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OT PEXAKRTOPOB CEPIIN

Hacroamas wumra npepcrasiser coGoil cegbMOil BBI-
nyck cepur «Hype Beicimeil MmareMaTHER # MaTeMaTHIECKOM
($U3VKEY W TOCBAIIEHA Teoplin O0BIKHOBeHHBIX nuddepen-
IMaNbHEIX ypaBHEHHT H ypaBHEHUIl B JaCTHBIX ITPOM3BOM-
HEIX TepBoro mopspka. B mauane kuuMrn pasbupaeTcs PAR
$usmgecKnx IPUMePOB, NPUBOANMX K JuddepeHuyalb-
IEIM ypPaBHEHHWAM TOTO W MHOro THoa. B panemeiimen
HapAAy ¢ HaYaNbHOH 33fauell M3jaraloTesd Kpaesas 3ajiada
u 3agaua [dtypma — JInyBmiia, usygenue kotopoii mmeer
BayKHOe 3HAYEHHE JUIS PEIIeHHs 3aJad MaTeMaTH4ecKoil
¢usuru. Bonbinoe BHEMaHMe y[eJeHO OCHOBHHIM ITOHSH-
THAM, HJeAM U TEOpeMaM YHCIeNHBIX H aCUMIITOTHIeCRUX
MeToJI0B perieHus gud@epeHnMaAbHEIX YpaABHEHMUIL,



HPEJIUCIIOBUE

llpepnaraemMas KHWTa IpefcTaBisieT co0Oi oUepeJHON BEHIMYCK Ce-
pur «Kypc BEICImIeill MatemMaTViky M MareMaTHuecKo#l (uaukm» IOJ
pegaripeit A. H. Tuxomosa, B. A. Unbuna, A. T. Ceemuurosa.

B ocHOBY KH¥MIM IONOKeH KypC NeKUmil, KOTODHIT B TeueHHe
MHOTEX JieT YHTAeTCsi Ha (huamdeckoM garyibrere MOCKOBCKOTO ro-
CyHApPCTBEHHOTO yHHBepcHTeTa. llajnoskenyie orBedYaeT COBPeMEHHOMY
COCTOSHHIO TeopyM nuQ@epeHIyaNpEEX ypaBHERVMH B TOH Mepe, Kak
310 Tpebyercs GynymmuM chenmamyicraM o (HU3MKe M NPHKIaFHON
MareMaT¥IKe, ¥ B TO € BpPeMs J{OCTaTOYHO DIEMEHTAPHO.

Bonpyioe BEMManye ynenserca B KH¥Te IMPHGIVIKEHHBIM METOHaM
pelieHHA M HCCIefoBaHHA pnuddepeHiyaibibEX yDPaBHEHAN — YHC-
JNeHHBIM M ACMMIITOTUJECKVM, KOTOpHie B HACTOAINEee BpeMsA JemKaT
B OCHOBE H3ydeHVA MaTeMATHM49eCKMX MojeXell (PMaUTIeCKVX sBIeHUIl.
Uwnratenb HOAYYNT NpejCTABNEHAe O PasiMIHLIX METO[AaX 9HMCIEHHO-
ro pelleHMA KaK HAYAJBLHEIX, TAaK M KPAaeBHIX 3alad, 0 Takux (Qynfa-
MEHTaNbHBIX HOHATYAX TEOPUH UMCIEHHBIX METOMIOB, KaK CXOAMMOCTh
Pa3HOCTHOH CXeMbl, alIpoOKCHMalysA W ycToHYMBOCTL. BB rmame, mo-
CBAIEHHOH AaCUMNOTOTUYECKIM MeTONAaM, cOflep:kaTcs, B YaCTHOCTH,
CBelleHNs W3 TAK HA3BIBAEMOM TeOpMM CHHTYISAPHBIX BOSMYIL|eHMH
(merton morpanuumbix ¢Qyurmuit, meroq BBK, meton ycpenmmeuws),
xoropasi OypHO pasBHBaeTCH B IIOCNEIHNE [eCATIIIeTUS B CBH3M C HO-
TpebGHOCTAMY TAKHMX PasfeioB (MBVKW ¥ TeXHMKM, KaK TEOPHH aBTO~
MaTHYECKOTO PeryiupoBaHus, MMIPOJMHAMUKA, KBAHTOBAA MEXAH¥KA,
KUHETVIKA, TeOp¥sA HelWHelinsix roseCauwil u np.

Pyxomnch wumry Ovtta mpocmorpesHa F. A. TpeCenuxopnim =
JI. 1. KRynpsaBieBrim, cpenapmmvMu psAp 1eHHuX samedauwii. Heore-
HIMYEK IOMOIh B IOATOTOBKe PYKONICH K Tedaté okasan b. V. Box-
KOB. Bcem mM aBTOPHI BEIDA’KalOT CBOIO ¥ICKPEHHIOI GJarogapHOCTh.

1979 r, AesTopuL



TIABA 1
BBEJIEHNE

§ 1. Homarne muddeperuuanbaoro ypasnenus

B nacrosameii kavre paccmarpusarores nuddepeniunaibuse ypas-
HeHHs, T. €. COOTHOMEBWA MEKJY HEeu3BeCTHOH (QyHKIMeH, ee Ipo-
U3BOJIHBIMM ¥ HE3aBMCHMEIMy IePeMeHHHIMH. Y PaBHEHHHA, COepHa-
mye TMPOU3BOJHbIE MO MHOIMM He3aBHCHMEIM TIepEeMeHHEIM, HA3HIBA-
KOTCA YPAGHEHUAMI € HACTHBLT npou3eolnbir. YpaBEERWA, CoJiepiKa-
e DPOYSBO/IHHE JMITL HO ONHOH ¥M3 HE3aBMCHMEIX ITepeMeHHBIX,
HA3LIBAIOTCH 06LIKHOBEHKbIMY Judidie peHUUBILHUIML  YPABHEHUAMU.,
Wsyuenre cvoiicTe M MeTOROB permenys OGHIKHOBEHHBIX myidhepen-
THAJbEBIX YPaBHEHMII ¥ COCTABIAET OCHOBHOE COMEDKAHME JIaHHOI
KHUIH, JUOTE OOCHefHAA IiaBa IMOCBSTIEHA HEKOTOPLIM CIeHHANBHEIM
KiIaccaM ypaBHEHW B 9aCTHHIX IPOM3BOJNHEIX.

Hesapyvcumyo nepemenHyo, IIpOMBBOLHAA MO KOTOPOIl BXOIMT
B oOnikEOBeHHOe nufdepeniuanpuoe ypaBHeHnme, 00BYHO 0603Ha-
yawr Oyksoit z (mmu Oykboit f, MOCKONBKY BO MHOTHMX CHydYasx
POTb HE3aBMCHMOI TepeMenHo#t urpaer BpeM:a). Hemssecrnyro ¢ynk-
o o6osHagaoT 1epes y(x).

OGriksoBesHoe nuddepennuaibuoe ypaBHeHME MOMKHO 3aIUCATh
B BHJie COOTHOHIEHNS

dy dy\ _
F(-T, y’E’...’ﬁ) = U. (1.1)

B ypasmemme (1.1), nomnmo memsBectHOM (QyHKIHEE, ee mpoms-
BOAHBIX II0 HE3aBHCYIMOMY NIEPEMEHHOMY Z ¥ CAMOTO HE3aBYCHMOTO
MepeMeHHOro Z, MOTYT BXOAMTH K [ONOJHWEENbHEIE IepeMeHHbIe
Py --. MU B 9T0M caydae rowopsar, 9TO HeWsBECTHAS (PYHKNEA 3a-
BUCHUT OT IIEPEeMEHHBIX Mi, ..., Ma KaK OT IlapaMeTpoB.

HNopsapor crapmeii mpomsBopvOil, BXomsawieii B ypasmenume (1.1),
Ha3BIBAETCH nNOPAOKOM YpasHewus. YpawHEHMe TepBOTO IOPSIKA
uMeer BHJ

F(:c, v, Z—g) =0 (1.2)
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M CBfI3BIBAET TPY HEpeMeHHbIe BeNWIHHBI — HEM3BeCTHYIO (JYHRIMIO,
ee TPOYVISBOJHYI0 M HesaBHCHMYI IepeMeHHY. YacTo 3T0 cOOTHO-
IIeH¥ie y[aeTCA 3aH¥MCATh B BHJIE

W = f(z, y). (1.3)

Vpasuenre (1.3) masuiBaeTcs ypapmeHyieM MepBOro MOpsAfKa, paspe-
[IeHHLIM OTHOCHTENBHO NpowsBofuoi. Vsyuenvie TeOpmy OGBIKHOBEH-
uex puQdepeHnuanbabIX ypaBHeHuil Ml HauHeM ¢ ypaemenus (1.3).

Hapsany ¢ nuddepennumansubivy ypasuenusmu (1.1) — (1.3) nna
O[IHOH HeV3BeCTHOM (PYHRINM B, TEOPU¥M OOBIKHOBeHHBIX IyQdepeH-
IUANBHLIX ypaBHeHHI paccMaTpyBaioTes cvcteMmbl ypasnemwmit. Cu-
cTeMa ypaBHeHHW# IIePBOTO TOPAMKA, PAaspeIlleHHbIX OTHOCHTENLHO
ITPOM3BOAHBIX

dy, ,
E:f,-(x, Y ---2 Yn)  (E=1,...,0) (1.4)

HasbIBaeTCH HOPMAIbHOU cucTemoli. BBonsi BexropHbie QyHRUAN
y:(yu---yyn)a .f:(fh-"v.fn),’;

MoxxeM samucath cucteMmy (1.4) B BexTOpHOI (opMe
dy
=T y). (1.5)

Jlerko BupeTh, 9TO ypaBHeHue n-ro mopsaka (1.1), paspemensoe
OTHOCHUTENBHO CTapmieli IPoy¥3BONHOM

d"y dy a1
:f(.l', y,d—w,...,jd—;l?!l/-), (i.6).

dz™

Momter OBITH CBefeHO K HopMalxbHOll cucrteme. [leiictBurennno, Bpe-
neM o003HAYEHUSA

d dy . a1 day,_
Y@ - h@ =g =@ e = =y (@) (17)

TOFIIH, BCJAeOCTBUE 0YeBMNIHOTO paBeHCTBa
dy o dy,
dg"  dx’

ypasuenuio (1.6) MOKHO comocTaBHTL HOPMANBEYIO CHCTEMY.

dyl
dz ‘y'z’

dy,_

& = Ym 19
dyn

dz F KN /PPN Yn)-
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B ypasmenunx (1.1) — (1.5) nesavmcumyro mnepemenmyio GymeMm
nonaraTte pelcteuTeNbHOl. HemsnecTarle QyHKIM MoryT OBITL Kaw
MefCTBUTENBHBIMI, TAK B KOMOJIERCHBIMM (DYHKIUAMHI eiiCTRUTENb-
HOIl mepeMeHuoii.

Ougepunuo, ecau

ylz) = yla) + iyz(x), (1.9

rae y(z) u y(z) — coorreTcTBEHHO MEICTRUTENLHAA U MHMMAS 9YaCTH
dyaxmu y(z), ypasuenne (1.3) skmupanenTHo cucTeMe OOLIKHOBEH-
uplX  audQepeHnMaILHBIX  ypaBHeHME A RelicTBUTENbHBIX
dyurmmii:

&y _ ooy dy a7
E—BE]‘(Z‘, y7y)7 E‘—Imf(x’ Y, y)' (1'10)

Pewenuem cucremsl mudidepenruanvuerx ypasuernit (1.4) naszei-
BaeTCA BCAKaA COBORyNHOCTH Pymrnui y;(z) (i=1, ..., n), Kotopkie
UpH TOJCTAHOBKE B ypaBHeHMA o0paliaioT ux B TompectBa. Hax
NPaBWIo, ¥ Kak 370 GyfeT BUAHO W3 MOCIeqyomux upumepos (cu.
§ 2), ecim nuddepentmanbuoe ypapHEHne PaspeninMo, To OHO 00Ja-
faet GecymcieHHBIM MHOMecTBOM pemenwmit. Ilpomecc maxomxpmenvs
pelliennil Ha3BIBAETCA UHTezpuposanuem Ougdgepenyualbroeo ypae-
HeHus.

O6uauo paccmarpuBaioresa cucreMsl (1.4) ¢ mpaselMu  9acTaAMM,
HEIpepLIBHBIMY B HeKOTOpoil obnactu D) m3menenmsa HeM3BeCTHBIX
$yurmyil y; 1 Hesasucumoll mepemennoi z. OgeBHHO, ITO NPH 3TOM
petrenus y;(x) upencraBusoT coGoit HempepsiBHO nudepenHHpye-
mite QyERmur. ONHAKO B UPWIOKEHMAX MHOYAA NPUXONUTCS HMETh
fleNo ¢ YPaBHEHHAMH, NPABBIE YaCTH KOTOPHIX MMET paspsissl (ma-
npuMep, OpH ONMCAHMM YHAPHBIX HATPY30K, MIHOBEHHO MPIIOFKEH-
HEIX CHJI ¢ T. [I.), TI03TOMY U caMy pemenyia GYIYyT MMeTH PaspsIBEI
npousronmbix. Torja ecrectseHHO B KadectBe petmenua (1.4) pac-
CMaTpHBaTh HenpephiBable QyHROUE Y;{z) ¢ KycOYHO HeIpepHBHbI-
Mu npomapofubiMi. Ilpy ropcTaHoBKe B ypasHenumsa onm puddepen-
NMUPYIOTCA BCIOy, 3a MCKIOYEHMeM Todek paspeisa (mm orcyr-
CTBHAA) TPOH3BONHBIX.

Besroe pemmerme yfz) (i=1, ..., n) cucremn (1.4) wmomno
HHTepIpeTHpoBaTh IeOMETPHYeCKH Kak Kpupyio B (n + 1)-mepuom
IPOCTPAHCTBE TEPeMEHHBIX Z, Y1, --. Yn, KOTOPAA Ha3EIBAETCHA
unTezpaabroli kpueoli. IlogmpocTpaHCTBO IEPEMEHHBIX Y1, ..., Yn
Ha3BIBAeTCA (PA30GLLM NPOCTPAHCTEOM, a TPOEKIWA WHTErpajJbHOI
KpuRBOii Ha ()azoBoe MPOCTPAHCTBO — (Ha3doeoll TpaexTopuel.

VYpasuenua (1.4) onpenmensaior B Kasknoll Touke obmactim D Hero-
TOpoe HampapieHue, 3afiapaemoe Bextopom tT= (1, fi, ..., fu). Ta-
Kasi o0IacTh MPOCTPAHCTBA C 3afAHHBLIM B Kakmoll TOYKe Hampasie-
HYEeM Ha3HIBA€ICH noJgem Hanpasteruii. VIHTerpupoBanme CHCTEMBI
ypaprennii (1.4) reoMeTpiYecKy HMHTEPIPETHPYETCHA KaK HaXOKJCHUE
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KPUBBIX, y KOTOPHX HAaNpaBICHUE KaCATENBHON B KasKmoll TOYKe
COBMafaeT ¢ HaupPaBieHHEM T, 3aJlaHHBIM B JIAHHOM [oJle Hampas-
JreHUH, .

Hax ormeuanoch Beime, muddepenrmainaOce  ypaBHEHMe IMeerT,
BOOOIIe TOROPsA, CecUuCIeHHOe MHOMKECTBO pemenuil. [loatomy, WH-
verpupyn cuctemy (1.4), met majimem OGecCqNClIeHHOEe MHOMKECTBO
HHTErpalbHbIX KDMBBIX, JEKAIMX B O0NACTH OIpefellends MPaBEIX
vacreit cmcremsl (1.4). YtoGHl M3 Beeit COBOKYNHOCTH peinenuii BHI-
NeIuTh OTAeNBHY HHTeTDANBHYI0 KPUBYIO, HPEJCTARIAIMY 060l
TAK HasblBaeMoe uacrnoe pewenue cucremsl (1.4), Hago sapmato jo-
OOJHMTENbHBe ycaopua, Bo MHOMMX Cliyd9asX TakuMM JOIOJHATENb-
HbIMU YCIOBUSIMU SBJAIOTCA HAYAJILHBIE YCIIOBHA

yilg) =90 (i=1,...,n), (1.11)

onpeneisionue Ty 109Ky (7 + 1)-MepHOro mpocrpancTBa mepeMeHHBIX
Z, Y1, .- Ya, UePE3 KOTOPYIO IIPOXOAUT JAaHHAA MHTErpajJLHAA
KpuBasf.

3anava uuterpupopauusa cucreMsl (1.4) ¢ mawansbERIME ycroBHH~
mu (4.11) Hasvinaerca nauasvnol 3edauell wim sadaueti Kowu.

B ppocreiimeM crydae ogmoro ypabBuenwuis

W~ f(z, v) (1.12)

Qynxuua f(z, y) ompepenser moie Hallpasienwit B 10t oGractm D
mirockocrn (x, y), rae samama mpasaa dacts (1.12). 310 bone ma-
npapienuii B Kamuoit Toure obnacty D sapaetca Bextopom t(z, y)
¢ yrioeM woapunmentom f(Z, y)
(tg o =flz, y)) (puc. 1).

Pemenne mawambuoit safaum ¢ sza-
HaHHBIM HagYalbHbIM ycitorueM y(zg) =
= Jp B 3TOM CAydYae 3aKII09aeTca B IO~
cipoeEnn B obsnactu D uurerpaismoir
kpuscit y =y(z), poxomamel u3 Ha-
9abHON TouRM (zo, Yo) M B Kamuoit
cBoeil Touke (z, y) wracaiomeiica Bek-
TOpa T C YroBeIM Koa(purpmeETOM
flz, y).

-978 HAaTAAHAA TreOMeTpHYecKad

Puc. 1. HHTePOPETAIMA  JenaeT OYeBHAHLIM
cllellyiommee yTRepiKeHne.
HAemma (aemma Yanavizuna). Ecau 6 obaacru D naockocru (z, y)
00HO3HAUHO paspewumbl HauasbHble 3adauu das Ougdepenynans-
HOLX YpaeHenuil

K4

dy . dy.
71;1:](1(1“1 y)y Hf:fz(ﬁﬁ y)t
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nposvie HacTU U HAYAILHbIE YCAOBUSR KOTODLIT YO064eT6OPAIOT He-
pasencream

filz, y) < folz, y), (1.13)
yl(.’I?o) = yz(xo), (114)

70 u pewenus y(z) u yolz) cooreercreyroyuz sadaw Koww ecrody
6 obracru D ydoeaereoparor ycaoeuro

yilz) < yola). (1.15)

BosMmoskEH B [pyrue CIocoOBl 3afaBEUA JOHOJMHUTENHHBIX VCIO-
Buil, BEIIENAOIIX OMpefleIeHHOE 4YacTHOE peirenwe cuctemsr (1.4). -
K ux 9ncity OTHOCATCA: TaR HasbIBAEMBIE KPaeRble 3afavd, B KOTO-
PHIX OUpeleJIeHHOe 9YaCTHOe penieENe BRbIfeNdeTca TpeGoBaHmeM,
910GHl YNOBIETROPAINCH JIOHONHMTENbHBIE YCJHOBMA B HECKONBKHMX
pasimEuHBIX TOYRax ofacTi ompefelieHWA pelleHuMsA; 3afadll Ha cob-
CTBEHHbIe 3HAYEHUsA, COCTOAMMEe B OIpeelleHMH HEeKOTOPHIX Hapa-
METpPOB B YpaBHEHVH, IIPM KOTOPHIX CYIIeCTIRYIOT 9acTHBIe DelIeHusd,
YAORIETROPAKIINE MOCTABICHHBIM NOTONHIUTEIBHBIM TPeOOBAHKAM;
33729y HOUCKA MePHMOMMYeCKUX pemlenMil W PAX APYTUX MOCTaHOBOK,
HOSBONAIHMX ONHO3HAYHO BHIZENUTH TpebyeMoe wacTHne movieHue
YpaBHEHHSA. -

§ 2. ®manveckne 2afavm,
npusonAIue K AU pepennaibasIM ypaBHEET Y

B nacrosmem maparpade OymeT NpuBefieH pAJ THUOMIHBIX 3aHad
dusvKM ¥ MeXaHWKM, M3yYeHHe KOTOPBIX MeTOHOM MAaTeMaTHYeCKHX
MofieNteil IPHBOOAT K MCCHeNOBannioo HUPepeHMalIbHEIX ypaRHeryil.

1. Pagnoakruensii pacnag. QDusmuecwkuit 3aKoH, OOUCHIBAIOIIMIL
npollecC PaBMOAKTMBHOTO paclaja, 3aKiiogaeTcd B TOM, .9TO CKO-
pocTh pachajia OTpUIlaTelbHA W TPOTOPINOHANbHA KOJWYECTBY He-
pacriapImierocss K JaHHOMY MOMenTy Bpemenw Beiectsa. Hoaddmmm-
€eHT NPOUOPHYOHANILHOCTY 2, ABIFIOMAAC XapaKkTepHOH JUIA HaHEOTO
BemmecTBa HMOCTOAHNOM, He 3aBUCAIIei!l OT BpeMeHM, HOCHT Ha3Bamue
xosdppunmenta pacmana. MaremaTuueckce BHIpasKeHWe 3aKOHA pa-~
IUOAKTUBHOTO PacHajla mMeeT cliexylomuil Bup:

P = —am (1), (1.16)
rne m(t) — KOAWIECTBO HEPAaCTAaBHIErOCS K MOMEHTV BneMendu ! Be-
mecTBa. J9TO COOTHOMIGHME IipefcrarifeT coboil mrddepennmarbuoe
ypaBHeHWe TepBOro MOPAMKa, paspeilleHAoe OTHAOCUTEIBHO MPOH3-
BONHOM.

Henocpencrpennoit HpPOBePKOE JEerKO yGepMThCA, 9YTO pelleHie

{1.16) mmeer Bup,
m(t) = Ce-at, (1.17)
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rne C — DpoMsBONbHAA MOCTOAHHAA, KOTOPasd MOMkeT OHITH ompefiene~
Ha U3 JONOJHUTENHLHOFO YCIOBUA, HAOPUMEpP M3 HAYAILHOTO YyCJIO-
Busi m(tp) = my, 3amaioOIMero KOXWYECTRO MCXOJHOTO BEIIeCTRA B Ha-
4aNbHBI MoMenT fp. YacTHOe pemieHye COOTBETCTBYIONMeH Hadaib-
HOIT 3a89¥ MMeeT BUJ|

m (1) = mye-oi=to, (1.18)

Ommoit 3 BaKHBIX (DHBWYECKMX XapPaKTEPHUCTHK IIPOIECCca pajimoak-
THBHOTO Pacmajia fBIAETCA BPeMA MOJypacmaja — HPOMEKYTOK Bpe~
Mernn T, 38a KOTOPHIT KOAMYECTBO pacmaaiomerocs BemecTBa YMeHb-
waetcs papoe. Vi3 (1.18) naiimem

m
0 -
—2—' = moe aTﬂ

OTKYyHa

1
T=--In2 (1.19)

OrmernM, wro ypasHeume (1.16) sanlneres MareMaTmYecroit Mo-
[eNBI0 He TONBKO IPONecca DPafMOAKTHBHOTO pacmaja, HO ¥ MHOTHMX
APYIuxX HPOIECCOB JieNeHUA KW pPasMHOKeHUA, XapaKTepusyeMBIX
TeM, 9TO CROPOCTH jleliennia (pasMHOMeHNUA) MPONOPIMOHATBHA KON~
9eCTBY BellleCTBA B JAHHLIH MOMEHT BpeMemy, mpugeM KosQdumuenTt
TPOTIOPIEOHANIBHOCTY €CTh HEKOTOpadA HOCTOSHHAA, XapPaKTepHayko-
mas paccMmarpusaeMsiii nporece. Kax Ml yGemmmmich, THImUsol 110-
CTAHOBKOH 3afa¥ IJA DTOr0 KJIAcCa YPABHEHWH ARISETCA HAaYalbHAA
safaga (3amaua Komm).

2. JiBm:kenMe cHMCTEMB MATEPHANBHBIX 9YacTH. MaTeMaTmaeckoit
MONENBI0 ABIKEHMA cucTeMbl N MaTepHUANLEBIX YacTHI[ MacCchl Mg
(i=1, ..., N), upuaaroii B TeopeTUIECKOH MeXaHUKe, FBIFIOTCS
YPaBHEHWA [BIDKREHHsA, cleqyiolue U3 BTOPOTo 3aKoHa Hoooroma:

dzi‘i drj ..
meagt=F(t rn G Gi=t..m 20

3pecs r;— pammyc-BeKTOpHl wacTir, F;— pextop ewmmi, peiicTry-
omeil Ha i-10 YACTUIYy M 3aBMCAIH, BOOOINE rOBOPH, OT BPEeMeHH, KO-
OpAMHAT I-H 9acTHHBl, B3aMMHOr0 PACHONOKEHNA YACTHI[ CHCTEMEL
u ux cxopocreit. Cuctema (1.20) mpepcraBisier coGoit cucremy N
BEKTOPHBIX YpaBHeHMit BTOporo nopanxa. Eciu maccs 4acTHI] He me-
HAIOTCA B TpONECCe NBIKEeHNA, TO, 0003HAYMB JEKAPTOBB KOOpHU-
HaTHI pannyc—nelgropa r, qegeg i, Yi, Z; U BBOJIL HOBHIE IIepeMEHHBIO

. s Z.

D= %, Viy == Tz—’, Vi = EE (ROMDOHEHTH! BexTOpa CKOpOCTed i-it

wactanpl), Moxenm samucars (1.20) B Bupe HopmanpHOH cucremsr 6N
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YpaBHeHMI HePBOro MOPAMRA:

d:::i dy, dz,
— — i __
ar - Vix at = Viyy = Via
(1.21)
Piw _tp Py _tp B 1
dt m; 0 g m; L T m; izt

Cromnocts nHTerpmpoBauma cucreMsl (1.21) B mepsyio ouepens
-OIpCAeNAeTcd BUAOM TPABBIX dacreil, 1. e. QYHKIMOHAILHON 3aBH-
-CHIMOCTBIO KOMIIOHEHT BCKTODA CHIB) OT HEPEMEHHBIX I, Ti, Ui Ziy Vix
Vi, Uiz BO MHOTMX ClIyd9aAX HONYYUTH 3HAYEHWA YACTHOTO pellieHMs
CUCTEMBl C 3aJJAHHGI CTENeHBI0 TOYHOCTH YHAeTCA JIMIIb YWCJeHHbI-
MM MeTOaMH, MCHoabaysa cospemennsle JBM. TummuHoiél 3apgageit
Jgnsa cuctemsr (1.21) sBnsercs HaualpbHag 3aflavua, BaRITIOYAIOM(ASCH
B OIpeflelleHuu TPAeKTOPUil 9acTHI{ N0 3aNaHHBIM B HAaYalNbHBI MO-
MEHT BpeMeHH [y DONOKeHHAM M CKOPOCTAM BCEX YACTAI[ CHCTeMSI

ri(t) =r?, wvi(t) =0} (1.22)

TPY U3BECTHHIX OPABEIX dYacTAX (3apmaHHBIX BHEMIHMX cUIax, mei-
CTBYIOIHUX Ha CHCTEMY, W CHIAX B3awMofelicTBUA MEmAy HYacTHIa-
mu). Hpyroit Tumwanoil safageit s cucremsr (1.21) sapaserca rpae-
Bag 3aflada oOmpefiesenus TPaeKTOPUH, HPOXONAINel depes 3afiaHHble
HAYAABHYI0 M KOHEYHYIO TOYKM B (Da30BOM mpocTpamcTee. I aroii
3afla¥e MBI, B YACTHOCTH, NPUXOAUM WpH pacdere TPAeKTOpHMH KOC-
MHYeCKOT0 anmapaTa, HAMPaBIsAEMOr0 ¢ 3eMIM Ha
Jlyny miam raxkymo-mubo IaHery.

B psape cayd4aes paceMaTpPUBaIOTCH W APYTHe TO-
CTAaHOBKM .3aJa4u OUpeJlelleHUA 9YACTHOFO PpemIeHus
cucremer (1.21).

BaskesIM gacTHHM ciaydaeMm cuctembl (1.20) ss- D
JigeTcA ypaBHeHue Rojebanuii pusmyeckoro MaATHHU-
ka. OOpunio (HM3MUECKEM MAATHHKOM HAa3bIBAIOT c
a6CcoMIOTHO TBEPLOe TeN0, KOTOPoe MOHET BpalaTh-

51 FOf] eiiCTBHEM CITHl TAIKeCTH BOKPYT HEIOIBUZE- 7
HOi TOpPM3OHTAJIBHOI OCH, He HpoXoisamieill wgepes
nentp Tskecrn C (puc. 2).

PaceMoTpuM c€9eHME JIAHHOTO Tejia IIOCKOCTHIO,
mepreRIMKYNAPHOA OCH BpalleHUA ¥ HPOXonAmeil
gepes HEHTP TAMeCTH. TOYKy mepecedenus ocH
BpallleHyA ¢ HaHHOH ILIOCKocTHIO ofozuaumm O,
OueBupno, nNoNoMenue (QU3MYECKOT0 MAATHHKA B NI000H MOMEHT
BpeMeHn MOJKHO XapaKTepHM30BaTh VITIOM (p, KOTOPHIi COCTaBlsierT
mpamasa OC ¢ BepTHKAILHOH OCBIO Z, NPOXOAsAmmiell wepes Touky O.
Jlna BeIBOa ypaBHEHWA [BIGKEHWA BOCHONbS8YEMCH BTOPHIM B3aKo-
woM Hpioroma B OpHMeHeHMM K BpamaTessHOMY Inwmwenno (yrio-
BOE yCKOpeHHe NPONOPIHOHAILHO IIaBHOMY MOMEHTY BHEIIHUX CHi).

Z
Pre. 2.
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Torpa, nperebperas cmaamMu COONPOTUBICHEA, HOIYIHAM
d2q>
de?

rge I — MOMEHT UHepIUM Tela OTHOCHTENHHO OCH BpamleHus, a d —

paccrogaue or Toukn O no menrpa Taskectd C.

O6Giee ypasmerme (1.23) xoneGanmii PHBHIECKOr0 MAATHHKA SB-
Jigercss HejuHeilEHIM. B clydae Maneix koneGamuil, orpaHMYEBAACEH
TEPBHIM WIEHOM pPa3ioKeHUs QYHKOUM Sin @, TOXYIHM

2

29 4 o2 =0, (1.24)

dt
rae depes ©? oGosnaueHo oTHomeHue 0®=mgd/I. Ouesnnmro, pasvep-

Hocts [w) =1/c, uTo um ompampsiBaer BBeleHHOe 0Go3HaweHHMe. Sa-

MeTuM, 9r0 B ciyuae ypasHenus (1.24) Bosspamatomias cmima mpo-

IOPIMOHANBHA BeMYMHe CMEINeHUs 0T IOJNOMKEHNA DPaBHOBECHA.

Har nmerko yGenurbest Hemocpe[ICTBEHHOII mpoOBEpKOil, ypaBHEHHE
(1.24) umeer mepuofUYECKYe peHIeHMA IaCTOTH ©:

¢(t) = A cos ot + B sin of, (1.25)

rie A m B — npousponsHEble IOCTOAHHbIE, OHPENEIAINIUE AMILIATY-
Ay mepHonnvYecKux KoJebaHwmil,

Ilpu yuere cuwr CODpOTHBIEHWHA, NPONOPUIUOHAILHBIX VIIOBOM
ckopocry, ypasuenme (1.24) nepefiner B ypanEeHme BUIA

= — mgd sin ¢, (1.23)

2
% +a2 4 org=0. (1.26)

Rax Gyner moxasano mmxe (cm. rit. 3), ypasmenme (1.26) -ompe-
[eliseT 3aTyXaoine KoreGaHms,

3. Ypasnenus mepenoca. Ilycrs mo tpyGe mocrosmporo momepew—
HOTO CEYEHHUA, OCh KOTOPOIl COBIANAeT € OCHI0 Z, ABUIKETCH HOTOK
BO3/[yXa, CKOPOCTh KOTOPOTO BHONH OCM TPYOBI B TOUKE I B MOMEHT
Bpemenn © ectb 3agamnas ¢ymrmun v(z, t). Hycrs Bosmyx mepeno-
CHT HEKOTOpPOe BellleCTBO, JUHEHHYIO INOTHOCTH KOTOPOTO B CETCHUH
TpyOBl ¢ KOOpMHATOl x B MOMeHT BpeMeHu { oGosHa1uM u(z, t).
B mponecce meperoca BeIeCTBO OCa’KIaeTCs HA CTEHKAX TPYOHL.
ByneM cuwmrarh, 9TO IIOTHOCTH PACTPENENIeHHA OCHKIAOIIErocH Be-
mecTea 3agaerca BoipaskemmeM flz, ulz, t)(flzx, t) — sapamnan
¢yurnua), T. e. DPONOPHMOHANBHA KOHIEGHTPAanu# BeimecTsa (aTo
MOKHO PacCMaTpUBATh KaK JUHeWHOe Ipubimyxenne K Golee CI0m-
HOMY 3aKOHY, COpaBeJIMROe IIPH JOCTATOYHO MANBIX ). JTO 3HAYMT,
YTO KONEIECTBO BeIIECTBa, KOTOPOE OCAIKAAETCA HA YUACTHE CTEHKH
TpyGH MeKAy cedeHHMAMH = M =+ Ar 3a UPOMEKYTOK BpeMeHH

I1, t + Af), maerca zaxonom
xAx 1AL

( (& t)u (g, t)dédr.
y
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Ilna monmywerua puddepeHaALHOr0 yPABHEHHS OTHOCHTENLHO
u paccMmorpmm 6ajapc BeIdecTBa B OONACTH MEKIY CEYEHVAMH &
g 2 + Azx. Tlponece muddysnu me OyneM yauTHIBaTh, YTO €CTECTBEH-
HO, €CIH CKOPOCTH D HOCTATOYHO BEJHKA.

3a Bpemsa Af nzMeHeHHE KOJIWIECTBA BEINECTBA B paccma’rpnnae-

MO# o0JIacTi paBHO
x4-Ax
[u( ¢+ Af) —u(E, )] dE.
x

JT0 W3MEHeHHe OIpelNeNAeTCA, BO-IEPBBIX, PasHOCTHI0 TOTOKOR BE-
mecTBa: BTEKAaKOMIero depes ce9eHNe I I PABHOIO

At

v(z, T)u(z, 1) dv

¥ BHITEKAIOmero gepes ceuende x 1+ Az u paBHOro
t+At
v{z+ Az, Yu(z + Az, 1) dv,
t
8, BO-BTOpHIX, Y6BIJI!>IO ROoJIAYeCTBa BeEIeCTBa 3a CYeT OcasKIenuf
Ha CT€HKe, paBHON
*LAX £ AL

1€ D) u, ) didr.

x

Taxum 06pa30M, 3aKOH COXpaHeHUs BelnecTBa liaeT
x+Ax

[u@E t+Al)—u(g ) dE=

t+AL
= | p@ e 9 —vE+ bz, Yu@ + Az, Dl de—
t

x+Ax t-+Al
~ | (ievuevaar. w2
4

x

Tomesysice Teopemoil 0 KomewHOM HpPUpAINEHNH Ui DOJBIHTErPaib-
HBIX BBIPasKEeHUIH B HPERITIONOMEHUN HANMYUA HENpPepHIBHEIX YacT-
HBX MPOM3BOHHEIX y PACCMaTPUBAeMBIX (DYHKIUA H BHIUCHAA WH-
Terpaysl [0 TeopeMe O cpelHeM, MOIyIuM

D (@, Dl ATAE = — (v (2, %) 1 (, 14¥)) AxAt —

Rl

—’f(x***,.t***) u(]'***, t***)AxAt, (1-28)‘

2 A. H. TuxouOB m np.
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rae ¥, pFE, pREE gk pkR pExk  pgegoTOpEIe TOYKM K3 OTPE3KOB
Iz, =+ Az}, [t, t+ At] coorserctrenno. Jlensi 3aTeM PpaBeHCTBO
(1.28) na AzAt m ycrpemuain Az m At ® HyIIO, B CHIy HEIpPepHIB-
HOCTH Bcex ulieHoB cooTHouremms (1.28) monydmm oroHWaTeIbLHOE
VpaBHeHue

2+ L (w) + fu=0, (1.29)

nun
-Z—Z-A—v(x, t)-g—z-—[—c(x, Hu=0, (£.30)

rme
c(a, 1) =2 (z, ) + f (z, 1). (1.31)

Vpasuenme (1.30) spnserca ypasHeHNMeM B 4YaCTHBIX HPOM3BONHBIX
nepsoro mopapka. s Hero MOKHO HOCTaBMTh, HaUpPMMep, CIERYIO-
myo safgady. 1lycTh M8BeCTHa KOHIEHTDALWA BeINeCTBa IpH I = Tg

u(zo, t) = uo(t), (1.32)

rie uolt) — sanaunan QyErgua. TpeGyerca ompemerwts wlz, 1) mim
z = zo. Hme (8B ti. 8) MBI yBummM, uto ycaosme (1.32) opmosnau-
HBIM ofipasoM ompepenser peimenme ypasmenwmsa (1.30).

4. 3ajaua 0 mpocauMBaHMM BOMIN CKBO3b mecok, llycTs Bopma mpo-
caunpaeTca depes mecor ceepxy muwm3. HampasmMm och z nums. Uepes
u(z, t) ofosmaduM IIOTHOCTH BOmH B mecke (¢ — Bpems). Cropocts
JBIFKEHMA BOABl U, OYEBHIHO, 3aBHCUT OT €e ONOTHOCTH, T. €. U ==
= v(u), rne v(z) ects Bsamampas QYHKIMA, OpUYeM U BO3pacTaer
BMecCTe C L.

Pacemorpum Ganauc BoAn! B cner [z, z + Azl. 3a Bpema At us-

x+Ax

MeHeHHe KONMYecTBa BOMBI PaBHO Y [v(E, t-+-AL) —u (&, 1)} dE. 3o

V3MeHeHne HOPOUCXOAMT 3a C9eT PasHOCTH BXOOAIET0 IOTOKA
At
v(u(z, t))u(z, tv)dv

¥ BHIXORAIIETO ITOTOKA
tHAL
v(u(z -+ Az, 1)) u(z + Az, 7) dr.
i
Taxum obGpasoM,
©4AX

S [u(E, t 4 At) —u (g, 1)) dE =

t-+At

I

[v(u(z, ©) u(z, 7) — v({u({z + Az, t)) u(z -+ Az, 7)l dr.
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Tlpenmonaras HajiMyue HEIPEPHIBHBIX YACTHHIX HMPOMSBONHBIX ¥ U
u puddepeniupyemMocts v(u), OPUMEHAM TeOpeMy O KOHEYHOM ITpH-
pammenun u (POPMYNy CpefHEro 3HAYEHWA JUIA BBIYMCIGHWA HHTETPa-~
non. Iopmemur zarem ma AzAf, yerpemum Az um At ® mymo. Ilomy-
9NN ypaBHEHME

a
-—ati—l— F (v(u)u) =(,
niny
P =0, (1.33)
rie
p(w) =v(u)+u-— (1.34)

ecTh 3alaHHaf (PYHRIHUA U.

Vpasuenwe (1.33), tax me wax u (1.30), asiserca ypaBHeHNeM
B 9YaCTHBIX [POMSBONHBIX HEePBOTO NOpaAAKa. THONYHBIME 3afagaMyr
VI Hero sABIATCA Kaxk 3apmanve gynwuma u(z, t) npu QuKcupo-
BaHHOM 3HAYEHWM I = Zo:

ulxg, 1) = ugy(t)

(1. e. 3ajjana TUOTHOCTH BONHl Ha TPAHMIE CIOA IECKA BO Bce MO-
MEHTHI BpeMeHHW), Tak M 3aflanve QYERnUN u(z, t) DAz PuKCHpPO-~
BaHHOTO MOMeHTa { = lp:

ulz, to) = u(x)

(1. e. 3afiano pacmpeseledue IUTOTHOCTH BOABI IO Pa3pesy CIOf mec-
Ka B OIPEAEeNeHHEI MOMEHT BpeMeHnu fp).

OrmeruMm, wro ypasmenme (1.33), B woTopoM wmmuommrens p(u)
1IpU IPOMBROMHOIT 3aBUCHT OT HEM3BECTHOU (PYHKINM, ClIoiKHee ypaBs-
wernna (1.30), B xoTopoe Kak DpPOMBBOMHBIE HeM3BeCTHON QyHRIMH,
TaKk W caMa HEM3BeCTHas (YHKOMA BXONAT Jjmueiino. Ypasrenme
(1.33) mocuT HaspaHMe KBasWIHEHHOro ypasnenwusa. Visydemnio xsa-
RUIMHETHEIX ypasuenuil Oyjer nocBaAlleHa I, 8.

5. KoneGarus ynpyroro crepsksa. PaccMoTpuM safiagy O Maibix
OPORONBHBIX KojJebanusax ympyroro crepmua. llycrs » wemedopmn-
POBAHHOM COCTOAHMHU CTePeHb MMeeT IiMHy [, 0cbhb ero coBuajaer
€ OCkI0O Z W B Iporecce ero KomeGammil o neficTeueM BHEMIHUX
CUJI, HAPARJNEHHBIX 10 OCH %, TONEPedYHble CEYCHWA CTEPHKHA CMe-
WAIOTCA KAk Ielioe, He AeOPMUPYACL B CBOEil MIIOCKOCTH. Tor,ua
nporece KolreGanmii CTEPMHA MOMKHO XapakTepHsoBaTh OZHON cKa-
sAapuoil gyHKIMell u(z, 1) — BeIMUMHON CMeINeHMs B MOMEHT Bpe-
MemHu I cevyeHWA CTEPyKHsA, MMEBIIETO B Hee(DOPMUPOBAHHOM COCTOs-
HUY KOODJMHATY . Bylem paccMaTpWBaTh CTepiKeHb HepemMeHHON
niortaoctn ©(x), momamnsomuiica 3akony I'yka: ympyras cmia, ne-

2%
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PopMupyOImas GeCKOHeIHO MalBIil IeMEHT CTepHHSA, 3aKIIOYCHHBIL
MERIY ceueHmaMM Z B X + Az, OpONOPIMOHAIBHA OTHOCHTENbHOMY
yoHenuio 3toro sieMenTa. HosddummeHT UpOmOPIMOHaBHOCTH
(koa(pumuenT ympyroctm) Tarsxe OyneM CUMTaTh NEePeMEHHBIM BJIOJDb
cTepsua ¥ obosmagum ero depes k(z). Ilomcamraem ormOCMTENHHOE
yIIMHeHWe & BeIeltenHoro sxaementa. OvemnjiHo, [UmmMHA 3TOTO 3lie-
MeHTa B MOMOHT BpPeMeHM { paBH&

Al= (z+ Azx) tulz+ Az, t) — z —ulz, t) =
=Az+tulz+ Az, t) —ulz, 1),
OTKyJia OTHOCHTEIbHOE YIIMHeHMHe

B_Al—Ax_u(x—i—Az. )y —ulz, t)
T Az - Az -

(1.35)

Tlepexona B Bupasenmn (1.35) x mpeneny npm Az — 0, mpenmona-
rasa QyHKuO u(z, t) HenpepslBEO jddepeHpyeMoil U BOCIOND-
BoBapIICch 3akoHOM I'yRa, MONyduM, 9TO cMia YHOPYTOro HalpAxke-
HUS B CedenMHM Z, JlefiCTBYIOIast CO CTOPOHBI NpaBodl WacTW Ha Je-
pyio, pasna k(z)u.(z, t). 3amermMm, 9TO TOIy9EHHOe BHIpaKeHUe
VIS CHJTH YUPYTOTO HANPAKeRHWA CIpaBelIuBo JNMIb B Clydae Ma-
ABIX KoneGamuii, KOTIa MOKHO IpuMeHATH 3akoH I'yra k Oecromeu-
110 M&JIOMy SJIEMEHTY CTepiKHsL. -

Yqo6sl HOXyYMTH ypaBHeHWe Kolebamuii CTepykHA, TPUMEHUM
Bropoii 3axom HeloTona X BeIgelennoMy aitementy. Bymem cawmrats,
9T0 RBHOUIHWE CHJH, MPWIOMKEHHBE K CTep:KHIO, pacipefeleHsl
¢ TWIOTHOCTRIO f(x, t), TAK 970 MMIYJILC CHIBI, AeMCTBYIOINE] Ha dlie-
Memi . 2a mpoMe;xyTox BpeMeHW Af, pasen

t+Al x4+Ax
ar={ [ 7 vdn (1.36)
i %

Kpome TOro, Ha rpaHNYHHE CEYEHWS BHIJIETOHHOTO dIeMeHTa nei-
CTBYIOT OIpeflelleHEEe BbINle CHJIBI YIPYTOTro HAaNPSiKeHUA. Torpa
ypaBHeH1e BTOporo 3axoHa HeioTona sanuimercs B Bujie

x+AX

lp®uE t+ Ay —p@E) u (g DI =

t4-Al

= (k(z -+ Ax)u, (z + Az, ©) — k(@) u, (2, v)] dv +

Ly AL x4AX
+ [ | revaa @
t x

910 — maTerpopudPepernuanpuoe ypasuenne KoneGanuit ympyroro
crepna. lpeanonaras HempepslBHYIO fnQdepeHnupyeMocTs PyHK-
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Tiull, CTOAINMX B KBaJ(DaTHBIX CKOORAX MO WHTErpajaMM BHIPAKEHMSA
(1.37), u nempepmBEOCTH f(z, t), MCHONB3YA TeopeMy ¢ KOHEUHBIX
MPHPaIfeHuAX ® BBIYMCIAAA MHTEIPAJH IO TeopeMe O CpejHeM, o-
JIy9uM

(@) uy (z”, L) |t=t* AzAl =

= 56; (ke (%) s (T, T |, _ue ATAL | (2%, 1***) AzZAL,

rae z¥, x¥¥ gp¥EE pE pFX | pREX . HeKOTOpHIE TOYKHM U3 OTPE3KOB
[z, = + Azl, [, t + At]l coorsercrenno. Ilomenns ma AzAt m mepe-
xona K mpepeny npu Az — 0, At — 0, B cuiy 33elleHHOT0 BHIIE yC-
nopus raapkoctu  Qymxowit ulz, 1), plz), k(z), flz, 1) nmomyuum
OKOHYaTeAbHO Au(pdepeHnuanbiOe ypaBHEHNE NPONONLHEIX KOJeda-
HUH yOPYroro cTepyKasa

p(x)uy(z, t)y = [k(z)u.(z, t)l.+ f(z, ). (1.38)

310 — ypaBHEHFEe B YaCTHBIX NPOMSBOAHBIX BTOPOLO MOPAHKA, ABIA-
Joreecs MareMaTHIecKOH Molenbio koneGaHMi B HpOCTPAHCTBE M BO
BpeMeHH HempepHBHOH ynupyroil cpeppl. B cratuueckom ciywae
{u,=0) crepsreHb Nop AeliCTBHEM NOCTOSHHON BO BpeMeHH BHeIIHeH
CHNBL. B CHI YHOPYIOro B3aHMONEHCTBHA NPUHHUMAET HEKOTOPOe CO-
CTOAHNE CTaTHYECKOro PaBHOBECHS, KOTOPOE ONUCHBaeTCH OOBIKHO-
BeHHBM nr(pepeHIantbHbIM YpaBHEEHNTEM

[E(Dul2)] + flz) =0, (1.39)

Tunuunoit 3anavet nus ypasmenus (1.39) sasnnerca kpaesas sapaua,
KOrfla 3afal0TCA CMEILEHHMS TPAHWYIHBIX TOYEK CTEPIKHA

u(0) =uo, u(l) =uy, (1.40)
nin garrareHHA, HpI/IJIOH{eHHbIe K l‘paHH‘{HLIM CegeHu M
E(0)u.(0) = fi, k(Du(l) = —fo. (1.41)

B pape ciydaeB HpUXOAMTCA paccMaTPHUBATh W JPYTHE MOCTAHOBEH
KpaeBHIX 3ajad.

O6mee ypaBmenme wosieSanmii pacrpenenennoii cucrems: (1.38)
nepexoiuT B oOBIKHOBEHHAOe nud)epeHINANBHOE YPABHEHNE U B TeX
CIAYYaAx, KOTAA pacCMaTpUBAIOTCA HEPHONUYECKH KojAebaHws, Iponc-
xonAmue Mo ne#icTBueM IepUONMYECKON BHemmenrr cuinl. Ilycers

flz, 8) =F(z)cos wf. Bymem nckats pemenne (1.38) taroke B BHOe

ulz, t) =ulz)cos . Torma pna ulr) — aMmapTymsl mepHOmEge-
CKuX KoseGaHuHU, YCTaHOBMBOIMXCA B CHCTeMe 1Ofl feficTBMEM nepuo-
JM4ecKoll BHEUIHEH CHJibl, NOoNyIuM oObIKHOBeHHOe mupgepeHalL-
BHO€ VpaBHEHHE

[E(2)T, ()], + 0?plz)i(z) = — F (). (1.42)
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Tunugaoit Kpaeeoil sagadell onpefeleHHs 4aCTHOIO DPEIMCHWsS ypab-
perna (1.42) onars aengerca KpaeBas 3aaYa ¢ TPAHUYHBIMU YCJO-
puamy tana (1.40), (1.41) unm Gonee CAOKHOTO BHJA.

B pape ciyuaes mHTEpec IpeJiCTaBifeT OUpeReNeHHe 9acToT c00-
CTBEHHBIX KOJe0aHUH CHCTEMBI — 9aCTOT T€X YCTaHOBHBIIMXCA e~
PHOIMYECKUX KoJe0aHWl, KOTOPHE BO3MOKHEI B CHCTEMe IpPH OTCYT-
CTBHH BHONIHMX CHJ, KaKk paclpefielleHHBIX, TAR M COCPEAOTOYEHHBIX
B TPaHUYHBIX CEYeHMAX. JTa 3a7a4a CBOAMTCA K Kpaesoil 3ajaue
nasa opHopopHoro ypasuenus (1.42):

[k(z)u.(2)]. + o?p(z)ulz) = 0. (1.43)

TpeGyeTcss onpenenuth Te 3HAYEHMA NapaMerpa ®?, IpH KOTO-
peix ypasrenme (1.43) umeer HeTpHMBHANBHOE pelIieHDe, YAOBIETBO-
psaioIiee 3ajaHHbIM ONHOPONHEIM TPAHHYHBIM ycioBuaM. Takas 3a-
HaYa HOCHT HasBaHMe KpaeBoil 3ajlauu o COOCTBeHHBIX 3HAYCHUAX.

6. Ypaseenue TemionpopoguocTd. OfHEM M3 THOHYHBIX ypaBHeHmiT MaTte-
MaTHYecKoil (U3MKM fABIseTCs yPaBHEHME TEIIONPORONHOCTH, K BHIBOY KOTO-
poro mEr ceiwac mepeiinem. TennoBoe cocToAnme Tena D MOMKHO OnmcaTh ¢ HO-
MOHTBI0 CRANApHOU QyuRumn u(M, t) — TemuepaTypsl B Touke M Tea B MOMEHT
Bpemeny t. TemnofmaruecKne XapaKTEPUCTHKHN Tella ONMCEHIBAIOTCH (QYHRIMAMA
nnoteoctr p{M) u TemmoemiocTH c(M), KOTOpbIe B DIMPOKOM WHTEPBaJE TEM-
HepaTyp MOMKHO CYMTATH He 3ABHCSAIINME OT TeMEEepaTypEHl, a Tawite kosg@mum-
€HTOM TeIJonpoBoHOocTH K (M), sABimomuMces KO3(QUIMEHTOM NpPOmOpIuo-
HAJIBHOCTH MEMNy INIOTHOCTHIO MOTOKA Temda uepes 3MeMEHTAPHYI ILIOMIANIKY
AS w TpajuemTOM TeMOEpPATYyPHl B HANpPABIEHHH HOPMANH K 3TOH IUIOI{afiKe

ou
Ag == —k(M)g;zAS. (1.44)

MsI cuMTaeM HOTOK TeIIa HANPABICHHHIM_ OT 0OJiee HArpeToil CTOPOHHI LIIOM[AN-
KO K MeHee HATpeTOil (TPafMeHT TeMIepaTypsl B 3TOM HAIPABIEHUN OTPHOATE-
jleH), 9TO ompefeNseT 3HAK MuHyc B (opmyne (1.44).

Y1065 HOCTPONTL MATEMATAYECKYIO MOJIeNIh M3MEHEHNA TeMIepaTypH B pac-
¢MaTpMBAEeMOM Telle, COCTABEM ypaBHeHme Oananca. lsmenenne xonmiecTsa Ten-
na B smeMeHTe o0bema AV aa npoMesKyTOK BpeMeHH OT MOMEHTA ¢ [0 MOMeH-
Ta t -+ At:

AQ, = Y ¢ (M) p (M) [u (M, t -+ Aty — u (M, £)] AV (1.45)
AV
oIpeJleNAeTCA MOTOKOM TeIjia gepes GOKOBYI0 HOBEepXHOCTH AX paccmaTpEBae-

Moro o0bema:
LAt

AQ, = f Sk(M)gi;dodt (1.46)
A

(zpomsnofinas OepeTca N0 HANPABIEHNIO BHEIIHEH HOPMaUm, 970 ONPENEIAET
sHaKk IMoc mepef wHTerpamoM B (1.46)) H KoamiecTBOM Temia, BEIAENAEMOrO
BHEIIHEMI HMCTOYHHKAMH, pacOpelleleHHEIMA B IPOCTPAHCTBE M BO BPEMEEH
¢ maotrocTeio f(M, t):
tHAt
AQ, = j (7, v av . (1.47)
Av
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Himeem

AQ, = AQ: + AQs. (1.48)

IlpeoGpazoBaB NMOBEPXHOCTHEI WHTErpal B BRIpakeHmn mis AQ; 1o Qopmyie
Ocrporpafickoro {IpH STOM MEL mpefmonaraeM HeoOXOuMylo TIaIKoCcTh (DYHK-
ouit k(M) w u(M, t)), noryauM MHTerpaibHOe cooTHOIIeHHe Oajamca Temna
B BHJIE

[ ccany p () [u (a1, 1+ 80) — w21, ) 0V =

AV
f+.At t+'Al
— 5 Ydiv [ (M) grad w (M, ®)} aV du+ | (rmvaven. a9
1 AV t AV

3aMeHNB BEIpaJKeHME B KBaJApaTHEIX ckoOxax B neBoil gacty (1.49) mo ¢op-
MyJie KOHEYHBIX NPHUPANeHUH, BEMUCIAS HHTETPAXH IO TeopeMe O CpexHeM
3Hagenym m Oepexofif B NONYyYeHHOM BBIpasKeHHH K npenelly upu AV — 0, At -0,
ponyuum auddepeHIHAILHOE YPaBHEHHe, KOTOPOMY YAOBIETBOPHET TeMOepaTy-
pa BHYTpH Teia D:

¢ (M) p (M) i;%‘ = div [k (M) grad u (M, t)] + f (M, 1). (1.50)

Ilpu 3TOM, TaK Xe KaK W NpPA BEIBONE ypaBHenns ynpyrmx KoxebGammit (1.38),
MBI IpefmojiaraeM, 9T0 HenssecTHasn QyHROuA u (M, 1) v Ko3pPUIHERTH ypaB-
mermna (1.50) obaapanwT HOCTATOTHOR IIARKOCTHIO.

VYpasuenve (1.50) aBaseTcs ypaBHeINeM B YAaCTHBIX NPOH3BOIILIX — MBI
NOCTPOMIIA MATEMATHYECKYI0 MOJelb H3MEHeUMs TeMOepaTypel M B HDOCTpaH-
¢Tpe n BO Bpemenn. CTanmoHapHOe pacmpelielieHNe TeMUePATyPH HOX JleliCTBHEM
HE3ABUCAINNX OT BpeMEHHN #CTOYHUKOB OLNCHIBAETCH YPaBHEHHEM

div[k(M)grad u(M)] + f(M) = 0. (1.51)

370, BOOOIIE rOBOPs, TAK/KE ypPABHEHWE B YACTHBIX NIPOM3BOJAHEIX — TEMOEPATY-
Pa 3aBMCHT OT HECKOJBKMX NPOCTPAHCTBEINBIX KOOpAuHAT. B wacTHOM cnyuae,
KOIJla CTALMOHApHOE pacupefielleHrie TeMIepaTyphl 3aBACMT TOJNBKO OT OXBOH
HPOCTPAaHCTBEHHOU KOOPIAMHATEI, HAIpUMepP B CIydYae pacOpeficieHHs TeMmile-
PATypHL B CTep:KHe ¢ HPONONBHOM OCHI0 z, MONy4nMM OOGBIKHOBeHHOe Antpepen-
HANbHOe yPABHEHHE

[E(z)ux(z)]a + f(x) = 0. (1.52)
THTERIEHME sajlagaMp OTpeieleHus JacTHEIX penieHnit ypasmenns (1.52),

Tag Jke KaKk ¥ B cliydae ypasHenus (1.39), ABIAIOTCA KpaeBble 384adYd C 3aJlaH-
HEIME TPAHWYHEIME Y CIOBAAMM.



TJIABA 2
OBIAA TEOPRA

§ 1. dneMenTapHble METO/ibi MHTETPHPOBAHAA

Pemenve nuddepeRnualbHOro ypapHeHHA, KaK NpaBuio, He yHa-
eTcsi BEIPasHTh B BH/Ie BJEMEHTApHHIX (DYHKIMH Hau KBafpaTyp OT
HEX ¥ Jis TONyYeHHA YACTHHIX DeNIeHHil HpUXoRmTcAa NpuHOeraTh
K pasivdHBIM 9YUCIEeHHBIM MeTrofaM, 3QQeKTHBHOCT KOTOPHIX HEH3-
MepHMO BO3pOCIa ¢ MOABJEHHEM ¥ pasBUTHEM cospeMmeHHBIXx OBM.
Onnaro no noaenenma 9BM crpemnenwe «upomurerpupoearh nud-
depenuaIbH0R ypaBHeRHE B KBajipaTypax» ONpPelelAli0 ONHO H3
OCHOBHBIX HANIDaBJIEHUH B HCCIef0Banud obhkHOBemnblx upgepen-
NMaibHEIX VPQBHEHHHE ¥ HPHBEJO K IOABIEHMIO MHOTOYHCICHHBIX
cupasounmkos ¥) no pemenuo muddepeRmuaILHEIX YpaBHEHHIA,
B nacrosmem naparpadie M KDPAaTKO OCTAHOBUMCH Ha HEKOTOPHIX
mpocteimux # Hambolee PacIPOCTPAHEHHHIX B HPWIOKEHHMAX CIy-
gaax, KOrja yHaerca UONYJYHTh pellieHVie YpaBHEHWS NEpBOTO I0-
pagka

— =1 y) (2.9)

B KBafpaTypax. 3aMeTHM cpasy, ¥TO BO MHOLHX 3afjaudaX FeoMeTpH-
wecKoro xapakrepa mepemennsie x ¥ y B (2.1) pasronpasmEs. 910
JiaeT ocroBaHMe Hapsapy ¢ ypasmeHmeM (2.1) paccmatpmsate m ypas-
HeHne

dz 1 -
CRIEY (2-2)
2 TAKJKe YPaBHEHEe IEepBoro OpAAKA, 3allUCAHHOe B BUJE
fi(z, y)dz+ fo(z, y)dy = 0. (2.3}
1. Ypasaenne ¢ pasfensiomuMucsx nepeMeHHsiMM. Tar HasbiBa-
€Tca ypapHeHHe BHAR
fi(z)dz + fo(y)dy = 0. (2.4)

*) Cu., panpumep, Hamke 3. Copapounuk no o0mxmoenHsM Juddepen~
npransALM ypaBHeHnaM, n3fl. 5.— M: Hayxka, 1976,
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HpepmonomuM, 4970 370 ypapHeHHE WMEET peNieHne B HEKOTOpol
ob6aactn D = {lz — zol < a, ly — yol < b}. Oynruyn fi(x) n foly)
onpenedeHHl W HEUPEPHIBHH  COOTBETCTBEHHO Ha |z — zol <a
u ly — yol < b. TopcraBus ato pemenwme B (2.4), Homxyuum TOMKIE-
CTBO, MHTETPHPYH KoTOpOe, GymemM mMeTh

_ jf, (z) dz + | 1, (4)dy = const. (2.5)

Heonpenenennsle uarerpans! 8 (2.5) mocar maszpamme kKeadparyp, ot-
Ky/la ¥ BOSHHMK TE€PMHH «MHTerDHMpOBaHVE ypaBHeHHA B KBaJpaTy-
pax». Boipaskenne (2.5) mMoskHO mepenmcarh B BuAe

O(z, y) =C,. 2.6)

xoTopoe osHagaer, aro ¢pyrruma Oz, y) coxpamser HWOCTOSHHEIE BHA-
wenus Ha pemenusx ypasmemrua (2.4) (pasnmamsiM pemmenusM oTse-
9aj0T PasAMYHbIe IOCTOSHHEIE).

Ilpn wampoMm ¢ukcupopanmoM sHauenwm C seipaenwe (2.6)
onpepenAeT HexoTopoe dYactHoe pemenue y =y(z) ypasmemua (2.4)
KaK HeapHYI0 ymKmuio nepemernHoro z. Ecau me C paccmaTtpusaTth
Kak mapaMmerp, To seipaxkenue (2.6) ompepesnser cemeiicTso pemenmit
y = ylz, C). Bwipamenne (2.6) naspiBaetca uwrezpatom CooTBET-
creywoniero gaddepennuanbaoro ypasueina. Eciu seipamenne (2.6)
uau B Gonee oOmiem ciydae seipaskemue sufia O(z, y, C) =0, B wo-
topom C paccMaTpuBaeTcs KaK HapaMeTp, OlpefleNseT Bce MHOMKeCT-
BO pelIeHMH COOTBeTCTBYIOIEro auddepeHnuanbHOr0 ypaBHeHHA, TO
970 BHIpayKeHHE HasbBaeTcA o0wum uHrezpasom pamHOro pudde-
PEeHNMAJbHOTO YPAaBHEHMs, a NOAYYeHHOE M3 Hero BEIDaJKeHHE Y =
= y(z, C), copepmallee Bce peNIeHUs MAHHOTO yPaBHEHWA, HA3bI-
Baerca ofun pewtenuer AaEHOTO Au(PepeHnMaIbHONO ypaBHEeHHH.

Bripamenrue (2.5), oueBufiHO, ABAAETCH OOLIMM WHTErpajioM ypas-
menua (2.4).

Urobsl BHIIEINTH YacTHOE pemenue ypaenenus (2.4), onpepense-
Moe HauaJbHBIM YCIOBUEM

y(zo) = yo, (2.7)

JOCTAaTOYHO B BbipaskeHzm obmero mHTerpana (2.5), sanucammoro
B BHJle

x Y
s f1(2) dz + sz (y)dy = Cyy

Yo

onpegenury nocroauuayio C). TpeGosanme ymopileTBOpEHHA HAYAdb-
pomy yenopuio faer C) = 0, oTKyfja BCKOMOe 9YacTHOE pelleHHWe B He-
ABHOIL opMe ONpefesAeTcH HHTErPAIoM

x y
(h@d+ [ wa=o. (2.8)
Xo Yo
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Hpumep 2.1. [IpocTeiinM ypaBHeHHEM C Pa3fleNsiONUMACH HEPEeMEHHEL-
MUY SBJISIETCSI ypABHEHMe
dy

=1 (2.9)
Ero obmuit nHTErpal mMeer BUL
y— [foraz=c (210)

¥ YacTHOE pellieHWe,y/IOBIETEOPAIOLIee HAYAIPHOMY yeioBuio (2.7),—

x
v= 1@ a -ty (2:11)
%o
B vactHOM ciyuze ypasHenus (2.9) ¢ HOCTOSHHOI HpPaBoil YacTBHIO
dy
az — ¢ (2.12)

HONY9IHM 9acTHOe pellieHde, yHOBIETBOPAIOIEe HAYANLHOMY yYCIOBHIO (2.7),
B BHJIE

y = alz — z0) + yo. (2.13)
Hpumep 22.
dy y
dr = f(’z—) (2.14)
CrenaeM 3aMeHy WCKOMOII HepeMeHHOH, HONOKUB z = y/z. Tak Kak mpm 3TOM

di dz
y = xz, % =z G- -}- z, To ypaBueHne (2.14) mepexXOBHMT B ypaBHeHwe

dz
e +2=1(3),

KOTOpoe MOKeT OHITh 3ammcaHo B Bafle (2.4):
dz dz 9
z T —7 (2.15)

Jlerko BufeTH, 4TO pAnx ypaBHeHHiT MOeT OBITH NpUBENEH K ypas-
HEHHWIO ¢ paspensiormiumuca nepeMennbimu (2.4). Tak, ypasmenue

h(z)g1(y)dz + fo(z) g2(y)dy = 0 (2.16)

nocie peneEna #a g (y)f:(x) npmBonutca k Tpebyemomy suuy. Ha-
[0 ¥MeTh B BHAY, 9TO NPHM 5TOM MOryT OBITH NIOTEPAHB! 9acTHHIE pe-
menwA, ofpamaoniue 8 HyihL npowssenenne g(y)fs(x).

K supny (2.4) mpusofmrcest u ypapHeHHe

dy .
4z =1 (az 1 by), (2._17)

rge a ¥ b — pocTogHHLIE. BBelleM HOBYIO HCKOMyIO mepeMeHHy® 2z = az + by.
Torpma

dz dy
az =e+tbg;
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dz
u ypaBnerne (2.17) ICPeXONAT B ypaBHeHHe ~7— =a-}-bf(z),nim B ypaBHEHHE

dz 1

a2z = m, (2.18)

paccmoTpennoe B mpuMepe 2.1.

PaCCMOTpU'M Teleph ypapHeHue
M(zx, y)dz + N(z, y)dy =0, (2.19)
rope M(z, y) w N(z, y) — onsoponabie QyHKNMM NepeMEHHBIX Z, Y

onpoit crenenu. Mynsuma f(z, y) HaseBaeTcA OfHOPORHOH (YHE-
nyell mepeMeHHBIX Z, J CTENEHM kK, €CIM WMeeT MeCcTo COOTHONIEHUE

@z, ty) =tf(z, y). (2.20)
3ameruyM, 41O f(—z—) ABIAETCA OfHOPOHHOH (yHKNUEil HyJeBOK
CTeTICHH.

Bamncas ypasrenme (2.19) B Bupe
dy = Mz, ¥)
“dz Nz, )’ (2-21)

MBI BMIUM, 9TO IPH CHENAHHBIX UPENHOIO0MKEHHAX OTHOCHTEIHHO
$yarumit M(z, y) v N(z, y) npasas wacte (2.21) sBaserca onmo-
pogHOll (YHKLUWeii HYNEBOH CTeNEHH ¥, CIe[0BATENLHO, C TOMOMIBIO
3aMensbl z = Y/, TaK e Kak B npuMepe 2.2, ypasuenue (2.19) mpuso-
AMTCA K YPaBHEHHIO ¢ PasfelsioIMuMHCA nepemeHEBIME THHA (2.4).

2. Jlnueifnoe ypapHeHMe IEPBOTO WOPJNKA. YpapHeHWEe Ha3HEBa-
eTcs NMHEeHHBIM, €CcA¥ OHO INUHEHHO OTHOCHTENbHO HEeHW3BeCTHOM
QyEKInY 4 ee NPOM3BOAHHIX. JIMHeitHOE ypaBHeHHE NepPBOTO HOPAJ-
Ra EMeeT BUJ

4 pl@)y (@) =1 ). (2.22)

Ecin f(z) =0, To ypapHeHme HashBaercs ofHoposEbIM. Hak merko
BUfleTh, TUHEHHOE OHOPOHHOE YPABHEHHUE

(@Y @) =0 (2.23)

i d
NpUBOAMTCA K YPABHEHMIO C PasfeqAONIMUC NepeMeHHBIMU Ty—l—
~+p(z)dz = 0, o6muit wATErpas KOTOPOrO HMMeeT BUJ

njy|+ | playde=c,, (2.24)

a ofmee pemeHye —

y = ce 1P (2.25)
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rme C 0. OueBupuo, uro wactaoe pemenme y(r)=0 ypapHeHHS
(2.23), roropoe Mb1 morepsnm, pasmenme (2.22) ma y, comepmuTCH
B dopmyne (2.25) npu C = 0. Tosromy (2.25), rne C — Teneps yixe
mo6oe BemecTBeHHOE 49HCIO, ABIfeTcs ofMUM penleEMeM ypaBHe-
mua (2.23).

Wz (2.25) monmyumM wactHoe pemenme ypasHemrma (2.23), ynos-
JNeTBOpAIOINee HAYANBHOMY yeiosuio y(zo) = yo, B BUne

- fp(x)dx
Y=1Uye ™ (2.26)

3ameTnM, 9TO IO caMOMy cHocofy noctpoemus (opmyna (2.26)
ABASETCA [OKA3aTeJLCTBOM eJMHCTBEHHOCTH pelIeHMA HadadbHOU 3a-
nmaun pua ypasaenmsa (2.23), B npepnonomenuu, 4TO 3TO penleHme
cymectByer. [lelicTBuTensHo, nojcraenas mo6oe penreHErMe HAYATb-
Hoit sajjauu B ypasHenme (2.23) um mpoBons mocrefoBaTenbHO HpPeos-
pasosanua (2.24) — (2.26), mMe1 BCerna mpuaeM K ONHOMY ¥ TOMY
ske pesyneraty — opmyne (2.26). YroGw nokasath cymecTeoBaETe
pemeHus NAHHON 3ajjauM, JOCTATOYHO IYTe€M HEHOCPENCTBEHHOH Ipo-
BepRM yOenuThesa, 4To Ais HenpephBHON (PyExmum p(r) Pymrmus
y(x), onpepenennas dopmynoit (2.26), ynosnersopaer BceM ycia0-
BUAM HauajbHOW 3ajaqau pug ypasmemus (2.23). OuesmprO, mON0G-
HBIe PacCy:K[eHHA MOMKHO NPOBECTH ¥ B CIyy2e HAYJIbHOH 3afaqH
Jls YPaBHeHH# ¢ Pas3felAIONUMUCA [€PEMEHHBLIMH, PacCMOTPEHHBIX
B 0. 1 HacTosmmero maparpada.

Pemenune nupeitnoro meopmopopuoro ypasmemms (2.22) mafinem
METO/IOM BapuaLuHu HNOCTOAHHOHW, KOTOPHIH COCTOMT B TOM, 9YTO MBl HC-
TONB3YeM CHeNMAIBHYIO 3aMEHY HEeM3BeCTHOH (QyHKIuE

y(z) =C(x)e (2.27)

rae C(x) — dynruua, nopmemaimass onpenenenuo. Ilopcrasiaa Ta-
XKO#l BHUJ pelieHHs B ypaBHEHHE, NOIYIUM

- [ i

0 I _ @ p@e T 4 p @ c@ e T —pia,
OTKYa
| LRy (2.28)
Meterpupya (2.28), maiimem
C@) = {f(2) S 4y 1y, (2.29)

B OKOHYaTEeJIbHO

y(z)=Ce Jpueas e o y f(@) esp(x)dxdz. (2.30)
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VI3 mosyweHHOro BHIpayKeHMs CleflyeT, 4To ofIlee pellenne Ju-
HeliHoro HeopHoponHoro ypasuemma (2.22) mpepcraenaerTcs B BUIS
cyMmBl obmero pemenusa (2.25) aupefHOr0 OFHOPOJHOTO yPaBHEHHS
(2.23) u wacTHOrO pelIeHVsI HEOJHOPONHOTO ypasHeHus (2.22), B 9em
nerro ybemuThca, TOACTABHB BTOpoe ciaraeMoe (opmyan (2.30)
B HeofiHOpOfHOEe ypapuenme (2.22),

Pemerve BauanbeO 3apaum y(xe) = yo nus ypasmemmsa (2.22)
HaitjeM, GIpeneNsA ¥3 HAYalbHOTO ycioBusl nocroguuyio C; B dop-
myae (2.30). Ono raxixe MoMer GHIThH 320HCAHO B BHUJE

x x
~-{p®t = - fpmam
y@=pe ™ +le* fEE (2.31)
Xo

MpefiCTapiIALINeM HCKOMOE pPelleHNe KaK CYMMY PENIEHWS OIHOPOM-
#oro ypasuenus (2.23), y[oBIETBOPAIOLIETO 3aflaHHOMY HA9aJIbHOMY
ycaosui0 Y(Zo) = Yo, M PEHIEHMA HEOJHOPONHOTO YpaBHEeHMH, YHOB-
NETBOPAIONIErc HYJIEBOMY HadYasibHOMY yciioBmiOo. 1loppoGunlii BEIBOR
popmynsr (2.31) Gymer naE B ro. 3, OHHAKG €€ CUPABEJUINBOCTL TaK-
e JIErKO YCTAHOBHUTH HENOCPE[CTBEHHOH NPOBePKOii.

Yro0r yCTAHOBMTL €MHCTBEHHOCTh pENIeHUsA HaYalibHOi 3ajauu
iTa HeopHOpomHOTo ypaBHeEna (2.22), npeanoioRuM, 9T0 CyIECT-
BYIOT [iBa PasNiW4EBIX pelmenus 31od sajmadu yi(z) m yolz), u pac-
CMOTPHM HMX PasHOCTH

z(z) = yi(z) — yolaz). (2.32)

Quesupno, ¢ynrnusa z(zr) spiasercs pemenmeM 3afasn Homm pmia
COOTBETCTBYIOLIEr0 OJ{HOPOJHOIO YPaBHEHHS C HYJEBHIM HAYAJILHBIM

ycroBueM

&+ p(@)z(a)=0, z(z)=0. (2.33)

Orciofa B cCUIy egMHECTBeHHOCTN pemeHns zofaun Homm pnsa numHei-
HOLO ONHOPONHOIrO ypapHenma ciepyer, uto z(z) =0,

Cymecreopange pelleHNA HAYaAbHON 3afauil mua ypaBHEHUs
(2.22) mpun HenpepruBEbx QyHruuax p(x) n f(z) ycramasnusaercs
HEeHOCPeRCTBeHHO MOACTAHOBKOM (opmynnl (2.31) B ypasmenne u Ha-
9allbHOE YCIIOBHE.

3ameTHM, HaroHeN, 9T0 ecim B ypapueHun (2.22) ¢ynxuuum p(z)
1 f(z) ma paccmaTpumBaeMOM HpPOMEKYTKE W3MEHEHVUA He3aBUCHMOIL -
HepeMEeHHOR Z YAOBIETBOPAIOT YCIOBHAM

Ip(x)l <K, lf(zx)l <M, (2.31)

TO [NA PeNIeHHA HAYaJbHON 3afladM, NpeJicTaBuMOro (HOpMYIOi
(2.31), mmeer MecTo omeHKa

XX, M
1y (@) | << | yo| 507 4 - (eKex-50 — 1), (2-35)
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OrmeruM, uro omemka (2.35) ocraerca crpaBejIuMBoit u us
dymxrmun y(z), onpeneaernoii QPopuynoi (2.31) ¢ rycouno-menpe-
peiEsiMu pyernuavu p(z) 7 f(z). B atoMm cayuae mop pemenueM
Ha4aJbHOU 3apaum mia ypaesemmsa (2.22) ¢ paspeisHBIME Kop(du-
LUeNTaM# MBI TIOHUMaeM HenpepuiBRYH QYHRURIO y(r), NpOH3BOR-
Ha2A KOTOpPOU KYCOYHO HellpephiBHa W MMEET DPasphIBH HEPBOre pPoja
B Tex jke TouKax, uto u Qymrmum p(z) u f(x), a ypasuenme (2.22)
yrosaeTsopseTcsa Ha ofmux y4acTRax menpepuisroct: Qymrmuil p(z)
u f(x). .

B sarimovennie »Toro NyHKTa yRaykeM HEKOTOpHie 4acTO BCTpeda-
0IHecs B NPUIOMKEHHAX YPaBHEHHs, KOTOPHlE COOTBETCTBYIONMME
1IOfCTAHOBKAME MOTYT OBITh CBEJIEHB K JWHEHHOMY ypaBHEHHIO,

PaceMotpuMm Tak HasoiBaeMmoe ypaeHeHue Beprymim

% +p)y=[f(x)y" (2.36)

roe n ¥ 1, unaue ypasuenme yiKe amuaeitHoe. BrepeM HOByIO Hems-
pectayo Qyokmuio z=y'~". Torma ypaememme (2.36) mepeiiner
B IuHEHHOE ypaBHeHHE
1 dz
1—ndz + p(2)z(z) = f(2),
ofmiee pemenue koroporo uaerca gopmyroit (2.30).
Bonee cromuoe ypaprenne Prurrartu

i—i + p ()Y (z) + g (=) ¥* (z) = f (%) (2.37)

B ofmeM ciydae B RBappaTtypax He mmnrerpupyerca. Onmaro oHO 06-
NafaeT CIefYOMUM BRyKHBIM CBOMCTBOM: €CIM M3BECTHO KaKoe--JIu00
gyacTHOe permremue y = yi(z) ypasmenws Purkatu, 10 Haxom[eHme
ero o0I[ero pemreHuA CBOOUTCA K PeNIEHMIO JMHEHHOr0 ypaBHEHHA.
JHeitcTRuTENBbHO, BB EOBYI0 HEH3BECTHYI (NYHKIMIO

z(z) = y(z) — yi(x),
ToxyduM LIS Hee ypapHenue BepHymnn
:11_2 + [p (2) + 29 () yy (2)) 2 (=) + g (%) 2% () = O,

9TO B OKaBBIBAaeT BBICKAa3aHHOe yTBEP:KIOEHHE.

§ 2. TeopeMs1 CyNIeCTBOBAHUA U eMHCTBCHHOCTH PeleHus
HauaJbHOI 3aaum [ O[HOr0 ypapHeHUs NepPBOro MopAjka,
PasperieHHor0 OTHOCHTENHFHO MPOU3BONHOM.
Auropurm noMasbix Jiinepa

B npepsinymem naparpade ¢ NOMOmMbI ABHHIX (opMyn Obiio
/IOKA34HO CYI(ECTBOBAHWE I EIMHCTBEHHOCTh pelNeHHA HavambHoil
saflauy mia JupeliHoro ‘ypasmemms (2.22). Ilepeifisem Temepn K pac-
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CMOTPEHHIO COOTBETCTBYIOIIMX TeOpeM s oOIeii HavYalbHOH 3aMavyu
d;
T=11) ¥(@) =1y, (2.38)

HpH JOCTATOYHO O0UMX ycaopuaAx Ha ¢yHrmmo f(z, y). IIpm stom
JOKA3aTeJIbCTBO OyfeT ONATH NPOBENEHO KOHCTPYKTHBHBIM HyTEM —
OJ[HOBpEMEHHO C [IOKA3aTeJNbCTBOM TEOpPEMEl CYIeCTBOBAHHA peine-
wua 3apaun (2.38) Gymer mam asroputm mnocrpoenns $ymrxnuu ylx),
CKONb YTONHO TOYHO ANNPOKCHMEPYIOLIEil pelleHve HCXOIHON 3aga-
wu. Ynes aToro meroma npmuamiesknt Jitnepy. Meroy cocTonT B TOM,
9r70 HHTErpajbHas KpUBasA, ABIAOINasAcs pemenseM sanadnm (2.38),
IOCTEOBATENLHBIMY INATAMY TPUOIIDKEHH0 3aMeHseTcss HeKOoTopoi
noManoll — somanoll Ilaepa.

Bynem pacemarpnBate (2.38) B 3aMEHYTOM TpPAMOYIOILHIKE
D ={lz — zo} <a, ly — yol < b} nnockoctu (z, y) ¢ nenrpom B Ha-
yaJipHOH TOUKe (Zo, Yo) M MOCTABHM CBOEH NEJNBIO ONpejielieHne HH-
Terpaibnoil kpuBoil y(z), BeIXOfAWIEil M3 HaHHON HAYAIBHOH TOYKE
(zg, yo) ¥ paymEdl B CTOPOHY BO3PACTEIOUIUX X = Xp.

[pennonoskum, 9ro B D Qynrnusa f(z, y) HempepbiBHa BMecTe C

QaCTHOI nponznonnoﬁé (z, y). Orcioa caefyer UX OrPaHUYEHHOCTH:

@ pl<M, |L@n|<K @wned (239

CyliecTBOBAHHE HEIPepHBHONE dYacTHON mpousBomaoil QyHrRUnR
f(z, y) mam moTpebyercs mpH [OKa3aTeNBCTBE CXOMMOCTM JIOMAHBIX
Jitnepa r pemenmo sagauu (2.38). B panbrefimenm Gyner norasaso,
y70 5T0 TpeOoBaHNEe MOMKeT OHITH ociiablieHo.

VickoMan upTerpaibHasa KpuBas (ecau oHa CYIECTBYeT) mNepeceder
aubo BEPTHKANBHYI0O % =Zg+ @, aub0 TOPH3OHTAIBHYIO Y =1yp+ b

-
b/ I[ }ij 7 :
Z, b \Zta Z Z,a zpd
1% ? 170N
1 |
I I
Puc. 3. b/M < a. Puc. 4. b/M=a.

i — pHTErpalpEAA KpHBAA, NPOXOHAmasa depe3 TOUKy (xo, yo); LI — mpammuie
¢ TAHreHCOM yIVIa HAKIOHA, PaBHEIM -+ M.

mnn y = yo — b rpanuny obnactu D. B mocnepueM ciywae abcumeca
TOUKE DepecedeHUs MeHbIle Ip+ @ ¥ HCKOMag HHTErpajJbHas Kpu-
Baf onpejelieHA He HA BCeM OTpe3ke Ty<<zx < xp+a. Opnxaxo us
npoCTHX reomeTpudecKux coobpaskenuit (pme. 3, 4) u aemmsr Yan-

b
JbITUHA ACHO, YTO 10 TOYKH X + a7 OHa He 1epecedYeT ropu3OHTalb-
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goii rpammusi. IlostoMy B nmanpmedimem BMecro obnacra D Oynem
paccMarpuBats HpamoyronbEmk A = {lz — zol < H, ly — y,| < b},
rge H = min {a, b/M}. -

Ilepeiinem Temeps k mocTpoemmIo nomammiX Jiimepa. Paszo6bem
orpesox [xzp, X1, X =xy+ H, na n wacreit Touramm elleRHa Top =
=g, Wzy, ..., ™z,=X*), O6ozmaunm Pz, — (Mg, = Mp,
u ™h=max {"h}. Ha mepsom mare «samoposmm» f(z, y) B TOu-

1
xe (xo, Yo), T. . 3amenum npaByio dacte (2.38) spawennmenm H{zo, yol,
TOITia MONY9YHM ypaBHEHUE € MOCTOSHHON NpPaBOH 9acThIO

dmy,
dx!/ =f(.'l:u, yo)z

€ro MHTEeTPalbHOL KPHBOL CIYIKUT OTPE3OK HpAMOIL:

my(z) = Yo+ flag, yoH & —x0), & [ag, My, (2.40)

B rouke "z sT0 pemenne upunmMaer smavenwe ‘My; = yo-+
+ f(xo, yo)("™z1 — x). Ha Bropom mare mpumeM sa HOBYI Rawamb-
uyio roury (‘™zi, “y) u, omars samoposus f(z, y) B 370# TOUKe,
IIOCTPOUM CJIEeAyIoniee NPAMOINREHHOe 3BEHO, H T. . B cHIy JeMMBl
YanuibiruEa ACHO, 910 NMONyYeHHAs TAKHM NyTeM JIOMAHAH HA OTpes-
we [xo, X] me eiiiner us npsamoyronmbruka A. Ilomyvenmas moMamas
u HasbBaercsa JoManoit Jiitepa. Ilpmmem ee sa npubnmxemuyio un-
TerpajlbHyI0 KpUBYIO.

Jlnsa 060CHOBaHNSA OMUCAHHOLO AJITOPUTMA ¥ JOKAZATENHCTBA TEO-
PeMbI CYyIECTBOBAHHA PEIIEHNs HCXONHON 3afa9# AOCTATOYHO HOKA-
8arh, YTO IOCTEROBATEIHLHOCTL JoMaHbix Jitnepa {™j(x)} npu ™h —
- 0 cxomurcsa um mpepenbHAs (PYHKUUA ABAAETCA pelleHHEM WUCXOJ-
uoi samaqn (2.38).

Onpedeaenue. Henpepvigrnas na orpeske [xy, X1 gynryus glz)

o . dy o
€ KYCOUHO Henpepwvl8roli npoussodHoti T epagux Koropoli yeau-~

Kom sexur 6 A, Hosvieaerca &-NPUGAUNEHHBLM RO HEEAIKE
pewenuem Hauaavroll sadauu (2.38), ecav lylxg) —yol <e u npu
nodcranoeke gynryuu y(z) e ypasnernue (2.38) nocaednee npunu-
xMaer euld

B ~1(z, ) + v @), (2.41)
20e neeaska Plx) yboesereoprer HepaseHcTay
sup_ | ()] <e. (2.42)
x&[xo, X3

*) 3jeck ¥ 9acTo B JajbHeiinieM M Dy/ieM MOJL30BAThCA JEBHIM BepXHEM
wagercom (»). Ilpaseli Bepxuumit wagexc (*) Gymer ynoTpeBIAThCH HCKIOUA-
TEeALHO Jyif 0003HAYCHUA NMPOMSBONHOLL.
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QueBuyHo, TOYHOE perieHde HaganbHOil samaum {ecam omo cymie-
CTBYET) MOIKHO CYHTATh E-HPUCIUKEHHBLIM HO HEBA3Ke penenueM
npu g = 0.

ITyets mia gioGoro € >0 cymecTBYIOT e-OpublimsKeHHbBIe MO He-
BrAske pemeHna HavagpHO# 3amaunm (2.38). Torma mMeeT Mmecto cie-
Jyomas JeMMa.

Jdemma 2.1. Jlas so6oeo ckoav yeodHo masoeo € >0 moono yra-
3ary Takoe € >0, uro ace e1-npubauiternble no HeE@s3Ke peuteHUs
sadauu (2.38) orauuarorcs mexdy coboii na orpeske lxy, X1 ne 6oao-
we, yem Ha E.

HorazaTeabcTBo. BosbMeMm JBa HPOM3BONBLHEIX &-IpuGIin-
JKeHHBIX [0 Hepszke pemenns samaun (2.38) My(z) u @y(x). Oue-
BUJHO, YT0 '

d (1);

2 = § (2, V5 (2)) + 1 (2), (2.43)
@7 _
Tt = 1 (2, Y (@) + 42 (2), (2.44)
raoe o o )
1Y (@) — Py (=) | < 2644 (2.45)
sup |y (%) — Py () | << 2e5. (2.46)
xe&fxe, X}
O0ozHadNM
@y(z) — Vyla) = z(z), - (2.47)
Polax) — Py (z) = @lx). (2.48)
Brrunran (2.43) uz (2.44), monyanm
dz Tt ay;
S =1z, Py @) —1(z, Yy () + ¢ (2). (2.49)

Ilpeo6pasyeM pasHOCTH TEPBHIX [BYX CHAraeMbix B TPaBO dYacTH
mo ¢opMmydie, HasbiBAEMOI TORIECTBOM AflaMapa:

flz, @y(x)) — flz, Vy(z)) = (Pylz) — Vyla))pa),
e

p(r)= S% (=, Yy (@) + 6 (Py(x) — Yy (a)))do.  (2.50)
(1]

I7a ¢opMyna Jerxo mpoBepserca HemocpepcTBenuo. Yz (2.50) wme-
TpynHo Bugeth, uto ¢ynrnus p(x) HenmpepsBHa mo x Ha [zp, XI.

Taxum o6pasom, niaa QyHxnmy z(X) Nonyyaercs JuHeitnoe mud-
depeHLuaNTbHOE ypaBHCHHE NEPBOTO TOPAJIKA

Z—i =p(2)z2(2) + ¢ (2} (2.51)

3 A. H. Tuxonos u up.
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B roropoM Qyurmun p(z) m @) ABIAIOTCA KYCOYHO HEMpEPHIBHEI-
MU ¥ paBHOMEPHO OrpaHHYeHHEIMH Ha orpeske [z, XI. Ilpm arom

lz(zo) | < 2ey, lola)] < 2. (2.52)

Torga B cuny uonyqennon B § 1 rn. 2 omernku (2.35) pelneHns Ha-
YANLHON 3aJavu A JUHEHHOro ypaBHeHH}I uMéeM

[Py (@) — Yy (@) | =]z (0)| < 28,8650 ‘(eK(x-%’——i) (2.53)
Orcroma
[Py (@) — Py @)]|<
1
< 2[R0 - o (HE — 1) = 26,9, (2.54)

sup
xEfxy, Xj

. e
rme £2>0 — e 3zaBucAman oOT €} NOCTOAHHAA. DBHOuUpas € <§§

MBI 1 HOJYUYUM YTBEPHEHUE JIEMMBL.

Iyers {“Wy(x)} (=1, 2, ...) — HeKkoTOPasa HOCIEOBATEIHHOCTE
£,-OpUCTIREHHBX [0 HeBA3KE PeINeHuii TaKas, 9TO

s[up hpn(x)i<eﬂ7 l('n) (150)"‘!/0'<8n, &x> 0. (255)

Ecau lime,, = 0,7‘0 nocaedosaresvrocry” ‘“Wy(x) nasosem cxo-
n
n—-»>o0

daweiica no HeeA3Ke.

Jns pancueiimero mam morpefyerca yTeepiuenue o6 5KBEBa-
JIEHTHOCTH HaYaNbHOH samadu (2.38) HEKOTOPOMY HMHTErpalbHOMY
YPaBHEHHIO, KOTOpoe Mbl c(HOPMyAHpyeM B BHAe CIENAYIOINell JIeMMEL

Jdemma 2.2. Hauarvnas sadawa (2.38) sxeusaseHTHAG UHTezpaib~
HOMY YPABHEHUIO

Y@ =v+ [ G y@) & ze(a, X1 (2.56)

HoxaszsaTeabcrro. Ilycrh cyillecTByer pemenme HaYalbHOMR
sagaqu (2.38) — ¢yuruua y(x). loncrarus y(x) B ypasnennme (2.38),
ToJIy9uM ToaecTBo. VIHTerpupys 8To TORHECTBO OT Zp Ao « < [0, al
¥ WCHONb3ys HadailbHoe yciaosue, nonysuM (2.56). Crnepoparennso,
pemenne HadanbHON samaau (2.38) ygoBieTBOpAET UM WHTErPANbHOMY
ypasuenno (2.56). C gpyroii ¢TOpPOHLI, eciu CYINeCTByeT HEHmpephIB-
HOe pelleHHe HHTerpaibHoro ypasHeHuma (2.56) — ¢ymrmua ylx),
To B cuny HenpepwuBHocTH o § Qyusuuu f(§, y(§)) unrerpan B mpa-
poil uactn (2.56) sBusterca uempeprBHO puddepeHmupyeMoin PyHK-
nueit mepeMeHuoii x (mo ycaoBmio (QyHEmuM f — HempephiBHAA
$yuxnua ceoux aprymentoB u y(E) — menpepsiBHag (dyHrImA
nepemenHoit E). CuemoBarenrHo, m Jepaa gacTh (2.56) — Qyur-—
nua y(xr) — ¥MeeT HENpPEpHBEYID TPOUIBOJHYI0, KOTOPas, OUEBUJIHO,
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yrosreTBopsaeT ypasnenuio (2.38). Brmonnenne madalbHOro ycjioBus
(2.38) nposepaeTca memocpejicTBeHHO. VITak, SKBUBAJIEHTHOCTH Ha-
vansHoll 3aymayn (2.38) m muTerpanbHoro ypasuerus (2.56) ycranos-
Jena. Jlemma noxasana.

VimeeT MeCTO CIEAYIOINas OCHOBHAA JIeMMa.

Jdemma 2.3. Ecau cyyecreyer cxodawyasci no Heesdke HG OTpes-
ge Lzg, X1 nocredoeareabhocrv €,-NpUOAUICEHHBIL RO HeeaskKe pe-
wenuii {™y(x)} nauasvnoit sadauwu (2.38), 7o ara nocaedoearess-
HocTs pasHomepno czodurcs ¥k Pyrryuu y(x), seasrowyelica peuie-
Huem dannoll 3adauu.

JHokasarenscrso. B cumy nemmm 2.1 mocieoBaTenbHOCTD
{"y(z)} ynoenersopser kpurepuro Homu paBHOMEpHOI CXOIUMOCTH
Ha orpeske [xo, X1. Tem campim cymecrsyer ¢ynrnus y(xr), x woro-
poit mociieosarensnocts {™y(x)} cxomurcs paBHOMeEpHO, H 5Ta (PYHK-
nuaA GymeT HeMpepHBHOM, HOCKONBKY ‘™y(x) HempepEHIBHEL

HoncraBuM  &,-npuGimxennoe pemenne ‘My(x) B ypaBHeHue
{2.38) 1 3amennM moaydaioIneecs IPU 3T0M TOKIECTBO SKBHBAJCHT-
HEIM HHTSIPANbHEIM COOTHOMICHUEM

™y (@) =" (@) + [ 11 PV @) + v ®)E . (2.57)

Tak xax 0. <e, u 1™ylz) — yol <e., To mepexons B (2.57)
X mpefiery TpH €, — 0, momygum

y@)=y,+ | (& y @) (2.58)

M3 mociemmero TOREECTBA ciejyer, 4ro npefenbHas Qyarumsa ylx)
Judepennupyema. Jluddepernupys, saxoqum

Y =1z, v). (2.59)

Kpome Ttoro, ylxp) =yo. Taxum oGpasoM, mpepenvuas QyEKIEA
mociepopateasrocTn {My(x)} aBisteTca TOYHBIM permeHnmeM HaYalb-
noit samaun (2.38). Jlemma noxazana.

Jlna nokasaTenNsCTBA TEOPEMBI CYINECTBOBAHHA PEMICHHS HaYalb-
nmoit sapaum (2.38) Ham Temepr ocTaercs NOKasaTh, 9TO CYHIeCTBYeET
CXOIAINASACA TI0 HEBASKe IOCHEI0BATENBHOCTh €,-IpHOIHKEeHHEX II0
HeBssKe penteHnil s7oil sanawm. Celilac MBI HOKasKeM, 970 HOCTPOEH-
HEle BHINE JIOMaHBe Jitnepa o6pasyloT Takyl0 HOCIEIOBATENBLHOCTE.

Jdemma 2.4. lIpu “™h —~ 0 nesasku somanvlx Jiaepa, nocTpoeH-
noix das sadauu (2.38), pasnomepno Ha orpeske [xo, X1 cxodarcs
K HY.0.

JlokazarTenbcTBo. Tax Kak HaUalbHHEe 3HAYEHHA JIOMAaHBIX

Yitrepa y(x) mo mOCTPOEHMIO COBHANAIOT C Yo, TO JAOCTATOMHO yGe-
3%
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ABTHCA B ToM, 970 pu ™k — 0 weBssrm P.(z) pasEOMepHO Ha [zo, X1
cTpeMsaTcA K wmymo. Bossmem npomasoapHoe z. Ouesmano

MWrag<z<<™r, Mr,— Mz ="h, I1<s<n
Ha sToM mare 3BeHO COOTBETCTBYIOWIEH! JoMaHOH ONpenesiseTcd KAk
™My(z) = ®y(Mg, 1) + f(Wg,y, Py )z — ™a,), (2.60)

ze [y, ™zl

Toncrasnan ylz) B ypasmenne (2.38), HaiimeM cOOTBeTCTBYIODIYI®
HEBABKY B TOUKE X:

o (@) =2 (2, M (@) = 1Py, VG (P2y)) —
— 1, PG () + £ (P, T (M) (2 — Pay)). (2.61)

B cmry pasHoMepHO#i EHenpepeiBHOCTH (QyurmEm f(z, y) orcona
H clejyer, 910 AjuA aA1000ro cKojiib yrogo Maioro € >0 maiimercs
Taroe hole), aro nmpn Mh < hyle)

sup |, (2) <8, (2.62)
xefxo, X3
970 U JJOKa3biBaeT JeMMY.
3ameTuM, 9TO NpN AOKA3ATENbCTBE DTCH JieMMBHI ObLTa WCHIOIb30~
BaHa JMIIb paBHOMEpHas HempepsiBHOCT: (ymknuu f(z, y) v ne
HOTpGGOBaJIch paBnomepHax Heﬂp(prlBHOCTb i § orpaaneHHoch

IPOU3BOJHOM 7y (x, ¥).

13 norasanubix TeMM cilemyeT

Teopema 2.1. (cywecreocanusn). Ecau dynryuu f(z, y), Z—:;(:c, Y)
nenpepelennl 6 D, 1o na [z, X1 'cywecreyer peuerue Ha¥aibHolk

sadauu (2.38), ¥ koropomy nocaedosaresvrnocro {"y(x)} aomanviz
Jiisepa cxodurca pasnwomepro Ha [zg, X1 npu ™h — 0,

IIpy chenaMHEBIX NpEeAnONOIKEHUAX OoTHOCHTEAbHO (ymrrimn flz, y)
¥ ee NPOM3BOJIHBIX permeHHe HadadbHOH 3anaunm (2.38) epmmcreenHO.
Wnmeer MecTO )

. Teopema 2.2 (eduncreennocru). Ipu svinoanenuu ycaoeuii reo-
pemor 2.1 Hauwaavnan sabaua (2.38) umeer na [xo, X1 eduncreen~
HOe peusentie.

ITy TeopeMy MOKHO pacCMATPHBaTh Rak cleqcTeie JiemMmel 2.1.
Ecam pomyctuM, 4T0 HMETCA OBAa TOWYHBIX pelenns safagan Homm,
TO WX HavaJibHBIC SHAYEHHA COBIALAIOT, 4 WX HEBSA3KA PAaBHLI HYJNIO.
TlostoMy 1m0 nemme 2.4 aTm pemeHHs IOJHOCTBHIO COBHAJAIOT HA OT~
pesxe [z, XI.
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Hpome BBeeHEOro Bhimme MOHATHA £-OPUOIMIKEHHOIO 110 HEBA3KE
pemeHus 9acTo MCHONb3yeTcs HOHATHE PEMeHHA, HDPpUGINKeHHOro
no otwyoneHmio. Jlanum ero onpepernenne.

Orpannvyennas Ha [xo, X1 ¢ymrmua y(xr) maswemBaerca e-npu-
6AueHHBIM NO OTKAOHEeHUIW pewenuem sadauvu
Kowu (2.38), eccnm Tounoe pemenme y(x) sagaun HKomum cymecr-
ByeT u N

sup_ [y (a) —y(d)|<<e, &>0. (2.63)
*E[%0, X]

VI3 nipeABIAYyIIUX PACCY/KICHUI BEITEKAET

Teopema 2.3.Ecau npu evinosnenuu ycaosuti teopemel 2.1 Heko-
70pas nocaedo6aTeabHOCT NPUOAUNCEHRHBIX NO HesfA3Ke pelleHUl
€To0UTCS K TOYHOMY peuleHuIo, 70 OHA CToBurci K Hemy U no o7-
KAOHEHUIO,

SameTuM, UT0 06paTHOE YTBEDIKICHIE HEBEPHO: €CIW OTKIOHEHUA
NpuGIMKEHHBIX PeieHuil OT TOYHOTO CTPEMATCA K HYyJIO, TO CaMA
pemeHisi MOry7 IIpy 5TOM UMETb CKOJb YromHO GOJLIINe HEBSA3KH,
Ooiiee Toro, pemeHns, MpuCIMsKEHHBIE 0 OTKIOHEHHIO, MOTYT OLITH
He nuddepeEHUpPYEeMH 1 {ajke B HeOPEePHIBHEL

3amevanns 1. Mol jorasanu cymiecTBOBAHEE M eNHHCTBEH-
mocTh pemennn ylz) mawanpHoit samaun (2.38) nmme wa orpeske
[zo, X1. Ecim mpm sTOM HETErpajibHAAg KpWBasA He BHIia u3 o6na-
cru D, rpe Qynunua f(z, y) ynoeieTBopseT yciaoBusaMm Teopemsr 2.1,
T0, B3sB Toury x = X, y = y(X) sa mayaawayw, MOIKHO, TIOBTODHE -
IpuBeJieHHEe BHIIe pAaCCYICHUA, HPOROLKUTL pemenne ylx)
Ha noBuit orpesok [X, X)l, onpenensromnit npaMoyromsaug A < D.
Mosxao nmokasath, 970, IIPOOIIKAsA 3TOT IpoOIecC, YHAeTCs IOCTPOUTH
HHTErPANbHYI0 KPHBYIO, CKOJb YTONHO ONNBKO IONXOMAMYIO K Tpa-
Hune obnacta D, B KOTOPO# BBIMONHEHEHI YCJIOBHA Teopemul 2.1.

Mu: paccMoTpedn ajiropuTM TOCTPOGHHS WHTerpasinHoil KpHBoii
y(z) B cTopony BoapacrawImEx z = zp. OueBHAHO, aHAJIOrHIEEIe PAC-
CMOTPEHNA MOTYT GBITH IPOBEIEHE! U JIA DOCTPOEHHA WHTErpalbuHoit
KpuBoOil B cTopoHy yGmiBawoux x << xg. Ilpm stoM coorBercrByIOmpmii
mporece IOCTPOEHUs MHTErPAJIbHON KPHMBOH MOMKHO ONATL [POHOJN-
sKaTh [0 Tex Iop, IIOKa HHTerpajibHas KpuBasg He jofiieT jo rpaHm-
sl obnacta D.

2. Tpebopauus, HariafpiBaeMele HA QyHKOHIO f(X, Y¥) B Teope-
max 2.1 » 2.2, Mmomnuo ocnaGute. B "acTHOCTH, I8 CYyINECTBOBaHNA
¥ efUICTBEHROCTH PEIMEHNA B HEKOTOPOE OKPECTHOCTH HadalbHOMH
TOYKH JOCTATOYHO MOTpeGOBaTh, 9TOGBL B 270l o6NacTn (yHKIHHA
f(z, y) Obuia HempepHIBHA H YROBJETBOPAJIa TaK HA3LIBACMOMY Yc-
aosuro Jlunwuya o nepeMeHHoit y:

1flz, y1) — flz, y2)| < Nlyy—y.l, (2.64)

rie N — mocrosunas, He 3aBUCAMIasA HE OT X, HE OT Y. JloKasaTens-
CTBO COOTBETCTBYIOIUX yTBep#peHuil Gymer namo umme (cM. § 6).
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3. MomKuo [iOKa3aTh CyIIeCTBOBAHZe DeIIeHNA HAYaJbHOI 3amaum
U Ipu ojaoM TpeGoBaHuM HempepniBHocTE Qysxmum f(z, y) (Teope-
ma Ileano). Opuaxo opmoifi mempepsiBHOCTE $yERDEE f(x, y) Hemo-
.CTATOYHO NN JOKA3aTeNbCTBA ©UHCTBEHHOCTH peHlenusA HadalbHOR
3apaun. Tar, HallpuMmep, 3ajada

D=vy, y(0) =0, (2.65)

OOMHUMO TPUBHAJBHOTO peMIeHnudg Yy = 0, HMeeT enje pemeHue

(-]

z

y= _4—1 (2'66)

YAOBIETBOPAIONEE HYJEeBOMY HaganpHOMy yeiopuro. (Hax merxo sm-
nerb, IpaBag uwacte ypasHemns (2.65) B oxpecrmocrn Touru (0, 0)
HMeeT HEeOTPAHNTeHHYI0 HPOMBBONHYIO M He YIOBIETBOPAET YCIOBMIO
Jlupmuna.)

4, Ecan wepes touxy (xo, Jo) HPOXOMHT eJMHCTBEHHAS WHTe-
rpanbHas KpHBasi, SBIARINascH pemenmeM samadn (2.38) mia pam-
Horo audiQepennuaibHOre ypaBuenus, 70 Todxa (a5, Yo) HasmBaeTcs
06bIKHOBEHHOT TOuKOU manuoro ypasuenus. Toura (z, y) o6nactu D,
He ABIMIONIaAcs OObLIKHOBEHHOMW, Ha3bIBAE€TCA 0060l TOUKOU KaHHOTO
puddepennuansaoro ypapueansa. Yepes ocolywo Touxy nuGo He mpo-
XOOUT HYM OfHOI WHTErpaJbHOH KpHBOMH, Jn00 IPOXONAT N0 Kpaitnei
Mepe [Be HHTErpajibHEEe KpUBHe (9epes 0co0yi0 TOYKY MOKET Hpo-
XOAUTh B GECKOHEYHOEe YHCIO0 NHTETPATLHHX KPHBHIX).

Ecim B oxpectHocTu To9xm (o, Yo) BHIIONHEHE YCIOBHSA TEOPOM
CYIIECTBOBAHNA W e[HHCTBEHHOCTH, TO TOo4Ka (Zo, yo) Gynmer oGpmHO-
BeHHo#. llpw sToM ciexyer mMmers B BHIY, 9TO Hapymenme copmy-
JMUPOBAaHHEX BHIIE YCIOBUIl TEOPEM CYLIECTBOBAHUSA U €UHCTBEHHO-
CTH peNieHus HAYAJbHOU 3aJa9u CIYIKHT JUHIL HEOGXONUMEIM, HO HE
06513aTeJBHO JIOCTATOYHEIM YCIOBHEM TOro, 90 JIAHHAA TOYKA ABJIA-
erca ocoboit. IloaToMy miif OKOHYATENLHOTO PEIICHHA BOTIPOCA, ABJIA-
erca I JaHHag TOYKA ocoboli, HeOOXOZUMO [OMONHHUTEIbLHOE
HCCIENOBAHME.

5. B mauane § 1 i 2 yxasweBaJoch, 970 JPIS JIOCTHKEHUA COOT-
BETCTBHA AHAJNTHIECKOrO OIICAHUSA TEOMETPUYECKOH KapTHHe cje-
mayer mapajy c ypasmemuem (2.1) paccmartpuBath ypasmerume (2.2).
Ecin npu atoM B Toure (xo, yo) miA (2.1) HapymaioTcsa yclosms
Teopemsl 2.1 B pesyubraTte obGpameHus f(z, y) B GeckoHEYHOCTH, TO
1/f(x, y) B o710l TOUKe ofpaiaercA B HyJb I juiA ypasmenus (2.2)
YCIOBUA TEOPEMBI CYIMIECTBOBAHWA H EIUHCTBEHHOCTH BHITIOIHEHEL.
Takxum o6pasom, B aToM ciydae To4Ka (&p, Yo) ABJIAETCA OGHIKHOBEH-
HOH, HO HPOXOJAINAA depes Hee HHTETPANbHAA KpUBAsA UMeeT Bep-
TUKAJbHYIO KacaTeIbHYIO,

6. Eciu ¢ymenma f(x, y) aBnserca paspoiBHOi B obmactun D,
HUMeIeli paspeBHl [EPBOLO pPofia HA NPAMHIX = Z, = const (k=
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=1, 2, ..., N), ro game npm yciosun, uro f(z, y) ymoBierBOpAeT
TpeGoBaHnAM TeopeMbl 2.1 Ha yuacTHax cBoeil HeNpepPHIBHOCTH, B 00-
sacta D He cymmectByeT OCBITHOIO, TAK HA3HIBAEMOTO (KIACCHYE-
CKOTO» pemreHus HaganbHoit sapaun (2.38). OpmHaxo, KaK HETPYIHO
BH/IETh, B STOM CIyYa€ MOKHO pEasH30BATH AJTOPUTM HOCIAEO0BA-
TeJBHOTO IO yYacTKaM HempepbiBHocTH (yHEmEE f(x, y) mocrpoe-
HuA doMaHEx Jiepa ‘y(x). (Touru paspeiBa I, MBI KasKOHI pas
OypmeM BRIIOYATh B 4HCIO TOYeK pasbuwenus ‘“x; orpeska [zo, X]
M B KavecTBe 3aMOPOKEHHOro sHadeHus ¢yHKnum f(z, y) ua mare,
HAUMHAKIMEMCA B TOYKe pasphiBa, OpaTh ompefelieHHOE, HAlpuMep,
npaBoe mpeneyibHoe 3HaveHne Qyurnuu f(x, y).g Ilpn sTOoM mpepenn-
Haa Qymxmua y(z) mocaepoearenvroctu {™Wy(x)} npu ™h — 0, oue-
BUJHO, OKasKeTCs HEIPEPHIBHOH ¢ KyCOYHO HENPEPHIBHON IPOM3BOJI-
Hoji, mMeromie#l paspeIBEL HEPBOr0 PoOja HA HPAMBEIX & = &y LpzmdeMm
na ydvacTRaXx HeOpepHIBEOCTH f(r, y) HeBAsKa IipM HOJCTaHOBKE
dyrrmun y(x) B ucxommoe pnddepernuarbHOe ypaBHEHHe PaBHA
Hym0. 9Ty OpefeJbHyl0 (QyHrnzio y(x) ecTecTBeHHO HasBaTh 060G-
INeHHBIM pemenueM HadanbHoi samaqm (2.38) ma orpesre [z, X1,
3aMmeTuM, UT0 ¢ TUM TOHATHEM OGOGINEHHOTO PEIMeHns ML HO Cy-
IEeCTBY y’Ke BCTpEYalINCh B NpefBIfyIneM maparpade OpH paccMoT-
peHUN JHHEAHEIX ypaBHEHHII ¢ KyCOYHO HEHIPEPHIBHHIME Ko3(Ddrmu-
6HTAaMU W IIPaBOH 9acThIO.

7. Meron somaubix Jiiyepa HE TONBKO IO3BONAET JIOKABATH Cy-
I[eCTBOBAHME DpemIeHds pPAacCMOTPEHHOH HWadvalNbHOE 3aJa4YH, HO
W [1aeT HEHOCPeACTBEHHEHI aJropnTM HOCTPOEHHA NPUCIMKEHHOro
PelIeHns, CKOJB YIOAHO OJINBKO ANIPOKCHMHUPYIOMIEr0 TOIHOE, ITOT
MeToq JIerKo peaymsoBarh Ha OBM. llostomy om siBnsercs ommmM m3
o(p)eKTHBHEIX METOJIOB YHCICHHOr0 PEHICHWA HAYAJBHHIX 3ajad, Ilpm
€ro KOHKpPETHOIl pealin3apuy €CTeCTBEHHO BOZHHKAIOT BOHPOCHL TOU-
HOCTH HOJYICHHOTO HPHOMIGKEHHA U PAJ CHenu(HYeCKUX BHITHCIH~
TeNbHEIX acmeKToB o0mel npo6reMbl YHCAEHHEIX METONOB. 9TH BOI-~
pocH moxpobuee GyIyT paccMOTPeHE! B Iil 6.

§ 3. Ypapaeewne, HCpa3PEMIeHHOE OTHOCHTEILHO MPOU3BOHON

1. Teopema cymecrroBaEns u enuHcTBeREOCTH pemenus, Ilepeii-

zieM Temeph K PacCMOTPeHHIO NuQPHepeEnUaIbHOI0 YPABHEHUA MEPBO~
ro HopsgKa obmero BUOA

Flz, y, y)=0 (2.67)

¥ BBIACHUM JOCTATOYHEIG YCIOBHA CYINECTBOBAHHA PEIHEHHI 3TOr0

ypasuenus. @Oyurnua F B 00nacTH CBOEro onpeelieHnsa 3ajaeT €o-

OTHONICHWE MeKAY HemspecTHOH OYHKImell Yy, ee NPOU3BOFHOMK
d “ o

= % U HE3aBHCHMOM mepemeHHOK x. Ecim 5T0 cooTHOmEHUe yna-

eTcda paspeniuTs OTHOCHUTEJIBHO leOHBBOJIHOﬁ y', TO HOoJiydaeM OINHO
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WIM HECKONBKO Au(depeEnUaATLHEX YpaBHeHH MepBoTO HOPSJIKa,
Pa3pemeHHLIX OTHOCUTENbHO HPOM3BOHOM

V=hz,y) (k=12..) - (2.68)

Iiycrs Qynkuumm filz, y) B oxpectrocTH Tourm (o, yo) MIOCKOCTH
(z, y) ynosnersopsior ycmoBHAM TeopeM CYIIECTBOBAHHA H eUHCT-
BeHHOCTH PpelleHus HagajgbHON sajaeu Homw pnsa ypasmenws uep-
BOro MIODPSAJKAa, pPaspemeHHOro OTHOCHTENbHO Ipoussopuoit, Torma
gepes TOUKY (Zg, Yo) IPOXOAWUT MO ONHON ¥ TONABKO OfHOH MHTEIrpab-
Holt KpmBoit yx(z) wamporo m3 srmx ypasmemmit (k=1, 2, ...). Bce
5TH WHTErpasibHE® KPUBHIE SABISIOTCA pEIICHHAMH WCXCIHOTO Aug-
¢epernuansHoro ypasuenus (2.67) (upm nopcramoske B ypasmerme
(2.67) Qpyuxnumr y.(x) obpamator ero B Tompmecrso). Hampasnenwme
BEKTOpa KacaTelbHOl K wHTerpanbHoii Kpmsoit y,(x) ypasmenma
(2.68) B Touxe (o, yo) onpenensnercs saagermeM GyHROEHE fi(zo, Yo).
Fenu oTi 3HaveHMs pasnwdnHbl, To wepes Toury (zo, Yo) mpoxommr
HECKOJIbKO WHTErPAJbHBIX KpuBHIX ypasHemms (2.67) (crombko, ka-
KOBO 9ucio ypasuenmit (2.68), molyyeHHHIX mpu paspeiteHAH ypaB-
Hernust (2.67) oTHOCHTENEHO IPOM3BOAHOI), HO HAaNpaBJIeHHEA BOKTOPOB
KacaTelbHEIX K 9TOM KpuBhIM B Todke (zo, Yo) pasimansl. Iloo-
TOMy, 9TOOH BHIEJNTH OHpefielicHHoe pemenue ypasmerusa (2.67),
‘HaJip He TOJNBKO 33/aTh HAUAJLHEE [IaHHHE — SHAYCHWE pelleHHsA
y(z} B Toure xy, T. €.

y{xo) = yo, (2.69)

- ’
HO 11 3HaveHHe IPOM3BONHOH pelmenms B o710l Touke ¥’ (7,) = Y.
r

OueBupHO, 5TO 3HAYeHHe He MOMET OBITH 3aJaHO IPOUBBOJLHO: Yo
JOIRHO OBITH KOPHEM YPaBHEHHS

Flzo, yo, ') =0. (2.70)

Nrax, cymecrBoBarre pemenus ypasuemusn (2.67) ceasaso ¢ Bo3-
MOIKHOCTEIO Pa3PeIINTE ero OTHOCHTENEBHO §’ U cyInecTBoBaHUeM pellle-
Huit ypasrenuii (2.68). Tem caMeIM HOCTaTOYHEBe YCJIOBHA paspemid-
mocT ypaBHeHua (2.67) onpepeidioTcs WIBeCTHRIME W3 Kypca
aHAJH3a YCIOBHAME CYINECTBOBAHAA HeABHOM (JYHKIMM U ee Hempe-
PHIBHOCTH BMeCTe ¢ mpomsBopHoil. ViMeer mecTo ciemyomas Teopema.

Teopema 2.4 (cywecreoeanusnu eduncreennocru). Ecau ¢ ne-
KOTOpOM 3Q.MKHYTOM TpeTmepHoM mnpaxoyzosvruke Ds ¢ yenrpom e
TOoUKe (xo, Yoo yo), 20e y{,—aedcreurem;nbzii KOpeHb YpPaeHEHUR
F (24, ¥y, ¥ ) =0, ewuinosnenss ycaoeus: L

a) Flz, y, y’) nenpepvisna no acoeonynnocm apeYMEHTOE eMecTe

C HaCTHOLIMU npoussoanbwu —a-g u '-67"
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6 ar ( ') 0
) rrd Zgy Yo, Yo) 70, 70 6 okpecrnocru Touku x =z, cyuecr-
eyer pewenue y=yl(x) ypasuenus (2.67), ydoesereopsiouiee ycao-
UM
’
Y(z) =VYor Y () = Yo, (2.71)
npuuem 370 peulenue eJUHCT@EHHO.
HNorxasatexnsctro. B cuny ycnosmit a) u G) TeopeMsl, B Ok~
’
PECTHOCTH TOYKH (o, Yo, Yo) BHIOIHEHH YCIOBHA CYNIECTBOBAHUA X
eMHCTBeHHOCTY HesBHOH QyHRIUN
y =f(z ), (2.72)
YAOBIETBOPAIONIEH YCIOBHEIO
Yo = [ (Zgs Yo)s (2.73)
opryeM HafifeTca Taroil 3aMKEYTHIT IpaMoyronsEuK Dy ¢ meBTpOM
B Toure (zo, yo), B Rotropom Qymrnusa f(z, y) meupepwBHA BMeEcTe €
HpPOMBBOXHOM R BHYECIEMOlf 10 TpaBmiy uddepeRnnposangs
HeABHOK QyHKIEN

O vt
af . —é; Z, !l. z, !l
&= . (2.74)

oF
'5;,7 (= y, [z, y»"/l

e
U,

Ho ar10 03HauaeT, YTo HawayibEas safada- y(z,) =y, mna ypabHenus
(2.72) umeer u npuTOM eMHCTBEHHOE pelIeHHe EA OTPEsKe

lz—zl <H, (2.75)

TaK KaK BHIIONHEHHI BCE VCIOBHA TeOopeM CYINECTBOBAHAA U efuH-
creernoct 2.1 n 2.2. Teopema 2.4 noxasana.

Ecin muTterpasbEbe Kpusbie ypasmemuit (2.68), nepecexaronimecs
B Touke (zp, o), EMelT OOmMyIO KACcaTe/bHYI B 9TOH TOYKe, HADpPAB-

JIeHHe KOTOPOil oNpeeligeTcs sHAYeHUEM Iy, TO B DTOH TOuKe, oge-
BUJIHO, GYNyT HapymeHs COPMYINPOBAHHEIe BEUIe YONIOBMHA €[HCT-
BeHHOCTH pemernun ypasrenusa (2.67) ornocurensro y'.

Hpumep 2.3. PaccmoTpaM ypabHCHHE

(v')2— (22 + )y’ + 2zy = 0. (2.76)

Paspemasn er0 OTHOCHTENbHO NPORSBOANOH y’, WONYyuYMM JBa YPABHOHUS HepBO-
I0 HNOps/IKa, paspemedHsie OTHOCHTENLHO IIPOR3BOIHOM:

¥=uy 2.77)
y' = 2z, (2.78)

NpaBLe YACTH KOTOPHIX YAOBIETBOPAIOT yclioBmaM TeopeMm 2.4 m 2.2 cymecT-
BOBAHEA ¥ eJUHCTBCHHOCTE Pelliendsl HAYalbHOR 3ajadw B Jai06o# TOUKe maOC-
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rocta (z, y). OGmue pemenus ypasnermit (2.77) & (2.78) mueloT Buj
y = Ce* (2:79)

y =224 Gy, (280)

rne moctosmase C; m Cp ONpefiensoTCA W3 HavaibHHIX ycnopmit. Har Zerxo
BEJieTH, Yepes a00YI0 TOUKY IUIOCKOCTA (2, y) UPOXORAT KAK HATEIPAILHAS Kpa-
pan ceMelictma (2.79), TAR M WHTErpadbHAA KpuBas ceMeiicta (2.80), mpmdeM
B TOYKAX HpAMOH y == 2r KpHBLIE 3THX

5 ceMeiicTB EMeIOT OGIMY0 HACATEIbHYIO

Y] ) ¥’ (zo) = 220 (puec. 5). (B Touxe (0,0)

P UHTErPANBHAL KpEBag y == 2% Kaca-
erca mpamoii y = 0, spaaomeiica ga-

CTHEIM pelieHmeM ypapHenmst (2.77),

2 32 KOTOpOE MO:eT GHITh NOXy4YeHo u3
dopmynrr (2.79) upm C; = 0. 3ra e
7 . HAHTerpanpHas KpuBas y = z° pepece-
Kaercs B T0UKe z = 2, y = 4 ¢ mETe-
rpanenoil KpEBofl y = (2/e)%* cemeijt-
crBa (2.79), nprueM B H10il TOuKe 0Ge
KpHBEIe HMeIoT OOIMYy® HacarelbHYIo
y'=4) TaxmM obpasoM, TpaMag
Yy = 2z vpepcraBnner coboiéi reomer-
pudeckoe MeCTO TOUeK, B KOTOPHX

3 HApymeHS YCIOBAA €JHHCTBEHHOCTH
4 »>- Ppemenns ypasmenus (2.76). (B armx
: / < TOYKaX He BHINONHEHO ycioBme 0),
& IOCKONBKY, 57 =0.
Y oy y=2x
Puc. 5. 1— xpupag y = z% 2 — kpu- 2. Harer B -
pan et pean ye . PHPOBAHNE YpaBHE

— (2fe)e™; 4 — Kpupan y — (2fe)%=; ™A, HOPASPEIIEHHOrO OTHOCH-
5'— ppamas y = 2z. TeILHO LIPOM3BOAHON, HYTEM BBe-
nenus mnapaMerpa. [lokasaHHASA B
HpersITyIeM IYHKTe TeopeMa 2.4 TapaHTHpYeT HPH BHYIOJIHEHHU
OmpeJieIeHHBIX YCIOBAA BO3MOKHOCTh CBEJIEHHs WCXOJHOTO ypaBHEe-
mua (2.67) k ypasrenuo (2.68) 1 paspemmmocTs mocieanero. Oxgnaxo
TIPAKTHYECKAS PeAJIN3anyA DTOM BOSMOMKHOCTM N TOcIefylommee KH-
TerpHPOBAHUe TOTyuYeRHOro ypasHenusa (2.72) wacTo BHI3LIBAIOT 3HA-
uynTeNbHble TPYAHOCTH. IloaTOMY B Ppsjie clyuaeB MNpelCTaBIAI0TCA
Gonee YAOOHRIME JpyrMe CHOCOGH WHTerPUPOBAHEA YpPABHEHHA
(2.67). Haunem co ciyuas, rorga ypasmerme (2.67) merko MmosxmO
PaspeluTh OTHOCHTENLHO CAMOll HEeH3BeCTHOM PYyHROHN

y(z) =f(z, y'). (2.81)

Jlna paneHeiimero ynoGmo BBecTH 0GosHaueHHA §' = p B Hepenu-
cars (2.81) B BUzE

y(z) = flz, p(zx)). (2.82)

IIpepmonaras cymecTBoBaHue peinenus y(z) HCXOHHOTO ypaBHEHEA
(2.67), M1 Momxem wupopmdhepernupoBaTs cooTHOmeHHe (2.82) mo
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HesapucHMOM mepemernoi x. Torga momxyamM

dy of af dp

= P@ =gt & (2.83)
TlonygenHoe COOTHOIIEHEE YpefcTaBisieT coboil nunefinoe muddepen-
NUanbHOe ypaBHEHHEe OTHOCHTENHHO p, W €ro pellleHHe JIeTKO MOKeT
OHTH TONyYeHO MeTONOM, msiokeHHEM B § 1. O6mee peuesne
(2.83) MomEHO 3anmcaTh B BHE ONHONAPAaMETPHYECKOTO CeMeiicTBa

plz) =glz, C). (2.84)

O1rcona, nenonnsys (2.82), woxyamM ceMeHcTBO periennii HCXOXHOTO
ypasrerus (2.67) B Buge

y=f(z, ¢z, C)) (2.85)

¥ JUig pellleHUs HAYAIGHOA 3a/{aull OCTAETCH ONpefielMTh 3HAYEHNO
nocrogaRol C M3 HAYAJIBHEIX YCIIOBHIL.

IIpeMep 2.4 PaccmorpaM ypashenze

W) —zy +y=0 (2.86)
OueBnjiHO, 5TO YPaBHENHe JCIKC Uepenucath B Buje (2.82):
y = zp —p% (2.87)

d,
oteyfa p=p + {(z —2p) ;ﬁ, 1. C.

dp ;
(x — 2p) = 0. (2.88)
Vpapnenne (2.88) uMeer ceMeifcTBO peruenuil
p@=C (2-89)
¥, KpOMe TOro, pemenue
x
p(x)==35" (2.90)

Orciofa, yamreBaz (2.87), momyunmM pelmeHds BCXOAHOro ypasnenna (2.86)
B BRJE

y(z) = Cx —C? (2.91)

22
y@ =7 (2.92)

Jlerko upoBepETH, YTO UEPe3 TOUKY (Zo, Yo), HPUHANERAITYIO obnacra cyiie-
CTBOBAHM: pellenus ypasmenus (2.86), TPOXOAAT ABe PABANYHEE MHTEIPANLHLIE
xpussie (2.91), coOTBeTCTBYIOINEE ABYM 3SMATEHUIM moctosEHOE C (pme. 6):

2
X X,
C=—+ ]/—4i —y, (2.93)

Fnn BEelenus e[[ARCTBEHNOrO pelleHAs MAuaibHOH 8ajaum, UPOXOIAMEro de-
’
pes TouKy (o, yo), MOWKEO GLITH eme 3ajiamo 3HaueHme ¥’ (z,) =Y, ompefie-
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JR10mee NalpaBliedre KACATENbHOR K MATEIDANBLHOI KPUBOH B 270i1 TOure, He-
TPYZHO TaXiKe yCMOTpeTh, 9T0 pemienme (2.92) ypaBEenmsa (2.86) obnapmaer Tem
CBOIfCTBOM, TTO KpuBas y = z¥4 B KaK/Ipil CBOEH TOUKe KACAETCH RAKOH-II6O
xpuBoit (2.91). 910 ospagaer, 410 KpU-
¥ Bas y = z2/4 mpencTaBnAeT co6oii reo-
MCTPHEYECKOE MeCTO TOYEK, Jeped Ko-
TOpHe IIPOXO/AT ABa pelleNys ypaBHe-

A (2.86), mMeomue o6myw Kaca-
TeJBLHYI0 B 9TOi TOuKe. B ToYKax Kpm-
BOll y = z%/4 mapymaerca ycuosme 6)
TeopeMur 2.4:
or ’
: A Jymsrga =~ Y T s =0
: ' \ ; (2.94)

Z TeM caMpM permeHne y = z2/4 oRash-
BaeTCA B onpeneaeunom CMBICTiE 0CO-
OnmM permenweMm ypasnenua (2.86).

Ilpeskne uweM mepexommETs K
PaccMOTpeHNI0 00mero ciyuas,
OTMETHM, YTO IOCKOIbKY B HC-
xomHoM ypapHenun (2.67) mepe-

Puc. 6. MEHEBIE & H Y PpPaBHOIPABHHL,
T0 NPOBe[ileHHLIE BBUIE PACCMOT-

PeENA COXPAHANT CAIY M B TOM clydae, KOTHA HCXOZHOe ypPaBHEHHe

JIETKO Ppa3pellnTk OTHOCHTENBHO HesapwcHMoll mepemennoil x. Ha-

ypEMep, aTo uMeeT MecTO B CJyYae TAK HA3HBAEMOr0 yDaBHEHHUS

Jlarpamxa

zop(y’) +yply’) = x(y"), (2.95)

JNMHELHOTO OTHOCHTENbHO NEPeMEeHHHX & 1 . YacTHEIM caygaem
ypasnernua Jlarpamska n sBIAeTCA ypasHeHNe, DPACCMOTPEHEHOE B
upumepe 2.4.

Ilepeiimem Temeph Kk HBNOFKEHHIO OOIIEro METONA UHTEIPHPOBAHUS
ypanuerua nepsoro mnopsagxa (2.67), mepaspeieEROTO OTHOCHTENLEO
nponsBofEoil, mytem pBejeHms napamerpa. OGosmaume y’ =p, sa-
numem ypasrenze (2.67) B suze

F(p, y, ) =0. (2.96)

Vpasuenme (2.96) ompenienseT HEKOTOPYIO MOBEPXHOCTH B TPeXMep-
nom mpocrpasctse (z, y, p). Hax mspecTHo, myTeM BBeJleHHA IBYX
napaMeTpoB U, U, AAaHHas MOBEPXHOCTH MOMKeT GsIThb 3akama B mapa-
MEeTPHYECKOM BIJIE

z=X@,v), y="Yu,v), pi= P(u, v). (2.97)

B mamem cayvyae dyernmy X, Y u P cessans coorromenner (2.96)
¥ cooTHomeHNeM dy = pdz, W3 mocrepnero COOTHOmICHES HONyYNM
aY

ay , (24 . 8X
o du - "g}“av =P (u_, U) {—5_11_ du -+ oo dv}- (2.98)
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Orcrona cnenyer, YTO BEJIMYHHEL I K U HE MOTYT GBITh HE3aBHCHMBIMIML.
Iyers v=uvlu). Torma m3 (2.98) nonywum, 4TO CBA3L HApaMeTpPOB
u U v #pefcTaBiseT cofoil o6nKHOBeHHOE IMudhdepeHHTATLHOE YPaB-
HeHUe OTHOCUTENIBHO (QYHKIOUN U:

P ) oX lidd

dv 9 5w T "ou

du oY X ? (2.99)
o P (u, v) ov

npuYeM 9T0 YpapHeHEe — paspenieHHOe OTHOCHTENHHO MPOMSBOIHOLL.
CemeitcTBo pemenuii ypasnerns (2.9Y) moxEo sanmncate & BHRE

v=olu, C). (2.100)

Torga B cmiay (2.97) pmonywum cemeiicTBO HHTEIPAIbHMX KPHBBIX
ypasrerus (2.67), sanucannoe B napaMerpuyeckoil Qopme

z =X, o, C), y="Y, ¢lu, C)), (2.101)

9TO ¥ pemaeT 3a[avy WHTerpnpoeanus ypasHenus (2.67). ,
QueBEpHO, 9TO B TOM Cllydae, KOTHA HCXOMHOE YpaBHEHHE Jerko
paspeliiTh OTHOCHTENbHO nepemennoit y (nepemensoin x):

y=f(z, p), (2.102)

B KaueCcTBe HapaMeTpPoB U, V B HapaMeTPHYecKOM NpeJicTABIeHNR
(2.97) ¢nenyer BnibupaTs ocraBmmecs nepeMeHnHbe x, p (umm y, p):

=z, y=fz, p), p=p. (2.103)

Hax nerko mposepurs, moayualolieecs mpd 3ToM ypabHenme (2.99)
i onpepienenus (Pynrnumu p(xr) OyneT copmamaTh ¢ ypaBHeHHEM
(2.83).

3. Ocofsie pemenns ypaBReHHA [EPBOTO MNOPAJKA, HepaspemIeH-
HOrO0 OTRHOCHTEAbRO Upomssonmoli. B paccMoTpernom BpiMe mpuMe-
pe 2.4 mpl monyumnn ocoboe petneEue y = x?/4 ypaBHEHHA mepBOTO
JOPsiKa, HEPA3PeHIeHHOr0 OTHOCHTENLHO Hpoussommoi (2.88), 06-
Jafamee TeM CBOMCTBOM, 4TO BO BCEX €r0 TOYKAX HAPYIIEHA eXVH-
CTBCHHOCTh pellleHEsA Ha4ajepHO# zanaum Homm. Paccmorpum temeps
B 00meM CIyYae YCIOBHA CYIMECTBOBAHHMA 0COGOro pemenus.

MmuosxectBo Touek (x, y), B KOTOPHIX HapymaeTCs eNMACTEEEHOCTH
pemenusi ypasrHenus (2.67), 6yneM RaspiBaTh 0COOHIM MHOKECTBOM
aT0r0 ypapHehus. fICHO, 970 B TOYKAx 0coBOTO MHOMKECTBA He BEHI-
DOJNIHEeHO 10 KpaiiHeit Mepe opHO ¥M3 ychoBmit TeopeMsb 2.4 Yame

17}
BCero Hapymaerca yciaosue 6), T. e. ke 0 Torns upn sBeinonEEREN

B TOYKAxX 0c000ro MHOJKECTBA YCJOBHA a) @ Hapymenus yciosus 6)
B 3TEX TOYKaX OJ{HOBPEMEHHO MMEIT MECTO COOTHOITeHU

F
F(p,y,2) =0, %;(pz Y, x) =0 (2.104%)
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Uckmouns p ms coormomenui (2.104), nonysum Hespnoe ypaBHeHme:
TaX HA3HBAEMOil p-OUCKPUMUHAHTHOL KPUgOL

Oz, y) =0. (2.105)

Bynem HasemaTh 0cofbiy peuwleHuer UHTETPAINLHYI0 KPHBYIO, BO BCEX
. OF w
toukax (z, y) KOTOPOH —= = 0. Ecomm rakas-nubo w3 perseit p-pu-
' y

CKPUMUHAHTHON KpUBO#l MpeNCcTaBNsAeT CoG0H WHTErpAIBHYIO RPHUBYIO
ypapuerns (2.67), To oHa sBNSETCH €ro 0COOKIM pemneHmeM. 3aMeTHM,.
910 He 06A3aTENBHO BCAKAH pP-TUCKPEMUHAHTHAS KPUBAA YPEACTaB-
nsier co6oit ocoGoe pemenne ypasHenuA (2.67), oma MoxeT W He AB~
NATECA WHTErpaJIbHOli KpHBO# 3TOre ypapHeHus Tak, HampmMep,
KaK JIeKO MPOBEPHTH, B cllyuae Ipumepa 2.3 p-AHCKPUMHEaARTHAST
xpmBas y =2z ypasmenma (2.76) He sBAseTcs MATerpambHOl KpH-
BOH, a TeM caMbIM I 0COOBIM perenneM sroro ypasmenus. Haiinennoe
p mpmmepe 2.4 ocoGoe pemenne y = 2%/4 ypasmenusa (2.86) apnsercs
ero p-INCKPIMAHAHTHON KPEBOM.

B Tex cnyuasx, ecim MHOutecTBO pemenmit ypapmermua (2.67)
MoskeT OHITH 3aMHCAHO B BHJE ONHONAPAMETPUIECKOro ceMeficTBa

O(z, y, C)=0, (2.106)

B KOTOPOM BHAYeHHA YocTosHHOA C CUpENeNA0T pasjriHsle MHTer-
paibHble KpHBHe, n cemeiictso Qyernui (2.106) mmeer ormGanmyio
y = y(z), 10, oOueBHNHO, BTa OoruMbalOIMas TaKyKe ABIAETCH MHTErPaib-
HOIl KpmBoit ypasmemms (2.67) m uepes KasAymo TOUKY ormbammeir
OpOXOAMT HHTEerpajbHAas Kpusas ceneiicrBa (2.106), uMeroman B
ool TouKe 06myl0 KacaTenpEyI0 ¢ ormGarmeil. Tem caMrM ormGazo-
mas ceMelicTBa MHTerpasnbHeix Kpmeweix (2.108) mpencrabiser coboit
oco6oe permenne ypasmerna (2.67). Hax mssectHO, ormbanmas oxHO-
napamerpriecroro ceMeiicta (2.106) Momer GuITL HaiimeHa iTyTem
WCKII09eHHA napamerpa C 13 COOTHONIEHMI

®(z,y, €) =0, 2 (z,y,C)=0. (2.107)

Honyuennas npm sroM Kpmpas Wz, y) =0 masemaerca C-Buckpu-
nmukanTHOU kpueoli. Tawr, nalimenroe B npmMepe 2.4 ocoGoe pemenue
y =x2/4 ypasuennst (2.86) sBaseTcs, Kak JerKo MOpOBepHTh, C-mu-
CHPUMUHAHTHON Kpueoil cemeitcTBa permenmit (2.91).

B zawmouenme samermm, uTo cucrema cooTEcmenui (2.107) om-
pejiensAieT He TONBKO ormbaromyo cemeiicrsa (2.106), ro u MHOMeCTBO

KpPaTHBIX TO4YEK 3TOro cemelicTsa, B KOTOPBIX 9aCTHble HPOU3BONEBIE
oD o

- B w UM He CYHIeCTBYIOT, WIH ONHOBPEMEHHO 00parmanTcs B
myne. IlosToMy YyCloBmeM CcymecTBoBakns ormbaiomed cemeiicTea

(2.108), a Tem campiM u ocoGoro pemeBms ypasreuus (2.67) saBiaa-
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ap
€TCH CYINecTBOBaHZE OrPAaHHYEHHBIX YACTHBIX IPOUSBONHBIX e n

%(;i, YAOBJIETBOPAIOINUX YCIOBALD
ap \2 ap
(—a';) +( a_/) == 0. (2.108)

§ 4. Teopema cymecTsOB2HHA K €INHCTBEHHGCTH PeNIeRns
HOPMAaNbLHOH CHCTeMBl

OcHOBHBle Hyed MeToja JIOMAaHBIX Jiiepa MOTYT OBITH HMCIONB-
BOBAHBI [IA KOHCTPYKTHBHOIO MOKA3ATEILCTBA CYIIECTBOBAHMA pe-
THeHNs HAYAJIBHON 3aKaul HE TOJLKO B ClIydae OHOTO VDaBHEHH,
PazpemenHOr0 OTHOCHTENBHO IPOM3BONHOH, HO 1 B ClIy4ae HOPMAalb-
HOlI cHCTeMHL. OTH BOTPOCH M COCTABIAKT OCHOBHOE COJEpIKaHEe
HACTOHINEro aparpada.

VItak, paccMOTpUM HATYANBLHAYI0 3a[a4y HJf HODMAJBHON CHCTEMBl
m ypaBHEHHH TEePBOTO HOPHIKA

y.
..__l == T. t, i 3y ooy 9
a1 fi (8, 11 Um)y (2.109)

yit) =yi (E=1,...,m)

Tlycts (I)ymcmm &, y1, ..., Yy=) OLpEnENEHE B o6nac'm D mpej-
craBxgomeil coboii (m+ 1)-MepHBIT DapasIelemuiIe] = {|t—
—t|<a, |l —y?2|<b:i (i=1, ..., m)} ¢ memtpom B Toure (I
Yoy v ns y%). Ipenmonosxum, uto B o6xacty D pymxmum f{t, yi, ...
.. Ym) HeENPePHBHEL BMecT€ C YAaCTHHIME JIPOM3BOJHLIMU

f,
; (i, i=1,..., m). CuegoBarensHo,

of;
'fi(t1 y11 * ey ym)l<M7 Ey_j(tv yly *esey ym) <N7 (2-110)

upmaeM mocrosignsie M u N we zasucar o1 i u f.

HosTopas paccy:KNeHus, NpPOBeJIGHHEIE B CIy4ae OJ(HOIO YpaB-
HeHYs, JerKo YCTaHOBUTh, UTO MCKOMAas WHTErpanvHas Kpueasa (ecim
OHa cymecTByer) He Buiifer m3 obmactm D ma orpeske ltp, 7] wus-
MeHeHHA HesaBHcUMoil HepemenHoii f, rme I =1f,+ H, a amauenue
H onpepnenaeTcs Kak

min bi
-—’—M—} (2.111)

Jlns moctpoerma noMaHo#l Sitepa Ba otpeswe [ip, 71 pasobGnem
9TOT OTpe30K Ha n uyacTedl Toukamm peiemms Miy=iy, i, ...
wee M =T U TaR e, Kak U B § 2, o6ozHAYHM

(n)t' —_ (n)t‘___l — (n)h‘_, (n)h = max {(n)hi}.
i

H = min {a,
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Ha mepsom mare «samoposmMm» ¢ymrnum fi{t, yi1, :.., Jn) B Touke
(¢,, 1% --., U3) m, mErerpmpys nonygenHse YpaBHEHUA C IOCTOAHHON
mpasoil vacTeio, HaiineM sHavenus PyHrmui y:(t) ma orpeske lig, #1:

Py @) = Y3+ fi (Boy Yle -+ o5 ) (E — 1)) (2.112)

Haiinerente ¢ysxnum onpepensiior B (m + 1)-meproM nmpocrpamcTBe
nepeMeHnwnX I, Y1, ..., Ym Ha yuactre lfo, #] npamonmpeitmsiit
OTPe30K WMHTErpalbHON KpuBoii Hopmanneob cmeremer (2.109) ¢ wo-
CTOAHHEIME mpaseiMu gacTamu. Berrop-pyrkmma “y(t) ma [4, &
SIBJIIETCA MEePBLIM 3BEHOM JIOMAHOH Jiinepa.

3unauennn Qymxnuii y:(t) B TOuKe £=f; OpEMEM 33 HOBHIE HAYAJb-
Hble SHAYEHAS U, TUOBTOPAH BHINCONMCAHHHIN AJrOPUTM, MDOXYYHM
somanyro Jitnepa Ha orpesxe [Zy, 71. Yz npenmpmymmx paceMoTpermit
ACHO, YTO HA ITOM OTPe3Ke MOCTpOeHHAd BeKrop-Qymkmms Y(l) me
BHifineT n3 obmactu D.

BeeneM nomaTHe e-NpUGIMIKEHHOTO 110 HEBA3Ke PeleHus HAUaJlh-
woif samaum (2.109), asanormunoe COOTBETCTBYIOIMEMY HOHATHIO JUIH
CIy9as OHOTO YPaBHEHUA.

Onpedeaenue.lenpepvisnas na orpeske (ty, Tl eexrop-Pynryus

y_(_t)=(?/1(t), ey Um(t)) € Eycouro menpepeisHblML npou3sodHbIMlL

—&25,; zpaur KoTOpOLL yeaurom sewur ¢ obaacru D, Hasvieaercs g-

npubAUNKEHRBM nO_HEEA3KE PEULEHUEM HAUAALHO U
sadauu (2.109), ecau {ylty) —yli<e (i=1, ..., m) u npu nod-
cranosre gynryuii yt) ¢ ypaenenusn (2.109):

dy. — —
=1 (6 Vi e ey Um) + 9 (D), (2.113)

20e neesnsku P(t) ydossereopsior HepagercTey
sup |9 (B)|<e. (2.114)

ittt T]

Yro6r KOKA3aTh TEOpeMy CYIIECTBOBAHNA, TAK e KaK W B CIy-
Yae OXHOTO YPaBHEHHA, HOKAMKEM, UTO HOCIEeNOBATENEHOCTH JIOMAHBIX
ditnepa {"Wy(1)} npu ™h — 0 o6pasyer panHOMEPHO CXONALIYIOCH HA
orpeake [fy, 7] mociemoBaTeNbHOCTh €,-NPHGIMKEHHLIX MO HEBAZKE
pemeHuwii HAa4aJbHOHM 33jadM, 8 [PEAeNbEas BEeKTOp-QYHKIUA DTO
nocnegosatenchocty y(f) ymobiersopser BceM YCAOBHAM HCXOXHOM
sagaur (2.109). JlokasaTedbcTBO 9TUX MOJOMEHMI COCTABIAET CCHEP-
JKaHUe Tpex JeMM, aHANOTHYHEIX JeMMaMm § 2.

Jdemma 2.5. Jas mo6ozo € > 0 moscno yrasars raroe 1> 0, uro
ece  £\-npubauxceHHble RO HeeA3Ke pelleHUA HauasbHOU 3adavu
(2.109) pasavuarorcs mendy coboit na orpeske l[to, T1 ne 6oavwe,
yem Ha €.
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HoxaszsaTtenscrBo. CornacEo ycIOBHAM JIGMMEI AJIA 7106010 €
CYIIECTBYIOT Takue €;-NpHOIMKensse 110 HeBssue pemenns Uy ()
n @yt), aro

M7

i s e B+ O (), (2115)
d(z)?/i__f_(t @7 .- .
= fi(f, DYy, o vy OUp) + O (2), (2.116y
rae

sup| s () — @y (t) | < 2e1, (2.117)

sup [ WD (F) — @p; (B) | < 2y (2.118)

i;ie[to,T]
O60s3HaunB

@y, (£) — Oy; (1) = z;(2), (2.119)

@np; (L) — Dp; (1) = @i (), (2.120)

u perumran (2.115) ms (2.116), momyunm

dz; — — — —
— = f’i (t, (2).’/17 cvry (z)ym) - fi (t1 (l)yv LIRS (l)ym) + Qi (t)'

dt
(2.121)

BocmoneayeMcst JerKO YIPOBEPSEMBIM HEIOCPE[CTBEHHO TOKIECT-
oM, copasemimesiM mast Gymxumn D(uy, ..., u,), obnanatomeil He-
OpEPHIBEBIMA YAaCTHEIME IPOU3BONHEIME O Ui, ..., Up (TOIECTBOM
Apamapa):

(D(uh !'—"u’p)_q)(l_”l' --HEp):

1
oD ~
= Au, j‘gﬁ;(ul 4 0Auy, g, ..., up) dO -+

0

1
+Au2§g—?(ﬂl,ﬁz + 0Au,, gy o oo, up)dO 4.
o 2
16(D - -
...t Au, f Fu, (s oo Uy Tyt 0Aug) A0 (212)
0

r nepenurtem (2.121) B Buge

dz, <
i 52 ai; (8) % + i (), (2.123)
=1 N

4 A. H. TuxonoB u 1p.
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rme

1
ai(®)=| 3 (6 O (), or O (8) + 055, ., O (5) D
(]

ABIAITCA HEOPEPHBHEIME (QYHRIMAMY TlepeMeHHOH I,
Bsengem Bcmomorarenbuyio QyEKIEI0

m

p(ty= 2 2 (%),

KOTOPYH MOKEO HHTEPHPETHPOBATL KAK HOPMY YKIORCHHA BEKTOD-
Pyurnun Vy(E) or @y(t). Ymuomxus (2.133) ra z; u cymmupys wo i,
MOy InM

d & N
E? - }; ai; (1) 22:2; + 2 Z @i (1) 2. (2.124)
=1 =1
22.2.

i“i

O6osnaunm  0;; () = 242

TOM BBEIEHHOTO oﬁosﬂaqennﬁ peipaskerne (2.124) wpnnumaer Bup

®_ 3 (1) 035 (t) (23 +z2)+22 @iz (2.125)

=1 =1

Ouesnpno, uto 19501 <1. C ye-

Beepem o6osrHavennsa

2.11 i ”(z +z2)
p(t): 0)

m
P(f)=2 Zx @ (2) 2 ().
i=
“Teneps (2.125) moxu0 sanucaTs B BHIE

=p()p )+ (@), (2.126)

9ro HpencTaBisier co0oll JAHEHOe YPaBHEHHNe ¢ KYCOYHO HeIpephiB-
HEIMA KosdduruenTomM m Opasoii wactelo, Ha ocmosammm (2,110)
H|MeeT MecTo ycloBue

m

2 a;,(8) 035 (2) (2 + 29) | <2 Nmp (2),
=

207
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mosToNy fna koagdunuenta pif) cnpaBepimBa OmEHKA
In@) <2Nm.

TlockonsKy pemiesne He BEIXogur u3 obmactu D), Ha OCHOBaHER
(2.118) pna mpamoit wacrm P(f) ypasuemms (2.126) mmeeM oueHKY

(8} < Me,, (2.127)
rae
M = 8m max {max (]33 — b;, |99 + &:] 1.
m
Hakomen, mia mauambEoro smHavemms P (f) = X 27 (%) B cmry

i=1
(2.417) cupasenymea omenra p (L) < 4me:. TlosToMy Ha oCHOBAHEE
dopuyas (2.53) EMeeT MeCTO HEPaBEHCTBO )

&

— M _
p(t) <4m8‘iesz(t tO) + T (e2N'm(t to) — 1),

OTKYZIa U ClIeflyeT CIPaBe[NIMBOCTh YTBEPKACHUA JeMME 2.5.

3amewaHne. IIpofeMoncTpEpyeM eme ORWH 9acTO yOoTpeOiseMuli METONR,
onenxu z:(f) — TaR HASHBAEMHI METON WHTEIPANbLHEIX HEePABEHCTB.
Harerpupys ypasrenus (2.123) or % no i, noayium

£ m t
0 ={ Jezmart o, @ar+z(). (2128)
1, =1 io
B cuny onenor (2.110), (2.417) m (2.118) cnpaBeuizpH HepaBEHCTBA
i m
| 0] st 312300 | dn+ 20 (£ — 1) -+ 22, (2.129)
7 =1

Brefs NONORATONEHYI0 (BYHKOHIO
m
Z(t) = 2 Izj(t)[
i=1
¥ cymMupys EepaBeacrBa (2.129) mo j or 1 fo m, momywmm
t

Z ()< Nm ( Z (v) dv+ 2me, (t —1,) + 2me;. (2-130)
Bo

TlofcTaBuM HONYIEHHYIO ONSHKY (PyHKOuHA Z() depes mpasyo wacts (2.130)
TON 3HAK UATerpana:

t T
Z@#H) < Nm “ Nm S Z (7) dtv - 2me, (T, — 1) - 2me, ¢ d1, +
io io
-+ 2me, (t —1t,) - 2me, .
PAl
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\

Menns mopsoOK HHTErPAPOBABAS B IEPBOM HHTErpaje # BRIYACAHAS HHTErPajs
1o NepeMeBBol T, NOAYYHaM

t
Z () < (Nm)? 5 (t — 1) Z (1) dt -+

te
2

Nm 2
+ 2e, 5 (t—1t)2+2em(t—1)+ 281Nm (t—t)+ 281m.
Tlpopoizxas aHANOIAYEO, IOCHE n IArOB HMOIYyYHM
(Nm)™ 1 (1 — ¢ Y1

N(n+ Dl +e.-

i
Z @) <ﬂﬂ_§(z — 0" Z (1) dT}- 28,
nt
to
Nm (t—to)

(Nm)™ (£ —t )™
v 2, 2o m U Nm(t — 1)+ .. 1,

n}

Tar xax ma orpeske [fo, 7] Jynkumn “@(t) '] (”:l;(t) Ee BLIXONAT u3 oliac-
ta D, To $ymwnua Z(¢) orpaunvens wa [to, 7). [losToMy, mepexoms K mpepneny
OpH n—» 00, NONYYAM OKOHUATe/AbHYIO OUeHKY Iaa ¢yuxknunu Z(t):

£

2g,
A0 <—N'- (Nmit=to) _ 1) - 2¢. meTVmt=t0),

OTKYIA W ClefyeT CnpaBelTEBOCTh yTBePIKICHHAs AeMME 2.5.

Iocnenyiomue nBe JeMMBl JOK23sIBAIOTCA MONHOCTHI0 AHAJIOTHYHO
cooTBeTcTBYIOmEM JeMmam 2.3 m_ 2.4 B clyvae ONHOIO ypapHeHHS.

Jdemma2.6.Ecau cyuyjecreyer cxodawancs no Heeésske ha OTpes-
ke lty, T1 nocaedosareavnocrv e.-npubauicerntlx no neeaske pe-
wenuti {y(0)} nauaaerol zadauu (2.109), ro ara nocaedosarens-
HOCTL paenomepHo cxodurcs k eekrop-Pynkuuu Y(t), asasrowetica
pewenuem dannoti aadavi.

Jdemma 2.7. Ilpu ™h —~ 0 neeasru somanvix Jisepa pasromepro
na orpeske lto, Tl cxodarcs k nyaw.

N3 nemm 2.5 — 2.7 cnenyer 0CHOBHAA TeopeMa.

Teopema 2.5 (cyyecreosanun). Ecau dynwyuu {i(t, y1y «. ., yo)
U UZ “aCTHble NPOU3600HblIe NO 6CEM NEPEMEHHBIM Yi, .., Ym Henpe-
poienst 6 D, 1o na orpeske lto, Tl cywecreyer pewenue wauaavnoii
3adauu y(t) daa nopmasenoi cucremovr (2.109), ¥ Koropomy nocaedo-

eareavnocty {Wy(t)} aomanvix Biaepa cxodurca paenomepno na
Itg, TV npu ™h — 0.

Tak e, Kak 1 B Clyuae OLHOrO ypaBHEHUsA, HMeeT MeCTO TeopeMa
eNMHCTBEHHOCTH,

Teopema 2.6 (eduncreennocru). llpu evinoanenuu ycaoeuii reo-
pemvr 2.5 navaavran sadava (2.109) umeer na lto, T1 eduncreennoe
peusenue.

JlokasaTenbCTBO 3TOH TeOpeMbl DONROCTHIO IMOBTOPAET NOKASATENb~
‘CTBO COOTBETCTBYIOIEll TeopeMbl B CIydae OfHOIO ypaBHeHUA,
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Urar, TeopeMBl CyIIECTBOBSHRA W eMHCTECHHOCTH DEINCHMA Ha-
TaNbHON 3allau¥ [uA HOPMAJBHON CHMCTeMbI HONHOCTHI) JIOKA3AHEL
Tlpu sToM saMeqaHus, cjlelanHble B § 2 HO MOBOLY TeopeM CymecT-
BOBAHUA ¥ eJIWHCTBEHHOCTY peINeHHS HauaJlbHOH 3aaud IS OJ{a0TO
YpacHenud, OCTAKTCSA CHOPAREIJIVBLIMH H B CJlydae HOPMAJIBHOHN CH-
CTeMEL

B ra. 1 6ruto mokasamo, 910 ypasmemwe n-ro nopagka (1.6) sk-
BuBaJenTHO HopMmanbHoit cucteme (1.8). OGrcroma cnepyer, uro ecam

dy a1y
npabas 9acTs ypasrenns (1.6) — ¢ymxmua f ( Ly Uy e Ti-tn—_—l—)
VIIOBIeTBOPAET YCIOBMAM Tespemsl 2.5, To pelneHEme HAYANBEOH 3afIa-
=n jixa ypasHeRus (1.6) cymecTByeT M e{MHCTBEHHO.

Pormozpapupobaive
Olpamuol crmggoHs SyHe

&
L
o A=)
\ SITSS
¥
Slexd
3 SR FS
9-X SANER
XSS
BN
Puc. 7.

Ocobo caenyer HOMHEPKHYTb, 9TO PACCMOTPEHHBIE METO] JIOKA~
BaTENBCTBA TEOPEMHI CYIISCTBOBAHHAS C HOMOMIBI) JOMAHBIX Jijepa
mpencTaBasieT coGoH TeOpeTHIeCKYI0 OCHOBY 3(G(DeKTHBHBIX &Jro-
PHUTMOB YHCIEHHOTG PeIeHHS HAYANBHOH 3agauu JUig [OCTATOUHO
CIOHBIX cHucTeM [EQ(QepeHUEalbHbX ypaBHenwil, IPHBEREHHBIX
K HOpManbHOMY Buny. B nansmeitmem (B ra. 6) 6ymyr paccmoTpenm
u ppyrue, Gojiee COBepIICHHBIe B HPAWTHISCKOM OTHONICHWM &Jro-
PUTMEBI 9HCIEHHOTO pellieHnd Au(pQepeHuNaIbasx ypasHenni (yuy4a-
mawniide, Hanpumep, OHICTpoTy cxogmMmocru npmbamxenuin). Ceigac
JXe MBI OrpaHWYMMCA IPAMEPOM YHCJIC€UHOrO PCINeHHA 3afadu
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JJIA NOCTATOYHO CJOMHOY HOPMAJBHOH CHCTEMEBI, KOTOpOe NpaK-
THYEeCKHA OCYIHEeCTBHMO TOJIBKO TIPH ¥CHOJIb30BAHUA COBPEMEH-
max OBM.

PaccmotprM 3aa9y 0 ABMIKEHNE PAKETH B MEKIUIAHETHOM IIPO-
CTPAHCTBE, HCIOLITHBAKINEH TATOTEHNE CO CTOPOHBI 3eMiunm, JIyHEI,
Conmna. Taraa 3ajaga BO3HMKAeT LPHE pacdele IOIETa PaKeThHl K
Jlyre. D910 IBwIeHVe ONMCHIBAETCH CHCTEMOHR VpaBHEHHH [BIIKEHHS
wetsipex Ten Tuna (1.20), rme F; (i=1, 2, 3, 4) — »70 paBnopeii-
CTRYIOI[NE CUJI HBIOTOHOBCKOI'O NPHTAKCHAA, FEHCTBYHOMUX HA [-©
TEJI0 CO CTOPOHHL BCEX OCTAJLHHIX, HPHYEM CIJIAMY, AEHCTBYIOMUIME
Ha HeleCHBIE Tejaa CG CTOPOHSEI PAKETH, MO;KHO, pasyMmeercsd, npe-
meOpeun. Tawmv oGpasoMm, Ms1 npuxopmMm K cucreMe 12 ypapmeRmit
BTOPOro NOPANIKA WM K HOPMANBHOH cmcTeMe 24-ro NOpAIKA, ¢ Tpa-
BEIMH YaCTAMM, MMEIOHMMM CIGKHYH) AHAIMTHYECKYH CTPYKTYPY;
GopMyNBl [N HPaBHIX HacTeH MBI 8Hech He BHOwchiBaeM. Jlas npm-
MeHeRHus ajroputMa Oiijlepa w APYIHX YHCIEHRHIX AINTOPHTMOB JO-
CTATOYHO WMETh BO3MOMKHOCTh BHIYWCIATH LpaBHe 9YaCTH HpPH pas-
JIMYHEBX HONOKEHMAX JBHKYINUXCA TeN, HPH DTOM KOHKDETHHIA BHJ,
aHAIMTHYECKNX (DOPMYJ JUIA UPABHIX gacTedl He mMeeT 3HAYEHWA AL
MeTO[& MHTerpHpoBaHHs. .

Ha npweememnoM 3fech puc. 7 mao0paskena OFHA M3 IPOEK-
nuii TPAaeKTOpmU [BIIKEHHS ABTOMATHIECKOH MERITAHETHOH CTaH-
nuu, sanymenrcii B CCCP 4 oxtaGps 1959 r., ¢ mOMOINBI KOTOpOiL
6n11a coTorpadhupoBana obpaTHas cTopoHa JIyHEL

§ 5. 3asucEMocTs pemeHuii 0T HAYANLHHIX 3HAUCHWH
¥ napaMerpon

B peanburx 3anggax, CBS3AHHEIX ¢ PemenyeM JngQepennnanb-
HLIX ypapHeHuil, HAYaNbHEIe 3HAYEHAS OOGHYHO W3BECTHH! JUIMb ¢ He™
KOTOPHIM UpPHONm;KeHneM, TaK KAaK OHM ONPEefeNsSIOTCSH DHCIIePIMEeH-
TaJpHO WM BHYUCIAAITCH, 4 9T0 Hen30esKHO CBA3aHO C HOABIEHNEM
norpemuocteit. 'KpoMe Toro, B mpapble 9acTy ypaBHEHHME MOIYT BXO-
IMTh HKakwme-1nG0 HapaMeTPHl, XapaKTepH3yoInue (U3HYecKyH Ip¥y-
pony mayuaeMoit cmcTems! (Macchl, 3apAHEI, yOpyr¥e XapaKTePHCTH-
KH ¥ T. II.), ¥ 30a49eAusd [AHHEIX HAPAMETPOR TAKIKe OHpPeelAIOTCSH
npubnmxennc. B ¢BAsnm ¢ 9TuM BO3HMRaeT BOHOPOC O TOM, KaK M3Me—
HseTCH pellleHEMe HAYANBLHOA 3afadn mpu HeGONbIIMX W3MeHEHMAX
HAYAJBHBIX 3HAYEHNI M IapaMeTpPOB W 3aBHUCHT JIM OHO OT 3TUX Be-
JVYME HEHPEPHBHO. JTOT BONPOC MBI M PACCMOTPHM B JIaHHOM Na-
parpade. 3aMeTmM, YTO SHANOrMYHEIA BOHOPOC MOMKHO IIOCTABHTD.
¥ [l HeOrpaHMYeHHOro npomermyTra (fo, ), eclH pemienve Ha HeM
onpefeleH0. JTOT BONPOC COCTABIAET COfEP/KaHYe TAK Ha3bIBaeMOi
TEOPEH YCTOWYMBOCTE, KOTOpOil NOCBAWEHA ClIeNUajbHAf TJaBa
(ram. '5).
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Bynem paccMaTpuBaTh HaYaJBHYK 38[ja9y JUIA HOPMaJBHOH cHC-
TeMbl FEQQEpPeHIRANLHLX ypapHeHIA

=1t (2.131)
U= o0y Yn)y F=(, ooy f)
€ HAYAILEEIMA YCIOBHAMME
yto) =yYo, Yo= (y1e, +o ey Ymo). (2.132)

Buece p = (y1, ..., Ms) — BEKTOp, ONMCHBAOINMIL HapaMeTPsl [y, ...
+ .y Msy BXOUAINEE B NPABYI0 9aCTh CHCTEMBL

Hac mpTepecyeT XapakTep 3aBHCHMOCTH PelIeHHs 3ToH 3aaud
OT Y10y eovr Ym0 ¥ M1y -vey Moo 3aMETHM, 9TC WCCIEIOBRAHNE 32BUCH-
MOCTH PEIIeHNA OT HAYAJBHBLIX 3HAYCHWI Yig, --., Ymo M lop MOMHO
CBEeCTH K 3afiade 06 M3ydeHNU 3aBUCHMOCTH OT HApaMeTPoB B TIPABOH
gacTw cucteMsl. B camoM pmexne, crenaeM B (2.131) sameny

yi=yotz (=1, ..., m), t=t+= (2.133)
¥ 3anvineM ypapHEHWe [Js HOBHIX HEM3BECTHHIX (QYHROW z;:
dz,

E=REL MYl G=hoam),
Q: (Z, Ty By Yy to) Efi (yo + 2, to + T, p‘)'

Ilpu ¢t =1, mosas mepeMgHHAas t=0 u HavasbHble 3HAYEHWA IJIH Z;
peneph ORA3BBAXTCA (EKCHMPOBAHHBIMM:

Zi(O) = yi(to) —Yio = 0. (2.135)

Buavenus yi 4 f, sxouaT B mpaseie gactd (2.134) rRar nmapameTper
HAPANRY € HAPAMETPAMH i1, ..., Ms. SANATA CBOMIITCH, TAKAM 006pa3oM,
K WCCIeIOBAHMI0 3aBUCHMOCTH Z; OT HAPaMeTPOB Ui, f. UMeer mecto
u obpaTHas PeLyKIUA: U3dydeHuWe 3aBHCHMOCTH 0T IapaMeTpa MOKHO
paccMaTpUBaTh KaK HEROTOPHIH 9YacTHBIH BUJ 38BHCUMOCTH pelleHmii
0T HavYaJbNBIX sHaueHwWil. B caMoM [eje, DOCKOIbKY HapaMeTphl
Wi, ... Pe B (2.131) PurcupoBaHEI B OPEHEAMA&I0T, HANpHMEp, 3HAYE-
oA pyo (k=1, ..., 8), To K ypasmermaM (2.131) ¢ mavanpHEIME yC-
d
Jgoemamm (2.132) moEO0 poGaBuTh YPABHEHWS BHIA —:t-k =0 ¢ mHa-

ganpaeME yeaosuaMa Wi(fg) = pyo. Torpa momyumm HOBylo cmcremy
dy ap
= (.t n), Tl 0, y:(t) = Yi» Palts) =pno (2.136)
Tenepb BOHDOC O 32BHCHMOCTH J: OT M, CBOAUTCA K HMCCIEJOBAHMIO

3aBucuMocT pemtenmit 3azagd (2.136) or HavanpmBIX 3HAYeHEI
PG « o Moo '
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Hmxe MBI mccTenmyeM 3aBHCHMOCTHL peIleHuii OT DapaMeTpoB, &
BaKJII0YEEHEe O SABHCUMOCTH OT HAYAJIBHEIX SHAYCHHi cellaeM, HC~
X0fA W3 YCTAHOBJICHHGH SKBHBAJICHTHOCTH.

Ilycts npaseie wactm fiy, t, ), ompenenenHble B HEKOTOPOM
(m + s+ 1)-mepuoM napansnenenunene

D={|t—-to| <a, |y4—y,~0| < bc, Illk—lhol <Ck},
HenpepHBEEI B ) 10 COBOKYNHOCTH ApPTYMEHTOR Ui, +.., Ymy b»
ft, ++-y Ms BMECTE C 9ACTHBIMH OpPOM3BONIGIMA @'j (i, j=1, ..., m.

J
W3 mempeprisrOCTH cienyior cupasefimesie 8 D mepapencrra

of
L mI<y, |Ge ey @
Onpepenuy pemuuunel H u T kax
m.in bi
H = min {a, —LAT—}, T=t,} H. (2.138)

Tlpm rasxpoM ¢urcupoBamHOM HaGope 3HAYEHAR i i — el < e,
mna (2.131), (2.132) seinonEsIoTCA YENOBUA CYINECTBOBAHHMA M €[IH-
CTBEHHOCTH DPelleHHsA M YCIOBMA HNPVMEHHMOCTH AjiTOpHTMA Oiinepa.
JlomaHsie Jiinepa B cuy PaBHOMEePHOCTM BCEX OMEHOK upm ‘i — O
GYAYT PABHOMEPHO .OTHOCHTEIBHO Mi, - .., ls £ CXOMATECA HA CETMEHTO
[to, T1 x pemenumio madanpHOMt 3amaud. IIpE PTUX YCIOBHAX caMm
snoMaHsle Jiinepa OyAyT HenpepslBHO 3aBUCETH OT M1, .., Ms, IO~
CKONbKY Ha JioGoMm r-m mare [f,-y, ] (1 <r<n) onm samuceBaior~
cA B BAJE

(1) = Dy lt,o1) + Y (8my), ooy, WE—t-), (2.139)
ta<t<t, (i=1,...,m),

a {(y, t, p) sammcst oT Ny ..., Bs HeBpepriBHO. Il09TOMY M iIpefiednb~
mpie (oupy ™Mh —0) Qyuxqum, aBIAOMECT pellleEHeM 3alaun
(2.131), (2.132), menmpeprBHO 8aBMCAT OT HAPAMETPOB [ty «.., M.
W3 npoBefeBHEIX paccy:Kenuil cilefiyeT COPaBEAINBOCTL TEOPEMEl O
HenpepsBHOE 3aBMCUMOCTH pellenHs 3apadwm Homu or mapamerpos.

a2
Teopema 2.7. Ecau ynryuu f;, a—y’; (i, j=1, ..., m)ynenpepvie~

HbL no 6CEM NEPEMEHHBIM U1y <.y Yms Ly, M1y ... Ms 6 D, TOo pewsenue
nauaavholi sadavu (2.131), (2.132) nenpepwieno no t u napamerpanm
Bty ooy Mo RPU LS [t01 T]v |Mu“ Mkc‘l <.

IIycte Temephs HagaibHble 3HAYEHHA Ly, Yo ABIAIOTCA IapaMeTpa-
MH, MeHmlomuEMucA B ofmactm | i, — t9]| <8, 0 — v% ’<6; He-
TPY[HO BHfIETh, 9TO €CIH HOTPeGOBATH BHIONHEHWs YCIOBHM Teope-
st 2.7 B mapawesemumese D = {| ¢ — 23 i <La-t+6, lyi —yh | << bt
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—+ 8;, | pr — pro | << r}, TO pemenne mavanbuoi sapaum (2.131), (2.132)
OyneT HenpepHRIBEEIM HO I, Lo, Y0, - - -» Ym0y Y1y « « o5 Ps TPH It — 18 |<H

1900 — 1% 84, |1 — to'<6 | Br — pro| << crs H ompepensietcss BBI-
paskennem (2.138), rme M — noctosmEuasn, orpammumearoman |fi(y, ¢,
wl s D.

Jokasannas TeopeMa ¥MeeT CYIIeCTECHHOe 3HAYeHWe AAf BO3-
MOKHOCTH HCIIONBL30BaREs HaudJibHOM samawm (2.131), (2.132) B xa-
HYeCTBE MATEMATHYECKOH MOJEeNH MHOTHX eCTeCTBeHHOHAYJHHIX 3aM1ad.
JleiicTBUTEIbHO, KAk yAle 0TMeYalioch, HA NPAKTWRe HagallbHEIe HaH-
HEle ¥ HapaMeTpH, BXOIANME B IIPaBhle UACTH ypaBHeHWii, KAk Ipa-
BHIIO, 38[JaHH He TOYHO, a ML ¢ HeKOTOpPHIM npnbmmkenzeym. Ox-
HaKo B cuwiy Teopemsl 2.7 Majoe H3MeHeHWe HAYaJIBHBIX JARHBEIX
¥ OpaBEIX 4YacTell ypaBHEHEH CHCTeMbl DPWBONUT COOTBETCTBEHHO K
MaJHIM H3MeHeHHAM pPeNieHns. JTC ¥ OHPABHBIBAET WCIOIL30BAHNE
nonydenENX pemennir 3amaur (2.131), (2.4132) pgua wmETepuperann:
Toro peajbHOro IIpoUecca, MATeMaTHYeCKOH MOMEIbI0 KOTOPOro Ciy-
JKAT flAaHHAA CHCTEMA.

TlepeiineM K HcCAeROBaHMIO BO3MOMHOCTH Au(epeHnUpoBaHUs
PemeHnii Mo mapaMeTpaM H HAYANBHHIM sHavenmsaMm. He orpammum-
Bag OGIIHOCTH, [OCTATOYHO PACCMOTPETh 3TOT BOIPOC IAA KAKO~
nm60 OfHOI NepeMeHHOU ¢!, KOTOpPas MOKeT COBHANATH ¢ JOOOH u3
TEPOMEHHBIX 10y -+ Ym0 BIHA Mty ..., Ms, BABACAMOCTH PEIIEHMS OT
KOTODEIX MHI HcclepyeM. OTMeuas ABHO 3aBMCHMOCTH PELIeHHs JIHIIH
ot 310 mepeMenHo# o, samumeM cuctemy (2.131) B Buze

Stefiy ¢ a)yta) (=1,...,m). (2.140)

BygeMm cumrarh, 9TO BHOONHEHH! yclIopda Teopemsl 2.7. Tem caMeiM
peuleHEe HawanbHOH Sajaum Mg cmereMsl (2.140) cymectsyer u
ABISeTCA HellpepHBHOH (yHKnmed mapametpa o npm lo— ol <e.
TocTponv KOHEUHO-DPasHOCTHEIE oTHomenms — Qymkmum z{t, Aa):

¥; (8 &, Do) —y, (2, o)

2; (¢, Aa) = Ao ; (2.141)
KOTOpSIE ABJAIOTCA pellleHuAMH CHCTEMBL
2t L, a0+ A, 1, g+ Aa) — F1 (5 (8, ), £, ag))
(2.142)
Wa (2.141) mMeem
yilt, ao+ Aa) = yilt, @) + z(t, Aw)Aa. (2.143)

- HpepmonosxuMm, uto FONOJHETEJPHO K YCIOBWsAM Teopemsr 2.7

dyerupn fily, t, a) B ‘o6mactm D ofraparnt HelpPepPHIBHEIME YacT-
EHIMH DTPOH3BOJHHIMA 1o c. 'Torjga, momb3ysick NDEfCTABICHHEM
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(2.143) u TompectBoM Apamapa (2.122), zammmem (2.142) B Bujpe

d‘j = X i (¢, D) 2, (2, Do) + g, (F, Aa), (2.144)
k=1

rge

1
'afi
237 (t, Aa’) = S El-z (yl (t, aﬂ)! sy yk (to a'l)) + ezhAa') e
’ ey Y (8, oy -+ A), oy + Aa) do, (2.145)

1
of .
91 (t, A0) = [ 21 (1, @), -, U (8, @), 0+ OA) B (2.146)
)]

af,
3neck 3—07‘ PABHEL HYJIO, €CIH ¢ ABIAETCHA ONHUM H3 I, W OTIHTIHEL,

BooOme TOBOPS, OT HYJA, €CIH o ABIACTCA ONHUM W3 W, Hagann-
Hbie yenopua paa Qyernmi z:{f, Aa) TaKe WMENT PasiuYHBIE B,
B 38BHCHMOCTH OT TOIO, ABJIACTCHA J¥M HADPAMETP G KAKEM-ING0 Hs
HAYaJIBHBIX 3HAYCHmI 3a71a9W, WIH HeT. Kcim o7 Yo B MOCKOJBKY
yillo, o) = Yu, Yillo, a0+ Act) = yio, T0 B cmay (2.143) z{t, Aa) =0.
Ecnm me oo =y, 10 Yilto, o+ Aa) = (oo + Aa)By; 1 z:(to, Ac) = 6ﬁ
(85 — cumson Kponerepa).

Ns (2.145), (2.146) mmpuo, ur0 @, ix(t, Aa) B @i{f, Aa) — menpe-
PHIBHEIE (byfmmm t u Ao npu [t — &l < H, |Aal < ¢. JefictrrTens-
HO, @i ¥ @; 3aBUCAT OT £ Ao Kag ciosxuple QYyHROUN: W Henocped-
cTBeREO 1 4epe3 Y, oy -+ Aa). Ho B cuily HenpephIBHOCTH 9ACTHEIX
TPOM3BONHLIX 0T (QYHEIME f; W JOKA3aHHOH BHIIE HEOPEPHIBHOCTH
y(t,aotAa) mot m Ao (menpepriBrEOCeTh Y(E, @) 110 t B A =0+ Ac
sKBHBajenTHa HeupepsBrocTH Y(f, co+ Aa) no t m Aa) 3t enom-
uole QyHRIEn OynyT Tarme HenpepslBHEIMEA uo £ B Ac.

Iosromy unpasnie wactm (2.144) ymoBaeTBOPAIOT YCIAOBHAM TeO-
pemsr 2.7, m3 KoTopo#t ciemyet, 9To zi(f, Aa) — HeupepsiBnas QyHE-
nus £ u At opu |t —1o} < H, |Aal <c. 310 osmavaer, B vacTHOCTH,
9TC CYMECTBYIOT HpeJieibuble 3HAYEHNS

lim z, (£, Aa) = 2 (¢, 0) =

Ac—0
e i A —y (L, ) Gy
= lim ) b=zt . aum
15}

T. €. IPOM3BOJIEEIE ggnpn @ = 0g. ITM NPOE3BOJHBIE YHOBIETBOPAIOT
(2.144), e awn=2au(t, 0), ¢;=q@:i(t, 0). U3 (2.145), (2.146) supmo,

9T0 3TH BeIHYNHH HPEICTABASIOT Co6oH 55 (@, ugy - vy Py
Gy

of,
Y100 ++ +» Ymo)s t, B1s e« Ms) n E{(') opE a=op. IlosTomy,
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TONB3YACH TOH ke TeopeMo# 2.7, MOMHO CHeNaTh 3aKII0YeHHe O He-
. dy;

TPePHIBHOE BaBUCHMOCTH IPOH3BOIMHBIX a_yl OT {, mapaMeTpoB H Ha-
(2

YaJbHLIX 3HAYEHMUIL,

Urak, nmeeT mecto

Teopema 2.8. Ecau dynryuu [y, t, p) nenpeptienvr emecre c
YACTHBLMU NPOUIBOOHLIMU MO Yy - vey Yms My -« M 8 D, 70 cyyye-
€TeYIoT npoudecdwsle or pewenus sadawu (2.131), (2.4132) no no-
YQALHELM BHAYEHUAM Y10, « .., Yme U NAPAMETPAM Ui, ... W, HEnpe-
puensie npu |t —tol < H, lyo—yol <8, lpa—mol <en G=1, ...
e k=1, ..., 8).

CrienaeM psaj saMeYaHME K HOKA3AHHEIM TeopeMaM.

3ameuanua. 1. B teopeme 2.8 cdopMmynmpoBambl focTaTOu-
HBle YCIOBAA CYNECTBOBAHNSA HEPBHIX HEHpPEPHBHLIX HPOM3BOJHEIX II0
mapaMeTpaM pelneHmsl HadajipHoK sapmaum (2.131), (2.132). Bompoc o
CYINECTROBAHME 7 HENPEePHIBHOCTE NPOM3BOJHBIX RBLICINHX HOPAIKOB
M0 HapaMeTpaM Hcclefyercsa amayormyuno. MoKHO moKasaTh, YTO Cy-
meCTBOBaHNEe HENPEPHIBHEIX YACTHEIX WUPOH3BONHBIX JI0 HOpAmka k&
$yarmmit fily, £, p) ABIAeTcH JOCTATGYHEIM YCJICBWEM CYIECTBOBA-
HUA HellpePHIBHBIX Y4CTHHIX HPOM3BONHEIX k-TO HOpAfKa 10 HapameT-
PAM Y10, -+ Ymoy, M1y .. Me Pemenms sapasm (2.431), (2.132). Bo-
Jiee Toro, ecin Gyurmmy fy, {, p) ABIAWTCA aHANUTHYECKUME (QYyHK-
NuAMEM CBOMX APryMeHTOB, To W peumrenme zamagu (2.131), (2.132)

aHANMTWYECKH 3aBmMenT OT napaMerpor (teopema Ilyamkape).
R

. *y. .
CymecTBOBaHMe HEHPEPHIBHLIX YACTHHEIX HPOM3BOIHELX Vi (j=
oo
=1, ..., m; k=1, ..., r+1) nossonser npv ACCTATOYHC MAJBIX

Ao = o — o uckaTs penrenme 3apaum (2.131), (2.132) B Bupe acumn-
TOTHIECKOTO Pa3NOHEHNA ¥)

r ak i A
Bt @) =5 @)+ 3 L0, @) G+ O1(Ay ). (2.149)

Vines TaKOro pasiOykeHUsi pellleHmA OO MaloMy uapamerpy (8 nam-
HOM ciyduae b0 mapaMeTpy Ao, 0T KOTOpPOro OpaBble 9acTé BABHUCAT
perynspuo, BocxonmT K paboram Ilyamkape. Ha c¢opmyne (2.148)
OCHOBAHEI MHOrMEe MeTOXNBI ACHMOTOTHYECKOrO MCCIE[OBAHMS W 9HC-
JeHHOro wWaTerpmpopaEma An(QepeHIUaNbHEX YpPaBHEHUil, a TaxiKe
HEKOTOphIe MeTOOb TeOpPHY YCTOIYHBOCTH.

2. Ilpeneseuete mpu Aa -0 3navemus ¢yurmmii z(f, Aa) —

y; .

$yarmun z; (£, 0) = %‘5 — ABIAIOTCA pemeHusAMH HAYaNbLHGIH
=0

samaun (19 OHOpPEeSIeHHOCTE PACcCMOTPHEM CiIydail, KOrma o He

#) Bomer feralsHO 3TOT BOIPOC OCBEIleH B I 7.
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BXOJINT ABHO B Hpamble 9acTH f; M PaBHG Yjo)

dzi m‘ afi
rra Z o (¥, 1) 2, 2: (Lo, 0) = by, (2.149)

R=1 "k

KOTOPYIO HOJyduM B pe3ylibTaTe mpefiednHOro mepexona mpm Ag — 0
B (2.144), Kak nerko BupeTh, 3Ta 3Ke cmCTeMa MOReT OBITH HOJIyZe-
Ha nyrem dQdopmasvrozo duddepenyupoeanus ucxodnoli sadauu
(2.131), (2.132) no napamerpy o. Ypapmemms (2.149) wacto mazm-
BaIOTCA cuUCTeMOll Yypasnenull 6 6apuayuaxr OTHOCWTEIBHO paccMaTt-
puBaeMoro pemrennay (¢, o).

Ilepexon K ypaBHEHMAM B BAPHALNHAX CBASAH C Wjeedl Tak Ha=
sElBaemMoll Jupeapusanmm ypasuenmii (2.131) B oKpecTHOCTH HeEKo-
Toporo BeiCpammoro pememws. IlycTh, mHampumep, csoiicTBa KaKoro-
T0 wacTHOro pemremms y; (i=1, ..., m) mam m3gecTHH! W HYXEHO

ECCTeNloBaTh pyroe pemienme y; (i=1, ..., m) aToro sxe ypamme-
uns, «6nmskocey K Y. Tak, maupmMep, Y; M Y; MOryT OTJIMYATHCA HO

HAJalbHEIM 3HAYEHMAM M T. I. DBmefieM BedwaIuBHB AY; =y —Y:
(i=1, ..., m). Ilpepuonaras;, 970 mpaBhHe YacTH ypPaBHEHHMH N0CTa-

TOYHO TNaARE, HomcTaeuM Yi==Yy;+ Ay; B (2.140) u pasncirmMm fi
1o crensuam Ay;. Torma monyuaetcsa ypapHenue Bujia

2 By = 2 e () By + @i (Mg, «- -, Dy, ) (2.150)
k=1

(i=1,...,m),

e
of,
ux ) =7, &, 1)- (2.151)

FEcan napamerp, sHageHHAMH KOTOPOro OTANYAKTCA Y ¥ Y, ABHO
He BXOOWT B fi, To @: = o(|Ayl|).

Ipene6peras B (2.150) unemamm o(lAyl), nonysaem numehinywo
CHCTeMY ypPaBHEeHWHH

3 Ou) = 2 () by, (2.452)

k=1

KOTOpad IpeNcTaBlseT co0oll cHCTEMY B BADMANMAX, TaK KAk COBIA-
aeT ¢ ToYHOCTHI fio oGosmagsemmit ¢ (2.149). Ecmu paccMmoTpenwme
BenteTcA Ha KOHEYHOM mpomessyrke [fy, T1, To B cmny norasamHEIX
BEIIe TeopeM Y W Y: Onmskm Ha BeeM [fp, 7] (Tak Rak mx masams-
HHle 3HAYEHWA KJ¥ LPABHe 9YaCTH YDPAaBHEHH OTIMYANOTCH MAJ0)

M, 3HAA J;, MOKHO MHOJYYHTH OPHOJIKEHHO® BHIPAKEHHO LA Y
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B Bufe Y+ Ay, roe Ay ompenenserca u3 NUHEHHBLIX ypaBHEHHIE
(2.152). Ecum Ke, sHag y;, MbH XOTHM HCCNENOBaTh §i HA HEOTPAHM-
WEeHEOM NPOMEeKYTKe, TO 3ala4a CTAHOBHTCA CHOKHee, OHZ OTHOCHT-
€A B 9TOM cllydae K Teopuu ycroifumpoctn ¥). Jlnnelinle ypapnenus
H3yueHB! 3HAUYMTENLHO LOJIHEE, YeM CHCTCMBI ODINero Bmja, HO3TOMY
VKasaHEBII BBIMe Wpomece auneapmsanmm — samena (2.140) ypas-
HeHnaMu Bufa (2.152) — upmeoguMT B TeX ciyuasx, Korga oT1a olle-
panua 3aKkOHHA, K CePbe3HOMY YIPOIEHNIO 3aJlaqm.

3. B Teopeme 2.8 paccmaTpmBaica BOIPOC O CyIeCTBOBARME
NPOU3BONHAEIX PEINeHAsA OO OapaMeTPaM Y10, .. Ym0y Mis - -« Hey
BXOMAAIIEM B HAYalbHHE YCIOBUA W mpaBule dactd cucremu (2.131),
(2.132). Amanormuno MoeT OBITH WCCIEAOBaH BOIPOC W O CyIIeCT-

dy;
BOBAHAN IPOH3BOJIHBIX ('}_ty—l. Ot OpPON3BOAHBIEC TAKIKE ABIAAIOTCA pe-
0

IMEeEpaAMHA HadalbHEOR 3azayp 1A CHUCTeMEBl B BapHannsax:
m
d 6.‘/1 ot i ayh
dt (dzﬁ) & oy, o
noayuatomeiica nuddepenumpoeannem cacrembt (2.131) mo %, u as-

9y;
agomeiica JUBeNHON CUCTeMOH OTHOCHTENLHO Fr Yrobs mORYyIATH
(]

HauanbHBIC YCNORRA 3ajadd, saMeHHM wucxonumywn cuacremy {(2.131)
fngdepennnalbEblX ypasEeHA# CACTEeMON RHTErpPalbHHIX ypDaBHEHMIE

%) = g+ [ 1, v . (2.154)
73

Ecan v (2.154) uoncrasath pemenne ¥ (t) BCXOmHON cHCTeMBl, TO ME
moilyanM Toxnectsa. Jimddepenumpys oT1H TOMEecTBa 10 I, mO-
JyunM

2 JEw
M _ j s Oy
@, = 1w 0+ ] ;i s |dn (2159
orkyna opm & =1y B cany (2.132) Gynem umers
6yi
—a_t; - =——fi (yjlo’ ey ymo, to)- (2-156)

Venosma (2.156) m upencraBasoTr coboil HavaNbEMe gaHHEHMeE A
cactemsl (2.153).

%} Cm. ra. 5,
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§ 6. Merox nocaepomarensunix nputmmkennii (Merox Murapa)

PaccmarpmBasa B § 2 maganeuyio sagagy Homm mus ogmoro ypas-
HeHNA, MH JOKasaly CYIMECTBOBAHUE M e[HECTBCHHOCTH pemeHnsd
9TOif 3aZjaum MeTOJOM JOMaHBIX Jiiflepa, WPENCTABIMIONEM CODOi
ONHOBPEMEEHO ¥ 3(PQEeKTHBHHI alropuTM YHCICHHOTO peIeHns.
B macroameM nmaparpade M BepHeMcs K mpobieMe CyIMeCTBOBAHUN
¥ eMHCTBEHHOCTH peIleHHMs HadYalbHOH 3aHadM W OafiuM ee JIOKasa-
TEJALCTBO METOJIOM MOCIe/ioBaTelbHbIX NpnOamKeBnii, OCHOBHEIE HeH
KOTOPOTO BOCXOAAT K wmccienoanmaM llmkapa. He siBaasce crons
sxe 3(QQEeKTHEENM B AITOPHTMUYECKOM INIaHe, KAaK METON JOMaHBIX
Jiinepa, MeTol HOCHeNOBATEALHEIX UpHONMMennit obnamaeT GONbIIO
OCIDHOCTHEI0 WM HAXONMT MMPOKHe IPUMEHeHHs NOPE HCCHeIOBAHEN
BOIIpOCOB CyHlecTBOBaHHA ¥ eJUHCTBEHHOCTH pellleHns 3ajgad ms pas-
JIAYHBIX pasfaelioB MaTeMaTHKH. H03TOMy 3HaKOMCTBO ¢ OCHOBHBIMR
HIeAME STOT0 MeTONa Ha HIpUMepe paccMaTpuBaeMoil B JaHHOM Ia-
parpadge sanadn, 6e3yCIoBHO, Iexecoodpasgo.

Hrak, paccMoTpnM HavalbHYIO 3afady

%Z‘ =1z, 4), Yy(x) =4t (2.157)

rie ¢ysrmma flz, y) sagaHa m HeOpepHBHA B HpPAMOYTONLHAKE
D={lz—z)l <a, ly—yol<?b). Torna naiinerca nocrosmmags M
TaKas, 910

Iflz, )I<M, (z, y)=D. (2.158)

Hpome Toro, npemuonosuM, uto flz, y) ynosaersopsier B D ycnosmio
JIammana wo y

|f($, yl) - f(z, y2)| = N|y1 _ y2|, (2.'159)
(z, y =D, (z, y)=D.

Mi1 nmokakeM, WTO HOpH BHIOOJHEHAM YCJIOBMIA, HaJOMEHHEIX Ha
flz, y), cymecTByeT ogEO m TOXBKO ONEO pemeHme 3afaunm (2.157).
Hame pokasatelncTBO OyfieT OCHOBBIBATHCA Ha CBeICHHH 3afaud
{2.157) K SKBHBaNeHTHOMY WHTEI'DAJIHLHOMY YpaBHEHHIO

y(@ =g+ | FE y@)dE (2.160)

¥ TpuMeHeHAM K NOCIefHeMy MeTOIa HOCIENOBATeABbHBIX HpuOIm-
+ReHmil. YKasaHHad SKBHBaJIeRTHOCTH 3amadm (2.157) mEBTerpaisHo-
My YpaBHeHHI0 OHla ycragoBlema Bhume, B § 2 (memma 2.2),
Ilepeiimem Temeps K HMOCTPOCHHMIO HOCHENOBATEILHEIX HpPHOIMIKE~
anii. B KavecTBe HyJeBoro HOpmONMIKeHNs BO3EMEM HPOR3BOJBLHYIO
HenpephiBHyI0 Ha oTpeske [z, X1 dymrmmio Qy(z), rpadux xoto-
poit ma [zo, X1, X=2z9+ H, nenuroM nexnt B obnacrm D, u ompe-
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JleliuM TOCHefoBaTenbHele npubimuemns “y(z) coorHOmemmemM
X
™y (2) = yo + | 1 & =y ©) & (2.161)
Xo

Kax uw B § 2, spavenme H onpepenserca m3 yenopma I =
. b
= min {a, <7 (- Jlerro AoKasaTh, 9T0 IpH BEIOPAHHOM HAYaTHLHOM IPH-
6mnxennn rpafurn Pynrmumit ‘“Wy(x) ma orpesxe [z, X1 Tamme me-
JuKoM ne;kar B odnacru D. [leftcrBarensro,

Wy (2) = o+ | 1 E Oy @) dE (2.162)

Tak Kak rpafur ©y(z) nemmr B obmnactu D, T0 B cmily OLEHK:
(2.158) nomyqum

[Py —yol < Mz —2¢) < MH < b, (2.163)

Orcionia caenmyer, uto rpadmk Pymrmmu Vy(zr) ma orpesre Ly, X1
He peixonutT m3 obmactu D. IloBropsas mpoBejeHHBE BHINE pacCy-
TeHAA, MeTONOM MaTeMaTWIecKoll WHRYKIYUM YCTAaHOBHM CHOpaBeli-
BOCTH BBICKa3aHHOIO YTBeD:KHeHHs IIA d000roc unubGamKenus.

demma 2.8. Ecau nenpepvieras ¢ obaactu D ynryus flz, y)
yOosaersopser ycaoceur (2.159), 70 nocrpoennas no diopmyae
(2.161) nocaedoeareavrnocre {Wylx)} cxodurca pasmomepro na
[.’lfo, X1.

HoxasarensctBo. Paccmorpum psp

S(z) = Oy(z) + [DVylz) — Oy()] +. . 4 [™y(z) — *-by()] +...
(2.164)

Ouesnmmo, n-1 gacTmaHaz cymMma S,{(z) pAna coBOagaeT ¢ n-M dwile-
Hom mociegoBateasroctn {My(x)}. OmennM wiern pana. OuesBmmmo

1y (z) — Oy (2) | < Dy (2) — g | + ][Oy (=) — g, | < 20,

x

@y (z) — Wy (2)| < Y 1€, Wy () —fE, 0y (E)]dE
Torpa B cuay yenopna (2.159) umeer mecro oneRka

@y (2) — Wy (@) | <N [ |y @) — Oy €) | dE< BN (2 — z,).

(2.165)
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Ananorngauc

10y (2) — @y (@) <N [ |0y E) — 0y @) | <

x
—_— 2
< 2V? (& — 2 dE = 202 £ T
MeTO]IOM HEOYKIME OOJdy4YuM s #2-10 9YjieHa ONeHKYy
J— n~1
|y (2) — -ty (2) | < 200vm-s L5 (2.166)

(n—1)! °
Mz onenrm (2.166) caemyer, aro ma orpeske [xp, X] wiemwr Qynx-
IAOHANBHOrO pPAa MaKOPHPYIOTCA YIeHAMH CXOJAMEToCs YHCIOBO-
IO psApja:

H"«'—l

|y (2) — Dy (2) | < 2N m—51

(2.167)

UTO U ABIAAETCHA NOCTATOYHHIM HPU3HAKOM PABHOMEpPHOH CXOIAMOCTH
papa (2.164). jlemma noxasana.

Jorazamnas jeMMa HO3BOJAECT NOKA3aTh TEOpeMy.

Teopema 2.9 (cywecreosanusn). Ecau dynkyus flx, y) nenpe-
petena 6 D u ydosaersopser ycaoeuio Junmwuye (2.159), ro na or-
peske [zo, X1 cywecreyer pewenue nauasvhoii sadaun (2.157).

HorasaTeabcTBo. B cmay neMmn 2.2 nocTaTodso moKasaTh
cymecTpoBanne Ba oTpesre [zp, X] pemenmsa mmTerpanbrOro ypas-
mepna (2.160). Cornacmo nemme 2.8 mocienoBaTensrocTs 14y (z)},
mocTpoennan no gopmyae (2.161), cxonurea pasromepro ma lzg, XI.
Tax Kak Bce wieHs! mocaefoBateasnoctu {My(zx)} mo moctpoenmio
ABJIAITCH BEOPEepPHBHEBIME (YEKUAAMH, TO W LpefeibHas (QyHKIHUS
ylz) menpepuibra Ba [zo, X]. PasmoMepnaa ma [zp, X] cxomumocTb
nmocienoaTedbrocTr {™y} ABIAETCA NOCTATOYHHIM YCJOBHEM BO3-
MOMKHEOCTH TpefelnHoro mepexofna B opmyne (2.161). Ilepexoms w
upepedy OpH R —> ©©, HOAYTINM, YTO Hpenensuas (PYBKIAA HOCIeA0-
pateapnocTy {My(x)}:

Y (@) = Him ™y (2) (2.168)

VIIOBIETBOPAET HHTETpaibHoMy ypaBHenmio (2.160), skeuoBanenTHOMY
ucxomnoit sagage {2.157). Teopema noxaszaua.
IlepeiijeM K pPaccMOTPEHHIO BONPOCA CNWHCTBEHHOCTH PEINCHHSA.
Teopema 2.10 (eduncreennocru). Hurezpasvnoe ypaererue
{2.160) umeer ne 6oaee 00nozo menpepvienozo wa {xzo, X\ pewenus.
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HDowrasareascTno., llpenmomo:xuM, uwro ypasuerue (2.160)
umeeT Ha [z, X] mpa pasmuumeix pemerus yi{x) m yolz), u cocra-
BUM UX PasHOCTH

z(z) = y1(x) — yola). (2.169)
Ouepuano,

z(x) = f{f EuE)—FE p@)dE zeiz, X]. . (2.170)

Bynem cmauanta pacematpmpath (2.170) ma orpeswe [xo, 1], smaue-
Hpe 7, seilepeM B HalipHeiimeM.
Bocnoassopapmucs ychopueM Jlmmmuna (2.159), momydmM

[2(@)| <NV (2 — ) sup |4, (8) — ¥, (B)|<

<N(m—z) sup [2@)]  zelo, ol (2470
Orecrona .
sup |z (x)| << NV (z;, — x,) sup |z(x)] (2.172)
[0, 1 [0, %47

BriGepem Tereps z; Tak, 91006l N(zy — x0) < 1. Torma (2.172) Bos-
MOZKHO JIWIIL HPH YCIOBHH, UTO

sup |2(x)| =0, 7. e. 2(2)=0 mpE = [x,, 7,],
o, %43

1 (2.170) Mo:KHO 3anHucarh B BHJC

@ ={UEN®) —fEnONE celn XL (2173

xf

TloBropsa upoBeleHHBle paccy:RueRUA HeoOXONUMOe UICIO pas,
y6esrmaemes, aro z(x) =0 mpu z < [z, X1, wro u moxassiBaer Teo-

pemy.

CpenlaeM HECKOJRKO 3aMeyaHulf K AOKa3aHHHIM TeopeMaM.

SamMevanmna | Mm norasanm TeopeMHl CYINECTBOBAHHU:A, MOKA3aB, YTO
npa moGom HymneBom npubGnmmennu (Vy(z), DpeACTABIAIOMEM co00H HENpepHEB-
nyo Ha [z0, X| Qydarnmio, rpadnk KOTOpOH He BEIXOAAT u3 obmacta D, mocie-
JioBatenbHOCTh {¢™)y} cXOmmTCH K pellleHdi0 ACXOAHOK 3ajavd. B kagecrse my-
Jeporo npabamixeRns (Vy(r) B paxe caydaeB yAoOHO GwiBaer BHOpaTh Haualb-
HOe 3Ha4YeHue Yo, Hoaoxns (Vy(x) = y,.

2. Meton moclienoBaTeNbHHIX TPROMIKEeHNH MOKeT OWITH HCIONB30BAH HE
TOJNBKO MJiA [OKa3aTelLCTBA CyNeCTBOBAaHHA, HO M QJIA TOCTPOGHAs peleHms
KOHKpeTHBIX 3apa4. Ilpm atoM 3¢eKTABHOCTL ero NPEMEHEHOs OmnpeledsaeTcs
rag KraccoM QyErnmit f(z, y), DA KOTOpHIX paspaborans a@QerTaBERE al-
TOPATMHL BHIYACIEHNs mpaBoit yacTm Qopmyanr (2.161), Tax u BrIGOpOM Havain-
HOTO OpWOIRKeHAs.

3. Me1 pacemoTpellm mpEMEHEHNE MeTOAa MOCIeROBATENBHHIX NpEOMmKenait
A AOKA3aTeIhCTBA CYIIECTBOBAHHA M EAWHCTBEHHOCTH pellerdHs HAYAJbLHOHR
3ajaun A ONHOIO CKAJAPHOIO YpaBHEHHSA MEpPBOr0 HOPSLKA. AHAIOTHYHEIe
paccMOTpeHAs MOLYT ORITh NpUBeleHE W B ClIyuae HavalbHON 3ajaiE MIA HOp-
ManbHOII CRCTEMBL

5 A. H. TMXOHOB 1 Ip.
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§ 7. Npranum cKaTHIX OTOOpazKenMii.
Teopema 0 HenORBHKHOH TOUKE

PaccMoTpeBEHIE B mpempiayimeM maparpage MeTOR NociIefoBa-
TeJbHEHKIX NpHOJMIKCEHMIT OCHOBHIBaeTCA Ha O0DIeM MaTeMaTHYecKOM
NpUHINGe, H3BeCTHOM IO, HasBaHMeM <«OpHWHNUIA CHATHIX 0TOOpa-
sReRmii», OCHOBHEIE HAEHM KoTOporo OymyT M3iOeHs B HaCTOAMEM
maparpade.

ByneM paccMaTpmpath HNPOH3BOJILHOE MOJIHOE MeTpUYecKoe Ipo-
ctparctBo M. Hanommum *), wto mpocrparcTBo M sBAseTcs Merpu-
YeCKEM, eCyI KayRnol mape z, [ SJeMEeHTOB STOr0 IpPOCTPAaHCTBa HO-
CTaBleHO B coOTBeTcTBHE Ymcio p(z, y), obnapalomiee CIaeRyIOL{UMI
CBOHCTBAMH; )

1) plx, y) =0, npruem p(z, y) =0 Toapko Hpu = = y;

2) plx, y) =ply, 2);

3) mna awdex 2, Yy, 2 <M uMeeT MeCTO HePaBeHCTBO TpPeyroJib-
HHUKA:

olz, y) < plz, 2) +ply, 2).

Ypeno plz, y) oOGBYHO HABHIBAETCH PACCTOSHHEM MEIKAY 9JIeMEeHTa-
uu z u y. Merpudeckoe npoctTparcTBo [ SABIAETCA LOJHBIM, €CiIH
BesTKan (PYHAAMERTANLHAA TOCHEOBATENbHOCTh {In} BIEMEHTOB In
* 9TOr0 IPOCTPAHCTBa **) cXOmMTCA K HEKOTOpOMYy 3iemenTy x < M,
7. e. Az M rtaroe, wro lim plz, z,) =0 (oBospagaercs x =lim z,).

m-»>oo . m—»oo
XOpoIo M3BecTHBIM TPEMEPOM LONHOTO METPHYECKOr0 IpOCTpaH-
CTBa ABUSETCA NPOCTPAHCTBO HETPEPHBHBIX Ha OTpeske I < la, bl
dysrnuin y(z), B xotopom paccrosmme p(y, z) MeEny dieMeHTaMII
y(x) m z(z) sagaerca B Bune
o(y, z) = sup lylz) —z(2)l. (2.174)

x&la,b)

Ipuarun cxkaThix 0TOOparKeHuil ABJIAETCH MOIIHBIM MeTONOM ICc-
crenopanna npo0iaeM CyIMecTBOBAHHA I1I eJMHCTBEHHOCTH peINeHNs
(YBKNUOHAJBLHLIX YPaBHEHHH B METPHICCKHX NPOCTPAHCTBAX.

Ilyers B mosEoM MeTpudecKoM IpocTpaBcrBe M samal omepaTop
A, obnapalomuil ceylOIAME CBOICTBAMM:

a) omeparop A oroGpassaer mpocrparcTeo M B cebs, T. e. mepe-
BOJIMT TOYRH HpocTpaEcTBa M B TOYKHW TOro 3Ke HPOCTPAHCTBA:

veeM Az=y, yeM; (2.175)

#*) Cm. Unban B, A, Tlosuak J. I. OcuoBs MaTeMATHIECKOTO aHA-
Jmsa, u. 11.— M.: Hayka, 1973, c. 262.
#r) JlocleflOBATENbHOCTh {x,m} HasbBaeTcs (YANAMEHTANBLHON, ecim JIA
Hee BhinoxHeH kKputepmit Homu
lim p(zn, Tnim) =0.
—»o0
m=20
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6) omepatop A cOmmKaeT sIeMeHTH HpocTpamctBa M, T. e. Oia
J000it mapel Z1, e BIEMEHTOB HpocTpanctea M mMeeT Mecto He-

paBeHCTBO
p(Axy, Axo) < aplxy, z9), (2.176)

e o< 1.

Nmeer mecTo

Teopema 2.11 (o nenodeuncnoii Touxe). Ecau e noawnom merpu-
yeckom npocrpancree M 3adan oneparop A, ydoeaereopsiowuil yc-
aoeusm a) u 6), 70 PYHKYUOHAIBHOE YpasHEeRle

Az=zx (247D
@ npocrparcree M umeer efuncreennoe peuiene.
NoraszaTeXbCTBO. BriGepem  mpoumzBonieHEIE  33eMeRT
2o € M B IOCTPOUM LOCAENOBaTEeABHOCTE {2,):
w=AZn1. (2.178)

JlorameM, 970 Tak TOCTPOCHHAH IOCISOBATENBLEOCTL 1z,} ABIgeTCH
{pyrnaMerTaidpuoii. [leficrBuTensro,
o Zns1, 2n) = plAZs, AZuey) < ap(n, 2,-1) =

= ap(Ax,._l, A.’L‘n_2) =...< a"p(.?)l, .7,‘0). (2179)
Tlonp3yack 970if OIEHKOH W HEPaBEHCTBOM TPEYIONbHUKA, TOJYIHM
P (Tnim, Zn) P (Tnim, Tnim-1) + 0 (Tnm-1, Tngm-2) + .-«

coe F P (Tngr, Wy ap (T, 2 (@™t L 1) =
1

= o T p (3, ) <z 0 (T, Zo), (2.180)

gt0o npm ycuoBmm o<1 u [oKa3mIBaeT yTBep:Kaerme 0 (PyHAIMEH-
TansHOCTH TocuenoBarenbroctd {x,}. B cmay nommorst mpocerpamcT-
Ba M orciona caenyer CXONMMOCTh mocaefoBaTelbHOCTH 1Z.), T. e.
cylecTByeT siaeMenT = < M Takoi, uto

= lim z,. (2.181)

n—»oo

PacemorpuM Temeps sieMeBT ¥ — Az W LOKameM, 9TO OI COBOa-
JaeT ¢ 3AeMEeHTOM . JlelicTBUTENRRO,

olz, y) <p(z, zap1) T p(@nrr, ¥), (2.182)

Ifle Zn4) — OPOMBBOJBHEIN 3JeMeHT moclenoBarenbuoctn {z,}. One-
HUM Hoclle[lHee claraemoe:

0 Zny1, ¥) = plAz,, Az) < aplz,, z). (2.183)

B cmiy 7oxasaEBOh BHIE CXONMMOCTH HOCIefoBaTedbHOCTH 1.}
g Ye>0 Mompmo yrasate Takoe N, Wro g Bcex nR>N
olzn, z) Ke/2,

g¥*
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Torpa uz (2.182) caenyer, 910
plz, y) <e, (2.184)

OTKy[la B cHIIy HpomsBoibBOCTH & modyuaeM plz, y) =0, 1. e. 2=y,
CcIenoBaTeNLHO, pemienme ypabuerma (2.177) cymectsyer.

JoxasareabcTBO eOWHCTBeHHOCTH peuiernsi ypapmenma (2.177)
nposeeM oT NporuBHOro. IlycTh £ ¥ x — JBa pasiudHHX perIenus
9TOr0 ypaBHEHIIA:

Az =3z, Ar=az. (2.185)
PacemoTprm
plz, 1) =p(Az, Az) <ap(z, z). (2.186)

Ho mpn o <1 nepapencrso (2.186) Bosmomuo ammus opr plz, z)=0,
T. e. opn = . VlTak, TeopeMa OKa3aHa MOIHOCTHIO.

IlokazanHas TeopeMa mMeeT WPOCTYI0 TeOMETPHYECKYI0 WHTEpIPETANHio.
Ecnnm paccMaTpmBaTh 9JIEMEHTHI MeTPHIECKOr0 HPOCTPAHCTBA KAK TOYKH HEKO-
TOPOr0 MHOKECTBA, TO CAHAMAaioIee CBOWCTBO §) omepatopa A 0O3HaYaet, 41O
paccrosiEEe P(y, Y2} MEKAY 00pasaMa y; = Az, ys = Az TOYEK Z; ¥ zo MEHb-
1iie paccTOABHA P (X, X2) MEKAY MCXONHEIMA TOYKAMA z; M Zp 1l03TOMY, KOrja
MBI CTPOHM IIOCHEeNI0oBATeNbHOCTL {2} Ho dopmyne (2.178), paccTosHAA MeEKIy
COCeJHAMA TOYKAMM OpH BO3pAcCTaHWH HOMEpPa n HEOTPAHUYEHHO YMEHLINAIOTCH
U B Ipejlelie Mbl MOAy49aeM HENOJBIGKHYIO TOYKY z, KOTOpasA omepaTopoM A ne-
peBoRMTCS caMa B ceds, Az = z.

HpI«IMeHI/IM TeopeMy o HEeNONBIYKHOU ToYKe JJIsd HOKasaTedbCTBa
CYICCTBOBaHNA U EMUHCTBEHHOCTR pDeIUeHNs HA4YaJILHOH sajgauun

L= V@) ="l (2.187)

KOTOpad, KaK MBl YCTAHOBWIN B OpeAHAyINeM Haparpage, SKBHBa-
JIeHTHA UHTErPabHOMY YPABHEHHIO

y@ =y + | 1 v @) & (2.188)

Pacemorpum oneparop

x
Ay=y,+ (1€ v @) (2.189)
Xo
B HOJHOM METPHYeCKOM LpocTpanciBe [ HenmpepHIBHBIX Ha OTpesKe
[zo, X]1 ¢yurmmit y(x). Ilorasmem, dto omepatop A yHOBIETBOpHET
yeaosusiM a) u 6). B mpepmsimymiem maparpade Obul0 mOKa3amo, 910
ecorn pynrnns f(z, y) menpepmBHa B npamoyronbrure D = {lz—zol<<
<a, ly—yol <b} u ynosnersopsier 8 D ycaopuw Jlmnmuana no y,
70 npuMeneHme onepatopa A K HenpepmBro# Ba [z, X1 Qymrmmn
y(x), rpadgur roropoit He BupixopmT m3 D, faeT Tarie HeLpePHIBEYK
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dyrrnuio Ay(z), rpadmr roropoit me BEixomar u3 D. Tem cambiM
onepatop A ynmoeierBopsieT ycioBuio a). Ocraerca LTpPOBEpHTH CHiH-
MaKlee cBoiicTBO onepatopa A. [lis sroro paccmoTpum

o (Ays, Ay) = swp (e e aE— e nedal<

< swp (110 ®—7E ()] dE  (2.190)

x=fxg, X1 x,

Boenoassopapmincs yeaosueM Jlmmmmna mas yernwm f(z, y), no-
Iyaum

o (Ays, Ay) <N _suwp (ln®—nola<

SNz —a| sup [9: (%) — 4o (=) [SNVHp (4, 92). (2.191)

BriGepem Tereppr H Takum, 4TOGH YROBICTEOPSAIOCH YCJIOBUE
NH=o<1. (2.192)

Torpa omepatop A Oyner cixmMammuM W B cudy Teopemsl 2.1 mm
MOMKEM YTBED/KIaTh CYIECTBOBAHWE N EAMHCTBEHHOCTb DEIIeHHs Ha-
vanenoll sanaun (2.187) Ha orpeske [zo, X]. Pacnpoctpanenme pe-
ImeHns Ha OOABIOAI OTPE30K NPOHSBONHICH pPACCMOTPEHHBIMA BHILIC
METOHaMH.

3amevanne. llpramun c:xaTeIX oToOpaskenmit OLLI NpHMEHeH IS JO-
Ka3aTelIbCTBa CYyIECTBOBAHAA W €JWHCTBEHHOCTH peIeHns HaYaJbHOH 3ajlayH
(2.487) pmms ojHOrO CRaJspHOr0 ypapHeHAs. C HOMOHIBI0 OPHHOANA CKATBIX

oTo0paKeHuil JIEFKO MOKA3aTh AHANOTHYHYI TeOpPeMY M B CIy4Yae HOPMAJILHOMN
CACTEMEL.



I'ITABA 3
JUHENHBIE TNOOPEPEHIINAJBHBIE YPABHEHHUA

§ 1. YpaBHenue jBH:KCHHA MAATHEKA KAk OpEMep
anneligoro ypasnennsa. OcHOBHBIC CBOMCTBA
Iumeiinoro ypaBHeHns ¢ NOCTOAHHBIMYU KO3(OAAEHTAMY

JImnpeiinpim nuddepennuanbEsM ypasHeRUEM #-TO LOPAMKa Ha-
SEIBAETCS! YpaBHCHNE BHUa

ao2)y™ + o)D)y -V + . .+ a.z)y = fl). (3.1)

970 ypaBHeHMe 00IajmaeT paoM 3aMedaTelbHHIX CBOMCTB, 00Jerdaro-
Mux ero HCCIefOBAaEAe, & B pAme clydaeB u pemenue. Vsyderme
3TUX CBOICTB U COCTABIAET CONEp){aHHe HACTOMMIeH IiaBHI
B npmnomerusx dupeiinble ypaBHeHHSA eCTECTBEHHO LIONYJIalOTCA,
ecam upepebpedsr wieHammn Golee BHicOKOro mopsamka (em. § 2 ra. 1).
O3BaKOMEMCSI ¢ OCHOBHEIMH CBOMCTBaM# JIMHEWHOTO YpaBHeHHS
Ha IpIMepe ypaBueHnsi MaarHuka (cM. m. 2 § 2 ru. 1)

y" tay +ky=f@), (3.2)

KOTOpoe fABIAeTCA NHHeNHHIM ypaBHeHHEM BTOPOr0 HOpAJKa € MO~
CTOSTHEBIMA K03(QQunueHTaMm.

Paccmorpum crawana caysait f=0. B atom cayuae ypaBmenue
Ha3bIBAeTCA 00HOpoOHbiM. (DH3UYECKW 3TO 03HAYAET, UTO MasTHOK
nemkeTcs cBOOONHOG, Ha HEro0 He JEHCTBYIOT BHeIIEWe (BHIEYREa-
mpie) CHJib,

y” +ay’ +ky=0. (3.3

Dygmem HcKath pelleHMe TOr0 ypaBHemWs B BHOe ¥ ==é€, rme A —
HEKOTOpas He M3BeCTHas 3apapee mocromgenas. IlofcTaBiss MCKOMBI
pun pemtenus B (3.3) u coxpaman mva e, noxyamm

AMtarl+ k=0, (3.4)
910 ypaBHEHHE Ha3HIBACTCH TAPAKTEPUCTUYECKUM YpasHeHuem mmp-

¢depernmansHoro ypapmenmus (3.3). Emy pmomxso yrmosaeTBopsTh A
ans Toro, aTo6H €™ Geuto pemenmem (3.3). Pemasn ypasmenme (3.4),
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OoJXyInMm

—at 1/052 — 4k
Me=—"5—""

WiccnepyeM pasmbie ciydad.

a) a?—4k>0. Du3ndecky -9T0 COOTBETCTBYET NOCTATOYHO CHMIIb-
HOMY TPEHMIO (compornsnenuw) cpepsl. O6a ®opEA A U A; B 37T0M
clyuae HefCTBUTENbHBI, PA3IMIHBI 1 OTPMI@ATENBHBI, I MM OTBEUAIOT
npa pemenus Vy = et @y = ehst,

PaccMoTpum Haqam,nylo 3aaqy

y(O) =10y (0) =1L (3.5)

Ins mobeix maByx n pas mnddepenrupyeMbx pyurmmiz y,(z),
y2(z) cupaBepymso Toskpectso (€ u Ca — KOBCTRHTH)

(C191 (@) + Caogp (@)™ = Cofi” + Coyd. (3.6)

OCHOBBIBASICE Ha 3TOM TOMS[leCTBE, HETPYMHO YOemAWThCA, 9TO BHI-
pasienne

Ty =G, Wy + C, Oy = Gt + Cyes, (3.7)

rae C; u C; — nponssonbEEe TocToAHHbE (nuBelimas womMOuHAIMS
My u @y), apnaerca pemenveM ypassennf (3.3). 31m mocrosHHBIE
MO}KHO OHO3HAYHO ONpefeNnuTh H3 HavaiubHRIX ycuosumit (3.5). eii-
cTBUTENLHO, noxcrasasaa (3.7) B (3.5), nmeem

Yo' =C1+Cy y®=Cih +Caha.

B cuny M 7 Ae ompepenmTend 3T0H JMHeWHOH anrefpamdecKodl cuc-
Templ oTHOCWTeNbHO C) u Cp ornmyen o1 Hynsa. llonysemmoe TarmM
0o6pa3oM peineHHe HAYaJIbHOM 3amadu

o__ .0 o__,0
:}"2!/0 lylex‘t_i_z‘lyo ylehgt (3.8)

7‘2’_ 1 7‘1—)‘2 ’

He OCHWLMpYsH, OpHGAMIKAeTcA ¢ pPoctoM ! K HOJNOIKEHHI0 PaBHO-
BeCHA J =

Tak rar mwboe namepey safapHoe pemenve ypasmeHms (3.3)
yAOBJIETBOPAET HEKOTOPOMY HauajbHOMY yciomuio (3.5), a mo sagas-
HOMY HavaibHOMy yenosuio (3.5) opgmO3HadYHO oIpejiensdeTcA pelle-
une (3.8), To MoMmHO cKaszaTh, 9To B (popmyne (3.7) copmeprurca
moboe pewrenve ypasmenus (3.3). C mpyrofi cropoHE, IpH JIOGHIX
3HAYEHHAX HocToAHEBIX (opmyna (3.7) maer meroropoe pelnene
ypasrerus (3.3). Taxum oGpasom, ¢opmyna (3.7) copepmmr Bce
pemerns ypasHernst (3.3) W TONBKO pelleHMA STOr0 YPAaBHEHHA.
Dopmyny, o0IafalONyl0 TAKEM CBOHCTBOM, MBI OymeM Ha3sBaThH 06-
wun pewenuen. Popmysa (3.7) npedcrasaser coboil obujee peuie-
nue ypasrenus (3.3).
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6) a?— 4k <(. Duznveckn 9TO COOTBETCTBYET NOCTATOYHO CJia-
6omy TpeHuio (comportmsiieHmio) cpepbl. B aToM caydae Ay m Ay sAB-

. *
JAI0TCA KOMIJIEKCHO COIPAMEeHHBIMNL 7\42 = 7\,1 n

W)y — phat — p—actf B i gin b
Yy = eMt = e~ 2(cos > t -+ isin 5 t), @y = Wy*
rne p=V4k — a2
Honwaysacs Tospectsom (3.6), merpymuo Buuerh, uto ¥ = Re Uy,
Yo =1Im Py rawne ssasorca pemenusmu ypaspenms (3.2). Heicr-
BHTEJLHO,

W+ i) + oy +iys) + E(ys 4 iyp) =
= (y1 + oys + kyy) + i (yz + ayz + kys) =0,

OTKYJa, HOPHPABHMBAS HYJI0 OTHENIbHO BEIIECTBEHHYI0 UM MHUMYIO
wacty, HoixyyuMm tpeGyemoe. BospMmeM nnHellHy:o KOMOMHAIMIO V)
H Yol

Y = C1yy + Coyy = Cre7%2 cos '%' £+ Cem*t/2sin —5— . 3.9
Herpynuo y6enurbesi, 9ro, ak u upeirne, C; u Cp ofiHO3HAYHO OII-
pepensiiorca yehosuamu (3.5) wu, takmm obpaszoM, (3.9) apumerca
obmuM pemenueM ypaseermsa (3.3). 3amerum, wro B paccMaTpuBae-
MOM €JIyyae B KauecTse OCIIEr0 peMIeHH: MOKHO IO-IPEe:KHEMY
B3arh (3.7), o upn sroM uocroarunie C;, C; GyHyT KOMIIEKCHBIMH.

Pemenue 3amauu (3.5):
2 led .

Y = yoe—ot2 cos—g—t +5 (yi’ + 5 y8) e~*!2sin —%—t (3.10)
omuckisaeT KoXeOarTenbHBIl mpotecc. HoneGammsa saryxanorT mo 3a-
romy expl—ai#/2]. C pocroM ¢ 910 pemieEme Tax#ce CTPeMHTCA K LO-
noskennio pasHosecun y =0,

Ecm o =0 (compotupierue oTCyTcIBYeT), TO IOIYIaeM II€PUO-~

augeckne KoneGamus ¢ yacToToll we = VEk,

¥ = ¥ cos ot + = y3sin o, (3.11)
0

B) o2 —4k=0. B sroM ciy4ae ommCaHHBEIH CIMOCO0 HaeT TOIBKO
ogno pemenne Vy=e*, rme A——a/2. Herpymmo, opmaxo, memo-
CpEJCTBeHHO IPOBEPHUThL, YTO B 3TOM Cliydae pelleHNeM HBJIAETCH
rarkme Py =te*. Bepa numelinyio KoMOMHAUWIO 3THX ABYX pemle-
HUH, MOKEHO ypnomiersoputh yciosuaM (3.5). [lparTtugecknm Ay n Ap
He OBIBAIOT B TOYHOCTY PasHH, HO TAKO€ pemIeHne ONMCHIBAET Ma-
TeMaTHIECKYI0O a0CTpaKyuio, COOTBETCTBYWINYH CIyYalw OIM3KHX
7\1 u 7\,2.
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PaccMoTpuM Temeph BHIHYKIEHEBIE KoNeOaHWA [OJ JeiicTBUEM
nepHorHgecKoil BHEYKEalomeil cunel. OHE ONHUCHIBAIOTCH YPABHEHHEM
(3.2), tne f=A cos ot (4, ® =const). ComocrasuM 9TOMYy ypaBHE-
HUIO CHeyIoIiee ypaBHEHHE C KOMINEKCHON HEeH3BeCTHOW (DYHKIjH-
eil z:

z” ‘oz’ + kz = Ae™*, (3.12)

Topgcrapnsas B 910 ypaBHeHHe Z =y + iys ¥ HPUPABHUBAA OTHEILHO
JeHCTBHTeNbHBIE U MHHMBIE 9acTH, HONYYUM, 9T0 Y; YAOBIETBOpAET

ypasuermio (3.2), B roropoM f=A cos 0t, a y; — ypasuenuwo (3.2),
B KoropoM f— A sin of. Takum ofpazom, jgnsa momydenua Tpebye-
Moro pemenns ypasuerusi (3.2) my:kEO HATH peNIeHWe YpPaBHEHHS
(3.12) u B3ATL ero AEHCTBUTENBLHYIO 9acTh.

Pemenne ypasmenus (3.12) ecTectBenHO HCKATL B BHJE

7= ae™*, (3.13)

Iie @ — He H3BecTHas 3apamee mnocrofmmaf. llopcrasusa (3.43) B
(3.12) u coxpamaa ma €, Halinem a=A/(—0?tia+ k) n, crego-
BaTEJILHO,

kF— of

—5 coswlt— A4

V= A— % in wf.
yy=4 o a z sin o (3.14)

a
(k—o”) + o
(3.14) mpepcrasnsger coboil gacTHOe pelneHEne ypasHernsa (3.2), B Ko-
TopoM f=A cos of, HMe0Ilee IEPHOANIECKUI XapPaAKTep C TaCTOTOH,
paBHOH 4YacToTe ) BEIHYKJAIOIIEN CHIBL OSTO pemeHne, OJHAKO,
rme ynosxersopser (3.5). JlobaBum ® meMy nuHelinyo xoMOuHAUHIO

penmresnsa  ogHopopEoro ypasHeruma (3.3) (mus  oupepenenHocT:
o2 — 4k < 0):

y=§x+Cnyx+02y2. (3.15)

Ioabayack (3.6), ybemspaeMed, 970 370 BHIPAIKEHHE ABJIETCH pemie-
HHeM Toro e HeopHopoparore ypasuenusi (3.2), a moaesysck mpo-
uzpoiom Beibopa C; m Cs, MOKEHO mogoGpaTh WX Tak, ITOOH YHOB-
seteoputh (3.5). Ileiicrsurensro, C; u C; HaxonmArcs w3 anrebpam-
9YeCROHI CHCTEeMEI YPaBHEHWH, OTImYalolleiicH 0T Toi, KoTopad Oblia
npn nonyueHun (3.10), Tonbko HeonmHOpOAHBIMU UleHaMu. Peenme,
yrosixersopswomee (3.5), uMeer Bup

y= .7!1 + [y‘l’ — ,171 (0)] e—ot/2 cos—g t4+
2 ~r ~ )
+5 [y(lj —un O+ % (¥ — w0 (0))] e~o2 sin % £, (3.16)
a (3.15), rakuM oOpasom, ApugerTcs oOIUM pelleHHeM HEOXHODOIHO-

ro ypassenns (3.2), rne f= A4 cos ot. Yz (3.15) Bupmo, uTO 06U4€€
peuwiehue HeoOHOpoOH020 Ypasherus npedcrasaser coboli cymmy
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YaCTHO20 peuleHUs, TO20 e HeOOHOpOOHOZ0 ypaeHenus U obujezo pe-
WeHUs COOT8EeTCTEYIUe20 00HOPOOH020 | PABHEHUS.

C pocrom ¢ B Popmyne (3.16) mce wunensr, KPOME IepBOro, 3ary-
XaKT ¥ 0CTAIOTCA TOJNHKO BHIHYMK/ICHBHE KOJCOaHUHA ¥i.

O6paTeM BHUMaHNe Ha BaJKHOE FABJICHAe — TAK Ha3bIBAeMOE sB-
neHNe pe3onakca. Peluenne y; TepseT CMBICH, €ClIM B MCXONHOHK cHC-
TeMe HeT Tpemns (@ =(0) ®m 9acT0Ta @ BHIHY)KEaWIIell cWibl PaBHA
qacrore wo=Vk, ¢ KoTopoii KoxebmeTcs MamgTHNK 0e3 Bo3jeHcTsust
BHEY;RMatomelt cuusr (em. (3.14)), Tak Kar B 3EaMeHaTele HOABJIA-
©TCH HYJb. .

Yro6p HaliTe WacTHOE pelleHMe B JTOM ciIyvuae, T. €. YACTHOE
pellleHye ypapHEHUs

y” + ky =4 cos o, (3.17)
nepeiiileM CHOBA K KOMIUIEKCHOH (popme
Z7 + kz = Aeiodt, (3.18)

Ob6paruM BEHEMaHHe Ha TO, YT0 KOPHM XapPaKTEPUCTAYECKOro YpaB-
HEeHUsT DPABHEL Ay 2 == =tiwe. llomeitaemcs mcrate z B BUAe

2z = atei®ot, (3.19)

t

Honcrasxsaa (3.19) s (3.18), onpenenum a n monynm z = Az.—(—o-ei‘”o'.
(1}

Re z pgaer wacruoe pemenne ypasresns (3.17):
~ t .
h=A e sin @,f. (3.20)

Tak Kak DPaKTUYeCKN IOJHOE OTCYTCTBHE TPEHWS H TOUHOE pa-
BEHCTBO O M (o HE OCYM{ECTBIAITCA, TO PEIICHHEe TAKOTO THUOA IPAK-
THYecku He peanusyercsa. Peanusyerca (3.14), mo ecnu wgacrora o
fiusKa K o, 8 o0 Mayo, To -3HameBarens B (3.14) Man m ammumryna
pemennsa Benuka. TakmM o6Gpa3oM, U3NYIECKH ABJIEHNE pPe30HAHCA
cocTONT B TOM, 9TO IPH O ~ ¢ ¥ MaJoM o HaONIOaeTcs 3aMeTHOE
yBeJIugeHre aMININTYB BEIHYKACHHBIX KoseGamui (3.14).

MarenmaTudecku jKe ciyuaeM pesomanca OyfeM HAa3BIBATH TAKOK
cny1aii, Korga B (3.2) f(¢) = S(t)e*, rme S(t) — mHOTOUNEH, & X COB-
najgaeT ¢ KOPHEM XapPaKTepPHCTUYECKOIo ypapHeHms. B paccmorpen-
uoM peimie ypasHeBEum (3.18) % =iwg, T. €. commagaer ¢ ofHHM N3
KOpHEIl XapaKTePUCTUIECKOrO0 YPABHEHH.

Urar, Ha npumepe ypaBHeHHA BTOPOro NOPHAAKA BHIABIAEH PAN
XapaKTePHBIX CBOHCTB IMHEHHOr0 YpPAaBHEHHSA € MOCTOSHHBIMH KO-
apPunuentamu. OKazpiBaercs, 9TH B3aKOHOMEPHOCTH MMEIOT -06Iuit
xaparrep. CdopmynupyeM ux, mora Ge3 JOKa3aTeNbCTB, A ypap-
HEHUs1 MOPARKA 7 KAK ecTecTBeHHOe oGoGmenwe Toro, yTo HabIIofa-
Joch UIA yPaBHEHWA Broporo mopsmxa. J{oxasarennctsa OymyT Aa-
_HHI HEXe, B § O.
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PaccMoTpuM cHavana OMHOPOJHOE YPABHCHUE
ay™ +ayy*V+ ., . +ta,y=0 (a,=const). (3.21)

ConocrasmM (3.21) ero xaparrepucruyeckoe ypasuerme (cp. (3.4))
CZQ?\," + alh"—‘ +...+ a, = 0. (322)

Jdro anrebpamvecKoe ypaBHEHME MOPANKA N H IIMEeT KODHHM A, =
=ptig (k=1, ..., n).

1. Eciu Bce , fmeficTBUTENbHB M Pa3iugHEL, TO, 6€PH AMHENHYIO
KOoMOuHAT{MIO

n
y= 2 C,®y, rme ®y=¢* (3.23)
h=1
MOMHO HonyunTh J0boe pemenne ypasmemua (3.21), ompepenss
Cy, ..., C, 13 HATANBHKIX YCIOBHIL

y(t) =1, ¥ (&) =3, ..., YD (L) =1} (3.24)

(cp. (3.7), (3.5)), 1. e. dopmyna (3.23) sBusmercs ofmuM pemieHmeM
ypasrenus (3.21),

2. Ecau Hexroropsie A, KOMIUIEKCHEIE, TO yTBep;ijenme 1 ocra-
eTcA B cuile, HO ompegenseMsie 3 (3.24) roucramts C, Gynyr xoMI-
JIEKCHBIMH W perreHne GyperT HpeicTaBICHO B KOMILIEKCHOH (opme,
Yrobel MOXy3IHThH peureHye B HeilcTBUTENHLHOW (OpMe, MOMKHO B Ha-
Gope pelIeHHi BMECTO HApPHl perueHnit y = e p py¥ = glr—in
OTBEYAIOIell [IByM KOMIUIEKCHC COIPSKeHHHIM KODHAM A =piq
(Tax Kak XapaKkTepHCTHYECKOe YDaBHEHHE HMeeT ieiicTBUTeNbHBIE
KoaipumeHTsl, T0 BMecTe ¢ A= p+iq KopueMm Oynmer rai:Ke A¥ =
= p—iq), MOIKHO B3ATH Napy MelCTBUTENALHHIX pemleHmit Re y =
=e? cosgt m Im y =e?' sin gt (cp. (3.9)).

3. Ecan A — KpaTHBIH KOPEeHb XapakTePHUCTHIECKOTO ypaBHEHIA
(3.22) wparmoctn m, TO eMy oTBedaer m pemrennmii e, te, ...
..., ™ le* (obobigenue caydana B), tae m==2).

OGsennHsAA BCe CIYyTaW, MOKHO C(HOPMYIIHPOBATH CHeAyIoIee
IIpaBUio: '

Ilycre zaparrepucruveckoe ypasnenue (3.22) umeer r deiicreu-
TEALHVLE KOPHel, A, EPATHOCTU My, @ NPOHUE SEAAIOTCS KOMNAEKCHO
conpsucennbiny euda A =p,+iq u kpathocru m,. Tozda obuyee
pewernue ypaenenus (3.21) mosxcer 6uire 3anucano e sude

y= N Ry (t) e + X (P(t)e’ cosqit + Q, (1) e singyt), (3.25)
h=1 =1

20e R,(2), P(1), Q,(t) — mro20unenwr cTenenu m,— 1, m,— 1, m—1
COO0T6eTCT8eRH0, KoddPuyuenTvl. KOTOpHLY nNpOoU36OAbHbL. ITU K0IP-
duyuentol 00HO3HGUHO ONPedeAsIOTCS HAUAALHLIMU  YCAOGUSMU

(3.24).
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Togso Tak e MoHo, 0606man QarTH, HOXYICHHABIC A ypas-
HEHUsi BTOPOro HOPHAKA, cHOPMYIHPOBATHL IPABMIG IOCTPOEHMA da-
cTHOTO M 00miero perrenuii HeOXHOPOKHOrO ypPaBHEeHNS.

agy™ +ay v+ +ay =St)e”, (3.26)

rie S(t) — MHOrOUNEH cTemenHu S, ¥ — IOCTOAHHAA, BOOGINE TOBOPH,
KOMILIEKCHASA.,
IHycrv 6 ypasnenuu (3.26) » ne coenadaer Hu ¢ 0OHUM KopHeM
Ay xaparrepucrTuueckozo ypastenus (3.22) (rax nasvieaemviii Hepe-
sonaHcHulll cayuati). Tozda uacthoe pewenue ypaeHnerus (3.26)
MOHCHO 3anucaTs 6 eude
y=T(t)e?, 3.27)

2de T(t) — muozounen 10l e crenenu, uro u S(t). Kosgpguyuenrer
muozousena I'(t) onpedeasioress us aszebpauveckux YypaeHewuli, no-
ayuennbiy nodcranosroti (3.27) e (3.26) u npupasnueanuem uienoe
¢ odunakosuimu crenenamu t (cp. (3.12), (3.43); » srom mpocreii-
mem ciayzae S(t) ssinserca KomcTaHTod A, T. €. MHOroYJIeHOM HY-
nesoil crememu, a MuorouneH 7(f) Taxme gBIAETCH KOHCTAHTOIL:
T=a).

Ecau % coenadaer ¢ KOpHem TaApaKTEPUCTULHECK020 YpaéHeHus M,
umeowum kparnocte m (rax nasvieaemwvill pesomancHbill cayuali),
70 uacTrnoe peuenue (3.26) caedyer uckare ¢ eude

y=T(&)t"e*, (3.28)

20e T(t) — mnozounen Toti e crenenu, wro u S(t). Koapduyuenro
T(t) no-npesxcnemy onpedeasiorca nodcranoexoii (3.28) e ypasnenue
(3.26) (cp. (3.19), rne mosBIAAEeTCA MHOMKHTENL £ B COOTBETCTBHHM C
KpaTHOCTHIO M = 1 KOPHA imo).

Ecau # = o+ ip komnaexcro, to delicreureavias (cooreercreen-
Ko MHUMaR) uacry peuwenus (3.28) seasercs peuienuem ypasHenus
¢ npasoli uacrvio S(t)e™ cos Pt (coorsercrsenno S(t)e™ sin pt).

O6wee pewerue neodnopodnoeo ypaswenus (3.26) npedcrasas-
erca ¢ eude cymmor 06uyezo pewenus (3.25) od0HopodHozo ypaenenus
(3.21) u uacrnozo pewenus (3.27) uan (3.28) neodnopodrnozo ypae-
nernus (3.26) (cp. (3.15)).

Bce atu yTBepsnenus B MNaibHelnieM OyAyT CTPOrO JIOKA3aHEI
(cm. Teopemsr 3.12, 3.13, 3.14, 3.15).

§ 2. O6uque cpolicTBa JUHEHHOTO YPaBHEHIA N-I'0 NOPAKKA

O6parmmca ¥ ypaseenuo (3.1). Ecim B paccMarpuBaemoi 00-
JIACTH M3MEHCHHS HesanwucuMoro nepemenmoro aolz) # 0, 1o, mome-
aup Ha a¢l{x) n ofo3Havas nonyueHHBIe KO3(OUIMEHTH! M NOPaBYIO
gacts BHOBL gepes ay(z), ..., a.{x), f(z), Oymem umern

¥+ a(z)y-v+ .. +a.(z)y = f(z). (3.29)
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Onpedeaenne. Ypasnenue (3.29) nasvieaercs 00HOpodrblm,
ecau flz) =0, 6 nporueHom cayuwae — HeOOHOPOIHbBLM.

Oycre adz) (i=1, ..., n) HenpepsIBHBE Ha HEKOTOPOM HHTEpBa-
e X (X momer ObITh KAk KOHEUHBIM HHTEPBAJNOM, TAK ¥ OECKOHEY- -
HBIM, Hampumep, (—eo, o)), OGmas TeopeMa CyIeCTBOBAHHA W ©[HUH-
creensocty (cm. § 4 rn. 2) rapamTupyer, 9TO HA HEKOTOPOM Cer-
Mmenre |z —zol < H, npumagnesmamem X, CymecTByeT eWHCTBEHHOE
pemenne ylz) ypasmemua (3.29), ynosnerBopsKINee HAYANLHOMY
YCIAOBHIO

y(z) =4, ¥ (@)= ... v (z) =yn (3-30)

Hna ypasmernus (3.29) Mommo noxasath Goxee cuibHOE YTBEpIHIe-
HHE.

Teopema 3.1. Ecau afx) (i=1, ..., r), f(x) nenpepvienu na X,
TO pewerue Havanvroll sedauu (3.29), (3.30) cywyecreyer u eduncr-
senno ecrody na X.

Tak KaK HAYaNbHAA 3aJlada JUIH yPaBHEHUS R-TO TMOPHANKA HABIA-
€TcH YACTHBIM ClydYaeM HAYAIBHON 3ajlauyyl JIA CHCTEMBI 1 ypaBHe-
Huii mepsoro mopsaxa (cm. § 4 rin. 2), To Teopemy 3.1 mMokmO mO-
Jy9UTh KAK GACTHBIA CHy9afl aHANOrMYHOIO YTBEPIKAEHUS IUIA CI-
cTeMBl TUHEHHKIX ypaBHEHHI, KOTOPasg ¥MeeT BIJ

Y Y e @@ G=1..,m, (331

k=1
a COOTBeTCTByIOI]IHe HaYJaJbHBbIC yCIOBUA —
vi(z) =48 (i=1,...,n). (3.32)

Teopema 3.2. Ecau ax(x), fi{z) (i, k=1, ..., n) Henpepuieust Ha
X, 7o pewenue zadawu (3.31), (3.32) cywecrsyer u eduncreenHo
Ho X,

Jlna moKazaTenbeTBA BOCHONb3yeMCs IPHHIUMIOM CXKAaTHIX 0ToGpa-
mermir (cm. § 7 . 2). PaccMoTpuM TpPOHM3BONBHEL CerMenT X =
= [zy, zp+ Al = X. B rauecrse aneMeHTa Y MeTpPHUYECKOIO WPOCT-
panctBa A Bo3BMeM cuCTeMy HenpephiBHEIX Ha X @yHKOmil
yi(2), ..., y.(2). lycrs a =suplaxlx)].

iR Xy
Paccroanne meskny onememtamu ‘Vy w Py onpepenny cuemyro-
muM o0pasom:

n
p (Wy, @y) = 3 sup {e~K=% | Wy, (z) — @y, (z)] },
i=1 X,

e moctosnHag K ynosunetsopser HepasemctBy K > an. Herpyamo
yOepuTHCA, YTO @ YMNOBIETBOPAET BCEM HY/KHBIM aKCHOMaM H 9To
OOCTPOEEHOE TakuM o6pa3oM MeTpHdeckoe mpocTpacTso M asnser-
¢l HOJHBIM.



78 JIMHENHEBIE TNOOEPEHINAJIBHBIE VPABHEHUA 71 3

Onpenenum B mpocrpanctee M omeparop B cuepyromum oGpa~
soM: z =By, ecnn

x

z; () = y§ + _Y [h§1 ;5 () ¥ (s) + f(S)] ds.

IIposepnM ciruMarommmee cBoiicTBo oneparopa B. Umeem

X n

|0z, (2) — ©z, (2) |<a | 3 19, () — D, ()| ds,

e~ K@-xa) | Mz, (7) — @z, () | <
n

x
< a j {e—K(x—s) 2 e~ K(s—xc) I (1)yh (S) — (2)yh (S) l } ds <
3 ot

x

<a 5 e~ Ke=s)p (Vy, Vy) ds = _I% (1 — e-Ew—xa) p (Dy, @)y),

Xo

CyMMupyd o i, HOTYyIUM

P (Wz, (2) 1 (1 — e~K8) p (Vy, @y) = aip (Vy, By),

e o <1 B cuny ycnosusi, HajnokeHEOro Ha K.

Orcropa, Kaxk B § 7 i 2, gejaeM 3aKJII0YEHNE O CYMECTBOBAHMH
ma [z, 2o+ Al emuncrsensoro pemenuns samauu (3.31), (3.32). Ama-
JIOFEYHO JIOKA3BIBAETCA CYIIeCTBOBAHEE H E€IMHCTBEHHOCTL Ha Cer-
menre [zo— Ay, xol. B cuny mpomssonsroctn A n A, TeopeMa cOopa-
BejiinBa Ha BeeM X.

Jansueiimee paccMorpenme cucteMbl (3.31) ornowuM pgo § 6 u
sepreMcs cuopa k (3.29). Ilna ypasmernus (3.29) cupasegmmra cae-
AYIOmas TeopeMa, HazbIBAeMaA NPUHYUNOM cyneprosuyll.

. 3

VTeopeMa 3.3, Hycre f(2) = S it (%), 20e o;=-consl, u nycrv
i=1
yi{x) seasniorcs peurenuamu ypaerenuli

VWA a @y Vo Fa @ yi=fi@) (3.33)
X ’ .
Toz0a y; () = X ay; (z) sneasnercs pewenuem ypasrenus (3.29).
i=1

3HaveHNe ITOro HPHHELUIIA 8 TOM, 9TO HPaByI0 YacTh YPABHEHH
(3.29) MoxHO mpepcTaBMTh KaK AHHEHHYH KoMOwHammuio Gojee Ipo-
CTHIX BIIEMEHTOB M CBECTH pellleHie YPASHEHHS K PelIeHHI0 HeCKONb-
Kux Goxee mpocteix ypasmermit (3.33). C Touxu 3penua Qusmem sTo
03HAYAeT, YTO Pe3yIbTaT CIOKHOIO BHEIIHETo BO3NEHCTBHA HA He-
KOTOpHIl 00beKT, BEIpaskaeMore (yEknmei f(x), MoxHO UpejcTaBHUTHL
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KAk CYNepHO3UNUi0 Pe3ylNbTATOB OTHENbHBIX IIEMEHTAPEBIX BO3NEli-

CTBUIL. '
Jlokasareancrso TeopeMmsl 3.3 OCHOBAaHO HA TOMAECTBE, CIpaBefi-

JusBoM [ k DpomssonbHEIX 1 pa3 pudepeHnEpyeMBIX (QYHKIMA

uy, ..., Uy U CIeNyIIfeM HEHOCPelCTBeHHO 3 cBofictB auddepeniiu-
poBaHusa
R (n) kR (n-1)
(21 oilU; (x)) + a, () ( 21 aill; (:c)) + ...
i== i=

k
o+ ay (2) 21 ol (Z) =
k
- Z ol u™ (@) + ay (2) V(@) + ... Fan (@) ui(2)] (3.34)

Tlonarag 4= y:(z), tne y:{x) — pemrenns ypaspemmit (2.5), momy-
. :

anm maa Y () = 2 oy (2):
i=1
R

Y (@) + a V(@) + .. an (@) Y (2) = X aifi (2) = (2),

i=1
¥yTo N TpeboBaiGCh.

3amevanne. Jlesyow wacts ypasHeHHsa (3.29) MOMHO pacCMaTPHBaThL
rak omepatop Ly, onpellelleHHE Ha MHOMecTBe n pas AudidepeHRupyeMHX
QPynarnuit y. Torpa (3.34) o3HAYaeT, YTO HTOT ONEPATOp — JIMHEHHAI.

OrMeTHM BaJKHBIe YAaCTHBIE Cjaydau TeopeMsl 3.3, dopMylIupys
X Ka® OTHENbHBIE YTBEPHIeHNA. -

v Teopema 3.4. Jluneiinas kKombunayus pewehuil 00HOpOOHOZ0
ypasnenus ecrv pewerue odHopodHozo ypaewenus (aro gacTHBIE
cayuait MpHHENUIA cyuepuosunuu, xorna fi;=f==0).

3amevanne. Ha a3pke JuHeiiHo# aareOphI 8TO MOKEO BHIPASHTH Cle-
JiyommM 00pasoM: MHOMKeCTBO perieHmi OHOPOJHOIO yPaBHEHHS ABIACTCA JH-
HeHbIM OPOCTPAHCTBOM.

Ifycrs temeps k=2, fi = fs, oy =1, ag=—1 u, cienosarenbro,
f=0. TaxnM obpascM, UMeeT MeCTO ’

Teopema 3.5. Paznocre dsyx peuweHull HeodHopoOHoz0 AuHETHO-
20 ypasHeHus YooeaeTeopseT 00HOPOOHOMY YPpABHEHUIO.

B geopeme 3.3 o MoryT GBITH ¥ KOMILTEKCHBIMHL.

Teopema 3.6. lycre y,(x), y.(x) ydoesereopsaror ypasHenusm
(3.33) (i=1, 2). Toeda z(z) =1y (x) t+ iy.(x) ydoesersopser ypas-
HeHUI

z™ +ay(2)z"-V + .t a.(2)z =], T+ ife. (3.35)

Oé6parno: nycre z(z) =y, (x) +iys(x) ydoesersopser ypasnenuro
(3.35). Tozda y\(x), ys(z) ydoesersopsior ypasnenuam (3.33).
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Ilpsmasi Teopema sAmunAeTCH 9ACTHBIM CIydYaeM Teopemel 3.3
(a; =1, ao=1i). Jua nonydenus oOpaTHOro yTBEPHIEHHA HA[0 K
senot wactu (3.35) mpumemuts Ttoipmectso (3.34), momarasm u, =y,
Us=1yo, a1=1, o=, Hocrie wero HOPHPABHATH JEeHCTBHTENLHYIO
YaCTh HONYYEHHOIO BHIpa)KeHHS BeNMYMHEE f1, a4 MHUMYI 9acTh —
BeIM4WHE [y COINIACHO IPABHIY CPABHEHHWH KOMIUIEKCHBIX YHCEJL.

Bce mepeuncierHLte cBOMCTBA XapaKTePHBl VMEHHO JUJIA JIHeH-
HBIX YPABHEHIIN 1 CyINecTBeHHO o0JeryaioT IX HCCIEeJOBaHUE U pe-
menne,

§ 3. OnnopopHoe JHeliHOE ypaBHEHUE N-TO HOPANKA

O6paTnMcA K H3YUI€HHIO ypaBHEHNA
y @+ a2y +. . ta.(2)y =0, (3.36)

xoappumments kotoporo ai{z) (i=1, ..., rn) HenpepslBHH Ha HH-
teppase X. Kar Opuio mokazasHo B IpepblgylieM maparpade, pere-
HyMe HAYaNLHOM 3ajaus cymecTsyeT m epmuHcTsenHo Ha X, wem Oy-
7€M CYINeCTBEHHO IOJL30BATHCH HUKE.

Onpedenenue. Bydem zosopure, wro pynkyuu u ), ..., u,lzx)
AuHelino 3asucunvt (4. 3.) Ha unrepeasae X, ecau cy-
wecreytor nocroaunvie Cy, ..., C,, He 6ce pasHvlie HYAw0, Takue,
UTO uMeeT MecTo ToHDecTeo

SCu;@)=0 vyzeX. (3.37)
i=1

B nporuenom cayuae (r. e. ecau (3.37) swinoansercs rtoavko npu
Ci=...=C,=0) 6ydem zosopurv, uro u)(x), ..., u{x) aumnei-
Ho Hezaeucumvl (4. H).
Iycry yi(z), ..., Yu(z) — pemenns ypasnenus (3.36).
Onpedeaenne. Hasosem derepmunanr

[/ € I 9 €3]

A (x) — 1./1 (x) eee Yy (@) (3-38)

vV (@) ..y (2)

onpedeaurenem Bporncrkozo¥*),
Teopema 3.7. Ecau pewenus y,(x), ..., y.(x) ypaernenus (3.36)
4.3 Ha X, 70 Alz) =0 na X,

*). lnorga OeiBaet ygoOuo obosHavdernue A(y1(z), .« ¥n(2)).
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B camom nene, cornacro (3.37) umeem D Ciy;(x) = 0. Hponudg-
i=1

depeHnupoBaB 3T0 TOKECTBO 1 — 1 pas, mosyInM

3 Cal@) =0,y B Calf () = 0. (3.39)

=1

Ilpn V z =X 3tu cooTHOMIEHNA MOKHO PACCMATPHBATH KAK CHCTEMY
JUHEHHBIX ONHOPOMHBIX ANreOPAaNYecKUX YPABHEHHH OTHOCHTEJHHO
Ci, ..., C., uMeOmMyH0 HeTPHBUAILHOE PENICHNEe II0 YCJIOBUIO IUNHEH-
moit saBmcmmocTn QyHrOui y;. CnefoBaTelibyo, oIpefieNuTeNs CH-
cremul Alz) =0 pn Yz X, 1. e. Alz) =0 ua X.

Bameganue. V3 forazaTeNbCcTBA TEOPEMEl BAINHO, YTO OHA CHpPaBeNinBa
He TONBKO JiA pemenuii ypapHenus (3.36), Ho mius mobsx n-— 1 pas guddepen-
nupyeMux QyHxnmii.

Teopema 3.8. Ecau Alx) =0 zxors 6br Oasn ofnozo zo<=X, 70
pewenus yi{x), ..., Y.(z) ypasnenus (3.36) 4.3. na X.

JleiicTBuTENbHO, Bo3bMeM TOYRY % =Zo, B KoTopoit Alzg) =0,
U COCTaBHM CHCTEMY JHHEHHBIX aire0pamdecKHX yPaBHEHNH OTHO-
curenpo Cy, ..., C, ¢ onpenesmrenem Alzo):

D Ci(z) =0, ..., 2CY ™V (x)=0. (3.40)
i==1 i=1

Tax rar Alzp) =0, To 3Ta cucTeMa VMeeT HETPHBHAIBLHOE DENICHUE
-

C, ..., C, PaccMoTpuM inmeitmyio roMOupanmo y (z) = 2.Cy;(x).
i=1

Cornacro Teopeme 3.4 ylz) sBusercs pemernmeMm ypapHeHus (3.36),

a (3.40) osmagaer, 9TO 3TO pemIeHHe YJOBJETBOPHET B TOUKE o

HyneppIM HadalpHBIM yernoBusam yl(zo) =0, ..., y™P(z) =0. Tar

Kark TpuBmaiemoe pemenne ypasmenns (3.36) y(z) =0 ypopierso-

psieT, O4eBRMHO, TEM ke HAYAIBHBIM YCJIOBHAM, TO B CIJTy TeOPEMbI
n

ermuucTBennocTn y(x) = g(x) =0, 1. . 2 C¥;(x)=0, ¢ 10 mO-
i=1

cTpoenuio we Bee C; paBHBI HyJIO, a 9TO U 03HAYAET JHHEHNylo 3a-
BucuMocTb Y1(z), . .., Ua(2).
Vi3 noKasampBIX TeopeM HENOCPENCTBEHHO BHITERACT ClENyIOIast

aJIETepHATIIBA.
Teopema 3.9. Onpedesureav Bpouckozo A(x) aubo Tomdecreen-
HO paeen Hyalo, U 3T0 O3HauaeT, uTo pewenus Yi(x), ... Ya(x)

A. 3., aubo He obpawjaerca é Hyab wu 6 odnol Touke X, u aTO 03-
nauaer, uro yi(x), ..., Yalz) . H.

6 A. H. Tuxowos u op.
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CuTyanmio MOKHO BHIPA3HTH Clefyomieil cxemoil:

|"“nﬁo"“ A@)=0 = y (o), ...,Un(2) o 3.
A (x)
—mwoo - A@F0 oy @, (@

mpn yre X

Onpedeaenue. Dyndamentasvroli cucremoil peuwe-
Hut ypaeneHusn (3.36) (coxpawenno ¢.c.p.) 6ydem HasvleaTo
atobvle n auHelino Hedasucumbir peuweHuil ypasuewus (3.36).

Teopema 3.10. D, c. p. cyyecreyer.

JleiicTBUTENBHO, BO3PMEM IPON3BOIBHEIL OTINYHBIN OT HYIA OH-
pepemmtent. A® ¢ asmementamu a; Onpemenmm pemierumsa yilx), ...
vev Ynlz) ypaBmenms (3.1) cuepyromuMm HaYaNbAGIME YCIOBHAMU:

Yi (xo) == A1y » - -y ygn_l) (xo) = Qpj. (3.41)

CocraBuM ompepexmrens Bpomckoro Alz). B cmny (3.41) Alxp) =
= A% (0, A Torga B cmiy teopemsl 3.9 y(x), ..., y.(2) nn
3ameuannme. Tar Kar cymecTByeT GECROHEYHG MIOrO OIpeje-
anTenedl, OTAMYHEIX OT HYJA, [JIA KaKIOTG YPAaBHEHHS CYMIECTBYeT
6ecroreuric Muoro ¢.c.p. Hpome Toro, nmmeiinoe HEBHIPOIRACHHOC
n

npeoGpasoBaEne ,;/—,- = Da; jY; mepeBonuT oney ¢.c.p. B Opyryo.
j=1

JloraskeM Teweps OCHOBHYIO TeopeMy pHampHoro Iaparpada.
Teopema 3.11. Ecau y(2), ..., Y.(z) — . c.p., 70 arboe pe-
wenue y(x) ypasnerus (3.36) npederasumo 6 eude

n

y(z)= 21 Cyi (), (3.42)
i=
20e Cy, ..., C, — HEKOTODBIE NOCTOSHHbLE.
HorasarenncrBo. Iyere ¥ (x)) =YY, ...,y 1(Z,) = y2-

Oupepenum nocrosmasie Cy, ..., C, nuneiinoit cncremoil ypaBueHmit
¢ nerepMuEanTOM, paBrbiM A(xg) 7 0:

121 C yi(z) = y(l)’ seey 21 Ci!/(i”“) (7,) = 4 (3.43)

n
u moctporM Y (Z) = 2 C;y; (x). Cornacmo Teopeme 3.4 y(x) spuserca

=1
pemernem ypasuerms (3.36), a (3.43) osmagaer, 4to 370 pemiernme
VHOBJIETBOPHET TE€M ke HadaubuHeIM ycnopmaM, uro u yl(x). Torpa
B CHIy eqEHCTBEHHOCTH (Cp. JNOKasaTelscTBO TeopeMmur 3.8) ¥ (r) =

=y(@*) = X Ci¥i(z), urou rpeboBaiock.
=1
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Sameuarnusn 1. Qopuysa (3.42), 26e C,, ..., Cy — npouasosvrvie no-
croannste, aeafercn obuunm pewenuem ypasnenus (3.36) B TOM e cMmEiche,
Kak B § 1, T. e. (3.42) msaserca PopMyINoil, conepmaniell Bce perieHusA ypaBHe-
rug (3.36) u He copepameil HEUero, Kpome pemenuir, B camoMm jezne, 1o Teo-
peMe 3.4 ripy mobHX Cy, ..., Cn (342) mBugercs pemenmeM ypasmesms (3.36),
a COrnacHo TONBKO 49TO HOKA3aHHOHM TeopeMe B (3.42) comepmmrcen nioboe peme-
une ypasaernda (3.36).

9. Ha saseixe anHeinoln anxrebpsr reopemsr 3.10 u 3.11 oamagaiT, 9To B npocCT-
pancTRe pemeHWil NMHefiHOro OXHOpPOIHOro yparHenua (3.36) mmeercs Gasnc u3
7 3AeMEeHTOB, T. €. 3T0 IPOCTPAHCTBO N-MEPHO.

§ 4. Heopnmoponuoe nuHeiiHoe ypaBHEHUE R-I'0 MOPATKA

PaccMoTpiM Teleph ypaBHEHHE
y™ +a )y +. ..t alx)y = fla), (3.44)

e a{z) (i=1, ..., n) geupepsiBELl Ha uATepBayte X.

Teopema 3.12. Ecau y,(z), ..., y.(x) — . c.p. obnopodnozo
ypasnernus (o.y.) (3.36), a y(x) — uacTnoe pewenue neodOHOpoO-
nozo ypasHenus (n.y.) (3.44), 1o moboe pewenue y(z) n.y. (3.44)
npedcrasumo 6 eude

v (®) =7+ 3 Cwi (@), (3.45)

20e Cy, ..., C, — HexoTOpble NOCTORHHbLE.

3amevanna 1. Teopema crmpamefnBa upH mobom Brifope wacTHOro
pemenus y{x).

2. Teopemy 3.12 MomHO cHOpPMYINPOBATh M TAK: o6ujee pewerue H. Y. eCTb
CYMMA YACTHOZO PeULerUR K. Y. U 0614e20 pelleHuUs o. Y. _

HNorasaTenncTBo. PaccmorpmM pasuocre yl(x) —y(z). Co-
rIacHo Teopeme 3.5 aTa pasmocrs yfoBleTBOpsAer o.y. (3.36) m,
cieoBaTensHo, uo Teopeme 3.11

y(@)—y(x) = ;1 Ciy: (7).

Orcona m nocaepyer (3.45).

Takum oGpasom, AN IOCTPOeHHsi OOUIEr0o peIleHWA H.Y. HYKHO
moMuMo (. €. p. 0.y. 3HATH XOTA OBI. OJHO YacCTHOE pemicHNAe H.Y.
TlokasxeM ceifgac, 4T0, 3gag (.c.p. O.y., MOKHO FAliTH HEROTOpOE

vacTHOe pemenme y(x) H.y. KBagpaTypoi. _
BajanuMcs TeNbi0 HOCTPONTh dacTHoe pemenwe y(x), ymoBneT-
BOPAIOIIEEe HAYAIHHBIM YCIOBUAM
y(.’to) == 0, .oy y‘"‘”(xo) =(, (3.46)

C 5T0il IeNbi0 BOCIONL3YeMCH CIHENYION[NM 3IBPHCTHYCCREM paccyii-
nernem. Ilpeacrasmm f(x) mpmGimmenno rak cymmy Qysrmumil (ane-
MeHTapHEIX BospelicTemii), paBusix f(E) B upomexxyrre (E— AE, E)
M HYII0 B OCTAJLHBIX TOYKaX. Pellesne y, oTBevaiomee KaKIOMY

6#
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TAKOMY DJEMEHTapHOMY BO3NEIHCTBHIO, IMes IpPH & ==X, paBHKIC Hy-
o upomsBopusie Jo (n— 1)-ro HOpAAKA BRIIYKTENHHO, ABIACTCA
TOMRIECTBEHNBIM HyJeM BIIIOTE 0 § — AE, o

y V(R = y™ (g — ABAE = [y™ (g — AR)AE +
+ay V(g — AR)AE +...ta.y(E — ABIAE] = f(E — AB)AE,

(n—

1. €. Yy V(E) pasmo yme me mymo, a f(E)AE, u, Takmm oGpasom,
Jajiee permeHMe Tarske Oynmer He wyieM. B cuny npusnuma cymep-
TIO3WIUHN JIOCTATOYHO TOCTPOUTH pemienue OfIOPOJHOTO YPaBHEHHNS
(eme Bme (E— AE, E) mpaBas wacTe paBHA HYJIIO), IPHHEMA0-
oee B TOYKE § HyJeBOE 3HAYEHNE BMecTe ¢ UPOHBBONHEIMHA [0
(n — 2)-ro TopsAgKa BRIIUKUTENBHO U ¢ IpousBopmoil (n— 1)-ro mo-
pangra, papmoii egunmie (oGosmaamM aro pemenme #(x, E), yxase-
Basgd 3aBHCHMOCTH OT HAYaJIbHOIl TOYKRWM, ¥ HA30BEM UMRYALCHOU
Pynryueii), a szarem ymuomuts ero Ha f(E)AE. Urar, A (x, £) crpo-
HTCHA RaK pelnenne O.Y., YIOBIeTBOPAIIIEE YCIOBUAM

HE, B)=0, ..., XL 2 8)=0, HTVE 8)=1, (347

a pemeHve, OTBEYAIOHIEE 3IEMEHNTAPHOMY BO3JICHCTBUIO, MMeeT BHJ
H(x, E)f(EIAE.

CymMMupysi Telieppb 3JiEMeHTApHbIC BO3NEHCTBHS HA OCHOBAHUH TOTO

e IPUHINIA CyNEPNOSUNUE ¥ IEPeXOoisi OT CYMMBI K WHTErpaiy,

TOJy4YVM PEHIeHe y}x), ynoBierBopsiomee ycxosmio (3.46):

V@)= Xy E (3.48)

Qopmyna (3.48) monyyema Ha OCHOBAaHME HECTPOrHX coo0paske-
HUH, HO HETPYOHO HENOCPeNCTBEHHOH WPOBEPROH yOenmThes, 9TO
(3.48) ectp wactnoe pemenme ypasmemusi (3.44). B sroit mpopepke
u GyeT COCTOATH MOKA3ATENLCTBO HIDKECIeNyHHIEH TeopeMsl.

Teopema 3.13. Burpamerue (3.48), 20e Pyrwyus H(z, E), nasvl-
eaemas umnysocholl Pynryuet, ydoseaereopser o.y. (3.36) u Ha-
yasbvim yeaoeuan (3.47), seasercs wacTHoim peweruem H.y. (3.44),
ydosaeTeopaowum Hysesuin HauarbHuim Ycaoeusm (3.46).

Jeitereurensno, mairmem us (3.48) y', ..., y™. Hpenpapurenpmo
3aMeTHM, 9T0 TAK Kar § ABIACTCS NApamMeTpoM, MpHHAUICIKAIIIM
TOMY K€ MHOMKECTBY, 910 m #, To (3.47) paBmocmneno 3ammcu

H(z,2)=0,..., Kz, 2)=0, KL V(z, 2) =1.

Ilonnaysce Teopemoit 2.7 . 2, mmeem

V(@)= [He@ DO E+H (2,2)f(2) = | Hu(z, D@ &,
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o (2) = [ 00 (2,81 @) &,

x

7™ (@) = [ #® (2,8 F ®) dE + HE (2, 2) f () =

Xo

= [#@ (1@ + ().

Hopcrapisaa B (4.1), moxyunm
Yy 4 ay (@) YD A L Fany =

= [[#2 (2,8 + 0 (0) XD (2,8 + ...
. e an (@) H (@ B F(B) dE + F (1) = £ (),

rak kak [.] mom mmrerpanom oGpamaercst B myab B culy ompemelie-
mns Kz, E). Takum oGpasom, ylz) peitcTBUTENnHRG sABIAETCA pe-

menmeM ypaBeenus (3.44) m, KpoMe TOro, OYEBHIHO, YHOBIETBOPS-
et yeaoBuaM {3.46).

§ 5. JluneitHoe ypasHeHUE 2-1'0 HOPARKA
€ HOCTOAHHBIME Ko pUIMeHTaMH

Snanme ¢. c. p. obecmedmBaeT BO3MOKHOCTL HailTm Ji0Goe pemie-
Hpe 0.y., a ¢ IPHMeHEHHeM KBajpaTypel TaKiKe ¥ pEIeHme H.Yy.
CymecrBoBanme . c. p. 6bino mokasamo (cm. Teopemy 3.10), ommaxo
Bompoc O ee 3(PPEKTHBHOM IIOCTPOEHHK OCTABANCH OTKPBHITHIM.

ITycrs B (3.1) a; = const,

y™ F a4 +ay=0. (3.49)

9ToT Kiacc ypaBHenmmil 3aMedaTrelieR TEM, YTO JJA HET0 HAXOMIEHIe
¢. c. p. cBopuTCs K anre6panvecKuM ONEpAalUsAM, a8 MMEHHO K pe-
MeEnio anreGpam4ecroro ypaBHeHns h-il cTeIeHmy.

ConocraBum ypaBuennio (3.49) MHOrowien OTHOCHTENBHO A, Ha-
3BIBACMBIH TAPAKTEPUCTUNECKUM MHO20useHOoM ypaBresms (3.49):

MR =rF+ a1+, ta,.
Jemma 3.1. Cnpasedaugo Toxdecreo

jji 1 @] + a f;;_ll [“f @]+ ... + aef(z) =

= (M OV @+ M OV () +

” ” (1) (1)
LM (Mf (@ . M (An)!f (z)}. (3.50)
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3T0 TOMMECTBO NOKA3KIBACTCA HEUOCPEJICTBCHHBIM BHIYNCIEHIIOM
¢ wucnonssoBammeM ¢opmynsl Jlelbruna s puddepenunposaBusL
npouaBenexua. Umeem

et = et

2 (@=-f) = e (OMf + f) = e?= (M + V'),

dz

, j—z (ehx.f) = ehx (sz + 22.f' + f”) ehx (7»2]‘ + (12)' 4 (12)0 fn)

e % ®w 8 & e & o » e s+ + e s e s a8 e e e s e s o s = a

dn X —
d?(e" -f)=

=e"’“(7~"f+...—|— n(n—1y. k['n——(k-i)] A f(k)_i_..._l_f(n))____

—omn (W () gL SO )

k! e nl

CrnajpiBag HOJyueHHBIe DABEHCTBA, YMHOHB HX INpe[BAPHTENLHO
Ha COOTBETCTBYIOMmee a&;, upuxonum K (3.50).

Samevwanun 1. Ecm f(z) = =P, o (3.50) npuaumaer BHJ

—‘z—,; (e"xxp ) +a
dz

11—

1 g (e"x:cp)-—}— .. +a, P —

=M {M (A) 2P+ pM (M) zP7A ...

o p—k+1D -
o BB O Gy @ (). @)
B gacrreOCTH, 0pH p = 0 EMeeM
dk\ dk—l A
o oy A e = P (), (3.52)

2. Tompecta (3.50) — (3.52) MoKHO 3ammcaTh KOMIAKTHee, ecim 0GosHa-

dy
quth 4eped. D omeparop puddepeHnupoBaHmA: - . =Dy. Ecad Bocnoanao-

BaThCA HPABHNAMHI CJIOMEHHS M YMHOMKEHHA OmepaTopos *), To nenylo q9acTh
ypasdenua (3.49) MokHO 3ammcaTh B BHE

(D +a D . - an)y = M (D)y.

Onepatop M(D) wnasuBaercs oneparophtly mmnozousernon. OH uMeer Ty e
CTPYKTYPY, 9T0 U XapaxrepucTHdeckuil MEOrowreH M (A).

*) Cm. Uasur B. U, Hoszuax 3. I. Jizneitnas amrebpa.— M.; Hayxa,
1974, tn. 5, § 1. .
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Beena M (D), momnao Tompecrea (3.50)—(3.52) aanucars B BERE

M™ () £
M 0) 1 ) = (M ) @)+ W7 () @) 4.4 ZE WY
(3-53)
M (D) 2P =
:elx{M(h)x’p_}_ e+ p... (ﬂk‘!—k“{“i) M(k) (l).’tp—k'!_ .

eeo L M@ (x)}, (3.54)

M (D) &% = MM (2). (3.55)

OrMeTnM Tarske CIeAyIONiee CBOMCTBO ONEpPATOPHEIX MHOTOTIEHOB, KOTOPOE
nmoHasiobrTea B JanbHelimeMm. PaccMoTpmM Hapﬂny ¢ M (D) BexoTOpBIlX npyroit
onepaTopuslit Maorounern N (D) -= D= 4 b,Ds-1 4 | 4 b, (b; = const). [loan-
3yACh OPABWIOM CAOMKEHHA M YMHOMKEHHs OIepPATOpoB, HeTPYRHO yGemmThed,
Y70 ONEpaTOpHble MHOPOWIEHBI HEPEMHOKAIOTCA [0 HOPABHAY OOBTHEIX MHO-
TOYJICHOB: '

M(D)N(D) -= N(D)M(D) = Dn+s + (ay + b)Dn+s=t - ... + dnb,.

HpupapeuBaag M(L) mymo, nonyunm anreGpamdeckoe ypaBHeHme
n-if CTENeRNM OTHOCHTEJBHO A — TAK HA3BIBAEMOE IGPAKTEPUCTUYe-
ckoe ypasnenue (x.y.)

Artrarrt+. . ta.=0. (3.56)
Ilpenmono:xum, 9TO 370 ypaBHEENE HMeeT KOPHH Ay, ..., A RpaTHO-
cret my, ..., my {m+...+m=n)

Teopema3.14. 1. Kopnio A, z.y. (3.56) kparnocTu m, oreeuator
m, wacTHuLX peuwleHull euda
e xR (3.57)
. 2. Pewenus (3.57), 20e k=1, ..., 1, obpasytor ¢f.c. p. ypasne-
nus (3.49).
JorazareasrcTBo. 1. Bocmomeayemca (3.51) wmmm (3.54).
Eeun ), sBisieTcs KOpHEM X. Y. KPATHOCTH My, TO

MOy =M (a) = ... =M™ () = 0%).

Tlostomy mpasast gacts (3.51) obpamaerca B myms gaa p =20, 1, ...

..., Mp—1, a 370 O3MAYaeT, 4TO are ® (p=0, 1, ..., my—1) ynos-
netsopsier ypasaenmo (3.49), aro m TpeGyercs.

2. IlpennonomuM UPOTUBHEOE, T. €. IPeAIOIOKNM, YTO pelicHMs
(3.57) (=1, ..., l) nusefino saBucHMBL. JTO 03HAYAET, YTO CHpa-

*) Cv, Mnpur B. A, lozaaxk 3. I. OCHOBE MaTEMATM4ECKOTO AEAIH-~
3a, 1. .— M.: Hayka, 1965, ro1. 7, § 3.
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BEJIJIMBO TOMOECTBO

R (z)em 1 ...+ Ri(x)e ™ =0, (3.58)

rge uepes R;(x) oGosmavenmsr MmEorouwnemst crememu m;— 4, me Bce
paBHsie Hyo. JlomycriM, 910 oTyimgnsIM 07 HyIsi sBisierca Ry (atoro
MOKHO JIOOUTHCA COOTBETCTBYIomieii mymepanueir A), a B R; crap-
MU OTJIMIHE OT MyJis WieHn mMeeT cremensb py (pr<<m; — 1), T. e.

R(x)=Cyy+Cpyz+ ...+ Clpl-’l‘pl@
npuaem Cyp, # 0.

VYmuomum (3.58) ua e M, Honyaum
Ry (z)e™ ™" 4 4 R (@) e LR (1) =0, (3.59)

Hpopuddepennmpyenm .aT0 TORIECTBO HA ENUHUIYY OONBIIECE YHCHC
pas, HelKeNnu cTenenb pr < m; — 1 muorowriena R,(z). Mpegsapnrens-
HO 3aMeTHM, YTo A Buipaskenua A(r)e™, rme o = const, A (x) —
MHOrOWICH, HPH IIPOU3BOJILHOM K WMEeT MECTO TOMIECTBO

rak

S A(x) e = B (a) e,

rae B(z) — MHOrounen Toit ke crenemm, uto m A(x), mpudem ero
crapmuit Kos(punmenT paBeH crapmemy roaggmumenty A(zx), no-
MHOJKCHIOMY Ha ¢f. 9T0 TOMIECTBO JETKO Honyuurh smbo m3 (3.53),
nonarag M (D) = D*, A —=a, f(x) = A(x), mmGo npocro m3 gopmy-
abt Jleitoarma. Urar, puddepernuupys (3.50), nomxyaum

0 (@) ™ L Oy (@) M g,
nin

Q@ 4 oo+ Q@) =0, (3.60)
rae Q1(x), ..., Qi-1{zx) — mMuorounens Toit e crenenm, uto Ry, ...
w.. R, upmuem xoaQdunuent crapmero wiena Q,(x) ectn
Cip, (7»1——7»,)“. IponennBasi ¢ (3.60) Ty xe omepaumio, 410 U ¢
(3.58), n upofiosIKAA BTOT LPOLECC, TPHUXONUM K TOJKNIECTBY BHa

S, (@) =0, mm S, (z)=0, (3.61)

D
npuraem roadunuert crapmero unena Si(z) ects  Cip, (M —4A7) 1 ...

v (M ——7»2)1)2 u B cmry (3.61) om moisken paBHATHCA HYIIO, a 3TO
NpoTHBOPEIHT ToMY, 9T0 Cip, 7 0, M—A#0, ..., Ay —2A=£=0,
IIpornBopedne upuBoguT K BeBOAY, 410 pemenws (3.57) mmueitno
He3aBHCUMEL, T. €. 00pasyioT ¢.c.p. ¥ yTBep/KueHEe 2, TaruM 00~
PazoM, IOKA3AHO,
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B cmny teopemsbr 3.14 obmee pemenme ypapeenus (3.49) spiser-
ca nueeitnoll komOunanme#t pemernmit (3.57) (k=1, ..., I). Ogsaxo
B Cliyiae HOMILICKCHBIX A, TaKoe IpEJICTABICHHE He Beeriaa yaoOmo.
Mosxno, ograxo, BMecto ¢. c. p. (3.57) monwssoBaTscs Apyro# ¢. c. p.,
cocTosAleit U3 NeCTBUTENFHBIX PYHRIAIHA.

Hycrs 7;k= prtig,. Torma nByM HOMINICKCHBIM peIIEHHAM BUIa

Apx Arx *
xe ", x'e *  (gepes A, o0003HAaUECH KOPEHD X. Y., KOMIUIEKCHO CO-

MPASKEHHBI Ay, TAKOH KOpPEHB CYHIECTBYET B CHILY NEHCTBHTEILHOCTH
K03()(UIIENTOB X. Y.) COOTBETCTBYIOT B CHy Teopemsl 3.6 mpa peiict-
BUTEIBHBIX PeInesus:

ka\ PRpX Apx Dpx
Re(zre ™) =ae " cosqrpz m Im(are™ ) =z7e " singpz.

TakuMm 06pasoM, BMECTO KOMIUICKCHBIX peIIeHWif MOMKHO TOCTPOUTH
CTONBRO JKe JEHCTBUTENLHBIX pemeHwil; oxm o0pasyloT [pyryio
¢. c. p., Oynyun nuHEHHO HE3aBUCHMBIMK B CHNY TOTO0, YTO MATPHIA
1epexoya OT Haphl KOMIUIGKCHO CONPSUKEHHBIX pemienuil k mX AeficT-
’_) ¥ UMeeT OTIWYHbI

BUTENLEHON B MHIIMOH 49acTSIM MeeT BHUI (1
N —1
OT HyJIs ONpeNeNuTeNb, PaBHbIT —2i.
Beps nuneitnyo woMOMAALNIO MOIXYYEHHBIX IeHCTBUTENBHBIX pe-
menwii, npuxoguM K opencrasiernmio (3.25), xotopoe Temeps, TarIM
o0pasoM, AOKas3ano.

PaccMorpuM Teneps HEONHOPOIHOE ypaBHEHIE

y Fayt P+ Fay =fzx). (3.62)

3rag §.c.p. (3.57), MOKHO HOCTPOHTH ero gacTHoe pemenue (4. p.)
no Teopeme 3.13. IlparTmuecku 3T0, opmako, TpeGyeT HOBOJBHO IPO-
MO3[KHX BHIKIAIOK, B CBA3H € 9€M HPECTABIACT WHTEPEC RIACC
f(z), Iisi KOTOPOTO MOKEO TOCTPOMTEH 4. P., He ofpamasck R (op-
myte (3.48), a monb3ysce 4mceTo anreOpavdecKUME OlepANMAMIE.
Teopema 3.15. Ilycrv [f(x) =S(z)e**, 20e A= const, S(z)—
MmHoeouser crenenu s. llycrs ) He coenadaer HU ¢ 08HUM KopHem
iz y. (3.56) (rar nasvieaemvili HepedomanchHuili cayuail). Tozda
cyyecreyer uacTHoe pewenue ypasvenus (3.62), umerowee eud

y(z) = P(z)e*, (3.63)

2de Plx) — mHozouaen 7oli ace crenenu, uro u S(z). Ecau A\ coena-
daer ¢ kopuem x. y. M, BparHoctu m, (Tak HasvléaeMulll pe3OHANC-
Nolll cayuail), To cyuecreyer uacTHoe peuterue ypaswenus (3.62),
umerouyee eud

y(@)=T(a)z e, (3.64)

ede T (x) — mHozousen 7ol sce crenenu, uro u S(x).



90 . JINHEUHDIE ITHOOEPEHIINAJILHBIE YPABHEHHIA i 3

Ha ocroBarmm 3Toi TeopeMbl YacTHOe PEHICHENE HMIeTCA B yRasak-
noM Bmfne, rae muorouwren P(z) mnm 7(x) sammceiBaeTcs ¢ memaBecr-
seivMe KoapPmumenTtamu. Ilopcrasnsas B ypaBmerme (3.62), cowpa-
masg Ha e* ¥ IpHpaBENBAS WICHH C OXUAAKOBBIME CTEIEHAME I,
MOJIy9uM CHCTEMY HEOJHOPOJHEIX anreGpaldecKUX YpaBHeHWH OTHO-
CHTENHHO Heu3BeCTHHX RoaddunuentoB mporowrera Plz) wm T(z).
ITa cucrema GyneT paspemmMoi, IOCKOILRY CYHIGCTBOBAHIE perme-
HIA TaKoro Bupa obecriedenio Teopemoit 3.15.

JlorasarensctBo Teopemul 3.15 npuBenmem JUISi PESGHAHCHOTO CIy-
qas (3.64), Tak rar (3.63) nmomywaerca ms (3.64) mpm m,=0. Hop-
crasum (3.64) B (3.62):

M(D)T (z)z e = ™S (x) (3.65)

u ybenuMcs, 49T0 OTCIOla MOMKEO OUPEIENHTb IOCACIOBATENBEO KO-
spdpunmentsr mporowiena I (x), maummasg ¢ roadQuIEenTa IpH
crapmeil crenenn z'. Bermenmm B muorownesmax 7(x) m S(x) crap-
1MNe YJIEHBI:

S(z) = apz* + S1(z), T(z) =bezx*+ T(2).
HNmeem Tornma .

M (D)bx "™ 4 M (D) z *T, (z) € = *apa® + €S, (2).
Pacmmmem mepBoe ciraraeMoe cleBa, IONB3YACH (ijopmynoﬁ (3.54) n
yaurssan, wroM (A) = M’ (M) = ... =M™ Y(3)=0, a ()50
Honyarm

{M(mk) ) (b my) . D)

my!

byet= s -

M(mk+l) Ay(s+m)...s

(7 F )
+ M (D) 2" Ty (z) € = " a,x® + 7S, (2).  (3.66)

3amernM, uTo B {.} mepBoe ciaraeMoe WMeeT CTENEHb S, a Ipo-
que — Gonee HUSKYI. llpHpaBEUBasg cTapiiNe WICHH ¥ COKPaIfad
Ha e*z*, OyneM uMeThb

xs—l} _I'_

(s+mk)...(s+1)
— =

o
2!

b, M ™ (1)

Orcrona enpepenurcss by vepes ap B caxy M'w(Ah) #* 0. Tlocne sroro
(3.66) moxmo 3amucaTh B BHAE

M (D) z *T, (z) €™ = €5, (2), (3.67)
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rne S){x) — MHorownen crereHM He Bhime s — 4, momyueHHHT B pe-
ByJbTaTeé NEPEHECCHHS BIPABO BceX WIeHOB Bhlpaskenus boe**{.}
(Kpome TEpPBOrO), KOTOpHIE Teleph M3BeCTHEL.

(3.67) mpencrapiser coGoii_ypasnenue, amanormanoe (3.65), mo
crenenn muorounenos T1(z) u S)(x) pa epuruny mmwxe 7'(x) u S(z).
W3 (3.67) aHaiormYHO NpeNbLAyINeMy ONpeNeiuTcA crapuimii kood-
¢unument wmuorownena I)(x)=a;z*"1+ To(x), 7. e. onpepensTea
yie gBa crapmux wiena mMuorowiena 1'(z). Ilpopgomxas nponecc, on-
pemenmM TocTeoBaTeasHo Bee wieHbl I(z).

MeTox OTHICKAaHHA Y. P., OCHOBAaHHHIN Ha JOKazaHHOU Teopeme,
OyneM HasbBaTh METOZIOM HeEOoUpeeleHHEX Koa(PuIuenTos.

Nraxk, s ypaBHEHMA C TOCTOAHHBIME Koa(dummenramu ¢. c.p.,
a B ciaydae TpaBoil wacTm Bmma €*S(z) Tarmke m JacTHOE pemeHHe
HEOJHOPOHOrO ypaBHEHUA MOryT OHITh TOCTPOeEH B 3(QexTHBHOU
dopve myTeMm aireGpamieckux omepanui. B saxmouenme yxakeM
OJIHH CHeIHalbHEI KAaCC YPaBHEHUI ¢ IePEeMeHHBIME KO3(hpuImen-
Tamy, AIS KOTOpOro (p. €. p. Tawike MOKHO HocTpomTh 3dh(peKTmBHO.
3710 TaKk Ha3BIBaeMoOe ypaBHenue Jilmepa

zaoy'™ + 2™ lgy*V+...+a,y=0, a;=const. (3.68)

HenocpencTBeRHOIl BHIKIAfKO HeTPYRHO yOeomThecs, 9TO 3ame-
HO#l HE3aBHCUMOro TepemenHOro z ==e* ypasrenme (3.68) cpommrcs
K YpaBHEHHIO ¢ IOCTOAHRHBIME KOs duimeRTaMm, 9TO H peiaer BO-
npoc 06 a(hperTUBHOM mOCTpOEHAM (. C. P.

Jlna OTHICKAHUA YACTHOTO pEIIeHHs HEOJHOPONHOrO ypaBHEHUH
Siinepa B ciyuae, ecim npasas uwacth umeer Bup 'S (Inz), mpmme-
HUM MeTOJ HeonpeJelleHHbIX KoadduimenTos.

§ 6. Cucremmt nnmeiinmx ypasaenmii, OGuan reopns

OGparaMea K M3y9eHWIO CUCTeMBI JHHEMHEIX nuddeperEnuaibupix
ypaBHEeHUH

y: = .Zlaik(x) yk—l—fl(x) (l: 11 "'vn)' (369)
Cuerema (3.69) masmBaetca ogmoponHoit, ecn fi(x)=0 (i=1, ..., n),

B NpOTUBHOM Ciydae — HeoxHopomsoil. bynmeM  mpepmoxaraTs
ax(z) 1 fi(z) menpepwiBEbIME Ha uHTepBane X. Hak Gsuto morasano
geime (cM. § 2), mpm oTEX yciopmax Ha X cyliecTByeT €[IHHCTBEH-
Hoe pemenme cuctemn (3.69), ynoexerBopsoliee HadaJbHOMY YC-
JIOBHIO

yilzo) =y% G=1,... n). (3.70)

HOnsa caEcTeMBl ypaBHEHMIl. CHPaBefNINBEL TEOPEMSHI, aHAJIOTHYHEIC
TeM, KOTOpbie GRITH [OKa3aHBI VIS OfHOIO YDaBHEHHH N-TO MOPSAIKAa.
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1. Marpnusas 3annce. B mensx MakcumaipHOTO ympolnqenums (pop-
MBI H3NOMKEeHUA HaMm Oyner ynoOHO TONB30BATHCA MATpPHYHON 3a-
nuckio. HanomueMm ocHOBERIe (PAKTHI MATPHYHOTO HCYUCICHESA, KOTO~
phie DOHamOOATCA IJIA BTOrO.

1°. Marpuneit pasmepnoctn n X m (wmm (n X m)-maTpaneii) ma-
3BIBaeTCA TabJaMIa 9uceN a; BHOA

%1 %z - - - Yp
anl anz A anm

Yucoa gy, HaSHBAIOTCA DIEMEHTAME MaTpPHIIL.

B mactoamem maparpade Mpl OymeM HCHOIB30BATh KBapaTHLI®
matpunki (mEage (nX np)-MaTpumbl) M TaKk HaseIBaeMbie CTOIOIBL
(wrm (n X 1)-marpuusn)

au a

onm mpocto | - |

a
nl, an

Bypem oGosnHagsaTh MaTpuisl a, b, ¢ # 1. ., a UX 2JIEMEHTH CO-
OTBETCTBEHHO a;;, Ui, ¢y 1 T. ..

2°. MaTpumel @ # b camraoTCA paBHLIME, €CEM ;= b; Marpu-
Ha a CYMTaeTCA PaBHON HYJI, ecau a; = 0.

3°. Hag (nX m)-marpunamu oOmnpefeieHsl ONEPAIMH CJOMEHIA
H YMHOJREHIA Ha YHCJIO.

Cymmoii matpuii @ m b masmiBaerca marpuna ¢ (oGosHagaercs
¢ =a-+ b) Taras, 910 ¢y = a;+ by,

IlpousBemenneM MaTpHIBI @ HA YMCIO ¢ HAshiBaeTCA MaTpuia ¢
{00o3HA"AETCA ¢ = 0i@) Takas, YTO Cy;= Q.

4°. Ecam a seaserca (nX m)-matpuneil, a b asaserca (m X p)-
Marpuieil, To Npou3BefieHueM MaTpHI a m b HashiBaeTc MaTpHIA
¢ paamepsocti # X p (oGosHagaerca ¢ = ab) Taras, 9To

in
cij = 2 auby
=1

VMBomenne MaTpurn o00sajjaeT COYETATEIbLHHIM K PACHPENeNHTeIh-
HBIM CBOIICTBaMM.

Il KBagpaTHBIX MATPUI ONMHAKOBOH DasMepPHOCTH OIpPeNieseHo
¥ npoussefienye ab m mpoussemesue ba, BO KOMMYTATHBHEIM CBOil-
C¢TBOM YMHOMEHHEe MaTpHr, Boobme ropops He ofnapmaer, T. e. ab¥+
=+ ba.

5°. Marpune#i, o6patroii ® (n Xn)-marpune a, HasHBaeTCA MaT-

puna ¢ (oGosHauaercs ¢ =a~') TaKas, WIb Ci; = 7+~ A;;, rme A = Deta,
a A; — airefpamueckue JOMOJHEHMA K dleMeHTaM ay. Vimeior mecto
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cienyomue paseHcTBa: ag~! =ala =E, rue

1...0
6...1

*— TAaK HA3LBaeMasg CIUHWYHAA MATPHUIA, Y KOTOPOH OTIMYHEI OT
HYJTA H pPaBHH €[UHHIE TONBKO 3JIeMEHTH, HAXONAIUecH Ha IIaB-
HOI Juarosaliv,

Bynem paccMaTpuBaTh TAKIKe MATPHI(E, yV KOTOPHX 3JEMEHTHI
ApnmoTes QynKimaMyu z. [lis Takux MaTpmi, IOMEMO BHIIEYKa3aH-
HEIX OIepainuil, OIpeflejieNsl Tarke onlepanum aHaausa — nuddepen-
IMpOBAaHKEe W KHTErPHPOBaHHE,

6°. Tpomaponuoit a’(z) or marpumu alz) ¢ anemenramm ay(z)
HaseBaeTca maTpuria c anemenTtamwm &;; (). Tpasmna nmudpdepenny-
POBaHMA CyMMbi U TPOM3BENEHHS COXPAHAIOTCA W AJNA MaTPHI], TOJNb-
KO0 mpr AughepeBnEpOBaHEY TPON3BENEeHNSA MATPHI[ HEOOXOIUMO €O~
XPaEATh MOPAOK COMHOMKHTENeH:

(ab) =a’b+ab’.

7°. j‘ a(z)dx oupepesnsieTca KaK MAaTPHIA C 3JIeMEHTAMK
%o
X

{ as; (2) az.

Xo

2. O6upme ceoiicTBa cmcTeMsl JNuHelimbix ypasHenmii. OGpartmyca
k cucteme (3.69). OGoznauum uepes y, f u y° croubust

LA Iy ¥y
y=|:} f=:} v={:}
Yn I y9
a uepes A(x) obospaumm (nXnr)-matpmily ¢ asmemenTamu a;(z):
ay, () ... a, (z)
A@)=1\{ ---+-+«... ]
e (2} ... a,, (2)

Torma cmcremy (3.69) MoskHO 3ammcaTh B BHAE OQHOTO YpPaBHEHMSA
y' =A@y + f(2) (3.71)
TOYHO TaK e, KaK ¥ Ha9aJIbHBIC YCJOBUSA

y(zco) = y°. (3.72)

Tonbaysch mpaBwiioM yMHO:keREA 4°, mpaBwioM closesus 3° u
NpaBUIIOM paBeHCTBa MaTpuy 2°, HETPYAHO YOeAHTLCA B TOM, 9TO
€3.71) u (3.72) 1o e camoe, uro u (3.69) u (3.70).
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B cuay ceoitcre ymMuosenusa u nuddepeHEnpoOBaHUA MaTPHI JUIA
nuddepeRIupyeMbIx CTOIOIOB KMEET MECTO TOH{IECTBO (cp (3.34)),
B KOTOPOM 0; — NMOCTOAHHEIE 9HCIA,

k
(2 a.imu) — A(Z ai(i)u) =¥ a; (Pw — A%), (3.73)
i—1 i=1 i=1
BHIpaJKAIOMee CcBoficTBo JumeitHoctn omeparopa y — Ay = Llyl =a
MHOMECTBE qu)(bepenunpyemmx CTOJIOTIOB.

3peck m B aubHelleM Ais HyMepanEH CTONGIOB 6y11eM yuor-
pebnaTy Bepxmuil JNeBbill WHOEKC; OCTaBNAA HWRHEI mus obosnade-
HUA 2IeMeHTOB (KOMIIOHEHT).

HemocpencTBeHEBIM  CHE[ICTBHEM 3TOr0  TOMKIECTBA  ABIAETCS

NPHUHENKT CYIepPIIO3UI{UIL.
k

Teopema 3.16. Iycre f (x) = Y, N o;Pf(2), ede o — nocrosnnvie
i=1
yucaa, u nycre Pylx) seasercs pewenuem ypasnenus Py’ =
= A(z) Py + Of, Toeoa

3
y(@) =2 oy ()

i=1

seaserca pewenuem ypasnenus (3.71).
VimeroT Tarske MECTO TeOpPeMBI, aHAJOru4Hbie Teopemam 3.4—3.6.
3. Onmoponmoe ypaemenme. PaccMmorpum Gonee HertaibHO OgHO-
pPofiHOe ypaBHEHUe
y =A(x)y. (3.74)
Ilycts umeercs n c1os610B
‘ '/(i)y1
By =| : (i=1,...,n).
(z)yn
Cocrasum w3 stux cronbuos Matpuny W(zx):

Wy, @) ... My, (@)
W (z) o PR 3 (3.75)

ConoctaBuM ypapuenumio (3.74), mpaBas ® JieBas d9acTm KOTOPOrO
UMEIOT Pa3MepHOCTh CTOAONA, aHAJOIrNYHOE YpaBHEHHE

=AW, (3.76)

. UpaBas M JeBasg YACTH KOTOPOr0 MMEIOT PasMePHOCTH (an)—MaT-
pHUI(B B B KOTOPOM HEHM3BECTHOU SABIAGTCA MaTPUIA W(x)
Teopema 3.17. Ilycrv Wy, ..., ™y ecrv n pewenuii ypasuenus
(3.74). Tozda (n X n)-marpuya W(x) obpasoeannas us Hux no gop-
nyae (3.75), seanerca pewenuem Marpuunozo ypaswenus (3.76).
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Oé6parno: ecau W(x) seaserca pewenuenm ypaswenus (3.76), ro
kascdoili  croabey marpuyet W(r) seasercs pewenuem ypas-

nenus (3.74).
Yro6m ybenmThcs B aTOM, focTaTouno pacuucath (3.76) u (3.74)

" moanemenTHO. [leiicTerrentro, (3.76) osmagaer

Wi = é:l asWh;, (3.77)
niu
Oy = 3 an O (3.78)
a (3.74) ospauaer
y; = él QirYk- (3.79)

Tostomy, ecam Py smeasiorca pemenusmu (3.74), To rapoe Dy
ynosiersopser (3.79), 1. e. cupasemnuso (3.78) mam, wro TO XK€,
(3.77), a 3maumt, u (3.76), u, maoGopor, ecau crpasegiueo (3.76),
10 m (3.78), a 3to B conocramienmu c (3.79) osmawaer, wro Yy
(j=1, ..., n) spaserca pemeHueM ypasHenus (3.74).

OTMeTuM eme caefyomue (ParkThi, IPoBEpAEMEE CTONL JKe
TIPOCTO. .

Teopema 3.18. Ecau W (x) — per--nue ypasrnenus (3.76), ro evi-
pascenue WB sieanerca pewenuem ypasnenus (3.74), ecau B — npo-
L3B0AbHBIL NOCTOSHHGIL cToabey, u pewenuem ypasHenus (3.76),
ecau B — npouseoavnas nocrosnnas (nX n)-marpuya.

Onpedeaerue. Bydem zo6opure, uro croabyer Mu, ..., Pu aunei-
Ho sasucumst (a.3.) na unrepsase X, ecau cywecreywr nocro-
antvie Cy, ..., Cp, HE 6CE pagHBIE HYAIO, TOKUE, YTO UMEET MECTO
TOHDECTE0 ’

. .
3 CiPu@r)=0, z= X. (3.80)
i=1
Ecau sce (3.80) evinoansiercs roavko npu Cy=...=Cp=0, 70 6y~
dem zoeopure, uro Vu, ..., Pu aunelino nesasucumvr (4. H.).
Paccmotpum n muddepermupyemux croabnos Py, ..., My, 3a-
numeM A Bux pasercteo (3.80):
n
2Py @)=0. (3.81)
i=1
BeepieM B paccMOTpeRUe TIOCTOSHHEIN cTOIGEL
Cl
C ==
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Tombsysck nTum crombmom um matpuneit W(z), coctaBiensoit us Vy
1o npapwry (3.75), mosso (3.81) zanucars B Bufe

wC=0. (3.82)

Eciu Temepr mMeTh B BHAY, 9TO COTJACHO MPABIIY MATPHYHOrO
ncancienns 2° cumraetcs C =0, ecim Bce C; (i=1, ..., n) pasHB
HYJ10, TO ONpefesieRne JnHeHHOHl 3aBUCHMOCTH K He3aBHCHMOCTH
My .., ™My mosuO cPOPMYINPOBATEH CIEAYIONIHM 00pa3oM.

Onpedeaenue. Bydem zoseopurs, uro ‘croatyer Py, .., My a. 3.
Ha unrepease X, ecau cyuecreyer nocrosunell croatey C ra-
Koti, wro roxdecreenno na X umeer mecro (3.82).

B nporusnom cayuae, 7. e. ecau (3.82) cnpasedaueo Toavko npu
C =0, 6ydem zoeopurs, uro Vy, ..., ™y 4 H.

Onpedeaenue. Hasosem Alz).=DetW(x) onpedeaureaen
Bponckoezo das Py, ..., My.

Terneps MO#EO CPOPMYAMPOBATL M OKA3aTH TEOPEMEI, AHAJIOrWg-
Hble TeopemaMm 3.7—3.9 u3 Teopum ypaBeeHHMH n-ro uopsakra. Bce
3TH JOKA3ATEJLCTBA 3ANKCHIBAIOTCA BECHMa KOMIAKTHO, €CIH IOJb-
30BaThCA BBEEHHON MaTpU4YHONl 3ammChbi0, KOTOpas OYeHL YHOOHa
u TpeGyeT JIUIh HeKOTOPOro HaBbIKA.

Teopema 3.19. Ecau pewenus Vy, ..., ™y ypasnenua (3.74) 4. 3.
na X, 7o Alx) =0 na X.

B camom pene, mmeem WC =0, C#0. 3r1a 3anuch ABIfAETCS
KpaTKuM 00O3HAa49eHMEM TOro (aKra, 9TO OPH KaKIOM I BEJIWIUHBI
C, “en C, YIOBJETBOPAIOT CHCTeMe JHHEHHBIX aJreCpaniecKux ypas-
HeHuil ¢ ompepeanTeneM Alx), m Tak Kak pemenne HeTPUBHAJILHOE,
1o Alx) = 0 npu moGom xEX T. e. Alz) =

Teopema 3.20. Ecau Alz)'=0 zors 6bl a5 09020 X, 10
pewenus Vy, ..., My ypasnenus (3.74) 4. 3. na X.

SamuIiem KpaTKO [0KasaTeqbCTBO DTOH TeopeMbl, Yie He NaBas
MOTIOJHATENbHEIX PashbACHEHMil, KaK B Ipexbinyilei. BosbMem zp € X,
u mycrs Alxp) =0. CocraBum ypasmenme W(zo)C' =0 oTHOCHTENbHO
C. B cuny Alzy) =0 umeerca pemienme C 0. Homomum y(z) =
= W(x)C. Cornacro teopeme 3.18 510 pemienwe ypasnenns (3.74),
npugeM y(zg) = W(ze)C =0, a Torna B cuiry TeopeMbl eIMHCTBEHHO-
cru y(z) =0 u, takum oGpasom, W(z)C=0, a a10 03Havaer x.3.
( )y’ - (n)

Teope.ua 3.21. (aavrepnaruea).. Onpedeaureat Bponckozo aubo
TOHDECTEEHHO pacer Hyalo, u 370 OaHauaer, uro pewenus Vy, ...
cee, ™My a3, aubo ne obpaujaercs ¢ Hyav nu 6 00nol Touke X,
u 270 osnauaer, uro pewenus Vy, ... My a4 n.

Onpedencrue. O ynoamenraasvholicucremoti pewernuti
(b.c. p)ypasnenusa (3.74) 6yden nasvisaTy N AUHETHO HeE3AEUCU-
morx pewenuil Vy, ..., ™y ypasuenus (3.74), a cooreercreyouyro
um no gopmyae (3.75) marpuyy Wix) 6ydem Hasvriéary Pyndamen~
raabroti marpuyeti (. m.).
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Ha ocnosanun Teopemst 3.20 morxno nath apyroe (3xsmBanenTtHoe)
onpenenenue §. M.

Onpedeaenve. Pewrenue W(z) ypasnenus (3.76), dan roropozo
Alz) orauuno or nyas eciwody na X, naseisuercs . M.

Teopema 3.22. D. m. cywyecreyer. .

B cuny reopemm 3.21 nocratogHo B3sTh DPOMBBONBHYI0 MaTPURY
a=const ¢ OTAMYHKIM OT HyJs oOupemelmTeneM H safaTh aus W
unauanpeoe yciosue W{xy) =a.

Teopema 3.23. Ecau W(z) — . m., 70 wmoboe pewenue y(x)
ypaenenus (3.74) npedcrasumo ¢ sude

y(z) = W(z)C, (3.83)

20e C — nexoroptill nocTosHHBL cToabey.

NoxasarteanscrBo. llycrs ylzg) = y° Onpemenum C ypasae-
mmeM Wi(zo) € =y° woropoe paspemmmo k cuny Alzo) + 0. Ilocr-
pounm yl(z)=W(z)C. Tar wax y(@o) = Wizp)C=y° 10 B cmy Te-
opemsr emuucTBenHOCTH Y(2) = y(a) = W(z)C, wio n TpeGoBanoch.

3amMeuanne. Ha sseike aAnueiinoii anreGpsr Teopemm 3.22 m 3.23 osma-
9aloT, 9T0 NPOCTPAHCTBO pemeHnii ypaBHenna (3.74) n-mepuo.

Tloctpoum pemenme ypasHenma (3.74), ynomnersopsiomee ycao-
euam (3.72), sripasup ¢ nomompilo W(x) senrmumny C wepes yP°.
HNmeem '

y(zo) = W (20) C = 1f°,
orryna C = W-1(x)y° u, cienosarensHo,
y(z) = W (z) W (x0) y°.

Marpunty K(z, zo) = W (x) W~ (xo), ssimiomyiocs QyHKumeir nsyx
IlepeMeHHBIX T U g, HasoBeM (cp. § 4) umnyavcnoil marpuyeli, mna
Marpuyanrom. B cuay reopembr 3.18 K (x, o) Rak Qyurmus x yno-
paetsopseT ypassenuio (3.76). Hpome Toro, ouesnnno

K (xo, zg) = E.

. Taxmm oGpasom, CIpaBeIInBa
Teopema 3.24. Pewenue sadauu (3.74), (3.72) uneer eud

ylx) = H(x, 20)1°, (3.84)

20e marpuya Kz, xo), Hasviéaemas uMmnyavbcHoli marpuyeil, uan
MATPULAHTOM, YDOBAETEOPAET NO QP2YMEHTY T MATPUMHOMY Ypae-
nenuio (3.76) u ycnosuro H(xq, x9) = E.

4. Heopnopoguoe ypasHenne. PaccMOTpUM Terepr HeOAHOPOLHOO
ypasrenme (3.71). _

Teopema 3.25. Ecau W(z) — . »., a y(x) —uacrnoe pewerue
#eodHopodnoeo ypasnenus (3.71), To arwboe pewenue y(x) ypasnenun

7 A. H. TuxoHoR M Ip.
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(3.71) npedcrasuno 6 sude
ylz) = W(z)C + ylz), (3.85)

2de C — HeKoTopblil ROCTOAKHBIL cToAGEY.
JloxasaTesbCTBO TOYHO TaKOe K€, KAK B CIyYae ypaBHEHHUS A-TO
DOPSAIKA, B MBI €70 OIYCKaeM.

TocTpoum 1. p. g(x), VIOBNETBOPAIODICe HYJNEeBHM HAYAILHBIM YC-
mosusam y(ze) = 0. Bynem uckath ero B Buje

y(z) = W(x)C(z),

rpe C(z) — meussecTHBIN cronber. J10 (aKTHYeCKN IPOCTO 3aMeHa
nepemennbix. IlopcraBusas B (3.71), monyuum

W'C+WC" =AWC+f.

Tax xax W ynmoesierBopser o. y., TO W’—AVK= 0 u, cremoBaTenbHO,
WC' =f. Orcroma C'=W-1f. A tax warx ylxo) = Wixg)Clxy) =0,
70 C(zp) = 0 1, ciepoBaTEILEO,

c@)={wierede

Tarnm obpasom,

V@ = [ W@WrOrE = x@=11EdeE

¥ CcIpaBeJlinBa
Teopema 3.26. YacTHoe peurenue y(z) ypasnenus (3.71), ydoeae-

TEOPAIOULEE YCAOBUIO y(z0) = 0, uméer eud

V(@) = _Y K (2, 8) [ (B) d, (3.86)

Xo

20e Kz, E) — umnyavcnas’ Marpuye, Ul MOTPUYAHT, J;eweuue
xarpuunozo ypasnenus (3.76), ydoeaersopaioyee ycaosuro F (g, E)

3amevanna 1. Vsnomeussil MeTON TOCTPOEHMH YaCTHOIO DPe—
IIeHNs CUCTEMB! JHREHHBIX ypapHeHuil (DakTH9eCKH ABIACTCH BapH-
AaHTOM METOJia BapMAIMM TOCTOAHHEIX, KOTOPHIH IJisi OMHOIO ypaBHE-
HuA HemoibgoBalcs B ra. 2 (erp. 28).

2. B cuny npusimna cynepnosmimn pemenue y(z) sapaum (3.71),

(3.72) umeeT BUL
x

y(@) = H (z, z) v + | # (2,8 1 () & (3.87)

Xo
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§ 7. Cucremm nuneiinbx qudQepeHNUATBEBIX yYpaBHaeHni
¢ nocroauarMn KoadhdmpmenTamMu

Tycrs B (3.74) A — nocrosunas maTpuna,
y'= Ay, A=const. (3.88)

B srom ciryzae mocrpoenue (. ¢. p. uiam ¢. M. ceoguTcH K ajirebpa-
NYOCKUM OTIepaIuaM.

Bynem ucrars 4. p. cucremul (3.88) B Bupe ae*®, rme A — nema-
‘BOCTHBIA TIapaMeTp, 0. — HeuaBeCTHHIN rmocrosHueii cronbern. Hopcras-
nas 310 Bbipaskenme B (3.88), nonmyuumm Aae*™ = Age*®. Ortciopa ne-
JlaeM BBIBOJI, UTO ¢ JOIKHO OHITH pemieHmeM aireGpamgeckoil cmcre-
MBl ypaBHEHHK

(A—21E)a=0. (3.89)
Hust Toro 9106b1 0 OBIIO HETPHBHAJNBHBIM peHieHHeM, HYHKHO IMOTpe-
O0BaTh

Det(4 — AE) = 0. (3.90)

D10 ypaBHeHHe fBISETCA ATe(paugecKHM YPaBHeHHeM CTeNeHH 7 W
Ha3HIBAETCA TAPAKTEPUCTUYECKUM YypaeHeHuem (x. y.) ypasmenusn
(3.88).

Ilycrs Aty ..., An— mpocTsie Kopum x. y. (3.90). Kampomy A: or1-
Beuaer o0 (cobGcrBennblil BeKTOp MaTpHUBl A), KOTOpPHIL Haxo-
garest w3 (3.89), rme nonomeno A=A, B wragecrse womnoment ‘o
MOJKHO B3fTh, HamnpnMep, airebpauueckue ROMOJHEHHMA K OTHOM u3
crpok omnpepesutens Det(A — AE).

Teopema 3.27. Mycre A1, ..., A.— npocreie kopru z. y. (3.90),
u nycre P — pewenue (nerTpusuanvnoe) ypasuwenus (A —LE)a =
= 0. Tozda croabyvr Poe M (=1, ..., n) o6pasyrwr . c. p. ypae-
Henus (3.88).

HoxrasatenbCcTBO HPOBONUTCA TO cxeme, Kotopas Opila HCNOIb30-

G, M

X
sana B § 5. Ilpeqmonomny, 970 pemienus o€ = JAHEHHO 3aBHCHMBI:

3 P =0, €, 0. (3.91)

i=1

Orciona uMeeM Cl(l)ae(xl-x")x—}— e —}—Cn_l‘"‘l’ae(’”"‘l—?'")x—}— C,™a=0.
Juddepennupys 3T0 paBeHCTBO, NPUXOJUM K COOTHOIIEBHIO THIIA
(3.91), couepmamemy yse n—1 ciaaraemmx. Ilopropsas omepamuio,
NpHXOJMM B KOHI[€ KOHIIOB K DaBEHCTBY Ci%o = 0. Tar Kar xoTs
b1 ogHa M3 KomMuoHeHT (Vg oTiMuHa OT HYJd, TO WOJy4aeM OTCIOA
C, =0, wro mpormeopeunt (3.91).

O6patumcy Kk obmemy ciayuaio. IHycrs x. y. (3.90) mmeer xopum
A, - .., M KpaTHOCTElL My, ..., my (my + ...+ m=n). U3 opegsipyme-
ro sicio, 910 ¥ et

i d

x 3 = -
,rae o — coOCTBeHREI BeKTOp, OTBERawonmil A;,
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Gyner pemenmem ypassHenms (3.88), Hampmomy A:; B paccmaTtpuBae-
MOM CIIy9ae MOMET OTBeYaTh HECKOIBKRO COGCTBEHHEIX BEKTOPOB, HO,
poo0Ie ToBOps, MX 9HCTO p;< m; Tarkum o0pasoM, pemieHMil Buma

Deye * Moner OLITH MEHBIIE 1 M OHHU, CIEHOBATEIHHO, HE OGpasy-
10T . C. D. .

Jlns Toro wroOH BHIAICHKTH, OTKYZQ B3ATH «HEAOCTAlOIme» pe-
pleuns, mOTpeGy0TCA HEROTOpHie MOCTPOEHNsS, K KOTOPHIM H Igpeh-
nem. Ilycrs y — pemernue ypaprenus (3.88). Torma KoMuIOHEHTH Vi
9TOTO PELIEHNS YMOBIETBOPSIIOT CHCTeMe ypaBHeHmHil

aayr F ... + @il — Dy =0 (i=1, .., n), (3.92)

rae D -—onepatop nuddepenimposanus (cM. 3aMedanne 2 K JeMMe
3.1). Onpepennrexs Det(4 — ED) = M(D) upepacrasuser coGoil me-
KOTOpBHIHl ONepaTOpHBII MuOrowreH n-it cremnenn. Ecim Bmecro DD
[OJCTABHTh A, TO MOJy%mTcs JeBag YacTh X. y. (3.90) wim xapaxre-
pucrmaecknit mporowien cucteMnl (3.88). Tax Kax yMHOMeHme ore-
PATOPHHEIX MHOTOWJIEHOB MOMKHO TPOMSBONHUTL IIO IIPABHIYy YMHOME-
HEst OGBIYHBIX MHOTOWIEHOE, TO, yMuOMaa (3.92) na amreGpamdeckne .
nononnenns A;(D) oupenesmtens Det(4 —ED) (ymHOmenue monn-
MaeTcH KaKk YMHOMEHHE OIepaToOpoB) H CYMMEPYA IO J, TIONyZaeM

1”(1)),ll,1= 0 (j =1, .., n).’

a a10 — AuddepennuaibHOe ypaBHeHHe IOPANKA 7 OTHOCHTENLHO Vi,
XapaKTePHCTHYECKAN MHOrOWIeH KOTOPOro COBNAfaeT ¢ XapaKTepH-
cTruecknM MHorowrenoM cmcrembi (3.88). Takum oGpasom, crmpasen-
JIEBA CAEIYIOas

Teopema 3.28. Kandas xomnonenra y; peuenus y cucremsr (3.88)
yOoeaeTeopser YpasHeHUur n-z0 nopadka, TaPaKTEPUCTULECKULL MHO~
204N€H KOTOPO20 pABEH TAPAKTEPUCTUHECKOMY MHO20MAEHY CUCTEMbL
(3.88).

PaccmorpeM Kopes A, KpaTtHocTu my. Muperc k Gynmem B minxe-
CleyIOMUX pacCy’KHEHHMAX OMyCKaTh, TaKk Kak OymeM mMeTh [eio
TOIBKO C OXHUM KOPHEM. JTOMY KODHIO A OTBEYaeT peHIeHHe Y cHCTe-
mu1 (3.88), j-1 KOMIIOHEHTA KOTOPOTO ¥; B CHIy TeopeMul 3.28 mmeer
pup (cm. Teopemy 3.14)

. yi == (Clj + C2jx + o e + ijxm—l)elx,
te C,; = const, u, TakuM o0pa3oyM,

m—1
Cll + C2lz.+ teT +Crn1x 2
y:.-..-...-....~ ex. (3.93)
-1
Cin HCopzt -t +Cmnzm
B 5TOM BHIDAsKeHNH, OJJHAKO, TIOCKONBKY KOMIOHEHTH Y; HE HE3aBH-

cumbl, a cBasanbl cucremolt (3.92), mocrosnmele C,; HE ABAANWTCA He~
BABUCUMBIMU,
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OxassiBaercs, 6 evipaycenuns (3.93) uucao nesasucumblr KOHCTAHT
C\; pasno kparnocru m kopus A. OGocuoBanuweM 3Toro (PaxTa Ml
3aiiMeMcA HIGKe, a NOKAa BBIACHUM, 9YTO HTO [AeT i IHOCTPOEHHA
¢. ¢. p. ypasuenns (3.88).

O6oznauumM cBofonuble nocrosuusie uepes Cy, ..., Cn. Ilomctasmm
(3.93) B (3.88), coxpatum Ha €** W npupaBHAEM WIEHBI C OINHAKO-
BEIMH CcTelieHAME x. Torma womdyuwmrtcs aumeiinas ainreGpanueckas CH-
cTeMa m OTHOPORHBIX ypaBueumii ¢ m X n HemssecTHEIMH (), KOTO-
phie MOMKHO BHIPASATH JHHEHHO uepe3 CBOOOJIHBIE IIOCTOSHHBIO
Cyy - -+ Cn. Tocie sroro (3.93) momuo sammcats B Bunme

y=ILCip(x) +. ..+ Copnlz)le, (3.94)

e pix) — cronGupl, KOMIOHEHTH! KOTOPHIX ABJAIOTCA BIOJHE ONpe-
JCJeHHBIMN MHOTOYJICHAMH OTHOCHUTEJHRHO X cTelelny He BhIIue m — '1.

s (3.94) crenyer, uTo KopHIO X. y. A KpaTHOCTH m oTBEwAlOT M
pemennii Bupa p:(x)e (i=1, ..., m). Takoe mocTpoenye MOMHO NMpPo-
fenaTh A KakIoro A, KpaTHocTH my. B peaynnrate momyumm my +
+ ...+ m, = n pemenwuii.

Himre Oyner nokasamo, 90 noayuenHble ONUCAHHBIM CNOCOGOM
n pewenuil obpasyror . c. p. ypasrenus (3.88).

IlpakTnueckn i Haxouenua ¢. C. p. PEKOMEHOYeTCA LA
ramporo A mamucarth Buipamenme (3.93), sarem moncrasuts B (3.88)
U M3 NONYYeHHOIl yKasaHHBIM BhIIIe crocoboM anrebpamueckoii cu-
CTEeMBl BBIPA3NTH BCe LOCTOAHHBIE weped cBoGomuble mocTosauukie. To,
ITO 9HCX0 CBOOOMHBIX IIOCTOAHHBIX 3apaHee W3BECTHO H PAaBHO KpaT-
HOCTH M KOpHA A, IOMOTaeT pemeHMI0 3ToH aarefpamyeckoll cHcre-
MBI, TAK KaK DTO 03HaYaeT, IT0 3apaHee M3BECTEH €€ PaHr.

Ilpamep.

y; = 4y1 - yzi
vy =3u, + v, — g (3.95)
y; =y, + Yy

XapaxTepucTHdeckoe YpaBHeHHe, OTBeYalomlee dTOH cwcTeMe, WMeeT KODCHB
Ay = 2 wparHOCTH m;*= n == 3. COINIACHO W3J0KEHHEOMY BLIlUe NpaBiiy MOW-
nieM BEIparReHHe

¥y a, “+ a,x -+ a_zzz
vy |=| b, + bz + b2 |, (3.96)
Uy ¢, + ¢z + czzz

TlomcTaBnsn ero B (3.95), cokpamas Ha ¢2* u OPUPABHMBASA WIEHH ¢ OJAHAKOBHI-
MM CTeleHAMu r, OOJNyInMM ciefyioniue 9 ypaBHEHWHA AlA OHpefienenus 9 xoad-
tunmenTos:

a, = 2a0 — bo’ 2a, = 2a, — b, 0= 2a2 — b,

b1=3a0—bo—c

o b, =3, —b —¢;, 0=3a,—b,—c, (3.97)

o =a —c, 202=a

A —C, 0=0a,—c,

1 1 2
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3aparee W3BEeCTHO, YTO PAHT BTOH CHCTEMH paBeH 6 m CBOGOAHEIX Hema-
BECTHHIX 3.

3anmCEBasA OLPeelATeNs STOR CHCTEME], PACHOI0KHB HEH3BeCTHEIE B LO-
panke ag, bg, co, a1, by, ¢y, ag, by, cz, AETKO BAZETH, YTO TpaBENi BepXHMII onpe-
JielnTelb 6-T0 WOpAAKA OTIMYEH OT HyJS W PABOH, OYEBHAHO, NPON3BEICHHAI0 ITH-
ArOHANLHEIX BJIEMERTOB, T. e. 8, Tak KaK CIpaBa OT IVARHON AMATOHANNM — HydIH.
CrepoBaTeNbHO, B KawecTBe cBOGOIHEIX HEWSBECTHBIX MOIKHO B3ATH ao, b, Co.

Ileppas rpynma ypaesmenmil (3.97) yiKe gaeT BEIDAMKEHNs s ay, by, ¢ de-
pes ao, bo, co, & NOAICTABNAA 9TO BO BTOpYI0 IPymITy ypasRemmii (3.97), monmydamm

4@="7 (@y—b,+ ), by=a;—btc, c,= 2 (23— b, ¢). Tperen
Tpyoua ypasHeRwmit (3.97) ofpamijaeTcs aBTOMaTHYECKE B TOHKECTBO.

Hozncrasnss momydernsie Buipamerns B (3.96) m mpusofa x smny (3.94),
Gynem mMets

1 3 1
v, 1+2z—}—-2—z2 ——z——z-zz
¥ 1=1 ¢, 3z + z° +bl 1—z—2 |+
1 1 5 ]
¥y a:+—2'z2 ____E_zz
L)
5
+ ¢, —p— 2, (3.98)
1
1—~z—}——2-z2/

3pecs ag, bo, co — MPONSBONBHEIE MOCTOATREE (MOKHO X 0G03HATHTE G, Co, Cs,
xar B (3.94)), Bexroptt pi(z), pa(z), ps(z) ycMarpmpawoTcs B NPpaBOH wYacTH
(3.98). Taxmm o6pasoMm, HoNyd9eRo penteHde cucTeMer (3.88) B BHIe JIRHeiHO:
KOMOMAAIAR TpeX JMHEHHO HE33BMCHMEIX peijenmil p;(z)e?* (i-= 1, 2, 3).

Uto6bl 060CHOBATh YKasaHHBIH NMpHeM, HYRHO (ParTHUeCKH 06oC-
HOBATH [[B& MOMEHTA: BO-NIEPBEIX, TO, 4TO B BEIpamenvHn (3.93) wmeno
HE3aBUCHMBIX KOHCTAHT C,; paBHO KPaTHOCTH M KOPHA A, M, BO-

BTOPHIX, TO, 9TO PEINEHUA BUOA Pri () exhx(i =1....myk=1...,0
neiicTeuTenbHo o0pasyioT ¢. c. p. ypaBuenus (3.88). Ilng storo mo-
Tpefyercsa Gonee TouHOE NpeHCTaBIEHNE O CTPYKTYpe PEmeHHi, oT-
BEUAIINX K&KAOMY KODHIO X. V., 9€M TO, KOTOpoe faerca (hopMyunoii -
(3.93). Ilepeiinem k moMyd9eHHIO TaKoro mpejcTaBienmsa. Bymem uma-
ue BeCTH HyMePanuio KopHeil X. y. MJIM, 9TO TO e CaMoe, XapaKTepH-
CTHYECKHX YHuce]l MaTpuusl A, a HMeHHo, OyJeM HyMepoBaTh cOG-
CTBEHHBIE BEKTOPHL. TeM caMBIM Kajk[oe 3HaYeHHEe A HyMepyeTcs
CTOJILKO Pa3, CKOJBKO JIMHeHHO He3aBUCHMBIX COOCTBEHHBIX BEKTOPOB
emy orseuaer. Hanpumep, ecim A orBewaior coGeTBenEHEIe BEKTOPH
Uhg, A2g, , _,,4P) g ahy — cofcTBennsie BeKTOPH Ve, g . ., (2P2g
B T. J., 70 Oy/ileM FOBOPHUTE, YTO MMEIOTCA XAPAKTePHCTHIECKHE 9HC-
T Ay Agyeaey Moy Apygy oo oy Ap, 1 . . (npm aTOM A = ... =]},
Apptr = +.. = Ay, m 1. ). Tarkum oGpasom, umewTca Ay, «.., As,
K&JK/IOMy 13 KOTOPBIX OTBeYaeT COGCTBEHHBIN BEKTOP. )
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ManpueiiMe TOCTPOCHAA OCHOBAHBI HA cieRyloell anrefpamdec-

Koil Teopeme:
Teopema 3.29 *). Cywecreyer n AuHeilHO HE3ABUCUMBLE NOCTORH~

nviz sexropos (croasyos) (Me, k=1, ..., s; ja=1, ..., qu), ydos-
AET 60 PAIOUUT COOTHOULEHUAM

A(l) k=}"
A(z) —7\.(2) +(1> (k:i,...,s),;

. e e e ¢ s e =

A(qk) =y (qm +(4h 1) er

(3.99)

(g + «.. +gs=n)

npuiem CyYMMa ¢, OTEeHANUWUT 00UHAKOSLIM ), pasna m, 20e m —
KpPaTHOCTb KOPHA Ay xapakTepucTureckozo ypasrenus (3.90),

B (3.99) uepes (Ye, oGosHaYeH COGCTBEHHBIN BEKTOP, OTBEYAN-
) -

muil A, BeKTopH(ﬂ)eh, caes ( €, Ha3BIBAIOTCA RPUCOCOUHEHHbIMU GEK-
TOpamu, MOpoMIeHHEIMU cobcTeennbiM BexTopoM Ve, Takum oGpa-
30M, KaMIOMy A; OTBEYaOT (¢, JUHEeHHO HEe3aBHCHMBIX BeKTODOB,
Cpems KOTOPHX OAMH COOCTBEHHEIH BEKTOD M OCTAJbHLIE MPUCOEHH-
HEHHBIE, & BCEM Al, .., A OTBEHAIOT n JWHENHO HE3aBHCHMBIX BEK-
topoB. HauoMuuM, 9ro A, Kia pasusix £ MoryT ObITh ounHaKOBmyH.
61 )e e R*

Pacemorpuym A, Emy 3aBegomo orpevaer pemexnne' yh ==
OI{aBHBaeTCH, emy orseuaer eme ¢g.— 1 (i Bcero, TarmM oGpason,
¢x) pemenuii, 9To yTBepikiaeTCA CACAYIOMEN TeOPEMOiL.
Teopema 3.30. Kandomy M, oreeuaer ¢, pewenui euda

(l)yh @ )eh exp (ka)

(2)yh = (meh +z ek) exp (M), ‘ -

21

_(5)3111 = (meh + x(j—l)ek + 7B RY (] — 1 (l)eh) exp (M),

. REREE .—. e . _qk.-l. T .:.
(qk)yk — ((qh)eh 1Lz (9 1) ey + oen Fm—— ] )eh)exp (}\«hx).
(3:100)

DTo HeTPYAHO MOKA3ATh Hel’[OCpBJICTBEHHOK IPOBEPKOH, MONb3Y-~
sice (3.99). JleitcrBuTrennHo, -

N R * i-1
(A— ED) {(’)ek 29 Ve, + ... + Gz_’_*”eh} exp (xhx) -

¥ i~

= (A= 2B+ Jexp ()= Ty - ont g Ve laa) =

*) Cm. MaEunm B. A, Hosrax J. T. Jxseitnan axre6pa.— M.: Hayka,
1974, ) -
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= exp (A,x) {(A — WE)De, 4 ... + 1)! (A— AE)We }

2 ‘7'—2
__.{(; Vey + ... _I_U:!::_Eﬁmek} exp (Apx) =

4 j-2
== exXp (7\‘,{-2') {(]... l)ek + ... 4 '(7‘?—__—'—2)' (”eh} -

.7 2

— {(5"1)ek + e T—o7 )ek} exp (A,x) = 0.

Urar, wampmomy A, (k=1, .., s) orBeuaer ¢, pemennmii Bupa
(3.100) u, Taxum o6pasom, Beero nmeeTca @1+ ...+ ¢ = n pemeunnii:

q
(1)y1,. .. { 1)yl’

(3.101)
(l)y (qs)y

FIIEE s*

Teopema 3.31. Pewenus (3.101) o6pasyrr . c. p.
JHeiicTBrTennuo,

@y, (0) = Ve, .., By, (0) = e,
(k=1,...,9),

a corzacuo Teopeme 3.29 cronGubl Depyenn, (qh)eh (k=1,...,98)
B KonmuectBe ¢y t...+ ¢g.=n ABIAAIOTCA JUHEelHO He3aBMCUMBIMH 11,
caegoBaTeisHo, Det W(0)#0. B cuny Teopemsi 3.19 orcioma caeayer,
970 pemreHns (3.101) numeiino HesaBucHMEL, T. e. obpasyior ¢. c. p.

Bepuemca Temeph K npesmell mymepanum KopHeH X. Y., KOTfa
HyMepYIOTCA pasianiuble Yo Beauuuuae A. Haswpomy A momer orse-
9aTh HeCKROJbKO rpynn pemeruit Buga (3.101) mo umeny oTpevarmmmx
aToMy A COOGCTBEHHBIX BEKTOPOB, HO ofmiee 4mCNio pelmeHmil B 3THX
rpynnax paBHO KpaTHoctH m wopHA A. Taxum oGpasom, meiicTBHTEN -
HO JMHeiHAag KOMOWHAIMA pelleHWil, 0TBEYalLINX JanHOMY A, HMe-
et pupl (3.93), rue mezaBucHMBIX RoOHCTaHT GymeT m, TaK KaK 9HCIO
pemennii thina (3.101), orBewarommx sTOMYy A, ecTs m. SameTum,
g0, Kak Bumao m3 (3.100), (3.101), crapuwmas cTelleHL MHOrOWIEHOB
B (3.93), BooGute ropops, Meubmie, yeM m — 1.

Ilpr uparTigeckom BHIUECTEHMH . €. P. MOMKHO NONH30BATHCH
(3.100), mpepBapuTenbHO Haiifg Bee cOOCTBEHHBIe W MPHUCOS/MHEHHBIE
BeRTOPbI, HO HpOH[e TIOCTyHaTh, KAK YKa3aHO BhHIIe, NONCTABIAsR
(3.93) B ncxomuoe ypasuenne (3.88) um Bhiiensa m cBOGOOHBIX HEHs-
BecTHBIX Cyy.
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§ 8. Ilocrpoenne pemenns JIHHECHHOTO ypaBHeHwst
B BHJIe CTENEHHOTO PRIA

JIuneitnoe ypaBuenme ¢ DOCTOAHHBIMEM Koo(duiuenTamm mpen-
craBiisieT co00f HeKOTOPHId Kiacs ypaBHeHMIl, A KoToporo ¢. c. p.
MokeT GHITH Bhinmncana >PPeKTnBHEIM 06pasoMm.

Kax me crpourca ¢. c. p. B ofweM clydae ypaBHeHHS ¢ Hepe-
MeusbIME Koagpumuenramu? Ilens wnacrosmero maparpada — mate
npepcraBleHne o coocobe mocrpoenusa ¢. C. p., HCOONB3YIOIIEM Teo-
pUI0 CTENCHHBIX DAMIOB M NPUMEHHMOM, KOTRa KO3 UIMEHTH ypaB-
HEHUA ABIAITCA AHANNTHYECKUMY (PYHKOUAMH, T. €. IPeACTAaBHMBI
B BUe CTeleHHEIX pAjoB. Vmea metojia Takosa. Pemenme mmetcs-

o .

B OpocTeiilliM clydae B BHJe pAna », a,z", 3aTeM 3TOT PAJ LONCTaB-
 mr

AAETCH B YpPaBHEHHe, B KOTOPOM KOd(WDUNMeHTH SAIHCHIBAIOTCA Tak-

e B BHUJe CTENeHHBIX PAROB, HOCJAE 98T0 BCA JIeBasg 48¢Th 3aIIICHIBA-~

eTCAl B BUpe cTeneHHoro papa. IlpmpasHuBag B moayseHHOM CreneH-

HOM psaAfe Kod(PUIUEHTH Npd KVKAOH CTEeNeHH Z HYJI0, TOJYIHM

ypaBHeHUE JUJIA OUPEJeNCHHN Gp.

He sagaBasch 1{ensi0 HMBIOKATH METOR B OGIIeM BHIE — TO AB-
nAETCA UPeIMeTOM CIeNHAJLHOro pasnena Teopud muddepenndans-
HBIX YypDaBHEHUi, Tak Ha3biBaeMolf aHaNWTHIecKOH Teopum mudde-
PeHIMAIbHBIX yPaBHEHWH *), IPONMeMOHCTPHPyeM €ro Ha npHMepe
OIHOTO yPaBHEHIA, HEPEJKO BCTPEYAIOIErocA B MPHIIOKeHAIX.

Paccmorpum ypasuenne

¥+ zy=0, (3.102)

HaspiBaemoe ypasHenue Jitpm. OHo BCTpeuaeTcs B pasiMYHLIX TPH-
Jlo3ReHuAX, HAUpHEMEp, B KBaHTOBOHM MexaHKKe, JTO IpocTeiliree ypa-
BHEHNMe BTOPOTO NOPAIKa ¢ HepeMEeHHEBIM HO3(P(UIHEeHTOM, oxHaAKO
OHO He TONIAeTCs PeIleH’I0 dJIeMEeHTAPHBIME MeTONAM.

Bynem uckats pemenwue -ypasuenus (3.102) B susie pama

oo
Y= a,z". (3.103)
E=0
Sapanee HWYEro He M3BECTHO O CXONHAMOCTH 3TOTO PANA, M IIO3TOMY
BCe ollepaliy, KOTOPEle MEL ceifuac GyfeM UpPONeNHBATH C DTHM PH-
oM, 6ynyT HocuTh (POPMANBHBIN XapaKkTep; Ha 5TH OHEPAIMH HAJ0
CMOTpeTh HKak Ha aJropHTM omnpefeleHnd Ko3(@UIMEHTOB pana d.
Horna e xosdpdunments: OynyT ompenenensi, uepeiijeM K 3Tamy
oGocroBanuna Toro, uro pan (3.103) B camom mexe cxopmres m onpe-
nensemans um dymruua y(zr) geficrBUTENbHO ABIAETCH pellleHNEM
ypasuenns (3.102).

%)} Cm., manpumep, CMuEpEOB B, 1. Kypc Brcmeit martemaTnry, 1. III,
g, II.— M.: Hayka, 1974, ra. 5.
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Urak, muddepennupyem Popmassuo pag (3.103) m nogcrasnsem
5 (3.102). Ionyuum

3 apk(k— 12" 4 X g, 2" =0 (3.104)
h=2 k=0

IlpnpaBunsaeM rtenepp Kod(Q@UINEHTH NPH OOMUAKOBEIX CTENEHAX
x. Nmeem

2% a,r2.1=0; “oTcoma a, = 0,

z') a3-3-24a,=0; OTCINA @3 = — 75,

h‘2) a, k(k——1)+ah3~0 OTCIONA

a - o
ay, = — WL_?T) (3.105)
W3 (3.105) summo, uto '

1) rosdpdunmenTsl BUOa 43, BHIPAKAITCA Jepes dgt

S SN (—1)?

3¢ (3g —1) "373 7 T 3¢-(3¢ —1)...3-2

39 =

Gy

HpHYEM CaMO dg OCTAETCH HEOUPEeNeNeHHBIM,
2) woahPuumEeHTS BUIA @3¢41 BEIPAIKAIOTCH 4Yepes a)°
a (— 19
80+l = [@Bg 1 1)-3¢...43 ©

1IpU9eM CaMO | OCTAeTCA HeoupeJieleHHBIM, ¥, HaKOHeI,
3) Ko3PPUUMEHTEL BUJIA Ggqro BRIPAKAIOTCA Yepe3 dgl
(—1? 1
Gt = BT D G+ D 57 2 s

Tak Rak ap = 0.
Ionosum ao =1, a1 = 0. Ioayaum pan

1)@
Yy () = 2 Azt = 2 % (3q(_ 11)) - % (3.106)

Tlonaras, wanporus, a; = 0, a) = 1, monyaum psax

[e ]

. — )7
V(@) = 2 g™ = 2 T T3 T (3.407)

=0

Teopema 3.32. Psow (3.106) u (3.107) cxodarcs, u onpedease-
Mble L)unu Pdynryun y(z) u yolx) obpasywr . c. p. ypaswenus
(3.102),
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IeiicrerTentHo, cxogumocTs pamos (3.106) m (3.107) smemenrap-
0 ycTaHapiuBaeTcs AAA moforo x, HailpuMmep, Lo upmsHary Jla-
mamGepa *), u, Takum obpaaom, ¥i{z) m y.(x) oupemenens: wBcO@Y
Ha (— oo, ), Tak Kak cTenenuofi pHy Ha HHTepBalle CXOOUMOCTH
MOHO IIOYJeHHO IPOM3BOJILHOe UHMCI0 pas madpepeHmEPOBaTH, TO,
npozieibiBaa 3To mudiepeHIITpoBane, NONCTABIAS B NGBy 9YacTh
(3.102) (ew. (3.104)) u cxnagsisaa 3aTeM o0a paAjla, OONYyINM B
CIIy CaMOTO OUpefeNeHHA Kod(pPHUIHEHTOB @, PAl, COCTOAIMH u3
HyneBHIX uieHoB. TeM caMbiM ypaBHeHHe oGpamaercsa B TOMIECTBO.

Jluneitnyo nesasucumocts yi{x) m yo(z) momkmO mokazath oOT

nporusuoro. Ilycrs Ciyi{x) + Coyzlz) = 0, npuuem C? +-Ci0. Ho-
noskmm  z=0. Torma ¥,(0)=0, y,(0) = — 3—%2, cJe[oBaTeNLHO,

—013%2=0, orkyga Cp=0. Vmeem Torma Cay2(z) =0, BO TOTHA

’ . 1
yz(x) = 0, 4YTo {IpOTHUBOPEYUT, HAOpHMEp, TOMY, 4TO Y; (0) = Y

Taxum oGpasom, TeopeMa AoKazaHa.

*) Cm. Hasunr B. A, Hosrak I. I. OcHOBE MaTeMaTHYecKOro aHa-
Jm3a, 4. I.— M.: Hayra, 1971. .



TIIABA 4
KPAEBBIE 3ATAYN

§ 1. TloeranoBKa KpaeBLIX 32744 ¥ uX (QU3HICCKOe cOeprkaHue

B npemsipymux riaBax maydenne nauddepenimanbubix ypaBHe-
uuil ObLI0O B OCHOBHOM IIOCBAIIEHO PeIeBV HadanbHoi zamaun Ho-
Iy, B KOTOPOH B KadvecTBe JONOJHUTENHHBIX YCIOBUIN 3ajal0TcA Ha-
9YaJbpHHE YCJOBHUA, OHpeJlelfdoNpie 3HAYeHNA HEeM3BeCTHON (YHKIINM
¥ ee TPOMSBOJHEIX HPH (PUKCHPOBAHHOM 3HAYEHHH HE3aBUCHMOI
nepemennoif. OfHako, KaK yKasBBaIOCh B 1. 1, Hawalbmble ycaoBus
He ABIAIOTCA elHHCTBEHEO BO3MOKHOI (PopMoil HOMOIHUTENBHEIX YC-
NOBWit, BHIAENAIOIINX OUpPENENeHHOe YacTHoe pemende. Bo Muormx
CIydYafAx B KadecTBe NONOJHUTENBHBIX YCJIOBHI 3aal0TCA TPaHUYHEIe
YCAOBHA, OOpeNelsAollie 3HAYEHNSA HEU3BeCTHOH (YHKIM W ee
Npon3BOjEGIX (MM HEKOTOPHIX BEIPAIKEHUIH OT HHX) HUPH HECKOIBRHX
$uKCIPOBaHHEIX 3HAYeHUAX HE3aBHCHMOTO IePEMEHHOr0. 3afady On-
Pefelenys 9acTHOIO pemeHus Ju@epeHnuaisHoro ypasHenns, yio-
BNIETBOPAIOINETO 3aflauHBIM CPAHMYHBIM YCJIOBHAM, OyneM HaahiBaTh
KpaeBoil aapaueil. Vccienosaruwe ofimux cBoHcTB M MeTonoB penre-
HEA KpaeBBIX 33Jla¥ M COCTaBIfAeT COAEePIKaHNE HACTOAMEH TIaBH,
OpH 9TOM OCHOBHOE BHUMauHMe GyIeT YIelJeHO H3YYeHMI0 KpaeBhIX
3aad A JuHelnsix uddepeHnEaNLHEIX YPABHEHUWH BTOPOro IO~
PAJIKE.

K xpaessim samauam pua guddepeniyiaibublXx ypaBHeHHUI CBO-
OATCA MHOTHe MaTeMarnueckKue M ¢usudeckue sagaun. Tak, pac-
cqoTpernas B 1. 1 sagaua oupepmenenms cocTOAHMA CTATHYECKOTO
PaBHOBECHA BAKPEIUNIEHHOTO B TPRHUYHBIX CEYEHMAX YIUPYTOTO CTep-
#mHA ¢ wosddunuentom yupyroctu k(x) mou pmeficteueM BHemmeit
cutel f(x) cBomuTCA K Kpaesoil 3ajiage

@2 ]=—1@, wO=0 =0 @

AHajiOrW9YHO, A aMOIATYRH ©#(Z) YCTRHOBHBINMXCHA TapMOHH-
gecKUX Kojie0aHUil YacTOTH ¢ IOJXYYAM KDAeBYH 339y

Lr@%]+or@u@ =~f@, v =0, v =0. @&2)
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3nect pla) — mnoTHoCTh CTepmua. B ciyuae salaHlA BelnYHHbI
CMeIeHA TPaHIHbIX CeuYeHmnil WM 3a0aHuA XEJiCTBYIOIMX Ha rpa-
HUYHBIE CEYEHUA BHENIHNX CIJ ONHOPOJHBIE IPAHHYHBIC YCJIOBUA
cJleflyeT 3aMEHUTH Ha HEONHOPOAHLIE YCIOBUS BHJIA

w(0) =y, mwmn K (0) 2 (0) =7(0). (4.3)

K xpaesoit 3agaue pas cucTems! mud@epeHINaIbHEEX YpaBHeHHAH
BTOPOTO HOpAAKa :

&r r
m = F(t, r, '%r) (4.4)
CBOOWUTCA 3Bafjlada ONpPENeJeHHus TPAREeKTOPUH WMaTepHaIbHON TOYKHM
Maccel m, BeIXouAmell B HavYanbHBiH MoMeHT fp U3 3afaHHON TOYKH
ry (r(t) =r,) n monajgaomeil B moment I; B TOUKy ry(r(t) =ry)-

B panpueiimeM GynyT paccMaTpmBaThCA KpaeBhle 3afavyd Ha OT-
peske [0, Il ocu z piua aumeitmeix puddepenimanbublx ypaBHeHuil
BTOPOTO MOPANKA

y'+glz)y + h(z)y = hHi(z), (4.5)

e g(z), hlz), filz) — menpepsubie Qymwmuu na [0, I, Beepem
$yHKEOUIO

x
fe@raz
p)=¢ (4.6)
11 3aMeTHM, 4YTO
d2y dy _ d dy
P@ L p@e@L=Lp]  wn

Vuuokasn (4.5) ma plz) (ouweBmmuo, p(z) #0 ua [0, I1), moxyaum
Lin=-=2]p@ L] @@ =1, (4.8)

tne glz) = — p(x)h(z), f(z) = p(z)fi(z), a wepes LIyl ms1 oGosmauaxn
mudepenuanbusil onepatop B nesoit wactu (4.8). Ua mposenen-
HHIX paccmoTpennil ciefiyer, uro Gea orpanudvenun oOHHOCTH pac-
CMOTpeHne KpaeBHIX 3ajad Juia ofiiero JuHeiiHoro amdepennnasinp-
HOro ypasHeHHs Broporo mopsara (4.5) mosker GEITL CBEJIEHO K M3Y-
qeHmIo KpaeBHIX 3amav s ypasuenus (4.8).

Kpaessie samauu pua ypasuenns (4.8), kak mpasmio, paceMarpm-
BAIOTCH ¢ JNHEIHBIMA TPAHMIHBIMA YCIOBUAMU BHI2 *)

oy’ (0) + Byy(0) = uy,

agy’(l) + Pay(l) = u,,

¥) B (4.9) mpesuonaraloTcs OJHOCTOPORHEE UPOMSBOAHEIE.

(4.9)
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tne o, P (i=1, 2), wo, w,— 3aaunbie 4HCIa, HEKOTOPHE U3 KOTO-
PHIX MOTYT GBITH paBHBl Hymo, npmgem & + Bf 40 (i=1, 2). Ecau
a;=0 (i=1, 2), To cooTBeTcTByONIee TPAaHHIHOE YCIOBHE OGBITHO
HABHIBAETCH ycjaIoBHeM nepeozo poda; ecim B, =0 (i=1, 2) — ycao-
BHEM €T0po20 poda; eciayl o; W B; OQHOBPEMEHHO OTJINYHBI OT HyWA —
ycioBHeM TpeTbezo poda.

Kpaesrie 3amaun, B KOTOPBIX IpaBaa 9acTh YpaBHEHHS He PaBHA.
Hyaoo, GyneM HasHBaTh HEOOHOPOOHBLIMU KpaeBbIMH 3ajadamu. Pac-
CMOTDEHHI0 3THX 3afa4d nocBAmeHn § 2 macrodmeil riaasbl.

Hpaessle 3agaunm 1A OOHOPONHOTO YPaBHEHWA ¢ ONHOPOTHEIMH
TPAaHWIHBEIMH YCJIOBUAMYE OylieM HasbiBaTb O0HOPOOHBIML KpaeBBIMI
samavYamy. BasKHBIM CIydaeM OOHOPOINHBIX KPaeBBIX 3afa4 ABIHIOTCH
TaKk HA3HIBaEMbIe 3a0aiu Ha cOOCTEeHNble 3HAYEHUS, COCTOAINNAE B
onpefenieHVN 3HAYEHUIl MapameTpoB, BXoOmAIUX B nuddepenmuaib-
HOe ypaBHEHNe, IIPH KOTODHX CYIIECTBYIOT HETPHBUANLHbIE DPEIICHHA
coorBeTCTBYIOMEeH opHOponHOil Kpaesoil samauy. Vsydemwe papa of-
IMEX CBOHCTB 3ajau Ha cOGCTBeHHBIe 3HAYeHmsA OymeT OPOBeeHO B
§ 3 macrosmeil r1aBHL.

3amevannsa 1. He orpanmumsas ofmuocTu, HeomHOpomHYIO:
KDaeByI0 3aJa4y MOKHO PACCMATPHBATH ¢ ONHODPOMHBIMU TPAaHUTHEI-
Mu ycaosusamu. [leficTBUTENbHO, B CIydae HEONHOPONHBIX TPAHAYHBIX
YCJIOBHIl pemenye 3aadd MOKHO HCKATH B BHUIE

y(z) = Y (z) + z(x), (4.10)

rne ¢yurmus Y(z) ynoemersopseT b 3afaHHBIM TPAHITHBIM
VCIOBUAM, 2 B OCTAIbHOM IpomssoiabHa. OuesnpHo, Takyw QyHKIIO
BCET/IA MOKHO NocTpouth. Haupmmep, B cliydae rpaHM9HBIX yCIOBHiT
nepsoro poxa y(0) =ug, y(l) = w, B ravecrBe Qyuriuu Y (z) Mom~
Ho BEIOpaTh NMHERHYI0 (YHKIIO

Y (2) = e L 4wy (4.11)

l []
Torma pas QyHEIME z(x) NOJYYEM HEOTHOPONHYIO KpPaeByI 3ajauy
€ HECKOJILKO M3MEHEHHOH HIpaBoil YacThi0, HO OTHOPONHEIME TpaHHd-~
HBIMU YCIOBHAMH.

2. B ofmewm ciyuae Jiis ypaBHeHHS n-TO TODAJIKA HPEXONUTCA PaCCMATpE-
BATh KpaeBHle 34JIa9M ¢ YPAHAYHBIME YCHOBHAME 6ojiee 0OLIEro BALA

Pi(y(0), ..y y»=1(0), y (D), very yim~(1)) =0, (4.12)

rfie n — UOPAROK YPaBHeHH:, a P;(-) — sajgannsie QYHKOHNE OT SHAYenmil pe-
HIeH¥S W er0 [POM3BOJHHIX B IPaHMYHHEIX TOYKax. Hampumep, yciosmaM Tuna
(4.12) ynosueTBOpsET 3ajaua OIpefefieHHs NePHOJHYECKHX peHIeHHd, B KOTO-
POl HONONHETENILHLIE YCIOBYMSA HMEIOT BUJ

y(0) =y, # (0 =y'Q),..,y""b(0) = ytn=D(), (413)
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OrmeTmEM BasKHBIE IS [aNbHEWINEro CBOHCTBA POHICHMII ypaBHe-
uua (4.8). llyers y(z) u z(2) ynoBieTeopsOT ypaBHeHEAM

Lyl = 2 |p@-L]—g@y =1 (4.14)
b .
L = 2 p@ 2]~ e ms =g @ (4.15)

Vunosan (4.14) ma z(x), (4.15) na y(z) n serunras mounenHo,
TIOXyIUM

2@ @2y @t @] = i@ - @y .
(4.16)

Tax kak

- [p( )(Z———y‘gi_)]:
=27;[p(x)%]_y‘§z{p(x)g]+p(x)[ z %—%Z_‘J

o (4.16) Momer G®IThL 3alicaHo B BUOE

[(x)(z———y “=r@:@—e@yv@. @

‘DT0 COOTHONIGHWE HOCHT Hasmauue roscdectea Jaepanica. Ero nm-
Terpam,nan dopma mazuiBaercs gopmysoll I'punar

[4

j(zL[y] —yL [Z})d»'v*{l’(x)(z““_y = )}

!

= (@ 2@ —g@y(@)de. (4.18)

0

Wz Qopmynst (4.17) caemyer, aro ecam yi(x) n yolx) — nBa ;-
HeHHO HE3aBHCHUMBIX PeIleHdsi ORHOPORHOro ypaememns (f(z) =

= g(z) =0)
Lyl = = p@) L —g(x)y =0,

TO OHH YIOBJIETBOPHAIT COOTHONIEHHIO

dy dy
Ip(x) [yl d: Yo d.’tl] = C;, (419)
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OTKyna clefiyer, 9To onpefenurent Bponckoro arux pemenuii mve-
€T BAJ

C
AW ¥2) =05 (4.20)

3amevwanmsa. 4. IlockonbKy pemieHENs OXHOPONHOTO ypaBHEHHS
onpefelleHsl ¢ TOYHOCTHIO JI0 IPOH3BONBHOIO MHOMKETENA, KOHCTAHTY
C B (4.20) momuo ompenenmth, MWL BHIOpaB MHOMKHUTENM y pelle-
nmmit, T. e, OPOBeA TaK HashiBaeMYK HOPDMHPOBKY pelleHHil.

2. U3 coornomernma (4.20) caepyer, WTo eCsid M3BECTHO KaKoe-
amGo pemenne yi(z) ommopommoro ypammerus, to noGoe nHHENHHO
HesasucEMOe ¢ M pemienue y(2) aTOTO ypaBHEeHEA YNOBIETBOpAET
anneiinoMy paddepennralbHOMY YPaBHOHAK IIEPBOTO MOPATKA

d dy c
Y, (2) d—z'— Ti;l.l/ (z) = ) (4.21)
Ecmm y,(z) # 0 na [0, Il, To, momenne (4.21) ma y}{z), momywmm
d(y@\___C
dz (yl (z)) P(@) Y2 (2) (4.22)

WTO TO3BONAET 3anucarh obmiee pemenne (4.21) B suge

= Cy, | % . .23
y(2) MWH‘%@4p®ﬁ® (4.23)

Tunnunoit 3agageit ma coGcTBeHHBIE 3HAYCHEA IIA JTHHEHHOTO
nuddepeHnuaIbHOr0 yPaBHEHNA BTOPOTO MOPAIKA ABIACTCA 3afaua
onpeseleHNa 3HAYCHEIT NapaMerpa A, IPE KOTOPHIX €YHIECTBYIOT He-
gpusnansnsie Ha [0, I1 pemerus omnoponmoil kpaesoit 3agaun

Lyl + rp(z)y(z) =0,
a;y’(O) + ﬁ;y(O) = O, (4.24)
oy (D) + oy (D) = 0.

3aecs nrddepennmanpunii onepatop Liyl mveer Bmp
d d
Li=lr@L]-e@y, (4.25)

p{z) — sapanmas ¢ysrnus, mempepeiBraa ma [0, 11, a o, B (i=
=4, 2) — zajauuHbie TOCTOAHHEE,.YaCTh U3 KOTOPHIX MOKET OBITL
paBHa HyI.

K 3amaue ma cobersemmrie smavenus (4.24) cmopmsrtes, B wacTrO-
CTH, 3ajiaul ompeneneHnd co0CTBEHHBIX KouneGammil MaTepHalbHBIX
CHCTEM ¢ PpacHpefelleHHBIMM XapaKTePHCTUKAMN — MONMEPEYHbIe KO-
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ne6aHps CTPYHHI, NPONONbHEIE KONeOaHHSA YNPYroro CTEpIKHA, 3BY-
KOBEIe KoynebaHmsA B TpyGax, BNMeKTPUYECKHe KoJeGaHHA B HPOBOAaX
uT. [

3mauennsa mapamerpa A, Ipu KoTOpeIX 3amaua (4.24) mMeet HeTpil-
BHAJBHBIEe DPemeHNsA, HASHIBAIOTCH COOCTEEHHbIMU BHAYEHUSMU, 8 CO-
OTBETCTBYIOI{HE UM .PElICHHA — COOCTEEeHHbIMU (BYHKYUAMY KPacBoil
3aa9M Ha COGCTBEHHEIC 3HAYCHMA,

§ 2. Heopuopoasan xpaesas 3ajada

Pacemorpuy Kpaepyio 3afaqy
Lyl = f(x),
a1y’ (0) + B1y(0) =0, (4.26)
agy’ (1) + Bay(l) =0.

Ilyers Qynrnua p(z) >0 nonomurensna m mempeprisHo mudde-
pernupyema ma [0, I, a peficreurensise $ynrina g(x) v f(z) ue-
npepsiBasl Ha [0, 1]. Pemenmem kpaeroit sapaum (4.26) Gynem massi-
BaTh HempephiBHO Ruddepernmupyemyio na (0, Il ¢ymxmmo ylz) ¢
HenpepkiBHO# Bropoit mpomsponxoit mHa (0, 1), ymosnersopsromylo Ha
(0, 1) ypasuenmio u rpaHmunnM yciopmaM (4.26). B mauane mammnx
paccMOTpeEmii GyfeM IpenmoNaraTh, 9T0 COOTBETCTBYIOIAA OHOPO/-
HasA KpacBasd 3afada HMMeeT TOJLKO TPHBHalbHEIe pemienmA. [pyrm-
MH chnoBaMHE, MBI mpepmonaraeM, uro A= 0 me aBumserca cobcTBeH-
HEIM 3HAYOHHEM cooTBercTByIeit sanaun (4.24).

OzmersuM cpasy, uTo B cmiy naaeiinocTd 3afaum (4.26) ms sroro
NPeHoJIoKeH s clelyeT, YT0 ecau pelienue JanHoil sadauu cyuye-
cTeyer, T0 OHO eJUHCTEEHHO.

Hama Onmmxaiimrag nenb 3aKmo0YaeTcA B HOKAa3aTENLCTBE CyIe-
CTBOBAHEA pemieHms safjagd (4.26) npm cremanHRIX NMpemmONOMKeHHX
o xoarmmenTax m mpasoli wactE ypaBuemws. [Ipm stoM pmokaza-
TeNLCTRO CYINECTBOBAHIA pelmeHusa Oy/ieT OIHOBPEMEHHO CONEp/RaTh
¥ QJITOPETM €r0 KOHCTPYKTHBHOTO HOCTPOSHUA,

Haunem ¢ mapopmsmmiux coobpaskennit. [IpemnososxumM, uto cyme-
creyeT pemienme sajaum (4.26) npu crmemuanenoMm crocobe 3ananns
upaBoli 9acTH ypaBHeHusA, a uMeHHO Ipum ¢dywrmue f(z), oramumoll
OT HYJS JNIL B €-OKPECTHOCTH HEKOTOPOH (MKCHPOBAHHON TOYRM

z=t=(0, 1):

IO? x<§——81
F@=1le(@), E—e<<e<<E+s, (4.27)
0, z>=E+e,

. 8 A, H. Tuxouos u &p.
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nipudem Qyrrnms f.(z) =0 m
E+e

{ fe(@)dz=1. (4.28)
E-¢e

Pemrenme aroit sapgagn GymeMm obosmagarh ynrnmei y.{z, E).
Nrrerpapys ypasnenme (4.26) ¢ Tak samaumoit ¢ymxunmeir f(z)
1o orpesky [E —e, E 4 el, momysnm

PE+OYE+e ) —pE—ey.E—e b —
Eie E+e

— [ e@ @ dz= | fo(@dz=1. (429
€ E-¢

PaccemoTpEM Teneph NpefeNbHEI mponecc mpu € — (), Ipepmona-~
ran, 910 (4.29) cnpasepnueo mpu moGoMm £ u, CIEAOBATCILED,
E+e
lim (@) de = 1. (4-30)

€50t ¢
Bynem npepnonarats, 4to npeneibnas QyHKias
lim y.(z, §) =G(z, &) (4.31)
CyIIecTByeT ® HerepH;;gl ra [0, I]. Torga, coBepmasn mpegenbHEIA
nepexop, npr € — 0 B (4.29), nomyunyM, 9To npousBogHaA EG(x, £)

B TOUKe = JOUKHA WMETHh PaspHB IEPBOro Pofia, IPHUEM Paz-
HOCTH TPaBOro H JIEBOTO ITPEfeNbHOro 3HAYeHHN 3TOH HPOM3BONHOIL
B TOUKe Z = § ONpefelaeTca BHIPayKeHueM
d d 1
= G(z, &) =68 et0— PO (4.32)
IlogBops mTOr mMpOBeReHHBIM PACCMOTPEHHSM, MBI MOMKEM YTBep-
gaTh, 9ro ecan Qyurnusa G(z, E) cymecrsyer, To OHA HOXUNHAET-
€8 CHCNYOIIIM YCIOBIAM:
1) wax Qyuxuma nepemennoit z, G(z, E) ymosnerpopseT OfHO-
popuomy ypasreHuo (4.26) npn 0<z<Eimi<z< I
2) G(z, t) yposnersopser rparndubiM yeiouam (4.26);
3) G(z, &) Henpepumra ma [0, I], a ee mepras mpomsBojHAas
uMeeT B TOYKe T=§ paspslB IEPBOr0 Pofa C BeJIHYMHON CKadKa
IpemelbHBIX 3HAYCHMI, PaBHOMH

x=E+-0

d E+o 1 ’

Le@yft =t (4.32)
Dyuryuto, yodossereopawwyo yctosusy 1), 2), 3), Hazosem
pynryueti 'puna kpaecoii cadawu (4.26). CymecrBen-
soe 3Haverme (ymrumm ['puma 3amimoyaercs, B 94acTHOCTH, B TOM,
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910 uepez Hee MoJceT OWiTb GbIpAJeHO peluenue Kpaesol, sadauis
(4.26) ¢ npomzpoNbHOI IMpaBoil 9acTE0 f(ZX).

HeiicrBurensuo, HyCTb CYHIECTBYIOT PeIIeHue 3ana1m (4.26) w
(i)ymcmm I'pmna G(z, E). llpnmensasn (I)op'uy.ny I'pena (4.18) ® sTum
¢yexmuam ma orpeskax [0, E—el n [E+te, ], roe pysrmmn yl(z)
v G(z, €) mempepriBHO nuddepennupyemMsl u 00Iafa0T BTOPBIMH
HENPEePHBHEIME MPOU3BOMHBIME, TIONYIHM

@(ewoL—yw Z—G)} T r@(6E vE—y@E))|

-
£E+s

S G(z, 9] (z)dz+ 5 G(z, 8 f (@) dz. (4.33)

Tar war.m y(z) m G(z, E) ynoBleTBOpAIOT OOHOPOXHBIM TPAHMYHBIM
yenopusam (4.26), to mopcrawoskm npn z =0 n x =1 obpamawTcs
B Hysb. Ilepexons B (4.33) k npeneny npu & - 0, B enay ompepene-
Hoa Qyeknuu I'pura momyanm

4
v®=[6@yr@ds, (4.34)
[

YTO W [IOKa3HIBAET BHICKA3aHHOE yTBEPIKICHHE.

Tloramem remepn, uto Pynryus [pune kpaesoii 3adauu (4.26)
cylyecreyer, n maguM aJroputy ee moctpoenus. llocTpoum Qynrmuio
y1(z), sABmmOmylocA pelleEmeM OXHOPORHOro ypabuHenns (4.26),
VIOBAETBOPAIOI{HM JEBOMY KPAEBOMY YCIOBHIO

azy1 (0) + By, (0) = 0. (4.35)

OgerupHO, B CHJY CHEJBHHBIX NPEANONOMKEHW o Koad@uumenTax
ypasuenns, ¢yurnusa y(z) Bcerga Momer ObITH MOCTPOEHa Kak pe-
nleHEe HadaJbHOW 3afjaud [uiA ypaBEeHuma (4.26) ¢ HadanpHBIME yC-
HOBUAMHU

¥1(0) = — Cay, y1(0) = CPy, (4.36)

rae C — npousBoNbHag NOCTOAHHAfA. B clydae cresamHOro Ipepmo-
JOKEHHsT O CYIECTBOBAHMM IMINH TPHUBHAILHEIX PEMIEHHMH OTHOPOX-
HOHl Kpaemoil samagl mocTpoeHHas TakmM obpazom Qymxnms - y{x)
He YIOBJIETBOPSET NPABOMY FPAHHIHOMY YCIOBHI

als (1) + Boys (1) = 0. (4.37)

Amnanormaesiy o6pasoM mocTpouM QYHEREIO Yolz), spasomylocs pe-
OICHAEM OJHOPOMHOIO yPaBHEHNs, YROBJETBOPAIINNM IPaBOMY Ipa-
HAYHOMY YCJIOBHIO

azyz (1) - Boys (1) = 0. (4.38)
8%
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Jlerko =muperh, uTO DOCTPOCHHEIE YKA3aHHAEIM 0GpasoM QyHKIRA
y1{z) n y»(z) numeitno Hesammcumsl. [lefictBuTtensno, mpenmonaras
JinuefiHyI0 sapECUMOCThL (ynrnmit i) (z) n yz(x) HALpEMED,

y;(x) Cyz(l'), (4.39)

- mioyamM, uro yi{z) ynosnerBopser mpaBoMy TPaHEYHOMY YCJIOBHIO,
vyro mpormeopeunr (4.37). Wrak, Mpl mocTpouim fBa JIMHEHHO HE32~
BUCMMbIX pEIIeHds ofHopoxuoro ypasmemms (4.26), kampoe m3 Ko-
TOPKIX YIOBIETBOPSHET TONLKO OFHOMY M3 ABYX ONHOPOMHBIX I'pDaHH%-
®HIX YCIOBHIL.

Bynem ucrars Qyuxmmio G (z, E) B Buge

Ciy (), 0<<z<E,
G 8= {cgyz (@), E<z<L

fcno, uro npm arom Qymruma (4.40) ynosfierBopser oxHOpPORHOMY
ypasuermo (4.26) npe x5 E @ OZHOPONHKIM rPaHAYHBIM YCIOBHAM.
Jas toro 9rols1 yNOBIETBOPHETH YCJIOBUAM HENPEPHIBHOCTH (DyHKIUM
G(x, £) 7 crauxa ee mpomssBomuoil (4.32), ocraerca HaiiTH mMoCTO~
anusie C; 7 C; n3 cooTHOLIEHUIT

Csy, (§) —C .y, (§) =0, C‘y2 &)— Clyl &) = (§)

‘Onpenenn:renb aToit NuHeiinofl anreGpamgeckoil CHCTEMBI, MpeficTas-
sigonguii  coboii  onpefennTens BpoHCKoro ImmeiHO He3aBHCHMBIX
pemennit y(x) 7 yo(2), otnmyen or mynsn 1 B cuay (4.20)

C
Ay, Ys) = oK (4.20)

re wocrogmHaa C onpejenserca BOpPMHEpPoBKoll pemenmii y,(z) n
y2(x). Orcioma crepyer, aro cmerema (4.41) paspemmma epuncTBEH-
ueiv obpasom. Ilopcrapms nonmywennwie snawenmsa Cy m Cp B (4.40),
TONyYAM OKOHYATeNbHOE BHIpakenme (pyHrumm I'pmita Kpaesoii 3a-
naun (4.26):

(4.40)

(4.41)

1 (2B (z), 0<<a<E,
G(z8 = {yl ®w(), E<a<L (4.42)
e NOCTOAHHAA paBHa
C= p(‘g‘)A(yl(E), yz(g)). (443)

IlpoBenenHAbIE PacCMOTPEHNSA ABISIOTCH [OKa3aTeNHECTBOM CYyIIecT-
BOBaHRA M efuHCTBeHHOCTH Qyuknumd I'pmma Kpaepoii samaun (4.26)
B ciIyyae, KOIIa COOTBETCTBYIONIAA ONHOPOJHAA 3a7jada MMEeT TONLKO
TPUBHAILHOE PelleHne.,

Bameuannma. 1. WUs sBmoro melpasmenma QyEenmu Ipuaa
{4.42) cnenyer, 94T0 oHa sABIAeICA cumMeTPuunol (PYyHEyuel CBOHME
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-APTYMEHTOB

G(z, ) =G(E, z). (4.44)

2. Kax ciefyer wa HaBoiammux coobparkennil, MPeNIIECTBOBABIINX LOCTPOE-
Huo ¢ynknmu I'pEHa, oHA uMeeT NpPOCTOH (W3MYECKHU CMBLICH, YPeNCTaBIAN
€000l pelleHpe KpaeBoil 3aJlagyl B CIyYae COCPEJOTOYEHHOH HATPYSKH.

Ilepeiigem Temeps X BopPOCY O CYIIECTBOBAHHE POIICHHS HCXOJE-
HoOll Kpaeso#t safaga. Vmeer Mecro cienyoigas )

Teopema 4.1. Ecau o0dnopodnas kpaesas sadaua (4.28) umeer
TOALKO TPUBUAALHOE pellerue, 7O peuilerue HeoOHOpOOHOU Epaeeoll
sadauu cyujecteyer Oas aw06oii nenpepvienoli na [0, Il gynryuu
H(x) u svipascaerca gopmyaoti

1
v ={e=nreae (4.45)

Nlna  norasareibcTBa TEOPEMHI HOCTATOYHO HENOCPECTBEHHOMN
npoBeproit  yGemmrbes, wro Qymrums y(x), sapmammas Qopmysnoit
(4.45), yrmoBieTeBoOpsAeT BCEM YCIIOBHAM onpenenemm peleHus Rpa-
eroit zanaun (4.26).

IlepefimeM Temeps K pacCMOTpOHAIO ClIydas, KOrja o,unoponnax
xpaeBan 3agada (4.26) ummeeT merTpEBRaJbHOe pemenme. [[na ympo-
IMeHHuA NOCHCAYIOIUX BHIKJIAAoK OyleM paccMaTpHBaTh KpaeByYIo
3afjaqy C 'PAaHHYHBIMH YCJIOBHAMH IEPBOTO POXa

Liyl =f(z), y(0)=0, y)=0, (4.46)

Ilo ycioBmwo cymectByer Qyunusa o), ABIAOIASCA pemIeHHEM
-COOTBEeTCTBYIONMell oHOpOHOHE KpaeBoll 3afavu

Llgo(2)]1 =0, go(0)=0, @oll)=0. (4.47)

Dyurnuo @olz) Moo paccMarpEBaTh KaK COGCTBEHHYIO (YRKIIHIO
safjlaum Ha coGcrBennsle sHadenma (4.24), coorBercTByOIy0 OG-
creennomy suagermo A=0. B pansueiimem Oypmem cumrarh, 4To
omHOponHaA Kpaesas sanaga (4.47) me mMeeT apyrux pemieHmi, Ju-
Heitgo HesarucEMEIX ¢ @plz). Oynrmuio @o(z) mopMEpyem Tak, 4To

-~

(@2(@)ae =1. (4.48)

OrMernM cpasy, uro ecian pemienme y(x) wpaesoit samaun (4.46) cy-
mecTByeT, TO Ipagasg dYacTh ypaBHeHusn, ¢Qysxnmsa f(z), mommma
66iTs oproronansEa Ha [0, I Qymrmuu @olz). [eiicrearensro, npa-
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nmernB gopmyay I'puna (4.18) x Pymrumam y(z) u @plz), nmomyumr
1

,.
{ (00 (@) L1yl —y (2) Ligy)) do = { qu(2) [ (2) dz =

0

14
=P @ (@@ ¥ @) —¥ (@ @0 (@) =0, (429
OTRY/ia M cle[lyeT Halle yTBRep/RueHne.

JpyraMe cioBaMm, cripaBeiHBa CIeXYIOMman

Jdemmad.1. Heobzodumbin ycaoeuem paspeusumocTu kKpaeeoli aa-
dauu (4.46) neasercs ycaosue opTo20HANLHOCTU NPAOLl “ACTU Ypas-
nenua (4.46) HerpuenasvhoMy pewenuro cooreercTéyrouyeti o0dHo-
podnoil Epaesoii sadauu (4.47).

B panprefimem OymeM cuuraTh, 910 HWeolGXORMMOE YCJIOBHE pas-
perunmMocTn Kpaesoil sagavd (4.46) semommeno. IlokamkeMm, 4TO B
9TOM CJIydYae pemieHne KpaeBoil 3afaud CYIHGCTBYET W MOKeT OBITH
HOCTPOEHO € IIOMOIBIC COOTBETCIBYIOH(AM oGpasoM oOnpememscHHOH
¢yurquu I'prua. 3aMeTnm, 9ro ecin PyHKimsA y(ac)~ ABJISIOTCA peliie-

nmmeM Kpaeroii sagagu (4.46), 1o mobasa gymenusa y(x) smna
y(z) = y(z) + Coolz), (4.50)

rjae C -— IPOH3BOJIEHAA IOCTOAHHAA, ABIACTCA perieHneM TOW e 3a-
Haud, NocKoXbKY (yHKNua @olz) — pemenue coorBeTcTRYIOIEl 0-
sopomHo#l sanauM. llosToMy, 4TOOBI ONpERENNTE EAMHCTBEHHOE pe-
meHnpe IcpaeBoﬁ 3ajiayd, ero Hajao IOAYMHUTE HAOIOMHHATEILHOMY
YCJIOBHIO. B Ka4ieCTB€ TaKOBOro IIOCTaBHM YCIOBHEC OPTOrOHaJIBHOCTII
BCKoMoro penrenus cobcTBenHON QyHKImY @olz):

1

(4 (2) o (@) de = 0. (4.51)

0

IMoxramem, uto 3amada (4.46), (4.51) MOIKOT MMETh TONBHKO OJIHO pe-
merne. OuernpgHO, 9TO B cWIy JHHEHHOCTH 3afa4ll JJIsi DTOFO JI0-
CTaTOYHO TOKa3aTh, YTO COOTBETCTBYIOINAA OIHOPOMHAsA 3aflada NMeeT
TONBKO TPHBHANLHOE PemeHHe.

Jdemma 4.2. Odnopodnas sadava (4.47), (4.51) umeer Toavko
TPUGUALLHOE pEUleHUe.

Ilo ycwmommio Bce pemienmus ofuopopxHoil samaun (4.47) mpepcra-
suMsl B BEne yolz) = Coo(z). Yenosne (4.51) paer

1 1

§ 40 (@) @0 (2) do = € { gb (2) dz,
0 0

orkyna C =0, m memma fokasana. .

Ilepeitmem K mocrpoennio Tark HassiBaeMoil 0606uennoll fynryuu
I'puna sadauu (4.46), (4.51). Tark Kak cymmecTByeT HeTPHBHANBLHOC
perenne OAHOPOAHOH Kpaesoit sagaun (4.47), To guA mocrpoeHus
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Hyxmuoit HaM (Pyurnmm I'puHa OrpaHRYNTLCA TONBKO PELICHHSIMY OJf-
HOPOJHOTO yPaBHEeHHsA HeubasA. lloaroMy onmpefiennEM oGoCImenHyio
¢ymrmuo I'pnra G(z, E) Kax pemenmwe crepyiommeii 3ajadmi

1. G(z, £) ynoBnerBopseT HEOFHOPONHOMY ypPaBHEHHIO

LIG(z, £)] =— qo(B)qolz) - (4.52)
mpu 0<z<EmE<az<lL

2. G(z, &) ynoeiersopseT TeM He TPaHWYHBIM yCIOBHAM, 9TO M
.MCKOMOE pellenne

G(0, ¥)=G(l, ) =0. (4.53)
3. G(z, &) menpepriBHa Ha [0, 1.
d
4. Tlepeasa mpomsBopmHas EG(z, £) mMeeT pa3spbIB MEPBOTO poOpa
npu x =, npudeM BeJWINHA CKa9Ka PaBHA

d E+o _1_
6@ =rE (4.54)

5. G(z, &) oproromansua na [0, Il coGerennoit dymrmm @olz):

1
“Je@ye@az=o (4.55)

IlokakeM cpasy, YTO €CJIH pelleHHe MCXOAHOW KpaeBoil 3afadn
(4.46), (4.51) n obobmennaa ¢ynenua 'puna cymecrByor, To pe-
menne 3anaun (4.46), (4.51) seipamxaercsa vepes oGobmeHHyI0 QyHK-
o I'puna mo ¢opmyme, anamormusoit (4.34). [leficrsurentyo, npm-
menas Qopmyny I'puma r Qynrmuam y(z) n Glx, E) na [0, £ —el
u [E+e, Il u mepexops K mpemeny npn & > (, aHANOrNYHO NpeAH-
AYIeMy NONyquM

x=E+0
x=E—0

1
P®UECIT (6 8@ Ty (@ 0@ @ (@) dz, (4.56)
0

10 B crily yenosnit (4.54) n (4.51) okoHuaTeNRHO HaeT

1
y® =6z 91 @d (4.57)
(1]

Msl yraskeM aNTOPETM SBHOrO IIOCTPOGHUA ONPEHENeHHOH yCiIo-
puamn 1—5 o6o6merroét Qyrnun I'pmua. Tem camsmim Oynmer mnpo-
BEJICHO I KOHCTPYKTHBHOE JIOKa3aTeIbCTBO €€ CyIeCTBOBAHHA.

BuiGepem Karoe-ubo dYacTHoe pemenme o(z) HeoxHOpoxHOTO
ypaBHeBMA

Lio(x)] = — golE)go(x) (4.58)
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ma (0, !) (mampmmep, pemenme HavalNbHOM 3ala9@ JJIA YPaRBHCHIT
(4.58) ¢ mawanpaEME yenosuamu ©(0) =a, o’(0) = p). -

Hapsagy c¢ ¢yuxnmeit golz) paccMorpmM JEHeiiHO HesaBHCHMOE:
¢ M pemenne ¢,(z) onnopoxaoro ypasuenms (4.46):

Ligi(x)] =0, (4.59Y
mpudeM OyfeM CcaETaTh, YTO (pl(x) HOpMHPOBAHO TaK, 9TC
1
A (@1 (%), @0 (2)) = 555 (4.60)

OrMeTEM cpasy, 4TO B CHIy JdHEiiHOW HesaBECHMOCTH (QyHRNAK
@olz) m @i(x) Qymrmus @(x) me MoxeT yOBIETBOPATE TeM k€ Of-
HOPOJHHIM IPRHNYHLIM yclIOBHAM, 970 ¥ @olz):

@0 #0, (1) #0. (4.61)

Bri6pannoe 9actHoe pemenme »(x), BooOlle roBops, TaKKe He yIOB-
JeTBOpAET ONHOPORHEIM rpaHmYHeIM ycxopmaM (4.53). Opmarko mok-
HO Tak BEIOpaTh Jumeitmpie KomOmmanmu Qymrnmit o(z) 7 @ (z) Ha
orpeskax [0, €] u [g, ], arobs ymorrersopnts ycaosmam (4.53). Ho
NpE 3ToM HE OCTAeTCH HOCTATOYHHIX CTeNeHeit cBOOOIBI @A TOTO,
4T0GH YAOBJIETBOPHTHL OCTAIOMAMCA YCIOBEAM 3—O. 9TO MOKHO
cnenarh, fo0aBUB JUEHEHHO HE3aBHCHMOE C (p PELIeHNe OJHOPOIHOTO
ypaBHeHMA — QYHKIMIO (9o, KOTOpasg, YIOBJIGTBOPAA ONHOPOIHEIM
yenosuam (4.53), me Momer mx mcmoprurh. IlostoMy oGoGmennyro-
¢yuxumio I'prra 6ymem cTpouT: B BHIE

Cy9, (%) + C30,(2), 0z g,
Co0y (2) + Cugpe (7)y ES 2,

nop6upas mnocroanusie Ci, Cz, C3, Cs4 TaK, 9100bl Y/OBIETBOPHTH
Bcem yciosuaM. Yciaosua (4.53) pator

0(0) + C11(0) =0, o(l) + Copi(l) =0. (4.63)

G(z,5)=o0(z)+ { (4.62)

B cuny (4.61) orciona opHO3HaUHO oNpefeasioTcs mocToguuHe ()
u C,. Vcuosua menpepsieEocTn (ynxnmu G(z, §) 1 crauxa ee mpo-
H3BONHOI IPE z = § NPUBONAT K ypaBHeHHAM

(Co—C o (B) + (Ca— C3) 9, (8) =0,

(€2 —C) 91 (B) + (Ca— Co) 00 () = 5y

B cuny (4.60) sra cmcreMa OXHO3HAYHO paspeminMa OTHOCHTENLHO

Ca—CLu Ci1—Cs:

Cz"—Cl':‘—(Po(g), C4—Ca=(p|(§). (4.65)
Buavenns C, m C, Geunm ymwe mHaimens ns (4.63). Hoxamem, uro

(4.64)
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oun yposaersopaoT (4.65). Ilpumennm gopmyny [puna r GymrmE-~
s olz) 1 @ol):
i

(9o.(z) L[0] — 0 (2) L [¢,)) dz =

i

) 1
=p (@) (90 (2) @' (&) —0(@)gp (@) s = — | 00 (2) 0, (&) o (=) d23

TOy9IuM
—rho@) @0 (D) + P(0) @ (0) 9o (0) = — @ (). (4.66)
Ho B cany (4.60)

PO@R® =57 PO O =51 (4.67)

7 ua ocropaHuy (4.63) Qopmyna (4.66) nepexonur B BHIpazKeHHO
Ly — Cy = — qo(E), copmaparomee ¢ (4.65). Urak, C; n C; onpenene-
el ofHO3HA4YHO. Bripasum C4 uepes Cs u3 (4.65):

C4 = Ca + (m(E) (4.68)

n nepenumem (4.62) B Bune
Ci94 (2), 0<zE,

Copr (2) + 0. B) 9o (), EL2L
(4.69)

3necn, ocraerca HeUaBecTHHIM juntn, Koagduruent Cs. Iopcrapias
(4.69) B ycnosue (4.55), nomydum pua ompepesieHus rosdunuenta
{3 BEIpaKeHUE
1 1
Cy ( @0 (2)dz = Cy= —{Sm(x) @, (2) dz -+
0

0

6 (z, &) =0 (2) + Capo (2) + {

E { 1
+ 6§ ou(@) o (@) dz+ czg 1(2) 9o (2) dz + ¢, () [ 93 (2) daf.
13

[

(4.70)

Kooppunument C; Bepazkaerca depez C3 mo dopmyne (4.68). Nrax,
woobuernana Qyeriua 'puna mocrpoera.

Ilposeniennpie paccMOTPERNA MO3BOJNAIOT C(POPMYIHPOBATD CIERY-
0UIYI0 TeopeMmy.

Teopema 4.2. Heobzxodumeim u docrarounvin ycaosuem 00HO3HaY~
Holl paspewunocru kpaesoii sadauu (4.46), (4.51) seaserca ycao-
eue (4.49) oproeonasvroctu npasoti uactu f(z) ypaenenus (4.46)
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cobereennoii dymwryun @olx). pu 3rom pewenue ewpadaercs e
eude
!

v =[G, 87 @® (4.71)

0

HeobGxopumocts yeaoBusa oproropagbHocTn (4.49) W epumCTBEH-
OCThH peIleHuA KpaeBo safaqu OBLIM JIOKazaHEl paHee (CM. JeMMBI
441 un 4.2); porasarenbcTBo Toro, Wro (ymrmus y(x), onpefenennas
dopmynoir (4.71), upu Bmnonwenmm ycaosus (4.49) ssaserca peme-
HWeM Kpaepolf B3apad¥, MOKeT OBITL IIPOBEREHO IIyTeM HeIocpea—
CTBEHHOH TPOBEPKM.

SBaMmMeuanmnsa 1. [[na yopomeHus BHIKIANOK PaCCMATPHBANACE KpaeBas
3ajjaua ¢ IPaHUYHBIME YCIOBHAME HEPBOr0 POAa. AHAJOTHYHEIE PACCMOTPEHUS
1 noctpoenue 0606menHol Qynknue 'pHEA MOTyT OLITH NPOBENEHKI U B CIy9ae
00INAX IPAHNYIHBIX YCIOBMIL

2. M1 mpenmonaraeM, 910 Of[HOPOfiHAA KpaeBas 3afada (4.47) mmeeT JNuHib
OflHO NHWHe#HO HeaaBhncuMOe pemieHme (Po(z). COOTBeTCTBYOIyHE pPACCMOTPEHIA
MoryT ObITHL HpOBeMEHL M B TOM clydae, KOrfla 37a sajada mMeeT ABa JIuHEHO
He3aBHCHMBIX peuienust ¢((x), @2(x) (IHCIO NMHEHHO HEBABHCHMHIX pemieHW,
ouesnfiHO, He boNiee ABYX, Tak KaK HOPSMNOK ypaBHeHusi paseH AByM). Iipm arom
cofcTBennoMy amagesmio A — 0 KpaeBoél safiaym Ha CcOOCTBEHHBIE SHAYCHHA
{4.24) oTBewaroT Ibe NNHEHHO HesaBHCHMEIe cOOCTBeRHBIe QyHKOHA ¢ (x), Po(x).

s paspemimMocTH HEOTHODOIHOM KPaeBOil 3afa4sl B 3TOM CIyUae AOIAHBL
BEINONEATHCA YCJIOBHA OPTOrOHANBHOCTE NPABOH YacTH ypaBHeHuA o0emM cob-
CTBEHHBIM (DYHKIHAM:

I
S F@ g @d=0 (i=1,2). (4.72)
0

Yro6Kl mMelIa MecTo e[MHCTBeHHOCTh, pelieHie KPaepoil 3afaqs HANO HONIHHATE
AHAIIOTHIHEIM YCJIOBAAM OPTOTOBAJIBHOCTH BCeM COOCTBeHHBIM (YHKOHAM, a
o606mennyo Qynxnuio I'pHHEA CTPONTH KaK pelieHNe HeOTHOPOAHOTO ypaBHEHN,
B HpPaBOii 9acTH KOTOPOro BHIOHMpaeTcsa JuHeiHag koMmOumamusa coDCTBEHHBIX

dynxnmit.
§ 3. 3apayn Ha COGCTBEHHNBIC 3HAYCHUA

B § 1 Onwia nocraBnena samaya Ha cOOCTBeHHBIE 3HAUEHNS, 32-
RIOYAIOUIaficsl B OTpefiefienyn TeX 3HAYeHWH napaMerpa A, HpPH KO-
topeix Ha [0, Il cymecrsyror HeTpHBHAlbLHHE peHicHES OFHOPOKHOIC
ypaBHERUS

LIyl +ap(@)ylz) =0, (4.73)
ynosne'mopmqmﬂe OJI}IOPOILHLIM I‘paHﬂ‘IHbIM yCIaoBuaAM
ay’(0) + Biy(0) =0, oy’ (1) + Boy(l) =0. (4.74)

Bynem cuutats, 9r0 p(z) > 0 menpepoisra Ha [0, 1.
Ilepeiinem Temepr K Goliee TMOAPOGHOMY M3Y4€HHIO STOW 3ajaud,
KOTOPyI0 4acTo HazuBaloT 3adauesi Hlrypma — Juyeuass. llycrs xo-
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a¢pdunuentsl ypaseerun (4.73) w rpammunsx yeiaosui (4.74) ynos-
JAETBOPAIOT TEM ’Ke HpefnojoskeHuAM, 410 U B § 2, w A =0 me apus-
eTcAd cOOCTBEHHHIM 3HadenyeM. Torna B cmily HpeNbIIYEAX PaccMO-
Tpenuii cymectByer ¢pyurunus I'pusa Gz, t) sapaum (4.26), asnsaio-
IMafcas CcHMMETpHaHON (yHKnwmed csBomx aprymentos, Ilepemmcas
ypasuerue (4.73) B Buge

Llyl = - p(z)y(a), (4.75)

MBl Ha ocHOBaHWE TeopeMmnl 4.1 mpemmigyuwero maparpadga monyIum
COOTHOIICHHE

14
y(@)=— Gz BroE) y @ dE
HIax

y(@) + 26, EpEyEdE=0. (4.76)

Coorromtenuie (4.76) sipisiercA ONHOPONIHBIM WHTErPANLHBIM ypaBHe-
nuem Dpepronbma Broporo popa. V3 mammx paccyskneruil clenyer,
qr0 J060e HEeTPHBUAJLHOE penieHme Kpaepoii zapaum (4.73), (4.74)
yhoBieTBOpsAeT u MHTerpanpHOoMy ypasuenuro (4.76). C ppyroit cro-
POHEI, HCIIOCPEJCTBEHHOI IIPOBEPKOil, TaK e KaK M NpH JIOKasa-
TeabcrBe TeopeMbl 4.1, Jlerko yOepuTeCsA B-TOM, 4TO no0oe HeTPH-
BHANBbHOE pemeHne ypaBHenms (4.76) aBnserca u penieHMeM Kpae-
poit sapgauu (4.73), (4.74). Tem caMpIM ycTanopjiena IMOJHAS SKBUBA-
JEHTHOCTh HCXOLHOIT Kpaesoii samaum Ulrypma — Jlmypunna m wmB-
terpaibHOro ypaBHeHusi (4.76). Te omawenms mapamerpa A, mpn
KOTOPBIX CYILIeCTBYIOT HeTpUBUAJbHBIE pemenus ypabBHeHus (4.76),
no-npessHeMy OyfeM Ha3HIBATH COGCTBCHHBIME 3HAYCHHAMH, 4 COOT-
BETCTBYION[UE UM PeHIeHUS — COOCTBeHHBIMYU (PYHKIUAMU ypaBHEHHA
{4.76). U3 ycTaHOBIeHHOI SKBEBAJEHTHOCTH CIERYeT, 410 KpaeBasn
sanava (4.73), (4.74) u unrerpanesnoe ypasuenue (4.76) umeroT onHn
1 Te 3Ke cOOCTBEHHbIe 3HaYeHMA W coOCTBeHHBe (yHKIUM.

lns pameHeiiero HaM moTpedyeTcs PAX CBOHCTB OFHOPONHEIX
HETerpadbEEX ypaBHeHmit DpepronpMa BTOPOro poja ¢ HedCTBHTENh-
EBIM CHMMETPHYHBIM HIPOM ,

w(@ -+ K@, Hu@di=0, (4.77)

0

K(z, &) =K(E, 2), (4.78)

KOTOpHle MBI mepeuucnauM Ges poxasaTenscTsa *). Ecimm  appo
K(z, &) wmenpepeisEo u orpanmieHo B xsagpare {0<z<,
0<g<1}, 70

*) HonpoGusle 0OKA3aTeNbCTBA CM., HanpuMep, B Kaare: CMmpHOB B, M,
Kypc Bricmieil Maremarurw, T. 4, 9. 1.— M.: Hayka, 1974
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1. CymectByioT x0T OB OfHO COOCTBEHHOe 3Ha4YeHWe A ypaBHe--
mnn (4.77) B coorpeTcTByIOman eMy cobcrBenHas Qynkmusa uy(z) *).

2. HampgoMy coOCTBEHHOMY 3HAYEHHIO COOTBETCTBYeT JMINL KO--
HEYHO® YHCIO JMHEHHO He3aBHCHMEIX co0crBeREBIX (ynrumii. Hucao
JUHeHHO HEe3aBUCHMBIX CcoOCTBeHHBIX (YHKOUII, COOTBETCTBYIOUIUX
JAHHOMY COGCTBEHHOMY 3HAYEHHIO, HA3BIBACTCA ero KpaTHOCTHIO (mimir
parroM). Bce coGcreenmele spauerma ypaBRerus (4.77) moxmO 32—
HYMEpOBATH B HOPAJKe Bo3pacraHus mX A0GCONIOTHBIX BEJMYHH:

< el <... (4.79)

Him BTOM MBI cduTaeM, 4To B mocaefoBatemnbroctw (4.79) opumaxo-
BEle COGCTBEHHBIE 3HAYEHUA IOBTOPSIOTCA CTONBKO pas, KakoBa HX
KPaTHOCTh.

3. FEcan uucio cobcrBeHRBIX 3Hadenwmil ypasmerus (4.77) romedw-
soe, To sinpo K(z, E) HaseiBaercs BBIDOKNICHHEIM, B Clydae OecKo-
HETIHOTro YHUCNa cOOCTBEHHEIX BHAYCHHMH — HEBBIDOIKIEHHEIM.

4. Jlna BHIPOMIEHHOrO fAfpa HMeeT MeCTO cileflylolnee MpejcTaB--
Jiepwe vepes coGCTBEHHBIe (PyHKIUM:

K (z,E) = 2 uL("f_)}b_u’ﬁ_(_g_) (4.80).
m=1 m

5. BecpMa cymecTseHHON sABIAeTCA TaK HaskBaeMas TeopeMa
Tuns6epra — Hmupra:
- Ecau 0as sadannoii Pynryuu f(z) naiiderca raras Henpepvis—
nas na 0, Ul Pynryus h(z), uro

!
f@) =K@ orEd, (4.81)
0
ro gynryus f(x) morer 6biTe pasacicena € abcoaroTHO U pasHoMep-
Ho cxodawutics na [0, 11 pad no cobersennvim Pynryusm sdpa
K(z, ) '

o0
f@) = 2 futtm (). (4.82)
. m=1

Ecnu umeet mecro (4.81), 10 roBopst, 910 Ppymruua f(z) ucroro-
06 pasno npedcrasuna uwepes adpo Kz, E).

IlpuMeruM Teueps JAaHHLIE CBOHMCTBA HMHTErPAJbHOrO ypaBHEHI
(4.77) pna mayuemmsi Kpaesoit sapmaum (4.73), (4.74), woropas, rak
MBI YCTAHOBUIN, OSKBMBaJIeHTHa HHTErDAjbHOMY ypaBHenmio (4.76).
Bouue 6sut0 1okasano, uyro (¢pyHenmsa I'puma G(z, E) sBiasercs cum-
MeTpuuHOE (yHKIUeH CBOMX apryMeHTOB, moatoMy snpo Gz, E)p(E)
pHETerpaJLHOTO ypasHeHusi (4.76), BooOIie roBops, HECHMMETPHIHO.
OfHAKO €ro JIerKO CBECTH K YPABHEHMIO ¢ CHMMETPHYHBIM SIJPOM..

*) VnorpeGnserca TarKe BhlpasieHye «coOcTBenHEIe 3HATenHA H colcT-
BepRRe Qynxnun appa K(z, E)».
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Vuuomus (4.76) wa Vp(z) m obosuaums v(x)mVp(z)u(i), HOTyunM
METErpajibHOe yDaBHEHUE

1
v(@)+ [ K@ Bo@d=0 (4.83)
0
€ CHMMETPHYIHLIM HAPOM

K(z, £) =Gz, £)Vp@)Vp(E). (4.84)

OueBupnHO, Kpaepaa safaga (4.73), (4.74) m umrerpamsHOE ypaBHE-
mne (4.83) mmeroT oOmue coOCTBeHHBIE 3HAYEHNA,

Iokamem, aro sppo K(z, ) ypasmemmsa (4.83) ssuserca He-
BHIPOIeHHBIM. JleliCTBUTENBHO, €CIu OPefHOJOKUTE, HUTO SAPOC:
K(z, E) BHIpoREeHHOE, TO TOTAA JOIKHO HMETh MECTO IPefCTaB-
aenwe

n

1 v,, (z) v, (§)
G (2, ) = —r—eee 4.85
@ = m mgl - (4.85)

$ymsmun Tpuna kpaesoit samaum (4.73), (4.74) B Bupje RoHeuHOI
GunnueiiHoll KoMOumHanum cobcrBeHHNX (yHROU v,.(x) ypasHeHmEs
(4.83). Nz npepcraenerus (4.83) ma OCHOBaHNM M3BECTHBIX CBOIICTB
FHTErpayoB, 3aBHCAIUX OT IlapaMerpa, CJIegyeT, YTO COGCTBEHHBIES
¢ynsnun  v.(z) mempepsiBEO puddepermupyemst ma [0, . Hx
KOHeuHas KoMOuHaums Tarike Oyner HempepwlBHO pnuddepernupye-
moii ma [0, 1], wro mporuBopeant yciosuio (4.32) ckauxka DpomsBOH-
voit Qpyrxumu I'pura npu z=E. Orciona cienyior BaskHeilmnue CBOii-
cTBa COOCTBEHHBIX 3HaueHMH Kpaesoin samaum (4.73), (4.74):

1. Cywyecreyior 6eckoneunoe {(cuernoe) MHOMeCTE0 COGCTEEHHBLT
3Hauenull

Ml <<l <... (4.86)

s

rpaeesoii sadauu (4.73), (4.74) w cooreercreyowyas um beckoneunas
nocaedosareavnocts {y.(x)} cobereennviz dynryuil,

2. Kamdoe cobcreennoe snauenue umeer pare, pagnbill edunuye.

JelicTBUTENEHO, TPEANIONORYM, 9TO HMEWICA JiBe JHHEIHO He3a-
sucumsle cobcteernnle ¢yarmmu yi{x) u yolz) (Gonee nByx Ee MO-
seT OBITH, TAK KaK IOPANOK ypaBHeHus pasen asyM). Ms (4.74)
caenyer ayyi (0) + Byy: (0) = 0 (i =1, 2). Orcioma A(y,(0), y2(0))=0,
n, caefosarednro, y1{z), yo(z) numeiino saBucuMel,

BameuaEHme. B ciydae Gonee CIOKHBIX KpaeBhIX YCJIOBHIl
paHr coGCTBEHROro 3Ha4YeHUs MoxkeT ObTh pamen jBym (HO He Goiec:
JBYX, TaK Kak IOpAOK ypaBHeHus paBeR npyMm). CobGcTBeHHbBIE 3HA-
wenna padra 2 OyayT HMeTh MecTO, B 9aCTHOCTH, IpPHU. TEPUOMI-
WOCKHX TpaHHYHBLIX YCIoBHAX. B kavecTsBe mpiMepa paccMOTpuM
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KpaeByl0 3afaqy ‘
y” +ray=0, y0)=y2n), y'(0)=y"(2n). (4.87)

Har nerxo Bupmers, co0cTBeHHBIe 3HAYCHHA A, = n? 9TOH 3ajadu HUMe-
10T paHr, paBHsI pByM. Haxpomy A. COOTBETCTBYIOT jBe NuHETHO
sesasucuMble coGersemEnle gynxkuumu Vy.(z) =sinnz w Py,(z) =
= CO0S nZ.

3. Teopema Creraosa. Ecau dynryus f(x) deaxndol HenpepbleHo
Jupepenyupyena na [0, Il u ydosrersopser odnopodnvim zparu-
wowm yeaoeusr (4.74), To ona pasaazaerca e abCOAWTHO U PABHO-
Mepro cxodawuiics na [0, U pad no cobereennvin gynryuan {y.(x)}
3adauy (4.73), (4.74).

Tar ®ax cymecrByeT BTOpas mpouaBomnas ¢QyHEmuu f(z), ToO,
TpeMenan K 3Toll ¢ymruuu nuddepernuanvuslii omeparop Lle], mo-
NyqumM

LIif(x)] = h{x), (4.88)

tie h{z) — nmenpepmBEan ¢yuruua. Cormacno upepsgylieMy pere-
mme safaum (4.88), (4.74) upepcraBuMo B BUjE

I
f@ =6 phrEd, (4.89)

YTO 03HauaeT HCTOKOOOpasHyw mnpencrapuMmocTs ¢ymkmum f(x). Or-
clofa Ha ocHoBaHum Teopembt I'mipOepra — mupra u caepyer cpe-
JdamHOE yrBepskperue. Urakg,

f(z) = El fyn (), (4.90)

upudeM paxy cxoputcea K f(z) abcomotHo m pasmomepno ma [0, IL
4. Cobcreennvie Pynryuu y.(x) obpasyior Ha 0, II oproconast-
nyro ¢ eecom p(x) cucremy {y.(x)}:
1

[vn@ym@p@dz=0, n#m. (4.91)
0
Tak HaKk KaKEOMy COOCTBEHHOMY 3HAYEHWIO COOTBETCTBYET He
Donee NBYX COOCTBeHHHIX (DYHKIMIL, TC HMX JErKO OPTOrOHANH3HPO-
BaTh MeKAy coboil. OcraeTca paccMoTperh CaydYa, KOria cobCTBEH-
Bhie PYHKIUE Yo(Z) # Ym{Z) COOTBETCTBYIOT pa3iMYHEIM COGCTBEH-
HEM 3HATEHUAM Ay 7= Ao
3anucas miA 3THX COOCTBEHHBIX (PYyHEKi(Uil ypaBHEHHS

Ly} + hp@)y. =0,

(4.73)
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1 npuMenns gopMyny I'pumra, moryauw

14
§ {yn (@) L 9m] = ym (@) L [yal} dz =

1

= (M — hm) _S Yn(Z) Ym (2) p (z) dZ =

= [p(®) (0 (@) U (%) — Y (@) Yn @) = 0. (4.92)

IonctanoBKa, OueBHRHO, o0pallaeTcs B HYJIb, TaKk Kak o06e colcT-—
pernbre (PyHKIUY ¥ Y.(z) u y.(z) ymoBneTBOpsIOT OMHOPOMHEIM Tpa-
mraueiM yeaoBuaM (4.74). Tar Kak A, 7 An, TO OTCIOIA U CHERYET
Haille yTBEePIKAeHUE.

CBOMCTBO OPTOrOHANBHOCTH COOCTBeHHBIX (YHROuil mMO3BOJACT
JIeTKO OIpPeneNuTs Kod(GuIuenTs pasnoskenns f, B gopMyae (4.90).
JleitctBuTensHO, yMHOKaa 00e wactu Qopmynst (4.90) Ha yn(x)p(x)
1 unrterpmpys pesyabtar 1o [0, I] (nounemnoe wmrerpmposamue pi-
7ia BOBMOMRHO B CHJy €r0 PaBHOMCPHOH CXORMMOCTH), HA OCHOBAHIIIL
(4.91) mosryaum

1

[1@ v, @p(2)dx
fm =2 . (4.93)
v, (@) p (2) dz

& Sy

Bripamenue, cTosujee B 3HaMeHaTeJe, Ha3blBaeTCH KBajpaToM HOD-
MBI cOOCTBeHHOH (PyHRIIUU

i
VymlP = Nn= s ym (2) p (2) dz. (4.94)
0

Tarx xak coOcTBesusle (PYHKIHH ONpefeNieHH ¢ TOYHOCTBIO JIO MEO-
FRUTENsA, TO BO MHOTHX CIY9aaX WX HOPMUDPYIOT Tak, 9To0B N, = 1.
B srom ciysae cucreMa {y.(z)} sBusercs oproHOpMUpPOBAHHOI.

3amMeuanrue, Eciu ¢yurums f(z) menpepmisra Ha 10, U, 10
psn

n§1 fulin (Z)y

Ko3(PUIUeHTH KOTOporo ompeneneHsl mo ¢opmyaam (4.93), cxo-
aurcs Ha [0, 11 B cpenmem k Ppynxmum f(2):

!
lim _s

o0 0

@)= 2 fniim(@)| dz =0, (4.95).
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310 yTBEp:HNeHne CcllefyeT U3 BO3MOKHOCTH HHHPOI{CHMHPOBaTB B

<pejiHieM HeUpepHBHYI0 Ha [0, Il ¢pymknmo f(z) dymxmueit flx),
ymonnemopmomen yenosusm Teopembl CTexiosa.

5. B cayuae zpaHuikulz Ycaoeuil nepsozo poda
y0) =y() =0

u npu evinoanenuu ycaosus q(x) =0 ece cobcréennble 3HaueHUR
&paeeoti 3adauu (4.73), (4.74) noaoscuresvrv: Ao > 0.
VMuokuM ypaBHeHHe Juia coGcTseHHON QyEKmuE ¥.():

@] - s @ @ A @ v (D=0, (4T

Ha Qyrknuo Y.(z) u mpomATerpmpyeM peayibTar HO {0, 1. ony-
quM

j%[p(z)%} yn(:c)dac—Slq(a:).llﬁ(x)dﬂ«"-}~

I
e [ E@p@de=0. (4.96)

AIpeoGpasys mepBbli HHTErpayl MO 4acTAM, B CHIy TPAHMYHBIX YCJIO-
BHIl OKOHYaTEJbLHO noslyan

Syn(x)pdx—jp(z)[ o] d:c+Sq(z)yn(z)dz, (4.97

«TO I JOKAREIBAET yTBeP;KIeHHE.



IITABA 5
TEOPHUA YCTONYNBOCTH

§ 1. Ilocranosxka 3agaun

PaceMoTpuM cucteMy ypaBHeHHII

Y =F(t, ) (5.1)

B KOTOpOil HEH3BECTHOM HABJIAETCA N-MePHAA BEKTOP-QYHKIUA Y ©
KOMITOHCHTAMU Y1, aa +y Yn. SANAJEM HAYANBLHOE YCHOBHE

y(0) = yo. (5.2)

N3 § 5 ri. 2 usBecTHO, 9T0 HIPH ONPeJelleHHHX eCTeCTBEeHHBIX
YCIOBHAX riafKocTu Ha mpassle gact (5.1) pemenme y=y(t, yo)
sapnaum (5.1), (5.2) sBasercs menpepmBHOH (QyRKUWel f, yy B TOUKe
(¢, yo), rme ¢ — UpPOEBBONBHOE 3HAYEHHE M3 HEKOTOPOTO KOHEYHOTO
cermenta [0, 71. Teomerpuaeckn 370 osmauaer (puc. 8, ma KOTOPOM
IIpefcTaBleH . Clyuail offHOMepHOro y), uro mis Y ¢>073 croup
manoe |Ayol, urTo wumETerpanpmam
rpusag Y=y, yo+ Ay, Oyger ¥
JeskaTs B HOJIOCe NIMPUHON 2e OKO-

J0 pATerpaiibEOE Kpusoil y = y(¢, ’ p
yo), ecim te[0, T1, Takum oOpa- in _ R
30M, Majaf MOrPeITHOCTL B Havallb- T
HEIX yCJOBUSX He OKashBaeT Cy-
1{eCTBEHHOr0 BIMAHEA HA XapaKTep
npomecca, ecid Mpomece paccMarTpu-
BaeTca HA HEKOTOPOM KOHEYHOM
otpeske [0, 71 spemenn &.

Onuaxo mepenxo Tpebyercs me- Puc. 8. 1 — unTerpaykHaA KpEBag
cienoBaThy IIporecc Ha KaK YrojHo y=y(t, yo); 2— mHTerpaIbHAA
6ombIMUX TPOMEIKYTKAX W3MeHe- xpuBag y = y (¢, yo -+ Ayo).
HUf BpeMeHH, dYTO MaTeMarhde- : -
CKU BBIpasKaeTcsi B ToM, uto pemrcme 3amauu (5.1), (5.2) cuemyer
paccmarpusath mpu 0<f<oo, ByneMm sapanmee NpefmoNaralh, 4TO
perenue sagaum (5.1), (5.2) cymectByer Ha »TOM GeCKOHEYHOM HpO-

/—-—”—§\__-'—'— -1 2

—
o
o =~

' i

L] SRR gl

7/ £

9 A. H. TuxoHos u §p.
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MeskyTRe, BosHuKaer Bonpoc, ocTanercs u kpusas y = y(t, yo+ Aye)

B e-TI07I0Ce OKOJIO KPUBOM y=ylt, yo) ana scex {>0, ecnm TONBLKO

|Ayol pocratoumo mamo mam ¢ pocToM © KpMBBEIE pPa3OMAyTCH?
TIpuMepsl MOKA3LIBAIOT, UTO MOKET PEANM3CBATLCH KM TOT U JPY-

. ., N Y
To#l ciyuaii. PaccMoTpuM mnpocTeifiinuii mpuMep. YpaBHEHue TR

=ay—1 obnapaer pememnem y(t, yo) = 1/a, mawanpHCEe aHaueHUE
KoToporo yo==1/a. IlycTe Temepr HagwaibHOE 3HAYEHWE PABHO
Yo+ Aye. OTBeualonee 5TOMY HAUalbHOMY B3HAYCHHIO peUIeHHE a-
eTcst JOpMyJIIOH

1 1 1

Otcrona BupHO, 9ro ecim ¢ <0, To|Ay| = |y (t, yo -+ Ay,) —-._i_. —

= |Aygle® <e pna Bcex =0, eciz Toawnko |Ayyl <e. Eciu sxe
>0, T0o mpu pocratogRo Gombmmx ¢ 3mauenme |Ayl| cramosmres
CKOJL yrofHo GospmuM, Kak Osl Majo Hu Obuio |Ayol.

HNuterpamsras xpuBasg, oOmajgamomas TeM CBOHCTBOM, 4TO BCE
JocraTouHo Onuskme K Hell mpu ! =0 wHETerpajbHHE KpHBBHE OCTa-
10TcA OIusKHMEH K Heil m s Bcex f=>0, HaspBaeTcs ycTOMUHBOI
VHTerpaJIbHON KPUBOH, a COOTBETCTByWOLlee €l penieHne — ycroiian-
BEIM pemreEreM. B TpOTHBHOM ciydae TrOBOpPAT, YTO pelleHNe He-
ycroituuso. B paccMoTperHOM npuMepe peinenue ¥ = 1/a mpu a <0
ABJAETCHA YCTOIYUBLIM pemreBreM, a npn a > () — HeycTOWYMBEIM pe-
menueM, Pemerus, paccMarpupaemsie Ha [0, ), pemarcs, Tarum
o0pazoM, Ha [Ba HemepeCEeKAIOU[UXCS RKIIacca: ycTofiuuBble H He-
YCTONYHBHIE.

Ionatue ycroiiqupoctn pemenus Oburo BBefeEO A. M. Jlamymo-
BeIM. M sxe Oblim 3aJ05KeHE] OCHOBHI METOROB HCCIENOBAHHA HAa
yeroiiuuBocte. Mpew A. M. JlanmymoBa COXpaHIUIN cBoe 3HaAYeHHe
[0 CHX TIODP ¥ IIMPOKO HCIOAL3YIOTCS B COBPEMEHHBIX MCCIEROBAHM-
HX BOIIPOCOB YyCTOIYVBOCTH,

Jamgum Temepsr cTporoe omnpepmereHnye IIOHATHA YCTOWIHBOCTIL.

Bsepem oGosmauenue ||y | = l/y; S A 7 rae ¥: (i=1, ..., n) -
KOOPIUHATH BEKTOP-(PYHROEH Y.

Onpedeaenue *), Pewenue y=y(t, yo) sadavu (5.1), (5.2) na-
svlgaerca ycrotivuewmm noe Janynosy, ecau das Ye>0.
36(e) raroe, uro npu Ayl < 8(g) Gan ecex t>0 cnpasedauso
HepasencTeo '

”y(t, yo + Ayo) — y(, yo)“ < &. (5.3)

*) B aT0oM onpejelenudm u B [alibHelllleM pedb HgeT 00 yCTOHYMBOCTH OT-
HOCHTeIbHO HAYANLHEIX [JAHHBEIX. AHAJOTHYMO MOMKIO OpUT0 OB BBECTH HOHATHS
YCTORIHBOCTH OTHOCHTEJIHHO MAPAMeTPOB, BXOAAIMWX B HPAaBYI0 4HacTh ypas-
HEeHHA.
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Cpe yCTOMYUBLIX peIIEHMIT MOYKET BCTPETHTLCA peleHme, 00—
Jajjamioniee TeM CBOMCTBOM, 4TO Bce GIU3KHEe K HEMY B HAYaJbHEBIH
MOMEHT peHieHHA He TOJNBKO HEe YHAJAITCA ¢ TEYEHHEM BPEeMEHH,
HO GecKOHeYHO mpubmpkaoTca K Hemy. llosToMy BeopuTca emne
OMHO

Onpedeaenue. Pewenue y=y(t, yo) sadaxu (5.1), (5.2) wnasvi-
6aeTcs, ACUMRTOTUYECKU YcToUxuewlm, ecau 1) omo yc-
Toliuueo u 2) cywecreyer raxoe docrarouno maaoe 89> 0, uTo npu
lAyll < 8¢

lim(y (¢, yo+ Ayo) —y(t, yo)) =0. (5.4)
t»00
Uccnenosanue Ha ycroitauBocTs pemenna y(f, yo) MoXHO cBECTH
¥ HMCCHE[OBAHMIO HA YCTONYHBOCTL TPUBHANLHOLO, T. €. TOMKIECTBEH-
HO pABHOIO HYJIO pelieHus HEKOTOPOl MAPYTrodl CHCTEeMBI, CBA3aH-
noii ¢ (5.1). JlefictBrTentHO, NepeiimeM OoT HEH3BECTHOTO Y K HOBOMY
HenssecTHOMY z mo opmysie & =y — y(t, yo). Torma cncrema (5.1}
pUMeT BHJ

dz
X =1t ), (5.5)

rae f(t, 2} =F(t, z+y(t 40)) — % y(t,y,). Pememmo y(t, yo)

B [Ope/KHHX HEPeMEHHBIX orBedaeT pemenne x=10 cucrTemsl
(5.5). O6ozpawmm xo==y(0, yo+ Aye) — y(0, yo) = Ayo, z(t, x0) =
=y(t, yo+ Ayo) —ylt, yo). Torma B nepemenrumx f, = onpepexe~
HEA YCTOMYHUBOCTE # ACHMITOTHYECKOH YCTOWYMBOCTH BHIVLAGAT
CIeQYIOmMuM 00 pa3oM.

Onpedenenue. T pusuasvroe pewenuve cucremor (5.5) nasvreaer~
ca ycroluuswlm no Janynoey, ecau das Ye>0 3J 8(s)
rakoe, uro npu lzll < 6(e) daa ecex t>0 cnpasediueo nepasen~
cT60

flz(t, 2l <e. (5.6)

Onpedeaenue. Tpusuasvnoe pewenue cucremvt (5.5) Hasvieaer-
€l GCUMRTOTUYECKU YCToUuwu6Ew M, ecau 1) oHo ycrotivu-
60 u 2)30¢> 0 rakoe, uro npu lzyll < &,

limz(t, z,) = 0. (5.7)

oo

3ameuanwme. Wmorna B sammem x{f, zo) omyckawoT 3aBHCH-
MOCTb OT xy m mmmiyT z{f), a ¢ MoKHO Torma 3ammcath Kax x(0),
H TOTJIa YCTOHMYHBOCTL 03HAYAET, YTO

lz(t)i<e (5.8)
npm ' :

1z(0) < 8(e), (5.9)
9*
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a acHuMOTOTHIEeCKanA yCTOﬁ"IHBOCTb -— 470, CBEepX TOro,

limz(t) =0, (5.10)

i

ecin lx (0 << §.

B pamcmeitmmem Mpl Oy/leM 3HAKOMHTHCA ¢ METOJiIAME HCCIEIOBa-
HIIA HA YCTOMIMBOCTL IMEHHO TPHUBHAJIbHOTO DEIICHHA.

YeroiiauBocTE TPUBHANIBHONO peleHnA AOMYCKaeT YHOOHYH reo-
MeTPHYECKYI0 MHTEpIpeTanuio He TolubKo B (7 + 1)-MepHoM npocrt-

JE PaHCTBe HCPeMeHHEIX I, £, HO ¥ B B~
MepHOM (Pa30BoM HPOCTPARHCTBE Iepe-
£ MeHHBIX z (momstHe ¢as0BOTO HpPOCT-

paHcTBa OBLIO BBepeHo B i 4). Ha-

riAgHoe u3o0parkeHne 3ech MOMKHO
f [ INJEE) nath pua ciaydaa n=2 (puc. 9). Tpu-

\ BHAJLHOE peieHHe B (Ja30BOM IPOCT-

Z, paHcTBe H306paKAeTCA TOUKOH — Ha-
: wajioM Koopmuuat. Hepasemctpo (5.8)

B JIBYMEPHOM CJydJae O3HA9aeT, YTO

pazoBan Tpaexktopusa npu > (0 nemmur

B Kpyre pajHyca & ¢ NEHTpOM B Ha-

Puc. 9. gajJe KOOpP/IHHAT, & HEepPaBeHCTBO

(5.9) —uro mauwanLHAs TOUKA TpPaeK-

TopHuH JIeUT B Kpyre pammyca 8(g), T. e. TpaekTOpuA, HATMHAIOMAN-

<A B 8-oKpecTHOCTH HadYalla KOOPHHAT, HE BHIAIET U3 £-0OKPECTHOCTH

Hadana KooppuHar npm Beex £>>0; B cayuae acUMITOTHYECKOH yC-

TOMIRBOCTH TPaeKToOpusA mpH { —- c© GeCKOHEYHO NpHOMIKaeTcs ¥ Ha-
qaJy KOOP/MHAT.

S8aMevanme. Bumecro Toro wroGet rosoputs 06 yCTONUABOCTH TPHBHANL~
_{OT0 pEINeHHs, YacTo ToBOpsT 00 yeroitumsoctu Touke (0, ..., 0) ¢asosoro mpo-
CTPaHCTEA.

PaccMotpuM cucreMy IBYX JIMHEHHEBIX OXHODOAHEIX ypaBHEHUI
¢ TOCTOAHHRIME Kos(pPuimenTamu

dx
< — Az, (5.11)

rge A — nocrospnaa (2 X 2)-Marpuna:
A all al?
T\ %)
Cucrema (5.11) umeer Tpusmasnhoe pemenme = =0. Bymem mc-
clefloBaTh €ro Ha ycroitunmBocThb. I[loCKONBKY pemieHHe CHCTeMbI
(5.11), yHOBNETBOPAIIEe NPOKSBONBHEIM HAYANBHBIM YCJIOBUAM, Bbi-

IUCHIBAETCA ABHO, TO YCTOMYHBOCTH UMY HEYCTONYNBOCTH TPHBHANL~
‘HOT0 PemeHVsI MOMKHO YCTRHOBUTH HeIOCpeAcTBeHHO. B ofuem ciy-
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9ae 3TOrO cfieliaTh Henb3A. OJHAKO PesyJLTATH, KOTOPHIE MBI HONY-
anm gua (5.11), DofcKamyT HalpaBleHHe WCCIENOBARHUA OGIIEro Ciry-
qad.
Ilony4mm cHagama HEKOTOPHE BCIOMOTATENHHEIE HEPABCHCTBA.
Cornacuo manoskernomy B §§ 6 w 7 ra. 3 pemenne z(i, zo) cu-
ctemsl (5.11), npuHEMalomee HAYAJIBHOC 3HAYCHHME Lo, HPe[CTABHMO
B BHIIE

$(t, .’L‘o) =¢%ﬁ(t, 0)1‘0, (5.12)

rne K, 0)=W@OW-10); W) — dyunamentancias MaTpuua,
JIMeIOIasi B K&4ecTBe CTONOUOB IBa NMHEHHO HE3aBHCHMEIX PeINEHMs:

@ (l)a [(2)(1,
1 Ayt (2) 1 ) ehzi (5. 12)
2

=1w €y X =1 (9
a2 \ a,

3nece A1, Ap — Xapakrepuctudeckue umcaa Marpunst A (wopHE Xxa-
PaRKTePHCTHIECKOTO ypaBHEHHA), a ‘“o; — HEKOTOpHIE UHCNa, ecHH
217 )y, ¥ MHOTOUNEHH 10 ! CTENEHU HE BHIE HepBoii, eclm Ap==Aeg.

Mycres A;=p;+ig;. Torpa |e7”ft| =€’ u pgna snementon X i
Matpunsl J(t, 0) cnpaBe/inBa caelyOman oneHKa:

I.V.-,-l < (Cl + CQt)e”', (5.14)
rpe p= max{p;, pz}; Cl, CQ — HEKOTOPBRIE IIOCTOAHHEIC, IIpHYEM

Lo=0 B cayuae A ¥ As. Hepasemctso (5.14) wmommno 3ammcarts
(yaureiBas, uwro npm Jaw6omM Y>>0 wuMeeT MecTO HePABEHCTBO

te™¥ <%— e =C,) raxsKe B ciegymomeit gopme:
lxijl << (Cl -+ C2t)e"'"e(}"+'¥)i < (Cl —I— 0203)6(1’4-'{)!
?
T. e.

K5l < Celr+vr, (5.15)

Honyuum eme opuo Bcmomoratenvbroe HepaseHcTBo. [lyers y=
= A()z, rue y, x — cronbupl, A(t) — kBagpatHaa matpura. Ilycts
asuementel A(f) nomammaAwtca mHepapeHcTBy lay{t)] <alt). Tornma

hylh << 2a()lizll, (5.16)
JelicTBUTENbHO, A IBYMEPHODO cJydas HMeeM ¥ = ayx; -+ a;ors
1, CJIEJIOBATEILHO,
Yy = @2} + @7+ 201101577, <

<< a2 x? + ajx? + | @y Hase ] (xf + .zg) << 2a® (x§ + xg)

VunureBas aHAIOTHIHYIO ONEHKY JJIA 2, HOMYIHM 24 y§<4a2(x§+
+ %), wro passocmisEO (5.16).
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Ipumenssn mepasencrso (5.16) x (5.12) u Geps B KauecrBe alf)
npaBy© dacte (5.14) mm (5.15), monyunm (koagdunumenr 2 mosmxHO
BRIIOUATH B C; niu C)

".r(t, .’L‘o)" < (01 + Cgt)e”’".roll, (5.17)
flz(t, 2zl < Ce®+0tligll, (5.18)

ObpatuMcs Teneps HENOCPEACTBEHHO K HCCICHOBAHUI) TPHBHANE-
Horo pemrenms cuctemnl (5.11). PaccMorpum pasHble caysam.

1. Hycrs pr=Rek; <0, po=Rehe<0. Torma p = max{p;, pa}<<
<0 u, ciemoBaTelsHO, NpH [OCTATOYHO MaloM Y umeem p+ vy <O.
Torpa gna e >0 monyunm m3 (5.18) lz(t, zo)l < Cllagll <e, ecau
llzol < &/C =6(e). u, Taxum o6pasoM, TPWBHAJBHOE pEHICHHE CH-
crembi (5.11) ycroitumso, W3 (5.18) Bupmo Tamsxe, wro z(f, x¢) — O
OpH [ — © H, TAaREM 06paz30M, pEHICHNE ACHMITOTHYCCKH YCTONIMEBO,

2. Ilycty cpemm pi, pe MmMeetrcst XOTA GBI OJHO HOJOMHTEJILHOE,
HanmpuMep p;. B aroMm cniyuae, KaKk HETPYAHO BHETH, TPUBHAIBHOE
pemenne cucreMsl (5.11) ycroitumBeiM He apiaerca. JlomycTuM mpo-
TuBHOE, T. €. ur0o [iA Y € >0 3 6(e) Taroe, uro mpu Uzl < 8(e)
cupapeauso lizll <e. anpmeitmme paccyskpennsa 6GynyT HECKONBKO
pasiuvaThCA B 3aBUCHMOCTH OT TOYO, ABIAIOTCA A; MEHCTBHTENHLHBIME
Mg KOMILTEKCHO conpsixenHnimu. Ilpm pefictBurensHBIX A; gocTa-
109HO paccMoTpets pemernne x == C V. Ilpu mocrarouso manom [C,
ouepajio, lzl < 6(e), mwo mepamenctro lzll < e me Momer GBITH BEI-
mosnpeso mpu Beex ¢>0, Tax Kak €™’ —> oo npu f— o, Ecam me As
KOMILIEKCHEIE, TO p1=p2=p, M =p+ig U paccMOTpEM penieHHe
z=C Re "Vz. Tlpn pocrarouso manom |C| mo-mpessmemy lagh < 8(e).
BospMeM oOffHY 13 KOMIOHEHT STOr0 PEHICHHs, OTIHYHYI0 OT TOK~
nectsensore myis, manpumep x; = CBi(t)e?, rge Pi{t) — Heroropas
BIIOJIHE CIpeflelieHHas NHUHeliHasA woMOmHanua cosgl u singf. Oue-
BHJIHO, I| HEe SBJIAETCA OTPAaHHYCHHLIM Ipu [ — ©, H [03TOMy He-
paseucteo lzll <e Tawike He MoOiKeT OHITL BHIDONHCHHBIM IPH BCEX
t>0. ’ - -

3. Ocrailock pacemorpeTs cayuail, worma pr=0, p,<0 wmim
Py = p2=0. Iocnennee osmauaer, uto A; u Ay NGO UHCTO MHMMEIE,
suGo paBHbie HyN0 B KpatHble. B ciayuae p; =0, pp <0 wim wucro
MEEMEIX A; B ¢opmyrne (5.47) p=0, Co=0, 1ax uro lz(f, zdl <
< Cllgll m pemenue ycroiiunubBo mo Tem ke mpmdmHAM, WTo M B 1.
AcuMITOTHYECKOH yeTORUMBOCTH 3jech, OflHaKo, yike me Gynmer, Tak
KakK, O9eBH(HO, HAHMYyTCA pPEINGHHs, He CTpPEeMANHECA K HYJO OpR
t—co. B cayzae p; =0, pp <0 raxkmM pemenuem Gyper, HanmpumMep,
pemrenyte Buna x==C ‘Uz, mia kotoporo mpu pocrarouno maiom |Cl
pemmayHa dxgl kak yrogmo Mmana, ommako lzll =const »~ 0 mpm
t— oo, Ilpu uucto MEEMBEIX A; oueBmmHOo, *=C Re Mz (0 npm
t — oo,

Ecam sme M=As=0, TO = e =1, a Do — nruueitase
$yarnuu ¢, u uosTomMy HepasencTBo lx(l, xo)l <e me Mosxer BEHF
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TONHATHeA A Bcex £>>0, 3a HCKIIOYeHHEM TOro cllydas, Korga Bce
o; BEIDOAQIOTCA B MHOTOWIEHBI HyJsieBoi cremenu. Ho stor ciy-
wall peasiusayerca JHIB TpH 43 =0 u pelmeHHe TOrjA HMeeT BH
X1 = Xy, X2 = Xoz B, OUEBHIHO, SIBIAETCHA YCTONYHMBEIM, HO HE aCHMII-
TOTHIECKU.

SamMeuanne. HerpymHo Bupmers, 970 LpOBeJeHHEI aHANH3 B
3HAYHMTENHHOH Mepe OCTaeTCA CIPABEIMBEIM M JUIA N-MEPHOTO CHy-
wan. Tak coxpanserca onerka (5.15) mua K, mepaserctBO (5.16),
B KOTOPOM H3MCHHTCA TOJBKO TO, 4TO BMecTO Kos(dummenta 2 ro-
ABUTCH HEKOTOpaA BeJIWYMHA, 3aBucsiman oT r. OcrameTcsa copasej-
nnBbiM HepaseHcTBo (5.18). Herpymmo supers Ttaxske, uto paccys-
JIeHHs#, OpuBefieEHsble B 1, 2, daxTnyeckn 6e3s masMeHeHMIT TePEHOCAT-
€51 Ha n-MepHBI ciydaii.

IlonBoma wurorm, MOMKHO cHeJATH BHIBOJ, 4TO TPUBLAAbHOE pe-
uienue OJHOPOOHOLL CUCTEMBL AUHEUHLIY YPAGHEHULl YCTOUMUBO U
npuroxm acumnroruuecku, ecauw Re A, <<Q dasn ecex i, u neycroiiuueo,
ecau BRe h; > 0 xora 661 das o8rozo i,

Ilpu magwdnm XapakTepHCTHYECKEX YHCEN ¢ PaBHOH HYJIO JleiicT-
BHTENHHON HacTHi0 curyanuA sABIsercs Goiee cnommpoil. Jlonmonmn-
TEIbHBI aHAJIH3 HNOKA3BIBAeT, YTO €CI¥ XapPaRTePHCTUHYECKHe UHCIa
¢ paBHBIMH HYJIIO [IeHCTBUTENBHBIME YacTAMH He ABIAITCA KpaTt-
HBIMH, TO IPH YCJIOBHM, 9TO HpoYyHMe A YAOBIETBOPAIT TPeGOBaHMIO
ReA <0, 6yger uMeTr MECTO YCTOHYHBOCTH, HO HC ACHUMIITOTHYE-
ckaa. Eciau ke cpeim A ¢ HyJeBHMH JeHCTBHTEILHBIMH YacTAMI
NIMEIOTCA KpaTHHe, TO ycrofamBocTH, BooGmle ropops, He Oyier, fa-
ke ecym A mpodmx A mMeer MecTo HepaBeHcTBo Re A <0,

§ 2. HccnepoBanue Ha YCTOIYMBOCTS NO NEPBOMY NPEOIHAEHNIIO

OGpatumcs & cucreme obmero Bupa (5.5) m pacemorpum Ttaw
Ha3LlBaeMEBI AaBTOHOMHEIM CIIyuaii, korma f He 3aBHCHT ABHO oT L.
SanumeM CHCTEMY B KOOpANHATHOI hopme

%:fi(‘rl’ e Zp) (=1, ...,n). (5.19)

Tax Kak MOHATHE YCTOHYMBOCTH TPHBHAJLHOTO PEINEHHA CBA3A-
1O ¢ MaJoll OKPECTHOCTHI0 HAUAJa KOOPAMHAT B (Pa30BOM HPOCTPAH-
CTBE, TO ECTECTBEHHO OKHM/IaTh, YTO IOBE[iCHHE pPELICHHA CHCTEMBI
(5.19) Gypmer ompepmeNATHCA TIABHBIMEM WICHAMH pPasNOmReHHA [ IO
z B oxpectHocT X ==0. Tak kax fAOQ, ..., 0) =0 (mocromexy z =10
sipiuserca pemenuem cucteMsl (2.1)), 1o riaBEpME wyeHamMm GymyT
SirHeilHbIe WIEHH! Dasio/ReHus [ M0 Z, WIm, KaK WX WHAYe Ha3HBa-
10T, WICHHI IEPBOr0 ITPUGIHKEHHA.
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Ilo dopmyne Teitnopa, yumrsisas, uro f{0, ... 0) =0, mmeem

fil®y, -o o z,) = 2 a5,y + (2)351 (520)
k=1

rae

o,
iy SE(O, eeey 0),

T
®R; = E —0—£’— (Oz,, ..., Ox,) r;x;. (0.21)

Pty ()xiﬁ.'tl

Ecim B (5.20) ot6pocurs ‘PR;, 1o BMmecTo (5.19) modysmm nn-
HeHHYIO CHCTEMY BHja

dx. <
= Y @y (5.22)
k=1

KOTOPYIO GyieM HaspBaTh cuCTeMofi mepBoro HpmONuMewnus A CI-
cremul (5.19). Iosenenne cucremnt (5.22) B oTHOmEHRHH yCTONIMBO-
CTH WM HeyCTOWYMBOCTH TPHBHAJILHOTO PEHICHHS oONpefesidaeTcs
CBOIICTBAMH KOPHEl A XapaKTePHCTHYECKOr0 yPaBHEHHs, Kak OnlIo
BEIAICHCHO B KOHNe Ipensiaymero maparpada. MomuHO oREpatTh, 970
7e ke TpeboBanusa Ha A oGecHedaT He TOIBKO YCTOHMYHMBOCTH HIN He-
VCTOHIMBOCTL TPHBHAJILHOrO pemteHra cucteMmnl (5.22), Ho m TpuBH-
ajNpHOTO pelneHus ucxogmoit cumcremnl (5.19). Kaw 6ymer smpmHO
HIKe, 5TO mpegrosiorenue onpapasisaerca. OnHaxko, npesxe geM @op-
MYJINPOBaTh COOTBETCTBYIOIIYIO TEOpeMy, JOKaKeM JIeMMy, cofiepska-
MY HEKOTOpPHIC BCIOMOTATEILHBIC HEPABEHCTBA, KOTOpHE HOTpeGy-
I0TCA IpPH JIOKA3aTeJbCTBE TeopeMbl. DB panpHeiinmieM, Kak 3To He-
pelko jelaeTcs, BCe BCTPEYAIOMUECA MOJOKUTENILHEIE NOCTOAHHELE,
BeJMYMHA KOTOPHIX HE HWrpaeT CyIeCTBeHHOW poxm, GyneM o0603Ha-
yare ofHol u Toi ke Oympoir C (raw, B (5.7) Mommo Gbuio Ok
panmcats Hz(t, 2zl < (C+Cherlxyll u 1. 1.).
Jdemma 5.1.

1°. Ecau y; = 2 am () xn, 20e lax(8)] <alt), ro
E=1

Iyl < Ca(t)lizl.,

n

2°, Ecau Y; = 2 az;1 () x5z, 20e layl < alt), ro
i1=1

iyl < Calt)lzh2.
3°. Nz + ylh < C(lizll + ligh).
4 t

w. | fyal<c f1v)ae.
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5°. Jas marpuyanra KL, E) auwneiinoti cucremwvr (5.22) cnpa-
6e041L60 HEPABEHCT B0

\Hi(t, )] = | H 5t — &, 0)] < Ce®V0-D, (5.23)

¢0e p= max (Reld;), y— noaosxureavnas nocroaHnas.
i=1,....n

JNoxasartenwctBo. 1°. Vreepmpenme OBLIO NOKa3aHo [anA
nBymepsoro ciydaa (em. (5.16)). Jlna npouseonbhoro n, Kak Gblio
y/Ke OTMEeYeHO B HpefIEIAyINeM naparpade, AOKa3aTeILCTBO IIPOBO-
muTca nonoGHeM 3e obpasoM.

2°. Yreep:iieHne JOKasbIBaETCA IpH OOMOINM &HAJIOIMYHEIX CO-
ofpasikeHnii, MOSTOMY [OKa3aTeIbCTBO OIMYCKAaeM.

3°. imeem

(@EH+y)i=m+yi=lz+yul? =2+ ¥ + 229, <
[z +yP+20=l|y] ==] +{y] P =z + ¥y <
<n(lz]+ly] =1z +yl<CcUzl+]1yD) (C=Vn).
4°. Umeem

foa)-fra={(f-4)]

<(Suyud§) =

S ydg
0

BaMeuaHue. YKazanHee HEDPABeHCTBA JErk0 CIEAYIOT H3 TeopeM JIH-
neitnoit anreGpEL.

t

<cfyld (¢ =vn).

0

5°. Ilna X'(t, €) cupasepiuso mepasenctso (5.15):
|Hist, 0 < Ce»+vt (5.24)

(cm. sameuanue B xoHne § 1). Yéemumen, ato (L, §) = A (t—E, 0).
Neiicterrensro, J(t, &) yHoBIeTBOPAET YDPRBHEHHIO %«Z” t,8) =

= AX(t, E) (A — Marpuma ¢ DNEMEHTAMH Qi) ¥ HAYAJILHOMY YyC-
qoBuio Kl =H(E, E) =E. 3amenAna He3aBHCHMOe NepeMeHHoe [
Ha t—E m yauteiBasA, uro A = const, moxyumMm, uro J(t—§, 0)
VIIOBICTBOPACT TOMY JK€ YDABHEHUIO H HARYAJIHbHOMY YCJIOBHIO
Hzmo=H(0, 0) =E. TlosToMy B CHIY TeOpPeMB EANHCTBEHHOCTI
H(t, E)=H(t—E, 0). Orcrona m m3 (5.24) mocaenyer (5.23).

CdopmynupyeM Teneps TeopeMmy, 06eCHEeUNBAIOIIYI0 BO3MUH{HOCTb
cyiuth, 06 ycTo9MBOCTH HIN HEYCTOIYMBOCTH TPUBHAJBLHOFO peile-
uns cucremi (5.19) mo xapaxTepHCTHYECKUM dHMCIaM MATPHIBl [ep-
BOrO NMpulJKeHIA.

Teopema 6.1. llycrv ¢ mexoropoil okpectrhocTy Touku xy =0, ...
e Zo=0 filzy, ov., x) i=1, ..., n) Henpepulsnbl euecre ¢ npo-
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use00uBlMU do eTOpPo20 nOpadkq eraoxureavno. Tozda, ecau ece
TapakTepuCTUYeckKUe HUCAQ ks MATPUYBL C IAEMEHTAMU Gy =

af, .
. m= 5% 0, ...,0) ydosaersoparor ycaosuro Reh:; <0, 7o 7pusuass-

Hoe peuwenue cucremst (5.49) yeroliuneo u npurom GCUMNTOTUYECKU.
Ecau ace Reh; >0 xora 661 8an 00n020 i, TO TPUBLALbHOE peuleHUe
cucremor (5.19) neycroiivueo.

Mz orpammmmvcs OKasaTeILCTBOM uepBoro YTBEDAICHUS TeO-
peMBl — 06 YCTONYMBOCTH H ACHMUTOTHYECKOHl YCTONYMBOCTH.

Tlonbayaces npepcrasiennmenM. (5.20) mna mpaseix wacreit (5.19)
n paccmarpmBas (5.19) Rrar cumcremy (3.71), B Koropoit f= PR,
nepeiitem ot auddepenmaisroro ypapeenua (5.1) ¢ HawaIBHBIM
ycnoseM z(0) =z¢ K 3KBHBAJCHTHOMY WHTErpajbHOMY yDaBHEHHIO

(cm. (3.87))
14
o =Xt 0)2,+ | X (¢, 5 R . (5.25)
0

PaccMorpuM HeKoTopylo oxpectHocTh Q Toukm x =10 dhasoBoro
npocrpaHerea. Ilycre ans onpeselleEHocTH 2 3ajiaercs PaBEHCTBOM
Izl < K, rme K — mexoropas mnoctrosuHas. CoriacHo Jemme 5.1 B
obnacta Q mia ‘2R capaBemimBa orerka 1@RI < Clzl2 w or (5.25)
MOYKHO IepeiiTH K HepPaBeHCTBY

t
Jel< Ceot)ay] + C [ eat-D )z dt, (5.26)

rme —a==p-+1y. Tak kax B paccmMarpuBaemoM ciaywae p<<0, To mpu
. flocTatouHo MaJsioM Y umeeMm o > (.
PaccmotpnM Teneps BCOOMBraTelibHYI0 CHaNAPHYIO 3ajiaqy

dz

— 2 —
5 =—0z+ 02 z(0)=z> HENE (5.27)
910 ypaBHeHHe JICMEHTapHO WHTerpupyercs (KaK ypaBHeHHe ¢ pas-
eNAIMEMEACH NePEMEHHEEIME HIH Kak ypasHeHwe DepHyinum), H pe-
HIeHHe BMEeT BUJ /

azo

Cz,+ (@ —Cz)) e

9vo pemieRKne, KaK HETPYIHO BUETh, o6jlafaerT CIEAYIONINME CBOH-~-
CTBaMI:
1) 2>0 opu t=0, ecanm zp HOCTaTOYHO Maio: zg<a/C;

az, e

2) A e >0 umeem 2 <——,z- < €, ecnu 2z, <a+w 5 (e);
) .

3) z(t) > O nipu £ — oo,
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Hammmem Temeps nusa z{{) mETerpalibHOE ypaBHEHHE [O TIHILY

(5.25): t
2= 2,60 4- C [ e-etr-biz2gg (5.28)
0

u cpasanM fzll u z. V6emumes, uto mpm t=0 cnpasenimBo Hepa-
BEHCTBO
lzll < 2. (5.29)

B camom pexe, npu t=0 mepasenctso (5.29) cnpasenamso, Tak
Rak, nonaraa B (5.26) t =0, monywnm lzgl < z,. YpenmonosxuM, aro
IIpH HEKOTOpOM 3HavyeHun f={; Hepasenctso (5.29) mepectaer BEI-
nonuathes u umeer mecro lz(t)l = z(4;). Us croitcrpa 2° ¢ymrimm
2(t) caepgyer, 4TO HpH J[IOCTATOMHO Masiom 2o mmeem Izl < K mus
t=0. lIpn 0<t<< 1y cupasegmuso (5.29), u nostomy lzll <K (1. e.
z= Q). Takum ob6pasom, npu 0<<{=<1; cupaBefIHBO HEPaBEHCTBO
(5.26), w npu ¢ =t; umeem

by
z(ly) = zZe™*h 4 C 5 e~ -0z = |z (8,) | < Cllw, [l e~ +-
0 '

i,
+ C S e—i-E) ".’1,‘“2 dg < zoe—(xt, +C S et~ §)22d§-
o [1]

CpapHuBas KpafiHue WIEGHH STOM IENOYKM HEPABEHCTB, MOIYIHM
npornpopeune B Bufle 1 <1, wro m poKaseiBaeT CHpPaBEMIUBOCTE
(5.29) pua t>0.

A Tenepp, BocHmoNB30BaBHINCH HepaseHcTBoM (5.29), merpymHO
ViKe MOILY4YnTh yTBeDSKIOHHe TeopeMbl. B camoM jelle, IyCTh 3a[RHO

Ve&>0. Onpenennm 8(e) =2—(08) , tie 8(e) — Besmymna, gurypupyio-

masa B cBofictee 2° Qymrmun z(f). Ilyerb fzgl < 6(e). Boznmem
6(e)/2<zy<<8(e). Torma mmeem z(t)<<e. A 7Tar Kar Clzl <

< Co(e) = 6(e)/2<z, To cunpaeumpo (5.29) u, TakmM o6pasom,

lz() < 2(t) <z npm lzgl <8(e), T. e. TpuBHANBHOE pemeHHe CH-
cremsl (5.19) ycroitauBo. To xe mepasenctso (5.29) BMecTe co cBoii-
ctBoM 3° ¢yrrmun z(f) ofecnedmBaeT ACHMITOTHYCCKYIO YCTOUL-
BOCTh TPHBHAJIGHOTO penieHuA cucreMur (5.19),

3amevarwns 1. Herpysuo Bajers, 470 TeopeMa OCTaeTCA COpaBeIMBOI
W 1A cAydYas, Korja f 8aBHCHT SIBHO OT I, €CJIH TOABKO CIpPaBe[AHBO IPECTAB-
n

Aemue g, (2, t) = D a,z, + R, e am = const, a [ R} < C|z['**, rre
k=1

o > 0 — Jo6oe.

2. Ecim cpeim A BCTpevarorcs Takume, RiIA KOTOpeX Re A= 0, T0 faske ecim
TPUBHAAbHOE PellieRye CHCTEMEl IIepBOr0 MpHOAmEKenMsi (5.22) ycroWuuBoO, Tpu-
BuaJbHOe pelnennme cucTeMbr (5.19) B 3aBmcmMoctm or R MoskeT GHITH Kak yc-
TOMYMBEIM, TAK W HEYCTOHUYMBEIM. B 3TOM ciyuae, KOTOpEI OOGHMYHO HA3KIBACTCH
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Epuruyecrum caywaem, 3gass TOIBKO xa_pal{'repHCTqucxﬂe YRECIa MaTpHIbI nep-
BOTO NpHOAmIKeHNs, HeNb3fA, BOOOLIE TOBOpS, clelarh BLIBOA 00 yCTOHIEBOCTH
Wi HeYCTOMYHBOCTH TPUBMANLHOFO pelleRusi cHcreMH (5.49). B kpurmzeckux
CAYIaAX MeTON WCCAENOBAHMSA HA YCTONIMBOCTH MO MEPBOMY mpuONUIKEHHIO Te-
pfeT CHNy W HYKHO HCHIOIL30BATH CBOMCTBA NOCIEAYIIHX TIEHOB B Pa3loe-
Hom (5.20) Wiz [pyrue MeTOMBI. )

§ 3. Meron ¢yuxnnii Jamynosa

MeTo mccnenoBaHMA HAa YCTOWYNMBOCTH, U3NOYKEHEEBIH B HPe/Ibi-
Ayimem maparpade IpH Bceii ero eCTeCTBEHHOCTH He BCErha OaeT OT-
BeT Ha MOCTABJIEHHBIA BOIIPOC.

A. M. JlanynoBelM GBUL DpejuioskeH Take H JPYro MeTojl.
B sToM MeTome samaHHOU cHcTeMe YPAaBHEHHIT CONOCTABIRETCH HEKO-
Topas (QyHKUMA OT &PIYMEHTOB Zi, ..., T., HasbiBaeMasa (DyHKIeil
JlamyroBa, W 1O ee CBOMCTBAM MORHO JenaTh BHBOJ 06 ycToWdmBo-
CTH peIieHust.

Hpormmoctpupyem upeo MeTofa Ha IpocTelimieM IpHMepe

dz, dz, e .

-E- :—.Z‘1+.Z‘2=f1, E— = - 2.132:]‘2. (0.30)
Ilo npepwimymemy Mbl 3HaeM, 9T0 TPUBHAJLHOC peHIcHHMe 3TOH CH-
CTeMBl yCTOH9WBO, Tak Kak A =—1<<0, he=— 2 <0. Opnaro, ana

TOro 9T00B! YOeIUTHCA B YCTOHYHBOCTH TPHBUANBLHOIO PELICHH, MO~
HO paccyRaate u no-ppyromy. Paccmorpmm ¢yurnmio V (z,, x,)=
=273 4 3. Dra QYHKUUA TOLOKUTENbHA BCIOAy, KpoMe Touku x;=0,
z2 =10, rme oHa o6pamaercs B HyJb. B HpocTpaHCTBE NEPEeMCHHEIX
x1, s, V ypabHenme V == 2z7 + :c;‘ onpejeiser napaboiowuyi ¢ Bep-
Az, muHoll B Havasle KooppwmHat. Jlm-
HHM YPOBHA 3TOW NOBEPXHOCTH Ha
miockoctn (21, xe2) IpepmcTaBIAIOT

coboli sumnce. 3afajiuM IPOU3-
We BonbHO MaJdoe &. Iloctpoum Ha mio-

1o croctu (z;, xp) Kpyr ®. pajuyca &.
G BosbMeM ofiRy w3 JuHHE ypoBHA —
] Z,  SIIMIC, HeINKOM Ie}aljuii BHYTPH

kpyra o, Hocrpoum ppyro#i ®pyr

s, OENIAKOM JeRamquil BHYTpH 9X-

mumnca  (puc. 10). Ilycrs nHavaun-

Haa Touka Alxy o, x20) aemmr
BHYTPH .

Puc. 10. Paccmorpnm ¢yHKNUIO NBYX me-

pemenrsix Wiz, xo) = (grad V, f).

Jlerko BujeTh, 9TO ecim BMeCTO I1, &3 HDORCTABATHL pentesme xi(f),

z5(t) cmeremsr (5.30), o momyuennas TakumM oGpasoM QYHKNHA OT I

o |4
6yneT mpemcTaBIATHL €OGOH IONHYIO TIPOM3BONHYIO —; oT Vi (L),

z5(t)) Bpoms TpaexTopmu pemenus cucremsl (5.30). Ecmm ara mpo-
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M3BORHAA BJOIb JI000H TpaeKkTOpuy, HAYNHAKINENCA B G, HEIMOJIOMRI~
TENbHA, TO 970 OyjeT 03HAaYaTh, 9TO TaKkad TPAGKTOPUA HE CMOMKET
OOKUHEYTh @., TaK Kak wHaue wmeskay (=0 © 3HaueHUEM

t=1%;, OpA KOTOPOM OEa HomajfaeT Ha IpPaHHNY )., Haiijjerca sHa-
v

gemme &= 1* pua Koroporo-—_— > 0, mockompry Vi(zi(11), x:(8,)) >

> V(zy 0, 22,0). To, 9T0 HE OfHA TPAEKTOPUA, HAYUHAIOIIAACA B (s,
He Hormpaer ¥ npu ogHOM >0 KPYr w. 03HaYaeT ycrofiumBocTb
TPUBHANBHOrO PeLIeHus.

dv
Wrax, Mbi OIDKEE! IPOBEPUTH 3HAK —.— BAONB Tpaextopuu. [lis

3TOr0 HAJ0 3HATHL caMy TpaekTopmio. XoTd B JIAHHOM HpUMeEpe 3TO
MOKHO cjiediaTh, HO MeTo] HOJIKeH OBITL paccyuTaH HAa cucreMy o0-
mero Bmpa, AIsS Kotopoit z1(f), z2(f) menb3a BEIINCATL ABHO M TEM
CcaMBIM HOpPOBEpHTH Hy:;KHOe HepaBeHcTBO. llosToMy mbr OymeM tpe6o-
Bath, wro0bt yrrmug Wz, x;) Gbuia HemomoO;KHTENLHON KaK (yHK-
Iug [IBYyX He3aBHCHMBIX I€PEeMeHHHX I, Z2 N0 Kpalimeil mepe B
nerkorTopoii okpectroctn (0, 0). 310 ycmoBEE MOMKHO NIPOBEPUTL He-
IOCPE[CTBEHHO N0 NPABBIM YACTAM CHCTEMEBI, He 3HAA DEIICHU.
B mameM npumepe mMmeHHO Tak um Oyjer, DNockoubry Wz, 23) =
=—2 [(9:1 — )2 -z} —l—.x§] <0 Bcwgy ma mnockocrm (zy, ),
a TeM CaMBIM BIONb JIO0OH TPaeKTOpUH, W YCTOMYHMBOCTH TPUBUANL-
HOr0 pelmeHus rapaHTHpoBaHA.

Oynrnua V(z, 2p), yIacTByomas B 3TuX pacCy:KOeHHAX, U eCTh
¢dyurmusa Jlanynosa pus paceMmaTpmBaemoro mpmmepa. OHa mMmeer
BUJ KBaPaTHIHOH OPMEL 225422, xotaA B NpuELuIe BMECTO 2243
Mokao Opinio 6B B3ATHL W APYIYO (QYHKOWIO, JRAMIE OB OHa OnLIa
nojIoKuTenLHoil Beoxy, wpome rouxm (0, 0), rme oma oGpamaerca
B Hyxab, a Beipaskenme (grad V, f) = Wz, x2) Geuro memomomnrens-
ueM. TloprepkHeM eme pas, 470 B [PHBEIEHHBIX pPACCYKICHEAX
BaIKHBl KAK MOJOKUTENHbHOCTh (PYHKOuE V, Tak M HEHoNoxuTedb-
nocts Qyuwuny W. sravende KOTOpOil BAOAH TPAEKTODUM HpefCTas-
sasger coboil HOTHYK OPOW3BONHY oT V X0 ¢ BHEOJIL TpPacKTOpHIL.

O6paruMcs Teneps K (POPMYJHpOBKEe H INOKA3aT€NBCTBY HEKOTO-
PBIX O0mHUX TeopeM, B OCHOBY KOTODHIX NOJOMeHa 3ra wupneda. by-
JIeM HccleoBaTh TPUBLANLHOE pelIenue cucTeMst (5.5):

=1 2). (5.31)

Bce pampmeiimme moctpoerms OymeM BecTH B HEKOTOpPoil $2-okpect-
HOCTH Hadana Kooppuaar B ¢asoBom mpocrpanctse. Ilyers mas om-
penenenmoctu Q aapaerca mepaperctsoMm lzll < K, rme K — mexoro-
pas mocToAHHAL.

Onpedesenue. Oyuryua Vizy, ..., z,) (vau, ropoue, V(z)) na-
ablgaeTcs nNOAOHUTELLHO onpedenennol ¢ Q, ecau
V(z) =0 ¢ Q, npuven V(z) =0 auws npu z=0.
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Jdemma 5.2, llycro V(z) — noaomureavrio onpedesennas u He-
npepvignas ¢ Q Pynwyus. Tozda a) das ecex x, ydosaersopaouus
nepasencrey lzll =¢;, >0 Je,>0 rakoe, uro V(z) =ey; 6) 06-
parrno, us nepagencréa VI(x) = ey >0 caedyer cywyecreoeanue ¢1>0
‘Tako20, wro lzll = g,. .

HorasarenncTrBo o00OHX YTBEPKOEHWH NPOBEHEM OT TPO-
THBHOTO.

a) Ilycts npu Bemonmenun mepapeHcTBa Izl = e, mm nusa waworo
£2 nepaBercTBo V{(z) > 5 He Bmmonmeno. Torma maa ¥ Vey 3 Pz,
ynosnerpopgiomee nepasencty I(Vzll=¢; m rtaroe, wto V(WVz) <
<< (Ng,, Bossmem mocienoBatexbuocTs ey — 0. Eifl Gymer orsewatsh
ocIenoBaTeNbnocTs Todek Mz rarmx, wro 1Wal=eg, a

V(M) < Mgy — 0. (5.32)

Nmeem e, < "zl < K. TosToMy w3 HOCIEHOBATENBHOCTH ‘™ MO~
HO BBIIENNTH HOXMOCAEIOBATENLHOCTE (KOTOPYIO, BBEHS HOBYIO HY-

Mepanuio, cHoBa obosmaunM Mz}, HMEONIYI0 Npeeldl I; LPH 3TOM

o <|z|<k. (5.33)
B cuny menpepuHOcTH V(z) umeem lim V (z) =V (z). Ho m3
nepasenctsa (5.32) cnegyer, uto lim V (™z) = 0. TaxuMm oGpasom,

n-—» oo
V(z) =0=z= 0, wro nporusopeunt (5.33).

6) llycte npw BemonmeEmu nepaBercTBa V(x) = ey HE 1na Ka-
koro ¢; mepasesctBo lxll = ¢, ne Beimosmeno. Torma mmas Y Ve
3 Pz, ynosnerBopaiomee HepaseHctBy il‘Vazll<(Mg B TO Bpems
kar V(1z) = e, Bospmem nocnenosatenvmocts ey — Q. Eit 6ymet
oTBeYaTh MOCAEIOBATENLHOCTL TOUeK ‘™z takag, uto V{(™z) = eg,
a 1Mzl << ™g; - 0. Ho mocnennee osmagaer, uro ™z — 0. Iostomy
B cuny HempepeisroctH V(z) umeem HmV (™z2) =V (0)=0. Ho ¢

n—so0

.gpyroii  cropomm, lim V (™Wzx)=>e,, 1. . 0>¢, (mpormBopeune).

N-—»>o00
Teopema 5.2 (66 ycroiivneocru). Ilycre ¢ Q cyyecreyer Henpe-
PHLEHAR MECTE C HACTHOIMU RPOUIBOOHLIMU NEPE020 NOPAOKA NOA0-
wuresvno onpedeaennan Gynryus V(z) rtaras, wuro Pynryus
Wiz, t) = (grad V, f(t, z)) ydossereopser nepasencrey

Wiz, t)<<0Q 6aa t>0, z=Q. (5.34)

Toeda Tpueuaabroe pewenue cucremst (5.31) ycrotiuueo.
HoxasateawcrBo. 3apmamum Ve > 0. Jlemma 5.2 obecneun-
Baer (MOJORMM £)=g) cyllecTBOBaHme ¢€o(g) TaKoro, wro s
lzll = ¢ mmeem V(z) = eo. Jlanee, B cuny Benpeprsroctr V{(z) (npm
z=0) 3 8;(e2) = 6(e) Taroe, wro rpn lzli <6 mmeem V(z) < es/2,
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Bospmem wavansryo 10ourky z(0) =z, B S-cepe ws asosoro
mpocTpancrsa nepemensnx z (pme. 11 HardagEo mmocTpEpYET
cUTYaruIo HA pgByMepHoM ciaydae), T. e. mycrb lx(O) < 6. Tornma.
V(z(0)) < e,/2. Hy:xmo nowasath, 970 TPAEKTOPHA OCTAHETCH LIS
Beex £ >0 B e-cepe @, (cm. (5.8)).

IlpeépnonosxaM UpoTHBHOE, T. €. YTO TPAEKTOPHA NPH HEKOTOPOM
t =1, nokumEer o, (ocraBagce B Q). Torma V(xz(t))) = €. Hmeem,
TakuM 00pa3soM,

V(z(t)) — V (2(0) > e, — -2 = —2 > 0. (5.35)
Ho ¢ apyroii croponsl,

V(z ) —V (z(0) = %L:t* £, = (grad v, .gf_)i:i* t, —
=(grad V, f (2", z (£"))=W (2 (%), ") <O (02" <L), (5.36)

rar Kak (5.34) Bemosmserca Beogy B Q, a Tem Gosee BUOJL Tpa-
exropun, (5.35) m (5.36) cocras-
JAIOT MPOTHBOPEYHE, OKABHIBAIO-
mee Teopemy. £y
Teopema 5.3 (06 acumnro-
Tuxeckoll yerotinueocru). Ilycro
OONOAHUTEALHO K YCAOBUAM TEO-
pemet 5.2 Oan t=0, 2=Q 6uvl-
noausercs —Hepagencreo Wiz,
1)< —W(x), ede W(x) — noao-
aureavno onpedesennas ¢ L
dynryua. Toezda Tpusuaavroe
pewerue cucrempr (5.31) acumn-
TOTUYECKU YCTOUYLEO.
JlorasaTenwscTBO. YeToh-
YUBOCTH TPUBHAJILHOTO PEIIeHUA
cienyer ¥3 Hpemslayme# Teope-
MEL. YOemuMcs, 910

limz(t)=0. (5.37)

t>o0

Puc. 11,

Hcnonbsys BEIpamkesne [7A mOMHON npousBopHoil o1 V Bronk Tpaer-
av E7 7

TOpHH, HOAYIHM — —— =W (z (1), ) <<— W (2 (£)) <0, 1. e. V(z(t)
¢ pocrom ¢ MOHOTOHHO He Boapacraer. IloaToMy cymecrsyer
mV(z(f)) =a>0. [doramem, wro o=0. IlpenmonoxmmM, wuTo
t—>o0

o>0, Tar wax V(z(?)) =0 (V crpemmrcs ® upepeny cBepxy), o,
Honarag B mymkre 6) nemmbi 5.2 ey=o, Oymem mmers lz(t)ll =gy,
a Torga mno Toit ke Jemme (m. a)) mmeem W(x(#)=B>0, 1. e.
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— av
—W(z(t)) < —B < 0. Iosromy V (2(2))— V (2(0)) = —- RS
< — W (z(t")t<<—pt. Orcioma nomyaum, uro V(z(f)) > —oo
npu t— o, Ho c ppyrofi croposmR, Tak Kak 3 cuiy ycrofiameoctn
z()=Q, to V(z(2)) =0. llporusopeune OpHBORHNT K BEIBOLY, 9ITO
o=0.

Nrak,

Lim V (z (%)) = 0. (5.38)
t—oo
Tlokaxem, uro otciona cuexyer (5.37).

Honycrmm mporuBroe. Torma 3 &> 0 m rakas mociefioBareib-
HoCTh t, — o, uto lz(t. ) =¢,. Ho torna mo memme 5.2 V(z(t,)) =
= gy, aro nporusopeunt (5.38). Ilpormeopeume poxaseiBaer (5.37),
a BMecTe ¢ TeM H BCIO TeopeMmy.

IIpuwmepo. B paccMoTpeHHOM BEIie mipuMepe (5.30) nMeeT MecTo He TONB-
KO YCTOWYHWBOCTh, HO M ACAMITOTHYIECKAf YCTOWUNMBOCTB, TaK Kak — W(z,, z)
He 3aBEcAT OT ! ¥ HABIAETCA UOJNOKHTENbHO OmpeleNeHHoll QyHKIHe.
OnEaKo Ha 3TOM TpHMepe Helb3sa yOeIHTHCA B BAMKHOCTH [OKA3aHHBIX TEOPEM
5.2 7 5.3, TOCKONBKY 3/lech IPAMEHMME COOOPasKeHHs Ipef(siTyitero naparpada
¥ ACHMITOTHYECKAS, YCTOMIMBOCTH CIGIYET W3 OTPHNATENbHOCTH Ay W Ag.

IIpnBefieM IpEMep CHcTeMH, KOTAa Teopema 5.4 o IepsoM npuGImEenHn
HenprMeHnMa, a QyHKOHEA JAnyHnoBa faer oTBer

dz, 5 .2 dz, 5
E—:sz~xlsm t, -‘Fz——&’cl—zz.
BozsMeMm V (z) = 31% -+ 212. Torma W (z, t) = — 61': sin®t — 4xg < 0. CuenmoBa-

TeJBHO, [0 TeopeMme 5.2 TpUBHAIRHOe pemeRHe ycroiiumso. Teopema 5.1 spmech
orseTa He [aeT, TaK KaKk XapaKTepHCTHYeCKHe YHCIA MATpHEBl IepBOTe ITpH-
ONMKeHHA ABNAIOTCHA IACTO MHEMBIMH.

Mos&HO HCHOJB30BATH AHAJOTMYHBIE HAEH A [OKa3aTeJbCTBA
HeycTofuHBOCTH TpuBUaibHEOro pemenms cucremsr (5.31). Takoro
pona Teopembi BrepBhie Gbuin mpemioskemst H. I'. Yeraesnm. Mot
ipuBeneM 3fecCh Mpocrefllnil BapmaHT TEOPEMBl O HEYCTOHYMBOCTH.

Teopema 5.4 (o neycrotinueocru). Ilycre 6 Q cywecreyer ne-
npepeleHas emecTe ¢ HYACTHBIMU NPOUICOOHBIMU NEPe020 Nopadke
dynryus Vi(z) rakas, wro

a) Oaa yY86>03 >0 u cyuyecrsyer HexoTopai nodobaacre
o3 8-orpecrnocru Touky x =0, 6 KOTOPOU, GLINOAHAETCS HEPABEHCT-
6o V(z) = a;

6) OaayYa>03 p>0 rakoe, uro us nepasercréa V(z)=a
cnedyer nepasencreo Wiz, 1) =(grad V, f(t, x)) = B, cnpasedausoe
npu ecex t=0.

Tozda rpueuasvnoe pewenue cucremst (5.31) neycroiivuseo.

JorasaTennbcTBy TeopeMsr mpepmourieM mnpuMep. PaccMorpuM cm-
cremy BHAA

dz dz

1_ 4 2 _ 2
@ T D g T R



§ 31 METOJl ©®VHKIIHI JIANTVHOBA 145

Bosemem V(z) =z1z;. 3amrpuxosapHas obracts Ha puc. 12, BBI-
nensieMasi rumepboioii  rre =0, ects ©5. Wmeem Wz, t)=
= )X (1”3—}" xf) OueBupHO, B OGmAcTH ©F cOpaBejjiuBO HepaBeH-
crBo 25 -+ 23> 20, 1. e. |2[>1/2a. Torna s cuay nemmer 5.2 39> 0
Taroe, 4TO X3 + T2 >>7v m, ciepoBarensno, Wiz, t) = oy = p. Ilo reo-
peme 3.3 MOKHO TeM CaMBIM 3aKIIOYHTH O HEYCTOIMMBOCTH TPUBH-
anpHOre pemrenus. Teopema 5.1 (cm.
3aMegaHpe) B 9TOM cilIydae He pa-
Goraer, TaK Kak BCe DIEMEHTEHI
MaTpuB IepBOro  NpuCIILKEeHHA
paBHbl HyJio.

JlokazaTeIbCTBO TEOPEMBI
5.4 nposeneM ot mportusHOTO. lIpen-
[OJIOMHM, YTO TPHUBHAJBHOE pele- ]
ume ycroiumpo. Torma min e >0
3 8(g) raroe, wro Nz <e pman
=0, ecmm lz(0) < 8(e). Bossmen

+
HaganpEyl0 TOoYRy I (0)= 7, = s,
rak uro V(z(0)) =a. Jua pocra-
TOYHO MajdbiX § 3HAK pa3HOCTH
Viz(t)) — V(x(0)) onpenensercs

BHAYCHIIEM %?— 0" Ho B cny 6) —Z—Y- = W (x(0),0)=p > 0.

=
Tlostomy V(x(t)) > o mua pocraroumo mameix £, Y6emmmcs, 910
V(z(t))> o umpm Bcex > 0. [Jonyctum, uTo npu HekoTopoM %=
=141>0 ¢ymenua V(z(t)) cuosa pnocruraer smagvenua o, T. e.
V(z(t)) = a. Ho Torna, ¢ onmoit cropoms:, V(z(#)) — V(z(0)) =0,
a ¢ Apyroii cTropoHkl,

dv
dt |i=

Vz () —V(z(0) = W =Wz, )4, =pt, > 0.

IIporusopeune mpmeonuT ® BeiBOmy, urto V{z(£)) >a mua ¢=>0. Ho
rorpa V(z(2)) — V(2(0)) = W(x(t**), **)t=pt. Orcioma caemyer,
qro V(z(f)) ~ o mpm £ o, HO 3TOrc He MOMKET OBITH, NMOCKONBKY
B cuny pouymeHus o6 ycroitauBoctu z(t) = Q npm £=>0 u, cieno-
sartessHo, V(z(t)) orpammuemo. IIpormBopeume BzaBepImaeT JOKasa-
TENLCTBO TEOPEMEL.

3ameuannga 1. Hemocrarok manomeHHHIX B HacTOnmeM mnaparpade me-
TOHOB 3aKiI09aeTcA B TOM, UTO He CYIECTByeT HOCTATOYHO OOHIEro KOHCTDPYK-
THBHOTO cmocofa mocrpoenus Pynkmuit V(z). Tem me Memee [If PAIA BechMa
BaKHBIX KIACCOB Rm(pepeHIEmaNlbHEIX CHCTEM TaK0e HOCTPOEHHE BO3MOFKHO.

2. OgHAM #3 TaKUX KIACCOB MABIACTCH JHHOWHAA CHCTEMA € MOCTOSHHBIMHA
xoapprupenTamu. Teopemy 5.1 06 ycToiIFBOCTH HO HEPBOMY NPUOIHMKEHMIO
MOKHO HOKAa3aTh, ACHONL3YA (yHKOuo JIAnyHoBa NS JTMHEMHOH CHACTEMEI ¢ HO-

10 A. H. Tuxonos u np.
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cTOAHEHMH Koo(uOHeHTAMH, KaK 5T0 JelaeTcsd, HampuMep, B yueOHAKe
JI. C. HonTpsarnHa *).

3. lna puddepenunadbEEIX ypPaBHEHHH, ONHCHBAIONIEX HEKOTOPHIe MeXa-
HEYECKAE CHCTEMH, PoJib (yHKOHE JIAIyHOBa HMIpaeT NOTEHIHANLHAA SHEPrug
V(z). Cama cucrema nmeer Buj ma-— — grad V. Tlojlosmenne PaBHOBECHA B CH-
cTeMe ompejiensieTrca ycuoueMm grad ¥V = 0 (c MareMaruuecKofi TOYKH 3peHMS
TONOMEHNA PABHOBECHS 9TO pelleHse THIA I = I == cOnst; COOTBETCTBYIOIUM

npeobpasoBanneM DEepeMENHBIX TOYKY & BCETAa MOKHO CHIEJaTh HAYallOM KOOP-
AREHAT), T. €. NOJIO}KeHHe pPAaBHOBECHsS SIBJIAETCH CTARMOHAPHON TOUKOH A 10~
TeRNUasbHOH sHepruu. Ecin cTamMoHapHas TOYKA ABIAETCH TOYKOH MEHMMYMA
NOTERNHANLH0N SHEPrHH, TO NOJNOMKEeHHe PaBHOBecHA ycroiumso. HeiicTsureln-
HO, B 5TOM clyiae B OKDECTHOCTH Hayaiya Koopamuar V(z) sABIAETCA HONOMKH-~
TEeABLHO ONpeneXemuoil (pyHxnumeil, a coorBercTByfomasn Qyurrmna W(z, ), pas-
man (gradV, f) = —(grad V)2 oueBmjno, Taxke yJOBIETBOPAET YCIOBUAM Te-
OpeMEHI 5.2,

§ 4. McenepoBanme TpaekTopuii B OKPECTHOCTH TOMKM TOKOA

B psape BompoeoB BosHMKaer HOTPe0HOCTH, HOMHMO HCCIEIOBA-~
mms toukm (0, ..., 0) ¢asosoro mpocrpancTBa Ha YCTOHIHBOCTE,
BBISCHOTEL TAKyKe PpACHOJO/MEHNE TPAGKTOPHUN B OKPECTHOCTH 3TOIT
TOYKMU.

He cTasd mespo0 paccMaTpPHBATH 3TOT BOIPOC BO Bcell obmpHOCTH,
orpammanmMes caydaem n =2 (hasoBasg IJIOCKOCTH) U INHEHHOH CH-~
CTEeMOIl ypaBHeHHII ¢ HOCTOAHHBIMHI Koaddunmentamu (5.11):

a a
_‘f;% — Az, A= ( ! ?2), (5.39)

dra cumereMa o0iafiaeT TPUBMANLHBIM pemmeHmeM Z; =0, xz,=0.
C KuHeMaTW4YecKOU TOYKH 3PEHHF 3TO COCTOAHHME LOKOH, HO3TOMY
orBeuarman 9ToMy pemermoo touxa (0, 0) ¢asosoit mnockoctn Ha-
SBIBAETCH TOUKOU NOKOA.

Bamernm, uto (paszoByo Tpaexropuio cucrems (5.39) momo pac-
CMaTpPUBATHL KAK MHTETPAJLHYI0 KPUBYIO YpPaBHEHV

e W T U (5.40)

dz, Go1%y T Gge%y
B roure (0, 0) mppasas wacrs ypasmemms (5.40) paspeiBua, 7. e.
HapyIIeHO YCIOBHE TEOpeMBl CYNIECTBOBAHUA U eUHCTBEHHOCTH.
Toura (0, 0) aBnserca cormacro tepmuuonoruy T 1 ocoboit Touroil,
Iloaromy ampmopm wepes Toury (0, 0) moeT He npoxomuTh Hix
opHOIl uHTErpaJLHOH Kpusoit ypasBmemma (5.40), a Tawime Momier
HpoxomuTh Oollee ORHON M faske GECKOHEYHO MHOTO HMHTETPANBHBIX
KPHBBIX,

. ®) Cu. Noarparun JI C. Obmxnosennne AufepeBIuaibable YPaB~
menng.— M.: Hayka, 1965, -
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HKax 6ynmer mokasaHo, pacnoliosKenue TPAEKTODHI B OKPECTHOCTH
couku (0, 0) ompenensercs, Kak WM CBOHCTBO €€ YCTOHYHMBOCTM IV
HeyCTOMUNBOCTH, XQPaKTEPUCTHIECKUMY TUCIAME MaTpunn A.

PaccMoTpuM pasmbie cirydad.

a) Ilycrr xapakTepuciudeckme umcia A; H Ay HeliCTBHTENBHEL,
PasnMYHEl ¥ OJHOr0 3HAKA. TlomomuM 15 onpereleHHOCTH A <<O,
A2 <0 uw A, >hs. B sTom cnyuae pemenme cumcreMer (5.39) wumeer
suy (eMm. § 7 ra. 3)

z = €, Waekt + ¢, Pad™, (5.41)
. g
e Yo = (

HEIe BeKTOPH MaTtpumsl A, orBeuajonine coOCTBeHHBIM 3HAYEHUAM
2 (=1, 2). Toura (0, 0) Amsamerca corzacuo Teopeme 5.1 acumm-
TOTHYeCKn ycroitguBoii, u z —~ 0 mpu t— o. McenegyeMm xapakrep
opubnmxenus Goxee mompobuo. Mmeem

1
(g )— HEKOTOPHIE MOCTOANHLIE CTONOIB — cobCTBeH-
2

(§}) Ayt (2} Aot
dzx. B Cll‘ e et —!—Cgl?_ e’

2

- — - t -
dz, CLAL ll)ale?u + 027‘2 (2}a1e7vzt

QOrciona BuaHO, uTo eciim C1 7 0, To

dzx Mg,
lim —2 = 2%,
00 d‘zl (‘l)alv,

7. e. BCEe WHTErpaJLHEIE TPaEKTOpHY, KpOMe OFHOM, oTBedalom(ei

€, =0, Bxomgar B (0, 0) ¢ ofmeli kKacareJpHOIl, ypaBHEHVE KOTOPOX
;1)05‘z
Zy = 7 %1 (oGozHawnM ee I). 3amernMm, wro upsmasg I cama aB-
(¢4
1

JjifeTca ONHOM W3 TPaecKTopwil, & WMEHHO TOi, ROTOpag OTBedYaeT

C,=0. Tpaexropus, orsedaoman C;=0, TakKe ABIFeTCA IPAMOIL
(2)0,’

2

1 MMeeT ypaBHeHHE Ty = z, (06osmaguM ee II). Ilpamere I u II

(2)
oy

He COBIAJAIOT, MOCKOJLKY B CHIy JUHEHHOW HE3aBUCHMOCTL BEKTO-
poB o umeem Pay Dy — gy Wy =0, Pacnonomxenne MPAMBIX
I w Il » npoumx TpaeKkropuil CXeMATHYECKM IPENCTABjeHO Ha
puc. 13. Crpenkamu 0003HaueHO HanpasjeHme BO3pacTamus f.
Ecam A >0, 22>0 (A <24s), TO Xapaxrep PacmoJOKEeHHA Tpa-
eKTOpUil TOJHOCTBIO COXPAHACTCH (mMommo yerpeMaTb L K - H
IPOBECTH pPAacCy?k[leHUsA, AHAJOrHYHEIe IIPOBENEHHEIM BBIIE [
t— ). FEcim crpeskaMu [o-TpesKHEMy YKaasBaTh HAmpasieHue
Bospactanus f, TO BaIpaBjedHs CTPEJOK Temeph M3MEHATCA Ha Tpo-~

10*
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THBOMOJIOHbIE 1m0 cpasugHmio ¢ puc. 13. Toura (0, 0) B/sToM ciy-
gae meycroiramsa *).

Toura IOKOsi, OTBEYANINAA CIyYal0 [efCTBHTENLHBIX XapaKTe-
pHECTHYECKUX qucesr A1, Ap, He PaBHEIX APYT APYTY, HO HUMEIOIUX
OIMHAKOBEI 3HAK, HABBIBACTCH Y3aoM. Y3es AEANETCH ACUMNTOTU-
wecku ycrotiyustim npu h <0, hy <0 u meycroluusein npu A >0,
>0,

6) Ilycrs A1>0, A2 <<0. Touxa nowoa B 9TOM Ciayyae HCYCTOH-
guBa. Ilpencrasnemme (5.41) coxpammerca. Nz (5.41) Bmpmo, uto

2
2Ly
I
>\
-Z" ——
//A(\ K
I
Puc. 13. Puc. 14

vepes (0, 0) mpoxopsar mBe Tpaewkrtopum: ogHa mn3 HuEX (06o3Haumn
ee I) oreuaer Cy =0 u umeer ypapmesme T3 = Vopx)/Vay, 8 apyras
(o603mayuM ee I1) orBewaer C1=0 u uMeer ypasuennme 23 = ‘Poox/ Pg.
Ho ma sToM cxomcrBo € ysioMm Kouuaercsa. Bpons tpaewropuw Il
z— 0 ompu t—oo, a Bromp Ttpaekropum | x-—~0 mpm t— —c xn
CTPEJNKY, YKashlBalOIue HANpaBleHue Bo3pacTavusa f, HaNpaBieHLD
or tourn (0, 0). Herpymuo Bugers, wro mpsmas I asnseTcs acnmi-
TOTOH mpm > piA Bcex Tpaewropmii, wpoMe II, TaKk Kar
=z, (1)0(,'2
lim —= = (-;);;. IIpamaa Il urpaer amamormumy: pois mpu & — —oo,

t—>o0 1
Pacnonosxesne TpaekTopuil cxeMaTHIeCKH MOPENCTaBIeHO Ha puc. 14.
Toura HOKOA, OTBEYAIOMAA CIAY4al0 NEHCTBHTEILHBIX XapaKrepH-
CTUYECKUX YHCEI MNPOTHBOHNONOMKHOIO 3HAKA, HA3BIBaeIcs cedaoM.
Cedao seanercs Heycroliuueol Toukoll noros.
Tpaexropuzm I u 1, mpoxopmsimue wepes cepmo, waspiBanTecs ce~
naparpucami.,

*) Vlmorga rosopsT, WT0 TOYKa ycTOiumBa npn I —-— oco. Ompenedenne yc-
TOWUYMBOCTH IpH f->—~00 MOKHO JaTh COBEPIUICHHO AHAJOTHIHO ONpPEeNeHHI>
YCTOHYUBOCTH TPH fe> 00, KOTOPOE OBUTO flano B § 1 jamEOM MNIABH, ¥ cHopmy-
JMpOBaTh TEOPEMEl, aHAJIOrHUHEIe TeopemaM §§ 2 u 3,
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B) llycrs xaparrepmcrmdyeckme uymena Marpumel A — KOMEOIEKC-
meie. B cuiy peiicrBurensrOocTH A oHm GynyT KOMIJIEKCHO CONPs-
JKEHHLIME, T. €. A; = Ay = A. CooTBeTCTBYIOIMIE KOMIIOHEHTH! COOCT-
BeHHBIX BeKTopoB o OymyT TakKe KOMIJIEKCHO CONPSIKeHHBIMY,
a TaKk KAk MBI paccMaTtpuBaeM pefiCTBHTENbHBIE DEINEHWUS, TO W IIPO-
WM3BOJLHBEIE NOCTOAHHBIE [OKHBI OBITH KOMIUIEKCHO CONPSAKEHHBIMM.
Taxum oGpasom,

*
x; = Coqe™ 4 C*ay

L34 i * *t
M, 2, = Cone™ + CHage™. (5.42)
Tlopcrapasaga ciofa A = p + ig, MOXHO mpeo6pasoBaTh 3TH BEIpAKE-
HUA K BURy

z1 =€ (20, cos gt — 2B sin qt), xo=eP (2ycos gt —28sinqt), (5.43)

rne a=Re(Ca), p=Im(Cai), 71=Re(Caz), § =Im(Cay). Orciona
1IMeeM

p? = 2} + 23 = e [(2a cos gt — 2P sin gt)? - (29 cos gi— 28 sin g2)?].

Fem p=0 (xapakrepucTudecKHe 4gmcila — YUCTO MHOMEIE), TO
Z1, Tz B O ABIAKITCA NepuopuyeckuMu QyHEIuAMA ¢ mepmopa 2m/q.
9ro amaumt, uTo Kampomy C Ha dasosoi
IIOCKOCTH OTBEYAET HEKOTOpas BaMKHY-
Tag KpuBag. OTH KPHUBEIE He Nepecexa-
10TCA, TaK Kak Beiogy, wpoMe togwm (O,
0), pma (5.40) copasepnumea TeopeMa
eqmucTBennoctn (pme. 15). M)

Bonee peranbmoe wmccmemoBanme MmO~ C/ z,

Lz

KasbIBAET, 970 3aMKHYTHIE KPUBEIE, O KO~
TOPBIX HJET peYb, ABAHIOTCA DIUINICAMI.
B caMmom pexe, onpeflenurenn

2c — 28
IZV — 26 #0, Pac. 15

B NPOTHBHOM cJIyJae CymecTsoBaio OBl pelleswe BUAA ) = Gz
(¢ semecrsennoe). Ilogcrasinasa coma 1 # e u3 (5.42), momyumm
B cuny nuBeiinoll HesaBucumocTH € u e cooTHomenme o) = acs,
orkyna (a; —A)a=—aie, YT0 BO3MOKHO IWIIG NIPH BENECTBEH-
HBIX A.

Taxum oOpasoM, (5.43) MOIKHO paspelIuTh OTHOCHTEIBHO C€OS gf
O sin g¢ W, OpuUpaBHUBAas CyMMy HX KBaJlpaToB €UHHIE, NOIYIUTH

(bux1 + b12.’172)2 + (bg].’lﬁ'] + b2.2$2)2 = fL

Ecnm e p7#0, 10 npu msmeHennd { Ha BeJUIHHY NEPUOHA O
Vike He BO3BpamjaeTcA K Hpe:KHeMy 3HAYEHOK), & YMEHBINASTCA MR
yBenmunBaerca B cooTsercTBHE ¢ p << 0 mam p > 0.
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Ha ¢as0oBoil miockocTy HONYYa0TCsA yiKe He 3aMKHYThHIE, & CIUpPa-
nepuusie Kpuswsie, Eenmm p <0, o p—~0 mnpu ¢ o, cnupain
- cxommreds B Toury (0, 0), woropasd sBusa-
z €TCA aCHMOTOTHYECKH yeToiumBoii (pme. 16).
Ecau me p>0. 10 amanoruymas Kaprumea
UMeeT MecT0 npH t{—~— o, a ¢ Bo3pa-
CTaHmeM [ COUpaNb PACXORUTCH U3 TOYKM
(0, 0).
Touxa mOKOs, OTBEYAOIIAA KOMILIEKCHO
Z, COOPAMEHHBEIM XaPAKTEPHCTUYECKUM YHCIAM
W € OTIMYHOH OT Hynd [AelcTBUTENBHOMI
9acThio p, HaswBaeTes gorycom. Hpu p <0
oryc acumnroruuecku ycrotuue, a npu
p > 0 neycroiiuue.
Puc. 16. Toura nowos, oTBedalomas 4YWCTO MHH-
MBIM XAPaKTePHCTHYECKUM YHCIaM, HA3HIBA-
erca yenrpom. Llenrp aeaserca ycrotiuueoli, Ho ne acumnroruyecku
ycrotiuueoil Toukol nokos {cm. § 1).
Msr He GyfeM ocTaHaBiMBaThHCA HA CIy4ae KPaTHEIX XapaKTepH-
CTHYeCKnX 9wucen *), a TamKe Ha ciydae, Korja HMeeTCs XapakTe-
PUCTHYECKOE 9HCII0, PABHOE HYIIO. '

3amevganwma 1. Touka (0, 0) Ornma maseaHa BEIIle TOUYKOIL
nokosi jna anmeinoii cucremsr (5.39). lamnM ofmee onpepenenne
TOYRE IWOKOA, W3 KOTOporé Oyjer sIcHO, 9TO TOYKA NOKOA He 06a3a-
TeJIHHO HABIAETCA HAYANOM KOOPAWHAT, 4 Ui HEeIWHeHHOH CHCTeMbI
TOYEK TIOKOA MOKeT OBIThL HeCKONLKO. PaccMoTpmM HeIuHCHHYIo aB-

ToHOMHYI0 cucteMmy (5.19) mpu r =2, llycre z;==x; (i=1, 2) ynos-
JetBopAioT cucreme ypassewmii [z, x2) =0. Torma, ouesmpmrO, Te

e x; =x; yRoBlerBopsaior muddepennmancroii cucreme (5.19), mo-

CKOJNLRY Z; HE 3aBICAT OT I. ST0 pelieHNe OIUCHIBAET COCTOSIHUE
noxosa ¥ Ha Qazopoil HirocKocTH m3obpamaercs Toq}coﬁ._T ouru ¢azo-
BOH IJIOCKOCTH, OTBEUAIOMEE pCIIeHUAM BHJA I; = x; = const, Ha-
BRIBANOTCH TOukaMu nokos, COOTBeTCTBYIOmEl 3aMEHOII HepeMeHHbIX
KaEIYI0 TOYKY NOKOA MOMRHO IIEPEBeCTH B HAYako Koopmumar. Tor-
na, ecom f; npencrasuma B Bume (5.20), To cucreMa mepBoro mpu-
Gmrerns (5.22) cosmagaer c (5.39).

Cornacuo Teopeme 5.4 B ciygae Re A 5= 0 ycroimmBocTs mim Heycroium-
Boctb Touky (0, 0) cmeremur (5.19) obecueumBaercs TeMm e caMeiMu TpeGoBa-
HESME Ha A, KOTOPHe 00eceumBalT YCTOMYHMBOCTH WIHM HEYCTOMYNBOCTh TOY-
xn (0, 0) mns cucTeMsr mepBoro npubnmsenna (5.22), 1. e. wieHs (JR; He BImsA-
1T HA yCTOUIMBOCTH HiIn Heycro#auBocTh ToUukR (0, 0). Uro Racaercs pacmoino-

*) Cm., manpumep, Ctemanos B. B. Kypc anddepennpansasx ypapne
Hrit.— M.: Tocrexmsgar, 1953.
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JKEHESA TPAEKTOpHii, TO TOUHOE HCCIeNOBaHune *) 1IOKA3BIBAST, YTO IpH HAIAYNH
yaia, cefaa unm oxyca y cucreMn (5.22) (Bo Bcex aTuX cixyuasx Re A = 0)
KAYeCTBEHHEI XapaKkTep pPacHoJIoMeHus TpaexkTopuil cucreMmsi (5.49) B nocra-
TOYHO Majoii oxpecTHOCcTH Touku (0, 0) Oymer TeM ke cameiM. Ecnm ke B Touxe
(0, 0) cucrema (5.22) wmmMeer ueHTp, T0 0e3 NONOJHHTENFHOTO WCCHEROBAHMA
uienos (2 R; 0 xapaxrepe pacilonosKeHus tpaextopmii cucreMbl (5.49) mmuero
CKa3aTh HeJb3s.

2. WccnenoBanne pacnollo;XeHUA TPaeKTOPHMII B OKPECTHOCTH TO-
YeK IOKOA HaeT HEKOTOPYI MHQOPMAIUI0 OTHOCHTENBHO PacHONOo:Ke-
H1A ($asoBBIX TPAaGKTOPMIL Ha Bcell MIIOCKOCTH, HO,
KOHEYHO, TIOJHOrO PEIIeHMs STOH CJIOKHON IJIo-
OaJibHOU 3ajauu He JaeT.

Iast usyuenus kaptuHBl Ha (asoBOil ILIOCKO~ -

CTH, WIN, KaK UWHOrjIa roBOpAT, (1)330BOI‘0 nopTt- ~
pera cumcremer (5.19), BaxKHO wWcchenomath He
TOXRKO Toukum TokoA. Hepenxo Berpewarores
3aMKHyTHIe TpaekTopun (3aMKEyTas TPaeKTOpU
o3HavaeT TepHojuvYecKoe JBIGKeHne), obraparo-
mue TeM CBOﬁCTBOM, 9TO0 B OKPECTHOCTH TaKuXx
TPaeKTOPHH HeT NPYTHUX 3aMKHYTHIX TPaeKTOpPHiA,
a Bce TPABKTODHM KaK OB «HaMaTHIBAIOTCH» Ha
3Ty eJUHCTBEHHYIO 3aMKHYTYIO TPAeKTOPHIO, KOTO-
pas moxyuuiia HasBaHWe npededbH020 YuUELR, VIIH,
Ha0GOpOT, «CMAaTHIBAalOTCHA» ¢ Hee. llpesenbunie OWKAEL, Takmm oGpa—
30M MOryT OBITH YCTOMYUBEIMEH M HeycTONuIMBEIME (Ha puc. 17 uzo6-
pasieH ycrofumBelii mpeneisHnii nura). Vccnemosanue npenedbHBIX
IHKJIOB BAajKHO TAKIKE ¢ TOYKH 3PEHUA CYMIECTBOBAHWH YCTOMYMBBHIX
UEPHOAUYECKNX DEKUMOB B (PUBUTIECKAX CHUCTEMAaXx,

IIpmMmep. Cucrema

dz T % dr —
— 3 2 2 2
_‘#_—xl(l/-ml_}.zz——a)—-xr .a_i_::_zz(]/—zl.{_zzhg)_f_zl

(5.44)

= () = () A 2 2 _ .2
uMeeT TOYKY NOKOA ) , T2 4 npefleNbHENE IAKX T3 | z3 = a”. B cyme-
CTBOBAHME TAKOTO IMKJIA JIeTKO yOeJMTHCH, Nepelifii K MONAPHEIM KOOPKHMHATAM

Puc. 7.

x-= pcosB, x= gsin 0, ® xoropeix cucrema (5.44) npuHEMaeT BuI
dp
r=—pl—a. G =1

3. G moBeimenueM pasMepHocTH 7 (a30Basg KapTHHA CYIIeCTBEH-
HO YCJIO/KHAGTCH, BOBHUKAIOT HOBHIE MBIEHHs, I H3y4eHUA KOTO-
pHIX pasBATHEl MHOTOYHCJIEHHBIE METOMBL.

ViccnenoBaune ¢azoBoro moprpeTa cHCTeMbl Au(pepeRmHaIbHEIX
ypaBHeHUIl ABIAETCA O[HOI U3 3a0a¥ TaK Ha3bIBAEeMON KaveCTBEHHO
Teopul nugepeRInanbubIX ypaBHeHmi ¥¥),

*) Cm., ganpumep, lHourparnu JI. C. ObnkuoBennme Auddepennuain-
unte ypasHenna.— M.: Hayxa, 1965, § 30.

*¥) Cm., Hanipuvep Hemuinkuii B. B, Crenaros B. B. KavecrBer-
Han Teopuna Auddepenuyanpuex ypasHermii.— M.— JL;: TUTTJI, 1949,
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YNCJIEHHBIE METOJAbI PEHIEHNA
OBBIKHOBEHHBIX [HOOEPEHIMAJLHBIX YPABHEHNIL

Ilpu nmpakTmdeckoM pelIeHMM 3alad [ OGBIKHOBEHHEBIX Hamde-
PeHNUANBPHLIX ypaBHeHMI, KK WUPaBWIO, He YHaeTCA IOIYYNThL pe-
mieHHe B KBaf[paTypax, BHIDaKeHHOE 4Yepe3 DIIEMEHTapHBIE MM CIe-
nmaieasie QyHxium  (onmpeneneHHoe HCKIIO9eHNE COCTABJIAIOT -
meifHsle ypaBHeHUs, paccmorpenssie B ri. 3). B 1o sxe Bpema um-
TeHCUBHOE NpuMeHeHNe JWQdepeHNalbHbIX yPaBHEHHH B KadecT-
Be MaTeMaTHIeCKUX Mofesieil MMPOKOro Kpyra eCTeCTBEHHOHAaYIHBIX
sagad Tpebyer pa3paloTKHM METOMOB HX HCCJEIOBAHUA, IO3BOJIAIO-
IGFX NOJNYYHTH C TapAHTHPOBAHHON TOYHOCTHIO YMCIOBHIE XapaKTe-
pucTUKE paccMaTpusaemoit sanaun. HawmGosee sddekTuBHBIME 37I€CH
OKa3bIBAIOTCH YMCJIEHHBIE MeToNsl. Daaromaps OypHOMY Ppa3BUTUIO
BJEKTPOHHOH BBIYUCINTENHHON TEXHUKH YHCJICHHBIE METOIB HaXO-
JUTT IIHPOKOE IIpUMEHeHNEe B Pa3NWYHBIX OOJACTAX MaTeMaTHKK H
ee IPUNOKEHMWAX, B 9aCTHOCTH, M IPH pelieHuy OOBIKHOBEHHBIX (-
thepeHIManpHBIX ypaBHeHHI. 3a NOCIeNHEe BPeMA MNOIBHIOCH JO-
CTATOTHO OOJBLIIOE KOJUIECTBO YIeOHBIX I0COOHH, DMOCBAIIEHHBIX
sToil mpobaeme *). B HacToAamel miaBe 6yNyT HANOMKEHBI JMIIL MPO-
creiiliiie BOIPOCH], OTHOCAMMECS K YUCIGHHBIM METOaM pelneHHA
OGBIKHOBEHHBIX u(epeHNUaIbHEIX ypPaBHEHHIL.

§ 1. Yncnensble MeTonsl peLieHns HAYAIbHOHN 3afadun

1. Meron Jiinepa. B ri. 2 ppu ucaenoBaBENM BONPOCOB CYMIC-
CTBOBaHMA U eIMHCTBEHHOCTH DELIeHUs] HA4YalbLbHOM 3ajasd Jij
OOBIKHOBEHHOIO [ hepeHnnalbHOTO YPaBHEHNA

B f(z,9), @)= v, 6D

*) Ci., panpumep, Camapckmii A. A Teoprin pasHOCTHHIX cxem.— M.:
Hayka, 1977; Kanzt ko H. H. Uncrensre metoner.— M.: Hayka, 1978; M a p-
gyk I. . Merons BeramcamTensEoil Matemaruknm.— M.: Haywa, 1977; Bax-
panoce H. C. Yncaenuane Merosinl— M.: Hayxka, 1975, 1. 1 u ap.
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MBI OTMETHJIY, UTO NPMMEHEHHHIH s NOKasaTelbCTBA TEOPeMHl Cy-
IecTBOBAaHMA ajropuTM Jiiepa [NaeT OJHOBPEMEHHO M KOHCTPYK-
TUBHBI CIOCO6 YHCIEHHOIO NOCTPOeHHs UPHUOIIKEHHOro pelIeHHsA
3afjaun. AJdroputM Jisiepa mpefcTaBiser co0OH IpocTeinmii Tuc-
JIEHHBI MeToj pellleHNs HadaJlbHON sapmagn. HamomHHMM ero ocHOB-
uyio uneo. Orpesor [zo, X1, Ha KoTopoM mmeTcs pemnrenme sanadd
(6.1), pasbuBaerca Ha n JacTeil TOYKAMH JeJICHUL

n
('n)xo = z,, (ﬂ)xu .ees (ﬂ)xn —X; (ﬂ)xi _( )xi—l . (71)}7’i >0,

®p, — max {™ME;)
i
1 crponTcH JoManas Jiiepa — KycouHo nnHeiiHan ¢ymrmu My(z),
ABIAIOMAsCA pelleHreM HawaJbHOH sajadn js ypasHesua (6.1) c
KYCOYHO IIOCTOAHHOII IpaBoil IacThIo:

d™y e o
Y= [ (%11, Y @)y Ta<o<zi VY@) =ye (6.2)

B i 2 6mulo mokasaHo, uto peilenne sanaum (6.2), sBimomeecs
UpEGIMReHEEIM pelleHreM HucxojHoi samawn (6.1), me sbliger 3
obnactu D, B xoropoit ¢yurumn f(z, y) yHOBIETBOPAET YCIOBHAM
TeopeMEl CyIecTBOBaHusA. B jajpHeiilleM, HCCIefyA Apyrue ajro-
PYTMBI TOCTPOCHISL TMPUGIIKEHHBIX PeIIeHni 3a/adn (6.1), Mmx Oy-
FeM OpenTioNaraTh, YTO HOCTPOEHHEIE MO HUM IpHOJIMREHHEE pere-
HHSE TakKske He BRIXOAAT u3 D, He 3aHNMAsCh ONEHKON BEJIUIMHE!
X —z, TOro oTpeaka, rpe sTto mmeeT Mecro. OueBHHO HpH Ziy <
< x << z; pemrenne sanaun (6.2) mo- )
/ReT OBITH 3aMUCAHO B BUJE

") = Dyl ) +
+ (g — 2 zer, Py(zo)). (6.3) !
|

¥ |
|

®opmyna (6.3) npencrasimer coBoit
AGHYI0 CTeMy [YUCIGHHOTO MOCTpOe-
HUA JOMaHOK Jiinepa, HOCKOIBKY
TO3BOJAET MOCJIEeROBATEILHO BBITNC-
JIATHL 3IHAYEHUSI WCKOMOI (DYyHKINM

™y(x) BO BCEX TOYKaX x; pasbue-
s orpeska [zo, X1. Teomerpu-
9eCKHMI1 CMBICH STHX IOCTpoeHuil
nocratoaHo Impocr. Ha kaskmom Prc. 18.

mare {zi, &) JIBUKeHEme 10

COOTBETCTBYIOIIEiT mHTerpanpHoli Kpweoil ypasHenus (6.1) samens-
eTCH IBUKEHHMEM II0 KacaTeJdbHOH K HHTerpalipHoll KpPUBOM B TOUKe
(xmy, ™ylzi—1)). OTMeTnM, uTO HPU JOCTATOYHO KPYIDHOM IHare
(™h, u GomsmIOM oTpe3Ke mHTerpupoBamma [zo, X] Komeunoe azma-

yenne My(X) moxer 3HaYNTENLHO OTNMYATHCA OT 3HaveHus y(X)
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mckomolt uHTerpasbHoift KpuBoir (pmc. 18), ommaro, RKar enexpyer
us TeopeMsl 2.4, mpu ““h — 0 nmocienoBaTeNLHOCTE: JOMAHEIX Oilne-
pa {®y(z)} exomuren k wckoMmoii mmTerpanbHoit Kpusoit y(z) ma-
gansuoll samaam  (6.1).

OnersM CcRopocTs CXOREMOCTH MeToma Oiintepa. llpemmomorxmm,
aro ¢yexmun f(z, y) mMeeT HempepHIBHBIE 9YaCTHBIE IIPOM3BOJIHBIG
mo o0oumM apryMeHTaM B IpamoyronsHumxe D, B KOTOpOM cymiect-
pyer emmucTBeHHOe pemreHue sagaun (6.1). Torma wmmeror Mecro
OI[eHKU

H@ <M, |E@o| |F@p|<k 69

CocrasuM pasHocts z(x) Meskny Toumeiv pemenwem y(z) wuc-

xonuoil samaan (6.1) u nomamoii Jiinepa Wy(z), ypnossieTBopsomeit
YPaBEEHUI0 U HavalpHOMY ycsosmio {(6.2):

z(z) = y(z) — "y(x). (6.5)

B cuny (6.1), {6.2), (6.5) moryamum
= 1@ Y (@) — f (Ti1 T (@10))s (6.6)
z(x,) = 0. (6.7)

IlpeoGpaayem mpasyro vacrs ypassenums (6.6), Ji7ISL 9ero BOCTIONb3Y-~
eMmca ToxaectsoM Apamapa {(cum. (2.144))

f(, ¥ (@) — F(@imy, VY (#:2)) =
=f (=, 2(2) + "y (2)) — f (zice, Py (5-1)) =

= (@ — 211) j I (@i + 0 (@ — 2i3), 5(2) + VY () dO -+

+ (@) + " (@) — 7 (:cH))f (213, T @ier) +

+0(z(x) + ‘“’y (x) — Py (2:-1))) dO. (6.8}

Vunresan gopmyny (6.3), nonyaum otcona

1

% o— i) | 2L () a0+

0

o+ (@) (@in, PF @) [ Ly do. (69
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OxoHuaTensHo 1A pasHocTH z(x) momyunMm ypaBHeHne

-l%- =p@)z(@)+(@E—zi_1) @), Tia<Lr<y, (6.10)

e
1
p(x) = 5‘ "g;—(‘zi—h (n)g (z5-1)+ 6(.’/ (x)— (n)g (xi—l))) o (6.11)
n 0

@ (%) = S %(‘ri—l + 0 (x— xi-4), Yy (2)) dO + f(»’Ci—h (ﬂ)—.’; (xi—1))P (x).

0

(6.12)

Tem cameiM pyurnuo z(Z) MORKHO paccMaTpMBaTh Kak pelieHHe M-
HEHOro ypaBHEHHA C KyCOYHO HeupepsiBHBIMH KoaddunueHTaMmu,
A Koroporo cipasemuusa onenra (2.35). BocnonpaoBaBmmck 5TOIR
oneskoil n yeaosuamu (6.4), okongaTeNpHO MONYIHM

12 (@) | << ™h (1 4 My(eFE —1). (6.13)

W3 aroil opmyns BHjHO, 4T0 Besmauua |z(z)| nuHeidiHo saBmcuT OT
BenmuEHEE (Mh MaKCHMaJGLHOTO Hiara pasfueHmusa. Jro ozHagaeT, 9TO

npubimskentoe pemedne My(z), monydeHHOE MO METONy JIOMaHBIX
dfmepa (6.3), cxopuresi K TOYHOMY pelIeHMIO HCXOJHOH 3apaddl ¢
nepebiM NOpAOKOM TOUHOCTU. JKCHOHEHIHAIBHBIH WieH B OIeHKe
(6.13) xapakTepusyeT pacXo;KJieEHe  UWHTEIPAJbHLIX  KPHBBHIX
(em. pue. 18).

3aMevanue Onenka norpemsoctd (6.43) msumerca MaskopamtHOR. [ns
JyHEOUY f(z, y) cO 3HAKOHEePEeMeHHBIMM IIPOM3BONHLIMU OHA MOKET OKA3ATHCHA
CHJABIIO 3aBLIIICHHON IO CpPaBHEHUIO C pollee TOYHHIMY ACHEMITOTUYECKHAMU OoLeH-
KaMH, OJ[HAKO NEpBHil HOPAHOK TOYHOCTE No (™h Ipu 3TOM COXPAHAETCH, &
VTOUHAIOTCA NMIIE KodddumrenTer mpu ()h.

2. O0iue TOHATHS Teopum PasHOCTHHIX cxeM. B mpensimymiem
IyHKTe JOCTATOYHO HPOCTO Gpila HMONydeHa OMeHKa CKOPOCTH CXOMOW-
MOCTH HIpocTeillllero KOHEYHO-Pa3HOCTHOrO MeTona — MeToia Jiiiepa.
Jna uccnemosatus 6osee CJIOKHEIX METOROB, O6JIaNaOIUX CKOPOCTHIO
CXOIOUMOCTH BBHICOKIX TOPAJKOB, HaM TOTpefyeTcsi BBeCTH PAR 006-
TIUX TOHATHIL TEOPUH PAasHOCTHBIX CXEM.

Jlns GOoNBIIMHECTBE YMCIEHHRIX METOJOB JOCTATOYHO YKa3aTh ajiro-
PHTM BEIUHCJEHUsI MPUGIIKEHHOrO PeIIeHNs B KOHeTHOM 9ucie (PuK-
CHpOBAaHHBIX ToueK Z; oTpeaka [zo, X1, Ha KoTopom pemaercs 3apawa.
(6.1). MuosxectsBo TOUeK @, = {zd (=0, 1, ..., n), Ha KoTopom
yImercs NpUONIMKeHHOe pelleHue, HaspiBaerca cerkod. Orpens-
HEIE TOIKM STOTO MHOMECTBA — Y3Jbl CeTRH. Paccrosinue By = z;—
— i i=1, ..., n) Mesxxy cocenHuMu yanamu — mar cetku. Cerka
MokeT ObITh Hepaernomepholi, h; # const (B m. 1 MBI paccMaTpmBasm
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MeTon Jiliepa Ha HepaBHOMEPHOH ceTKe), U paeromeproll, h;=h =
= const. OueBupmno, B DOCleHeM ciydae BeJIMYWHA MIATA CETRU Ha
orpeske [zo, X1 pasua h =X — zol/n. B pauvveinmem, eciu He oro-
BOpEHO 0cobo, GyleM paccMaTpUBaTh PaBHOMEpPHEBIE CETKIHL

QOymrnus grckperHoro aprymenta y(z:), oupenenenmas nmum B
ya3Jdax ceTKH, HasblBaeTcd CeTOYHO# (yHKIUel. 3HaYeHWsI CeTOYHOIX
$yarnum My Ha o, Gymem oboanagats My; (i=0, 1, ..., n).

OcpOBy KOHEYHO-PA3HOCTHBIX METOJIOB pelleHHA 3ajgad A nug-
thepeHNnMaTLELIX ypaBHeHHH cocTaBiieT 3aMeHa mcxopHoi nudgdepen-
HUaJIbHON 3afiaun g (QYHKIWKE HeNpephBHOroO apryMeHTa ajrebpamn-
9eCKOM 3ayjadeil J7iA ceTOYHON (YHRIUY — CHCTEMOH alrebpamdecKux
YpaBHEHWMII, CBASBIBAIOIUX MEsKQY co00il 3HadeHUs1 CeTo9HON (yHEK-
MY, 3aJaHHBIX JOIOJHWTENBHBIX YCIOBHII U mpaBoil 9acTu ypaBHe-
HUA B Y3JIaX Z; CETKH M.

Iycers guddepennuanrEas 3anada IMeeT BHJ

Ly = (). (6.14)

3peck cumBoiioM L OyneM ofo3sHauaTh He TOJNBKO 3ajlaHME ypaBHe-
HIA, HO W 3aJIaHVe JIONOJHUTEJBHEIX, HANDPHUMED, HAYaNBHBIX YCJIO-
BUii, 3aNICAHHOE B onpejeyieHHoM mopsanke. ¢{x) ofoaHavaer mpaByo
9acTh YPABHEHUA U TpaBble 9acTU JIOMOJIHUTENHHLIX YCIOBUM, 3amu-
caHHBIE B COOTBETCTBYIoIOeM mopanke. Tak, sagaua (6.1) Moxker GwITH
s3anmcaHa B BUfe

4 i v) 0
4wl
L “{yo}' (6.15)

CoOTBeTCTBYIONIYIO PA3HOCTHYIO 3aaqy OYNeM 3anMCHIBATEH B BHJIE
L, "y =g, (6.16)

rpe uepes L, oBosHawaercs 3aiaHue pPasHOCTHOIO YDAaBHEHHWA U OT-
BEYAIMIX €My J[ONOJHUTEJILHBIX ycioBuii, a depes Mq — exodnbie
dannvle 3adauu, T. e. 3HadeHus cerodHoit QyHrm “f— mpasoit
9acTH PA3HOCTHOTO YPABHEHH — B COBOKYIHOCTH € HpPaBBIMH Ya-
CTAMU [OUOJHHTENBHBIX ycuoBmil. YpasHenue (6.22), npusenmenHoe
HIKE, IPeAcTaBigeT co0OH HMpUMep 3amiCh TAKOr0 POfa [f CXeME
ditnepa. ) )

Bajaua ompefelieHuA ceTouHbx (yurnumii ™y nomwua GelTh IO-
CTaBJIEHA TAK, YTOOLI OPH CTpeMJIeHUM Imara B CeTKH K HYII CeTod-
Hble (DYHKIUH CXOJULIACHL B ONPENEICHHOM CMBICIE K TOYHOMY pelle-
HII0 mexonHoi 3anaun (6.14).

JIns ompenesieHNs CXOMMMOCTH CEMEHCTBa CETOYHBIX (DYHKIMI K
pelIeHnIo MCXOfHOH samagm B mpoctpancTee {™v} cerouHelx (yHK-
nuil HeoOXOMUMO 3aJlaTh PACCTOAHNE MEIY OTHEJLHBIMH (QYHKIWA-
MM KaK HOpMY X pasHocTh. IloHATHe HOPMBI B IPOCTPAHCTBE CETOY-
HHX (OYHRIOUA MOKHO BBeCTH No-pasHoMy. UaImme BCero HCIONB3Y-
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eTCA TaK Ha3blBacMas paBHOMepHAA YeOBlIIeBCKas HOpMa, onpepe-
JiAeMan BhIpasieHueM

[“v] = max|™v;]  (@=0,1,...,n). (6.17)

B papme cnyuaer. mpumeHsercs cpefHekBaapatwaHas (runnGepropa)
HopMa

n 1/2
1], = (2 ‘h)v?p,-hi> (6.18)

i=1

THie O:— 3ajaHHele BecOBhle Kos(PuuueHTE. B HEKOTOPERIX CIydasx
OPUMEHAIOTCA W JIPyr¥e HOPMBI, HAallpuMep 9HepreTHdecKre.

Bynem rosopute, uro cemeiicreo cerounuiz gymnruyuii {Pyl cxo-
durcs k Tounomy pewernuro y(x) ucrodmnoti sadauu, ecan

lim| y — [y1,] = 0; (6.49)
—>0

roe gepes lyl, oBosHauenrr smageHmA (by.HKunn y(x) Ha ceTke .
Ecan, pome Ttoro,

[Py — (1.l < CR*, (6.20)

e C u k — HeKoropsle NOCTOSIHHbIE, He 3aBWCAMHe OT kb, To Oymem
TOBOPATH, UTO UMEET MECTO CTOOUMOCTb nopsdra k & cooreercreyro—
weti Hopme. B n. 1 OBIO MOKa3aHO, 9TO CEMEHCTBO CETOYHBIX (PYHK-
it {y}, monydenHnIx mo MerTony Jiinepa, CXOOHWTICH K TOYHOMY
pelleHH0 B PaBHOMEPHOH HopMe ¢ mepBeiM mopapkoM. OnHako B
ofIeM CIIyYae TAKOE MCCJAEOBAHUE BEChMA 3aTpPyNHHUTennHo. B nasis-
HeillmeM MBI IIOKaKeM, 4970 CXOIMMOCTh PA3HOCTHOH CXeMBI MOJKEeT
6BITE CBEJlEHA K IBYM NPYrHM, Gojiee JIGFKO fIPOBEPHEMEIM CBOHCTBAM:
ANNPOKCUMALINY M YCTONTUBOCTH.

IlepefineM R ompeneseHMI0 UOHATHS HOPANKA ANNPOKCUMAINHA
pasHOCTHOH cxeMsl. [ljisz sroro morpefyercs BeecTm Hopmy M. Hawm
yse orMewasnoch Beime, M@ mnpencrasimer cobofl IpaByl0 4YacTh
ypaBHeHEA — ceTounylo Qyuxnuio ™f B cOBOKyOHOCTH ¢ IOHIOIHH-
TENHHBIMK YCHOBHSIMHM [N HCKOMO#l ceTounoii ¢yurnum “y. Oum
mMoryT OBITP U Ha4alpHBIMH U KpPaeBBIMIL 3aHyMepyeM WX B ompene-
JseHHOM mopsake. CoOTBeTCTBYIOIUE IIPaBhle YacTH IyCTH OYAYT
&1, .- &

Hazosenm | "'y, = max | g; | u seenem mopmy @ @ll;, monaras

|®¢l, = max {J*1], 1*y],).

Ilpu samede wucxopHoil pmuddepennuanveoii samawm (6.14) =Ha
passoctHyo (6.16) TouHoe pemlesme WCXONHOR 3aja4M, Boobme ro-
BOpsi, HO YOBJIETBOPHAET pasHoCcTHON sanagse. Bydem zoeopurv, uroe
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PO3HOCTHAS, CXEMA aANNPOKCUMUDYeT UCTOOHYI 3adauy ¢ nOpadrom
k, ecau

12, 191, — Pol < CR, (6.21)

20e C u k — nekoropvte nocrosiHHule, He saeucsiyue or h.
Cxema Oiinepa (6.3) osHagaer, uro HcxopHas muddepeHnUaNIbHAL
aagaga (6.1) samenena pasHOCTHOI 3amateil

(h)l/i )

T Vi om 0
L, My — o Ot 0, (6.22)
(h)y o
4]

e Mf = fla, Py.).

OnpepesuM TOPANOK aNIPOKCHMAIUH .3T0i CXEMEI, IPenojarasn,
9ro mpasanx 4actb flz, y) ypasueHus (6.1) ynoeieTBopser TeM ke
yeaosusaM, uto u 8 1. 1 (crp. 154). Torna, ouesnnHo, TOYHOE pemie-
Hue y(z) ucxopHoll 3aaun GymeT NBaskgpl HempephiBHO muddepeHmu-
pyeMoit $yHEImeil. 3TO HO3BOJIAET 3AMUCATH PA3TOIKEHUE

2
¥ (2 -+ B) = ¥ (@) +hY (@) + o ¥ @+ 0h) (0<O ),
(6.23)

B cuny (6.23) npn mopcranoBKe TogHOro peinesnws y(z) asapagr
{6.1) B nesyio uacTs ypasmenna (6.22) moryunm

Y (ziq) + —Z‘—y” (Fi-1 + OB) — [ (i1, Y (%i-1)) =
=2y (@i +OR),  (6.24)

TaK Kak B cmry Toro, ato y(x) sBIsIeTCH TOYHLIM pelieHueM ypas-
nerna (6.1), mepeoe u TpeTnhe claraeMble B3aUMHO YHHUYTOKAIOTCH.
OTclona caenyer, 9T0 cxeMma Jiiepa anmpoKcumupyet 3apawy (6.1)
¢ IepPBEIM IOPHIKOM.

Bamevanne. IepBhii HOPANOK AMIPOKCHMANMM CXeMH J#jdepa CcBHA3aR
¢ TeM, ¥TO B 9TOM MeTOJie YiepBasa IpoussofHas y’ (z;) aNIpPOKCUMHUPYeTCH pas-
HOCTHEIM OTHOMIEHEEM (Yy; — Yi—1)/h. Jlerko BuneTs, YTo, BEIOMpas NpyTue mpH-
Gnurennnie opMyNE JUIA NepBOl NPOM3BONHOI, MOKHO NOBHICUTH UG “AROK
annpokcuManpu. JleficTemTellbHO, 3aMEHHM KepBYIO IPOM3BOJHYIO ¥’ (z:) cuM-
METPHYHBM PA3HOCTILIM OTHOLIEHNEM B COCEHHX TOYKAX

yi—}—l_yi—l 6.25
o " (6-25)

Iipemmonaras HeNpPepPEIBHOCTL TPETHUX NPONIBOTHEIX pemeHus (uTo Oyner UMeTH
"MECTO YPU COOTBETCTBYIOIOMX YCIOBHAX TIajkoct# Qyskimu f(z, y) B npasoit
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gacTu ypapeerus (6.1)), Oymem umers
2 3

(5 FB) =0 () Y (5) 0 () 0 (5

2 W (6.26)
y(z; —B) =y (%) — M () + 5 ¥ (5;) — 5 ¥ (% + 6R),
Torna, annporcuMupys samagy (6.4) pasmoctHOi cxemoit
(n) )
Yivr ™ Yi—q m
P il W o2
h ¥y= (h)yo - Y, ( o 7)
(h)y1 v,

¥ TIPOBOJA PACCMOTPEHY, AHAJOTHYHBIE IPEXBIIYHINM, IOXYYHM, YTO PAasHOCT-
roe ypapHeHne (627) anmpoxcuMupyer ucxojsoe ypaBHemme (6.1) co BTOpRIM
TIOPARKOM. 3aMeTuM, OfHAKO, 470 cXeMa (6.27) tpebyer safaEusg ceToqHoi GyHR-
V¥ He TOJLKO B HYJEBOM, HO M B NepBoM yale. UToOH ONPENeNAuTs TOPANOR
ANIIPOKCEMANNK 3TOTO YCJIOBHA, ONATH BOCHOJNE3YEMCHA PasioMeHHEM TOYHOIQ
penienrsa B cTpory Teiutopa

2

h
¥ (@B =y (3) H (%) + g ¥ (% +0h) —py =
2
— y" (z, +6h) —y,. (6.28)

= yu+ hf (20’ yu) +

W3 (6.28) cnen‘yeT, 9TO ecid BLIOpaTh
Y1 = yo + kf(zo, yo), (6.29)

70 H BTOpOE HayajbHOe yciaosme (6.27) annpoKcuMupYeTcAa CO BTOPHIM NIOPANKOM,
Otclopa clenyer, 470 NpPU BHIOJHEEMH JONOJHUTEILHOTO yciosus (6.29) pas-
HoctHana cxeMa (6.27) annmpoKcEMHpyeT MCXONEYIO 3aflayy €O BTOPLIM HOPANKOM.

IlepeiieM Teneph K ONpENEJIEHUI0 CICHYIOMEr0 OCHOBHOrO LOHM-
THA TEOPHH PA3HOCTHBIX CXeM — MOHATHIO YCTONYHBOCTH PazsHOCTHOM
cxeMbl. HagneM ¢ mpocreiiniero mpuMepa.

Paccmorpum sanawy (6.1) pus amHeiiHOTO OHOPOXHOTO ypaBHe-
HUA ePBOro HOPANKa ¢ HOCTOAHHEIM Ko2(PdUIIeHTOM ,

d N
S=ay, y(z) =" (6-30)

rme o — 3ajanHag noctosHHam Iloctpomm s 3apmagm (6.30) pasa-
HIOCTHYIO CXeMy, FBJIIONYIOCA OYeBUNHBIM 0GO0IeHreM pasHOCTHEIX
cxem (6.22) m (6.27):

o(Py— Py) + (4 — )Py — Py, ) — ha Py, =0,

(r)

(6.31)
- Ry —
Yo = Yo, =1,
rie O — HEeKOTOpasg TOCTOSIHHAS, Y/IOBIETBOPAION@A  YCIOBHIO
0<o=<1, a sHagenme y; ompexeieHo ycioeueM (6.29). Ouesupso,
$opmyna (6.31) sagaer ogHonapaMeTpUYIeCKOe CEMEHCTBO PasHOCTHRIX
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cxeM, saBHMCAIMUX oT mapamerpa 6. Ilpu ¢ =1 moxyanm cxemy (6.22),
npu ¢ == /s — cummerpuunylo- cxemy (6.27). Ilycrs mauampHEle yc-
mosusnt cxemul (6.31) samaHnl HeTouHO, € HEKOTOpoil OMUOKOH €.
Torna MBI NonmydnmM HoByIo cerounyio ¢ymrmmo My, apmmomyrocs
pelleHHeM 33Tl

0(""yi+1 - (h)_!;'_) + (1 - G)((h)-_l;i hand ("’y—;_l) — ho (h)-_l;i = 0,
(6.32)

iyo=yot+es; Wyi=uyi+e.

HccenenyeM, Kak ommGKa 3ajaHus HAYaNpHBIX YCIOBHI BJIMAET Ha
perenue 3anaun (6.31). Onpenenum onuGKy perneHus

dyi =My — Vy.
B cuny muneitsoctn sanaz (6.31), (6.32) umeem
o(8yip1 — 8y + (1 — 0)(Sy; — Sye—1) — hady: =0, (6.33)
OTKYJa SIA OMMORY NONYINM 3a[ady

06yi1 + (1 — 26 — ha)by: — (1 — 6)8yi1 =0,
(6.34)
6!/0 == Eg, 6y1 =¢£1.

Banaua (6.34) sasamercs gacTHBIM cirydaeM JHHEHHON pasHOCTHOR
3a7a9n ¢ MOCTOAHHEIMU Ko3(uIuenTaMu

acys ‘+ayp—t-... + Qolfp—-qg = O,
(6.35)
yo=be, y1=b1, ..., Yo = bg-1.

o avasorunm ¢ JuHeinbME gud@epeHnUajbEEIME YPaBHeHHSIMII
¢ TOCTOSHERIME Kos(dupUeHTaMy uacTHOe peLIeHWe Ppa3HOCTHOIO
ypapuerns (6.35) MomHO HMCKaThb B BHJE Y= A", Tne A — HemsBecr-
¥iaa DOCTOSHHAfA, TOJIesRanias onpenesieHmio. lloncraBnsas HCKoMbLi
Bujy pemieHus B ypasHenme (6.35), monyumM XapaKTepHCTHIeCKoe
ypaBHeHNe, SBIAIIeecH alrefpamiecKuM ypaBHeHHeM ¢-f CTeleHu:

agh+api-1+ . +a,=0. (6.36)
Ecan sece KopHE A, (p=1, ..., q) ypasuenus (6.36) mpocrsie, To Ms1
HONY9IUM ¢ PA3UTHBIX ACTHBIX PeIeHHI

wW=2% (@=1...,9 (6.37)

ypasuenus (6.35) u ero ofiee pemeHHe B CIJIy JIUHEHHOCTH 3amu-
LIeTcs B BUJ®

= 3 Otk (6.38)

p=3
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Jlerko nOKa3aTh, 9WTO B ClIy4ae DPOCTHIX KOPHeH A, pelieHus
(6.37) numneitno HesaBHCHMBL M 06pasywT (PYBAaMEHTANBHYIO CHCTE-
My. MB Ha 5TOM Bofipoce ocTaBHaBiauBaThcs He OymeMm *). Oupepensns
noctostaEsle Cp B (6.38) m3 mavamebenix ycuosmit (6.35), mMul mony-
ypm pemenue sanagu (6.35).

Ilpumenum a1y o6myiwo cxeMy K pemrenmio sagaum (6.34). Coor-
BETCTBYIOINEE XapaKTepPHCTHYECKOe YPABHEHHE MMeeT BHJ

o2+ (1—20—ha)r+ (1 —0) =0, (6.39)

a eTro ROPHH OOpPeeyATCH BhIPpAMKCHIAME

: 2
7»1'2=_1_:2§.j:_’1%i l/(i—zzo:h“) +1—0_ (6.40)

[

Kax serxo BujeTh, OIpH JOCTATOYHO Maypix h**)

ho=1+hat 0@, Ay=1——+O0(). (6.41)

Orcroga ciexyer, uto mpu ¢ << 1/2 mns Broporo ropusa (6.41) cmpa-
pejuimBa omeHka |Ael > 1. CrnemoBarenbro, dYacTHOe peIlleHNE pas-
BocTHOTO ypasHeHus (6.34), cooTBercTByIOIEe BTOMY KOPHIO:

Sy =\ (6.42)

Oyner HeorpaHuueHHO (SKCIOHEHNEANLHEO) BO3pacTaTe mO abCoINIOT-
poil penmaune ¢ pocroM i. Ilpm sToM wacTHOe perieHme, COOTBETCT-
Bylolliee IepBOMy KopHI0 mpHu joGom spadennn o (0<<o<<1), ocra-
eTcsi OrpaHMYeEHHIM Hpu i— oo, [leficreutensHo, Tak kak i= (x;—
— x¢)/h, toe x; << X, To mocme 3NeMEHTADHBIX IpeobpasoBamMi INo-
ayanmM

S5 =M = [1 + ke + 0 5TV = T L om),  (6.43)

1
YTO ¥ JOKA3HIBAET PABHOMEPHYI0 OTPAHNYEHHOCTH 83V ma oTpesKe
o LT << X .
Pemenne 3agaun (6.34) 6yneM umcraTth B BHJE

8y: = C,8y3" + C,8y:°. (6.44)

Hocroaarpe C; n Cy onppensitoTcd M3 HAYalbHEIX YCIOBHIl 3aja4u
(6.34). IlpocThle BHYNCIEHUA AT

C1= (1 ~o0a)ego+ oe, 1+ O(F), (6.45)

Cz = 0(80 - 81) + O(h). (646)

*) CmM., manpumep, Camapcruin A. A. Teopns pasHOCTHEIX cxem.— M.:
Hayra, 1977.

##) CumpoioM O(h*) oCosHauaeTcA BeJMYENHA, MOAYJHL KOTOPOl MembIle
Ch*, riie C — He 3aBucsA(as 0T - NOCTOAHHAL.

41 A. H. Tuxoxos u np.

v
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Yr00pl TONYYHTL IHOCPEACTBOM PASHOCTHOI CXeMbl YHCIEeHHOE pe-
nreEne HauanpHoii 3apgaum  (6.30) mia moboro (urcumporamHOro

z e [z, X1, HymEO cpeyaTh TaKOe 9UCNIO IIATOB i, YTOOH OBLIG X; =
) i xi—xg)/h X-xa)/h
= go+ ih = z. Hoartomy Ay == 7»& ) = 7»(2 o) 3KCIOHEBIHAaIbHO

pospactaer npu h — 0. Torna u3 (6.44) cuenyet, uTo pemenme 3afagn
(6.34) 6ymer HeorpaEHMYEHHO BO3paCTATH 33 CHET WIEHA C,5y32. IIpn
€0 =&y sexmunEa C; ~ 0 mpm A — 0, HO Tak KakK IPH 3TOM NOPSAHOK

yopisanus C; He Gomee ueM crememmoil, T0 Cohg, a 3HAUHT u Bece
pelenue, OOATL-TAKN OyfeT HEOTpPaHMYEHHBIM. TeM caMbIM HesHadn-
TeabHas DOTPENIHOCTL B HAYAJGHHIX YCJIOBHSX NPHBOAUT K BCE BO3-
pacraromeit ommbke pernienusi 3agadn (6.31) mpu yMmempnleRun miara
pasnocTHoii cxembt. Cxemy (6.31) mpu 0 < 1/2 po amayorunu ¢ moHs-
THEeM, BBEJIEHHHIM B TIJN. D, €CTGCTBEHHO CUHMTAThL HEYCTOWIMBON IO
HAYadbHBIM J@HHSIM. AHQIOrMYIHEEIM O0pasoM JIErKo IHOKA3aTh, 4710
pna Beopmopommoro ypasHerns (6.30) mammas cxeMma sBIAeTCS He-
YCTONYNBOM .M 1T0 OpaBoil IACTH.

TMaguM Temeph cTporoe ompeeleHre YCTOWYHBON PasHOCTHOLI cXe-
mbl. Paccmorpum pasmoctrylo cxemy (6.16) u cooTercTByronryio
GOBMYLLEHHYI0 3aaTy

Ly ™y=Wgp+§ Mg, (6.47)

8 Mg masmBaeTcs BO3MYIIEHHEM BXOHHBIX RammbX. Ommubkoit pemre-
pus  cxeMbl (6.46) mo-mpeskmemy HazoBeMm Buipaskenuwe O My =

— MWy ™y Bepmuuna § Mg, rag n Mg, oneAnBaeTCs B HOpMe
15 ®ell; = max {15 ™, 1§ ®ylg}. (6.48)

Onpedeaenue. Cxena (6.16) naswvreaercs ycroiluueoi
nOo HAUQAbLHVY YCAOBUSM U NRPAEOT YaCTU YPaeHe-
nusn (uau npocro ycroluueoill), ecau cyyecreyer Taras no-
croannasn hg, wro npu h<<hg s HOpMBL OWUOKU PEULENULS 6BLINOJ-
HAETCA HEPABEHCTEO

15 Myl < CIs Dl (6.49)

20e nocroannas C ne 3asucur or h.

JlanHOE OLpefieNeHne, OUEBY/IHO, O3HAUAET HEIPEPHIBHYIO 3aBHCH-
MocTh peinenns pasHocTHOIl cxeMmb! (6.16) oT BXONHBIX FaHHBIX 3a-
[agy — BAUaJbHEIX YCNOBHH M OpPaBoil 9acTH ypaBHEHHA: Majoe
JM3MCHEHNe BXOMHBIX NAHHBEIX UPHBOMUT K MANoMy U3MEHEHHI0 pe-
eHnst,

Jlerxo yGemurnesn, ure cxema (6.31) mpu o > 1/2 ycroitamsa wo
HAYANBHBIM JAHHBIM. YCTOHYMBOCTh IO HAYAJHHBHIM TAHHBIM MOMKHO
NpOBEPHTH LONOKNB paBHOil Hymo § M — KOMIOHEHTY B BHIpasKeHNH
past § M (rag u Obwio B HamieM mpuMepe). [leficTBUTENbHO, Kak GBl-
70 morazamo Beume, OySY pasmomepmo orpammueno. UTo Racaercs

8y?, 1o, rak BupHo u3 (6.41), npu ¢ > 1/2 UMeeT MECTO HEPABEHCTBO



§ 1) PEOIEHNE HAYAJILHON 3AATK 163

A2l <41 m moatomy 6y(,-2) TO3K€e OyHeT PaBHOMEPHO OrpaHMYCHHBIM W

naxe OeckoHedro ManeiM ¢ yMmemsuienwem h. Ilostomy mz (6.44),
(6.45) n (6.46) caepyer

Mg Wyl < Ce, (6.50)
rge

e =max {legl, 1}, (6.51)
YTO U [IORA3EIBAET BLICKA3aKHOE YTBEPIKJICHUE,
TlepeiinemM Temeps K JOKA3aTENLCTBY YCTONGUHBOCTH CXeMBl Jf-

acpa (6.22). CooTseTcTByOmas BO3MYIIeHHad 3ajada UMeeT BHL

hy (h),
I — F(25—g, PFoey) = BB,
L, Wy = K =1 Vi R (6.52)

(h):l;o == Yo + &,

Bynmem mpepgmonarath, aTo perierme My 3Toil 3anauu IPHHAIEIKUT
obnactn D, B Koropoit Bemosmerr mepapencrea (6.4). [Jas ommGru
pemmenus & My pasmoctHOR 3amavu (6.53), owesujmo, HmOXyUHM

8By — gy, _
: = (hy
= : h = _f(xi—lz yi—l) + f(xg—yy WY —y) =SBy,

S Py, =g,
3mechb (6.53)
[6 @7 <o ®rl, te] =16%yk (6.54)
N3 (6.53) B cuiry omenok (6.4) momygaum

18 @yl < 18 Pyl +hKIS ®yiql + RISl =
=1+ hE)IS Py (| +RISWAI <. ..
< U+ RK)S My o) + (1 + RKRIS W + RIS ®fl,  (6.55)

HpuMenas 9T0T Hpolece BOCIEIOBATENBHEIX OIEHOK, TIOCie i-TO Liarx
HalgeM

16 My, | < (14 rE) e +R1A+RE) T + ... 4 18| <
<+ kY |8 Pyl + 5 (1 + REY|87F]  (6.56)

B cuny (6.48) u oumpepeneHus 4eCHIIICBCKOH HOPMEI OTCIOA I0-
TyauM

lo®yb< ¢t -+ niy (18 Pl + 167 (6.57)
11*
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Tar wag X —zo=nh, 70 B cury mepasencrsa (1 4 hK)F "
<< X X roruaTennHO OyneM UMeTh

fo Pyl exa—=([s “yh + 5 1611) < cls el (6.58)

opu y00oM B, 910 M [OKA3HBAET YCTONYMBOCTE PA3HOCTHON CXEMEL
(6.53).

BeenenHble Bollle NORATHA NOPANKA ANDPOKCHMAIINE W YCTONTIH-
BOCTH DPasHOCTHON CXEMHl IO3BOJAIOT NOKA3aTh CIEAYOIIYI0 TeopeMy,
WIPAIIy0 (QYHAAMEHTANBHYI0 PONh OPH HCCICHOBAHHH CXOAUMOCTH
Pa3HOCTHBIX CXEM.

Teopema 6.1.Ecau pasmwocrnas cxema (6.16) ycroiivuea u an-
nporcumupyer sadawy (6.14) ¢ nopsdrom k, to pewenus ™y npu
h— 0 cxodsrcs k pewenuro y(z) Ouddepenyuarvroii sadauu, npu-
ueM UMeeT MECTO OYeHKa

1™y — [yl < Ch?, (6.59)
2de nocrosunas C ne sasucut ot h.

HJorazareuasceTso. O003nauuM pasHOCTH 3HAYEHHUIl CETOWHEBIX
$yarnuit Py u [yl, sepes § My:

Wy =my [yl (6.60)
B cuny onpenenenna TOpANKa ANNPOKCHMAINE
Lilyl, = ™+ 6 M, (6.61)

npmuem 18 Mol < Cyk*. Ns yeroitunsocTu pasmocTrOM cxemst (6.16)
B cmry (6.49) momyunm

15 @yl < CIS ®oll, < CCyh~ (6.62)

Coxpanus pya mpouseefeHns mocTosHEHIX CCy ofoszmauenme C, MbI
mronyauM cootHormerne (6.59). Teopema noxazama.

Brune 6pmmo mokasamo, 9To cXeMa Jiiiepa ycTOHYMBA M ALITPOK-
cumupyer 3anaay (6.1) ¢ nepsrimM mopsmroM. W3 mokasammoit TeopeMs
cnenyer, 4To ceMeiicTso perienuit ™y, momydemmbIX Do cxeme Dii-
nepa npu h — 0, eXopgurca K TouHOMY peruesmio 3amaun (6.1) Taxme
¢ mepBHIM DOPANKOM. JToT (PAKT ObUI YCTAHOBJIEH B IL 1 ¢ MoMOINBIO
OPAMBIX OIEHOK.

3. Meron Pynre—Ryrra. Hax Ml yixe oTMewann, cxema Ditiepa
UMeeT JIMIOb OepPBHil IOPANOK CXOOHUMOCTH, M INA MONYy4YeHHA BHI-
COKOHl TOYUHOCTH IO HTOH CXeMe HPUXONUTCHA BECTH BHIYNCICHHA C
OUeHb MEIKUM IIaroM, 970 OPUBOMUT K 3HAYNTENLHOMY PpOCTY BDE-
MeHH cueTa. IlosTOMy ecrecTBeRHO HCKaTh CXeMBl, obnagamommme Go-
Jiee BBRICOKMMHE mopsikaMy cxomumoctu. OZHNM U3 KJIACCOB TAKHX
cXeM ABNAIOTCA cXeMp Merofa Pymre — Hyrrta. B ocmose storo meto-
Ja JessaT ciaeaywomue coobpaskeHmsa. PaccMOTpUM  TOKEECTBO
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y'(2) =f(z, y(x)). Cornacmo ¢opmyne Jlarpamma o KOHEUHBIX IIPH-
pamenuax Ha oTpeske [z, x: cymecTByer Takasm Touna z*, uTo

ylz) — yloiy) = (1 — 2 )y (&%) = hf(z*, y(z*)). (6.63)

Opparo 3paduenme z* HaM He u3BecTHO. B cxeMe IJiinepa monomeno
I¥* = x;_y, 970 U JAeT BCETO JWINL NEePBHH DOPAXOK TourocTH. OcHOB-
maa ugesa Metoma Pymre — HyrTta sawmouaercs BO BBegeHHH B pas-
HOCTHYI0O CXeMY pAlla MONONHHTENLHBIX [AaPaMeTPOB, YTOUIHAIOIHX
npubNuAKenHoe OUpeNieleHle 3HATCHUA L¥.

Bynem no—npemnew paccMaTpuWBaTh HauamIbHy 3amagy (6.1):

=f(z,¥), Y(x) =Y, (6.1)

Yenosus rnapkoetn Qyermun f(x, y) 6yayT cdhopMynmpoBansl HuEe.
Conocrasum 3apage (6.1) pasmoctry0 cxeMmy

my,
L,y =1 h P (S R AR o 2.9 SN L ST VA
®y, Yo
e
Ky = f(zey, Pyim1),
K = f(x;iy + ouh, Py + oyhKy),
(6.65)
K, = f(zx; 1 + b, My + ou—1hK,_y),
A Ply --ey Diy Oty oo+ Ou—q — HEKOTOPHIE LAPAMETPH, BHIGOPOM KOTO-

PBIX MOKHO 00ecHeunTh TPeOyeMblil DOPANOK AUOPOKCHMANMH CXEMBI
(6.64) ma pemmenmn samaum (6.1).

B uactiom ciydae npu I=1, p=1 cxema (6.64) nepexomur B
cxemy Jitnepa (6.22), uMenmy©0 0epBHI DOPANOK ANNPOKCHMAIMH.
IloxaskeM, ato npu I =2 MoKHO Tak BHIOpPATH HApaMeTpel Py, P U
o, uro cxema (6.64) Gymer ¥mers BTOPOH LIOPAMOK anIPOKCHMAIIHH,
Ilpm »ToM Gymem mpepnmonarats, aro ¢yekmua f(x, y) umeer B D
HOOpPEPHIBHEIC YACTHBIE IPOU3BONHEIE 10 BTOPOTO MOPAAKA Io obomM
APryMenTaM, 49TO [OCTATOYHO JJifi CYI[ECTBOBAHHA HEIPEPHIBHOI
TpeTLeil IpOM3BONHON OT perienus. TOrAa, MOACTABISAA pEHIEHHE 3a-
nagn (6.1) B cxemy (6.64) npn [ =2 u pasnaras pemenue B CTPORY
Teitxopa, moayanm

2 3
9 (@) = Y (@omy) = B (21-) + 2o 9 (i) + By (2%) =
= h [p1f (Xj—1, Y (T5—4)) +
o+ Pof (Ti—y + ik, Y (2—y) + ihf (75—, Y (2:-1)))]-  (6.66)



166 YUCJIIEHHBIE METONBL TH. &

BocnoapzoBaBmucy pasnoeHneM
f(xymy -+ a_lh, Y (@i—1) + 0hf (23, y (7;-1)) =
= 1 @i Y (@) F ok L () F o] () S () + OB (6.67)
¥ 09EeBHOHBIM COOTHOIICHNEM
¥ @) = L () () i) = o () HIC) 55 (), (6:68)

nepennmem (6.66) B Bune
Y (2;—1) — (P1 -+ P2) f (Fi—1s Y (2;-1)) +

+ hy” (z;-y) (7 — oclpz) =0 (h?). (6.69)

Orcopna cnemyert, 9To IpH

1 "
ntp=1, ap,= =y (6.70)

cxeMma (6.64) mpu I =2 umeer Bropoil mopsinor annporcumamuu. Ipm
3TOM of MOMKeT GbiTh BeIGpaHO mpousBojbHO, Hambonee mmpoko mpu-
mensIoTen cxeMsl (6.64) ¢ oy =1 n oy=1/2. 3amerum, 910 myTEM
BpIfOpa o HOBEICHTHL IOpAFOK anmporcumapun cxemsr (6.64) mpn
[ =2 menpss.

Hpn a;=1 u3 (6.70) momyuum pi=p,=1/2 n cxema (6.64)
OpPUEVMAET BUJ
My 0y

—_— % If (xi—1» My;—) +
- f (=g By Oy, + B (2, DY)l = 0. (6.71)

leomeTpiYecKas HRTepIpeTanua sToil GopMydsl sicHa U3 puc. 19.
Cpagana no mertofy Jiliepa Haxomm t0ary Y= ®Yy + hf( @iy,
®y._1), 3aTeM HAXO[UM CpeJ(Hee
3HaYgeHNE yIVIa HAKIOHA Kaca-
TeNHHOU K UATErPaLHEIM KPHBBIM
. 1 Oy —
Hamare h: 1g o =—- (Pyiea + 1)
H 00 HEMy YTOYHAEM 3HAYEHUE
My, AmajormgHBe PACCMOTPEHHA
JICTRO LPOBECTH U A CAYYasd o =
= 1/2. IlomoGusie cxeMbl O0BYHO
HOCAT HA3BaHNE (IPEJUKTOP-KOpP-
PERTOD?.

Mpr paccMoTpenu cexeMsl €6
BTOPHIM HOPAJKOM ANIPOKCHMa-
nuu. AHANOrMYHBIE PACCMOTpEHMS MOTYT GHITH HPOBEHNEHB U A
cxeM Gomee Bricoxoro mopsinka (I>>2). Ilpm sToM npnmxommrca mana-

Prc. 19.



§1 PEHIEHHE HAGAJIBHOIX 3AZAYM 4167

rath Ha QyEROuO f(z, y) Bce Goiee BricOKNe TPECOBAHMSA TIATKOCTIL.
HauGonee nmporue mpaxTr4eckye HPIMEHCHHMA HAXOOAT CXEMBI YeT-
Beproro nopsapka. B GoablimECTBE OHOIHOTER CTAHOAPTHLIX IPO-
rpaMM s 9BM ucoonesyeTtea cuemyomas cxema:

(h)yi — )

yi—l 1
L,y = h — g (K 2K, 2K+ Kt 10 . (6.72)

h
"y 4,

e
K, = [ (®i—y, ®y;—),

h h
K, = f(xi—l + 57 My, + > Kl)v:
b b (6.73)
Ky = f(‘xi—l + 5 Py + 5 Kz),

K, = f(2;—y + h, Wy;_, + RK}).

Jlerro mpoBepHThH, 9TO 5TA CXeMa HMeeT 9ETBEPTHII MOPSAOK annpoK-
CHMAIUN,

B cuny Teopemet 6.1 min ompepeliennsa HOPANKRA CXORMMOCTH CX€M
Pynare — KyTra [0CTaTOYHO [OKA3aThH MX YCTOHYHBOCTH, JTO HOKa3a-
TENbCTBO MOKHO TIPOBECTH B LONHON AHAJIOTMH € IOKA3aTelLCTBOM
YCTORYMBOCTH cXeMpl Jitnepa. [leficrButeabHo, Bee exembl Tuna (6.64)
HMewT BH[

(h) )
Vi — Vi

L, My = k —6 (- (h)y‘—l.\ = »  (6.74)
(h)y0 Y,

e ¢yarmua Gz, y) mpencrasnser coboit numefiHy0 KOMOEHALUIO
¢Gyurmuil f(z, y) or npoMeryTouHsx sHaueHmit aprymenTa. IloatoMmy
oneurn mia Qynknuu G(x, y) u ee HPOU3BOIHBIX JIETKO BLIPA3NUTH
Yepes COOTBETCIBYIOINE OneHKN (yHRmun f(x, ¥) u ee IPOU3BORHEIX,
HCTIONb3yeMble OPH [OKA34TENbCTBE YCTONYMBOCTE MeTona Jiicpa,
OTKYJA M CclieflyeT CHeNAHHOE yTBePIKICHUE,

B wacTHOCTH, ¥IMeeT MecTO CIeIyIman

Teopema 6.2. Ecau ¢ D cywyecrsytor nenpepolensie wacTHble NPO-
13800Hble ueTeeprTo2o nopadra Pynryuu f(x, y), 7o crema Pynee —
Ryrra (6.72) cxodurcs ¢ weréeprvim nOPAOKOM TOUHOCTU, T. €.

Iy _ Lyl < Che, (6.75)

OtmeruM B sawmovcnue, 910 cxemsl Pymre — Hyrra pomycraror
BLIYHCJIGHHA U ¢ MepeMenBsIM mmaroM. Haunmasa ¢ moGoro mmpexca i,
MOJKHO yMEHBIINTL KM YBEIMYNTh HOCHCAYIOMUNA Mar CeTKH.
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Bamevuanwue. B jgannom paparpade OBUIM paccMOTpeHL! 9HCIEHHEE Me-
TOHNI pellleHnsa HavanbHo# Homm (6.1) mis OfHOTO CKaXApHOTO ypaBHEHHS mep-
BOro mopsifika. bes cymecTBeHHLIX M3MEHEeHHH pasofpaHHnie MeTO[BI IePeHOCHT-
¢s Ha ciyJail HavandpHOH 3afiauyp W I HOPMAaJbHOI CHCTEMBI ypasHeHDH mep-
BOTO HOPARKa *).

§ 2. Kpaessie 3anaun

B stom maparpade GymyT paccMOTIpeHH! IpOCTelilye YHCIEHHBIE
METONBI PEHIeHUA KPAeBhIX 3a7ad MiIf OOLIKHOBEHHHX muddepen-
nuaaseEx ypasmenuit. HocramoBka 2THX 3amay M oblque cBoiicTBa
HX pellieHuil 6pUIM M3Y9YeHH B Ti. 4.

1. Meron crpenspr. OcHOBHARM HJEs DTOrO METONA 3aAKIIOUAETCH
B CBEIEHNM pENIeHHs HMCXOQHON KpaeBoil 3a7aill K MHOTOKPATHOMY
PEIeHUI0 BCOOMOraTeNbHBIX 3agad Homn pusa sapaEnoro nuddepen-
nuaipHEOro ypapmemmsa. IlpomimocTpupyeM »Ty HEEI0 Ha DpuMepe
xpaeBoft 3amauu ma orpesre [0, I] pua ypasHeHus BTOpOrO mOpARKA

% ~ ;(x, v, _gg.)) (6.76)
@ (v (0. £ @) =0, (6.77)
@ (y ), & (l)) =0, (6.78)

rae f, ¢1, Q2 — 3ajanHbie (YHKIUE CBOMX apryMentoB. Ilyers QyHR-
nuu f, @1, ¢z ABIAOTCA ZOCTATOUHO MIANKHMYE 1 BHIIGIHEHBL YCIOBUSA,
Opu KOTOPHIX pemieHne kpaesoid sapaum (6.76)—(6.78) cymect-
ByeT ¥  €QUHCTBEHHO, & TAKKe CYmeCcTBYIOT eNUECTBEHHEIE
PellieHNs HadaJIbHOH 3afiaynu i ypasmenus (6.76) opu mpoussonb-
HbIX HAYANBHHKIX YCJIOBUAX, 3afaHupx npu =0 mmu r=1 Bule-

— —_— d -_—
peM EexoTophie Hauanbuabie yenosun 4 (0) =y, _d_i/:" (©) = vy, ynos-

JeTROPAKINUE JeBoMy rpammumoMy yeiosup (6.77). 9to Moo

HapUMep, cOeNaTh, 3agaBHIACHh 3HAYEHHMEM lJp M paspemas IMoiy-
YeHHOEe ypaBHEHHE

@ (50, Z—Z (0)) =0 (6.79)

d
OTHOCUTEJHHO 7%(0) =1y, B cuay cienaHHOrO TPEIOIOKEHNS

safiaua onpefeienus peinerusn y(x) ypasmenua (6.76), ymosnerBops-
OIero BHIOPAHHEKIM HAYAJHLHEIM YCIOBHAM, PaspemInMa ejMHCTBCH-

BpiM oOpasoM. Ecinu O momyuemmaa npu sToM ¢yEknua y(x)

*) Cm., sanpemep, CaMapcxui A. A Teopmsa passHocTHEIX cxem.— M.:
Hayka, 1977.
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YAOBAETBOPMIIA ¥ MPABOMY rpanmnomy YCIOBUIO
e (70, 2 w) =0, (6.50

TO VICXOEHAA KpaeBasa 3afavya Opna O pemena. Ommarxo B ofmem
ciydae poixyvenHan ¢ymrnusa Y(x) Be YIOBIETBOPHUT HpaBOMY rpa-
nraaomy yeroBuio (6.80). Ilo cmocoGy csvero noctpoemms ¢ynrmust
y(x) saBmcnT OT 3HAaUeHHA Yo Kak oT mapamerpa: y(z, yo), mpuueM
B cuiy OOHMX CBOMCTB pelleHHs HAYAJILHON 3aiady, W3ydeHHHIX B
ra. 2, 3Ta 3aBHCHMOCTh — HeIpephisHas. Mensaa spaveHna y, U HO-
BTOPAA ONUCAHHLII BEINIE AITOPHTM, MHl HONYyYMM OAHONApDAMETpHYE-
croe ceMelictso y(x, yo) pemrenuil HaUANLHBIX 3ajaY [JA YPaBHEHEUA
(6.76), yOoOBIETBOPAIEX JEBOMY TrpaHngmoMmMy ycunosmo (6.77).
3ajlaga 3aKI0YGaeTCs B TOM, 9TOOBI M3 DTOrO0 CEMENCTBa BHIACHNTDL
$yurnu y(x), yIOBIETBOPAOIIYIO U IPAaBOMY TPAHUYHOMY YCJOBHIO
(6.78). droro MOHO HocTHYL pasimuEntMu coocoGammu. Hampumep,
MOKHO BBIOMpaTh HayHady 3HAYEHMA Yp A0 TeX mOp, IOKA OpHU
HOKOTOPBIX ONW3KMX 3HAYEHUAX Yo w1, Yo,« HE MONYYATCHA pPasHKIO
mo 3Eary nesble uactu (6.80). 3710 6yner osmawaTh, UTO HCKOMOE
3HAYERNE, Yo «B3ATO B BWIKY» W MOKHO BECTH (IIPHCTPENKY», YTOU-
HAA MCKOMOE€ 3HAYEHHE Yp. B CHIY YKA3aHHOU BblIE HEOPEPHIBHOMN
3aBHCHUMOCTH peINeRNi HAYANLHBIX 3afad OT HAYAJLHBEIX JaHHBIX
HCKOMOE 3HAYCHNE Yo JEKUT MEMNY Yo, +~1 M Yo+ OTOT cHocol pe-
mwemnst Kpaesod sagaam (6.76)—(6.78) m wmocur HasBamme MeTOna
«CTpeNsOBI».

Ecin pemenne samaun Komm y(z, yo) maxommrés B chanpaTy—
pax, To cooTromenre (6.80) npemcraenser co0oii HeroTOpOE, BOOOIIE
rOBOPA, TPAHCLUEHACHTHOE yDPaBHEHIO

W w0) = @ (7 4, 9, % (Ly)) = 0 (6.81)

OTHOCUTENHHO HMCKOMOTO 3HAYEHHS Yo. 1eM CaMbIM 3aaua CBOINTCH
K aarebpavueckoit 3ajlade HAXOMICHWA KOpHsa ypasmemmsn (6.81).
Pemus 310 ypasmenue (amanuTugueckn wiM 4uMCIeHEO), MBI IOXYIHM

d
uavanpanie yexosua ¥y (0), -E‘Z— (0), roTOpEIM yHOBIETBOpAET pelIeHIe

ICexoquufl KpaeBoil 3ajavu.

B o6mem caysae @ysrmun y(xo, yo) He MMEOT ABHONO AHAILTH-
9eCKOro BHIPAKEHMA B MOTYT OBIThL HAWEHHI JIMIND YHCIAEHHO JUIA

Ka/K(01'0 ROHKPETHOTO 3HAUeHHS HapaMeTpa Yo, TOrma MOMKHO BOC-
HONB30BATLCA YHCICHHHIME METONAMH perienmsa ypasmerun (6.81) —
PasmgEBIMO  MormguranusMn  MeTona Heloroma, mertoma mapaGon
n 1. g. Haopumep, MOMKHO DO OOMCAHHOMY BHINIE AJMrOPUTMY IA
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3MaUEHNH HmapaMeTpa Yo, PABHBIX Yo, oy M Yo, DOCTPOMTH (PYHKIUI
ylz, yo.i-) ®m ylz, yo o). Torma mHoBoe 3HadeHune mapaMerTpa
Yo, i+1, COTTIACHO METOLY CCRYIIUX, HAXOTMTCS U3 COOTHOIUEHMNS

(;o,i - -'—/o,i—l) ‘tl::_ (30,:‘)
2Gon) % Gore) ©-52)

OTMeTnM, 9TO eclinm HAYAJHHOE 3HAYEHHE Yo BHIOPAHO BONM3M KOPHS
ypasmenua (6.81), To urepanmommriii mpomece (6.82) 6micTpo cxo-
JUTCH,

IlpoBenennsic pacCMOTpPeRNs CHpPABELJINBH B OOINEM Clyuae He-
aumeiinoit Kpaesoil 3ajzaun. B crryuae jgunedHON KpaeBoill 3agayu

Yo,i41 = Yo,i —

L= |r@g| - @@ =1, (6.83)
ay’(0) + By (0) =0, (6.84)
gy’ D) + Bay() =0 (6.85)

MOMRHO HPEJUIOKATH MONU(DHUKALNNIO METOHA CTPEeNL0b, HO3BONAIONIYIO
IONYYHTL pellicHNe MCXOAHOH KpaeBoil 3a/iadl, CBeAs €€ K PEerIeEuio
cpaBHUTENHHO HEOOIBIIOrO 9Hcna HAYANLHBIX 3aa4.

Hocrponm ¢ysxumo yi(x), npeacrasusmoigyo coboil perenue
safiagu A HeopHopopHoro ypasmenug (6.83) ¢ masanpEeiME ye-
JIOBUAME

¥ (0) =y, ¥1(0)=—B,. (6.86)

Ouesupmo, B cuny (6.86) ¢ymxnus y(z) ynosneTBopseT neBoMy
rparnyeoMy yenoBuio (6.84). Onpepmenum ¢ymxmuio yolz) xak pe-
LICHZE 3ajaqn AiA ogmopopHOro ypasmeHms (6.83) ¢ Temu e Ha-
QANBHBIMHE YCHOBILAMHE

Yo (0) =y, Yo(0) = —P,. (6.86")

B cuny mumeiinoctn 3apaunm M ONHOpORHBIX ycitosmit ¢ymkmus Cyolz)
TaKe IpeACTaBifAeT coboii perlenne ogHoponHoro ypasmenua (6.83).
YAOBIeTBOpAIOIee JEBOMY rpamndnoMy ycnosmio (6.84). Ilostomy
pelieEne HMCXONHON KPaeBoii 3aj[aul MOKHO UCKATH B BHJE

y(z) =y (x) + Cyola), (6.87)

onpepensia nocroannylo ( u3 TpeGOBaHMHA Y/OBJIETBOPEHUA (PYHK-
mueit (6.87) npasomy rpamuumomy ycaosumo (6.85):

sty (1) + Bats () + C[aaye () + Botie ()] = 0. (6.88)

SaMeTHM, 9TO B CHIIY C/[IAHHOTO NPERHOJOMEHNs O eJ[HHCTBERHOCTH
PelllenNsi MCXONHOH KpaeBoil 3ajaunm KBafpaTHas ckoOka B (6.88)
BABEJIOMO OTIMYHA OT HYNA, TE€M CaMbIM HocToguHas  H3 DTOTO
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COOTHOIDEHUA oNpefensercs O7FHO3HaYHo. Takum obpasom, B pac-
CMaTpuBaeMOM CIyJae pellieHHe KpaeBoll 3afladl CBOAWTCA K pele-
HUK0 BCEro ABYX HAYAILHBIX 38784, YTO MOMET OBITH OCYI[eCTBIEHO
paceMoTpeHHEIME B § 1 HacTosineil rmaBel YHCICHHBIMI METONAMEL

3amMevanma 1. PelleAwe KpaeBEIX 3alau 1ig VPaBHEHMH M cHCTEM 60-
JIee BHICOKOIO HOPANKA, YeM BTOPOTO, TAKMKE MOKET OLITL IIPOBENEHO METONOM
crpenasGhl. OcHOBHbBIE mIenm MeTolla HpH 3TOM CYINECTBEHHO He MEHAKTCH, OfHa-
KO BMecTo OJ{HOro yparmeHHs (6.81) MBI B ofmeM cliyuae HoXyumM cmcreMy p
TPAHCHEHNEHTHHIX ypaBHenuid Tnna (6.81) OTHOCHTENLHO HApaMeTpoB yi, Ys, ...
++ Yp, € p — YHCAO JIEBHX IPAHWYHHIX YCIOBHH. 370 TPHBONUT K SHAMUTEND-
HOH TEXEWYECKO#l TPYAHOCTH HpH HPAKTIYECKOH pealnsanuu peIeHHs CHCTeM
BEICOKOTO HOPAAKA METOAOM CTpeNbOBL VckiloueHue cOCTABIAIOT JMINE JMHER-
7ible CHCTEMEI, JUIf KOTOPHIX 3aj{a¥a CBONUTCA K PEIIeHHI0 CHCTEM JIHMHEIHEBIX aj-
refpamdecKNX ypaBHEHUIl.

2. B meTone cTpenndn pemMenne MCXONHOH KpaeBoil 3afaulm CBORMTCH K pe-
OICHNI0 pAJi@ BCOOMOTaTeNbHBIX Ha4YalbHHIX 3afau. J13 Holyvennpix semme (§ 1)
OLIEHOK 3aBHCHMOCTH ONAOKA YMCIEHHOTO pellieHns HAYANLHOH 3ajauM OT OmIN-
0OR 3ajaENA HAYANBLHEIX NAHHLIX M BEMYWCICHNA HPABHIX YacTeil ypaBHEHMII
(omermra (6.43) m fip.) caepyer, 4TO 9Ta OMMOKA MOKET DKCHOHEHIMAJLHO Ha-
pacrars ¢ yBelmueHueM InuHsl orpeska [0, [], Ha KoropoM pemaercs KpaeBag
3afaua. 3T0 OPUBOJUT K HEOOXOMHMOCTH HAM 3HAYMTENLHOU Mofu(mERanmu Me-
TORA CTpenbOn (TaR HaskBaeMHl Merof AudepennnaiLEOl OPTOrOHANLHON
NpOroHKHM) *), WIn OpPEMEHeHHs [VIA PellleHns KpaeBBIX 3a/lad NPAMEIX KOHeu-
HO-pPAa3HOCTHEIX METONOB, MSIOMEHMI0 KOTOPHIX M OyJeT HOCBAMEH CielyIonymil
NYHKT.

2. Honeuno-pasHocTHeie MeTonbl. Hak M yiKe oTMeuanm, cyTh
ITHX METOJOB CBOJWTCA K 3aMeHe HCXOAHOH 3ajgadu ang auddepen-
IHAJIHHOFO YpaBHEHNs cucreMoil anre0panyecKUx ypaBHeHUI 1 3HA-
YeHuil ceTouHoil (DYHENMH, annpOKCHMHPYIOINEH Ha CeTKe penieHme
nexopnoli 3ajiaun. PaceMoTpuM oCHOBHBI® ufeH 3TOro MeTOAa Ha IPH-
Mepe mpocTeililiedl JuHellHOH KpaeBoli 3ajadM J(jif ypaBHEHHS BTO-
POro mops;ira

¥y — q@)y = f(x), (6.8
y(0) = y() =0. (6.90)

Jlerro BRjers, uto npu ¢{x) >0 xpaepas sapaua (6.89), (6.90)
IMeeT €AWHCTBEHHOE peIlenune, JT0 yTBEP/KIACHUE IBIAETCs CIefi-
cTBueM o0lHero cBoiicTBa 3afauy Ha COOCTBEHHbIE 3HAUEHHMS, pac-
cMoTpennoil B i1 4. HKak Owmio nowkasamo, npm ¢(x) >0 Bee cob-
CTBeHHBle 3HAYEHUA A, COOTBETCTRYWINEl 3ajaum Ha cOOGCTBEHHBIE
3HAUEHHs CTPOFO MONOMKUTEIBHBL A, >0, [lockomavky A =0 me sp-
Jinercs coOCTBEHHBIM 3HAYEHAEM HTOil 3adavu, Kpaepas 3agaua (6.89).
(6.90) paspemmmMa emuHCTBEHHBIM 06pa3OM.

Emvecrsennoctes pemenug aapagn (6.89), (6.90) momuo mora-
23Th ¥ HENOCPECTBEHHO, ONHPAsCh HA TaK HA3BIBAEMBIHl NPUHLUR
Makcumyma. lpeamonomuM, 910 CyInecTBYeT HETPUBHANLHOS PEIICHHE
————————— e

197 *) Cm, manpuMep, Baxsamos H. C. Yncnenmsle meropst.— M.: Hayra,
5, 1. 1.
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onmHOponHOHr Kpaesoit samaum (6.89), (6.90) — pymrmus yolzr). 9ra
¢yHKnuA HenpepeiBHa Ha 3aMkHyToM otpeske [0, U], cnegoBaTennmo,
310 U3BECTHOMY CBOMCTBY HENpEpsIBHBIX (YHRIWH OPHEEMAeT B He-
KOTOPO! TOuYKE o S3TOTO OTPE3KA CBOe MaKCUMaJbHoe 3Hadedue M:

Yolz) < M = yolzy), vaxelo, 1], (6.91)
npugem M = 0, mockonury Yo(0) = yo(l) = 0. Toura xy MoKeT 6BITHL
subo rpaEmaHoit, nuGo BREYyTpenHedl Tourout (0, Il. Ilyers o — rpa-
angnas touka. Ho Torma M =0, nocrkoasky yo(0) = yo(l) = 0. Jlomy~
CTUM TEnepb, YTO Lo — BHYTPEHHHAA TOUKA, TOrJA B BTOH TOURE HMe-:
erca MarcumyMm u y”(ze) <0. Ho B3 camoro ypaBmenus (cum. (6.89)
apu fx) =0) cxenmyer :

02> Yo () = g (x,) Yo (%) = g (z) M =0, (6.92)

a 3TO MOKeT BHINONHATHCH Jumip npu M = 0. Urax, M =0. Anano-
IUIHEIM 0GPasoM Jerro NOKasaTh, 970 M MUHHMAAbHOE m 3HAUCHUE
¢yurmuu yolx) ma samkmyrtom otpeske [0, [I pasro mymo: m=0.
Orciopa cnenyer, uto yolz) =0, z<[0, U, uro m pnoxasmBaer yr-
Bepiinedne o0 eIUNCTBEHHOCTY pelmeHnst kpaeeokr samaum (6.89),
(6.90).

lepefineM K HOCTpOSHHI0 PAa3HOCTHOH CXEMBI, ANIIPOKCHMUPYIO-
meit 3anauy (6.89), (6.90). Beenem Ha otpesre [0, I} cetky w» o
paccMOTpuM CeTounyio GyHROuI0 ™y, onpefielieHHy0 B y3iaX CETKH.
Bropyio nmpoussopmyio y”(z) amnpokcuMEHpyeM pasHOCTHEIM OTHO-
IIeHueM

Yigr — W + ¥

- (6.93)

U CONOCTaBMM HMCXO[HON KpaeBoil 3alave KOHEYHO-DA3HOCTHYIO CXeMy

fih) h h
Vi —2Wy 4+ My, | ), &
o) — g Y (h)fz'
Lty — x 1o, (6.94)
Y, 0
(h)yn

rje ""q.-= Q'(-Ti), (h)f,-=f(.’l,‘,-),

Cxema (6.94), oueBuano, npencrasusger coboir cucteMy n+ 1 au-~
HeifHEIX ayrefpa¥vecKuX ypaBHeHWMII OTHOCHTEILHO 3HAUEHHH CETOT-
Holl Qynrnuu B n+ 1 yauax cerrw. Ilpwm ucciaenoBamuu »Toit cxembl
MBI’ IOJUKHBl BBISICHATHL BOIPOCHI, CBH3aHHBIE C €€ Pa3pellmMoCThIO,
YCTOUYHUBOCTEI0 U CXOAHMOCTBI0 CeMefiCTBA CeTOYHBIX (YHKIuT HpR
kh — 0 x pemenuMIo mcxXofHol 3ajad, M yKaszaTh alTOPUTMBI HOCTPOE-
HUA CeTOYHBIX QYHKIUIL,

Haumem ¢ BeiacHeHUMA BoIpocoB paspemmuMocTH cxeMsr (6.94).
Iockombky aTa cxema mpencraBasier coGofi CHCTeMy JIHHEHEIX ypap-
HeHuil, TO AN CyIecTBOBAHUS M €JHHCTBEHHOCTH PeMIeHNnsg HECHO"



§2 HKPAEBBIE 3A1AYN 4173

POJHOI cHCTEMBI JOCTATOYHO YCTAHOBUTHL OTCYTCTBHE HETPHBHAMLHEIX
PeInenuil y cooTBeTCTBYyOMel ofHOponHo#l cucreMsl. llpemumonosmm,
YTO OJHOPOJHAs CHCTEMa MMeeT HeTpuBHaALHOE perrenme Myg==0,
®yty eeny My,=0. Haubonpmee ws »max n+ 1 uucen obGozpauuM

gepes M:

Py, <M =Wy, (6.95)
Tar kar Myo= "y, =0, o M >=0. Bynem Teneps paccymuarh, Kak
UpH JOKA3aTeIbCTBE OTCYTCTBHS HETPUBUAJNBLHOTO pPEINeHUs y OJHO-
poneore ypasuerus (6.89). Ilycte M pocturaeress B ogHOM M3 rpa-
amunnx yanos. Torna M = 0. Ecnu ke M pmocturaetcs Bo BHYTpeH-
pem ysne i—k, To B cuny opmmopogHoro ypasdenus (6.94) mmeer
MECTO PaBEHCTBO

(24 h?-Wg,) Wy, = (2+ k% - Pg )M = Py, + Wy, , < 2M. (6.96)
Ecan M >0, To oTclofia DoAyyuM IpOTHBOpPEUNe, HOCKOJBKY B CHIIY

yeaopua ¢{xz) >0 umeem (2-+h2-Wg )M >2M. Yostomy u B DTOM
canygae M =0, Urtag, M — 0. AsaJoru9asIiM 00pasoM JErKo IOKA3aTh,

49T0 MHUHHNMajabHoe m 3HaueHwme n+1 wcen My, My, ..., Py.
rawke paBHo Hymo: m=0. CxenoBatensro, Bce 3Hauenus My,
MYty ove MY paBHE HYII0, 4TO 03HAYAET OTCYTCTBHE HETPHBHAJD-

HEIX DemieHnil Y OFHOPORHON CHCTeMBl JUHEHHBIX aire0paniecKux
ypasrenuii (6.94). Uraxr, pasnocrrnas cxema (6.94) ogmosmauno pas-
pemuMa s m06oit mpaBoit wactr Mf npn awbom .

[epeiineM Tenepb K M3yYeHUI0 aMIPOKCHMHUPYIOIMX CBOKCTB CXe-
vt (6.94). Hycts ¢ymxmun g(z) u f(x) umeoT BTopsie HempephIBHEE
npoussogubie Ha orpeske [0, Il. Torma m3 (6.89) cremyer, uto pe-
Imenue KpaeBoit sagadd (6.89), (6.90) obGnagaer ma orpesrxe [0, I
HeIOpepsIBHLIMA ¥ OrPAHMYEHHBIMA NPOMSBONHBIME JI0 deTBEPTOTO
mopsanka. Pasiaras TouHoe pelmeHme KpaeBoM sajaué B crpory Teii-
Mopa W MOACTABNAS DTH PasioReHHsl B JEBYI0 YacTh ypaBHERusl

(6.94):
2y + @)+ @)+ e+
h2 y\x; Y i 2 i 6 y i

4 s -
Y (2, + B,k) — 29 (2) 4+ ¥ (%) — kY (2) 4 S o7 () —

e r
— Xy @)+ v @ — O] — @)y (@) (697)

0<6,<1, 0<6,< 1),
Oy YuM .
Y () — 4 (@) Y (@) + 2 1V (2 + O37) + YoV (2, — O,5)] =
=f(z), (6.98)

OTKyJa cAEAYeT, 4TO MOPAJoK anmpoxcuMamuu cxeMmer (6.94) pasen 2.
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Pacemorpum rompoc o6 ycroirtuBoctH pasHocTHOI cxembr (6.94)
10 OTHOIIEHHIO K BO3MYINEHHSM IPAHUYHEBIX yCIOBHHA M IPABOIl gacTH
ypaBueHun, BosMymennas zagada mMmeer BIIJ:(

h)” (h)7, (R,
[( Vi — 200+ Py, (g hy I ™y +6(h)f
L T K? '
. _ = . (6.99)
Yo

By
()yn

OGosnaune omubKy perzenus

8 My, = Wy, — My, (6.100)
u BeguTas (6.99) uz (6.94), nonyanm B cuny smmmeitnocTa
2+ k% Mg Py, =& My, + 6 Py, + R8P,
(6.101)
8 Pyo==e0, 6Pyi=er
BuiGepem 10 smaverme i=Fk (i=1, ..., n— 1), upu Koropom abco-
MIOTHAaA BeINYHMHA™ OMuOKN HanGolbinas:

8™yl =leMyl (=1, ..., n—1. (6.102)
W3 ypaprenus (6.101) wmmeem
(2+h%-Pg)[6 Pyl <18 Myl 16 Pyl + RS @1 (6.103)

Hepagencrso (6.103) Tompko ycumurcs, ecau zaMmeHuTb 16 Pyl u
|86 My,_1] na Maxcumanpmoe snauenue |8 Myl a |6 ™f,| ma marcu-
maaesOe 3Hawenue 16 Wfll. Torga (6.103) naer

h2 - Mg, |8 ®y,l < h2ls @1l (6.104)

O1cropa moiygum

h)
sy, | <Ol g, n— ),
k

min q (z)
lo, 1}

a Tar Kak |6 Pyl <max {leol, le1l} (=0, n), 10 okorgaTensro

min g (z
[o,1]

o< max | J00IL e ) lell} Cl16®gly,  (6.105)

YTO W JORA3HIBAET ycTONuUBOCTH cxeMbt (6.94) mo rpammmmM ycio-
BYAM W NpaBOil 4acTH yPaBHEHUA.

VYeTanoBneHABIE CBOMCTBA aNIPOKCUMALUH U YCTOHYMBOCTH CXEMBEI
(6.94) mosBoxsroT Ha ocnopamum, Teopemsl 6.1 yTBep:RpaThL cOpapej-
JIMBOCTH CHAEAYIOMEeH TeOPeME.

Teopema 6.3. Ecau ¢gynryuu q(x) > 0u flz) dsaxde nenpepuis-
no dugdepenyupyemvt na orpeske 10, U, 7o cemeiicreo My pewenuit
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pasroctroii cxemer (6.94) cxodurcs npu h— 0 x TOuHOMY peweruro
sadavu (6.89), (6.90), npuuen nopadox cxodumocru pasen 2.

OcraHoBuMCs Teneps, Ha BoOpocax peanumsamud cxemur (6.94).
B ornmgme 0T pPaccMOTPEHHBIX BEINE PA3HOCTHBIX CXeM peIIeHus!
HagaibHOM 3amaum (cxemmt Jitnepa, Pymre — KyTra), nammas cxema
HE JaeT SBHOIC aJIrOPHTMAa IOCIEeTOBATeIbHOrO BHIYICICHUS 3HAYEHHII
ceTouHolf (yHKIME B y3Jax CeTKH, a mpeacrasuser coboll cucTemy
IUHEHHEX anredpaugeckux ypaBHEeHMH, B KOTOPYX BXOJAT HEN3BECT-
Hble 3HAYCHUsI CETOYHOH (YHRUUE Bo Bcex yaxax cerrd. llostomy
Ui gucienHoro pemenms 3ayagu (6.94) MoMHO BOCHOAB3OBATHCSH
o0IMMMH MeTOfaMM peITeHUs IHHENHBIX anre0pandyecKNX CHCTEM.
Opnako B ciyyae JIOCTATOYHO GOJBLITOro HOPSAAKA 1 TH METOAB OKa-
3BIBAIOTCSL BechMa TpyAoeMKuMH. EcTecTBeHHO BOCHONB30BATHCA CHE-
OHaJbHBIMI CBOICTBAME MATpHIBI IOJyIeHHOH anre0pamdeckoir cu-
creMsl. B panHOM croyyae MaTpuma cucTeéMa TPeXAHArOHAIBHAS —
Wb Ha IIaBHOH AMaroHald W JIBYX HOGOYHBIX JUATOHAISX 3JIEMEHTHI
MaTpHUIBl OTIMYHEL OT Hyliisl. 3TO HO3BOJSET NPeJIORUThL JUis perie-
nusn cucremer (6.94) Becsma sdderTHBHBIE cheuansHBIT METOf,
K H3JI0;KEHUI0 KOTOPOro Mel M mepeiinem.

3. Merop anreGpanueckoii TPOTOHKM DCINCHUs JMHCHHBIX ajre-
OpaMIeCKUX CHCTeM ¢ TPeXAHMaroHanbpoii MarTpuneil. Mur paceMoTpuM
3ITOT MeTol IJjif CIeAyIOell CHCTEMBI, ABJIAIOINeHc] HEKOTOpPhIM 0606~
enneM cxemnl (6.94):

Ayia—Cyi+ By =F, (=1,...,n—1), (6.106)
yo=0ay1+p, Yn=1Yn1t8. (6.10D
Ilyery roagpdummentst, Bxopamue B ypasuenua (6.106) n rpanmna-
uwre coorromerusa (6.107), ynoBIeTROPAIOT yCIOBUAM
A, B; C;>0; C.;=A,+B;
I<a<1; O<y<it. (6.108)

OueBUIHO, B PacCMOTPEHHOM Bbimme cinydae cxemsr (6.94) ycmoens
(6.108) Bemonnensl. Tak ke, Kax 1 B caydae cxems! (6.94), merpynHo
IOK23aTh, YTO Hpu BemonHenun yexobuir (6.108) samaga paspernmma
i OPUTOM EIWHCTBEHHEIM O00pasoM.

Byiem ucxate Takume KoahGumueHTH o, i, UTOOB s Beex
sHauyeHmil mppexca i=1, 2, ..., n UMeN0 MECTO COOTHOIICHHE

Y1 = oyt fic (6.109)
IoncraBus uckomein Bup pemenug (6.109) B ypasmenus (6.106),
Oy THM
(Ao — Cy:+ Biyoy + (AP + Fi) =0. (6.110)
Bripamas y; gepes3 Yy mo gopmyne (6.109), mepemmmem (6.110)
B BHjIE
LAt — Cdowyy + Bilyoy + LA — C)Biyy + AP+ Fil =0, (6.111)
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Hdna roro urobm (6.111) ynoBmetBopsuocn TompecTBenno upu =1,
2, ..., n—1, gocrarouno noTpeboBaTh, YTOOH Kampgas U3 KBagpaTHBLA
cxo6oxr obpamanacs B By s npu i =1, 2, ..., n— 1. 9to TpeGoBanme
HnaeT PeKypPeHTHEIE COOTHOLICHUA AJNA TOCHEN0BaTeNbHOro ompeje-
NeErs N0 3afaHHBIM SHAUCHUAM O =03 M P==0; «IPOrOHOTHHLIXN
ko3P PUIIenToB aiyy B Piy1 («psiMas mporonkan):
i1 = C Bi ] Bi+]_ = Cf——-——iﬁt -: Fi_ (6.112)
i 4% ) i 4%
Jlerko morasaTh, 4TO Npu BenonHenwnn yeaosmit (6.108) smaMerarenn
B ¢opmynax (6.112) ornuusrl or myxs m, Goiee Toro, 0 <a;<<i.
JeitctBurensro, nepennmem Bropoe yeiaosue (6.108) B Bupe

C;=A,'+B,-,+Di, D(?O. (6.113)
Torpa nrepnywo dopmyny (6.112) Mormo 3anmucars B Buje
B

@i = Ay T Dy (6.114)

Tar rar 0 <oy <1, 4, B;>0 u D=0, orciona crenyer, uro U i

BCex oy, BRIIUCIsgeMux no ¢opmyne (6.114), Bemonnsercs yenosue

0 < a; <1, Urar, Bce smamenatenu B ¢opMyne (6.112) crporo Gome-

e HYJNst, 4TO [O3BOJNSAeT HaliTH Bce HPOTOHOYHEIE KO3((DUIHEHTEHL
BeraticnuB o, u P. w3 (6.109), nonyaum

Yn-1= OnlYnt Ba. (6.115)
C pgpyrofi cTopoHsl, B ety rpanmysoro ycaosus (6.107)
Yn=YYn-1 + 8= q(ctnyn + Bu) +86, (6.116)
OTRYJIa
B, +8

(6.117)

yn—i—"yan.

Beimme Mu1 mokasaium, 9T0 0 < . < 1. IloaToMy B cuny ycnoBus
(6.108) (0<<y<1) 3snamesaTenb U STOTO BHIPAKEHUS OTHMIEH OT
nynsa. TeM caMbBIM ¥, onpepnesieHo. Temeph mo ¢opmyne (6.109) mo-
AeM YOCHeJ/|0BaTeAbHo BEIYUCANTL BCe HEU3BECTHHE Y (i=n,
n—1, ..., 1) («obparBag mporoHKa»).

- 3amevanmusn 1. B cany ycrauoBiennoro coormomenns O0<Co; <1 mm
OpH UPAMOH, HW KpH OGPATHOW IPOTOHKE He IMPOECXOMHT HAKOMICHHA OLINGOK
BRYIACITEHAS. )

2. Mu paccMOTpeNd cXeMy MeTO[a INPOroHKH, B KOTOPOR CHAYANA OHPEHels-
IOTCA NPOrOHOYHLIe KO3Q@UIMEHTH TPH IePeHOCe JIEBOr0 IPAHEYHOrO YCIOBHS,
& 3aTCM BOCCTAHABJIHMBaeTCHA peilenne mo Popmyne (6.109). OueBnpno, agamormg-
HeM 06pasoM MoskeT OBITE paccMOTpPEHA CXeMa, B KOTOpOE mporonoumne Koad-
PHOueRTH ONPENENAIOTCA IPOrOHKOK COpaBa HAJNeBO NPABOrO IPARHHTHOID YC-
JIOBWS, & pelleRre BOCCTAHABINBAETCH IPOTOHKOH CIeBa HANPABO.
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ACHMITOTUKA PEITEHAN
JTHOOEPEHIMAJILHBLIX YPABHEHIN
0 MAJIOMY HAPAMETPY

Heo6xogmMocTs  pasBuThg NPUOIMKEHHBIX MeTONOB PeIIeHHs
RuddepeHnualbHEIX ypaBHOHIH oTMedaiach Beime. I'n. 6 6wura mo-
CBAINEHA TAaK HA3BIBAEMBIM YICICHHEIM MeTofaM pemenus audde-
PeHIuANLHBIX YPAaBHEHUI, KOTOPHEIe AT BO3MOMKHOCTB AN HAHHOTO
VpaBHeHHA ¢ KOHKPETHBIMHI FONONHHUTEALHBIMHI YCJIOBUAMH NOJYUATh
€ OPOU3BONLHON CTENEHHI0 TOYHOCTH Ta0NHIly 3HadYeHU pPEITeHHs B
yanax ceTkn. B macrosmeir rmape Gyner HATH peds o APYroM Kiacce
OprOMKeHHBIX METOAOB, O TAK HA3HIBAGMBIX ACHMITOTHYECKHX Me-
TOAX, KOTOPHIE CTABAT CBOEH HeNpi0 ModyueHWe (HOPMYINBI, OMUCHI-
BawIIeil KauecTBeHHOE IMOBENEHNE PEIIeHUA HA HEKOTOPOM HHTepBale
N3MEeHEHNSA He3aBUCHMOTO IIepeMEHHOro. ToYHOCTH Tanol (hOpPMyJIsE
¥IMeeT ecTecTBeHHOe orpanmdenye (nonpobGHee 06 3TOM eM. HIGHe).
SaMeTuM cpasy e, 9TO YHCHCHHBIE M ACHMOTOTHYECKHE METOIBl He
HMCRIIOUAIOT, a B3aWMHO HOIOAHAIOT APYT Apyra.

§ 1. Perymspusie osMymenmna

{. HlonaTne acmMuToTHYecKoro mpencrapienun. B § 5 rm 2 mo-
JipoGHO HCCHEZIOBAJCS BOIPOC O 33BUCHMOCTH pPOIIEHHA HadallhHGH
3aflagy 0T BXOHAIQMX B ypaBHeHHMe mapaMeTpeB. B HacTemmieMm na-
parpade MH monoxuM Ip =0, gero Bcerna MojKHO HOOWTHCH 3aMeHON
HE3aBUCIIMOTO [EPEMEHHOTO, W OrpARNYMMCH CKAJAPHEIM ChaydaeM
(y — eranap, p — cranAp), ¥To He NPUHOUONATLHO, a HAeNaeTCs
JNUNIb B OENSX KPATHOCTH H3AoKeBwd. VITak, paccMOTPHM HAYAILHYIO
3agavy

%Zil‘?f W, o, y(O0, )=y (7-1)

Hpu s1oM OyzeM cuuraTs, 9T0 | W3MeHsETCA B HEKOTOPOH OKpecT-
HocTH 3HadeHust p = (), 9ero ToRe MOKEO ACOUTHCA COOTBETCTBYIOMNM
BbI0OpOM Havasa OTCYETA MO OCH .

12 A. H. Tuxonos u gp.
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B ra 2 (teopema 2.7) Gpuro mOKasaHO, 4TO IIPH COOTBETCTBYIO-
MUX yCIOBUAX HA OpaByio uacts (7.1) pemenue y(2, p) samaum (7.1)
CymiecTByeT U ABJsIeTCH HePepPHIBHOH (pyHKImeil ¢ 1 | Ha MHOMeCTBe
telo, 71, lpl <e.

JloxazaHHas TeopeMa 3akiiogaeT B cebe cIenylOIlyl0 BO3MOKHOCTD

. mocTpoenus: npuGnmiennore pemenus sagagn (7.1). PacemorpuM 3a-
nagy, Kotopas moxydaercst us (7.1), ecim B Heil opMalpHO HONO-
#urs pu=10:

'%ty— = f(yv Z O)a y (0) = yo' (7'2)

Bamaua (7.2), BooGIme roeops, mpoine mcxofmoit samagu (7.1), u ee
pemenue, Kotopoe obo3naunym y(f), HecienoBaTh npoine, a BOZMOIRHO,
naske ypacres ogpertuBHo noctponth. Mz Teopemmr 2.8 caemyer,
aro Ha merotopom cermente [0, 71

y(t, p) =y +elt, p), (7.3)

rre £(¢, p) = 0 opu p— 0. Takum obpasom, y(t) caymur mus y(2, p)
npuOIMReHHBIM BHIpa:ReHHeM, a €(f, 1) ecTe HOrpemmHOCTE ITOTO
npuOIHREHHEL. '

®@opmyna (7.3) aBasercs mpocrefiiMM BapHaHTOM TaK Ha3BIBaE-
Mot acumnroTuveckoll dopmyavt (WM QCUMRTOTUMECKO20 npedcTae-
aenus) pemenng Y(¢, u) mo MamoMy mapaMerpy W. ACHMOTOTHYECKH-
mu QopMyliaMu 10 MaJoMy IapaMeTpy Mel OyfeM HasBBaTh TaKue
OPMYIE, B KOTOPHIX HEKOTOpHIE IEHK], HABHBAEGMBIE OCTATOYHLIMU
yJAeHaMu, BEIINCHBAIOTCH He TOYHO, 8 YKa3KBAIOTCS JHINGL UX CBOM-
ctBa npu p— 0, Hanpumep NOPAAOK CTpeMIeHHs K Hymo npu pu~> 0.

B dopmyne (7.3) &(t, p) aBusercss ocratounsiM uienoM. Teopema
2.8 maeT DO3MOMKHOCTHL yKA3aTh NOPsAoK cTpemienus &(f, p) k Hymo.
B camom pernte, cymiecTBopanme MpOM3BOMNHON HO | €T BO3MORHOCTH
nammucaTh

y(i, u)='y—(t)+§fj—(t, fp (0O (7.4)

¥ ycTaHOBHTE TeM cambiM, uto €{f, p) = O(p). 3pecy u B paabneii-
meM nogoGHOro popa paseHcTBo o3Hadaer, wto le(f, p)l <Cp, rge
C — HeKoTOpass IOCTOAHHAs, He 3aBUCAIasg OT | HPHU JIOCTATOTHO
MaJhIX M. _

Yem MeHsme pu, TeM dyqmme y(¢) npmbmpxaer y(, p). Onmaro
B PedNbHBIX 3aflagax M fABIAETCS Mayioil, Ho He GecKoHeYyHO Maloi
pemmnHoil. IloaToMy acmMOToTmaecKas (PopMysTa NPOHU3BONBHYIO CTE-
peHb TOYHOCTH oGecmednTh He MOMKET W HT0 ABJIAETCS €e NPHHIHU-
IUaJLHEBIM HeNOocTaTHOM. TeM He MeHee acUMNTOTHYECKHE (POPMYIEI
oueHhL YHNOOHHI B .T€X Ciydasx, Korja TpebyeTcs HONYydYuTh Kave-
CTBEHHYIO KapTUHY pelneHud,
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3aMeuanne CKaszagnoe OTHOCHTCA K 3ajadaM, B KOTOpPHIX MAJBI uapa-
MeTp | ABJISETCH €CTeCTBeHHBIM (U3MdeCKMM MAIEIM HapaMeTpoM. CymecTBYIOT,
OJHAKO, 3ajaYu MHOrO poja, HampuMep 3aiagan, BOSHUKAWINNe Opn oGocHOBAEN A
BBLIYMCINTENHHEIX QJITOPATMORB, KOrJl8 HCKYCCTBEHHO BBOJHUTCH HEKuil MaNbIi ma-
paMeTp, CRameM, BeJININHa Ilara, 3HaYeHneM KOTOPOId MOMHO pPacHOpAHATECA
TNPOU3BOIBHO. B Takoro ponia 3amavax oGecleunBaeTCa OpPON3BOIIbHAA CTEHeHbL
TOYHOCTH.

Pesynprathl T 2 MO3BOJAIOT Nolxyyuts mas y(f, p) acmmmrorm-
qecKy0 (QOPMYIYy C OCTATOUHRIM UJNeHOM Ooliee BBHICOKOr® MHOPSKA
manoctu, vem O(p), ecnu f(y, f, p) ynoBmeTBOpseT ycioBHAM, obec-
OeINBAIOINM CYIIecTBOBanue 7+ 1 HeNpepHBHHIX IPOU3BOMHBIX MO
p. Chopmynupyem dToT BEIBOog M3 § O ri.2 B Buue OTHEIbHOM
TEOPEMEL.

Teopema 7.1. Ilycrv ¢ nekoropoti obaactu D nepemennviz Y, t, p
pynryus fly, t, p) obaadaer HenpepLleHbIMU U PABHOMEDHO 0ZPAHU-
WeMHBIML YGCTHOLIMU NPOU3eoOHbIMU no y U p 0o nopsadra nt1
erarouureavho. Toeda cyyecreyer ceement [0, T1, na roropom disn
pewenus y(t, p) sadaun (7.1) cnpasedauso acumnroTunECKOE NpEd-
crasaenue

- a Wy
Bl W) =0 F R (, 0+ o+ TE (L 0) e (),
(7.5)
2de £ng1(t, p) =0 npu p—0,0<i<T, npuuem e, (L, p) =0,
B3ameuvanusa 1. Benmuuns a%f— (t, 0) ompegenstoTcss U3 ypas-

Henmit B Bapuanuax, pmucarneix B § 5 ra. 2. [lpencrasnenne (7.5)
MosHO monyumTs U umuade, IlomcraBum B (7.1) BHIpamerwe miA Y
B Bupe GopManbLHOTO pAAa

y=yolt) + py, (&) +... (7.6)

PacrianeBas mocae mofctanoskn senmauny fyo+wn+..., 1, p)
TarsKe (hopMalBHO B ¢TeleHHOI pHAA, NOTyINM

dy, dy )
@ T T =
=1 o ts O+ - (s £, O) B0 + - (e 2. O+
b (ol e ) T O+
Yo (0) + py (0) + ... ="

IlpupaBauBas 4ieHH ¢ OHNMBAKOBHIMH CTEHEHAMH W, GyneM ¥MMeTh
dyo o o
=T W 2, 0), 4, (0) =¥ (7.7)

dy

a a ”
=L 1, O+ W 1O, (O =0,  (T)

e o s ® @« ® @« 8 @ s« = ® @ e s s = e s ¢ @+ =

12%
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Pemas moejenopaTellbHo 9TH 3ajadm, ompeneruM 4ienst psana (7.6).
Banaua (7.7") mas yo(t) comamaer ¢ sapaues (7.2), u, crano GwiT,

B CHJIY eMHCTBeHHOCTH Yolt) =y(t). Banaua (7.7”) — ¢ sapaueir nan
—gz—(t, 0) {cm. (2.149)), u, crano GuiTh, Yy (£) = —gz—(t, 0)u 7. nm

2. Ecau f(y, t, p) ob6nanaer B D HempepsIBHEIMH M DPaBHOMEDHO
OrpaHNTeHHFIMA TpomsBofnbiME JI0Goro mopsamka, To B (7.5) n sas-
aseTes BexramRol npousBoisHoil, [las y(f, p) TeM caMeM onpespenen

72,
pan Marnopera ¢ ofmuM gaemoM p"Yn(f) = M"-%L% (t, 0) raxoii,
qT0 PasHOCTh €q41{f, W) MeKIy dacTUIHONl CyMMOR 5TOro psAna H
pemerunem y(f, p) ects O(p*!). Takoii panm HABHIBAETCA QCUMNTO-
TUYECKUM pﬂaOM, BIN QCUMRTOTUYUECKRUM pa3ﬂ09’CeH/ueM no MajJoMy
napaverpy p mas y(t, p). HomgeprreM, 910 €.41(¢, p) = O(p**!) mpn
Purcuposannon n u p— 0. Ecin sxe p ¢durcuposado, a n-> «, 10
€441(f, 1) MOReT mpenelia He MMETh, T. €. MOCTPOSHHBIH TaKUM o0pa-
30M DAL crodawuncs, eoobuje 2o60ps, He AEARETCH.

3. BMecro TepMONOB <«acEMIrToTMuecKas QopMyNay, «acHMIOTOTAYECKOe
IPeJICTABNCHAEY, «ACHMITOTIIECKO® PABIOHeHne» ymorpebisiercs KpaTtkoe Ha-
3BAHNE (ACUMNTOTUEAY.

4. Teopus, pasBuTag B § 5 I 2, ¥ creqyollas U3 Hee TeopeMa
7.1 naror MaTeMaTHuIeckoe OGOCHOBaHWEe <«OOBITHOHY Il U3MKH
TeXHHKO omepanuu oTOpacHBAHHS MAJBIX WICHOB B YPaBHeHHH. ITi
MaJble WIeHH! YacTo HA3BIBAIOTCH 6oaMyujeHuamu. B cBgsm ¢ TmM
ypasuerne (7.2) Ha3BIBaeTCH HEBOSMYLYEHHHIM YPAGHEHUEM, B YPaB-
merme (7.1) — soamywennuviy ypastenuem. Teopus, HMeOMas TETLIO
o6ocHOBAHEE ACHMITOTHHEH TI0 MaJloMy OapaMeTrpy M., 9acTo HasbiBa-
eTca Teopuell aoamyuyerul.

Teopema 7.1 copaBenamBa NpH YCIOBHUAX JOCTATOYHOM IIaKOCTH
(nnm, ®ag ToBopsT, peryaspmoctTy) mpapoit wactu (7.1) mo y m p.
Boamymenus, NogIuESOMuecs TPeOOBAHUAM TeODPeMHl 7.4, nasmiBa-
10TCH PecyAApHbIMY GOZMYUjeHUAMU. ITUM PaszbsACHAETCS HasBapHC
HacTosmero naparpada.

IHpuwmep. Homywnm copasemimsyio ma [0, 7] acamurormaecky®o Qopmyny
¢ ocTaTogERIM WieHoM O(n?) s pewenns y (i, u) sapaun

d
- =a®)y+b®) +re®y’, y(©=0.

370 vpaBHeRne PmrxaTm, pemierme Kortopore 3¢erTHBHO TOXYIATE HE Y/aer-
ca. Oynxuuu 3xe yo(t) m y1(2) crpogTca KBajparypamMu, 8 AMEHHO

dy
=0y, +b(), y,0) =0,
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clefoBareirbuo,

t

! fanat dy,
po={b@me  dn F—awy te®id v ©=0,
(]

i, CIeXOBATEIBHO,

1
t _fa(t)d!
po={c@me  du ye, w=y O+, ©O+0w.

0

2. CymecrBoBaHue perlennsa Bo3MylneHHoli 3amawn. Pesynbratst,
ponydeHuble B § O rua. 2, o6rapmaroT Toi 0coGeHHOCTHIO, 9TO crpa-
BEJJIMBOCTH ACHMIITOTHYECKOrO MPEeACTABJICHAA rapaHTHPYeTCH HA He-
rotopom cermente [0, 71, onpenensemom ceoficTBamMyu npaBoli gacTH
(7.1), ogHOBpeMEHHO ¢ CYHIECTBOBAHMEM U eINHCTBEHHOCTHIO KaK
HEBO3MYIIEHHOT0, TaK ¥ BO3MYMIEHHOr0 ypaBHeHHIL.

Moso cTaBuThL BOOpOC MHAYe. JlomycTEM, 9TO pemeHue HEBO3-
MymenHroii 3axa4u (7.2) cymecTByeT, eIMHECTBEHHO U NPUHANIEIKHAT
HexoTopoit obnacta G mpoctpancTsa nepemenunx (y, ¢) mpm 0<<t<<
< T. Benuuuny T B HaMHOM ciyd9ae MOKHO, HaIpUMep, YCTAHOBHTH
HenocpenacTeeHHO u3 seHoro Buja y(t). Bymer mm upm nocratouno
Majpix p pemenne 3anaum (7.1) Tamike cymectBoBath na scem [0, 71
1 momumnaTses Popmyne (7.3)? OrteeT Ha 2TOT BONPOC HaeT Cleny-
oman

Teopema?.2. [Tycrv ¢ obaacru

G: lo<t<T, lyl<b, Ipl<p
ity p)u -%;—(t, Y, | Henpepvlénst U paEHOMEPHO 0ZPAHLUEHbL:

[F (¢ y, W <M, %(L v, w|<L.

Hycrv pewenue y(t) sadauu (7.2) cywyecreyer, eduncrsenno na 10, T1
u npunadaexcur D: (0<t<T, lyl <b). Tozda npu raxdom docra-
rouno masom n peuwenue y(t, n) sadavu (7.1) rarxe cywyecrsyer,
eduncreenno na 10, Tl u npunadaexcur G, u umeer mecro pasHomep-
nbiii ornocureasho t € 10, T1 npedeavrvul nepexod

lim y (¢, p) = y (2). (1.8)
U->0
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Norasatensctro. Ilepeiinem B (7.1) k HOBOI HeusBecTHOW
yurnun A =y — y(t). Umeem
y

B f@ At p)—(y,1,0)=

=fi (A t, p)+fa(t p) A0)=0.

IlepeiifeM K SHBEBRJICHTHOMY WHTETPAJIbHOMY YPaBHEHHIIO
¢

A =10t pydt+ Py, p), (7.9)
4]

4

roe F, (2, u)=ffz (t, p)dt, npugem 1Fq(t, Wi <olp). 3gecs n B
(1}
nadwHelimeM Oecronedno maieie mpH p— 0 semmaumer GymeM 0603-

nagate o(p), o(p) u 1. x. IpumesnM r ypapmenmuro (7.9) merox
TIOCJIeI0BATENLHBIX NpUOIMeHul W poKaykeMm, uto A(f, p) cyme-
creyer ma cermente [0, T1 u |A(¢, p < o(p). 3ro, overuano, pas-
HOCHIBLEO YTBEP;KIEHUI0 TeopeMsl 7.2.

IlocTponm 1ocaenoBaTesbHbIe HpHOJMKenRUsa OOBITHBIM oGpasom
(em. o 2, § 6): :

t
@0 = (£, (WA, 1, @) dt + Fo(t, p.
Y

TlpepsapuresbHO 3aMeTHM, 9UTO TaK KaK y=§(t) npubapaesrur G

nag 0<t<7, ro wpmeag y=y(t) + A, rme [Al < wo(ple’” mpu go-

CTaTOYHO MauioM W, Taiske mpumamierwruT G pusa 0<t<<T.
Tonosxum A =0. Torpa

YA < o (),
[PA] < o (p) Lt + o (p),

w ® o e+ o @ o & @ - * & &% & 2 e o+ =

(7.10)

B pasmHOMepHOil cxonuMocTd mociaefopaTensHocTH WA K pemrenuro
A(t, p) ypaemesus (7.9) MomHO yGemuThCH COBEPIIEHHO TaK IKe,
kak B § 6 r. 2. B (7.10) Moxer B mpegene npu k — o mOSBUTLCH
paperctBo. Llostomy [A(Z, W < o(p)e™ = wi(p), 910 paBrocmibHO

(7.8).

Bamevarnusa 1. Teopema fokasapa AIA CRaNAPHOTC cilydasd, HO aHAIO-
IEHYEOe yTBepiKfienne clIpaBeiInBo H JUIA CILYyYasd, KON y — BEKTOp.
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2. Teopema 7.2 ocraercs CIpaBefIHBOi, eClii HMEET MECTO BOZMYMIEHWe He
TOJIBKO B YPaBHEHNM, HO ¥ B HaYaJBLHBIX YCJIOBHAX, T. €. (7.1) uMeer Buy

dy 0
'%' = f(y, ¢, B, y(m]_ (P') 7”’):!/ +m2 (nu)'
§ 2. Cunryaapusie BOSMYIHeHN

B npunoixeEHAX HepeIKO BCTPedYaloTesa ciay4dau, KOT[a MaJgslil
rapaMeTp p BXOAUT B ypaBHCHHE TakuM o0pazoM, 4TO Teopus mpe-
aeigymero maparpada menpumesmMa. PacemoTpmM B KadecTBe Ipo-
crefinerc npuMepa gBE;KeHue Maatuura (em. ra. 1, § 2),

wy” foay’ + ky = f(1), (7.11)

tae I =y sBusercs maneiM mapaMerpom. B ciayuae, pazoGpanrpoM
B mpejpiaylneM maparpade, B mesigx HOJYyYeHHS NPHOJNAEHHOTO BBI-
paKeHUA [JA penmieHus MOKHO ObiI0O B YPaBHEHMM (DOPMAJBHO TIO-
A03kuTh Y =0 ¥ B3ATH pemeHne DOJYYEHHOIO Takmm obpasoM ynpo-
mieHHoro ypasueHus. Moo i moeTynuTs Tak ke B ciyuae (7.11)?

Newxrenve masruuxa B (7.11) ompenensercs sagaHuveM HAYAIL-
T0T0 monosKenus u cropoetu Y (0) = ¥, y (0) = y3- lonaras B (7.11)

p=0, MM HONydIUM ypaBHeHUe 60.ee Hu3K0z20 (IepBOro) mOPSIKA.
pelIenre KOTOporo ompepesseTca Toanko sajganueM ¥(0). Tem campiv
3apaHee sCHO, YTO, IOCTyNas TaK, MBI He MOMEM y4IecTh Bce (ar-
TOpHl, oupegeasiomue pemerne (7.11), u Do Kpaiineit Mepe B oKpecT-
TOCTY HaYabHOU TOYKU NPaBUILHON MOHEIN He NONYIUM.

Taxmy o6pasoM, BHBOJBL Dpeaslynierc naparpada B JAHHOM Ciy-
Tae HEeCHpaBeJJIUBHl K, CTaJC ObITh, YCAOBUA TEOPEM NPENLIAYIIETe
naparpada RapymieHsl. Y7100 NOHATH, KAKME YCIOBUA HAPYIIEHBI,
samnmenm (7.11) B ¢opume (7.1) (ypaBHenwe yike GyHeT BERTOPHBIM,
HO, K&K 0TMEYaN0Ch BHINE, 3T0 He IPUHIUINAILHO):

’ —oaz—ky+ f(9)

z = m :f].(zhl/vtrp')ﬂ

¥y =z=f,(2 4,1, p)

Orcroga BuAnO, IT0 f; He gBIAeTCH HeDpephiBHON (yHrmueil u mpm
p=0, T. e. He BHIIOJHEHO OCHOBHOE TpeOOBaHME TeOPWH IPEAbITY-
mero maparpada — TpeGoBaEEe HeIPepHIBHOCTH IpAaBEIX dacTeil. [py-
[UMH CJIOBAMH, MOJKHO CKa3aTh, YT0 B JAHHOM CciIydae IpaBas dacTh
BABUCHUT OT L. HEPeSYAsPHLLY, WiAN cUN2ysspublm, obpasom. IHoatomy
BO3MYIIeHHs THNA Hy”, T. €. Korpa MAaJBIi OmapaMeTp BXOXHT Kak
MHOMHUTEN, HPH CTapureil OpoMs3BOJHOW, NONYYHIH B JHTEpaType
Ha3BAHME CUH2YALAPHBLIL 803MYUeHUIL,

IpocTeiiiiue npuMeps! MOKasHBAaIOT, UTO CHHIYJIAPHO BO3MYLIeH-
nLle cHcTeMBl 00IagarnT paAAOM CBOUMCTB, KOpeHHBIM 00pasoM OTIH-
Fa0IUX MX OT PEerysisIPHO BO3MYINEHHBIX CHCTEM, MCCIe[OBALHBIX

B§ 1L
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PaccMorpuMm ypasHeHHe
py'=ay+>d; a=const, b==const, (7.12)

npr mayaneHoMm yenosmn y(0, pu) =y° Ero Toumoe perrenme mmeer
BH[

h b
y(,p = (y° + T) eotit — —. (7.13)
Honaran B ypanﬁemm (7.42) p =0, nonyunm (mpmmenas ofosHave-
Hus § 1) y = —b/a. Apanuavpys (7.13), Mo:HO BENETH, 9T0 GAH30CTH

Y K Yy UMeeT MEeCTO JIHMIh NPU BHLIIOJHEHUA HeKOTOPHIX CREyURAbHbLE
ycaoeuii, 0 KOTOpeIX He Obl1o pear B § 1. A uMeHHo, ecin paccMaT-

PUBATH peMIeHNEe LAYANBHOH samadu BOpaso ot t=0, 10 y -y, ecam
a<0, a p~>+0 (mm a>0, a p— —0). Ecan me p— 0 npons-
BOJNBHBIM 00pa3oM, To HE npn ¢ < (), #2 npE @ >0 pemenune y npe-
Jleia He HMeeT W ABIsSeTCA HeorpammueHuwM. Hpome Toro, ecanm
Nake BHIONHeHsl ycuoBEa a <0, p—+0 (mam a>0, p——0),
IpefeNbUblii Mepexox ¥ >y EMeeT MecTo in f, ¢Tporo Goapmux
myasa, Tak Kag upu =0 y(0, n) = y° a y°, Boobme roeops, we papno
—bla.

Bce at™n $arTs! rOBOPAT © TOM, YTO B CHHTYIAPHO BO3MYINEHHEBIX
cucTeMax npeneGperaTp MANBIME WIEHAMA MOMKHO JIHOIL HPA BHITION-~
HeHRH OCOOBIX YCIAOBHMH M BHIACHEHUE ITHX ycloBEH Tpebyer che-
OUaAbHON TEOPHH, K KOTOPOH MBI W mepeiimeM..

1. Ypaseenne ¢ mManslM papaMeTpoM Iipu crapmell IPOH3BONHOIM.
Teopema o mpeneannom nepexope, Paccmorpum cumeremy nuddepen-
OUAIHHLIX YPaBHEHHA BHAA

d
M—(;-l;:F(Z’ y’t)' Z_ng(zyyvt)t (7.14)

rre u>0 spiagerca ManeiM mapamerpom. IlocTaBuM HavalibHYIO
3a1a1y
z(0, py=12°% y(0, p)=yO (7.15)

Hauanemag sapasa mns ypaemeHus (7.11), ouesmpgmo, copepmmurca
3rech KaK JaCTHHIA ciaydwail.

1°. Ilpasne gacrm (7.14) 6ypmeM upenmonaraTh HeNpepHBHELIMI
BMecTe ¢ JACTHEIMW NPOM3BONHBIMH N0 2 M Y B HEKOTOPeil ofiacTn

H={y, ) eD={0<t<T, lyl<b}, Izl <d}.

Honaras B (7.14) dopmansro p=0, noryumM HeBOZMYHIECHHYIO
cHCTeMy ypaBHeHuHl, WiH, KaK ee HasLIBAaT B TEOPHH CUHIYNAPHBIX
BO3MYNIEHUIl, 6bLPOICIEHHYI0 CUCTEMY, TAK KaR ee MOPHMOK HHAe,
ueM nopsapox cucremsr (7.14):

0=F (29,8, %=,y (7.16)
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YTo6Hl OHpeneNuTh PpelleHUe DTOH CHCTeMBl, Hajo, Hpempe BCero,
paspenmuT, mepsoe u3 ypasmenmii (7.16), KoTopoe sBismeTcs Komeu-
HeM (He nud@epeHnuanbHbIM), OTHOCHTENLHO Z. ITO ypaBHEHMe He-
nuHeliHoe W MOITOMY MO:KeT HMeTh HeCKONBKO pemnenmii, Mul Gynem
mpenmonaraTh, uTo Bce pemenusa (kopum) z = @(y, ) aToro ypaene-
Hps JneiicTeuTenrsER u usonuposansl B D. Hano swipats onmm us
wopueit z=@(y, t) u moxcraBuTs ero Bo BTOpoe ypasmenume (7.16).
Bonpoc saniogaeTcss B TOM, Kakoil M3 KOpHe#l clejgyeT BHIGpaTh,
47006 obecrieunTs 0JM30CTH KOHCTPYHPYEMOrO HaMU pelleHHs CH-
cremnt (7.16) x pemenumio z(f, n), y(f, p) samaum (7.14), (7.15).
Tlpasuio eeiGopa kopus @(y, t) Gymer cdopmynupoano mHmxe (cM.
3°, 5°). Ilocne nopcTanoBRE z == @(y, 1) Bo BTOpoe ypasmerme (7.16)
nonyuntces pud@epeHnuaibioe ypaBHEHME OTHOCUTENBHO Y W JUIA
OIHOBHAYHOrO OIpeneNieHus y HoTpebyeTcs 3afaTh HaUalInLHOE yC-
nosre. EcTecTBeHHO mpeqnoNOKUTh, 9TO M3 [ABYX HAYANBHBIX YCIO-
it (7.15) ciexyeT ocTasmTh AMINE ONHO: yeaosme pa y. MTak, Mbt
NPUXOTuM K 3ajaqe

‘—g =f(e(¥.1), 9.8, ¥(0)=y", (7.17)

rae ¢ly, t) — onum u3 wopueit ypasmenns F(z, y, t) =0.

2°. Bynem mpenmonaraTs, 9ro ¢yernus ¢(y, £) mempepriBma BMe-
cTe ¢ mpousBoxHOil o y, Korma (y, t) e D.

Onpedeaenue. Kopeno z=q(y, t) 6ydem nasviears ycroiiwu-
et 6 o6aacru D, ecau npu (y, t)=D ewnoansercs Hepa-
8€HCTE0

%;(cp ¥, 4, 1) <O0- (7.18)

3ameuanue Cp. TpeboBarme a << 0 B pactMOTPEHHOM BHIIe HpAMEpe.

3°. Bynem mpexmmoxnarate, uro B (7.17) ¢(y, 1) seaserca ycroii-
YUBLIM KOPHEM.

4°. Bynem mpepmosaraTh, 9To pemenme y(t) samaum (7.17) ompe-
neieno Ha cermerTe O0<<i<<T u mnpubamresrur D={0<i<T,
lyl < b},

Iperne weM npou3BONUTL HaubHEHUee HCCAEIOBaHHE 3aqavl,
paccMOTPEM OfMH YACTHBIRA CIyuait, 8 UMEHHO

u‘;—ﬁ =F(z), z(0,p)=2" (7.19)

9ToT ciyuaii, BO-IEPBLIX, WHATEPECEH CBOEH reoMeTPMYECKOil Harmsn-
HOCTHIO, 2 BO-BTOPHIX, COOTBETCTRYIOIGUE PE3YJILTATH HPUTORNATCH HPHU
paccmoTpennn obmiero ciydas (7.14).

IycTs z= @ ABnserca ycToiamBboiM KOpHeM ypaBuenus F(z) =0.
@ B NAHHOM cJryuae sBJIsIeTcA KOHCTaHTOH, a D — mobkiM HnTepBasioM
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— . ) dF
TpemecTBeHHol ocu. Yenopue yeroiiuupoetd (7.18) umeer Bup-— (9) < 0.
Hycrs xpome ¢ ypasmenne F(z) =0 wmeer eme wopuHE @,

¢z, ..., IpHIEM ) U Q2 — ABA ONWKAHIQUX K @ KOPHA COOTBETCTBEH-
HO cHE3y u ceepxy (pumc. 20, ma KOTOpOM mpejcraBieHa LOICCA
z 0<t<T, rne T — mo6oe MONOKUTENH-

noe quciuo). [Ipocregum 3a monem manpas-
nenuii ypasuenus (7.19). Ilpu pocrarou-
HO MaJIOM [L BEKTODHI, KacaTeibhble K
HHTErpalibHBIM  KPUBBIM, PACIIOJOKEHb
1I0YTH NApAIENbHO OCH 2z (38 HCKIIO-
qeHHeM ~ Maloll  OKpecTHOCTH KopHeii
ypaemenus F(z) =0). «+» n «—» Ha pn-
CyHKe YKasHBaoOT sHar Qymrnum F(z).

ZU

dF
dameruy, 910, HOCKOMBKY o~ (@) %0
k]

) KOpeHb @ ABIACTCA HPOCTHIM U IPH Z = @

IPOUCXONUT cMeHa 3maka $ymruun F(z).

Puc. 20. ITyets @1 < 2% < ¢o. PacemoTpum mmo-

mecTBO ToYeK |z— @l <e, rme & mpous-

BoapHO Mavuio (g-oKpecTHOCTH KopHa @). XapakTep HOJNA HaNpae-

Jenuit C€pasy [aeT BO3MOKHOCTh 3aKIIOUUTH, YTO HHTErPATb-

Has Kpupas, Haumnaomasca B Touxe (0, 2°) (ma pucymxe mpmsene-

Hpl gBa Bapuanta: z°<<¢ u z°> @), Gymer pesko upTm Beepx (mpn

20 < @) wmim, waobopoT, srus (1pu z°>> @) K, FOCTUTHYB €-OKPECTHO-

CTH @, jJaNee W3 Hee yiKe He BBIHJICT, €Ciu TONBKO I JOCTATOYHO

Maso. 310 U o3HadaeT, yro pemenue z(¢, p) sagasn (7.19) opu p — 0

OIMBKO K PpeIIeHMI0 (p BHIpOYKAECHHOrO ypassenusa F(z) =0, ecam me
CUMTaTH HEROTOpOH okpecrrocTH § =0 (cM. mpuMep).

3 3TOr0 reoMeTpUEecKoro PpacCMOTPEHNA ACHO TAKKe, HACKOILKO
DaskHO, 9T00H HauainHOe 3HAvenue z° gesxano B obnacru ¢ < ¢ < g,
Ha3KBAEMON 064acTor gausHus (uay o6NACTHI0 MPUTSKEHNA) KOPHS
¢. Ecau, manpumep, 2°<@ m F<0 npu z<<@,, T0O mHTerpaibHasn
KpuBas yiiieT BHU3 OT | ¥ TeM CaMBIM He MOYKeT NPUGIM3UTECH K @,
a ecm 2 <@ u F >0, to Kpusas npubIimsuTCA K @), T. €. OUATH-
TakH, He K ¢.

PesyubTaT, MONyueHHIl HAMKU U3 reOMETPHYECKAX CO00paKenuii,
MOXHO c(HOpMYIHPOBATH B BHAE CIeIYIONEN TeOopeMsl.

Teopema 7.3. Ecau ¢ — ycrotivuenil kopenv ypasnenus F(z) =0,
a HauaabHoe sHakerue z° aexur 6 €20 06AACTY 6AUAHUR, TO PElweHUE
z(t, p) sadauu (71.49) cywecreyer na ceemenre 10, T1 u Oas mezo
umeer mecTo npefeabHoe COOTHOULEHUE

limz(t, W=¢ npu 0<t<T. (7.20)
u->0

IipuseneM Temepr aBAJINTHYECKOE AOKA3ATEIHCTBO YTBEPKIEHUS
{7.20). llycre mun onpepenennoctu 20 << ¢, PaceMoTpum mpesxyie Beero
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obacts 2°<z<g@p—g, O0<i<e, rne €>0 Dpom3BOIBHO MAJIO.

B s7oit o6nacru paccmorpum sapaqy (7.19), 6eps z B Kauecrpe Hesa-
1

dt .

BHCHMOTO HEPEeMEHHOT0: o= = R, t(z")y = 0. Eecau p gocrarog-
HO Maio, TO, KaK clejyeT W3 Teopems! 7.2, na cermenre [z°, ¢ — el
CYILIECTBYeT efuHCTBeHHOe permenne t(z) aroif sajgadm u OHO CKOJIb
yronuo 6amsko K septuranu =0 (B cMbIcTe PaccTOSHES BHOIH OCH
t). KpoMe Toro, OHO MOJOKETENHHO B CUIy monokmTexbroctd F(z).
TakuM obpazoM, WHTerpajibHAsA KpuBas, Hauunaomascs B Touke (0,
z0), BXOJUT B €-OKPECTROCTHL z= @ mpu t=1o, rme fh= olp) <s.

Herpynuo y6eaurhes, 910, HONAB B €-OKPECTHOCTH 2= ¢, MHTe-
rpajinHas KpuBas W3 Hee yiKe He BHIijeT, moka fo<<?<<7. Jlas artoro
BOCIIONIb3YeMCH PAcCyH{eHUAMHE, TONO0HbIME TeM, KOTOpbIe IPOBOXH-
auce B Teopum ycroiumpocT: (ra. 5). Bpepem ¢dyurmmio V(z) =
= (z — )2 IlpeamonoxuM, 910 HHETErpaibHas Kpusas mpH & =1 > 1o

o d
BHEIXOHT M3 €-OKpecTHOoCTU mpaMoil z = ¢. Torpa umeeM r =0.
1

=1
Ho ¢ gpyroit cTopon®l,

av

F(z(t,,

B cuny ceoiictBa F(z) =0 upu z= @, ofecoeueHHOro yCJIOBHEM yC-
. dF .
TOUYMBOCTHE EZ—((p) < 0. llpoTuBopedue OpHBOAMT K BHIBOLY, 4YT0

HHTerpajibEas KPUBAS OCTAHETCA B €-OKPECTHOCTH Z= @, Tak Kar
OHA HomayaeT B 3Ty OKpecTHOCTh HpH [=1{f;<<g, TO B CHIy HpPOU3-
BOJILHOII MAJIOCTH € 3TO (PaKTHYECKM 03HAUaeT capasemytusocts (7.20).

Vreepspenne (7.20) Moxuo 3amucarh TaK:Ke B caepymomeil ypo-
HOli jus pamemeitiero ¢opMe. DBeenmeM HesaBHCHMoe IepeMeHHoOe
© = t/p. Torga 3apaua (7.19) opumer Bupg

L=F(@), z(0)=2" (7.21)

Vreepsspenue (7.20) osmauaer, ato limz(t) = @, wam, nmave, pis
Ve 3 1ole) Taroe, 910 IPH T = To cu;;;:annnno HEpPaBEHCTBO

lz(7) — gl <e. (7.22)

Samevanusa, 1. Hak BumHo W3 TpOBeHEHHBIX paCCysiIeHMNil,
npepensublii mepexon (7.20) Ee sBaseTCS paBHOMEDPHEIM OTHOCKTENb-
uo t= (0, T1, uro xopormro mwunocTpupyerces puc. 20.

2. TepMuH «ycTOHIMBEIH KOPeHEY He ABIsgeTcH ciaydaiimeM. Herpynso mpo-
cIeMTh CBA3b NPOJENAaHHHIX HOCTPOEHWH € Teopueii ycroiumBocTH {CM. IV 3).
JleiicTBETONLHO, z = ¢ ABIACTCHA TOYHHIM pellleHmeM ypabEemus (7.21), mpumiem

oF
B cany 7~ (9) < 0 »T0 pemenEWe acAMITOTAYECKA ycroiiamso mo JIamymoBy.

UroGH y0euThCH B 9TOM, HOCTATOYHO CHENATh 3aMeHY NEePeMeHHEIX T = 2 — @
U BOCIONL30BATECA TeopeMoil 5.4 miam Teopemoit 5.3, B3AB B KavecTse (yHKOWH



188 ACHMMIITOTAHKA PEMIEHNIT TI0 MAJIOMY ITAPAMETPY .7

JlamysoBa V-= z% To, 4T0 HHTErpajbpas KpuBas z — z(T) OCTaeTCH B E&-OK-
PECTHOCTH UpAMOH z == ¢, 00eCneYEHO YCTOHYMBOCTHIO DEHICHWS Zz = @ YpasB-

dz F
HeHHA 7o = (2)-

Bepueucst ¥ o6memy cayzaro (7.14), (7.15). Ipn paccmorpenmn
9TOro cliy4as uen TEOPUHW YCTOWIHBOCTH OYAYT cOYeTaThHCH € Hues-
MH TeopHMH PeryisipHBIX BO3MYMIEHEIl.

Conocrasnm sagaue (7.14) (7.15) sapauy

dz
bt =F (2,4 0), z,(0)=2". (7.23)

Idra sajada sBIAETCHS KCCIeNOBaHHOE yixe sagavelt Tmma (7.19).
B cuny 3° zo=¢(y° 0) sBaseTcs yCTOWYMBHIM KOPHEM ypPaBHEHH:
F(ZQ, yo, 0) =0.

5°. Bynem mpenmonaraTe, 94T0 Ha4YalbHOE 3HAYeHMe z° IpHHAJIeC-
mut obnactu Bimsuua wopus @(y° 0) ypasmenms F(z°, y° 0)=0.

Teopema 7.4 (reopema Tuxonoea). lpu evinosnenuu ycaoeuii
1°—5° pewenue z(t, p), y(t, p) sadauu (7.14), (7.15) cywyecreyer na
10, T1 u umeer mecro npedenvnuiii nepexod

limy (¢, p) =y () npu 0T, (7.24)
n->9
limz(t,p)=¢(y(),t)=z2(t) npu 0<t<LT. (7.25)
u-0

JlorasaTenbcTBO pasoObeM Ha HecKONBLKO aTanos. {) Pac-
CMOTpUM CHadala okpecTHOCTh TourH [ = (. Cpenaem B (7.14) zameny
mepemennsix T = t/u. Hoayqum

d
E‘Z_E =F (Z, Y, Tp')v z lt=0 = znﬂ

i (7.26)

Y __ __ 40
= =M@Y, Yo =%
Ha n1060M KOHEYHOM IPOMEIKYTKE MBMEHEHWSH T 9Ty CHCTEMY MOMHO
paccMaTpuBaTh KaKk peryligpHO BO3MYNIEHHYIO, IIPHY€M COOTBETCTBYIO-
mas HeBOBMyH_(eHHaH CucTeMa nMeeT Bu[n

dz .
E{:Q = F (24, Y0, 0), 2, It==0 =z’

i (7.27)
d—'l,'o = U, yo l't=-0 = yo'
Otcioma yolt) =3 2
dz
_&Tl = F (2, ¥% O)’ Zo =0 = 2% (7.28)

9ra zajaua paBEocuabHa 3anage (7.23) m mBaneTcs 3apmagel THIA
(7.21). llostomy cornaceo Teopeme 7.3 (cm. (7.22)) momyumm, uro
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nas Y & <03 1o(e), mpu KOTOpOM CIpaBeIMBO HEPABEHCTBO
120 (7o) — @ (¥°,0) | < %- (7.29)

CpaeuuM sapmaum (7.26) m (7.27). Us 1° caemyer BBmonmeHme
ycaoBuit Teopemsl 7.2 0 PEryIspHOM BOSMYMEHEH AJA T< T, rge T
KaK yrogHo Beiimko W UKcHpopaHo. Pelllenne HeBO3MyIIeEHOH 3a-
pagu (7.27) ompepmemeno mpu Bcex T M, B uacTHocTH, Ha [0, Tol.
IloaroMy cornacro TeopeMe 7.2 (BMecTe ¢ 3aMedanmeM 2) HOJIYYHM,
qr0 s Ve >0 mpu pocratouno Mammx w Ha O0<t<< 1o (uiam ma
0<t< Tou) cymecreyer pemernue sagauu (7.26) (mwim, 4to TO IKe
camoe, pemrenme z(t, n), y(t, n) sagaum (7.14), (7.15)) u cupaeegiues!
HepaBeHCTBA

[zt ) —z (@) <5 vEwW—1] <3 (7.30)

Tlpunuman BO BHEManwe HempepsnocTs @y, 2), MoKHO, ofecreuns
mocTaTounyo ManocTh (Y(¢, u) — y°l, obecriednTs Take HEPaBEHCTBO

lo@ ), H—e@,0)| <5 mpn 0<t<rp. (7.31)

Wz (7.29)—(7.31) nomywum, uto mpu £ == 1= == fp{p)
l2(¢, w)— @ly(t, W), Ol <e. (7.32)

2) O6osmauum A(f, p)=z(t, u) — @y(z, w), t). CooTromenne
(7.32) rosoput o ToM, 9to A, n) Kak yroamo mano mpu I==to(p).
Hepasercteo (7.32) 6ymeT ocTapaThCAa BHIIOJIHEHHBIM B HEKOTOPOIT
OKpeCTHOCTH COpaBa OT TOYKH fp. Beamumna aToil okpecTHOCTH 3apa-
Hee He u3pecTHa. MoseT cnyunTnes, 4To Hepasencteo (7.32) swrmon-
HeHO [Jg Beex &=Ly BwioTs qo t =T, a MOMeT OKasaThCH, 9TO HMali-
Jercq 3Hauenue £y << T, upu woropom (7.32) mepefizeT B paBencTho.
VOepmMesi, 970 B mEepBOM cliyuae IpH Bcex I &€ [to, T1, a Bo BTOpOM

npu Beex t< iy, ) Bemmumma y(f, p) war yrogso Gmmska k y(2).
Jlna sroro mepenmmneM Bropoe ypasuenue (7.14) B Bupe

W f @@ D+ D), v, O, (7.33)
Ylemeguy = y°+ (),

u cpaBHEM 3Ty sajgauy ¢ 3amageir (7.17). Cormacmo nonyueHBEOMy B
TpemsInymeM nynkre Benmaunbl fo(p), [8(u)l rak yrommo mamst mpu
yocraTouno Masiom u v Benmgmpa |A(¢, p)l Kax yrogmo Mana mpum fio-
cratogno maxoM p u t€ [ty T1 uan t = [t,, t,]. 3anaua (7.33) apna-
eTcsi PeryifApHO BOSMYIIEHHOH 3ajadeil IO OTHOIMEHWI0 K 3ajgade
(7.47) (cum. Teopemy 7.2 BMecte ¢ 3amedanmem 3). Iloaromy mpu
telty, T) wmn telt, 4] y(, u) cymecrsyer, npunagnexar D n,
KpoMe Toro, mua Y & >0 cmpasemimBO HepasecTso |y(f, p)—
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—y®l <e, opn telty, Tl wim t=liy, 1], ecim Tonsko p gocra-
TOYHO MAJIO.

3) VYb6emumcsa Temeps, 910 HepasercTeo (7.32) pelmonmeHo s
Beex t < [#y, T1, 1. e. m3 [BYX BOSMOKHOCTE}, yKasanHEX B 2), pea-
NU3YeTCH TOJBKO OJHAa, & NPEAIoJO}KeHNe O CYM[ECTBOBAHHE TOYKU
LW <T, nua woropoit |A(f, p)l=¢, mpusomut K mHpoTEBOpeuwmIO.

Hycrs npu ¢, < T pocruraetcs pasemctso |A(f, p)| =¢; Beegem
B pacCMOTpenye (PyHKIHIO

Viz, y, 1) =lz — ly, )%

B cuny npepnonoskenns o Touke #; mMeeM %I?/ lht = 0. Ho
dv F(z,y,t) @ a
L YU AT L e . 1

Tar wak F(z, y, )=, #0, 10 3mar {-} mpu pocratotmo mamex p

ompepienserca 3sakoM F(z, y, 1), a, cregoBaTesslo, B CHIy MaloCTH
A — 3HaKOM

oW1, ¥, Diz— @D

dv
Tem caMpIM 3HarR Bcero BBIDAKEeHU k7 ofpeneasieTcst 3HAKOM

oF
> (p(¥.1),y,12). Tak kKak cormacHo NONYIEHHOMY B LpPEXBIIY-
mem nmyurre y(t, p) npumapneskur D, 10 cormacmo 3° u (7.18)

éF
Z(@W (L), ¥ (), t) <0

av
H, CEJIOBATENBHO, -7 | . < 0.
=1

IlporuBopeune mpusommr K BeIBOALY, uTo |A(Z, )l <e mpu £, <
<it<T mun, cuaenosatensHo, |y(f, p)—yt) <ey mpnm fH<t<T.
Yuntrieas ofa 9TH HepaBeHcTBa, a Takmke To, wTo ly(f, p) —yol <
<e/3 mpu 0<<ti<ip (e (7.30)) m ly(t) —y®l <&, mpu O< E<< 1y,
TIONYIUM YTBEpHJICHe TeopeMbl 7.4.

3dameuaBng. 1. lI3 pokasarenbcTBa BUAHO, Y4T0 HpeHelbHBIH
nepexoy (7.24) sasnsercn pasmomepmeiv ma [0, 71, a npegenpmbiit
nepexop (7.25), cupasepuuesiit va (0, T1, pasmOMepHEIM He ABIAETCH.
B orpecrnoctr ¢t =0 umeetcs o6iacTh, B KOTOPOil z-KOMOOHEHTa pe-
menus sagawm (7.44), (7.15) cmibBEO OTIMYAETCA OT Z-KOMIOHEHTHI
pelLIeHns BLIPOJKFeHHON 3apmadd, T. e. o @(y(#), t). Ara obnacTs,
Xopomo 3ameTHas Ha pue. 20 mia caygas cucteMsl (7.21), masspia-
eTCA NOZPAHUUHBIM CAOEM.

oF
2. Vs poxasaTelbcTBa TeOPeMEl BHAHO, WTO OTPERATENBHOCTD Z— HYMHKAA
(akTHueCKE IMML HA BHPOMKEHHOM DelleHWy, T. €. OCTATOYHO, YTOOH BLIOOI-

oF , - -
asnocs yeiosne 5~ (@ (¥ (2), 1), ¥ (1), 1) <O
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3. Teopema 7.4 pacmpocTpaHsfercs HA BeKTOpHEIM ciydaii. Heroropsle monos-
HETENbLHLIE TPYXHOCTY BOSHUKAIOT IPH 9TOM ¢ OmpefelieHreM HOHATHA 0GIacTH
BinaEns. YTO Kacaercs yCIOBHA yCTOHUYMBOCTH, TO OHO MOker Owith cdhopmyin-
POBHO Kak ecrtecTBeHHOe TpeboBaHME, YTOOH XapakTepuCcTHYECKue ameaa A(f)

MATpANSL - {9 (v, 1), v, 1) YROBIETBOpsIM HepaseHCTBY Re A << 0. Mimeercs n
fonee obman (OpPMYJIHPOBKA YCIOBHA YCTOWYMBOCTY, HamHan A, H. Ta-
XOHOBEIM ¥*).

2. AcammroTEueckoe pasioskenne pemenua sagaunm (7.14), (7.15).
Ha ocroBaruu Teopemsl 7.4 MOHO HAOMCATL CHeAYIOO{ee acCMMIITO-
THYEeCKOe MmpefiCTaBieHue Ui pemnenus sagaqu (7.14), (7.15):

ylt, W =y + e, ), z(t, p) =720 + e, p) G0 = @), ).

Ilpu 3tom octatounslt wien eo(t, pu) B Boipamenmn pua z(f, p) me
ABJAETCH PAaBHOMEDHO MAJIOH BeJWYMHOH. FcTecTBeHHO Iipefmosio-

suTh, 9TO ecim K z(t) pobaButh passocts Zo(t) — (3%, 0), To moIy-
umres  dopmyna  z(2, p) =z(t) +z0(1) — (30, 0) +eslt, p), roe
e3(t, p) =0 ma [0, 7. B camom pene, Benmumua e3(t, p) =
=z(t, p) —z(#) — zo(7) + @(y°, 0) Bpanu or t =0 mana motomy, uTO
z(t, p) Grasko K z(2), a 2o(7) —x @y, 0), a B oxpectHOCTH =0
Mana motomy, uto z(f, p) Gmmsko K zo(t) (cm. (7.30)), a z(f) =

= @(y(t), ) 6nusro ® @(y°, 0). Pasnocts z{t) — @(y°, 0) ocymec-
BJIsieT HONPABKY HA (HOTEPIOY JOIONHUTENbHOIO ycnoBusa z(0, p) = z°,
KOTOpOMY He MOKeT yjoBierBoputh z(t). Bsipamemme z(t)+ z(7) —
— @(y® 0) ysme Gynmer yroBreTBOpsATH yCnH0BHIO ofpamenus B z° mpu
7=0.

Momnuo pokasats, wto €i{t, p) =0(u), e3(t, p)=0(u). Bonee
TOrO, NP JOCTATOMHOM THagKocTU Opasbix uacteir (7.14) MoKHO mo-
CTPOHTL aCHMOTOTHYECKOE Hpe[CTaBlieHNe JJs pelleHHd 3aJaqd
(7.14), (7.15) ¢ ocratounsm wienom O(p"*'), mo, B oTnmume ot pe-
ryaapaoro ciaydas (cm. Teopemy 7.1), sTo npemcrasnenume Gypet,
HOMHUMO CTEHEHHBIX N0 | (Wiu pezyssapHuls) yaeHo8, colepHaTh He-
rotopsie QyHruu (Taxk HasbIBaeMble NOZPAHUUHBLE UAeHbL), 3ABHCH-
LIHe OT [ He CTeneHHulm 00pa3oM; NMOTPAHWYHble 9IEHH MMEIOT 3a-
MeTHyI0 BeJIHYHHy B OKpectHocTH i =0, a mamee ¢ poctom ¢ GelcTpo
y6eiBaioT. Beepennas Boime passocts zol1) — ¢(y°, 0) mpencrasnser
cofoif mOTpaHMYHEIA WlIeH B acHMOTOTHIeCKOil (QopMyne ¢ 0CTaTod-
BeIM anesom O(p). '

Ilocne »THX DpefBapuUTenbHBIX 3aMeYaHUil mepefileM Hemocpef-
CTBEHHO K OIMCAHMIO OOIEro anropuTMa HOCTPOSHHS ACHMITOTHURU
pellleNus] CHHIYISPHO BoaMyleHHOH samauu (7.14), (7.15).

IlpencraBum z u y B Bufe cyMMbl IBYX (pOpManbHEIX psagos (smeck
n B pannHeiimmeM mox x GyhneM HOHHMATL Z W Y B COBOKYITHOCTH,

*) Cu. Bacunrena A . B, Byrysos B. @®. AcuMuroraueckue pasio-
JKeHNA pelleRwil CHEryJIAprO BO3MYIIEHHHX ypapEemwmii— M.: Hayka, 1973.
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T. €. eCHU BHIINCHBAEGTCA HEKOTOPOe COOTHOINEHHE I Z, TO DTO
3HAWMT, YTO MMEIOT MECTO J{BA B TOYHOCTH TAKHX jKe COOTHOMICHES
A zuny)

z=2z(t, p)+ z(, p), (7.34)
rae
z(t, p) = zo(t) + pry () +... (7.35)

— Tak BassiBaeMbil pecyasapuwii pad (cp. (7.6)), . e. pax o creme-
gAM | ¢ RoddurnuerTaMu, 3aBUCAIUME oT 1, a

Iz(x, p)=Tez(x) + plliz{x) +... (7.36)

— TaR Ha3bIBAGMBIHl 702paHu4Hbl pAd, upecraBisomAl coGoil Tak-

e pAf N0 CTeHessiM l, HO ¢ KOSQUIMEeHTAMH, 3aBUCAIMMMH OT T.
YJIeHB! 3TOTO PANA HAa3HBIBAIOTCH NOZPAHUUKLIMU YACHOMU,

Ilopcrasum (7.34) B (7.14), yMBOMMB I CHMMETpPHR BTOPOE

YpaBHeHMe Ha W:
dz d
97‘—4‘——112 =F(z 411z, y 4 1y, 1),
: (7.37)

BeeneM BeINMUUEE FullF , moJaras
F=FG@, p), ytt, ), 0,
IF = F(zlp, p)+ Oz(z, p), ylow, p) + Oyl p), ) —
— FQzlzp, p), ylop, w), T -
(ananormunsie pexuumrs [ 8 I1f Brepem mis f), Torna (7.37) zanm-
meTca B Buje
pE 4 L =P uF, pEpimy—p G40y 739

Paznowum remeps F u IIF opmansso mo crenemam p (rosdpdmum-
eHTH BTAX paslioMeHuii OynyT 3aBHCeTH OT ¢ M T COOTBETCTBEHHO):
F=Fo+tpPi+.., NF=MF+plliF+...,, nocie wero B (7.38)
npupaBHaeM Kod(pQPHUOuEHTH NpH ONMHAKOBHIX CTENEHAX W, OpEIeM
OT/IeNILHO 3aBUCAINME OT { M OTAEILHO 3aBHCHAINGE OT T:

d = - d — =
a Zpy = Fy, Y= frs (7.39)

d
—d—T- sz - Hsz “Tr-nky = Hk—]f‘ (7.40)

TeMm caMBIM MBI DOJYYWIM ypaBHEHHA JUisl ONpefeieHUA WISHOB pas-

nomennit (7.35) u (7.36).
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Boimmmem st ypasuenus 6osee meraneso s k= (0. Vmeem

0 =Fo="F (2o, Yo, 1), = {(Z,, Yo, t). (7.41)

Jra cuctema COBnanaeT, KaK ¥ CJeI0BaJi0 OKMJATh, ¢ BLIPOMSTEHBOM
cuctemoii (7.16). Nmeem Ttaxxe (yumTeiBasi mepBoe M3 ypaBHEeHuil

(7.41))

Lz =IF=
= F (2, (0) + Mz, yo(0) + My, 0) — F (z, (0), Y0(0),0)=
=F (2,(0) + Iz, o (0) + I1yy, 0), —=Ily=0. (7.42)

Hauuran ¢ k=1, ypasnenus (7.39) u (7.40) 6y;[y'r THHEHHBIMU
OTHOCMTENBHO Zy, U, u 11z, Il,y. OOparum BuuManme Ha To, 9T0
cucTeMa 17.39) He COREp/KUT MPOUBBONHOR OT Z),, & TOJNILKO IPOH3BOJ-

HYIO OT Y, a cuctema (7.40) mmeer Ty ocobeHHOCTH, YTO BTOPOE ypaB-
HeHUe B Hell OTHENsIOTCH, TAK KaK €ro mpaBas YacTh CONEPKAT WieHb!
TONBEKO OPEIBIAYINUX HOMEpOB.

Jusa roro wrobki u3 wonydennsix ypasrenmii (7.39), (7.40) onpe-
mennTs wWwienn pasnormennin (7.35), (7.36), mymuo szagath Havalb-
Hele yeaoBus., Jus storo noperasum (7.34) B (7.15):

7o(0) + uzi(0) + .. .+ oz (0) + pIliz(0) +...=a°  (7.43)

¥ npupasasieyM Kod(Q@UIUeATH HpH ORUHAKOBEIX CTeNeHsX U B oGenx
yacTax 9THX paBenctB, llpupapumBanme Ko3p¢uuMeHTOB HpH HyJe-
BOU CTEUeHU L AaeT

20(0) + Moz(0) = 29,  go(0) + Moy (0) = y°. (7.44)

PaccmoTpuM BTOpoe M3 3Tux pasencTs. bes Karux-nu6o momoiHu-

TeABHBIX CooGparkeHuii u3 Hero Henbas ompefenutsh Yo(0) m Ilgy(0).
OpHako Ha MOTPAHMYHBIE YIEHbI, KOTOpble NPU3BAHLEL UTPATH DPOJib
TonpaBok B oKkpecTHocTH =0, a mpu ¢ > 0 cTpeMuTHCA K HyJII0 BMe-
cTe ¢ M, CIefyeT HAJOKUTh [OHONHHUTelIbHoe ycioene Iz —0 npm
T — oo, Orcrofa mpuxoaum K BeiBofy, 410 1lgy(0) = 0, Tak rar unage
(em. (7.42)) Ioy(z) = HMoy(0) = const » 0. A Torpga us (7.44)

0(0) = 3%, (7.45)

1lpu sToM ycnoBuM pemiaeM cuCTeMy (7 41) u nomyuaem, ato Zo(t),
Yolt) coBmamaor ¢ pemremmeM z(t), y(t) KOTOpOE y3#ie BCTPEYAIOCh
B Teopeme 7.4. Uz (7.41) nomyumm 2z(0) = g(y(0), 0) = ¢(z°, 0),
a Torja mepBoe u3 pasenctB (7.44) pmaer HauankHOe YCNOBHE IS

13 A. H. Tuxonos u op.
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Hoz. Utar, sawaneuble yciaoBus pna cuctembl (7.42) umeror Buj
Moy(0) =0, Tz(0) =20 —z(0) =20 — @(y°, 0).  (7.46)

Hostomy Iloy(t) =0, a IIpz(7) nBaserca permremmem ciuemyomei Ha-
YalbHOU 3ajadm:

- .
77 oz = F (¢ (3%, 0) + Iz, ", 0), (7.47)
H()Z(O) =2z0— (P(yoa 0).

CpaBrmpas sapgauy (7.47) ¢ sapauweir (7.28), merpymmo ycramo-
BrTE, 9T0 oz = 20(7) — @(y°, 0). O6 510t pasrocTm yke muta peusn
BEIIIle Oepel HadaloM onucams ofmero aaroputMa. Ilonywenmuoe
BHle HepapeHcTBO (7.29) osmawaer, wto Iloz{1) > 0 mpm T — oo,

Wrar, nynessie wiensl paszmomenmit (7.35), (7.36) moamoctnio
oIpeieNieHbl.

Ilpnpaenusas B (7.43) roadduuuenTEl mpu nepBoit cTemeHu p,
OyneMm uMeTn

z(0) +11,2(0) = 0, y,(0) + IT,(0) = 0. (7.48)

Kpome toro, BykHO BoCHONB3OBaTLCA yenosneM 11y — 0 npu 7 — oo,
W3 Broporo ypasrennsa (7.40) (opu k= 1) umeem

Iy (v) = My (0) + | I,fds,

0

OTKyjia B cuay yciaosusn Ha lljy mpm t©— oo cnegyer
oo

My (0) = — Y of ds. (7.49)

0

CxonpnMoCTh  MOABUBIIErOCS 3[eCh HMHTerpajia OymeT NOKasaHA
mmae (em. (7.54)) 1 BooGine Bee BEIKNAAKH BEMyTcs noka OPMabHO. .
C yuetom (7.49) pnn Iy monyunm

oo

Iy (v) = — | 0,7 ds. (7.50)

T

Ha Broporo pasernctea (7.48) Tenmepr criegyer
y1(0) = | 7 ds. (7.51)
0

I1o u Gymer HauanLHBIM yciosHeM jnA cuctembl (7.39) mpu k=1,
otryjia ompejienatea y (1), zi(¢). Hocne BToro M3 BTOPOTO paBeHCTBA
{7.48) monyaum

11,2(0) = —z,(0). (7.52)
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910 ycioue mosponster HaitH 11z w3 mepBoro ypasmemus (7.40)
npu k=1, nockonsry Iliy yae onmpepeneno. o

Coseprenno amamormuno onpepensiotest 1Ly, s, 25, Iz (=2,
3, ...) us cucremnr (7.39), (7.40) ¢ UTOMOIBIO NONOAHMTENHHEIX
YCJIOBHIA

Iz >0 upu k- oo,

7 (0) = [ M sf dv, Thz(0) = — 2, (0). (7.53)

0

Tem campIM omucanue noctpoenus psana (7.34) zakomueno.
B reopuu cumrynspHsx BosMymenmit fokasmBaetcs, wro s Lz
HMeeT MEeCTO OIEHKA .

MLzl < Ce™*  (k=0, 1, ...), (7.54)

rae €C>0, % >0 — HexoTopsle IOCTOAHHBIE. DTa ONEHKA 03HAYAET
SKCHOHeHnuaabHOe cTpemienue Iz x mymo mpm T — o, 310 e He-
PaBeHCTBO 00ecrneYHBaeT CXOAUMOCTL HHTerpatoB B (7.53).

OcHOBHO® yTBepHiieHNHe, OTHOCAINEECS K TONBKO YTO IPOBEEH-
HBIM TOCTPOEHUsIM, 3aKN04aeTcsi B ToM, 4910 pax (7.34) sBasiercs
ACHMOTOTHYECKUM PANOM Juis. perenus z(f, u) sapauum (7.14), (7.15),
a4 MMEHHO, B TEODHH CHUHTYJSPHBIX BO3MYINEHUIl [OKA3BIBAETCH, WTO
pasHOCTh MesRAy Z(f, i) u n-i wacTmuHo# cymmoit pana (7.34) umeer
nopagok O(u"*1). TakoBo oGoCmenne Teopems! 7.1 HA CHHIYJISpHO
Bo3MynleHHYI0 cucteMy. llompobHee ¢ 5THM MOKHO O3HAKOMUTLCS
B KHHTE *),

HpuBeneM JOKA3ATCALCTBO AcCUMUTOTHYCCKOTO OpencrasBileHnsa A peme-
s safaan (7.44), (7.45) c ocratoummM wierom O(p). JloKasaTelabeTBO npef-

CTAaBIEHNSI ¢ OCTATOYHEIM Wienom O(um+') cuoHee JIMIIL B YMCTO TEXEHYECKOM
OTHOLIEHAN,

Momossenm A = z — 25— Moz, 6§ = y — y—o u uepefinem B (7.14), (7.15) K me-
peMeEHEIM A u §:
d dz, dllz

A _ o
p't_it_:F(zo_,_Hoz'l_A’ Yo+ 8, t)“”EZ‘— dz ?

— (7.55)
db - - dy
o =1 (5 + 0z 4, 5+ 8, £) — 7
A (0, n) =0, 6(0, u) =0, (7.56)

Teopema 7.5. Ilycre evinoanenst ycaoeus:

1°. F(z, y, t) u f(z, y, t) nenpepvlentl no cocokynnocru apeyMenToe e He-
soropoii o6aacty H. _ _

2°. Ha ceemenre [0, T] onpedeaeno pewenue yo(t), zo(t) zadawu (7.41),
{7.45) u sro pewenue npunadaexcur H.

*) Bacunrera A.B,ByTyaos B. ©. AcnMOoroTnueckue pasiorenns
pelennii CUETYJIAPHO BO3MYIEHHHX ypaBHeHnmi.— M.: Hayxa, 1973.

13*
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3°. Fz(-z_o(t), ;o(t), t) cywyecreyer, HenpepuLleHa U OTPUYATEALHA NPU
te [0, T].

4°, 29 npunadaescur obaacru eausnus @(y°, 0).

. pu 0 <<t < T, |A]l <&, |8] < e (28— neroropoe, moxcer Goirv, docra-
TO4YHO Masoe, Ho fukcuposannoe, ne 3asucaujee or WU uucao) F(zq+ Iz + A,

Yo+ 6, 1), f(zo+ Tz + A, yo+ 6, t) nenpepvienvt emecre ¢ npouseodnsimy do
870p020 nopadka ekalouUTeAbHO No A u 8.

Tozda na 0 <t << T cywyecreyer pewenue A(t, p), 8(t, p) sadauu (7.55),
(1.56), eduncreennce e obaacru |A]l<< e, |8]<Ce, zd0e e Odocrarouno maso,
u cnpaeedausvl pasnomepnsle ornocureavro t e [0, T} oyenru

A, p) = 0(n), 8(, p) =O0mw). (1.57)
Y1BepKIcHEE TEOpeMHl O3HAYAeT, PYTMMH CIOBAMH, 9¥0 B OKPECTHOCTH
- t —
xpusoii z =z (f)-+ Mz ( T)ov= y,(t) cymecrByeT eHHCTBEHHOe pemlc-

uue 3amgagn (7.44), (7.15) m cupaBelIMBO HpEJCTABICHHE
- t -
ZUAD=%UHHMC[)+OWLyUdﬂ=%U%+0m% (7.58)

3ametny, 910 (7.58) copmepiruT yTBEpIKEEHNAE TEOpeMEl 7.4.
HJoxazarexbcTBo mUpelcrapiser co0oll pasBUTHe CXEMEI, M3JIOMKEHHOK
Brie (CM. JIOKA3aTEILCTBO TEOPeMHI 7.2).
Jdemma 7.1. Uneer mecro nepaserncreo

[Tloz]| << Cemt/v, (7.59)

20e C > 0, » > 0 — HekoTopble NOCTOAHHBLE i

Mr ysxe pupenan Beume, 9ro Iloz— 0 mpu T —- oo, Ceiivac TpefyeTcs Jwms
YTOUHHTL XapaKTep 3TOro CTpeMieHHsA K Hymo. OfparaM BHUMAamWe HA TO, 9TO
{7.59) —oro (7.54) nmpm z =132, k=0. Uz (747) uMeeM (HANOMHEHM, UTO

9", 0) = z0(0), ¥° = ¥o(0))
d - -
G z=F, (z,(0) + 6112, ¥, (0), 0) 11 z,
OTKyZa

T
JP2liu0r+0m02, 50, 002
Oz=1["—¢(° 0)]e

BriGepem 1, TaK, 4T06H A1a T = T oz 6pu10 JlocTaTodno MayeM, m dukcmpy-
eM 370 To. Ilpz IOIIKRO OBITH MAILRIM HACTONLKO, YTOOH, KAK CIefcTBHe 3°, 6LUIO

BEIIONECHO HepaBencTBO F(20(0)+ 6oz, yo(0), 0) < — % << 0. Vimeem TOTHA
To T
szdr j‘der
Me|=ld =gt ol & <
To
{roae
<2 —o(°, 0)fe? MW Lo
To
e
rak kak |2* — (4% 0)]e® T <C.



§ 2] CHHTVJIAPHBIE BOSMYIEHUA 197

3anuniem (7.55) B Bmpe

dA
u dt = a11 (4, 8, t, p‘) A + a12 (4, 6, t, p‘) 6+ Rl (t7 P«),
(7.60)

ds
o= Gy (A 8 1 W) At ay, (A, B, 1, W) B+ R, (2, ),

rae

Dy

ay =\ F, (3, + 1z + 04, y, + 8, t)db,

a
e

=

1
ay, = S F, (z,+ Oz, y, -+ 65, 1) do
[4]
(a2, a2 HMerT AHAJOTHYHYIO CTPYRTYPY),
_ _ dEn d
Rl (t1 p‘) = F(Zo -+ HOZ, yov t) - p‘_t _—-d—'l' Hoz:
- - dy,
Ry(t, ) =1 (2 + 102, 4y £) — 5 -
Jdemma 7.2. Cnpaecedaviev: oyenrxu

Ri(t, p) = O(p), Ro(t, p) = O(e=t/¥),

Omenka Az R; momydaerca cpasy u3 JeMMH 7.1, TAK Kak eCIH y4Yecrb
{7.41), 10 Ry = f.(z0 + OIlgz, yo, t)Hyz. .
YroGpr WOIYYUTHh OHEHKRY Wi R, [0CTATOYHO yOeIuTLCH, 9TO ‘I)RI:

=F (2, + Iz, Yor t) —%‘ Mz = O (n). Ucnonssyn (7.47), npepcrapmm (DR,
B BHMIE
DR, = F (3, (1) + Tz, y, (1), £) — F (3, (0) + Tz, y, (0), 0) =
=@ (1L z, £) — @ (11 z, 0)y=1t j D, (2, 6t) db.
Ho °
D, (12, 1) =
=F,(z,(6t) + Iz, y, (61), 62) z, (61) + F, ()5 (604 F,(-) =
=F,, (5, (61) + 6,11z, y, (62), 6t) 2, (62) I1 2.
Bpecs yaremo, ato F (30, Yo, £) = O u, CefoBATENEHO,
F, (Zo' Yoo ‘) ;(I;"l" F,(v) v+ F,(-)=0. Orcoma
l(l)Rll < tIFzz” z:')“HozI < Cte™*0 < Cp,

TaK KaK s%p (te—*t/#) = pe~/n.
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Tepenmuem (7.60), BBean ain(f, B) = a:n (0, 0, £, p), bin = aip — ain, L; =
= by + bysd @ k= 1, 2):

di - -
Wi =epdte,8+ L+ R,

B (7.61)
T G T o 2% o 1
Hs sroporo ypasmenus (7.61) mmeen
t
‘ urt (7.62
N R T -02)
) f 4, A()e*  drL,+R,
0
rae
t
t a,,dt ¢ f&,,dt 3
Ly={LF  an |RJ=|[Re  ar|< ¢ | emiiuan,
0 0
otRyfia Rs = O(p). Ioncrapins 310 B mepBoe ypasHenme (7.61), momywmm
t
A t jagzdt
P =y A+ o 5 3,0 (T) €°  dv4-L, 4R, (7.63)
. 0
rie Ly = ayly + Ly, Ry = als + Ry = O(n).
Wz (7.63) mmeem
t T
t 1 %’J‘-ludﬁ T GasdE 7.64
A:S_M_ef amjamA(g)e‘s &lav+ L +r, (769
0 0
rne
i t
E =la;ds t }' ;ndg
=L e Ry= L e
5 m 4 5 m 4
0 0
i t
Haa Haa  _wt—g
Ause® COpaBe/InBA ONEHKA € <e Y | nokasmBanmascs Tak we.

&ar onenka pua oz » memme 7.1 Orciona crenmyer, 9o Rs = O(1).
Ieproe cnaraemoe B (7.64) npeoGpasyem wmuTerpEpoBaHUAEM WO YACTHM.
{lonyanm

t

am={ K @ wma@artL 4R, (7.65)
0
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e
|K, @ T W)=
e t
4 yazzdt 1 %L'j‘-udg t c _n(t-f)
= sam(g,u)an(r,u)e‘ T;-eg d&El < e Vgt <K,

T T

1. e. K, orpanmgeno upn p — 0.
B Bupe, ananormaroM (7.64), MokHO nepenmcarts u (7.62):

i

5= | K,(t, v, WA dr+ L, R, (7.66)
1]
i
{300t
rae | K, (¢, T, W] =]a, (v, p) e <C.

Paccmorpnm Bripawerns Ly, Ly, ..., KOTOpHE BOSHHKAIM B Tpomecce Hpo-
BEJICHHbIX BHIKIAKOK. L; apngercs gyraxnHed A u 6. B obmactu |A| < g, [8]|<<e

| Ly (Bg 8y) — Ly (A, 8y)| <y (ﬁf)uﬁn |8, —4, ]+ Ef)l’l% |8, — 8] )' (7.67)

upmaem o; << 4, ecim € mocrarogmEo Mano. Tem ke cpoiicrBorM obmamaer L.
Ls(A, 8) naBnsercsa y:xe He (yRKIHEH, a HEKOTOPHIM ouepaTopoM oT A u O, He
B cmily cBolicTea Ly -

t ,
f azzde

Ly (Bg 8) — Ly (& 8) =& [L, (8, 8)— L, (8, 8,) || <
0

<@, (o) ([f)l’l%’n f8,—4 ]+ Lf:’lgﬂ I 8,—8, I )’

OpHIeM MOMKHO CHENatsh (o) << 4, ecam € mocratouno Mado. HeTpynmo mpose-
PUTH, YTO CBOiCTBOM THHA (7.67) oGmanaror rakme oneparopul Ly m Lg.

Hana panemeiimero norpeGyercs OMH Pe3YJNLTAT M3 TCOPHH MHTEIPANLHEIX
VPAaBHEEMIl, KOTOPHI [IOKajkeM 3Mech KaK JeMMy. PaccMOTPEM HHTETPAIBHOC
YpaBHEHHE

4
v =K@ Jy@atr, (7.68)
0

rre K(t, s) — menpepriBras $yEKmUs, OrpaHMUEHHAs FO MOAYNIO BednamEol K.
Jdemma?.3.Pewenue unrezpasvrozo ypaenenus (1.68) cywyecreyer u nped-
cragumo e eude

t
y(t) = f R, s)f(s)ds-] (), (7.69)
1]

2de R(t, s) — nexoropas Henpepbignas Pynrsyus (Hasvieaemas pesoaveentoll),
uxenwyan oyenry R(t, s) << Kexp (K|t —s|).
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Jina NOKASATEILCTRA BOCKONSSYEMCA METOFIOM TOCTEROBATENbILIX npubng-
swermit, nonarag Oy (2) = f @), FVy (1) = SA K (&, sy Py (s) ds -+ f (£). Pammo-

(4]
MEpHAs CXONEMOCTHL mocuepoBarensmoctn {(Aly(t)} moxasmBaercs, Kak B § 6
T 2. Kpome toro, mmMeem

i t
Wy — Oy = (K (2, 91 (5 s,
0

4 [ 4 s
@y — @y = (K (1, ) (Vg — ) as= (K (t, a5 [ K (5,87 ) =
0 0 0
[4 t

1
—frow({keokeya=[Ker@a
0 3

0

MeTomoM HHEYKNWN HETPYIHO HOAYIATH
1 t

@y 0y = (K (t,9) f()ds, tme K, (.B=(K,_, (.5 KE ot
1] s

Otcropa
My @y 1 (@ _0) 1 ... (O (1))

t
1O+ [ 1O [KG 9+ K, (b 9+ e + K, (6, 9] ds. (7.70)
0

Papg K(t, s) + Kz(t, s) +... cxomnTca pPaBHOMEPHO, 9T0 CIEAYCT W3 OIEHOK
. _ ‘Ru {1 —s YA §
|K| < K, ]K2| < K2|t—-s|, .., lKnl < —"-(ln—__—()ll——— IToaromy, o6o3na-
yaa cyMmy paja gepes R(Z, s) m mepexons B (7.70) x mpemeny mpm r— oo, Ho-
aysaM (7.69). Jlemma poxasana. IlepeifieM K JI0Ka3aTeJIbCTBY TeOPeMEL.
Ilpumensaa dopmyay (7.69) w (7.65), rie B ragsectse f BosbMeM Ls -+ Rs,
Oy 9HM

A = Lg+ Re, (1.71)

a mopmcramiAs 310 B (7.66), momyunm
6=IL;+ R (7.72)

3meck Rg == O(u), R; = O0(n), a Lg m L; oGmanaror ceoiicteoM tuma (7.67).
Sanmmem cucreMy ypasHemuit (7.71), (7.72) B Bupe

y = Ay + R, (7.73)

IpEMeHss 0003Hauenwe y mia napn A, §. CymecTBOBaEme pellCHHs y ypaBHe-
Husa (7.73) mnmE, 910 TO Ke, CylmecTBOBaEWe pewreHns A, & cucremmt (7.71),
(7.72), a cuenoparesqbEO H 3afaum (7.55), (7.56), MOKHO HOKA2aTh, HOILIYACH
OIATHL-TAKA METONOM TOCJIE[0BATEIbHBX HPHOINTIKeHAH, KOTOPEIH CXOMWTCSA, TAK
Kax opmepatop 4 6ymer CRuMAKNIEM B cWLy cBOHCTB omeparopos Ls m L, orme-
YEHHHIX BHIE.
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Honoxnm My = R. Ha croiicte Rs n R; nveem p((My, 0) << Cu (paccros-
HUe BBOOUTCS TaK #e, Kak s § 7 ni. 2). A rtorsa

p(™y, 0)<p(y, 0) 4o (Vy, Ou)+ ...
Cu
1 —aw

ey, U cCp(tF a4 ... F @) <

e o << 1— rosdhdumuent, XapaKkTepHUBYIOMNE CRIMAIONICE CBOFCTEO Onepa-
Topa A. M naroney, His npefiena y NOCAENOBATENILIOCTH ")y, T. e. IS pPemicynd

ypasuenna (7.73), Gyaen avets p (¥, 0) < p (g, ™Vy) ++ o (My, 0) < p{y, @)+
Cu
—Fi—__—cc Yerpemana n x oo mpu (QuKkcHposanzom M, OyleMm umerh oy, 0) <<
< Cu/(1 — «). 910 O3nAYaAET, 9TO (sulg | AI—}-[suplﬁ | < On/(1—a) u, rakmm 95~
0.7] 7]

a9,

pasom, A = O(p), 6 = O(n). Teope.s:&a 7.5 nokasaua.

3. HocTpoenne acMMATOTHRN (DYHI2MEHTAILHOHE CHCTEMH peiie-
HEl %8 JHHEEHOrs ypaBHEeHH# BTODPOTO HOPHAIK2 € MATLIM HapaMet-
poM npu crapweli npouspeamnoii. B pane samaa reopum gonmebamumii,
KBAaHTOBOH MEXaHHKH #U [p. BCTPEYAETCH CHHIYASPHO BO3MYIEHHGE
ypaBHeHue BHAa

uly” + Q¥ zx)y =0, (1.7%)

He yJOBIeTBOpAloIee TpeGoBaHusSM Opensinyimero oymsrta. K Ty
(7.74) npumaniemuT, B YaCTHOCTH, ypPABHEHNE IBHMKCHUA MasTHHKa
(7.11) upu oTcyreTBan TpeHus, T. e. B cayuae o= 0. Yrodn ypas-
menue (7.11) cBemoch Kk cucreme tuma (7.14), pna R®OTOPOH BbIHOJ-
HeHO ychopue ycroitunpoern (7.18), aemamee B ocmose Beeil Teopun
n. 1, gysxBo, uTo0bl o 0BLIO OTAHYHBIM oT Hynd. Ecmu ke a =0, 70
teopus 1. 1 menpumenmmva. Har ussectHO, B 9T0M ciydae penienue
ypasmenas (7.11) woczt wonebarennmwii xapaktep (BeTemcTBHE Ma-
Joctu P Kojedamus OyayT HMMeTs OdYeab GOABILYIO 9acToTy), T, e.
fBJeHNe KAaUeCTBEHHO OTIHYRETCH OT PaccMOTPEHROre B m. 1.

foap3ysicy JuHelinocToio ypaBheausnt (7.74), mn me OyneM cBs-
3BIBATL MGCTPOCHHEE ACUMOTOTHEN € 3aXalIAEM JONOJNNTEALHBIX yC-
J0Biil, KAk 9TO OBLIC CAeJau0 B HPEAbLIYLIEeM IYHKTe, Tie paccMmart-
puBalach HadyalbHAfA 3a7aYd, a8 HOCTABIM 1EJbI0 NOCTPONTL ACHMII-
TOTHKY (QYHI2MeHTaJbHOH CHCTEMBl PEUIeHNil, 9T0 KACT BO3MOMKHOCTH
TONyYaTh aCHMIOTOTHKY peiueHRil, CODPEIeHeMBIX CaMbiMi PasHood-
PasHBIMIl HOHOJAHUTEALHEIME YCIOBHAM .

Byxaeum npemnonarats, 410 Ha cermente a <<x <D Q(z) #*0 r as-
JseTcd TPHKIB HenpepnlBno auddepeAnupyeMont $ymrumeid (moa
onpeenennocTy Gygem cumrats Q(zx) > 0).

[lepefiziem B ypasrennu (7.74) & noBoil HenseecTHOH QYURIHE L,
HOJORUB

14

o Q(x)dzx|. (7.75)

Y = uv, rae v —= exp

e Y
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SameTuM, uTo B cryuae @ = const v mepexonEr B €Xp [Lp Q(z— a)]

0 BHIpaKeHDe ¥ = uv, rje u = const, ABIAETCH IPOCTO TOYHBIM pe-
nIeHneM.

Ipomssenss B (7.74) ykasamHy0o 3aMeHy, NONyYWM ypaBHEHHe
pu” +2iu’Q+ iuQ’ =0, rotopoe 3anWIIEM B BHJE CHCTEMEI

uz' = —2izQ —iuQ’, u =z (7.76)
[lonowus specy dopmansro p =0, monyuum 2z2Q=—uQ’, u’' =z,
OTKY/2
r_ 1 ¢
u = 5o U

BossMeM uactHOE peHIeHHe 37T0ro ypaBHeHI/IH, uMeloIee BU)

( ) = (7.77)

VQ(:c)

OxassiBaercs, ecan ulz) mopcrasmrs B (7.75) BMecto u, T0 mo-
Jyanres HpuOmmKReHHOe (B 2CUMITOTHYECKOM CMEBICHe) IpejcTaBlIeHue
JUIA HeKOTOPOro pemenus ypasHenus (7.74), xoropoe Hasosem ¥,(x).
O6osHaunM uwepes yo(x) pemienue, KOMILIEKCHO conpsikerroe y,(x):
Y, = U1

Teopema?.6. Iycry Q(z) >0 u rpuader nenpepvisno dugdeper~
yupyena ra la, bl. Tozda na la, bl cywecrsyer gyndamenrasvran
cucrena pewernuli ypasrnernus (7. 74) suda

r i ¢
Y= hfo( -+ e (2, u)]exp[—l;S‘Q(x)dx],
. (7.78)
Lz=[—0(—)+ &, (2, p)]exp[ ;—YO(x)dz],.

npuvenm &z, p) = 0(p), e2(z, p) = 0.
Has poxasarenncrsa reopeMsl 7.6 nomosnM u — u=39,z—z=A,

rne u ompejeneno Qopmynoi (7.77), a z=u'. Hoa A v 8 monyuum
cueTeMy

PA = —2iQA — Q6 — pz’, & =A (7.79)
B OEpefelNnM 3TA PYHKIUN HAYAJNBHEIMH YCIOBHAMHU
8(a) =0, Ala)=0 (7.80)

(TeM cambim MBI (D2KTHUECKHU 3ajiaeM HauajbHBEe YCIOBUA IS U K ).
PazofbeM foKa3aTelbCTRO HA [Ba aTamna.
1) JokaskeM ¢Hagama, 4T .

8§=0(), A=0(. (7.81)
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(7.81) osmauaer, uro cymecTsytoT pemenne cucremsr (7.76), nMe-
onjee BUL U= u+0(u) 2= z+0(u) f, CIe0BaTe]bHO, permeHye
1 ypaseernsn (7.74), mpencrasumoe mepsoit Qopmynoit (7.78). Yro
KacaeTcs BTOPOTO PeNIeHms Ys, T0, TAK KAK Y = Y1, IpefCTaBIeHHE
AN Yo OTHENBHOTO JoKasaTenbcTBa He TpeOyer. Ilpum srom &;(z, p) =

*
== g; (2, p).

Jas pokasatenwersa (7.81) mepeiimem or (7. 79), (7.80) k skeu-
BANEHTHOH CHCTeMe WHTerpaibHBIX YpaBHeHHH

e
by | = et R

(7.82)
x
8(x) = { A@®) e,
OTKy[a mepeiifieM K YPaBHeHMIO, colepKaieMy TolbKo A(z),

X

_.2_i de

A(2) =§:i%9-(§zx(g) dg)e T

a

—[T@e * d=M+@. (1.8

Hurerpupys oo 4acTsM BTOpOe CIAraeMoe 9TOro BHIPajKeHWs, I10-
SayauMm

@=—pe "t E@fpfe " (2) v = (2, o

IlpeoGpasyem Temeps (1) Takum e WHTerpHpoBaHHEM IO UACTIM:
X

iTde
(1)=( 20(‘MA<§)d§) AN

x T N4 _Edex
Q' (v Mz —
+:§‘(20 (T) 5A(§) dg) e dT - 20 (x

+5[(zo§i’>)SA@)deQEiiM)] ey,

v

~

jjA(t)dr+
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Tarum obpasom, ypasuenne (7.83) npunumaer Bup

A() = (p(mmdrSA@)da ('v<x,r,u>A<r>dr+a<x,ums

kY
a a

upn srom lalz, Wl <a, 18z, 7, Wl <B, lylz, 7, WI<7, rme a, B,

Y — HEKOTOpbie He 3aBUCAIME OT y TOcTOAHHBle. Men:in B mepsom
claraeMoM HOPHAOK HHTerpHpOBaHuUsA, NOIYIUM

x

A® (B, wd= Pt wA®E
£ a

Rl 2

rie Bz, &, n) <8, 8 — me saBucamas o7 | nocrosHHAs. Tem caMbm
ypasuenue (7.83) npeoOpasyercsi K OKOHYATENLHOMY BUJY

Az) = fK (z, T, 1) A (%) dT + o (2, p) (7.8%)

roe K(z, 1, p) = {’)(x, T, W +1lxz, 7, p) n, cneposarenvro, |K(z, T,
w!l < K (nocrosmmas K me zaBment o1 ).

Ilpumerum k ypasrermo (7.84) mMeTom nocnefOBaTeNbHBIX IPH-
Onmxennii, MOROOHO TOMY, KaK 970 OBLIO CAENaHO B OTHOLIEHUH ypaB-
penus (7.9). Honomnn ©A =0,

X

FHUA ‘S K (z, T, p) PA (v) dt 4 a (z, p) k.

MeromoM MHRYKnEM, KaK 3T0 ysKe He Pas NeNaJoCh BBIIE, HeTPYIHO
TOXYIHTh OUEHKY
—_ —mk

|*FUA — BA < Rrap T2 (7.85)
3 Kotopolf, Kak B § 6 rm 2, ciexyer paBHOMePHas CXOIUMOCTEH
nocneposarensuocty WA k pemrenmio A(z) ypapmemus (7.84). Taxk .
gak WA =OA+ (DA~ OA)+ -+ (BA — B=DA) g, caemoBatenn-
no, WAL [OAI+ DA~ OA+ |+ |WA — DAL 10 cornac-
o (7.85)
l(h)Al < ap(l —;—K(a:——a) 4 ...+ K

=h—y (x — )1

(=1t )<
< oL‘ueK(oc--a) < G‘LLBK(b_a) — CH»

Hosrony |A] = iilm ®IA l < Cp, 7. €. A(z) = O(u), uro m Tpebyer-
cs. Afanornundﬂ oneHka pist 6(z) monmywaercs W3 BTOPOro ypapHe-
na (7.82). Tarumy ofpazoy, onenku (7.81) moxazamet.
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- * a

2) V6emumcsa Temeph, UTO pPemieHUs Y; U Y, = Y; JNUHEHHO He-
33BHCHMBI, JOKazas, 4o onpefenurens Bpomcroro D(yy, y2) ortumuen
o1 myis. Mueenm

-
yl y] uy u*v*
Dy, y)=] ., |= r % %' x %
¥ Y uv zv uvt 4N

. i
Yuaurmsas, uro v’ = - Qu, nonyunm nanee

u u*

D (y,, y,) = vv* uT'L_Q_{_Z ——u*—I—Q-—}—z*

M
iQlu u*

O —
plutoq —wpoq|™ w0 M=

OTIYAR YIKe fCHO, YTO PTA BEJIMYHHA OTIMYHA OT HYIA.
Taxum obpazom, Yy U Yy = Y1 HeficTBHTeNLHO oGpasywr ¢ysna-
MeHTAJILHYIO cHeTeMYy pemienuii, n Teopema 7.6 nokazana.
Sameuwarusa 1. Mokro moKazaTh, 4T0 AKAJIOTHUYABIH pPe3yNLTAT
meet Mecro ¥ aua ypasHeHus p’y” — Q% z)y =0, ¢ Toil pasmuneit,
yro B (7.78) caemyer i 3aMerNThE enHMMIeIL.

2. Honyuemnpie acumnroTHyeckune Gopmyint (7.78) TepsaioT cMBICR, ecan
Ha [a, b] umewTcs Toukn, rie @(x) obpanjaorca B Byih. Takue TOURH Ha3H-
BAIOTCA TOouKaMU RO60PpOTa. TepMUN TPOUCXOXMT M3 KBAHTOBOH MeEXaHHKH, rie
HEeROTOPRIC 3amaun s ypasreHnsn Illpeammrepa B ommomepmnoM ciyyae npmBso-
AsTea R ypasuemmio Tuma (7.74). Ilpm maamyum TOYeK DOBOPOTA ACHMIOTOTHEA
cTpontress Gosce cAOHBIM 06pasoM B COOTBETCTBYIOIIAS TEOPHS BLIXOIHT 3a
PaMKIl HacTosllero yueGHuka. MeToll HOCTPOENAs ACHMITOTHKH peliefnii ypas-
uennit tuna (7.74) B ¢Qusnke yacto nasniBaercs BBK-merogoM mo nMemn yue-
upx-guzukop Benneas. BpmamosHa 1 Kpamepea, paspaGoraBimux cooTBeTCTBY-
IOHIEH aArOpHTM B CBA3E C 3d7layaMP KBAaHTOBOH MexaHHRM (mompoGuee o006 -
DTOM CM. *)).

3. Metoz maMi DpOReMOHCTPHPOBaD Ha npuMepe (7.74). Cnenyer, omaxo,
8aMETHTE, YTO ITOT MeTON PACHPOCTPAHAETCH HA CHHI'YIAPHO BO3MYIeHIbe
cuctemur 6oi1ee obijero suma. ITogpoGHEN anains OCHOBHHIX npeli MeTona, ero
nadkBeiillee pa3BETHE H CBA3b C BONPOCOM TAK HA3BIBAEMON peryiapuzanui
CHHTYJSAPHO BO3MYIIEHIILIX 3axauy cojlepsknrcs B paborax C. A. Jlomosa (cm.,
HampuMep.**) ).

4, Meron ycpennennsa. PaceMoTpuM ypasHeHHE
d
=Y @0, v =" (7.86)

Pz mpegblymiero M3BECTHO, 9TO TPU YCIOBHH JOCTATOYHOR TNaTKO-
ctn mpasoi vacra (7.86) Ha Heroropom cermente [0, 7] pemeniue 3a-

*y Jianzay JL I, dudmnn E. M Ksantoean Mexaumka-— M.: Hay-
ka. 1974, o1, VII.

**) Jlomos C. A. Teopua BosMyIIeNnuil CHUTYJSPHHIX KPAEeBLIX 3aj{aq.—
Anma-ATa, 1976, :
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naun (7.86) mpencTaBEMO ACHMITOTHYECKHM MHOTOWIEHOM IO CTeIle-
Ham p (Teopema 7.2). OnHako UpH penreHAW pAa BOIPOCOB MaTeMa-
THYECKOH (PUBWKE OPHXONWTCA WCCIENOB2Th pelleHre Ha NpPOM3BONb-
HO GONLOIOM NpoMeskyTHe WsMeHeHusi f, Hanpumep, mia &~ 1/p.
B 310oM ciyuae omucannsie B § 1 MeTonH HeOpHMEHWMEL

ITOT cirydail eCTeCTBEHHO OTHECTH K KJI2CCY HEperyiispHO BO3MY-
merabx. O6paTuM BHUMaHFe Ha To, 4TO 3aMeHa NepeMeHHBIX E=
= {|{ OPUBOAWT K KOHEYWHOMY HPOME;KYTKY WsMeHeHusa &, HO ypasHe-

Hue HPHHI/IME‘-GT BUI
dy E
& = (y ’ Tf)'

B osroit dopMe HeperyaspHOCT: BOSMYINEHHS CTAHOBHTCH OCOGEHHO
XOpPOMIO 3aMeTHOM’.

B macrosiimeM myHRTe MBI ONWIIEM emeé ONHH ACHMITOTHIECKWN
MeTOJi, PasBHTHIl Mg HeperyisApHO BOSMYINEeHHBIX CHCTeM,—— TaK Ha-
BBIBAEMBIE  MeTOO  ycpedHeHUs, OCHOBE  KOTOPOrO  3aJOFKEHEl
H. M. Hpsutosein 1 H. H. Boromo6oeeiM *), 3toT Metoq, Kak Oymer
BUJHO HIDKe, 0co0eHHO ynoGeH Jig ONMCAHWA HeIMHEHHHIX KoieGa~
TeJbHEBIX IIPO{eCCOB.

ChopmynmmpyeM mpaBWIO HMOCTPOEHWS ACHMIITOTHKH, KOTOpOE [2eT
MeToX ycpenHeHus. Bregem ¢yurmun

T
Y () = lim - SY (n, £ dt, (7.87)
T->o00
0

ABJAOIAECT CPeOHUMY 3HAYCHUSMU TP2BOH vacTd MO ABHO BXONH-
meMy OepeMeHHoMy i. llepeMeHHOe 1) npw 9Toil omepanuy CYETACTCH
PuHCAPOBAHHBIM.

SamMeuanne. B cryvae orpanuueHHBX nHeprONWYECKHX HO &
¢yrrnmit (c mepronom 25 g onpeneeHHOCTH)

2n
Y=o | v na
0

T
Heiicteurensho, 7' =2kn+ 1 (0<t<2n) m lim —iT— S Y (v, t)dt =
Tooo

2h7i+1 o2k
— lim ! 5 Y (n, t)dt:lim-’—SY(q, t) dt =
oo 2kn (1 4+ hsco 2K
an) 0 0
27

L
= Y, tyar.

0

*) Kpoiaos H. M, Boronwow6os H. H. Baegenne B EelmpeiiHylo Me-
xanpry.— Kues: M3p-s0 AH YCCP, 1937.
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IIpennonosxwm, 110 KpoMe IpepienpHbIX cooTHomenwik (7.87) cupa-

BeOANWBEl TaKXe COOTHOMmMEHud
T

dy .1 (a8
2 fim L Y-— ,f)dt, ,
o =T ) e (D (7.88)
’ Yy
T. €. cpejHee 3HAYEHHe NPOH3BONHOLN q~ PaBHO HpOmBBONHOH OT

cpenHero 3HaYeHUS Y,
Ilocrasum B cootseTcTRHe ypasHeHwio (7.86) cienyiomee, Tak Ha-
3pIBRéMOE YCPelHeHHOe YpaBHeHHe, KOTOpoe B IMPHHIWIE DpOIe

(7.86): .
S =Y (), n(0) =y~ (7.89)

Copasegiuea ciegyiomas

Teopema 7.7. Ilycro

1°. B nekoropoii obaacru lyl <b, 0<t<oo ¢ynryus Yy, t)
HenpepHlena U PAEHOMEPHO 02DAHUYEHA 6MecTe ¢ npouseodnoli nep-
8020 nopadka no y. .

2°. Ilpu lyl <b cywecreyer cpednee smavenue (7.87), a rare
cnpasedaueo (1.88), npuuem npedeavuviii nepexod ¢ (1.87) u (7.88)
uMeer mecTo PasHOMepHO oTHocureawho v <[ —b, bl.

3°. Pewenus y u v 3adau (7.86) u (7.89) cywecrsyror, u npunad-
saexar (—b, b) npu O<<t<<L/p, 20e L — ne sasucawas or p no-
croannas. Tozda pasnomepro orrocureavio t & 10, L/l umeer mecro
npedeavrblii nepexod

Yim(y —n) =0. (7.90)
B0
PacemoTpuM Benwupny
t
um,8) = [[¥ (n,5)—F ()] at, (7.91)

0
a TamKe ce OPOUSBONHYIO IO 1)

t
u dy
2 (& wn—T]a, (7.92)
0

u nokraskeM, ¥To 8 obmactu Inl <b, 0<t<L/p cupasemnusn coor-
HOIIeHUS
ou
pu=e(p), pg =e(p) (7.93)
3peesr @ B janpHelimem ycnosmMcsa depes &(p) oGosmadats moGyio
BenuvuHy, GeCKOHEYHO MAIyi0 BMeCTe ¢ M PABHOMEPHO OTHOCHTENHHO

Tex APYruX NepeMeHHbIX, HAIPUMep 1) H I, OT KOTOPHIX T4 BeJMYHHA
sapucut. VHbMu cnosamm, (7.93) osmauaer paBHOMepHOe OTHOCH-

ou
TeJILHO 1) ¥ L CTpeMIeHNe pU U |4 3y K HYIIO.
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Hoxamem mepnoe ua coorHomenuit (7.93). Bropoe mokasemaercsa
aHanorwuHo. MMeem

t
e (n, 8) =t (¥ (0, )~ 7 ()] dt = ¥ (n, )

Hycre 0<t<<1/Vp. Torma pt<Vp, Vv, &) pasHOMepHO orpaHm-
9eno oTHOCHTENLHO M € [ — b, bl B cnny pasHOMepHOCTH HmpeembHOrO

nepexoma (7.87), t. e. puln, t) =0 ). Ecnu me 1/Vpu<t<L/p,

o uwt<<L, a B cuny (7.87) pna y86 >0 3pe(8) takoce, uro mpm

n<puold) smmommeno |[V(n, £)| <&8/L, 1. e. lpul <8 mua scex

inl<b. Mosromy puln, t)=elp) gna O0<t<<L/p, ut0o U TpeboBamOChH.
Bsenem Tenmeps B paccMoTpeHVe (DyHEIUIO

ylt, w) = 1) + pulnt), o). (7.94)
J1a QYHRUAS YIOBIETBOPHET yPABHEHUIO

¥y =u¥ly, )+R, y0, p)=1y"

e R=(n+ pu) — pY (n+ pu, £) = pY (0) + ufl—'; —uY (n+pu, £).

d ou 0 0 Y
Yuntepan, uro d—l: == ﬁle (n) + a_l; , 9TO 5’-; =Y (n,)—Y (M) =n

90 ¥ (0 +pu, 1) =Y (n, 2) + % (n*, £) pu, momywun
fu ay
R=p? 5 ¥V (n) — plug: (0%, 1) = pe(p) = o(w).

Herpynuo yGemuTses, ato A=y —y=>0 onpu p—~> 0 paBHOMepHO
ornocurensno te [0, L/ul. B camom neme, senmuuuna A ynoBieTso-
pAeT ypaBHERIIO

@ - pL‘%(%L 0A,t) A + R. (7.95)

ITpu stom 0 <O <1, R=o0(y), A(Q, p) = 0. B cuny ycaosas 3° Teo-
peMu 1y +0Al <b npm 0<<t< L/p. IlosToMy cymecTByeT He 3a-

6 -
BHCAINAA 0T W nocrosHHas N takas, 9TO -‘% (y+6A,t) <N, uus
(7.95) momyuum

t
¢ 2 Groa, Dar i
NI Rdg|<o(wLevr,
0

OTKYIa 1 cideayeT paBHOMepHOe oTHocutednno i€ [0, L/ul crpemie-
e A R Bymo upu p — 0.
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Tlonpayscy oTuM pesynbraTom, cootHomenmeM (7.94) u omemkoit
(7.93), monyanm (7.90), n Teopema 7.7 TeM CAMBIM JIOKA3aHA.

3amewanus 1. Yreepsenne teopemn 7.7 ocTtaercs cupasei-
AuBBIM [yiA cayvad, Korpe B (7.86) menuwumma y sBnsercs BexTop-

. 24
¢yarnueir. B ycnoBnax TeopeMbl BMeCTO -— €CTECTBEHHLIM obpasom

dy
ay,
HOABATCA OPOM3BOJHEIE 5‘!/— B JOKa3aTEeJIhCTBE BCTpeTATCA He0ON b~
1]

e TeXHIYECKUe OCIORHeHWs OPH OHeHKe A, KOTOpHe MOKHO mpe-
oJloNeTh, NONKL3yAch coobpamenusamu § 4 ro. 2.

2. Teopema 7.7 Gmima chopMynnpoBaHZ M JOKA3aHa OPH YHPO-
mawieM NPelNnoNoKeHHH, 970 me Tonbko pemenue n(f, p) Goxee
OpocToll, YeM HNCXONHas, YCpeAHeHHOH cucteMsl Jesnt B (—b, b),
HO 1 pemenme y(t, u) ucxonmoit cucteMsl Tawsxe mesxut B (— b, b).
Ot atoro mocuenHero TpeGOBaHHA MOKHO U30ABMTHLCS, HATOMHB J0-
nonHuTensnoe tpebosamue wa 1L, w: nel—-b6+38, b—68l npm
O<t<L/p. Orciopa mepasemctso ly(¢, w)l <b momnso womyumtn
KaK cnenicreue. B camom nerme, nycrs mps mexoropoM T << L/p uMeem
ty(T, p)l =b, 7. e. uATerpaspEAn KpUBAA BHIXOMMT HA TPARMIY 00-
mactn. Bossmem I'* < T, mocrarouno 6nuskoe x 7, urober y(7*, p)
ormuganocs ot y(7, ) me Gonee uem na 8/4. Tockomery ly(t, p)l <b
npn 0<{< 7%, 10 mpu 0 <t <<T* copasemiuBa Teopema 7.7 u mpu
mocratowHo Maneix p N{(7*, p) ornuvaercs or y(7'*, ) He Golee wem
Ha 8/4. A rorma n(T*, p) ommmuwaerca or y(7, p), pasmoro b wiu
— b, me Gomee wem Ha 8/2, 4wro mporTusopednT TOMY, uwro ne[— b+
+ 6, b—8]. Hporusopeune npwsopmr K BeBORy, uto ly(f, w)l <b
mna 0 <t<< L/p, a torma, xax Oblto morasamo, (7.90) cnparepmuso
Ha BeeM [0, L/pl.

Moxnmo 6Buro GBI He HpefimoNaraTh TaKse H  CyIIeCTBOBAHUSA
pemenns y(f, n), a nokasath ero CymecTBOBaHWEe B OKPECTHO-
ctn (), mopo6HO ToMy, Kak 9TO OBUIO CHeNAHO, HATpuMep, B TEO-
peme 7.2.

3. Mp mpuBenm 3sneck HpoCTefilIyio TeopemMy MeTona ycpejiHe-
nuA.  CymecTByer oOmmipHas JWTepaTypa, MOCBAINEHHAS METONY
ycpenHeHUs, B KOTOPOY DPHMBOXATCS NOKA3aTENhCTBA PAINUUHEIX Go-
Jlee TOHKMX M CIOKHEIX TeODeM M CTPOATCH HpUbAIKeHNs, NAIOmHe
J00YI0 ACHMITOTHYECKYH TOYHOCTH ¥).

*) IlonpoGuee ¢ 3THM MOMFHO O3HAKOMUTLCA, HAUDHMED, IO KHATAM:

Boronw6os H H, Mrrtponoasckmi 10 A AcuMorormueckue Me-
TONH B TEOPHE HENmHeHHKX Konebapmii— M.: Ouamarrms, 1963. :

Mutponmounsermiit 10 A. Meron ycpeauenma B Hennmelinoii Mexamnd-
xe.— lines: Haykosa mymra, 1971,

Bonocor B. M, Moprymos B. M. Merox ocpefnenus B Teopun
EenpHeHHLIX KonebaTenbubix cucreM.— M.: Man-so MIY, 1971.

pebGenrsuxon E. A, PaGor I0. A. HoBLie KauecTBeHHLIE METONH! B
HeOecHoli Mexannke.— M.: Hayxka, 1971.

14 A. H. Tuxonos u np.
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O pumep. PaccmorpuM ypaspemne Ban-mep-Tlons
27 —p(l—22' +z =0, (7.96)
ONHCEBAIONIEe JAMIOBEIH TeHepaTop Ha TpHOKe ¢ KoiebaTeNEHEIM KORTYPOM B
anomuoi nean *), epemmmem (7.96) B Bupe cmereMsr
2'=u, wW=p(l—2Yu—z
B 3afafiiM BHavaxsebie yeaosns z(0, u) = 2% u (0, p) = 0.
BBereM HOBHe IePEMEHHEIS y; H Y, HOJOKHB
z == yre08(t + y2), u-=—ysin(t + yo).
B nepeMeHHHIX yj, ye NONIYINM CHCTEMY
Y

2 3

vimu| L(1=2 ) sinz (4 )y — " g ae +
2 P 2 ( y2 _'8— ( y2)

mpr yeaoBuax y{0, p) = 2% y2(0, u) == 0, aBaaomyOCcH cacteMoit Tnna (7.86).
¥Ycpenpenran cucrema (7.89) mmeer Bmp

2 4

Otcioga n3(t) == 0. Ypabrenne #as 17); otfeisiercs. Ecam moCTpomTs mIOCKOCTH
t, my, 70, KaK Ha puc. 20 (JAHHWME cayuall OTIHYAETCH TOILKO MacmTabom 1O
OcH 1), HETPYHO HMpOCIAeHdThb, 9T0 eciu x° > 0, 170 cymecTByeT pewenne 1);(t),
IpHOIWRAKIeecss EPH £— 00 K 1) = —2. JTH pelieHn" MOKHO 3afgmcaTth B
Bufe KBanpaTyp. IIpuSnmkenHoe pelllenne ypasEemas (7.96), moayuaiomeecs
10 MeTORY ycpeRHeHMs, HMeeT, TaKuM o6pazoM, BUJ

z = [Wi(t, p) +e(u)joos(t 4 e(u)). - (7.97)

YpasHeHHe AJA 1); MMeeT [JBa CTANHOHAPHHIX pellenws 1= 2. M oTBe-~
9aloT peninma ypasmenns (7.96) pmpa = = [+2+4 e(u)]cos(t + e(p)).

ameTHM, 4TO PA3NOeENeM II0 IApaMETPY | B cTemeHnoil psap (7.6) mpen-
crasienne (7.97) Be moaydmTes.

’ 7]2 . .
N, = 1‘1(1*-—1), M, =0; 7, (0) =2 n,(0)=0.

*) Cm., manpuvep, Mumerko E. @, Posos H X Jupdepennuarsure
ypaBHEHHS ¢ MaJLIM NapaMeTpOM B pelaKcanuoHHbIe KodeGamms.— M.: Hayka,
1975. B kuure faercs BeIBOJ ypasBmeHHa Bab-mep-Ilonsa. Yra KacaeTes acmMmoTo-
THKH, TO ABTOPH HHTEpECcYIOTCH CIydaeM, KOTHa M He MAJO, a, HANPOTHB, BEN-
xo. Tlogenus na sTOT GOMBINOA MapaMerp, NONYIMM YDABHEHHE, B KOTOPOM Ma-
el MEOMKHTENS CTOMT HIpH z”. Taxce yparReHHe Tojke NPHEAIEKHT K THIY
CHHTYJNPHO BO3MYN[EHHBIX, HO ONUCHBaeT komeGamnsa, He OJNH3KHe K rapMmo-
HEYECKHM, Kak B cayvae (7.96), a koje0aHMsa HHOTO THNA — TAaK Ha3HBaeMEE
peaarcayuokrble rosebanus. Moporpadus E. ®@. Mumienrxo n H. X. Pososa mo-
CBANleHA ACHMOTOTHIECKOH TEOPHM peNaKCaHOHEKX KoxeGammil I cmereM
o6mero Bupa, passuroi JI. C. HOHTpATHEKM U aBropaMH MOHOTpadHH.
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YPABHEHHA B YACTHBIX ITPOX3BOIHBIX
ITEPBOI'O ITOPAIKA

YpapHeHHs B UaCTHBHIX HPOM3BOLHBIX HEpBOTO MOPAIKA TpajH-
NHMOHHO PACCMATPUBAIOTCH B Kypce OGBIKHOBEHHBIX nuQiepeHmmain-
HBIX YpaBHEHMI 0O TOil DPWYMHe, YTO IOCTPOEHHMe MX 00nIero perme-
NHA MOMeT ObITh IPOJIeNlaHO MeTONaM¥, PasBUTHIME B TeOPHM OGBIK-
HOBeHHBIX nu(depeHTHAIbHEIX ypaBHeHMI .

Huddepennuansroe ypapHeHHe B YaCTHEIX TPOM3BOJHBIX IEPBOTO
IOPAKE MMeeT BHJ[

du du
Pt +ves 2t G o0 i) = 0, (81)

1 n
rne F — merotopas safianHaa (JYHKOHMA CBOMX APryMeHTOB, a HEWa-
BecTHOH (yHKNMell ABNAETCA U, 38BHCAMAS OT APTYMEHTOB Zi, ..., Zn.

M= ocTanOBMMCA Ha IBYX 4acTHEIX ciygaax (8.1). 910 tak ma-
8BIBaeMoe JAUuHelHOoe YpasHEeHLe

, n
; du
L 3 (21, -y ) e = 0 (8:2)
L =1 i
. L.
u réa3usuleunoe ypasuenue
< 8
Y u
iz a; (xl, -eey Tpy u)a‘ =:a(x1, cees Tn, u):; (8'3)
=1 i
THie Qi @ — 3a7jaHHbie QYHKIOMH CBOMX 8pPTyMeHTOB.

§ 1. JInnejinoe ypaBuenne

OGpaTtumena K maydenuio ypasuenns (8.2):
a é
ay (z,, ...,xn)a—Z;+ et (@ e 2) e = 0. (8.4)

ycrs zy, ..., Z» MEBAKTICA B HEKOTOPOH o6aacTh G, ¥ OYCTh B 9TOM
obnacty ¢ysrmum alzy, ..., z.) (i=1, ..., n) obnagawr HempepsB-

14*
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HBIMY 4YaCTHBIMHM HPOM3BOAHHIMH I He 06pamaforc;1 OJHOBPEMEHHO B
HYJIB, 9TO MOKHO BBIDA3HTH B BHjiEe YCJIOBUA

X al(ay, ... 2,) £0.

i=1

Permenuen ypasrenus (8.4) Gymem maseats moGyo $ymxmmo,
06najaionlyr YacTHHMA OPOU3BONHHIME 1O APTYMERTAM Zi, ..., Zn,
KoTopas obpamaer (8.4) B Tomnectso. I'eomerpmuecky penrenme Mok~
HO HHTEPUPETPOBATH Kak MOBEPXHOCTH B NPOCTPRHCTRE Zi, . . ., Zn, L.
Bynem HaseiBaTh 3Ty NOBEPXHOCTb UHTEZPAALHOL nROBEPTHOCTDLIO.

1. lsymepnsii cnyuail. Paccmotpum cmauana cayuait n=2 g
Ha HeM HOsACHUM OCHOBHEIE HJIeH IOCTPOCHHA perlenus *)

Al N5+ B(z,9)5 =0. (8.5)

Bripaskenne cnepa MOMHO WHTEPHDETHPOBATL KAK CRANADHOS
du ou

npousBenerre BekTopHOoro monsa {4, B} ma gradu:{a—z, @}, u,
TaruyM 00pasom, (8.5) osHauaer, 4o HPOUSBOREAH OT U O HampaBie-
mmio sextopa {4, B} pasma mymo. O6osmaunm wepes I KPDHBYIO Ha
mnockoctH (z, y), KoTopas ofaamaeT TeM CBOHCTBOM, YTO KAaCaTelh-
HBIi BeRTOP K »10i KpuBoii kommmmeapen {A, B). Ee mapamerpuue-
CKoe TpencTaBienue (mapamerpom smBismerca f) MOKHO LONYIHTH U3
CHCTeMBl YpaBHEHMH

d. d
=4y, L=B(uy. (8.6)

Dazopste Tpaextopum cuctembl (8.6) ma mmockoctn (z, y), ®o-
TOPHIe ABAAIOTCA MHTEIPATbHHIME KPUBHIME YPABHeHHA

dy _ Bfz,n) . dz _ Alz, )
&= Ay - (n.m YPaBHeHUs - = m), (8.7)

HABbIBAIOTCS LAPAKTEPUCTUKAMU YDABHEHUS 6 HACTHLLY NPOU3GOOHLIE
(8.5). Bmecto napsr ypasuennit (8.7) wacto 3amuceiBaetcs ogmo ypan-
HeHHe B CUMMETPUYHOH OTHOCHTENHHO Z u' Y (opMe

dx __dy
Ay Blow (8.8)

B cuny ycnosuit, manomennsx va A u B (42+ B2+#0), uepes ram-
Ay Teury G TPOXONHMT OfHA M TONBKO ONHA XapaKTepHCTHUKa (CM.
. 2, § 2, samedanue 7).

*) Crporme moKasaTeNbeTBa OYAYT COREPIKATHCA B H. 2, IOCBAIEHHOM MHO-
TOMEPHOMY CIYYalo,
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lycrs u==ulz, y)— unrerpanbEas LOBEPXHOCTh YpABHEHHS
(8.5). Bynem paccmaTpuBats ee Haj Xapaktepucrtuwoii. [lpu stom u
Oyner cnomxuoil dynroueit & u = ulz(?), y(¢)). Herpynro Bunets, gto
[DOTTHAasA NpOM3BOjHam OT w wo t B cmay (8.6) cosmamaer ¢ snenoii
gacteio (8.5):

du oudzx ou dy

on Au
3;=5;(E+6—yd—t=f1($,!/)a+3($,!/)a‘y- (8.9)
du
at
PHCTHKOH AIMKATa U HHTErPAIbHON MOBEPXHOCTH COXPAHAET HOCTO-
AHHOE 3HAYEHHE — XaPAKTEPUCTHKA HARIACTCH
JIMHHe#l YPOBHA METErPAsbHON MOBepXHOCTH.

PaccmoTpuM HEKOTOpYIO KpPuBYIO Y, He COB-
Mafamyo ¢ Xxapaktepucruroii  (pme. 21).
Yepes ramnyo 1ouky Mz, y) o6aactu G upo-
BefleM XapakTepucIuKy. Toura ee nepeceue-
HHA ¢ KPUBOH Y OJHO3HAYHO oHpenenger 3Ty
XapaKkTepHCTHKY, T. €. XapaKTepHCTUKH 06pa-
ByI0OT OfHOHDapaMeTpHYeckoe ceMeiicTso. B ka-
YeCcTBe MapaMeTpa MOMKHO B3AThL, HAOPIMeEp,
paccrosrme O mo Kpusoil Y oT HexoTopol (PHK-
cuposannoit toukn (xo, yo). llonmomenue tou-
ku M Ha KaK[IO#l XapakTepuCTHKE Ompeselis-
erca mapamerpom (. HKaxk Bugno uz (8.6),
¢ MOKHO 3a5aTh ¢ TOYHOCTHIO JI0 IPOMBBOJNBLHOTO CIAraeMoro, MO3TOMY
Oynem cumTaTh, YTO TOYKA INepecedeHMs K0t XaPaKTePHCTHKH C
KDHBO# { COOTBETCTBYeT 3HAYEHWIO [ = {p.

Tarxum obpaszom, B obnactu G Rampoit touxe M(x, y) Momuo mo-
CTaBUTHL B cooTBeTcTBUe mapy umcen (0, t): O onpenenser xapakrepu-
CTUKY, OpOXOnAIyr dYepes M, a {— 3HaveHWe HapaMeTpa Ha Xa-
paxTepHcTHKe, orBedaoniee Touke M. Tem camsiM MBI ¥Meem B3auM-
HO OfHO3HAYHOe cootBercTRUe (2, y) <> (0, ¢) mim, amanuTHYeckH,

z=X(6, 8, y=Y(6, 1),

CremoeatensHo, B cuny ypasnerns (8.5) =0, 7. e. Ban xapaxte-

(8.10)
0=0(z ), t=T(z, .
B nepemernnix (0, t) ypaBHenHe XapaKTepHUCTHKH HMMeeT BHI

d
9 _ 0, orkypa 8 = C. TakuM 06pazoM, BAONL XapPaKTEPHCTHKY

dt
Oz, yy==_C. (8.11)

Ilepemennrie O, { yno6sp B TOM OTHOWIEHNH, 9TO, HEPeHfd K 3THM
epeMeHHbIM, Mbl MOMeM Jerko HONYYuTh pellende ypasnenms (8.5).
0O6osraunm

ulz, y) =ulX(0, 2), Y(0, t)) =v(0, ?).
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B.cuny (8.10) ypasmerme (8.5) B nepememmeix v, 0, £ mMmeeT BHE
v
¥ 0 (pemerme coxpamser cBoe 3sHAYeHHE BIONH XAPAKTEPUCTHKM).

dv o
Tar rax ¥ 0, 10 v smBaseTca ¢ynrumeir Tonbko 0, 1. e. v=F(0),
a TeM CaMbIM

ulz, y) =FO(z, y)), (8.12)

rige F — npoussonsnan QYHEKIUA CBOEIO apryMeHTa.

Mger npuxopmm, TakuM 06pasoM, K BHIBOLY: o6ljee peuienue ypas-
nernusn (8.5) umeer eud (8.12), ede F — npovseosvnas Pynryus ap-
eymenra O(z, y), a Oz, y) — nesasn wacre (8.11). I

" C ppyroil CTOPOHEI, €CIM HaM KaKMM-TO oGpasoM YHauoch HauTH
dyurruo @z, y), oGNamaomyno TeM CBOHCTBOM, 9T0 OHa TOMECT-
BeHHO o0pamaeTcs B TIOCTOSHHYIO BJIONL KaiKJIOM MHTETPAILHON KpH-
Boii ypasrenns (8.8), T. e. Blonp KKJOE XapaKTepHCTHKH, TO B
nepemenusix (0, ) 318 QyHKIUA [ONKHA 38BHCETH TONBKO QT O, HO

re ot &, 1. e. ¢(X(6, 1), Y(0, £)) = q(6). Tockompry B (8.12) F —
TIPOH3BOAbHAA (YHKIUSA, BEIpasKeHNe [NIA OGIIero pelleHHd MOMKHO
nEcaTh He TonbKO B BHje (8.12), Ho m B BHIe

ulz, y)=F(plz, y)). (8.13)

Heiicteutensno, F(g) =F(g(8)) =F(0), m mn mpExommM omars K
(8.12).

HDpemep 84. Tlyets B (8.5) Kod(PRUMEHTH ABIAIOTCS HOCTOSHEBIMIS
A=Ay, B-=B,. U3 (87) maxogum y — voxr = const, e vo = By/A, Torma
cornacuo (8.13) obnlee pemenme mMeeT BRI, u(z, y) = F(y — voz).

QOyarnus F(y — ver) HaswmiBaercs Gerymeil BONHOE €O €xOPOCTHIO Ty B WPO-
¢unem F(y). Jlerko HOHATE CMBICH 3TOI'0 HA3BAHNSA, €CIM I WHTEPIPETHPOBATH
®aK Bpems, oGosnaump uepes !. HapmcyeM mpodwnm BofHEI B MOMENTH f; u Is

(pme. 22). TIpe ve>0 m 1, > ¢,
v{t,y) BTOpOii NpodmIb CABHEYT BIpa-
BO KaK eIMHOe IeJioe Ha BeJr-

£=¢, i=t, qBHy Ay = (& — t;)ve. Heifcr-

———— e BUTENBHO, ¥ + Ay — voly = y —

| - i —Voly, T-€. B TOUKAX y | y +Ay

| ! IONHLIE apryment F ofgH w TOT

| i me, a Ay/At = vy, 7. €. CROPOCTE
| ; i CIIBUTA €CTh Vq.

] -

-; 4+Ay 7 Cornaceo  (8.12) wm

) (8.13) of6mee pemenue

Puc. 22. YPaBHEHHS B YaCTHBIX IIpo-

M3BO[HBIX 3aBHCUT OT IIPO-
M3BONLHOH (PYHKOMH, T. e. CONeDRUT emle GONBIIYIO CTenmeHhL HPOM3-
BOJIA, YeM B CIyYae OOBIKEOBEHHOrO AuGdepennuansHoro ypaBHeHHA.
PaccmMoTpuM BOIpOC 0 TOM, KakumM o6pasoM u3 MHOkecTsa (8.12)
MOHHO BBIJENHThL €[WHCTBEHHOE DelIcHHe.
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Ilyetr ma wpumeoit ), ypasHenme Kotopodr z=uzx(s), y=y(s) u
KOTOpasi He COBNAJiaeT ¢ XaPaKTePHCTHKOH HH HA OTHOM WHTEpPBAle
TOJOFKUTeNLHON IMHbL, 38/1aHO [OTONHATENHHOE YCIOBHE

ulz, Yy, = o (s), . (8.14)
rae of(s) — saganpas (QyHROEA DepeMeHHOB s. ITo 3amaua HAzbl-
BaeTCA HauaJbHOW 3a5iageld, miu 3ajaveid KHomm s ypaseenms (8.5).

Tak xak Y1 He #ABIseTcH XapakTepuctuxoii, o Oz, y) Bmoms ¥,
mensercs:  O(z,Y) |y, =E=0(x(s), ¥(s)), 7. e. aBnseTCA PyHK-
nueit s. Tem campiv s=Q(E), a wls)=0lQ(E)]. 3navenue u B Touxe
E ma xpmsoii Y1 ecTh o[Q(E)]. Ecim Temeps uepes Toury E xpusoit
41 IPOBECTH XapAaKTEPHCTHRY, TO ee YpaBHeHue OyierT HMeTh BHJ
B(z, y) =&, a 3HaYeHHe peIIeHWA B TOYKAX ITOH XAPAKTEPHCTHKE
paero o[Q(O(z, y))]. A Tark wax uepes wakayw Toury G TPOXOMHUT

XapaKTepuCTHKa, TO 3Ta (opMyNa SBIAETCA BHIPAKEHUEM JUJia pe-
IMeHus B JI060M TouKe obnactu G:

ulz, y) =olQ6, y)l. (8.15)

‘CooTBeTcTByIOINasn reoMeTpUYeCKas KapTHHA Tpe[CTaBieHA HAa
puc. 23.

Herpyamo m HemoCpeJicTBeHHO npoBeputh, 4To ¢opMyna (8.15)
JiaeT HymHOe pelleHHe: BO-TIePBHIX, 9T0O peINeHHe, TAK KaK CONepPHHT-
ca B (8.12), a xpome 1oro u(z,¥)}y, = 0 [Q(E)] = 0 (s), 1. e. ynos-
JerBopaetca ycaosue (8.14).

3damevanuna 1. Bmecto Oz, y) BO BCex 3THX pacCyRIEHHAX MOKHO
nonesoBathea @z, y) (cm (8.13))

=[R2t N=0[0 2. Kormeyno, chellyer mMeTb B Bp-

[ (4.] w[ (0&,’5/ ))] ny, 9to mias moitysenma Q(E) HymHo,

&= const
& &=8(z(s5),4(5))

s=52(£)/ %

S 5 S
Puc. 23. Puc. 24.

=10661 § BHONL {; BAaBHCENa 0T S MOHOTOHHO, K&K, HAIIPUMEP, Ha y4yacTHe (S, S9)
(puc. 24) Torga s == Q(E) oupeneneEo o0NHO3HAYMO.
IIpamep 8.2 PaccmorpuM ypasHenwe B3 mpuMepa 8.1 m B Kawectse (8.14)

BO3BLMEM YyCIOBME )
u{t, 0y = u(t). {8.16)
3Bpecs 1 ecTh npaMas y = 0, mapamMeTpoM s cay:xur {. B aToM caygae
(P(ts yy=y— vet, (p(ti y) l w - Vot = Ei t = Q(E)=_ glvo'
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CnepiopaTesIbHO, NCKOMOE pelIenue
AL)) y
u(t,y):p(_vo):p 1 — v, )"

Taxum obpasom, peruennme siensetca Oerymieil BOIHOM, npouis KOTOPO# OHO-
BHAYNO OLPENeNACTCH 2aAauuol Qyproued p(f).
Ilyctn Temepn i coBuajgaer ¢ Rawof-nmbo XapakTepucrmKoil. 3mech Morye
OpefcTarnThea pasnble CAyyar.
a) u(z, y) Iv. == const == u,. Torna pemenne, 09eBHIANO, OUpeNeNAeTCs He-
- OHOBHAYHO, TAK KaK pellienzeM »Toil 3agawm Oyrer mobas QyHEIMA u(z, y) =
= f(0(z, y)), mmos Gux [ (O (z, y) ly,) = %,- Haupmmep, Mommo momyumts
1(0 (z, y)=F (8 (z, Y—F (© (z, Y |,,,} -+ ¥, (HAmOMEMY, utO F (O (2, P) |, ) =
= const}, rge F — yiKe NpOM3BONBHAA QYHKOUA.
6) u(z, y) 'v- =~const. B atom cliyuae peilleHne 3aadu He CyIIecTBYeT, TAK
KAK BCAKOE pericHne ypasrenns (8.5) HOCTOSIHHO BAONL XapaKTePHCTHKH M, Cle-
JIOBATEALHO, YOCTABNEHHOE HA %; YCIOBHE YAOBIETBOPEHO OBITH He MOKeT.

2. MmuoroMepumii cxywait. PacemorpuM Temeps obmmit ciygais
(8.4) B nmpennonoxennnx, cPOPMyTUPORAHHEIX B Hauase § 2.
IlocTaBum B cootBercrBue ypaseenuio (8.4) cucremy (cp. (8.6))

dz; B
E—:ai(xl,...,xn) i=1,....,n) (8.17)
u crucreMy fia ¢asoseix Tpaertopuit (cp. (8.8))
d.rl dz,,
71_1_:'..:?' (818)

Hurezpasvnvie kpuetie cucremot ypasneruii (8.18) nasusarorcs za-
POKTepUCTUKGML YPAaGHeRUs 6 uacTnuiz nrpouzsodnuiz (8.4). B cumy
yCloBuil, HAIOREHHHX Ha koaddunuenrs: @, mna cucremer (8.18)
HMeeT MeCTO TeopeMa CYIIeCTBOBaHHA N EJNECTBCHHOCTH, U uepes
KayREYI0 TOYKY R-MepHOI ofmacty G TIpOXOOUT OfHA H TONBKO OHA
XapaRTePUCTUKA.

Teopema 8.1. Bioav zaparrepucturu pewenue ulzy, ..., Zn)
ypasuenus (8.4) coxpanser nocrosnnoe anauenle.

Heiictsrrensro (cp. (8.9)),

n n
du éu dz; Y o
dt 8z, di =~ 4t O,
=1 i=1 !

a; = 0, (8.19)

T. e. = const.

Wines nocrpoenua obmiero pemiermsa ypapeennes (8.4) asBnaerca
eCTeCTBEeHHBIM O0OOINeHMeM TOTo, YTO umMeno Mmecto aing n=2. O0-
nacts G TOKPHIBaeTcA XapaKTePHCTHKAMH, KOTOpse 06pasyioT ce-
MeilicTBO, 3aBucaAniee oT r— 1 mapamerpos 0y, ..., 0,—1. Kaxcpoir Tou-
re (z1, ..., Z.) 06mactu G MoKeT OBITHL HOCTABNEHA B COOTBETCTBUE
cucteMa smadenmi 0y, ..., 0., ¢, npu 31oM 0;=0; (2, ..., z,),
t=T(xy, ..., z.). 3apanue 0Oy, ..., 0,-1 BHEEIACT XapaKTePUCTOKY W3
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ceMeiicTBa, & t— mapaMeTp, ompeneisionaii TOYKY HA XapakTepi-

crure. Wmeem ulz, ..., z.) =v0y, ..., 0,1, t). B mepemennsx

8
01, ..., On-1, £ ypasuenue (8.4) opuEuMaer BHJ 5%) = 0. Taxum 06-

pasom, v="F(0y, ..., 0.-1) u, cnegosaremsro (cp. (8.12)),
ulzy, ..., z) =F(@1(:1c1, e Ty ene Onilzy, ..., 2)). (8.20)

. Jlas ctpororo oGocHoBanuA 3ToM (POPMYNB HAM MOTpeGyeTCA Io-
HATHe NepBOro HHTerpana cucremsr ypasHennii (8.18). Ilpm stom
6yneM mpepmosarath, 9to a.(zy, ..., z.) 0 B G. Torpa (8.18) momx-
HO 3a0MCATh B BHNE HOPMaIbHOU CHCTeMEI

dzx. a

Rt S ( =1 — 1. 8.21

i RN} ). (8.21)
dxn a,

a B KadecTse 91, .oy en—l MOHHO B3ATh HaYalpHbBIE 3JHAYCHUA

T, ..., Tnzy; Tn Gymer mrpath pons f. CeMeilCTBO permeHmil CuCTeMEI
(8.21) umeet BHL

2 =X; (zn, 2}, e o201, 28)  (E=1,...,n—1). (8.22)

X; BHIpaJKAeT 3aKOH COOTBETCTBHA MeJKAYy Hapodl TOUEK HHTErpaib-
HOIl KPEBOH: Ha4albHOU M Terymeil. VX MOMHO TOMEHATH DONAMH,
¥ TOrga Hody4uM

x(i) = Xi (x’?l, 'zl, .- 'y-z’n—l, 'zn) (i = 1’ . '1n— 1)1 (8'23)

rne X; — Te e camere yHKuMHE, 910 u B (8.22), Tak Kark BIpaska~
10T TOT 7K€ 3aKOH COOTBETCTBHS.

3ameuarnnme. To, yto cupasa B (8.22) u B (8.23) MH uUMeeM OIEE W Te
ske ¢ymxIUE, ynobmo NpONeMOHCTPUpPOBarTh Ha IpwMepe JIMHEHHOH CHCTeME!
¢ He3aBACHMEIM IE€peMEHHLIM Z, N HEem3BeCTHOH BeKTop-QyHKmmed = ¢

KOMIOHEHTAMH i, ..., Tn—1. Qopmyna (8.22) mmeer Bunm (cMm. (3.84).1::W(a:n)><
W-1(20)s" = #(z,,, z3)z"- Paspemas oTROCHTENBHO 20 moNyuaeM (8.23), T. e.
2L =W ()W (z,)z =K (25, 2,) z-

Oyuxmpan Xz, ..., z.) (2§ B (8.23) Pukcnposano) Momuo me-
moJIL30BaTh B KadecTBe ©; B mocTpoeHmM ofmero pemenus (8.20).
3aMeTnM emle, Y4TO H3 BaauMHOH ob6patuMocTn (opmyn (8.22) m
(8.23) carepyer, 910

D(Xyr i Xpy)

DG,y 708G

Onpedeaenue. Hepsum unreepaaom cucremer (8.48)
naszvisaercs Pynryun @z, ., z.), obpawarowasncs ToNdecréenno
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6 NOCTOAHKYIO, K020Q TOUKQ X1, . . ., Tn NPOGE2AET UHTEZPAILHYIO KPU-
Y10 cucremur (8.18)%).

Ouesugno, pyuruuu Xz, ..., z.) B dopmynax (8.23) apnswoTca
TIepBEIME MHTerpanaMu cucremsl (8.21), Tak RKak OpH mojcTaHOBKE
{8.22) B mpaseie uactu (8.23) omE 0GPamMAOTCA TOMKAECTBERHO B
3. ONHAKO NepBHIME WHTETDANAMH MOTYT GBITh M [pyrde (HyHKIHA
M, 4970 0CoGeHHO y0GHO NpH NPAKTHIECKOM pelieHMH, TepBhHe MH-
“TErPAlibl HEePefKO MOTryT GBITh MONYYeHbl, HAIPHEMEP, MEeTOJOM WHTe-
rpupyembix roMOmuanumit (mns noaygemusa (8.23) mamo pemars Ha~
YANbHYIO 3389y W 370 MeHee YNOOGHO).

dz, d.r2
IlIpumep 8.3, -‘;;; =z, -‘;;:; =uz,. CKIapbBasA 3TH ypaBHEHWs, HONXYIEM

d
(2, + z,)=(z, + =,). Orclona z, + =, = Ce™ u nepsBrM HETETpaTIOM GyneT
dz,\"1 2 1 2 1 2 P

@y = (2, + z) €7
a
BrrunTas ypaBEeHNSA, OTYIAM az (%, — Z))=— (%, —,), OTRyAa HaiifeMm
3
Jpyroii nepBEIl HHTErPaN:
Py = (2, —zy) €™
Iycts maitfensr n — 1 nepsrix waTerpamor @z, ..., z,) (i=1, ...
oo B—1) cucremsr (8.18) u mpu stom

D (‘Plv HCRE ] q)n_l)
D (=

{UREETE Y

#0 B G, (8.24)

. €. MATETPANHl @, ..., Qn1 Hesasucumsl**) ((8.23) mpescrasuser
coGoit npuMep cucTeMbl 72— 1 He3aBHCHMBIX TIePBEIX HHTEIDPAJOB).

Teopema 8.2. Besaroe pewenue Pz, ... x,) ypasnenus (8.4)
ReAseTCR nepevin unrezpaiom cucrembi (8.18), u, obparno, ecsruil
nepewili unrezpas ¢(zi, ..., x.) cucremer (8.18) seasercs pewenuen
ypasnenusn (8.4),

IlpaMoe yTBepmpuenwe ¢aKTHIECKM OBIIO NOKasaHo Beime (.
teopemy 8.1, nemoury rompects (8.19), roe u = ).

[ns norasarenncTBa 06pATHOrO YTBEPKICHHSA 3azerHM B (8.19)

@

4 Ha& () ¥ BO3bMEM B Ka49eCTBe MCXOHHOTO TO?’K,[IQCTBOdTE O, a B Ka-~

n
a
YecTBe KOHEUHOIO HONYIHM ) 4 aZiE 0. 910 mocuenmEee MoMKHO ra-
i1 i

PaHTHpOBaTh ANIOL N0 HEepeMeHHOMY i, T. €. BOOIb XapaKTepHCTHKH.
A s Toro uto6Bl @(z1, ..., Zn) MOMKHO GBUIO CYMTATH perHeHHEM

*) Muorma OepBHIM BHTETPANOM HABHIBAIOT He (PYHROWI @, 3 COOTHOIIE-
aue ¢ == const.
**) Cm. Hnbnr B. A, Tozmaxr 3. I. OcooBnl MaTeMaTngecKOro amanm-
8a.— M.: Hayka, 1971, q. I, ra. 15,
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ypasHeHua (8.4), HymKHO, 9TOGBHI 3TO TOMKIECTBO OBLIO TOKIECTBOM
IO TIEDEMeHHBIM Z1, ..., Z». OHAKO, HOCKONHKY 4epe3 Kampmylo TOu-
Xy G IIpOXOMT XapaKTePHCTHKA, TO TOMIAECTBEHHOE PABEHCTBO HYIIO
BIONb Ka/joffi XapaKTePHCTHKY 03HA9aeT TOMKIECTBeHHOe PaBEHCT-
BO HYNIO Bcogy B G.

Teopema 8.3. Bearoe pewenue u=y(xy, ..., z,) ypasuenus (8.4)
npedcrasumo 6 sude

u=Y(p:(z1, auv, ZTu), <oy Puarlzn, .., 22)), ‘ (8.25)

20e W(Q1, ..., Qn_1) — HEKOTOPas OJugidepenyupyeman Gynryus
CBOUL APZYMEHTO8 Q1, « « .y Pu-y, & @lzy, ..., ) (i=1, .., n—1) —
nepsvie uwnrezpasvt cucremvi (8.18), ydoeaersopsowue ycaosuio
(8.24).

HorasatenbctrBO. P, a Takme ¢; (mo Teopeme 8.2) mB-
ysores pemenuamu (8.4), 1. e.

o 4.+ —o,

?’5}"1 oz,
og [
1 1
ala‘,‘r1 +'--+anazn *“OJJ
0Pn_y 59, 4
a, 7z, + ...+ a, 3 = 0.

B gamyoit Toure o6nacTH G 3TH COOTHOIIEHWS MOMKHO PACCMATPH-
BaTh KaK CHCTeMY JWHEHHEIX alrefpaM49ecKMX YPasHeHME OTHOCU-
n

2
TeNbHO 4y, ... .. llo yciosumo 2 a;7#0, 1. e. uMeeTCA HeTpHBH-
i=1
ansHOe pernenme. CiefloBaTeNLHO, ONpefielNTeNh 9TOW CHCTeMBl PaBEH

HyT0 BCoay B G:
D (%, 945 -5 Pny)
D (% s 2a) A
Orcona mo Teopeme amanusa*) MemAy ¢, ¢, -.., Qa1 HMECTCH

(PYHRIUMORANbHAA 3aBMCUMOCTL U B cuay ycuosus (8.24) sta sasu-
CHMOCTh MOMeT OBITH IPEJICTABNeHA B PaspelleHHOM OTHOCHUTENLHO

P BHAE

0.

P="YP(Q1, .. Pn-1),
9YT0 M TpebyeTcH.

3ameuzanuna 1 JlokasagHas TeopeMa HaeT 0DOCHOBAHME NPHEBENEHHOL
primme Gopmyie (8.20).

2. Gopmyna (8.25) mpu mpomssoneHOl muddepernmpyemoit W obramaer Tem
CBOWCTBOM, YTo B Heil cOrnacHO TeopeMe 8.3 coiepimres nioboe pellleHnme ypaB-

*) Cm. Napun B, A, Hoseaxk 3. I. OcHOBL MaTeMaTHIECKOI0 AHAIH-
3a.— M.: Hayra, 1971, u. 1, . 15, teopema 15.4.
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wenusn (8.4). C npyroil CTOPOHE, JNErKO TPOBEPHTH BENOCPEACTBOHHO, YTO UpPH
awboit nuddepenqupyemoit ¥ Pymrrora w ua (8.25) ynoslerBopsieT ypaBHEHHIO
(84), tem cammM Qopmyna (8.25) npencrasaserT ofinee pelleEwWe ypaBHe-
aust (8.4). )

TlocraruM Temeps HOTONHHTENLHOE YCJOBHE, Hawee BO3MOIK-
nocTh U3 Muomectsa (8.25) moigenuts ommo pemenwe. s sToro
HYIKHO 3afiaTe B 0Giactw G muorooGpasue n— 1 namepenudl m Ha
9TOM MHOroofpasu¥ 3aJlaTh 3HAYeHWe WCKOMOro pemenus (B crydae
n=2 B n 1 zagapamace Kpaeas 7). Uycrs 210 MmorooGpasue
(o6osraumm ero To:ke yy) 3ajsercs mapamerpuueckn (wepea uapa-
MEeTPBL S, ..., Sn—1) B Buge x; == 08y, ..., Sa=g) (i=1, ..., 7) u uc-
KOMOe pelmeHHe Ha HeM 3afjaeTcd TawKe Kak (DYHKOUA IapaMeTpoB
81y oo ey Sn—1-

Ulpy =0 (sg, - -, Sn-y) (8.26)

{mawanpHAS 3apaua, Mnu 3agasa Komm).
Ilycrs nsBectHsl n— 1 HesaBUCHMBIX HEPBEIX WHTErpaioB @
Vmeem

Qi Iy = @ (O (Sp5 < <y S‘n—l)r ceer Op(8y, o ety Sng)).

O6osragnm Ei= @l@ilsy, ..., sn1), ooy 0nlsy, ooy, o)) (i=1, ..,
..., r—1). Ilpenmonosmm, 970 37a cuctemMa n— 1 ypasrenmit ¢ n— 1
HEH3BECTHBIMHU S1, ..., Sn—1 Pa3peniuMa OTHOCHUTENBHO Sy, ..., Sn—i,
rak 910 ;= QlEy, ..., &y (i=1, ..., n—1). Torgpa pemenuem
TOCTaBIEHHOH 3ajlaun OynieT

ulzy, ..., 2= -
= (D[Ql((pl(-’ﬂl, o way .’tn), [ (pn_l(.zl, .y .'IJ,.)), ..oy
Qn—1((p[($1, [ .'Iin), .oy (pn_1(x1, .o ey $n))] (827)

JleficTBUTEIbHO, 3TO BHIPa}iEHNE HBIFAETCH DeleEHeM YPaBHeHUA
(8.4), Tax war copmepwutca B Qopmyne (8.25) (ca. samedanme K
teopeme 8.3). Kpome Toro, yuutsiBas, 410 @; |y, = &;, nonyanm u},, =
= 0 [QI (§17 A ] g’n—l)y LI | Q’n—l (Elv LERARS | E’n-l)] = @ (81, voey Sn—l)g
7. e. ynoBietBopaerca ycaosre (8.26).

HccnenosareM BONPOCOB ONHO3HAYHON WM HEONHO3HAUROH pas-
permumocTr 3amadm (8.26) MeI B 00IneM BHNle 3aBUMAaTLCH He GyJeM.
Jdns n=2 970 GHIO CleJaHO BEINE, B O. 1.

§ 2. Kpasmiuuneiinoe ypaBHeHne

O6paruMmca K uaydennio ypapHenus (8.3):

2 @i (Tyy e ey Ty u) = ATy 0eey Tp, U). (8.28)
i=1
BynemM mpepmosarare, 410 @ (i=1, ee., R) B a aBasawTeH nudde-
peHnEPYeMBIMu (QYHKIMAME CBOHX apryYMEHTOB Z1, ..., &n, & B HEKO-
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Topoit o6nactn D (n -+ 1)-MepHOro upocTpaRCTBa MEepeMEHHHIX I, ...
woy Ty U

Pemennem ypaenenus (8.28) Gyzem maswmiBaTh mioGyo QyHKITO
OT APTYMEHTOB Zi, . . ., Zn, OONAA0INYI0 YACTHLIME NPOMIBONHLIMY 11O
aTHM apryMeHTaM u obpamawoiny ypaererue (8.28) B rtompectso.
Hark # B cayuae ammeiiHoro ypaBHeHEHA, 5TO pelleHNe MOMKHO reo-
METPHMYeCKH HHTEpIPeTHPOBaTh KAK HOBEPXHOCTh B NPOCTPAHCTBE
Liy oony Iy U.

1. OGwiee pemenme u HauambHaa zajaua. CollocraBum ypasre-
wnio {(8.28) cnepyroinee aurelinoe yparHeHue:

zal(xh ---’u') +a(x11 "'1”) (829)

Teopema 8.4. Hycrb v= V(xl, v w Tn, W) — peleHue YpasHeHUs
{8.29). Hycrv ypasnenue Vizy, ..., x,, u) =0 onpedessier 8 obaacru
G nepemeHHbBIX Iy, ..., Tn HEKOTOPYH Oudderenyupyemyro Gyrryuio

)4
u=olz1, ..., z.), u nycro - o #0 6 G. Torma u=glzy, ..., z,)
aeanercs pewenuenm ypasnenus (8.28),
HeficTeuTelbHO, IO TeopeMe O HeABHON QyRKnum
ap av /av

T, A w

¥ TeM caMbIM JIEBAH 9ACThH ypaBHeHnH (8.28) panna-

h -—2 lax/ﬁu"‘

i=1

a 10 B cmy (8.29) ecrp alzy, ..., @), 1. e. yparenue (8.28) ymom-
JAETBOPAETCA.

JlokasanEasg TeopeMa W pe3yabTaTHl NPeBILYINero maparpada
TPHBOAAT K CIeYIONeMy CLIOCOGY TIOCTPOGHUS pelleHul ypaBHeHWHS
(8.28). Hymnuo pammcaTs CHCTeMY YpaBHEHWH, ONpefelmiolyid Xa-
pakTepHCTHKE JuRefiHOro ypasnenmsa (8.29):

d:z:l d:tn du
T == (8.30)

a a

Hurezpasvrere kpuesie cucremwt (8.30), 7. e. zaparrepucruku au-
netinozo ypaswernus (8.29), mur 6ydem Haszwiears xzapakTepuc-
TuUKamMUu Kéaauauwnelinozo ypasenenus (8.28). Ecin
ypaprenne (8.29) ynoBneTBOpsieT yCIOBMAM, HAJOMEHEHBIM HA JIMHeH-
HOe ypapHeHEe B § 2, TO 5TH XapaKTePHCTHKM 3aIlOJHAWT 061acThb
D nepeMeHHBIX 1, ..., Tn, U, TAK 9TO Gepe3 KAKIYI0 TouKy D mpo-
XOonuT ONHA ¥ TOJNBKO OfiHa Xxapakrepucrmka. [anee, mo dopmyre
(8.25) crpomm ofmiee pemrenme ypasmenmsa (8.29) (Tombko Temepn
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HE33aBUCHUMBIX HHTErpaJoB GyneT n u oHH OyAyT QYBKIOUAMU Zi, ...
ooy Tny U):

v="P(p(z1, ...y ZTny U)y ..., Qul21, ..., Zn, W)). (8.31)

3areM, nodaraa v =0, nonyuuM ypaBHEHHUE A OIpENeIeHHA MHO-
sxecTBa pemenuil ypasnenus (8.28):

Yigilz, o Tny Uy o n sy Puly, .0y Tny u)) =0. {8.32)

3aveuanne Kak 6oio mokasamo B § 2, dopmyna (8.31) mpm nocrarow-
Ho ofmuX NPeNnojOKeHnAX COIEP;KHT Bce pelleHHs ypasHeEM# (8.29). Moxno
s ckaszate, uto (dopmyna (8.32) comepmur Bce pelienns ypaprenms (8.28)?
HpoaranmsmpyeM 10Ka3aTeabcTBo TeopeMsl 8.4. TIpw mposepke TokpaecTsa (8.28)
MBI ¥CIONB30BaNu To587ecTo (8.29) u Ham focratoudo, ¥1obsl (8.29) 6puI0 TOMR-
HECTBOM IO Zq, «.. Tn (IPH 9TOM 4 = Q(Z1, ..., T»)). OOHAKO IPH MOCTPOCHHH
V(zi, ..., Ta, u) Tpebyerca Gonpiuee, a uMeHHO, uTo6b! (8.29) 6BLIO TOMKAECTBOM
YO Z, ..., Tn, U. 1]03TOMY anpHOpH He HCKIIOYeHa BO3MOMEOCTH, UTO MOLYT
6T Tarme pemienua (8.28), mis xotopeix (8.20) ynoenersopsercH He TOKIECT-
BEHHO IO Ty, ..., Tn, U, & TOIBKO OpPH u = @(Z1, ..., £n). TaKue pelieHns, BO-
ofime roBops, He conepsxarca B Gopmyne (8.32). OHu HA3HIBAIOTCA CHEOUANbLHBI-
Mu pemieEuAME. MOKHO 1I0KA3aTh, 4TO CHeNUANBHOE pelueHNe — caydall HCKIIo-
guTelLEBIN, M B [albEeiflieM paccMOTPeEME MBI HX IPHENMAThL BO BHOMAHHG
He GynmeMm.

B ommmuue or auEefiEOro ciryuas, B KBasWIMHEHHOM ciydae Xa-
PAKTEVHCTHRYE JI€IKAT HE B LIPOCTPAHCTBE I, ..., Tn, @ B IPOCTPAH-
CTBE II, ..., Tn, U, H TIIOITOMY TEOMETPUMECKHI CMBICH XapPaKTepUCTH-
Ku 3nech nuoi, [lokamem caexpyromuil ¢daxr.

Teopema 8.5. Bcaxas unrezpasvras nosepxnocte u=flzy, ...
weuy Zn) COCTOUT U8 IZAPAKTEPUCTUK 6 TOM CMbBICAE, WTO 4epe3 KaAH -
dyro Toury ITOU NOGEPTHOCTL. NPOXOOUT HEKOTOPAS YeAUKOM JeHa-
was Ha Heil TAPaKTepUCTUKA.

JLoxasareasctso. PaccMorpuM cucremy ypaBHEHMH

dzl ) - d.zn
a (T oeer Ty [ (Tygs o000 T) et N T T N ) ?
IR (8.33)
dz;
g Qi (ZTyy oo ey Ty f(xlv seey xn))z (834)

ONpENeNIAIONYI0 KPUBBE B LPOCTPAHCTBE Ii, ..., L. BO3BMEM OJHY
u3 gux: z;==x:(¢). B npocrpaHctee xi, ..., Ts, U €il GyJEeT OTBEUATH
KpuBas

zi=z:(), u=7{flz:(8), ..., z.(0)),

JeHamaA 10 TOCTPOeHWI0 HAa MWHATErPAIbHON IIOBEPXHOCTH U =
= f(zy, ..., Z,). JJokameM, aro 310 — Xapakrepuctuxa. [leiicTBuTens-
BO, Tak Kak mmcer Mecto (8.33), To AnA nOKAa3aTeNBCTBA TOro, 4TG
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ynosrerpopsarorca ypaseemusa (8.30), mocraroumo muposeputh, wTO
du
E; = da. HO

a; =a

&

Iz :

n
du V__f_dxi
=1 i 1

— a___
t A gz! dt
kA

Wk
Q@
|2

~

K5

B cany (8.28), yeM 1 3aBepmaeTeA HOKA3aTEILCTBO.

ITycrs wnTerpainbHas LOBEPXHOCT HAM HEU3BECTHA, HO H3BECTHHI
XapaKTepUCTUKM; TOI[A, CIM MBI CyMeeM (CKIEUTbY M3 XapaKTepH-
CTHK THaJIKyl0 LOBEDPXHOCTH, TO OHa Oy/ieT WHTerpajbHON ToBepx-
HOCTEIO, TaK Kak BeKTop {4y, ..., a@., a}, KacarenwEof K Xapakrepn-

CTHKe, GyfeT TAK;Ke KacaTelbHHIM K IIOBEPXHOCTH, a CJIELOBAFENBHO,
6yneT OpTOTOBANLHEIM K BEKTOPY I;Z-,‘. . A }, HOPMAJTBHOMY
19z, oz,

K IIOBEPXHOCTH, & YCJIOBUE OPTOrOHANBHOCTH KAK Pa3 U 03HAYAeT BB~
nonaenue ypapperus (8.28).

9TH reoMeTpmYecKHe COOGPaKEHUA NPUBONAT K CIELYIOMEMY WC~
TonxoBanuio gopmyant (8.32). Cucrema ypasmenmit (8.33) paer n-
TapaMeTPHYECKOE CEMEIICTBO XapaKTepPHUCTHK, KOTOPOE MOKHO, HC-

MOJb3yA n TEePBHIX WHTErpasioB, NIPElCTAaBUATH B BUAE
oz, ooy 2o, w) =6, (i=1,..,, n. (8.35)
IT0 ceMeficTBO XapaKTePUCTHK 3armoixHAeT Bcio obmacts D. Hama

safava — BHIGAATH U3 3T0Or0 MHOMectBa (n — 1)-MepHoe mnogmHO-
7KEeCTBO, KoTOpoe OynmeT 06pasoBHIBATE HMHTETPAJNBHYI0 HOBEPXHOCTE.

Jaa storo pocratogHo mapaMerpst Oy, ..., B, ceasars, manoKmB npo-
M3BONLHYI0 NOCTATOYHO MNIAJKYI0 CBASH BHUJA
wioy, ..., 6.)=0. (8.36)

Tlopcrapnas cioga (8.35), momyumm (8.32).
9Tu e reoMETPHYECKHE COOGPAasKEHUs NAIOT BO3MOKHOCTEH LPE.-
JOUTH CJIERYIONIYIO IPOIERYPY JWIA PeINeHNsA 3aiaqll ¢ NOLOIHUTEN b
e yeropmeM (samaunm Homw), woropas crasutes caegymommuM o6-
pasom: ueped (r— 1)-meproe wmmorooGpasme I'y B mpoctpamcrse
Ziy + .. Tn, U OPOBECTH MHTErPANBHYI0 MOBEPXHOCTh. OTO MHOro0Gpa-
e MORBO 3aRaTh MAPAMETPHYECKHM B BUXC
= sy, ..., Sa=1) (i=1,...,n
' et v T (8.37)

u= 0)(81, .oy Sn—l)-

Taxum o0pasoM, 3aJia9a NO CYINEeCTBY Ta K€, 9T0 u IA JIUHENHOTo
YPaBHEHHSA.

Teneps MBI pOJGKEE! cBaA3b (8.36) maaokmTs He TPOM3BONBHBIM
o6pazoM, a ucxona n3 (8.37). laa sroro momcrasum (8.37) B (8.35):

cp,-(m,(s;, [ S,._l), .oy 0)(81, .o oy s,.._l))——:()i (i=1, ooy n')_
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7, WCKJIOUasg OTCIONA S, ..., S.—1, HONyYHM nckomyio ceasp (8.36),
B Kotopoit W Oymer y:xe, BoOOIle TOBOPA, BLOJHC OLPEAEJICHHOR
¢ynrnueit, a (8.32) 6yner masat, pemenne sagasn (8.37).

He mpoeopss B 00mleM BHIE aRaldaa TOro, Kakue OCOOEHHOCTH
MOryT HPefCTABUTHCA IPH BHIIONHEHHH OMMCAHHON NpONEemypsl, Hpo-
clenM 3TO Ha TpexmepHom ciydae (momo6Ho ToMy, kak OO che-
Jano B § 2), KOTOpOMY OTBEY4eT ypaBHEHHE

Az, W5+ B@y, w5 = C (2,3, u). (8.38)

Sagamuy Ty (B TpexMeproM ciyuae 5To KpuBas):
z=X(s), y=Y(s), u=U(s). (8.39)

Brimncpiaem cuereMy (8.30), umenonryo sug

¥ HaxogmM pgBa nepseix mprerpama ¢z, y, u) (i=1, 2). logcras--
aaa (8.39), nomyunm

ei(X(s), Y(s), Uls)) =0, (i=1, 2). (8.40)

Vickmogan 3 sTux ABYyX ypapHeHMi s, HaliieM cBA3D
¥ (6, 02) =0. (8.41)

Tem caMBIM ypaBHEHHME MCKOMOH LOBEPXHOCTH OyneT
Yz, g, u), @z, y, u))=0. (8.42)

Teomerpuaeckuit eMpich npomenypsl 04€HL MpOCTOM: M3 Kamkmoil
TOYKE 3agappofl wkpuBoét I', BeImyckaercsa XapakTepucTura, u Bee
TAKAE XaPaKTEePHCTHKHW B COBOKYIIHOCTE
00pasyoT HCKOMYI HHTErpajbayi0 IIo-
_ BepxHocTh (pume. 25).

/ Bmecro mpepcrasnesma  (8.42) pmua

WHTETPAJBbHOM TIOBEPXHOCTH, HMEIOMEro

opMy HEMOCPE[ACTBEHHOH CBA3HM MEKIY

z, Y, U, HHOTHA yno6HO HapaMeTPUYecKoe

npejcTaBlielEde, €cin B KadecTBe mapa-

MeTpOB B3ATH § W, ckakeM, z. Ilycrs, ma-

Y  ppumep, Clz, y, u)=0. Torga opmu ns

IepPBEIX HHTEIPAJIOB PAaBEH U, APYroi —

z g2(z, ¥, u) B UCKOMYIO IIOBEPXHOCTH MO~
Puc. 25. HO 3aIHCaTh B BHJE

=z, u=Uls), y=ylz, s), (8.43)
rae y(z, s) onpepelAeTcs HEABHO ypaBHEHMEM
@alz, y, U(s)) = o(X(5), Y(s), Us)).

N
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970 1ocTeHee YPABHEHME [aeT IPOCKOMI0 Ha miockocTh (z, y) xa-
paKkTepucTUKRM, Opoxopameill gepes Toury s sanamsHoi Kpmsoil I, a
u=U(s) maer sHaueHue AaWIMKATEL U HAK BTO# Ipoekmueii.

Ilpn Bemonmenyn nponenypsl, opusopamein Kk (8.42), momer
TIPeCTaBUTHCA 0COOBIE ciyuail, a UMEHHO, JEBBIE 9ACTY OGOUX ypas-
pernit (8.40) moryr o6parmrhes B komctanthl B (8.40) npummer Bupn

0; = ¢; = conts. (8.44)

B sTom cayuae cBash (8.41) rarie mMeeT MecTo, HO COMEPIRUT GONb-
WIyI0 cTelieHh LpOM3BOJIa, a uMenHo, ¥ Moker OvITh Mo60f dymn-
mueit, mumb 661 ¥er, ¢2) = 0. Hampumep, MOHO [OJI0KATE

\F(Gl, 92) = @(91, 02) - (1)(01, 02),

roe @ — yxe nmpomsBosbHas QYHRIOUA NBYX apryMeHTOR.

PaperctBo (8.44) osmauaer, gio I'; aBnsercda xapaKTepUCTHKOIL,
u, TakuM o0pasoM, 9epes XapakTePHCTNKY MOMKHO TIPOBECTH (ECKOo-
HEYHO MHOTO MIITErPalibHBIX HOBEPXHOCTEil.

IipuMep 84 Paccmorpum ypasnenmme nepenoca (1.30) m3 ra 1, B Korto-
poM v — nocTofBNasd, ¢ ycavsueM (1.32), rae monomuM zo-= 0. B atom cayuzae
(8.30) mmeer BRI

_dL d: du
1

v ez, u"

Orciofa cpa3y HAXOMM ONAH M3 NEPBBIX MOTErpanos: ¢ = x — vi. [lanee uMeeM

du
73 c(z, t)u:~c(cp1—|—ut,t)u=b(t, cpl)u,

OTKYa u==Const D0 e by — onma us nepeoo6pasumx o7 b (HAOMENM, YTO
@1 = const). Taxum o6pasom, npyroii mepsulil HHTErpal HMeeT BUJA

9, = ue—br18x—ob)
IIpa = = 0 umeem (8.40):
. —_ ~b,y(t,~-0l)
b=—ut, B,=u (e .

Orciona Haxoaum cBa3b (8.41):

fy
0, “bl(‘T"l)
Y
u ¢opmyna (8.42) naer

_bl(t-—’%,x-vt)
ue—brtx—vt) u, (t N _i_) ¢

Mosimo naiite TawKe fBHOE BhIpaskenne pan u(z, t):

bl(t,x-m)-b,(t—%,x—m)
x
u=u lt— )€

15 A. H. Tuxomnor n ap.
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Ipumep 85. JlumeilHoe ypaBHeEHE MOKHO TPAKTOBATH KAK KBAZMIMHEH-
noe. lipn aToM @ = (0 m 38BeJOMO OJHEM M3 IEPBHIX WHTETPANOB ABIACTCH u.
BTo COOTBETCTBYeT yCTANOBIEeHEOMY B § 1 (baKTy, 410 BHONE XapaKTepHCTHKE
u-= const (teopema 8.1).

PaccMorpuM ypasHeHHe

du du
y;?;——x@-=0 (8.45)

¥ PeluriM €ro «KBa3WINHeHHbIMy crocoGom. CooTBeTcTBYOIas cruereMa (8.32) naer
JiBa HepBHIX WHTerpaga: @1 = u, @p-= z2 - y°. Qopmyna (8.32) maer ¥ (u, 22+
+ %) = 0, otkypa u-= P(z2+ y?). Takum o00pazsoM, pellieHNeM ypaBHeHHL
(8.45) smBaserca HPOUBBONBHAS THAKKAS NOBEPXHOCTH BPAINEHUS.

PacemMoTpuM Tenepr pasim4EBe HONONNMTEABHEEI YCJIOBHS:

A Ty — npaMadg JuemMA: z-=s, y ==s, u=s. ONHCAHEHI TpEeM naer
0,=s5,0,=252= 0, =29;, u pelnenueM 3afa4m Gyper z2-- y?= 2u? — Komyc.

B. T, — oxpy®nocre: z == cost, y = sint, u = 1. Takum oGpazom, T'; sp-
NseTCH XapaKTepHCTHKON ypasgeHmn (8.45), paccMarpMBaeMoOro KaK KBa3WIm-
HeilHoe ypaBHeHMe. B naHHOM ciyuae umeeM 0;-= 1, 0, = 1 B pemenmem Gymer
nopepxuocth Bupa P(u, z° 4 y?) — O(1, 1) = 0. l'eoMerprIecKn HACHO, YTO Ye-
Pe3 3aJ[aHHYI0 OKPY/KHOCTh AEWCTBHTENLHO MOMRHO IPOBECTH GECKOHEYHO MEOTO
YOBepXHOCTEH BpamieHMs, .

B. PacemarpuBas (8.45) Kax AHHeilHOe ypaBHeHNe, MOKHO HPOAEMOHCTDIl-
POBATE CIy4Yaii, OMHCAEHN B KOHne 1. 1 § 2, Korfa pemenwe zamaanm Kowwn me
cymecrsyer. Ilycrs Y, 3anana B Bujle = == c0st, y = sint, a ulv‘ = t. Jlwbaa

JIOBEPXHOCTh BPAIMCHNA MMeeT IOCTOAHHYIO anJnuKary Ha 38HaHHOﬁ OKPY/XHO-
crm v, M, TakuM oGpasom, yciosue u|, = f ynoBuersoperno Ourh He Moser.
\

2. TlonsaTHe © paspHIBHBIX pemeHUsAX. Y JapEbe BONHBL. B macro-
AmeM IDYHKTE MBI pAacCMOTPUM OffHO XaPAKTEPHOE JNA KBa3WIHHe-
HBIX YPAaBHEHHWil SBJIEHWE, KOTOPOro He Habmiogalzoch miA Jmseiimoro
cayuaa. IlpopemoHcTpupyeM »T0 sAEBjleHnme Ha OpocTeilmeM IpEMepe
KBa3WIMHEHHOr0 ypaBHeHHA B TpPEXMEPHOM INpocrpaHctee (B mepe-
MEHHEIX f, x, u), npu srom monoxuM C{I, z, u) =0. Taxoii cnyuait
yixe OBLI ommcan B TIpenbymieM NYPKTE W HA HEM OBUIa TpOJe-
MOHCTPHpPOBaHa napaMerpuueckas ¢opma sanmcu (8.43) nmosepxnocTa
(8.42). B aroM ciygae mMeem [Ba MEPBHIX mATErpana & um ¢qlt, z, u),
a cemeficrpo xapakrepuctuk (8.35) mmeer Bup u =0, @i, z, u) =
= 0. Ilpoexuum sTwx xapaxrepucTms Ha mjmockoers (f, x), BoOGIIe
TOBOPH, MOIyT Nepecekarhcs (B oTaHuMe OT KapTUREL, W3006pasKen-
Hoit Ha pmc. 21, oTHocaueiica K JupefiHoMy ypaBreHnmo). 910 mpu-
BOMT K CHENYIOI[eMy HA IepBHI B3MIAK LapagoKcalbHOMY pe-
8yIHTATY.

PacemorpumM Takoii mpumep:

au g Ou
a-—}-u .6_:;‘0'

Bagajgmm ponoimurensHoe ycaosue u(0, 2) = uo(z). B namrom cnyvae
kpuBag I't — 910 t =0, z =35, u=1uo(s). llepBeiMu unTerpanamm Gy-
nyT u u z— u?. Ilpepcrasnenne A HCKOMOH METErPaiibHON IOBEpX-
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HOCTH MOKEHO IIOJYYHTH, HOAB3YACH Popmyaoit (8.43). Ono umeeT BHR
=t z=s4us(s)l, u=u.(s). (8.46)

Vpasrenne z = s-}-ug(s) ommchBaeT HPOEKIMIO HA INIOCKOCTH
(t, *) Toil XapaKTePHCTHKH, KOTOpas IPOXO[UT 9I€Pe3 TOUKY § KpPH-
Boit 'y, a uo(s) ecrs 3mauenue v Hay aTOfl LpOEKIuei.

3agaguM KomkpeTEO Uo(s) =1—s. PaccmorpuM xapakxTepuUCTURY,
mpoxopAmyo wepes Touky I, orseuaromyr s=0. Ee npoexnus
ecth =1 (npamaa I ma puc. 26). Toare s =1/, oTBewaer xapakre-

. 1 1
PHCTHEA ¢ IPOeKIHel Z = —- + Tt (npsamas 2) u Touke s =1 — xa-
paxrepucTuka ¢ npoexnueit =1 (mpamas 3). Hax npamoit I umeem

T
/
z L
/ J A
2
1 17
5 t
, 7
0 £
Puc. 26. Puc. 27.

u=ug(s) =1, map upamoit 2 mmeem u=1/2 u nag opamoir 3 mMe-
eM u=0. Ho upameie I, 2 u 3 mepecexaroTcs, U NoJydaercsd, 9YTO,
HaUpOMep, B ToYke A 3HadeHde AMJIEKATHl HCKOMOH WHTErpaJbHON
LIOBEPXHOCTH NOIIKHO OBITH OJ[HOBPEMEHHO DaBHO M HyNH M €AUHH-
e (1.

YT0o0Bl pPasbACHUTH 3TOT KamyInuiicA Napajokc, HalijeM perne-
HE€ IOCTaBIeHHO 3amaunm B aBHoMm Bupe. UmeeM u=1—s, z=s+
=+ (1 — )%, oTKyna, HCKII09aA S, HOIYIHM

1= V1 _Ztét(i — ) (8.47)

u

{pamguxan GepeTcs cO BHAKOM «—», IT00H YAOBICTBOPANOCH YCIOBHE
u(0, ) =1-—1x).

Uz sripamenusa (8.47) nemocpenciBeHHO BHAMO, 4YTO PEMIEHIC
onpeneneno nesee ruuepGoner: 44(1 —z) =1 (puc. 27, kpusan L).
B toukax runepGonsi L npogkopeHHOe BHpaskenne obpamiaetcs B
Hylb, a8 Jasiee ¢ pocToM ! CTAHOBHTCA OTpULaTeNbHBIM. Taknm 0b-
pasoM, B TOYKaX TIUIepOOIbl peImeHMe IepecTaeT CymlecTBOBAaTb.
BameTuM, 9TO OpPH 3TOM Z—Z—>oo. Herpynmo - nporeputs, w10 €a

15%
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v
s L HapymaeTca ycaoBme E—M—#O, Jurypupymomee B Teo-
peme 8.4.

Cneea or rumepGonbl repecedeHNs NPOEKUMIl XapaKTePHCTHR He
UPOUCXONNT W HHUKAKOH «HEO[HO3HAYHOCTHM» B pewenyn Her. llps-
Masg =1 «He JAOXOLMT» 0 OpAMoil =1, Tak Kak upamas T =1
cHavaiza obfAsaHa mepeceds runepbonly, a Ha Heil pelmmeHue IepecTaer
CYIIECTBOBATS.

3ameuanne. I'mmepona L sABiAercA MeCTOM mepeceTeHHs
OecxoteuHo OGAR3KMX Npoexluil, B HaHAOM ciyvae ormbawomedl ce-
melictea x=s+ (1 —5)%. Ee mM0mHO HaitTn, BOCHONb30BABMNCEL S-
JMCKPDHMUH2HTHOI KPHBOI 3TOro ceMeiicTra.

To, uTo pemenue cyHlecTByeT NMOIb B OTPAHWYEGHHONI OGIacTH,
MO;KHO HabJONaTh W A OOBIKHOBEHHHBIX AN(QQepPEeHnUaNbHEIX ypaB-
Henui, HO pasoOpaHHBI cefigac caydail HETEPECEH TeM, 9TO OH IMEeT
HEIIOCPENCTBEHHYI) CBASH € PACCMOTPEHHEBI-
MI PHBMYECKUMY 3aHaTaMM.

O6parumes k sagawe 1. 4 § 2 o, 1 (e
ypasrenne (1.33)). @ynxuua plu), koropymo
MOKHO LOJYIUTH SKCHEPHMMEHTAlILHO, HMeeT
XapaxkTep, INpeACTaBICHHLE ®Ha pmrc. 28.
Taxum oGpasoM, ¢pusuveckn DHTepecHbil
ciy9gail KageCTBCHHO HE CIUNIKOM CUIBHO OT-

4 JpdaeTcA OT IPUMEPA p = u?, KOTOPEIH TOJIE-

Prc. 28, KO 970 GBI mccaenoBadH. EcrecTBeHRO 0iKu-

Jath, 9T0 B paccMaTpUBaeMoil (pumamuaeckoi

3anage perreHEe IepecTaeT CYIMECTEROBATH HA HEKOTOpO Juamm L,

npu 3TOM 0OparuTcs B OECKOHEIHOCTH NPOM3BORHAA IO I, LOJOGHO

TOMy, Kak B paso6panmom npumepe. Ho eemp ¢usuuecku mporece

uMeeT MecTo W 3a JIuHumen L, 1. e. gaa Gonpmmx {. BosHukaer Bon-

POC,KaKnM ke 06pasoM LONYIMTh OTBEYAIOLIee KAHHOMY (PH3NIECKO-
My HpoOneccy peuleHue, COPaBeliInBoe 3a Juhued L?

Has paccMmartpuBaeMmoil 3ajia4uy pemenue MOMKHO 3aIECATh B BHIE,
anagormguom (8.46):

t=1t z=s+pluc(s)lt, u=nuc(s). (8.48)

JImmmio L moEO HallTu Tak ke, KAK M B IpUMepe, HMCIONb3YA
S-IUICKPUMMEAHTYIC KPHBYIO, T. €. MCKJIOUAA § H3 CHUCTEMBI

z=s+plu(s)lt, 0=1+ p [, (s)ue(s)t.

Kpusye L ypnobmo npepcrasuTh napamerpudeckn (omnsts yepes s}
B BHJie

Al |

B 1 R CA0)
p' [%, ()] u") (s) * P [%, ()] u") (s) :
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Ilpoexkuum xapakTepucTHK B [AaHEOM CIydae, Kak U B npuMepe,
HPeCTABIAIT 060l IpAMBIe, NPHYeM TUPAMas, BHIXORAMAS U3 TOY-
kn t=0, z=s, nmeer warnon plug(s)l. Ilycrs ue(s) yGoiBaer mo
s. Tax wax plu) pozpactaer no u (cw. puc. 28), T0 Hakmon xapaxre-
piicTHER yObiBaeT ¢ pocToM S, T. €. XAPAKTEPUCTHKM (CXONATCH» K
auaum L, ananormano Tomy, Kak »To msofpaiieHo Ha pmc. 27 s
npumepa ¢ p=u?. .

Eenu mabmionare mpomece npu (QUKCHPOBAHEOM Z =g, TO HPH -
du
bz
T. €. HabaollaeTcs pesKoe m3MeHenme NioTHocTw. HaGmiopas ¢uznm-
4YeCKOe SBJIeHHe, MOMKEO B CaMOM [iele OTMETHTh B ONpeleNeHHBIH
MOMEHT BpEMENH DE3K0€ U3MEeHEHWEe ILIOTHOCTH: 4depea TOYKY Io B
MOMEHT o IPOXONMT TaK HashlBaeMasa YOapHas 6oawa. 3ateM Ipo-
Hecc CHOBA WET AOCTATOYHO IUIABHO, LIOKa HE ofpasyercd HOBasA
YoapHas BONHA, HO MOMET CIAYYHTBCA TAKKe, YTO HOBOH yHapHO#
BOJIHBl HEe BOBHHKAET.

Haxk ke ommcars mponecc mociie DPOXOMKHEHMS YAAPHOH BOIHBI?
Pemenne, onpenensemoe xak mugeperuupyemas QYHKINA, yHOBIE-
TBOpsONias ypaerenmio (8.38), naer BoaMOMEOCTH OlMCATH LpoLECC
TONBKO JI0 BOSHMKHOBEHHA yHapHO# BonHBL Ecrecrpenno, manmpamm-
BAeTCH MBEIC/Ib O PACIIOPeHMH NOHATHA pellenus ypasreHns (8.38).
Mur Gymem umckaTh pelieHHe B KIacce PasphiBEHIX (DYHRIUH, mogam-
157 XapaKkTeP Paspuipa OMPEICHCHHBIM TPeGOBAHMAM, COOTBETCTBY-
0uM (puandecKoli IpHpPOJie OMUCHIBAEMOrO ABienusA. Takoe pemie-
e Mbl OyneM HasbBaTh 0600UjeHHbLM,

He sapaBascs nesnpio 1mocrponTts oGobmennoe (paspeiBEOE) pemie-
mue s obmero cayuas (8.40), paceMoTpum, Kak OHO cTpoMTCH MIA
paitero ¢usndeckoro mpumepa (1.33).

Cnera or kpueoii L (B obnactu I) pewmremme crpomres MeTomon,
olHcaHHBIM B I. 1; Takoe pemnierme Mb Gy/leM HasLiBaThb RIaccHye-
cknM. Hanee, npuuvMan L 3a npoeknpio HEKOTOpoli HOBOfI HagaibLHON
Kpupoil, OymeM CHOBa CTPONTH KJIACCHYECKOEe pemeHne MeTomoM . 1.
Bompoc saknmouaerca B TOM, KaxKoe 3HAYEHHE U CICAYCT B3ATL BJIOIb
Kpueoll L [nsA IOCTPOEHUA BTOTO PenieHus. _

Jlia BHACHEHHA 5TOro0 BONPOCA MBI HCHOIB3yeM (QUINIECKHE CO-
o0paKEeAHA — BCe TOT Ke 3aKOH COXPAHCHMA KOIHYECTBA BEHECTBA,
xoropelil mpuBen K nuddepermuansaoMy ypaBeEenmio (1.33).

OGosravyum depe3 u; Apefenunoe spadenwe u Ha auanm L (ee
MO)KHO Ha3BaThH JHHHEH pasphiBa), KOTOpoe LONydeHO M3 KiaccHde-
CKOTO pelieRuA, ONPeNeJCHHOr0 HAYANBHBIMH JAHHBIMH, T. €. IIpe-
nenbHOe 3Hadenme u3RyTpH obnactu I (o paspeisa). dua moctpoe-
Husl CHENYIOI{ero IIaJIKOr0 y4acTKa HAM HYKHO HailTM IIpefgennHoe
sHaveHne up m3uyTpu obaacru 11 {mocme paspsipa), KoTopoe mpuMeM
33 HAYAJBHOE JUIA IOCTPOSHUS PeNmieHMS HA CAeQyIONIeM IOcClIe pas-
PHIBa 3Tamne.

npubmuxenus ¢ K to (Touxa (fo, zo) nessur ma L) YBeJIMIUBAETCA,
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Vpaprerne ananca samimeM ¢ 5TOH LENBI0 B CIACKYIOMEM BHJE
(yaursiBas, uro ulx, t) =ui, ulz, t+ At) =us, ulz— Az, t)=u,;
cm. puc. 29, rpe uzobparken GeCKOHEIHO MANHN IPAMOYTOILHHUK, Je-
Bag BEPXHAA BEPUIMHA KOTOPOro jnexut B obmactu 1 Geckomeumo

6au3ko K jguEum [+, a ocTainHBIE B
x L obsactn 11):

/ —(ug —u)Az =
4

; 7 Tz g = [v(u)ur — vlugdud At.
A7 U, Ilepexoma x npemenry Az~ 0,
At~ 0 u yuwursiBag, aro %ti cTpe-

/ t

. dz
MHUTCA K IIPOM3BOOHOU 5 OT HK-~-
Puc. 29, P A dt by

MY, OnuCHBammeir kKpusyw L
{31y NpOMBBOJHYI €CTECTBEHHO HAa3BaTh CKOPOCTHIO JIBHKEHUA pPas-
PpuiBa Up), HOIYIAM

vi{u yu, —
vp= ( 1) 1 D(uZ) u2. (8-49)
ul——uz
3uasn u; 4 Up, MOKHO 10 3T0l (opMyle OMpeneinTs io.
3Hag Uy, MOMHO CHOBA NOCTPOMTH TIANKHME YYAaCTOK PCHICHHA JO
wopofl kpmeoft twma L. Tawkoit KpuBOi MOKeT, ONHAKO, U HE BO3HHK-
HyTh. MBI y}Ke BMAEJIM BHILE, YTO BO3HMKHOBEHUE IIEPBOTO Pa3pHiBa
OBIIO CBAZAHO € T€M, 9T0 XAPAKTEPHCTUKHM «CXOmMIUCH». Broporo
PasphiBa HE BO3HMKAET, €CJHW IIOCIE Pa3phiBa XaPAKTEPUCTHKU OKa-
JRYTCA «PacXofalluMuca». AHaNIUTHIOCKH BO3HUKHOBEHHE WM OT-
CYTCTBHME PasphiBa BLIACHAETCA TOYHO TaK JKe, KaK 370 AENAIOCh
sure Jusa permerus (8.48).
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