpPH HAJUYHH [ PYTOTO fBJNEHUS, 4 UMEHHO HEPABHOMEpHOoi cxo-
dumocmu, K OODBACHEHMIO KOTOPOH MBI Telepb M nepefizem.
[Tycte ¢ynkuun u,(2), #,(2), ... onpeleneHsl BO BCeX TOUKAX He-
KOTOpOH 3aMKHYTOH 00JacTH Ha NJOCKOCTH KOMINIEKCHOTO IEPEMEHHOrO.
Ilycts, nanee,

Sp (@)=t @D+ 6@+ ... +u,().

23’ S3tok es, Camb. Phil. Trans, VIII, 533—583 (1847; (Collected Papers,
1, 13).

2y Seidel, Miinchener Abhandlungen, V, 381 (1848).

) Weierstrass, Ges. math, Werke, I, 67, 75.
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<O
%

Ycaosue, utoGH pan Y u, (2) Obli CX00AUUMCA LIS KAKOTO-HUOY b
a=1

YaCTHOTO 3HAYeHMA 2, 3aK/JKYadeTCqd B TOM, UYTO NJas1 AAHHOIO & JOJXKHO
CyuleCTBOBAaTb TaKOe HHCJIO 72, 4TO

]S,Hp(z) — S, (@] <1e'

‘I Bcex TOJOXUTEIbHHX 3HAYCHUH p; 3HAUEHHE 71, KOHEYHO, 3aBHCHT
oT &.

[TycTe 7 — HauMeHbllee Lea0e HYHCIO, YAOBJACTBOPSAIOLIEE YCJOBHIO.
310 uHuCI0 B80oOwe GyleT 3aBHUCETh OT PACCMATPHBAEMOTrO YACTHOTO 3HA-
yennst 2. O60sHAUUM 9Ty 3aBUCHMOCTb 4epe3 n(2). Mooem cayiumocs,
YTQ Mbl HaltleM Takoe He 3asucsAujee OT 2z uucao N, 4TO.

n@ <N

I BCeX 3HAaYeHHH 2 B paccMatpuBaemoit obsacru.

Ecmu 3to umciao N CcyulecTByeT, TO TOBOPSAT, YTO PAl CxX0dumcs
PABHOMEPHO BO BCeft 06JaCTH.

Ecaw e rtakoro umcaa N He CYLeCTBYeT, TO TOBODAT, U4TO CXOAH-
MOCTb pana OyleT nepaBHoMepHo# D).

PaBHOMepHAad CXOIUMOCTb fIBJASeTCH, TakuM oOpasoM, CBOHCTBOM,
3aBUCALIUM OT 8cell COBOKYNHOCMU 3HAUeHMH 2, MeXAY TeM KaK paHblle
Mbl PACCMATPUBAJAM CXOLHMOCTb PAAA TOJLKO /18 OTAEAbHLIX YacCTHhIX
3HaueHHft 2, HE MPUHUMAS BO BHUMGHUE Opyaue €20 3HAYEHUA.

Eciu cyumecTsyer TakOe MOMOMKUTEILHOE YHCAO O, 4TO Pl CXOAHTCH
paBHOMepHO B oGmactn, obwe#t kpyry [z2—2z;| <8, u o6ractn ero
CXONLMMOCTH, TO Mbl TOBOPMM, YTO OH CXOLHTCS PABHOMEPHO 86.243u
TOUKH 2y.

3.31. O6 ycaoBuu paBHOMEpHOH CXOAHMOCTH ?)

Honowum R, ,(2)=1u,, (&) +t, @)+ ... 4 Upyp(2); MBI BH-

JeJjiM, YTO paBHOMEPHas CXOZUMOCTb Psia Zu,, () B obaactu saxumo-
n=1

yaeTcs B TOM, UTO /4 J1060ro JAHHOTO YHCJIA € MOXHO Obl10o Halith N,

) Uyrarean, He3HAKOMHH C NOHATHEM paBHOMEpPHOH CXOIZHMOCTH, CMOXET
noiyuuth OOJee ACHOE TNpeACTaBieHHe, obGpaTuBmuCL K Bpomynuy (Brom-
wich, Infinite series, ra. VII), rie naHO u3A0MeHHe rpadHUECKOTO HCC/e-
noBauust Ocryna (Osgood).

2) ABTOpbi ONpENeNaNT DPABHOMEDHYI CXOJHMOCTH NPH NOMOIIM HepaBeH-
€tBa Ry, p(2)] < &, BHIOJHAODIETOCA DPABHOMEPHO MO 2, @ B KauecTBe Heob-
XOJHMOTO H IOCTaTOYHOrO YCJOBHS PABHOMEPHOH CXOIHMMOCTH HCHOJB3YIOT He-
paBeHCTBO | S (x) —S,(x)| <e. OO6blyHo npuHEMAOT 0O6paTHBIi  HOPAIOK.
(ITpun. ped.)

5*
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He 3a8ucAuyee o1 z (HO 3aABHCALIEE OT &), JJS KOTOPOLO MPH 8CeX MO0~
JKHTEJLHBIX LEJHX 3HAYEHHAX P BHINOJHAETCS HEPABEHCTBO

lRN,p(z)l <e

Ecnu 310 yciosue yrosiaersopsercsa, To no § 2.22 S, (2) crpemurcs
K HeKOTOpOMY npelely S(2) Aag KauIOro pacCMaTPHBAEMOTO 3Haue-
HHA 2, M TOrHa, TaK KaK & He 3aBUCUT OT p,

_ ! lim RN,p(z)’gs.
P>
Ho npu n > N
S(z)—Sn(z):{ li)m RN,p(z)}~RN, a-N @
p>co
M, TakuM o6pasom,
[S(2)— S, (2)] < 2e.

3ameHsas & Ha %e, nonxy4aeM Kak Heolxo0uimoe YC/IOBUE PaBHOMep-

Holt cxoaumocty, uyro |S(2) —S,(2)] <, xorma n> N, rae N te sa-
BHCHT OT 2. OT0 ycJaoBHe Oyiner Takke U Jocmamodusim, TaK Kak
ecin  OHO yioBJAeTBOpsercs, TO, kak B § 2.22 (I), nosayuaeM, uTo
jRN,p(z)[ < 2e, 4TO MO OMNpeleNeHHI0 H SBJSETCH YCJIOBHEM paBHOMEp-
HOH CXOLMMOCTH.

NMpumep 1. IMokasats, uTo ecad x BemECTBEHHO, TG CyMMa paja

X Cox x

GFD T GFD@FD T TTes ek umern T
6ysier paspuieHOfi dyuxnueis B Touke x =0 u pan GydeT HepaBHOMEPHO CXOAf-
muMcs B6am3n x = 0,

CyMMa NepBBIX n WIEHOB, Kak JerKo BHAeTb, 6yger 1 — TaKUM

1 .
nx41"
o6pasoM, npu x =1 cymma psja pasHa O; mpu x = 0 cymMma psaja paBHa l.

3navenne R, (x)= S (x)— S, (x) pasno T ecm x =+ 0; rakum o6pasom,

1
nx -+
Korja X Mano, Hanmpumep x=w, OCTAaTOK MNOCJAe MHWJJIHOHA YJEHOB

. 1 .
Gyner paseH - I_W’ TaK 4TO MNepBMH MHJIMOH WICHOB pAAa

o0 1

- 1
He JaeT Jaye OJHOTO NpOleHTa CyMMbl. Y BooGme, utobH caenaTb nx 1 <,

He06X0AuMO B3ATb

1 (1 ' )
n> —{—— .
X g
Jlis RaHHOTO & He CYHeCTBYeT Takoro uuciaa N, He 3aBHCAIETO OT X, YTOOMI
6oi0 n << N 1ns BCeX 3HaueHHHl x B KakoM-JIHO6O NPOMEXYTKe, COAepKaimeM
)C:::O, TAK KaK, B3fB X AOCTATOUHO MaJbiM, MBIl MOXKEM ClaesaTb n 60J]b[He,

uem moboe uncao N, ne 3aBucauiee ot x. [loaTomy B6aH3M X =0 CXOANMOCTb
GyaeT HepaBHOMEPHOI,
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Mpywmep 2. Paccmorpers pan

i x{n(a+1y2—1)
- {1425 {14 (n4-1)2 22} °

B KOTOPOM X BEUIECTBEHHO.
n-H 4jeH MOoxeT GbITH 3alHCaH B BHIE

nx (n4+1x
T¥n?x® T (nF0)Exz’

TaK 4TO ( +1)
X n X
re RW=1ragrye

Myl BuAMM, UTO B 9TOM NpHMEpe CyMMa psila He WMeeT paspbiBa Ipu x = 0.

S(x)=

Ho (6epﬂ H <% H X = 0) 6yneM HMeTh
[Re(X)| <,

CCHaH
et (1) x| < 1 (n 4+ D2,
T. €. eclHu :
N G 1L
Ui

n-1 <—é— femt—Ve 254} 27N

Mpbl BHIHM, 4TO BTOPO€ HEPABEHCTBO HE MOMKET YIOBJIETBOPATBCH Aas BeeX
snaveHu#t n, OGOJBIUMX HEKOTOPOTO 3HAaueHHs, IIPH BCeX 3HAYEHHAX X, HEPBOE
*e HEpaBeHCTBO Jaer 3HaueHHe n(x), crpemameecs K GeCKOHEYHOCTH IpH
x->0, Tak 4TO AAf Jn06Oro MpOMENXyTKa, cOLepkallero Touky x == 0, He cy-
wecTByeT uncaa N, ne sasucsuezo or x. INostomy pan 6yAeT HepaBHOMEDHO
cxongmuMca B6ausn x = 0.

3amertuMm, uto n(x) Oyxer paspsiBHOH dyHknue#t npu x =0, ubo
n(x)->co npu x>0, Ho n(0) =0.

3.32. CBaA3b pa3pbiBHOCTH C HEPaBHOMEPHOH CXOAMMOCTHIO

[Toxaxem Temepb, 4mo ecau pAod Henpepul8slx dYHKyuli om 2z
PABHOMEPHO CX00UMCA OAl 8Cex 3HAYEHul 2 8 OAHHOUE 3AMKHYMOL
obracmu, mo exo0 cymma 6ydem Henpepsisrol Pyniyueld z 80 8cex
mouxax obaacmu.

IMycts psn 6yder

f@OQO=un@ 4@+ ... +u,@+ ... =S5,()+ R, (),

rae R,(2) — n-#t octatouHblft usieH paga.
Tak kax psn paBHOMEPHO CXOOMTCS, TO A4Sl JIOOOro 3a1aHHOTO MOJ0-
HUTEJHBHOrO uyncaa &€ Mbl MOXKEM HaWTH Takoe leJ0e uucaO n, He 3a8u-

1
cAuee o1 z, uro |R,(2)]| <§ e IJjs scex 3uHauenn#t z B obaacTi.
PuxcupoBas Temeph ITH A M €, Mbi MOXKEM HA OCHOBAHHH HenpepLBHO-
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¢t S, (2) HaMTd TaxKoe MOJOXHMTEIbHOE UAC/HO T, YTO

1, — S, ()] < 5 ¢
pu
lz2—2'| <.
CrenoBatesibHo, Mbl OyleM HMeTb
[f@)— @) =|8,(&)—S, @) + R, (&) — R, (2] <
<IS, @D —S, @)+ R, @] 4+ |R, (2] <,

YTO M ABJISETCS YCJIOBHEM HENpPEPHIBHOCTH B TOYKe 2.

IMpumep 1. IToxazatb, uro B6aH3H x =0 pax
u ()t up () tus(x)+ ...,
1 1

() =x, y(x)=x""1 __ x2-3

rie

¥ X BELIECT3EHHO, UMEET pPAa3pLIBHYI0 CYMMY H, CleIOBAaTEJbHO, CXOLHTCA He-
PaBHOMEPHO.

B aroM npuMmepe YIOOHO NpPUMEHATh TPU3HAK PABHOMEPHOH CXOXHMOCTH
B HECKOJBKO HHOM BMJE; MB!I MOKAXeM, UTO 1Js JAHHOIO NPOH3BOJABHO MAJOro
qhcaa & MOXKHO Ha#iTH Kak YrOAHO Majble 3HAueHUs X, 3aBUCALIME OT 7, Tak
uyt0 | R, (x)| 6yner ne Mewbwe, ueM ¢, 1aa moGoro 3HAUEHHUS N, KAK YTOAHO
6oabuoro. Jlerko BHIETb, YTO CYIECTBOBAHHE TaKHX 3HAUCHHH X HECOBMECTHMO
€ yclI0oBHEM paBHOMepHOH cxonmrxocm.
Beauunna S, (x) Gyzer x -1, Npu cTpeMaeHHn n k OeckoHeuHOCTH S, (X)
npubaukaerca Kk 1, 0 mau— 1, cMOTpA No TOMy, 6yIeT JAH X TOJOXHUTEJBHO,
P4aBHO HYJI0 HJIH orpuuarem:ﬂo. pﬂll noaToMy a6CcoNMIOTHO CXOOUTCS 1Js BCeX
3HayeHH# x M uMeeT paspuiB npe x = 0. B aToM pane

1

Ry(x)=1-—x2n"1 (x> 0),

# KakuM Obl GoJbluuM HH GblIO 71, €CaH B3ATH 1) x=e""D 10 un NoJyYuM
OCTAaTOK, paBHBH 1-—e~!, uTo He 6y/jeT NPOU3BOJABLHO MaJoH BeanuuHoH. Pan
6yreT moaToMy HepaBHOMepHO cxoismuMcs B6ausu x =0,

Mpumep 2. loxasate, 4T0 B6Au3u 2 == 0 pajx

i —22(1 + )71
A OEa+n a2y

HEPAaBHOMEDHO CXONHMTCH H CyMMa €ro MMeeT pa3sphiB.
n-# wieH MomeT ObITL 3amHcaH B BHIE

I—(t2y _1—(+2""
14+ 42y 140+ 2)"1

') 3710 snayeHue x yAOBAETBOPSET YCAOBHIO lx}<dnmpu 2n—1>1g3~%
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TdK UYTO CyMMa HEpBBLIX 71 WICHOB paBHA

1—(142)"
T+ T+2"

PaccMaTpuBas BemlecTBEHHbIE 3HaueHms 2, 60abmne — 1, BUjMM, UTO CyMMa
pcero paaa Oyner pasta 1, O mam—1, cMOTps mo Tomy, 6yxer au 2 oTpuua-
TeAbHbHIM, HYJEM HJH NOMOXKHTENbHBIM uucaoM. TakuMm obpazoM, B Touke 2 =0
HUMeeTcs pa3phiB. ITOT Pa3phB 0GBACHAETCH HEPABHOMEPHOH CXONHMOCTHIO pAla
pbanan z =0. JelcrBuTeabHO, n-# OCTAaTOK PANA NPH HOJOXHTENbHOM 2 paBed

=2
T4+ (142"

1
i, KaKk Obl BeJHKO HH Obll1O #, B3AB z=-— MOXHO CIeaaTb 3TOT OCTATOK

o abcomoTHo# BequumHe GéapmuM uMcaa , KoTOpoe He 6yxer MpOH3-

2
14e
BOJNBLHO MaauiM. Pag 6yner mostoMy HepaBHOMEPHO cXoisinquMcs B6amsn 2 = (.

3.33. Paszauuue Mexjay aGCcoJOTHOH H paBHOMepHOH CXOLHMOCTHIO

Pan, paswomeprno cxonswufica B o6aacti, He 00g3aTeqbHO abco-
AIOMHO CXOOUTCH B KakuX-Aub60o TOukax 3To#t oO6G.aacTd, u Haobopor.
Hanpusmep, pax

22

E)‘m

CXomuTcA abcosomuo, HO Hepasnomepro (86amsm z==0), C apyro#
CTOPOHHBI, pAl

o0

3,
224-n
n=1
O 1
Y
CXOOHTCA TOJBKO YCA08HO, MO0 psj MOLyJAeH ero ujeHOB zm
n=1

pacxomutca. Ho nns Bcex BeliecTBeHHBIX 3HaueHHH 2z ujieHw psaaa GyayT
NONepeMEHHO NOAOKUTEAbHEIMUA U OTPHLATEIbHBIMU, YObIBAIOIUMH 10 a6cO-
JIOTHOR BeauWuyMHE, TAK YTO CyMMa pPfld 3aK/IOYaeTCd MeXLy CyMMoR
€0 IMepBHIX 7 UJEHOB M CYMMOH ero mepBbiX 72 -1 uYjaeHOB; TakuM
06pa3om, OCTaTOK nocje n yieHo CyneT MeHblle 10 ab6COMIOTHOH Benu-
YnHe, YeM n-# uy/eH pala, M HeOOXOIMMO B3ATh JUlb KOHEYHOE HYHCIO
4MeHOB (He 3aBUCAmiee OT 2), 4TOGH MOMYYNTb LS BCEX BellleCTBEHHBIX
3HauyeHHH 2z OCTAaTOK MeHbluu#t, yeM Jw06oe 3azanHoe uyucao e, Ciaenosa-
TEJbHO, PAl OYIET pasHOMepHO CXOLALUMCH.

Abconomno cxodaumuecs pads NOKOGHB PALAM C KOHEUHBIM YHCJIOM
UNeHOB B TOM OTHOUIGHHH, YTO HX MOXHO NePeMHOXATb M MepecTa-
BaSITb B HUX YJIEHH,
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Pasrosepro cxodsuuecs pads nofoOHb PAlaM C KOHEUYHBLIM YHCIOM
YJEHOB B TOM OTHOLIEHMH, YTO HX CyMMa OyleT HempephiBHOH QyHK-
mued, eciW KaXabft uleH psia eCTb HenpephiBHAad (QyHKUHUA, U 4TO
MOXKHO (KaK Mbl YBHIMM) HHTErpupoBaTh 3TH pAldbl NOYJAEHHO.

3.34. llpusnax paBHoMepHoi#t cxogumocth Beiiepmrpacca!l)

JlocTaTouHOE, XOT W He HeoJxodumoe yCaoBUE IS PABHOMEDHOH
CXOAMMOCTH pAla MOXeT OblTb BHICKA3aHO CJelyloliuM 06pa3oM.
Ecau ans Bcex 3HaueHu$t 2 B HexOTOpo# o6aacTh Mooyinm uiee

HOB psaja
S=u1(z)+a2(z)+q3(z)+ ce

6y,lly’l‘ MeHbIIE€ COOTBETCTBYIOIIMX Y/JIEHOB CXOIALIErocs psala C NOJ0XKH-
TEJAbHBIMH 4YJ/€HAMHU

T=M + My—~+ Mz~ ...

roe M, He 3asucum om 2, TO pal S DPaBHOMEPHO CXOIMTCH B 3TOH
061aCTH. 3T0 BBITEKAeT M3 TOr0 00CTOATENbCTBA, YTO B CHIY CXOAH-~
mMocTu pafa T Bceraa MOXHO HalTH Takoe n, 4To n-# ocrarok psga 7,
a cjelOBaTeNbHO M MOAY/Ab OCTatka paaa S, 6yleT MeHblle, yeM Hare-
pel 3alaHHOe TOJOXUTeAbHOE uucao €, Y Tak Kak snavenue rn, Haff-
IeHHOe TakuM o0pasoM, He 3aBHCHT OT 2, TO OTciolla soiTekaer (§ 3. 31)
yTo pan S pasHOMepHO cxonutcs; mo § 2.34 sTtor psm S Gyner Takxe
U abCOMIOTHO CXONAILHMCS,

Mpumep. Pan
cos 2+ &5 22 cos z—l— > cos?z-]- ..

PaBHOMEPHO CXOMHUTCH JIJd BCeX BEMECTBEHHHIX 3HaueHu# 2z, TaKk Xax MOnyan
ero uJeHoB He GoJblie COOTBeTCTByIOHlHX YJACHOB CXOAAWErocs pana

1+¢_|—-37+...,

YJeHbl KOTOPOrO — MONOXUTEAbHBIC ITOCTOAHHDBIG "mc.ua.

3.341. PaBHOMepHasi CXOZMMOCTh GeCKOHEUHBIX HpOU3BexeHHii?)

(e}

Tosopar, ato cxoxameecst mpoussenchue JJ {1-4-u,(2)} cxomures pasio-
n=1

MEDHO B HEKOTOPOi 0GlacTH sHaueHuli 2, €Cau mpn SaBAHHOM & MOXHO HafiTi

) Weierstrass, Abhandlungen aus der Funktionenlehre, 70. dtor
npu3Hak oOHUHO HasbiBaercs (HampuMep, Osgood, Ann. Math,, III, 30 (1889))
M- npnsnaxom

2) IMpusoaumoe- onpejeenne Guino pako Ocrynom (O sgood Funktionen-
theorie, 462). Ycaosue, naunoe 3fech And paBHOMEpHO# CXOZMMOCTH, TaKxe
yCTaHOBJAEHO B 3TOH KHHTre.
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TAKO€ He 3asucsujee om z LHENOE YUCIO m, UTO

n

m--p
Il 04e@) =1 +u )| <
n=1 : n=1

a9 BCEX TONOXHTENBHBIX LeablX 3HaueHuH p.

.EXMHCTBEHHBI! NpH3HAK DPABHOMEPHOH CXONMMOCTH, KOTODHIM Mbl Oylem
TOJNb30BATbCS B jdanbHeluleM, 3aKA04aeTcd B TOM, YTO MNPOU3BENEHHE CXOJHTCH
pPaBHOMEPHO, eCu

lug (2) | < My,

(=]
rie M, He 3aBHCST OT Z H TAKOBHI, uTO pag ¥ M, cxomutca.
1

Yro6pl 10Ka3aTh CNPABEIJIUBOCTb 3TOTO NMPH3HAKA, OTMETHM, uTO

 a-+m)
1

cxonutes (§ 2.7), u MO3TOMY MHl MOXEM HalTH Takoe m, 4To
n+p

m
I 0+ma =L+ My <o,
i 1
a Torjna 'GyAeM HMETb

m-+p m
I t+u @) —]I1 (14 uq (2)) !———
n=1 n=

m m+p
II{1+u,,<z)}[ | | B EAC) —IH<

n=1 n=m+1
m m+p N
<1 (1+Mn)[ I a+M,)- 1JI <e
n=1 n=m+1

npuueM BbI6OD m HE3aBHCHM OT 2.

3.35. Hpusnak paBHoMepHO# cxoxymoctn Xapaul)

Ananornuno paccyxpenHusM § 2.31 merxo zxokasaTb, UTO eClH B JaHHOH 06-
JacTH
p

2 an (2)

n=1

<A

rie a,(z) BEIECTBEHHO, & £ — YHC/IO, KOHEUHOE U HE 3aBUCALIEE OT P H 2, H
ecau
Jn@) 2 a1 (2) 1 fr(2) >0

Y Hardy, Proc. London Math. Soc. (2), IV, 247—265 (1907). dtu peayib-
TaTH, NpeAcTaBasiomue obobueHne Teopembl Abexs (§ 3.71), X0Td u X0poOwWO
H3BECTHBI, NO-BUAMMOMY, Oblan ouyGaukosansi - He panee 1907 r. ITo cxoxcrBy
¢ npusHakaMu cxonnMocT Hupuxae n Abeas Bpomyuu mpennoxug HasBaTp HX
COOTBETCIBEHHO npu3Hakamu Jupuxae n AGeas.
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PABHOMEPHO ApU N ~» GO, TO Sl

21 ay(2) fu (?)

CXOJMTCS PaBHOMEPHO.
[Mono6ueiM ke 06pasoM, ecan

%2 Un (2) 2 Uy (2) 20,

(=]

TIe % He 3asucum Om N ¥ 2, 1 eClu Ea,, (2) cXouauTcs paBHOMEpHO, TO H
n=1
[ee)
paa 2 a, (2) u, (2) cxouurcs paBHOMEPHO.
n=1
Jas LoxasaTenbCTBa MOCAENHEro YTBEDXJEHHS 3aMETUM, YTO MONHO HaHKTH
Takoe m, 4T0

Q41 (@) G4 () + @12 () oo B (D)t g2 (D) oo Famyp ()
y .
6ynyT mo abco/OTHOH BeqHMUMHE MEHbIUe, YeM ~ ' 1 moromy (§ 2.301)
m-l_-1p N
el 2
}‘ a, (2) u, (2) <—-—"%'(—)<e,
n=m+l1
IpHYeM BLIGOD & W m He 3asucum om 2.
Mpumep 1. lNoxasars, 40 psiisl
(=] (=]
2 cos nb E sin nf
n n
n=1 n=1

XondaTca paBHOMEpDHO Ha OTpeE3Ke
B 2m—3 (3> 0).

[lonyuntb cOOTBETCTBYIOLMA pesyabTaT JIs PAIOB

oo [ee]

' (—1)"* cos nb N (—1)"sin nd
2& n ! 2‘ A
n=1 n=1

nyTeM 3aMeHs 0 na 8=
Mpumep 2. Ecaunpu a << x b
fe 2]
!

Jon (£)] <y 1 3 Jons (= o) | < &y

Lo
rie ky, k, HE 3aBHCAT OT 7 W X, U €CAU PAX 2 @, C UYJEHaMH, He 3aBHCH-
n=1
(=]
IWHMK OT X, CXONHTCSH, TO P ¥ @y, (x) GyleT paBHOMEPHO CXOIAIHEMCS NpH
’ n=1

a < x b (Hardy).
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[B camom nene, MOXHO HaliTH Takoe m, He 3aBHCALIEE OT X, YTO
m+p

n
n=m+1

<e,

U Toraa mo caeacrsuo § 2.301 mMu uMeewm:

m+p

2 Apon (x)

n=m+1

< (k1 k) e}

3.4. HccaepoBane HEeKOTOPBIX ABOHHBIX psgoB

TlycTs ®; H wy — m06BE NOCTOAHHBIE, OTHOLIEHHE KOTODPHIX He SB-
JAETCA BELIECTBEHHbLIM YUC/JIOM, U I‘ch"l‘b o — NOJOXKHUTEJALHOE 4YUCO.
Pan

2‘ L =+ 2mml + Qnmz)“ !

B KOTOPOM CYMMHPOBaHHMe pAacripOCTpaHAeTCa HA BCe NOJOKUTE/]bHHE,
OTpHlATe/bHbie M Hy/eBHEe 3HAYeHHd M W 1, UMeeT OOJbIIOe 3HAUEHME
B TeOpuM 3aaunTHYecKuX ¢yHkuuk. B Toukax z=— 2mo, — 2nw, pan
TepseT CMbIcA. MOXHO nokasath, uyTo pan OyleT aGCOMIOTHO CX0nd-
muMcs AJd BCeX OCTAAbHBIX 3HAyeHu# 2, ecan a > 2, H 410 CXOAU-
MOCTb OyleT paBHOMepHOH AJd TeX 3sHAueHuM 2, N7 KOTOpPHIX HepaBeH-
CTBO |z—}—2mwl—|—2nm2[>8 CNpaBe]JiUBO INpPH BCeX HeJHX 3Haye-
HHSX M W 1, npHYeM 8 — MpOWsBOJBHOE MOJOMHTEALHOE YUC/O.

Myctb Z' 0603HayaeT CYMMUPOBAHIE MO BCEM LENbIM 3HAUYEHUAM M U 1,
3a HCK/ueHueM m==n==0,

Ecin e 06a yncia m U 1 HyJWM 1 ecan |24 2mo; 4+ 2n0,] >8>0
AN BCEX HesablX 3HayeHUH m M 7, TO MOXHO HANTH Takoe MOJOXH-
TeJabHOe uHca0 C, 3aBucauiee OT 3, HO He OT 2, 4TO

1 1
(2 +2mo, Qnm?)“ (Cmo, -} 2nwy)*

CrenoBaTe/bHO, MO TpusHaky § 3.34 pauuwmih pan GyleT a6CcoJIOTHO
W paBHOMepHO!) cxoismuMcs B paccmaTpuBaeMOM 00nacTH, ecid psd
Y oy
[ mo, + no, [*
Oyner cXoxfumuMcs.
Yro6r ucCael0BaTh CXOAUMOCTb NOCJE[HEro pALa, NOJOXAM
oy ==a;+f;, wy=ay+if,

'y Uurareabp J1erxko HacT ompexeleHue PaBHOMEPHOH CXOAHMOCTH JBOHHOIO
pana (cM. § 3.5).
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. [
rie oy, o, By, B, BemwectBenHn. Tak Kak —w—’ He BEUIeCTBEHHO,
1
10 0,3y — agf; 5 0. PaccMarpupaeMblll psA 3anuchiBaeTCs B Bule

R :
{fym + an)? - (3ym -+ Byny2}*?

KOTOPBI} CXOMUTCH, eClH CXOAUTCHE Pl

N/ 1
S= 2 —_—,
(m? + )2
Jle#icTBUTE/ILHO, OTHOlleHHE COOTBETCTBYIOILUX YJE€HOB PaBHO

[ (o) + og)? + (B, + Bap)? ]“/2
1 p?

n
rie p=--. MoxHO [0Ka3aTb, YTO 9TO BhHpaXeHue, KaK QyHKUUSA

BelIECTBEHHOH mnepeMeHHOR ., OydeT MMeTb MOJIOKHTENbHHIH MHHHMyM 1)
(1e Hyab), Tak Kak a8y — a.B; = 0, u, crenoBaTe LHO, paccMarpHBaeMoe
orHoureHue OyLeT Bceria 6OJblie HEKOTOPOTO nOA0HCUMEAbHO20 YHcAa K
(He 3aBUCAILETO OT ). '
[TosToMy HaM HeOOXOAMMO HU3YYUTb CXOIMMOCTb TOJMLKO psia S.

Iycts
Sp.g= }‘ 2 m2+n2)a/2 < 2 EI (m? 4 nz) m? 1 2y "

m=-p n=-gq m=0 n=0

Pas6usas Sp,, Ha ciaraeMeie, B KOTOPHX m=n, m >n u m < n
COOTBETCTBEHHO, MNMOJYYUM

1 % | % m;l % n-1 |
N
I I EE |
4 VP 1 9 ;22 2 N2 | e a2
m=1 (@m?) m=1 n=0 (m?* 1) n=1 m=0 (m? + n%)
Ho
m—1 .
2 1 < 1
n=0 (m* + n?y*2 (mz)a/2 T omet
TTostomy

o0 [ee] o0
1 O 1 2! 1
ZS<24w+}a it et
m=1

1) Yyrateab 6e3 Tpylda CyMeeT AOKa3aTh 9TO YTBEDWKACHHE, MHHHMYM naeTcs
COOTHOIIEHHEM
2

K“=%[a§+a§+s + B {8’ +(a2+al)2} {(= +e)+(2—%)}l]
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Ho nocaeanue psabl, KaK U3BECTHO, CXOAATCa npu a— 1 > 1. Taxkum
o6pasoM, psag S Oyler cxomutbcs npu o > 2. [lepBonauaiabHeIf psn
O6yneT MOSTOMY abCOJIOTHO M PaBHOMEPHO CXOAAWMMCS B ONpelieqeHHOH
Boiie 06nacTH 3HaueHud 2, ecam a > 2.

ITpuwmep. [okas3ars, 4T0 pax

2 1

(mi+my+ ... +mi)’

B KOTOPOM CYMMHpOBAaHHE DAacnpoCTpaHseTcs Ha BCE MOJOXUTENbHBIE, OTpHILA-

TEJbHHIE M HYJAEBbIE 3HAYEHHA My, My, ..., M, UCKAOYAS COBOKYIHOCTb OJHO-

BPEMEHHbIX HYJAEBBIX 3HaueHHH, OyneT abCOMIOTHO CXOAAILUMCSH, ECaH (. > 5
(Eisenstein, Journal fir Math.,, XXXV.)

3.5. O6mee MoHsTHE DPABHOMEPHOCTH

Kpome cyMMupoBaHHMa PSAOB HMEIOTCS APYTHe MPOLECCH, B KOTOPHIX
plesd PABHOMEPHOCTH HMeeT BaXHOe 3HaYeHHE.

IlycTh &-— MPON3BOMLHOE MOJOXHTEIbHOE uMcao 4 f(2, §) — dyHx-
LHSl IBYX TIePEMEHHHX 2 M (, KoTOpas IJf KawIOH TOUKM 2 3aMKHYTOH
061acTH yAOBJETBOpAeT HepaBeHcTBY |f(2, {)| <e, koraa { paerca
KaKasg-HAOY b COBOKYIHOCTb 3Ha4YeHUH, KOTOPYI0 Mbl 0603HaunM vepes ({,);
3Ta COBOKYMHOCTb 3HAYeHHH, KOHEYHO, 3aBHCHT OT pPacCMaTpUBAEMOro
YACTHOI'O 3HAYeHUs 2. -

Ecan MOXHO HafiTu Taxkyio COBOKYMHOCTb 3Hauyexuit (L)), uTO Kamioe
sHauenue copokynHoctH (L), OyldeT conep:atbcs BO B8CeX COBOKYMHO-
crax ({),. To rosopsar, uro dyuxuus f(z, {) yioBaeTBOpsAeT HePABEHCTBY
pasHoMepro s gcex Touex 2z obaactu. Eciu dynxuns ¢ (2) obaanaer
HeKOTOPEIM CBOXCTBOM - 114 J1000T0 HOJOKHTENbHOTO 3HAUEHUS € B CHIY
HepaseHcrsa | f(z, 0)| <&, T0 roBopst, uto ©(2) o6.radaem mun
c8olicmaonm pPABROMEPHO.

B nomoaHeHHe ¥ pPaBHOMEDHOH CXOJHMMOCTH DSIOB H IpOU3BEJeHHil Mbl pac-
CMOTPHM B JajbHeHIeM paBHOMEPHYIO CXOAMMOCTb HHTErpajoB, & TaKXKE pPaBHO-
MEpHYI0 HeNpEpHIBHOCTb € TOYKH 3peHUs OOHIErO MOHATHS PaBHOMEPHOCTH.

Tak, pan 6yner paBHOMEpHO cxoasuiuMcs, ecau | R, (2)] < ¢, koraa {(= n)
OpHHHUMAET [eJbie 3HAUEHHS, HE 33BHCALHE OT 2.

Hanee, dyHkuus f(2) 6ynet HempepbiBHOK B 3aMKHyTOH o6aact, €cau npu
33AaHHOM & Mbl MOYEM HAHTH TaKOe MOJOXNTEJbHOE WHCIO 7, 4TO

[fz+8)—rf)] <
0< lCz, < Mz

€CJaH

u 2 -}, 6yner Touxkod obaacTu.
$yHkuus OyleT pPasHOMEPHO HENPEPLIBHOM, eCAM MOXKHO HaHTH Takoe
TONOKHUTENbHOE YUCAO 1), He 3A8UCAUEe Om 2, 4TO 1 < 1, H

[fe+D)—r@1 <
0< |l <

€cin
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u z 4§ 6yner Touko# ob6aacTu (B 3TOM ciyyae COBOKymHOCTb (£), Gyrer coso-
KYNHOCTbIO TOUSK, MOJAYAH KOTOphIX OyAyT MEHbLIe ).

Huxe mot naiinem (§ 3.61), uTo HempepblBHOCTb BaedeT 3a co60H paBHOMEp-
HYI0 HEIpEpLIBHOCTb; 3TO COCTABJAsSET PE3KYl HPOTHBOMOJMOXKHOCTb TOMY (axTy,
4TO CXOJAMMOCTb HE BJjedeT 3a COO0H PaBHOMEPHOH CXOAUMOCTH.

3.6. Bujpousmenennas teopema Ieiine — Bopeas

Creaywias TeopeMa nMeeT OOJbIIOE 3HAYEHHE B CEA3H CO CBOMCTBAMH
PABHOMEPHOCTH; MHl TaJHM [10Ka3aTe/bCTBO L4 OLHOMePHOH 3amxHyTOH
obaactul). .

Han (1) ompezox CD u dan (lI) 3axon, no xomopomy coomsem-
cmeeHHo raxcoold mouxe?) P ompesxa CD ms. moocenm onpedesums
samruymoii unmepsas I (P) na npanoii CD, dza komopozo P Gydem
suympenrei ) moukoi. :

Toz0a ompedox CD moxcem Geomb pa3desen HG KOHELHOE HUCAO
maxux 30MKRYMeX unmepsaros J, Jy, ..., Jy. umo xaxjcdoii unmep-
sanr J, Oy0em codepscams RO MeHplield mepe 00Ky mouxy P,
(omaunHylo om €20 KORWO8) MAKYI0, HMO HUKQAKASL MOUKQ uHmMep-
sara J, He sescum sne unmepgara I(P,), coomsemcmsyouezo (na
OCHOBAKUL QAHHOZO 3aKOHA) Imoil mouxe P.4).

3aMKHYTHIH HHTEPBAJ OMUCAHHOTO Xxapaxrepa GyleM HasbBaTb 10J-
x00AuuM HHTEPBAJOM ¥ TOBOPHTbL, YTO OH YIOB/IETBOPAET yca0BHw (A).

Ecan CD yrosaersopser ycjosuio (A), To Teopema N0Ka3aHa, eciu
sroro Her, TO pasgeiuMm CD momenaM; ecau ofMH uan 00a HHTepBaia,
Ha xoropue paspesed CD, 6ylyT HeMOAXOASUIMMH, TO HEMOIXOASLIHHA
MHTepBas WM 062 JenuM ONsATh MOMOJaMO).

[Mpouecc IefeHuss MONOJNAM HEMOAXCIALIMX HHTEPBAIOB A4C0 3QKOH-
wumcs, aubo He 3axondumcg. Ecau OH 3aKOHUMTCA, TO TeopeMa Gyner
nokazana, u6o CD Gyner pasmefeH Ha NOAXOIsIUe MHTEpBaHL,

[Mpennos0XKuM, YTO NPOLECC HE BAKOHYHUTCHA, W YCJAOBUMCS TOBOPHTD
06 uHTepBaje, KOTOPHI# MOxeT ObITh pasdieleH HA NMOAXOAAIHE HHTep-

1) Tounoe [10KA3aTEAbCTBO Teopembl Al ABYMEPHOH 064acTH HMeeTcs
B knure Barcona: W.atson, Complex integration and Cauchy’s theorem (Camb.
Math. Tracts, Ne 15).

2) Tlpumepnl TAKHX B33KOHOB, CBA3LIBAOWIMX HHTEPBAJb C TOYKAMH, OPH-
penenst B §§ 3.61, 5.13.

- 3) Uckaouawres cayyan, korpa P Gyser 8 C wan D, 1. e. koraa ona 6yser
KOHIIOM HHTEpBaJia.

4) dta dbopMyaupoBka Teopembl [eilhe — Bopess, KOTOPYI0 HHOT/a HAa3bIBAKOT
teopemod Bopeas — Jlebera, npunagaenanias Befikepy (Baker, Proc. London
Math. Soc. (2), II, 24 (1904), Hobson, The theory of functions of a real
variable, 87 (1907), noxa3biBaet, 4YTO T€OpeMa IO CYIIECTBY MAaHa B JI0Ka-
3ateabcTBe I'ypca teopembi KomH (Goursat, Trans. Amer. Math. Soc, 1,
14 (1900) ); obbiunyo dopmy Teopembl Ieiine — Bopeas untarens nafizer B yka-
3aHHOM COYMHEHHH. )

) TMoaxonawuii UHTEPBAA HE MOAACKUT JEJECHHIO HaaBOE, H6O ONHA U3 ua-
cTeil, Ha KOTOpble OH OYyAeT pasjefieH, MoxeTr OLIThb U HENoAXoJdIieH.
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Ba/bl BBHIIEONMCAHHEIM MNPOLECCOM [eJeHud MNOMNO0JaM, 4YTO OH YIAOBJe-
TBOpsieT ycaosuio (B). _

Toraa no npeanonoxennio CD ue GyAeT yI0B.IeTBOPATH Yca0BHIO (B);
NOSTOMY NO MeHblie mepe onHa u3 mojosun CD He 6yler ynosie-
TBOPATL yca0BHIO (B). BosbMeM Ty, KOTOpas He YAOBIEeTBOpsAeT (ecJu
ycaoBuio (B) He yNOBJeTBOPAeT HH OfHA U3 MOJOBUH, TO BO3bMEM JIEBYIO);
pasilendM ee TONOJMAM Y BHIAENUM TY W3 MOJOBMH, KOTOpas He YAOBJe-
TBOpAeT yc/aoBui0 (B). DT0T mpollecc AeseHHs TONMOJaM U BhLAEJSeHHA
naer GeckoHeuHyld MOCAeJI0BATEbHOCTL HMHTEPBAJOB Sy, Sy, Sy ... Ta-
KHX, 4YTO

(I) nnusa s, pasna 27"CD,

() nm onma Touka S,,; He JENUT BHe §,,

(IIl) uurtepsan s, ue ynosieTsopsieT ycaosuio (A).

MycTs paccrosnua kouuos s, or C 6yiyr x, w y, TOraa
Xy K X < Ypp1 LY, Tlosromy no Teopeme § 2.2 x, u y, umeior
npeaesst ¥ no ycaosuio (I) 9Tu npelenst 6yLyT OAMHAKOBHE, MYCTh OHH
pasub &, ¥ nycte Q OyaeT Toukof, paccTosHme KOoTOpo# ot C pasHo &.
Ho mo ycnosuio umeerca Takoe YHCAO Bg, u4TO Kaxaas Touka CD, pac-
cTofiHye KOTopo# oT Q 6ydeT MeHblue Bq, 6yler TOUKOH COOTBETCTBYIOLLETO

unteppana I (Q). BosbmeM n mactonsko Goabmum, uTobe 27 "CD <3y

toraa @ 6yner BHyTpeHHel TOUYKOH HJM KOHUOM MHTepBana §, H pac-
crofHue JMI000# TOuKH uHTEpBaja S, OT Q OylIeT MeHblle 80. A motomy
UHTEpBAN §, yIOBjIeTBOpAeT ycA0BHIO (A), UYTO HNPOTHBOPEUHT ycCJAO-
suio (llI). TlpeanosioxeHue, YTO NpouUecc Ae/IeHNs MNONOAAM He 3AKOHUYUTCS,
NPHBOJAMT K TNPOTHBOPEYHIO; MNO3TOMY MpPOLECC JAOMKEH B3aKOHYAThbCH,
M TeOpeMa, TakuM 00pas3oM, AOKa3aHa.

B teopeme aas mBymepHoit o6iactu ') mutepsan CD 3aMeHsieTcsi 3aMKHYTOH

AByMepHO#t obaactbio, unrepBan [ (P)-— kpyrom?) ¢ ueurpoM B P, a wHTep-
Ban J; — KBAJpaTOM CO CTOPOHAMH, NMAPANIENbHLIMH KOODJAHHATHBIM OCAM,

3.61. PaBnoMepHas HenpepeBHOCTH

U3 TOMbKO 4YTO [1OKasaHHOM TeopeMbl JIErKO BBIBECTH, YTO eCJH
dyukuua f (x) BellleCTBeHHOH fepeMeHHOR X HenpepblBHa npu @ <L x < b,
T0 f(x) GyseT paBHOMepHO HempephiBHOM®) Ha BCeM OTpeske

a < x L b

1y Iloxa3aTeabCTBO MOXHO NMOCTPOHTb MOLOGHBIM K€ O0pa3oOM, paccMaTpHBas
KBajgpart, Cojepxamuii o06aactb, M NpHMEHds NPOLECC JelNeHHs KBaJpatoB
Ha 4 paBHBIX KBajpaTa.

2) Wan yacThio Kpyra, JexameHd BHyTpH 3TOH 06jaacTi. )

%) drot pesyavrar npunaiiexur edite (Hetine, Joyrnal fiur Math., LXXI,
361 (1870) u LXXIV, 188 (1872)).
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[ycts € — mpoU3BOJIBHOS HOMOKHTENLHOE UMCAO; TOrda, B CHAY
HETIPCPLIBHOCTH  f{X) Aa8 moOOro 3HaueHus X, MOXKHO HaHTH Takoe

NOJ0KUTENLHOE HHCJO O 3aBucdlee OoT X, 4t0

£ ()= F ()] <

AJs BCEX 3HAueHud X', YIOBJETBOPAIOLIAX HEPABEHCTBY
| x/— x| <3,

Torza no § 3.6 Mu MOXeM pa3nejuTb OTpe3ok (&, b) Ha KoHeuHoe
YHCJO0 3AMKHYTHIX HHTEPBAJIOB, 06MaAa0ILUX TeM CBOHCTBOM, UTO B KAXAOM
uHTepBasie OyNeT HaXOLUTbCR TAKOe YUCJO Xy, 4TO

| () — f (o] < g

KorAa x’ JeXHT B TOM Xe MHTepBa’ge, 4To M Xx;. Ilycts O, — AJauHa
HaUMEHbINEr0 W3 5THX HHTEpBAIOB, M NycTh £, & — mobele IBa vHCaA
B 3dMKHYTOM HHTepBane (a, b) Takme, uto |f—&'| <9, Toraa &, &
6yayT JexaTe B OJLHOM H TOM 2Ke HJIM CMeXHBIX MHTepBanax. Ecuu
OHHM JIeXAT B CMEXHBIX HHTepPBaJaX, TO NycTb & — obwuil KoHeu 3TUX
MHTEPBAJIOB; TOTAA Mbl MOXeM HalTH TakHe YHCIA X, X, 1O OJHOMY
B KaXAOM HHTepBaje, YTo

FO—FE)| <ge |fE)— Fe)]< 5o
|FE —F < e [fE)— )| <5

OTKYI#a
[FE—fFEN=T{fE— f(x)) —{fE)— f(x)) —
—{fE) = f ] F+{f G — f (2} | <e.

Ecau we & £’ nexaT B OLHOM M TOM e MHTEDBaje, TO MH MOXeM
JOKa3aTh TMOAOOHBLIM e 00pasoM, uTO

1FO—FE) <.

B ofoux cayuasx Mb NOKasaad, 4yto Ajs A060ro umcna § u3 pac-
CMAaTpPHBAEMOT0 OTPE3Ka HMEeM '

[fO—EFD]<e,

Korga £—-( npHHagzexur ToMy ke oTpesky n — 8, <G <3, mnpuuem
 Me 3asucum om &. Pasnomeprocmp HEIPEPHBHOCTH, TaKMM 06pa3oM,
yCTaHOBIIeHa.

Canencreue (I)) C noMowplo AByMepHOro BapHaHTa TeopeMbl u3 § 3.6
MBI MOXEM I0Ka3aTh, UTO QYHKIHMS KOMIIEKCHOTO IEPEMEHHOTO, HENpephiBHAs
BO BCEX TOUK2X 3aMKHYTOH 061acTH IMIOCKOCTH KOMILIEKCHOTO HEPeMeHHOro,
6yner paBHoMepHo HenpepuiBHoil 8o BeeHt ofaacTh.
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Caencreue (). Pysxumus f(x), HEmpepisHas Ha OTPEIKE & X < b,
6y1eT OFpaHHYEHHOH Ha STOM OTpe3ke, T. €. MLl MOXeM HafiTH TaKoe UHCHO &,
He saBucsliee OT X, uTO | f(x)| < k& 1jg Bcex TOYEK X 3TOTO OTpe3Ka.

[Ilycte n— uyucao uwacTed, Ha KOTOPOe pa3LeneH OTPE3OK. Myctp 4, &,

Sy v .., Ep—1y b — HMX KOHUBL; TOrJA, €CAM X €CTh AWbas TOYKa r-ro HHTEPBAAA,
MBI MOXEM HAHTH TakHe UYHCAA X,, Xy ..., Xp, UTO

1
F@—F)| <5 1FE)—FE) <36 1FE)—Flm)] < ge

1
PO —F @D < gt f(r) =/ <7 &
[TostoMmy

f@—F ()| < e

7)< 17 @ |

4TO M NpeACTaBldeT Tpe6yeMbiil peayJbTaT, TaK Kak Ipapas YacTb He 3aBHCHT
or X.]

BbiBoa cOOTBETCTBYWILEH TeOpeMbl st GYHKUHME KOMIAEKCHOH NEpeMeHHOH
OpefOCTABASEM HHTATENIO.

3.62. BemectBenHas ¢yHKIHA BeuleCTBEHHOHK nepeMeHHO#,
HeNpepeHIBHAA B 3AMKHYTOM HHTEpBaJe,
JLOCTHraeT CBOEHl BepxHeil rpaHuilbl-

IMycrs f (x) — BeluecTBeHHas HenmpepbiBHAA QYHKUMA x 1upu @ L x <L b.
OnpeneauM ceyeHHe, Kaacc R KOTOPOTrO COIEPKUT TaKHe YUCAA £, UTO
r> f(x) Ins Bcex 3HaueHu#h x Ha orTpeske (@, b), a kaacc L — Bce
OCTaJbHBIE YHC/Ia. 3TO cedyeHHe OMpelenseT TAKOE YHCAO &, 4T0 f (x) < «,
HO, KaKk080 0b Hi Ob.20 TNONOXHTENbHOE YHCIO 8, HAa OTpesKe Cyule-
CTBYIOT Takue 3HaueHud x, 4to f(x)>a —38. DTO uuC/aI0 @ HA3LIBAEGTCH
sepxned epanuyel dynxuun f(x). Teopema yTBepMXIaeT, 4TO HA OTpe3Ke
a<{x < b mMoxHO Hafitu Takoe uyMcao x’, uro f(x')=a.

IleHcTBHTEAbHO, Kak ObHl Maa0 HU Obljio 8, Ml MOXeM HalTu Takue

sHauenus x, Aas Kotopux | f(x)—a| ' > 37" nostomy [fle)—al™
He orpaHuyeH Ha otpeske (@, §) u [§ 3.61, caencrsue (II)] ne Gyxer
HellpephIBHHIM B OZHOH MM O0Jsee Touykax oTpe3ka (&, b); HO Tak Kak
|f(x)—a| Oyzer HenmpepbiBHHIM BO BceX TOYKAX OTPe3Ka, TO ero
obpathas BeJuunHa OyneT HempepuiBHOH BO BCeX TOUYKaX OTpesKa
(§ 3.2, npumep 1), 3a HcKJIOYEHHEM TeX TOueK, B KOTOPHX f(x)=aq;
nostomy f(x)==oa B HekOoTOpOf Touke oTpeaka (a, b); Teopema,
TakuM 00pas3oM, LOKa3aHa.

Caencrsue (I). Huxnaga rpanuua HempepoiBHOH (QYHKUHH MOXET
OuTh onmpeflesneHa NMoLOGHHM e 08pa3oM, NMOITOMY MOIKHO YTBePXAaTh,
UTO Henpepuipiasg (byHK[UI‘FI JOCTUraeT TakMe CBOcH HUKHeH rpaﬂnum.

6 2. T, Yurrexep, k. H. Barcoy
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Caencraue (). Ecau f (2)—dynkung komnaekcHol nepeMeHHOH —
HenpepbiBHA B 3aMKHYTOR o6aactu, To | f(2)| nocruraer coelt Bepxmeft
T paHHILbL.

3.63. BemecTBeHHas (YHKilusl BeileCTBEeHHOH nepeMeHHON,
HenpepHiBHas B 3aMKHYTOil o6aacTu,
ApUHKMAET BCe 3HAYEHHSA MEXKIy BepxHell H nmxneﬁ rpaHKnamMu

ycrs M, m —Bepxuif M HHIXKHAR TDAHULbI q)ym(uuu f (x), Torna
no § 3.62 MOXHO HAHTH TaKWe YHMCAA X, X, YTO f(x)=M, f(x)=m.

[TycTs g — npou3BobROE YUCJIO ‘TaKoe, 4yTo m < p < M. COOTBETCTBEHHO
JA060MY 33 AaHHOMY MO /IOKUTEALHOMY YHCIy & MOkHO (o § 3:61) pasnenuts

OTpe30K (X, X) Ha TAKOE KOHe4Hoe YHCHO r 3aMKHYTHIX MHTEPBAJOB, YTO
" 7
7 (0) =1 ()] <
rae x{n, x{) — moGrie TOUKH r-ro uHTeppaia; mpuMeM 3a x{", x{) KOHuH

r-ro uuTeppaja, Torla Hnalilercs no kpakne# mMepe ONMH HHTEpBaJ, AJA
xoroporo f(x{)—up, f(x{)—p OyayT umeTp pasHile 3HAKH, @ TaK KaK

| () — ) = [ (=) — v} | <=
” £ () —p|<e.

[ockoabKY s KamAOr0 CKOAb YFOAHO MAaJAOFO0 3HAYEHHS € MOXKHO
HatTu yucao x{), yAOBJETBODPSAIOLIEE STOMY HepaBeHCTBY, HuxHell rpa-

‘Hune#t ¢yHxuuu |f(x¥) — | Oymer Hyab, M B CHAY HempepHIBHOCTH
aToft dyHKUMM OT Xx noayyaeM no chaeactsuio (I) § 3.62, uro f(x)—p
PaBHAETCA HYJIO NPH HEKOTOPOM 3HAYeHHH X.

3.64. MMoanas Bapuanus q)yrixuuu BEHleCTBEHHOH mepeMeHHoit 1)

Mycrs f(x)— BeIeCTBEHHASR orpanuyenHas (QyHKuus, onpelesneHHas
npn a < x<b nnycm

LXK X X< eee <X, KO
Toraa | f(@) — f(xp)| + 1f(x)— [l F ... ]/ (x) — F ()] wa-

suBaercs sapuayuel Qynxumn f(x) Ha orpeske (a, b) Adst paabuenus
Xi, X9 ey X,

Ecau Bapuauus uMeeT BEpPXHIOK TPaHULY F’ TIpH BCEBO3MOXHBIX 3Ha-
YyeHUAX 1 U uYuced Xy, Xg, ..., X, TO FOBOPAT, q'ro J(x) umeer ozpa-

~

HuMeHHYIO sapuayuio Ha orpeske (a, b). Yucno fa HasblBaeTCH NOAHOY
sapuayuel Ha oTpeske (a, b).

1y TepMuHoAOrHs 3TOro naparpada npHuaniexut yactuyto [obeony (Hob-
son, The Theory of functions of a real variable, 1907), a uacTuyHo HOury
(Young, The theory of sets of points, 1906). .
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fipumep 1. Ecan f(x) moHotonHa !) Ha oTpeske (@, b), To ee monHas
papHalMs Ha 3TOM OTpeake pasHa | f(a) — f(b)|.

MMpumep 2. PyHKuus OrpaHAIEHHON BapHallid MOXET ObITb TpPEACTaBJeHa
KdK PasHOCTb ABYX MOJOXHTENbHBIX BO3PACTAOU{HX MOHOTOHHBIX QyHKiliL.

3a Taxue (QYHKIHH MOXHO TDHHATH % {Fs —}—.f(x)}, —é— {Fﬁ—f(x)}.
MpuMep 3. Ecan f(x) uMeer OorpaHyueHHYIO BapHauuio Ha oTpeske (4, b),

to0 cyliecTsylor mpexedbi f(x £ 0) BO BCeX TOYKAax 3TOFO OTPe3Ka (CM. TpH-
mep § 3.2).

I)l'IpH mep 4. Ecan dyuxkunu f(x), g(Xx) HMEOT OFPAHHUEHHYI0 BapuauHIO
H1 oTpeske (&, b), To dyHkuug f(x) g (x) TaKKe KMeeT Ha HeM OTPAHMUEHHYIO
BapHaLHAIo,

{HeficTBATEABHO,
() g —F (0) g (D <IF() 18 () — g @1 +18 () 1/ (x)—F ()],
W cJaefoBaredbho, Bapmanug QyHkumH f(x) g (x) He MOXET NPeBOCXOUHTD .
gFZ -|—sz, rae f, g — Bepxnue FpaHuub dyHxumit |f(x)|, | g (x) |,]

3.7. PaBHOMepHas CXONUMOCTH CTENEHHLIX PSNOB

Iycts
a+az+ ... Fa2"++ ...
aGCOMOTHO CXOLHTCA TpH 2 = 2.
Torna npu 2| < 2| Gyaer |a,2"|<|az}].
- _

Ho rak Kak psa X |a,z5| cxomurcs, To cormacuo § 3.34 moay-
n=0 :
(o0
uyaeM, 9T0 Pl Y @,2" CXOLUTCS PABHOMEPHO OTHOCHTENLHO MepeMeH-
n=0
Hoft 2z, Korja |z| < |zl
Orciona, cornacio § 3.32, caenyeT, uTo creneHHON paj OyneT Hempe-
pPHIBHOR (yHELUHEA OT 2 BO BCAKOH 3aMKHyTOU obnactu, cocrosuieit u3
TOYeK BHYTPH M Ha F'DaHHNE BCAKOrO KPyra, KOHUEHTPHYECKOrO ¢ Kpy-:
TOM CXOJMMOCTH U uMewuiero MeHoluu#t pagwyc (§ 2.6).

3.71. Teopema AGensa 0 HENPEPLIBHOCTH
BHJOTH 0 I'Pasuub Kpyra CXOLHMOCTH 2)

(a0}
HyCTb 2 anz” -— CTEMEeHHOR pal, paivyc CXOAUMOCTH KOTOpOro pa-
n=0 00

BeH eIMHMUE, M TNycTh OH OylieT TaxkoB, 4YTO pAX 2 a, CcXoautcs;
n=0
fy—rf(x)

x—x’
HJH PaBHO HYJI0 A4S BCeX Nap PAasAMUHBIX 3HaueHul x M x’.

2) Abel, Journal fir Math., 1, 311—399 (1826), reopema IV. JoxkasaTens-
cTBO A6ensi UCNOJMb3YET HENOCPENCTBEHHO IPHEMH, KOTOpbIMH Oblid [OKa3aHbi
reopembl §§ 3.32 u 3.65. B tom ciyuae, xoraa pan 2 | @yl cxoauTes, Teopema
ouesugHa no § 3.7,

!y dynxuus Ha3bpBAeTCHd MOHOTOHHOH, €CiH OIHOTO 3HAKa

64‘
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nycte, aanee, 0. x < 1; Torza Teopema AGeas yTBepx.iaer, YTo
[ee)
lim <Z a x”): 2 a,.
x->1 n=0

HetictButeqbo, B o6Go3nauvennax § 3.35 ¢yHkuus x" YIOBJETBOpSeT
ycnonmm HanoxendsiM Ha u,(x) npu 0 < x < 1; caenoBaTenbHO, pAn

RS

f(x)y= E(l)anx" cxoputcs pasHomeprio Ha BceM otpeske 0 < x LI
n=

nostoMy coriacHo § 3.32 ero cymMma OyneT HempephiBHOH (YHKUHMEH
or x Ha Bcem otpeske 0 < x 1; orcriona lim f(x)== f(l), uro u
x>1-0

LOKa3blBAET TeOpeMy.

3.72. Teopema AGeisn !) 00 YMHOXEHHH DS/OB

Sta TeopeMa mnpeAcTaBaseT coboft BuLOM3MeHeHHe Teopemul § 2.53
Ins abCcOJIOTHO CXOLAUIMXCH PALOB,

ITycms
a==agb, +ab, 4+ ... —i—a by-

Toeda cxodumocms pados Z a,, Z b, u E ¢, Asasemca docma-
=0 - n=0 n=0

mouHuM yCa0BUEM 04K mozo, 4106 b

B camom zene, myctob

A(x) = Zax" B(x)~2bx C(x):ﬁcnx".
n=0

n=_0 n=0
Torza pasbl A(x), B(x), C(x) abcomorHo cxodarcs npu |x| <1 (cMm.
§ 2.6) u, caeposatenbHO, coriacHo § 2.53
A(x)B(x)=C(x)
npu 0 < x < I; nostomy no npumepy 2 § 2.2
{ lim A(x)}{ lim B(x)}:{ lim C(x)},
x=>1-0

x>1-0 x-»1-0
ecav TPeAnONOKHTE, YTO 3TH TPH npeﬂena cywecrsytor. Ho mo § 3.71
(o]

STUMH fpelenaMd OYAYT pslbl Za Zb Zc,,; TakKuM 06pa3oM,
n=0

TeopeMa IHOKasaHa.

Y Abel, Journal fir Math, 1, 311399 (1826), teopema VI. Mu npu-
BOXMM NEPBOHAUAJhHOE J0Ka3aTeabCTBO AGenss. B nexotopbix yuebHukax naetcs
Gosee CJOXHOE J0Ka3aTedbCrBO ¢ MOMoOibio cyMm Hesapo (§ 8.43).
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3.73. CteneHHbie pAlbl, TOXKACCTBEHHO paBHble HYMI0

Ecau cxodawuiica cmenennoil pad pases HYAI0 npu 8cex 3Ha-
weHusax 2z, 04 romopwx |z| <ry, 2de ri>0, mo sce xoappu-
HUEHMBL IMO20 CMENEeHHO020 PAOA PABHbL HYAW.

B camom aene, ecaum He Bce KO3{dulHeHTH pPaBHL HYJII0, TO AYCTh
a, OyleT MepBeIM W3 KO3(QHUHEHTOB, OTAHUHBIX OT HYJIS.

Toria a, -+ G,,12 + @,,,92>—+ ... paBHfeTCs HYJIO IIPH BCEX 3HA-
yeHUAX 2, KpPOMe Hyasd, u abconoTHO cxoaurcs, Koria [z Lr<ry;
oTCI0Ja, MOJMaras $ =@, .1+ a,;,92 -+ ..., uUMeeM

1512 3} gl 2ot

u, TakaM o6pasoM, Moxuo wHalTu 1) Takoe nosoxcumessnoe uucso
&< r, yro npu |z| L3
1
2 .
|am+1z—+ Qppp0? + tee I <7 larn"
TOrAad

|00+ 522 |a,] — [s2] > 5 |a,]

u, cielopaTenbHo, |a,--sz| # 0 npu [z] <3.

Mp npumig, TakuM 06pa3oM, K NPOTHBOpEuYHIo, NPelnoJOXUB, 4TO
HeKoTOphle KO3 dHuuUMeHTH He papHel Hynwo. [losroMy Bce xo3ddu-
LHEeHTHl PABHBI HYJIO.

CaencrBue 1. Ecin cyMMbl IBYX CTEmEHHBIX psiioOB PaBHBI B 06aacTe
{z] <3, rae 3 >0, 10 KO3pPUIHEHTE B YjJeHaX C OAMHAKOBBIMH CTENEHAMH Z
COOTBETCTBEHHO DABHHL .

Caeactsue 2. Ecam cyMMBl [JBYX CTENEHHbIX DSA0B DaBHbl XOTH Obi
IPH 2 BElU{eCTBEHHBIX, TO KOIPQHUHEHTH B YJl€HAX C ONHHAKOBBIMH CTENEHIMH 2
TaKXe COOTBETCTBEHHO PABHHL’
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1y ToctatouHo Buibparb d Tak, 4TOObI

(=]

' 1
br 6L‘am+n|r”—l<7!am[-

n=1
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Mipumepsl

1. IMokasats, 4TO psn

& o
2‘ (1—2zh) (1 —2nth)
1 n=1

1
paseH T—7) "pH lz| <1 u pasen T0—=27

CBa3aHO JaM 3TO OOGCTOATENLCTBO C TeOpHell pPaBHOMEDHOH CXOAMMOCTH?
2. [TokasaTb, 4TO paj

mpu [z > L

.1 o1 1
251:1?2-—{»451{165—-}— ver £ 27 3"z+

cxoauTcsl abcoMOTHO JJis BCeX 3HaueHuH 2 (uckmouas 2z = 0), no ne Oyxer
PaBHOMEDHO cxonauuMcd BOau3u 2 = 0.
3. Ilyctp

iy (x) = —2(n—1)? xe_("'l)zxz_{_ 2n2xe— "X

[I0Ka3aTh, YTO DA u, (x) He Oyler PaBHOMEPHO cXxoaduuMcs B6au3u x =0.
Y.

n=1
(Math. Trip., 1907)

. CXOAUTCH, HO €ro KBajx-

1 1 1
VI“yI YT
pat (o6pasoBaHHbId MO nmpaBuay AGeis)

1 2 2 1

o

4. TMoxasaTb, YTO Psn

pacxoautcs.

5. Iokasarb, 4TO ecay CXOAAWHMHCA pax § = Tl,— — 2—1, -+ 3L, — 4L, + ...

(r > 0) yMHOXHTL Ha cefa H ujeHp NPOHM3BEJEHHsS PasMeCTHTb HO NPaBUAY

AGesst, TO TOMYHEHHBIH psig PACXOAMTCS TpPH r<§, HO CXOIHMTCS K CyMMe s2

1
opu r > —. L
P 2 . (Cauchy u Cajori)
6. Ilokasartb, 4TO ecay IBa YCJIOBHO CXOAALIMXCA pPAla
[ve) . X
V' (=1 V' (=D
T ™ Tt
n=1 n=1
rge 7 W s 3akmoualorcs mexay 0 v 1, yMHOXHTh APYr Ha ApYyra, u Npou3Bene-
HHe NpeAcTaBuTb B QopMe Abelss, TO HEOGXOJIMMbIM M JOCTATOUHBIM YCAOBHEM
CXOJIMMOCTH HOJY4YEHHOTO PAla ABJSETCH HEPAaBEHCTBO r -} s > 1.

(Cajori)
7. ITokazath, UTO ecau psajn

1 1 .1
=gt —7+ ..

yMHOXHTb Ha cebs Jo6oe YHCAO pas M mpousBejeHHe NpeICTaBHTL B dopue
AGeas, To moayueHHBIH pag OyAeT CXOASIHMCs,
(Cajori)
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8. TMokasath, YTO g- CTeNeHb psana ‘
a;sinf b-aysin20 - ... Ja,sinnb - ...

6ynet cxopsaueics, ecau ¢ (1 —r) < 1, rue r — nauGoabniee YHCIO, yAOBAETBO-
pAioLlee HEPABEHCTBY @, < A~ NAs BCEX 3HAYCHHH A.
9, [Tokasatb, yTo ecau 0=+0 u He KpaTHO 27 W ecau u,, U,, Uy, ... — TaKad

[10CA€0BATENbHOCT, 9TO Uy >0 MOHOTOHHO, TO Psf Y, Uy cos (nf o) cxo-
IUTCH. ’

IloxasaTb Takxe, 4To ecau mpexea u,#0, Ho {u,} BCE Xe MOHOTOHHa,
T0 PN DAaCXORUTCH, KOACGAACH, €CAH — PALUHOHANBHO, HO €CAH — HppALHO-
HalbHO, TO CyMMa MOXeT NPUHHMATh M000€ 3HAaUeHHE MEXAy OIpeseNEHHbMH

1 -
TPAHHMLAMH, PA3HOCTh KOTOPBIX paBHa acosec76, rae a = lim u,
n-»co

(Math. Trip., 1896)



TTABA 4
TEOPUSI UHTETPAJIA PUMAHA

4.1. llousTHe HHTErpHpOBAHUSA

Yurtaresb, HECOMHEHHO, 3HAKOM C HAeeH HHTErPUPOBAHUA KAK ONePALHHY,
oOpatHolt IuddepeHUNPOBAHUIO, 3 TAKKE U ¢ TeM, YTO HHTErpat (8 3TOM
CMBIC/e) OT AaHHOH ajieMeHTapHOH (YHKUMH He BCeria MOMeT OBITb Bbi-
paxkeH uepe3 sjeMeHTapHbie ke ¢yHkuuu. IlosTomy, 4r00bl HaTh OMpe-
IeJieHHe uHTerpata (yHKUMHM, TONHOE BO BCeX cayuasx, Jaxe ecau
HaxoXneHHe QYHKuu#, NPOH3BOAHAA OT KOTOPOHK paBHanachk On LaHHnoH
GYHKUMH, SBASETCA TNPAaKTHYECKH HEOCYLUEeCTBHMBIM, Mbl A0JIKHbl 0Opa-
TUTLCS K FeOMETPHUYeCKOMY CMBICAY HHTerpanal) f(x) B mpelrenax ot a
10 b, KOTOpHIM BhIpaxaeT MJOWAIb, OrPAHHUEHHYI KPUBOH y= f(X),
OCbl0 X U OpIHHATAMH X =@, X==0. 3T0 NOCAYKHT HCXOLHOH TOYKOH
I TOYHOTO OmpeneeHds HHTerPUPOBAHUS.

4.11, Bepxun#t u HHXHHHA HHTerpaas %),

[ycts  f (x) — orpanyuesHas (yHKLHA OT X Ha oTpeske (a, b).
PasobbeM 3TOT OTPe30K Ha YAaCTH TOUKAMH Xy, Xg, ..., X, 1 (@ L % <
Lxg < oo Lx,_yLb). NMycrs U, L—rpanuun f(x) Ha oTpeske
(@, b), u nycrs U,, L, —rpannunt f(x) Ha oTpeske (x,_y, X,), NpUYeM
Xo=a, x,=b. .

PaccMotpum cymmbl 3)

S,=U,(x, —a)+Uslxy —x)+ ... +U,(0—x,_,
Sp=L(x; —a)= Ly(xg—x) 4+ ... +L,(0—x,_9)

) OmnpeneaseMoro Kkak (sjeMenrapHad) ¢QyHKuus, TPOU3BOAHAS KOTOpOIl
paBHa f(x).

2) JlaHHOE H3JM0XEHHEe TeopeM CYI{eCTBOBaHMA, OTHOCAIMMXCH K HHTErpanam,
OCHOBAHO Ha majowenuu, AaHuoM [ypca, Kypc ananusa, 1. I, ra. [V, Tlonstus
BEpXHEro M HIDKHErO uHTerpados mpunaiiexar Jlap6y (Darboux, Ann
de PEcole norm. sup. (2), IV, 64 (1875)).

%) S, u s, NPeACTaBAAIOT CYMMBl [JIONIAJIeH HEKOTOPOTO YHCAE MPSIMOYTOJb-
HHKOB H COOTBETCTBEHHO G6oJbllle H MeHbllle ILIOWANH, OTPaHHYEHHOH KpPHBOI
y=f(x), x=a, x=0 1 y=0, ecan npeanojaraercs, 4ro Takas TIOIManb
BOOGIIE CYI(ECTBYET,



4,11, BeEPxUHP H HIDKHHA HUTErPAJbI 89

Toraa }
U(b“ a)>Sn>/Sn>L(b_a)~

Jlas KaHHoro n cymmul S, M s, OyAyT OTpaHHYEHHEIMH (yHKLUAMA OT
Xy, Xg, +.., Xp_y. IlycTe HX BePXHA® M HIKHAS TpaHuuw !) Gynyr
COOTBETCTREHHO S,, S, Tak uT0 S,, S, 3aBUCAT TOJBKO OT 7 M OT
euga f(x), HO He 3aBHcAT OT cnocoba pasbueHus MHTepBana Ha 1 uyacTeH.
-TlycTb HMXKHSAS ¥ BepXHss TpaHHubl 3TUX OyHkuu#t oT n 6yayT co-
OTBETCTBEHHO S, S.
Torna
: S, >S, s,<s.

Mer nokaxewm, uro § camoe OOjbuiee paBHo S, T. e. S > .

ITycte oTpesku (&, Xxq), (xq, Xg), ... pa3OuTH HA MeHbliNe OTPE3KU
HOBBIMU TOUYKaMd, M NYCTb
a4 Yo Yo oees Yoo V(=X Yearr oo o0 Yo (= %),

Y1410 s Y10 b
I ’

OyI1yT KOHUAMH MeHblIHMX OTpe3koB. VO0osnauum uepes U,, L, rpanuim
f(x) na orpeske (¥,_y, y,) U TOJOKUAM "

WE

m
Tm:rz:ll(yr'—yr—l)ur’ ty= (v, “"yr—l)Lf'

1]
—_

T
? ’ 14 .
Tax kax Uiy, Ug, ..., Uy He wmoryr mpesocxomurs U, TO serxo no-

Hy4aeM, YTO
S, >T,>t,>s,

Temepn paccMoTpum pasGuenne orpeska (a, 0) ToukaMu Xy,

14 ’ !
Xy ooy X,y W LPYro#t cucTeMOH TOYEK X, X, ..., X, _,. llycts

S,. s, — CyMMBbl, COOTBETCTBYOlUIME PasGUeHHI0 BTOPOH cHCTeMOM TaK ke,
Kak S,, §, COOTBETCTBYIOT pasbuennio nepso#f cucremoit. ITpumem 8ce
TOUKH Xy «ov X, 43 Xpy oo X, | 33 TOUKH J, ¥y -0y Y .
Torna
" Sn>/Tm>tm>Sn
S, >T >t >

Taxum 06pa3oM, Beskas cymma S, Oossute (UAu MO MeHbLleH mepe
paBHa) MmoGofi CYMMBl §,,, M TNO3TOMY S He MOXeT OBITb MeHbIIe S.

[U60 ecniu S<<s u s—S=2v, 10 Mb MOxeM Ha#itnm Takoe S, U
’ | I ’

TaKOE §,,, YTO Snr—S<7), §-—§,, <M H, CICNOBATENLHO, S, >S",

4TO HEBO3MOHHO.]

1) Fpanuubl GYHKUMK OT 7 NEPEMEHHHX ONpEAeNTC TaKHM Xe TOYHO
06pa3oM, KaK rpaHuubl GyHKIHH ofHOH nepeMennoit (§ 3.62).
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Ipauuua S HasbiBaeTcd 8epxrus;unrterpanoM f(x) u o6osHauaercs
T

CUMBOJIOM ff(x)dx; S HasblBAGTCA HUMCHUM HUHTEIrPAIOM M 0603HA-
) a

b
yaeTcd CHMBOJIOM ff(x)dx.
a

Ecin S =35, T0o ux o6uias BeJMYdHA HA3LIBAETCH UHMEZPANOM, BIS-
THIM MEXIY mpelefaMH ') UHTETpHPOBAHHA 4 M -D.
O of6o03HauaeTcs CHMBOJOM

b
ff(x)dx.

a b
Korana a < b, Mbl ompelenseM HHTErpan ff(x)dx KaK ——fff (x)dx.
b a

Mpumep L.
b b b
fUm+eende= [fmas+ [¢ax

Mpumep 2..1Tpy momomy npuMepa 1 ompeneluts HHTErpali HENPEPHIBHOK
KOMIIEKCHOR YHKuMiI BElleCTBEHHOH nepeMeHHOH.

4.12. Ycaoeue HHTerpHpyeMoCTH B cMmuicie Pumana ?)

ToBopaT, 4TO (YHKIMS «HHTErpHpyeMa B cMuICHe Pumana», ecayu
(8 oGosuauenusix § 4.11) S, n s, umeior obuuit npenen (HasblBaeMbIR
_unmezpaaor Pumasa 0T 3TOR (QYHKUMH), KOFA2 YHUCJIO OTPE3KOB
(X,_{, x,) crpemurcd K OeCKOHEUHOCTH M [/MHHA HaubOMBIIETO M3 HUX
CTpEMHUTCS K HYJIO.

Heo6 xo0umoe u docmamounoe yCAO8ue URMEZPUPYEMOCMU 02Pa-
Huuennoli Qyuktuu 3axsniaemcs 8 mom, wmobst S,— s, cmperu-

) «Kpa#inue 3naueHus» Oblio Obl GoJee MOAXOAALIMM TEPMUHOM, HO «IIpe-
AeM» MMEET CAHKIHIO JAaBHOCTH M NPUBHIUKY. JIsMOOM ObLIO NPENNIONKEHO CAOBO
«termini» (L a m b, Infinitesimal calculus, 207, 1897).

?) Puman (Riemann, Ges. math. Werke, 239) o6octoBan cBoe ompeje-
JeHHe HHTerpana Ha Ipejese CyMMBl, Berpeuawowefics B § 4.13, Ho Toraa oueHs
TPYAHO JI0Ka3aTb €JMHCTBEHHOCTb Npefnena. Bojee obuiee ompejeleHue HHTErpH-
poBaHHs (KOTOpOEe HMeer BecbMa O0o0JblOe 3Ha4YeHHE B .COBPEMEHHOH Teopuu
$yHKuMH BeluecTBeHHOH nepeMenHOH) paHo Jleb6erom (Lebesgue, Annali di
Mat. (3), VII, 231—359 (1902) ). GM. ero «HMurerpupoBaHue H OTHICKdHHE HPHMH-
THUBHHIX GbyHKuM#», T'TTH, 1934.

Cwu. takke U. I1. Hataucon, Teopus ¢yHKuui BelecTBEHHOH mepeMeH-
Ho#, I'octexnanar, M., 1957. (/Tpunr. ped.)
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A0CH K HYAO, K020a 4ucA0 ompe3nos (x,_,, x,) GecnpedesvHo pac-
mem maKum o6pa3om, Hmo OAUHA HAu00AbULE20 U3 HUX CMPEMUMCA
K HY210.

Ycaosue, oueBujaHo, HeoOxonumo, ub0 ecau S, M s, uMeloT oOLHH
npenea, t0 S,—s,—>0, xoraa n-»o00. KW oHo Aocratouno, ubo u3
nepasetctea S, > S > s>, caenyer, uro npun S, —s,—>0 uMeen

imS,=lims, = S8==s.

Tpumeuanne HenpepuBnaa ¢ynxnua f(x) Oyner uHTErpupyemof.
B camoM fele, [ JAHHOTO &€ MH MOXeM HaHTH Takoe 9, 4TO
4

F) = F ) < 5=

lx"—x"| <8,

Korjga

[Iycth Bce OTpe3kH (Xg—, Xg) Menbme, uem B, torma Us— Ly < b—ed
u, TaKkuM 06pasoM, S, — s, < ¢ moaroMy S;— $,—~>0 npu n—>co u & >0, yto
JdeT YCAOBHE HHTETPUPYECMOCTH. ]

CanencrtBue. Eciu S, u S, UMeIOT OfHH H TOT Xe mpejed S i OXHOTO
onpeseneHHoro cnoco6a pas6ueHus oTpeska (a, b) Ha uacTH, TO npelex S,
1 S, past ao6oro Apyroro cmoco6a pasbmenus GyneT Takme S

Mpumep 1. Ilpoussenenne ABYX HHTErpHpyeMblX QYHKuHE 6yleT Taxxke
uHTErpupyeMoil Qpyuxnuei. .

Mpumep 2. PyHKuHsa HeNmpepuBHAR, 33 HCKIAKYEHHEM KOHEUHOIO UHCHA
PaspeIBOB NepBOro pojAa, 6yaeT HHTerpupyemoi.

[Ecan f(x) uMeeT pa3pwB MNEpBOr0 poOxa B ¢, TO 3aKJKYUM C B HHTEpBAs -
IAMHEL 3,7 A9 HAHHOrO & MW MOXeM HaitH Taxoe 3, uto | f(x) —f(x) ] <,
korna |[x' — x| < ¥ u x, x’ He HAXONATCA B 3TOM HHTEpBale.

Torna S, — s, < e(b—a—3¥,)+ kY, rne k& — nanboablice 3HaYEHHE BHPA-
wenus | f(x’)—f(x)|, korxa x, x’ Jexar B aTOM HHTepBale.

Korja 8, >0, 2> | f(c+0)— f(c—0)|, a orcoza

lim (S, — $5) = 0.]
n=>co

IIpuMep 3. PyHxuus OrpaHMUCHHOH BapHAUK C KOHEUHbIM UHC/IOM Das-
PHIBOB mepBOro poxa uurterpupyema (cMm. § 3.64, npumep 2).

4.13. OaHa ofmas Teopema 06 muTerpase Pumana

ITycrs f(x) — unrerpupyeMas ¢QyHxuusd, a & — kdkoe-nubynb nono-
KurenpHoe uyucao. Torna MOxHO BhIOpaTh d Tak, 4TOOGH

n b
N (5= 5, F () — [ Fwyax| <
p=1 a

NPU YCJAOBHH, YTO
’
xp—xp_1<6, xp_lgxp_l<xp.
Yrobn 1O0Ka3aTb 3Ty TeOpeMy, 3aMeTHM, YTO HPH NAHHOM € MHl
N

MOKeM BHIOpaTb JJAMHY HAuGOJbIUEr) M3 TPOMEXYTKOB O HACTOJLKO -
Mano#, uto S, — s, < e,
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Hanee,
S, > pgl (*,— xp~l)f (x;—l)>/ Sn
H
b
S, > ff(x)dx}s,,.
a
[Toaromy

n

b
@ )
}‘ (x,— xp_l)f (xp_1)~ f fle)ydx LS, —s, <e.
p=1 a

- B kauectse npumepa!) Ha BbUMCIEHHE ONpEJENeHHOr0 HHTErpasa, OCHO-
BAHHOI'O HENOCPENCTBEHHO Ha TeopeMe STOro naparpada, paCcCMOTPHM HHTErpad

X
/ dx

—_— 1

1— x2 s

J (=)
rne X< 1.

. . 1
[Tosoxum & = %—arcsm X, u nyctb xg = sin sd (0 < SH < -2—1:\, TaK Y10

7

xs+l~—x5=2sin-;-?z £0s (s—*—é—)ﬁ < G

nycTh, ianee,
r 1\,
xg = sin s+7 3.
Torna )

2 d i H H ) s

2: Xg— xzs_,l/ _ 2—1 sin s - sin (s1 — 13 = 2p sin _;_ b sln?);;/Q) arcsin X.
7 2 N

s=1 (1——-xs_1) s=1  COS (S—-——)o )

2

Bass P LOCTATOYHO 6OJbIIMM, Mbl MOXEM CHEeJaTh
X

p
[ N
Jo(1— x2)h 2\
0

s=1 (1 X1

NPOU3BOJBHO MaabIM,
Mbl MOxeM Takxe clelaTb MPOM3BOJABHO MAJibIM W BHpaxeHuHe
{ sin (3/2)

/2

A 3TO 3HAUHT, UYTO NP JaHHOM IPOHU3BOJIbHO MAJOM HHCJAE ¢ MBI MOXeM
Cienartb

—1 } arcsin X,

X

/ﬁ—%ﬁ;——arcsin X| <e,
0

) Netto, Zeitschrift fir Math. und Phys., XL (1895).
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B3aB p noctarouHo GoabmuM. Ho pacemarpuBaeMoe BHIpaKeHUE we 3asucum
0T P, TIO3TOMY OHO NOJXKHO DAaBHATBCA HYMO, TaK Kak ¢ MPOH3BOJNBHO Malo.

Urak,
X

f (_l—ii{i\cg’_/; = arcsin X,
0

Mpumep 1. IMTokasats, uTo

© X 2x n—

1 — — 4+ ... .

' - cos 7 -+ cos - + -+ cos sin x
lim —

n-> oo n X

MTpumep 2. Ecan f(x) uMeer pa3puBH HEPBOro Pojia B TOUKAX

ay, d2y “e ey akr
TO
ay—oy As—0y b
ff(x)dx— tim f + [ .+ [rmdx,
a;+g; a,+e,
rje mpenen B3AT B IPENNOJOKEHUH, UTO By, by, ..., By, &y, &, ..., £ CTPEMATCA

K -+0 He3aBHCHMO IDYT OT Apyra.

Mpumep 3. I[lyctv f(x) uHterpupyema Ha otpeske a;<x < b bpH
g < a< b <b; noroxum

ff(x) dx = (a, b),

Torjaa

lim ﬁf(d, b—-l—i)—-l?((l, b)
3> +0 °

=/(640),

ecan f(b--0) cymectByer.
[Toxasats, 410 ecam f(x) HenpepelBHa B TOYKAX & U b, TO

4 rwax=—r@ & [rwa=ro.

[Tpumep 4 I[oxasaTb aaddepennupoBanneM, uTo ecau ¢ (x) — Hempe-

phiBHad (QyHKuHE OT X, a Ti—t—-—HenpepblBHaﬂ ¢dyHknus ot £, 10
Xy t
Jewras= [oer %
Xo tD

Mpumep 5. Ilycts f' (x) u ¢’ (x) nenpepbiBHb npu @ < X < b; MOKA3aTh.
F[OJIbBYSICb npuMepom 3, 4ro

b
f Fre@ds + [ ¢ (07 dx =10 @)~ (@) ()
a a



94 I, 4. TEOPHMSl MHTETPAJIA PHMAHA
Mpunmep .fi. Ilycte f(x) uuterpnpyema Ha oTpeske (a, ¢) u e b< 6

NOKa3aThb, HTO ff(x) dx 6yner HenpepblBHOH dyHkuue#d ot b.
a

" 4.14. Teopembl 0 CpepiHEeM 3HaYEHHH

Caenywoiune nse ofiuke TeOpeMbl ABJAAIOTCH OCOGEHHO HOJe3HEBIMH.

() fycts U u L OyayT -BepxHelt M HHXKHe#t TpaHMUAMH 1OAMHTE-
rpanbHolt dyukuum f(x) Ha oTpeske (a, b). Torma u3 onpenesenus
WHTerpasa fiCHO, 4TO

b b

[W—rwjae [{fe)—L)dx

a a

OyayT He OTpULATEbHLIMH M, CIeXOBATENbHO,
b
. U(b-a),>/ff(x)dx>L(b_a).
a

- D10T pe3yIbTAT U3BECTEH KAK NepB8as meopema 0 cpedHem 3HaderuU.,
Ecau f(x)— nenpepsvisnass QyHkuus, TO MB MOXeM HaHTH TaKoe
yucao § Ha orpeske (a, b), uro f(E) mpunuMaeT M000e 3anaMuOe 3Ha-
yenue, aexaiiee Mexxny U u L (§ 3.63). TTosToMy MBl MOXeM HafiTi
Takoe uyucao §, uto :

b
[rmax=0—ar@.

Bcmm F(x) HMeer HenpepLIBAYI0 NpousBoaHyio F/ (x) Ha otpeske (a, b),
Mu Oyaem umerb, B3 F’(x) BMecto f(X),

FO)—F(@)=0—aF' (),
rae & — HeKoTopoe 3HaueHme, Ana koroporo & <& <Cb.

Mpumep. Ilycre f(r) nenpepnisa u ¢ (x) >0, N0Ka3aTh, Y10 Halizerca
Takoe §, Uro

b b
[roewdr=r@ [o@ax.

(1) TMycme f(x) 4 ¢(x) — uaTerpupyeMeie QyHKLUUM Ha OTpe3ke (a, b),
U MyCcTh @ (X)— noasoxcumenrsnan yousewowan gynwkyug om x. Torna
smopas meopema o CPeOHeMm 3nadenun 8 gopme Bonnel) yrsep-

Y Bonnet, Journal de Math,, XIV, 249 (1849). JauHoe n0xasaTelbCTBO
ecTb BHIOH3MeHeHHad (OpMa JOKa3aTedAbCTBa, NpHHaanexamero Iéabaepy
(Holder, Gott. Nach., 38—47 (1889).
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14€eT, UTO HalaeTcs Takoe uMcaO & Ha oTpeske (a, b), MR KOTOPOro
1IMEeT MEeCTO PaBeHCTBO

b £
ff(x)<?(x)dx=<,o(a)ff(x)dx.

JledicTBUTeILHO, TOML3ysch oOosvauennsmu §§ 4.1—4.13, paccmo-
TPHM CYMMY

l

P
N E(xs_ xs—l) f (xs——l) ¢ (xs—l)-

[Tonoxus
(xs—xs—l)f(xs—l)"'_fas—lv <19("("3—1):<19s~1’ a0+a1+' . -+as:bs’
6yneM HMeTb

p-1
S= §1 bs—l ((\os—l - cPs) + bp—lcpp-l‘

Kaxawii unen cymMbl yBeaMuMTCH, eC/H BMeCTO b, Hamucatb b, u
VMEHLIIMTCA, eCAM BMecTo b _; HanucaTb b, rae b u b — Hauboabiuee

it HaMeHbIUee U3 3uaueuit by, by, ..., b,_;; cnenosatensno, be, < S by,
MosToMy S aexut Memay HauGoJbLIeH M HaMMeHbIieH U3 CyMM

<19(16'0)821\1 (xs- xs—l)f(xs—l)r

rne m=1, 2, 3,..., p. Ho npu 3aganHoM & MbH MOXeM HaliTH Takoe J,
YTO MpU Xg— Xy < B

p “p
Dt — 5, D F e (r)— [ F(mends|<e
s=1 Xo

m *m l
\Y .
¢ (x) D) (xe— %, ) (5 ) — () [ f(x)dx| <e,
s=1 Xy !
OTKyna, Hanucas a, b BMECTO X0 xp, MELI HaﬁJLEM, 4yTo
! .

ff(x)cp(x)dx JAHUT MeXLy Bepxiiel ¥ HMKHeH rpaHullamMp BhIpame-
; .

3
Huf 1) <1Q(a)ff(x) dx = 2, rae & MOXeT NpMHUMATh BCe 3HAYeHHH
F ,

&
1) Coraacuo mpumepy 6 § 4.13 unrerpan ff(x) dx 6yneT HenpepblBHOM

a
bynxuueit ot £, Tak kak f(x) — orpaHHYeHHas (yHKIHA.
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Mexcay @ u b, Ilycre U u L 6ynyr BepxHeH u HuxHe#H rpanuuamu
¢

BBIPaKEeHUS cp(a)ff(x)dx. Torna
a

b
U -—{»—2e>ff(x)cp(x)dx>/L~—2e
a
JAJst BCeX TOJIOXKHTENbHHX KaK YrOJLHO MAaJbIX 3HAYeHUR &; MOITOMY

b
U> [f(0)ex)dx>L.

&
Ho rak kak cp(a)ff(x) dx, Kak GyHKLuA §, MpHHUMAeT BCe 3HAYEHUs

a
MeXJy CBOUMHU BepxHell M HHXKHeH rpaHuliaMu, TO Halnerca Takoe 3Haue-
: b

nue £ mepemenHo#t &, 141 KOTOPOro 3Ta YHKLHUs PaBHA ff(x)cp(x)dx.
a
310 H IOKAa3HBaeT BTOPYI0 TEOPEMy O CpellHeM SHAYCHHH.

‘ITpumep. HamucaB ¢ (x)—¢ (b)) BMecto ¢(x) B TeopeMe O CpelHeM
3nayeHnn B Qopme DBoHHe, [0Kas3aTb, YTO ecau ¢ (X) — MOHOTOHHAdA QyHKHuA,
TO CYHIeCTBYET Takoe qucao § Ha orpeske (a, b), uto

b & b
[r@ewar=9@ [ 1 drt+o@) [renax
¢ ' * ¢ (Du Bois Reymond)
4.2. lndppepenunpopanne HHTErpajsoB, COAEPKAMHX Napamerp

Pagetcrro 1)
b b
d ' i)
—d;ff(x, a)dx =f5§dx
a a
Gynet crnpaBenauBbiM, ecau f(x, a) unmezpupyema 8 cuscae Pumana

OMHOCUMERHO X, Q f&:%{-)—-wenpepuenaﬂ PyrKryun obeux ?)

nepemMernblx X u a.

1) dra dopmyna O6biaa .maHa JlefiGHuuem 6e3 ykasaHHR Ha OrpaHHYEHHs,
HanaraeMmbie Ha f(x, a).

?) ¢ (x, y) Ha3biBaeTc HempepbiBHOK QyHkumeli 00eux MepeMeHHHIX, ecau
npHu 3afaHHOM ¢ MBI’ MOMeM Hafitu Takoe 8, uto | ¢ (x5 ¥y )—9(x, ¥)| < e npn
{(x"— x)2 4 (' — y)2}'2 < 8. Momuo mokasath ¢ moMomui §:3.6, 4T0 ecam
¢ (%, y) — HenpepniBHas QyHkuHA OGeuX MEPEMEHHBX BO BCEX TOUKAX 3AMKHY-
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B camoM nede,
b b
'di'ff(xn a)dx=lim /.f(xva+h)—f(xv a) dx’
“a h>0 < h

ecqu 3TOT Tpelen cywecTByer. Tak Kak mo mpeanonoxexuio f, — He-
npephiBHas QYHKUMA OT @, TO NO MepBOH TeopeMe O CpelleM 3HaUeHHH
NOJNUHTerpafbHOe BLIpaXeHWe BO BTOPOM uurerpade Oyler paBHO
Ffo(x, a4-0h), rie 0. LHLL, '

Ho ans noboro naHHOro e cyulectByeT (MOCKOABKY HeNpepHIBHOCTL f,
paBHOMepHal) OTHOCUTE/bHO MepeMeHHOW X) TaKOe He 3aBucAuwee OT X
yucao 8, 4to

|a(, ) = fo(x, @) <57
ecau o’ —a| < 8.
Baas |h| <8, bl BuauMm, uto |6k| <3, M crenosaTeNbHO, K0204
[#] <8, Bcerna

b . b

ek h)—f(x, '
/f(x SLENCT PN —-/fa(x, aydx| <
a a

b
< [ 1fue, iy — (e 9] dx <.

[TosToMy mo omnpenenenrio npedena ¢ynkuun (§ 3.2) npenen

lim
Y
CylliecTBYeT M DaBeH

b
/ f(x' ‘%+h)—f(x, a) ax
h ‘

fbfa dx.

Toft orpanuueHHO# o€aacTH, TO OHa 6YLeT pasHOMepHO HelpepuiBHOH BO Beeft
9TOR o6aacTu (10Xa3aTe bCTBO HOYTH TOMHECTBEHHO ¢ naHHbIM B § 3.61). Cue-
AyeT 3aMeTHIh, YTO ecan ¢ (X, y) — HenpephuBHag GyHKUUA Kaxcdol nepeMeH-
HOH, TO M3 3TOrO emme He CJAepyer, YTO OHa GyleT HempepuBHOH dyHkuuei
OT oferx mepeMeHHLX; N4 MpUMepa BO3bMeM

x4 y)?
oo =510 q0.0=1

B touke (0, 0) 3710 — HempephiBHaA (GYHKUHA OT X M OT y, HO He oT obenx
KOOPIHHAT X H Y. N

) flcHo, yTO KOCTaTOYHO 6blAO OH NMPHHATH, YTO f, MHTETPUPYeMa B CMBICIE
Pumana u HempephiBHAa Kak @YHKUHA OT ¢ (MPHYEM HENPEPHIBHOCTH PaBHOMEPHA
OTHOCHTEJNBHO X), BMECTO TOrG, uTOObI MPHHHMATh, YTO f, — HeNpephlBHAsA
Oynxnua o6enx mnepemenHeix. Tak uMenno nocrymaer [o6con (Hobson,
Functions of a real variable, 599).

7 2. T, Yurrexep, [Ax. H. Batcon
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Mpumep 1. Iycts @, b He mocrosHuble, @ QYHKUHM OT & C HENpPEpHIB-
HBIMH npoussom-xumu; NO0Ka3aTh, 4YTO

_/f(x, a)dx= £ (b, m)-————f(a, +/ U 4.
I'Ipnmep 2. Ecau f(x, ¢) — HenpephuBHag q)yuxumt 00eHx mepeMeHHbIX,
b

TO f f(x, @) dx Gyzer HempepbiBHO .q)ynxuneﬁ oT a.

a

4.3. JipoiiHbié M NOBTOPHBIE HMHTETPAJHI

[Mycte f(x, y) Oyner ¢yHKuueit, HeNpephHIBHOH OTHOCUTENLHO 00eux
nepeMennnx X H y B obmactu a L x<Lb, a L yLB.
M3 nmpumepa 2 § 4.2 scHo, 4TO CyliecTBYIOT 06a MHTerpaja
b¢ B 8 b
[ 7 wayiax, [{ [ 7 paxiay.
a

a a 3

TocenHie Ha3HIBAIOTCA MOBMOPHBLMI URME2PALAMU.

fIcuo Takke, kak B § 3.62,- utro f(x, y), Oyayuu HempepbiBHOR
¢yHKuue#t obeux MepeMeHHBIX, JOCTHraeT BepxHeH W HiKHeH rpaHmil,

ByneM Temepb paccMaTpuBAaTh COBOKYNHOCTb 3HAYEHHH X H Yy Kak
TOYKM BHYTPH H HA rpaHdue NPAMOYrOJIbHHKA B JEKAPTOBHIX KOOPIHHA-
“TaX; PasAeNUM ero Ha fv NMpAMOYTOJNbHHKOB TNPAMBIMU, Mapajlie/bHBIMH
OCAIM.

Mycts U, w L,, p — BEPXHAA H HHKHAR TPAHHLE dyukuun f(x, y)
B OfHOM M3 9THX MeHbLIKX NPAMOYTOJMLHMKOB, MJOWAAbL KOTOPOro o6o-
gHauMM depes A, ;" NOJOKUM

n v
E___ g m,p. , p. —*Sn, e 2 2 Lm pm, =8, v

Toraa S, ,> S, , 4, kax B § 4.11, Mb MOxeM HaliTy unC/a S,, " s” "
KoTopeie OyAyT COOTBeTCTBEHHO HHMXKHEH U BepXHeM TpaHHUAMH BeuuuH

Spv U S, TpuuEM S, ., S, , 3aBHCAT TOJBKO OT YHMC/A NPAMOYroOJb-

HMKOB, HO He OT MX (OPMH H S, ,>>5, ,.
Haftnem sateM COOTBeTCTBEHHO HHXKHIOIO U BEPXHIOW TpaHHUb S ¥ §
BenuyuH S Kaxk ¢QyHknuft ot # U v; uMeeM, kak B § 4.11,
Sn,v>S>S>/sn,v'
Bnaropapsi paBHOMepHOH HenpepuBHOCTH (yHKuud f(x, y) MBH MOMeM
npd AAaHHOM €& HAHUTH TaKoe J, 4TO
Upo—Ln, p <<€

ms p

—nw nv
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(119 BCeX 3HaueHW# m M ), KOFAd CTOPOHB BCEX MAMBIX TPAMO-
YTOAbHHKOB MeHblle O, 3aBHCALIErO TObKO OT BHIa GyHKuun f(x, ¥)
# OT €.
Torna
Sn,v_'sn,v<e(b'_a)(p~a)
i, C/1eJ0BaTeAbHO, :
S—s<e(b—a)B—a)
Ho S u s ne 3a8ucam ot &, u cieloBaTenbHO, S=32¢.
O6uiee 3HadeHue JAaf S M § Ha3LIBACTCA QBQUABIM UHMELPANOM
¢yukuud f(x, y) u 00603HauaeTca CHMBOJIOM
b 8
[ [7¢e yaxay.
a a
Jlerko moxasaTh, 4YTO MOBTOPHbIE HHTErpashl M NBOHHOH uHTerpan 6yiyt

paBHbi, kKoraa f(x, y)-—HengepbmHaa ¢byuxuus ob6enx mepeMeHHsIX.
JlefictBuTeAbHO, MYCTh Y,;, Ap — BEPXHfif M HIKHAA TPAHULBI HHTErpana

8
f f (% y) dy,

KOTHA X H3MEHAETCH MEeWAY Xp_j H Xy

Torza
n b( B ] n
Zrm(xm—xm~l)>f ff(x’ y)dedx>2Am(xm"‘xm—l)-
m=1 a [ m=1
Hol)
Uny o 0o = Y012 X > Apn > E Loy, p (Yo — Yu—1)-
n=l . p=1

VMHOMAA 3TH MOCASHHE HEPAaBEHCTBA HA X — Xy, CYMMUPYS H HpH-
HHMasg BO BHUMaHWe NpEJbIAYIHE HEPaBEHCTBA, MOMYUHM

v b( B A
i~ EUm'ﬂAm’l*}f ff(x: )’)d)’}‘b‘)i ZLm: vAm, p

m=1 p=1 a m=1 p=1
H, HEpexoAd K mpejeay,

b( 8 )
S>f!lff(x, y)dyidx}s.

Ho b 8

S=s=[ [7(x yaxay,

') Bepxuaa rpanuna ¢ynxuue f(x, y) B npsMoyroibHuke Ag, byner He
MeHplile, yeM BepXHAA rpanHua GyHKRHE f(x, y) Ha TOH 4acTH NpaMoil x = §,
KOTOpAas JNEKHT B 3TOM MPAMOYTOJbHUKE,

7*
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TaK YTO oJMH W3 MOBTOPHBIX HHTErpajoB paBeH HBOHHOMY uHTerpany. [Tomo6Huim
we 06pa3oM IOKA3biBAeTCA M PABEHCTBO JPYroro MOBTOPHOTO WMHTErpalta IBOH-
HOMY HHTerpaiy.

Cnepcrsue. Ecanm f(x, y) —nenpepbiBHaa o¢yHxkUua obeux mnepemen-
HBIX, TO . ]

Of]dx{;f—xf(x, ) dy}=af dy{lf—yf(x, » dx\f.

0

4.4. HaTerpasisl ¢ 6eCKOHEYHBIMH NpefesaMu
Ecau cyumectByer npeaen
b
lim ff(x)dx,
b—)ooa

fe o]

TO Mbl 0003HaAYaeM €ro CHMBOJIOM ff(x) dx ¥ Ha3bIBaeM UHMEPAAOM
a
¢ Oecxoneunsir npedeson (infinite integrall)).
ITpumepsn.

(o)
dx , 1 Iy 1
1)./712‘;(2—7)—7 (@>0).
a

‘ xdx . 1 1 1.
2) 6/m= lim <_W+—T¢f)=ﬂ§"

b> o

3) ViHTerpHpoBaHueM 10 4acTHM FIOKA3aTh, 4TO
[ee]
f the=t 4t = n (Euler.)
0
.
IToxo6HbiM *e o6pasoM Mbl OmpelefaseM HHTerpan ff(x) dx Kak npenen

—co
b + o0

lim f(x)dx, ecnn TakoBOH CyIECTBYeT, a HHTErpan f_f(x) dx ompene-
a—)—ooa o
a 0

JgeTCd KaK CyMma ff(x) dx 4+ ff(x) dx. B aToM nocienHem onpeneneHun

-0 a
Bu6OD BeJNHUMHH & Ge3pasiHyeH.

Y 910 naspaunue, mpuHaanexamee Xapam (Hardy, Proc. London Math.
Soc., XXXIV, 16 (1902) ), nonquepkHsaeT aHAJOIHI MEXIy HHTerpaiaMu ¢ Gec-
KOHEYHBIMH TpenenaMu 4 GeckoneuHpiMM pazamu (infinite serics).
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4.41. HHTerpasn ¢ GeCKOHEYHBIMH HpejedaMu
OT HempepuiBHBIX (yHKumil.
Heo6xoanmMoe H JOCTATOYHOE YCJOBHE CXOAMMOCTH

[o0]

TMokaxeM, 4TO ] CXOAMMOCTH HHTerpana f f(x)dx neobGxonumo

a

M IOCTATOYHO, 4TOOB AJid JA060r0 NOJOXKUTEJALHOI0 YHCJAA & CYUIeCTBO-
o

BAJ0 TAKOE TMOJNOMXHTeJbHOE 4YuCIO X, 4TO ff(x)dx <& BCAKUH

X
pas, xorna x” > x' > X.
Ycaorue 9T0, OYEBUIHO, HBO6XOILI/IMO; Aast A0KasaTeJbCTBa €ro IA0-

CTATOYHOCTU TNPelANnOJOXKHM, YTO OHO YIAOBJETBOPHAETCA; TOrAd, €CJHH
a+n

n> X —a, rie A — NOJOXUTE/IbHOE Le/ioe YHCAO, H S,,=f f(x)dx,
) a
TO MBH HMeeM

’Sn+p—Snl <e.

Otciona, cornacho § 2.22, BhiTekaer, 4T0 S, CTPeMHTCH K HEKOTO-
poMy mpelleny S; Halee, ecan £ > a-4-n, TO

a+n

3 13
S—ff(x)dx < S—f F(x)dx |-+ ff(x)dx < 2,

atn

U CJIeld0BaATENbHO,
£
tlim ff(x)dx:S.
E>o00
a
TaxuM 006pa3oM, ycaoBue H JAOCTATOUHO.

4.42. PaBHOoMepHas CXOAMMOCTb HHTErpaJja
¢ GeCKOHEUHBHIMH NpefeNaMH

oo

ToBopAT, uTO MHTerpan f f(x, ¢)dx cX0IuTCT PABHOMEPHO OTHO-

a
CUTeJA>HO @ B JaHHOH 06aacTH 3HAYEHWH o, eCJM /s TPOM3BOJLHOTO
MOJIOKUTENLHOTO YUCA3 & CYIECTBYeT Takoe uucao X, He 3aBHCsllee
OT a, 4TO

fof(x, ydx|<e
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IJR BCeX 3HAayeHuit o B paccMaTpuBaeMo#t o0aacTH ¥ 1/ BCeX 3HaueHHH
x' > X. Yurateap aerko ybeautcs, cpasHupas §§ 2.22 u 3.31 ¢ § 4.41,
[o0)

4TO /IS PABHOMepHOH CXOAMMOCTH HHTErpasa ff(x, a)dx B naHHOR
a

0o6jacTH 3HayeHu# o HeOGXOAHMMO M AOCTATOYHO, 4TOGH JAas awboro

NOJIOXKUTENLHOIO YHMC/AA & CYUIECTBOBANO TaKOe 4YHCJIO X, He 3aBuCAllee

OT &, uTO

»

X

ff(x, aydx| <e

x'

118 BCexX 3HaueHuit a B paccMatpuBaeMoff obaactd, koraa x” > x’ > X.

4.43. TIpu3Hakn CXOAMMOCTH HHTErpajos
¢ GecKoHeyHBIMA TpejeJaMH

CyllecTBYIOT NpPU3HAKA CXOAMMOCTH HHTErpanoB ¢ GeCKOHeuHbMH
npenenaMy, aHajgOru4dHble JAAHHBIM B T/l 2 nna cXonuMOCTH GeCkKoHeu-
HHX DAILOB.

Huxecaenyouiue npusHaxy HrpaioT 0cO6eHHO BAXHYIO POJb.
(I) AGcontoTHO CXOmfliHECs MHTerpaasl. MoXHO mnOKasaTh, uTO
00

[ve)]

f f(x)dx 3aBenoMo OyZeT CXOLHTbCA, eCJH f | f(x)] dx cxonurcs;

a a
0 TepBOM HHTerpaje TOrjJa rOBOPSAT, YTO OH aGco/moTHO cxoputca. Jlo-
Ka3aTeAbCTBO NONOOHO NpHBeleHHOMY B -§ 2.32.

MIpumep. Ipusnak cpasnenus. Ecau | f(x) | <L g(x) u f g (x)dx cxo-

[se]

IHTCH, TO f f(x)dx 6yner abcomoTHO CXOAAMIHMCA.

a
[se]

[Mpumewanwue. [upuxae!) ykasas, uTo Aa9 CXOLHMOCTH f f (x)dx

a
He Heo6xo0umo, 4Tobu f(x) >0, xorma x-»co, 3T0 MOXKHO BHAETb H3 pac-
CMOTpPEHHA q)ynxuuu

f(x)=0 : (r<xL<nt+1—(n+1)72),
f(x)=(n+1)‘(n+1-—X){x—(n+l)+(n+1) 2)
(r+1—(+1D)72LxLn+ 0,

) [lpumep, nanuptit Jupuxae, Oma f(x)=sinx? (Dirichlet, Journa)
fiir Math XVII, 60 (1837)).
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3
rie n NPUHEMaeT BCe Lejube 3HaueHud. B camom xene, f f(x)dx Bospacraer
0

n+l 0

smecte C § H f f()dx= -é—(n-{- 1)~2, orciona caeayer, uro ff(x) dx c¢xo-
n ‘ 0

xutrcd. Ho nmpn x=n 41— %(n -+ 1)"’2 umeeM f(x) = %—; cnenosérenbﬂo,

f(x) He cTpeMHTCS K Hyao.]
(1) Mpusnaxk Makaopena — Komn). Ecm f(x)>0 u f(x) >0

MOHOTOHHO, TO f f(x)dx u paxn E f(n) cxomsrcs uiaM pacxondrcs
i

n=1
OIHOBPEMEHHO.
H6o
m+1
fm> [ r@dxzrm4,
OTKyZAa "

n n+l A+l )
Yrm> [ fedes ¥ sm.
m=1 n m=2

[TepBoe HEepaBEHCTBO INOKA3HBAET, YTO €CAH DAL CXOXMTCH, TO BO3pacraio-
n+1

1as IoCAEIOBATEAhHOCTD f f(x)dx cxopurea (§ 2.2), korza n-»oo, npunu-
i

x'

Mas LeJdble SHAYEHMAA, a OTCIOJA HENOCPEACTBEHHO CAeNyeT, MTO f flx)dx
1

CXOAuTCH, KOTAa X’ —»00; o6paTHO, €ClH MHTerpaa pacxoiurcs, To Gyaer pac-
XOAAMUMC] M pai. i

Bropoe HepaBeHCTBO NMOKA3HBAeT, YTO €CAH PAN PACXONHTCS, TO Pacxo-
ZHTCA M MHTErpal, a €ClH HHTErpan CXojurcd, To OyAeT cxoxuThed M pax (§ 2.2),

(1l1) TMpusnak Beprpana?). Ecm f(x)==0(x*"1), 10 f f(x)dx

cxomures nmpu A< 0; ecan f(x)==0(x"? {ng}k"l), TO ff(x)dx

cxoaurca npu A < 0.

31u Pe3yabTaThl ABJIAIOTCS HACTHHIMH CAyUYasAMH IIPH3HAKA CPABHEHMd, XaH-
#oro B (I).

') Makaopes (Maclaurin, Fluxions, 1, cTp. 289, 200) BEicka3uBaeT B cao-
BecHOH ¢dopMe yTBEpXKACHHE, 10 CyumiectBy SKBHBAJGHTHOE STOMY IPH3HaKY.
Buion Komn nat B ero counnennax (Cauchy, Oeuvres (2), VII, 269).

2y Bertrand, Journal de Math., VII, crp. 38, 39 (1892).
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(IV) Npusuaxk Lapree!) Ans MHTErpajoB, COAEPKAUHX NEPHO«
nuyeckne dyuxuuu. Ecau f (x)— 0 MOHOTOHHO, KOTHa X —>CO, U €C/H
X o]

fcp(x)dx OrpaHdyeH NpH X —> 0O, TO ff(x)cp(x)dx CXOIUTCA.
a

a
X

B camoM geje, nycTh BepxHeil rpanHueffl aas fq:(x) dx| 6yner A; Mu
a
o ¢ o
MoxeM mpaiitu Takoe X, 410 f(X) < 54 P x> X, 4 Toria mo BTOPOit Teo-

peMe O CpelHEM 3HAYeHHH IPH x” > x’ > X uMmeen

x" 13
ff(x)cp(x)dx = f(x’)J ¢ (x)dx | =

13 x

=f) |[¢(ds— [ondx| <247 () <
a a :
4TO W ABJAAETCHA YCJAOBHEM CXOIHUMOCTH.

sin x
X

oo
Mpumep 1. [ dx cxXoamTcs.
0

oo

[Tpumep 2. fx“' sin (x3 — ax) dx cxoxurcs.
0
4.431. MNMpusHakH paBHOMEPHOHi CXOXMMOCTH HMHTErpaJjos
¢ GeCKOHRUHBIMH TNpejeJaMH 2)
(I) Tpusnak Baane-Tlyccena®). Yurarenb X€rko yCTaHOBUT, MOJb-
oo
aysch paccyxnennem §-3.34, uro uHTErpai ff(x, a)dx cxoaurcs

a
pPaBHOMEPHO OTHOCHTeNLHO o B HEKOTOPOH oO0jacTu 3HaveHduH a, ecau
npu 9THX B3HadeHHsx |f(x, «)| < p(x), rae p(x)— He 3aBHCHT OT «
[o0)

H MHTerpas fpu(x)dx cxomurca. [M6o, BubGupar X Tak, uTO
: a

Y Chartier, Journal de Math.,, XVIII, 201—212 (1853). 3amMeuaTersHo,
YT0 STOT NPHU3HAK JJIA YCAOBHO CXONALIMXCA MHTErpanoB Obl JaH 3a He-
CKOJIBKO JeT A0 TOUHBIX ONpefedeHuil a6COMIOTHOH CXOAUMOCTH MHTErpaJa.

2) Pesyaprathl sTtoro maparpabda u § 4.44 npunapaexar Banne-ﬂycce‘x}y
(de la Vallée Poussin, Ann. de la Soc. Sclentifique de Bruxelles, XV],
150180 (1892)). T

%) 910 nassanue npunaiaexur Ocryny.
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"

x" X
f" (x)dx <e mpu x">x">X, Mu uMmeeM ff (x, )dx| < e,
d P

X
npuueM BbIGOp X He 3aBUCHT OT a.]

00

Mpumenp. fxa"'e"" dx CXONMTCA paBHOMEPHO Ha n060M OTpeske
0

(A, B) snauennit @ takoM, uto 1< A BY).
(II) MeTox 3aMeHbl nepeMeHHOH. Mbl mO3BONKM cebe pasbACHUTH STOT Me-
(o]
sin

ax
ToX Ha npumepe. PaccmorpuM HHTerpaxn /———————dx, rie a BewecTBeHHO. MMeem

X
0
x" ax”
sinax sin
/——-—-.dx= / Y ay.
X y
o e

oo

sin y o
Tak kax Tdy CXOHMHTCH, TO MBI MOXEM HaHTH Takoe Y, uTo

"

y
f S";y dy|<e, xoria ¥y =y =Y.
y

'

Takum o6pasoM,

"

X
sinax
JEEPH PR
X
.
korga |ex’ | >Y; ecau |a |28 >0, 10

"

X

sinax
/ dx| <e,
X

x'

Y :
korpa x> x'>X = — - B aT0T Boibop X He saBucuT ot o. TaxuM o6pasow,

€X0auMOCTb OylAeT paBHOMEpHOMH, Korja o« >8>0 u korfa ¢ —0 < 0.
0 a )
Hpuwmep. f f sin (324%) d§ } dx paBHOMepHO cxoxuTca B Moboit obnactu
: .

0

BEIUIeCTBEHHLIX 3HAYECHUH a.
(de la Vallée Poussin)

') Orpannuenne 1< A n3idmHE M HYXHO TOJABKO JAS TOTO, UTOGH HHTe-
rpan He Obln HecoGCTBEHHBIM B Havalde xoopauHar. ([Tpun. ped.)



106 ra. 4. TEOPMA MHTETPAJA PUMAHA

a?y?
[MMonaraem $2x% = 2 H.moAb3yeMCA TeM, YTO f z7esinzdz| ne IpeBoc-

0
<)

o -1 .
XOIHT NOCTOAHHOH, He 3aBHCAHIEH OT a H X, Tak Kak f 2~ sinzdz cxoxurca.]

0
(III) Merox HHTerpHpoBamHs No dactam. Ecau

ff(x, a)dx =g (x, a)+fx(x, o) dx

[o0)

u ecau 4 (x, @) >0 paBHOMEPHO OTHOCHTENBHO a IIPH X —>» 0O, a f Y (x, a)dx
0

[ae)
CXOAMTCA PAaBHOMEDHO OTHOCHTENLHO «, TO OUEBHAHO, YTO f f(x, @) dx cxo-
‘ 0

JUTCA PABHOMEPHO OTHOCHTENbHO a.
(IV) MeToj pasnomeHHs.

Ipumep.

fcosxsmax dx___l./' sin(a 1) x a’x-{—lf sint (o — 1) x dx
X 2 x 2 x

0 0 0.

o6a mocaeHMX HHTErpdna 6yayT PaBHOMEPHO CXONAMMMHCA B JoGoi 3aMkHyTOH
o6aacTy BElIECTBEHHHX 3HaueHHH a, He copepwkauleli Touek o= + 1.

4.44. TeopeMnl, OTHOCAHHECA K PABHOMEPHO CXOAALIHMCSH
HHTErpajaM ¢ GeCKOHEUHBIMM NpeaenamH

[o0)

() Iycmes f f(x, @)dx cxodumcesn paauonepno,. Koeda a aexcum
a

8 o6aacmu S.
Ecau f(x, o) — Henpepusnan yrryus 06eux nepemennsx, K020a
’ 00 .

X>aua sexmum & S, mo f J(x, a)dx 6ydem Henpepsisroli pynr-

a
queii om al).

HefcTBUTEAbHO, AJI9 NAHHOTO &€ MHl MOMeM Ha#TH Takoe X, He 3a-

sucawee om @, 4TO ff(x, a)dx | <e npu > X.
£

") 31017 pesyapratr npuHasaemur Crokcy. YTBepwienue CTokca raacr,
uTO HHTErpan 6yleT HempepuiBHOH (yHKuHEH OT a, €CAM OH CXORMICH «HE Gec-
KOHEeUHO MeEIJIeHHO>.
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3ateM Mbl MOXeM HallTH Taxoe 3, e 3asucAmee om X W a, 4TO

[f(x, &)—F (%,

Korza
Ja—a’] < 3.

A 3TO 3HAYUT, YTO AJA JAHHOrO &€ Mbi MOxeM Ha#HTH Takoe 3, He 3a-
BUCALLEE OT o, 4YTO

X
<|[ 17 9=t @) as|+

ff(x, a’)dx——ff(x, aydx

< 3e,

+| [ Fx, ahax |+
X

fof (x, &)dx
X

korna |o/ —a| <8, uTO W ABJNAETCH YCJOBMEM HEMpPEPHIBHOCTH.
(1) Ecau f(x. @) yoosremeopsem mesm e cAMbLM YCAOBUAM,
ymo u 8 (I), # ecau o6racms S codepoxum ompe3ox

AL e B,
mo
B

e = | i o

B camoM nene, cornacuo § 4.3
B

£ E¢ B
!{!f(x, a)dx}da:J{!f(x, a)da}dx

TTosTomy

f{ff(x, a)dx}da-—

A

E( B
{ff(x, a)da}dx =
A

f‘ff(x. a)dx}da

A
IA9 BCEX NOCTATOYHO GOJbLIMX 3HAYEHHH §,

Ho cormacio §§ 2.1 u 4.41 3To ¥ ecTb yCAOBHE TOr0, 4TO Cylie-
CTByeT mpenel

a

B
<feda <e(B—A)
A

t( B ]
El_i’moo {:{f(x, a)dajdx

0
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U 4YTO OH paBeH

f{fwf(x, a)dx}da.v
A

a

o] oo}

Canencraue CoorTHolieHHe 71% f ¢ (x, a)dx = / % dx cnpaBennuBo,
a a

€CIM HHTErpaj ClipaBa PABHOMEPHO CXONHTCH, €CJM €ro NOIMHTerpaibHas QyHK-
A eCTh HenpepoiBHafg QyHKIHA OGEHX NEPEMEHHBIX, KOTAa X > a H a JEKMT
B 06aacTH S, W eCan MHTErpan Cle€Ba CXOLHTCH.

]
Hycts A —rTouka ob6sactH S, H NMycThb 3(5- = f(x, @), TaKk YTO COIJIACHO

npumepy 3 § 4.13

[renwda=g @~ 4.
A

o] « ]
Torza unterpan f { ff(x, a) da i dx 6yner cXOLUTbCH, a 3TO 3HAUHT, YTO
a A

(o]
HRTErpan f {¢ (x, a) —o(x, A)} dx cxomurcsa, c/lenoBare’bHO, NOCKOJbKY
a
00

O
fcp(x, a) dx CXOIMTCA, JOMKEH CXOAHTbCA H f 9 (x, A)dux.
a a

Hanee,

jd%‘[f‘?(% a) dx]:%[f {¢(x, @) — ¢ (x, A)} dx]:

a
=dii[jo / f(x, a)da dx]:d%j{jof(x, a)dx § do=
=!f(x, a)dx:h/‘%;%dx.

a 3TO U eCTb TpelyeMbili pe3yabraT. 3aKOHHOCTb H3MEHEHMA IOPAIKA HHTErpH-
poBanns Gbla OOOCHOBaHAa TOJBKO 4TO, a 3aKOHHOCTL AuddepennzpoBanus
a

uHTerpala f no « ocHoBaHa Ha § 4.44 (I) u npumepe 3 § 4.13.

a
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4.5 Heco6¢TBeHnnie uHTerpaJdn. I'JaBHbe 3HAYEHHA

Ecau |f(x)| —>o00 npu x->a~0 u ecau nperen
b
im [ f(x)dx,

840 a+é

BCE e CYHIeCTBYeT, TO ero 0003HaualoT OOBIYHBIM CHMBOJOM

b
ff(x)dx

W HAa3HBAIOT HeCcOGCMBEHHbLM UHME2PAAOM.
Ecan | f(x)| =00, Korna x—>¢, rie a < ¢ <&, T0 cymMMa

c—90 b
fim ff(x)dx+ lim ff(x)dx,
6—>+0a &'>4-0 Py
BCEe We MOXKET CylieCTBOBaThL, B 3TOM CcJaydae e€ OIATh 0603HAYaI0T
b

CHMBOJIOM ff(x)dx M TaK)Xe Ha3blBAIOT HeCOOCTBeHHBLIM HHTErpaJjioM,

a
MoxeT, O4HAKO, CAYUUTbCH, 4YTO HM ONUH U3 STHX NpPeENe]OB He CYylie-
crByer, Korma 8, 8 —»(0 He3aBHCHMO HPYr OT APYra, HO CYyLIeCTByeT
npenen

c—3d b
lim ff(x)dx+ ff(x)dxl;
8> +0 a c+8 J
9T;)T npeﬂen HA3biBaeTCd TOrAa TJaBHLIM 3HauyeHueM KOIHPI :lHTeraJla

ff(x) dx u 0003Ha4YaeTcs1 AJAA KpPaTKOCTH CHMBOJIOM Pff(x)dx.
a a

ILag HecoOCTBeHHBIX MHTErpasoB MOryT OBITb MOJAyUYeHBl Pe3yJb-
TaThl, aHaJOrMuHble pasyabTataM §§ 4.4—4.44. Ho ang npaxTuku
Tpebyerca rjiaBHHIM 0O6pasoM (I) mnonsarue aGcoNIOTHOR CXOLUMOCTH,
(II) ananor mnpusHaka cxoimmoctd DBeptpana, (III) anasor npusHaka
paBHOMepHOCTH  cxoduMoctd  Baane-ITyccena. BwmBox ux mpeno-
CTAB/SIETCE YWTATEMI0, KAK W pacCMOTpeHHe HHTErpajoB, B KOTOPHIX
NnoAMHTerpatbHad (yHKuMf uMeeT OeCKOHeuHHH npeaen 6oJsiee ueM
B OZHOH TOuYKe 0OMACTH UHTErpUPOBAHHA ).

1) MMoapo6GHOe H3NOKEHHE HECOGCTBEHHMX MHTEIPaAoB NaHO B KHurax [o6-
cona u Ilupnonta (Pierpont, Functions of a real variable), k koTopeM
Mbl M OTChinaeM untateas. CBA3b MExAy HHTerpanaMu ¢ OeCKOHEUHBIMH Tpe-
AejlaMu M HECOGCTBEHHBIMHM HHTErpalaMH ycraHoBiaeHa Bpomyuyen (Bromwich,
Infinite series, § 164),
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n

Mpumepn. 1) f x " cos x dx — Heco6CTBEHHBIE HHTErpad.,

0
1

2) fxl“ (1 — x)»—! dx —Heco6cTBeHHBIE uuTerpan mpr O <A <1,
0
0 << 1. OH He cxomuTcAd 1JA OTPHHATEJNBHBIX 3HAaueHM#t Ay M w.
2
x'.(--l
3) P f—l——}—dx—masnoe 3HaucHAEe HECOOCTBEHHOrO HHTErpajta npH
0
O<a< 1.

4,51. V3ameHeHHe mopsajgKa HHTErpHPOBAHHSA
B HEKOTOpHIX MOBTOPHBIX HHTErpaiax

O6mne yciAoBHA 3aKOHHOCTH HM3MEHEHHA IIOPAJKA HMHTETPHPOBaHHA, KOTAa
MOIHHTerpanbHas QYHKUHA HE HeNnpepbiBHA, MOAyuHTh TpyAaHo. Caepyromui
TPHMEP XOpOIIO ITOKA3HKBAaeT 3aTpylHeHHA, KOTOPHIE NPHXOAUTCH MPEONOAEBATH
npH U3MEHEHHH NOPAIKA HHTEIPHPOBAHHA B NOBTOPHHX HECOOCTBEHHBIX HHTErpanax.

flycts f(x, y) — Henpepoisnas gynxyun obeux nepemennsx, H NycThb

0<hl, 0<puLl, O0<v(],
10orja

1 1-x
fdx f Wiyt (1= — )= f(x, ) dy =
0 0
1 -y
= [ ay [ omigemt = x— gyt fx yyan |
0 0

dra ¢opmyna, BnepBbie YykasanHas [lupuxie, wWrpaer BakHYI0 pOib
B TEOPHM HHTerpaidbHHIX YDaBHEHHH; HCCHEJOBaHHE, KOTOPOE MH! 31ech NaiuM,
npuHagaexut Fypsuuy ). g

Mycrs x*Typ—=1 (1 —x— y)*~Lf (%, y) =9 (x, ¥), u nyctb M Gyaer Bepx-
He#i rpanuueit mopyas | f(x, y)|.

1
[Tycts 3 — a060€ MOJOKHTEIbHOE WYHCIO, MeHpllee 3-
[Toc1pouM TPEYroAbHHK CO CTOPOHAMH
x=38 y=3, x+ty=1-¥

BO BCeX TOUKAx BHYTPH H HAa KOHTYpe 3TOr0 TpeyroibHuka QpyHKnua ¢ (x, y)
GyneT HenpephiBHA, M OTCIONA, 1O CiaelcTBHIO § 4.3,

1-23 1mx—3 1-28 1-y-3

[ axi f ¢ (x. y)dy =[ ay{ [ s naxp.
3 3 & o

) W. A, Hurwitz, Annals of Mathematics, IX, 183 (1908).
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Hanee, .
1-26 1~x 1-28 1-x-3 1-23 123
[ x{f ce(x.y)dy} fdx{f <e(m)dy}+f has+ [ 1,45,
3 ¢ 6 [ [ &
rje

8 l-x

Li=[ewnd, L= [ oxya.

0 lex<3

Ho
8 )

< [ AT A — gy Ty <M T A== [0 gy,
0 0
TaK KakK
A=xr—y) 7 <A —x =37
[TostoMy nonoxuB x = (1 —3) x,, 6yaeM umersp !)
1-23 13
f Ldx|< Mtp=t [ £ (Qmx—0) " dx g
3 0

1
<M A= [ A (1 — )y, <
0

<My A=) B (L v) > 0. korma 3 ->0.
1-23

[TonoBusiM ke o06pa3oM MOXHO yOGejguThCs B TOM, YTO f Iodx >0

mpu > 0.
Orcona 2)

1 1-x -2 1-x
Ofdx{of ?(x, y)dy}=ali_§nof dX{Of c;>(x,y)dy}=

1-923 1-x-b 125 T-y~3 ]
= lim dx{f 9 (x, y)dy}—-hmf dy{f cp(x,y)dxj}

50
o

h f xh=t (- xl))"'l dx; =B\, v) cymecrsyer, ecan 1>0, v>0

§ 4.5, nplmep 2).
2) DTOT MOBTOPHBI HHTErpaJd CYMECTBYET I Aaxe a6COMOTHO CXOAUTCH, KOO
1-x
f 21— x =) f(x, mayl <
9
1

< M1 — 5+l fs““‘(l-—s)”" ds,
Q
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no  OKA3aHHOMY BbllE; TOUHO TaKMM e paccyxAeHueM yGeaumcs, 4To
nocjaeAHuH HHTerpal pasen

1 1-y !
[ay fcp(x.y)dxl-
0 4] J

CaenoBate bHO, MpEANOXKEHHasd TeopeMa xoKa3aHa l).
Caencreue. Monowxup E=a(b—a)x, 7=0b—(b—a)y, BumuM,
uto ecan dyukuua ¢ (§, ) HenpephBHA, TO

b b
fdeff(a-a)*”l G—""—8""Te G ) an=
a lE j

b n
=[an{ [E—aP =" =8¢ G de}.
a a

ITO COOTHOIIEHHEe HasniBaerca gopuyrod Hupuxae.

Ipumeuanue. VHTerpassi ¢ 6eCKOHEUHBIMH npeAeiaMd ¥ HecOOCTBeH-
Hee uHrerpaant Obin eBesennt Komwm (Cauchy, Lecons sur Ie calc. inf,
1823), x0T UAeda HHTErpanoB C GeCKOHEUHBIMM MNpelNeNaMH, Kamercs, Cyuie-
ctByer O BpeMeHn Makaopena (1742). TIpusrak CXOZMMOCTH HMeeTcs
y Ulaprtee (1853). Crokc pasanuan <«cyuiecTBeHHO» (a0CONIOTHO) M <«HECyuie-
CTBEHHO» CXOAALIMECA MHTETPaJbl, XOTA OH H HE Jad 1Ad HHX TOYHOrO Ompene-
aenns. Takoe onpexenenne 6bao nawo [mpuxge B 1854 w1858 rr.
(cm. Dirichlet, Vorlesungen, 39, 1904). B nmepsofi nmoaosune XIX cronerus
HECOGCTBEHHBIE MHTErpanw npuBlekaan Goabiue suuManfla, ueM uHTerpajn
¢ GeCKOHEUHBIMH IIpejetaMy, M0 BceH BepOATHOCTH, NOTOMY, UYTO HE BMOJHE
CO3HABAJOCh, UTO MHTErpaid ¢ OeCKOHEUHBHIMH NpeieJaMd B UEHCTBHTENbHOCTH
ABJAETCH NMPEENOM HHTErpana. )

rze monoxeHo y = (1 — x)s; uurterpan xe

1 1
: fo’~“(1—-x)*‘“‘ldxfst*“(l—s)”“ds
0 4

CyuiecTByeT. A INOCKOJIBKY 3TOT HHTErpan CymecTBYeT, TO ero 3HaucHie,
1-¢ 1-25

paBHoe lim , MoxeT OulTh 0603HaueHo lim .
8, >0 H 50 v
Q

1) C nospnenreM unterpana JleGera M CBA3aHHOTO ¢ HUM npunguna Oy-
Ounu («CyMMa» MOJIOKHTENbHBIX CJardeMblX HE 3aBHCHT OT Cnocoba <«CyMMHpPO-
BaHuA») HEOOXONMMOCTh B NMONOGHHIX MCCAENOBAHMAX OTnajta. TeopeMma cpasy xe
caenyer u3 o6mux yrsepxaennd, cMm., nanpumep, WM. I1. Hataucown, Teopus
¢bynxunii BemecTBeHHOH nepemenxol, [ocrexuspar, 1957, crp. 379—387, u
B uacTHOCTH, TeopeMy 2 Ha ctp. 387. ([Tpun. ped.)
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4.6. UnTterpupoBanue KOMILIEKCHHIX GYHKIHIH )

WnrterpupoBanve 1o BelieCTBeHHON TepeMEHHCH X MOXHO pac-
CMATpUBATL KAK MHTErPHpOBAaHHe BAOJb CMEUUATLHOTO NyTH (4 UMEHHO
N0 4aCcTH BeUleCTBEHHONW OCH) B TIIOCKOCTH KOMILIEKCHOTO TNepeMeH-
noro. Tlycte f(2)(= P -+ iQ)— pyHKuUS KOMINeKCHOH nepeMeHHOH 2,
HempepbiBHAsE BAOJbL TNPOCTOR Kpmsoﬁ AB B N/IOCKOCTH KOMILJIEKCHOTO
nepeMeHHOrO.

[Mycts ypaBHeHMs KpuBOR OYIyT

x=x(), y=y@® (a<t<b).
Ilycts, nanee,

x(@)tiy(a)y=2, x(®)+iy(b)=2

Ecau?) x(f), y(f) uMelOT HemnpephiBHble INPOM3BOMAHBIE S), TO MBI
z

onpede.rsiem ff(z) dz, B3WTH{ BHOAL NpocTOfl Kpusoh AB, xak

2
° )

f(P+iQ)(%+i%)dt

«JnuHa» kpuso#t AB ompenenseTcs WHTErpajoM

fI/ i%) dt.

x* dy

: at’ df

00pasoM, Mbl cBead Bompoc, 06 uHTErpaze B 006J4aCTH KOMILIEKCHOH
NepeMeHHON K DPACCMOTPEHUIO 4YeThipeX BelleCTBEHHHX  UHTErpasos,
d HMEHHO:

et [oa [ota [otpu

Cornacuio npumepy 4 § 4.13 310 onpenenenue  coraacyercs
C ompepeseHHEM HHTETpana B TOM caydae, koria AB dBrdeTcs 4acThio
Bel{eCTBEHHOH OCH.

Ona, OYeBHAHO, CYLLECTBYET, ec/H HENPEPHIBHB, TaKHUM

) Teopuwo MHTETPHPOBAHUA KOMIMEKCHBIX byHKnui, OCHOBaHHYIO Ha HHOMH
CHCTEME NOHATHH W He 3aKJM0YAlomyl0 TaKk MHOTO NPENNOJNOMEHHH OTHOCH-
TeabHo kpusoH AB, moxHo Haiti y Barcona (Watson, Complex integra-
tion and Cauchy’s theorem)

?) Takoe' mnpeanojowenne Oyner XeJatbcsi BO BCEM  MOCHEAYIOmIEM
H3M0MEHUH.

) Cum. § 4.13, npumep 4.

8 9. T. Yurrexep, Jdx. H., Barcoy
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zZ
MTpume po ff( Ydz = — ff(z) dz, T1e TyTb HHTEDAPOBAHHUA OIHH
2y

H TOT *e (Ho npoxomncn B IPOTHBOMOJOMHBIX HANPaBACHHAK);

zZ
fdz:-.Z—zo; {x ydt+l< —}—yt;f) dt =
P4 2, iz

1, \ t=b

[2x -—-—-y +zxyl . ~2~ 71— z).

4.61. Ocnosuas Teopema JJf HHTErpaJos B KOMIJEKCHOH o6GaacTu

W3 pesyanrtatoB § 4.13 nerko BbIBeCTH C/eAYIOUIVIC TEOPEMY.
[Tycte B3aTa OeckoHeyHasw INOCAENOBATENbHOCTH TOUEK Ha NpPOCTOH
KpHBOH 2,Z; NepBHE 7 U3 HHUX, PACHOJOMEHHbHe B MOPSIKE BeTHUMHHL

napamerpa, obosmauum uepes 2", 28", ..., 2 (AP =2z, 2} =2),
a COOTBETCTBYIOLME 3HaueHHs mnapaMetpa — uepes £, £57, ..., £

NycTh MOCAELOBATENLHOCTh TAKOBA, YTO HpH J1I0GOM AaHHOM umcae ¢ > 0
MBI MOXeM HafiTu Takoe N, uTo npu # > N OyneM UMETh t(,'ill ——t;”) <8

aas r==0, 1, 2, ..., n; nycrb ¢ — mo6as Touxa, mapaMerp KOTOpO#H

aexut Mexay 27, t(,’fgl, TOTAa BHIPAKEHHE

n zZ
Y el — ) 7 (@)~ [f@ras
r=0 PA

MOXHO Cle/laTb TPOU3BOJIEHO MaJbiM, B3fB n N10CTATOYHO GOAb UM,

4.62. Bepxusas rpaHHuma MOAY.A HHTerpaja
B KOMIIEKCHOH o6GaacTu

[lycte M — Bepxuss rpanuua HenpepsiBHOR dyukunn | f (2)].
Torlla

ff(z)dz < /!f(Z)f (% 8 e <

ool

b

[ dy\?
<[ i) (—f)i :

riae [— numua kpusof 2yZ.
z

WnbiMu crnoBaMu, ff(z) dz| ue moxer npesocxoaute M,
Z0
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4.7. UHTerpupoBaHHe OeCKOHEYHBIX pAAOB

[TokaxeM Temepn, uT0 ecau S(2)=u,(2)+ uy(2)-+ ... — pasuo-
MepHO CXOAfIUMACH pAN  HenmpepuiBHHIX QyRKUME 1A  3HA4eHudt 2,
cozepHauMXca B HEKOTOPO# 0064acTH, TO pal

ful(z)dz—q— fug(z)dz—{»
¢ c

(rae Bce uHTerpansl GepyTcs BAOAL HekOTOporo mytw C B 5TOH 06aacTH)
GyaeT CXOAUTHCS U €ro CyMMoR Gyner

f S (2) dz.
C

B camoM zese, TOJIOXHB
S@=u @)+ u,@)+ ... +u,(2)+R,(2),

OyneM HMeTb

fS(z)dz: ful(z)dz+ c fu,,(z)dz+ fRn(z)dz,
C C C C

Tak xaK AaWHBIA PAA PAaBHOMEPHO CXOJMTCH, TO KAXKAOMY TOJO-
KUTEJAbHOMY 4HMCAY & COOTBETCTBYeT TaKOe uHCAO0 F, He 3a8u-
cadjee om z, uTO TpH n>r uMeeM |[R, (2)| <s Aas Bcex
3HaueHuft z B paccMaTpuBaeMo#i oOjacTu.

Mostomy, ecam [—-AMMHA  NYTH  HMHTErPUPOBAHMA, TO  Mu
uMeeM (§ 4.62)

<&l

f R, (2)dz
C

T. €, MOAYJb Pa3HOCTH Mexny
n
[s@az u ) [ #n(@) dz,
C m=1C

MOXHO  CleJaThb  MeHblue, ueM J0060e  TOJNOMUTEJNLHOE YHCTIO,
JaBas n  JOCTaTOyHO OGOJbIIOe 3HAauyeHHe. ITO JNOKA3bIBAET, YTO PN

(o]
2 fum (2)dz cxoauTcs M 4TO ero cyMMa pasHa
m=1C

f S(2)dz.
(5

8#
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Caencreue. Kak u B crexctsun § 444, MoxHO moKasaTsh, uro!)
d o8] [ee]
d
—_ up{z) = — U
dz n( ) dZ n(z):
n=0 n=0
ecay pAjl ChnpaBa CXORMTCA PaBHOMEDHO M pAJl CJeBa CXORHTCH.
[Tpumep 1. PaccMoTpum pan

(€]

N\ 2x{n(n+-1)sin? x2—1} cos x?
A-11 {1+ n?sin? x2} {14 (n+ 1)? sin? x2}
n=

B KOTOPOM X BEMIECTBEHHO,
3xech n-# yleH paBeH

2xn cos x? 2x (n 1) cos x2

1+ n23in2x? 14+ (n+1)?sin?a?’
# CHIeJ0BATENbHO, CYMMa n INepPBHX 4IEHOB PaBHa
2x cos x? 2x (n+ 1) cos x2

1 4 sin? x? 14 (n4 1)2sin? x2 °

Orciona caenyer, 4ro pan a6CoMIOTHO CXORMTCA AJS BCEX BeuieCTBEHHBIX

sHauenuil x, uckaiouas = Vmw, rne m=1,2, ...; no
_ 2x(n-+1) cos x2
Ru(¥) = 14 (n+1)2sinz a2’

1 ecan n — Kakoe-HHGYIb HeNo€ uucao, To npH x = (n -+ 1)"! npenenom R, (x)
npu n-»co Gyrer 2. llostomy, BOAH3H x =0, pAx CXOMMTCA HEPaBHOMEPHO.
Ero cymma pasna :

2x cos x?

1 sin2 x? °
Wnterpar we stolf cymmpi ot 0 no x pasen arctg {sin x2}. C apyro#t croponsl,
cymma nHTerpaiaoB oT 0 Jo X nepsbIX 72 YJEHOB PAXA PaBHA

arctg {sin x2} — arctg { (n 4 1) sin x2}
. 1
U NpH n->00 OHA& CTpeMHTCs K arctg {sin x2} —5 " [TosToMy MHTerpan cyMmnt

1
pana oTaMuaercs OT CyMMbl psAllda MHTErpajoB €ro 4JC€HOB Ha 772

[Mpumep 2. PaccMorperh noaobHBIM Xe 06pasoM psax
i 2e" x {1 —n(e—1) 4- e +1x2}
4 (1 + 3% (T 77 1x?)

148 BEHIECTBEHHMX 3HAUEHHH x.

df(z . 2+ h)—f(z
l) _fu o3HauaeT lim M,
dz h=>0 h
Hol NpocTofl KPHBOiL; 3To omnpeneneHue GyneT caerka BujousMeneno B § 5.12

Aas cayuas, Koraa f(2) — anasumuteckas GyHKUMHS.

n=1

rae 2 —>0 BjoAb oOmNpeiecH-
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MMpumep 3. Pacemotpers pan
u oy ust+ ..,
22

_ - 2 - —
uy=ze %, u,=nze """ —(n—1)ze~ -1

rre

I BEHICCTBEHHBIX 3HaueHult 2.

CyMMa nepBHX 7 YAEHOB DaBHa nz , TaK 4TO CyMMa GECKOHEUHOro
pana paBna O A8 Bcex BeUieCTBEHHbX 3unaueHnd z. Tak kax uaesnl u, Beute-
CTBEHHBl M IPH HOCTATOYHO GOJBIIOM 72 HMEIOT OJHHAKOBLIE 3HAKH, TO CXOAH-
MocTh Gyner abCOMIOTHOM,

B pane

—_ 2
eﬂl

4 2
fuldz—&—fu;,dz—[—...
0 0

1 -
CyMMa n TEpBBIX YJNEeHOB DaBHA —2—(1-e "Z) n cTpeMHTCS K npeieny % npu

cTpemaenuy n k GecKOHEUHOCTH. ITa CyMMa He paBHa MHTerpanty ot 0 gpo z
CYMMBI psina 2 i1y, DTO HeTOBNaReHHe 06 LACHAETCA HEPABHOMEDPHOH CXONUMOCTDIO
B6ausu z=0. B caMoM ZJele, OCTaTOUHBHIH uNeH pANa 4, -+ U, -~ ... paBeH
— nze~ "™ ecan B3ath 2 =n" !, ou 6yaer paBuATLCE — e~ /% 10 ecth ne 6ynet
IPOM3BOABHO MaJbIM UMCIOM, IIOSTOMY DAX He OyneT PaBHOMEPHO CXOAHTbCA
B6an3n 2 = 0.

Mpumep 4 CpaBHHTH 3HAUCHHA

z, © ) § 2z
f "u dz n fu dz,
(Yol Y Ju

0 n=1 n=1
rie
" 2nz _ 2(n+ 12z
T4 g(n+1) {1+ G+ D22Ig(n+2)
(Trinity, 1903)
JINTEPATYPA
G. F. B. Riem ann, Ges. Math. Werke, 239—241,
P. G. Lejeune-Dirichlet, Vorlesungen (Braunschweig, 1904).
F. G. Meyer, Bestimmte Integrale (Leipzig, 1871).
3. T'ypca, Kypc marematuyeckoro awanuaa, ra. 1V, XIV, OHTH, 1936.

E

. )fg.xlfanne-l"[ycceﬂ, Kypc ananusa G6ecCkoneuno waamx, ra. VI, I'TTH,
1933.

. W. Hobson, Functions of a real variable, ra. V,-1907.

. J. ’a Bremwich, Theory of infinite series, npunoxenue III, 1908.

=tm

NMpumepsn

1. IMoka3aTh, YTO MHTErpasjbl
oo [ee] [ee]
f sin (x?) dx, f cos (x?) dx, f xexp(— x8sin2x)dx
0 0 0 '

CXOAATCA.
(Dirichlet u Du Bois Reymond)
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2. Ecas a BemecTBeHHO, TO HHTErpan
(o]

cos (ax)
5/. Tra dx

ectb HempepbiBHas GYHKIMS OT IapaMerpa a.
. (Stokes)
3. PaccmoTpeTh BOMPOC O PaBHOMEPHOH CXOAMMOCTH MHTerpaia

o0
f xsin (x* —ax) dx.
0

[3 f xsin (A% —ax)dx =— (—)-IC— + %) €os (X% — ax) —
1 1 in (%% —
— f (37 + —;:4—) cos (x®—ax)dx -} T azf 2 —ax) (xxa ) dx.]
(De la Vallée Poussin)

o0
4. ITokasark, 4T0 HHTErpat fexp[—e"fz (x® —nx)} dx paBHOMEpHO cXo0-
o
( 1 1 .
JIMTCA B uHTEpBane | — = %, -5 7 ) 3HaueHuil a.
272
(Stokes)
[ee]
atdx

5, PaccMoTpers BONPOC O CXOLHMOCTH HHTerpalia f —_—,
g 1Hx|sinx)?

KOTAa v, &, p NONOXHUTENbHEL
(Hardy, Messenger, XXXI, 177 (1902))
6. VMiccaenoBaTh CXOZMMOCTb HHTETPAlOB

(o] o0

1 T . 1 dx sin (x 4 x?) dx
/(7"7e 1) ./——_—_x" -
0 0

(Math. Trip., 1914)

[o0)

dx

———— — CymecTByer.
X2 (sin x)*2

7. IMokasatb, 4TO HHTerpal /

o

8. TNokasarb, 4TO HHTErpaf f x”"e¥!" ¥ sin 2x d x cxonurcs npu a > 0, n>0,

a
9. Myctb pap g(2) = 2 (¢, —c¢,1y)sin (2v - 1) =z (B KOTOpOM ¢y == 0) CXO-

v=0
T

AUTCA PaBHOMEPHO B HEKOTODOM HHTEpBade, MNOKasaTh, 4To g(Z) —;l—[-l——-
fi¥4

lee]
o \Y ¢ .
GyneT NPOM3BOXHOM pAja f(2) = 2‘ —vi sin 2vnz.
v=1

(Lerch, Ann. de I'Ec. norm, sup.) (3), XII, 351 (1895,
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10. Toxasare, 410 UHTErpans
fes] (e 28]
f / j” dx,dx, .., dx,
(A+5+ ...+

oo [s0] (o]
dx,dxy...dx,
o gy £
1+ o X
CXOIATCA, KOIJa COOTBETCTBEHHO

a>%n R T R
(Math. Trip., 1904)

11. Mycrs f(x, y)—HenpepbiBHas OyHKUHA O6EHX TNEPEMEHHBHIX X U Yy
B o6nactn a L ¥ < b, a{y b, ecanm He CUNTAThb PaspHIBOB «IIEPBOrO pOLa»
B TOUKax KOHEYHOr'0 YHCJa KPHMBHIX C HEIIPEPHIBHO BpPALIAIOLIMMUCA KacaTelb-
HBIMH, KaxJad M3 KOTODHIX IepeceKkaer Jnoéylg NpAMYI0, napadjenbHyio Koopiu-

HaTHHIM OCAM, KOHEYHOE UYHCJAO pas; Toraa ff(x, y)dx Oyner HenpepbiBHOH
a

¢yHKnMeR ot y. a1, trety .
[PaCCMOTpeTb f -+ f + e f {fx, y+ D) —F(x, ¥)) dx
a a;+e; a,+s,
rie uucaa dy, g, ..., £, €&, ... BRIOPAHBH TaK, YTO OHH HCKJIOYAT PaspHIBH
dynkuun f(x, y -+ k) B3 o6racTH HMHTErpPHPOBAHMSA; @), dy, ... — PA3PHBH DHYHK-
ws f(x, y).]
(Bocher)
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OCHOBHBIE CBOHCTBA AHAJMTHYECKHUX ®YHKIIUH,
TEOPEMbI TEHJIOPA, JIOPAHA M JIMY BUJLIS

5.1. CpoiicTBa sueMenTapHnX ¢ynxuuit

Ipeanonaraercd, 4TO YMTATEJb 3HAKOM C TEPMUHOM 34eMEHMAPHAS
dynryus, ynotpebaseMbiM (B yuyeOnukax 1o anre6pe, TpuroHOMeTpuu
H AuddepesunanbHOMY HCUHCACHHIO) AJMa O003HAUEHHS] ONpelesneHHBX
aHaMMTHYECKUX BhIpaxenufl l), 3aBucAmwmx or nepeMenHo#i z. Croia BXo-
AT GyHKLUH, 06pasyembie MOCPeACTBOM AeficTBuR 3/ieMeHTApHONR anareGpsl,
a TakKe TOKA3aTebHble, JOTAPHQPMHYECKHE M TPHIOHOMETPHUYECKHE
OYHKUMH; TpuMepaMu NOROOHHIX BbIpAXEHHH CcJayxaT

22, ¢%, lgz, arcsinz’h.

KoMOuHauun Takux sjeMeHTapHBIX QYHKUUR aHanu3a 00/M3aal0T HEKOTO-
pbiM OOIIMM MM BCeM 3aMedareNbHHM CBOHCTBOM, KOTOpPOe Mbl Tenepb
W UCCJELYEeM.

BosbMeMm pas npumepa ¢yukuuw e, ITonoxum

e’ = f(2).

Torna, ecau z—- GUKCHPOBAHHAST TOYKA M 2’ — Kakaa-HuGynp apyras
TOYKAa, TO MBI HMeeM

FE)=f@) _ e~ et F-1
22—z 2=z T 22—z T
’ ’ 2
z g~z 2/ —2) .
=" 1+ +EE
21 3!
M TAaK Kak pal B CKOGKAaX paBHOMEDHO CXOLHMTCA [J5 BceX 3HaieHuit 2/,
T0 3akawouaeM (§ 3.7), yto npu 2’ —> 2z OTHOLUEHHE
1) —f(2)
2 —z

CTPEMHTCR K Tpeledy e® paBHOMepHO mJs BceX 3HaueHuit arg (2’ — 2).

) Cneayer OTMETHTb, YTO CMBICA STOrO TEPMHHa He TOT, KOTOpHIH mpH-
naH TepMuuy Gyuxuua (§ 3.1) B srtoft kuure. Tak, Hampumep, x—iy u [z|,
ABAAACH PyHruusmu z(=x-+iy) B cMeicae § 3.1, He 6ynyT saeMeHTapHbIMH
yHKIHAMU pacCMaTpUBAEMOTO Tuna,
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Aro nokasmBaer, UTO npedes
f(2H)—rf)

2l —z

8 3MOM Caydwae He 3QBuCUWL OM NYWMU, NO KOMOPOMY motka 2’
cmpemumcs K CO8RQAOEHuI0 ¢ 2. .

Oxa3sbiBaeTCA, U4TO STHM CBOMCTBOM 00/a1al0T MHOTHE XOpPOLIO H3Be-
CTHHE 3/eMeHTapHble (YHKIMA, a UMEHHO, ecad f (2) — ONHA U3 TaKHX
$YHKUKR, a 7 — KaKOe-HHOYAb KOMIIEKCHOE YHCJO, TO CYLIECTBYeT fpe-
JeJbHOe 3HAYeHWe BHIPAXKEHHS

T+ H—F@),

He 3asucsuee om crnocoba cmpemaenun h & HYA0.
Yurateab, OIHAKO, JIETKO MOKAXeT, 4to ecau f(2)=x—I1y, rae

fe+n—rs
h

. . r4
2= x-t+iy, 10 lim ) 6ydem 3asucemp OT TOTO, KaKuM

obpazom s—> 0.
5.11. OrcrynjeHus OT pacCMATpHBAaeéMOro cpoiicrea

Iast Kaxnof U3 3eMEHTAPHBIX (QYHKUMH TeM He MeHee CYLIECTBYIOT
onpeje/eHHHIe TOYKH 2, B KOTOPHX 3TO CBOHCTBO MEpPeCTaeT HMeTb

Mecto. Hampumep, OHO He uMeeT MecTa Aad (PYHKUMU B TOYKe

2= @, TaK KaK

im 1 { 1 1 }

hao Blz—ath zZ—u
He cylwecTByeT npu 2z==a. IlonoOHniM xe 0Opa3oM 5TO CBOHCTBO He
uMeeT Mecta Aaa ¢ynxuuf lgz u-2% B Touke 2 ==0.

OTH MCKIIOUUTE bHbIE TOYKM Ha3bIBAOTCA 0COGbiMU MOYKAMUL WM
ocobernnocmanmu paccmarpupaeMofl dyHkumn f(2); B OCTalbHHX TOUKAaX
byukuus  f(2) OyneT, Kaxk TOBOPAT, araasumuueckoll @dydwxyued. Ins
Gynkiu |2 | ykasaHHoe CBOHCTBO He HMeeT MeCTa Ku 8 00HOI mo4ke.

5.12. Onpepenenne aHanutu4yeckoll (GyHKUHH
KOMIIEKCHOr0 nepeMeHHoro no Kommu!)

CroficTeo, paccmorpenHoe B § 5.1, npuHuMaeTcd 3a OCHOBY A/
onpefe/eHust QHALumubecicoli PyYHKYUL;, ITO OMPEleIeHHe MOXeT OblTh
chopMYIMPOBAHO CAeAYIOLIHM 06pasoM.

[TycTe naHa nByMmepHas 06/acTh B TJAOCKOCTH 2, M NMYCTb # — (YHK-
uMs OT 2, Onpejlle/leHHas OJHO3HAYHO BO BceX TOukax obJaacTd. [lycrn

1) Cm. Memyap, ymomanyToiit B § 5.2,
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2 u 2} 32z —s3HaueHus NepeMeHHOH 2 B ABYX TOYKax, a &, u-du—
COOTBETCTBYIOLUME 3HAYeHHA &. Torda, ecan B mob6o#t TouKe 2 paccMar-

-du
puBaeMoit obaacTH 5, CTPEMHTCA K ONpele/ieHHOMY Mpeleny, KOoria

8x —>0, 3y —>0 uesaBucumo apyr oT apyra (dz==3x-i3y), 10 roso-
paT, 4TO 4 eCThb (YHKLUHA OT 2, MOHOZEHHAR WIH GHAasumudecKasnl)
B 3toft Touke. Ecan dynkuns 6y11e1‘ aHaJMUTHYeCKOH M 0AHO3HauHOR BO
BCEX TOUKAX OOJMaCTH, TO ME TOBOPHM, 4TO (YHKUHA GHAAUMULKG
80 8celi o6aacmu ?).

Mu GyleM uacTo yHOTPeOaATb CJI0BO «OYHKUHA» HAs OGO3HAUEHuS
aHaAWTUYecKOM (YHKUMH, TaK KaK OYHKUMK, H3yyaeMbie B 9TOH KHure,
NOYTH MCKMIOYHTEJIbHO OYAYT aHAMHTHUECKHMH.

B npenninyueM onpeleneHud GyHKius # Obia 3ajaHa JMILb B HEKO-
TOPO# 06/IACTH MJIOCKOCTH 2. Kak MB yBHAWM H3 JanbHeffiiero, GyHxuus ,
BOOGHIe TOBOpA, MOxeT OBITb ONpejejeHa TaKme [IJA 3HAUEHHH 2, He
BXOAAUMX B 3TY 06/1acTb, M (KaK M B yXKe PacCMOTPEHHOM cAyuae 3je-
MeHTAPHHIX (PYHKUMH) MOXET HUMeTb 0CO6eHHOCMU B ONpeldesleHHBX TOU-
Kax BHe 00.1aCTH, B KOTOPHX OCHOBHOE CBOHCTBO NepecTaeT HMETb MeCTO.

JanuM Tenepb ONpelefeHHe dHAIUTHUeCKON (YHKIHOHANLHOH 3aBH-
cumocTH B GoJjee cTporoit gopme.

IMyctb f(2) — aHaquTHUeCKass B TOUKE 2, A € — IIPOM3BOJALHOE NOJO-
KUTEJAbHOE YUCJAO; TOTIA Mbl MOXeM HaHTH TakMe uyucia [ u § (3 3aBuCHT

OT €), 4TO
fE)—1 ()
2 —z H<e
npu |2/ —2z| <8,
Ecmut f (2) — aHaiutHuecKas BO BCEX TOUKAaX 2 HeKOTOpo# oGaacTH,
TO [, OYERUJHO, BARMCHUT OT 2, H Mbl IHMIEM NOITOMY [ = f’(2).

Orciona
FEY=f@O+@ -2 f (@)4v@E —2),

rae v—Takas Qyuxuuas ot z u 2/, uro |v) <e, koraa |2/ —z| <3,

lNpumep 1. HaliTu Touku, B KOTOpHX creiywmwiue OYHKUHH He GyayT
AHANUTHYECKHUMH:

() 2%,
(in cosec 2 (z = nx, n-— aoboe nenqe 4uCIO),
(“I) ‘———S—B‘ (Z = 2, 3),

1
(V) e (2=0),
1

V) {z—12}? (z=0, 1).

') Muorga ymoTpe6asioTcs C/0Ba <«peryaspHas» M «rofoMoppHass. Bopens
HeN2eT pasfHuHe MEXAY «MOMOTEHHOH» M «aHAAMTHUECKOHK» QYHKUMAME B cay-
yae QyHkuuit ¢ 6eCKOHEUHBIM YHCIOM ocobeHHocTelt. CM, § %

%) CM. caeacrsue § 5.2, moaCTpOuHOE NpHMeYanue.
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Mpumep 2. Mycrs 2=x41y, f(2)=u-} iv,rie 4, v, x, y BelleCTBEHHE
I f— aHanuTHuecKas QyHKIHS; MOKa3aTh, 4TO

ou _ dv ou ov

Tox ~ dy ' oy ox "
(Riemann)

5.13. Npunoxenne BHEoOH3MeHeHHOH teopembt Ieiine — Bopens

Mycts f(2) — anaauThyeckas BO BCEX TOYKAX BHYTPH HEKOTOPOH
oGractul); mycTb, najee, B KaxIOH TOYKe 2 rpanuibl 9To# o6racTy cyiue-
CTBYIOT Takue uucaa fy(z), 3 (rae ¥ 3aBHCHT OT 2), uTO

[f@)—f@)— @ —2)fi(0)|<el2—z|,

koraa |2/ —z| <3 u 2’ — Touka, nexainas BHyTpu obJacTd HAM HA ee
rpaHuue.

[Mb numem f} (2) BMecTo f/(2), TaK KaK NPOM3BOAHAS MOXeET H He Cymle-
CTBOBaTh, Korga 2’ npubaumkaerca K z ussHe 06aacTH, Tak 4to f| (2) ue 06g-
3aTeJbHO OyJE€T €IMHCTBEHHOH NPOH3BOAHOMN.]

[MpuBeneHHOE HePaBEHCTBO, OYEBHJHO, VAOBJAETBOPACTCA TaKke AJA
BCeX TOYEK Z BHYTPH 00.sacTy.

[Mpumenss nByMepHH# BapuaHT TeopeMb § 3.6, yBuauM, uTO paccma-
TpuBaeMas 00JacTh, B3ATas BMecTe C ee rpaHulelt, Moxer GHTbL paslieseHa
Ha KOHeYHOe YUCIO 4YacTe# (KBAAPATOB CO CTOPOHAMH,. MAPA//ie/bHBIMH
OCAM KOOPAMHAT, HJH 4YacTe#t TAKHX KBaJApPaTOB) TaK, YTO BHYTPH HIH
Ha rpanuue MmoGoH uvacTH Hakmercd Takasm TOYKa 2;, YTO HePABEHCTBO

If(z')—f(zl)—(z'_‘—zl)fl(zl)l <e|z/—z]

GyleT copasBeldHMBO JJA° BCeX Touek 2’ BHYTPH HJH Ha rpanuue 3ToMH
4acTH.

5.2. Teopema Komn 2) 06 uHTerpaje mo KOHTYpY

TpocTyio 3aMkHyTYI0 KpiBYIO C B IOCKOCTH mepeMeHHOH 2 YaCTO HA3H -
BAIOT Koumypom: eciu A, B, D-— ToukH, B3fATHIE HAa Ayre KOHTypa
B HANpaBJeHWH MPOTHB YacOBOK CTpeskH, H eCaH f(2)— onHo3HauHasA
HenpephiBHAA (QYHKUMS OT 2 (He  06A3aTe/bHO aHAJHTHYeCKas) BO BCex

1) B opurunane ,xoutHyyM®, cM. § 321, ([Tpus. ped.)

?) Cauchy, Mémolre sur les intégrales définles prises entre des limites
imaginaires, 1825. JokasareabcTBO, JaHHOE 31eCh, NpuHaAsexnT [ypca (Gour-
sat, Trans. American Math. Soc., 1, 14 (1900) ).



124 rJ1. 5. OCHOBHHE CBOMCTBA AHAJMTHUECKHX ®YHKIMH
Toukax Ayrul), 10

f(2)dz um f,f(z)d;z,
C

ABDA

B3SITHIH 110 KOHTYpY, HA4MHAsS OT TOukH A M KOHUas TOK He TOUKOH A,
HA3HMBaeTCA uxmezpasom Pysryun f(2) no smory Kowmypy. SIcHO, yTO
3HaueHWe HHTerpaja, B3ATOTC 110 KOHTYDY, He M3MEHHTCS, €CJH 332 HCXOI-
HYIO TOUKY Ha KOHType BMecTO A OymeT B3ATa Apyras TOYKA.

HoxaxeM Tenepb TeopeMy, NpHHadjgexaiyw Koliu, xOTOPYIO MOXHO
copMyIHpoBaTh CledylouwinM obpasom. Ecau f(2) — pynxyun om z,
ARAALMULECKAS 80 8Cex mourax ) na kowmype C u 8uympu Hezo, mo

ff(z)dzzo.
C

PasnenuM 06aacTs, orpanndennyio C, npsaMbIME, NapalielsHbIMY Bellie-
CTBeHHON M MHUMOH ocsM, kak B § 5.13; torna obnacte, orpanuuenHas C,
pasjeauTCss HAa HEKOTOpoe uncao obaacteft, rpaHuuaMu Koropux, Ci,
Cy ..., Cy, Oynyr mepudpepunm KBaipaTOB, H JIpyrue 006JACTH, FpaHu-
uaMu Kotopux, Dy, Dy, ..., Dy, 6yayr uactH nepudepuiéi KBaapaToB
u vactu xourypa C. PaccmoTpum

M N
Y [r@at) [j@a
n=1C, n=1D,

rlie BCe NMyTH HHTerpHpOBaHHs OepyTcs MPOTHR 4aCOBOH CTpeKH.

B o6uieit cyMMe Kaxaas cTOpoHA mo6OTO KBaApaTa, KaK NMyTb HHTe-
TPHPOBAHUS, BCTpeYdercs ABAXKAB, 4 HHTerpatsl OepyTcsa BLOJb TaKHX
CTOPOH B NPOTHRONONOKHBIX HANPABJIEHHAX W, CJAEAOBATE]bHO, B3AUMHO
coxpawaiorcs 3). ENMHCTBEHHBLIMH Y3CTAMH CYMMBI, KOTOpHIE COXPAHAIOTCH,
OyLyT WHTErpajnl, B3AThle BAOAb OTAEJbHBIX IYT, COCTARAIOIWINX BMecTe
koutyp C, npHYEeM KaxIas JAyra ONHCHBAETCH B TOM e CaAMOM Hanpa-

1} Bnpouem, XocTaTouHO, uTOOM f(2) 6bila HempepblBHOH, Korila z usMe-
HAETCH TOJAbKO BIOJb NYIH.

2) He Heo6xonuMo, uT06H f(2) 6bna anaautudeckod Ha C (ROCTaTOYHO,
uTOGB OHA GblMa HENpPEpHIBHOH HA M BHYyTpH C), HO eclu f(2) He OyleT aHauM-
THYeckoit Ha C, TO nokasartbh TeopeMy OyneT ropasno TpyaHee. JlanHOe nokasa-
TEALCTBO NpeAnojaraeT NpPocto, 410 f/ (2) cywecmsyem BO BCEX TOYKAX HA U
BuyTpu C. [Ipexnne n0KasaTenbCTBAa OCHOBBIBAMHCH Ha GOJbIIMX IPEANONONKE-
HMSX; Tak, JOKa3aTeabCTBO Komu mnpeanonaraio nenpepsisnocms f'(z). Jokasa-
TeAbCTBO PHMaHa OCHOBBLIBAETCA Ha JKBHBadeHTHOM Npeanonoxenuu. I[lepsoe
nokasareabcTro ['ypca mpeamoaarano, 4to f(2) pasnomepro pupdepeHnupyema
Ha u BHyTpH C. ’

%) Cm. npumep § 4.6.
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BJeHHH, Kak U B ff(z)dz, B CyMMe 3TH HHTerpajnl JHalOT HO3TOMY
KaK pas ff(z) dz.

PaccMoTpuM Temeps ff(z)dz. Hcnoabays ofosuavenns § 5.12,

CII
UMeEEeM
[r@dz= [(fe)+@E—2)f @)+ —2)0)dz=
Cﬂ Cll
= (f (&) — 2,/" (2))) fdz+f' @) [zdz—+ [—z)vaz
Cﬁ ' Cn Cn
Ho

.'/dZ::[z]C =0, fzdz:[%zg:’c =0
<, " c

-
n

cornacio npumepy § 4.6, Tak kak konus .C, COBMajaloT.
O603HauuM Temepn Yepes l u A, cropony u maouanp C,. Toraa,
noJb3ydach ouenkod § 4.62, HamleM

[r@a|=| [e—zyvaz
Cn‘ Cn

< [le—zoaz <
Cn ‘

<el, V2 f ldz|=el,V 24, =4eA, V2.
Cn
IMonoGueiv ke 06paszoM

ff(z)dz < f|(z——z1)vdz|<4e(A;+z;xn)V§;

rie A, — NIOWAAb KBAAPATA, YACTHIO KOTOPOTo sBJIsETCA 06JacTb, Orpa-
nuuennas D, [, — cTopona 3TOrO KBaapara W A, — I/MHA YaCTH KOH-
Typa C, nemameﬂ BHYTPH 93TOro Kpajpara. OTcrona ecad A\ — HOJHas
AnuHa KouTypa C, B TO BpeMs KaK /— CTOPOHA KBaipaTad, BMeILAlOHIero
Bce kBaipark C, u oGnacm D,, 5y.116M HMETb

L +L

n= n=1

ff(z) dz ff(z) dz

b,

[r@az
[

<4 Y2 {EA +2A +12) 1<48V2(z2+m)

] n=1 n=1
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Ho &-—npoussoabuo Masnas BeauuuHa, a [, h # ff(z)dz He 3a-

C
sucam om e,

[To3TOMy H3 TNOJNY4YeHHOTO HepaBeHCTRA CleAyeT, YTO eAMHCTBEHHOE

3HaYeHHE, KOTOPOE MOMET UMEThH ff(z)dz, 6yaeT Hyab., IJTO H ecTh

c
Teopema Kouin.

Cnencreue 1. Ecty umelorcs nBa nytH 2,AZ u 2,BZ o1 2y k Z 1
ecan f(z)—— dyHKuua, aHaJAHUTHYECKAss BO BCEX TOYKAX 3THX KPUBHIX H BO Bcel
z

o6aacTH, OXBATbHIBAEMOH 3THMH IyTAMH, TO HHTErpan ff(z) dz 6yleT uMeTb

2
OHO M TO XK€ 3HAYEHHE ANA NMyTel HHTErPHPOBAHHA Z,AZ u 2,BZ. d10 caenyer
M3 TOTO, 4T0 2,AZBz, €cTb KOHTYp K MHTerpaj, B3aThli 1O 3TOMy KOHTypY
(paBHBIH PAa3HOCTH HHTErpanoB BIOAb 29AZ u 2oBZ), paBen Hymo. TakuMm 06-

pasoM, ecnu f(2) — aHaauTHY4eCKas OYHKIHA OT 2, TO 3HAUCHHE f f(2)dz ue

AB

3aBMCHT B H3BECTHOH cTemenu oT BnGopa zyru AB, a 3aBHCHT TONbLKO OT KOHed-
HeIX Touek A u B. CiexyeT nmOMHHTB, 4TO 3mO 86PHO MOALKO 8 MOM CAyYae,
x020a f(2) seasgemcs anarumuseckol gyuxgued B cMuicae § 512,

CaencrBue 2. [peanonoxuM, 9T0 AaHH TakHe ABE NPOCTHIE 3aMKHyTHE
kpubie Cy v C,, uto C, oxBarhBaeT C;, KaK 3TO HMeeT, HaNPUMEpP, MECTO,
ecan Co n C; 6ynyT cOPOKYCHBIMH 3AMIICAMH.

IIpeanonoxuM, kpoMe TOrO, 4TO f(2) 6yneT d¢yHxkuueH, aHANIHTHYECKOH })
BO Bcex Toukax Ha Cy v C; u Bo Bce#l Koablieo6pasioi obnactu Mexay Co u C,.
Torza, nOCTPOHB CETKY IIEpECEKAWIUHXCA NPAMHX B 3TOH KOJbLe0o6pasHoH
061aCcTH, MOXHO IIOKAa3aTb TOYHO TaKHM Ke OOPas3oM, Kak B TOJAbKO 4TO A0-
Ka3aHHOH TeopeMe, YTO UHMEZPAA

f 1(2) de,

83AMBLi no sceill zpanuye KOAbYCOOPA3HOIL 06racmu, PABeH HYAW; 3ma pa-
Huya cocmoum u3 08yx kpussix Co, u C,, u3z Komopelx 00HA OnuCHBaemcs
8 HanpasAenuu, 0OOpamHOM Hac080L cmpenxe, a Opyzas — no 4aco080l cmperxe.

Cnencreue 3. Boobie, ecan Ha MAOCKOCTH 2 JaHA Kaxas-HUOYIb CBA3-
Has 06/acTb, OrpaHH4eHHas AO6bIM YHCIOM NMPOCTHIX 3aAMKHYTHX KpuBbX C,, C,,
Cy ..., v ecaH f(2) — Kaxkas-HuOynb (yHKuHS OT 2, aHaJHUTHUECKas H OJHO-
3HAYHAasl BCIOAY B 3TOH 06MacTH, TO uHmMezpar

f £(2) dz,

83amotll no 6ceil epanuye OOAACMU, PABEH HYNI0; IMA 2PAHUYA COCMOuUm u3
xpussix Co, Cy, ..., KQHCOAST L3 KOMOPLLX ONUCHIBACICS 8 MAKOM HANDPABAL-

1) Bripawenue «aHaauTHuecKas Bo BceH obaacTu» NpeAnionaraeT OIHO3HAY-
Hocth (§ 5.12); 970 3H3UMT, 4TO HOCAE TOFO, KAk 2 ONHINET 3AMKHYTHH NyTh,
okpyxkatomuit Co, f(2) npuMeT HauaabHOe 3Hayenue. O Takoit dyHzuuu, xak,
Hanpumep, Ig 2, paccmatpuBaemo#t B obaactn 1 < |z |< 2, roBopar, 4T10 oHa
«@aH3nUTHUECKas BO BCEX TOYKAX Q6MACTH>,
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HUL, 4MO 00AACmb OCmaemcs UAU 8c0200 Cnpasa, UL 6Ce20Q CAe8Q OM AUYQA,
udyusezo (8 paccMampusaesmom HANPABAEHUU) No paruye.

Pacnpoctpanenue teopemsl Komu (T. e. f f(2)dz =O) Ha KPHBHE, JeXa-

liMe HA KOHyCe ¢ BepIUHHOi B Havuale KOOPAHHAT, OblI0 caenano Paso (Ravut,
Nouv. Ann. de Math. (3), XVI, 365—367 (1897) ); Mopepa (Morera, Rend. del,
Ist. Lombardo, XXII, 191- (1889)) n Ocryan (Osgood, Bull. Amer. Math. Soc.,

11, 296—302 (1896) ) nokasaawu, 4T0 CBOHCTBO J: f(2)dz =0 moxer 6uTb 1pH-

1aTO 3a CBOHCTBO, ompefedsioliee aHaNHTHYECKYIO OyHkuHio. OcTaibHble CBOM-
CTBa BBIBOASTCH OTCIOAA KAk CAeACTBHs (CM. B KOHLE riaapbl npumep 16).
IMpuMep. KoabueobpasHas 064acTh OrpaHHdeHa ABYMS OKPYXHOCTSAMH

dz
1z|==1 1 | 2| =2 Ha naockoctu 2. Y6enuTbcd, YTO 3HAYEHHE HHTErpaja <

B3ATOrO MO CpaHHie 06AacTH, PaBHO HY MO,

B camoM gene, rpaHHua COCTOMT H3 OKPYXHOCTH |2z|==1, OMHCHIBaeMOif
N0 HaNPAaBAEHHIO YaCOBOR CTPENKH, BMECTE C OKPYXHOCTbIO | 2| = 2, onkcbBaeMoi
B HampaBJeHHH NPOTHB yacoBod crtpenkh. TakuM o06pasoM, ecau AAs TOYeK Ha

nepeoit OKpy®HOCTH modowuM 2 =%, a anm Towex Wa BTOpO#i OKpYWHOCTH
2=2¢", 10 0 H ¢ 6yIyT BENIECTBEHHH M MHTETPal PaBHAETCH
-2n o2n

:oi0 0,
/ fe .dﬁ +f i20"% do = i b O = 0,
0 e’ 0

2e'?

5.21. BbipaxkeHHe 3HAuYEHHUA AHAJMTHYECKOH (QYHKUHH B TOuKe
yepe3 MHTErpaj, B3fiTHI N0 KOHTYpY, OKpyXaiomeMy 9Ty TOYKY

IMycte C — KOHTYp, BHYTPH KOTOpPOrO H Ha KOTOPOM f(2) ecTh
aHanuTHYeCKas (QyHKLMA 2.
Toraa, ecau @ — Kakasi-HuOyllb TOYKA BHYTPH KOHTYpa, TO

f(2)

Z2—a

6ynet gynkumueH oT 2, aHaAWTHUECKOR BO BCeX TOUKax BHYTpPH KOHTypa C,
KpOMe TOWKH z=a. Jlanee, 119 JAHHOTO & MOXHO HaltTw Takoe 3, 4ro

lf@—f@—GE—af(@)|<Le|z—a]
npu |2— a| <3 onimeM OKOJIO TOUKA @ KaK IEHTPA OKDPYKHOCTb
paayca r <3, TMpHYEM 7 HACTOJILKO MaJO, YTO 7 JIEXKHT TOJHOCTbIO
sHyTpHu C.
Toraa B obaacty Mexay 1 u C dysxuus f(2)/(z— a) Oyner ana-
antHdeckod, H TakuM obpasoM, no cieactBuio § 5.2 GyneM HMeTb
f(dz f(2)dz

v Z2—0a 2~
C
rne fld f 0603Ha4a0T HHTErpasol, B3dATbie COOTBETCTBCHHO NPOTUB
C

7
4acoBOH CTpeskH Baosb KpuBX C # 7.
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Ho Tak kak |z—a] <3 Ha 7, TO MH HMeeM

/() dz:f f@+E—af@tviz—a ,

. & —a Z—a
1

rie |v| <e, u TakuM 06GpasoM,
d . )
. fiziaz:f(a)/zd_za—i—f/(a)/ dZ—f—./)vdz.
C Y ’ .

Hanee, ecan z nexur Ha Y, TO Mbl MOXEM Hamucatb

z2-—a=re,

A€ 7 -— palnyCc OKpPYXHOCTH 1, ® CJIElIOBaTeJIbHO,
2,.,

e Le
/’ dz :/ ire d0 fd6_2rz
2 —a

1 0

f f ire?® 48 = 0;

1 0]
KpoMe ToOro, corjacuo § 4.62,

fvdzl<52nr.

1 |
- fvdz
AN
Ho BoipaxeHMe B JeBOH 4YacTH He 3aBHCHT OT & M, TakuM oOpa3oM,

LOJAHO ObITh DPaBHO HYJI0, TaK KAK € JPOM3BOJAbHO, OTKYLa CJeLyer,
yTo

TakuM 06pasoM,
finydz

(252 oxif (a)

< 2%re.

1 d
f@)=us. _‘“‘“‘fz(z_)az .
C

O1a 3aMeuyaTeabHas GoOpMyJa BbpaxaeT 3HaueHHe QyHKuHu f(2)
(anaaumuuecroii Ha u BHyTpH C) B JioGoit Touke a suympu KoHTypa C
yepe3 HHTErpaJ, 3aBHCAIUH TOMALKO OT 3HaueHMH f(2) B TOUKAX CaMoro
KOHTypa.

CanencrBue. Ecau f(2) — aHaautudeckas onHO3HauHas QYHKIHA OT 2

B KOabneoOpasHoil obaactu, orpanuuenHoit xpusbivu C n C’, M a— Touxa
aTolt obaacTu, TO -

f(a)=_1_. @ 4 2m f J@) dz,

2ni Z2—a z2—a
[

rae C — BHemHUi KOHTYp u 06a HHTerpana 6epchsx B HAaIpaBAEHHH OPOTHB
YacoBoil cTpeJkH.
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5.22, MipousBoannie aHadHTHYECKOH Qyuxuun f(2)

Gynxuma f/(2), npencrarasiowas co6oit npenea BhpaxeHus
fz+n—r(2)
h

IpH CTPEMJIEHUH A ¥ HY/IO, HA3LIBAeTCd nPou3soOHoi oT pyHkunn f(2).
[MoxaxeM Temepb, utTo f'(2) cama asanemcs anasumuueckoll @Pyrr-
yueii om 2 u, c1e008amesbHo, CAMA UMeem NPOoU3BOOHYIO.

B camomM nene, ecam C - KOHTYp, OKpykaiolu#i TOYKy a u pac-
MOJIOKEHHBIR LeJUKOM B 00aacTH, B KOTOpo# f(2) aHaJIuTHYCCKAS, TO
Mbl HMeeM .
£/ () = lim fla+h—fla) 1 f(®»dz [ f)dz] _

h—>0 R

= lim
hso 2Tih z2—a—nh z—a
C C

1 f(@dz
70 Qm (z—a—h)(z——a)

1 f (2) dz f(2)dz=
= omi '. 2’——&1)2—+_,11_r)n0 i ,/ (z—a)}(z—a—h)’

Dynknus f(z) Ha C HenpepuiBHA u NOTOMY OTpaHHueHa, ¥ TO XKe
€aMoe OTHOCHTCS K (YHKIMH (z—a) ; TOTAa KaK |Z| MOXHO B3fITH
MCHbIIUM, HYeM HIKHAS [PAHMIA BHLIPAKCHHA - |z— al.

f(2)

k(z—_a)2(z—a——h)
nycth K —ero Repxuss rpauuua. Torza, ecau [ — npauva C, Tto

im 2 / f(2)dz

o 2mi g (z—a)Y(z—a—h)

[TosToMy BbIpaxeHue

’ Oyner orpaHuyeHo Ha C;

< lim [£]2m) 'Kl =0
h->0

H, CA1elOBATEJ/JbLHO,

Fla=k [1ee)

(z—a)} "

5Ta (GOopMysa BbIPAXKAeT 3HAUCHHE NPOHM3BOJAHOH (PYHKIMHM B TOUKe uepes
MHTETPAJ, B3ATHH MO KOHTYPY, OKPYHalllieMy 3Ty TOYKY.

Uz atoft Q)opmymﬂ Mbl TOJIyuaeM, eCIM TOUKH @ H a— A jexar
BHyTpu C,

flathy~f@ 1 f(Z)dZJl 1 1 }_
h “Qnic R G—a—h2E (z—a2
1
z—-a———h
2 ) 2 f()dz
= o /f(z)dz — ——1(1)2(2-—41)“"7'?tzT (z—a)® + Ay
C

9 2. T. Yurrekep, Ox. H. Barcon
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M JlerkO BMAeTh, uT0 A, Oyner orpanuyeHinoft dyHxumeH mnpu
1
[h| <5lz2—al..
Mostomy {f’(a-+h)— f'(a)}/k cTpeMHTCS K ONpelle/lcHHOMY mnpe-
leny npu h— 0, a uMeHHO

fz)dz
Qﬂ (z—a)y "

Tak xax f’(a) WMeeT €IMHCTBEHHYI0 NPOH3BOAHYIO, TO OHA Gyler
AHAJNTHYECKON (YHKIHeA OT @; ee MPOU3BOIHAA, MPelCTaBIAIEMas TOJbKO
YTO NOJYYeHHHIM BhipaxeHHWeM, 0603HauaeTcs uepes f”(a) W HaswBaerTcs
smopod npousdgodrnod om f(a).

[TonoGHbiM e 06pasoM MOMHO INOKa3aTh, 4t0 f”(a) Gyner aHaiu-
THYeCKOH dyHkuMeR a, uMelolwel NPOUSBOANYIO, PABHYIO

f(z)dz,

o J z—a)’
C

nocienHss oGosHauaercss deped f”(a) u Ha3biBaeTC mpembved npous-

8odnod om f(a). W BooGwe, cyuiectByeT n-1 mnpoussogHas [ (a)
0T (yHkuuu f (@), KOTOPass BLIPAXKAETCA MHTErPajoM

n! f)dz
2ni (z —a)*+i
C
M TaKXe HUMeeT NMPOUBBROAHYIO BHIA

(n+ 1) f(@)dz

2ri (z—a)yrt2”’
c

YutaTeab cOOOpPA3HT, YTO ITO JIETKO NOKA3aTb MO MHIYKLUMUH.

TakuM 06pasoM, ec/H (QYHKLUHSA HMeeT IePBYI0 NPOU3BOAHYIO OTHO-
CHTEJNbHO KOMNACKCHOU TIepeMEHHOR 2 BO BCeX TOYKAX 3aMKHYTOR IBY-
MepHOft 06/aCTH B IIOCKOCTH 2, TO OHA HMEET TAKXKe H NPOM3ROIHBIE
moBGoro mopsiKa BO BCeX TOUKAX GHympu 006/acTH.

5.23. Hepaseucreo Komu £ (a)

[Myctb f(2) — aHamutuyeckas QYHKIHA BHYTPH H Ha OKpyxHocTH C
¢ UEHTPOM a u panuycom r. Ilycte M — Bepxuaa rpaHuia oyHxuuu f(2)
Ha 9T0# okpyxHocTH. Torza coraacHo oueHke § 4.62

177 @] < [ iz = 2L,

C
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n p umep. Ilyetv f(2)— ananuruveckas q)yummﬂ OT z2=x-iy wu
02
V= 0x2+0y2 ; moKasaTh, 4T0 V2 ig | f(2)| =0,a V? lf(z)] > 0,ecan f(2) =0

wm f(2) 5= 0. (Trinity, 1910)

 5.3. AHaauTHYeCKHe (YHKUHM, MPeACTABJSIEMble PABHOMEPHO
CXOAAMHMHCS PAAAMH

[e]

IMycts pan 2 [, (2) obnanaer caenywowumu csotictamu: (I) on pas-

HOMEPHO CXOILHTC?I ua xourype C, (II) f,(2) — aHamTHYecKas q)yHKU.Hﬂ
Ha C ¥ BHYTpH Hero

Torna pan Z S (2) CXOMMTCA B CyMMa ero fB/ACTCA BHANHTHYeCKOR
n=0 ’

dyHkuue# Ha Ko;iType C ¥ BHYTPH Hero.
Mycts @ — xakad-1u60 Touka BHyTpH KouTypa C; Ha KouTtype C

MOJIOKUM Z f.(2)=®(2).
CO!‘JIaCHO § 4.7

o [ 220 [ S r0) 5 S b [ e

Ho 3T0T moc/ensu pan B cuny § 5.21 Oyner paged

Eo fa(a),

clle10BaTeIbHO, PaccMaTpHBaeMbift psinl OyleT CXOAMTLCS BO BCeX TOYKAX
sHytpn C; o006o3nauuM ero cyMmmy -BHytpu C (xak npewie Ha C)
uepes @ (2). Dra Pyuxuua Gyzer aHaIUTHUECKOH, €C/IM OHa UMeeT eluH-
CTBEHHY! MPOHM3BOJHYI0O BO BCEX TOUYKAX BHyTpH KOHTypa C.

Ho ecau a n a4 £ nexar BHytpu xourypa C, To

D(ath)—D(a) - ®(2)dz
h 27:1 (z—a)(z—a—h)’

) Tax kak | z2—a [“ orpaHHyeHa, Koraa a (QuUKCHpOBaHO H 2z AeXHT Ha C,

[oe]
TO paBHOMEpHasl CXOQHMOCTb psiia Z fn(2)/(2—a) cnenyer u3 paBHOMEpPHOH
n=0 ’
(o)
CXOIHMOCTH Psifa ) fr (2).
n=0

g*
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a OTCI0AA, KK B'§ 5.22, credyer, yto npegea lim [{Q) (a+h)—D(a)} h"l]
h=>0

P (2)

) . » ,
CYWeCTBYET U PaBeH 55— (—2———~—a)2dz, u nostoMy @ (2)—aHaauTHyeckas
¢ .

¢yHkuusa sryTpu C. Jlajee, npeofpasys 3T0T NOC/AeIHII HHTErPA TEM XKe

CaMBIM CNOCOOOM, KakuM Mbl Npe0oODPa30RaNM MepPBLIH, Mbl yBHAMM, 4TO
[e] fee]

D (a) = ) fr(a), Tak yro paa > fn(@) MoxHO InnddepeHuHpORATH
n=0 n=0

NOUJIEHHO.

Ecau pan amanutuueckux QyHKIMH CXOAUTCS TOAbKO B TOUKAX HE3aMKHYTOM
KDHBOH, TO O CXOAMMOCTY psila MPOU3BOIHBIX !) HUYEr0 Helb3f yTBEPKIATh.
o

n Cosnx

Hanpumep, pan Z 1 —— cxomuTca PABHOMEDHO I BELIECTBEHHBIX

n=0
o -
N —1 sin nx
sHauenut x (§ 3.34). Ho pax nepBuix HPOH3BOMHBIX Z (=11 —— cxommTes
' n=1

HepaBHOMepHO BOauzu x = (2m + 1)« (m — 1060e Leaoe 9ucao), a psA BTOPHIX

jus]

-n

npousBomnbix 3 (—1)7" cos nx He cxOnuTCS BOBCE.

n=1

CanenctBue M3 pesyabraTa § 3.7 BBITEKaeT, 4TO CyMMa CTENeHHOrO
psna OyneT aHaauTHYeCKOH dyHkpMel BHYTPH €ro Kpyra CXOIAHMMOCTH.

5.31. AHaanTrueckne (pYHKIHH, HPEACTaBJSEMble HHTErpadaMu

IMycts f(f, 2) yoOBAETBOPSiET CJAEAYIOLIUM YCJIOBHAM: €CAu { JEKHT
Ha OnpelleNeHHOM MYTH HHTerpupoBaHus (a, b); a 2 — mobad TouKa
obnactn S, TO

D fu —;{i SIBJISIIOTCH HENPEePHIBHBIMH (DYHKUUAMH f;

(D) f amasercs ananuTHYeckOH dynkuueh 2;

of
(II1) HenpepbIBHOCTH 55 Kak $YHKIUM OT 2 ABJACTCA pPaBHOMepHOMH
~
OTHOCHTeJbHO f.
b

Toraa uHTerparn ff(t, 2)dt Gyner aHaauTHYecKOR ¢yHKiueh oT 2,

a
b

0
6o cornacHo § 4.2 OH uMeeT eAMHCTBEHHYIO NPOU3BOIHYIO /Lai’?—)dt.
a

1) droro MokHO ObIAO O0XKMAaTh, TAK Kak TIJaBHag TeopeMa 3TOro paszeia
OTHOCHTCSL K PaBHOMEpPHOH CXONMMOCTH B 08yMepnod O0JACTH,
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5.32. AHajuTHueCKHe (QYHKUHMH, NpPesCTABISEMbie HHTErpajaMi
¢ GeCKOHEUHBIMH NpPeALIAMH

Ua caencteua § 4.44 (II) ewitexaer, uto ff(t, 2)dt Byner aHaau-
a

THyeCKOR (yHKHUeH OT 2 BO BCex Toukax obGaactu S, ecau: (1) uHTerpais
seaserca cxoaswumes, () f(f, 2) apasgerca aHanuTHYecKoh QyHKuMeh
OT 2, KOrla { JeXHT Ha IyTH uHTerpupoBanus, a z—g8 S, (III) npo-

of (¢, 2
H3BOLHAA —fg—z-l ABJIACTCA HENpephlBHOH ¢yHKuMelt 0Oeux NepeMeHHBIX,

o0

(IV) unrerpan /’if)é;zl dt cxonuTcsi pPaBHOMepHO mo BceHh obaactu S.

a
o

M6o ecam Tu YCJA0BUA YIOBJCTBOPEHH, TO HHTerpas ff(t, 2)dt

a
[e]

GyneT UMeTb CIMHCTBEHHYH NPOH3BOILHYIO f Of(i: 2) dt.

[43
[MpuMeHHM TOJTYYEHHYIO TeOpeMy K BeCbMa BAXHOMY HHTerpany

o0

fe—fo(t)dt,

0

rae f(t)— HenpepuisHad dyukuus, a |f(¢)| < Ke™, rne K, r He 3apu-
cat ot £. W3 npuBelleHHHX YCJIOBHH OYEBMIHO, YTO HHTerpan Gyler aua-
autHYeckol dyHkuHel oT 2, koraa Rez > r; > r.

[yCJIOBl/le (1V) yaosaersopsiercs corjacHo npusHaky § 4.431 (I), rax

foe] N
KaK uHTerpan fte“”l)fdt CXOILHTCH.}
0

5.4. Teopema Teilaopal)

PaccmotpuM  QyHKuUmio f(2), aHATHTUYECKYIO B OKPECTHOCTH TOYKH
z==a. [Tyctb C— OKPYXHOCTb B MJOCKOCTH 2 C LEHTPOM B TOYKE @, KOTO-
past He COEPIKHT HH BHYTPH, HHU Ha caMolt ceBe 0coOrX ToveK PyHKLUMH f (2),
TaK 4YTO f(2) — aHA/JIMTHYECKAs RO BCeX TOUKAX BHYTPH H Ha OKPYHK-
noctu C. Ilycts 2 = a -+ & — xakas-nubynp TouKka BHyTpH OkpYyxkuoCcTH C.

1) dopmaabHoe pasaoxkeHne Buepssie ObLIO OMy6AMKOBAHO AOKTOPOM Bpykon
Teinopom (Brook Taylor, Methodus Incrementorum, 1715).
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Tormxa mo dopmynam § 5.22 umeem

fat+n=5 [ L2 =

~  2i ) z~a—h
C

hrzﬂ
(z—a)y"*'(z—a—h)
=@+ hf @) 45 [ @+ ... AL [ (@)

}dz———

) f(2)dz- nPH!
+%/ﬁ F—a)y"*'(z—a—n) "
c
JAC))
Ho korma 2z newur wa C, BupaxeHue T Oyaer Hempe-

puiBHOH ¢ynkuued H, cTajgo OLITh, ero Moayab no caeacrsuio (1I) § 3.61
He OyleT MpPeBOCXOJHTL HEKOTOPOTO KOHEYHOro uucaa M.
ITostomy B cuay ouenkd § 4.62

1 n+1
L f(2)dzh
/-

Q“ic z—a)y'tl(z—a—h)

st 1417,

rle R — paauyc okpyxHocTH C, TaK Y10 2R eCThb AJMMHA NYTH UHTEr PHPO-
BaHHA B NOCJAEAHEM HHTerpale M R=|z-— a| 419 TOUeK Z Ha OKPYXK-
Hoctn C.

BripaxeHne B npaBoft 4acTH MNOCJeJHEr0 HEPABEHCTBA CTPeMUTCHA
K Hyao npH n— oo. MMeeM nostomy

fla+hy=f@+hf @+ f" @+ ...+ D@+ ..

YTO MOMKHO NEepEemuciTh B BHle

f@=f@+a—a)f @+ E5L 4.+ E=DL gy

DTOT peayabTAT M3BeCTeH Kak meopenma Teliropa; NOKa3aTesLCTRO,
BaHHOe 3lecb, npusaiiexur Komu. ‘

M3 Herc BHITEKAET, 4MO paduyc cxXo00uUMOCmU CHeneRKoz0 pada
He MeuplUle paduyca HauOOAbUWE20 KPY2@, HE codepiau,ezo 6auxali-
weii occ6oid moyrku Pynxyuu, npedcmasasiemoli amunm padom. A no
cneictBuil0 § 5.3 pannyc CXOIMMOCTH He 60asuie 4eM Paduyc moasko
Ymo yxa3annoz20 kpyza. CJeIOBaTENbHO, PALMYC CXOMMMOCTH Kak pa3
TAKOH, KAaKOH HeoOXOIMM I/ HCKJIOUeHUS H3 BHYTPeHHOCTH Kpyra O.u-
Kaftwelt x @ ocobeHHOCTH (YHKIHH.

BBeneM HeKOTOpnle TepMHHBI, KOTOPHIMH 6yAeM YacTO NMOJAb30BATHCA.

Ecmu f(a)=0, T0o roopsar, 4t0 f(2) uMeeT HY.» B TOUKE Z= a.
Ecau B Takoli Touke f’(a4) OTAMYHA OT HyJs, TO TOBOPAT, YTO HYJb
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oyakuun  f (@) npocmol; ecan ke Bce npoussoiuse f'(a), f7(a),

o f #7D(a) GyayT nyasmm, Tak 4YTO pasaoxenne TeHaopa ¢yrk-
M f(2) B TOUKe 2Z==ga HauuHaeTcs ¢ uaeHa (2 — a&)®, T0 roROpAT,
4ro yRKuus f(2) umeem HYAb R-20 NOPAOKG 8 MOUKe Z=a.

Mpumep 1. Halitn dyuxkuuio f(2), aHAIUTHYECKYIO BHYTPH H Ha OKPYX-
woctd C, neHTP KOTOPOH HAaxoAMTCs B Hadale KOODAHHAT H paadyC KOTOpOi
paBeH eIMHHUE, HMEOWY0 B TOYKaX OKPy®HOCTH C 3Hadenue

a—cosf +l sin 8
a?—2acos 941 —2acosb+1
(rie a > 1 u 0 — aprymenr 2).

[Mbl umeewm

f(n) (0) l f(Z) dz —

m . szrl
C

2n

! , —cos 04 isin® ]
= .‘;m' /e-nlet db (Ze_cgsa C;tgs_l;_]l = (nonoxus z = ')
0

4
_nl 1e“’”'ed(i___n!‘/' dz __[d" 1 ]__nl
T d a—et T 2w 2l (a—2) T de" a—zlmg attV
C .

[MostoMy mo teopeMe MakaopeHa ')

=
N\ 2"
1@ =X g
n=0
1. e f(2) =~(a-—z')—1 IS BCeX TOYEK BHYTPH Kpyra.
70T mpuMep BO36YMxjaeT HHTepeCHMﬁ BOIIPOC O TOM, HACKOJbKO 1€naeco-
0bpasHo onpenenmb f(2) xak (a—z) B TOUKAX BHE Kpyra. 3TOT Bonpoc 6yxner
paccmotpen B § 5.51.]
MMfpuMmep 2. Jokaszath, 9TO cpelHee apuHdMeTy1eCcKoe BceX 3HaueHHH
Py .

(o]

27" a2z’ AA TOuEK 2 HAa OKPYyMHOCTH |z|=1 paBHO a4, ecan 3,2’
v=0, v=0
ABASETCH tpnyuuen, aHaTuTHYECKOH BHYTPM H Ha Fpanuiie Kpyra |z | <

AR
[nyCTb 2 a2’ = f(2), Tak 4TO @, = v'( ) . Torna, monaraa 2z _-ei6 H non-
v=0

pasymeBas noia C OKpyXHOCTb |2 |= 1, moay4um
2r

L [ r@ds _ 1 [ f)dz _ f70)
=) T T e ST o)
0

1) dopmyna f(2) = f(0) + zf' (0) 4+ f;—f” (0)-- ..., moxrysaemas u3 dop-

Myawl TeHaopa, ecaw noaoxuth o =0, 06bluHO HasbBaeTcs gopmyroi Maxao-
pena; oHa 6bina oTKpeiTa CTHDJIHHIOM (1717) u omy6anxoBaxa Maxaoperom (1742)
B ero «Fluxionss.



136 ra. 5. OCHOBHBIE CBOHCTBA AHAJMTHYECKHX OYHKIHH

Mpumep 3. Iycrb f(2) =27; Torna f(z + £) nas Bcex 3Havenuit r Gyger
aHaAMTHUECKOM dynkumelt 4, xoraa [ k| < |z, Tak uT0 (2 4 &Y = 2" L r2’ "'

—1
+—r——’::?———)z"2h2+ ..., npuueM psap Oyner cxomuthes, Koria k| <|z|.

310 — GMHOMMAJbHAA TeopeMa.
Mpumep 4. Jokasath, 4TO ecad /i — MOJOXUTENbHOE MOCTOSHHOE HHCIO

u dynkuus (1 — 22k + h?)~": pasnomena B pan
14 kP, (2) + h2Py (2) + h*Py (2).+ ... -4

(rae Pj(2), kak aerko Buaetb, 6yAeT NONMHOMOM CTENEHM N OT Z), TO 8TOT PSA
CXORHTCH BO BCEX BHYTPEHHMX TOUKAX 2 BHYTPM 3JMICA, GOKYCH KOTOPOrQ Haxo-

IATCE B TO4KAX =1 M 2=—1 1 60J/ibIIa% NMOAYOCh KOTOPOro pasHa o (b r7Y).

PaccMoTpuM cHaualta 9ToT DA kak (yHkumio oT A. OH 6yizeT CTEHEHHBIM
panom'mo i n mostomMy O6yler CXOMHThCS A0 TeX MOP, HOKA TOYKA A NEEHT
BHYTPM HEKOTOPOr0 Kpyra B IJAOCKOCTM 4. LIeHTpoM sToro Kpyra sBJjsercd
TouKka A =0, H ero OKPYXKHOCTb IPOXOIMT 4epe3 Oumkaitmyo ¥ # =0 ocobyio

Touky GyHknuu (1 — 224 + h2) "2,
Ho .

1—2z0 4k ={h—z 4 (22— 1)} (h— 2z — (22— 1)},
‘rak 4T0 0cO6biMu TOuxkamu dyukumn (1 — 224 + 42)~ " 6yLyT TOYKM
h=z—(2—=1" u h=z4(2—1)"

ITH ocobbie TOUKH ABJAIOTCH TOYKaMK BeTBAeHHA (cM. § 5.7).]
Taxum o6pasoM, psn (A) cxoxuTcs IO Tex op, 1oka | 2| 6yner MeHbiue,
dyeM 00a BBIPAaXEHHS

le—@—D%| u |24 @ —1k]

[TocTpouM Ha MIOCKOCTH 2 3JUHMIIC, NPOXOAAWUA Yepe3 TOUKY 2, ¢ (GoKy-
camu B Todkax = 1. IlycTb 4 — ero Goabmast noayoch, a 0 — 3kcieHTpUUeCKHR
yroJl TOYKH 2 Ha HeM.

Torzia
z2=acos 0 4 i (a®— 1)"2 sin 0,
4TO JaeT
zx (2 —10"={a x (@ — 1%} (cos § F isin0),
TaK 470

|2+ (22 —1)"]|=ax (@2—1)"

Takum obpazoeM, pan (A) 6yner cxoisumuMcs IO TeX HOp, moxa | k| Gyrer
MeHbINe HAUMEHbIIero u3 uncen a -+ (a? — 1)2 u a — (a2 — 1), 1. e. 10 Tex nop,
noka || Gyaer Meubme, 4eM a — (a® — )2, Ho h=a— (@ — 1), koraa

ha=——2—(h+h—1). [Tosromy pan (A) 6yaer cxopamumcs. X0 TexX IOp, NOKa 2
oCTaercs BHYTPH aaaunca, ¢okycn xortoporo -1 m —1 u 60apimas noayockh
KOTOPOro paBHa —2—(h + 87,
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5.41. dopmn ocrarounoro uneHa B psaae Teiljopa

Iycte f(x) — sewecmeennan GYHKUUS Beu,ecmseerHOl epeMeHnoH,
¥ NYyCTb OHA HMeeT HenpepbiBHble NPOUSBOMHLIE NEPBHIX 7 NOPALKOR,
korra a L x <La-4-A.

IMpu 0 ¢ <1 umeem

757{;1 l:nl (1 — ty" pim (a+th)}=

n . n—1
= %‘31— S (a4 th) — hf'(a - th).

UHTerpupys 970 COOTHOLIEHHE MeX1y npeaenaMu 0.1 1, noayuum

n—1
ft =@+ 3 g (a)+/ﬁ—“—§§,—f<”)<a+th)dt.

m=1

O6o3naunM
1
At n—1 A{n)
Ry= gy [ A= 7" 1P -ty s,
0

" NyCcTb p — Ledoe NONOKHTEAbHOE YHCAO < I.
Torna

1
R”:—(n_fl~,z—DT(f(l — PN — H"P [P (a4t dt.

Tlycts, nanee, U, L — BepXHASl M HIKHAN TPAHHILI BHIPAKEHHS

(A —8)"? (a4 th).

Torna

1

fL(l — P Vat <
0

! 1
<JA—=pTa—o"F et mar < [UQ—eP 7 at.
0 0

Tak kak (1 —£)""? f™ (a— th) — HenpepmiBHas GyHKIHA, TO OHA
NpOXONUT dYepe3 Bce 3HaueHHs Mmexay U u L, u ciaeloBaTeNbHO, MHI
MoxeM HaltH Taxoe 0, yto 0 O L1 u

1

Ja—o" f @ thyat=p (A — 6" £ (a+ 0h),

Q
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TakuM o6pasou,

R,= F——ﬁlﬁ'(l — 6P £ (g Oh).

h"
[Monoxup p==n, NOJyUHUM R" =7 [ (a -+ 0h) — ocmamounsiii
yaen 8 gpopme Jlazpansca, a NONOKUB p==1, moay4yum

h? -1 n)
Rn=m(1—9)n F” (a—0k)
— ocmamounuii waen 8 gopme Kowu.

Base n=1 B 3TOM pesyabTaTe, MH HONyYaeM
fla+h)—f(a)=hf" (a+8h),

ecan f' (x) HempephlBHa Ha oOTpe3ke 4 < X < 4 -+ A; 3TOT Pe3yAbTaT HIBECTEH

101 Ha3BaHUeM nepsold meopems O cpednem 3nauenuu (cM. Takxke § 4.14).

Jlap6y ykasan B 1876 r. (Darboux, Journal de Math. (3), II, 291) dopmy .
OCTaTOYHOrO uwieHa B psie TeHaopa, KOTOpas OPUMEHHMA K KOMILIEKCHBIM mepe-

MEHHBIM W NOX0¥a Ha BolllenpuBefeHHY0 GopMy, naxHylo JlarpanxeM AJjs cay-

Yas BEUleCTBEHHOH NepeMeHHOH.

5.5. Mpouecc aHAAMTHUYECKOrO MPOAOJIKEHHS

Ecan BGansu Touku P c adpdukcoM 2, dynxuusa f(2) aHaamTudeckas
TO, KaK Mbl BH[IeJH, BOJU3H 3TOR TOUKM CYLIeCTBYeT pasjoxeHHe f(2)
B psil, PACHOJOMXeHHBH MO BO3PACTAIOWMM MOJIOKUTEALHBIM LIeAbIM CTene-
HIM 2 — Z;, Ipu4YeM KOI(QQUILMEHTH 9TOFO Pa3/IOXKeHHs BHPAKAIOTCA Yepes
nocJ/el0BaTe/Ibible NPOH3BOLHbIE BYHKIUH f(Z) npn 2 ==2,.

Iycts Temepp A — ocobas Touka ¢ynxumu f(2), Oamxattmas x P,
Toraa Kpyr, BHYTPH KOTOPOrO 3TO PasjoXeHHE CIPABeNJIHBO, HMeeT
Touky P ueHtpoM M PA — painycoM. ‘

[1pelno/IoKUM, UTO HAM U3BECTHH TOJbKO 3HaYeHHA BYHKLUH BO RceX
TOUKAX OKDPYXHOCTH KPyra HEeCKOJbKO MeHbIIEro, 4eM KPYr CXOILHMOCTH,
M KOHUEHTPHYECKOrO ¢ HHM M HM3BeCTHO, 4TO (yHkumus f(2) aHamdTHye-
ckas BCiofy BHyTp# Oouabliero kpyra. Toria mpelbliylllie TeOpeMbl MO-
BBOJIAIOT HAM HaWTH 3HaueHusl GYHKUMH BO BCeX TOYKAX MEHbIIEro Kpyra
B onperemnuth KO3(OHUMEHTH B pas/oxesdun Telsopa NO CTeneHsM
z— z,. Boanukaer BONpOC: MOXHO /M ONpeleqHTh QYHKUHIO B TOUKAX
BHe Kpyra TakuM o06pa3oM, uToOH (yHKMA Oblja aHAJHTHYECKOH B 0G.aa-
cTH, GoJbilie BHYTpeHHelt 0OjacTu Kpyra? :

JpyruMu CJIOBaMH, UMed cmenesnold pso, xomoptil cxodoumcsn u
npedcmasanem PYHKUUIO MOALKO B8 MO4KAX BRYMPU Kpy2a, onpe-
deaums ¢ €20 NOMOWDbIO S3HAUEHUS PYHKYUL 8 MOYKQAX BHE KPY2a.

Ilng sTOM mesM BO3bMeM Kakylo-HHOYAb TOYKY P; BHYTPH Kpyra,
HO He Ha juHun PA. Mu 3HaeM sHadweHHe (PYHKLHH ¥ BCeX ee HpOHU3~
BOAHHX B P; #, TakuM 00pasoM, MoxeM cOcCTaBuUTb pai Teftiopa (ansn
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TOA ke caMOM - pynkuuu) ¢ P; Kak HCXOAHOH TOuxOH, KOTOPHIH ompe-
HeJHT AH&ANTHYECKYIO QYHKUMIO B HEKOTODOM Kpyre ¢ HeHTpOM B P,
3roT Kpyr npocrupaerca Ao Gmuxadieti oco6oit TOuxu 1), KOTOpaa MOXeT
OniTb, a MoxeT u He OnTb Touko# A. Ho B 06oux cayyasx HOBWIH kpyr
06btyHo Oyler?) gexaTh YaCTHYHO BHE CTAPOTO KPYra CXOIHUMOCTH, H
8 MOUKAX o0AaCmMU, COOEPIHCAUUXCH 8 HOBOM Kpyee I He c00epica-
Wuxcs 8 cmapom, HOBbi pad movxcem Geuimpy npumerner Oas onpe-
Oenenusn 3HaxeRul PYRKUUL, XOMS NPEHCHUL PRO AR MO0 Henpu-
MeHuM,

[MonoGubim e 06pasoM Mbl MOXeM B3aTb MO0y Apyrylo TOWKy P,
B o0sact, B KOTOPOH 3HaueHus BYHKIIHH TeNepb HIBECTHH, W COCTABUTH
pan Te#taopa ¢ P, xak UCXOIHOH TOYKOH, A, KOTODPHH, BOOGIIE FOBOPS,
NO3BOJIUT HAM ONpelc/uTs (PYHKUMIO B APYrHX TOYKAX, B KOTOPHIX €€
3HaueHus INpexle He OblIH M3BeCTHH, H T. A.

3TOT NpollecC HA3MWBACTCA aHasumudeckum TnponoxeHueM ). [Ipu
NOMOLIH 3TOTO IPOLUECCa, UCXOMS U3 NpelcTaB/eHds QYHKLUN KaKHUM-au6o
CTeNeHHbIM DALOM, Mbl MOXKeM HaliThH /1I060e¢ YHCIO ADPYTHX CTEIEHHHIX
PALOB, KOTOPhIE ONpelensioT 3HAaueHHsl (QyHKUuH B o6nactH, K J060R
TOYKe KOTOpOft MOxkHO nonofitu u3 P, He HPOXOolf uepe3 0CcOOHIE TOUKH
GYHKUMK; COBOKYMHOCTb?) RCEX CTENMEHHBIX PSIOB, MOJAYUYEHHBIX TAKHM
06pa3oM, eOpasyeT aHAJNTHYECKOE BhipaxeHHe (QYHKUHH.

BecbmMa BamHO 3HaTh, 1aeT AM HPOJOJKEHHE IO ILBYM PAa3JHUHBIM MyTAM
PBQ, PB’Q oauH 1 TOT %€ OKOHYATEMbHBIH- CTENEHHOH DAL, AErKO CAEAYIOMUM
nyTeM y6enHTbCs, YTO Tak OYIET B TOM Cayuae, Korza QyHKiuus He uMeeT 0COGOM
TOYKM BHYTpM 3aMkHyToii KpuBOii PBQB’P. Ilyctb GyHkuus nepBOHAYANbHO
3ajaHa CTeNeHHHIM pslom S, cxoxsmuMcs B kpyre C ¢ ueHTpoM B Touke P, H
nycTb P, — kakag-au060 10uka Ha PBQ, nexamas Buytpu kpyra C. [loctpoum
AHAANTHYECKOE TMPOLOMKeHHe QyHKIHK— cTeneHHolt psa S, cxoaswuiics B kpyre C,

cuenTpoM B Touke P,. [lycrb, HaxoHen, P; — Kakas-6o TOUKa, Aexalas BHYTPH
060OHX KpyroB H BHYTpU kpusoit PBQB'P, n S;—crenem{oﬁ PAA C UEHTPOM
B P;, sBAsoIMiicS mpojotxeHueM paja S. Torga, ecau P; B35iTa AOCTATOYHO
6au3ko k Py, 6yzer uUMeTb MeCTO pPaBEHCTBO SIES; ®) B HexoTopoii obaact,
conepxatiet P, a noToMy S, 6yler aHAIHTHYECKHM NPONOMKEHHMEM psla S{,’

w60 ecan T, ecTb MpOpOMKEeHHE pAAa S;, To Mb uMeeM T,==S, B o6aacrtH, co-
nepxamedl Py, u takum obpasoMm (§ 3.73), coorBercTBYloLHEe KOshULHEHTH S,
u T, onu 1 te xe. [loBTOpeHHeM Takoro AeHCTBHA AOCTATOUHOE HHCJAO DA3 MbI
zepopmrpyeM nyTs PBQ B myrs PB’Q, ecau BHyTpu PBQB’P Her 0co6HX

1y $ynxuun, onpenensieMoil HOBHM PALOM.

2) CnoBO ¢O6GBLIYHO» OTHOCHTCA K CayuadM, € KOTOPHIMH UMTATENb MOXKET
CTOAKHYTbCSt NMPH H3YYEHHH CPABHUTENbHO 3JEMEHTAPHBIX BOINPOCOB.

3) IMo-panuysckn prolongement, mo-HeMeukH Fortsetzung, mo-aHrauiicku
continuation. :

) Takas COBOKYMHOCTb CTENeHHBIX DPAZOB Ohlna A pasauuyHbIX QyHKHuA
noayseHa XwuajdoM uHeTo aarebpamueckum mnyrem (Hill, Proc. London Math.
Soc., XXXV, 388—416 (1903)).

5) Tak kak kawab#l pasen S.
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Togek. YuTateap y6enuTCs, CAedaB HEPTEXK, 4TO BeCb IPOLECC MOXHO BHINOJHWUTDH
B KOHEYHOE 4HCAQ INAros.
Mpumep. Pan
1 F4 22 2B
stEtEtaEt .
NIpeCTaBAACT (HYHKILMIO .
) =——
F@)=—;
TOJbKO 1A TOUEK 2 BHYTpH kpyra [z]<|al.
Ho cyumecTByeT MHOPO JDYTiX CTeNeHHBIX PAIOB, NMPENCTABASIOMHX Ty e
b yHKuMIO,
1 z—b (z—b)? (z —b)®

I

a—b ' (a - b)? + (a———b)3+(a——b)4 “+ .

b
eCIH —- He DaBHO BEIICCTBEHHOMY NOJOKHUTEABHOMY HHCAY, TO Takol psn Gyrer

CXOIMTbCA B TOYKAX BHYTPH KPYFa, KOTODbIH HAXOAUTCS 4aCTMYHO BHYTPH M 4a-

ctnuno BHe |2z|<{|a|; 3™ paAbl HPENCTABMSIOT paccMaTpHBaeMyw OyHKuuio
B TOukax BHe kpyra|z|<fal.

5.501. O GyHKHHAX, K KOTOPHM He MOXeT ObiTh IpPHMEHEH Npouecc
aHAJMTHUYECKOTO NMPOAOJIKEHHA

BrINOAHUTL NPOLECC AHANMTHYECKOrO MPONOJIKEHMS OKA3bIBAaeTCs He Bcera
BO3MOXHLIM. BOsbMeM B kauecTBe mpuMepa OyHkunuwo f(2), onpeleaseMylo cTe-
IIEHHBIM PSIOM

f@=1422424 284 +z"’"+ cens

KOTOpHIH, O4€BUIAHO, CXOXMTCA BHYTPH KDYra ¢ DajgMyCoM eIMHMIA M LEHTPOM
B HaualJe KOODIHHAT.

flcHo, 4T0 f(2) > 4-co mpu 2->1-—0, Touka 1 6yner mosToMy ocoboit
TOuKOi QyHruuy f(2).

Ho

f(&y=2"41(2%),

uecan 22->1—0, To f(2%)—>o00, a crano 6uITh, f(2) > ©O; MO3ITOMY TOUKH,
mas KOTopbix 22 =1, GyayT OcoObiMu TouKaMu QYHKnuHM f(2) U 3HauuT TOYKa
2z =—1 Taxxke 6yrer ocoloi TOukOl Pyukuun f(2).

AHANOrMYHO, MOCKOABKY

f@) =242+ f(Y),

MH BHIMM, 4TO ecan 2t =1, T0 Touxa z 6yner oco6oi; BooGie AGOH KOopeHb
A1060ro0 U3 ypaBHEHWH

22=1, 2'=1, 28=1 216=1,

6ynet ocoGoit Toukoit QyHkuuu f(2). Ho BCe 3TH TOYKH JekaT Ha OKPYKHOCTH
|z| =1, n Ha aobo#t Eyre 3TOH OKPYXKHOCTH, KaK YrOJHO MaJoH, UX HMeeTCs
HeOrpaHuueHHOe 4YMCJO. [IONEITKA BHINOAHMTH INpPOLECC AHATMTHIECKOrO Ipo-
IOMKEHUAA OKA3pIBAaeTCSd TIIETHOH BCAeACTBUE CYIUECTBOBAHUS 3TOH CIOLIHOM
avHEH Oco6eHHOCTEH, Yepe3 KOTOPYI0 HEBO3MOXKHO NMPOMHTH.

B stoM cayuae oyuxuma f(2) coscem ne moycem Obimb npoOOAsCcend
00 mo4ex z, DACNOJOXEHHbIX BHE OKPYXKHOCTH |2 |==1, Takas GYHKUHS Hasbi-
BaeTCA HEnpoooAXcUMOl @yHKYuell, a NMPO OKPYKHOCTb TFOBOPSAT, 4TO OHA
apasieTcs ecmecmeenHOl zpanuyet dynryuu,
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5.61. ToxaecTBeHHOCTDh ABYX YyHKuui
Isa psana

1424224284 ...
— 14 E—D— =22+ (z—2°—(z— 2y*+ ...

_He CXOAATCS ONHOBPEMEHHO HH ILJA KaKOro 3HAauyeHHs 2 M ABAAIOTCA
PasS/IMYHBIMH Pa3N0KEHUIMH.

Tem He MeHee Mbl OOBLIYHO TOBOPMM, UTO OHM NPENCTABJAFIOT O0GHY
u my e @PYHKYWIO, Ha OCHOBAHMM TOr0 (akTa, 4TO OHM 0fa MOTYT

1
ObITD npencTaBjeHbl OLHUM M TeM XK€ PAllMOHAJNbHBIM BLHIDAXKCHHEM 1=

3neCh BOSHHKAET BOMPOC O MONCOLCMBEHHOCHMI IBYX (YHKUMH.
Koraa MOHO cKa3aTb, 4TO [Ba PA3ANYHBLX DJ3RAO0MEHH NPEeACTABSIOT
00HY u my e PYHKUUIO?

Mu Mornum Obl ompeleanTh (QyHkumio (crenys Beflepmrtpaccy) mo
METOLy NpeAnayluero Raparpada Kaxk COBOKYNHOCTh, COCTOSILYIO U3 HEKO-
TOPOr0 CTENEHHOTO pAna M BCEX LPYTHX CTENEHHHIX PAJOB, KOTOpHIe
MOTYT OBITH ROJYYeHbl H3 Hero HPOUECCOM aHAJHTHYeCKOTO NPOAOJ-
weHus. J[Ba pasJHYHBIX aHAMMTHYECKMX BHIPAXEHMA ONpeLesdaT TOrAa
ogHYy # Ty e (YHKUMIO, eciy OHH NpelCcTaBiaioT coBOH cTenmeHHble
paabl, NOJydYaeMble ONHH M3 APYrOTo NpOLOMKeHHEM,

Tak xak ¢yHKumg, aHasuTMdeckas (B cmebicae Komwm, § 5.12)
B OKPECTHOCTH HEKOTOpOH# TOYKM U B caMoM 3TOH TOUKe, MOXKeT OHTD
pasjowena B psa Tefsopa M TaK Kak CXOAUMUCH CTeneHHBIH paa HMeeT
elMHCTBeHHYI0 npousBoiHyo (§ 5.3), TO sakmiouaeM, YTO OmpeleneHue
BeltepiuTpacca 3SKBUBAJEHTHO Ha CaMOM Jeje onpefeneHuio Koum.

BaxHO OTMETHTb, 4TO npedes ROCAeG08aMEALHOCMU AHQAUMUYE~
CRUX PYHKUUE MONcem NpedCMa8AAMbs PA3ALUYHbIE QHAALMUYECKE
PYLRGUU 8 POAZAUHHBX HACMAX NAOCKOCMU. DTO MONKHO BHIAETh,
HanpuMep, M3 pacCMOTpeHus psana

[Ge]
1 1 2 1 1 1
5 (e+2)+ X 2) (rrer — 1)
n=1
CymMa nepBblX n -1 uleHOB 3TOTO pAla pPaBHa
1 1 1
‘5+<z—’?)1—rﬁ-
Pan nosroMy OyIeT CXOISIUMMCA AJif BCeX 3HaueHuH 2z (KpoMe Hy1d),
He fexamux Ha OKpyxHoctw |2z| =1. Ho npu n->o00 |2"| —0 wm
[2"| —>co, cMoTps TO TOMy, OymeT Jau |z| Goablue HIM MeHblIe exu-
HULBI; OTCIOZA MBl BHIMM, YTO cyMMa OecKOHEYHOro psila paBH3 2,
1
korna |z| <1, u pasua < KOTI |z| > 1. dmom pao npedcma-
gaflem, mMaKum o06pa3om, 00HY BYHKUUIO & MOLKAX SHYMPI OKPYIHC
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nocmu |2l =1 u coscen unyio ByHKyuo 8 moikax 8He moi e
camoll OKpyx’crocmu. Huratenb yBUAMT u3 § 5.3, uTO 5TOT pesyabrar
CBSI3aH C HEPAaBHOMEPHOH CXOAMMOCTbIG pana BOausH |2| ==1.

Bopeas ') noxa3aa, 4to ecau. o6aacts C M COBOKYNHOCTb TOYEK S TaKOBHL,
YTO TOUKY COBOKYMHOCTH S GyAyT NMpoU3BOAbHO OGJM3KM K KaXA0H Touke o6Jaa-
cti C, TO MOXET 0Ka3aThC BO3MOXHBIM ONPEAENUTh (yHKIHIO, HMEIOMYIO elMH-
CTBEHHYI0O NPOU3BOAHYIO (T. €. MOHOTE€HHYI) BO BCeX Toukax C, He mpuHajgie-
aamux k S, HO ¢yHKkuus He Oyler aHaautHueckok B C B cMsiciae Beiiep-
wirpacca.

NopobHo# dyHnknuet asaserca

_\ O\ ) exp(—exprnf)
f(z"zg }-g) 240 = (¥ an
n=1 p=0 g=

5.6. Teopema Jlopana

Becema Baxunas Teopema Onina onyGnuxoBaxa B 1843 r. JlopaHom 2);
OHd OTHOCHTCR K Da3/omeHusIM (QYHKUMH, K KOTOPHM TeopeMa Teitnopa
HeNpHUMeHHMa.

Iycte C u C/ — nBe KOHUEHTPHYECKHE OKPYKHOCTH C LUEHTPOM B 4,
U3 KOTOpHX C’ BHYTPeHHAS, W NYCTh f(2) — aHaiuTHYecKas Qynxins )
Bo Bcex Toukax Ha C u C’ w B Koable Mexay C u C’, Tlycts
a - h — kakaq-Hubyab TOYKA B 3TOM KoJblie. Toraa Mel HMeeM MO
caeacteuio § 5.21

fadmmil [1@ 4 1 @

2nl Z2-~—qa-—nh T 2w z2—a—~nh ’
C C’

Tlle TIPEANONAraeTcs, UYTO MHTErPanbl B3ATHl B IOJOXHTETLHOM Harpa-
BJAEHHH (NPOTHB YacOBOH CTPesiKM) MO COOTBETCTBYIOIUM OKPYXKHOCTAM.
310 CcOOTHOWEHHe MOeT OBITh 3allCAHO B BUIE

fat =g [ 1ol te ot + o
: :

hn hr+1
et (Z—ayF+1 + GC—ay"* T (z—a—h) }dz‘*"

(z—a)" (2 — ay*+1

o [ 1@G T EE —  ee

) Borel, Proc. Math. Congress, Cambridge 1, 137—138 (1912); Lecons
sur les fonctions monogénes, 1917. PyHrkuun He GYLYT CTPOrO MOHOTrEHHBHIMH
B CMbI}(;JIe § 5.1, Tak Kak B OMTHPYeMOM npuUMepe 0pPH PACCMOTPEHHH
_jlzif)[;f_(z_)_ HYXHO mpexnodaratb, 4T0 Re(z + k) u Im (2 4 h) He GyayT
OIHOBDEMEHHO PalUOHAJbHBIMH APOGAMH.

) Laurent, Comptes Rendus, XVIi, 348—349 (1843). Teopema couep-
XKHTCA B COYMHEHHH, HamMcanHoM Beilepmrtpaccom B 1841 r., HO He omy6anko-
BaHHOM, BepofiTHO, A0 1894 r. (Weierstrass, Werke, 1, 51—66).

8) CuM. moacTpouHoe npuUMeuaHue K caelcTeuio 2 § 5.2.
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Mpt HalileM, KaK IIPH J[OKa3aTeJbCTBEe TeopeMsl Teftnopa,

HHTErpaibl

/ f2) hrtide f()(z—a)’t'dz
(

z—a)tti(z—a—h) " (2 —a— h) h?+1

CTPEeMATCA K HYJJIO HPpH N —> 0O, U TAKUM 06pa30M, MH HMeeM

fla+ P =ay+ah+ ap?+ . + + 7+ .
rael)

1 d n—
n T om (zf(_Z)a)nzH " = i f(z_ a) (@) az
C

a

143

uTo

ITOT pesyabTaT M eCTb meopema Jlopana;, usMenss oGosHaueHHs,
ee MOXHO BHIPasuTb B Cleaylowed dopme: ecau gynryus f(2) — ana-
AumudecKas HG KOHuenmpuueckux oxpyscnocmax C u C/ ¢ yen-
mpox @ u 8 KOavue MexHody Humu, mo 8 w060L mMouKe z 9mo20

Koavya yuxyun f(2) moxcem Gums paszaoxcena 8 psaod

f@=ataE—0+aE—a+ ... 42+ ot

20e

t)dt
= Yu / (t]-ci()z)"+1 " = S /(t‘ a)"~1 f () dt.

Bawnuft cayyaih TeopeMet JlopaHa noJyuaercs, KOrAa BHYTPH BHY-
TpeHHeH OKpyxkHOCTH C’ HMeeTcs TOJABKO OfHAa ocofasi TOYKA, & UMeHHO
ueHTp @. B aTOM cayuae oxpyxHocTh C’ MOXHO B3ATh KAK YTOLHO
MaJo#t M, TakuM o6pasoM, pasnoweHue JlopaHa 6yaeT CNpaBelJHBO AJs

BCEX TOYeK BHYTPH OKpyxHOCTH C, HCKIOYAs® UEHTP 4.
Mpumep 1. Jokasars, uTo

;7 (- ?) Jo(x)+zfl(x)+z212(x)+ N L
.—E—Jl(x)+—z§-12(x)— ...—f-('z_,,)'z

rie

Ju(x)= —51; [ cos (nf — x sin 8) 49.
0

) Mp He MOXeEM BuUCaTb @, ==

7™ (a)
n!

f(2) He obaszateabHO Oyner aHaiurtuueckoil BuyTpu C’.

, kak B TeopeMe Tefinopa, Tak kak
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{B camom peae, paccMmarpuBaemas ¢yHKOHMa oT 2 OyzeT aHaaMTHUECKOH
B Jio6oit o6aacTH, He conepxameit Touky 2=0; caejnoBareabHO, IO TEOpeMe

Jlopaxa
X 1
e—i(z_;)=ao+alz+azz2+ oo —f—-ﬁzx——{—%——l— cees
rue
1 [ 5(3) e A Gy
=g | ¢ T ‘ e

n= o5
C c’

urae C u C’ — moGbie OKPYXHOCTH ¢ UeHTPOM B Hayajte koopnuHat. [Ipunss
3a C OKPY)>XHOCTb PajHyca €AHHHNA H MOJNOXHB 2 == ¢', MoJAyuuM

2% 2
e =—1—feiXSi“ee‘”iei 49 = /cos (10 — x sin B) db
n 2ni 2n '
0 0 .

2r

TaKk Kak fsin (nb — xsin8)d6 paBen Hymd0, Kak 3TO MOXHO BHJIETh, CAelaB

0
nojicTanoBky 0 ==2n—¢. Takum obpasoM, a,=J,(x), a b,=(—1)"a,, Tak
kaKk pasnaraemMan (YHKIMS HE H3MEHMTCH, €CAH 3aMEHUTb B Helt 2 Ha — 27
takuM 06pasom, b, == (—1)"J, (x), 1eM 10Ka3aTeNbCTBO 3aKaHUHBaeTCi.]
Mpumep 2. Tokasarts, uro B Kodpue |a| < |2]| < |b| dysknus

1

te=ao=a

MOXeT 6BITh paBﬂO)KeHa B pan
. co
N al 2"
NSHEN
n=1

S”=§ 1.3 ... @—1)-1-3... @ +2n—1) (ﬂ)z.

rie

22+ 1 (1 4 n)! b

dyukuua ABASETCA OIHOSHATHOA H AHANMTHYECKOH B 3TOM koubue (cM. § 5.7),
60 Toukd BeTBJAeHus 0, @ HEHTPAaaM3ylOT APyl ZPYra, M TakuM o6pa3oM, mo
teopeMe JlopaHa xosthdbuiueHT npyu 2" B Tpe6yeMOM DPasNOXKEeHHH DaBeH

_1__ dz bz }?
2ni F 2+l { (z—a)(b—2) !

rae C— oxpyxHocTs |z]=r, |a| <r <|b]. Toaoxue z = re!, npeobpaayem
3TOT HHTErpan B :

P2

H
=/

Q

1 1
e~ilp—n I—Le“f') 2(l—ie—"@) 2 49
b r
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Hin
1 ~ [ O% 1.3 2k 1) kpkif) ]
—_ —nier—n{ tO . - ree }X
2n ,/73 2‘ k k
b i 2 v
O 13 ... (1) ale-lis ]
< 12‘0 2 rt idﬁ

Paxst 3nech cxofarcs abCoMOTHO W PaBHOMEPHO OTHOCHTENsHO .
EnuHcTBenHble WieHbl, HaloulHe KHTerpajrl, OTJHUHbIE OT Hynast, OyXyT Te,
IAs KOTOpHIX k=1 n.
Taxum o6pasoM, xosddunuent npu 2% pasen
on o
1 /a’@ Y 13 ... @—1) 1.3...2+2n—1) af

Pz 211 oL+n (1 | py plen

Sn
27 b
0 1=0
1
IMono6HBIM e 06pasoM MOXHO JOKa3aTh, YTO KO3ddUIHEHT HpH & pascH Spat.

NDpumep 3. lMoxasars, uto

v

uz-l-z— ) bl b2

e =a0+alz+azz+...—{——;——{—-25——+—...,
rie

2n
ay = 2% [e(””)cose cos {(u— v)sin b —nd} 4b
0

)il

P2
b,= _2%/ A+ 088 o5 ((y — Y sin B — nb} 46,
0

5.61. Tlpupona ocoGenrocTell ORHO3HAUHBIX (DYHKIHUI

PaccMotpnM cravana d¢yHkumio f(2), aHaMIMTHYECKYI0O B HeKOTOpOH
3aMKHYTO# o6aacTm S BCIOAY, KpPOMe OAHOW TOUKM @& BHYTPH O6JaCTH.

ITycTs MOMXHO ONpefeNHTb TAKYI (GYHKUMIO ©(2), 4TO:

(I) ¢ aHasmTHyeckas B obmactu S,

() npu z+~a

f@=9@+ zila —+ (zfza)z + e+ (zina)” ’

Torza roBopar, 4YT0 f(2) WMeeT Ro.a0C nopAdKka n 8 Ho4Ke a,
B, B, B, .
-+ ... ————%—  Ha3HBAOT 24Q8KHOU
e T e—ar T + =
wacmeio Pyuxyun f(2) 86au3u a. Tlo ompeiedeHnio 0coOHX TOYeK
(§ 5.12) momoc spagerca ocoboit touko#. Ecim n==1, 70 Takaa ocobasa
TOYKA HA3HIBAETCH MPOCMbLM NOA0COM.

a  CyMMy

10 3. T. Yurrexep, Ox. H. Batcon
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Oco6asi Touka ONHO3HAYHOH @YHKIMH, He ABAAIOLIAACH [OMIOCOM,
HASLIBACTCH CYMWeCMBERHO 0CO00L MouKol.

Ecan cymecTBeHHo o0cof6as ToYKa @ H30JAMpOBaHHaa (T. e. echu

MOXHO HafiTH o06GaacTb, AJA9 KOTOpPOH @ Oyler BHyTpPenHeH TOYKOH u
B KOTOpOH He OyneT COLepXKaThCs APYTUX OCOOBIX TOYEK, KPOMe &),
TO MOXHO HalTi pasnoxweHue JlopaHa MO BO3pacTalOWMM M YOBIBAIOUM
CTeneHAM 2 — @, crnpaBelauBoe npu A > |z — a| >3, rie A 3aBucut
OT LPYIHX OCOGHX TOYeK GYHKUUH, & O ~— NPOUSBOJIBHO Majas BeJH-
yuHa. TakuM oGpasoM, 2.4a8Has wacms GYHKUME BOIM3H UB0IMPOBAHHON
CYllleCTBEHHO O0C0GO# TOUKH NpelcTaBiaseT COOOH OecKOHeYHBIH pAA.
- Cuenyer OTMeTUTb, YTO TIOMIOC 1O ONpelefeHU0 ABJAACTCA HI0JU-
poBaHHOM 0cO60# TOuYKOH, TaK 4TO BCe HEM3OMHPOBAHHble OCOOBlE TOUKH
(HanpuMep, InpeXedbHas TOYKa MNOCJHeROBATEJIbHOCTH TNOMOCOB) OyayT
CYlEeCTBEHHO OCOBBIMM TOYKAMH.

He cymecTtByet, BooGille roBops, pasioxeHHs (yHKnuM, xoropoe OO Obl
CNpaBefiNuBO BOJM3H HEU30JHMPOBAHHOH OCO6OH TOuKH, HamopoGHe TOro Kak pas-
JoxeHue JlopaHa CrpaBelAHBO .BOAM3H H30JIUPOBAHHOH OCOGOH TOUKH.

Caencreue. Ecau f(2) uMeer noaloc nopsajika n B TOUKE ¢ H

@) =(@—a)" f(2) (z+0a), ¢(a)= Z“;ﬂa (z—a)" f(2),

10 § (2) 6yner aHaauTHUeckoil B 3TOH TOuxe.
Mpumep 1. B6ausu uoanposaHHo# oco60it TOUKH GYHKIMA HE OrpaHHUYEHa.
[Hokasats, uTo ecaH QyHKIHA OrpaHHueHa BOAM3K 2 == a, To KO3dduuueHTH
NpH BCEX OTPHUATEJBHBHIX CTENEHAX 2 — G PaBHb HYJI0.]

4 k4

Mpumep 2. Haifitn ocobrie Todku dynxuuyu e 4 / { e® —1 }

Mpu 2=0 uucauteap aHaJAuTH4eH ¥ He pasen 0, a 3HaMeHaTelAb UMeeT
npocrofi uyab. CiaenoBaTedibHO, GYHKIUA MMEET NPOCTOH modioc B 2 =0.

[Mono6HbIM e 06pa3oM uMeeTcd NMPOCTOH MOJIOC B KamAoH u3 Touek 2nmia
(n==*1, £2, +3,...); &1 xpyrux 3HaueHu¥ 3HaMeHaTeAb OyHeT aHaluTHYe-
CKHM M He GyAeT PaBHATbLCA HYJIO.

Mpu z = @ udcauTedp HMeeT H30JMPOBAHHYIO OCOGYIO TOUKY, TaK 4TO Teo-
pema JlopaHa npuMesuma, a KO3GGHUIMEHTH B pasfoxeHud JlopaHa MoOryT GbiTh
HalieHsl JejleHYeM CTeNEHHBIX PAIOB:

1 ¢ . c2
+ z—a ' 21z —a)? +

Z—a
e(1+ 4+ ...)—1
a
YTO JHaeT pa3snNoXxeHHe, conep)xamee BCe TIOJOKHMTEJNbHBIE H OTpHLATeNAbHblE

cTenenu 2 — @. Takum o6pasoM, HPH 2 == a HMeeTCs CyHlecTBeHHO ocobas TOuKa.
Mpumep 3. [Toxasats, uTo QyHKNuA, ONpeRenseMas pAAOM

O nentl (Lt — 1)
AT = A

uMeeT TPOCThie Bo/Iockl B Toukax 2 = (1 4-n~1) Skmn (R =0,1,2, ..., n—1;

n=1,23,...

(Math. Trip., 1899)
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5.62. «BeckoHeuHO ynaJeHHas TOUKA»

[MoBenenne ¢yuxuun f(2) npu [2[ —> 0O MOXHO pacCMaTpUBATh
TakuM ke 00pasoM, KaK ee MOBefeHHe B C/Iydae, KOrla 2 CTPeMHICHA
K KOHEYHOMY Inpeneny.

Ecnn Mpl NOI0KHM Z==—~, TaK 410 6oabline 3HadeHus 2 Oynyr

NpencTaB/eHbl MajbiM{ 3HAYEHMAMH 2’ B ILUIOCKOCTH 2/, TO MeXnay 2 u 2’
6yneT B3aHMMHO ONHO3HAYHOE COQTBETCTBHE, JHUINL OBl TOALKO HH 2z, HU 2/
He OblI0 HyJeM; uToGbl CAeNaTh COOTBETCTBHE NOJHBIM, KHHOTAA YAOGHO
rOBOPHTb, YTO KOraa 2’ momajaeT B Hayalo KOOPLHHAT, 2 CTaHO-
BUTCS GeCKOHeYHO ynajeHHo# Touko#. Ho umraTenio caenyeT ocoGeHHO
OTMeTHTBb, UTO B 3TOM CJlydae 2 He Oydem oOIpellefeHHOH TOukol M
BCAKOe MpelodeHHe, K Hefl oTHocAueecsl, B LeHCTBUTEJbHOCTU ABJAAETCA
npeAJoXeHneM, OTHOCAWUUAMCA K Toyke 2’ = 0.

[ycty f(2)=1¢(2’). Torra ¢(2’) He onpeneneHa npu 2z’ =0, Ho
ee MoseneHue 86.4u3u 2z’ =0 onpelenseTca ee pasaoxenueM (Teftnopa
wiu Jlopana) no crenmensM 2, u Mbl ompegeasem ¢(0) kak lim ¢ (2'),

2 >0

ec/H 9TOT Npelledl cyuecTByeT. Hanpumep, dyHkuus ¢ (2’) MOMXeT UMeTh
Hylb TOpsiiKa m B Touke 2’ =0; B 3TOM c/ayuae pasnoweHue TeHaopa
Oyukuugr ¢(2’) OyneT uMMeTb BUA

Az'™ 4 Bz +C2™ P L,

H TakuM 06pasoM, pasnoxeHne QyHKUMH f (2), cnpaBelauBOe 1J8% A0CTa-
TOUHO GoJbLIKX 3HAYEHUH |2|, OyAeT MMeTb BHA

f(z)=;137+?%?+3‘ngn‘+

B sroM ciyuae roBopAT, uTO f(2) MMEET HYAb ROPAOKA m <8 Gec-
KOHEeYHOCmU».

Ilanee, QyHruua @(2’) MOmeT HMeTb MNOMOC HOPAAKA - M B TOYKE
2/ =0; B 3TOM Cayuae

A B C L P
?(2)= 2 -+ P -+ P =+ ... +';,‘+M+NZI+PZ 2+ cees

M TaKkuM 06pasoM, AAA NOCTATOYHO GOMBINKX 3HaueHufl |2| dyukums f(2)
MOXeT ObiThb pasfoXeHa B pan

f@)=Aen4Bem - Comr L Le4 M+ L

B 310M cayuae roBopar, uTo f(2) UMEET nOALIOC nOPAOKa m <8 Oecko-
Hewrnocmuy.

ITono6GHbiM ke 0OpPa3oM TOBODAT, 4HTO f(2) uMmeem cyuecmeenro
0co6yr mouxy 8 OGeckoHetrocmu, ecli ¢ (2’ MMeeT CYLUeCTBEHHYIO

w*
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0c00eHHOCT, B TOuKe 2/ == 0. Tax (yHKuuA € uMeer CYWECTBEHHO 0CO-
1
6yi0 TOUKY B GeCKOHEUHOCTH, MOCKOMbKY (YHKUMA e, uIn

I+ ook o

9127

MMeeT CYIECTBEHHYI0 ocofeHHOCTh npu 2/ ==-0.

Mpumep. MccaenoBars $yHKNHIO, NPeACTaBAeHHYIO PANOM

< 1 1
Zn—zm @>1).

n=0

14
(pyHKLU/Iﬂ, npejacTaBageMas 3THM DPSAOM, HMEeT ocobble TOUKH Z=En~ "

i o ;
z:_;ﬁ (n=1,2,3,...), Tak Kak B KaXIOH M3 3TUX TOUEK 3HAMeHaTeJb

OJHOTO W3 YJEHOB Pana 6yxeT paBeH HyM0. JTH ocobble TOYKM JAeXaT Ha MHH-
MOH ocH M uMewT 2 = 0 mpeneabHoH TOYKOH; TakuM OGpasoM, Aag sToH GYHK-
LMA HeJb3s COCTaBHTb HH pasnoxenus Teilnopa, nu pasnoxenus Jlopasa, cupa-
BEIJIMBOI'0 B KaKoH-AH60 06AACTH, 149 KOTOPOH Haualdo KOOpPAHHAT GyAeT BHY-
TpeHHeH TOUKOH.

Hdasi 3HaueHu#l 2, OTJAHYHBIX OT 3THX OCOGHIX TOueK, paa Oyner abcouwrHo
CXOZAIMMCS, TaK Kax mpeled oTHowenua (n 4 1)-ro uneHa k n-My paBeH

lim (n+1)""a"?=0.
n->co

PaccmarpuBaeMasd GYHKUMA fBAfETCH YeTHOH dyHknued oT 2 (1. e. oHa He
MeHsieTcs MNpH H3MEHEHWH 3HakKa 2), OHAa CTPEMHTCa K HyMo IpH |2 |-—> oo H
6yneT aHaJuTHYECKOH BHe M Ha OkpyxHocTH C pajuyca 60JbILErO, 4yeM EIHHHLA,
¢ nentpoM B Hauade. TakdM e6pa3oM, A TOYeK BHE 3TOH OKPYXHOCTH OHa
MoKeT GbiThb pas3joXeH B paa

be by by
22 2t 26 T

rie no teopeMe JlopaHa

(o)
1 /’ N' 1 a2
b = e ng_‘lz—w———A———,dZ.
2k I%i . n! a—zn,}_Z‘
C n=0

Ho
—any2k—1 2k~3,~2n
W__am T E 2 e (— Dymg-2nmz~2m
n!l(a—2" 4 2% n! ’
n=0 n=0m=0

dtor ABOHHOH pAA abCONIOTHO CXOLHUTCA mpd | 2| > 1, ¥ ecan wieHn ero
PaCOOJOXHTE MO CTENEeHAM 2, TO oH OyieT PaBHOMEDHO CXOAAMIMMCH.
Tak xak xosgdunueHT npu z2—! pasen

[e.0]
\' (— )k-1g-2kn

n!
n=0
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M eAMHCTBEHHHIH YJeH, KOTOPHH jaer He paBHB HyJI0 HHTErpafd, ecTb YieH
¢ 2-!, T0 MBI HMeeM
oo oo L
1. \ (— 1)k—1a—2kn gz (— 1yk=1 R %%
b2k=———. ————— e —— T2 ————:(—1) —lg@
n! z nla2kn
C n=0 n=0
Mostomy npm | 2] > 1 ¢yHknua MOxeT GHTL pasjiomena B paj
L e
e” % o®
P Rl + 5 e

PyHKIHS HMeeT HYAb BTOPOTO NMOpsAka B OeckOHeWHOCTH, TaK KaK pasio-
WeHHe HayMHaeTcsd € uJleHa 272

5.63. Teopema Jinysuana!l)

Iycts f(z)—auaﬂumuueclcdﬂ dOVRKYus 048 8Cex 3HaueHul 2,
u nyems |f(2)] <K npu scex snaxenuax z, z0e K—nocmoannas
(max wmo | f(2)| Oydem ozpanuwennswnm, kozda |z|— o). Tozda f(2)
ecmb NOCMOSIHHAA. :

Ilycts 2, 2/ — moOue nBe Toukn M C — Tako#t KOHTyp, urtO 2, 2’
nexar BHyTpu Hero. Torza no ¢opmyae § 5.21

[ — o= [ | et lroa
e

npuMeM 33 KOHTYp C OKDYXHOCTb C LEHTPOM B Z M PamuycoM p >

> 2|2 —z|; Ha C noaoKuM {=2z-4pe'% rak kak lC—Z’I}—;—p,

korna G nexutT Ha C, To mo ouevke § 4.62 HaxomuM, uTO

1 [
[f@)~—f@ =5/ (g%/)(;—_‘;)‘f(c)di <
¢
2=
<o | A=l kan— o)z — 2| o1,
0 "2'9

3acraBuM p—> ©0, COXpaHAf 2 K 2’ HEeNOIBWKHHIMH; TOTAA 5ICHO, YTOQ
f(2")— f(z)==0, a 3T0 8HauMT, 4TO f(2) eCTb NOCTOAHHAA.

Kak 6yner BuAHO H3 Oamkafimero mnaparpada u uactu II stoH kHuru
(raasm XX, XXI u XXII), reopema JluyBuaas moaBoJseT Xath KpaTKue K Tmpo-
CThle J0Ka3aTedbCTBA HEKOTOPHX M3 BaXKHeHINMX pe3y/AbTaToB aHaJH3a.

1) Droit Teopeme, npunaadexamell B AcHcTeuTeannocTd Komm (Cauchy,
Comptes Rendus, XIX, <1377—1378 (1844) ), naspanue O6nia0 pano bopxapnroM
(Borchardt, Journal fir Math.,, LXXXVIII, 277—310 (1880) ), xoTopHi#t Caki-
waj ee Ha Jeknuax Jluysuaas B 1847,
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5.64. dynKuan 6e3 cymecTBeHHO 0COGHX TOuYeK

[oxaxeMm Tenepn, 4mo eOUHCMBEHHLIMU OO0HO3HAYHULMU PYHK-
HQuAMUL, He UMeOWUMU HUKAKUX O0COOBX mo4uex, KpoMme NOA0COS,
80 8Cell NAOCKOCMU (8KAIOHQASL OO) ABALIOMCECA PAYUOHAALHIE PDYHKYLL.

[ycts  f(2)— Takas @yHKUMS; NYCTb €y, Cg, ..., C,-—€e 0COObIe
TOYKM B KOHEYHOH YacTH NJOCKOCTH, M NMyCTh rnaasHas 4acth (§ 5.61)
ee pas/ioXeHUs B MOJIOCE ¢, MMeeT BHA,

ar,n

T—¢ +(z_c)2+ e

(z2— )

[lycTe, HakOHell, TNaBHA YacTh ee PasJjomeHHs B HOMOCE B Gecko-
HEYHOCTH HMeeT BuI

' n.
02+ a2+ ... +a,2"
eCM 1oJI0Cca B GeCKOHEUHOCTH HET, TO BCe Ko9(dULUHeHTH B STOM pas-

JOXKEHUH PaBHB HYJIIO.
Torna Qyuxuus

k
Q. n

f(Z)—E{z_cr+(z_cr)2+ +_(z—___c—:)Tr}——

r=1

— o — 02— ... —a2",
OYeBHIHO, He HMeeT OCOOEHHOCTE# HH B .TOYKAX €y, €9, ..., Cp, HH
B 0eCKOHEYHOCTH; OHa O6YyAeT NMOTOMY aHAJINTHYECKON BCIOLY H OrpaHu-
yenHolf, koraa |z|— co, u, Takum oOpasoM, no TeopeMe Jluysunas

paBHa NOCTOAHHOW, & 3TQ 3HAYWUT, YTO

f(2)=C—+—a1z—{; a2+ ... +a,2" 4
af, af,ﬂr
+}_,{ Fpri i s s SRR +——n—},

(z—cp)”

roe C —nocrosuHas; f(2) Oyner, TakuM o0pasoM, pPauUOHANLHOH (yHK-
LMelt, U TeOpeMa JOKAa3aHa.

Ws teopeMu Jluysumaa u caeacreus (II) § 3.61 ouesuano, uro
GyHKUMA, aHauTHYecKas BCOAY (BKaWuas oo), O6yleT MPOCTO MOCTOsH-
HOHl. PyHKUHMHU, KOTODHE AB/AAIOTCA aHAJUTHYECKHMH BCIONY, UCKAIOHLAS OO,
MMelOT 60JbLIOE B3HAYEHHe; OHM HASHIBAIOTCA Heawmu @dynxyusmul).

[lpuMepaMl TaKHX (QYHKUME Cayxar e, sinz, e, Vs pesyabtaToB § 5.4

1y Ho-¢ppanuy3scku fonction entiére, no-semenkn ganze Funktion, no-anrauiicku
integral function.
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BHITEKAET, YTO IJf TAKHX (GYHKUMM paiuyc cxoiumoctd psama TeHaopa
6yneT GeCKOHEUHBIM, a M3 pe3yJbTaTa NAHHOrO maparpada fcHO, 4TO BCe
ueable QYHKUMH (KpOMe NOJHHOMOB) HMEIOT CYLIECTBEHHO OCOOBIe TOUKH
B 6ECKOHEYHOCTH.

5.7. MHOro3HauHble (PYHKNHH

PaccMoTpeHHble B npenblIyIleM H3JIOKEHHH OQYHKUHM MMEOH eNuH-
CTBeHHOe SHadueHHe (MM Npelen) I8 KAXKIONO 3HAYEHHS APTYMEHTa,
KpOMe OCOGBIX TOYeK.

Ho wmorytr OuTh onpelieieHbl ¢GYHKUUU, HMelolHe 6ojee YeM OJIHO
3HaueHHe [/ KAKIOTO SHAYeHHs 2; T4K, HANPUMEP, eCau 2 ==r (cos i+

1

+isin®), To dynxuus z? uMeeT BA SHAYCHHI:

1

1
rf(coséﬁ —{—-tsin%@), r7{cos—é—(6+2w)—+—isin%(6+2w)},

¢yukuua ke arctg x (x BewecTBEHHO) HMeeT HEOTPAHUUEHHOE YHCIO
1 1
3HayeHHH, a MMeHHO 3HaueHus Arctgx -+ nw, rie —5T <Arctgx < 5T

M n— moboe uea0e YHCJA0; APYTUMY IMPHUMEPAMM MHOTO3HAYHBIX (YyHK-
Mt aBAAOTC 1g 2, 2~%, sin(2'h).

Kaxnas us IBYX OyHKuui, MpeiCTABASEMBIX BhipaweHueM 2z, Gyler
TeM He MeHee AHAAUTHYeCKOH BCIOAY, 3a HCKAIOYeHHeM Toukd 2==0,
M Mbl MOXeM TNPHMEHSTb K HUM TeOpeMbl 9TOR raasbl. DTH JBe QYHKUHH
HA3bIBAIOTCH «BeMBAMIU MHOrO3HAYHOH QyHKuME 2'» 1),

Boobuwie rosops, MMelOTCS ONpejeneHHble TOYKH, B KOTOPHIX COBMa-
JaloT OBe MJu Gojee BeTBe WAM B KOTOPHX OXHA M3 BeTBeH HMeer
GeckOHeUHBIt Npefiest; 9TH TOYKH HA3BIBAIOTCH «TOYKAMH BETBJECHUA».
Tak ¢yHxkuua 22 uMeeT TOUKY BeTB/eHMs B O, M ecau MBl PacCMOTPHM
u3MeHeHHe 22, KOTJA Z OMMCHIBAET OKPYXHOCTb MPOTHB YaCOBOR CTPesKH
sokpyr O, T0 MBl yBuauM, uto 9 Bo3pacTaeT Ha 2w, 2 0CTaeTCs Heus-
MeHHBIM M Kax0aA Bemgs PYRKYuu nepexooum 8 OpyYi0 8emss.
Tocaennee np:acrapaser co6oit 06uiyio yepTy Touek BeTsJeHus. Hacros-
Uas KHHTd He CTPEMMTCH 1aTh NOJHOE U3J0MeHHe CBOHCTB MHOTrO3HaY-
HEX (yHKOMH, TaK KAK HAM BCeria NPUIETCSs PacCMATPUBATL 4ACTHBIE
BeTBU QyHKuu# B 006nacTaX, He CONepKAMX TOUeK BeTBJIeHUs. TaxuM
00pa3oM, GyAeT CPABHUTENBHO HETPYNHO BHIETb, MPHMEHHMA AW HENpH-
MenuMa teopema Komm. :

Tak, MBl He MO:EM MpHUMEHHTh TeopeMy Komm k Tako#t (ymkumd, Kax 272,
KOrJa MyTeM HHTETPHPOBAHHMA NBASETCA OKPYXHOCTb, OXBaTHIBAIOWAHA HAYANO

KOOPIUHAT, HO MOXHO NDHMEHHTb €€ K OHOH u3 BeTBell dymkmum 2”7, Korma

') 3Tu paccymneHuss He BHOJHE TOYHBL. ABTOpH HE OTMOBAPHBAIOT, B KaKO#
obnacTu oHM paccMaTpuBawT BeTBU. ([Tpus. ped.)
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NyTh HHTErPHPOBAaHHS NOXOGEH NyTH, NoKasaHHOMy B § 6.24, n6o Ha BceM KOH-
Type M BHYTPH Hero QyHKIMS HMEET €IMHCTBEHHOE ONPENENCHHOE 3HaueHHE.
Mpumep. JiokazaTh, 4TO €CAH Da3JHUHble 3HAUEHHS &%, COOTBETCTBYOIUHE
IaHHOMY 3HAUYEHMIO 2, NIPEXCTABJEHH TOUKAMHM Ha NIOCKOCTH KOMILIEKCHOTO mepe-
MEHHOrO, TO 3TH TOYKM OyLyT BEpUIHHAMH DPABHOYTOJbHOH NOMaHOH, BNHCAHHOH
B JOrapudMUUecKylo CIHDadb; Yyrod MemAy KacaTelbHOH M pajauyCOM-BEXTOPOM

cnupaau H2 3aBHCHT OT 4. (Math. Trip., 1899)

Vnes pasianuHbix 6emséeil (YHKUMM OKa3blBae€T HAM NOMOLIb B NOHUMaHHHI
TAKOI'0 NapajoOKca, Kax HUwecaedyonui.
Paccmorpum dyHKLHIO

y = x¥
Isi KOTOPOH
dy .«
Ty =X (1--1g x).

d o
Korza x BemecTBEHHO M OTpHLATEJbHO, —d—i— He Gyaer BewectBeHHoit. Ho

€CIM X OTPHUATENbHO M uMeeT Qopmy W%—T (rae p H g — DONOKUTeJbHbBIE

MK OTDHIATENbHbIE lleAble YHCAa), TO y OyleT BelleCTBEHHO.
[TosToMy, ecnu Mbl BEHUEPTHM BEIECTBEHHYI) KPHBYIO

y = x%,

TO Mpl OyieM MMETh AJAS OTPHUUATEAbHBIX 3HAUEHHH X COBOKYNHOCTh BEIECTBEH-
HBIX TOYEK KPUBOH, COOTBETCTBYIIIHX PAllHOHAJIbHBHIM SHAUCHHUAM X C HEYETHDBIM
snameHareneM. Torma Mbl Morau Obl nmonpo6GoOBaTh NOJYUYHTb KacaTelbHylo Kak
o d
npeleld XOpPAH, KaK eciH Obl kpuBas OHJa HempepHBHOH, M TaKUM 06pa3oM, d—i ,
BHIBEIEHHAS M3 HAKJIOHA KACATEILHOH K OCH ¥, OKAmeTcd BeIeCTBeHHOi. Bos-
HHKAaeT BOMPOC: NoueMy OObluHHE mpouece IHddepeHuHPOBaHUs TACT HeBelle-
d
CTBEHHOE 3HaueHue IJs 71—? OGbACHEHUEM CAYHHUT TO OOCTOATEALCTBO, YTO 3TH
BellleCTBEHHbIE TOYKM NPHHAAJNENKAT HE ONHOH W TOH ke BETBH (DYHKIHH.
JleHcTBUTEABHO, HMEEM
y = Pad ig x+2kmx’

rne k£ — mo6oe uenoe uncao. KaxaoMy 3HAUEHHIO R COOTBETCTBYET OJHA BETBbL
¢dyHknuy y. Tenepb, uTo0b NOAYYUTH BEIUECTBEHHOE 3HAYEHHE, KOILA X OTPH-
HAaTeAbHO, Mbl JOJKHH B34Th Hajgaexallee 3HaueHHe As k, U Imo 3na4enue k
Gylem U3MeHAMbCA, KO20a Mbl nepexodum Om OOHOU 8eu,ecm8eHHOL moyKu
K Opyezoii. ViTak, BellleCTBeHHBIE TOYKH He NPENCTABJAMOT 3HAYEHHH y, MpuHaji-
Aexamux OAHOH U TOH Xe BeTBM (GYHKUHH y = x*, M CIEIOBATEAbHO, MH He
MOMXEM OXHUIATh, UTO 3HAYEHUE Ti—’ HAxOJUMOe [Jis OHpELEeJeHHOl BeTBH, JaeTcs
TaHTEHCOM HAKAOHA K OCH X NpaMOH, cOefuHSIOmEeH ABE NPOM3BOJBLHO OJH3KHE
BEIECTBEHHBIE TOUKH.
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nbnmepm

1. Moayuuntb paanomeﬂne
1@ =r@+2{ EFEr (50 +
+ S () e o () )

M ONpPEeJeNUTh YCIOBHA H 06JlaCTb €r0 HPHMEHHMOCTH.
2, nOle‘-IPITb npH HaJJeXKalHKX YCAOBHAX DA3JOKeHUe

(o) = =2 [7( )+f’(a+3(z_a)>—|—
.+f’(a+(2i—1ﬁz——i))]+

2m
o (B [

)+ (a2 )+
: +f”'(a+(—2ﬂ1§)7n(f—_~“’)}+
+ 57 (5] 179 (a4 2520) + 19+ 26 D)
.+f(5)<a+wﬂ+_”

2m

(Corey, Ann. of Math. (2), 1, 77, (1900)).
3. [Tokasats, uto aasd paga -
[ee)
P
2t en
n=0
061aCcTh CXOAMMOCTH COCTOKT U3 IBYX OTAEAbHHX O6racreil, a HMEHHO BHemHe#

H BHyTpeHHEH 004acTH OKPYXHOCTH DAalMyCa €JHHHUA, H YTO B KaWHOH M3 HHX
PSA mpeicTaBaseT ONHY (QYHKIMIO W NPEICTABAAET €e BIOAHE.

(Weierstrass, Berliner Monatsberichte,
731 (1880), Ges. Werke, 1I, 227, 1895)

<O .
4. TMoxasats, uto dyuKuns Yy 2"' cTpeMHTCA K 6ECKOHEUHOCTH NPH 2> eXp
n=0

2nip \
<< mf) BJOAb PajHyCa, NPOBEJECHHOrO uepe3 3Ty Toqu; m — moGoe nenoe

YHCIQ, @ p NpHHHMaeT 3Hayenus 0, 1, 2, ..., (m!—1).
BriBectu orciona, uto cpym{m»m He MOXeT OBITb TIPONOMKeHA 338 SAUHHUHYIO
OKPYXHOCTh.
(Lerch, Sitz. Bohm. Acad,,
571—582 (1885—1886))
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5. [Mokasarp, 4To e€can 22— 1 He ABAAETCA MOJOKUTEIbHHIM BELIECTBEHHBIM
YHUCJIOM, TO

1
7 1 -3 1
A=) 2= lhg 2 fg g S GO Dy
3- 2n 41 Lo 1
+___52_21__(__’1§:__)_(1 2?) 2/-t2"+‘(1—12) 2 g
4]
(Jacobi u Scheibner)

6. HOKaBa.Tb, 410 €ciM 2 -1 He ABAfETCH NMOJOXKHTEILHBIM BEIECTBEHHBIM
YHCJAOM, TO

(d—2z"" -—1+—z+

f"(m+1) RN +m(m+1)-.-(m+n—

n!

1\)2” n
(mtn) gz /t" (1 —tym=14¢.
0

(Jacobi u Scheibner)

7. TokasaTb, 4T0 €Can 2 ¥ 1 — 2 He 4AAI0TCA OTPHIATENAbHLIMH BEIIECTBEH-
HBIMH UYHCJaMH, TO

+ m(m-1)...

n!

1 z

» 1
Q -22)"7/ tm(l—2) 2df=
Q
am+i m 42 (m4-2)...(m+2n—-2) Son—
= w1 {1+m+322+ T m ) (m+2n—-—11 2}+

1 1
2 _(m+2)(m+4)...(m+2n) n -
+0=2) " C T T mEy .. mFm—Dn.J (1 —g) ?at.
0 .
(Jacobl u Scheibner)

8. B pasnoxenus BHpaxenus (2 + a,2 + a,2?)™ 10 CTEHEHAM 2 OCTATOUHBIH
YjQeH NOCAe 7 uleHOB 00o3HaueH 4eped R, (2), Tak 4TO

@+ a2zt a2yt =A)+ Az 4 A22 -+ ... + Ay 1271 4 R, (2); '

Tpebyercs NOKasaTh, UTO

2z
Ry(2)=(a + a2 - a2?)y™ [ ﬂdA,,t"“] -+ @m—n 1) a2Aﬂ_ltn
0

@ T af oy @

(Scheibner)
9. Ilycts dyHxuus

(@ + a1z 4 ae?)™" f (a0 +at + a2y dt
0

pasJONKEHa O BO3PACTAIOLMM CTENeHaM 2t
Az A L5
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TpebyeTcs MOKa3aTh, YTO OCTATOUHBIH uNew moche n— 1 uiaenop Gynet

(@ + a2+ 0277 [ (8 +art + gty X
° X {nagd, —2m +n 4 1)a,A,_t} 14t

(Scheibner 1))
10. IToxasarp, uTO pan

3 2 479 (2)

n§0{1+}\n(z)e} dz" "’
rae , . .
M@ =—1dz— o tar—

U rae ¢ (2) — byHkuusa, aHaauTHueckas BOAM3M 2 = 0, cXomuTCsi BOAM3H TOUKH
2 =0; nokasaTh TaKkxke, 4TO €CAM CYMMy psjia 06o3Hauuth uepes f(2), 1O
f(2) 6yner ynosaerBopaTh AubddepeHnHaTbHOMY yPABHEHHIO

F ()= f(2)—¢(2).

(Pincherle, Rend. dei Lincei (5), V, 27 (1896))

11, IToxasath, 4TO cpelHee apuPMETHUECKOE KBaJpaTa MOAYJS 3HAYEHHH
oo

pina Y, @,2" Ha OKPYKHOCTH |2 ]==r, DaCTONOXKEHHO! BHYTPH €rO KPyra cXo-
n=0
AMMOCTH, PaBHO €YMME KBaIpaTOB MOAyJeil OTAGMBHBIX UAEHOB.

(Gutzmer, Math. Ann, XXXII, 396—600 (1888))
12, TTokasarb, 4TO pRn
< Y
Z e“z(am) zm—l
. m=1
cxoxuTcs npH | 2| < 1 u uyto npk @ > 0 ¢yHKnus, npencraBaseMas UM, MOKET
6uTL TaKKe NpeAcTaBieHa NpH | 2| < 1 uATerpamam

1 » %

a\3 [ e * dx
©) J oF ez 1M
0
H 9TO OHAa He HMeeT OCOOBIX TOUEK, KpOMe TOUKH 2z = 1.

(Lerch, Monatshefte fir Math und Phys. VIII)
13. ITokasars, 4TO paX

2t +

2 2 2!
+ = 2 { (1—2v—2v'2i) @v I 2v'2i)? + (1—2v— 2"z~ v -2z~ 1))2 } ’

"y Pe3syasTarsr npuMepoB 5, 6 u 7 aABis0TES YACTHBIME caydyasmu GopMmyd,
conepXamuxcs B aucceprauuu $ko6u (Berlin, 1825), ony6ankoBaHHOH B ero
Ges. Werke, I, 1—44, 1881. Popmyanl $lko6u Owiiu 0606wmens [Hai6Guepom
(Scheibner, Leipziger Berichte, XLV, 432—443 (1893)).
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B KOTODOM CYMMHPOBaHHME PacIpPOCTPAHAETCH Ha BCE LEdble 3HAaueHus v, v/,
xpoMe KoMGunanup v=0, v/ =0, a6COMOTHO CXOXUTCH HJs BCEX 3HAUEHUH 2,
KpOMe YHCTO MHUMBIX, H UTO €0 cyMMa 6yaer paBHa -- 1 wau — 1 COOTBETCTBEHHO
TOMy, 6yJeT AM BemeCTBeHHas YacTh 2 IOJOXHUTEIbHON WM OTPHUNATENbHOH.

(Weierstrass, Berliner Monatsberichte, 735 (1880))

. 1
14, ITokasaTts, 41O sm{(z-,—;)} MOxeT OblTh pa3joXeH B paj Buia

b b
ap-taz2- a2+ ... +71+_é§—_+ ey

B KOTOpOM KO3(dduiueHTOM KaK mpH 2", Tak u npu 2~ " Oymer

2r
1 .
-5 [ sin (2u cos 0) cos rf d6.
0
15. Tycte
= 2
\! 2
1= oy
n=1

HOKa3aTh, 4T0 f(2)— KoHeuHas M HeNpPEpPHIBHAA JJs BEIECTBEHHBIX 3HaueHu# 2,
HO He MOXeT OBITh pasdnoweHa B pal MakaopeHa no BO3PACTAOIMHEM CTEHEHAM 2,
006 BACHUTD TY KAXKYIIYIOCH aHOMaJduio.

[OTHOCHTENBHO APYFHX cJAyuaeB HeNPUTOAHOCTH Teopemnt MakijopeHa cm.
nocMeptHniif Memyap Cemseppe (Cellérier, Bull. des Sci. Math, (2), XIV,
145599 (1890)); Lerch, Journal fitr Math.,, CHI, 126—138 (1888); Pring-
sheim, Math. Ann, XLII, 153—184 (1893), Du Bois Reymond, Min-
chener Sitzungsberichte, VI, 235 (1876).]

16. Ecan f(2) — nenpepsignass ORHO3HauHa# ¢yHKHMS OT 2 B HEKoTopoi
IByMepHO#l 06nacTH M ecian

[ r@yaz=0
C

AN BCEX 3aMKHYTHX KOHTYpoB C, nexcamux BHYTpPU o6Jacth, T0 f(2) Oyner
ananuTHyecko# dyHKuueH OT 2z BCOLY BHYTpH OOJacTH.
[Aycts @ — mwbas Touka 06aacTH, H IyCThb

F(z) = f F(2) da.

M3 ycaoBuit caemyer, uto F(2) uMeeT eIHMHCTBEHHYI0 NPOH3BOIHYIO f(2).
‘Tostomy F(2) Oyzer amaamtuueckoil (§ 5.1) u, Taxum obpasom (§ 5.22),
ee NpoOM3BOjHas f(2) Oyzer Takxe aHaAMTUYeCKOH. DTO BaxHOE obpamieHHe
treopemMbl Komu mpunaniexur Mopepa (Morera, Rendiconti del R. Ist. Lom-
bardo (Milano), XXII, 191 (1889).]



FTABA 6

TEOPHS BbIMETOB U NPUJOXEHHE EE K BbIYHUCJIEHHUIO
ONPEAEJEHHBIX HHTETPAJIOB

6.1. Boruernl

Ecan ¢ynxkuua f(2) umeer nomioc mnopsika m nOpu z=—4a, TO,
10 OnpeliefieHUIO NOJIOCA, BOJIH3M TOUKH Z = @ OHa OyJeT UMeTb Pasio-
KeHHe BHLA

fO= it e )

a)m (z—a)"!

rie cp(z)—aﬂannmqecxaq dyHkuna B6aM3M 4 U B a.
Kos(duuueHT @_; B 3TOM pasoKeHHH HA3bBAeTCA §uiyemos (QyHK-
uun f(2) B moaioce a.

PaccmoTpuM  uHTErpan ff(z)dz, rje NyTeM HHTErPHUPOBAHUA §B-

3
JAETC OKPYXHOCTb 1), HEHTP KOTOPOH ecTb TOUKA @, a pamuyc p Ha-
CTOJMLKO MaJ, uTo @(2) Oyler aHaJAMTHYeCKOH BHYTpH M Ha camoit

OKPYXHOCTH.
Mul uMeeM

\" a
Jr@a=Ye, [ 2t [o@
a r=1 o a
Ho fcp(z)dzf—-o corracio § 5.2, n (nonoxus 2 — @ = pe'd) wmm

HMeeM, eCau r % 1,

. / pethi db
(z —_ a)’ rene =
2n

- o (1—r) i6 727
=p r+1f e(l ) Lﬂ[ 46 — p—r+1 [ e ] 0.
. 1—r 1y
0

') CywecTBOBaHHE TaKOH OKPYXHOCTH BHITEKAET H3 ONpENeNeHHA NOAI0CA
KaK W30AMPOBaHHOH OCOGOH TOWKH.




158 ri. 6. TEOPHf BBIYETOB

2
f dz :[id@:?m’.
s —a 6

a

Ecau xe r—=1, To

OTcloja OKOHYATEJLHO

f f(@)dz =2nia_,.

[Tycts Tenepp C — kakoOR#-au00 KOHTYD, COAepamui BHYTpH cebs
HEKOTOPOE HYHCJIO NOMOCoB &, b, ¢, ... QyHKUMH f(2) ¢ BhiYeTaMu a_,
b_{ €_4, ... COOTBETCTBEHHO; MPEANOJOXKHUM, YTO f (2) OydeT aHaAUTH-
4yecKO B OCTaNbHEIX TOYKAX BHYTPH C M Ha HeM caMoM.

Oxpy#uM TOuku @, b, ¢, ... OKpyxHOCTAMH &, B, 7, ... HACTOJBKO
MajibiMH, YTO OCOOBIMH TOYKaMH B KauAOH M3 HMX O6YAYT TOJBKO MX
LIeHTPB; TorAa QyHkuus f(2) 6yneT aHaIuTHYecKOH B 3aMKHYTOR 06aa-
CTH, orpaHuyenHolt xowtypamu C, a, 8, 7, ...

Orciona mo caeacteuio 3 § 5.2

ff(z)dzsff(z)dz+ff<z)dz+ oo =2mia_ <+ 2mib_ L ...
C a 8

TaxkuM 06pa3oM, NONyuaeM meopemy O 8udemax, a UMEHHO: ecau
f(2) — anaaumuneckan na konmype C u BHYMPU He20, 30 UCKAIO-
YeHUeM HEKOMOPO20 HUCAQ NOAIOCO8 BHYMPU KOHMYPA, MO

[ 7@ dz=2m E‘R,

(o

20¢ X R ofoanauaem cymmy 8muemos @ynxuuu f(2) 8 noaocax,
sescaugux suympu xoumypa C.
dra Teopema spnserca oGobuleHHeM TeopeMmbl § 5. 21,

Mpumevanue Ecau a—npocmod nomoc ¢ynxnuu f(2), To BblUeT
B 3T0M moawce pased lim { (z —a) f(2) ).
zZ>a

6.2. BhiunciaeHue onpexejJeHHHX HUTErpaloB

[Mpumenum Tenepb peayabTat § 6.1 K BHIUMC/AEHMIO Pa3NUUHLIX KJac-
COB OMNpele/ieHHBX HHTerpanoB. MeTOAL, KOTOpHe CJ/elyeT NMPHMEHATDH
B TOM HJH MHOM YacTHOM cJyuyae, GoJjblieft YacThI0 ACHH H3 CACAYIOLMX
TUOMYHBIX DPUMEPOB.
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6.21. Bpiunc/ieHHe HHTErpajoB HEKOTOPHIX
nepuoauuecknx GyHxnufi, B3ATHX Meway nupepenamu 0 u 2%

Wnterpan tuna
2n

fR(cosB, sin 8)d®6,
0

rlle TOAMHTErpanbHas GYHKUUS #AB/ISETCA DaUUOHAABHOH yHKIUUeH
or cosf u sinf, koHeuHo#t B 0OJMACTH HHTErPaliMH, MOXHO BBIYHCJ/HTB,
noaoxus e = z. Tax xax

1 -1 i1 L -1
cosﬂ_—2—(2+z ) smB_-Tl_.(z—z )

TO WHTerpaj NpHHUMAeT BHI fS(z)_dz, rie S(2) 6ydeT panMoHajMbLHOH
¢ . .
¢Gyukuuelt oT 2, KOoHeuHo#t Ha nyTu uuterpuposanus C, rie C — OKpyxk-
HOCTh paiyuyca elMHHLA C LEHTPOM B Hauale.
[Tostomy coriacHo § 6.1 unmezpar pasen 2wi, YMHONCEHHOMY Ha
cymmy sbivemos pyuryuu S.(2) 8 mex u3 ee noaiocos, Komopue ae-
scam BHYMplU 3MOL OKPYIHCHOCHLU.

MIpumep 1. Ecru 0 <p <1, 10

2n

f‘ o db _ f dz
1.—2p cos 0 -} p? _é i(l—pzy(z—p) °

0

ENMHCTBEHHHM [OJIOCOM NOAMHTErpadbHOH (QYyHKHMH BHYTPH OKDYXKHOCTH
ABJASETCA NPOCTON MOJMIOC B p; COOTBETCTBYWIMIHA BHIUET PaBeH

. 2—p 2n
lim — = .
zp i(1—p2){2—Dp) i(l—p?)

O1crona
2n

/ db _ 2=
I1—2pcosb+p2 1—p2°
0

Mpumep 2. Ecam 0<p< 1, 10
2%
cos? 36

J 1—2pcos284 p?
0

dz (1 1\ 1 _
—c'/f_z(723+72 ) ==y = 2R

(26 1 1)
425 (1 —pz*) (2* —p)
nojiocax, aexamux BHyTpu C; aTM momock 6yayt 0, — p’2, p'2, a Bouern

di =

rae ZR o0603HauaeT CyMMy BBIYETOB OYHKIHU P ee
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_1+p*4p (p%+1)? (P41 |
B HHUX PABHBI COOTBETCTBEHHO i C B A—ph " B a—p
MO3TOMY HMHTErpaJj paBeH
n{l—p +p2)
17—
[Tpumep 3. Ecau @ — nonoxureanuoe neioe 4yHucio, TO
2n 2r

/e“’sems(nﬁ-——sinﬁ)d(ﬂ:%, fem”sm(ne—sme)de:o.
; !

. 0
MMpumep 4 Ecima>56>0, 1o
2% 2r
db 2na do n (2a -+ b)

(a 4 b cos 6)? = (a2 —82)’"’ ; (a+bcost)? ~ @+ 5" .

6.22. BriunciaeHpe onpemedeHHbIX HHTErpajos,
B3ATHX MexAy NpegejaMH — 00 H — 0O

+-00

Briyucaum Temeps f Q(x)dx, rie Q(2)— dyuxuusg, (I) aHanuTH-
—o0

vecKas, KOrjJa MHMMAs 4acThb 2 NOJIOXHTesJbHAa WM HyJab (BCioAy, 3a
HCK/IOYeHHEM KOHeyHOro umcaa nouiocos), (II) He wumelomas nomocos
Ha BellecTBeHHo# ocu u (Il) raxas, uyro npu [2]—>o00 2Q(2)—>0
pPaBHOMepHO JJf BCeX 3HAYEHHH arg 2z, KOTOPHie YIOBJIETBODAIOT Hepa-
BeHcTBy O L argz < m®;, XAas BelueCTBEHHHIX 2, CBEpX TOrO, (IV) npexn-
noJjaraercy, '-ITO xQ(x)->0 npn X -> & oo takum o6pasom!l), uro 06a

HHTErpana fQ(x)dx " fQ(x)dx O6yAyT CXOASIHMHCH,

ITpu SallaHHOM € MB MOXeM B3ATb TaKoe p, (He 3aBHCAlee OT arg 2),
€
uro [2Q(2) [<—, xorna (2] >p, u O<Cargz<w. PaccMoTpum

f Q(2)dz, s3sThft no KoHTYpy C, COCTOSLIEMY H3 YaCTH BeieCTBEHHOH

ocn, coenunsiomedt Touku T p (rle p > py), H nonyoxpymaocm r pa-
IHyca p C IEHTPOM B Hauaje KOOPIWHAT, Jexaliefl Hal BeileCTBEHHOH
0CbI0.

Toraa cormacho § 6.1

fQ(z)dz:QwiE R,
o

1) Yenosue x Q (x) -0 camo mo cebe HenocTatouro Aas obecmedeHus Cxo-
00

JUMOCTH f Q (x) dx; paccMoTpeTh mpuMep Q (x) = (x1g x)~ L,
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rie ZR 0003HauaeT CyMMy BHUYeTOB ¢yHKuuH Q(2) B ee MOMOCAX,
Ae}ALMUX Bbile BellieCTBEHHOH ocul).
ITostomy

fQ(x)dx——QniE R| =
- ;

[ Q@ az
T

[onoskuB B 9ToM nocnenHeM uHTerpane z==pe', umeem cornacuo
ouenke § 4.62

lfQ(z)dz
r

. A
OT1cioga moayuaeM lim fQ(x) dx=2m‘2 R.
Py

= [Q(pe"“)pe“’id@ < [%d@:e.
0 0

«+ 00 c
Ho 3suauenne uHTerpasna f Q(x)dx pasHo lim fQ(x)dx; no-
p, O~»00
—00 —p

G 0
CKOJIbKY CYyLIeCTBYIOT of6a mnpelena lim fQ(x) dx wn lim fQ(x)dx.
G ¥ €0 0 p>oo ~

4

3TOT NBOHHOHM npelen coBnazaetT ¢ lim Q(x)dx.
p~>o0
-

Taxum 00pasoM, Mbl [NOKasajaH, UYTO
+ 00
[ Quoydx=2=t 3R,

3ra TeopeMa OCOGeHHO NMOJE3HA B CHElHAJbHOM cayuae, koraa Q (x)—
pauMoHa/ibHag (QYHKIHS.

[I'I pumevanue. Ecnu maxe ycnosue (IV) ne ynoBaersopsieTcss, TO MHI
BCe e MMeeM

f{Q(x)+ Q(—x)}dx nplﬁl _fQ () ' 250 E R.]

lMpumep 1. EgunctsennmM nomocoM o¢ynkuuu (22--1)"2 B nepxueir

NOJAYINOCKOCTH 4BJIAETCA MOJIOC B TOYKE 2=x] C BHUYETOM B HEM ——Tl'.

1) Q (2) He MMeeT NOMIOCOB Haj BelleCTBEHHOH OChbI0 @He KOHTypa.

11 3. T. Yurrekep, Jxk. H. Batcon
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TToatomy

[ee)
/ dxi 3
R
=00
NMpumep 2. Hycts a >0, b > 0; nokasars, 410
oo
xtdx w

(a-- bx2)* - 16225 ‘
-

Mpumep 3. PaccmarpuBas HHTerpan f~e‘w dz 10 TNPAMOYTrOAbHOMY

KOHTYpY , BEDIIMHBL KOTOPOrO Jexat B Toukax — R, R, R +-al, — R |- ai, 1o~
Ka3aTb, 8acTaBasga R—>oo, uto ecak A >0, 10

co ® 1 P
f e~ cos (Qax) dx = e~ f e gy =2\ % e"“‘zf e~ dx.
—r0 -0 0

6.221. HexkoTopeie MHTerpaanl ¢ GeCKOHRUYHBIMHU INpegetaMi,
copepammue CHHYCHl H KOCHHYCH

Ecan Q(2) ynosaersopser ycaosuem (1), (II) n (IlI) § 6.22 n
m>0, 0o Q(2) e™? rakxe YIOBJETBOPAET 3THM YCJOBHSAM.

OTCi04a BHITEKdeT, uTO f (Q(x)e™* 4 Q(— x)e~™*} dx pasen

0
Ori N R’, rae X R/—cymMa Bruero ¢yukupn Q(2) e™? B ee momo-
cax, Jexalux B BepxHefl noaynaockoctH. ClrenosarelibHO,

() ecan Q(x)— uernaa obyHkuusa, T. €. ecm Q(— x) =Q(x), T0

f Q(x)cosmx dx =i 2 R's
b
(D) ecim Q(x)— HeveTHas ¢yHKUHS, TO

fQ(x)sinmxdx:er R
0

6.222. Jlemma XKopgaHa 1)

Pesyaptatit § 6.221 Bepum, ecau Q(2) NMoAuMHseTCd MeHee orpa-
HHUYHTEJIbHOMY YCJAOBHIO, MMeHHO: Q (2) —> 0 paBHOMepHO npu 0 < arg 2 =,
korza |2|-> oo, BMecTo ycnomus, uto 2Q(2)—>0 paBHOMepHO. '

Ins pokasaTenbCTBa 3TOr0 HaM HeoOXOZMMa TeopeMa, H3BeCTHas
noj HasBaHueM JeMMbl KopaaHa:

yJordan, Cqurs d’analyse, II, 285—286, 1894.
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Ecau Q(2)->0 pasnomepro omuocumeasro argz, Ko20a z-—»co
g o6racmu 0 <argew, uecau Q(2)—anarumuyeckanl), xozda
,zl > ¢ (¢ —nocmosunan) v 0 <arge < w, mo

plin;(fem‘zQ(z)dz>=0,

r

20e I'— noayoxpyscnocms paduyca p, sexauw,0n Had sewecmsennoli
0CbIO, € WEHMpPOM 8 HAUAAE KOOPOUHAM, M — Bew,ecmsennoe noLo0-
HCUMENbHOE HUCAO.

flo nauHOMy € BHOepeM Takoe p, YTO (Q(z)|<;€-, ecan |z[> p,.
u 0 argz m Toraa npu p > p, HMeeM

f emiz Q(2) dz

k3
. f emmi (p cos 8+1p sin ) Q (peie) peie idol.
r 0

Ho [emipcos®| =1, u rtakuM 0Gpasom,

[

- T

T ’ 2
l femizQ (2)dz| < f%pe—mp sin8 g9 — 9 _;i_f pe—m s g
T 0 0
,H,z_mee,v sinf > % 0, xorza 0 L0 KL %7: 2), ¥ CneloBaTEJbHO,
1. 1
2 2mph [ 2mpb ]? *
miz d TR g —0 L Tl = &
r/e Q(2)dz <2—n—0/ pe d6_2n2m e 0 <5
Orciona

lim f e™*Q (2)dz =0.

p—>c0 T
DT1OoT peayabrarT M ecTb Jemma Kopaasa.
Haunee,

?

f {emiXQ (%) -+ e—nfiXQ (— x)} dx = 2xi 2 R — femizQ (2) dz,

3] r

1) Jlng caMoit JeMMB STO YCJIOBHE M3JHIIHE, OHO HYKHO TOJBKO 111 ee
npuMenenus. ([Ipun. ped.)

%) 910 HepaBEHCTBO CTAHOBHMTCH OYEBHMIHBIM, €CNH BBHIYEPTHTH 'PAQuKH KpH-
_BHX y==sinX, y==2x/m ero MOXHO NOKa3ath, NOKa3as, 410 (sin 6)/0 ymenb-
maertcs, koraa § sospacraer or 0 po w/2,

1u*
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H, 3acTtaBJjad p-—)OO, Mbl BHIUM cpasy, 4yTO
[ 1™ Q)+ e=mQ(— x)) dx = 2w YR
0

—— pe3yJbTaT, COOTBETCTBYIOWMA pesyabtaty § 6.221.

Mpumep 1. [Toxasats, uto npu a > 0

[ee]
cos x _ T -a
0/.x2+a2dx“2ae .
NMpumep 2. INokasatb, uto npu ¢ >0, 6 >0

[8)
{* cos 2ax — cos 2bx

=2 dx == (b—a).

0

(Baatb KOHTYp, cocTosmuii u3 OOALIION MOJYOKDYKHOCTH panuyca p, Malod
HOJXYOKPYXHOCTH paiuyca 3, o6e ¢ LEHTPOM B Hauale KOOPAMHAT, H H3 OTpe3-
KOB BeIleCTBEHHOH OCH, COeNHHSIOIMMX UX KOHIB; 3aTeM nepeliTH K mpepeny,

3acTaBass p —>co, 3 —>0)
ITpumep 3. Ilokasars, uto npu b >0, m >0

o
2 g2 -mb
(37);——1-——12%7 cos mx dx = "For— (342 — a2 — mb (3% - a?)},
ITpumep 4. Ilokasars, yto mpu 2> 0, 2> 0

oo

X sin ax 1 B
- dx = w7,
f x2 -1 B2

Npumep 5. Ilokasate, uto mpu m >0, a >0

[o0)
sin mx T g M4 2\~
f x (x% - a?)? dx =g — 443 (m + 7) ’
0 .

(B3ath XOHTYp, Kak B npHMepe 2.)
IIpumep 6. IToxkasaT, 4TO eC/H BelleCTBEHHAsH YaCTh 2 MOJIOKHTENbHA, TO

[ee)
f (emt—e~1?) -i—t =lga
0
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[Mpr umeeM

-t —fz
f(e-‘—e—'z)ﬂt—z lim !fi——dt— Y=
B t 5_)0,9_)(30[ t t J

3->0,0~> 0

!
== lim {
{

&z p2 ]
—t —t

= lim ![i—dt—fi—dt ,
5—)0,9—)00{:s t . t
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6.23. I'naBHble 3HAYeHHA HHTErpajoB

B §§ 6.22, 6.221, 6.222 6nno mpexnonokeno, uto GyHkuus Q (x) me uMeer
NONKOCOB Ha BeMECTBEHHOH ocH; ecan (yHKUMS UMeeT KOHEYHOE MHCIO npo-
cmolX TMOMOCOB HA BELIECTBEHHOH OCH, TO MBI MOMXeEM IOJYYHTH TEOPEMBI, COOT-
BETCTBYIOINME VXK€ HONYUEHHBIM, C Te€M, ONHAKO, OTJHYHEeM, 4YTO Telepb HON

HHTErpaiaMH NOHMMAKTCA KX TAaBHbE 3Hauenns (§ 4.5), a 2 R 3amensieTcs Ha

N 1O O .
2‘ R+‘Q_L R,, roe L R,—cyMMa BBIYETOB B NIOMOCAX Ha BEIIECTBEHHOH

ocd. UToOH NOAYUHTH 3TOT pPe3yabTaT, MBI {OMKHB BMECTO NpexHEero KOHTypa
B3ATL 3@ KOHTYP Ty e NOJYOKPYXHOCTb pajnyca p, OTPE3KH BEIUECTBEHHOH
OCH, COEAMHSIOLIHE TOUKH

—p oa—3b; a-+d, b—3y; b|d c—d5...,

¥ Maisle HOJYOKPYXHOCTH Hal BEIIECTBEHHOH oChbi0 paiuycoB 3y, 3y, ...
C UeHTpaMHu B a, b, ¢, ..., Tie &, b, ¢, ... —mnomock dyHkure Q (2) Ha Belle-
CTBEHHOH OCHM, M 3aT€M 3aCTaBUTb Dy, Oy, ... —>0. OO6GO3HauuM Maable NOAY-
OKPYKHOCTH uepe3 7, Yz, ...; TOTHA BMECTO COOTHONIEHHS

fQ(z)dz+fQ(z)dz=2niER
T

—p
yneMm MMeTh

P fQ(z)dz—{—Z a;igo fQ(z)dz+er(z)dz=2niER.
—p n in
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Iycrs @’ — uuer ¢ynkuuu Q (2) B @; TOTAa, NONOKMB 2 = a - 3.0t ma y,, Mbl
TOAy4HM

0
f Q(2) dz = f Q (a = 3,e™) bei® b,
T "

Ho Q(a -+ Bleie) B,e”’ —> a’ pasHOMepHO, Korxa 3; -»0; moatomy
lim f Q (2) dz = —mia’
31 >0
v

1
U, TaKUM 006pa3oM,

3
P fQ(z)dz+fQ(z)dz=2§:i2R+ﬁi2 Ry,
r

P

a oTCIOAA, npuMeHssa paccyxnenus § 6.22, nmoayuum

P fQ(x)dx=27:i (ER_*'—;—Z_RO)'

Jlerko y6enutscd, uto teopeMut §§ 6.221, 6.222 umeor coBeplIEHHO TaKHe ke
ofo6umeHH.

MeTon, npuMeneHHbIH BHIE M 3akaodanmuiics B BHAGAEHHH AYT MAJBIX’
OKpYXKHOCTEH, Ha3HBAETCH METOAOM 6bLPE3AHUS KOHTYpa.

[vo)

6.24. Buiuncienne uHTErpaios Buia fx“-‘Q(x)dx
0

Mycts Q(x) -— paunoHabHAS GYHKUHA OT X, HE HMEIOAs MOJIOCOB
HA TIOJIOXHMTENLHON YacTu BellecTBeHHOM ocu, u x9Q (x)—>0 npu x>0
M NpH X —> 0O.
a1
PaccmoTpuM uuTerpai f(———z)“ Q(2)dz,

B3aTHIH o koHTypy C, MOkasaHHOMy Ha puc. 1
M COCTOsEMY H3 Lyr OKPYXHOCTeH paauy-
p COB 0, O M NMPAMBIX JMHHA, COSHMHAIOWAX MX

KOHUB; (— 2)°” ! nonmMaercs Kk
exp {(a - Dlg(—2)},

lg(—2)y=lg|2| Fiarg(--2)

rie

Puc. 1. a :
" —rLag(—2) <™

npH 3THX YCJOBHAX MOAWHTErpajbHas QyHKuMa OyneT OLHOSHAUHOA M
aHAAMTHYECKOR HA KOHType M BHYTPH Hero, eC/IM He CUHTaTh I0JI0COB
dyukimn Q (2).
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Orcioza, ecanm yepes Er 0003HAYHM CYMMY BHIYETOB BHPAXeHUS
1
(—2)*”'Q(2) BO Bcex ero momoOCax, TO

f( (z)dz:QmEr.

Ha wmasnoft oxpym{ocm noJoxxum — 2z == 3e¢’%; rtorma umrterpan mo
ve#t OyleT paBeH —f (~z)“Q(z)Ld6 H OymeT CTPeMUTbC K HYRO

npn 30,
Ha ©Goumbinon oxpyxa{ocm NONOXHM — 2 = pe’d, uHTerpan no weft

Gyner paBeH — f(—z) Q(z)idﬂ u OyderT CTPEMUTbCA K HYMO NpH
-
p—> 00,
Ha oHO! M3 MPAMBIX NOIOKKM — 2 == xe™, a Ha Apyro# — 2=xe~";
torga (—2)*"! craHer pasHoRt x@-lex(a-1)wi,
Orciona

lim f (xe-1e=@=D =Q (x) — xa=lel@-DHQ (x)) dx = 2ri Y, 7.
§>0,p>co0 ¢

a NnoToMy

@
-
f x9-1Q(x)dx = = cosec ax 2‘ r
0

Cnencteue, Ecau Q(x) uMeeT HekOoTOopoe YHCJO NPOCTHIX HOJMIOCOB Ho
NOJIOMUTENPHOR YaCTH BEINECTBEHHOH OCH, TO BHIPE3aHHEM KOHTYpPa MOXHO IIOKa-
3aTh, 4TO

(9]
" "
Pf x%71Q (%) dx = = cosec ar Lr—n ctganzr',
0

rle 3 r’—cymma Boiueros gynxuuu 27 1Q (2) B aTux momocax.
IIpumep 1. Ecnu0<a <1, 10
[ee] w

xa—1 xa—l
mdx-——wcosec ar, P l_xdx=1:ctgan.
0

Mpumep 2Z Ecmu0<z<lu —a<a<w, TO

je o]

f 2-1 i el B=Da
F t+ e sin nz

(Minding)
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ITpumep 3. lMokasats, uto mpu — 1 < 2 < 3

X? _ wm(l—2)
f(l+x2)2 dx = i .
0

4 cos 7nz

I[Tpumep 4 IToxkasaTs, wto Ip —l<p<lu —n<di<n

O

/‘ x Pdx _m  sinph
1--2xcosh - x2 " sinpn sink °

0
(Euler)
6.3. Unrerpaant Komu

PaccMOTpUM KJAacC KOHTYPHHIX HHTerpafos, KOTOpPHIE HEPeAKO MOJE3HB HNpPH
AQHANUTHYECKHX HCCAEJOBaHUAX.

IIycts C —KOHTYp B DJOCKOCTH 2, a f(2)— dyHknua, aHanMTHYeckas
BHYTpE 4 Ha caMmoM kouType C. IlycTp ¢ (2) — Apyras QyHKuus, aHalIuTU4eCKas
BHYTPH W Ha CaMOM KOHType, 3a HCKMIOYEHHCM KOHCYHOTO UHCJAA IOJIOCOB;
uyctb &, @y, ... — Hyad GyHKnuH ¢ (2), aexamue BHYTpu C 1), 7|, 7y, ... —uX
KpatyoCcTH; NycTh, nanxee, by, by, ... —momockl 3ToH dyHkuun Baytpu C,
a s, Sy ...—— UX NMOPSAKH.

?’ (2)
¢ (2)

. 1
Torma no OCHOBHOH Teopeme O BblUeTax Tal f(2) dz 6yner pasen
C

(@9 (@)
9 (2)
MOXET MMETh EOCO6ble TOYKH TOJLKO B HOJIOCAX U B HleHX

CyMMe BLIYETOB (QYHKIHH

o £&¢ ()
¢ (2)
byskuun 9 (2). B6ausu oxHoro M3 HyneH, HampuMep a;, MH MMeeM

¢@)=A@E—a)" +BE—a)" 14 ...

B €€ IOMOoCax, JeWAalKHX BHYTPHU C.

[Tostomy
o @=Ar @—a)" T B+ D—a) 4 ...
f@=rfla)+E—a)f (@e)+ ...,
f@(2)  rif(ay)
¢ (2) 2—a,
[ (3
¢ (2)
[Tono6ubiM ke 06pasoM BolueT Npu 2 =5, paBed — §,f (b,), u60 BOAH3M
2=>5b, MBl uMeem .
9()=Cz—0b)""+D@E—b)™ "4 .,
F@=f®)+E—0)r @)+ ...,
@9 () | sifiby)
7@ T z—b,

u

Cef0BaTeNbHO, QYHKIHS

6yneT aHaauTHYECKOH B TOUKE @,

M 3HAYMT BbIUET QYHKUMH B 3TOH TOuke GyleT paBeH r,f(a)).

u TakuM o6pasoM, OyHKUHS

Oyler aHaiuTHUecKoH
B TOuke b,.

1) ¢ (2) He noMmKHa HUMETb HU RyJeH, HH DoJwocoB Ha C.
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1 ’
2ni ff(z) o ((zz)) dz= Y, rif (@) — ¥, 5if (b,
0

npuieM CyMMHDOB3HHE PAaCHpPOCTPAHAETCS Ha BCE HyJH M NOJIOCH QYHKUHH ¢ (2).

O1cona

6.31. Yucao wopHeil ypapHeHHs, COJAEpKAIHXCA BHYTPH KOHTypa

PesyanTaT mpennifymero naparpada cpasy MoxeT OsiThb ODpPAMEHEH K Haxo-
WAEHUIO YUC]a KOpHEH ypaBHeHus ¢ (2) = 0, Aewaiux BHYTpU KoHTypa C.
W60, nonoxus f(2) =1 B npeAbliylieM pesyibTaTe, Mbl IOAYYHM, UYTO

1 ¢’ (2)
i / o) &

C

paBHO wW3OLITKY uwMcha Hyaeit Haa uumcioM mnomocoB QyHKIuH ¢ (2), COmEpHa-

muxca BHyTpU C, cuMTasd Kaw/nlH NOJIOC H HYJAb COOTBETCTBEHHO HX KPATHOCTH.
Mpumep 1. ITokasaTh, 4TO TONMHOM ¢ (2) CTENEHH m UMEET M KODHeil.
[Mycte

¢ (@) =a2"+a 2™ 4+ L Fan (g #0)
Torna

¢ () _ mae™ 4 . fap,
e W L i

CuaenoBarensHo, s 00abIINX 3HaveHuil | 2|

@ _m 0<1)‘

(2 =z 22

TaxuM o6pasom, ecan C — OKPYXHOCTH pajuyca p € NEHTPOM B Hagane
KOODAKHAT, MBI IOJYYHM

A e g [ 5y [o( D)=t [o()o

C
1
/O(—z)dz»O
. 2
C

Ho, kak B § 6.22,
npu p—>0o, H, NMOCKOABKY ¢ (2) He HMeeT moaocoB BHYTpu C, obmee 4ucio
HyneHl Gyskuuu ¢ (X) paBHO

lim —1—/ 2 o m,

p> oo 2T
C

Mpumep 2. Ecan Bo Bcex Toukax koHTypa C CIpaBeNJHBO HEPaBEHCTBO
lapz® | > lag+ @iz + ... Fap 2P fap 2T 4 L A ap2™
TO KOHTYP CONEPXKHMT & KOpHell ypaBHeHHS

Am™ - A2 4 L a2 40, =0.
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JeiicTBUTENbHO, 0603HAUNM
f@=apz™+an_ 2"+ .. @zt a

TOorja

£(2) = ap2* (1 +

amz™+ ... tap2Ft fap 24 L+ ao>__
akzk
=ap2® (1 +0),

rie | U]} < a <1 Ha KOHType H & HE 3aBUCHT OT 2 h.
[TosToMy umcAO KOpHe#h dyHkuuu f(2), colepxaiHxca B C, paBHO

1 (@) 1 ( k 1 au )

57 Fo Yo ) GTire @)

C c

Ho f%: 9ni; nanee, Tak Kak |U|<a, TO MBI MOXeM Da3JOXKHTb
c

(14 U)™! B pasHOMepHO cxoasmuiics pan

1—-U4 02U+ ...,
W TakuM 06pasoM,

1 dlU _ ___1_ 5 l 5 _
f-l—_;—(jﬁdz_[U LU LU ..‘]C_o.
C

MosToMy 4uchO KOpHei, comepxamuxca B C, paBHO k.
Mpunmep 3. HaiiTn, ckOAbKO KOpHEH ypaBHeHHA

264-62-1+10=0

COLEPKHTCS B KaXIOM KBapaHTe KOMIJEKCHOH IAOCKOCTH,
(Clare, 1900)

6.4. CpA3b MEXKAY HYJAMH (PYHKUHH W HYJAMH ee NPOU3BOZHOM

MaggoHnaany 2) moxasal, uto ecAu f(2) — yHxyus om 2, aHatumuveckas
SHYympL nNpOCMO0 3aMKHYmOzo Koumypa C, 0onpedersemo0z0 ypasienuem
| f(2){= M, 20e M — nocmosnnas, mo 4ucro nyreii pynxguu f(2) 6 amoi
ooracmu npesocxcoum HucCA0 HyAeld npou3dsodnoi f'(z) 8 mod mxce camoir
o0aacmuy Ha eOuHuyYy. -

Ha C MoxeM Hamucarh f(2) = Me™; torga B rouxax koHtypa C
db

f’(z)=Mei9iE’ f”(z):Meia{[%—<%>2}'

NI — HenpephisHas QyHKuUMs 0T 2 Ha C, H TakuM 00pasom, ona docmu-
2aem cBoed BepxHen rpaHnun (§ 3.62). IToatoMy ee BepxHss IpaHHlla @ JTOMKHA
6mTh MeHble 1

2y Macdonald, Proc. London Math. Soc., XXIX, 576—577 (1898).
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Cornacro § 6.31 usbriTok uncaa HyseH GyHKunm f(2) HaL YHCJAOM HydeH TMPOH3-
BoHOH f’ (2) BuyTpn C!) 6yner paseH

1 (2 1 @, 1 d20 ;db
% 7@ "Z—ch & dz——“zrzc./ (F a) dz.

Mycts s—nayra Ha €, u3MepsieMas OT OMNpeNeJeHHOH TOUKH, M HOYCTh
. Yy
¢ — yroa xacarenbHolt k C ¢ ocwvio Ox; Torza .

lf(dze_z_iidz__l[l_iﬂ_}__ lld_ﬁldz
ZY dz?/ dz AR T Qni[g ds gfs“l;'
c
df
Hanee, lgFS— eCTh YHCTO BellleCTBEHHAas BeJHYHHA, HaYaJdbHOE M KOHEYHOE 3Ha-

. dz . .
4eHHs KOTOpOHd COBHAZAIT, a lgTS == j{{; MO3TOMY H36HTOK uHucha HyJelt QyHk-

nun f(2) Hanm umcnoM Hyjael f’ (2) paBeH NmpHpallEHHIO —2% npn obxone Kpu-
Boil C; Bmoane oueBunHO ?), uto ecan C -— OOGLIKHOBEHHAs KpPHBas, TO ¢ BO3pac-
TaeT Ha 2w, KOrJa TOYKA KAacanus KacaTeJbHOH onuchBaetr kpupyw C, uto H
IOKa3BIBAeT TECOpEMY.

Mpumep 1. BosecTn u3 pesyaprata Maknonanbia T€OpeMy, 4TO MOJHHOM
CTEIeHH 1 MMeeT n HyJeH. .

Mpumep 2. IMokasatb, YTO echAu [OAMHOM f(2) MMEeT BelieCTBEHHHe
kK03(HUKEHTH M eCiH BCe HYJH €ro BelecTBEHHH M DPAa3lHYHBL, TO MEXIY
JBYMSI HOCJAEIOBATENbHHMH HYJSMH INOMMHOMA f(2) JEXHUT OJuH H TOAbKO ONHH
HYJb ero npousBOAHOH f/ (2). ‘

[Monna ykasan, yTO 3TOT PEsyAbTaT He 06A3aTENLHO CIPABEAJUB 1St DYHK-
JuH, OTAMYHBIX OT MOJMHOMOB, YTO MOXHO BHIETb HA NpUMepe QYHKIUH
(22 —4) exp(2%/3).]

JIUTEPATYPA
M. C. rdan, Cours d’analyse, II, ra. VI, Paris, 1894

Jo
. 'y pca, Kypc marematnueckoro anaausa, ra. XIV, OHTH, 1936.
E.Lindeld61, Le Calcul des résidus, ra. II, Paris, 1905.

lipumepw

1. Mycts ¢ (2) paBHa Hymo npH 2 =0, BeleCTBEHHA HPH 2z BelIECTBEHHOM
n aHaiuTHuHa B Kkpyre |z| <1, um nmycte f(x, y)—koaddunnent mpu i

') f/ (2) Re MoxeTr paBHATHCH HYMo Ha C, eciu C He MMeeT HH KpaTHOH,
_HH KakoH-nmubo 1pyroft ocoboit Touku, u60 ecan f=¢ -~ i}, rde ¢ 0 ¢ Beme-

of

CTBEHHH, TO B CHJAY i—b?=— O4eBHIHO, u4TO npH f' (2) =0 B kakof-1160

ay
ouce 92 92 9% 0y
TOuKe —--, Jy ' Tx ' Ty BCE DABHAIOTCS HYM0, a 3TO H ABASETCA JOCTATOU-
HHIM ycaoBHeM IJiss 0COGOH TOUKH Ha
92 4 2 = M2,
?) OTHOCHTEJBHO: TOWHOrO JIOKasatedbcTBa cM. Proc. London Math.
Soc. (2), XV, 227—242 (1916).
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B ¢ (X - Iy), mokasath, uto mpp—1 < x <1

2T

xsin 0 . -
f T —2xcos 1 F 12 f(cos 0, sin 8) d6 = wo (x).
0

(Trinity, 1898)

+aiz

2. Unterpupys 10 KOHTYDPY NpsIMOYrosiibHHKA ¢ BepmuHaMu 0, R,

e?rz — 1
R i, i (mpuueM mpsMOyroJbHHK Bhipe3aH mpu 0 u i) u 3acrasass R —> oo, no-

Ka3aTb, YTO
o]

sin ax 1 241 1
f ey il ey vl
0 (Legendre)

3. Unterpupys no xourypy § 6.24 dyukuuo 1g (— 2) Q (2), rze Q (2) —ra-
kas panuoHanbHas ¢ysxums, uto 2Q (¢) >0, korxa | 2] >0 u kormza |2 |—>o,
MOKa3aTh, UTO ecaH Q (2) He HMeeT MNOJAICOB HAa MONOXKHUTENBHOH 4acTH Belle-

[ep)

CTBEHHOH OCH, TO f Q (x)dx paBen MuHyc cymMe BeueToB QyHkunu Ig(—2)Q(2)

0
B nogiocax ¢yukuuu Q (2); 3ZeChb MHHMas 4YacTb BHpaxeHus g (— 2) Gepercs
Meway = 7.
4, Tokasats, uro npu ¢ >0, 6 >0

oo

acos bx ; ﬂ_l a__
e/le sin (a sin bx) = =3 n (e 1).

0
5. TlokasaTb, 4TO
i

- 1
2" . {qﬂlg(1+a)» mpr —l<a<l,
asin 2x xdx =
—_ 2 -
1—2acos2x+a ll%nlg(l—i—a“) npu a? > 1.
(Cauchy)
6. ITokasats, yro
(oo}
sin ¢,x  sin @,x sin @px sin ax T
f ,xl j" j” €05 @;X ... COS ApX dx=59% .. 9n
0
TI€ 91y P25 «vey Py &1, gy ..., Gy — BEILECTBEHHBIE, @ — MOJOXUTENbHAS BEAU-
YHHA H

a>le [+le |4 oos Flonl+lal+ ..o Flagl

(Stromer, Acta Math., XIX)

7. Ecau Touka 2 onuckHBaer OKpYXHOCTb C ¢ UEHTPOM a H ecaH f(2) — auna-
autTHueckass Ha C M BHYTDH Hee, 3a HCKJIOUEHHEM HEKOTOPOrO YHCJA NOMKCOB
BHYTpu C, TO TOUKAa u = f(2) oOmMiNeT 3aMKHYTY0 KPHBYI0 7 B ILIOCKOCTH u,
[Mokas3aTk, YTO €CAM KAXJAOMY dJeMeHTY KpHUBOH | mpumuchiBaeTcs Macca, npo-
NMOPUHOHANbHASY COOTBETCTBYIOUIEMY 3JEMEHTY OKPYKHOCTH C, TO LUEHTPOM Ts-
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F4
XECTH 7 OyleT TOYKA 7, TIE 7 — CyMMa BHUETOB (YHKIHH —z’f(—)a- B ee moJo-

cax, gexamux ByTpH C.
(Amigues, Nouv. Ann. de Math,
(3), XII, ctp. 142—148 (1893))
8. Tloxasatb, uTO

/ dx _ n(2a-b)
(2% + b2) (x4 a2 2a% (a | 6)%°
9, IMokasatp, uTO

(o9

f dx o om 1.3...2n—=3) 1 .

¢ (@a+b6x2)" 2% 1.2, . (n—1) a" %
n-1 n-1

10. Nycts F,(2) = ]I ]I(l — 2™P); nokasath, YTO psA
m=1 p=1

" Falen—
re=— Egm

‘6yneT aHaiuMTHuYeckoH (yHKnued npM 3HaYEHHAX 2, HE DABHHX HH OIHOMY H3
KOpHe# ypaBHeHu#t 2" =n", n 4TO cyMma BHYETOB OYyHKUHH f(2) B TnoJocax,
AOKAUMX B KOJblle MeXIY JABYMs OKDYXHOCTSMHM ¢ LEHTPAMH B Hauaje KOOp-
IMHAT W PajiyCaMy, W3 KOTOPHX ONMH MaJ, a IPYro#l 3akaiouaercs MexIy n
u n- 1, Gyner paBHa YMCAY NPOCTHIX YMCEN, MEHbIIHX 714 1.
(Laurent, Noyv. Ann. de Math,
(3), XV, 534941 (1899))

11. [Tycts A m B mpencraBisioT Ha KOMILIEKCHOH IIOCKOCTH IBa NaBHBIX
KopHA (BeleCTBEHHHX HJM KOMIUIEKCHBIX) ypaBHenust f(2) =0 cTenenn n ¢ Be-
IeCTBEHHBMH HJIM KOMIIEKCHBIMH KO3(dHUHMEenTAMY, MOKa3aTh, YTO HMEETCs 1o
kpaiineft Mepe OIMH KOpeHb ypasHeHusi f’(2) = 0 Buytpu OKDPYXHOCTH, LIEHTPOM

o k14
KOTOpO#i CJAYXHT cepelxHa otpe3ka AB u paguyc koTOpO# paBeH 5 AB ctg;.

(Grace, Proc. Camb. Phil. Soc., XI)
12. MMokasaTte, uro mpu 0 < v < 1

e?mivx _ 1 fim e2kvnl
1—e¥rix 2ni phe E—x
=—n
/' 2v=1) zni 1
————— " B3AITHI 11O OK =,
[PaCCMOTpeTb ) P el 0 OKDYKHOCTH Papuyca n— 5

u nepefiT K Tpelety, yCTpeMHB n—)oo.]

(Kronecker, Journal fir Math.,, CV)
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13. IloxasaTb, uto npu m >0

[oo]

sin®mt . mwmt! ne1__ M ovaeg
f 7 ‘”*Qn(n—l)l{” T(—2"""+
0

+L’12—1—_D'(n_4)n—l . (”"'é)! (n—2) (n—6)y=14 ... }
WccnenosaTb pasphB mHTErpania mpu m==0,
14, MMycty A+B+C+4 ...=0 u a, b, ¢,.,. — NONOKUTEALHHIE BeJH-

UHHBI, [TOKa3aTb, 4TO

oo
j'Acosax-f-Bcosbx—-}— ... +Kcos kx di =
x

0

=—Alga—Blgb— ... —Klgk
(Wolstenholme)

(k+1t0)
15. PaccmaTpuBast Ew dt, B3aTHH IO NPSMOYTOJbHHKY, Bblpe3aH-
HOMy B Hauajie KOOPAHHAT, NOKa3aTb, 4To mpH &k >0
: (k+ti) ; ¢
e / exti
i lim ———— dt ==i 4 lim P —dt
il PENT, + el
—p il

H BHIBECTH OTCI0JA, MOJAb3Ysicb KOHTypoM mpuMepa 2 § 6.222 wuam ero orpaxe-
HHEM OTHOCHTEJbHO BeLleCTBEHHOH OCH (CMOTpS IO TOMy, 6yAeT Ax x >0 uam
x < 0), uto
p
1 * X (Rt 1)
lim — [ ————
p>co T k-t
-
cMOTPst O TOMy, OyneT v x >0, x =0 nau x < 0. [DTOT UHTerpa’ u3BecTeH
1101, Ha3BaHHEM pPa3puién0z0 MHOxMcumenrs Kowu.]
16. ITokasats, uto mpn 0 <a <2, 6>0,r >0

(o9

. (1 rdx 1
a1 —_— Q1 p-—-br
fx sin (——2 an bx> FI AT Tri—te—or,

dt=2, 1 unu 0,

0
17. Mycts ¢> 0, u nyers 3, e~ "™ =¢ (#).
n=-—
—2%nt

PaccMarpuBast uHTerpad f dz, B3ATHI 10 NPSMOYTOMbHAKY € Bep-

e?ﬂ:iz —1

1 ,
IMHHAMX B TOYKAx o= (N —{——2—) =+ i{,rae N —uenoe uncno, u 3acrasaas N — co,

11I0Ka3aTb, 4TO
co—1i oo+ i

e—z’a:t ot
({J(t): / 9-275—1'2—__—1‘12— /mdé’.

—co—1{ —co+i
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PasnoxeHHeM NOIMHTErpafbHBIX (yHKnul COOTBETCTBEHHO IO CTENEHAM
e~ 2ti? 2% Y MOYJEHHHIM HHTETPHPOBAHHEM BBIBECTH, INOJAb3Ysch NpuMepom 3
§ 6.22, uro

Orciofa, moioxus ¢ = 1, nmokasartb, uro ¢ (f) = t"\'/’mp (—tl— .

ITOT pesyabTaT MNPHHALJCKHAT Hgaccoug (Poisson, Journal de I’Ecole
polytechnique, XII, rerpamp XIX, 420 (1823)); cm. takke Jacobi, Journal
fiir Math., XXXVI, 109 (1898), Ges. Werke, II, 188, 1882).

18. ITokasatsb, uro mpu £ >0

1 nw

0 — SR
2 gt —2nmat _ ;72 ymait { 142 2 e ! cos2nma }
n=1

ne= —~oo

(Poisson, Mém. de ’Acad. des Sci.,- VI, 592 (()1827); Jacobi, Journal
fir Math., I1I, 403—404 (1828), Ges. Werke, I, 264—265, 1881 u Landsberg,
Journal fir Math,, CXI, 234—253 (1893), cm. Takxke § 21.51),



FNTABA 7
PA3JIOXXEHUE ®YHKLUHA B BECKOHEYHBIE PSIAbI

7.1. ®opmyaa Jap6y !

Iycts f(2) — ananuTH4eckas BO BCeX TOYKAX OTpe3Ka, COENHHSAIO-
Wero @ ¢ 2, U ¢ (f) — NpOU3BOJLHLI! TOJINHOM CTeleHW n OT f.
Torna npu 0 ¢ 1 nuddepeHunposanueM HOJyyaeM

2 DD E— @ g (1) [ [a -t (2 — a)] =
" = — (2 — )¢ (O f [a 4t (2 — a)] +
(1) @ — @) +g () D [g £ (2 — a)l.

3ameuvas, uto (™) (f) — nocrosunas, pasuas ¢ (0), u umrerpupys no ¢
or 0 no 1, mosyunm

™ (0) {f (&) — f(a)) = |
zzmgl (—1y"=-1(z -~ a)™ {?(n—m) e)) f("”) (2) — <P(rz—m) (O)f(m) (a)} +

1
+ D E—aytt o) ) ot (2 — o)l dt,
0

4TO U MpeAcTaBjseT coboft uckomMywo Qopmyay.
Pag Te#iniopa MOXHO MOJYUYMThL KaK uyacTHbM ciyuyait sToft dopmyasl,
nonoxus 8 Heft ¢(#)==(f — 1)" u sacrasass n— co.

[Tpumep. 3amenss B dopmyae Hap6y n Ha 2n u Geps o (£) =" (¢ —1)8,
NOJYYHTh pasjoxeHne (npernnofarasi, 4T0 OHO CXOJUTCH)

f@)— 1@ =Y ELEZD pw ) 4 (a1 @)
n=1

# Haditu BBIPaX€HHe n-ro OCTaTO4HOro uJEHa.

1) Darboux, Journal de Math. (3), II, 271 (1876).
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7.2. Yncaa ¥ noaunoMnl bepnyaan

PyHKIIUS %zctg —;-Z—aHaJIHT[/I'-leCKaﬂ mpu |2| < 2m, W TaK Kak

OHa ueTHas, TO MOXeT ObTb pasjoxena B paig Makjopena cielyOLINM
o6pasoM: .
26
3_6_1_ T e e e
Kosdduuuent B, HasuiBaetcss n-M wucaom bepuysaul).
MoxHO noOkasaTe, uTO?)
1 1 1 1 5
Bi=% B=g B=p B=5% B=g -

ITH YKCaAa MOryT ObiTh BHIpaXEHB ONpeleeHHBIMM HMHTErpasjiaMu.
B camom mene, corsacHo npuMepy 2 ra. 6 (ctp. 172)

1 1 2? 2t
’Q‘thg 723—‘1 '—‘BIQ—|_32F—B

(o]

*sin px dx 1 i ,
[ =gy paip =
0

1 1 ©@p)? (2p)*
_§F+2_E{I+Bl o — B g +}

Ho nockonbky uHTerpan

\/0.0 x" sin (px—{— —;— mc)

1

dx

e
0

PaBHOMEPHO CXOIMTCS (no npusHaky Basne-Ilyccena) s6iusn p=0, 10
no ciaeacrsuo § 4.44 Mo MoxeMm auddepeHUHpPOBaT> 00G€ YacTH ITOTO
cooTHOWIeHNs m000e 4YHCI0 pPas3 M 3aTeM TNOAOKHTh p==0; nponesas
9TO W MOJOXKHUB 2f =— X, NOAYYAM

co
t?n—l dt
enf 1"

0

Apyroe nokasateabcTBO 9TOH (pOpMyMbi, OCHOBAHHOE HAa HHTErPHPOBAHHUH 1O

KOHQT Py, mano Kapna (C arda, Monatshefte fir Math. und Phys., V, 321324
(1894) ). .

puMep. [Tokasars, uro

oo
2n T x-ldx
B, = 727 (227 1)/ > 0.
0

B,=14n

sh x

1)y 31 uucsaa Obiau BBegeHbl SlkosoM DBepHyaau (Jakob Bernoulli) B ero
«Ars Conjectandi», crp. 97 (ony6ankoBaHO moche ero cmepth, 1713).

2) Tabaune! NEPBHIX LIECTHAECATH IBYX uucead Bepuyan Xanol Allamcom
(Adams, Brit. Ass. Reports, 1877); nepBme jeBaTh 3Havalux Uudp NEepBHIX
250 uucen Bepuyanu O6uan notoM omny6aukoBans [iemepom (Glaisher, Trans.
Camb. Phil. Soc., XII, 384—391 (1879)).

12 3. T. Yurrexep, Ix. H. Bartcon
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ert —1
PaccMoTpum Tenepb ¢hYHKUMIO t“;tf" KOTOpYI0 MOXHO pasfo-
®uTb B pal MakiopeHa no cremeHsM ¢ npu [t] < 2w,
Hoaunom Bepuyaautl) nopadka n onpenenaseTcs Kak KOS(MQHUUMeHT
n

TPK — B STOM DPa3NOKEeHHH. OH o6o3HavaeTc uepe3 @,(2), Tak uTo
[o¢]
e—1 ) gu(2)t?

et —1 n!
. n=1_

¢

DTH HOJMHOMHL 00/1aI13I0T MHOI'OYHUCJIEHHBIMH BaXHBHIMH CBOHCTBaMH,
3aMensis 2 Ha 2-+ 1 B npenblaylleM COOTHOLIGHHHM H BHYHTag HepBO-
HayaJibHOe BBHIpAXEHWE M3 BHOBb MOJYYEHHOrO, Haktnem, 4TO

e =Y lon 2+ 1) — 9, (2)) 41
n=1

CpasuuBas KO3(puuuerTsl npu £” B 06eHX YaCTSX 3TOTO PABCHCTBA,

NOJIYyYIM
1zl =g, (2 1) — 9, (2),

yTo TpeicTaBafgeT COOOH ypaBHeHHe B KOHEYHHIX pa3HOCTAX, KOTOPOMY
yAoBAeTBOPAeT (QYHKUMA @, (2).

SlBHoe BHIpaXKeHHe AAA MOJMHOMOB DBepHy/im Moxer GHITb NMOJYYeHO
cirenywoluiM o6pasoM. Mbl uMeeM

222 2343
eZt'—1=Zt+'—§'!—+T+"‘
n
t ot t i, B,f2 Bytt
o oy =l oyt e
Orcwaa

233

N o () 7 2212
PR —‘{ZH' o+t X
n=1 -
t B,t? Bt
><{1 - . S }
CpasHuBas Kos¢pdunuentsl npu ¢* (§ 3.73), noayunm

¢, (2)=2"— %—nz”"1 4 CiB2"? — CiBy" - C8By2" — .. .;

nocieinuM Gyner wien ¢ z wam ¢ 2%, a C2, C4, ... — GuHOMMa’bHbIE

KOS ULHEHTE; 3TO BhpaXKeHMe TpeACTaBaseT coGoft psaa MakJopeHa
nas n-ro noauHoMa DepHynin.

)y D10 Haspanue ObiI0 naHO Paa6e (R aabe, Journal ftir Math., XLII, 348
(1851) ). Nonpo6uwii o63op cBolicTB noauHoMoB Bepnynmn man  Hépaynnou
[Noriund, Acta Math.,, XLIII, 121—196 (1920)}.
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Ecan 2 —uenoe uucno, 10 M3 YpaBHeHNs1 B KOHEYHHX Pa3HOCTAX I[0Jay-
qaeTeAa

‘Pn,fz) =1-tgpon-t o (2 — 1)L,

Pan Maknopera 1js BhlpaxeHus B npasoit wactu Gwla naH Bepuyaau.
Mpumep. INokasats, yto npu n>1

#n (2) = (=1)"¢, (1 — 2).

7.21. Pasjoxenune diinepa—Maxkiopena

B ¢dopmysre [Tap6y (§ 7.1) 3a ¢(f) npumem o, (£), rae ¢, () — n-#
noautomM Beprynm.
-AuddepeHuupys paBeHCTBO

@t + 1) —o, () =nt""1
n—k pa3, 6yzeM HMeTb
SBG4 y— QTP By =n(n—1)... k"
[Monoxus £=0, noayuum <p$,”'k)(1)=cp£1”'k)(0). N3 psama Maxaopena
ana @, (2) umeem mpu k>0

w *TO=0, @ O=n""

n!

2k)! By

- 1
s VO =—z5nl ¢ (©O)=n!

TMoncTaBass STH 3HAYEHHA 1Js <p£l”—k)(Q) u ¢k (1) B dopmyay
Hap6y, mojyunm dopmyny O#tiepa — Maxaopena!)

G—a)f@=rf@a—rf@— (/' @&—f @)+

-1
_1yn— — )2
+2( 1) ;123’:)(12: a) (FOm (2) — Fom) (@)} —
m=1

Z2—a
2

(z — a)2n+!

1
‘"—(271?—",/ Pon (8) F27FV {a+ (2 — @) 2} dt.
0

") Ueroprss ¢opmyan paercs y Bapuca (Barnes, Proc. London Math.
Soc. (2), HI, 253 (1905) ). Oua 6biia oTkphiTa JitnepoM (1732), Ho cBOEBpeMeHHO
He Onina ony6amkoBaHa. Jiep coobuma ee (9 mionst 1736) Crupauury, KOTOPHH
orsetra (16 ampeas 1738), uto oHa Bk/IOUAeT ero COGCTBEHHYIO TeopeMy (CM.
§ 12.33) kax wactumi#i cayuafi, a Takke, uTO obulas TeopeMa orkpuita Mako-
peHoM; Diijep B MPOCTPaHHOM OTBeTe OTKAa3bIBAETCA OT NpUOPHTETA. TeopeMa
6bla ony6aukoBana JitiepoM (Euler, Comm. Acad. Imp. Petrop., VI, 68—97
(1732), Boimao u3 mevatd B 1738) m Makaopenom B 1742 r. (Maclaurin,
Treatise on fluxions, ctp. 672). MudopManHeRr OTHOCUTENBHO KODPECIOHAECHIUK
mMexny Oitnepom u Crupsunrom Mbel o6asanet Tyuau (C. Tweedie).

12*
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B HeKOTOpHIX CaAy4adx INoCJdelHHH ujeH CTPEMHTCH K HY/MO, KOrjia
n—>0CO, H MBl MOXeM, TakHM O0GpasOM, NOJYyYHTb OeCKOHeuHH#t papn Aas
1 (@) — f(a).

Hanucas © BMecto 2—a u F(x) BMecto f’(x), nepenuiueM mo-
CIefHIO (OpMYITy B BHIE

at+w

[ Fsyde =} 0 (F@+F@+w)+

n—1
(—1)™B 0™

+ —Gm {F(2m—1) (a + w) — Fem-1) (@ }+4

m=1

w2h+1

1
-+ G@n)! / @y, () F (a 4 of) dt .
b

Ecan xanuuem B stoft dopmyre ¢+ v, a+20, a-+(r— Do
BMECTO @ M CJHOXHM, TO NOJIYYUM

=m{12.F(a)+F(a+w)+F(a+2w)+... +5 Fla+ro)} +

n-1
+ (——122”1_?),,;0)2_ [Fem=D (g 4 ro)— F@m=1 (g)] + R,
m=1
rie

m=0

1 r—-1
an%{;—!— f . (t){E Fem (g - mo -+ mt)}dt.
4]

dra nocrenusas ¢GoOpMyna BeCcbMa BaKHA AJS YHCJICHHOT'O BHIYHC/EHHA
onpeneseHHEX uHTerpanos. Oua romHa B caydae, xoraa F(x)-— anaiu-
THYeCKass BO BCeX TOUKAX OTpPe3Ka, COeNHHAOWEr0o & ¢ a—ro.

NMpumep L. Ilyctp f(2) —Heuetnas ¢yHKuMs OT 2; NMOKA3aTh, 4TO

m—1 (22)*" 2

of @) =1 @)+ 3 () PBsETT paned gy
m=2

1
921521+ 1

Tt / a0 (O SO (— 24 220\ a1,
0



7.3. TEOPEMA BIOPMAHA 181

Mpumep 2. [TokasaTh HHTErPHPOBAHHEM IO YaCTHM, YTO OCTATOUHBIH UJeH
NoCAE 7t WACHOB PA3NOMEHHS o 2 Cig 5 2 MOXeT ObITE mpejcTaBieH B dopMe

1
__1 fl—lz?fl-i—l
L—(Q_rz)—l——si_n-z— ./I Dan (t) cos 2t dt.
0
(Math. Trip. 1904)

7.3. Teopema Biopmanal)

PaccMoTpuM Tenepb HeCKOAbKO TeOpeM, Uedb KOTODHIX — pa3Loswe-
Hue HeKomopoil gyuKuyuu no cmenewsm Opyz0ld Pynxyuu.

[yctb ¢ (2) — aHajutuyeckass GYHKUUS OT 2 B 3aMKHyTOH oGaaeTu S;
NMycTh, najee, @ OydeT BHyTpeHHe#t Toukoft aToi o0jaacTH U

¢(a)==">.

[MpeanonoxuM Takxe, uro ¢’ (a) =+ 0. Torza Teopema Tefinopa maer
pasnoxeHue

(@) —b=¢ @ — )+ 2@ —ap4 ...,

U eciM fBIdeTCA B3aKOHHHIM oOfpalleHHe 3STOro paia, TO MBl TOJAYyYHM
psa

1 1 a
t—a=—ry (@ —0bl— ‘{?P‘—(%j)‘“{ @ —bP+ ...,
BHIPAXAIOUHMA 2 KaK aHAJIUTHYECKYID (QYHKLMIO nepeMeHHOMH {e(2)— b}
AJst JOCTATOYHO MaJsblX sHauenutt |2 — a|. Ecam tenepy f(2) — aHauiu-
THdecKkas QyHxkuMs BOJM3M 2= 4@, TO OTClOIa CJelyeT, u4ro f(2) Oyner
Takxe aHatuTAYecKOH yHkume#t ot {9(2)— b} npu |z— a| nocra-
TOYHO ManoM; TakuM oOpasoM, Mbl OyneM HMeTb DA3/OMKeHHE BHAR

F@=F@~+a (0@ — b} + 5= {0 (&) — b+ 5 (¢ (2) — B3+ ..

Koadduuuentsl 3TOr0 pasjiodeHns [Aa0Tca cieaymoule#t TeopeMof,
W3BeCTHOM TOJ HazBauueM meopems Bropuana.
Iycme §(2) — pyrrgus om 2, onpeae/meﬂaﬂ popmyroi

YO =G

mozoa axarumu4ecKas PyHKyua f(z) Mozicem Ovimb npedcmasiena
8 onpedeaennol obaacmu 3naveruil 2 8 sude

n-1
f@=71 @+ 3~ 15 @) (4 @)1+ R,

m=1

) Biirmann, Mémoires de I'Institut, 11, 13 (1799). Cm. takxe Dixon,
Proc. London Math. Soc., XXXIV, 151—153 (1902).
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20e

<p(z)-——b =1 f' (£) ¢’ (2)dtdz
2m [f ?(t)—b ¢ —¢ (@)

U [— KoHmyp Ha naockocmu t, codepicamul SHYMPU MOYKU G U 2
u maxoi, wmo ecau { 6ydem Kaxoii-au60 mouxoi sHympu Hezo,
mo ypasuenue ¢(f)==0o L) He umeem unwx KOpHel HU HQ KOHMype,
| Hu BHYmMpUu Hez20, Kpomel) npocmozo Kopus t=1{,

ITepexons k NOKasaTeJAbCTBY, UMEEM

F@—f (a)—f FOd=—gs f f e

n—2
o [2apees| S g

m=0

n e @—0}" ] _

{e@—8}" "2 {o () —o )}
Ho coraacho § 4.3

z

1 PO =01 f B O dde
= I

e () —0b v (=0
__ le@—=pmt f fod
Zim+1D ) ey —omF

— (s (@ —p"*! /f’ O En"at
2ni (m 4 1) — gyt

__pymtl m m
=i?i‘(i,,’zjr%——£,w[f'<a> (4 @)™

[lostomy, 3aMenas m Ha m — 1, noayuum

f(z)—f(a>+2 Se@=0" 4V o) (g @)+

@(C)—b n=1 £ () o’ (L) dt dt
2’" [f ao(t)—b D=9 @

1) INpexmosaraercs, 4TOo TakoH KOHTyp MOxeT ObTb BHOpaH, eciu [z —a|
6yzer poctarouHo MmanamM; cMm. § 7.31.
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Ecau nociaeanutt MHTerpajg CTPEMUTCH K HYJA, KOIAA 2 —> 0O, TO MBI
MOXeM TMpaByl0 4YacTb 3TOrO COOTHOUIeHHS 3aMHCATh B BuiAe OeCKOHey-

HOrOo pAna.
Tpumep 1. Jokasats, yTO

N DTG, (e gy en @
z‘““"’u n!

3
n=1
rne

Cp= (Qna)"—l . n_(n__,ll)'(L?_)_(Qna)n—B_*_
L =1 (n—2) (e—3) (n—
+ 21
Uro6bl MOAYYMTH 3TO Pa3lONeHHe, MOJOXKHM B PasiIOKeHHH BopMaxa
f@=2 ¢@—b=(@E—a)e"% () =7
torga 6yieM HMeTb

(o]
n-1
n=1 2

L) 2na)"=5—

e

=a

- A" n@e-m) 4PN ety
Ho, nonoxus z==¢ -+, noayuuM { pr }Fa—{ =1 e }t=o

= (n— 1)! X kospdbunment npu #*~! B pasnoxenun OyHkuunm e~ ¥ (2a+!)
(o]

= (n— 1)! X xosdduunent mpu -1 s 2 (=D'nt"@atD"_

r!
r=0

n-1
N (=1 A" eyl
=(”“1)!><24 n—1=n1@r=n+DI"

r=0

HauGoabminM 3HayeHueM r, IPHHAMaeMbIM. B cyMMe, 6yzer r =n— 1. Pac-
nosarast MOITOMY CyMMy NO yOblBAalOLIWM HMHIEKCaM r, HauuHasi ¢ r==pn-—1
MOy 9UM

{ dan-1 o (az_ZZ)} —

n—1
dz z=a

— (___ 1)n—1 { (Qﬂd)n—l -

_’L(ir_ll)!(”_“”@na)"“ﬁ”-;- }»:(— n*ie,,

4TO u jgaer TpebyeMblil pesyJbrar.
MMpumep 2. Tloryunts pasnomeHue

. 2 1 . 2-4 1
z2=sm22+—3--§-sm4z—{— W-g—sm“z—}—

MTpumep 3. Ilycts nmpsiMas p mpoXomMT 4epe3 HAyaJo KOOPJAHUHAT HA IJO-
CKOCTH 2 NMEPHEHHKYNIPHO K NPAMOH, coefHHsiiomiel Haual0 KOOPJMHAT ¢ KaKOH-
aubo toukoit a. IokazaTh, 4TO ecau z — mobasi TOUKA Ha TIOCKOCTH 2, A€xalas
C TOH e caMOH CTOPOHBI OT HpPAMOH p, YTO W a, TO

z___a\2m+1

lgz=lgd+QZT1|_1(m,)

Com=1
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7.31. O60o6menne Teopemni Bropmana, nannoe Teiimeiipa

B npeawiayliem maparpage Mbl He HCC/IeOBAJMM MOAPOOHO yC/IOBHSA
cxoiuMocTH psna DBiopmana no TeM cooOpa¥eHMAM, YTO NpeinoJaraiu
ycTaHOBUTb BCKOpe Oosnee ofllyi Teopemy; 9T0 00o0lieHHe CTOUT
B TOM e OTHOIIEHHH K TOJbKO UYTO NAaHHOH TeopeMe, B KaKOM TeopeMa
Jlopana crouT kK Teopeme Tefsopa, a MMeHHO: B TOCJHeNHEM Naparpage
Mbl 33HMMAJHCh pasjioXeHHeM (YHKUHH TOJIbKO N0 710.20%CUMEAbHULM
creneHaM JApPYro¥ GYHKIMM, MeXAY TeM KaK Tenepb MLl PACCMOTPUM
pasjokeHue OQYHKIMH 1O NOAONCUMEABHBLM U OMPUUAMELbHBLM CTE-
[teHaM IOpyro#t ¢QyHKUHH.

O6uwas Teopema mnpuHamiexur TeHwelipal), H3T0kEHHIO KOTOPOro
ML H CjielyeM B 3TOM INaparpade.

TpeanonoxuM (I), uro f (2) — anaantudeckast QyHKIHUSA OT Z B KO.Jb-
neoGpasnoit obnactu A, orpanuvenHoff Hapyxkuo#t xpuso# C u Buy-
tpenuelt kpusoft ¢; (II) uro 0(2) — amanurTnyeckan QyHKUMA BHYTPH M
Ha camom KonType C U uMeeT TOMbKO OJMH HYJb BHYTPH 3TOTO KOHTYpa,
npuueM 3TOoT Hyab npocroli; (III) uro X — naHHas Touka BHYyTpH A;
(V) uro mas Bcex ToueK 2 Ha C Mbl HMeeM

16(0)] <0,
a 118 BCEX TOYEK Z Ha € HMMeeM
1800 > 0@/
YpasHeuue
6(2’)—6()6):0

uMeeT B STOM CJyyae eNMHCTBeHHHIH nmpocToRt Kopenp 2= x BHyTpu C,
KAK 5TO BHAHO M3 COOTHOLIEHHH %)

1 6 (2)dz 0’ (2) 0’ (2)
) TH—® [[O(z) dz+6(x)[ wep%t- ]
1 V(e
27:1(.:,‘ 0 (2)

B KOTOPOM JeBasi H NpaBasl YaCTH TPeICTaBJsI0T COOTBETCTBEHHO YHC/I0
xopuelt paccmarpusaemoro ypasnedns (§ 6.31) u uncio KopHe# ypasne-
nug 8 (2) =0, conepxamuxca sHyTpu C,

y Teixeira, Journal fir Math, CXXII, 97—123 (1900). Cm. Taxxe
Bateman, Trans. Amer. Math. Soc., XXVIII 346356 (1926).

6 (x) "
?) PasnoxeHue crpaseannBo coraacho § 4.7, u6o 2 {—6—%;)2—} paBHOMEDHO
n=1
cxXoaurcs, Korga 2 aexur Ha C.
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Teopema Komm naet mosTomy

_ 1 F@ Y (2)dz (@) b (2) dz
f(x)——g[ W= . ﬂ(z)—ﬁ(x)]'

WHrerpansl B 9TOM BbIpaXeHMd MOTYT ObiTh pasnodeHbl, TaKk Xe Kak
B Teopeme Jlopana, mo cremeusM 0 (x) no cdopmynam

f(z) 8 (2)dz 2‘ 6( ) F (@06 (2) a’z’
n=0

(@) —0(x) (6 (2))"+1
@Y @de _ N et
: 6(z)—0(x) ,12=1 (B(x))" 2/f(z) {B(z)} 8 (2) dz

TaxkuM oOpasoM, MH HMeeM (opMyay

f(x)'—'ZA 6() +Z ﬁ(x)}”’

n=0
rie
1 f(&Y(2)dz 1 -
= T(z#f-l‘ By=g [ @ (0@} Dz
c
I/IHTerpnpOBaHneM no yacTdIM Mbi NoJayuyaem npu n =+ 0
—_1 RAGE =1
Ay 2mn J 8@ dz, B,= Dnin , {O(z)}”f' (2)dz.

[

D70 u AaeT pasnoxenue GYHKuuMH f(X) 1O TOJOXKUTEJbHBIM H OTPH-
uaTenbHbIM cremeHaM B (x), rojHoe nas BCEX TOYEK X BHYTPH KOJbIle-
o6pasuoii obimactn Al),

Eciu nynau u nomocs ¢yukuuit f(2) u 0(2) suyrpu C wnssecTHbl,
10 A, 1 B, moryT OHTb BHuMCAeHH N0 MerojaMm § 5.22 wm § 6.1.

Mpumep 1. Ilokasars, uro npu | x| < 1

r= l(lj-xxe>+ 7. 4(1_2;;2 >a+ 21436 (1_%;2)54—

TlokasaTh Taxxe, 4to NpH | x| > 1 npasas yacTh mpeicrasasieT X~ L.
Mpumep 2. Iycrs S‘Q'Z) o6o3nauaer CyMMy BCeX NpousBejeHud um-
cen 22, 42, 62, ..., (2n—2)?, B3uTHIX MO m; NOKAa3aTh, YTO

2 (—1)*! 1 55 0+1) .
sin 2 0(2n—|—2)! 2n43 2n 41 -

= __1 ns n
I —D"S5(n+y }(Sm 22

3

') Kouryp ¢ B uHrerpane, omnpepenswoimeM B, MoxHo 3aMenutb Ha C.
([Tpuns. ped.)
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W DasJOKEHHe CNpaBelJHBO /i BCeX 3HaueHull 2, NMpPENCTaBASEMBIX TOUKAMH
BHYTPH TOTO W3 OBAJOB, NPEACTAaBJIACMBIX ypaBHeHMeM |sinz| =1, koropmii
cofiepKuT TOUKy 2 = 0.

(Teixeira)
7.32. Teopema Jlarpanwxa

[Ipennonoxum tenepb, uTo ¢yHkuma f(2) § 7.31 auaawruveckas
Bo BCeX Toukax BHytpu C, m nyctb 8(x)=(x — )60, (x). Toraa ¢pynx-
wus 8, (x) OyldeT aHaIMUTHYECKOH M HE DaBHOW HYMO HAa CAMOM KOH-
type C u BHYTpH Hero U MOxHO OOoHTUCH Ge3 koHTypa c¢. [lostomy
dopmyanl, maoumue A, w B,, npespamainrcs cornacuo § 5.22 u § 6.1 B

A, — 1 f(dz 1 d”“l{f(a)]
7@ |

(n>1),

2rin F —=a)y* {8, (21" nl da™!
[0 (2) dz
2m [ T8 () z—a = f(a),
B,=0.

TeopeMa nocJjaenHero naparpa@a NPUHUMAET COrJaCHO 3TOMY cCJhe-

Lywoliylo ¢GopMy, ecad NOJOKHTL O (z):m.
Hyems f(2) u ¢(2)— pyrnxyuu om 2z, aHarumuvecKile HA KOH-
mype C, OKpyocaowesn MOUKy a, I BHYMPU He2o, U nYCMb I Maroso,
ymo Oas ecex mouex z na rkonmype C ydosremsopsemcs Hepa-
BeHCMBO
lto()| < |z—al;
moz0a ypasuerue

l=a-+to®),

paccuampugaesoe Kax Ypasuerue omuocumenvio G, umeem odun
Kopens euympu wxoumypa C; daree, awbas Ppynryus om L, anaru-
mudeckas Ha u suympu C, moocem Guimbd passodcena 8 cmenernod
pAd no t no gopmuyase

FO=r@+ 3L @) e @)

n=1

dror peayabtaT Obun onyGinkosan Jlarpamkem!) B 1770 T,

[TpuMep 1. BuyTtpn metau AeMHHCKATH, OKpyXamoumell a u onpejeaseMoil
2

= lal
paBeHCIBOM |z (2 — a)] = -——, YpaBHenue

a
z2—a——=20
2

Y Lagrange, Mém. de I’Acad. de Berlin, XXIV; Oeuvres, II, 25.
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al?
mpu |e} < '4' 6yzer HMeTb OIMH KOpeHb {, pasJOXeHue KOTOpOro jpaercs

teopemoit Jlarpamxa

nl(n—1)1 a2~}

tmag 3 SO,
n=1

W3 ajnemenrapHoH TeopHH KBAajpaTHHX ypaBHEHHE Mbl 3HAEM, YTO ypaBHe-

a
HUHE 2 — O — — = 0 umeert JBa KOpHHA, a HMEHHO!

4
ey ) o sl G )

H Halle PAasJOXEHHe npedcmasisem MmOLbKO nepsuil u3 smux Kopued ') —
IpUMeEp HeOéXOﬂl/IMOCTI/I TIHATEABHOrO pacCMOTpPEHUA TaKHX PANOB.
Hpumep 2. Ilycts y — 10T U3 KOpHeil ypaBHeHHs

y=1+42y2,
koTophi#l ctpemurcs k 1 mpu 2z —0; mokasaTts, 4TO

){”=1—I—nz+ n(nz—'{—li) 22 n(n+-:}3)'(n+5)23+
R(+5)(-E6) (4T L, n (146 (kD (4 8) ()
41 z + 51 2

+ =+ ..

. 1
noka |2} < I
Opumep 3. IycTs x— 10T H3 kopHeHl ypaBreHus

x =11 yx%,
‘koropHfi cTpeMuTcs K 1, xorma y —>0; mokasaTs, 4to
20 —1 3a—1)(Ba—2
ga=y+aglyp BemP0a=D) oy

npuyeM pasaoKeHHE cnpaselyinBo NpH

Iyl < l@—1*"1a7%.
(McClintock)

7.4. Pasnoxenne GyHKuuii HeKOTOPOro Kaacca Ha NpocTeiimue Apo6u 2)

Paccmorpum yHkuMio f (2), @ AMHCTBEHHHIMU OCOOLIMH TOYKaMH KOTO-
po#t B KOHeYHOR 4YAaCTH TJIOCKOCTH SIBJAIOTCA OPOCTBIE MOJIOCH 44, do,
ag, ..., tie o] <]y L lag| < ...; nycrs by, by, by, ... — BBNETH
B 9THX noJiocax. J[OMyCTHM, YTO MOXHO BHOPaTb NOC/IEAOBATEIbHOCTH
Takux - okpyxHocre#t C,, (paguyc oxpyxsoctn C,, o6osnauuM R,) C LeH-
tpoM B O, He NPOXOAALIMX HH 4Yepe3 OAMH M3 MOMOCOB, 410 |f(2)|

Gyner orpaHuyeH Ha C . [I(ax TIpUMEp PaccCMaTPUBAEMBIX QPYHKIUN MOKHO

1) Bropoii 6yaer BHe TaHHOFO KOHTypa.
?) Mittag-Leffler, Acta Soc. Scient. Fennicae, XI, 273—203 (1880).
Cu. Taxxke Acta Math., [V, 1—79 (1884).
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1

ApUBECTH COSEC2Z, H B ITOM C/Iyyde MOKHO B3ATH Rmz(m—{» 5) 1’:.]
TTpennonoxum, najaee, uro R, -»>00, KOrAa m-—> 00, M 4YTO BEpPXHAsA
rpanuuat) gyuxuuu | f(2)] Ha C,, Oyaer orpaHUYeHHOH, KOTrla m —» 00 2),
TAK YTO ANS BCEX TOYeK HAa OKpyxHoctax C, |f(2)| <M, roe M
He 3aBHCHUT OT m.

EBcan x He sBAdeTCd nNOMOCOM (QYHKIHME f(2), TO eAMHCTBEHHBIMU

L4
f(® 6

2—x
toraa cornacHe § 6.1 Oymem umethb

1 /‘f(Z) P
i J z2—x
Cm

rjie CyMMUpPOBAHKE PaclpoCTPaHsIeTca Ha BCe NOJIOCH, Jexaliue BHyTpH C, .,
Ho

1 f(2) f(2) dz IAG)
WCL[ z—xdz—— 2m f T 2m ./.z(z )dz——
m

b, f(2) dz
—~f<0>+2 Lb s | et

m

noocaMu QyHKIHH YAYT NomocH QyHKIHE f (2) B TOUKA 2 = X;

ecAd TPEAllONOXUTE, UTO QYHKIUMA f(2) aHaJIuTHUeCKas B Hayajle KOOp-
JUHAT.
f(2)dz

2(z—x)

06pasoM, CTPEMMTCS K HyJI0, KOTAa M CTPEMHTCA K OeCKOHeYHOCTH.
[TosTOMY, 3aCTaBASR M —> 0O, MH IOJIYYUM

Hanee, npu m — 0O HHTErpal Oyaet O(Rm) H, TAKUM

e C 1 1 . X f(2)dz
0——f(x)-f(0)+2_1bn{%—_;—a—a}‘““”}’_’)“OO*Q'J_ T

T. €.

f<x>—f(0>+zb {==+=}

x—a,, ay,

4TO W NpPejCTaBaseT pasjioXeHue ¢YHKIUMH f(x) Ha mpocTeitiine APOOH;
CYMMHpDOBaHUEe PaclpOCTPaHAEeTCd Ha 68ce TMOJICH QyHKuuMu f(X).

1y Koropas 6yzer q)ym(unen oT m.
2) KoueuHo, R, He 0043aTEJIbHO NOMKHO (a 9aCTO H COBCEM He JO/KHO)

CTPEMHTBCS K GECKOHEYHOCTH HENPEPHBHO; BO B3sTOM puMepe R, = (m—f— 7) 'n:

rae m INPHHHMAET TOJAbKO HENBIC 3HAUCHHA.
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Ecmu |a,| <|apyy|, T0 370T paAn OyHeT PaBHOMEPHO CXOIHTbCS BO BCEM
kpyre |x|< a, rie a-—mo6as NOCTOsIHHas (32 HCKAIOYEHHEM OKpecTHocTeH
TOuEK a,). B camoM gene, ecam Ry, — palinyc OKPYXHOCTH, OXBaTHBawmeH

TOYKH 4, ..., &y TO MOAYJb OCTaTOYHOrO WieHa Psja NOcCjae HepBHX 1 YJIEHOB
6yzet
X f(@)dz Ma
s <
20i ) z(z—x) R, —a
m

no onenke § 4.62, ¥ 145 3aTAHHOTO & MBI MOXeM B3AThb TAKOE 1, He 3asucsiyee

om X, UTO <e

Rm_'a
CxoauMoCTh, OuYeBHAHO, OyleT PAaBHOMEpHOH, nawe ecan la,|<| @4y
ecAn YISHBI Psifa, COOTBETCTBYIOIIKE IOMOCAM C ONHHAKOBEIMH MOIYJNSIMH, OYAyT
CTPyNIIHPOBAHbL
Ecan BMecTO yeaoBug | f(2)| < M Mbl nMeau 6u ycaosue [272f(2) | < M,
rie M He 3aBMCHMT OT m, KOrha 2 JexuT Ha Cpy, 2 p— HNOJOKHUTENbHOE WEN0e

f(2)dz 1 1
yucno, TO MH pasjaraau OW mHTerpad [ “————, HOJOXUB ——— = — -}
J z—x z2—x =z
X xP+1
+;2-—|— —}—m, U moayuuau Obl monob6Hoe, HO HECKOXbKO Goiee

CJIOXKHOE pa3fomeHHe,
MTpumep 1. Jdokasarb, uTO

cosecz:%—{-E(—l)n(z—_lHE—‘—%)’

fIpp4eM CYMMHDOBAHHE pacHpOCTPAHSIETCs Ha BCe IMOJOXHTeJbHbIEe H OTpHUA-~
TEJbHBIE 3HAUYEHHA 1,

‘ 1
Uro6bl mOAyYnTb 3Ty GOPMY Iy, [MOJOKHM COSeC 2 — = == f(2). Ocobennocru

9T0# GYHKUHH PACHOOKEHH B TOYKAX Z == 1T, T1Ie 7 — A1060e MOJN0KNTEIbHOE MK
OTpHIaTeNbHOE ledoe umcao. Bouer ¢yukumn f(2) B 0co6oi Touke nn pa-

sen (—1)*, u aerxo Bugets, uTO | f(2)| Oyler OrpaHuueH Ha OKPYKHOCTAX
lz].—_—(n—-}—%)n, KOrjia n->co.
[IpuMenss tenepp obumyio GopMyny

F@ = O+ Y ba[ s+ |,

an ap

rie b, — BelueT B 0c000# TOuke a,, HMeeM

9 n 1 1
@ =10+ XN 0 ot t
Ho )
. 2—sSsinze
FO = lim — 7 =0
[Tosromy

cosec 2 = % + 2 (—D”* [lenn -f—%].

YTO H mpefcTaBiseT cobofi TpeGyemoe pasnoxenue.
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Mpumep 2. INycrp 0 < a < 1, mokasats, uTo

[e0)
e 1 4 E 22 cos 2nar — 4nw sin 2nan
et —1" =z 22 1 4n2n?

n=1

Ipaumep 3. I[o«asa-rlb, qro

1 1 1 1
R -

Inx? (ch x —cos x)  2nx*t et—er ot +21I o

2 1 3 1
_,f— g2 — p—2m 1 - 1
@n) + o &+ @)t 4 5 1

+ e

3% — p— 31

O6muit uaen B mpaBo#t wacTuH Gyner
=N'r
(en:_e—rw) { (f’ﬂ:)‘ + %x4 }

Y10 TpEACTaBJsieT COGOH BHIUET B KaxmoH M3 ueTbipex ocOoOBIX TOUEK 7, — I,
ri, —ri QyHKIHH

k174

(n‘z‘ + —}1— x‘) (€™ — e~ ™) sin nz

dta (yHKuMs, MOMHMO TOYEK r, —r, ri, — ri, UIMeeT eule Clelylolue NsTh

0COOBIX TOYEK:
0 (=lxi)x
£ _———TTTTT .

2n
B Touke z == 0 BHIueT paBeH -ruix‘*; B KaxIOf U3 weTLIpeX Touek 2 = (:t—l;l)f
T
" BHlUET PaBeH
{2=x2 (cos x — ch x)} L
MostoMy
< (=) r 1 2 2
42 T g™ (rn)4+—1—x4 Tt nx?(ch x —cos x)
r=1 4
= ___21”, lim / — dz ,
i (“424 +3 x4) (€™ — e~™) sin

rae C — OKPYXHOCTb C LEHTPOM B Haual€ KOODAMHAT H DPajHyCOM n—}--;—

(n — 1enoe 4ucHo).
Ho B Toukax Ha C mopunterpaibhas dyuxuus ects O(|z]|73); mostomy

npeaes mHTerpana mo C paBen Hyao.
O1c1052 B W3 MOCAEAHEr0 COOTHONIEHHA BhITeKaeT TPEGYeMHIN pesyibrar.

Mpumep 4 JHoxasarb, uto

_ 1 3 5
Se”—“"(nz_w T e M ey v )
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Mpumep 5. Hoxasarb, uro

1 1 1 1 \
cosechx.—_?—Qx(.n?_}_xg - 4n2+x2+9n2+x2 — )
Mpumep 6. Hoxasars, uro
1 3 5
sechx=4n(n2+4x2 T OnT dx? +25n2~|—4x2— )

Mpumep 7. Hoxasare, 410

1 »
cth x =% 425 (o Hogrp P gt o)

Mpumep 8 JHokasath, 4T0

o)
1 n? _
Z Z (m2+ az) (fL2 + b2) = zb- cth =a cth ©b.
M=—00 Nn=-—00
(Math. Trip., 1899)

7.5. Pasznowenne pyRknuii HEKOTOPOro KJAacCCa
B GecKoHeyHBle MPOU3BEREHHUSA

TeopeMa mnociaeAHero mnaparpada MOXeT 6ITH NPHMEHeHa K Pasjo-
MeHHI0 HEKOTOPOTO KJjacca GYHKIMH B OeCKOHeuHble NPOU3BeJeHHS.
Mycts f(2)— ¢yHkuus, HMeloluas TNPOCTHlE HYJIM B TOUKAX @y, O,
.1, rme lim|a,| GeckoHeueH, M mycTs f(2)-— aHaIMTHYECKAs,
n->»co
B9 BCceX 3HAavyeHHH Z2.
Torma f/(z) Gyner anamuTHYecKOH nna Bcex 3Hauenuit 2z (§ 5.22)
' (2)
7

H, CJaeXOBATENLHO, MOXeT HMeTh OCOGEHHOCTH TOJBKO B TOY-

Kax @y, Gy, Qg ...
TTo Teopeme Te#nopa

f@=(- ) @)+ 52 i @)+ ...
F@O=F@)+@E—a)f @)+ ..

OTciola HemoCPeACTBEHHO CleAYeT, YTO B KawJo# U3 Touek @, (yHK-
f(2)
f(
HallTH TOC/TeNOBATeNbHOCTh OKpy&HOcTe# C, XapakTepa, OINHCAHHOTO
()
f(

M3 pasnoxeHud, naHHoro B § 7.4, craenyer

o= ];<(00))+2{z—-an a

1) lpuuem sTO eauHcTBeHHble Hyau yHKuuM f(2) ¥ a, 5= 0,

uyig HMeeT NUPOCTOM mnoawC ¢ BbiueToM —-1. Ecaum MH MOXeM

B § 7.4, Tax uro 6yneT orpaHMyeHa Ha Cm, KOTJa m —»00, TO
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Tak kak 3T0T pal Oyder pPaBHOMepHO CXOLMTbCA NpPU COOTBET-
ctByouleft rpynnuposke 4sieHOB (§ 7.4), TO MBI MOXeM ero HHTerpupo-
Barb nouneHno (§ 4.7). TIponenas 3T0 K B3fB NOKA3aTe/bHYIO Gy Ko
o1 o6enx uacTeft paBeHCTBA, MOAYUUM

fO , 2\ =
f(2)y=ce 7O II{(I——)e"n},
an
n=1
rae ¢ He 3aBHCHT OT 2. (
Mosowus z==0, mb BuguM, u4to F(0)==¢, M TakuMm oOpasom,
ofias ¢GopMyna NPHHAMAET BUI

O oo z
F@=f0e70" { 1—Z —}
z e :!:Il ( n)e

Dra ¢dopmyna Laet pasnoxeHne B OeCKOHeuHOe NpoOU3BeleHHe NI0O0H -
dyuxuun f (2), ynos/eTsopsiomiefi BHICKA3aHHBIM YCJIOBUAM.

MMpumep 1. Paccmorpum dyHknuio f(2) =
HyAH B TOUKaxX rw, TAe r— mo6oe NONOKHUTENbHOE HIN OTPHIATENAbHOE LleJnoe
qUCI0.

B atoM cayuae mbl umeeM f(0) =1, ' (0) =0, ¥ TeopeMa HeNOCPENCTBEHHO
Raer

z
, HMEWYl0 NpOCThHE

z

2 1{(-2) o2 )

I
w60 JEerK0 BHIETb, UYTO ycaoBue, Kacaliueecs noBeIACHUA (t)yHKllI/II/I ( ) npH

NG

| 2] —>co, BHIIOAHEHO.
Mpumep 2. HdoxasaTs, uTO

G H =) H )

R e B O i =
(Trinity, 1899)

7.6. Teopema BeiiepmTpacca o GecKOHeYHBIX NpoM3BeleHHAX !)

Teopema § 7.5 aABisercd yacTHBIM caydaeM Godee oOureft TeopeMM,
B KOTOpOM Xapakrtep OyHKUMH f(3) npu [£|—>0O0 He TaK CUABHO
OrpaHHYeEH.

[lycrs f(2) — dyHKuMs OT 2 Oe3 CyleCTBEHHO OCOObIX TOYEK (KpoMe
«GeCKOHEUHO YIAMeHHOH TOYKH»); MyCTh HYJM H noJiochl dyuxuun f(2)

) Weierstrass, Berliner Abh., 1160 (1876); Math Werke 11, 77—124,
1895,
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AEHAT B TOUKAX @), Gy, O3, ..., THe 0 <|ay|<|ay| ... IlycTb Hymb 1)
B a, uMeeT (llenbl) NOpaioK m,.

Ecan uucio Hysdel M NOMOCOB He OrPaHHYCHO, TO He06GX0IuUMO,
4ro6sl | @,|—>oco, korma nm—soco, n60 ecam Obl 3TOTO He GbLIO,
TO TOYKH @, MMeJn OBl NpelesbHYI0 TOUKY 2), KoTopas Ghiaa Gul cylue-
CTBEHHO 0c00o# Touyxol QyHKUMM [ (2).

[lpexse BCero NoKameM, YTO MOMHO HaHTH TakHMe NOJMHOMB &, (2),

YTO TPOU3BENeHMe
- [{ (1 2 ) o&n® }mn]
_[n;[ a,

1

CXONMTCA AJs BCeX 5) KOHeYHHX 3HaucHui 2.

Iycte K — xakag-nuGyn» nocrosunad, w nycts |z | < K; Toraa,
MOCKOJBKY |@,|—>00, Mbl -MOxeM Halltu Takoe N, uto |a,|>2K
npu_n > N, ,

[lepeoie N MHOMHTenefl NPOM3BeleHNAs He BJAMAIOT HA €ro CXOIH-
MOCTb; PacCMOTPHM Kakoe-HMOyAb» 3Hauehue £, Goabmee N, u nycts

e (G P

a,
Toraa
- Z?ln“(a_) +8.(0) | = 2%(%)”1 <
m=1 m=kn
<lz["B] [ <2l®ayl,
TOCKOJIbKY . B
[Z,at <5
Orcona
{(1 ——%) efn® }mnze”n @,
roe "

~1\k
|u,@)] < 2| m,(Kagl)n].
Hanee, m, u a, Kauvl, HO R, HAXONMTCA B HAlleM PACMOPSKEHAN;

1
/3K KaK |Ka;1| <5 TO B KaueCTBe k, MOXHO BHOpaTs, TaKoe Hai-

) Mb paccMaTpuBaeM 31echb NOJMIOC KaK HYJdb OTPHIATEJNBbHOTO INOPAAKA.

2) Ha ocHOBaHMM IBYMEpHOTO aHa’aora Tteopems § 2.21.

%) Mpennonaraercs, 4to 2 He GyHeT HU ONHOH U3 TeX TOUEK @, AMAT KOTO-
PHIX M, OTDHUIATEAbHO.

13 3. T. Yurrekep, Jx. H. Barcon
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[=e)
—1\R
MeHblllee UYHCJIO, UTO Q‘mn(Kan )ﬂ] <b, rie 2]1 b, — xaxo#t-m6o

cxondmuics panl) ¢ MOJSOKHTENLHBIMYE YjeHAMH.

Torna
TR K |

n=N+1 n=N+1

rie |u,(2)| <b, a noroMy, MOCKOJLKY b, He B3aBHCHT OT 2, NPOU3-
Bejenue OyleT aGCOMIOTHO M DABHOMEPHO CXOAMTbCH, Korza |2| < K,
33 HCKIIOUeHHEM OKDeCTHOCTe# Touex a,.

Fo=TI[{(1—%)}"]

[Ton0xuM Gl(z)zﬁ—(é))—, torna G;(2) Oymer uejoft ¢yukuHelt

(§ 5.64) or 2z, He uMmemwel Hymeh.

Orciona chaenyer, uTo (yHKUUS G (2) Oyzer aHamuru-

G, @) (z) dz
YeCKOM 1/ BCeX KOHEUHLIX 3HaueHUH 2, H CJIeILOBaTeJleO No TeopeMe

Telinopa 3Ta GYHKUHA MO¥eT OHITH BHIpAXKeHa PALOM Z nb z""l, KOTO~
n=1
pPHH CXOLMTCA BCIOLY; MHTETPHPYA, NOJAYUHM

G, (2)==ceG @,

oo
rie G (2)= anz”, a ¢ — NOCTOSHHAA; STOT PAL CXOMUTCA BCIOAY, U
n=1

cnenopatenbHo, @ (2) aBasercd uenod ¢ynxuue#. ITlostomy oxoHYa-
TeJbHO NOJYYUM :

ror=r@ee T [{(1 -~ 2) o} ]
n=1

rae G (2) — Heroropass uesaas (QYHKIHA, Taxaﬁ, yto G (0)=0.

Mpumeuanue. [IpousBonbHbiii snement G (2), BCTpe'-lalOmHIdCﬂ B 9TOH
dopmyne nas f(2), Bo3Hukaer O6Jaropaps OTCYTCTBHIO YCHOBHI OTHOCHTENbHO
noBenenus f(2) npu | 2| —>oo.

CaenctBue. Ecan m,=1, To cornacio § 2.36 mocTaTtouHo B3ATh R, = n.

1) Hanpumep, mbi MoxeMm B3ath b, == 27"



7.7. PABNOMEHHE B Pl NO KOTAHTEHCAM 195

7.7. PasaoxenHe NepHOTHUECKHX (YHKOHH
HEKOTOPOTO KJacca B pAj no KOTaHreHcaM

Hycts f(2) — neproinveckas ¢dyHKund OT 2, AHANNTHYeCKas BCIOAY,
KpOMe HeKOTOPOTO UHCJAa HNPOCTHX NOJMIOCOB; NycTh paid yAOOCTRE
™ —— NepHoj ¢yHKuuu f(2), Tak 4To

f@)=f(z+m).

[Tonowum 2==x-iy, U nyctb f(2)—1 npn y—> -+ co pasHoMepHO
otHocuTeabHo x, xoraa O0.<{x < =; mnogoCubiM ke 0OpasoM NycCTb
f(2)— 1’ paBHOMepHO, KOTHA Y —> — OO,

[ycts nomocamun ¢yuxuun f(2) B nonoce 0 < x < w saBagiorcs
TOYKH @y, Gy, ..., O, C BHYETAMH B HHMX Cq, Cq ..., Cp.

[Tyctb, Hanee, ABCD—npﬂmoyroannx ¢ BepuuHamyu 1)

—ip!, w—1ip’, w—+1ip uip.

Paccmorpum uHTerpan

’27:1 ff(t)ctg(t—~z)dt

B3ITHIML 110 KOHTYpPY 9STOrO NPAMOYTOJbHUKA; BblYET TNOKMHTErpaabHON
¢yukuuM B @, paseH c,ctg(a,—2), a BhueT B 2z paBeH f(2). MHure-
rpantt 10 DA n BC B3aMMHO YHUUTOXKAWOTCA 6aroiaps TepHOIMIHOCTH
NOIMHTErPANILHOM (BYHKIMH; KOTHA p’ —> 00, NOAUHTErpasbHad QYHKIUSA
Ha' AB cTtpemuTcsl,.paBHOMepHO K [’f, B TO BpeMs KaK NpH p—>00
noguHTerpasbHas ¢yHkuus Ha CD crpeMuTcsl - paBHOMePHO K —[i;
NO3TOMY
. n
1, \)
U +D=F@+ Y, ¢ ctgla, —2).
r=1
A 5T0 BHAYHMT, YTO Mbl HMEeM DasJiOeHUe

F@=5 4D+ N ciglz—a,).

r=1

Dpumep L. ctg(x—a))ctg(x—ay) ... clg(x—a,) = !
7 =n
= Y cg@,—a)...* ... cg (e, —a,)ctg(x —a) -+ (—1)*
=1
Hau ’
n

= Z clg(@ar—a)) ... *...ctg(a, — ap) ctg (x —a,),

1) Ecau kakol-au60 M3 TOMIOCOB JNEXHT Ha MPAMOH X = w1, TO NepeHeceM
NPSIMOYTOMBHHUK HECKOJNBbKO BHIpaBo: p, p’ 6e€peM HACTONBKO GOJAbIIUMH, YTOGL
ay, @y, ..., Ay AEWKAJM BHYTPH NPAMOYTOJbHHKA.

13*
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CMOTpH TIO TOMY, OyIET MM 7 UETHHIM HAM HEUYeTHbIM, 3HaK * yKasuBaeT, 4TO
MHOXCMTE b Ccig (2, — a,) omylleH.
Ipusmep 2. Joxasars, 4to

sin(x —b,)sin (x—b&,)...8in(x—b,)

Sil (X — @) Sin (X — @) ... sin (¥ —ag)
__ sin(a;—b)) ... sin (@, — by)
~ sin (@, — ayp) ... sin (2, —ap) cgx—a)+

+ sin (@, — b))~ .. S?n (a3 — bn) clg(x—a))+ ...

sin (@, —a,) ... sin (@y —a,)

.......................

7.8. Teopema Bopeas!)

Oycte f(2) = Z a,2" — aHanurndeckas yuxuus npn |z | < TaK

40 10 ﬂepaBeHCTBy § 5.23 |a,"| <M, rie M He s3aBucur oT n.

Otciona, ecau ¢ (2)== }_‘ in—!——. TO ¢ (2) Oyzer nenaoft pynxumest u
n=0
12

|<p<z>|<§] M2l — e

Tl

-

M MOAOOHEIM ke oGpasoM |9 (2)| < Me

=]

PaccMoTpum f](z)_—_fe—‘cp(zt)dt; 9TOT HHTeIpajl COMVIACHO YCJ/io-

9
BuaM § 5.32 OGyner aHanuTudecko#t dyukume#i or 2, korma |z| <r.
Hanee, MHTErpHpYs MO YACTAM, MOAYYHM '

[se]

f1(2)=[—'e"<P(zt)]§°—f—zfe“cp’ (2t) dt =
0

fo o]

n
=Y, 2m [— etgm (2t + 27+ [ e=tglre) 2ty at.
m=0 0
Ho

lim e~fo™ (2f)=ga,, u upu |2|<r lim e~foi™ (2f)=0.
£=>0 t> oo

Y Borel, Lecons sur les séries divergentes, 94, 1901. Cm. Takxe uutHpo-
BaHnble TaM MeMyapu. Cum. Takwe Xapa, Pacxoasmuecs paan, WJI, 1951.
(lpun. ped.)
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[Mosromy

fi (2) = mgsoamzm—‘— Rn'

rie

Rl <1e1] [ e
0

12t | ’
Tl = zr 1" M {1—|2|r1) " 0,

Koraza n-— oo.
Caedosamensro, npu |z| <r

f1@)= D a,zm=f @,

u maxum 06pason,

x>
f@)= f e=lo(2t) dt,
0
jee)
Y q,2" \ .
rne cp(z)_—_}‘ ni dyukuMa ¢ (2) HaspiBaeTca PpyHxyued, accoyu-
n=0
[oe]
uposannoi no Bopeawo.c X a,2".
n=0
oo 0.
\Y \Y 2,2"
Ecan S = 2‘ a, Hu cp(z)—-—-')‘ a1~ W €CAH MBI MOXeM yCTaHOBUTH COOT-
n=0 n=0
[oe]

HollleHHEe S=f e_tcp (¢) dt, 1o roBopsar (§ 8.41), uro pan S «cysmmupyer (B)»,
0

CnefoBaTeNbHO, NOKa3aHHad TEOPEMa TMOKA3HIEAET, 4TO gﬂn Tetinopa, npencra-
Basiomuil aHaauTHYeckylo ¢yHknuio, 6yner cymmupyeM (B).

7.81. Huterpaa bopeas u aHaauTHYECKOE NPOAOJKEHHE

Jokaxem Tenepnb Teopemy Dopeud, cocTodilyio B ToM, 4To HHTerpaa Bopeas
npejicTaBadeT aHaauTHueckylo QyHkuuio B Gojee IMPOKOH o6Gaactd, 4yeM BHY-
TpeHHsisi 06J1acTb OKPYKHOCTH |2 | ==r.

Jrta pacmupeHHas 06JacTb NOJydaeTcs cAexyomuM o6pa3oM: Bo3bMEM OCO-
6ele TOUKH @, b, ¢, ... QYHKUMH f(2) M GPOBEAEM uepe3 KaAylo M3 HHX mps-
MYyio, NIePNEeHIUKYAAPHYIO K NpsMoH, coeluHAwIIel 3Ty 0Coby0 TOUKY € HaYanOM
koopavuat. IlpoBeneHHble TakuM 00pa3oM HpAMbIE pasfelaT IMOCKOCTb Ha
0621aCcTH, M3 KOTOPHIX OuHa 6yLeT MHOrOYrONbHHKOM, CONEPKALIMM BHYTDH Ha4yano
KOOpJHUHAT.

Toz0a urnmezpar bopeass npedcmasum GHAAUMUHECKYIO QYHK{uIO (KOTO-
pas no § 5.5 u § 7.8 Gyner, oueBuzHO, ONpefeaATbC GyHKUMeH f(Z) W ee npo-
JONKEHUEM) 8CI00Y SHYmMpPU 3mo020 MHO20Y20/bHUKA. HYutarenb AOMMEH 3aMe-
THTb, YTO 3TO — IlepBas HacTosias ¢opmydaa, noayueHnas AAs AHAARTUYECKOTO
HpOROAXKEeHH QYHKUUH, €C/IM He CUuTaTh TpuBHaALHOH dopmyas B mpumepe § 5.5,
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JHeficTBuTenbHo, Bo3bMeM Kakyw-HubGyxb Touky P (puc. 2) ¢ adduxcom {
BHYTPH paccMaTpHBaeMOTO MHOTOYTOJLHHKA; TOTAAa OKPYKHOCTb, TNOCTPOEHHAs
Ha OP xax Ha AHaMertpe, HE OyJer colepxaTb OCOOBIX TOUEK HH Ha ceGe caMofi,

HH BHYTpH !); caeloBaTeJbHO, MBI MOXEM
HOCTPOUTb HEMHOT'O GOJbINYI0 KOHUEHTPH-
4eCKY10 OKpy¥HOCTh C 2), He UMEINYI0 HH
OIHOR oCOGOH TOUKM HHM BHYTPH, HU Ha
ce6e camoit. Torna B cuny § 5.4

1 7(2)
a":?—m’f SATT dz
C

H, TakUM o6pasoM,

‘\ 1 ad n4n
’ ¢t =g Wy [ LB 4,
n=0

n
c

Puc. 2. nlztt!

MepHo cxopsamuMcs (§ 3.34) na C, rtak kak f(2) orpanuueHa, a lz]| >8>0,
rie d He 3aBUCHT OT 2; MOSTOMY coraacko § 4.7 '

oY (g ‘
Ho pan ZM Gyner  paBHO-
n=0

0 () = 5oy [ @ exp itz dz
C

Taxum o6pasom, npu ¢ noaoxureapHoM | ¢ (K < F (§) eM, rae F () orpanuuena
B moGoii 3aMKHYTO# 06jacTH, Jexauedl NONHOCTLIO 8HYmMPU MHOTOYTONbHHUKA 2),

¥ He3aBMCUMa OT #; A GyaeT Hau6OAbLIUM 3HaUSHHEM BEIISCTBEHHOM yacTu S Ha C.
. 2

Ecau Mbl nposenieM OKPYXHOCTb, ONHCHLIBAEMYIO TOYKOH T TO YBHIUM, UTO

BeIECTBEHHAs 9aCTh BEIpameEHHUs < Gyxer HanGoabluel, KOrga 2z NeMHUT Ha KOHIE

LuaMeTpa, npoXofsulero Yepes { BO6aAu3M TOUKH &, m TakuMm o6pasoM, 3HaueHue A
paeuo [L]{[¢]+3} 7 <1
[TonoGHbiM ke OGpa3oM Mbl MO¥eM MOAYYHTb HepaBeHCTBO aas o’ ({f),
[ee)

a OTCIOJla CoraacHo ycaoBuaM § 5.32 nalinem, uto GyHKnUS fe‘tgo (&t) dt — ana-
0
JQMTHYeCKasd M, OYeBUJHO, OfHO3Ha4Has ¢GyHKnHs OT {.
A 310 M ecTb pesyabrar, chopMyIUPOBAHHBIA Bolile.

") Ymrareap yBHAMT 9TO M3 ueprexa; M6o, ecan Onl CYI(eCTBOBana Takas
ocofast TouKa, TO COOTBETCTBylmas efl mpamaa npouna 6t Mexay O u P uim
qepes P, 1. e. P 6pna O6n pacmolio:eHa BHE MHOTOYTOAbHMKA WJM HA ero
rpaHuIe.

2) PasHoCTb pajuycoB OKpy:xHocTell o6o3HauuM uepes d.

3) Oxpyxuocts C zaBucut or { u or Bui6opa 8, umcno ¥ MoxkHO BLIGpaTb

e
HenpepelBHO 3aBHcAmMM OT & Tak, 4to F ({) = QL’F /
¢

f—fl {] dz) 6yzer He-

npepbiBHa B MHOroyroavHuke. (/Ipum. ped.)
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7.82. Pa3ajoxeHne B pajx o6paTHEIX (akTopnajion

OxuH M3 cnoco0oB pasaomeHus (yHKUUHM, KOTOpHIH, moc/ie NpHMe-
venns Huxosem ') m Crupauurom 2) B XVII cronetun, Gula cucTeMaTH-
yeckn uccaeposan lllngmuasxom 3) B 1863 r., saxmiouaeTcd B pas/iome-
HUA B pan o6paTHHX (aKTOPHATOB.

Uro6bl TOAYYMTH TaKOe pasfioxeHne (PYHKUMH, AHANUTHYECKOH INpH

(o]
lz| > r, nonyctum, uro f(2)= > a,2”" U BOCHOAb3yeMca (opmynok
. n=0

oo

f@)= [ze-gtyat ¥,

0

oo

\Y aqt

rae ¢(f)== 7 9T2 (dopmyna Moxer ObITb NOJYYeHA aHAJIOTHYHO
n=0

dopMyie B §—7.8. BuiousMeHuM ee, HONOKUB e~i==1—E, o (f)= F (§);
1
Torza f(z) = f z(1 — 87 F (¢) de.

0
Ecan ¢ ==u - (v n-f 3akmoueHo B nosoce —« < v < ®, T0 ¢t Oyzer
onHo3HayHOH (yHkumeit or &, a F (§) — anaaurudeckod dyHkuued or §;
NpH STOM § orpaHudeHo HepaseHcTBOM — m < arg(l —§&) <.
- Hanee, BHyTpeHHss o6nactb OKpyxHocTH |&|==1 coorBercTBYyeT
BHyTpeHHe# o00JacTH KpHBOH, ompenenseMoil paBeHCTBOM

t=~—lg(2cos%6)———%ie

(Mer nonaraem & = exp {{(8 +x)]); BHyTpH ke 5TOR KpHBOH

1
|t] —Ret < [{Ret}2+ =22 —Ret—0,

korna Ref-— oo.
Orciona caeayer, uro npu [E| <1 |FE)| < Mer it < M|et]|,
rie M; He 3asucut 0T #; TakuM oGpasoM, F (§) <C Mll(l —E)_r[.

Y Nicole, Mém. de I'’Acad. des Scl., Paris (1717); cm. Tweedie, Proc.
Edin. Math. Soc., XXXVI (1918).

2) Stirling, Methodus Differentialis, London, 1730.

) Schlomilch, Compendium der hoheren Analﬁis. Boaee cospemen-
Hble uccaeloBanusa mnpuHaanexxar Kaéisepy (Kluyver), Huanceny (Hielsen) u
[Tuuxepae (Pincherle). Cm. Comptes Rendus, CXXXIII (1901); CXXXIV (1902);
Annales de I'Ecole norm. sup. (3), XIX, XXII, XXII; Rendiconti dei Lincei (5),
XI (1902) u Palermo Rendiconti, XXXIV (1912). CsoiictBa ¢yHKumii, onpe-
JensieMblX psjflaMy o6paTHHX (PaKTOPHAJOB, M3yUEHH B BecbMa BawHOil paGorte
Hépaynnpa (Norlund), Acta Math., XXXVII, 327—387 (1914).

4) Jror uHTErpan cxouurcs npu Rez > r. (I[Tpum. peo.)



200 rA. 7. PA3JIOXKEHUE ®YHKLUHN B BECKOHEUHBIE PAEB
[IpennonoxuM Tenepb, 4yro 0 < & < 1, Toraa mo HepasencTsy § 5.23
|FP @] < Myntpon,

rne M, — Bepxuss rpanuua |F (2)] Ha OKPYXHOCTH ¢ ueHTpoM t H
pannycom p < 1 —E.
[Mos0KuB p::n—_’f—l_—T(l-——é) u sameuad, urol) (14+-n"1)" <e, Mm

Ha#eM
o] <1 —{s+ Fra—p] {2052} <
< Me@n+ 1) nl(1—g "

1 1-e

Bcniomusas, uto, coriacHq § 4.5, f o6o3navaer lim , 1 TIOBTOPHO
0 ¢>+0y

MHTETPUPYA TO uactaMm, OyneM HUMeThb

1-2
f (@)= lim ![——-(1—&)’1“(2)]3‘34—/ (1—2)’F'(§)dg}=
0

e—>+0l
. z —g 1 2 7 1-e
=.1§r10{[—f<1 = FEL T+ o [ =9 P el T+

1—z
+~z—}L—1~0f (A —&"* P d&}:

b b
=t Emers o

b
e ‘I"‘ (z+1)§z+2)(z+n) +Rn»

rae
— 2 () =k .
b,= limo [_ 1— E)2+ F¢ )(E)]O = F¢ )(0>’

1y dyuknua (1 -|- x—1)* Bospacraer BMecte ¢ X, H6O liy > oY, xorga
y <1, m cnregoBareavto, 1g (—1—_1_7) > y; OTClolla, mojnoxuB y~!=1-x,
NONYYUM ‘
L lg 4y =lg(+x)——t 50
dx 14+ x ’
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€CJH BelIeCTBEHHAA 4aCTb BBIPAXKEHUS 2+ N —7r —n TOJOXUTENbHA,

7. e. ecid Rez > r; nanee,
1-¢

1 ! . zZ+n ’
IRn]< I(z+1)(z+2),_.(z+n)|«hm f ‘(1'_8) i F(n+1’(s)ldi<
1e(n+2)’n'
STEFDGEFD) . GEnIReG=n =
< M (n4-2) n!
FFIF (248 ... rLnFds’
rie .
d=Re(z—r).
n !/ 3 _r+d
Hanee, Hl(l+r_; )e m }CTpeMHTCﬂ k mnpeneay (§ 2.71),
m=1 * "

KOra #—> 0o, U ChaefoBaTedbHo, |R,|—0, ecan-

(n+2>'exp{—<r+8)2%}
1

CTPEMUTCHA K HYJIO; HO
n+1

>f =lg(nt1)

no § 4.43(I) u (n—{-?) (n—{—l)"~ — 0 npu 3> 0; nostomy R,—>0,
KOTAa 1 —> 00, M CIeN0BATe/bHO, NPU Rez > r MH MMeeM CXOAduleecs
pasnoxenue

by
f(z)*”°+z+1+(z+1) et tervery e T

Mpumep 1. Tloayunrb TO xXe camoe pasloXEHHe, BOCIOJb30BABIIMCH

dopmyraMu .

1 1 ;
+D(E+2) ... (z+n+1) —nf (1 —u)* du,

0

7() at fdtff(t)(l w1 du,

z—1t

Mpumep 2. [Moxyuutrb pasaoxkeHue
1 a

Iy _1_ —_ ay _
g(14+3) = s 6y TE ey —

rape-

1
a,,:ft(l—t)(?—t)...(n—l——t)dt,
0

H paccMoTpeTh 061actTb, B KOTOPOH OHO OyJeT CXOIHTHCS.
(Schlomilch),
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JUTEPATYPA
3. [ ypeca, Kypc maremaruueckoro anaansa, OHTH, 1936.
E. Borel, Lecons sur les séries divergentes, Paris, 1901.
T.J.I'a Bromwich!), Theory of infinite series, ra. VIII, X, XI, 1908.
O.Schlomilch, Compendium der hoheren Analysis, II, Dresden, 1874.

Mpumepn

L MMycts y—x—¢(y)=0, rae ¢(y)— A2HHas QYHKIHA OT y; NMOJYUHTD
pasfoxeHue

78

PO =F @ + N b " (= 25 @
m=1 !

rle f o6o3Hauaer A6y aHaAHTHYecKyi0 (QYHKUHIO CBOEro apryMeHrTa, H pac-
CMOTpeTh 06JacTh €ro CXOI1HMOCTH.

(Levi-Civita, Rend. dei Lincei, (5), XVI, 3, 1907.)
2. Moayuutb (no dopmyne [lap6y HaM APYrHM myTeM) pasiomeHHe
N D) e —a)”
=YD @) ey e ()
f@—r@ =Y st M @ = @)

n=1

HafiTH ocTaTOuHBIH uJeH mocie n YAEHOB H PacCMOTPeTb CXOAMMOCTL psifa.
3. [TokasaTh, 4TO

fx+mn—Ffx)=

n
m-11.3.5... — m m m (m
=W oyt B =D T e iy — " () +
m=1
1

+ (—=1)" A" f 1 O LY (x + htyat,
rje °
1

1
D 1 1
Tn (X) = * (:n!)zx) %x? { x ? (1—x) 2 }

1 1

1
~1 /‘(x-—-z)”z_i(l—z)—§ dz,
0

Ty

H TOKas3aTb, UTO Y, (X) InpeAcTaBageT coboi kosdduuuent npu n!f" B pasno-
1

JeHHH Beipawenus {(1 — fx) (1+t—t.x)}_3 MO BO3pACTAKIIUM CTeNeHAM ¢

) BpoMyud moOnyyaeT pa3loXeHHd 3AEMEHTApHEIMH CcnocobaMHu, T. e. He
npuMeHsisi Teopemn Komm.
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4. TMoxaras B Gopmyae Hap6y

st =g [ (=0 ],

MOKa3aTh, YTO

L=

hm )
P+ D —F8) == 3 an oy {7 (k1) — 7 ()]

m=1
1
+ (—1)* 7T f ¢ (£) F D (x 4 ht) at,
rae 1 2 j 3
—r u u u
—ree — =@ T Ty — %3+ ..
5. TTokaszars, yto
f@)—f(@)=
n
— 2 (___1)]71—] QBm (22’1—213”(!2 - a)zm—-l {f(Zm—l) (a) +f(2m—-1.) (Z)} +
m=1
1
D [ @72 (oot (=) d,
riue °

4o = iy [ (557)], .-

6. JlokasaTb, 4TO

f2)—f(2)=Ci(z,—2) ]S (32? +Cy(z—2) " (2) —

— Cy(2y—2)*f" (29) — C, (32‘—21)4f([w(2\)+
1 .

u=0

‘.. +(—1)”(zz—-zl)”+1/{dd—;,(efﬂ sech u)} FOFY (2, 4 tz, —t2) dt.
0

3HaKM IIIOC H MHHYC B paje NOBTOPSIOTCA KawAblH Pa3 ABaxabl; mociaelHH#
yJeH Mepel HHTErpaioM ecTb uieH ¢ (2, — 2,)% C, — koapduuueHr mpu 2"
T 2z
B Pa3JOXEHHH ctg —4——7) MO BO3PaCTAOIHM CTelleHaM 2.
(Trinity, 1899)

7. llyctb %, M x,—uease uucaa, a ¢ (2)— byHknug, asanuruueckas u
orpaiudyeHHas 1is BceXx 3HaueHuil 2z, 1A koTopmx X; < Re 2 < x,; mokxasars,

B3fIB MHTerpan
e (2)dz
px 2miz __



204 ra. 7. PA3JIOKEHHE &YHKNMH B BECKOHEUHLIE PALBE

N0 BHIPE3aHHBLIM NPAMOYTOJAbHHKAM, HMEIOIHM BEPUIMHE B TOUKAX Xy, Xy, Xpkool,
Xt o0i, uro

o) F e+ Do+ o Foln— D) =

KXo [os)
=f?(g)dz+% f<p(x2+iy)—<p(x1+xy2)ny—<p(x2~fy)+<p(x1—iy)dy_
A ; er =l
Orciona, npuMensas GopMyay
: wm—1
4n 6f ?Xy—___l dy =B,
rae B, B,,...— unucaa BepHyaau, noxasarb, 4TO

A
¢ D+@+ o T =Ctget+ [ o@dzt
s _ 1y -1
+2 ( 1)2rl B, o2 ()
r=1

(rze € — nocTOsHHAdA, HE 3aBHCANAR OT 71) NMPH YCJOBHH, H4TO MOCAexHuil psag
CXOZHTCS. :

(Dra BaxHas popmyaa mpHHamiaexut [Taana (P1ana, Mem. della R. Accad.
di Torino, XXV, 403—418 (1820); n0oxa3aTelbCTBO NPH NOMOLIM KOHTYPHOrO
MHTerpupoBaHust 6blao onyGauxoBano KpowekepoM (Kronecker, Journal fir
Math., CV, 345—348 (1889)). OtHocHTeabHO NOAPOGHOHK HCTOPHH CM. KHHTY
Jlungensda (Lindelof, Le calcul des résidus). Hexoropsie npunoxenus dop-
MYJAB maHbt B T 12)) ’

8. [Toayuurb pasjaoxenue

2 N, 1108, @n—3)
u—2+}_g( D
n=

LA OfHOTO M3 KOpHeH ypaBHeHHs x ==2u-|-u®? W MOKa3aTh, 4TO OHO Oyjer
CXOAMThCH A0 TEX MOop, moka | x| < L .

9. Ilycrs 8‘2”(1,’1+1) 06o3nauaeT CyMMy BCEX NpOH3BEJCHMH uuced
2, 4, 6% ..., 2n),
B3ATHIX MO 7; IOKa3aTb, UTO

sz 1 O% (*U"H {22(n+1) (1) 22” l
z  sinz 210 CnE)T | 2n 3 — S2(n+1) on1 T 7
ne

. 27y
e DS 3 } sin?"+1 z,

(Teixeira)

10. ITycts dynkuus f(2) amanuTHUECKas BHYTPH TOrO M3 OBAJOB, ypaBHe-
HHE KOTOpHIX eCTb |sinz]|=C (rze C<{1), kOTOpbIH OXBaTHBaeT Haualo
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KOOPIMHAT; NOKa3aTb, 4T0 f(Z) ANf BCEX TOUEK 2 BHYTPHU 3TOrO OBajla MOXeT
OHTb pasjoxeHa B pan

o f(2ﬂ) (O)+S(1)f(2ﬂ—2} (O) + .. +S(Il—1)f” 0
f(z) = f(0)+2 £ 5l n © sin?* z -
n=1
X £(2n41) 0 s 2n-1) o s 0
+ N ©) + 2,l+1f (2n+—(1))!+ + 2n+1f ( ) sin?n+1 2,
n=0

rie Sg’,’zl)——cmea BCEX NpOU3BEIEHHH uxced
22, 42, 67, ..., (2n —2)?,
B3ATHIX MO m, a 8‘2”” ofo3Hauaer CyMMy BCeX NpPOU3BEIEHHH dHCeN

n+1
2, 3% 5%, ..., 2n—1),
B3THIX 1O M.
(Teixeira)
11. IToxasats, 4ro aBa paxa

225

223
22+T2_+_5_2+ e

23_2(2232-4(225
1—22 1.3 1—22)_|_3.52 1——22>—

NpeiCTaBAfIOT OAHY M Ty Xe (QYHKIHMIO B HEKOTOpOH 06JacTH NMIOCKOCTH 2 H
Moryr OwiTb npeoOpasoBaHbi OXMH B JAPYyroH mpu moMoix teopeMbl DiopMana.

(Kapteyn, Nieuw Archief (2), IlI, 225 (1897))

12. Tlycts dynknus f(2) nepuoguueckas € NEpPUOAOM 2% M aHaNATHIECKasn
BO BCeX TOUKax B GeCkOHEYHOH mojoce IIOCKOCTH, 3aKmoueHHOfl Mexny AByMs
BeTBsiMH KpuBOii | sin 2| = C (rne C > 1); nokasarb, YTO BO BCEX TOYKAX MOAOCHL
Takas QyHknusa MoxeT ObIThb pasiomeHa B OeCKOHeYHHH pal Buja
f@=A4,+Asine+ ... +A,sin"z} ., .

eoo Fcosz(B, +Bysinz+ ... FBysin?-lz4 ),

u Hafitn ko3dbunuentnr A, n B,

13. ITycTb ¢ u f CBs3aHBl ypaBHeHHEM

¢ (%) + M (x) =0,

ONMH H3 KOpHEHl KOTOpOTO paBeH a; moKasath, 4TO

F(x)zﬁ—%%ﬂr'-]-
22 1 (Pl sz/ A3 1 (P' ((Pz), (faF,)
— - —5 |9 @ PPy |+ ..
121 o° | ¢ (r2Fry | Tioisl o° | 7 @
<P CP <Pl!/ (?2)”/ (st/)//
)\ﬂl

roe o0wHMid uaeH paseH (—1)™

T , YMHOXEHHOMY Ha
7 m(m+1)
11.21 .. ml(e")
olpelennTesb, B KOTOPOM 3JeMeHThl nepBoi CTpokH cyTb ¢, (92), (¥%), ...
v (@YY (F™FT), a KaXad CAeLYIOMas CTPOKA eCTh POU3ROIHAA NPERbl Ly e
orrocutensuo a; F, f, F’, ... obosnavawt F(a), f(a), F' (4), ...
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(Wronski, Philosophie de la Technie, Section II, 381. OrHocuTeabuo

nokasareancTB TeopeMn cM. Cayley, Quarterly Journal, X1 (1873); Transon,
Nouv, Ann, de Math,, XIII (1874) uC. Lagrange, Brux. Mém. Couron-
nés, 4°, XLVII, Ne 2 (1886))

14, IMycry dyuxnna W (a, b, x) onpeneaserca pasoMm

Wa, b, x) =x-+ a;bxz_*_(a—b)?)('a—%) x4 ..,

1
CXONAMHMCS TIPY 1 xl< o] ; TOKasaThb, YTO

d— Wb x)=14+@—0b)W(a—b,b, x)
KpOME TOro, noKasaTb, 4to ecan y = W (a, b, x), 10 x= W (b, a, y).
anMepaMH Takux $yHknu# aBagoOTCA:
W10 x)y=e"—1,
WO, 1, =1g(1 + x),
5 a
W(a, 1, x)= Uiu

a
(Jezek)
15. Jloxasatb, uro
1 (G x”
o + 2‘ n! a”+1 ”’
> a,,x"
n=0
rie
2a, ag 0 0 0
4a, 3a, 2a, O 0
G,= 6a, 5a, 4a, 3ay . 0
Cn—2ay_y. . . ... e e e (n—1)a,

na, (n—Nla,_,
H [OAYYHTb MOxobHOEe Ke BhIpaeHue s

(2ot

(Mangeot, Ann. de I’Ecole norm. sup. (3), XIV)

...... e

16. IToxasatp, uro

()
1 _ \' 1 0S4, X
n - r4+1 da 77
n=0
rne S;—cyMMa r-x creneHell o6paTHBIX BeJNHUHH KOpHe# ypaBHEeHHA
n
2 a,x" =0.
r=0

(Gambioli, Bologna Memorie, 1892)
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17. Mycrs £, (2) 0o603nauaet n-10 NPOU3BOAHYI0 GyHKUMM f(2), H NyCTh f_, (2)
00603Ha4aeT TOT U3 7 KPATHHIX HHTErpa’oB GYHKLUHH f(2), KOTOpHH HMeeT HyNb
(e8]
n-ro nopsika B 2 =10; Tpe6yeTcs MOKas3aTb, YTO €CJAH pal 2 fa(@g_, (%)
n=—oo
CXOHMTCH, TO OH NpeicTaBiseT (QYHKOHIO OT 2 - .X; ecJH 064aCTb CXOAUMOCTH
BKAIOYAeT Hayalo KOOPAHHAT B MJAOCKOCTH X, TO PAL PaBeH

s @+0g,0)
n=0

W3 atoro pesyabrara, nonoxuB g (2) =1, noayuurs pag Teiinopa.
. (Guichard)
18. IlokasaTth, YTO €CAM X HE ABJAETCH LEABIM THCAOM, TO

% % 2x-+m-tn
24 24 GFmiGFnayg >0

m=—v p=-—v

Korja v-» oo, npepnoJfarasg, 4To BCe HICHBI, s KOTOPBIX m == n, HCKJAI0YanTcs

H3 CyMMHpOBaHHﬂ. Math |
19, BHUHCAHTL TIpENE CYMMEI (Math. Trip., 1805)

O 1 1
2‘ (‘_—ﬁ-*_ +=,
—)Y'x—a—n ' n
n=-—q
rae 3HageHue n =0 HckMiouaeTcd, a p, ¢ — NOJOKHUTENbHbIE IEJble YHCI2, KOTO-
poie HYXHO GesrpaHuyYHO YBEAMUHBATE. -
(Math. Trip., 1896)
X .
f xnctg (xn)dx
20, Mycrs F(x)=¢° ; TOKa3aTb, YTO

F(x) = o —2=1

H 4TO (byHKl.llfm, onpeleseHHas TaKuM 06p630M, YAOBAETBOpAET COOTHOLIEHHAM

F(—x)= F(x)+ F (1 — x) =2sin x=.

_1
Flx)’
Jlanee, monaras

3
v =it Gt it == [lga—niL,
0

NoKasaTb, 4TO
1 2 1 —ri
Fy=? TR
npu
[1—e= 2% | < 1.
(Trinity, 1898)
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21. [Noxa3sark, uro
[+ () I+ ) T+ ) 1

[ (e 1+ ) ] =

-

<—2-ﬂ ‘ ; —1— —1—
I {1 —2e7" cos (x 48) 427 "2} 2 {1 —207% cos(x—ﬁg)-l—e—?ag}z
_ &=1
- ’%ﬂ ~1—n —kcos = ’
22 (1—cosx)? e n
rue

2 —1

. 2¢—1
agzksm——ﬁ———n, fg = kcos

w, 0<x < 2n

(Mildner)

22. Ilyctb | x| <1 M @ He ABAAETCA 1EAbIM NONONKHTENBLHBIM . YHCIOM; IIO-
Ka3aTb, 4TO

| oK

Xt 2mix® x /‘t“_l——x"‘l
t—x

n—a 1—e - 1-—-82‘“‘"& &,

]
—

n
rie C— KOHTYp B NIOCKOCTH ¢, OKpyxawouwuit Touku 0, x.
(Lerch, Casopis, XXI, 65—68 (1892))

23. Tlyctb @, (2), ¢3(2), ... —mobble MHOrOWIEHH 0T 2, F (2)— mobas
uHTerpupyeMas QyHknua u ¢ (2), 4, (2), ... — MHOTOUJEHH, ONpene’aseMble
doprynamMu '

b

[ 2@=2 oy, o),

a

b
fF(x) %) (x)_"l%.}";(—x)dx=% (2),
b ¢ ‘
[ F@a e ... om0 @@ =0 gy, )
110Ka3aThb, 4TO
b
F@de _ 0G| b ¥ ()
J e Tae TR ewe Thenee@ T

q’m(z)
S E PN S

1

b
dx
+ (Pl(z)(h(z)“.?m(z)/F(x)‘Pl(x)?Z(x)---(Pm(x)

z—ux
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24. Cucrema byukuuit p, (2), p,(2), p.(2),... onpeneasgerca $popmyaamu

Po(@)=1, Ppy1(2) =(2%+anz +bp) P (2),

rie a, 4 b, — xaHHble OYHKIUH OT N, KOTOpHIE CTPEMATCA COOTBETCTBEHHO
K IpereaaM O u —1, xorua n-»oo.

[TokasaTb, 4T0 06/AaCTHIO CXOZMMOCTH paja Buia 2 ey Py (2), THE &4, &y, .

He saBucar ot 2, 6yxer oman Kaccumu ¢ dokycamn -1, —1.
[Toxazarb, uto BcAkas dyHxuua f(2), aHaluTHYeCKas BHYTPH OBajda M Ha
€ro KOHType, LJs BHYTDEHHHX TOYek OBaja MOxeT OHTh pasnoxeHa B paf

7@ =D (e, +2¢,) p, (2),

rae

nm g [0+ D0 @ 1@z & =5 [0, 7@

[pHYEM HHTerpaasl OepyTcd NmO rpaHune o6aacTh, a @yHKUHE g, (Z) onpene-
AFIOTCA GOPMyNaMu

(@) = o 2) = ‘
9o - 22+a02+b0 r qn+l( - 22+an+lz+bn+l qn(z)'

(Pincherle, Rend. dei Lincei (4), V, 8 (1889))

25, ITycts C — KOHTYp, OKpy¥alouHi TOuKy @, M NyCcTb GyHKIHH ¢ (2)
u f(2) aHanuTHUecKHMe, KOTXa 2 JexuT Ha C wau BHyTpu Hero. Ilyctb ¢ Gyger-
HaCTOJNbLKO Maio, 4TO
It (2)| < |z2—al,

Koraa 2 Jaexur Ha koHrype C.
PasnowenueM. uurerpana

f<x> ()
sz/f() t(p(z)d

0 BO3PACTAOLIHM CTCICHAM t MMOKa3aTb, YTO OH paBEH

n n—1
R i L@ @)

n=1
Orciona, npumenss pesyabrathl §§ 6.3, 6.31, nonyuurs Teopemy Jlarpamxa.



FJTABA 8
ACUMIITOTHYECKHE PA3JOXEHUA U CYMMHUPYEMBIE PSIAbI

8.1. IlpocToil npumep acCUMNTOTHYECKOro pa3JoKeHUs

PaccMotpuM ¢dyukuuio f(x)= f t~'e*"'dt, rme x — BewecTBeHHas

0 NOJIONKHTEe/IbHA BeMHYHHA H uHTerpan B3AIT MO BELIECTBEHHOM OCH.
[TOBTOPHEIM UHTErPHPOBAHHEM IO YACTAM I[OJIYYHM

1 1 21 1" (n—1)! ¥ et
L R T n e L RSV
X
B cBsszn ¢ dynxuueir f(x) M paccMOTpUM BhIpaXeHHe
—D)* N n—1)!
oy = U
u GyneM nucaTbh
n
\Y 1 1 2! —1)* n!
um:;—_'x—z_*_?_— + ( xn)+l —Sn ().
m=0

Toraa MH HMeeM

l ‘———mx ls»o00 npu m->oco,
Um—1
Pad X u, 6ydem nosmomy pacxodauumcs 04f 8cex 3HaueHull x.
TeM He MeHee STOT DAL MOXeT ObTb NpUMEHeH IJA BHYACAeHHA f (x),
YTO MOXKHO BUAETb U3 CJEAYIOLIErO.

BosnMeM omnpeleneHHOe 3HA4YeHHe MJA YMC/IA A U BHUHCAUM 3HAYe-
e S,.

Mu uMeewm

o0

F@— S, =1 @y [ £

tﬂ+2
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orciona, mockoabky e ! 1,
‘ OOe"“’dt 1
£ (=S, =G+ 11 [ £ 1>ftﬂ2= i
X

Ins 3HaueHu#t X, AOCTaTOYHO GOJBIIKX, NpaBafg 4acTb 3TOTO Hepa-
BeHCcTBa OyleT BecbMa Maja. Tak, Ana x > 2n OyleM uUMeTb

Um~mm<W%,

koTopoe s GOJbIINX 3HaueHW#t n OyleT BecbMa Maso. [ToaroMy nony-
yaeTcsl, uTO 3HaueHue @YHRyuu f(x) Moxcem Compy BHUUCACHO
¢ 60abioll MOHHOCMBIO 048 OCO0AbULUX 3HAYEHU X, ecAl B83Ams

CYMMY HADACHCAWEZO HUCAQ 44EHOB PAQ D U,.
Bepsa naxe HOBOJBHO MaJble 3HAUEHHT X H 7, NOJYUUM
Ss (10) = 0,09152, npuuem 0 < F(10) — S; (10) < 0,00012.
B cuay aToro 06CTOATENLCTBA TOBOPAT, UTO PAA ABIACTCH ACUMRMO-

muteckum pasaonceruen Gyuxuun f(x). Tounoe onpene/ieHue acHMII-
TOTHYECKOTQ pas3NOXKeHHd Mbl celiyac AaguM.

8.2. Onpenenenue aCHMOTOTHYECKOTO Pa3NOXKeHHSA

Byaem rosopuTb, u4TO pacxoasamuics pan

I R S/

cyMMy TnepBHX 72— 1 uneHOB KOTOpOTO OGOsHaunm 4epes S, (2), npex-
craBaseT coGOf acumnmomuueckoe padaodcenue GyHKUUn f(2) B naH-
HOM 06acTH 3HaueHHH arg 2, ecau BHpaxenne R, (2)=2" {f(2) — S,(2)}
YIOBJAETBOPSAET YCIOBUIO

lim R,(2)=0 (n ¢uxrcupoBano),
2] >
Iame eca
lim [R,(2)|=00 (2 UKCHPOBAHO).
n->oo -

B sToM ciaydae MHBH MOXEM CaenaTb

n ! =
: |2" {f (&) — S, @)} | <,
rie & — NPOM3BOJLHO Majas BeJHYMHA, B3AB |2| NOCTATOYHO GOJbLILIHAM.
To 06CTOATENBCTBO, YTO LAHHLI pAlL €CTh ACHMNITOTHYECKOEe pasio-
wenne QyHKUMH f(2), 0603HauaeTCs Tak:

110 ~,'2=0 Az

14*
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OnpejneneHue, JaHHOE TOJABKO YTO, npuHamtexut Ilyaukape 1),
ONHAKO 4YacTHHE CAy4YaM ACHMNOTOTHUYECKHX PAa3OmeHHH ObIIH OTKPHITH
u nipumensaucy B XVII cronetnn Crupannrom, MakaepeHom # Ditepo.
ACHMITOTHYECKHE PasJOMeHUs UrpaloT GOJBILYI0 POJb B TEOPHUH JHHeH-
HHX AuGQepeHlnaNbHEX YpaBHeHUR U B HeGeCHOM MEXaHHKe; HeKOTOphie
npuackeHns GYAYT AaHH B AAJbHEHHIHX T/IaBAX HACTOALIEH KHUMHU.

PaccmoTpennblft B § 8.1 npuMep, OYeBHAHO, YAOBJETBOPSET TOMBKO
YTO JaHHOMY ONpEIeNeH’I0, OO, eCIM X MONONKHTENbHO, TO

%" {f(x) — S, (%)} | <nlx"1—0, xorama x-—>oo.

Jlns mpoCTOTH H3AOMKEHHS MBI 6yneM paccMaTpuBath B 3TOH rjaaBe GOJAbUINH-
CTBO aCHMOTOTHYECKHX Pa3JOKEHHH TONLKO NPH NOJOMKHTEIbHHX 3HAYCHUAX apry-
senra. JIng KOMIAEKCHBIX 3HAUEHHH apryMeHTa PpacCyKISHHf HYKAAIOTCA JHIIbL
8 HEKOTOPHIX XONOJHEHHAX.

8.21. Jpyro#i npumep aCHUMOTOTHYECKOr0 Pa3NOKEHHA

B kauecTtBe BTOpOro mpuMepa pacCMOTPHM (PyHKnHIO f (X), NpeAcTaBAfEMYI0

pazoM
co

e
xX)= Y, —
k=1
rmex>0ul0<c<l.
OtHollleHne k-0 wjaeHa aToro psana k (k— 1)-My Gyner MeHbIUe ¢, 4 CAeJ0--
BaTEJbHO, pAn GyneT CXOAfUIMMCA JJIS BCeX NMONOXHTEeabHbIX 3Hauenult x. Orpa-
HHYHUMCS TOAOXUTENbHBIMH 3HaueHHaMH X. Mbl MMeem mpu x > &

1 1 k2 kS k*
FEY —7—x2+ TR T E T
1
Ecau 661 Ml HMeJH NPaBo 2) pasfokKMTh KaKAYIO ApO6b -y TakuM 06pa3oM H

PacnonOKUTh 3aTeM pax maf f(x) mo yOnBamoIIUM CTENeHaM X, TO (OpMajbHO
MH Toayuuau 6bl pan

A1 A,
+ 4 ...+ x_+ ce
rie
fes)
=(_l)ﬂ—l Z kﬂ—lck‘
k=1
(o o]
Ho 370 neficTBHE HE3aKOHHO, M AEHCTBHTEABHO, DAL 2 A,x~" pacxonurca. Tem
a=1

He MeHee MBI MOXeM IIOKa3aTh, YTO OH NpeicTaBaseT coboil acHMmToTHYECKOe
pasaoxeHue byHxknuu f(x).

Y Poincaré, Acta Mathematica, VIII, 205—344 (1886).
?) Mu He uMeeM NpPaBa MOCTYNHTh TaKMM O6Pa3OM MOTOMY, UTO 2 > X IJs
BCeX WICHOB PAfa, HaUHHAA C HEKOTOPOrO MecTa.
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MTonomum
A A A
Sn(x)=—xl'—‘}—721 + ... —!——xnfl .
Torna
O F ket | kR (—1)" Bk
S =N (S-S +5— - +—W—)=
E=1"
_§O‘ {1_ '_E‘"“} ¢k
o ( x) x-+k’
k=1
TaK 4TO
l o n+l Lk o
3
r@—S 1= N (-5 g <y e
k=1 k=1

o0
Psan 2 B"T1c% cxonurcs mas MoBOro MAaHHOrO 3HAYEHHS 7; MyCTh €r0 CYyMMa
h=1
paBua C,. Torna

£ (£) = Sy (x) | < Cpx=t=2
H, CJ€A0BaTENbHO,

F(x)~ 2 Apx—n,
n=1

joo)

Mpumep. Mycm f(x)= f ¢~ dt, rhe X MONOXKHTENBHO H NMyTEM HITC.

X
rPUPOBAHMA CJAYXXHUT BEIIECTBEHHasa OCb; 10Ka3aTh, UTO

1 1 1.3 1.3.5
FO) ~ gy~ g s T T T

[Crokc B 1857 r. mokasan, uto

2 2x 23x% 24x7

%

g2 T 1 1 1.3 1.3.5
/ex tdtNiV—rex_( _22x3+ - -~ ),
0

BepxHuil HMAM HmKHUH 3Haxk Gepercs COOTBETCTBEHHO TOMY, Oyiler aH

———1—"5 ar .)C<—];—"C HIH 1~c<ar .)C<'§—1E]
gr <A< grSAgL <™

8.3. YMHOXeHHe AaCHMOTOTHUYECKHX Pa3JoKeHni

[MoxaxeM Tenepb, 4TO JABAa ACHMNTOTHYECKUX PA3JOMEHHSA, TORHHIX
a9 OBHOU M TOH ke 00nacTH 3HAYEHHH arg 2z, MOTYT OLITb MepeMHOMKEHH
TAKHM e OOpasoM, Kak M OOBLIKHOBEHHBIE Psillpl, NPHYEM pe3y./bTaToM
STOr0 YMHOXEHHS SBJAeTCA HOBOE ACUMIITOTHUECKOE pas3JONKeEeHHE.
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Iycts
co ©
f(z)NEAmz_m' cp(z)"‘ZBmz_m’
m=0 m=0

u nycts S,(2) u T,(2) 6yAyT CyMMbl MX NepBbiX n— 1 4JeHOB, TaK uToO
npu (PUKCHDOBAHHOM 7

f@—S8,@)=0@E"") ¢@—T,()=0(z"")}.
Toraa, ecau .
C,=AB,+ AB,_1+ ... +4,B,
TO, O4YeBHAHO,
Si@T,(2) =2 Cpz™" +0(™").
Ho
fF@e@=1{S,@) 40" (T,(&)+0(z"")} =

=S, T,@)+o0(™" ="12=0sz"” 4o (27",

DTOT pe3ynabTaT BepeH Las 4/00020 (PUKCHPOBAHHOTO 3HAUEHHA 1, U Mbl
BHIHM, 4TO

f(@) o2 ~mzzocmz-"‘.

8.31. UnTerpupoBaHue aCHMNITOTHYECKHX pa3JjoxeHni

INoxkaxeM Tenepb, YTO MOXKHO HUHTErpUpPOBATL ACHUMOTOTHYECKOE pas-
JOKEHHEe MOYJEHHO M YTO NMOJYYeHHBIH B pesyJbTaTe- psi OyaeT acHMNTO-
THYeCKHM pasJioweHHEM HHTerpana (PyHKUMH, NpeiCTaBiseMOH nepBOHa-
YAJIbHLIM pAIOM.

Iycrs

fx)~ mEﬂA,nx-’",

NOJIOKUM
n

S, (x) = ZQAmx"".

m=

Toraa npu 38alaHHOM TOJOMMHTENbHOM 4YHMCJHe € MH  MOXeM HaWTH
TaKoe X, 4TO

[f(x)— S, (x)| <ex™", xorma x> X,

1y Cm. § 2.11; b ymoTpebaseM cuMBOJ O (2~") nna ob6osHaueHus 2000i
bynxuuu § (2) Taxoit, uto 'Y (2) -0, xorza |z|->co.
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H HOTOMY

ff(x)dx -—fS,,(x)dx flf(x)—S (x)ldx<———1)xw-

X

Ho

A A,
fS (x)dx = 2+2x2+ '+WT’

H TO9TOMY

ff(x)dx'\’gz*(;,—_*%m—xm-

C npyroii cTOpoHB, AuQdepeHUHPOBATH ACHMNTOTAYECKOE DPalNOXKEHHE,
B0OG1Ie FOBOPH, HEJIOMYCTHMO 1), 4TO MOXKHO BHIETh U3 paccMOTpPeHud ¢~ * sin (¢¥).

8.32. ExnHCTBEHHOCTh ACUMNITOTHYECKOTO PAa3JOkKeHHs

EcTecTBeHHO BO3HHKAET BONPOC: MOXET JH JAHHBIR pslL NpeicTaB/saThb
ACHMINTOTHYECKO® Das3JOKeHHe HeCKOJBKMX DPasinYHBX ¢GyHRuui? OTBeT
HA 3TO GyjeT yTBepAuTeabHEIH. UTOOH MOKA3aThb 5TO, 3aMeTHM CHayana,
yTO0 CyweCTBYIOT (yHKUHH L (x), KOTOpble ACHMIITOTHYECKH TIpejacTa-
BJIAIOTCA PAIOM, BCe UJEHH KOTOPOro HyaH, T. €. Takue (PYHKUHUH, 4TO:

lim x"L(x) =0 ana 11060r0 QUKCHPOBAHHOTO 3HAYeHHA . DPyHKuua e~ F
X=> o
OyleT Takoit GyHKuMeR A/ MOJOMKHUTENBHBIX X. ACHMOTOTHYECKOe Das-

JgoxeHHe HekoTopo# dyHkuun J(x) O6YyAeT ‘NOTOMY aCHMOTOTHYECKHM
padnoxeHueM u $ynxunun J(x) -4 L (x)2).

C 1pyroit croponsl, ¢yHKUHA He MOXeT ObiTh npe/CTaBICHa 6onee uem
OIHHM OTPEJCNCHHbIM aCHMUTOTHUECKHM Pa3nNoNeHHeM B IaHHOH 06nacTH 3Have-
Huit 2, H60 ecan

F@~F Anem, F(2)~ X Buz—m,
m=0 m=0

TO .
Ay g BB,

=0
z” k4 2t ’

. A
Iim z”(Ao+—‘+
Z>00 z
YTO BO3MOXHO TOJAbKO NIpH Ay = By, A, =B, ..,

Baxubie mpumepst ACHMITOTHYECKHX pasnoxeHui 6yayT PaccMOTpeHH Huxe
B cBA3H ¢ ramMa-gyuknuesi (ra. 12) u dynxkusamn Becceass (ra. 17).

1) B cratbe Ritt, Bull. American Math. Soc., XXIV, 225—227 (1918) npu-
BeJileHa TeopeMa OTHOCHTEJbHO INuddepeHIHPOBaHHA aCUMITOTHYECKHX Pasnoxe-
HUH, NMPENCTaBASIOUINX AaHAAUTHUECKHE (YHKIHH.

?2).Jlokazano, 41O KOrxa KoaddunueHTH B pPa3NOXKEHHH YIOBJETBOPAIOT
OIpeneNeHHbIM HepaBEeHCTBAM, TO CYINECTBYeT TOMbKO OIHA GHAAUMUYLCKAS
byHKknua C TakuM acHMOTOTHUECKUM pasaoxenneM. Cum. Phil. Trans. 213, A,
279—313 (1911).
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8.4. Meroabl «CyMMHpOBaHHuA» PALOB

Mul BujenH, 49TO MOXKHO MOAYYUTbL pa3oKEeHHe BUAA

fx)= mzzoAmw + R, (x),

fes)
rie R,(x)—> 0o npu n—>co u pan X A x~™ He cxomutcs.
m=0

VeraHoBuM Tenepb, KakoM BOOOLIE CMEIC/A MOMHO NPHIATb NOHATHIO
«CyMMay B cayuae pacxoisuieroca psaa. MiHeiMH cioBaMu, Mb coGupaeMcs
chopMy/IMpOBaTL ONpele/eHHbe TPABUIA, COTJIACHO KOTOPHIM N0 3a4aHHBIM
YHCTAM Gy, @, dg, ... MOXeT OHITh NOJYYeHO 4YHCJIO S Takoe, YO

(o] [ee]
S:E()an, ecin  pan Zoa” CXONMTCH; NPH ITOM HHCAO S MOXeT
n= n=
CylUlecTBOBATE M B TOM CJydyae, KOria paccMaTpuBaeMell psg  pac-
Xo4auTcs.
8.41. Merox cymmupoBanns Bopeas?!)

Mu Bupemn (§ 7.81), uro ¢dopmyana

¥ anz”———fe‘tcp(tz)dt,
n=0 0
. rIe
\ apt"z"
¢t2)= 3,5
=0

HUMeeT MeCTO BHYTPM Kpyra CXOJUMOCTH paia

Ecan uurterpan cymeCTsyeT B TOYKAX 2 BHe HTOrO Kpyra, T0 Mbl Oylem
cuuTaTh ITOT MHTErpan «cyMmo#t no Dopenio» psana

Y Borel, Legons sur les séries divergentes, 97—115, 1901.
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Tax,” nampumep, npu Rez <1 «cymmo#t no bBopemo» ans pana

2" 6yaer

ngo y pad . -1

fe"‘e’zdt=(1—z) .
0

Ecan cymectsyer «cyMma bBopesasa», TO M roBopuM, YTO psi «CyM-
mupyem (B)».

8.42. Meron cymMuposanus Jiinepal)
K meromy CYyMMHpOBAHHMA, TIO CYyuWIeCTBY TpHHaJdexameMy OJiiiepy,
[ee)

npusoaur TeopeMa § 3.71; «cymma» pana > a, Moxer OHTb oOllpee-
- 7=0
JeHa KaK

Q0
lim X a,x",
X > 1-0n=0
ecly 9TOT Npefes CYLIeCTBYeT.
Tax, «cymma» psaga ! —1.-41 —1-4 ... paBHa

lim (1—x+x2— ..)= lim (I4x ' '=.
x-»1-0 x-»1-0

8.43. Meroa cymmupoBanus UYesapo ?)

Oyers s, =a;,+ay,+ ... 4a,; Torna, ecium CyLIeCTBYeT Npelen
.1
S= lim —n—(sl+s2—f— coe 5y
n~» oo
[ee]
TO Mbl TOBOpDHM, 4YTO pdn 2% gcymmupyesr (C 1)» u uro ero
n=1

(C 1)-cymMa paBHa S. Heo6Xx0AHMO YCTAHOBATH <YCJIOBHE COBMECT-
_HocTu» 3), 2 HMeHHO, 4YTO

[ee)
S=Da,
n=1
ecad 3TOT pAA CXOAHUTCA.
Jas monydenus TpeGyeMOro pesyJ pTaTa MNOJOMKHM

0 n ]
Zlam——-s, ZS/H:nSn:

m= m=1

) Euler, Institut. Calc. Diff. (1755). Cm. «BBenenne» uutupoBanuoli Bhilre
kuury Bopens. (JTOT MeTox uame Ha3bIBAKT METOAOM AGeds HIH METOLOM
[Myaccona. — ITpum. peo.)

2) Cesaro, Bulletin des Sciences Math. (2), XIV, 114.

%) CmM. xonen § 8.4.
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TOorja MBI AOJXKHH AOKA43aTb, 4TO Sn—>S. le/l 3aJdHHOM € MBI MOXEeM
n+p

Eam

m=n+1

BHIOpaTh TaKoe N, 4YTO <& IaA BCeX 3HaueHuMt p W, Creno-

BaTenbHO, |s — s, | <e.
Hanee, ecan v > 1, Mbl HMeeM

szal—}—%(l—%)—}— e, (1= ”j‘>+
+a,,+1(1 —%)+ .. —{—av(l — ”jl).

Tak kak 1, 1—v71, 1 —2v71 .., ecrb nojoxurebhas yGoipaiomas
nocJe10BATe ILHOCTh, TO M3 HepaBeHctBa AGens (§ 2.301) caenyer, uro

a,,+1(1 —%)+a,,+2(1 - ”T‘)+...+av(1—”jl>l <(1 —%)e.

IMTostomy

Sv—{al—i—aQ(l —%)4- . +aﬂ(1 — ”jl)}|<('1 — 2.

Sacrapisg v—> 00, MH BHAMM, 4TO ecdn S — m0bas H3 NpelelbHBIX
touex (§ 2.21) nocnenosarednHOCTH S, TO

lMosTovy, Tak kak |s —s,| <&, Mb HMeeM
|S —s] 2.

DTO HepaBeHCTBO BEDHO AJA /06020 TIONOKHUTEJIbHOTO 3HAYEHHS &,
M Mbl 3axaiodaeM, kKak B § 2.21, uro S=s; orciona crenyer, uro S,
HMeeT eNMHCTBEHHBI} Npefes §, a 3T0 M €CTb TO yTBEPHIeHHE, KOTOPOE
Tpe6oBa/OCh AOKA3ATH.

Mpumep 1. Harp onpegenenue «paBHOMepHOH cymmupyemoctn (C 1) nas
pfna C MepeMEeHHHIMH HJISHAMH>».
Mpumep 2. Tlyetd by 2 by4q,,220, kOroa n<<v, U OyCcTh Ipu 2

fes)
¢uxcupoBanHOM lim by, , = 1; TOrAa, €CAH ) 4y == S, TO
¥ >0 : m=1

v
lim apby, =8
¥y=r w n=1
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8.431. OGwuii MeTon cymmupoBanua Yesapo

fee) v
ToBopsar, 4T0 PR Y, @, ccymmupyeM (C r)», ecau cymectsyet lim > aby, ,,
n=0 Yoo 520

rape
r

bv=t bno={ (1 =) (U =) - (1 vi1>}_1'

3 npumepa 2§8.43 ciegyer, UTO <yCJIOBHE COBMECTHOCTH» YAOBAETBODPEHO;
B CaMOM Jeae, MOXHO J1OKa3aTb '), 4To ecau pax cymmupyeM (C r’), to ou Gyzer
Takxe cymmupyeM (C r), korja r > r’; yCJIoBHe COBMECTHOCTH IBJSETCH YaCTHBIM
clyyaeM 3TOro pesyanrara, korga r’ =0.

8.44. Metox cymmupoBanug Pucca?)

Bonee ofmuit Meron «CyMMHPOBaHMA® psfAa, YeM NPelbAYIIHH, COCTOMT
B CYMMHMpPOB2HHH IIPH IOMOIH Ipelena

v

. AT

lim 1———”) ap,

v~»00 ( )‘v "
n=1

rie A, —mo6as BemectBeHHass OYHKUMA 7, CTPEMAmMAscad K OGECKOHEYHOCTH
BMecte ¢ n. [Ipo paf, mas KOTOPOro CymleCTBYeT 3TOT Ipefeld, FOBOPST, UTO OH
6yner «cymmupyeM (Rr) ¢ cymmaropHo#t dyHkmueil A, ».

8.5. Teopema Xapamu3)

Iycmoy pso Ean cymnupyen (C1). Tozda, ecau
n=1

1
=0 (F)
mo pao X d,, cxooumcea).

n=1

oo

Mycts s,=a;+ a3+ ... -a,; Toria, NOCKOMBKY panx D «,
n=1

cymmupyem (C 1), umeeM
Si=+8%+ ... +s,=n{s+o(l)],

rae s —(C 1)-cymma psga a,.
n=1

1y Bromwich, Infinite series, § 122.

2) Riesz, Comptes Rendus, CXLIX, 18—21 (1910).

3) Hardy, Proc. London Math. Soc. (2), VIII, 302—304 (1910). doxa-
3aTeabCTBOM, JAHHBIM 31€Chb, Mbl oOa3anbl JIMTABYLY.

%) Teopema Xapau OTHOCHTCH K YHCJY TaK Ha3blBaeMblX Tay6epoBBIX Teo-
peM. TTonpoGHeit 06 stoM cM. kuury Xapan «Pacxoasmueca panpl», UJI, 1951
([Tpun. ped.) .
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[Tonowxum
s, —s=t, (m=1,2 ..., n)

-t .o =0,

[Ipn sTHX 0603HAYCHWAX NOCTATOYHO mOKasarh, uro ecau |a,| < Kn7l,
rie K He B3aBHCHT OT n, u ecau o,==no(l), 1o £{,—~0 npu n—oo0.

[TpennosoxuM CHavana, 4To @, dy, ... BelleCTBeHHHl. Torda, eciu £,
He CTPEMUTCH K HY/I0, TO CYLUIECTBYET TAKO€ NOJOKUTENbHOE HHCIO £,
yTo Halgercss OeCKOHEUHOE MHOMXECTBO uYHCea f,, KOTOpHE YIOBJeTBO-
pator uau (I) yeaosuio ¢, > h, uau (1) ycaosuio ¢, < — k. ITokaxem,

g

)
%

~———_ f\ .
bh K

\ Py
\\ -
7 Tz

Puc. 3.

YTO M TO M JAPYroe M3 ITHX TPEANOJOMEHHH NPHBOAUT K TNpPOTHBOpE-
y410. Bo3bmeM mepBoe npeanoJoxenue!) m BubepeM n Tak, uto £, > A.
Mwb umeem npu r=20, 1, 2, ...

lan+r’ < '%' .

OTMeTHM Ha Yeprexe TOUKH P,, KOOpAMHATEH KOTOPHIX B JeKapTOBOM
cucreMe xoopausat Oyayr (r, f,.,). Tax kKak f,, .. —*f,, =a, ..
TO HakJOH OTpeska P P, ; Gyner Menbure, ueM § = arctg (%)

[Tostomy touku Py, Py, Py, ... Jexar suume Jjunun y ==k — xig6.
Ilycts P, — mocnennss us Touex Py, Py, ..., Jjexamas clepa oOT -
x= hcigl, tak uro k< hctgh.

HauepruM NpsMOYTOJIbHHKH, Kak IOKasaHo Ha puc. 3. Ilmomanb stux
NpsAMOYTOJbHHUKOB NPEBOCXOAUT njomans TPeyrosbHKHKA, OTrPAaHHUYEHHOTrO

) Yurarteab Jerko yBUIHT, YTO BTOPOE NPEANOJOXEHHE TAKIKE NPHBOIHTCH
K IPOTHBOPEYHIO C IOMOIIBIO PAacCyXIeHHH, COBEPIIEHHO CXONHBIX C TeMH, Ko-
TOpHE MB yHNOTpeGHM mpH pastope NEPBOro NPEANOJCKEHHS.
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npaMoit y=Fh— x{g b u ocAMH KOODIAMHAT; & 9TO BHAUMT, YTO
, 1 1 2,1
Sppr— 1=ttt s Tl > 5 h%tg@:—g}zK n
Ho

(0542 — On1| <[0nsrlH]os] =
=@n+k-o)+@rm—1)-o)y=nr o),
MOCKOJbKY kghnK’lv'a A 1 K He saBucAT OT K.

[TosToMy aad HeKOTOpO# NOCAeAOBATENHHOCTH SHaueHH# 1, CTpeMs-
Wuxcs K 6eCKOHeYHOCTH,

KK < n-o(1),

1 ,2,.—
YTO HEBO3MOXKHO, TaK Kak —Q—hK ' we ecmo o(l) npu n—»>oco., 310

NPOTHBOpEuMe NOJNYUEHO B NPelANONOkKeHUH, uTo im £, > £ > 0; nostomy

lim¢, 0. ITonoGubiM ke o6pasoM, B3AB AHAMOTHUHBLIR cayualf, B Ko-
TOPOM £, < — k, MBl NpHAeM K 3aKjouYeHu1o, 4to limf, > 0. Tlostomy

B CcujIy HepaseHCTBa limf, > lim¢, Mbl uMeeM
lim¢, =lim¢, =0,
u Takum o@pasom, £, — 0.

Wuave rosopa, §,—>§, TO ecTb pad Zlan cxooumcs u cymuao
. =

ezo passa .
Ecan 6nl a, OblJIO KOMMJIEKCHOM BeTMYMHOH, TO paccmanuBaﬂ 0T-

aeabHo Re an u Ima,, wMb samuum Obl, 4TO psAB ZRea H Zlma
. n=1 n=1
CXOASTCA 1O TOJbKO YTO [OKA3aHHOH TeopeMe, a mo3TOoMy OyleT CXo-

LHTBCH U PAL X 4.
n=1
Hutatenb yBRAMT B I, 9, uTO 3TOT pe3yabTaT urpaeT Go.1>LIVIO
poib B COBpeMeHHOH Teopuu psagos Pypoe.

CanegcrtBue. Ecau a,E)— maxue Pynxguw om &, wmo pad Z a, (§)

n=1
pasroMepro cymmupyerm (C1l) 8 nexomopod oOracmu 3nauenuid § u ecau
oo

la, €) | < Kn™', 20¢ K we sasucum om & mo pad Y, a,(E) Gydem pasuo-
R . n=1
MepHO cx00umbscst 8 moi e obracmu.
CoxpanuM npexHue o6O3HadeHus; ecau f,(E) He CTpEMHTCS PaBHOMEPHO
K HYJIO, TO Mbl MOXEM HaHTH Takoe NOJAOXMTEJNbHOE HMCIAO /1, He 3aBHCALIEE
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or n H £, 910 Hakuerca OecKOHeyHas NOCJEXOBATEABHOCTh 3HAUEHHH n Takux,
410 £4(§,) > h unm £, (§,) < — h AN9 HEKOTOPOH NOCNEROBATENBHOCTH TOUEK &,
H3 paccMaTpuBaeMoif o6macTu !); 3HaueHHe £, 3aBHCHT OT PacCMaTPUBAEMOrO
3HAYEHHs n.

Torna, kak u B nmepBoil TeopeMe, MBI Ha#geM

1 _
- WK~ n < no (1)
iy HeKOTOpOﬁ NOCHEAOBATENABHOCTH 3HaYeHuH n, CTpeMsaUuxca K 6eCKOHeYHO-

ctu. [IporuBopeune, 3ak/mozaomeecs B HEPABEHCTBE 2), MOKa3bIBaeT, YTO TAKOro
YHCAa h He CYMECTBYeT; CAeAOBaTeNbHO, Z, (§) - 0 paBHoMepHO.
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anmepu
1. ITokasats, uto
o0
e—*t 1 21 41
J T~ —m
0

KOIZla X BELIECTBEHHO M NONOKUTENbHO.
2. Pacemotpers DpeficTaBaenne QYHKUUE

0
fo= [e@erat

(rie X nOpeanoaaraeTcsi BELIECTBEHHBIM H NOJOKHTEJbHBIM, a ¢ — QyHKuHed,

'y Ilpennonaraercs, uT0 4@, (5) BEIECTBEHHO, PAaCHPOCTPaHEHHE Ha KOMI-
JEKCHHIE NMEepeMeHHbE MOXeT ObiTb clenaHo, Kak u B mepBoif teopeme. Eciu 6o
He CYMEecCTBOBalAO Takoro uuciaa h, T10 f,(§) cTpeMuiock O K HYJIO paB-
HOMEDHO.

?) Heob6xonuMo OTMeTHTB, UYTO NOCTOsIHHBE, BXONAl(HEe B HEPaBEHCTBO, HE
saBucst OT &, Ecam 6m K 3aBuceno ot &, 1o K~! 6b10 6ui B geficTBHTeb-
Hoctd GyHKUMEH OT n u, Moxer ObiTh, 6bi10 O O (1), Kak GYHKuUuSA OT 7, M
HEpaBeHCTBO HE NpHBeNO 6bl K NPOTHBOPEYUIO.

%) Ota paboTa COIEPKUT MHOrO CCHIIOK HA HOBBIE Pe3YJbTAThl.

Yy Ha cr1p. 372 satoro Memyapa npuBejeHa Gubanorpadus pabor mo cym-
MHDYEMBIM pfjaM.
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nopgHHAomeRcs HEKOTOPHIM OCIHM YCJOBMAM) B BHAE pAAa:

Flx) = ?(0) 2 (0) +<9"(0)+

IMokasatb, 4TO B HEKOTOPHIX cnyqaﬁx ?—IaanMep, npu ¢ () ~e‘”) 3TOT paA ab-
COJIOTHO CXOAMTCA M TpencraBiser f(x) Iasg GOJBLIMX TNOJOXHTEJbHHIX 3Haue-
HUfL X M 49TO B HEKOTODPHIX ApPYTHX CHyyasx OH IPEACTaBJAET coboit acuMmnrTo-
THYECKOE pasiowenne QyHkuua f (x).

3. INokasats, °TO

o0

ezz‘”fe—"x“"‘dx,v%—]- a_l + @—(@—=2 +...

28

z
1 GOJIbIIHX MOJMOXKUTEIbHBIX 3HAYEHHH 2.

(Legendre, Exercices de Calc. Int., 340, (1811))

4. Tlokasate, uTo ecau npu x > 0

f(x)=_f{lgu+lg(ﬁw)}e-xuij.
0

TO

1-
T~ =5z 2x 22x2 + 42x4 62x6 + -

W, KpOMe TOro, IOKasarb, 4TO f(x) MOXHO pa3JiOXKHTb B abCONIOTHO CXOfs-
muica pajx BHAA
OO

(Schlémilch)

= <x+1)(x+2) NEET N

5. [Tokasatb, 49TO pafn 1 4+0+0—140+4+14+0+0—1+..., B KOTO-
poM niBa Hyas npejmectByior — 1, a opuH HyJ b mpexmectsyer 41, «cymmu-

pyerca» METOILOM '-Iesapo K cymme 3.

(Euler, Borel)

6. Moxasate, uto pafi | —2!-4-4!'— .., HecymMupyeMm MetoioM Bopess,
apar 14+0—214+0-4-4!4 .., cymmupyem.



FTTABA 9
Psiibl ®YPbE U TPUTOHOMETPUUYECKHME PSJbl

9.1. Onpenenenne paga dypnel)
Paap THnA

%ao—}—(alcosx—{—b1 sin x) 4-(ayc08 2x by sin 2x) 4 ... =

(e}
1 N .
= a4+ 2‘ (a,cosnx~ b, sin nx),
n=1
rie a,, b, ne 3aBHCAT OT X, MrpaloT GOJLIIYIO POJb BO MHOI'MX HCCle-
nopanuax. OHU Ha3BIBAIOTCH mMpuzonoMempuiecumuy padamu. Ecmm

™

nmeercss GyHkuusa f(f) rakas, 4To f f@)dt cymecTByer Kak MHTErpan
' —-%

PuMana uau Kak HecoOCTBeHHBI# HMHTerpan, cxoisiufics abCOMIOTHO,

M Takas, 4To

ra,= [ f®)cosntat, wb,= [ f(sinntat,

TO TPUTIOHOMeTPUYECKUH psal HasbipaeTcss padon Dypee.

TpuroHoMeTpuueckue psaibl HOABHJIHCH BIEpBble B aHaJu3e B CBA3H
¢ uccaenoBanuamMu Januuna Bepuyaau o konebanuax cTtpymmt. Jlanambep panee
oy = qa? 0%y B Bule
012 0x?

y= % {f(x+4at)+ f(x—at)}, rre y = f(x) ompeleansieT HauaJbHyl0 HOpMY

CTPYHHI, ¢ KOTOpDOH HauMHAeTCH NepeXoj OT NOKOS K JABHXKEHHI0. Bepryinn ke
nokasaJn, 9T0 (OpMaJabHBIM pellieHdeM 6yner

o0
\Y . nmx nrat
y= by sin —7— cos s
n=1

HameJ pelleHHe ypaBHeHHs KoJjebaHHA  CTPYHbBI

l

") Bo Bcefi sroit riase (uckmouas § 9.11) mpeanoaaraercs, 4TO BCe BeTpe-
qdwlkecd B Hed qHcaa Bewecmeeﬂﬂbze.
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€CIM 3aKpENJIEHHHS KOHLUB CTpyHH HMelor koopiunHatel (0,0) u ([, 0), u
YTBEPXJaJa, UTO 5TO Hambosee oOumiee peHIEHHE BONPOCa. IJTO NOKA3afioCh
Hanam6epy n Jiitepy HeBOSMOXHBIM, INOCKOJBKY TAaKHM pAIOM, HMEIOMHM
nepuos 2/, Ka3aloch HEBOIMOMHBIM MpeicTaBuTh mpu ¢ =0 Takyo GYHKUHIO,
Kak ¢x (! —x)'). Mexny sTHMH MaTeMaTHKaM{ BO3HUK CIOp, M3JIOKEHHE KOTO-
poro mpupeneHo B KHure ['o6cona: Hobson, Functions of a Real Variable.

Pypre B cBoeH «Teopun temnotTe» (Fourier, Théorie de la chaleur)
HccaenoBal  GOABIIOE. YHCJAO TPUIOHOMETPHUECKHX pHANOB M TMOKasald, 4TO
B BOJLIIMHCTBE UYACTHBHIX CAyYaeB psjisl Pypbe Oellcmsumessno Ccxo0ames
K cymme f(x). Ilyaccon nmiTancs narh ofuiee A0Ka3aTeAbCTBO 3TOH TeOpEMB
(Poisson, Journal de I'’Ecole polytechnique, XII, 404—509 (1823)). dsa noka-
3areabctea Obiau ganbl Komm (Cauchy, Mém. de I'Acad. R. des Sci., VI,
603—612 (1823), omy6muxosano B 1826 r., Oeuvres (1), I, 12—19, u Exercices
de Math., II, 341376, 1827, Oeuvres (2), VII, 3903—430). Itu 10Ka3aTeIbCTEA,
OCHOBaHHLIC Ha TEODHH HHTErPHPOBaHMsS IO KOHTYDY, OTHOCHJIHCH CKOpee K ya-
CTHHIM" KnaccaM (YHKIMA, a OXHO H3 HHX HecOoCToATeNbHO. BTOpoe mokasatelnb-
c(:lrgé)gdbmo uccaenoBano XapuakoMm (Harnack, Math. Ann.,, XXXII, 175—202

}).

B 1829 r. lupuxne jan mepBOe CTPOroe N0Ka3aTENbCTBO 2) TOFO, 4TO PAAb
Pypoe, ompenenseMble, Kak yKasaHO Bbille, ACHCTBUTENBHO CXOAATCS IAR 70-
BOALHO o0urero kjaacca ¢ysHkuud x cymMe f(x). Bupousmenenue storo noKa-
3aTeabcTBa ObLLIO JaHO MO3xe Bonwe ®).

Pesyabrar Jlupuxae coctout B caelyiomeM ‘) ecau f(f) onpereneHa u
orpann4eHa B DNpPOMeXKYTKe (— =, ©) M HMEeT TOJNbKO KOHEYHOE YHCJIO MaKCH-
MYMOB M MHHUMYMOB M KOHEUHOE YHCJO Pa3pbIBOB B 3TOM NPOMEXKYTKe, H €CAH
f(¢) onpenensierca paBeHCTBOM

FE+2m) = £ (2)

BHE O6sactu (— =, ©), TO NpH

K3 k3
nap= [f@)cosntat, mby= [ r(t)sinntat
- —r

0
1 \T .
PR 5 @ -+ 2‘ (a, cos nx - by, sin nx) cxoaurcs K cymme
n=1

3 U 0+ £ (x— O,

[Moaxe PuMan n KaHTOD pasBHIM TEODHI TPHIOHOMETPHUECKHX PANOB
B obuwieil dopme, a B mocnexnee Bpems I'ypBuu, Pellep u apyrue HccaeroBanu
cBoficTBa patos Pypbe AAA caydas, KOrga pai He o6a43aTeabHO cXoiuTcd. Tak,
Pedep n0kaszan 3aMeuaTeJbHYIO TeopeMy O TOM, uTo Pz Pypbe (maxe ecam
OH # He cxopurca) Oyner «cymmupyem (C 1)» BO Bcex TOUKax, B KOTOPHIX

cymectByioT f(x £ 0), u ero (C 1)-cyMMa paBHa —é~ {f(x4+0)+f(x—0)} npm

) 37a dyuxuus Aaer OAHy M3 NMPOCTHIX HaYaJbHHIX HOPM CTPYHHL

2y Dirichlet, Journal fir Math., IV, 157—169 (1829).

) Bonnet, Mémoires des Savants étrangers (Benbruiickoi akamemumn),
XXII (1848—1850). Bonne mpuMeHseT NpAMO BTODYIO TEOPeMY O CPEIHEM, B TO
BpeMs Kak [upuxjie IIDH MepBOHAYaAbHOM JOKA3aTENbCTBE MPHMEHSET NPHEMH,
B TOYHOCTH MOJOOHbIE TEM, KOTOPHIMH JOKa3biBaéTca TeopeMa o cpendeM. Cum. § 9.4

*) YcaoBus, nocTyAHpoBaHHble Aaa f(f), U3BECTHH NOA Ha3BaHUEM YCAOBUL
Hupuxne; vbt yeumum B §§ 9.2, 9.42, 910 OHY U3AHMIIHE OrPaHHYUBAIOT (PYHKIHIO.

15 2. T. Yurrekep, Jx. H. Bartcon
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kid
YCJIOBHH, 9TO HHTErpan f f(t) dt abcomorHo cxoputca. ONHO U3 HCCAENOBaHUH
-—T
0 cxoauMocTH psfioB Pypbe, koTOpoe Mbl AafuM noswke (§ 9.42), ocHoBaHo Ha
atoM BbiBoZe. [loxpoGubie cBegeHusa 06 HCCAENOBAHUAX BIIOTH 10 Pumana
MoxHo HaHtm B kHure [o6cona (Hobson, Functions of a real variable)
H B Kypce aHanuia GeckoHewHo Maxpix Bauane-ITyccena.

9.11. O6aacTs, BHYTPH KOTOPOH TPUrOHOMETPHUECKHII PAX CXOAUTCA

Paccmotpum paxn

L

ay -+

(a, cos nz - b, sin nz),

2] —
u
S

n

Fle 2 MOXeT ObTb KoMmiekcubiM. Ecau Mbl o6osHauuM e? wepes {, To pan
TIPUMET BUT

st N {5 @—it) "+ 5@ +ie) ")
n=1

dror pax Jlopana CXOEMTCA, €CIHM TONBKO OH BOOGLIE CXORHUTCH, B HEKOTOpOH
06J1acTH agfc | < b, rhe a, b — nOJNOKHTEJbHbIE NOCTOSHHBIE,

Ho ecmu z=x iy, 10 |{] =e~Y, u Takum 06pa3oM, Ml [OJyHaeM B Ka-
yectBe 06/1aCTH CXOAHMOCTH TPHIOHOMETPHUECKOTO pfAfa MOJOCY B IJIOCKOCTH 2,
onpenelseMylo HepaBeHCTBOM

Iga<—y<Igb.

SIpakTHUecKkH HauGoNee BakHBIM ClAy3aeM SBARETCH CAydall, korgaa = b = 1,
T. €. KOTJa TOJOCZ COCTOMT M3 NpAMOH JMHMM, MMEHHO BEI[ECTBEHHOH OCH.
Mpumep 1. Iycrs

f(z):-sinz——%sian—}—%sinBz-—%sinllz—l— .
rie 2 =x-1iy. -
[epemucaB s10 B Buje

1

f(z).—.:—-%i(eiz———Q—eQ‘.z-{— !

3e3iz___ )+

Vol 1 o 1 s
tgifermge g — )

MBl 3aMeyaeM, 4YTO HepBeH pax cxomutcs!) Toabko mpH y >0, a Bropo#
ToAbKO mpu y < 0.

3aMenas 2 Ha x (x BeuecTBeHHO), MB BHAHUM 01O TeopeMme Abeiq
(§ 3.71), uto
f{x)= lim (r sinx-——%r2 sin 2x—|——:13—r“l sin 3x — ):

. r->1 k

1 . 1 ; 1
= lim {———'(re”‘—— 20200 4 g8 __ )
Jim g gre+g +
1

—ix _ Y oo _op 1 3 a3y
—l—7i(re —5re +—3—re ——...)}.

V) Jru panan dedcmsumenrvuo cxodamcs upn y =0, cM. § 2.31, npumep 2.
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Ho 310 ectp nperea ogHoro Hs 3HaYyeHUuH BBIDAXKECHUSA
—%ilg(l +refx)+%i’1g (A + re-ix),

1
a npu r—>1 (ecqsH —=n < x < =) nociegHee CTPEMHTCH K 5 X -+ k=, rne
k — HEKOTOpOE IeJOe IHCIO.

o0
N\ (—1)* Lsin nx
Ho psan 2‘(—-)—’1— cxomurcas paBHoMepHO (§ 3.35, npumep 1) na
n=1
orpeske —rn-+d L x<{n—13, rme O —awobas NOJOKHTeJbHAA I[OCTOSAHHASA
H CJAEJOBATENbHO, NPEJACTABAIET HAa 3TOM OTPE3Ke HENPEpHIBHYIO (PYHKIMIO.
Tax xax 5 X HENpepLBHa, TO k uMeeT OJHO M TO Ke 3HaYeHHe, rae Ol

HH JeXalJo X Ha 3TOM OTpe3Ke; NMOJOKUB x == 0, BuiuM, uTO £ = 0.
ITosmony f(x) = F ¥ npuy —7 < .x < Onmuako mpu = < x < 3z

f(x)=f(x——2n)=%(x~—2-m)=%x——n,
H Boobuie ecaH
@Cn—Dr<x<@n+4 D=,
10
1
f(xX)=5x—nm
2

Mpui npumau, Takum o6pasoM, K npHMepY, B KOTOpOM f () He npeicTaBiseTcs
€IMHBIM AHAAHTUYECKUM BBIPAXKEHHEM.

Cheayer 3aMeTHTb, YTO TakKoe sBJEHHE MOKeT HaGMOZAThCH TOJBKO B TOM
clyuae, KOrja mnoxoca, B KOTOpoH psai Pypbe CXORUTCH, CBOEUTCH K OPAMOH.
W60 ecan mupuHa NOJOCH HE HYJb, TO COOTBETCTBYlouui pan Jlopada cxoaurcs
B KOJbLE HEHYJEBOH IUMMPHHBI M NPEJCTABJACT aHAIHUTUYECKYID (YHKUHIO OT
B 9TOM KOJBIE; a TaK Kak {— aHanuTHueckas OYyHKuus oT 2, TO pag Pypbe
npeicTaBiser aHaJUTHYECKYI0 (YHKUMIO OT 2; TaKOB, HalpHMEp, PAX

r sin x-——%r? sin2x+-13—rasin3x—— ceus

rsin x
rie 0 <r < 1; ero cymMMa paBHa arctgm, rie arctg npexcrasaser

YroJ, 3aKMOUEHHHH Mew1y + = .
Npumep 2. Ect —zLx w10

( 1)n 1 . 1
21 —1)* " cos nx 1
— g = _12_7;2 ...._4__x2,

1
-

n

D10T pAX CXORUTCA TONBKO KOTHA X BEI[ECTBEHHO, COraacHo § 3.34 cXomuMoCTh
6yner abcoMOTHOH M PaBHOMEPHOH.
Tak xak

—%-x:sinx——%-sin?x—l—%sin&c— e (T RiLx L -8, $>0)

15*
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¥ 3TOT pAXL CXOJMTCS DPaBHOMEDHO, TO MBI MOMXEM HPOHHTErpHPOBATbH €ro mo-
yaenno or 0. 10 x (§ 4.7), u caenoBaTeabHO,

—‘11-x2=2 (__Dn—x(’llz_cosnx) (—rbCrm—t).

n=1

Huaue rosops, eciit —n 8L x L n—3, 10
1 O (1)

\' (—1)*~!cosnx

—— 2 — A=) R AA

¢ 7* 2& n? !

rie C— MOCTOAHHAA, TMOKa HEONpeleNeHHas.

Ho rtak kax psan B mpaBofi 9acTH CXONUTCS DABHOMEPHO Ha BCEeM OTpeske
—nLx™ TO ero cymma OyleT HenpepbiBHO# ¢yHkuued OT x Ha 3TOM
oTpesKe, u TakuM o6pasoM, HEPEXOAd K Npejeay NpH X —> =+ T, MBl BUIMM, UTO
HOCJEHEe COOTHOINEHHUE OCTAeTCH CHNPABEIJIMBBIM, KOIja X == & m.

Jlna onpelenennss C TPOMHTErpUpPyeM KaXyl0 YacTb TOCJAELHErQ COOTHO-
menus (§ 47) B npefenax —m, w; NOJNYYHAM

2nC — —(13— nd = 0.
CrenoBaTenbHQ,
o0
1 1 N\ (—1)*~! cos
ﬁ_n2__x2=z.£__).71§_§_x_ (—TE<X<'E).
n=1

MpuMep 3. 3amenns x Ha = — 2x B npuMepe 2, NOKasaTh, 4TO

Le—rn  O<x<w,

o0 2 px 5
ll’] n
g =11

lj{n[xl—xz} (—rLx 7).

9.12. Buipakenne x03pdHIHEHTOB Yepe3 CyMMy
TPUFOHOMETPHYECKOTro pAxa

[lycTs TpUrOHOMETPHYECKHH psaX —;—co—i—}:(c,,cosnx—l—d,,sinnx)
n=1

PaBHOMEPHO CXONMTCS HA4 OTpeske (—w, ), W MOYCTb €ro cymma
paBHa f(x). Iloab3ysicb OWEBHJHLIMH PaBEHCTBAMU

ki3

fcos mxcosnxdx :-{

-T

0 (m=+£n),
© (m=n-0),

. 0 (m=+n), -
fsinmxsinnxdx:{ﬂ Emin):#O), fdx=21:,

-1 -T
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Mbl HaltieMm, yMHOXas PaBeHCTBO

'é‘ Co—+ E (¢,cos nx—d,sinnx)= f(x)

=1

Ha cosnx M HA sinnx!) u s3areM nounexHo unterpupya (§ 4.7), uro?)
kg ki
e, = ff(x)cosnxdx, nd, = ff(x)sinnxdx.
L4 -—T

CnepcrBue, TpuroHoMerpuyeckHd psif, DaBHOMEPHO CXOAAIUCA Ha
orpeske (— =, =), aBAderca paioM Pypbe.

Npumeuanue, Jleber fax nokasareabctBo (Lebesgue, Séries trigono-
métriques, 124) rteopembi, coobmenHoi eMy PaTy: TPHrOHOMETpPHYECKHH psi
o0

\' sinnx “ : o
BrTat cxofiaiuics 114 BceX BEHIECTBEHHHX 3Hauenuit x (§ 2.31, npumep 1),
n=2

He sigasemcst pasoM Pypbe.

9.2. 06 ycaoBusax Hupuxae u Teopeme dypne

TeopeMy Tuna, ykasanHoro s § 9.1, o pasiroxenun GyHKIMH Belue-
CTBeHHOM mnepeMeHHON B TPUIOHOMeTpHUeCKMH psaA, OOBIUHO HA3LIBAIOT
meopenmoti Pypve. BeaelAcTBHe CJIOXKHOCTH M TPYAHOCTH CTPOTOTO JOKa-
3aTeJbCTBA TaKOH TeopeMbl (Aaxe B TOM CJydde, KOIja pasjaraemas
(pyHKIMA TOIYUHACTCA H3ANILHE KECTKMM OrPAHMYCHHAM) Mbl OTKJALbI-
BaeM 3TO IHoKaszarteabctBO 10 §§ 9.42, 9.43. TeMm He Menee ypolno
NPHBECTH 3/1eCb HEKOTODHE OO0CHLamO4Hble YCAOBUSL JAS PA3JIOKEHUS
(pyHKIMH B TPHUTOHOMETDHUYECKHH psan.

ITycms  f () onpedeasemcs npn —w <t ® npoussoaste?),
a 048 BCeX OCMAABHBX Bew,eCMBeHHbIX J3HA4YeHull [ paseHcmeoM

fE—+2m) = f(t)

max umo f(f) 6ydem nepuoduueckoli Pynxyuei ¢ nepuodor 2.

Iycms f(f) marxosa, 4mo unmezpar ff(t)dt cywecmsyem; ecau
-1

amom Urnmezpanr AASLEeMCA HeCOBCMBeHHbM, MO Mol RPEONOACHCUM,

4mo OH abCOAMHO CX00UMCA.

" 1) YMHOXeHHE HA 5TH MHOXHMTENM HE HApymaeT pPaBHOMEPHOM CXOAUMOCTH.

2) 31u dopmyast ¢ npenenamu 0 u 27 paust JdigepoM (Euler, Nova Acta

Acad. Petrop., XI (1793)). .

3) 3ro onpejeseHue HepeiKO BefeT K TOMy, uto f(f) He mpelcTaBiseTcs

ClMHLIM aHAMUTHYECKHM BBHIPAWEHHEM [IS BCEX BelECTBEHHBIX 3HAYeHHH f,
Cp. § 9.11, npumep 1,
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ITycms a,, b, onpedessomesn pasencmsamul)
ra, = ff(t)cosntdt, b, = ff(t)sinntdt (n=0, 1,2, ...).

Toz0a, ecatt x — BHYMPEHHAR MOYKA KAKO020-au60 unmepsaaa (a, b),
8 womopom f () umeem O3panuueHnyo sapuayiio, mo pad

o0
% ay+ 2 (a,cosnx—b,sinnx)
n=1

CX00UMCA U e20 CYMMA PasHa?)
1
5 [f (x40 f (x — 0.
Ecau f(t) Henpepwisra npu t==x, mo sma cyuma pasua f(x).

dra Teopema cuuraerca ussectHod B §§ 9.21—9.32; B stux maparpadax Mbl
paccMatpiBaeM TeopeMbl o panax Pypne, HMEWIHE HeKOTOPOE 3HAUEHNE B HPH-
aoxenunx. Clie1yer OTMETUTh, UTO BCe (YHKIMH, KOTOPbIE B NMpPUKJIaAHOH MaTe-
MATHKE INpPUXOAUTCA pasdaratb B. paabl Pypbe, YIOBIAECTBOPHAIOT TOJABKO HTO
HAJOXKEHHBIM Ha f(f) ycJOBUAM, TaK UTO aHa/lu3, RAHHHH HMXKE B 3TOd riaBe,
yCTaHABJAHBAaeT 3aKOHHOCTb BCEX pasiOXeHHH B pafnl Pypbe, Berpezalomuxcd
B (PUSHUECKHX HCCASOBAHHAX.

UuraTeab BHAMT, UYTO cHOPMYJIHPOBaHHAA TeopeMa mnojuuHsier f(f) MeHee
CHIbHBIM OTPaHHYEHHUAM IO CPABHEHHIO ¢ yCAOBUSMH Jupuxae, u aTo ochabieHue
orpaHHYEHHH MpeJcTaBJsel 3HAUMTE/bHYIO NPAaKTHUECKYlo BaxXHOcTb. Hampumep,
tako#f mpocTOH DPAR, Kak

 (—1) ! cos nx
n

b

u
—_

n

2 cos % X ‘ 8), H 3Ta QyHKHHUA HE YAOBIE-

fpaseTcs pasiaoxenneM Qyskuun 1g
TBOpACT VCJOBHIO OTpaHudeHHOCTH JHpHxie mpu =+ .

IIpuHATO HasbBATL PAL

)
% a,-+ 24 (a,cos nx b, sinnx)

n=1

1y Yucna a,, b, uasmBawTcs rxodgguguenmarmu Dypve gynxyuu f(f), u
CUMBOJB dj,, b, Gyayr npumenstbca B §§ 9.2—9.5 B aTOM cMbicie. MoxHO
NOKa3aTh, UYTO CXOAUMOCTb H abCcOMIOTHaA CXOAMMOCTb HHTErpanoB, ompene-
asiomux KosdhomineHtsl Pypbe, ABAfeTCs CJACACTBUEM CXOJUMOCTH H aBCoOMOT-

T

HOH CXOAMMOCTH HHTErpajia f f()dt §§ 2.32, 4.5).

-
2) IIpenean f(x + 0) cymecTBYIT- coriacHo mpumepy 3 § 3.64.
3) Cp. npumep 6 B Konne raaBb (cTp. 269).
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padon Dypve, COOTBETCTBYIOMHM ¢yikuun f(£). DTO HasBaHHe TeM
He MeHee HHKOUM 00pasoM He MOAPA3yMeBAaeT CXOAYMOCTH PacCMATpH-
BAEMOro pAa.

'9.21. Mpeacrapaenne dynxuun pagoM Pypwe
Ha HpOH3BOJIb/HOM OTpe3Ke

Pacemorpum gynkumio f(x) ¢ (a6COMOTHO) CXOAAUMCS HHTETPAIOM
M ¢ OrpaHuyeHHol Bapuaume#t nHa ortpesxe & < x < b.
. Ionoxum

=5 (@40 —5@—0)nx, f(x)=F(x).
Torpa useectho (§ 9.2), uro

—é- [F(x'4+0)4 F(x' —0)} = % ay+ 2 (a,cos nx’ 4 b, sinnx’),
n=1
TakuM oOpa3oM,

(f (x40 + f(x — 0)) =

1 \ 9% —a—b nm(2x—a—b
=7a0+2{anc()sm~a—l+bns”} ’En(—xa—)},
n=1

H
1
2

b—a b—a
TZe B CHUAy OYeBHAHOTO NpeoOpasoBaHus

1 nr (2x — a—b) dx

7(b—a)an=‘[f(x)cos =2

a

1 m-:(2x a—»b) dx

2( a)b, _./‘f(x)sm —a

9.22. Psiabl KOCHHYCOB H pAAL CHHYCOB

[lyctu f(x) — dynxuua, onpenesenHas Ha orpeske (0, [), ¥ nycrmb
oHa uMeeT (a0COMOTHO) CXOAAWMHACA MHTErpaJ W OTPaHHYEHHYI Bapua-
LU0 HA DTOM OTpe3Ke,

Onpedeaun f(x) Ha otpeske (0, — [) paBeHCTBOM

f(— %)= f(x).
Toraa

X

3 A0+ f(x — 0 = Lo, Z@wmﬁ¥+wwm%;}
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rae cornacio § 9.21

I

. l
la, = ff(t)cosi;‘idt=2 /f(t)cosﬁl’ft-dt,
=1 0

l
o, = [ f@eysn "L at=o,
K ,

Tak yro npn —I L x I
—;—{f(x-{—O)-{-f(x_o)}:%%_{_ Y a,,cos‘n%{;

n=1

nociefHee BHIpaXXeRMe HaseiBaeTCsl pAdox rxocuwycos. Ecau, oguako,
MH omnpeflesuM f(x) Ha oTpeske (0, — /) paBeHCTBOM

f(—=x)=—f(x).

10 noayuuM npu — Il x !

ntx
’

T/ 40+ f(x—0)) =Y, 5,500 2
n=1

rie
nxt

I
0

nocsenuufl psii Ha3HBAETCA PAOOM CUHYCOS.
TaxkuMm o6pa3oM, paiH

[e0] o0
1 N nrx \ . NmX
7a0+2‘ancos 7 Zb,‘sm—l——,
n=1

n=1

rae

1 1

1 t 1 . nat

—2—1a,‘=f f () cos T at, 7zb,,=_f f@ysin T at,
0 0

umerom o0ny u my oce cymny npu 0 < x <{l; ux cyumn npu
02> x> —1 Gynyr pasubl N0 alCcOMIOTHOR BeiWuMHe, HO MPOTHBO-
NOJOXKHE MO 3HAKY.

Pan kocunycos 6o Bmesen Kiuepo (Clairaut, Hist. de ’Acad. R. des
Sci, 1754, ony6sukoBano B 1759 r.) B Memyape, ‘AatHpoBanHOM 8 wmions 1757 r.;
pAl cuHycoB Onln moayuen Jlarpansem Mexay 1762 u 1765 rr. (Lagrange,
Oeuvres, I, 553).
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Mpusvep 1. Pasnmoxurs ¢ysxuuio —;— (n—x)sinx B psaf KOCHHYCOB HA

orpeske 0 < x
[Mut HMeeM | no TOJBKO 4TO NOJY4YeHHOH dopMyie

[e9)
%(n-—x) sinx:%ao +E a, cos nx,
n=1
rie
k2
1 .
5 Ty = -/‘—2—(n—x) sin x cos nx dx.
Ho npu n == 1, HHTerpupys MO 4acTsM, HMEEM

/Q(n—x)sinxcosnxd)cz /(n—x){sin(n—I—l)x—sin(n—l)x} dx
0 0

=[(x—11:){ cos ’(1n_:—11)x . cosfln_—-ll)x }]Z_
_f{ cosin_:—ll)x . cosr(ln:ll)x }d

. 1 1 - —2n
_“(n—l-l'_ n—1 )“ n+D@n—10H

Ecnu ke n=1, 10

/Q(n——x) sin x cos xdx:%n,

cJieioBaTeNbHO, HCKOMOE HMEET BHJL

1 1 1 1
—2—+Zcosx——T§cos2x—2—'Zcos3x 3. 5cos4,vc—- .
Cuenyer OTMETHTB, 4TO TOJbKO 1Jf 3HaueHHH x Mexay 0 M m cyMMa 3TOroO

1 .
pfila OKa3pBaeTCs paBHOM 5 (= — x) sin x. Ecan e, nanpuMep, X NEKHT MEXLY

1 1
0 u —=,, TO cyMMa psja paBHa —~(n—x) sinx, a He —(n—x) sin x;
KOTJa X JeWHT MEXIy = H 2r, CyMMa psAla CHOBAa OKa3hiBaeTCs PpaBHO
1 . . -
7(1:—x) sin.x, ONHAaKO 3TO YHCTO cJayualiHOe cOBNajeHMe, BO3HHKalollee Oina-

rojapa cHenuaibHOMY BHAY HaHHOH (YHKLHM H He MMeloliee MecTa B obuieM
caysae.

[Tpusmep 2. Pasaowurs —;ﬂrx (= — x) B paj cuHycOB Ha orpeske 0L X,

[STOT paL MMeeT BHA sin x - sué?x + — su;z5x + ]
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NDpusmep 3. [Tokasarp, a10 mpr 0L x

cos 3x cos bx

—g}gn(ﬂ:——Qx)(nz—f—an——Qxi):cosx+ 37 +*gz—+--

[O603nauas neBywo wuactb uepes f(x), MBl HMeeM, HHTErpUpyd HO 4acTaM H
3aMenad, ut0 [ () =f (=) =0,

'[f(x)cosnxdx=%[f(x)sin nx]S—%—}[f’(x)sinnxdx:
0 . 0
=—.’:7[f’ (x) cos nx]g——%z—/f” (X)cos nx dx =
0

—— L@ st o [ 7@ sinnr =
;

— _;14_ Lf” (x) cos nx]8= %(1 — CoS8 mt).]

MMpumep 4. Ilokasare, yto AJjs sHavenuil x Mexay 0 u = dynxnuw e¥
MOXHO pPasfOXHTb B Psj KOCHHYCOB

28 [ 1 cos 2x cos4x
=l _1)(2—s2‘+ 14 T T )’"

28 /o cos X cos 3x
e (S B )

H BuluepTHTb rpaduku GYHxkuuu e5¥ u cyMMbl papa.
Mpumep 5. [lokasars, uTO0 Aaa 3HageHmd x Mexny 0 H = oyHkumo

Fﬂ(n—2x) MOXHO pPa3JOXKUTb B PAX KOCHHYCOB

cos 3x cos bx

cos x 3 + %2 ~+ ...

W BBIUEPTHTH TpaduK GyHKIHH —é—n(n——?x) H CYMMH psaja.

9.3. Cpoiictea koadduuuentoB paza Pypoel)

[IpeanosoxuM (Kak M BO MHOTHX H3 PACCMOTPEHHBIX NMPUMEPOR),
4TO OTpe30K (— T, 7) MOxKeT OHTL pa3iélieH HA KOMEYHOe UHCIO OTpesd-
KoB (— =, &), (B, Ry), ..., (B,, ™), TaK YTO B KaxJioM OTpeske f(X)
U BCe ee TNPOUBBOAHEIE CYThb HeRpephIBHblE (YHKIUH C OrpaHHYeHHOH

) Paccywnaenns storo maparpaga u § 9.31 cozepixarcsa B 6oablioM MeMyape
Cngga 3(18310ckes, Camb. Phil. Trans., VIII, 533583 (1849), Math. Papers,
1, —313).
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Bapuauuel, uMeiollhe npeneis capasa u cjaeBa (§ 3.2) B KOHIAX 3THX
orpeskos ). Toraa

kl kz K
a, = ff(t)cosmtdt+ff(t)cosmtdt+ cov + [ Ftycosmtat,
- k ‘ T R,

HuTerpuposalueM MO YacTaM HOJyYaeM

©a —-—[m‘lf(t)smmt]k' (1 (G sinmep =+ -

k,

c+Im- lf(t)smmt]k —m™1 ff’(f)smmtdt—

—-m-lff'(t)sinmtdt— —m-lff'(t)sinmtdt,
k, k,
TaK 4TO 2 5
—_ " __m
Q,, = 7 Pl
rie

rA, = r% sin mk, {f (&, — 0) — f (k.- 0)},

a b:n—xoa(pq)nuuem dypbe dyHkmuu f’(x).
[Mono6ubiM ke 06pasoM.

B a
b=+
rie
n
— 2 cosmh, (f (k,— 0)— f (k,+0)) —
—cosmz | (x — 0) — f (— =~ 0)},
a a, — xospduuueHt Pypbe Gyuxuun f’(x).
[MTonoGHEIM ke 06pasoM Mbl HOJydYaeM
. A b, , B,  a,
e I
rie a,, by — xoapuunents Pypoe dymkumu f7(x) u

TAl, = 2 sinmk, {f' (k, — 0)— f* (k,+ O},
r=1

wBn=— 21”5 mk, (f' (ky— 0) — [’ (k4 0)) —
_ —cos m= {f' (x—0) — f' (— =+ O)}.

') HenpepriBaas ¢yuxuus orpanuyeHHo# BapHanuu Ha OTpeske 0Gs3aTeqpHO
UMEeT KOHEeyHble Ipejesbl B KoHuax ortpeska. (/lpus. peld.)
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TOH
TTostomy , ., 5 ) B
Am Bm 2o b ' m Am bm

W= T T, T T T T

Janee, Mbl BHOUM, 9TO NIPH M —> CO
An=0(1), Bnp=0(),

W TaK KaK NOAMHTerpa/bHble (yHKUMH, BXOAsIMe B a, u b, orpauu-
YeHBl, TO SICHO, YTO

” "

a,=0(), b =0().
Tosromy, ecim A, =0, B, =0, 10 pan dypre nas f(x) cxoaurca
a6CcoMIOTHO W paBHOMepHO corjacHo § 3.34.

HeoGxonumbele H AOCTaTOYHEE YCJIOBUA TOrO, 4robn A, =B, —..0
I/ BceX 3HaueHu#t m, COCTOAT B TOM, YTO

[, —0)=f(k,+0), f(n—0)=f(—n-0),
viHaye rOBOPsi, B TOM, 4TO f(X) HempepblBHa I 8cex 3HaueHut#t x 1),
9.31. Hubdepennuposanne pagos Pypbe
TMousento nuddepenuupys pan
%ao -+ 2 (ay, cosmx - b, sin mx),
m=1
noJyyaeM

Z {mby cosmx — ma,, sin mx}.
m=1

B o6osHaueHusx § 9.3 3T0 TO ke camoe, YTO

o0
1 ’ 7 7
5 @+ 2 (@, cosmx b, sin mx),
m=1
€CJIH TOJIBKO

Ap=B,=0 ff’(x)dx—

9TH YCJOBHSA YHOBJAeTBOPAITCA, €cad f(Xx) HempephBHA nJisf BCEX 3Ha-
. YeHu# x.

) Koneuno, f(x) Takite NONYHHAETCS YCAOBHAM, YKasaHHHM B Hadaje
naparpaga. .
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BcaencTeue 3TOr0 LOCTATOUHBIMH YCJAOBHAMH 3aKOHHOCTH MOYJAEHHOrO
Iudgepenuuposanust paza Pypbe aBaIAOTCH chAeAylomue: 4To6H  f (X)
6uia HenpephiBHOW (QYHKUMeR 1Js 8cex 3HadeHu# x, utobm f/(X)
MMeJa KOHeyHOe 4YHCJAO TOYeK paspbhiBa Ha OTpe3Ke (— T, ™) H YTOOH!
ob6e (YHKUHH HMea¥ OrPaHMYeHHYI0 BapHALMIO HAa BCeM OTpE3Ke.

9.32. OnpepneneHne TOueK paspeiBa

Buipaxenus aas a, H b, Halizennnie B § 9.3, 3acTO MOryT NpHMEHATHCH
Ha MPaKTHKE Jius oOmpejeleHus TO4EK, B KOTOPHIX CyMMa JaHHOTO paia Pypee
oka3sbiBaeTcd paspeiBHOH. Tak, nycth TpebGyercs onpeleAuTb TOUKH, B KOTOPHIX
cyMMa pana

sinx+—:1§-sin3x +—}5- sin bx - ...

UMeeT pa3pBiBHL

Ilpednoaazass, 4to ZaHHBli pap ecth pan Pypbe (a He o6wyuil TPUTOHO-
MeTpHYecKuEi psai), H 3aMedas, UT0 4y =0, by =(2m)"(l — cos mr), MH
NoJy4ynM M3 paccMOTpeHHs (GOpMYJ, HaitieHHex B § 9.3,

A =0, B =

m m

1 '
—g cosmn, a,=

2] —

Orciona, ecnu ky, ky, .., — TOUKH, B KOTODBIX aHAJMTHYSCKHH XapaKTep CyMMHI
HapymaeTcsi, TO Mbl HMeeM

O0==nd, = sin mk, { f (& —0)— f (& - 0)} +
+ sin mky { f (ky —0) — f (ks 4-0)} + ...
Tax xak 9TO paBEHCTBO HMEET MEcTO [ BCeX 3HaueHu# m, TO uucna ky, ky, ...
JOMKHbI OHLITb KPaTHR UMCAY =, HO HMEETCd TOJbKO 'ONHO KPAaTHOE 7 BHYTpH
NpPOMEXYTKa — 7 < X < 7, a HMeHHO HyJb. TakuM obpasoM, &k, =0, a &y, k3, ...
ne cyuecrsylor. IToacrasasa 2, =0 B paBeHCTBO
1 1
B, = 5 — g COs m=,

noAydaem

-n(%——%cos mﬂ) = —[cos mz { f (n —0) — f(— = 4-0)} 4 f(—0) — F(4-0)].

I

Tak kak 3TO COOTHONIEHME CIIpaBeNJUBO A/ BCEX 3HaueHHH m, TO MH HMeeM

7 = f (40) — f(—0),

vo| = to} —

r=f(n—0)—f(z+0)

JT0 moKaseBaer, YTO ecidH paccMaTpuBaeMmH pan ecth paia Pypbe, 10 f(x)
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. ’ 14
MMeeT PasphlBEl B TOUKAX N7 (1 — M060€ LeJoe YHCNO), & TaK Kak a, =1b, =0,

TO MBH MOXeM OXugath'!), uto f(x) 6ylieT MOCTOAHHOK B OTKDHITOM IpOME-
wyrke (—=,0) u Gyzer apyro#i NoctosHHOH B OTKpbiTOM TIpoMexyTke (0, m).

9.4. Teopema Peiiepa

Haynem Tenepp H3aOxeHHe TeopuH panoB Pypbe ¢ LOKA3ATE/JNLCTBA
cnenyiomied Teopems: deitepa?) OTHOCHTeJLHO CYMMHPYEMOCTH psia
dypbe, COOTBETCTBYIOLLErO NPOU3BOABHON (yHKuHH f (£).

Iyems  f(t) — Ppyuryus 8sewecmsennol nepemennold f, npous-
804bHO onpedesendas npu —xw < t<T U onpedesnemMas pasex-
cmeom

fE+2m)=f()
045 8CeX OCMOALHBLX BEWECHLBENHbIX 3HAYeRUl t; nycms unmezpan
ff(t)dt cyujecmsyem u (ecau 3mo HecoGCmeeHHbll UHmMezZPas)
:16c0/z/omno cxodumces.
Tozoa psd dypve, coomsemcmeyoujuli pysrgun f(£), Oydem
cymnmupyenr (C1)3) so scex mouxax x, 8 Komopux cyuwecnsyom
npedeast f(x10).

Ez0 (C1)-cymma pasna %{f(x 4+ 0+ f(x—0).
Mycts a, b,(n=0, 1, 2, ...) —xosdpduunents dypre (§ 9.2)
dyuxkuun f(£), ¥ OycTh

3 Gg=Ay  Gycosnx b, snnx = A, (x), ¥ Ay()=5,().

m

n=0
Torjga Mbl AOJKHBI H0Ka3aTh, YTO

lim e (A S D+ S0 o Sy (0] =
= (f (O f (x —O))

NpH YCJOBUM, 4YTO Npelets B NpaBoft YACTH CYUIECTBYIOT.

1) 310 Tak ¥ ecThb:

f(x)=-—%n mpu —xn<x <0,
f(x)=%n mpt 0<x <m

%) Fejér, Math. Ann, LV, 51—69 (1904),
%) Cu. § 6.43.
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Ecnu Mbl NOACTaBUM BMeCTO K03((duuMeHTOB Pypbe MX BbIPANKEHUSA
B Buae umuTerpaioB (§ 9.2), To nerko yGemmmcsl), yro

Ayt X Sy (%)=
n=1

=gt (= DA @+ =A@+ o+ Ay )=

1f Lo (m— 1) cos(x — ) — (m — 2)cos 2 (x — £)+ .
.+cos(m—¥1)}f(t)dt=
1 . sin"’%m(x-—t)

sin? % (x—1)

X 21
sin 7m(x—t)

fOydt= o J (&) dt;

., 1
—mx smzj(x——t)

nocaeiHee Npeofpa3oBanne CAelyeT K3 MePHOLMYHOCTH HMOAUHTErPaAJib-
HOFO BHIPAXEHWs.

Ecaup Tenepb pasobbeM NyTb MHTErPHDOBAHUS HA JBE pAaBHbie YacTH
¥ Ha NepBoft W3 HUX 3aMeHuM ! Ha X — 20, a Ha BTopo# f Ha x - 20,
TO NOJYYUM

m=1
Ayt X Sa(0)=
T

n=1

“sinZ0

____111:_/v sin? m8 Flet20)an+ L / smnzrgze £ (x — 26)d8.
0

Caedosamessno, 00cmamouro 6ydem 0oKa3ams, wmo Ape m—»oo

i,,,f T f (5 20)d8 > 2 f (x+0),
0

T
1 [ i
- S‘s‘l‘nz”; f(x—ze)de»_ﬂf(x_())

0

') OueBngHo, 9TO ecan Mb HanumeM A Bmecto ol ¥~9 B cymue
m--2(m—1)cos(x—£)+ ..., T0 noayuum
m4-(m—1) (A -1~ ‘)+(m—2>(x2+x D4 O ) =

=(—)"Tm N 1-{-1—1—7@— B
et
-2 (2 1mr m A2
=(1—N"2{\-" 2 gt = v
be—i72)
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Ecay Mpl DpOUHTErpUPYeM paBeHCTBO
sin2 mb

e g m-(m—1)c0s 204 ... 4-cos2(m—1)8,

TO Ha#tmeM, uTo

[SIE]

sin? mb 1
f ~mzg 49 =5 m

0
¥ TaxkuM o6pasoM, HaMm TpeOyeTcsi AOKAa3aTh, 4TO

1/ sin? mf ¢(6)db >0 npu m-—>oo,

Tsin20
rae ¢(0) npeacTaBiseT NMOOYepeAHO KAWIYIO M3 ABYX (yHKuMH
Flx4-20)— F(x+0),  f(x—20)— f(x—0).
ILlanee, Aasl HPOM3BOJLHONO INOJOMNKHTEJIbHOrO YMCAA & MBI MOXEM BHi-
6patb Takoe 8, uto!l)
le(®l<e,

1
KOT 4 0<6<78. dtor BLGOp 8, OUEBHIHO, He B3aBUCHT OT M.
Torna

rof o

RS
m sin? 0

B IR

in2 mb 1 - i i}
st 10 o 0)dh | < o [ SO 1o (6] b+
¢

M

1 in? m0
L [ gy as <

3
z
2
sin2 m9
<%./. srlln26 db + f @eld9<
8
—2_
3
in2 m6 1
<if S df f lo(8)] b=
S 75 o1
mo sin msin2 =3 ¢
3
1 1 0 0
=7“5+—_{T‘§‘ ¢ (6)] af.
msin? b ¢

') B npeanooxeHny, 4To cymecmyef S (x£0).
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Ho 43 cXOIUMOCTH HHTErpaJa
[ir®)at

BHITEKAET CXOIAUMOCTbL HHTErpaJa

lo (8)] 8,

=
LY

H TakuM o6pasoM, Korja & (a CJelNOBAaTeJbHO, M 8) 3aJaHO, Mbl MOXEM
chenath

"

3
3 memsint 53 > f o (8)] o,
0

B3fB m 10cTaTouHo GoubimuM. OTci0la BHTeKaeT, 4TO NPH JNOCTaTOYHO
Goapuiux m Mb OynreM HMeTh

k4

3
1 / Stmd o0y b | < e,

m . sin? 6
0

rie € — Npou3BOJbHOE MONOXKUTENbHOE YHCJIO; CJeAOBaTe/JLHO, IO omnpe-
JeJIEHHIO npeneJa

5
tim ”};{/ sintmd o 6)as =0,
J )

> oo sin2 6
u TakuM o6pasoM, TeopeMa Peliepa noKkasaua.

CaenctBue 1. [Iycts U u L — Bepxuss ¥ HiXHas rpanunyt f(f) B He-
KOTOPOM HHTepBaje (2, b), BeJduuuHa KOTOPOrO He NPEBOCXOAHMT 2%, U NycTh

f|f(t)|dt=nA.

18 8. T: Vurrekep, Hx, H. Batcon
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Torna, ecau & - 1< Xx<{b—1, rie 1 — NONOKUTEALHOE HUCHAO, TO MBI UMEEM

m—1
1
U-—m—{Ao+ ;sn(x>}=

P k] X+ T+ x 5 1
‘ sin —Q-m(x—t)

i sm2 (x—1)
—rtx  xom Xty

(U—F @) di =

(U—r@pat>

-1

(*
—Qriln{l f

—mX

1
sin? —

+
i f IUI—Hf(t)I at
+

TaK 4TO

1Ul+5 4
1\Ao+;sn<x>} U E

P
2
=1 m sin? o v

[ono6uniM xe oGpasom

m—1
L]+ 14
—,}{Aw an(x)]> L

m sin? - 51

Caencreue 2. Ilycts f(t) HenpepsiBHA Ha oTpeske a <L f < b. Tak xak
HENpepHIBHOCTb BJAEYET 32 CO60H DaBHOMEPHYI0 HENPEPBIBHOCTD (§ 361) TO BHI-
Gop 3 cOOTBEeTCTBEHHO KakoMy-nu6o 3HayeHul0 X B (&, b) GyNET He3aBUCHM OT X

U Bepxuas rpanuna Buipawenudl | f(x=£0)|, T. e. |f(x)|, OyAeT Takie He3aBH-
cUMa OT X, Tak 4To

T L3
e —_

[1e@1a0= [ 17eam—resoiam<s [17@ a5 10|
0 0 —x

¥ BepXHsisi FPaHHIA TOCJEIHErO BhpakeHus Oyaer HeszapucuMa oT x. OTCORa—
BLIGOD BEAUYHHB M, NPU KOTOPOM

P )
2

1 sm mB
0

m-1
L l
6yAeT He3aBUCHM OT X, H CA2008amenrsHO, r A+ 2 Sy (x) ¢ cmpemumest

n=1
& npedeny f(x) npu m—»0O0 PABHOMEPHO HQ BCeM ompeske a < X < b.
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9.41. JlemMmnl anaﬂa—'.ﬂeﬁera

YroGe MMETb BO3MOMKHOCTHL IpuMeHHTh Teopemy Xapau (§ 8.5) maa
BHBOJA CXOAMMOCTH psiaa Pypee u3 Teopembt defepa, Mbl HYyxaaeMcs
B CAEAYICUIHX IBYX JAeMMax:

b

() Hycme fq;(e)‘de cyuwecmeyem u (ecau 3MO HeCOOCMBEHH b

a
urnmezpas) abcorromuo cxodumcsa. Tozda npu h— o0
b
fq)(e) sin k0 df  Gydem o(1).
a

"(II) Ecau, dasee, $(0) umeem oezpanusennyo sapuayuio Ha om-
pesre (a, b), mo npu A—co

/bq)(e) sink6db  Gydem O(Tl-)

[TepBoift ©3 9THX pe3y/bTaTOB Obla Bbicka3aH I'amMuabToHOM !) B Pumanou ?)
ans orpaHuuennbix Gyuxuuit. CnpasexauBocts aemmur (II), xaxercs, 6bmna xo-
pOIIO M3BECTHA pawblle, yeM Obla OCO3HAHA €€ BAaXHOCTb; OHA fABAseTcHd 0606-
lieHHeM pesyabTara, ycraHoBaen#oro [upxcenoMm 3) u CroxcoM (cm. § 9.3) mas
dyukunlt ¢ HenpephHBHOH IPON3BOAHOMH.

Yurateno caegyeT OTMETHTb, YTO paccyXIeHHs STOro mnaparpaga
COXpaHAIOT CHJIY ¥ B TOM CJyyae, ecaM CHMHYCbl 3AaMeHHTb BCIOALY
KOCHHYCaMH. \

(I) Yno6uo nokasaTh %) aTy jseMMy cHauana aas caydas ¢yskuus ¢ (),
orpanuyenHoft Ha orpeske (@, b). B sToM cayuae nycth K — BepXHas
rpaHuua |Lp(6)|, a € — NPOU3BOJILHOE INOJOXKHTENbHOE uuca0. Padzennm
orpe3ok (@, b) Ha A vacTel TOYKAMM X, Xy, ..., X,_; H COCTaBHM
cymmbl S,, s,, coorsercteywiine Oyuxuuu §(0), no cnocoby § 4.1.
Bo3bMeM 7 HacTOMbKO GOJbIIMM, YTOGH S, — S, <& 5TO BO3MOKHO,
tak kaxk ¢(0) — unrerpupyemas dynxuus.

Ha orpeske (x,_;, X,) NoaoxuM

‘P(e) = q)r (xr—1)+ mr(e)r
. ,wr(e)l< Ur'— Lr’

) W. R. Hamilton, Trans. Dublin Acad., XIX, 287 (1834).

?2) Riemann, Ges. math, Werke, 241. OTtHocuTeabHO HcCAenoOBauus Jle-
Gera cM. ero kHury «Séries trigonométriques», ra. I, 1906.

8) Dirksen, Journal fiir Math,, IV, 172 (1829).

4) DTUM [OKa3aTeabCTBOM MH 00sizaHbl Xapau; OHO KaxeTcs 06oJee H3dAm-
HBIM, YeM J0Ka3aTeAbCTBA, AaHHBIE IPYruMy aBropaMu, Hanpumep Baane-ITycce-
HOM B ero «Kypce aHannsa GeckoHeyHo Maablx», T. IL

16*

TaK 4TO
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rae U, u L, — Bepxusas M HUxHAS rpanuus ¢ynkuun $(0) na oTpeske
(xr-l’ xr)'
Torza sacHO, uyTO

b n X,
/q)(e)smw b | = Eq),(x,_l)/ sin A0 df 4
a r=1 X,y

n

+2/ w, (B)sin )6 a6 | <

rlx

n *r

< Y 19l | [ sinroas +2 f o, (6)] @8 <

r=1 X r=1 x
2nl<

r=1 ’ r=1
nK +(S —Sn)< Py =+ e

.Bass X\ pocraTouno GoabwiuM (n OcraeTcs (MKCHPOBAHHBLIM, TNOCTE
TOrO Kak & BHOpaHO), MOC/elHee BhIPaXXGHHE MOXKHO CHeJaTb MeHblie,
yeM 2e, TaK 4TO

) b
li $(0)sink6db =0,
l-lbmooafq)( )sin

yTo U Tpeb6OoBaIOCh HOKA3aThb.

B cayuae, xorma ¢(06) me orpamuuena, eciu OHa uMeeT aGCOJIOTHO
" CXOASILIMKCA MHTErpas, TO, coraacHo § 4.5, Mb MOXeM 3aKJIOUHTb TOYKH,
B KOTOPBIX 374 (YHKIHS He OrpaHHYeHa, B KOHeuHOe l) uHC/IO MHTepBaJOB

3, 8, «v.y 3, TAK uTO »
Y [lv@an<e.

[4
r=13,
[Tycre K o6o3nauaer Bepxuiolo rpanuuy |§(8)| mns 3uauenuit 0 sre
9THX MHTEPBANOB, W NYCTb Ty, Yo +--» Jp4+1 0003HAYAIOT HacTH OT-

peska (a, b), ocraomuecs nocie yAafeHUs MHTEPBANOB dp, Oy, ..., 3,5
Torna MbHl MOXeM JIOKa3aTh, KAK W paHblle, 4TO

fq)(e)smxede — Efqa(e)smmd@-i»E /q;(ﬂ)sm)ﬁdﬂ <

r17 r-lB

ptl
/q)(e)smxede +Eflq;(e)smxe|de<2£’i+2e

r= 1 1, r=18,

') KoHeynOCms vuchia MHTEPBAJAOB COAEPKHUTCA B ONpejesieHHH HecoGCTBeH-
HOro uHrerpana § 4.5.
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Tax kax Bui6op & duxcupyer # u K, TO mnoc/ienHee BHpameHHe
MOXHO CcHesnaTb MeHblle, uyeM 3¢, eCJH B3Th A JOCTATOUHO GOJBLLIKM,
Hnave rosops, maxe ecau ¢ (6) He orpanmuena,

b
1 B)sinx0 46 =0,
i foamns

ec/u TOJAbKO (HecoOGcTBeHHHHt) uHTerpan ot ¢ (0) abcoaoTHO cxomurcs.
[MepBas neMMa, TakHM 06pasoM, AOKa3aHa NOAHOCTHI). |
(II) Eciur ¢(0) umeeT orpanuueHHyl0 Bapuauuio Ha oTpeske (@, b),
10, NpUHHMas BO BHMMaHHe mpuMep 2 § 3.64, Mbi MOxeM HamucaTh

P (0) = 31 (6) — x2(8),

rae  xp(0), xp(0) — monoxurenpHoie  HeyGHIBAWIIME  OT pAHHYEHHBIE
$YHKUUA.

Torza no Bropof#t Teopeme O cpenHeM sHaueHuu (§ 4.14) cyuiecTByer
Takoe 4uca0 &, 9T0 @ LECh u

b b
. 29, (b
fxl(ﬂ) sin 10 d6 | = Xl(b)f\sm)\@ do <—X*T(—).
a 13

Ecan ME npoJedaeM TO Xe caMoe ¢ yo(0), TO momyuum
b

b b
fq,(e) sinn0d6 | < | [ 3 (6)sinnodb|+ fXQ(ﬂ)sin)\GdG <
a a a
‘ 2{ )+ (0)) 1
i (.
U TAaKHM OﬁpaSOM, BTOpaﬁ JeMMa 10KasaHa.

®
Canencrsue. Ecan f(f) TakoBa, uTO wuuTerpan f f() dt abcomotHO

-
cxonutcs, T0 Koshdunuenter Pypve a,, b, dyskumu f(f) 6yxyr o(l), xorza
n-»co; ecld, jakee, A(f) uMeeT OrpaHUYEHHYI0 BapHANMIO HA OTpeske (— =, =),

kosdduuentsl Pypbe Oynyt O(?)'

[Koneuno, 9TH pesyabTaTh caMu N0 cefe HEZOCTATOYHM Jas oGecneyeHus
CXOIHUMOCTH pAfia Pypbe, COOTBETCTBYOINEro dyHkuuu f{f), H6O psil, YIEHH
KOTOpOTO MMEIT NOPANOK 4JEHOB rapMoHuueckoro psxa (§ 2.3), He o6asa-
TeAbHO OyJeT CXOAfuMcs.]

9.42. JlokasaTenbCTBO TeOpeMH Pypne

JokaxeM Tenmepb TeOpeMy, BHICKasaHHYyI0 B § 9.2, a uMeHHO:
Hycms  f(t) — dynxyus, npoussossnas npy —nlt<n u
onpedessieman pasencmson f(t-}2r)= f(f) 023 scex ocmansnsx
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ki

seujecmeenblx 3nauenuil t, nycmo ff(t)dt cyuwecmeyem u (eciu
-7
Mo HecoOcmeeHHul unmezpanr) a6COAOMHO CX00UMCA.
Ilyemo a,, b, onpedersomcs pagencmsanu

wa, = [ f(t)cosntat, wb,= [ f(®sinntat.

-1

Tozda, ecan x — BHYMPERHAR MOYKA KAK020-AuG0 ompedka (a, b),
Ha xomopor f(f) umeem O02PAHUMEHRHYIO BAPRAYULIO, MO PAD

%ao -+ 2 (@, cosnx—b,sinnx)

n=1

CXO0UMCA HA 3MOM Ompeswe U €20 CYMMA PABHA

F 1 x40+ 7 (x—0)).

Yno6HO HaTh [ABA [0KA3ATENbCTBA: OAHO, OTHOCsLIeeCs K QyHK-
UUsIM, JJs KOTOPHIX MOXHO MpPHHATE 33 OTPe3oK (@, b) Bech OTpe3aox
(—n-x, =- x), a Apyroe, oTHOCsAWeecA K (QyHKUUAM, IS KOTOPHIX
3TOr0 CHenaTb HeJb3si.

(I) Ecau 3a oTpesox (a, ) MOXKHO NPUHATH OTPe30K (— -+ X, ® - Xx),

o u3 § 9.41 (II) caepyer, uro a,cosnx 4 b,sinnx Oyner O (71—)
npu n—>oo0. [lo Teopeme deltepa (§ 9.4) paccmaTpubaeMmblft psn cyM-
wapyen (C1) u ero (Cl)-cymma pasma o [f (x4 0)+ 7 (x —0)} ).
ITostomy no teopeme Xapau (§ 8.5) paccmarpusaembiit psaa Oymer cxo-
INTbCS M ero cymma Oyrer pasua (mo § 8_.43)—;— {[f(x +0)+ f(x—0)}.

() Ecin Ke HeBO3MOXHO NpPHHATH 3a OTpPe3oK (@, b) Becb OT-
pesox (—w-x, w-} x), TO HO YCJAOBHIO MOXHO HaHTH TaKoe N0JO-
KUTeJbHOE 4HCA0 O, MeHbliee w, 4TO f(f) OyneT uMeTb OFpaHUYEHHYIO
Bapualuio Ha orpeske (x — 3, x - 23). Beenem BcrmomoraTesbHylo (yHK-
a0 g (¢), pasuyo f(f), xorma x—9d<f< x-39, u paBHyw HyJIIO
B OCTaJbHOM uacTu OTpeska (— m—+ x, ®w— x), npuueM g (t-2n)=g (¥)
IJ1% BCeX BellleCTBEHHHIX 3HaueHul f.

Torma g (f) Oyzer yIOBIeTBOPSTh YCJAOBHAM, HAaJOXEHHBIM Ha
¢yHxkuun, paccmorpenusie B (I), a MMeHHO: OHA HMeeT aGCOJIOTHO CXO-
IAIUACS MHTerpaj i OTPaHUYeHHYI0 BAPHALKIO HA OTpesKe (—m—vX, T—X);

TakuM o6pasoM, ecan 4y, b — xosdpdunuenrn Pypre dynxuun g (#),
p

1) Mpegeast f(x+0) cywecTsyloT cornacHo mnpumepy 3 § 3.64.
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TO pesyJbTaT, noJaydeHnnit B (I), nokaswiBaer, uto psn Pypee, coor-
BeTCTBYWOUIHH dYyHKUMH g (£), @ UMEHHO

a“) -+ 2 (af cos nx + 8 sin nx),
CXOIMTCH K CyMMe

e +0+gx—0),

KOTOpast paBHa

S04 f (2 —O0)).

Mycte Temeps S,,(x) u SW (%) o6osnauaior cymmb m -1 mepBhX ie-
HOB psnoB dypre, CooTBeTCTBYlOMUMX dynkuuaM f(f) u g (¢). Toraa
NIerK0 BHAETh, UTO

Sp(¥) =~ / L4 cos(x—f)4cos2(x — ) .

1 psin(m44)x—0) :
. S —t ) dt =+ t ==
teosms—n}sOa =3 [ L
TEE 1
1 sm(m—{—T)(x——)
e — Hdt =
2’?_4 ate—n 10
12!- 1!
1 [ (2m+1)0 sin(@m + 1) 0
=1 [ SCrEDL oot /—m—ﬂx—?w

0

ananornyro § 9.4.
[Tono6uLIM ke 06pasoM

S(l)(x) 1/’ sm(2;:zn—{e— 1o g (x—20)d8 4

rola

1 [ sin@m--1)0
—|-;f -———————S"‘(S’i’;j) g (x — 26)ds,
0
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H CJefoBaTeabHO, TMOJB3ysch ompeleneHHeM (yHKuuM g (f), umeeM

sin@m—1)0 L&D 40

sin 0

\mla

S, (%) — SH (%)= —

Qoloa~

"

sin 6

2
+= fsin(2m+1)e-__—f("‘“”) a8,
)
7

Tak kax cosec 0 sBasiercs HempephiBHOR Qynxiume#d Ha oTpeske

(7 %)

10 orciona ciexyer, uro f(x+26)cosect Oymyr HHTerpupyeMmuiMu
pyHKuuaMu ¢ abCoOMIOTHO CXOASIIMMUCS WHTErpajaMu; CJed0BaTeJbHO,
no Jaemme Pumana — JleGera [§ 9.41 (I)] o6a unmeepara cnpasa
8 nocaredHeMm paseHcmse CMPeMAMCE K HYAIO, KO20G M—» 0O,
Wuauve roBops,
im {8, (x)— Sk (x)} =0

. m-» o
Orcioza B CHIY

m-»co

tim S (%)= 5 ((x+0)+f (x —0)}
ClAeRyeT, uTO |
i S, () =5 (/ e+ 0)+f (x—O).
Hmar, mumw 0o0xkasasu, 4mo pﬂ@wcbypbe, coomsemcemseyouyili

dynxyuu f(t), a umenso pao % ay+ 2 (a,cosnx 4 b, sinnx), cxo-
n=1
oumcs u e20 cymnQ pasHa

(404 f(x—O)).

9.43. JoxaszateancTBo JupuxJje — BoHHe TeopeMm Pypre

IIpencTaBiseT HeKOTOPHH WHTepec A0Ka3aTb TeopeMy § 9.42 me-
NOCPenCTBEHHO, He Npuberas K TeOpHH, CyMMHPOBaHus. COOTBETCTBEHHO
3TOMY MH LaJuM Tellepb NOKa3aTeJhCcTBO, MMeiouiee TOT e OOumit xa-
paKTep, 4TO W IOKA3aTe/bCTBA, TpHHaa/exauue Jlupuxie B Doure.
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Kax 06bluHO, 0603HAYUM CYMMY MNepBHX m—-1 uieHos psu1a dypre
yepes §,, (x) toraa cornacHo § 9.42 umeem

S, (x) = 1/ sm(2srlnn—é-l)6 F (6 - 20) db +

nal 2

-+

a|=

f sin (2m 4 1) 8 F(x — 26)dh.

sin 6
0

Ho, unrerpupysd paBeHCTBO

Sn@mt DY 4 2c0s20-+2c0s40+ ... -+ 2cos2ms,
nMeeM
7
/' sm(2m+1)0 T
sin ¢ 2
0
TAK 4YTO

Su(¥) — 5 £ {(x+- 0+ f(x—0)) =

wfa

2%/’ Lﬂgs%-ﬂ{f(x+ze)~f(x+0)}d9+

0

+1 / Sn@mA DO p e 90)— f(x —0)) df
,uﬂﬂ JOoKa3areJbCTBa paBEHCTBa
lim Sp(x)= g {/ (5= 0+ f (¢ —O)

JOCTAaTOYHO IOKa3aTb, 4TO

"

2
tim / Sin@mADO ,6yas =0,

sin 0
Y

rie 3a ¢(0) moouyepenHo NpHHEMAETCA OXHA M3 (YHKUuH

Fx4-20)— F(x4-0), f(x—20)— f(x—O)
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Ho, cornacio npumepy 4 § 3.64, B¢ (6)cosecb spagercs Qynkuuett
¢ OrpaHuyeHHON BapuauMel Ha HEKOTOPOM OTpe3Ke, Yy KOTOPOTO OfHOH
M3 KOHUEBbLIX Touek GymeT 0 ==01); n0o3TOMy MOXHO HamHCATh

B (8) cosec 8 =y, (6) — x2(8),
rae ¥;(0), ¥, (0) — Takue orpaHWuUEHHBE MOJIOKUTEJbHbE HEYOLIBAIOLIHE

¢yukuuu ot 6, yro
11(F0) =3y (0)=0.

HOSTOMy AJst NaHHOI'O MPOU3BOJNLHOTO IMOJIOKHUTEJbHOTO YHC/JA € Mbl
MOXEM BblﬁpaTb TaKOe€ NOJOXKUTEJbHOE YHUCJIO 8, 4TO

0y ®)<e, 0Ly (0) <,
Koraa
P
0<b
BriBeneM Tenmepb HEPABEHCTBA, KOTOPHIM YAOBJETBOPAOT TPH HHTErpaja
CIpaBa B OYEBUIHOM DPAaBEHCTBE

®

2

/ﬂﬂzﬁ&z;tllﬁ¢(9)d9:= /‘gn(2n14_1)e £ gp 4

sin 0 in

o} @

1

| o

3 3

2

7
_F./°fﬂLﬁﬁ%ftllﬁ_xl(e)d9.__'/TEBLQQ%ftl)E_XQ(e)dO.
o 0

Moayab nepsoro MuTerpajga MoxeT OHTb CleJaH MeHblIe, YeM &, eciIH
B3ATb M A0CTaTOUHO OGoabliuMm; 3T0 caenyer u3 § 9.41 (I), Tax xax

1) Y\
unterpan ot @(6)cosech mno orpesky 5 —2—) a6CoMIOTHO CXOAUTCH,

Jlanee, no BTOPOH TeopeMe O CpeiHeM 3HAUEHHH HMeeTCs Takoe 4HcJo §
mexny 0 u 3, uToO
5

2
/" sin (Qmﬂ—(- 10 41 (0)db | =

[+

3 (m+3)s
3 sin (2m 4-1) 8 3 sinu
o X.l —_— /__—_de :Xl - = du
<2)£ ] <2> (m+/l‘)g u
2 2

1) Ipyro#l koHueso# Toukoil Oyzer 8 = (b — x)/2 wam 0 = (x — a)/2 coor-
BETCTBEHHO ToMy, 6yxetr au ¢ (0) npeacraBasTh mepBYIO MAH BTOPYIO M3 pac-
CMaTpUBACMbIX QYHKIHH.
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[ae)
‘ sint
Tak kak / 7 dt cxonurtca, TO
0

oo

sinu
/ du
. u

B
MMeeT BepXHIOO rpanuny B 1), ne saBucquyio ot $; OTCIOAA ACHO, 4TO

o) o

| @t DI, 8)a6| < 2By, (-g—) < 9Be.
0

Toctynas ¢ TpeTbUM MHTETPAJNOM NOXOOHHIM e O0GpasoM, BHAMM
YTO MBI MOXEM CLeJaTe

kid

2
[___~S‘“ Qm+10 o6y an| < 4B+ 1)e,
0

sin ©

B34B M JOCTATOUHO OOJBIUKM; markum o06pa3om, Me. 00KA3aAd, 4MmMo

T

2

fim /i""-(:z—’”—ﬂ%(e)dezo.

Mmoo sin §

Ho Mu yXe BHARJNH, YTO TO fABNSETCA NOCTATOUHBIM YCJOBHeM I
. 1
TOro, 4robsl npeien CyMmu S, (x) Obla paBeH 5 {(fx4+0—+ f(x—0);

HO3TOMY CXOLMMOETb pala Pypbe NpH YCIOBHAX, U3JIOXKEHHBIX B § 9.42.
YCTaHOBJIEHA.

Mpumeuanue. YnraTemo caelyer 3aMeTHTb, YTO B OGOHX HOKa3aTelb-
cTBax cxopumoctu paga Pypbe Tpebyerca smopas TeOpeMa O CPelHEM 3Haye-
HHH, 3 JJf JOKA3aTeJbCTBA CYMMHDYEMOCTH DALA AOCTATOYHO Hep8Oi TEopeMbl
0 cpenneM 3Hauenun. ClelyeT Tak:e OTMeTHTb, 4TO, B TO BPEMSl KaK IpH J0-
K23aTeAbCTBE CYMMHPYEMOCTH B KakOH-TH60O TOYKe X HAKJAAJBIBAKOTCH OrpaHu-
denus Ha f(f) BO Bcell 064aCTH (— =, ™), HEOOXOAHMBIM JOLOJIHUTENBHHIM OIpa-
HuyeHueM s ofecmedyeHHs CXOIHMOCTH pAfa fBJASETCS TOJABKO OrpaHHYeHHe
nosejieHust QYHKIMM B HEMOCPEACTBEHHOM COCEICTBE € TOYKOH x. PakT 3aBucH-
MOCTH CXOJHMOCTH TOJBKO OT TOBEIEHHs (YHKUHH B HENOCPEICTBEHHOM

) Yuraremo OyideT MHTEPECHO I0Ka3aTb, 4TO

oo

sinu T
B=’/‘ 7 du=-2—
0
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cocesicTBe ¢ x (NpH YCJAOBHH, YTO (PYHKUHA HMeeT abCOMOTHO CXONKIIMICA UHTE-
rpan) Ouln aaMmeden Pumanom u noguepkuyr JleGerom (Lebesgue, Séries
trigonométriques, 60).

YcaoBue '), 4T0 x €cTb BHYTPEHHSA TOUKA HHTEpBana, B KOTOpoM f(f)
UMeeT OrpaHHYEHHYI0 BapHanuio, ABIAETCH, OUEBHMIHO, TOJbKO JOCTATOUHEIM 1A
CXOZHMOCTH piifa Pyphe, H OHO MOXET GHTb 3aMeHEHO JNIOGHIM YCAOBHEM, NpH
KOTOPOM

™

2

lim /M?(ﬂ)d6=0.

m->co sin §
0

Yenosue Xopnana TeM He MeHee ABIAETCHA CCTECTBEHHBLIM BHMAOH3MEHEHHEM
ycnosua [lupHxae, coCTOAMEro B TOM, uT0 QyHKRHA f(f) HMeeT KOMEYHOE UHCAO
MaKCUMYMOB M MHHAMYMOB, OHO HE YBeJHUMBAET TPYAHOCTH JAOKAa3aTeAbCTBA.

Jpyroe ycaosue npuHagidexut Juux (Dini, Sopra le serie di Fourier,

a
Pisa, 1880); ono coctouT B TOM, 4TO HHTErpan fcb(e) db, rne
0

o (8) = f(x+?0)-I—f(x—29)(;-—f(x+0)—f(x——0) .

JOMmKEH CXONHTHCA aGCOMOTHO MPH KAKOM-HHOYIb NOJOXHTCAbHOM 3HAYCHHH 4.
[Ecim sTo ycaoBHe BBHINOJAHEHO, TO MAJA JIAHHOTO & MbHl MOXeM wualTu
Takoe d, 4to°

3

2
f]cb(ﬂ)[d6<e,
0
& Torja
§
2
. 6 1
e/"Slﬂ(?ﬂ'l—-l—-l)e'WQ(G)de <—2—TEE,
0

yTBepKJIeHHe, 4TO

wof a

/'sin(2m+1)6 OO db|<e,

sin 0

8| o

5[].'[5!6 noc]raTquo 6onbUINX 3HaUeHHH m BHITEKAaeT NPH 3TOM u3 JeMMub Pumana —
ebera.

Bosnee orpannumrenbHoe ycnoBue, ueM ycaosue umu, npunannexur Jlum-
muny (Lipschitz, Journal fur Math, LXIH, 296 (1864)), a nMenno:
le ()| < CB%, rne C w & nonoxurefpHsl # He 3aBuCAT OT 6. OTHOCHTeNBHO
Apyrux yciosuif, npunamnexamux Jle6ery v Baane-Ilycceny, cM. xuury mnocael-
nero «Kypc ananmsa Geckoneuno Maamix», 1. I, c1p. 1 138. Caexyer oTMeTHTD,

') Hpunannexames XKopaauy (Jordan, Comptes Rendus, XCII, 228 (1881)).
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q10 ycioBue XopAaHa OTJIHYAETCA 1O XapakTepy OF gcnoaaﬂ Hunu; yenopue Junu
€CTb YCIOBHE TOTO, YTOGH PAJ CXOMHJACH B HEKOTOPOR mouke HHTepBaja (— w,m),
a ycnoBue 2{opmama ecTb yCJIOBHE TOro, UTOGH pPAX CXOAHJCA B HEKOTOPOM
uxmepeane. :

9.44. PaBHOoMepHas CXOAUMOCTh psajaoB Pypee

Myets f(¢) yrosaerBopser ykasaHubiM B § 942 ycaoBuaM, H nycTh oHa
6yner nenpepusnoi (B NOTMOJHEHHE K OrPaHHYEHHOCTH BApHAUMH) B HHTEpBaJIE
(a, b). Toz0a pad @ypve, coomsemcmeyouyuli @ynryuu f(f), cxodumcs pas-
HOMepHO K CyMme f(x) 60 8cex moukax x, 048 xomopox & -3 < x L b—3,
20e ¥ — 21060e noAONCUMeNbHOC HUCAO.

Mycts & (f) — BcnomoratenbHas ¢yukuusa, pasHas f(f) npu a<{i<<b u
HYJI0 IS OCTaJbHBIX 3HAYeHHH ! Ha oTpeake (—=, =), H OycTh a,, B, o6o3una-

qaoT koshduuuentnl Pypbe pynkuun A (f). daaee, mycth SS‘P (x) obosHauaer -

cymMy nepBux m -1 unenoB paga Pypbe, cootBercTByoIero Gynkuuu k(#)
orja Io cAelcTBHIO 2 §‘9.4 pan

o
—%—ao + Z (¢, cos nx -~ 8, sin nx)
n=l
Oynet pashOMepHO CyMmupyes Ha BceM orpeake (a8, b-—3B);, a Tak xak

1
Ian cosnx+ﬁnsinml<(“i+ﬂi)2’

rie npaBas 4acTb He 3aBHCHMT OT X H, coraacuo § 941 (II), 6ymer O(1/n), TO
no caeiacteuio § 8.5 pan

[eo]
—;—ao -+ E (2, cos nx -+ B, sin nx)

n=1

CXONHTCA paBHOMEpHO k cyMMe £ (x), paBHoO# f(x).
Tenepnb, kak B § 9.42,

£

(%]

i b
s,,,(x)—sﬁ(x):_}n- f fﬁ%’%%‘—l)—f(xq-%) do 4
b—x

2

0| 3

+% /' sin (23’;:1—(*3— 10 F(x—20) 8.
x—a
)

Kak B § 9.41, Bo3bMeM MPOH3BOJABHOC MOJOXUTCALHOE YHCIO & M 3aTEM 3aKJIOUHM
TOUKH, B KOTOPHX f(f) 6yZeT He orpaHuueHa, B TaKHe MHTEPBAJH dy, By, ..., 85,

4YT0 o
E flf(t)]dt<e.
r=1 6'_
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Eciu K -—Bepxuas rpauuna |f(f)] BHe 3THX HHTEpBAJOB, TO MH HMecM,
kak B § 941, onK
n

I S, (x) — Sg) (x) l < (m 4 23) cosec B,

rae BHIGOp 7 3aBHCHT TOABKO OT a4 M b u oT Buia Qyukuud f(¢). Otciona
BHIHO, UTO Mb MOXeM ciedats | S, (x)—S% (x)| mpoHsBOABHO MabIM, BEL-

Gupast m He3asuCuMO OT X, TaK uto S, (x) — Sg) (X) CTpPEMHTCS K HYyJI0 PaBHO-

mepHo. [lockoabky Sﬁ) (x) > f(x) paBHOMepHO, sicHO, 4TO H S, (x) > f(x)
TaKKe PAaBHOMEPHO, a 3TO H eCTb pe3yabTaT, KOTOpbii TpeGOBajl0Ch AOKa3aTh.

Mpumeuwanue CaeryeT OTMeTUTb, 9TO HeJb3d CleNaTh OOIIEro yraep-
MIEHHS OTHOCHTEJbHO PaBHOMEPHOH naM aGCOMOTHOH CXOIUMOCTH PANOB Pypbe.
Tak, HampuMep, psan B npumepe 1 § 9.11 cXomxuTCA PaBHOMEPHO, 33 HCKIIOYEHHEM
okpecTHoOCTell Touek x = (2n -} 1) %, HO cxoAuTCA a6COMOTHO TOMBKO NPH X = 1T,
B TO BpeMa Kak paja B upumepe 2 § 9.11 cxomurca paBHOMepHo H aGCOMOTHO
I BCeX BEIIECTBEHHBIX 3HaueHui X.

Mpumep 1. Ilycte ¢ (6) ynoBaerBopsieT HajJexawdM yCAOBHAM Ha OT-
peske (0, ©); nmokasath, 4TO

T

[ 2

lim /w?(e),ﬁ): lim qu,(e)de_}_

Mm->c0 sin 6 M0 sin §
0 0

n
2

+ aim [(SMCRLEDT gy a0 =L (o () + ¢ (= —O)h

M—>oo sin 6
0

Mpumep 2. Nokasars, uro mpn ¢ >0

[ee]
lim f sin@n D -0t gy Lo oip 27,
na sin 2 2
0
(Math. Trip., 1894)
[TTokasartk, uTO
© mwn
/w e 40 = lim / S @it DO e gp -
sin 8 m-oo sin 9

. 0

= lim /W{g—ae_*_e—a(ﬂﬂ)_*_ _|_e—a(‘i+mﬂ)} A =
Mmoo sin 6
0
T
_/' sin@n+1)0 e~ 48

sin 6 - 1_e—a1|:'

M BOCTONb3OBAThCA mpuMepoM 1.]
Mpumep 3. PaccMorperh paBHOMEPHYIO CXOIHMOCTb DPAOB Pypve mpu
nomoigu HETerpanoB Jupuxie — BoHHe, HE TOAL3YACh TEOPHUEH CYMMHPYEMOCTH.
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9.5. Teopema [ypBuua — Jlanynosa!) o koadpduumentax Pypne

Ilycms  f(x) oepanuvena 8 unmepsase (— =, ©), & nycms
ff(x)dx cyuwecmeyem, max 4mo cyuecmsyiom rospbunuesmot

gypbe a,, b, oyrryuu f(x). Toeda pao
1 R
7 4+ X (d+5)
n=1

cxodumces u ez0 cymma passa?)

K

L [

—T
[ToxaxeM cHayana, ucrnosn3ys obosHaueHus § 9.4, uto
T

m-—1 2
lim /{f(x)f—,}l— ESn(x)} dx =0.
n=0

m-»>co *®
-T

Pasgeanm orpesok (—=, n) ma 4r uactei, xamaas nauHofl ¥; mycth U,
U L, — BepxHas U HixHAA IPaHHiBl f(X) Ha OTpe3ke

{Cp—1d—m, (2p+3)8 —n},

a Be‘;‘)xum rpaunna | f(x)| Ha.oTpe3ke (— =, =) pasua K. TorgZa mo caenacrsumo 1
§ 9.

m-1
£ = 3 Su )

n=0

m sin? — m sin? —
2 2

2 1
<U,—L,+—K_ <21<(1+———B—),
KOTAa X JeWHT MexAy 2p% — = u (2p +2)% — .

CnenoBatenbHo, N0 NEPBOH TeopeMe O CpefHEM 3HauEHUH
T m—1 2
1 ¢
/‘{f(x)—»’; P s,,(x)} dx <
n=

-1 0

2r—1
1 O 8Krd
<K| 14—l 2 L(Up_ p)_i____Kf_B_
msin? = p=0 m sin? -

2 2

') Math. Ann,, LVII, 429 (1903). JianyHos otxpein TeopeMy B 1896 r. u ony-
6anKOBan ee B MI3BECTHAX MaTeMaTHueCKOro 0-Ba XapbKOBCKOIO YHHBEPCHTETA.
Cum. .Comptes Rendus, CXXXVI, 1024 (1898).

%) Jrot umrerpan cymecTByer coraacHo mpumepy 1 § 4.12. HoxasaTeabcTBO
TeopeMbl, Ranoe Banne-Ilyccenom, manaraetr Ha ¢yHknuio f(x) emHHCTBEHHOE
OrpaHuYenHe, 4TO NOKHBI CYIECTBOBATb HECOGCTBEHHBIE HHTErpanbl yHKIHI
F(x) m {f(x)}? no orpesky (— =, n). CM, ero «Kypc ananusa 6eCKOHETHO Ma-
apix», T. 1, cTp. 163—154.
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Fax kax f(x) uurerpupyema B cMbicie Pumana (§ 4.12), To o6a Bepaxenus

r—1 r—-1

@ (Upp—1Lyp) u 43 Z(U2p+l_[‘2p+l)
p=0 p=0

MOXHO CHeJaTh TNPOU3BOJLHO MaJAbIMM, €CIH B3ATh r [OCTATOUHO GOJLLIKM.
Bui6pas Takoe r (¥ TeM caMbIM BHIGpaB B), Ml MOXeM 3aTeM BbIGpaTb m; CTOXb

60JbIIHM, HTO 6yaeT NpOM3BOJLHO MaibiM. MHaue rosops, MH

r
m, sin? (3/2)
MOMEM clefaThb BHIPAXEHHE CIpaBa B MOCAEHEM HEPABEHCTBE MPOH3BOJBHO
MaJuM, JaBas m go6oe 3HaueHse, OoJblIee, 4eM BHIOpaHHOE 3HayeHHe Im,.
Orciona CAeAyerT, 9To BHIPAXKEHNE B JEBOH JacTH HEPaBEHCTBA OyldeT CTPEMHTbCA
K HYJIO IpH m —>co.

Ho oueBunno, urto

ki1

m-1 2 3 m-1 2
[rw—1 ¥ s} = f{f(x)—E’”;”A,.<x> (=
- n=0 n=0

i 2

m-—1 —r:—l
= [{ro— Y4+ 32 a,w] de=
- . n=0 n=0

T

m—1 2 Trm-1
=/ f(x)—ZA,,(x>}dx+ S1Eo a0 fax+
n=0 : —-% n=0

-7

i m—1 m—1
+2 [ f(x)—EA,.(x)} Y A, (x) pdx =
- n=0 n=0

3 m—1 2 m-1
= [{ro- Sam| et (o)
- n=0 n=0
TaK KakK

% m—1
[rwamas= [{¥ 4,014 (ax

—-% n=0

mpn r=0, 1, 2, ..., m—1.

Huterpan ciaeBa CTPeMHTCA K HYJI0, ¥ NO JIOKAa3aHHOMY OH paBeH
CyMMe IBYX HOJIOXKMTE/JbHBIX BHPaXeHHH; ClleJOBAaTebHO, Kaxjioe H3
THX BHIPAXEHUM CTPEMHUTCS K HyJ/10; TakuM oGpasom,

1

f f(x) —mi A, () }2dx - 0.

-% n=0
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Ho 3aeck BHpaxeHnue c/eBd PABHO

™ m-1

f{f(x)}gdx—2 j{f(x)~§/4,,(x)}{EAn(x)}dx_

- n=0

T om—1 2 T
- f{Sramfor= furen-
~= n=0 s

. r 1 m:‘l l
= [Upar—s pa+ X+

-7

TaK YTO NPU M —> OO

T m-1

J {f(x>}2dx—“{~17a§+ 2(ai+bﬁ)}»0-

-7 n=1

TakuM 06pa3oM, TeopeMa JOKasaua.

Cunencreue. Teopema [lapcepans!).

Mycrs qynxnuu f(x), F(x) yL0BACTBOPAIOT YCJIOBHAM, HANOXKEHHBIM Ha f(x)
B Hauale sToro maparpada, 1 nycts A,, B, — xosddunuentsl ®Pyphe yHKOuH
F(x), TOrfa mou/jieHHBIM BBHIYHTAHUEM CJAGIYIOIUMX JBYX pPaBEHCTB, KOTOpHE 3a-
NHCAHBl B BHJE ONHOTO PAaBEHCTBA:

T

f {f(x) £ F(x)})?dx =

-

s

= [‘% (a0 = Ao)* 4 {(an £ Ap)* 4+ (b, Bn)2}:| ,

n=1

noayqaeM

/f(x)F(x)dx = n{ %avo—{— i (anAn—i—ann)}.
-% n=1

9.6. PumanoBa Teopusi TPUTOHOMETPHUYECKHX pANOB

Teopua [lupuxae nAjiA pazos Pypbe NOCBALIEHA pAfaM, KOTOpPbie
npeicTaB Al0T 3alaHHble QyHKuud. BaxHelit war Bnepel B 3TOH TeopHH
6bla caenaH PuManom, KoTopuii paccmorpes cBo#ictBa ¢yHkuuii, onpe-

)y Parseval, Mém. par. divers savants, 1, 639—648 (1805). [TapceBaun,
KOHEUHO, NMPEeATnionaral BO3MOXHOCTb MOYIEHHOrO HHTErPUPOBAHUS TPHIOHOMET-
PHYECKHX DAMOB.

17 3. T. Yurrekep, Jk. H. Barcon
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AeNdeMblX pslaMd Ttuna ')

feo]
2,
—;ao -+ L (a,cosnx b, sinnx),

n=1
rje npejrnoJaraercd, 4ro

lim (@, cosnx—-0b,sinnx)=0.
n-»wo

ITpeaBapuTe/ ibHO Mbl JanuM [MpelJOXeHHsd, Belyline K TeopeMe Pu-
MaHa 2), cocTosuedi B TOM, YTO eCJH [BA TPHTOHOMETPUYECKHX pAia
CXOAATCA M PpaBHLl BO BCeX TOYKaX OTpe3Ka (— 7, ®) C BO3MOXKHBIM
UCKJIIOYEeHHEeM KOHEYHOro uucnaa TOUeK, TO COOTBETCTBYIOLIUE KOSqJ(pl/I-
uHeHTH 000oux psaoB OyLyT paBHbI.

9.61. AccouunuposanHas ¢pyHxkuus Pumana

O6o3Hauum cymMmy paia

—21—a0+ 2 (a,cosnx b, sinnx)y=A4,+ 2 A, (x)

n=1 n=1

BO BCAKOH TOYKe, Iae oH cxoaurcs, uepes f(x). Ilycth, nanee,

F(x)= 5 Agx? = Y, 0724, ().

n=1

Tozoa, ecau pad, onpedeasirouuds f(x), cxodumcs 80 8cex MOYKAxX
Karozo-aub0 unmepgara, mo pao, onpedessiowui F (x), cxodumesn
045 8CeXx BeULeCMBEHHBX 3HAUEHU X.

YroGsl 3TO 10KA3aTh, HAM HyxHa OyldeT ciefyiouias JemMa, IpH-
Hafnexamas Kauropy:

JJemma Kantopa 3). Ecau lim A,(x)==0 0as ecex snauenui x na
n-»>oo

9
HeKOMOPOM Ompe3ke a < x < b, mo a,—>0, by,—>0.
BosbMeM aBe TOukHM X, X -3 aroro orpe3ka. Toria mid 3aJaHHOrO & MBI
MOXeM HaHTH Takoe n, %), 4To npu n > n

|aycos nx + bysinnx| <e, |aycosn{x—+3)4b,sinn(x43)| <e.

) B § 9.6 —9.632 6ykBnl a,, b, He 0653aTeJbHO 06p3HAYAOT KOIQPULHEHTHE

Pypoe,
yp2) Ilannoe npokasareanctBo npuHagaexur . Kanropy (G. Cantor, Journal
far Math., LXXII, 130—142 (1870)).

3) PumaH, no-BuIHMOMY, CYHTAN STOT Pe3yAbTAT OUeBHIHHM. [aHHOe 31ech
JOKa3aTeNbCTBO fABJIAETCSA BHOM3MeHeHueM jokasarenbcTBa Kantopa (Cantor,
Math. Ann,, IV, 139143 (1871) u Journal fiir Math. LXXII, 130—138 (1870)).

4) 3HaueHHe ny 3aBHCHT OT & X D,
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MosroMy
| cos nd (a, cos nx -+ by, sin nx) - sin nd (— a, sin nx b, cos nx) | < e,
Ho rak kax
| cos nd (a, cos nx -} b, sinnx)] <e,
10
| sin nd (— ap, sin nx -+ b, cos nx)| < 2¢;
C ApPyroil CTOPOHEI, OUEBHIHO, UTO
| sin nd (@, cos nx + &, sin nx) | < 2e.
Bo3Boas B KBajapar moclelHHE 1Ba HEPaBEHCTBA M CKJAAAbIBafA, MONYUHM

1

2 T | o Iy

(an+bn)2 Isinnd| <2:V 2.
Tenepb NpeINONONKHM, UTO 4, b, He cTpeMaTcsd K €IUHCTBEHHOMY mpeneay 0;
NOKAXEM, UTO 3TO NPEANONONKEHHE NPHBOAUT K HPOTHBOpeunio. [leHcTBHTENbHO,
N0 3TOMY NpPEANONOKEHUIO CYHIECTBYET HEeKOmMOpOe MOJOKUTENbHOE UHCIO €
TaKoe, yTO Hafigercs OeCKOHeuHas BO3pacTawlias IOCAEI0BATENbHOCTh 7y,

o 21!
ng, ... sHauewwit n, 1n% kKotopux (a2 —}-b,‘l)/2 > deg
HasoBeM o6nacte 3HaueHuii ¥ Ha BellieCTBeHHOH OCH OTpe3koM [/, aauuut L,,
4 7

[lyctb n; — HamMeHpilee M3 NeNbIX YHCEN M, A KOTOpHX nyL; > 2m;

. 7 5 -
TOrfa sinn; y mpolizeT dYepes Bce CBOM 3HaueHHs Ha OTpeake /;; Ha30BeM [,
1
. !
oTpesok '), conepwaluuniica B I, B goropoM sinmy > '—VQ—; ero JIJHHA paBHA

™

! 7
— =L, Tlycts 3aTeM ny — Haumebiee u3 ueasix wucen n,( > ny), ans Ko-

2n;

. ’
TOpPHIX n;L2>2n, TaK 4TO Sifin,y NPOXOAMT uepe3 BCe CBOH 3HAUCHHA Ha
orpeake [,; HasoBeM [, TOT u3 OTPE3kOB, cojepmamuxcs B [, B KOTOPOM

T
sin n;y > ——; ero JaHHa paBHa -~ =L;. Mb mnoayuyum, Takum 0Gpasom,
V2 2n,
NOCAEL0BATENBHOCTD YORIBAIOIHX OTPe3koB [, [,, ..., U3 KOTOPHX KaXIbIH 110-

caerywluil CoIepXUTC B NpefbaylieM. FcHo H3 onpeleneHus HPPANHOHANLHOTO
upcna, YTO HMeeTcd TOYKa o, COZEPKAIaAcs BO BCEX THX OTpe3kax, M

. ! ’ 7 4
sin na > mas n=ny, ny, ... (n,, > n)

L
Ve
Jlas 9THX 3HAueHHH n .
(a% +62)% sinna > 25, V2.

Ho namu 6110 MOKA3aHO, YTO MO JaHHEIM YHCAAM o I & MBI MOXEM HaHTH Takoe ng,
4TO NpH N > M,

1
(a2 +8)7 |sinna| < 2:V2;

'
Tak KaK HEKOTOpHIE 3HaueHus n, OyAyT 6oJbiie, ueM rg, TO MBI IPHILIH K TIpO-
THBOpEUHIO, H60 MBI MOXMEM B3aTb & < gy CJel0BATeNbHO, a, >0, b, —>0.

) Eciu umeercs 6Goaplie ueM OZHH TAkOH OTPE30K, TO ClAelyeT B3ATh TOT,
KOTOPBIH JEXUT caeBa.

17
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[peanosaras, 4to psag, onpeldeasomwuéd f(X), cXOAMTCA BO BCeX
TOYKaX. HEeKOTOPOTO OTpe3Ka BEIUECTBEHHOW OCH, MBl IIOJYy4YaeM, 4TO
a,—0, b,— 0. [TosToMy A1a BCeX BelUECTBEHHBIX 3HAueHul X

1
| @, cos nx b, sin nx| < (ah+4b3)% -0,

a 3HayuT, cornacio § 3.34, pan

1 oo
5 Age? — ¥, 724, (x) = F (x)

n=1

cX0AMTCA abCOMIOTHO M PAaBHOMEPHO A/ BCEX BELISCTBEHHBIX 3HAUEHMH X;
crenoBatenbHo, F(x) npencraBaseT co60# HenpephlBHYIO (PYHKLUIO
or x (§ 3.32).

9.62. CsolictBa acconuuposanHod Gpyuxknun PumaHa;
nepsas JjemMa Pumana

Tenepb Mbl MOXKeM J0OKa3aTb MepBylo JeMMy Pumasa:

Ilycme

F (x -+ 20) 4 F {(x — 2a) — 2F (x)
42 !

lim G (x, a)y==f(x)
>0

G (x, oc) =
mozoa

o0
npu ycarosuun, umo psao Z A, (x)cxodunca o paccuampusaemo2o
n=0

3Ha%eHUA X.
Tak kak psngel, onpexensiomue F(x), F(x & 2a), cxomarcs, TO Mbl
MOXEM CKJIaAbIBATL WX MOUJCHHO M, 3aMmeuasi, uTo

cosn(x -+ 2a)--cosn(x — 2a) - 2cosnx = — 4 sin?na cos nx,
sinn (x— 20) -+ sinn (x — 20) — 2 sinnx = — 4 sin? na sin nx,

HalineM, 4TO

G(x, a)= Ay + i (S‘“ n )2 A, ().

no
n=1

[TokaxeM Temepb, 4YTO STOT pSL CXOLWTCH PABHOMEPHO OTHOCH-
TeJbHO o AJs BCeX 3HayeHHH o NMpH YCIOBUM, UYTO DAL

2 A, (x)
n=1
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cxonantcsi. TpeGyembifi pesyabTar sBASETCS TOTAA HeNoOCpelCTBEHHHIM
creactsueM § 3.32, ubo ecam

sin na \2 .
Fr@=(22) 0w f,0=1,
10 f,(¢) GyneT HempepHBHA 1/ BCEX 3HAYeHMH a M, TakuM OGpasoM,
G(x, a) Gyner HenpepniBHON ¢yHKUMeR OT &, Tak YTO corjacHo § 3.2

G(x, 0)==lim G (x, ).
a-=>0

Yro6u Joxas3aTe, 4To pan, onperensomu#t G (x, @), CXOAUTCA paB-
HOMEpHO, TIPUMEHHM TpH3HAK, JaHHEH B npumepe 2 § 3.35. Brpaxe-
Hue, cooTBercTayiomee w,(x), Oymer f,(x), u facuo, uto | f,(0)| < 1;
NO3TOMY JIOCTaTOUYHO MOKa3aThb, 4TO

[ee)]

2| a1 @ — fr @] <K,

n=1

ric K He 3aBHCHT OT d.

B camoMm jene, mycTb §— TakoOe uHCAO, 4TO S |a} < n < (s-+1)}a]; korza
a == 0, Mbl HMeeM !)

s—1 s—1
in? o sin?
Y Fari @ = Fa @) = D o @ — o () = = — S
n=1 n=1
Hanee,
¥ e @ =@ =
n=s+1 w
Y sin na [ 1 1 sin? na—sin? (n+1)a
= Y 5 et e <
n=s+1
P R 171 1 2 Isin?na—sin?(n4-1)a|
= E &2_(-52—_(n_—|—1)2)+ 24 T (nEFDE2 =
n=s+1 - n=s+1
1 ' | sinasin(2n 1) |
=GFipe T 241 GEFipa S
n=s+

1 | sin a ] S 1
SGEFy=Etw Z]/(,hu)z <
n=s+

dx 1

1 | sina i
<zt ) Gryr<=tGEFonET

!) Tak xax x~!sinx ymeHbmaeTca npu BospacTanud x or 0 1o =,
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ITosromy

sin2a  sin? sa _J_( sin?se |, sinZ (s 4 1) a)

2 [fas1 @ —Ffa (@] < P R % R S2a2 EFDTa? )+

n=l 1,1 1
2
Ftata<itita.
Tax Kak sTe BHIpaxceHHe HE 3aBHCHMT OT ¢, TO TpebyeMbid pesyabTar JekasaH !).

o

CilenoBaTe/IbHO, ecan pal 2 A, (x) exozurcs, TO psil, ONpPEReA0-
n=0

wuft G (x, @), CXOAUTCS PABHOMEDHO OTHOCHUTEJbHO & [/ BCeX 3Haue-
Huft & M, KaKk MBl M YTBEPHKIAMM Bbllle,

limOG(x, a)==C(x, 0)= A, il Ap(x)=f(x)
a-=> n=

Mpumep. Ilycrs
Hn o = LEFat D= POdbep) P —ad B b Fle—af)

af
o0
U NyCTh pAx 2 Ap (%) cxonnTca; mOKasaTh, 4TO
n=0
H{(x, a, B)—> f(x),

o 8
xorza a, 8->0 Takum 06paszom, 4TO — u 7 OCTAIOTCA OrpaHHYEHHBIMH.

B

(Riemann)
9.621. Bropas nemma Pumana
Ilyemo 8 ob6osranenunx §§ 9.6 9.62 wospuyuenmy a,, b, —>0,

mozda
F{x-2a) 4 F (x —20) — 2F (x) _

04n 8Ccex 3Hauerul X.
JleHCTBUTETBHO,
1 , O sin?
4o (P20 F (x — 20) — 2F ()] = Aga -+ 3, o % 4, (x);
n=1

Ho, coriaacHo npumepy 3 § 9.11, npu a > 0 umeem

©0

N sin? na 1 )
a2 (r—a);

n=1

1) 310 HepaBeHCTBO, OUEBHIHO, CIPaBELINBO, Korna a == 0.
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1 TakuM 06pa3oM, NOCKOJIbKY

Ay () adt Yy 0N 4 (x) = Ay () at-o(x — ) A, (x)+

n=1

n

n=1

m=1

Mbl BHIMM, COTJIaCHO npuMepy 2 § 3.35, uTo 9TOT pan CXOMUTCA
PaBHOMePHO OTHOCHTE/LHO O 14 BCeX 3HaueHuH a, GOMbIIMX Hyda nan
paBHHX HYJIO 1),

Ho

ugnl()% (F (x -t 2a)+ F (x — 2a) — 2F (%)} =

=al_i)nl0 [Ao(x)“‘}"“%‘ (r—a) A (x)+2 g,@) {An+1 (x)— A4, (x)}] ,

n=1

¥ BTOT Npefiesi B CUJIY TeopeMb 1O § 3.32 paBeH 3HAUEHMIO (YHKUUM

npu a==90; 3TO 3HaueHMe paBHO HymI0, TaK kak lim A,(x)=0. Ilo
n->co .
CUMMeTpHUHM 3aKai0¥aeM, uro lim == lim .
a—> +0 a->—0

9.63. Teopema PumaHa?) O TPUrOHOMETPHUECKHX DPAAAX

V 0syx mpuzonosmempuneckux psios, CX008WUXCI U PABHBLE
80 BCex MOYKAX OmMpesKa (— ™, T), € BOZMONCHbBIM UCKAIOUEHUEM
KOHEYHO20 HUCAQ MOHer, COOMBEMLMBYIOWuE KOIPHULULeHMb PAGHYL.

HenocpelcTBeHHLIM BHBOAOM M3 3TOH TeopeMul 6yaeT 10, 40 GYHKUHUA THMa,
paccMorpennoro B § 9.42, me moxer OnTb NpeicTaBneHa HAa OTpesKe (— m, w)
HUKAKHM TPHIOHOMETPHUECKHM pAAOM, KpoMe paaa Pypbe. 10 06CTOATENbCTBO
BnepBule Obto orMedeno [io Bya Peitmonom.

OTMeTHM, YTO MOKHO HaHTH H JAPYrHe pasJoxeHHs, HampuMep BHJA

o0

N \

g -+ 2‘ (am cos—;—mx—}-ﬁmsin—;—mx),
m=1

1) Ecau Mu onpeleauM g, (x) paBeHCTBAMH
n
1 N sin? mao 1
G =g E—— Y I @£0) 1 @ =5
m=1
10 npu o >0 pyuxuua g,(x) 6yner HempepuBHOH H g, (2) < &, ().

2) JlokasaTeabCTBO, TIPHBOAMMOE HaMy, Mpunaaaexur I'. Kautopy (G. Can-
tor, Journal fiir Math., LXXII, 1397—142 (1870) ).
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npencrapagolyue f(x) MeXAy -—=n H 7w, IEHCTBHTENbHO, MOJNOKHB X = 2%, pac-

cMOTpHM ¢pyHKnHIO ¢ (§) Takylo, 4T0 ¢ (§) = f(26) npu ——% <E< —;~ H ¢ (E) =

=g@) mpuy —n<éi< —% U TpH g— <t<m, rre g(§) — xakaa-unbyns

dbynkuud, yrosaersopaiomas ycaosuam § 9.43. Torza, ecan Mbl pasaomum ¢ (€
B pan Pypbe BuAa

[ee)
\! 4 [ I
ao+ Y, (o c0s mE 8y, cos m),
m=0
TO 3TO pa3NoXeHHe MpeICTaBHT f(X) MpH —=n < X < & W ACHO, YTO, MEeHAS
yHknHio g (§), MOXKHO MOJYYHTh HEOrPaHHYEHHOE YHCJQ TaKHX PpasJomeHui.
OIIpOC, paccMaTpHBaeMblit ceffuac, COCTOHT B TOM, CYIECTBYIOT JH PAJAM, pac-

MHONOXEHHBE N0 CHHYCAM M KOCHHYCAM {{eAOHUCACHHb X KPAaTHBIX X, KOTODbie
OTMHYANTCH OT PA10B Pypbe H BCE Me NpPeICcTaBadnT f(x) MeXIy — = u =

JIOnyCTHM, 4TO WMeeTcsl ABA TPUrOHOMeTPHYeCKUX pANd, YIOB/IETBO-
PAIOMX JAHHBIM YCJOBHAM, M NMyCThb UX PA3HOCTHIO OyleT pax

A+ g} A, (%)= f{x).

Torza f(x)==0 BO BceX TOUKax NpOMexyTka (—— w, ), 32 HCKJIIOYe-
HHEM KOHEYHOTO 4HCJIA TOYeK; NycThb &, & — IBe COCeIHME U3 3TUX
UCKMIOUHTENbHBIX TOueK, M nycTh F (X)-— accouMMpoBauHas QyHKIUsA
Pumana. IlepefizeM Kk [0Ka3aTeAbCTBY JeMMB OTHOCHTE/JbHO 3HAYeHUH

F(x) mpu & < x < &.

9.631. Jlemma Ilisapual)

B npomesxcymre § < x < & yurqus F(x) 6ydem sunelinoi @ynryueil
om x, ecau f(x)=0 8 amom npomexcymre.
TlefictBUTENBHO, (YHKOHA

() =0[F (= FE) £ (FG) —FG)) | — 5 2 (r—8) G — ),

rie 0 ==1 man —1, HempepsiBHa Ha otpeske & Lx <& H 9(§)=9¢(5&)=0.

Ecau mepBmit uaeHn B ¢ (X) He paBeH TOXAECTBEHHO HyMI0 BO BCeM HpoMe-
ayTke ?), TO Hafjerca HexoTOpas TOuKa X = ¢, B KOTOPOH oM OyleT OT.IHYeH
or Hyqd. Boabmem 3nax 0 Tak, uToOnl nepsbiif 4ieH GblA MOJOXKUTENEH B TOUKE C,
H 3aTeM BhiGepeM A CTOAb ManblM, yTOOM ¢ (¢) Oblia BCe ellie MOJNOKHTENBHOM.

Tak kak ¢ (x) HempepeBHA, TO OHA JOCTHraeT CBOeH BepXueHl rpaHUUB
(§ 362), u sTa BepxHas rpaHuna GyleT NONOXMTENbHOH, Tak Kak ¢ (c) > 0.

'y Lintupyerca I'. Kauwtopom (G. Cantor, Journal fir Math, LXXII
(1870) ). ) :

?) Ecan on paBeH Hyal0o BO BCEM npoMexyTtke, To F (x) Gyrer JuHeHHOH
¢dyukuued or x. -
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Ilycrp ¢ (x) RocTHraeT cBoeH BepXHeH rpaHumBl B ¢y, TaK 49T0 ¢; %= &, €, 5= &,.
Torga no mepBoit aemMe Pumaua

‘P(Cl+“)+<P(Cl—“)_2‘?(cl)=h2
a? )

lim
>0
Ho
e(ei+a)<e(e) vler—a)y<<e ()
TaK 9TO 3TOT Ipefet JAOMXeH ObIThb OTPHHATENLHBIM HJH HYJEM.

Takum o6Gpasom, mpejnosarasi, 4TO mepBHiii WieH B ¢ (X) He paBeH TOWIeCT-
BeHHO HyJao B mpoMexytke (§;, &), Mbl mpHIIAM K npoTuBopeuxio. [Tostomy on
TOM/ISCTBEHHO DaBeH HyJI0 H, Cael0oBaTenbHo, F(x) aBadercd MHHEHHOH (QYHK-
uuelt 0T x B 006J1aCTH §; < x < &, JleMMa, TakuM o6pa3soM, NOKasaHa.

© 9. 632. JokasareancTBO TeopeMbl Pumana

Mbul BumuM, uTo KpuBas y=— F.(X) COCTOHT U3 psala OTPe3KOB, Hauaja
M KOHIB KOTOPHIX COOTBETCTBYIOT HCKJ/IOUHTE/JbHHIM TOYKAM, H TaK Kak
pan, ompegedswowuit F(x), 6yLyiu paBHOMEPHO CXOMSIMAMCA, SBJSETCA
HenpepruBHOW ¢yHKUHEeH OT X, TO 3TH OTPe3KM COEIMHAIOTCS B OIHY
HEMPEPHBHYIO JOMAHYIO /[HHHIO.

Ho no Bropoli nemMe Pumani, naxe ecam §— MCKIOYHTe/bHas
TOYKa, HMeeM
FE+a) 4 F(E—a)—2F (§) —0

a

Tim
a->0

Hpobb, BXondwasg B 3TOT Mpelel, NpelCTaBiseT PadHOCTh HAK/AOHOB
IBYX OTPe3KOB MPSAMBIX, BCTPEYAIONIMXCA B TOuKe ¢ abcuuccod & mno-
3TOMy o006a OTpe3ka MMeIOT OIHO HalpaBJeHHe, TaK YTO ypaBHEHHe
y=F(x) npencraBaser OJHy nupaMylo JuHHiO. Ecau MH Hanumem
F(x)=cx—c’, 10 orcioga caemyer, 4t0 ¢ ¥ ¢’ ¥MeOT ONHH M Te XKe
3HauYeHHMs oha 8cex 3HauyeHu#t x. TakuM ofpasow,

o0
1 , ' _
5 Apx?—cex —e¢ =2‘n 24, (%),
n=1
NpHYeM I1paBad YacTb STOTO paBeHCTBA MepHOLuvecKas C MepHOAOM 2.

[MosToMy /leBad 4acTh paBeHCTBA TaKXKe NOJKHA ObITb MEPHOAMYECKOH
¢ nepuozoM 2w. Orclona

A0=0, c=0

o0
—_ = nZi n"24, (x).

Paa B npasofi YacTH 3TOFO paBeHCTBA CXOLHTCH DPABHOMEDHO, TaK
YTO Mbl MOXEM YMHOXHTb ero Ha COSAX WM SilAx ¥ TNPOUHTErpH-
poBath,
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310 paer

T
wn e, = —c f@os nxdx =20,
-
T

"%, = — ¢’ f sinnx dx ==0.
-T

[MostoMy Bce Ko3(UIMEHTH 31eCh PABHH HYMO H Y JABYX TpUIOHOMe=
(o]

TpUUYECKUX PANOB, PA3BHOCTb KOTOPHIX paBHA A0+ 2 An(JC), COOTBET~
n=1

cTBylOLIne KO3 GUUKMEHTH DaBHbL.
A 5T0 M ecrtb pesysbTar, BbickasaHublfl B § 9.63.

© 9.7, MpeacraBienne QpyHKuUH uHTErpasoM Pypoe!l)

s § 9.43 cnenyer, uro ecaum f(x)— HenmpepbiBHAs (yHKUHS, 3a
MCKIIOYeHUeM KOHEeYHOTO 4KCJa pasphiBOB, M €CJM OHA MMeeT Orpanu-
YeHHYI0 BapHauMio B NPOMeXYTKe (— 00, 0O0), TO HaA BCAKOW BHYmMpeH-
Hell TOukH x otpeska (—a, JB) umeem

q

. i ) (¢—
lim f @ DE=2 f(tyat =

m->w0

-0

— lim 4 =07 sin 0 (£ (x - 20)+ £ (x — 20)}.
0>0

MycTe Teneps A — MmoGoe BelecTBEHHOE YKCJO; BO3bMEM LeJI0e YHCIO M
TaK, 40 A==2m -+ 1424, rae 0 L < 1.
‘Toraa corjgacuo § 9.41 (i)

B
f{sm(t—x)—sin @m—+ 1)t — %)) ¢—x)" f(t)dt =
- B ) .
= fz (cos (2m 1 4-m) (£ — x)) {sin q (¢ — %)} (¢ — %)™ f (&) dt =0,

Korja m—»o0, Tak Kak QyHKUuS (t———x)'lf(t) sinn(f— x) wumeer
OrpaHnueHHyl0 Bapuaumio. ChelosaTeqbHO, nO Aokasaunod B § 9.41
neMMe Pumana — JleGera sicHO, 4TO ecay HHTerpalsl

o 0
[lrotae v [170)at
0 —co

) Fourier, La théorie analitigue de la chaleur, rr. IX. O nosamefimed
padéoTe mo unterpanam Pypbe H 0 COBPEMEHHOH TeopuHu «npeobpasoBanyi Dypbe»
eM. Titchmarsch, Proe. Camb. Phil. Soc, XXI, 462—473 (1923) u Proc.
London Math. Soc. (2), XXIII, 279-—289 (i924).
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cxonarea, Tol)
0

fim fﬂﬂﬁ:ﬂf@w—~wUu+®+fu—m}

)\_>°O—oo
H, CJeIOBATENbHO,
o 1S
)‘l_i;nzm_Oo ’{o/cosu(t—x)du}-f(t)dtz%n{f(x+ 0) 4 £ (x — 0)}.

YroGui noxyunts QopMyay OPypve, MB JOMKHB H3MEHHTb TOPSAQK
MHTETPUPOBAHUA B STOM IOBTOPHOM HHTerpaJe.

Jlasa 1060ro 3aiaHHOTO 3HAYeHHA A U MOGOr0 NOJOXKHTEAbHOrO 3H3-
yeHyus € CYLIECTBYeT TaKOe YHC/IO B, 4TO

[ 1rola <5t
B8

nonoxuB cos u(t— x) f (£)=1¢ (¢, ), Mbl nMeem?)

o) A

f{f@(t, u)du}}dt_f{fmcp(t’ u)di'}du )
;
ol

f{fcp(t u)dt du —f{ Oocp(t u)dt}du

{f?(f u)dﬂ}df—f{fcp(t, u)dt}du-

0

o0

{f@(f, u)du}dt+f {f@(t u)duldt——
0

B

ol

=/

g

©© A o
<[ {flcp(t, u)[du}dt+ff lo (¢, wyatdu< 2 [ | (&) dt <e.
B 0 0 8 B

<

[>e) a
1) f obo3HauaeT JABOHHOH mpenen lim f . Ecan stor mnpenen
Py oo @y
- -

P
CYUIECTBYET, TO OH, KOHEYHO, 6yaerT paBer lim
p—>co .

Jerxo o6ocnoeatk no § 4.5, paceMaTpHBas npo-

~

~—

o

o

w

[¢]

=

o

-3

w

(=]
V™
© L

i
%>‘
Vo
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Tak kak 2T0 CripaBeaJuBO AJ1 BCeX 3HayeHHH & Kak yroado MmaJgaeix, To
Mbl 3aKJIOYaeM, 4TO

noaoGHbLIM XKe 00pasom

Orcrona

A oo
57 1 (x4-0) f (x—0)) = Aimmf f cos u (t — x) f () dt du =
0 ~co

:/C:O l/gocogu(t—x)f(t)dtdu.
0 -

DT0T pesaynbTaT M3BeCTeH NONL HA3BaHUEM UKMEZPARbHOL (POPMYAbL
Dypoe 1),

Mpumep. [poBeputs HHTErpanbnylo HopMyly Pypbe HemocpeaCTBEHHO;

(1) zas GyHKIHA .

f=@+x 7,
(II) nas ¢yHKUHM, OMpefienseMOl paBeHCTBaMu
f)=1 (—l<x<l) f(0)=0 ~(|x|>1)

(Rayleigh)
JIUTEPATYPA
Q. F. B. Riemann, Ges. math. Werke, 213—250.
E. W. Hobson, Functions of a real variable, ra. VII, 1907.
H. Lebesgue, Lecons sur les séries trigonométriques, Paris, 1906.
I, . Baaae-TIyccen, Kypc ananusa Geckoneuro Maasix, 1. Il FTTH, 1933,
H. Burkhardt, Encgklop'eidie der Math. Wiss,, II, 1 (7), Leipzig, 1914
Q. A. Carse u G. Shearer, A course in Fourier’s analysis and periodo-
gram analysis, Edinburgh Math. Tracts, Ne 4 (1915).
H. K. B apu, TpuroHoMerpuueckue pann, Puamarrys, 1961.
A. 3ur My un, TpuroHomerpuueckue paasl, TOHTH, 1939.
Y, d. Turuwmapu, Beelenne B Teopuio nHHrerpata ®ypoe, ['octexusnar, 1948,

1) OTHOCHTENBHO [0KA3aTeNbCTBA CHPABENMHBOCTH (IOpMYyas, koraa f(x)
NOJYHHEHAa MeHee CHJAbHbBIM oOrpanuueHuaM, ¢cM. Hobson, Functions of a real

IR
variable, §§ 492—493. Caenyer OTMETHTb, YTO XOTH Alim ’ f fn CyIecTByer,
. =>» CO
—co 0

- (o] (o]
HO NOBTOpHEI HHTErpal f ! f sin u (t — x) du }f(t) dt He cymecTBYyer.

—Co 0
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Mpumeps
1. TMoayuynth pasnoxeHus:

l—rcosz

_A—rcosz )
2) T—2rcosz+r? =14rcosz+4r2cos2z4 ...,

b) —é—lg(l——Qrcosz-}-r?)=—rcosz~—%rzcos2z——%racosiiz——- ceo

rsinz . 1 . 1 .
=rsmz—|—7 r2sm22+§r3sm 324 ...,

c) arcig 1—rcosz

d) arctg%%:rsinz—}-%ﬂsin?;z—]—%—r5 sin bz 4+ ...

H TOKa3aTh, YTO NpH |r| < 1 OHHM CXOAATCA 1A BCeX 3HAuUeHHil 2 B HEKOTOPHX
NoJOCax, NapajiielbHEX BeleCTBEHHOH OCH B IJIOCKOCTH 2. .

2. Pasnowurb x% u x B pax Pypbe mo cHHycaM, rOmHelH HpH — @ < X < 7,
H OTCIOfla HAHTH 3HAUeHHe CYMMBI pAja

sin x——l—sin 2x+%sin 3x———l—sin x4+ ...

23 43
J BCeX 3HaueHHH x. (Jesus, 1902)
’
3. okaszaTb, 4TO (yHKHHA OT X, NpeiCTaBleHHad PAIOM
[ee]
2 sin nx sin? na
n b4

n=1
6yaer nocrofnHoit npu 0 < x < 20 u HyaeMm OpH 2a < X < w; BRYEPTHTDH Ipatux
$YHKIRH. (Pembroke, 1907)

4, Haiitu pasnoxeHne ¢yHxuuu f(x), onpegeiseMoii paBeHCTBaMH
f(x)=sinx -} cosx (0<x<%>,

f(x)=sinx—cos x (%<x<n>,

B pAX MO KOCHHYCaM.
(Peterhouse, 1906)
5. TlokasaTb, 4TO

sin 3nx sin Swx sinTnx =~

sin g - STy SUIRE . S0 to = grla

rae [x] o6osHauaer -1 mmm —I1 coorBeTcTBEHHO TOMY, 6yleT au Gamxafmee
nenoe YHCAO, MEHbIIEEe X, YeTHBIM HJU HEYETHBIM, H HyJb, €CIH X — LEJ0€ YHCIO.

(Trinity, 1895)

6. MMokasaTb, 4TO pas3nOKEHUs

lgl?cos%x‘;—_cos x-——%—cost—}—%cos?)x—
H
g QSin—l—x = — €08 X——lCOSQX—l-COS 3x —
2 2 3

CIpaBEeANUBEl /Il BCEX BELIECTBEHHBIX 3HauyeHn# x, KpoMe 3HayeHu#, KpaTHBIX #®.
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7. Tlonyunurs pasaoxeHue

E (’(n—_*l_);") C((”: _{”f);) = (cos x -+ cos 2x)1g (2 cos % x) <

—}—% x (sin 2g + sin x) — cos x

¥ HafiTH NPOMEXYTOK 3HAUeHHH X, 119 KOTOPHIX OHO MPHMEHHMO.

: ) (Trinity, 1898)
8. Joxkasath, uto mpu 0 < x < 2=

sin x 2sin2x  3sindx _ n sha(m—x)

a2+12+a2+22+a2+32+ 2 shan

(Trinity, 1895)

9. ToxasaTh, 4TO LA 3HAUEHHH X MEXAY -— T M -}~ T HMEIT MECTO CleiLylo-
IHEe Pa3NOKEHHS!

. 2 . ( sin x " 2sin 2x 3sin3x
sin mx = - sin m=| >,

2 m2 22—m2+32—m2_

cosmx——?—sinm't( 1 mcosx__mcos?x mcos3x__

T on \om V12— m? 22 __m? 32— m2 )’
eM¥ | g— X 2/ 1 mcos x m cos 2x m cos 3x
m=7(2m Efm: "y mE  FgmE T )

10. Hycrh Xx — BelliecTBeHHasd mnepeMeHHas MexaAy 0 u 1 u n — HeuerHoe
gucao 3> 3. [lokasats, 4TO

1 2 O 1 mn

—) =1 = 2‘ -—tg —= cos 2mmnx

(=1 P + oS )

1 m=1
eciH X He KPaTHO —-, TPHIEM S — HaubOJbIIee LEI0E UHCAO, COmepIKalieecs
B nX, HO 4TO
2
ki

 NE

y mwn
tg —— ¢os 2mnx,

1 1
0=+ -

1

3
i

1
eca x — nenoe Kpathoe . (Berger)
11. [okasarh, uTO cymMMa psja

1 N 2
/—3—-{—411~1 2‘ m~1sin 3 mm cos 2mnx
m=1
. 1 2 1 2
paBHa lmpun 0 < x < 5 ® -<x<1upa3na——1npn—<x<3

3 3 3
(Trinity, 1901
12. Mycte y )

(o8]
aet* aV,(x) |
e —1 2 n! ?
n=0
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noKa3aTb, 4T0 npu — 1 < x < 1

cos dmx cos bnx _y Q—1z0n
cos 2mx - OFL + - 3907 + o = (=1 __?_'n_ Van (%),
sin 4nx sin 6nx 22n72n+1
sin 2rx + AT + et + =) PrEw Vang1 (X).

(Math. Trip., 1896)

13. Myctb m — nenoe _IMCHO; TOKa3arh, YTO I BCEX BELICCTBEHHBX 3HA-
ueHui#t x

cos2My =2 1':; i 5 (2”;;:1){2 + T c0s 2 4
m(m—1) m(m—-l)(m——?)
+ s (m+1)(m+2) R TS VY ) Y e R }
i 42.4.6. . (2m—2) 1
lcos2m lxl_“a?l 35 (2m—l){2+2 +1cos?x+

m-—=1)(02m—3)
@@ Ty T

14. Touxa aBuKeTcs MO TUpaAMOE CO CKOPOCTHIO, KOTOpas BHayane Oblna u
¥ KOTOpas NOJyYaeT NOCTOSHHbIE OpHpalleHus, PaBHBlE i, Yyepe3 paBHLle MpPO-
MEXYTKH BpeMeHH t. J[OKa3aTb, YTO CKOPOCTb B MOMEHT ¢ noce Hawana JBHKE-
Hug 6yner

ut
k3

2m=nt
in

’

ek

u u 1
T TR A w

3
1

a OpoHIeHHBIH HyThb

ut ut ur - 1 ant
- D R

m=1

(Trinity, 1894)
15. MycTb

[e] 0

f(x)—-Z — sin (6n —3) x —2 2

n=1 n=1

3V'3 { . sin x sin 7.x sin 11x
- sin x —

sin (2n— 1) x -

ot T +'--}?
nokasathb, 4TO

FH) =Ffr—0)=—¢

(l

(5 +0)=7(5-0) %
f(%3+o)~—f(3"——o)—g.
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3ameuas, uTo nocaenHufl pax pasen

el sinl(Qn—l)nsin(Qn—l)x
6 \" 3
T-c_}d @2n—1)2 ’
n=1 .

BHYEPTUTH I'padur byuruum f(x).
P P (Math. Trip., 1893)
~ 16. TNokasars, uro mpu 0 < x < =

f(x)=2—‘—§§(cos x— L cos 5x+%cos Tx — 11 cos 1lx 4 . )

5
== sin 2x+—;—sin 4x+—i—sin 8x+%sin 10x+ ...,

rae

ad 0< x <o

3’ 3’

n 2%
f(,x) = 0, -:9’- < X< '—3— »
T 2n r<n
-3 5 <
T 2=

Haittu cymmy kawaoro psga aas x =0, 33" M N BCEX OCTANbHBIX-

aHavenuit x. "(Trinity, 1908)
17. JloxasaTh, 4TO FEOMETPHYECKOE MECTO TOYEK, PEACTABIACMOE YPaBHEHHEM

N i
2‘ i sin nx sin ny =0,

n=1

6yﬂe‘1‘ COCTOATH U3 JABYX CHUCTEM B3auMHO NEPUECHIUKYNAPHBIX NPAMBIX, Jeaamux
KOOPIHUHATHYIO INIOCKOCTh Ha KBaApaTel [IOWAmu 72
(Math. Trip., 1895)

18. Tlokasath, 4TO ypaBHeHue

ot n-y .. :

\' (—1) sinny cos nx _ o
2& n? -

© n=1

npeicTaBaseT Npample JuHuM y = tmn (m =0, 1, 2,,,.) BMecte ¢ xyramu
kg
3JITUNCOB, NOAYOCH KOTOPHIX PaBHBL = M V§ ; IyTH PACnoNONEHH B KBalparax

nxomany 2n2, BriuepTuTb rpadhk 3TOr0 reOMETPHUECKOTrO MECTa. :
(Trinity, 1903)

19, TTokasath, 4TO ecau Touka (x, ¥, Z) JEKHT BHYTPH OKTaslpa, OrpaHu-
YCHHOTO NAOCKOCTAMU xt y+2z=m, TO

_1 sin nx sin ny sin n 1
E ! 5 Y L = 5 Xy2.

(Math. Trip., 1904)
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20. HauepueHs! OKpYXHOCTH pajuyca & C HEHTPAMH B BEPIOIWHAX, B3ATHIX
yepes OjHYy, NPABUABHOIO HIECTHYFOABHHKA cO cTopoHoH a. [Tokasats, uTO ypas-
HEHHEe TPUAMCTHUKA, O6GPa30BAHHOrO BHEIIHMMH JyraMH OKDYMXHOCTEH, Moxer
OniTh HalucaHo B Bume

Ty 1 1 1 1
—— = — -} ——c0s 30 — cos 66
6V 3a 2 *_2-4 5.7 +8-10

eca¥ moJaspHas ocb Gepercst TakuM o6pa3oM, 4YTO OHa HPOXOAUT UEPe3 LEHTP
ONIHO#l M3 OKpYKHOCTEH.
(Pembroke, 1902)

cos 90 — arey

21. Beiueprturts rpaduk, npeiacraBiseMblil ypaBHEHHEM

0
r Loom [ 1 \' (—1)" cos nmﬂ]
=t sin g et T:W—J’
n=1
rle m — [eJoe Yuc/o. (Jesus, 1908)

22, U3 kampoil BepuiMHBL APAaBUABHOrO HIECTUYTOJLHHKA CO CTOPOHOI 2a
KaK M3 IEHTPa NpPOBENEHb AYrH OKPYMHOCTEH paguyca 2a, JAexamue BHYTpH
mectuyroabHuka. [loxas3atb, 410 ypaBHeHHe @HUIyPbl, OOPa30BaHHO! 3TUME
HMIECTHI0 AYraMu, HMEET BHI

ff_=.~6—3]/—3_—|—22 {(=D"" 643 3) cos 676,
n=1

4a (6r—1) (bn+1)

Hauanpubifl paguyc-BeKTop AEMUT NOMOJAM JEHECTOK.
(Trinity, 1905)
23. Ioxasatk, uto mpu ¢ > 0

[es]
lim [e‘”‘ ctg x sin (2n+1)xdx=%nth-;- cr.
n—)oo6

(Trinity, 1894)
24, lMoka3atb, 4YTO

o0

. sin(@n4-1)x  dx 1
lim / P 1+x2=7ncthl.

n > E)
(King’s, 1901)
25. TMoxazath, uto nmpu — 1 < x < 1 ¥ a BEUECTBEHHOM

o0
/'sin(2n+1)ﬂsin(l+x)6 8 20 — 1 _shax
sin 0 a2F0" T 7 2" sha *
‘(Math. Trip., 1905)
26. TIpexnosaras BO3MOXHOCTb Pa3foxeHHs f(x) B pABHOMEPHO CXOXALIHACS
pax Buna 2 Apsin kx, rme k—xopeHb ypaBHenus £k cos ak --b sinak=0,
P

lim
n->owe
0

a CyMMHpOBaHHE DAaCHPOCTPAHAETCH Ha BCE MOJNOKHTENbHBIE KOPHH STOTO ypaBHe-
HUf, OUPEEeNUTb HOCTOsHHBIE Ap.
(Math, Trip., 1898)

18 2. T. VYurrexep, M. H. Barcgy
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27. Tycts pan

f(x)= %ao -+ E (a, cos nx -} b, sin nx)
n=1

aBagerca psajoM Pypbe; nokaszarh, 4TO ecaH f(X) YXOBJIETBOPAET HEKOTOPBIM
Oo6LUM yCJAOBUAM, TO

t dt

t dt 4 . 7
?'/.f(t) sin nttg—Q—T.
0

7 =

N

o0
a,,=%P /f(t) cos nt tg
o .

(Beau)
28, Iycts

n

\! _1 sinrx
Su(x) =2 ¥, (—1y -1 S

r=1

JIOKa3aTh, 4TO Hauboablmuil MakcuMyM cyMMH S, (x) B npomexyTtke (0, ©) gocTu-

n

T
raeTca npm x == n-{l—l ; JOKa3arb TaK¥KeE, YTO0 NPH N —>Q

nn sint
S, (~n-+—1>—>2/‘—z—~dt.
0

floxasats, uTO, KOrza 1 —> 0, PopMa KpHBOH y == S, (x) B npomexytxe (0, =)
CTPEMHTCH NPHOAU3UTHCS K HOpME JHHHH, 06pa30BaHHON oTpe3koM ¥ == x (0L xn)
u orpeskoM x == (0 Ly < G), rie

G=2 [ SINE g,
0

t

[To o6ctoatenbctBo, uto G ==3,704 ... > =, Ha3bBaeTca AsAenuen lubbea;
cu. Gibbs, Nature, LXIX, 606 (1899). flBaenue 3TO XapakrtepHo Xas psaga
dypbe B coCeICTBE C TOYKOH Paspbiza MEPBOro poid GYHKIMM, NPEACTABAAEMON
paAoM. OTHOCHTENbHO NOJHONO pA3LACHEHHS SBJEHYA, OTKPHITOLO YHUAGpPIMOM
(Wilbraham, Camb., and Dublin Math. Journal, III, 198—201 (1848)), cm.
kuury Carslaw, Fourler's series and integrals, ra. IX, 1921.)



F'TABA 10
JIMHEUHBIE JU®PEPEHLIUAJNLHBIE YPABHEHUSA

10.1. Jluneiinsie auddepeHunansibie ypaBHeHns 1)
OOGbiKHOBEeHHBIE ¥ OCO6Gble TO4KH

B HekOTOpBIX W3 AajbHeHIIMX T/AaB ITOH KHUrM MBI 3alimeMcs Hccae-
LoBaHHeM OOLUMPHMIX M BaXXHBIX KJacCOB (YHKHHUH, YIOBJIETBOPRIOLINX
JAuHeHHBIM JuddepeHuUMaIbHEIM ypaBHEHUAM BTOpOro nopsanka. Ilostomy
KeJaTeqbHO YCTaHOBHTb HexOTOpHle oOliMe pe3yabTaThl, KacaloillHecs
pelieHU#i Takux IuddepenunatbubX yPaBHEHHUH,

3a KanoHuueckylo ¢opMy JuHeHHOro AuddepeHUHaILHOrO yPaBHeHUS
BTOPOro MNOpAAKAa MpPUMEM

)@ u=0 @)

u OyleM NpelNo/araTh, YTO HMEETCs HekOTopas o0aacTb S, B KOTOpOH
Kak p(z), Tak u g(2) OyiyT aHAaIUTUYeCKUMHU YHKIUAMHU, 33 HCKJIIOUE-
HHEM KOHEYHOTO YHC/I4 MOJIOCOB.

Besaxylo Touky obaactu S, B koropolt p(2), g(2) obe aHamuTuue-
ckne, OyneM Ha3blBaTb OOLIKHOBeHHOU mMO4KOU YpaBHEHHUS; OCTa/bHLE
ToukH objacTd S OyleM Ha3blBaTh 0COOBLMU MOUKAMU.

10.2. Pemenue?) auddepeHuManbHOrO YpaBHeHHss B OKPECTHOCTH
OGLIKHOBEHHOH TOUYKH

TlycTs b — oGLIKHOBeHHash TOYKAa IU(depeHUHAIBHOTO YPaBHEHUs
u S, — obiacTb, 0oOpasoBaHHAas KPYyroM paiuyca r, C LEHTPOM B b

1) Usnoxenue B 3TOH riaBe FJaBHBIM 06Da30OM TeOopEeTHYECKOE; OHO COCTOUT
G6osblIEH YacThbl0 M3 TeopeM CYyllecTBOBaHus. [lpeamosaraeTcsd, YTO YUTATEND
¥MMEET HEKOTOPOE 3HAKOMCTBO C NpaKTHUYeCKUMH MeTogaMu pemieHus auddepeH-
LMaJBGHBIX ypaBHEHHil; 3TH MeTOAbl XaHbi B paboTax, CNenuaNbHO MOCBSILIEHHBIX
3TOMYy HpeinMeTy, kak, HampuMep, Forsyth, A treatise on differential equa-
tions, 1914,

2} JroT cnocob NPHMEHMM TOJbKO K ypaBHeHHAM Broporo nopsaka. OtHocu-
TEABHO CII0CO6a, TMPHMEHHMOTO K ypaBHeHusM moforo mopsiika, cM. Forsyth,
Theory of differential equations, 1V, ra. 1, 1902

18*
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BMECTE C OKDYXXHOCTbIO; PaIMyC Kpyra TaKOB, uTO Kalas Touka S,
ABJseTcs TOUKOH S u OOBIKHOBEHHOH TOUKOH ypaBHeHus.
[Tyctb 2 — nepeMenHas Touka obaactu S,. [Tosoxum B ypaBHeHnn (A)

[ 1 F ]
u=vexp {[—7 /p(C)dC}.
b

NO/MyYuM YpaBHEeHHe -

d

7z T/ @) v=0, (B)
rie

J@Q)=q@)— 55— (@}

Jlerko Bumets (§ 5.22); yT0 OOLIKHOBEHHAs TOUKa ypaBHeHus (A) Oylet
Takxe OOHKHOBEeHHOH TOuUKOH ypasueHus (B).

PaccMOTpUM Tenepb IOC/€10BATeNbHOCTh PyHKIMA v, (2), aHaaMTHYE-
CKMX B S,, onpelelseMbX PaBEHCTBAMH

% (2) = ay+a;(z—b),
v, (z)-_—f(c —DIQv, O (=12 3, ...),
b
riae, ao, al — HpOH3BOJIbeIe NOCTOAHHEBIC.

Ilycte M, p — Bepxuue rpasuun |J(2)| u [95(2)| B obnactu S,.
Toz0a 80 Bcex mouxax smoi o6aacmu

pMPz—b 2
|2, ()| < L2
DT0 HepaBeHCTBO crpaBelauso npn n==0; eciu OHO CNpaBelJUBO TIPH

n=0,1,..., m—1, To, npuHUMad 8a MNyTb HHTETPUPOBAHUA OTpPe30K
npaMoit MUHUH, TOJYyUdM ‘

<

9@ =| [ =IO v, O
b

Sy [1E—2 @ pM™ e — b 4t <
b

|z—b|
1
<'(7i—1)TPM’"12—b| f am=2 4t < — pM™ |z — b em,
0

[O9TOMY MO UHIYKUHM HEPABEHCTBO HMMeeT MeCTO AJs BCEX 3HaueHHH #.
Hanee, Tak Kak

M” 2n

pMry

[, ()| < —7—

nl
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korma 2z Jjesxur B S, W pan

0 2
X HMn”bn

n!
n=0

cxomutcs, To 3akawouaeMm (§ 3.34), uro

v (2) = gov,, (2)

eCTb DAJ AHAIMTHYECKMX (YHKUMH, PaBHOMepHO cXoidumics B S,; HO
no omnpejeleHH0 U, (2)

%v“z):——/J(C)v,,_,(C)dC n=1, 2, 3,...),
b

A @ =—I) 1,1 ()

otciona noayuaeM (§ 5.3), uro

d2 dZ % d2
;z(zz) _ Z; 2(2) 4+ 2 Z;“’(Z) =—J(2) v (2).
n=1

Hosmony v(2) 6ydem anasumuueckod 8 S, gyuryuei om z, yéo-
saemsopsioujeli OudgeperyuaibHomy YPAasHeRuIo

d2?

L2 +i@v@=0,

o d
u u3 Popmyars, nOAYLEHHOE 045 2z On (2), scno, umo
d

v (b)) == a,, ,’b:{—— } = q,.
(] R A())] dz‘v(z) b a,

20e ap Gy — NPOU3BOAbHbIE ROCMOSHHbE,

10.21. EauHCTBEeHHOCTh pelIeHus
Ecau 6 uMeJoCh 1Ba aHAMUTHUECKUX pellleHUsl YpaBHeHHs 1Js o,
cKaxeM U, (2) 1 U,(2), TaKux, uto v, (b)=104(b)=a, v (b)) =v,(b)=a,,
TO TOrIa, MOJOXUB W (2)=v,(2) — U,(2), Mpl umeau Oul

220 Li@wE=0.

JuddepeHuupys 370 ypaBHeHHe n — 2 pasa u noJaras Z==5, noayunM
@' ()4 J (b) @2 (b)+ ChzJ B) w2V (B)+ ...
oo +Jn=2(B)w (b)) =0,
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IMonaras nocreposatenvHo n==2, 3, 4, ..., MB BHIUM, UYTO BCE
npousBoiHble (YHKUMU w (2) DABHAITCA HyJMO NpH Z2==¥5, U TaKuM
ofpasoM, mo Teopeme Teiopa w(2)==0; unave rosops, ABa pelueHus
7, (2), U5(2) TOMIECTBEHHH.

ITonoxus

: ]
u(z):v(z)exp{—% fp(C)dCJ}.
b

MBl Jierko yOexmaaeMmcsi B TOM, uTo #(2) OyneT enMHCTBEHHBIM aHAaIUTH-
yeCKUM pelieHdeM ypaBHeHus (A) TakuM, 4TO

uy=24, v G)=A4;, rie Ay=a, A1=a1——2~p(b)a0.

Tenepb, KOrja MBl 3HAaeM, YTO pelneHue ypaBHeHus (A) cyluectByer,
yro OHO OyleT aHaauTu4eckuM B S, ¥ TakuM, uto u#(b) u u’ (b) umeror
npousso/bHEle 3HaueHus A, A;, npocTefmui cnocol neayyeHus 3TOro
peiweHus B BUIe psga TeHnopa COCTOMT B TOM, YTO MHl TOJaraeM

u(z>=n§0 A,(z— by,

3aTeM IMOACTAaBAseM 3TOT psix B AUpQepeHlnalbHOe yPaBHEHHe M IpH-
paBHUBaeM HyJ10 KO3(OHUUMEHTH NPU NMOCAENOBATENbHEIX CTelleHAX 2 — b
(§ 3.73), a saTeM nocaenoBaTeqbHO BhIpamaem Ay, Aj, ..., uepes 4, 4.

MMpumeyanue. Jrg BHOOIHEHHA 3TOrO Tpolecca MOACTAHOBKYM Ha Mpak-
THKE TFOpasjo NPOIUe MMETb YPAaBHEHHE <OCBOOOKIEHHHIM OT Apobeil», ueM
HMeTb ero B kanoHuueckoil ¢dopme (A) § 10.1. Hoaromy B TPHBEACHHBIX HHNE
npumepax 1, 2 caexyer Noab3oBaThCs ypaBHeHMAMH B ToH dopMe, B Kakoil ouu
JAHBI, T. €. He HYJCHO ReauThb Ha 1-—22, (z—2)(2—3). To we camoe 3ame-
yayue ornocutcs u k mpumepam §§ 10.3, 10.32.

s obuiedt Teopunm anamuTHYeCKOro nporomxenus (§ 5.5) BiTekaer,
YTO MNO/JyYeHHOe pelileHHe OyleT aHAMIUTHYECKUM BO BCeX TOYKax 006-
Jactd S, 3a HCKJIOUeHHeM  0COObIX ToueK NHpdepeHIHaIbHOro ypasHe-
nus, TeM He Menee peluenue xe 6ydem BOOOUlE «aHAMUTHYECKUM TO BCeH
o6aactu S» (§ 5.2, cHOCKa K CJAeICTBUIO 2), 3a UCK/IOYEHHEM OCOOHX
TOYeK, TaK KaK OHO MOXeT He ObiTb OIHO3HAYHBIM, T. €. OHO MOXeT
He BEPHYTbCS K UCXOILHOMY 3HAYEHHIO, €CJAM 2 ONUIIET KOHTYp, OKpYy-
Walouwu OJHY HJAN HECKOJbKO 0€O0BIX TOYEK ypaBHEHHA.

[CBOficTBO, 4TO pellleHHe JMHeHHOro AHQdepPeHIHANbHOrO YpPaBHEHU:A
OyleT aHAIUTHYECKMM BO BCEX TOYKAaX, 334 MCK/IOYEHHEM OCOOBIX TOYEK
k03ddULUEHTOB ypaBHeHUs, ABAdAeTCH OOWIMM 175 JHHeHHBIX ypaBHEHHH
BCeX NOPSIKOB.]

Tlpo 1Ba uacTHBIX pelleHUss ypaBHeHHs BTOPOro NOPALKA, OTHOILle-
HHe KOTOPHIX He TIOCTOSIHHO, TOBOPAT, YTO OHM 00pasyiT @yHoaMeH-
MAAbHYIO Cucmemy peutenull,
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MNpumep 1. Tokasarb, uTO ypaBHeHue

(1—z¢)u”——22u’+—i’—u=0

uMeeT PYHIAMEHTANbHYIO CHCTEMY pellueHuit
_ 3 21,
ul_"l—gz —qog & T o
5 15
=24 5p 2 o P .

Onpezenuts obuuit koahPuuuEeHT B KaMAOM PAIE K NOKA3aTh, YTO PAAUYC CXO-
IMMOCTH Kaxjoro psia paseH 1.
Mpumep 2. Paccmorpers ypaBHeHue

(z—2)(z—3Hu" —(2z2—5)u'+2u=0

NONOGHBIM e 06pa3oM, Kak u B mpumepe 1.

10.3. IlpasuapHeie TOUYKH AnpPepeHIHANBHOIO ypaBHEHHS

[IpeAnONOKUM, UTO B HeKOTOPOH TOuke ¢ oOaacTu S QyHKUUH p(2)
B g(2) (umm x0T OB OAHA& M3 HHMX) HMelOT NOJIOCH, NPHYEM TAKOro
nopsaka, 4to (z — ¢) p(2) u (z— ¢)*g(2) OyayT aHATUTHUECKHMH B C.
Takas TOuKa HasHIBAETCH APasuAbHOl moukodl) nuddepeHUnabHOro
ypasHenus. Bce npyrue nomocs dymkuuu p(2) uam g (2), He obJaanaw-
Iie YKa3aHHHIM Bbllle CBOMCTBOM, Ha3bIBAIOTCH HenpasuibHblLMU mMo4-
Kamu. OCHOBAHME 1JiS1 PasMUUeHHs] CTAHET SCHHIM U3 WU3/OXeHHs 3TOro
naparpada.

Ecii ¢ — npasuabHas TOuka, TO YpaRHeHHe MOXHO IlepemucaThb
B BuIe?)

(z—c)y

2

lﬁ +(@—c)P(z— c)%—{—Q(z — c)u=0,

d
dz

rie P(z—c¢), Q(z —¢) OyiyT aHanuTHUECKUMU B TOUKE ¢; OTCIOAa IO
Teopeme Telaopa

Pz—o)=pi+pG—o+pE—cP+ ...
Qe—o)=q,+ @@ —e)4gy(z— ¢+ ...,

rae Po P1s -++s Gg Gy, -.. — TNOCTOSIHHBIE, M 3TH PANBl  CXOIATCH
B oOuactu S,, 0o6pasoBaHHOM Kpyrom pazauyca r (C HEHTPOM B (), Tle
r HacTO/BKO MaJao, 4To ¢ OydeT eJUHCTBEHHOH 0CO0OH TOuKOH ypaBHe-
Hus, Jexcamle#t B S,

) Haspamue «mpaBmabHas Touxa» (regular point) npunagaemut Tomé
(Thomé, Journal fur Math., LXXV, 266 (1873)). ®ykc panbme ymorpe6asa
TepMuH «TOUKA onpeleneHHocTu» (point of determinateness).

%) Ppobenuyc Ha3bIBaeT 3TO HOPMaabHOH (OPMOH YpaBHEHHS.



280 ra. 10. AUHEWHHE AMSSEPEHIUHAJBHBIE YPABHEHUS

TIpeAnONONUM, UTO QHOPMAAbHOE DellieHHe YPABHeHHS HMeeT BHI-
(o0
u=(z—c)* [1 + > an(z—c)”],
n=1

rie a, @y, 4y, ...— NOCTOAHHBE, TNOAJEKaune onpenenenuto. IMToncra-
HOBKOH B auddepeHUatbHOe YpaBHeHnue (MpelnoJarasi, YTO IMOYJEHHOE
AuddepeHIMPOBAHIEe U yMHOMXeHHEe DSIOB AOMYyCTHMO) IOayyaeM

(z—¢)* [a(a— 1)+n2an(a+n)(a—{—n— 1)(270)”]—(—
+(@z— Y Pz—o) [a—}—n;lan(a—{-n)(z——c)”]—{-—

+@E—c)Q(z—r¢) [’1 + Ela,,(z——c)”] =0,

Janee, noicraHOBKOK panos sMecTo .P (2 — ¢), Q(2 — ¢), yMHOKeHHeM
¥ [PUPABHUBAHMEM HYM0 KO3(QUUUEHTOB NOCIELO0BATENLHHX CTeNeHekh
2 — ¢ noayyaeM CJaeAyIOILYI0 NOC/AeIOBATENbHOCTh YpaBHeHUH:

a2 (pp— 1) a4y =0,
oy (@124 (py — D) @+ D)4 go} 42, g, =0,
@ e+ 2+ (=Dt )+ al+a (1) pita+eps-t ar=0.

{(a+n)2+(po—1)(a+n)+qo}
+Za n_“m)pm—i'_qm}_*_apn_{_qn‘”‘o

ITlepsoe u3 3TUX ypaBHeHHH, HasmBaeMoe onpedesswuur (indicial)
ypasnenuenm '), naer 1sa 3HaveHUs o (KOTOPHE MOTYT OKa3aThCs U
paBHBIMU). Uutateab Jerko ybenutcs, 4To ecau Owl ¢ Onlia wenpasuss-
HOU TOYKOH, TO onpele sioulee ypaBHeHUe uMeno Gl (camoe Ooubluee)
Nepeyl0 CTeneHb; OH OLEHUT Tenepb pa3fiHunde MeXIy NPABHAbHBIMU H
HelnpaBU/IbHEIMH OCOOBIMH TOYKAaMH.

ITycte o =p;, o= p,— KOPHH %) OMpeneNsIOUIEero ypaBHeHNUs

F)=0a2+(p, — )a4-q,=0;

Torda npu BeIOpaHHOM o INOCJAELYIOIME YpaBHeHHS ONHO3HAYHO Ollpe-
IeJRI0T 10 MOPSAKY &, &y, ..., eCld TOJbKO F (o —n) He paBHseTCs
Hy/M10 npu n==1, 2, 3, ...; UHaye roBOps, €CJIH & ==y, TO Py He AOJIKHC

1) HassaHne indicial npunanaexur Kaau (Cayley, Quarterly Joumal
XXI, 326 (1886) ).

2) Kopuu p, p, ompenensiomero ypaBHeHuf Mbl OyaeM Ha3bBath noKa3s-
measgsu (udpPepeHuanbHOr0 ypaBHEHUd B TOYKE ¢,
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Oty ONHUM M3 uncen pi—+1, py42, ..., H eciu a==p, TO p; HE
LOMKHO OBITb ONHUM M3 uucea pp—+1, po4+ 2, ...

Taxum o6pasoM, ecau pasHOCTb NOKazaTe1el He DPaBHA HYJI0 HIH
UeJOMY YHCJY, TO BCeria MOXHO MOJYYHTb IB4 DPas/UuHuIX psaxa, ¢op-
MaJbHO YIOBJETBOPSIOLIKX YPABHEHHUIO,

Mpuwmep. [lokasaTh, YTO echu m He PABHO HYMIO WK MENOMY HHCTY, TO

ypaBHeHue
% —my
Wt\—r— g ju=0

$opManbHO YIOBAETBOPAETCS RBYMA psllaMi, NEpBble WIEHH KOTOPHX GyxyT

1 L
z2+m{l+ﬁ+...}, 2? {1+W(1—2_2~_*m—)+...};

onpeneuts Ko3dhUIMEATH o6IMero uw/ieHa B KaXIOM paAe H I[0K43aTh, 4TO
PARBL CXOZATCA JAs BCEX 3HAueHWd 2.

10.31. CxoaumocTh pasnowenus us § 10.3

Eciu nokasatean p;, p, He paBHB, TO HYCTh p; OyAeT TOT U3 MOKa-
1o P2 1

3aTeqiefl, BelleCTBEHHas YaCThb KOTOPOrO He MeHbille BellleCTBEHHOM vacT

IPYroro, u NycTb p; — py==3§; UMeeM

F(pt+n)y=n(s+n).

ITo ouenke § 5.23 MBI MOXKeM HallTH TaKoOe MOJONKHUTEJbHOE YHCa0 M, uTo
[Pal < Mr =", g, < Mr=", |pyp,—+q,| <Mr=", rie M He sasucu~
oT n; yao6HO B3ate M > 1.

Bass a ==p,, BUIHM, YTO

10101 49,1 M _M__
[Fo+ 1) <7FlsF1] <7

la,| =

Tak Kak [s-1]|> 1.
Ecin  Mbl  Temepp mpeanodoxum, uro |a@,] < M"r~", «koraa

n=1, 2,..., m—1, TO noJayuuM
m—1 .
D il +m—10 P+ 91 +0.Pm+qm
_ | =1
|| = FFm <
m—1 m-1
2]am—tl|91Pt+Qt|+|91pm+‘Im|+ Z(m"t)lam-tH[’tI
i=1 i=1 <
< m|s—+-mj

m—1
mMmr=m 4 { E(m;t)}Mmr—m
f=1

< m2|1-4sm—1|
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Tak kak [l-4sm™!| > 1, n6o Res HeoTpHIATeNbHA, TO MBI TOJyuAM
m+1 m,-m m,—m
[0n] <= MTr " < M7r™",

W TakuM ofpasoM, no MHAYKuMH |a,| < M"r~" naa Bcex 3HaueHu#t n.
Ecan 3Hauenus xo03dduumueHTOB, COOTBETCTBYIOUIUE TOKA3aTE/IO fo,
Oyayt a;, @, ..., TO Mbl NOJY4HM MOAOOHOH Ke WHIYKuMeH

I a;l < MM rh,
e % — BepXHsis TDAHHLA BblPAKeHHH

[1—s|]™ ‘1—%s’_1, ll—é—s,_l,

9Ta TpPaHULA CYLIECTBYeT, KOTld § HE eCThb MOJIOXKHUTENbHOE LeN0e YHUC/IO.
Taxum 0o0pa3oM, MBI CHayana MOJYYUTd [ABa (OPMAJbHBIX psia

W (Z) = (Z - C)Pl [1 +n§1 an(z— C)n] ’

Wy (2) =(z — ¢)* [1 -+ i a;(z—-—c)”] .
n=1

Ho nepsmii psa OyneT PaBHOMCPHO CXOLALUMCSH PAAOM aHAIUTHYECKHX
PyHkumA, xoraa |2 — ¢| < rM™', Bropoft, — korna |z — ¢| < rM %7,
auutb Gbl TOJNBKO B KAMAOM Cjyuae arg (2 —¢) Obi OrpaHHYeH TaKUM
o6pazoM, uyTOOBl psAAbl NPelCTABAANNA OAHO3HAUHBIE (YHKLMMU; CJAeLOBA-
TeJbHO, ¢$OpMaabHas IMOACTAHOBKA 3TUX PALOB B JIEBYI0 uacTh Audde-
pEeHLHaJbHOTO ypaBHeHHA ONPaBlaHa, M KAKAHK U3 3TUX PsAOB INpel-
CTaBJsieT pellleHHe YPaBHeHMs; MPU 3TOM BCE BPEMs TPeANO/Naraercs,
YTO p; — py He OyIeT NMOJOKHTENbHBLIM LEeAHIM YUCAOM MM Hysem ).

WTak, MBI MOJAyYUJIN OCHOBHYI CHCTeMY pellleHHH, OIHBIX B OKpecT-
HOCTH TPaBUIBHOM 0CO0OH TOUKM, €CAH p;—py He eCThb U0 HUCJAO
Ay Hyab. [lo TeOpUM &HAJUTHUECKOrO MNPOAOJIKEHUS MBI BUAMM, UTO
eciu BCe ocoOble TOYKM ypaBHeHud, Jexaumue B S, OYLyT NpaBHIbHbIMH,
TO KaXi0e U3 IBYX pelleHMHt (PyHIamMeHTanbHOR cucTeMbl OyneT aHaim-
THYEeCKUM BO BCeX TOYKAX, 3@ HCK/IOUeHHeM OCOOBIX TOYEK ypaBHeHus,
Kotopbie OylyT TOYKAaMH BeTBJEHHA pellleHHs.

1) Ecau p; — py — TOJNIOKUTENBHOE [€0€ HHCAO, TO 3HAYEHHE % HE Cymle-
CTBYET; €C/IH p, = Py, TO 003 peleHus OJHHAKOBEHL.
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10.32. Haxoxpaenue BTOpOro pelleHus B Ciayuae,
KOrga pasHOCTbL MOKa3aTedeil OyJeT LEJBIM YHCJIOM HAH HyJeM

B ToM ciyuae, KOTAZ p;— pg==§ — NOJOKHUTEJIbHOE LieJ0oe YUCIO0
WM Hylb, pelileHue w,(2), Hafimennoe B § 10.31, Momer mortepsrs
cmBica ) uam cosmacTe ¢ 1wy (2).

Ecau mbm nonoxuM u=w,;(2){, To ypaBHeHue, onpeneasiouiee §,
Oyner

2d2C ! \ w,(2)
(z—¢) gg+l2(z—0) —(—zy+(z—0)P(z—C)

ofliee pellleHWe ITOFO yPABHEHHS HMEET BHJ

1 P(z—
c==14“+nBe/1TETT;77‘€Xp{——Q —é%::ﬁldkf}dz::
Po 1
==A—{—B/(z 8)2 exp{—pl(z-—-c)——z—m(z——c)?-...}dz:

=A+4B /(z~— o)y P g () dz,

rie A, B— npousBojbHble MOCTOSHHbIE, a & (2) — aHAAUTHYECKAs (yHK-
umsg BHYTPM BCAKOTO Kpyra, UEHTP KOTOPOrQ JEXHT B ¢ U KOTOPHIH
HE COZEPMUT HH oCOOBX ToueK GyHKUMH P (2 —¢), HU 0COOBIX TOuek

unn Hyne#t ¢yHxkuuu (2 — ¢)” " w,; (2); kpome Toro, g(¢)=1.
Mycts -

g@)=1 +n§1gn<z—c>".

Toraa, ecau s #+ 0, 1o

C=A+Bf{1 +ig,,(z\~c>”}<z—c)‘”‘“dz=
n=1
s—1

=A-+B w—iv(z——c)"s——Zgg_”—n(z — )"
n=1

+elgz—o+ N f’f;(z~—c>”“‘}.

n=s+1

1) Kosthpunuenr a’ MOXKET OKa3aThCs HEONpeeJeHHHIM Ml GECKOHEUHBIM;
B [EepBOM CIyYae w, (z) 6yner pelleHneM, COnepKamuM 1Be NMPOU3BOMbHbIE
NOCTORHHBIE “0 H as, psijg, ¥ KOTOpOro a 6yner MHOMuteaeM, OyaeT OTAHYATBCA
0T w, (2) AMIIb NOCTOAHHBIM MHOXHTEJEM,
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Tostomy oOwum peienueM IuddepeHUUAILHOTO yPaBHEHHs, AHAMMTH~
yeCckMM BO Bcex Toukax S, (kpome ¢), Oyier

Aw, (2)+ Blgw, (2)1g (2 — ¢)+w (2)],
rae mo § 2.53
w(2)=(z —c)“{——l——— ) h,,(z-—c)"},
n=1

npuueM ko3pPUUMEHTs /2, OYAYT MOCTOSHHBIMH.
[Tpu s==0 coorBeTcTBylOmasi GopMa pelIEHUs] UMEET BUL

Aw,()+ B le @)1g@—o)+(@E—cf "% hy (2 — C)”] .

YTBepxaeHue, npuseleHHoe B kounme § 10.31, coxpanserca, xak
Termepb BUIUM, U B UCK/IIOUATEJNbHOM CJyyae, KOT4A § — HyJab HAH 10.J0-
HUTEJbHOE LleJOe YHUCIO.

B uacrHoM cayuae, xorma g,=10, BTOpoe pelueHHe He COAEPHKUT
Jorapudma. .

[MonyueHHBle pelleHHs, rOAHbLIE B OKPeCTHOCTH TNPABUIbHOH TOUKHU
YpaBHEHUs, Ha3bIBAIOTCH NPABUAbHbIMIL UHMEZPAAAMU.

WHTerpanael ypaBHeHusi, rojHbie BOJM3H NMPaBUJIbHOH TOUKH €, MOXHO
NpakTUYeCKH TNOJyuuTh, Ha#ids CcHavama w,(2) M OnpelenuB 3a-

o
TeM KO3pQUUMEHTH YHKUMU @, (2) = > b,(z— ¢*™"  noncranosxott
#=0

w,(2)1g (2 — ¢)+w,(2) B JeByI0 4acTb ypaBHEHHUS] M MPUPABHHBAHHEM-
HyJ10 K03 PULUHEHTOB pasJuuHBIX cTeneHe# (2 — ¢) B OKOHYATEJLHOM
Buipaxenun. JIpyro#t cmnoco6, npunasnemamut ¢pobenuycy !), npusenet
y ®opcaiita (Forsyth, Treatise on differential equations, 243-—258).

Mpumep 1. Moxasarb, 4To MHTErpadbl ypaBHeHus
d?u 1 du

— = e mlu=
Tz dz "V 0,
mpaBuibHble BOau3H z = 0, OynyT
[weg
\ mnzn
@ (2) =1+ L 7 (nl)e
n=1

S g2z (11 1
w, () 1gz— Eﬁ%f(T_’—?_*_ +—n_>
=1

n

TTposeputh, 4TO 9Td PAABl CXOAATCA AAi BCeX 3HadeHuit 2.

Y Frobenius, Journal fir Math,, LXXVI, 214224 (1874).



10.4. PEWIEHUS, TOIHBIE AJs BOJBIIUX 3HAYEHUH [z] 285

Mpumep 2. Mokasars, 470 uHTErpaibl ypaBHEHUH

z(z——l) +(2z 1)%—{—%—14:0,

npasuabHble BOau3u 2 = 0, 6y,uyT

w,(2) =14 V(__Al_gﬁ_?%l) on

n=1

/13, . m—12/1 1 1 1

[TposepHTb, 4TO 3TH PAABl CXOAATCA npH |2z| < 1, ¥ MoAyYMTH WHTErpaiHl, IPa-
BUJBHBIE BOM3M 2 = l.
Mpumep 3. [Mokasars, uto rnnepreomeTpuquKomy YPaBHEHHIO

z2(1—2) dzz—{—{c—(a—i—b-{—l) -—-———abu_O

yIOBJIETBOpPAET THuepreoMeTpuueckuit panx § 2.38. Iloayuutb noaHoe peurenne
ypaBueHus mpy ¢ =1

10.4. Pemenus, roauuie aas GoabmuX 3HAueHuit |z|

Ilycts 2==1/2;; TOrAa TrOBOPAT, YTO pelueHue ANd¢ePeHINATLHOIO
ypaBHEHUs. TOXHO AJs «OOJbIIKX 3HaueHHH [Z[», eCAH OHO TOLHO AJf
NOCTaTOYHO MaJIBiX 3HaueHH# [2;|, M TOBODAT TaKke, UTO «TOUKA Ha
GeCKOHEUHOCTH eCTb OOHKHOBeHHasi (MM TMPaBU/IbHAS, UM HENPABUIbHASA)
TOYKA YpaBHeHHs», KOrAa Touka z; = 0 — oOnKHOBeHHas (UJN IPABU.IbHAS,
WM HenmpaBubHas) TOUKA YPABHEHHMS, B KOTODOe npeobpasyercd 3ala-
HOE YpaBHEeHHE, eCJM BMeCTO Z IpHHATbL 33 HE3ABHCHMYIO IEPEMEHHYIO 2.

Tak Kak

P g@u= v d 1
. u u
=2 — = 2 122 —z1p< )l +q(—> u,

i dz, z

TO MBl BUAUM, YTO YCJ0BHS, YTOObl TOUKa 2= 00 Oniaa (I) o6bikHOBEH-
Ho#t toukodt wmam (II) npaBuabHON TOUKOH, 3AKAOUAITCH B TOM, UYTOOHI
(1) 22 — 22p (2), 2%q(2) OblIN aHAIMTHYECKUMU HA GecKonedHoCTH (§ 5.62)
u (II) urobul 2p (2), 2%¢(2) ObiaM aHAINTHYECKMMH Ha OGeCKOHEUHOCTH.

ITpumep 1. Tokasars, 4T0 Kawaas Touka (BKMouas GECKOHETHOCTH)

Oyner uau oObIKHOBEHHOH TOUKOH, MIM NpPABMABHOH TOUKOl KAaWKIOrO U3 ypas-
Henul

z(l—z)g—il;—-]t {(c——(a—}—b—}—l)z}—d—u——abu':O
(1 —22)——— 2z ——+n(n—}—1)u._0

Tie a, 8, c, 1, —IOCTOAHHbIE,
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Mpumep 2. IMokasath, YTO KawAasA TouKa (MCKMOYas GECKOHEUHOCTH)
6yneT uau OGBIKHOBEHHOH TOUKOH, WM MpABHJbHOH TOYKOH ypaBHEeHu:

2
22 %—+zj—z+(z"’—n2)u=0,

rie n— NocTOdHHasl.
Mpumep 3. [loxasare, 4TO ypaBHEHUE

d?%u

dz?

(-2 22 9% 6=

HMeeT pelueHHus

npuueM MOocrelHee peirende 6yeT cxoxurbes, ecad |z > 1

10.5. HenpaBuibHble ocoOble TOUKM H CJOHMsAHHE

B6au3u TOuKM, KOTOpas He SIBISETCS NMPABUJLHOH, ypaBHEHHE BTO-
poro INOpPsAIKa He MOMeT HMeTb [ABYX MNpPaBHIAbHBIX HHTerpaaos, uG0
onpelensiouiee ypasHeHdHe Oylper, camoe OoJabluee, TePBOH CTeneHu;
B paceMaTpUBaeMOM cJydyae MoxeT ObITb UM OILUH NPaBUJbHBIR UHTe-
rpan, waM HA OIHOTO. Huxke wmu ypumum (§ 16.3), kaxoe xapakrep
pemreHuss BOMU3H TaKHX TOYEK B HEKOTOPHIX NpocTeix caydasx. Obuiee
MCCaeN0BAHUE TAKMX pellleHWd He BXOIMT B 3alaud TOH kuurul),

Yacrto cayuaercs, 4TO HeKoTOpoe IHddepeHiuUalbHOE YypaBHeHUe
MoxeT ObiTb MOJYYEHO M3 APYroro AHgdepeHUHaNbHOTO ypaBlICHUsA, eCiu
3aCTaBUTL J1Be MM 6osiee 0COOBIE TOUKK MOC/eIHEr0 CTPEMUTHCA K COBMa-
aerno. Takoll npeneasHbift npouecc’ HazwBaercs caufgnuenm (confluence),
M TNepBOe YpaBHeHHe HasblBaeTcs npelesbHoll Gopmoit (confluent form)
sroporo npu causeud., B § 10.6 Mer yBuamm, uto ocoOnle TOYKH mep-
BOr0 ypaBHeHust MOryT ObITb 0o0Jjee CJO0XKHOIO XapakrTepa, ueM OcCoOble
TOYKU BTOPOTO ypDaBHEHHs.

10.6. JuddepeHunansHble ypaBHeHMs MaTeMaTHueCKod (u3uKM

Hau6onee ofuiee -nu¢¢depeHialbHOe YpaBHEHHE BTOPOTO MOPSIKA,
y KOTOPOTO BCAKasi TOUKA, 33 UCKIIOYEHUEM @, @y, @3, @4 U OO, SBASETCS
OOLIKHOBEHHOH, NpHYEM 3TH NATb TOYeK OyAyT NPaBUILHHIMH TOUKAMH
¢ mokasateasMu o, B, B @, (r=1, 2, 3, 4) U noKasaTeJaMU P, P

) HexoTopble aneMeHnTapHble uccaeioBanus nauwbl PopcaiitoMm (Forsyth,
Differential equations, 1914). [ToaHoe uccaenoBanue pavo B ero «Theory of dif-
ferential equations», 1V, 1902,



10.6. yPABHEHUSI MATEMATUYECKON &U3MKH 287

Ha ©O, KaK Jerko nposepmb 1), uMeer BuUI

d2u 31—, —B, | o8 Az2 4192Bz4-C
2=t 2& }d (z —crz,)z 4

r=1 2 i =1 H(Z‘"“f)
r=1

rae A TaKoBO, UTO Uq U Po OYIYT KODHAMH yPAaBHEHHS

7 4 4
p“’+p{r2:1(a,+@,>—3}+r§la,@,+A=o,

a B, C - nocrosHHbe 2).

Kaetinom3) u Boxepom?) Oblia nOkasaHa 3aMeuaTenbHas TeopeMa:
Bce auHeliHole AnddepeHunaIbLHEle YPaBHEHHs, BCTpeualoulvecss B onpe-
JeNeHHBIX 00/acTaX MaTeMaTHyeCKoR ¢H3UKM, MOryT ObiTb IOJyYeHHI
nyTeM C/JHAHAA W3 YACTHOTO YPaBHEHHS TOJMBKO UTO YKA3aHHOTO THINA,
B KOTOPOM paasocms ilokadameqeli 8 Kaxdod oco6ol mouke

1
PasHa ~; KpaTKOe HCCACIOBANHE MPeledbHLX YPaBHEHHH MBI cefuac
AanuM.
1 .
Ecm nonownte B, =0, +5 (r= 1,2, 3, 4) u Hanucarb ¢ BMeCTO 2,
TO HANMCAHHOe Bhllie ypaBHeHHe TPHMET BUA

4 1 9
d’u T | qu
i 2'——c_a, ridnn

r=1 A ( 1)
ar |27 + 5
r 2 A2 - 2B C

+ 2 ot he=0,

- I ¢—an
r=1

") Koapdunuentsr npu du U 4 JOMKHH OBITb DanHOHANBHBIMM, TaK Kak
dz

B MPOTHUBHOM CJy4yae OHM HMEIH 651 CymeCTBeHHO ocobbie TO‘IKI/I 3HaMEHaTeasIMn

y p(2), ¢ (2) ZoMmKHB OHITH COOTBETCTBEHHO H(z——a,) ]_I(z—a,.)2 pasaaras
r=1 r=1
p(2@) u q(2) Ha mnpoctedimme Apobu M BenoMuHas, uto p(2) = 0(z71),
q(z) O(2~?) npu | z|->co, Mpl moayuuM TpebyeMpiii pesyabtat 6e3 3aTpya-
Henui.
2) OTcoa BHIHO, YTO M, {4y CBA3AHB COOTHOHICHUEM

4
91+P-2+2(“r+3r)=3-
r=1

3) F. Klein, Ueber lineare Differentialgleichungen der zweiten Ordnung,
40, 1894; cM. rtaxxe Vorlesung iiber Lamé’'schen Funktionen.
. 4) Bocher, Ueber die Reihenentwickelungen der Potenmaltheone, 193,
894,
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rie (Ha OCHOBAHUH YCJOBHS fhg-— b == %)
4 2 4 4
N \! ° 3 3
A= Zar _Zar_"é‘}dar—f‘ﬁl)-
r=1 r=1 r=1"

10 aupdepeHiIvaipHOe ypaBHEHHe HA3biBAETCA 0606WeHHbLM YPABHE-
Huem Jlane.

Ecan noaoKuTb B 9TOM YyPaBHeHHH @,==@, TO OUYEBUIHO, HTO
C/NsHUE OCOOBIX TOYeK a4, Oy MOPOXKIAeT OCOOYI0 TOUKY, B KOTOPOH
noxasatean «, B MalOTCA ypaBHEHHAMH

kP2 o= (o) ot 3) 4D
Aa} +2Ba, - C

(a1 —a5) (@, —as)
[TosToMy pasHOCTb IoKasaTeselt B cauTHOH ocoGoi TOuke 6ydem we

rie
D=

|
"2—’
a moocem umems 4i060e 3AIAHHOE 3HAUEHUE NPU COOMBEMCMBEHNOM
subope B u C. TlonoGHeiM ke o06pasoM causndeM TpeX Hau Gouee
0COGEIX TOYEK Mbl MOMEM IIOJYYMTb ONHY HENMpaBUJBHYIO OCOOYI0 TOUKY.
HannexamwuM cadsHueM NATH ocoObIX TOUeK, HAXOMAMUXCA B HalleM
pacnopspKeHHH, MBI MOXeM TNOJYYHTb IIECTb THNOB ypaBHeHul, KOTOpHe
MOXHO KaaccuuuuponaTh (2) N0 uyucay OCOOBIX TOYeK C pPasHOCTHIO

noKasatee#t 5 (b) mo wuMeay ApyruX nNpaBUJbHEIX OCOOGBIX TOYEK,

(c) Mo uyMCIy HenpaBU/AbHBIX OCOOHX TOYEK HPU MOMOLIU CJEAYIOIIEH
CXeMBl, KOTOpAsi, KaK JMerko BUIeTb, GynerT HcdepmbiBaioleti 2).

(@ (b) ©
(0 3 1 0 Jlamé
(i) 2 0 1 Marbe
(111) 1 2 0 Jlexwanup
(V) 0 1 1 Becceap
V) 1 0 1 Beb6ep, dpmur
2 0 0 1 Croxce %)

, 4
o

1) Heficteutenpho, B ofmeM ciyyae A= ppuy-— Z orfp Pl = -le- X
1

’ 4
X1+ 12)2 — (1 — 10)?] 1 iy o = 3— D (o, + B;). ([Tpus. ped.
1

2) Hanpumep, tuu (a)3, (b)0, (c)1 HeBO3MOMEH, Tak Kax OH BhI3bIBaeT
Heo6X0IMMOCTb B IHECTH HAYaJbHBIX OCOOBIX TOUKAX.

3) YpasHeHHe aToro THHa 6bLIO paccMoTpeHo CTOKCOM B €ro MCCAENOBAHHAX
o nudpaxnuu (Stokes, Camb. Phil. Trang, [X, 168—182 (1856) ), Bnpouem, oHo
JEFKO npeobpasyercs B uacTHBH cayyal ypasHenus Beccens (upumep 6, Hixe).
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D1 ypaBHeHus OOHYHO HA3LIBAIOT 10 (aMAJUAM MATEeMATUKOB,
NpUBeJeHHBEIM B IIOCJAelHeM CToa0Ue. BooOle roBops, 4HeM HHXe IO-
CTABJEHO YypaBHeHue B 9TOH cxeMe, TeM OOJee INIPOCTH CBOHiCTBA ero
pewtenust. Pewenna ypasuenutt (II)—(VI) paccmarpusawores B8 ra. 15—19
oTON KHuru, a peiuenue ypasHenus (I)!)—s ra. 23. BuBoasl KaHOHH-
yeckuX (GOpM STHX ypaBHeHuit u3 000OleHHOrO ypaBHeHus Jlame yka-
3aHBl B CJCAYIOLIMX MpUMepax.

Mpumep 1. Moayuurs ypasuenue Jlame

3 1
du bl du fn(n+DEA-Alu
Tcz+{2c_a,}7(— 3 =0
r=1 4H(t—'ar)
r=1

(rtae £ u n— HOCTOSIHHBIE), MOJaras
oy =0y=a3=0a,=0, 8B=n(n-1)a,, 4C = ha,

¥ 3aCTaBJAd a, —> 0.
Mpumep 2. Moayuuts ypasHeHue

1 1
du 3 2 du  (a—16g432¢0)u
71?!*'(?“%-1‘)7(_‘ wi—=n ~°

(rze a u ¢ — NOCTORAHHBIE), ToJaras &, =0, a, =1 ¥ 3aCTaBIAA @3 = @y —> 00,
BuBectu otciofa ypasuenne Matoe , 19.1) ’

d%u
752—-}-(41-{— 16g cos 22) u =0

npy NOMOHIH HOACTAHOBKH § == cos?z.
Mpumep 3. Monxyuuts ypaBHeHue

1
d?u 7 1 du 1 (n@r4+) m? u _
TICT+<T+C—1>_df+T{ 4 —C—I}C(C—l)'“o’

noaaras

1
ay=ay,=1, a=0a,=0 o =0y=03=0, o =
BuiBecTH orciona ypaBHenue Jlemanppa (§§ 15.13, 15.5)

d%u
dz?
HpH MOMOIM HOJACTAHOBKHU § == z~2 i

MMpumep 4. Tlonaraa a;=ay,=0, o —=ay=o3=0a,=0 u 3acraBaas
a3 = @4 —> O, NONYYUTH YypaBHCHUE

du du 1
Gty F g C—rmu=0.

2
—2z%+{n(n+1)——lﬂ—-—

(1—2%) }u:O

—_22

1y O cpofictBax ypasHenuit tuna (I) cm. paboru Kaefina u Popcaitra, nuru-
pyeMbie B KORLe 3TOH raashi; cM. Takke Todhunter, The Functions of Lap-
lace, Lamé and Bessel, 1875.

19 3. T. Yurrexep, Ix. H. Batcon
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BuiBecTn orciona ypaBHenyé Beccean (§ 17.11)
du du
2 hutad) 2 2y —
LR "‘zdz‘f—(z n?)u=0

npu NOMOUM TOJCTaHOBKE = 22,
Hp umMep 5. [loaaras a, =90, ) =0y == Qg == 0y =0 ¥ 3acraBass 2y = Q3=
= @, —>00, NOAYUUTb ypaBHEHUE

d?u 1 du 1 1 1
Cﬁ?+7z?+z@+7“79“=a

 BuiBecTn oTcioja ypasHenue Bebepa (§ 16.5)

d’u / 1 1

G g #)u=0
npu MOMOHIYM NOJCTAaHOBKH { == 22,

Npumep 6. IMonaras a, =0 u sactapaas a, +co (r =1, 2, 3, 4), noay-
yuTH yPaBHEHHE

2
B B+ CHu=0.

Monaras 3aTeM . ,
u= (BL+C)%o, B|§+Cl=(—g—B,z)3,
oxasatb, 4TO

d? 3\ .
Z2d—;;+z%-}—(z2—%)v=0.

MMpumep 7. [lokasarp, uro obias dpopma o6obuieHHOro ypashenus JlaMe
ne usMenntca (I) mpu awo6oM apoGHojuHeiiHOM Npeo6pas’oBaHHM HE3ABUCUMO
HepeMeHHOH, IpH KOTOPOM CO ocTaeTcs ocoboll TOUKO#H Mpeo6pasoBaHHOrO ypas-

nenus; (II) mpu a060# 3aMeHe 3aBACMMON MepeMeHHOH Tuna ¢ = (2 —a,) v.
Mpumep 8 BoiBecTu u3 mpumepa 7, 4TO PasAMuHble HpenebHbE HOPMBL
o6o6leHHoro ypaBHeHust Jlame Bcerja MoryT OBITH CBeleHB K opMaM B Ipu-
mepax 1—6. [3amerbTe, UTO HOAXoOsllee ApoGHOMMHEHHOE NMpeoOpasoBaHue me-
peMenHoil mpeo6pasyer moGble Tpu pasauyHple TOUKK B Touku 0, 1, 0o.]

10.7. Jluneiinvie puddepeHunanspHbie ypaBHEHHS
¢ TpeMsi OCOGBHIMM TOUKaMHM

[Tycts
4 d
T P@) G Hg@u=0

MMeeT TPH M TOJABKO TP ocoObe TOuKM @, b, ¢1); NyCTb 3TU TOuKM

OyAyT NPaBANBHBIMU TOYKAMH C TOKA3ATENAMH o, a’; B @’; T
Torma koapduuueHT p(2) OyaeT pauuoHanbHOM dQyHKUHER ¢ npo-

CTHIMM TIOJIOCAMH B @, b, ¢, ero BblYeTH B 3THX NMOJI0CAX OYLyT paBHBI

1} Touxa Ha GECKOHEUHOCTH NOMKHA ObITh OGBIKHOBEHHOH TOUKOM.
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l—a—oa/, 1—B—8§, 1 —7—1". 1 p(2)— 227! npu z-> 00 Gyner
O (z72). Tlosromy
l—a—o | 1—B—p  1—y—¥

z2—a + z2—0b +

2—C

p@)=

ul)

oo +B+p 141 =1

TloxoGHrM ke oOpasom

q(z):{ aa’ (a—b) (a—¢) 4+ By (b —c) (b —a) n

z2—a z2—b

4 w’(c—~a)(6——b)} 1

z2—¢ (z—a)(z—b)(z—c)’
U CAeNOBATeJbHO, dHddepeHIHatbHoe YpaBHEHHe HMeeT BHI

dw | fl—o—a’ | 1—f—8" | 1—q—y') du
=+ + + } =+

z2—a 2—b z2—¢

+{aa’ (a—b)(a—c) + BR (b —c) (b — ) +

z2-—a 2—b

+¥x’(0—a)(0—b)} u 0.

zZ—c¢ F=a)z—b(z—0c)

D10 ypapHeHue OO BHepBhe naHo [lammepuriewm 2),

Yro6n BLIPA3HTb TOT (PAKT, YTO # YIOBJETBOPSeT YPABHEHHIO ITOrO
THNa (koTOpoe Mbl OyzeM Ha3mBaTh [P-ypasnenneM Pumana), Puman
nucan 3)

a b ¢

u="Pya B 1 =z
a/ pl ,TI
OcoObie ToukM ypaBHeHHs NOMEIeHH B NEPBOH CTPOKE C COOTHET-

CTBEHHBIMH TNOKasaTeJdMH HENOCPeACTBEHHO MO HUMH, a HE3dBHCUMas
lepeMeHHas NOMelleHa B YeTBEPTOM croabiue.

ITpumep. [lokasaTh, UTO runepreoMeTpuuecKoe ypaBHEHHE

z(l—z)%—{- {c—(a-+b+ 12 %—abu:O

1) [TokasaTeJH JOMKHM YJIOBIETBOPATb 3TOMY YpPAaBHEHHIO.

2y Papperitz, Math. Ann.,, XXV, 213 (1885).

% Riemann, Abh. d. k. Qes. d. Wiss. zu Gottingen, VI (1857). U3
STOr0 MeMyapa BHJHO, YTO XOT# PHMaH u He COCTasAsn 3TOrO ypasHeHHs SBHO,
HO BBIBOJMJ €r0 CYIIeCTBOBAHHE U3 THIEPreOMeTPHYECKOro ypaBHEHHS.

19*
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onpefielsieTcs CxeMoi
0 fe's) 1
P 0 a 0 z
l l—c¢ b c¢c—a-—b

10.71. Mpeo6pazosanna P-ypasHenus Pumana

IBa npeoﬁpaaoaauuﬂ, npencraBasgeMple CXeMAaTHUYeCKH paBEHCTBAMU

(zz——‘_:)k(j:;)lp : g ; z
al BI ,rl
a b ¢

=P| otk B—k—I t+I zy, ()
o +k Br—k—1 41

a b ¢ a b ¢
Pia B v zi=Pja B Y1 2 (I
a/ pl Tl ] al @I ,rl

(rie 2y, @y, b;, ¢; noayyeHsi u3 2, @, b, ¢ HEKOTODHM [APOOHOJHHEH-
HHM npeoGpa3oBanueM), uMelT Goablioe 3HaueHHe. OHHM MOTyT OBITb
NOJMyYeHH NpAMBIM MpeoOpa3oBaHueM AH¢¢epeHIHaIbHOTO YPaBHeHHA
[Nanneputua — PuMana nyteM Hajjexmalledl 3aMeHHl 3aBHCHMOR W Hesa-
BUCHMOH MepeMeHHbIX; HO BEPHOCTb DE3y/bTaTOB MPeOOpasOBaHHl MOXHO
BHJETb HHTYUTHBHO, €C/H 3aMeTuTh, Yro JF-ypaBHeHHe PuMana ompele-
JfeTcs ONHO3HAYHO 3HAHHEM TpeX OCOOHX TOUYeK H X IOKasaTeselt,
a takwe urto (I), ecau

a b ¢
u=P{a B T zg,
a/ BI ,r/

z—a\F(z—cy\
10 uy=(——) (;—5) # yromrersopser i e peHLHaILHOMY ypas-

HEHHI0 BTOPOro MOPAAKA C TEMH Xe CaMbiMH TpeMs OCOObIMH TOYKAMH
W mokasaTensMu ok, of 4+k; B—k—1I, B —k—1U 7+1 7 +1
A21+B

Czl‘-"—D'
TO ypaBHEHHE OTHOCHTeJIbHO 2, OyneT /uHeHHHIM ypaBHeHHeM BTOPOrO
NOpaIKa ¢ OCOOLIMH TOYKAMH B TOUKaX, I[OJyueHHHX 3 @, b, ¢ mpu
NOMOLLM 3TOFO APOGHOMHERHOrO TMpeo6pasoBanus, ¢ MokasatejamMu o, a’,
B, B’» 1. ' npu mux.

H CyMMa aTux mokasartese#t 6ymet 1; (II) eciu Mu mojoxum 2 =



10.8. yPABHEHMS C IBYMA OCOBBIMH TOUKAMH 293

10.72. Cpasbp P-ypaBHeHHs Pumana
C FHNEPFEOMETPHYECKHM YpaBHEHHEM

Ha ocnomannn pesysabratos § .10.71 saxawuaem, uTo

a b ¢ a b ¢ l
_ [ _ 7 .
A ve’—a B'Hay 7' —y
0 o) 1

=S EZ e 0 e 0
a/—-q p/+a+7 ,T/___,r

_ (z—a)(c—Db)
T (e—b(c—a)’

i o i o 7

rune

ITostomy, coraacuo npumepy § 10.7, pentenue P-ypasHenuss Pumana
MOXHO BCeraa MOJY4YNTb U3 pPeHICHHS THIEPreOMeTPHUYECKOro ypaBHEHHS,
9JEMEHTHl KOTOPOrO @, O, €, X COOTBETCTBEHHO DaBHHI

! ’ 14 - —b
epft . o4 la—e, FEPEZA

10.8. Jluneiinpie nuddepennuaabHbie ypaBHeHHs
¢ ABYMsf OCOGLIMH TOYKAMH

Ecau B § 10.7 Mbl clenaeM TOUYKY ¢ OOGLIKHOBEHHOH TOYKOH, TO MH
nomxHs! 6ynem umerb 1—qy—4'=0, 77/=0, a

@ (a—b)(a—0) | B8’ (b —c) (b —a)

z2—a 2—b

JO/KHO HeMHThCA Ha (2 — €) 148 TOro, uTo6H p(2) u ¢(z) Gbian aua-
muruyeckuMu B ¢. Orcioma oo B+ 8 =0, aa’=§B", u mu no-
JyyaeM ypaBHeHHe

d?u l—a—ao 14ad-a" ) du a’ (a— b2
W—F{ -+ }E—F(————O.

2—a z2—b 2—a)? (2 — b)?

pelleHHe KOTOpOro Oyner

z—a\® z—a\"
= A\ B )
u z——b) + z—b) "’
TAKUM 06pa3oM, pelliehHe COLEPXHT TOJbLKO 3JeMeHTApHble (YHKUUM.
Korna a=a’, peuenne umeer Bun

z2—a\* 2—a\* z2—a
u:A(z—b) +Bl(z—bl) lg(z——b"

/

20 3. T. Yurrekep, HOx. H. Batcon
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Npumepn
1. Tokasatb, 4TO ypaBHEHUE
d%u
W + zu=20
1 4 1 3
HMEET pemeHus 2 — 7 2 “+ . 1——6~ 2% ..., a Takxe uccaefoBaTh 061acTH

CXOAHMOCTH 3THX PHJIOB.
2. Toayuurs MHTEFpadbl yPaBHEHHs

d%u 1
— ——— — 2 ==
zr T 1—#)u=0,
npaBuAbHBE BOAHM3H 2 =0, B dopme
L 2
7 2 2t
=z {1+T6—+——1024+..},

3

L
u2=ullgz—-lg+ e
3. TokasaTs, YTO ypaBHEHHE
d%u 1 1)
(g #)u=o

HMEET peieHHs

2n4+1 , 42 +4n43 ,

1— 1 2?2 4 96 = ...,
2n+1 o 4nP4-4n 47

S v 1/ AL

# 4TO 3TH pAIbl CXOAATCA A4 BCEX 3HaveHud 2.
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4, Tlokas3aTh, UTO ypaBHeHHUE

d?u { i\ 1 —oa,—8, ] du \ i
dzz—{'{l}ji 2—a, J’ +{-J(z—a)2+2l Z2—a, j =0

Z (@, +8)=n—2 Z D, =0, Z @;Dr + o) =0,

r=1 r=1 r=1

i (a2D, 4-2a,0.8,) =0,

rae

apasieTrca Haubosee OGIIUM ypaBHeHueM JAJsi KOTOPOro Bce TOUKH (BKIOYas o),
KpOME TOYEK &;, dy, ..., &;, OYLyT OOLIKHOBEHHHIMM, a TOYKH &, OyAyT
NPAaBHAbHLHIMH TOYKAMH C IOKA3aTENAMH &, 3, COOTBETCTBEHHO.

(Klein)
5. [Tokasatb, 4TO NpH B-}-y-{-ﬁ’-}—«(':%
0, e 1 2 (——l oo _1 \
P(l) B z}:P{y?B 1 2%
s & v | ly 2wy |
(Riemann)

[I[mb(pepeﬂuuanbﬂoe ypaBHeHue B 000HX caydaax 6y11eT
d%u 22 (1 — du 4u
R +{ } 2Z2—1 0']

dz* + 22—1
6. [Tokasatb, UuTO ecaH *H—x’=—3— B ©, ®©?-—KOMIIEKCHHE KyOHUHbBIE

—

KOpHH H3 CIUHHULH, TO

!

l

[Ilud)(bepeuuuanbﬂoe ypaBHeHMe B 000HX cayudaax Oyper

d?u 222 MNy'ezu
a2 + 2 —1 dz+(zs—l)2 _0']

W~ o o
w— o g

(Riemann)

7. TTokasaTb, 4TO ypaBHeHHE

—(2a—|—1)z%—+n(ﬂ+2a)u=0

a2
(1— 2

ompejeaseTcs CXeMoil

20¥
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M 4TO ypaBHEeHHE

(14 c2)e Z;" tn(nt2u=0

MOKHO MOAYYHTb W3 HEro, MOJOXHMB a4 =1 Ku NpOH3BEJs 3aMeny He3aBHCHMON
NepeMeHHOM.

(Halm)
8. PaccMoTpeTh pemieHusi ypaBHEHHA
du du 1
ZW’F(Z“I‘I‘F”’)"E;‘{‘(”'}‘I'{‘? m)u:O,
ronuble B6AM3H 2 = 0, ¥ pelIeHus, rojHble BOJH3H 2 = CO.
(Cunningham)
9, Paccmorperh pemieHHs ypaBHEHHA
d2u 2u du du
Tt T @ TR e ne=0
ronsble B6au3n z = 0, W pelleHus, FOIHBE BOIU3H 2 = 0.
PaccMorpers cleiylomie 4YacTHHe CaydaH:
3 1
) p=—, an =gy (Ill) ptv=3
(Curzon)

10. MokasaTb, 4TO ypaBHEHHE
diu 1 du
z(l—-z)—iz—z—+7(1—gz)$+(az+b)u=0

uMEeT IBa 4YaCTHBIX MHTErpaja, IPOM3BEJEHHE KOTODHIX €CTb OJHO3HAUHAs
TpaHcuenfeHTHas GyHuxkuua. [IpH KakuX 06CTOATENbCTBAX 3TH ABA YACTHBIX
uETerpafa cosnajaoT? OGo3HaUHBHMX Npou3BefeHne uepes F (2), NoKasartb, 4TO
YyacTHBIE HHTerpanbt 6ynyT |

1 ¥4
wyy s = {F(2)) exp{i Cf_F(_z)Vﬂzjo—f? }

rie C — onpeleleHHas NOCTOSHHAs. (Lindemann; cm. § 19.5).

11. Jokasatb, uTo ofmee JuHeiHoe nuddepeHnHaNbHOE YpaBHEHHE TPEThero
nopsaka, oceéuie TOYKH KoToporo c¢yTh 0, 1, co W KOTOpOe HMEeT BCE CBOH
HHTEFpalbl NPaBHAbHBIME BOAM3H KaxJ/OH OCOO60H TOUKH (NpUYEM NOKa3aTenu
B Kaxpoil ocoboit Touke Oyayr 1, 1, —1), 6yxer

du 2 2 du 1 3 1 du
a3 {_z——{_z—l}dz?—{?_z(z——l)_*— (2—1)2}75+
1 3 cos?a 3sin? a 1
+{?3—_“ 2z—1) z2(—1p T = }u:O,

rje a MOXeT HMEeThb M060e NMOCTOSHHOEe 3HAUEHHE,
(Math. Trip., 1912)



FTJABA 11
HMHTETPAJIbHBIE YPABHEHUS

11.1. Onpepnenenne HHTErpaJbHOr0 ypaBHEHUS

YpaBHeHne Ha3bIBaeTCss WHTeTPaJIbHBIM, eCJH Heu3BeCTHas (YyHKUMA
ColepkKUTCA MOL 3HAKOM mHTerpata. OnpeneneHne HeM3BECTHOW (DYHKLMU
Ha3biBaeTCAd pellleHHeM ypaBHeHMs !).

BpejeHne MHTerpaibHHX ypaBHeHH# B dHaJM3 NpuHadjexuT Jlammacy
(1782), xoTopblft paccMaTpuBaJ ypasHeHHS

f=[e'ewat,  g=[tTewat

(r1e B 06OMX CaAy4adx ¢ MpeiCTaBisfieT COGOH HEH3BECTHYIO (DYyHKIHIO)
B CB¥3M C pemeHweM JHpdepeHUHaJ bHEIX — ypaBHeHuH. [lepsniM
MHTerpa/jbHBM ypaBHEHHEM, pelleHHe KOTOPOro OBiJI0 MOJAyYeHO, OblJI0
ypaBHeHune Pypne

fx)= f cos xt ¢ (£) dt.
Ero petueHneM?) npH u3BeCTHHX O0GCTOATENbCTBAX Gyler

¢ (x) :—i— fcos ux f(u)du,

0

f(x) nmomxHa OnlTb YeTHOM (yHKIHMeR OT X, TaK Kak COS xf— yeTHas
byHxnus.

[osxe AGeab?) npumes K HHTerpaibHOMY YDaBHEHHIO B CBA3H
¢ ONHOH MeXxaHHYeCKOW 3amaued M NOJyuH/ [BA ero pelleHus; Nocje
370ro JIMyBHJAIL HCC/EIOBAJ] HHTErpajbHOe YpaBHeHHe, KOTOPOE BO3-

) Mckmouast cayuaid unrerpana ®ypbe (§ 9.7), Mbl npaKkTHUECKH 8cezda
HYXAAeMCA B HeNpeppisHsi X PEEHHAX HHTerpaJbHEIX ypaBHEHUH.

2) JleACTBUTEABHO, €CJAH 3TO 3HA4YEHUE N ¢ NOJACTaBHTh B ypaBHeHue, 10
noayuurca ¢dopmyna, gokasanHas B § 9.7. .

3) Abel, Solution de quelques problémes a ['aide d’intégrales définies,
1823. Cm. Oeuvres, 1, 1197,
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HUKJIO B Tipollecce ero 3aHaATH# AnddepeHLNaNbHEIMA  YPABHCHHSAMH, I
OTKPHII BaXHbIR CNOCO6 pElleHHs HHTer palbHbLIX ypaBHeHu# 1), paccMarpu-
paeMbit Hamu B § 11.4. 7

B nocaenHue roabl MHTerpa’dbHble ypaBHeHHa npuoGpenu Go/biioe
3HaueHHe B PpA3MMYHBIX OTpACAAX MATeMaTHKH; B TaKHe ypaBHeHHS
(B ¢uanyeckux npo6jeMax) uacTo BXOAAT KPaTHbie MHTErpaJbl, U HCCle-
NOBaHHE WX, eCTECTBEHHO, MpelCTaBiseT OOJblIHEe TPYAHOCTH MO CpaB-
HEHHI0 C HCCJeIOBAHHEM 3JEeMEHTADHBIX YpasHeHu#, xortopule Oyayr
paccMOTpeHbl B 3TOH riase.

Iaa o6JeryeHdst M3JI0KEeHHS MBI TNPeNNOJOXKHM, UYTO NMOCTOSHHHE &,
b U mepeMeHHBe X, Y, £ BellleCTBeHHH! H, Rajee, uT0 4 < X, ¥, §<b.
Banaunas ¢yuxuna?) K(x, y), BCTpeyalollascs NOJL 3HAKOM HHTerpana,
B OOJBLIMHCTBE PpacCMaTPHBAEMBIX ypaBHeHUH. OyleT BellleCTBEHHOR
dyHxkumed or x Uy U uau (1) HenmpepriBHOM dyHKUHed 06eHX NepeMeH-
uux B o6nact (@ <L x < b, a <y b), num (II) HenpepbiBHOR (yHK-
e o6enx mepeMeHHHX B ob0macTH @<y x < b u Hyrem npu
y> x; B noclenHeM cayuyae K (x, y) uMeeT INPaBUJbHO paclpelelicH-
Hble pa3phiBbl, H B OCOMX CJyyasx Jerko JHOKasaTb, 4YTO eciu f(y)—

b

HeripepblBHag ¢yHkuus npu a <y < b, TO ff(y)K(x, y)dy Gyner
a

HenpephiBHOH ¢yuxuuelt ot x npu a < x < b.

11.11. AJire6panyeckas JemMma

ITpennoxenne aiare6panyeckoro xapaxkTepa, KOTOPOE MBI ceHuac NoJdyuum,
urpaeT GOJbIIYI0 POJb B TEOPHH HHTErpaNbHBIX ypaBHeHHH Ppearodbma.

Mycts (x5, y1, 21), (X3, Yo, 29), (X3, Y3, 23) — TPH TOUKH, HaXojsiluecs Ha
pacCTORHHH eJMHMLA OT Havada KooppuHaT. HauGonbmee (no aGcodioTHOH
BeJpuMHe) 3HaveHne oO0beMa NapaJielenunena, INOCTPOEHHOTO Ha OTpPE3Kax,
COEJHHAINAX HAYalNo C JaHHBIMH TOUKAMH, paBHO -~ 1, mpuuem pebpa OynyT
TOrJa NepneHiukyaspHb. [lostomy, ecam x?+y§+zf=1 (r=1, 2,3), 10
BEPXHsis H HHMHAS TPaHHIbl ONpejenuTes

XY &4
- Xy Yo 22

X3 Y3 23
paBHE * 1.

1y UucnenHoe BHIYHCIEHHE DELIEHHH HHTerpaJbHHX YpaBHEHuH OblIO HCCae-
IoBaHo B mnocieidee Bpema YurrexkepoM (Whittaker, Proc. Royal Soc,
XClV, (A), 367 — 383 (1918)).

2) boxep B cBoelt BaxHoll paboTe 1O HHTErPANbHLIM _ ypaBHEHMAM
(Bocher, Camb. Math. Tracts, Ne 10) Bcerma paccmatpuBaeT Gojee obmumit
cayuaii, B koTopoM paspuiBu K (x, y) pacnpedesens. NPASUALHO, T. €. Pa3PbIBHI
HMEKT XapaxTep, onucaHHeid B npumepe 11 ra. 4. Uuratedb yBUIMT U3 yKasaH-
HOrO DpuUMepa, UTO NOUTH BCE Pe3yabTaThl 3TOI IJaBbl MOryT GhTb 0GOGIIEHHI
M Ha cayuaft Ja1060r0 NPaBHJABHOrO pacmpeieiacHus. HToGH cleaartd 3Ty riaaBy
6osee mpocToil, Mbl He GyaeM paccMaTpHBaTb TakMX OGOOIUEHHI.
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Jlemma, npuHaaaexamas Agxamapy '), o6obmaer sT0T pesyanTat: Ilycts

ayy iz ... &y
Q¢ Ay .. Gan | _ p,
Anr Qpo 2nn
Q2
r/ie 5JAeMEHTH d,,, BEIIECTBEHHDbl H E @y, =1(m=1,2,.. ., n) nycts Ay, —
F=1 :

JONOJHEHHE 3JEeMeHTa &,, B D, H NycTb A — ompenejutelb, 3MEMEHTH KOTO-
poro cytb Ap,; TOTAa MO H3BECTHOH Teopeme 2)

A= Dn—i,

Tak xak D saBasercs HenpepulBHOH (yHKuueH CBOMX 3JEMEHTOB H, CJeI0Ba-
TeJdbHO, GyAeT OrpaHMdYeHHOH, To k HeH npumeHnMa OOBIYHAas TEOPHUA MaKxCu-

MyMa ¥ MHHHMyMa. EcJau MBI 3aCTaBHM HSMEHSATHCH TOABKO ¢\, (r=1, 2,..., n),
n
o oD
10 D Oyzer crauMOHapHOH DpH TakuX H3MEHEeHHAX, Koria 3 da,, =0,
%r
r=1

n
npHYEM Bapuanuu 5a,, NONYHHEHBI TOABKO OJHOMY YCJOBHIO Ea,,%a”:o,

r=1
w03TOMY %)
oD
A, == )\a .
ir aalr 17
HO
n
E ay Ay =D,
r=1
CAeA0BaTEeAbHO,
n
}\ ﬂ%r _ D
r=1
u
Air = Day,.

PaccmaTpuBass H3MeHeHHs JIPYrHX 3/AeMEHTOB onpeneiureds D, Mbl BHIUM,
4to D GyAeT CTauHOHAPHBIM NIpH M3MeHEHHH BCEX 3MeMEeHTOB, koria Ay, = Dag,
(m=1,2,...n r=1,2, ... n). CaepoBarenbto, A= L"D, otkyra D**+i=
= D#-1. Orcioma cienyeT, 4YTO MaKCHMaJbHOE H MHHHMajabHOE 3HaueHus D
Oyayr £ L.

Cnencreue. Ecan a,, BemecTseHHH H MOAYHHEHBl TOJBKO YCJOBHIO
lam, | < M, To u3 HepaBeHcTBa

n
NY(8mr NP
‘/“(n‘bM <1

r=1

') Hadamard, Bulletin des Sci. Math. (2), XVII, 240 (1893).

?) Burnside and Panton, Theory of equations, I, 40. (Cu. Takme
¢, P. Taurmaxep, Teopws maTpuu, [ocrexusgar, 1954. — I[Tpun. ped.)

%) IMo o6riuHOf TeopnH MHOXxUTeeH JlarpaHka.
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JErko BHJAETh, UYTO MaKCHMaJabHOe 3HaueHue | D| paBHO
1 \n 1
( 7 LYY
n‘M) =n° M~
11.2. YpasHenue <$pearosnMal) u ero npeanosaraemoe pemenue

BaxHbIM HHTErpafbHEM ypaBHeHHeM OGEero Tuna sBJSeTCS ypaBHeHHe

b
P(0) =1 (x)+ [K(x. D@ di

rae f(x)— 3anaunas HenpepbiBHas (yHKuus, A — mapaMerp (B oOmiem
¢iyude KOMIMeKCHBIR), a K (x, §) nonunHsieTcs YCJIOBUAM 2), YKa3aHHBIM
B § 11.1. K (x, %) HasmBaerca sdponm (nucleus)d) ypasuenus. 310
HHTErpajbHOE ypaBHeHHe H3BeCTHO NOJ Ha3BaHMeM ypasHerus Ppeo-
204bMa I UHMEZPAAbHOZO YPABHeHus 6mopozo poda (cm. § 11.3).
BoJarTeppa 3aMeTwJs, YTO ypaBHEHHE 3TOrO THIA MOXHO pacCMaTpHBaTh
KaK NpeleJbHBH Cayyad cucTeMbl JuHeHHBIX ypasHeHuH. B cBoem
ucclenosanun PpeiaroabyM 3IBPUCTHYECKH NPOBOIUT NOJOOHBIA mpelesb-
HbIl Npollecc, a 3aTeM NPOBepsieT pe3yibTaT PACCYHIACHHAMH, NPHBOIM-
MeMi Huxe, B § 11.21. Tuavbepr (Hilbert, Gottinger Nach.,
49—91 (1904)) o6ocHOBAM NpeleJbHHH NPOLECC HEMOCPEACTBEHHO.

Mpl NpUCTYNIHM Terepb K PAaCCMOTPEHHIO CHCTeMbl JIHHEHHBIX ypaB-
HeHUR ¥ HCcCieryeM 3arteM cnoco6 PpelronsMa A4 ONpaBlaHHusa Hepe-
X044 K npenedy.

WMuTerpalbHoe ypaBHeHue #ABJseTCS NpeieJbHOH ¢opmoit mpun 3 >0
ypaBHEHHS
n

¢ (1) = F ()1 D K, x0) 9 (x0) d,

g=1

Ple Xg— Xg_ =10, Xg=a, X, =1b.

!y lepeas paGora Ppearoabma (Fredholm) mo stoMmy Bowpocy mosnBuiach
B «Olversigt af K. Vetenskaps-Akad. Forhandlingar», LVII, 39—46 (1900). Ero
H3BICKAHHUS HameuyaTaHbl Takwke B «Acta Math.», XXVII, 365 — 390 (1903).

2) Huratean 3aMeTur, 4To ecau K (x, £) =0 (£ > x), TO ypaBHeHHEe MOXET
OBlTh TEPENHCAaHO ‘B BHIE

s =7+ [ Kx9e@d

Takoe ypaBHeHHe HA3BIBAETCSH YDABHEHHEM C NEPeMEHHBLM 8eDXHUM NPedenoM.
3) Mo-aurauiicku taxwe kernel, mo-ppaduyscku noyau, no-eMeuxu Kern.
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Tak xak 3TO ypaBHeHme HOMKHO ObiThb BepHbiM HpH a < X <&, TO oHO
OyZAeT BEDHBIM, B HYaCTHOCTH, KOIZa X NPHHUMAET BHAUEHHS X|, Xg, ..., Xy, H
TakuM 00pasoM,

— M X K (x5, %) ¢ (xg) + 9 (%) = F (%) (r=12 ..., n).
g=1

Ora cucreMa ypaBHeHHH aasm ¢ (xp) (p=1, 2, ..., n) uMeer enMHCTBEHHOE

PelieHKe, eCaH ONpeleauTeNb, COCTABACHHBIA U3 K03((uuHeHTOB npu ¢ (xp), He
paBeH Hymio. JTOT ompejeiHTelb PaBeH

1 — MK (x,, x) —MK(x;, x3) ... — MK (%, Xp)
O e e N
— WK (x,, X)) — MR (Xp, %) ... 1 —W3K (x,, xp)
\ Q 2N | K (% %) K (% %g)
=1—x Y, 3K (x,, x il 52 pr Xp pr Xg) | __
,%1 (p, %p) + 5 p§=1 ‘K(xq, %) K (xg )

A3 nj K (xp, xp) K {(xp, x9)  K(xp, xy)
T Z 8 | K(xg x50 K(xg xp) K(xg, %) |+ .os
pig,r=1 K(x;, x5)  K(x, xg)  K(xp, %)
€CIM PasfoXHTh ero!) mo cremenam A.

3acraBasa 8 >0, n-»00 U 3aMeHsAs COOTBETCTBEHHO 3TOMY CYMMHDPOBaHUA
MHTETPUPOBAHHAMH, Mbl IIPUXOAHM, TAKHM O0pa30M, K PACCMOTPEHUIO psijia

b b b
22 K, &) KGEL &)
D(k):l—ka(El, &l)d&1+ﬁf f K(&; Ei) K(&;.&i) di diy— ...
a a a

Nanec, ecnn Dy (x,, x,) ectb anre6panieckoe AOMOJHECHHE 3JEMEHTA, COACPIKA-
mero K({(x,, x,) B onpeneurene D, (L), TO pemeHrne CHCTEMB! JHHEHHBX ypaB-
HeHHH OyZeT HMMeTb BMJ

f(xl)Dn(xw xl)+f(x2) Dn (xp.r x2)+ +f(xn) Dn("ﬁu xn)

PO = D, )

Jlerko BueTh, uro npefeabHOH Gopmod aan D, (x,, x,) creayer
cuurath D (A); ecan xe == v, TO
K(xy, %) K(x,, xp)

. [ . " ]
Dp(x,, xy)= )\B{ K (x,, x,) — PR | +
l 1]2___1 K (xp %) K (xp, xp) ]
- 1 n K(xw xv) K(-XW -Xp) K (XW xq)
+Tg)‘232 2 K (x5, x)  K(x5 xp) K(xp, xp) [— ... %,

Pra=1] K(xg %) K(xg Xp)  K(xq xg)

e dakTopuanst NOSBALIOTCH [OTOMy, YTO KaXABH ONpENENHTENb K3 § -
CTPOK ¥ CcTOAGLOB BCTpeyaerca S! pas, kOria p, ¢, ... NPHHEMAOT 6Ce 3Haye-
Hug 1, 2, ..., n, MWy TEM KaK OH BCTpEYaeTCAd TOALKO OXHH pas B HepBO-
HauaabHOM omnpeneantene D, ().
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o o -1 .
TaKk uTo mpenenbHod dopMoi ') nas d D(xW X,) caefyer CUHTaTb
b

= K(x x)  K(x,, &)
D(x,, x,; M) =AK(x,, x,)— 2 A e 1
i * f K@, x) KG, &)

b b K(x;u X\,) K(xpu El) K(xpu &2)

b [ KG %) KE &) Ko &) |t d— ..
a é K(&Z’ xv) K(&zv &l) K(&Z’ E2)

ClelloBaTe bHO, MBI MPHXOAUM K PacCMOTPEHHIO (YHKIHH

d, +

b
cp(x):f(x)-}-DL(;\)'/.D(x, & N f(E)as
a

KaK BO3MOKHOIO pelieHHS HHTETPaJbHOTO yPaBHEHHS,
Mpumep 1. Tlokasars, 4T0 B ciyuae ypaBHeHus

1
¢ () =x+} [ xye () dy
0

Mbl HMECM
DMy =1—gh D(x yN=hey
u 4To ' 3
X

Oyner pellieHHeM.
MMpumep 2. Ilokasars, 4T0 B ciayYae ypaBHEHHS

1
¢ =5+ [ Gy + )¢ dy
0

Mbl HMEEM

2 1.,
DRy=1—Fh—=512

1 ! 1 1
D(x, y; H=h(xy+ +’\’(7xy2—§xy—§y2 +zy>,

¥ TIOAYYHMTb HeKOTOpOe pelieHHe ypPaBHEHHS.

11.21. UccaepoBanue pemeHus Ppearonbma

Jlo cux nop NOCTpPOeHHe pelleHHs HOCHJIO SBPHUCTHUECKHI Xapakrep;
Telepb MBI HauHeM BCe CHA4an3 M yOelMMCsl, 4TO Mbl AeHCTBUTEIBLHO
noayuyaeM TAKHM OODPa3OM pellleHHe HHTErPajbHOFO YpaBHEeHHs; UYTOOH
CLeNaTb. 3T0, PaccMOTpuM ABe ¢yHkuun D(A) u D (x, ¥; 1), K KOTOPHIM
My npumin B § 11.2.

) 3akOH cOCTaBJAEHHS IIOCJENYIOUMX UJEHOB BHJEH II0 TeM, KOTOphble
BHIMUCAHBL,
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HanumeM psaa, koropnim onpegeassocs D(A) B § 11.2, 8 dopme
[ee] }\n
L+ X
n=1
b o oK W KGL B K g
a,,:(—l)"f f f K¢ &) KG B ... K&, &) dtdty . . .dE;
K G ) K G B) e K (G )

TaK Kak K (X, y) HempepnlBHA M NOSTOMY OrpaHHYeHa, TO MBI HMeeM
{K(x, )] <M, rne M wHe 3aBHCHT OT X 4 y; TaK Kak, JAajee,
K (x, y)— BellleCTBeHHas (YHKUHA, TO MH MOXeM HPHMEHUTb JeMMy
Anamapa (§ 11.11) u moayuum cpasy, 4to

TAK 4TO

1
la,] < n?"M" @b — a).
1
Toaowum n?  M" (b—a)"=n'b,; Torza

lim 22t — i QZM{(1+l)"} —0,

n>co Un n>oo (n-4 1)

. 1n
TaK Kak (.l—{—-n—) —e.

Pan an)\” 6yner mosToMy aGCOIOTHO CXORUTHCS IS BCeX 3HAUe~
n=1

-

it \; TakuM obpasoM (§ 2.34), paxn 1—|—2‘

aph®
n!

CXOIMTCS IJs BCeX
n=1
sHauenuft A M, ciaepomareabho (§ 5.64), npeacraBaser weaywo $ynk-
HHI0 OT A.
Hanuwem teneps psin aaa D(x, y; X) B ¢dopme

o0

2 Up (x, y) W]
n! )

n=0

Toraa mo aemme Agamapa (§ 11.11)
1
[v,-1(x, ¥ <n? " Mn (b — ay-1;

Up X,
0TCI0Na —i%—l!—yl}<cn, rie ¢, He B3aBMCHT OT X M Y, NpHYeM pan

(2]

D ¢, \+1 abcomoTHO CXOAUTCH.
n=0



304 ra. 1. MHTETPAJLHBIE YPABHEHHA

IMosromy D (x, y; \) Takke OyleT ueao# ¢yHkuueit ot \. Ilajee,
pan aas D(x, y; ) —AK (x, y) 4BJasgeTc PpPABHOMEPHO CXOJISLIUMCH
(§ 3.34) panoM HempephiBHBIX !) dyHKuUHA OT X M y, Korda a < x <&,
aLy<b.

Cobepem B D(x, y; \) Bce ujleHH, cofepxawue K (x, y); Mbl
ROy YUM

D(x, y; V=M MK (x, y)+ E( yran+t ¥alt ) Q,,(x )’)
Fle =1

Qu(x, y)=
, , 0 K(x, &) K(x, & ... K(x, &)
:f f K(El, y) K. &) K(Ep EQ) - K G gD ds; ... dt,.

K(g )’) K(En’ ‘1) K( t2) . K(En’ n)

Pasaaras no siaeMeHTaM MNepBOro CTO0LA, Mbl noayuaeM Q,(x, y)
B BHIE HHTErpaia CYMMBl n ompelenutedach; Hamucas &, &, ..., §,_;,
£ €, -.vy £,y BMecTO £, &, ..., £ B m-M onpeleauTese, Mbl BHIMM,
4TO HHTErpabl BCeX onpeﬂenmeneﬂ paBHul 2) u, TakuM 06pasoM,

bMb

Q,(x, y)= -nff fK(& WP dEds, ... di,

riae .
K(x, 8 K(x &) cee K(x 8yy)
p”: K(Elv E) K(Elv E1) o K(El’ n—l)
K(Efl—l’ E) K(En—l’ El) LR K(‘n 1 n-l)

Orclona MoJy4yaeTcss HenoCpeaCTBEHHO, UTO

b
D(x, y; N =AD ) K(x, y)+>.fD(x, 5 MK E y)di

BosbmeMm Tenepb ypaBHEHHE

b
e®=/O+1[KE Do ay,

1y Jlerko yOenuTbesd, UTO KaxAbHA uded (332 MCKAIOUEHHEM, BO3MOXKHO,
nepBoro) pana jans D (x, y; }) 6yner HellpepuBHOH OyHkuue# mpu 06oHX Ipel-
noaoxenusax (I) u (II) § 11.1

?) [Mopanox uHTerpupoBaHus HecyuectBeH (§ 4.3).
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yMHoxuM Ha D (x, & A) M NPOUHTErpUDYEM; NOJYYHM

b b
[7®DE & Nai= [¢@D(x. & Hdi—
a a o b

—\ [ [ D 5 DKE eayd

a a

MHTerpUpPOBaHHe B JABOHHOM MHTErpajse MOXKHO TNPOUSBOJMTL B JIOOOM
nopsiike; TakuMm 00pasoM,

b
ff(E)D(x,.E; N

b

b
= [e@®D(x & Na&i— [ (D(x, 3y N =MD WK (x, 1)) () dy=

b
=MD [ K(x, () dy=D0){¢(x)— f(2)}

B CHJY 3aJaHHOTO YPaBHEeHHs.
[Mostomy, ecam D(A\)=£0 u ecimm ypaBHeHwe PpearoabMa HMeeT
pelueHHe, TO 3TO pellleHHe AaeTcs (opMy.ioh

b
sw=r+ [ 76 ZEED 4

npousBeld TOACTAHOBKY 3STOFO 3HaueHHs ¢(x) B HHTErpabHOE ypaB-
HeHWe, Mbl BHIMM, YTO OHO B CaMOM [eJle SIBAAETCS pEIleHHEM.

D10 pellicHHe NOITOMY OyAeT eAHHCTBEHHHIM HelPePLIBHLIM pellleHHeM
ypaBHenud, ecan D (A)=+0.

CanencrBue. Ecan nonomum f(x) =0, T0 noayuum <«0QHOpPOAHOE» YpaB-
HeHue

b
q(x):th(x, £) v (8) d&;

OHO HE HMEeT HeNPEPHIBHOrO DELIeHHs, KPOME OUYEBHIHOrO ¢ (x) =0, ecau
Toabko D (1) 0.

Mpumep 1. Pasnaras ompenemurens, cogepxaiuiica B Q, (x, y), 10 a1e-
MeHTaM NepBOH CTPOKH IMOKa3aTh, YTO

b
D(x 3 N=MD WK 44 [ Kx 8D G yi N de
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Mpumep 2. Moassysice hopMyaaMu

py=14+Y dnl",
n=1
oo - '
D(x, 3 N=AD M K (x, y)+ Xy (—ly 2 Snlo )
n=1

NOKa3aThb, YTO

. _ ab @)
./D(é,ﬁ,h)de——)~ .

Mpumep 3. Hyctp K(x =1 (y<x), K(x, ) =0 (y > x); noxasars
uto D (M) =exp {—(b-—a)r}.
Mpumep 4. Mokasats, uto ecan K (x, y)=f,(x) f,(¥) u ecan

b
ff, () fo (x)dx= A

TO
DM =1—A4\ D(x y; )=11(0) 2 ()

H DEIIEHHE COOTBETCTBYIOLIEI'O HHTErpPajdbHOIO0 ypaBHCHHS HMEET BUN

o) =7 +125) / YCYACES

Tpumep 5. HoxasaTb, 4TO ecaH
K(x, =f&x) g (0 +f(x) g (),

10 D) u D(x, y;\) 6yayT KBajpaTHBIMH MNOJHMHOMAMH OTHOCHTEJNBHO A
Boofue, ecau

n
Kx )= fn () gn ()
m=1
10 D(}) u D(x, y; 1) 6yAyT NOJAHHOMAMU CTEIIEHH N OTHOCHTEIBHO A.

11.22, Bsanmunie @pyHkunn Boasnteppa

[osopar, urto ABe dyuknuun K(x, y), k(x, vy, A) 83aumHsl, eciu
OHH oOrpaHHuenn B obaacth a < x, y<b, ecam paspeiBH, KOTOpHE
OHH MOIYT HMMeTh, pacnpeleienbl mnpasuabHo (§ 11.1, npumeuanue)
H ecin

K(x, y)4+k(x, )x)::)\fk(x, & NKE, y)dE
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Tak xax mpaBas wuacTh ecTb HenpephiBHas GyHxnHs!), To cymMMa IByX
B3aUMHBIX (YHKUHH €CTh HemnpepbiBHAs GYHKIHMS.

Pynxnusa K (x, y) MOXKeT HMeTb TOJbKO OIHY B3aUMHYI (YHKIHIO, €C/IH
D (M\)=~=0, u6o, ecan Obl ux €blI0 1Be, TO HX pa3HOCTh R, (x, y; 1) Gblta Gbt
HENPEpbIBHBIM DEIICHHEM OJZHODOJHOTO ypPaBHEHHS

b
B D=1 [ R ENKE y)

(The X paccMarpuBaeTCs KaK mapaMmertp), a no caeactsuio § 11.21 exuncrenssim
HENIPEPHIBHLIM PELICHUEM 3TOrO0 YDaBHEHHS OyJeT Hy.b.

C nomowpio B3auMHBIX (yHKuu# Bosibreppa moaydua sameuaTesbHOe
B3aHMHOe COOTHOIIEHHE MeXJAYy napaMu ypasHeHu#t TuHna Pperrosbma.
3aMeTuM cHayajsa, NPUHUMAs BO BHUMaHHe COOTHOIEHHE )

b
D(x, y; V=D MK (x, y)+* [ D(x, & NKE y)di,
nokasaHHoe B § 11.21, uto sHauenue R(x, y; Ay paBHo

— D, y; 1)
AD ()

W YTO Ha ocHoBaHMM mpuMepa 1 § 11.21 BumonHseTCS COOTHOLieHUe
b
ke 3 DK (=D K 9EG y; D
Ecian Mpl Temepb BO3bMeM HHTel‘p:HbHOG ypaBHeHHUe
b
o) =70+ [K(x. Do@

a

rae a < x < b, TO MoAyYMM, YMHOXasi ypaBHEHHE

PO=rO+ [ KE W),

na k(x, & )) 4 uHTErpHpYA,

b b
[ B neOE= [ ke & ) FOEL

b b
[ ke 5 DKGE W E) s ds

') Coraacio npumepy 11 B komue ri. 4.
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VameHsss NMOPSNOK WHTErPUPOBAHMsi 1) B NBOMHOM HHTErpaie u HO.Ib3YACH
COOTHOLIEHHEM, ONPEAE/AOIINM B3aUMHbBle (QYHKUHH, MBI NMOJYYHM

b b
Jre s he@dai= [k 5 n7EaE+

b
+ [ K B+ b D) e G

H, TakuMm o0pasowm,

;

b b
Mee s NfOE=—) [ Kx Dot dh= —e()+ /@)
Orcwoaa
b
FE@=0@+ [k & N FOE

n0A0GHHIM e 00pa3oM U3 3TOr0 ypaBHEHHS Mbl MOXEM BHIBECTH ypas-
HeHne

b
P =70+ [K(x De®a

TaK YTO KaXA0e M3 ITHX YPABHEHHH ¢ B3aMMHBIMH SIEPAMM MOXHO pac-
,CMATpUBATh KAaK DPABEHCTBO, AalOlee penleHde APYroro.

11.23. Opuoponnbie HHTErpaljibHble ypaBHEHUS
b
YpasheHue ¢ (x)==A f K(x, &) ¢ (£) dt nasnBaeTcs OXHOPOJHBLIM HHTE~

a

rpaibubiM  ypaBsenweM. Mbt Bugein (§ 11.21, caeacTsue), uTo exuH-
CTBEHHHMM HENpepbIBHEIM pellleHHeM OJHOPOAHOTO YpasHeHHdA, KOTa
D (\)=£0, 6yner ¢(x)=0.

Kopun ypassenus D (A)=0 HrpaiT nmosTOMY BecbMa BaXXHYI0 pPOJb
B TeOPHH HHTerpajibHuX ypaBHeHnH. OHHM HABHIBAIOTCA  Xapaxkmepucmi-
weckuMu Hucaamu?) supa.

IMoxaxem Tenepb, 4ro npd D(A)==0 MOXHO NOJYUHTb pelleHHe,
KOTOpOe He OyNeT TOXIAEeCTBEHHO PaBHLIM HYJIO.

") Unrateap Ge3 3aTpyLHeHHH paclpocTpaHMT Teopemy § 4.3 Ha paccmarpu-
BaeMbIH HHTErpas.

2) TMo-adrauiicku characteristic numbers of the nucleus, mo-dpaHuy3sckn
valeurs caractéristiques, no-Hemelxn Eigenwerte (co6cTBeHHbIE 3HAYEHHS).
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Myctb!) A==\, — kopeuv ypasnenus D (A)==0 kpaTHOCTH m.
Tak kak D (A) — uenas ¢yHKuMs, TO Mbl MOXEM paslOXHUTb ee
B cxoasmiica pan

DOW=cp—r)" FCppi A—X)" 4 ...  (m>0, ¢,+0).

[Tono6HuIM e yo6pa30M, nockoJbky D (x, y; A) — TakKe uesas ¢pyHkuus
or A, cywectsyet paf TeHaopa Buia

(x, ¥)
D,y n=222 )i+

ARG s, g

mo § 3.34 gerko yGenutncd, uTo paA, onpegeasoumuft  g,(x, ¥)
(n=1I, I41, ...), cxozuTrca a6COMIOTHO U paBHOMepHO TIpH a < X < b,
a < y<b, otkyna creayer, uro pan aas D(x, y; ) cxoaurca aGco-
JIOTHO M paBHOMEPHO B TOH e caMOH 00/1acTH 3HaueHMH X H Y.

Ho, coraacho npumepy 2 § 11.21, umeem

b
[De & nar=—1200

B HalleM Caydde PABas 4acTb MMeeT HYJb Mopsaka m— 1 npu A=A,
B TO BpeMs KAK JIeBas yacTb UMeeT Hy/b MOPAIKA He MeHblie [, u maxkum
o6pasonm, ubl umeem m— 1> 1. TIOACTaBAA TOJAbKO YTO YKasaHHHE
paan pas D) w D(x, y; A) B cooThowenne mnpumepa 1 § 11.21,
T. €. B COOTHOUICHHE

b
D(x, y; N=MDMK(x, )+ [K(x. D E y; V&,
- aens ua (\— A’ u ycrpemass h—> Xy, Mbl MOAYUUM
b .
gix =N [K(x. D& G d&

TakuMm o6pasoM, ecau y HMeeT KakKoe-IHOO NOCTOSHHOE 3HAYeHHE,
T0 £;(X, y) yAOBJETBOPAET OZHOPOLHOMY MHTErPAJIbHOMY YPaBHCHHIO;
BCsKasl JIMHeliHas KOMOMHALMS TAKUX pellieHyi, KOTOPble MOXHO MOJIYYHTh,
JaBas y pasJMyYHble 3HAuYeHMs, Takxe Oyaer pelleHHeM.

) B § 11.51 6yzer mokasano, uto ecan K (x, y) = K(y, X), T0 ypaBHeHue
D (1) =0 nMeer no xpaliHell mepe OxuH KOpPEHb.
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CnencrtBue. YpaBHeHHe

b
PO =70+ [ K08 o @

WIH HE HMEeT HH OJHOTO peIICHHS, WIH HMeeT GECKOHEYHO MHOIO pemeHui.
6o, ecant ¢ (¥) — pemente, TO TakoBbM GyxeT H ¢ (x) + X ¢y (%, y), Te ¢y
y

Moxer OuiTh n0Goi ¢ynkuuel or y.
[Mpumep L [lokasats, 9uT0 ypaBHeHHE

()= [ cosm(x—8)¢ ()t

-T

HMeeT pemenus ¢ (x) = cos (n— 2r) x u ¢ (x) = sin (n — 2r) x, rae r npuHMMAaET

BCE€ LeJdbl€ NMOJOXHTCAbHBIC 3HAUCHMSA (BKJI]O'-IaH Hleb), HE NMpPEeBOCXOAAIHE '71‘1

Upumep 2. IMoxasats, uTo ypaBHeiHe
¢ (%) =1 fcosn(x-;-E)cp(::) dt
-

HMEeT Te Xe PeLIeHMs, 4TO H B mpuMepe 1, H 4T0 COOTBeTCTBYIOLIME 3HAREHHUS A
naoT Bce Kophu ypasuenua D () = 0.

11.3. UnTerpaiabHbie ypaBHeHus nepBoro M BTOpOro poja

YpaBueHue @PpeiroipbMa MHOTAA HASLIBAT UHMEZPALLHBLM  YpOs-
HeHueM 8mopoezo poda, ypaBHeHHe ke

b
f@=> K ne®d

Ha3LIBAIOT UHMEZPALLHBLM YPOABHEHUEM nepsozo podg.
B rom cayuae, koraa K (x, §)==0 npu £> x, Mp MOXeM HanucaTh
yp4BHEHHs NMepBOTC U BTOPOTO POAA COOTBETCTBEHHO B (opmax

f@=>x[K@ De@as
e(0) =1+ [ K(x. Do ®d

Otu ypaBHeHH HA3LIBAIOTCH YPASHEHUAMU C NEPEMEHHBIM BEPXHUM
npedeaom.
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11.31. YpasHenune BouabTeppa

YpaBHeHue nepBOrO pOJa C NePeMEHHHIM BEDPXHHM Hpefe]OM YACTO
Ha3HIBAIOT ellle ypasHeHueM Boabreppa. 3anaua ero peurenus cpefeHa
5THM aBTOPOM K pelueHHI0 ypaBHehus Ppeiro.bMa.

[peanoaaras, uyro K(Xx, &) — nenpepuiBHas ¢yHKUHS 0Oeux nepe-
MeHHbIX TpH § < X, MBI HMeeM

X
f@=2[K(x. De@d.
. :
0K
[TpaBast yactb MMeeT mnpoussoinyio (§ 4.2, npumep 1), ecim e
CYIUIECTBYeT U HENpepHBHA, U B 3TOM Cayyae

FE=K @ 0e -+ [ e@a

d10 — ypapHeHHe Tuna ®pearoabma. Ecan MbB 0003HauMM €ro petleHue
yepe3 ¢ (x), TO MOJAYYuM NOCJIE MHTErPHPOBAHUA OT & 1O X

F@=r@+[KEx ve@a,

¥ TaKHM 00pasoM, pelleHMe MOJydeHHOro ypapHeHus ®Ppearoabma Oyger
TaKke pellleHHeM ypaBHeHHa BoabTeppa, ecan f(a)=0.

Peutenne ypaBHeHus NepBOTO POAA C MOCTOSHHBIM BEPXHHM NpELe]OM
4acTo MOXHO MoJyuuTb B dopme psizal).

11.4. Metoj moclexoBaTeJbHLHX NOACTaHOBOK JlnyBuang—Helimana ?)

JIMYBHAMI0 NPHHALICKHT crocod pellieHus ypaBHeHus

b
P =7+ [Kx Do®ds

uMeowMA HcTopudyeckoe 3HaueHue. OH COCTOMT B NOC/JIEAOBATEIBHOR
MOACTAHOBKe B3HAuYeHHs OYHKHHEH ¢ (X), NoayuaeMoro B JieBOH wacTi,
Ha MecTO ¢ (§). cTosulefl B npaBoft wacTu.

") Cm. mpumep 7, ctp. 326. Boxep Hamen pemeHue npu Gosaee caalbix
OrpaHHYEHHSAX.

2) Liouville, Journal de Math., II (1837), IIl (1838). Mccaenosanus
K. Heiimana uMean wmecrto moswke (1870); cm. K. Neumann, Untersuchungen
iiber das lozarithmische und Newton’sche Potential.
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3TOT npouecc NMPUBOAMT K psady
b
SE=r@+ K D@+

co b b b
X K 8 [KG &) [KCpon 8 FCD By .
m=2 a a a

ITycts Bepxuue rpauuup (K (x, y)| u |f(x)| pasum M, M’. Toraa
MOZLYJb OOLIEr0 Y/eHAa PAfia He NPEeBOCXOIHT

IN"MPM (b — a)”,
noaToMy psaa Aas S(x) OyneT paBHOMEPHO CXOANTLCA NPH
<M o—a)™,

U HeNoCpeACTBEHHON MNOACTAHOBKOH MBI yOewIaeMcsi, UTO OH AeHCTBH~
TEJIbHO YMOBJETBOPAET HHTerPAJbHOMY YPaBHEHHIO.

Ecmu K(x, y)=0, xorma y > X, T0 N0 HHAYKUHH HAXQIUM, 4TO MOLyJb
o6wero uleHa B pajge Aasd S (x) He mpPeBOCXONHUT
| APMPM (x — a)™ | MPMPM (b — )™
< ’
m! m!

a 3Haunt, psax OyJAeT CXOAMTHCA DPaBHOMEpPHO AJd 8Cex 3HAYeHuH A, W MH
yOexnaeMcs B 3TOM cayudae, uto pemeHne Ppenroabma Oyner uenoit dynx-
nuelt ot A

Vs ¢opMu pemtenns ouenuano, uro npu [A| < M~ '(b — a)”' paanm-
Hag ¢yHxuus R (x, & L) MOkeT ObiTb HamucaHa B dopme

k(x, & D= —K{(x, )—
co b b b
_E )\'"'lfK(x, &) fK(Ep ). fK(Em—l' a1 diy_y - .- dEy.
m=2 a a a

B camoMm Jene, npM 9TOM onpeieieHuu R(x, & A) MH BHIHM, UTO
b
S =f@—h[k(x. &N f G,
a

Tak uto k(x, & A) Oynmer B3aumuHoR ¢yHkumeR, a cormacuo § 11.22
umMeeTcsl moAsKo 00na B3auMHas Qyuxums, ecan D (W)=£0.
IToaoxus

b
K, 9=Ki(x, 5, [Kx OK,E DA =Ky (x, B,
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nMeeM

(o)

—k(x, &\ = 20 WK ey (X, 8)

[ Kl 0K, @ 08 = Ky (e, ),

KaK 9TO MOXHO BMIeTh cpasy, HanucaB oO0e uactH kak (m—+n — 1)-
KpPaTHbIE MHTErpaJbl.

$ynkuun K, (x, ) HaswiBawTcs amepuposannsmu (iterated) nan
NOBMOPHBI MU SHPAMH.

11.5. CummeTpuuHbe fAApa

IMycts Ky (x, y)=K,;(y, x). Torma rosopsr, uro sapo K (x, y)
CuMMEMPUULHO.

[Topropusie Aipa TaKoro Azpa OYAyT TaKiKe CHMMETPHUHHIMH, T. e,

K,(x, =K, (y, x) naa Bcex 3naueHud n; u6o, ecan K,(x, y)
CHMMETPUYHO, TO

b b
Kun(x, 9= [ K2, 9K, C nli= [KC 0K,y Hdi=

b
= [Ku(v. DK, G )& =K., (y, %)

u TpeOyeMblit pe3y/bTaT NoJyyaercd MO MHAYKIHH.
Hanee, HN OZHO M3 NOBTOPHHX sAeP He OyNeT TOMKAECTBEHHO PABHO
Hym0; B camoM gede, nonyctum, uro K, (x, y)==0, u nycts n srbpano

Tak, uto 2"7 1<p < 2% roraa, TaK KaK K,(x, y)=0, 10 no ¢opmyune,
onpejeasiowefl NOBTOPHLIE siApa, nonyqae'rc;l uro Ky (x, y)=0.
Ho Ttoraa

b

0= Ky (x. x)= [ Kp1 (. DK ypr (G V== [ (Kot (2,9 )2,

a

CeN0BATENBHO, Kon—1 (X, 2)==0; n1p010AKas ITO PaCCYyKAEHUE, MBI TPUAEM

kK tomy, uro K;(x, y)=0, a Toraa uHTerpanbHoe ypaBHeHue OyzeT
TPHBHAJbHBIM,

21 3. T. Yurrexep, Oxk. H. Barcon
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11.61. Teopema Illmuaral): ecau aapo CHMMETPHYHO,
10 ypaBHeHue D (X) =0 umeer no MeHbmell Mepe OfHH KOpeHb
Jas nokasatebCcTBa STOH TeOpeMbl MOJIOKHM

b

U,= fl(n (x, X)dx,
a

TaK 4TO NpU || <M ' b—a)”' mb umeem 1O npumepy 2 § 11.21
uno § 11.4, uro

1 dD0) N, ..
— Doy = DU

—

n=
Ilaree, nockoJabKy

b b
ff{va(x, 4 K,-1(x, BPdtdx >0

1

i
IAsl BCEX BELIECTBEHHBIX, 3HAUeHMR v, TO MH HMeeM
2 o,

WUgpio+ 20Uq,+ Uy, gy >0

H, CIefOBAaTeIbHO,

2
U2n+2U2ﬂ—2 > U?n: U2n~2 > 0.
4

¢ U
[Tostomy Bce Ugy, U, ... HONOKHTE/BbHBI, IOJOKUM 7 = . Toria
2
2 v
us HepaseHcTBa Uy, oUy, 5 > Us, N0 MHAYKLUKME NTOAYYAEM, YTO —2—&—-“ ="
. 2
[Tosromy npu |A2| > v~! uiens psiaa > U, A"—1 ne cTpemartcst K Hyamo

n=1
1 dD(x
U, CJA€40BaTE/JbHO, COTAaCHO § 5.4 (‘pyHKU,HR D—()\)!%\Q

1
TOYKYy BHYTPM MM Ha rpaHuue kpyra |\ ==v 2; no tax kax D)) —
nesas QYHKOMA, TO €AMHCTBEHHBIMH BO3MOMHUBIMH OCOOBIMU TOUKAMHU

BbIpAXEHHUA

uMeeT 0C00YyI0

1 dD )
DMy~ dn
ABAAIOTCS KOpHu ¢pyHkuuu D (1); mosromy D ()) umeer HYJab BHYTDH HJH
1
Ha rpaHuue kpyra |A|==v 2,

') lanHoe nokasaTeabcTBO npumasnexut Kuesepy (Kneser, Palermo
Rendiconti, XXII, 236 (1906)).
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[Mpumeuanune Ilo § 11.21 D (X)) Oyzer uam uenof ¢yukuueld, HaIu
HPOCTO MOJMHOMOM; B IOCIelHeM Cly4Yae OHa MMeeT HyJab COrJacHO mupumepy 1
§ 6.31; cymHOCTh TeopeMB COCTOMT B TOM, UTO B IepBoM ciayuae D ()) He MOxeT

- & & \2 &
6HTh, HALIpHMED, TaKO# dyHKuMeH, Kak e, KOTOpas He uMeeT Hy.ei]

11.6. OproroHanbEbie (QyHKIHH

T'oBOpAT, YTO BellleCTBEHHbIE HeNlpephiBHbIE BYHKUHMH ¢ (X), @p{x), ...
OpPTOrOHa/ibhbl M HOpMasbhbl !) Ha oTpeske (a, b), eciu

0, m<+#n,

b

fcpm(x)cpn(x)dx-—{ 1, m=n.

a

Ecau 3a0aHO 7 BEUIECTBEHHbIX HENPEPHBHBIX JUHeHHO HEe3aBHCHMHIX

OyHKUHA o, (X), uy(x), ..., #4,(X), TO MBl MOXeM COCTaBHTb U3 HHX 71

JHHERHBIX KOMOUHAUR, KOTOPbie OYAyT OPTOTOHAJbBHHI,
JleRCTBUTEABHO, MNPENNONOKUM, UYTO MBI MOXEM HOCTPOHTL m — 1

OPTOrOHANbHLIX (QYHKUHA @, ..., @, _; TaK, YTO Pp OylieT JuHelHoH
KomOuHaune# ynkuuit uy, 4y, ..., u, (tne p=1,2, ..., m—1)
MOKaMXEM TEIEPb. KAK NOCTPOUTL (PYHKIMIO ¢, TaK, YTOOB @1, Py, ..., @,

Oun BCE HOPMaJibHbl U ODPTOTOHAJbHBI.

HYCT" 19m (x):cl,mq.’l(x)_'}'c?, m%2 (x)+ e ’+“ Crn1, mPm—1 (x)+
~+ u,, (x), Tax uT0 p, Oyaer sndelhHoH xomOuHauMeR ¢yHKL!
4y, ty, ..., U, Torna, ymHOMan Ha ¢, U UHTETPUPYS, HOAYUHM

b b

[ien@ e,ax=cpnt [unrg,(dx  (p<m.

a

Ortcrona
b
[ n )0, (x) dx =0,
a
ecau
o
Copm™= fum(x) ('Pp(x)dx;
a
bynkuua (@, OpTOroHasbHas K ¢;(x), 9(X), ..., @pn_1(X), TaKUM

00pas3oM, MOCTPOEHA.

1) ToBOpAT, 4TO OHM GYAYT OPTOTOHAJLHLI, €CAH BHIIOJIHAETCS TOABKO NepBOe
COOTHOIIEHHE, CHCTEMATUUCCKOE H3yueHHe Taknx ¢ynxuuil npunagaexur Mepdu
(Murphy, Camo. Phil. Trans, IV, 333—108 (i833) n V, 113—148, 315—3%4
(1835)).

21*
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BribepeM Temepb o Tak, YTOOH
b
@ [ i ()P dx =1,

a
H MNOJIOKHUM

('Pm (x) =a 1Pm (x)
Torna

b
f‘Pm(x)CPp(x)dx:{Ov p<m,
¢ I, p=m.

fakuM cnoco6oM MBI MOXEM IOC/e10BaTe]bHO MOJAYUMTb (YHKUHK @,
Dgy

OproroHaabHele (YHKIMM B KOHEYHOM HHCJAE BCerja JuHe#HO He3a-
BUCHMH. V60 ecin

a9y (%) + oo () -+ ..o +a,9,(x)=0,

TO, yMHOXAA Ha ¢, (¥) M WHTErpHPYs, Mbl TNOJYyuHM &, = 0; NO3TOMY
BCe KO3((dHUIUEHTH %, PaBHAKTCA HyJNI0 U, CJAELOBATENBHO, JUHEHHOM
3aBUCHMOCTH HerT.

OueBuano, uto =~ 2 cos max, n~"2 sin mx cocrapasior COBOKYIIHOCTb HOpMaJb-
AHX ¥ OPTOrOHaJbHEIX (YHKIHMH Ha OTpe3ke (— =, ).

Mpumep l. CocraButs u3 GyHruui 1, x, X%, ... caexyomyio COBOKY IHOCTh
(yHKuUA, OPTOTOHANbHBIX (HO He HOpManabHMX) Ha oTpeske (—1, 1)

1 3 6 3
2 __ 3. TR S B
1, x, x ., X 5x, X 7x+35,...

Mpumep 2. Cocrapurs u3 pyuxmuhi 1, x, x2, ... cOBOKynHoOCTb byunxuui
fD(x)v fl (x), fz(x)x---s

OpTOroHaJbHHX (HO He HOpPMaJbHBIX) Ha OTpeske (a2, b); 3mech
d” n b n
Jn (%) = A {(x —a)" (x — b)"}.
(MopoBuoe nccaenoBaHue MpuseleHo B § 15.14.)

11.61. CBA3p OpTOrOHAALHEIX QYHKOMHA C OZHOPOAHBLIMH
HHTErpajibHIMH YpPaBHEHUAMHU

PaccMOTpuM OZHOPOIHOE YpaBHeHHe

b
@(x)zlofcp(i)!((x, £) ds,
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1ne ) -— 8eulecriBeHHOe ) XapaKTepUCTHUECKOe uuCa0 sapa K (x, E); mul
yiKe BUIEAH, KaK MOIyT OBbITb NOCTPOEHbl pelileHHs TAKOTO YPABHEHHS;
NyCTb JAHO 7 JMHeHHO HEe3ABHCHMBIX pellleHu#l; COCTABUM MO HUM 7L HOD-
MaJIbHBIX OPTOFOHAAbHBIX MYHKUMA ¢, Qg ..., ¢,. TOrna, Tak Kak ¢(yHK-
LMY @, opToronaanu H HODMAJbHH, TO

flz cPm()’)fK(x. ;)cpm(g)dg} dy =

=1
b

" 2
Z f{.m(y)ff((x E)?m(i)dc} dy,

m

Il

H Jerk0 BHAETb, UYTO BbipaXKEeHUE B npasoﬂ yactTu MOKeT ObiTb nepe-

NMUCAHO B BHIE . ,
> {fK(x, E)CFm(E)dE}.

m=1\a

€C/AM BBLINOJAHHTL MHTErpUpoOBaHue no y, a 910 6yzle’r TO XKe camoe,
4yToO H

24 fK(x wcpm(y)dyfk(x, £) @, (€) dt.

m=1la

[osToMmy, ecan Mb HanuweM K BMecto K(x. y) u A BMecro
n b
Y o [K(x DG,
m=1 a

To OyleM HMeTb

b b
fAzdyszAdy,
a a

UJIH HHAue

b b . b
fA?dy-:fK?dy-f(K-A)?dy.
a a a
TTosroMmy

b b

f{ j“’—’"(y)}%@} dy < f{K(x n)2dy

a m=1 a

') Bcxope OyieT 1okasaHo, 410 BCe XapakTePHCTHYECKHE YHCJa CHMMETPHY-
HOrO S/1pa BEIECTBEHHb,
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H, TaKUM 00pasoM,

n b
152 X, lom (12 < [ (K (2, w)?dy.

m=1 a

Huterpupys, nonyﬁaeM
b b
n < [ [ (K (x, y)2dyax.
a a

Ota QopMyaa paeT BEPXHIOI TPaHHHY AJF YHMCJIA 77 OPTOTOHAJIbHBIX
¢GyHKUHMA, COOTBETCTBYIOIMX KAKOMY-/1H00 XapaKTePUCTHYCCKOMY UHCAY A,

3TH n OPTOrOHAABHBIX (QYHKUHR HASEIBAOTCR XAPAKMEPUCMULECKUMY .
dynxguane (UM cobcmeeHHbME  BHYHKLUAML), COOTBETCTBYIOIUMH
XapaKTeDHCTHYECKOMY UYHCIY Ag.

IMycts Temepes ¢ (x), ¢V (x) — xapakTepucTHUeCKHE GYHKUUYU, COOT-
BETCTBYIOUINE DA3AULHOIM XAPAKTEDUCTHYCCKUM UUCJAAM Ay, K.

Torna

b
90 () 0 (x) =y [ K (x, )9 (x) o) §)

0T1Cl0aa
b b b
[e0@en@dr =0 [ [Kx ¢ e @dzdx (1)
a a a

¥ 2HAJOPHYHO

b ’ b b
[0 e (ax =1 [ [K(x, DD @ ¢ () didx=

b b
=% [ [KE 0000 Gdxaz (@)
a a
nocjae 3aMeHH X Ha §.
Mbr BuauM u3 (1) u (2), uTo ecam A == A, U eciu
K(x, )=K(, x),

b
fcp(m(x)cp(‘)(x)dxzo

a

TO

i, Takum o6pasom, ¢yHkuun ¢ (x), o) (x) Gyayr s3zaumHo oproro-
HAJbHBI.

WUtak, ecau s0po cummemputno W eCAi AN KIXKIOrO XapaKTepH-
CTHYECKOTO WHCJA MBI COCTABUM NOJHYK CHCTEMY OPTOrQHAalbHLIX
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¢yHKUMK, TO 8ce GYHKUMH, TakuM 00pasoM noAyueHHsie, OYAyT OpTO-
rOHAJIbHBL.

Hanee, ecnin sAPO CHMMETPHUHO, MO 8Ce XapaKmepucmuiecKue
wucaq 8ewjecmsBennss; MO0 ecau kg, A — KOMILIEKCHO-COMPSXKEHHbIE
yucaa U ecau Uy(x)==v(x)-} iw(x)!) — peluenne, COOTBETCTBYOLIEE
XapaKTePUCTHUECKOMY HHCAY Ay, TO #4(x)=v{x) — iw (x) Oyier pelue-
HUEeM, COOTBETCTBYIOLIMM XapPAKTEPHCTHYECKOMY YHCAY Ay; 3aMeHss ¢l0 (x),
¢! (x) B COOTHOIIEHUY

]
69 ()6 (1) dx =0
a

uepes U (x) -+ iw(x), v(X)-iw(x) (410, OYEBHIAHO, NOMyCTHMO), Mhl
no.JyuaeM

b
[He@)+ (w@jtds =0,

OTKyZa BblTekaeT, uTo v(x)=w(x)==0, TaKk 4TO HHTErpaAbHOE ypaB-
HeHHe He HMeeT HEHY/JeBHIX pellleHHH, COOTBETCTBYIOWIMX XapaKTepH-
cTuyeckuM uucaaMm Ay, . Ho sto npotusopeunt § 11.23; orcwaza cre-
IyeT, 4TO ecad SIpO CHMMETPHYHO, TO XapaKTeDUCTHYECKHe YHCJIA
BeLIEeCTBEHHE.

11.7. PasjoxkeHue CHUMMETPHYHOTO fapa?)
IMycte @, (%), @3(x), 93(x), ... —NOJIHAA CHCTeMa OPTOTOHAJIbHHIX

¢byHKuAd, YAOBIETBOPSIIIMX OAHOPOLHOMY HHTErpPagbHOMY YDPaBHEHHIO
C CUMMETPHYHLIM SLPOM

b
e =) [ K(x Do®

HIYCTb Ay, Ag, Ag, ... — COOTBETCTBYIOLUHE XapAKTepHCTHYECKHE UYUCJa D).
Ipennoaoxum %), uro psg

i <x) 9 ()2 (5)

"y v (x) u w (X) BeieCTBEHHDL.

2) MpuBonuMoe paccyxieHHe npHHasdexut Lmuary, a pealebTaT—I'mlb-
6ep1y.

%) OTH uucaa He BCe pa3anuHbl, ecau umeerca Gojee UeM OIHA opmronanb-
Has QYHKINSE JA8 KaWAOr0 U3 XapaKTEPHCTHUEGCKHX UYHCENL

‘) 210 npeaNnoJOMEeHHe, KOHEYHO, HyXkAaeTcd B npoBepKe B KaXIA0M YaCTHOM
cilyuae,
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paBHOMepHO cxoaurcd, Korda a < X <0, a <y < b. llokaxem B 3TOM
cly4ae, urto

K (x, )J)=E Pn (x;\:n ) .

n=1

B camom gede, paccMOTpUM CHMMETDHUHOE SApO

__ \Y ¢ (%) 24 ()
Hix, y)=K(x, yy— Y 00,
n=1
Ecan 3TO a1p0 He paBHO TOXIAECTBEHHO HYJI0, TO OHO HMeeT

(§ 11.51) no kpaliHe#t Mepe OIHO XapakTepUCTHYECKOE HYUC/IO p.
[Myctb ¢ (X)— Kakoe-a1uOO pelleHHe ypPABHEHUS

b
v =y [Hx DO,

He paBHOE TOXAECTBEHHO HYJIO.
YMHOMas HA ¢, (X) H MHTETPHPYA, MOIyYHUM
b

b b o
fq»(x)cp,,(x)dx———pff{K(x, H— ) (Pm—m)\:ﬂg)-}wi)c?n(x)dxdi:
a a m=1

a

TaK KaK pAl CXOLUTCS PaBHOMEPHO, TO MOXHO HHTEIDHPOBATL NMOYJEHHO,
U MBl NoJjyuaeM
1

b b
'f‘P(x)@n(x)dx:{‘—/({J(E)cp,,(i)d?;‘)\L . () (B dz =0,

n e
a

1. €. $(x) OyneT OPTOTOHadbHA K ¢ (X), ¢p(X), ..., U C/ELOBATEbLHO,
U3 COOTHOIIEHHS

b o
Hb(x)=uf{1<(x, H—Y i’%lm&l}@(wa
a n=1

Mbl TOJlyuaeM
b
b =p [ K(x. DyE)

[MosTomy . sBAdeTcs XapaKTepHCTHYeCKMM uuciaomM aas K (x, y),
a ¢ (x) nomkHO OblTb JuHefiHON kKoMOMHauue# (KOHEUHOTO uyucaa) QyHK-
uui @, (x), COOTBETCTBYIOIUHX 3TOMY HMCIY; NYyCTb '

P00 = 2 gy (9)-
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YvHoxuM Ha @, (X) ¥ NpOUHTErpupyeM; TOTAa, Tak Kak {(x) oproro-
HalbHa KO BCeM QYHKUMAM ¢, (Xx), MBl BHAMM, Y4TO &,==0, u caenosa-
TeabHo, $(x)==0, 4TO NPOTHUBOPEUYHT YCJAOBHIO.

10 NpoTHBOpeuMe TNOKasblpaeT, 4To AAPO [ {x, y) TOXKAECTBEHHO
paBHO Hymwo; uHaue rosops, K (x, y) MOxer OBITb DasNOMEHO B JaH-
HHH pAN, eCaAM OH PaBHOMepHO CXORHMTCH.

MMpumep. [MMokasarb, uto ecan Ay, — xapakTepucTUIECKOe HHUCAO, TO Ypas-
HEHHE C CHMMETDPUUHBIM fAPOM

b
¢ =F +ho [ Kix Do @ a

He uMeer pellneHus, ecan f(x) He OpTOrOHaAbHAa KO BCEM XapaKTePHCTHUECKHM
OYHKIUAM, COOTBETCTBYoWNM Ky

11.71. Pewenue ypaBHeHus PpearoismMa npd NOMOULH PAKOB

Coxpanss o6osHauenns § 11.7, paccMoTpuM MHTerpaibHOe ypaBHEHHe

®(x)=f O+ [K(x. HOEds,

rie K (x, &) — cumMmeTpuuHas yHKUHL.
Ecan mb npeonoaodcusn, yto @ (x) MoxeT ObTh Pas/ioseHa B PABHO-
MepHO CXonsumics pan

310,40
10 OydeM uUMeTb )
¥ 0 ()= 7 (0 + "% 8,49, (%),
n=1

TaK uT0 f (x) MOxeT ObiThb pasjoieHa B DRl

O A—)
Y —

a, _nTn—‘_CPn (X)
n=1

CrenoBaTenbHo, 00patHO, ecau yuxyus f(x) moxcem 6bims pa3io-
aena 8 cxo0aujuiica psao

2 bapn (%),
n=1

mo pso

2‘ ;\b e o, (%),

n=1
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ecan OH CX00Umcs pagHoMepHo Ha ompeske (a, b), 6yoem peuwenuen
ypasHerus Ppedzoasma.
IOas onpelenenns KO3DDLLUEHTOB b, OTMETHM, 4TO- PRI

2 0%, (%)
n=1

coriacHo § 3.35 cxoautcg paBHOMepHO!), TaK uTO, YMHOXAs Ha ¢, (x)
H HHTErpupys, NOJyuuM

b
bu= [ @n(x) f (x) dx.

11.8. PemeHnue MHTErpaJnLHOro ypapHeHus AGeas

9TO ypaBHEHHE HUMEET BUJ
x

f(x)._/ (”_(Eg)u @&  (O<p<la<x<h),

rae f’ (x)—HenpepbmHan tbyukuua u f(a) =0, HalfigeM HenpepuiBHOE pelne-
Hue u (x).
Mycro

s =[u@ads

yMHOXHUM 0o0e 9aCTH paBeHCTBa?)

L /' dx
sin pr ; (z— XN F(x — &)

Ha u (§) ¥ mpouHTerpupyem; Toria noayuuM, npumenss dopmyay Hupuxae, § 4.51,
CaenCTBHe!

n _ _ u(f)dx —
S 9 ?(a)}—;fdg'/‘ (z—x) (=B

@—xn"Fa—o" J (—x)7F

/ A /’ u (8) dt . f(x)dx

1} Tax xax Bce yucaa A, BEHIECTBEHHH, TO MBI MOXEM pa3buTb HX Ha jJBa
KJjgacca: OJuH C oTpunaTeJLHbIMY, npyroﬁ € NOJOWUTEAbHBIMHU UYJeHaMy, IIpUYEM
qeHbl KaxIOrO KJacca PAaclOJOMUTb II0 MX abCOMOTHOH BeJuuuHe; TOrAa NpH

{A,] > X oueBuaHO, uTO —k—”—— 6yAeT MOHOTOHHOH IOCAENOBAaTEAbHOCTBIO IJs
n-" . .

KauJIOrO H3 YKa3aHHHIX KJacCOB.
2) Ouo caenyer u3 npuMepa 1 § 6.24, ecau 3aMeHuTh x Ha (2 — X)/(x —§).
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Tak xak nepBoe M3 3TUX BHIPAXKEHUH MMEET HEeNpepPHLIBHYIO NPOU3BOXHYIO, TO H
NOCJE/HEE BBIDAKEHUE HMEET TaKOBYIO; INO3TOMY HENpPephIBHOE pelleHHe, ecau
OHO Cyujecmsyem, HONKHO paBaTbed (opmynoh

2z
sin un  d f(x)ydx

n ded (z—x)®]

a
TOACTaHOBKOM ') MOMHO yG8IHTbCS, 9TO 5Ta QYHKUMA NEHCTBUTEAbHO SBASEMCS
peleHHeM. :

u(2)=

11.81. HuterpancHoe ypapHenue llUnémuanxa?)

ITycmo f(x) umeem nenpepuisnyio npoussodnyio npu —n << x <= Toz0a
ypasHerue -
K}

f(x):% /cp(x sin 0) d6
0

umeem moabKO OOHO PeuieHue ¢ Henpepsi8roi NpoussodHol npy — & x <

a UMEHHO =

2
cp(x):f(O)—I—xff’ (o sin ) 6.
0

U3 § 4.2 caexyer, uto

T

2
f (x):% /cp’ (x sin 6) sin 6 40
0

[rax w10 5 (©) =/ (), ¢ ) =15 f O]

3aMmeHss x Ha X sin ¢, yMHOXAs 3aTeM Ha X W HHTETPHDYS, TOAYUHM

X /f’ (x sin k{))d‘l):—%:i/‘ /sin b’ (x sin 0 sin ¢) d0 § d.
0 o o

Menas nopsji0K MHTErpupoBaHus B 1BOHHOM uHterpane (§ 4.3) u BBOAA BMECTO
HOBYI0 TEPEMEHHYIO Y, ONpPEACIAEMYI0 YPaBHEHHEM
sin y == sin 0 sin ¢,

TIOAY 4uM
T

2 8

: f .
x/f’(xsinqj)dq,=3ﬂ£/i/<9 (XSlr;g(s)chosde a8,
0 0 b

1y OTHOCUTENABLHO AeTaded OTChAAaEM €HTaTeas K TpakrTary Boxepa.

?) Schlomilch, Zeitschrift fir Math. und Phys, [i (1857). Yurarem.
AECKO YBHIMT, 4TO STO ypaBHEHHE MOXeT OMTb NpUBEAEHO K HEKOTOPOMY Cay
yaio ypaBHeHus Boabreppa ¢ paspuiBHBIM SIPOM.
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Mensas BHOBL mopanok uHTerpuposanua (§ 4.51), 6yaem umerh

© n |

2 2

. 2x / /' ¢ (xsiny)cosysin® -
X "(x sin Y)dYy = — ———————db [ dy.
o F( nay T . Vsin"’ 6 -—sin2 £

Vol a

Ho
T
2 =
j' sin 0 d0 __[ . (cosﬂ)i_n
Vcos?y—cos?B A " cos 4 J 2

s

1, TakuM 06pa3oM,

kA

3 ;
xff’(xsinap)dap-:xfcp’(xsinx)cosy_dx:cp(x)——cp(O).
0 0

Tak kax ¢ (0) = f(0), T0 OKOHUATENABHO MOAyYaeM

k3

2
¢ =rO+x [ £ (xstnt)ay;
0

MOACTAHOBKOH MOXKHO yOeauThCA, 4T0 3Ta GYHKuHS AefiCTBUTENBHO fBJAfETCH
pelneHHeM.
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Mpumepn
1. Tokasats, 4TO €CJIH BPEMA cMyCKa 9acTUUbl HO raaikoli xpuso#t no ee

HauHu3nied TOYKH He 3aBUCUT OT HCXOAHOR TOukH (HpH YCAOBUH, UTO yacTHUA
HAYUMHACT ABHXKEHHE U3 COCTOAHHSA IIOKOH), TO KpHhBag 5}’)16'[ LUK JOU N0,

(Abel)

2. TMoxasatb, uTo ecau f(x) HENpepLlBHA, TO PEIIEHUEM YPaBHEHUSA

¢ () =7/ +1 [ cos @rs) ¢ (s)ds
Gynet °

f(x)+x ff(s) cos (2xs)ds
0

g (x) = i H
1y,
1 4)\"1

NpeAnonaraeTcss 3aKOHHOCTL HEKOTOPOH NCPECTAHOBKH MODPAAKA HHTETPUPOBAHUS
3. IMokasatb, uto ¢yHxunn Bebepa — dpmura

1 1
—x n —— 2
d ( ] )
Dy =(—1re’ e

yIOBAECTBOPAIOT yPaBHEHHUIO
w 1,
—2‘ [AV S
‘P(x)=lf€ 9 (s) ds
—00

ANR XapaKTePUCTHUECKUX 3HaueHuiH \.
' (A. Milne)
. 4. ITokasaTb, 4TO WYETHBIE NEPHOLMUECKHE peweHus (c nepuopoM 2x) nud-
(epeHuanbHOrO ypaBHEeHUS
d?s (x)
it (@ costx) 9 (x) =0

YROBAETBOPAIOT MHTErPAJAbHOMY YPaBHEHUIO

‘P(x) — fek COS X COs s? (S) ds.

(Whittaker; cM. § 19.20
5, ITokasaTh, 4TO XapaKTepHCTHIECKHMH (QYHKUHIMH YpaBHEHHR

n

1 1
¢ (x) ="h f{-g(x—y)z—g [x—yl }?(y)dy
6yayr R .
p (x) == cos mx, sinmx,

rie A= m? u m-— moboe HEeA0E YUCJIO.
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6. [Tokasatb, 4TO ypaBHEHHE

X
W= [E e
0
HMEeT PaspbiBHOE pellieHne
¢ (x) = kx* 1L,

(Bocher)
7. MokasaTh, 9TO HUHTErpajbHOE YPABHEHHE C CHMMETPHYHBIM 11§ GAl

b
s =[Ke oe@d
a
HMEeT pelueHHe
[ee)
¢ (x)= Z Gphnp (X)
n=1
PN YCAOBHM, 4YTO 3TOT PAL CXOAMTCA PABHOMEPHO, NpuueM 1A, 9, {(x) — xapak-
[ee]
TepucTHUECKHe uMcaa W ydaxuud aaz K (x, §), a Z @p9y (X) — pasaoxenne
n=1
Gyukuun f(x).
8. TNoxasarb, UTO ecau | 2| < 1, 7@ xapakTepucTuuecKuMH GYHKIUAMH ypaB-

HEHUA
n

W=a [ 1 o
v =5 | T=ohewe=nFm tO9F

—T

6y,Z[yT 1, cos mx, sinmx, a COOTBETCTBYIOUIMMH XAPAKTEPUCTUHICCKUMH YUCIaMU

5y}lyT 1, W’ 71777’ rne m IIpHHUMAET BCE IIOJNOXKHUTECJIbHBIE peable 3HaueHusd. .



MPUJTOXEHUWE
3JEMEHTAPHBIE TPAHCUEHIAEHTHLIE ®YHKIUU

A.1. O HekOTOpBIX JONyHleHHSAX, MPHHATHIX B rjasax 1—4

B nepsblx 4eTbipex raasax 3TOH KHUTH MBl NPEANIOYIH NPUHATL 6€3 J0Kasa-
TEJAbCTB HEKOTOPHIE ¢BOICTRA 3JeMEHTAPHBIX TPAHCHEHAEHTHBIX PYHKIUT, @ UMEHHO:
NIOKa3aTeabHblX, JOrapupMuUUecKHX ¥ TPHUTOHOMETPHUYECKUX; IIPENCTaBIASNOCh
TaKKe YHZOOHDIM IIOJb3OBATLCA HEKOTOPBIMM IIOMONKEHHAMH, KOTODBIE YMTATENb
CKJOHEH INPHHUMATb HHTYMTHBHO Ha OCHOBaHHH T€OMETPHUUECKOra IpejAcTaBiae-
HUS KOMIWIEKCHBIX YHCEJ TOYKAMM Ha ILIOCKOCTH.

Yxaxes Ha asa mnpumepa: (I) 6buo nonymeno (§ 2.7), uto lim (exp 2) =
= exp (lim 2); (I[) reoMerpHueckoe IpPeACTaBACHHE Yraa Ha KOMILIEKCHOHM ILIO-
CKOCTH AENaN0 NpaBAOIOJO6HBIM, UTO apryMEHT KOMILIEKCHOrO UYHCJa ABJASETCH
MHOTO3HauHOH (yHkuueH, obragawomei TeM CBOHCTBOM, 4TO JMOOBLIE JABA €€ 3Ha-
YeHUs OTJHYAITCH ADYr OT Apyra Ha uyucao, KpaTHoe 2w,

JlonymeHue NepBOro THIIA, OUEBHIHO, HEJOrHUHO; HEJOTUYHO TaKKe 060CHO-
BHIBAaTb apudMeTHUIECKHE MOHATUS NeOMETPHUECKUMH paccyxaeHuaMu. M6o, utobnl
060CHOBAaTb TIeOMETPHI0 YNOBJIETBOPHTEJIbHO, HE TOJAbKO XKEJaredbHO HCIOMb30-
BATb aKCHOMbl apUPMETHKH, HO HEOGXOXUMO TaKiKe HMCIOJAb30BaTb 0C0OYyi0 COBO-
KYIHOCTb aKCHOM TeOMETPHYECKOr0 XapakTepa, OTHOCAIMYICA K CBOHCTBAM
TOYeK, MPAMbIX U Iaockoctelt ).

Hanee, apudmeruueckas Teopua aorapudma KOMILIEKCHOTO YucJaa, O-BUAH-
MOMY, SIBASETCH NPelBAPUTENbHO HEOGXOAMMON Aas AOruueckol Teopuu yrJjos.

[ToMumo TOro, MaTeMAaTHKY Ka:XeTca 3CTETHUECKH HEYNOBJIETBOPHTEALHBIM
NPUMCHATbL OAHY BETBb MATEMaTHKH KaK CYUIECTBEHHYIO COCTABHYK HacTb Apy-
roll, B OCOOEHHOCTH KOrja IepBasi HMEET B U3BECTHOH CTENeHH MaTepHanbHYIo
OCHOBY, B TO BpeMs Kax Jpyrasg — yiCTO OTBJEYEHHOro xapakTepa ?).

[TpuuuHbH HeCKOJNbKO HEJOTHYHOTO M HESCTETHUHOTO IOPSAKA H3JI0XEHUd,
IPUHATOr0 B Hauajde 3TOH KHATM, COCTOSNM, BO-IIEPBbIX, B TOM, H4TO CBOHCTBa

1} B ato#i Kuure He uMeeTcs B BUAY AdaTb KaKOH-Aub0 aHAJIH3 OCHOB FEOMETDHH.
Ero MoHO HaHTH BO MHOTHX CIIeUHAJBHBIX KHHWraX, Kak, HanpuMep, y Yaiitxena
(Whitehead, Axioms of projective geometry, Cambridge Math. Tracts.,
Ne 4 (1906)) u Marsioca (Mathews, Projective geomeiry, London, 1914).
Urenue raas I, XX, XXII u XXV nocaegHeii kuuru y6emxaaer B TOM, YTO JOrH-
YECKH M3AOKMTL TE€OMETPHIO, HCXONS U3 MUHMMYMa aKCHOM, 3HaUMTENbHO TPYI-
Hee, 4eM H3JOXHUTb TEOpHI0 KpYroebix (YyHkuMit npn NOMOIMM YHCTO AHAMUTH-
yeckuX MeTonoB. [TOJHBIH aHAJN3 OCHOBHBIX NOJOXKEHHH Kak apU(pMETHKH, TaKk H
reoMeTpru 1aH Yaitxenom u Paccesom (W hitehead, Russel, Principia
mathematica, 1910—1913).

2) Cu. Merz, History of European thought in the nineteenth century, II,
London (1903), 631 (nmpumeuanne 2) u 707 (npuMeuanve 1), rae RUTHpyeTCs MHCHMO
Bettepmtpacca k [Lpapuy. Cum. takse Sylvester, Phil. Mag. (5), II, 307 (1876)
(Math. Papers, IlI, 50 (1909)).
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3EMEHTapHBIX TPAHCLUEHIECHTHHIX ¢yHKUUE Hcmoab3oBauch B ra. II nocreneuno,
4 MOSTOMY ObILJIO HEXeJaTeJbHO IpepHBATL H3JOMeHHEe obulel Teopuu 6ecko-
HEUHBIX NPOLECCOB [0Ka3aTeabCTBOM TEOpeM, OTHOCAUUXCS K PYHKIHUAM 9acT-
HOrO BujJa (C KOTODHIMHM uuTaTeJb, MO BceH BEPOATHOCTH, yiKe OBIA 3HaKOM);
BO-BTODBIX (4TO KacaeTcl IPUMEHEHHS pPe3yAbTaToB, BHITEKAIOUMX U3 TreoMe-
TPHUYECKUX COOGpaxeHuit), B TOM, YTO YUCTO apudMeTUYECKu# cIocos M3NOKEeHUs
ri1as 1—4, He npuGeraoiuil K NOMOIIM reOMETPHYECKOH HITIOCTpAnuy, 3aTPYAHAR
Obl uHTaTE]d, HE3HAKOMOTO ¢ METONAMM ¥ AYXOM aHaJlu3a.

A.11, Copepxanue HACTOAWErO MPHAOKEHHS

CojepkaHHe NPUAOKEHUs CJIefyiomee:

B § A2—A.22 noxasateJbHas QyHKUMS ONpPEAEs€TCH HPU MOMOIIH CTENEH-
Horo psana. M3 storo onpejefeHns B COYETAHHH € PE3yJAbTaTaMH, COAEPIKALUMUCS
B I'l. 2, BHIBOAATCA 3JEeMeHTapHble CBOHcTBa 3TOH (QyHKuuuM (KpOMe NepHOgHu-
HoctH). [Tocae 3TOrO JEerko BEIBOAATCS COOTBETCTBYIOUIME CBOHCTBa JAorapudMoB
0T moaoxureJbHbx uyucea (§ A.3—A.33).

Janee onpexeasioTcs CTeNEHHBIMU PSaMu CHHYC ¥ KOCHHYC, OTKYAa TOTYAC Xe
BHITEKaeT CBA3b 3TuX (yHxkuu# ¢ moxasateabHoH ¢yuknueit. B §§ A.4— A 42
IaeTCs KPATKOe W3JOXEeHHe METONa, KOTOPHIM MOryT ObITh BbiBEEHb (OPMYJbt
3eMEHTAPHOR TPHrOHOMETPHH. ,

[TonryueHHble TakuM O0GPa3oM pe3yJbTATH JalOT BO3MOXHOCTH BBISBUTH
NEPUOJUUHOCTD II0KA3aTEJbHBIX U TpUroHomerpuueckux ¢yuknudl wucmo apug-
Memuneckumu memodamu (§§ A.5, A.51).

B §§ A.52 — A.522 paccmatpuBaerc, IJIaBHBIM O6GpPasOM, HEIPEPHIBHOCTH
o6paTHHX TpuroHoMerpuueckux ¢yHkuuil. Ilocne Toro kak 3Tu QyHKUMH YyXe
JNOCTaTOYHO HCCJENOBAaHbI, HEe MPEeACTaBAfeT Gonee HHKAKHX TPYAHOCTEH u Teopus
norapudmoB KomrexkcHbix yucea (§ A.6).

Haxouen, B § A.7 mokasano, 4t0 yroJ, onpejenseMblHl YUCTO aHAaAUTH-
yecKkuM CrocofoM, o6Jaajfaer CBOHCTBAMH, COIVaCYIOIMHMHCH € OGLIUHBIM MpEeX-
CTaBjeHMeM 06 yrie, OCHOBAHHBIM Ha HalleM MOBCEJHEBHOM OMbITE.

SlcHo, YTO Mbl HE WpPETEHAYEeM 3Jech Ha NOJHHIH aHaIu3 3JeMEHTapHbIX
TPAaHCUEHAEHTHRX ¢(yHknull, a orpaHuguBaeMcd JAUNIb KPATKUM JOTHYECKHM
ob6ocHoBaHueM ux Tteopuu '). [ToaHoe ke H3NOKEHUE MOXKHO HAHTH B Pa3JUiHLIX
Kypcax, kax, HanpuMep: Hobson, Plane trigonometry; Xapam, Kypc uuctoit
mateMatuxy, WJI, 1949; Bromw ic h, Theory of infinite series.

A.12. JlornueckHil mOpAJOK pa3BUTHA 2JEMEHTOB aHaJju3sa

UutaTe b HaHZET NOYUUTEAbHHIM BTOPMYHO NpOdectb riaBel 1—4 u mpuio-
WEHHEe B CACAYIOLEM MOPAIKe:

Inasa 1 (omyckas 2) sech § 1.5, kpome nepBHix JlB%’X a6aauesn).

T'zrapa 2 70 kouna § 2.61 (omyckasa npumeps B § 2.31 — 2.61).

Taaa 3 1o kouua § 3.34 u sarem §§ 3.5—3.73.

) Ilpn CoCTaBJEHUM TPUAOKEHUS UYaCTO NPHUXOJWIOCH mMpuberath K Cratbe
no aareGpauyeckomy amamusy B Encyklopddie der Math. Wissenschaften, nanu-
cauno# [Tpunrcreitmom n Pabepom (Pringsheim, Faber), xotopas B nepepa6oras-
HoM ¢paHnyackom mepesoie Moabka momemena B Encyclopédie des Sciences
Math., u x xuure Tannery, Introduction & la théorie des fonctions d'une va-
riable, Paris, 1904 (pyccxuit mepesox: Xioab Tannepu, BseieHue B reopuio
oyuxnudt ¢ oxuolt mepemennoit, M., 1912, tr. [ u 1L — [Tpun. ped).

2) CpoiicTBa apryMenta (uan (ash) KOMILIEKCHOTO YHCNa He TpebyloTcs
B TEKCTE paHblie IJI. 5.
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Ipunowenne, §§ A.2 — A.6 (onycxas §§ A. 32, A.33).

I'naBa 2, npumepn §§ 2.31 —2.61Y.

I'naBa 3, §§ 3.341 — 3.4.

Tnaea 4, Bcrasaas §§ A. 32, A.33, A. 7 nocae § 4.13.

InaBa 2, §§ 2.7 —2.82.

Uuratemo mpeasaraerca yGeautbCa B TOM, YTO (B STOM NOPAZKE) MOXHO
BbIPAGOTATL YHMCTO apUDMETHUECKOE H3JNOMEHUE AHANM3A, B KOTOPOM OGHIYHBIH
rpaguuecku#f A3bIK reOMETPHH ') SBJSETCH YHUCTO YCAOBHbIM.

A.2, TlokaszarenbHas GyHKUuA expz

TNoxkazateabHan GyHKIuA KOMIAEKCHOH MepeMEHHOR 2 ompenenseTca psaoM 2)
- (e
z 22 33 \' ="
exp 2 =17+ o7 + 37+ - =1+) 5
n=1

Jror pafi mno npusHaky Janambepa cxoautcs aGCOMIOTHO AJAY BCEX 3Haye-
Hufl 2 (BemecTBeHHbIX M KOMIJIekcHbX) (§ 2.36), tak-xak lim |z/n]=0<1;

: n->co
TaKuM o6pa30M, 3TO OIpefeNeHHe UMEET CMBICI JJA BCEX 3HayeHuH 2.

Hanee, pan CXOXAMTCA PaBHOMEPHO BO BCAKONH OrpaHHueHHOH OBIACcTH 3HA-
ueHu#t 2; M60 ecau ofJacTb TakoBa, 4TO | 2| < R, KOrja z AexuT B 3TOH 06-
N3aCTH, TO '

Rﬂ

n!’

2n

nt |

¥ paBHOMepHad CXOAMMOCTb CJelyeT QTIcioga MO mpusHaky BeiiepmiTpacca

0 .
W R
(§ 3.34), Tax kax pan 1+‘ ;7 CXOIMICA M €ro 4ieHH He 3aBUCAT OT 2.
n=1t )
Kpome 7TOro, Tax kax aas Jo6oro (UKCHPOBAHHOrO 3Hauenus n QyHk-
n

z

LHA —- HENPEphiBHA, TO IO § 3.32 a3akmouaeM, uTO moOkasateavHas QyHKmus
n!

GyneT HempepblBHOH Jna BCex 3HaueHuil 2; M caefoBarteabHo (cM. § 3.2), ecau

nepeMeHHas 2 CTPEMHTCH K Ipeneny {, TO umeeM

lim exp 2z =exp .
z2>0

') To ecTb TepMuH «Toukas yNoTpeSaseTcd BMECTO «YNOpPANOYEHHAs Hapa
UACEN», «OKPYMHOCTb €XUHMYHOIO pajyyca ¢ LEHTPOM B Hadale KOOPAMHAT» —
BMECTO «COBOKYNHOCTb YNOPAAOYEHHBIX nap yHced (X, y), IOBJAETBOPAIOMIUX YCI0-
BHI0 x2 + y2 = I», «<TOUKH IPIMOl»> — BMECTO «COBOKYMHOCTb YNOPANOYEHHBIX Nap
uucea (x, y), yAOBJAETBOPSAIOIMX COOTHOWEHHIO Tuna Ax 4 By +-C=0s u. 1. 1.

. 2\n

%) Panbme O6BLIO NPHHATO ONpeneAaTh €Xp2z Kak  lim (1 +-';) ;
n» oo

c¢M. Cauchy, Cours d’analyse, 1, 167. Komu (tam xe, 168, 309) BHIBOLHA TaKKe

CBOHCTBa 9TOH YHKIHM U3 PAAA, HO €T0 HCCAETOBAHHE. KOIA 2 HE paUHOHAABHO,

Herionno. CM. Takke Schlomilch, Handbuch der alg. Analysis 29, 178,

246, 1889. Xapan ormeuaer (Hardy, Math. Gasette, I, 284), uTo onpenere-

'HA€, OCHOBAHHOE HA Ipejede; HMEEeT MHOrO HEJROCTATKOB.

22 3. T. Yurrexep, Hx. H. Bartcon



330 NPHJIOMEHUE

A.21. Teopema caoxeHnus JJf noKasareJbHod YHKIHH
H ee CJAefCTBHUSA

Us teopembt Ko 06 ymMHOMeHuH aBcomoTHO cxongdmuxca pagos (§ 2.53)
cnexyer, ytol) - )

2 zf 2y zg
(exp 2}) (exp 2,) = 1+T!—+T!+"" 1+—T!——|——§—!——{—... =

2 2
2, +z 2+ 22,29+ 2
=14 S g L = e (e ),

TaK 4TO exp (2, -+ 2;) MoXeT OTb BhHIpaXeHa Yepe3 MOokasartedbHble QyHKIuY
0T 2| U 0T 2, Mo QopMmyae
exp (25 + 2) = (exp 2;) (exp 2,).

DTOT pe3yJabTaT H3BECTEH. MOX HA3BAHUEM mMeEOpeMsl CAOXNCeHUsT AJA TIOKa-
sateabHOH Oyuxuuu. M3 sToH TeopeMl mO HHAYKIMH NOJMyYaeM, 4TO

(expz) (expzy) ... (exp2y) =exp (2, + 2, + ... +25)
¥, B 4aCTHOCTH,
{exp 2] {exp(—2)) = exp0 =1

JT0 COOTHOIIEHME TMOKa3bIBAET, UTO HE CYMIECTBYeT 3HaueHu# 2, nJad KOTO-
poix expz =0, ubo ecau On Takoe 3HAYEHHEe Z CYHMIECTBOBAJO, TO, TaK Kak
exp (— 2) CyueCTBYET Axd STOTO 3HAUEHHS 2, MBI moayuuau 6bl 0 =1.

Hanee, ecan x BewmecTBeHHO, TO exp x > 0, u60 u3 ompeneneHus nocpei-
C/BOM pafa caelyer, 4to expx > 1, ecan x>0, a ecan x < 0, 1o

exXp X = > 0.

exp (—x)
Hanee, exp x so3pacmaem ¢ Bo3pacrtaHueMm x, H6o ecau k > 0, 10
exp(x - k)—expx=cexpx{expk—1} >0,
TaX KaKk expx >0 n expk > 1
Tax kak, HakOHen,
exph—1 ho B
=ttt
M pAA cmpaBa (xak Jerko ybeaurbca no Merony § A.2) spasercs HenpepsiBHOM
dyHknueH 147 BceX 3Hauenuil /1, TO MMeeM
lim {exph—1}/h =1
h—>0
H, ClefOBaTeIbHO,

‘dexpz _ fim exp (z -+ h) —exp 2
dz " po h

= exp 2.

1) Jlerko y6eauTbes HENOCPEICTBEHHO, YTO O6GIuH ujeH pAla, MOJYYEHHOro
NOYJEHHBIM NIEPEMHOMEHUEM IBYX psaoB, Gyxer

1,n-1 2 n-2_2 n
2P+ Cpzl T+ Gz T+ .+ 2 (2112
n! n!
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A.22. PasanuHpe cBOficTBa nOKasareabHoOH (yHKIHH
Bosspamasch kK dopmyJe
(expz|)(exp 2y) ... (exp2zy) =exp (2, + 2.+ ... +2p),

BHIHM, YTO €CJH A — MOJOXKHUTEJbHOE NeJ0e YUCIO, TO
(exp 2)" = exp (n2),

orkyna
= 1 = L = exp (— nz)
(exp2) == (exp2)”  exp(n2) P )
B gacTHOCTH, B3aB 2 =1 u HamicaB ¢ BMecTo expl ==2,71828 . ., Bugum,

4T €CAM 72 — MOJOXKHTENbHOE MM OTPHIATEJbHOE LeJoe UHCHO, TO
m m?
e ==expm=1 +—1! +—2! + ...

Janee, ecau p.— Mo6oe PAHOHATbHOE UYHCJIO (:% rie p U g — uensle

qucaa, g — IIOJIO)KPITCJHJHOG) , TO

q ' P
(expp)” =exppg=expp=e’,
TdK 4TO -9 CTENeHb BHPAXEHUH €Xp | PaBHA eF; NPYrHMH CJIOBAMH, €Xp [
ecTb OJHO 3 3HaucHHil BHpawenus eP/¥ — e* u owenmuno (§ A.21), uro sto
NMEHHO BEINECTBEHHOE IOJOXUTENbHOE 3HAUEHHE.

Ecan e x — uppanMoOHalbHOE BEWIECTBEHHOE dHUCHO (OmpejensieMoe ceue-
HHEM) M @, ¥ a,— JobGble UYHCJAa COOTBETCTBEHHO KJdacca L u ghacca R, T0
UPPAYUOHAALHYIO CMeneHs ¥ NpPOUIE BCEro ONPEXeNHTb KaK eXp .x; Takum 06-
pa3oM, UMeeM 1 BCEX 3HaUeHHMil X, PalyOHAJBHBIX W HPPaLHOHAJbHBIX,

2
ef =1+ g7+ 5+ ...

(bopmyna, aanHas snepsbie HbioTonom !)).

[No3TOMY 3aKOHHO IMICATb ¥ BMECTO €XP X, KOr4d X BEHIEeCTBEHHO, MPUHATO
TaKXKe Mucath €° BMECTO eXp 2, Koria z kxoMiuaexcHo. Pyuxnus €® (koropag,
KOHEYHO, He JOJMKHA PaccMaTpPUBATbCs Kak CTENEHb ¢), ONpejelseMas TaKuM
06pa3oM, MOAYUHAETCH OOHUHBIM IIpaBUNaM: :

20" — gzt -2
e = oth, emi=—p.

MpuMmeganue Taudepu (Tannery, Lecons d’algébre et d'analyse,
I, 45, 1906) ompenensieT e* npuM X WPPAUOHAJILHOM KaK Takoe 4HCa0 X, HYTO
&M L X< e® pag mobbix a, u a,. V3 Hamero onpejeseHus JErko BMAETb, 9TO
TaKoe YHCJI0 CYMECTBYET, ¥ IPUTOM moask0 00nO. W60 exp x (= X) ynosJe-
TBOpAET 3TOMY HEpaBeHCTBY, H ecau X' (= X) Takie yJIOBJETBOPAET €MY, TO

expa, —expa, = 2 — % > | X' — X|;

!y Newton, De analysi per aequat. num. term. inf. (samicano zo 1668 r.,
HO omny6aukoBaHo Toabko B 1711 r.); mana Taxme HpioTOHOM H Jlei6unuem
B muchbMax k OubieH6ypry B 1676 r.; snepswie 3Ta (opMy’na Gbiaa omnyGanko-
BaHa Baaamcom (Wallis) B 1685 r. B ero «Treatise on algebra», 343. Tpu x
WPPAIHOHAIBHOM CTPAaBElAHBOCTh 3TOH (POPMY.bl 9BHO Bhbickasana Llaémuapxom
(Schlémilch, Handbuch der alg. Analysis, 182, 1889).

22%
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B CHJY HElpepbIBHOCTH NOKa3aTeJbHON (YHKuuy 3TO MOKA3bIBAET, HTO &y — 4
He MOMeT GbiTh B34TO [IPOM3BOJIBHO MajbiM, H, Takum 06pa3oM, (a;, a,) He omnpe-
JleaseT ceueHus.)

A.3. JlorapudMbl NOJOKUTENBHHX 4Hncen!)

Mmu Bugeau (§§ A.2, A21), 4TO NpH x BEUIECTBEHHOM EXP X — MOJOXUTE/b~
Hasg HempepbiBHasg Bo3pacramomas (GYHKIMA OT X, W, OUEBHIHO, €Xp X —> - Co,
Korga x -»> -+ oo, u

1
expx:m->0, KOrja x-»-—oo.

Ecau Tenepb @ — NPOH3BOJLHOE MOAOKHTeNbHOE uuciao, 10 us § 3.63 cue-
JyeT, 4TO ypaBHEHUE OTHOCHTENbLHO X

expx=a

HMeeT OIHH ¥ TOJbKO OAMH BeleCTBEHHbIH KOpeHb. 3T0OT KOpeHb (KOTOPBIH,
koHeuHO, Ovier GyHKuueii OT a) o6Gosuavaetca?) Lg,a wuan npocro Lg a; ou
HA3BIBAETCS A02APUPMOM NOAOHKUMENEHOZO HUCAL 4.

Tak Kak MExAY X W & YCTAHOBJEHO B3aUMHO OJHO3HATHOE COOTBETCTBHE
¥ TaK Kak @ — Bo3apacTawomas (yHKuus oT x, TO X JoMKeH GHTh Bo3pacTawolieH
dyHKUUe# 0T @; ApYruMM CAOBaMH, AOrapH(M ecTb BO3pacTalowas ($yHKuHA.

ITpuMmep. Busecrn, ucxoas us § A.2l, uro

lga+Lgb=1Lgab

A.31. HenpepsiBHOCTE JoTrapupma -

MokaxeM Tenepb, YTO IpH & TIOJOXKHTEJIbHOM Lga ABIAeTCH HeNpephHBHOM
¢dyHKUMEH OT a.
Monoxum
Lga=x, lg(a+h)=x4k,
TaK 4TO

e =a, &EP=ath l—}—-;i::ek.
Cuauaja NpeinoJoxusM, 410 /2 > 0, a cJeloBateabHo, u &£ > 0; toraa
1+-§=1+k+-21—k2+ R
H, TaKUM 06pasoM,
h
O<b<—;
a
IPYrUMH CJIOBaMH, n
0 <Lg(a+h)—Lga<;.

1) Muorue MateMaTHkd ONPeNEJA0T Jorapx(m mnpH MOMOmH HHTErpadbHOH
dopmyasl, naHHo# B § A.32. Yurarteqo clelyeT O3HAKOMUTBLCA C MeMyapoM
I'ypeuua (Hurwitz, Math. Aan, LXX, 33—47 (1911)) 06 ocHoBaHuAX Teopud
Jorapudma.

2) 310 coraacyercsa ¢ 0603HaueHHEM, IPHHATHIM B GOJBIUIHHCTBE PYKOBOACTB, .
B KOTOpEX Lg o6osHauaer raasHoe suaueHue (cM. § A.6) sorapudma xOMILIeKc-
HOTO 4HCia.
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Orciona chAelyer, 4TO eCAu £ IONOXHTEAbHO, TO PasHOCTbL Lg(a 4 k) —
—Lga MOXHO CIeNaTh NMPOH3BOABHO Mauoif, B3AB /i JOCTaTOYHO MaJbM.

a
a4 h
e

Orciona (Bama O<—h< 5 » 41O, OUEBHIHO, nonycmmo) N0y 9UM

[IpennoaoxuM tenepsb, 9o ki < 0, Tax 4ro ¥ & <0, TOrRa =e~k,

a —

1
m 1+(—k)+§k2-—...>1'—k

U, CA€J0BATEIbHO,
a h 2h
_.k<_..}+a h_____a h<_—a_'

Virak, 6yner AH h NOJOXHUTE]bHO HJIH OTPHUATEIbLHO, €C/Iu & — IPOU3BOAbHOE
MOJMONKHUTENBHOE WHCJO H €CAH | /2| MeHbmle, 9eM a/2, u MeHblle, gem dg/2, 10

ILg(a+h)—Llga|<¢

u ycaosue HenpepnsroctH (§ 3.2) ans Lg x ynosaersopsaercs.

A.32. Juddepennupoanne gorapudma

Coxpausis o6osHaueHne § A.3l, BUIMM 1O NOKa3aHHOMY TaM De3yabTary,
410 npu 2 —>0 (@ ¢uxcuposaHo) Takwe u k& —>0. Mostomy npu a >0
dlga k _ _1_ _ _1_

lim ————
da r>0e tE ¥ ¥ a

Tak xak Lg 1 =0, 1o coraacHo mpumepy 3 § 4.13 umeem

a

Lga =f 1 at.
1

- A.33. Pasnowenune ¢pyuxkuun Ln(1-+ @) no creneHam a
[To § A.32 umeem

Ln(1+a)=f(1+t)-‘dt:
0

=f {l—tt— . (=Dt ) (A )7 at =
Q
ot ppd— o DT S d o R

rae

Ry = (-1)”[ (L0 dt.
4]
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Ecau temepr —1<a <1, 10
lal

|Ral< [ A —lah™ dt=1al™ ((n+ (1 —]a] )" >0,
0

KOrja M —> oo, H, ClIeJOBaTeabHO, npu — 1 < a <1 dynxkuuio Ln (1 +a) Moxno
pasAoXKUTL B cxoasmuica pax ')

1 1 < n
Ln(l4a)=a—5a +gai— ... =¥ (112
n=1

Eean a = -1, 10
1 A 1
anl=ff”(1+t)"dt<ft"dt:(n+1)-1_>o,
0 0

KOrzia n->co; TakuM 06pa3’oM, pasoNEeHHE COXPAHAET CMAY u npu a = 4 1, Ho
OHO TepaeT CHAy NpH @ ==— 1.

ITp nmep. Hokasary, uro lim (1 + —l-)n =e.
n-»oo n
[Mmeem

. | AU ( 1 1
Jim g (147 = i (1= grtg— ) =1
u TpeGyeMblll pe3yJbTaT MNOAYYaeTcs € NMOMOINbIo pesyabrata § A2 lim e =
z>0
S et.]
A.4. OnpepneJyieHue CMHYCAa M KOCHHYcCa

Dyuknuu ?) sinz ¥ COS2Z QNPENEIAOTCS AHANMTHYECKH NPH IOMOIIH CTe-
IEHHbIX PAJ0B, a UMEHHO:

. A P o (—1)" 22 +!1
sinz=z—gr+g— - =}.4"(7r?-T-T)|_
=0

n
2 4 s n on
z 1 —ntz",
cosz=l—w—[—74—!——...=1—{—2 enT
n=1

ot pamnl coraacHo § 2.36 cxomaTca a6cOMOTHO IAa BceX 3HaueHuit z (Beme-
CTBEHHBIX U KOMILIEKCHBIX), H TakOM 06pasoM, HaHHBle ONpeleJeHUd FOAHb Aad
BCeX 3HayeHult 2.

1) Dror MeTOX MOJyueHHd JorapudMuHueckoro psaiaa npuHasaexur Baaaucy
(Wallis, Phil. Trans,, II, 754 (1668)).

2) dtu papw Obia_ namer HewotoHoM (Newion, De analysi..:. 1711),
cM. cuocky k § A.22. llpouue TpuroHomeTpHueckue ¢GyHKIUH ONPENLNAOTCH,
KaK OGbLIYHO, OTHOIIEHMAMH M OOGPAaTHHIMM BEIMUMHAMH CHHYCOB H KOCHHYCOB.
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CpaBHuBas 3TH PAJbl C I0KA3aTeNbHHM DALOM, BHIHM, YTO CHHYC M KOCH-
Hyc He gBJA0TCA O CYMIECTBY HOBBIMH (YHKUHAMH, u6O OHH MOryT GHiTb BHI-
PaXEHB Yepes NOKa3aTeNbHYi0 (yHKIHIO NP IoMomHu (GopMyJa!)

2i sinz = exp ({z) — exp (—i2), 2cos 2z = exp (iz) + exp (— i2).

SlcHO, uyTO sinz M C€OS 2 ABJAAITCA COOTBETCTBEHHO HEYeTHOH H YeTHOH
GyHKUUAMH OT 2; APYTHUMH CJIOBaMy,

sin(—2) =—sinz, cos(— 2)=cosz.

A.41. Ocropuble cBoiictBa QyHKnmi sinz u cosz

MoxHo n0KasaTh, Kak M B cayuae IokasateabHo#t dyskuuu (§ A.2), uro
PAABL 1JS Sin 2 M COS # CXOAATCA PABHOMEPHO B M06GOH orpaHuucHHO# obaacTu
3HAYEHHH 2 H, CAeAOBATENbHO, SINl 2 ¥ COS 2 ABJAIOTCA HENpPEPHLIBHLIMH (YHK-
UMSAMH OT 2 15 BCeX 3HaYeHuit 2.

Hanee, MOXHO 10Ka3aTb NMOZOGHLIM e 006pA3oM, UTO 4 Pif

2?2 24
l—gr+t5— -
onpenenﬂel‘ HeﬂpeprBHle q)y}{KquO OT & AJd BCEX SHH‘IGHI/Iﬁ 2 W, B 4dCTHOCTH,
ata QyHkuvsa 6yaeT HenpepwiBHOH mpu z =0; TakuM 06pasoM, nmoaydaeM, 4TO

lim (z=1sinz) ==1.
z2—>0

A.42. Teopema caoweHns nas ¢yHkuu#t sinz u cosz

IMoabsyacy ¢opmynamu Jitnepa (§ A.4). Jerko BHIBECTH U3 CBOHCTB IOKa-
3areAbHOH QyHKIHH, YTO

sin (2, -+ 2;) = sin 2; cos 2, - cos 2| sin 2,
cos (2; -+ 2,) = €05 2, €05 2, — sin 2, sin 2z,.

3t peayabTaTH M3BECTHH II0J, HA3BAHUEM mMeEOpeM CAOXNCeHUS JIA sin z
H €OS 2.
MoxHo Taxkxe goxasarb, 1OJb3YACH GopMmyaamu dilaepa, 4To

sin? 2+ cos?2z = 1.

[Tpu moMomu 3TOTO pesyabrata sin (2, --2,) MOXHO BBIpasutb Kak aire6-
pauyecKyio QyHKIMIO OT sin 2z, u sin 2y, a cos (z, -} 2,) — Kak aareGpauyeckyio
(QYHKIKIO OT COS Z; U COS 25, TAKHM 06pa3oM, (OPMyJH CJOKEHHS MOXKHO pac-
CMaTpuBaTh KdK TeOPEMbl CHOKEHUs B TOUHOM cMbicae (cM. uactb I, §§ 20.3,
22.732, npumedaHue).

Juddepennuposanne gopmya ilaepa, oueBHaHO, faeT

dsinz
dz

dcosz .
cos 2, ———— =—sinz

1) Otu ¢opMmyasl Guii BhiBeleHbl JHaepoM (OHM Oblau JaHel B NHCHME
k W. Bepuyaau B 1740 r. u ony6aukosamm B «Hist. Acad. Berlin», V, 279,
1749) ¥3 reoMeTpUuYECKHX ONpEJeNeHHH CHHyca M KOCHHyCd, HA KOTOPHIX B Te
roas! 06bLIYHO QCHOBBIBANM TEOPUIO TPHUTOHOMETPHUECKUX (PYHKIHA.
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ITpuwmep. INokasars, uto
sin2z2=2sinzcos 2z, cos2z=2cos?z—1;

9T# (OpMYJIbl Ha3biBalOTCHd POPMYJaMH yABOEHHUS.

A.5. HepuognuHOCTh MOKasaTeabHOH QYHKIHH

Ecau 2, 1 2, TaKOBbl, 4TO €XP 2, == €XP 25, TO, YMHOXKas 06€ CTOPOHH 3TOro
COOTHOIIEHUS Ha eXp (— 2,), NoayuuM exp (2, — 23) = |, MOJOKUB | == 2, — 2,,
BHIUM, YTO AJA BCEX 3HAYEHWH 2 M BCEX LEJbIX 3HAYEHUH n

exp(ztn;)y=-expz(expy)t=-exp2.

O nokasartenbHO# QYHKIMH TOTJa MOXKHO CKas3aTk, UTO OHa uMeem nepuod ¥,
TaK Kaxk yBeJHUEHME Zz Ha y WIM Ha NeJOoe KPAaTHOE | He. H3MEHAET 3HAUeHHS
3TOH YHKIHH. :

[MokaxeM reriepb, YTO Takue uucaa y (OTJUYHblE OT HYnd) ACHCTBUTENbHO
CYmECTBYIOT ¥ 4TO 8¢ qucaa y, 06Jasaomue TOAbKO YTO ONHCAHHBIM CBOHCTBOM,
COEpXATCS B BHIPAXEHUH

Znmi (n= %1, £2, £3, ..)),

rie & — HeKOTOPOe MOJOXHTEeNbHOE quci0 '), koTopoe Gouablie 2 V2 u mensme 4.

A.51. Pemenne ypasheHna expy =

[lycts y=a -+ i3, rae « u  BelleCTBEHHH; TOIZLA 3ajaua peHieHHd YpaBHe-
HHS eXpy = | TOXJIeCcTBEHHa 3alaue pelleHHs ypaBHEHHUS

expaexpif = 1.
CpaBuuBas 3echb BelleCTBEHHHIE M MHHMBIE YacTH, UMeeM
expacosfB=1, expasin=0.

Bosseas B KBagpar, CJIOXHB 3TH YPaBHEHUA M BOCIOAb30BABIIMCH TOWJe-
creoM cos? f§ 4 sin? § =1, noayuum

exp2a=1.

Tenepy, ecan Ob « GbIIO MOJOXKHTEJbHBIM, TO eXp 2z Oblia 6l GoJbume 1,
a ecau Gbl a GbLIAO OTPULATENbHBM, TO exp 2o 6nina Gbl MeHblie 1; maxum 06-
DA30M, eOUHCMBEHHOE 803MONCHOE 3HAYCHUE OASL o PABHO HYAIO.

Torxa moayuaem, uto cos 3 =1, sin 3 = 0.

Ho ypasHenue sinf =0 saBasercs HeOOXOXHUMBIM CJIEICTBHEM VPaBHEHHH
cos 3 = 1 BeaenctBue tomaecrsa cos? -+ sin?8 = 1. Tlostomy mocratoyno pac-
CMOTPETHh pelleHHs (ecay TAaKOBBIC CYECTBYIOT) ypaBHeHHs cos B = 1. Oguaxo
BMECTO ypaBHeHHs ¢0s 8 = 1 6osee y106HO paccMaTpHBATh YPaBHEHHE COS X == () 2),

) Tor ¢axr, 4T0 = — UppanKoOHaAbHOE YUCIO, 3HaueHHe koToporo 3,14159 .,
He OTHOCHUTCH K HactosieMy ucciefoBaHmio. O630p NONLITOK ONPENEAUTH 3HA-
YeHHe T, 3aKaHYUBAOIUHCA JOKA3aTeJbCTBOM TEOPEMbI, YTO T HE Y/IOBJAETBOPAET
HUKAKOMY aare6pandeckoMy YPaBHEHHIO C PALHOHAJbHBIMM KO3((UIUEHTaMH,
c¢M. B MoHorpaduu ["o6cona: P{o b son, Squaring the circle, 1913.

2) Ecau cos x =0, TO HENOCPEACTBEHHBLIM cJefCTBHEM (GOpPMyusl YXBOEHHH
6yner, 4To cos 2x = — 1, a 3ateM, 4T0 €0s4x = |, TaK 4YTO €CAU X — penieHHe
ypaBHeHHus c€os x =0, T0o 4x O6yler peleHueM ypaBHeHHd cos 3 =1,
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MokaxeM Tenepb, 9TO ypaBHeHHE cOS X =0 HMeeT ONMH M TOABLKO omuH

KOpPeHb, Jexamui Mexay 0 # 2, ¥ 9T0 3TOT KOpeHkh mnpesocxoaut V'2; xas go-
Ka3aTeAbCTBA BOCMOAb3YEMCS CACAYIOMEMH COOOPAKEHUAMIL
(I) ®yuxknua cos x HenpepblBHa B unrepBane 0 ¥ < 2.
() Mpu 0L x <V 2 nmeem')
x2 x4 x6 x8 xlO

t=9r2% =& >% s>

¥ caexoBateabyo, npu 0.« x<V? umeem HepaBeHCTBO €08 x > 0.
(III) 3nauyenne cos 2 paBHO

2 26 4 210 4 1
1—2+§——72_0_(1_7_8)—‘W(1—W)— “e —'—3‘—‘ e <0
(IV) Ipu 0 < x 2
X

sin x 2 x* x? x2 1
=5 st =Ty

. 1
u Takum obpasom, npu 0 < x <2 uMeeM HepaBeHCTBO sin x >§ X,

Ma (D) u (Il) cosmectno ¢ (I) u u3 pesyabrara § 3.63 saxaouaem, uto
ypaBHeHue cos X =0 uMeET no Kpadned Mepe OJMH KODEHb B WHTEpBAIE

V2 < x <2 u He uMeeT HU OZHOrO KOPHs Ha oTpeske 0. x <L V7.

Jlanee, umeercs He 60aee eM OfWH KOpeHb B uHTepBare V2 < x < 2
AeHCTBUTENbHO, NPENNOJOXKHM, HUTO HMeeTcs [Ba KOPHI X; U X, (Xg > X))

Torna 0 < x,—x, <2—V2 <1lwu
sin (x; — x|) = sin x, €0S X, — sin x; cos x; =0,
a 310 HecoBmectumo ¢ (IV), u3 kotoporo cuaepyer, uto sin (x;— x)>
>3 (6 —x).
Ypasrnenue cos x =0 umeem no3moMy 00un u MOALKO OCUH KOPEHs, Ae-
srcaugud Mmexncdy O u 2. DT0T KOPEeHb NEXUT MEXAY ¥2 u 2 u obosHauaerc

™
uepes 5 ero dakTHYecKOe 3HaueHue, KaK yKa3aHo B npuMeyanuu k § A5, pasuo

1,57079 ...
M3 TeopeM CJIOXKEHUS TOTYAC INOJYHAETCA IO HHAYKHUH, 4TO

cos nn = (—1*, sinnt =0,

rae n— moboe 1eaoe 9UCJIO.

Orciona cos 2nw =1 npu mo6oM 1neaoM n.

BoJee toro, He wumeercd 3HaueHUH §, OTMUUHBIX OT 2nam, XA KOTOPHIX
cos 8 == 1, ubo ecau Gbl MMeJOCL TakOe 3HAYEHMe, TO OHO OHIO Obl BEIIECTBEH-
HbiM 2) 4, TakuM 06pa3oM, Mbl MOTJH 6bl BHIOPATb LEJNOE YUCIO M TAK, YTO

—n2mn—3 < .

") CumBos > MoweT OBITb 3aMEHEH CHMBOJOM >> , 32 HCKJIIONEHHEM Cly-
yag x =} 2 B nmepBOM M3 3TUX HEPABEHCTB u cAyuad X =0 B OCTANbHbIX.

?) V3 ypasneHnus cos 3 = 1 Bbitexaer, uto expij =1, a Mbl BHUIEJH, 4T0 3TQ
ypaBHEHHE He HMEeT KOMIIEKCHBIX KOpHEil.
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Toraa
1 1 1 - +
sin mr:—?fﬁ!: + sin (mn-———2—6>= Esin 5 B= + 2 2(1—cosf)? =0,
a 3TO HEeCOBMECTHMO') ¢ HepaBeHCTBOM sin mn———;— BI >—:H mn —-;— ﬁl,
ecan 3 == 2mm.

Caredosamensuo, 0aa wucea 2nw (n =0, + 1, £ 2, .,.) u moasxo 0an Hux
KOCUHYC paseH eOuHuue.

Otrcroa caelyer, 4TO CymecTBYeT IOJOKHUTEJIbHOE WHCIO T TaKOe, YTO
expz usMeem nepuod 2wi u 4mo expz He uMeem nepuoda, CYuecmeeHHo
omauHo20 om 2wni.

$opMynbl 3JEMEHTAPHONH TPHMOHOMETPHH, OTHOCHINMECR K IePUOJAMYHOCTH
TpuroHoMeTpHuecknx (GyHkuuH, Moryt ObiTh TeIepb JOKa3aHbl 6e3 BCAKUX
3aTpyAHEHUH BHAJIUTHUECKH.

NMpumep 1. llokasars, uro sin % n paBeH 1, a He —1.

1
MDpumep 2. [lokasaTp, uto fg x > x, xoraa 0<x<—2— .

[U60 cos x>0, u

) x xtn—1 9 x2
sin x —x cos x = 2 m{4n~ _—Aln_—ffl_}'

n=1

¥ KaXIbiH gaeH pAia MOJOXUTENeH. ]

X X
Mpuwm ep 3. Moxkasath, ato 1 — 5" + 55 720 6yner MONIOXKHTEIbHBIM,
Korja x = 1_6 ;M WT0 | — - — 5o pabeH Hymo, KOTAA X = Ve 2v3 =

= 1,5924. . .; BuiBecTu OTclofa, u4to ?) 3,125 < = < 3,185.

A.52. PemeHue OZHOH CHCTEMbl TPUTOHOMETPHYECKHX YPaBHeHHi

[TycTb ), p.— mapa BeuleCTBEHHHIX YUCE], TakuX, 4yto A2 4-p2=1
Torna, ec.rm A = — 1, T0 ypaBHeHHS

cos x ==, sinx=p

uMeloT 6GecKoHeuHOe MHOXKECTBO peme}mu H3 KOTOPHIX OJHO H TOJALKO OJHO
JAEXUT MEXKAY —® U = 5).

[Tyctv cHavana A u p HeoTpunareabhb;; toraa (§ 3.63) ypasHenne cos x = A
ks

UMEET 10 MeHbIieH Mepe OAHO pelleHue x,, Takoe, uTo 0 < x, 5

TaK Kak

1) Hepaeeuctso cnpaseatuso no (IV), rak kak

0<

mn —-—'—;—Blg—;—n<2.
2) Cm. De Morgan, A /budget of paradoxes, London, 316, 1872, rae

25
NPUBOJATCA COOBpPAXEHHs, B CHIYy KOTOPBIX T > 5
3) Ecau A=—1, TO % = ABNAIOTCA pEIIEHUAMH ¥ APYIHX pemMennii ua
oTpeske (— =®, m) He HUMeeTcq.
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k1
. 2
HHA Ha 3TOM OTpeake, H6O ecan Gbi X, U X, GbUIH TAKHMH PEIICHHAMH,.TO MOMHO
6B10 6Bl fokasath (cM. § A.51), uto sin (X, — x3) =0, 4TO NPOTHBOPEUHAO Gpi
§ A5l (IV), tak kak

c0s 0 =1, cos = = 0. 310 ypaBHeHne He MONKET UMETb IBYX Da3JUYHHX peue-

ki
0<|x2~—x,}<—2—<2.

Hanee,
sin x,; =+V1——cos2x, :+V1— A=y,
TaK 49TO x; ABJAETCA PEIIEHHEM O00UX ypaBHEHHH.

. T
YpaBHenus He UMeWT pelleHUH Ha oTpeskax (—=, 0) u (§, ‘n:), TaK Kak

Ha 3THX OTpe3KaXx HIM sin X, WIH cos x Byner orpuuarenbHbiM. Takum o6pasom,
ypaBHEHHS MMEIOT ONHO H TOJbKO OJAHO pEINEHHE Ha OTpeske (—m, m).

Ecau M nan p (uau 06a) OTPULATEbHBI, TO MOXHO HCCAEN0BATh 3TOT CJAyuait
aHaJOruyHO; HO,llpO5HOCTYI NMPENOCTABAAIOTCH YHTATEIO.

OueBHIHO, YTO €caH X; €CTb pelieHHe JaHHBIX YpaBHeHul, T0 H x| -+ 2nzn
TaKkke OyAeT MX pemreHHeM INpH J060M HEJOM 1, U CAEL0BATENbHO, ypaBHEHUs
UMET 6eCKOHeYHOE MHOXECTBO BEIIECTBEHHEIX DPellleHui.

A.521. I'naBHOe pemeHne CHCTEMbl TPUTOHOMETPHUUYECKHX ypaBHeHwmil

EnuncTBeHHOE pelneHue ypaBHEHUH cos x = A, sin x = u (rae A2 p2=1),
JEMAMEE MeXIY — T U T, Ha3bIBACTCH 2AABHLIM peiieHueM '), 1 BCIKOE APYroe
pelleHHe OTaAuuaeTcd OT Hero Ha Leloe, KpaTHoe 2.

TaasHoe 3Havenue?) apzyMenma KOMILIEKCHOro uucha z (== 0) Ttenepn
MOXeT GHITb OIpeledeHO aHAAHTHYECKH KaK IIaBHOE PelleHHe ypasHeHHH

|z]cosp=Rez |z]|sing=Img,
a Torza, ecau
2=|2z]|(cos 6 4 sin 8),

TO Mbl JOJKHH uMeTb 0=¢ -+ 2nn, rae 0 wuHaswbimaeTCs OOHUM u3 3HaveHull
apzyMenma 4ucaa 2 1 0603Hauaercd cuMaogoM arg z (cm. § 1.5).

A.522. HenpepriBHOCTH apryMenTa KOMILIEKCHOTO NMEpPeMEeHHOro

[Tokawem Tenepb, 4TO MOKHO BbIOpATb 3HaueHHE apryMenta 0 (z) KOMILIe-
CHOTO IIEPEMEHHOro 2, K0TOpoe 6yleT HeNPepLIBHOR (yHKIHEeH OT 2 npH yCa0BuH,
4TO 2 He IPOXOAUT Yepe3 HyleBOoe 3HAUEHHE.

[Tycts 2y — paHnOe 3Hauewue 2z, ¥ nycrb b, —kakoe-Hubyab 3HaYeHue ero
apryMeHTa; Toria, 4tobul 10KasaTth, 4T0 0 (2) — HempepbiBHaa GyHKIHA BOIU3H 2,
TOCTAaTOYHO MOKAa3d1b, YTO CywecTByeT Takoe uucao f,, yro 8, = argz, u uro
|8, — By | MOxHO cpenaTh MeHbmie, YeM MPOU3BOJMLHOE IOAOKUTEALHOE TUCIO ¢,
JdaBasg |2, — 2,| moGoe 3HaueHHE, MEHbIIEE HEKOTOPOro IMOJOXKHTEILHOTO
gucaa 1. [lycrb

2y =Xo+ Yo 21=X4iy.

1y Ecnmu A =—1, 10 3a raasHOe peineHue npuHuMaercd - w; ¢M. CTp. 20,
?) Tepmuy «raaBHoe 3Havenue>» OBJA BBeleH B 1845 r. DBnépaunrom,
(Bjorling, Archiv der Math. und Phys., IX, 408 (1847)).
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[Tycty, naaee, 'z, — z,| B34TO HACTOAbKO MajbiM, 4TO YAOBAETBOPAOTCA
caelylomue HepaBencrsa ')

(I Jx,— x| < —;—Ixo [, ecau TOAbKO xg=£0,
) |y —yl< %I Yo |, €CaN TOABKO yo=-0,
(1) x; — x| <';1f elzgl, [yi—yol < 711‘ ez
U3z (1) u (l) crenyer, 4T0 xoXx, B yoy, OYAYT HEOTPUUATEJbHHMH H

1 1
XXy >’2_ x(2), Yo >'2‘ Y(Q)s
TdK 4TO

.
XoX) + Yoy > 5 [ 20|~

[Tycto Tenepb B3gTo TO 3HaueHue 6, xoropoe oranuaercss ot 0, meHblie
4yeM Ha m; TOTAd, Tak KaK X, M X, MMEIOT OJMHAKOBBIE 3HAKH U Yo H ¥, TaKKe
UMEI0T OJIMHAKOBBIE 3HakKu2), TO M3 pelmleHua ypasHeHuli § A.52 mnoayuaercs,

™
uto« 0, u 0, omauyawomes Opye om Opyza MeHee 4eM HG

5
Haunee,
XoY1 — X1 Yo

to (6, — 0,) = dd 24 ST A
g o) XX+ YoY

1 Takum obpasom (§ A.51, npumep 2),

[ Xoy1— X1 Y0 | X0 (¥1 — o) — Yo (X1 — xp) |
! ol < XX, 4 Yol XoXy 1 Yol <

L2121 7 X0 11y~ Yol +1¥ol | X, —xo 1}

Ho |x,1 < [2] u [ yol < 2!, nostomy
10— b1 <2120 1™ 1y = yo 4y — %o ]} <e.

Hanee, ecau B3ATb |2, — 2y| MeHbiue, 4eM 4YucCJa —%lxol (ecan x,0),
%1)’0] (ecau y,~0) u 711—5 | 201, To nepasencrsa (1), (II), (11I) ynrosaerropsiores;
UHBIMH CJIOBAMH, €CJIY 1) — HanMeHblllee U3 TPex yuced —;— IETSE % [ Yo ],-}r e|20]9),
10, B38B |2, — Z,| < v, noayuum {8, —0,]<e a 310 U ecTb ycaoBue TOro

y10o6bl 6§ (2) 610 HenpepuBHOH (yHKUuEH KOMILIEKCHOTO NEepeMEeHHOro 2.

——

1 (1) uau (II) coorBercTBEHHO OTOpACHIBAIOTCA B CAyuae, KOTA3 Xg = 0 uau
Korna yo=0

?) l'eomeTpuueckas HMHTEPIPETAUHS ITHX YCJAOBHH 3aKMI0492€TCS B TOM, UTO 2,
M 2, J€XaT B OJHOM I TOM Xe KBajpaHTe IJIOCKOCTH.

3) Ecau kakoe-Hubyib U3 STHX 4HCEJ DABHO HYJIO, TO OHO OIyCKAEECH.
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A.6. Jlorapugpmp KOMIIEKCHBIX HHCEJ
.
IoBopat, uTo uucho { asigeTca A0zapudHMoM HUCHa 2, eClL 2 = ¢".
Uto6bl PElIHTh 3TO ypaBHEHHE OTHOCUTEIbHO &, MOJOKUM C=%5+4in roe &
U v BEIIeCTBEHHBI, TOIJAa HMEEM

z = ¢&" (cos 14 isin ).

Bsas Monyau oT obeux uacTell, BuzamM, 410 {2 |=e¢°, Tak uro (§ AJ3)
¢=1Lg|z|, a Torna

2 =|z|(cos 54 isinv),

TdK YTO 7 JOMKHO ObITh PABHO OJHOMY M3 3HAauUEHHH argz.

JlorapuM KOMIIEKCHOrO uHCAa fBAfeTCH, CAE/LOBATENbHO, MHOrO3HAUHOH
GyHkuued u MoweT ObiTh BbipaxeH uepe3d Golee 3JeMeHTapHbe QYHKIHH NpH
NOMOIIH (POpMY bl .

lgez=Lglz|+fiarga.

HenpepwiBiocTh 1g 2 (korza z==0) caeayer n3 § A3l n § A522, no-
CKONbKY |2 | eCTb HENpEPHBHasA (QYHKUHMA OT 2.

[IpousBoxtas KaxIoOH OTAeNbHOH BETBH (I)XHKU,HPI Igz (§ 5.7) MoxeT 6biTh
qnpesenena, kak B § A32;, pasnowenne § A.33 moxeT OblTb YCTaHOBJAEHO
naa lg (1 4-a) opu |al < L.

Caencteue. Ecau a® onperenuts kak e°'€%, 1o a® 6yaer HenpepuBHOH
¢yuxuuefi oT 2 1 o1 a npu a=0.

A.7. AHajnuTHYECKOe OmpeleJieHHe YIJOB,

[lycts 2, 25, 23— TPH KOMIIEKCHBLIX UHMCJA, NPEICTABASEMBIX TOUKAMU Py,
P,, Py na koMnaexcHoli naockoctu 2. Torxa yroa Memiy npaMbiMu (CM. CHOCKY
k § A.12) PP, n P P; onpeleasercs KaK Kakoe-1u6o 3HaueHHe Pa3HOCTH

arg (23 — z;) — arg (2, — 2,).

TToxaxeM Tenepb '), uro Iouiais (onpejeiseMas Kak HHTerpan), Orpanu-
yeHHad ABYMs paiMycaMH M Jyrofl naHHOH OKDYXHOCTH, [PONOPIHOHANBHA
OJHOMY M3 3HAUEHHH yraa, COCTaBASeMOro pajHycaMH, TaK 4To yrod (B aHAAHTH-
yeckoM CMblCle) 06/1ajaeT M3BECTHBIM CBOIHCTBOM, KOTOPO€ YKa3hiBaeTCs BO BCeX
PYKOBOACTBAX 1O TPHIOHOMETPHH 2).

[ycts (x), y,) — Hexoropas Touka (o6e KOODJAMHATHL KOTOPOH MONOKHTENAB-
Hbl) OKPYWHOCTH X2+ y2 = a? (@ > 0). [Tyctb 8 — raasnoe 3nauenue arg (x,+iy)),
T
2
npamofi, coeaunaomed Toukn (0, 0) 4 (x), y,), W Ayrofi OKpYKHOCTH, coean-

rak 410 0 < 8 < — . Toraa miomanb, orpanuyennas otpeakom oct OX, oTpeskom

1) HdokasateabcTBO, NAHHOE 3kechb, NPHJIOKHMO TOJNbLKO K OCTPBIM yriaa;
b
ynrateab 6€3 Tpyia PAacmpocTPaHUT ero W Ha yrasl, Goablrue 5 W Ha CIyuaH,

xoria OX ne 6yper OLHHM M3 'PAHHUYHBIX PAiHYCOB.

2) EBkJ410BO ONpejelekne yraa He AaeT camo No cebe Heps yraa, B coun-
HeHHAX NO TPUrOHOMeTpHH NokasbiBaercs (cM. Hobson, Plane trigonometry,
ra. 1, 1918), 4o yroa maMepsercs 1BOHHOH mJOMIAAbI0 CEKTODA, BHICEKACMOTO
YIIOM H3 €XHHWUHOTO KDYra, LEHTP KOTOPOro HAaXOAHTCA B BEpUIMHE yria.
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a
nsaomed Touky (x;, y,) ¢ (2, 0), paBHa ff(x) dx, rne )
0
f(x)==xtgh (0 < x < acosb),
1
f(x)z(a?——x?)2 (a cos b < x < a),
eciiu MJIONIAAb OTPENENsSeTcs Kak Haaexamie BolOpanubiii uuterpan (cM. ctp. 88).
a

OcraeTca [10Ka3aTb, YTO HHTErpan ff(x) dx nponopunoHaaex yray 9.

0
ViMeeum
a acosf a 1
ff(x)dx:f xtg 0 dx 4- f(aQ—xQ)de=
0 0 acosht
1 1 a! 5 . d +1
=_—7azsinﬁcosﬁ—}—7 felaz(az_xz) _;_d_xx(a2_xz)21)dx=
a cos

< 1
=%a"’ /z(az——xz) 2 dx=
acost

1 cos 1

[ oL _L
—.:%a“’{l/z(l—t"’-) ?dz_f Q—z) %at

0 0

1 1 1 1
g2 2 o L — = 2
e L e (b i)} = L,
rlie NOJNOXEHO X == af ¥ MCHONb30BaH ripuMep, pazobpauuuii B § 4.13.
JpyrumMu caosamu, naomaib CeKTOpAa NMPONOPLHOHAJbHA YLay CEKTOpa.

Mtak, Mbl Mokasanu, uto OObIMHOE MOHSATHE yraa COBMECTHMO C aHaJduTH-
YECKHM €ro OIpelECNCHHEM.

[N —

') Unurateas Jerko HaHZeT reoMeTpHIecKOe HCTOJKOBAHME 3TOrO MHTErpana,
clenaB 4epTex.



3. T. YUTTEKEP, [2K. H. BATCOH

KyPC COBPEMEHHOI'O AHAJIM3A

Taasa 12,
aasa 13.
Faasa 14.
[nasa 15.
[aaBa 16.
Faasa 17.
laasa 18.
naBa 19.
Caasa 20.

laasa 21.
nasa 22.
naBa 23.

YACTH BTOPAS
TPAHCHUEHAEHTHLIE ¢YHKLWHU

COAEPXAIINUE

["amma-pynxuns.

[N3era-pynxuus Pumana.

['unepreomerpuueckas QyHKuHs,

®yuxknun Jlexanupa.

Boipoxaennas runepreoMeTpuueckas (QyHKIus.
$yukuun Beccens.

Y paBHenns MaTeMaTHueCKOH (PH3HKH.

dyukuny Matsbe.

Anaunrtudeckue pyHxund. Obuine TeopeMbl H GyHKIHY
Beiiepuirpacca.

Tsta-pyukunn.

Jaavnrrueckue GyHKUMKU SxobH.

Jaaunconfaibusle rapMoHHueckHe (YHKOUM M ypaB-
ueHue Jlame.



