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IIpenuciaoBue

Hacrosiee yuebHoe mocoOue BO3HHKIO Ha OCHOBE JISKIIMOHHOTO Kypca,
YUTABINETOCS Ha MPOTSHKEHUH psijia JieT Ha Quinueckux (akynsrerax Hosocu-
Oupckoro YuuBepcuTeTa M YHHBepcuTeTa MaHdectepa B AHIIHH.

IocTpoero oHO Kak HAOOp 3ajadv, COMPOBOXKIAECMBIX MOAPOOHBIME periie-
HUAMH. Tak 4TO 3TO, CKOpee, He CTaHJAPTHBI 3a/aYHUK, 4 CKATOE M3I0KEHHE
OT/IEIBHBIX BOIIPOCOB, UMEIOIIEe CBOEI] eIbI0 JOIIOJIHUTE COJICPKAHUE CUCTeMa-
THYECKUX KyPCOB (HHU3UKH CIUIOIIHBIX cped. [ToaTomy mepes KaxabIM pasziesioM
IPUBECH JIUITh MUHUMYM OCHOBHBIX ONIPEACICHHUI 1 ypaBHEHHUH, HEOOXOIUMBIX
JUTS peIIeHHs] KOHKPETHBIX 3a/1a4.

B Buzne oraenbHON KHUTH 3TOT COOpHUK ObLT OmyOmkoBan B 1992 . B An-
mmu (IOP Publishing), B T0 BpeMst Kak Ha PyCCKOM SI3BIKE MMEJIOCH JIHIIbL PO-
TanpuHTHOE M3manne 1989 r, yxe naBHO craBiiee OHONMHOTpaduIecKoi penko-
creio. [loaTomy s mpusHareneH A.BopucoBy, AupexTopy usgarenscrsa «Pery-
JSIpHASL M Xa0THIecKas JTUHAMHKAY», 38 HHAIIMATHRY B IIOJTOTOBKE 3TOTO JOIOJ-
HEHHOTO U HUCIPABICHHOTO PyCCKOTO BAPHAHTA KHUTH.

51 Taxoke uckpenHe OmarogapeH MoMM npy3bsiM u Kowteram b. Bpeizmamy,
. Kotenbuukosy, B. Mupuosy, M.Piotosy, I Ctymakosy, E.Priest, momomsio
U COBETAMH KOTOPBIX S IOCTOSHHO MOJIb30BAJICA.

I Bexwmerin
Manuecmep, oexabps 2001 e.



YACTS 1

DJIIeKTPOAUHAMUKA CIUIOMIHBIX CpeN

§ 1. BexrTopsl, TeH30pbl, NIpeodpasoBanue Pypbe

BexTtopHbIe onepaniy B MUIHHAPHICCKOI CHCTEMe KOOPAUHAT:

r=rcosyp, yYy=rsing, z=2,

gadf=Vf=2 12,19 2. %,

divA= (V. A4) %%<TAT>+,¥8§;"+3$;

(rot A), = %35(‘; _ 3;:0; (rot A), = aa,ir _ 851‘42’

(rot A). = 1 8rd,) = . 5 (1.1)
2 2

=1 (15) <t <

(AA), = AA, — %—%ag:j (AA), = AA,

(BA), = Ak, - 22+ 20
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BekropHsle onepaniu B chepuieckoil cucreMe KOOpANHAT:

xr=rsinfcosp, vy —rsin&singo, z=rcosb,

8 ~10f 0

" rsing dp’
diVAzﬁ_r( )+ g g (R 640) + rsilneaf;:f;
)
o158 ()~ s () e
(rot A), = rsilne [%(Sin@Aw) - %_?09] :
(rot A), = + [%(me) _ 05;] : (12)
(rot A)g = g G — 1 (rde):
(AA), = AA, - r% [Ar + ﬁg(mn 0A) + Siie 8({;?;} ;
=+ i (B ee Bl ]

TO)K[[GCTBa BEKTOPHOI'O aHAIN34!

a) div(fA)=fdivA+ A.Vf;

6) rot(fA)=frotA—[AxVf];

B) div[A x B] = BrotA — Arot B; (1.3)
r) rot[Ax Bl=AdivB - BdivA+ (B -V)A— (4-V)B;

n V(A B)=[AxrotB]+ B xrot A+ (B-V)A+(A-V)B

DPMHUTOBBI U AHTUIPMHUTOBEI TeH30PEL. Ten3op Broporo paura 7;;, Ha3bIBA-

eTCsl OPMHUTOBEIM, €CTH T); = T}, 1 AHTHIPMHTOBBIM, eci Ty; = — 17 .

2
[IpousBosbHBIH TeH30p 155 MOXKHO LPEACTABUTH B BUJIE CYMMBI 3PMHTOBO-

(H) (4) .
ro T, u aHTHOpMHTOBOIO 1) TEH30POB:

1.4)

H A
TR = §(Tw + Ti) T =

= 10 4T
(Tz‘k - TI:Z')

1
2



8 Yacme 1

Bexrop A; HaspBaeTcst COOCTBEHHBIM BEKTOPOM omeparopa (Marpunsl) 1z,
ect Typ, - A = AA,. Tlpu 910M 9ucmo A — cOOCTBEHHOE 3HAUCHUE OMEPaTo-
pa Tig.

Ecmu marputia oneparopa 75 3pMUTOBA, TO €T0 COOCTBEHHBIC 3HAYCHHS BE-
MIECTBEHHEBI, ¥ HA00OPOT, ecitu omeparop 1, AHTHIPMUTOB, TO €r0 COOCTBEHHEIC
3HAYCHUA YHUCTO MHUMBIC.

1-1. Haiimu cpeonue snadenus credyiowux evipaxcenuti: (@ - i), [a@ x )%,
[@x 7] - (b-1), eciu T — edunuunviii 6exmop, 8Ce HANPAGICHUS KOMOPO2O
pasHoseposimubl, 4 u b — 3a0aHHbIC 6EKMOPDL.
3amnmurieM mepBoe BHIPAKEHHE B TEH30PHBIX obosmadeHmix: {(d-1)n}; =
= agngn;. Torma cpemee 3HadeHWe (OTMEYEHHOE CHUMBOJOM ( )) €CTh
(agngn;) = ag(ngn;), Tak KaK BEKTOp { — MOCTOSHHBIN. Bemmauna (n;ng)
SABJISIETCS TEH30POM BTOPOTO PAHTra, He 3aBHCALIAM OT BBIOOpPA CHCTEMBI KOOP-
JIMHAT, TAK KaK BCE HANPABIEHHA BEKTOPA 7 paBHOBEPOsTHBI. [Toaromy (n;nj)
SBISETCA MHBAPHAHTHBIM TEH30POM BTOPOTO PAHTa, KOTOPHIH JOJDKEH ObITE TIPO-
HOPLHUOHAJIEH TEH30DPY Ok, (Ning) = Ab;k. Toctosunas A onpenensercs u3
YCIIOBHSI PABEHCTBA Ciefid (CyMMBI JMATOHAIBHBIX 3JIEMEHTOB) 3THX TEH30POB.
[MockonbKy BEKTOp 71 — eqUHWYHEIH, TO n;n; = 1. otciona 1 = Ady; = 34, Te.
A = 1/3. OxonuarensHo monydaeM: {agnng) = ap(ning) = (1/3)6par =
= a;/3. Bo3Bpamasice K BEKTOPHBIM 0003HAICHIAM, MOKHO 3TO 3aMTHCATh TAK:
((@- )7y = &/3. AHAIOTHYHO YCPEAHAKTCS W nBE APYTHE KOMOWHAIHH.
7% 712 — (e . _ e _ 1 e
([@ x 7)) = (einiarnieipg@png) = akap€iki€ipg(rung) = gélqak%ezklewq =
= %akapeikleipl, TNE €k — CAUHUYHBIA aHTUCUMMETPHYHBIM TEH30p. YUHTBI-
Bast TeePb, UTO €;k1€ip, = 20kp, MOTydaeM, uto {[d x 7i|%) = g—)akapékp = %aQ.
I 1
([a x ] - [b-7]) = (eamarnibmnm) = emiarbm{runm) = eiparbmz0m =
1 1=
= Ze;parb; = =@ x bl.
seikianb = 5| |
1-2. Hatimu 21ekmpoMazHumHoe noie pasHOMEPHO O8UNCYUe20CA moYedy-
HO20 3apsda (3apad ¢, ckopocms U), peuias ypaenenus Makceeina memooom
npeobpazosanus Pypowe.
3amumiem ypaBHeHHs MakcBemmia
190F | 4x - (1.5)

= 10B 5
rotE:—EE, rotB:EW—F?],

e j = qUO(7 — Tt), u cosepmuM B HHX npeoGpasosanne Dypbe, mEpeiis OT
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nepeMenHbIX (7, £) K nepemennsM (K, w) 10 CleAyOMEeMy IPaBHIy:

E(F, t) = = [ E(F, w)e'E7 df; du;
(2m) (1.6)
B(F, t) = —— [ B(F, w)el"= dE du.
(2m)?
O6parHoe npeodpa3oBaHUe MPU ITOM BBILJISIUT TAK:
E(k, w t)e= Rt g d;
. (1.7)
B(k, t) Ye—iET—wt) g7 .

(27r 2

Taxoe npeoGpasosanue Ddyphe TOAUTCS, KOHEIHO, He TOIBKO s E uma B, HO
Jutst Jii000# ipyroit PyHKIMH KOOPIHHAT U BpeMeHH, yObBaomeil Ha 6eckoHed-
HOCTH, U OyIeT HCTIOIb30BaThCA B AANBHEHIIEM.

TTopcraBuM Tenepb BRIPAXKCHUS ITs EuBs dopme (1.6) B ypasuenue (1.5).
[Momb3ysch mpasmioM (0) Toxkaects (1.3) U yIUTHIBAsA, YTO PU PaBEHCTBE ABYX
(GysKkuid paBasl uX Oypbe-KOMIOHEHTBI, OTyJaeM

min (1.8

27 qﬁ o oy —i(kF—w =
jk, w) = e /5(r—vt)e (kT=wt) g7 dt —

Benmunny (k - E) naiinem, ymuoxus Bropoe ypasuenue (1.8) ckanspro na k,
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aro maer (k- £) = —4TL (K . 7). Hocne storo Haxommm:

. 2 o - . : it
E(7, t)= Zq /el(]”_“’t) dkiwd(w — k- 7) - =

. DN T, /G MO W P
_ e /ei[k.f,(k_ﬁ)t di - k'f‘li(k U)/C ‘ (1.9)
K2 — (K- 5)2/c2

JIns BBIYHCIIEHUS TOTO MHTErpajia 3ameTum, 4To npu ¥ = 0 oH J0JuKeH ObITh
PaBEH U3BECTHOMY BBIPAKEHUIO JUIS IOJII HEIIOIBHIKHOTO 3apsi/ia, TaK YTO

2iq iR ko7 .3
—(%)2/6( )ﬁdk—qr . (1.10)

ITycts 3apsin ABwxeTcs Baoib ocu r. Beexem sexrop R = {z — vt, y, z}. Torna
Bxozamuit B (1.9) unrerpas MoxXHO 3anmcaTh TaK:

ik R kdk / ok R .
e = dky{ Vs, ksl },
/ k2 _ (f.ﬁ)Q/cz 12 v dk Ay 1}

ik

1€ BEKTOPBI R, = {YRz, ﬁl}, ak, = (ks /7, l?l) CpasruBas s1o ¢ (1.10),
HOJTy9aeM

244 GFERAE 10y
(ony / ey m @bl

Torma u3 (1.9) OKOHUATENBLHO CIEAYET, UTO E(F, t) = ygR/R3. MaruurHoe
none B(7, t) = (1/¢)[T x E(F, t)].
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1-3. Onpedenumy cpeonue no epemenu suavenus meuszopos EqEg, B, Bg
u Eq Bg, 20e eexmoput E u B ecmv anexmpuueckoe u maznummoe noze snexmpo-
MASHUMHOU BOJHBL C KPY20BOU NOAAPUIAYUEL, PACNPOCMPAHAIOWENCS 8 8AKYYME
C BOTHOBLIM BEKNIOPOM. k. Amnaumyoa anexmpuueckozo nois eoanvl pasha Ey.

PaccmoTpum, HanmpuMmep, CpeAHee 3HAYCHWE MEPBOTO M3 ITUX TCH30POB,
(EoEg). Ilo caMoMy CMBICIY YCPEAHCHUSI O4CBHIHO, YTO STOT TEH30D AODKCH
OBITh UHBAPHAHTCH OTHOCHTEIBHO BPAMEHUS CHCTEMBI KOOPAUHAT BOKPYT BEK-
Topa k. ITostomy TeH30p (EoEg) MOXET GBITh IOCTPOCH TONBKO H3 CIICAYIOMINX
TEH30PHBIX BENMYHMH: MHBAPHAHTHBIA TEH30p Jnp U TeH30D kokg/k? = nang,
e it = k/k:

(EqEg) = adap + bngng.

JU1a HaX0XJIEHUS BEJIMYUH ¢ U b PACCMOTPHUM CJIEJ 3TOTO TEH30pa U ero
CBEPTKY € TEH30pOM Nong. Tax,

Sp(ELEg) = (E?) = E? = 3a+ b,
B TO BpeMA KaK
(EoaEpg)nang = (EaEgnang) =0 = (a+b),

MOCKONBKY AT MEKTPOMAarHUTHON BOIHBI B BaKyyMe k-E =0 (em. (1.8)).
Orciona a = EZ /2, b = —EZ /2, Tax uto

Ej
(EoEp) = 5 (0ap = nanip)- (1.11)

Tax Kax B Bakyyme w = ke, 10 u3 (1.8) Taxke crenyer, uto B = (i x E), T.e.
Bg = egysnyIs. llooTomy

(BaBg) = <ea75n’yE5es@#‘rnuET> =
2
= eaysNyepurnu(EsEy) = ea’yén’yeﬁmnujo(‘sér —n§ny) =
E? E? E?
= TOea’weﬁmn’ynu = 70(5aﬁ5’m — Saplyp)nyny, = 70(5aﬁ — Nang),

E? E2
a (EqBg) = (EqepysnyES) = eg,ygn,,TO(ém; —NaNg) = 7060413’)/77”7'
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§2. Tensop And/IEeKTPHUECKOH TPOHULIAEMOCTH.
DJIEKTPOMATHUTHBIE BOJIHBI B Cpelax

B nuHEHHON 3MeKTPOAMHAMUKE CIUIOIIHBIX CPex IUIOTHOCTh TOKa j(7, 1)
HPOTIOPIUOHAILHA JIEKTPHISCKOMY NOJII0: ] = 0 F, rne & — nunelinbiii onepa-
TOP, KOTOPBIH B caMOM OOIIEM Cllyd4ac MOKET OBITh IIPEACTABICH B CICAYOIIEM
BHUJIE!

Ja (7, t)/oaﬁ(ﬁ 7, t, YEg(F, ') drF dt’. 2.
Baens BexTop HHAYKIHU
t
D(7, t) = E(F, t) + 4r / J(7 ) dt, (2.2)

ypaBHeHHsT MakcBesuIa MOXKHO 3aIicaTh TakK:

rot £ = ——i—éB
19E _4r7 10D 19 5 23)
_ ~

Oneparop AMINCKTPHYECKON IPOHUIIAEMOCTH £ 3AIMCHIBACTCA B (HopMe, aHATO-
ruauoi (2.1):

Dy (7, t) = ?E = E, (7, t) + /aaﬁ(ﬁ 7ot YEg(F, ) drf dt. (24)

Ecmu cpenia mpoCTpaHCTBEHHO OJHOPOIHA U CTAIHOHApHA (T. €. BCe e Xa-
PAKTEPHCTHKA HE MEHSIOTCS BO BpeMEHH), TO BXoasmue B (2.1) u (2.4) tenzop-
HbIE QYHKIUI 0o 3 U £q3 3ABUCAT TOIBKO OT OT PA3HOCTH CBOUX aPTYMCHTOB!

0'0133(7?’ 7, 1, t,) = Ja,ﬂ(ﬁ, 7—)3
€ap(r, 7', 1, 1) = €q,5(F, T); (2.5)
p=r—r1" T=1t—1.

B arToM ciy4ae ymobHO mnepeiitu k Dypbe-IPeICTABICHHUIO, ISl KOTOPOTO
JIeliCTBHE OIEPATOPOB & U £ CBOJMTCS K YMHOXKEHHIO HA TEH30Pbl IIPO-
BOIUMOCTH 7o 3(k, w) ¥ IUIIEKTPUIECKOH IPOHUIAEMOCTH £48(k, W),

{Ja(k w) = Gaﬂ(k w)Eg( L“]);
a(k, w) = é:‘a,@(k, w)EB(k, w).

(2.6)
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-

Tensopsl oos(k, w) u sag(iz, w) BRIpakaroTCs yepes pyuknun (2.5) cooTHOMmIE-
HHAMH

Tas(k, w) = [ oap(, e™ ®F=D dgdr, .
ap(ky w) = bap + [ ap(f, t)e " FF~9T) d5dr, )
MIPUYEM, KaK 3TO CIIEAYET U3 OILPE/ICIICHUS Ds (2.2),
cap(k, w) = Gap + %Jaﬁ(a w). (2.8)

B ®ypoe-npeacrapiaenun ypasHenuss Maxcseiuia (2.3) 3KBHBaJICHTHBI CH-
CTEME YpaBHEHUU

2
LogEs = (kakg — k?0ap + ‘;’—2%) Eg =0, (2.9)

TaK YTO JIUCTIEPCHOHHOE YPaBHEHUE, CBA3BIBAIOIIEE MEX 1y COOOI BOIHOBOW BEK-
TOp k ¥ 4aCTOTY w 3IEKTPOMATCHUTHBIX BOJIH B CPEJE, 3AMHCHIBACTCS TAK:

det || Log(k, w)|| = 0. (2.10)

Ecmi cpemga M30TponHA W NpH OTPAXKEHHH HE U3MEHSETCS (OTCYTCIBYET
CTePCOH30OMEPHS), TO CaMbIil OOMMIl BUJ €€ TeH30pa JUIIEKTPHICCKOH IIPOHH-

AEMOCTH €CTh
ko k
(k, w) (cm < ﬁ)- (2.11)

- kak
Z:‘alg(k, w)su(k, w) . a2 /{'

B
k

DIeKTPOMATHUTHBIE BOJIHBI B TAKOW Cpele pasmeisiiorcs Ha Opojonbubie (1),
B KoTopsX E || k, u momepeunste (¢), B vux £ L k. JlucrepcuoHHOe ypaBHe-
Hue (2.10) BRIDISLANT NPH 3TOM TaK:

2
w
g (wi, k) = 0; k% = c—;eL(k, W) (2.12)

3aryxaHue 37IEKTPOMarHUTHBIX BOJIH B CPEIE ONPEACTACTCA aHTHIPMHTOBOM
9ACTBIO TEH30PA €43, H 00BEMHAST MOIMIHOCTD JUCCHIIAUH JHEPTHH BOIHBI

Q= - By, Eog. (2.13)
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H)
B o0macTu mpo3pagHOCTH, TOe 3aTyXaHHE BOJH Mo ( ) < 8( ), MOKHO

OIpeeTUTh IIOTHOCTH 3Hepruu W u umnynasca P 3IIeKTpOMa_FHI/ITHOI/I BOJIHBI
(2.14)

A H
e Sgﬁ) u S(ozﬁ) — COOTBETCTBCHHO AHTHUIPMUTOBA U 3PMUTOBA HACTHU TCH30-
pacap, a EO — AMINTATYAa 3JICKTPUICCKOr0 MO BOJIHBI.

2-1. Hoxasams, umo gopmyna (2.1) Oelicmeumenvro asisaemcs camvim oo-
WUM BUOOM CBA3U MOKA U NOA 8 IUHEUHOU 2NeKMPOOUHAMUKE.

Ilycrs jo = GapEp, TOC a3 — NPOUSBOIBHBLH THHEHHBIH OLIEPATOD B IIPO-
CTPAHCTBE KOOPAMHAT M BpeMeHH. [IpeacTaBum 3IEKTPHIECKOE [OIE B BHIE HH-
Terpana Pypee:

Torna xoabuumenter Ag(q) = [ Eﬁ(g’)\lfg(g’) d€’, rax uro

ja<3 =oapkp = /A,G(@Uaﬁ\l’ (g)d =

OG6o3HauuM Tetiephb

91O ¥ TPeOOBAIOCH J0KA3ATH.
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2-2. DnexmpomazHumusle CEOUCMBA OOHOPOOHOU U30MPONHOU Cpedst be3
NPOCMPAHCMBEHHON OUCNEPCUL MOICHO ONUCATNG «MPAOUYUOHHBIMUY INEKMpPU-
Yeckoll u MasHumHoi nponuyaemocmamnyu £(w) u p(w). Beipasume € u | ue-
pes3 npedenvhvie (npu k — 0) snauenus esedennvix 6 (2.11) senuuun 6H(k, w)
uey(k, w).

B repmuHax € u y IIOTHOCTL TOKA B CPE/e NPEACTABISETCS B BHJIC j=
= 8P/ Ot + crot M, tne P u M — BEKTOPHI TIOJSIPU3AIHUA U HAMArHAIEHUS

eTUHUIIBEI 00beMa CpeJibl, PAaBHEIC
(e-1) E o (k1) B.

M=

P= A ’ ATy

Ilepexons k dyphe-npescraBiennio (k, w) U YUUTHBAS, 4TO B HTHX MEPEMEH-
ueix B = £[k x E] (ato cnenyer u3 (2.3)), nomydum

j = —iwP +ic[k x M| =

iw(e=1) 5 g =) o o 5=
=~ B SRR B) - 1)

Ortcrona HAXOAUM TEH30P IIPOBOJIUMOCTH

—iw(e—1) i(p — 1)k%c? 5 kakgs

Tob = 47 Qo = 4r pw o T T2

U, B COOTBCTCTBHHU C COOTHOIICHUCM (2.8), TCH30p

( — l)k202 kakp
SQBZS(SQB—FT af — 2

CpasHuBas Terneps 3710 Belpakenue ¢ (2.11), Buaum, uro B mpeaene k — 0, ko-

T2 TPOCTPAHCTBEHHASA AUCICPCHsI OTCYTCTBYET, Ilim ek, w) = %im g1 (k, w),
—0 —0

OTKyaa

w?(
€1 —e€))
g(w) = lime | (k, w); “1=1-lim ————"*,
(w)=limey(k, w);  p L —y

2-3. Boiuucnums meH30p OU3NeKmpuieckoll npoHuyaemMoCmy «X0A100HOU»
NAA3MbI, COCMOAWEN U3 OECKOHEUHO MANCENBIX UOHOB U NOKOSUYUXCSL INEKMPO-
HO8 (3aps0 1eKmpoHO8 — e, MACcCa — M, NIAOMHOCIbL — M), HAXOOSUWEUCs 60
gHeutnem mazHumuom noie By.
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Caurast HOHBI OCCKOHETHO TSKEIBIMHM, MOXHO NpeHeOpedb UX BKIAIOM
B TOK (pOJIb HOHOB COCTOMT IIPH 3TOM JIMIITb B HEHTpaTH3aiu 00beMHOTO 3aps-
J1a MEKTPoHOB). Tak KaKk B HEBO3MYIICHHOM COCTOSIHHH 3JICKTPOHbI MOKOATCS,
TO B JUHCHHOM MPUOIIKECHUN UX TOK } = net/. CKOPOCTH IEKTPOHOB ¥ Ompe-
JCIACTCA U3 ypaBHCHUA JBMOKCHUS, B KOTOpOM o TOH Ke l'[pI/IIII/IHe MOXHO HC
YYUTLIBATH BJIWAHUC NEPEMEHHOTO MATHUTHOTO MIOJIA,

81} 5
= eE + =17 X Bygl.
M, &l x Bo]
Bsesst etunmdHblii BexkTop h = B/ By ¥ UKIOTPOHHYIO 4aCTOTY AIEKTPOHOB BO
BHEUIHEM MATHHTHOM I0Je wp = eBy/me, IpH 32/[aHHOM YacTOTe w MOILYIHM

7= “f E+MB[ x B

Jid HAXOKJACHHA CKOPOCTH U/ YMHOMXKHM 3TO YPaBHEHHME CKAJSIPHO M BEKTOPHO
Ha h:

- —

TS 1e .

[h x 7 = € [, x E] + “j}B[ — h(h - %)

Omnpenesist oTcrona 3HadeHue [h X ¢], HAXOXUM CKOPOCTH

7= (1-wph/wh)™! nzz—c;uﬁ - _ewB2

Brrunciss Tereph TOK M IEPEXO/is K TEH30PHBIM 0003HAYEHUIM jo, = 0qp103,

IUISL TEH30pa MPOBOAUMOCTH HOIYIHM
-1
2 2 9
WB ine’ Sas nesze L ine WB
afylty —
mw mMw?

TaB — 1-— h hﬁ }

a u3 (2.8) TeH30p JUIICKTPUICCKON TPOHUTIAEMOCTU PaBEH

w2 w2 wp
pe pe
cop={1- w? —wd bot - w(w? — B)eamh’,—I—
2 2
Wy W
e B hahg, (2.15)

w?(w? — w})

e w2, = 4mne? /m — KBaIpaT IIa3MEHHOI YaCTOTHI SMEKTPOHOB.
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2-4. Hatimu 3axon oucnepcuu O7is S71eKmpOMACHUMHBIX 0JIH, PACAPOCHPa-
HAIOWUXCSL 8 XONOOHOU niasme b6e3 HeuHe20 MAZHUMHO20 NOJA.

Kak caexyer u3 (2.15), B OTCyTCTBHE BHENTHETO MAHUTHOTO IOJS TEH30P
JIHUTEKTPUYECKON NPOHUIIAEMOCTH TAKOH ILIa3Mbl PUOOPETAST MPOCTOU BHUI:

cap = £(W)bap; elw) =1—w [u’. (2.16)

Torna, corracao odniemy mpaBuny (2.12), IHCTIEpCHOHHOE YPaBHEHUE IS TI0-
HIEPEUHBIX BOJH

B WL e

w(k) = \Jw2, + k22, (2.17)

Jas mpomonbHBIX (MEKTPOCTATHYSCKUX) KomeOaHuid w3 yciuosHi £(w;) =
= 1—w.. /w? =0 cuenyer w; = wpe. ITO TAK HAZBIBACMBIC ICKTPOHHBIC
JIEHTMIOPOBCKUE KOJIEOAHUS B [LIA3ME.

JacT

2-5. Kasicoas monekyna paspedicennozo 2aza npedcmasisem cobou 06a npo-
MUBONONIONCHO HANPABLEHHBIX INEKMPULECKUX OUNOIIA, :tcz PA30eNeHHbIX pac-
cmosHueM d, KOmopoe NPoNnOPYUOHATLHO IAEKMPUYECKOU ClUle F.= i(cf . ﬁ)ﬁ
Oeticmeyrowjell Ha COCMABIIOuUe MOAEKYLY OUNoOau: a = 7f+. Onpedenums
MEH30p OUIIeKMPUYECKOU NPOHULAGMOCIU MAKO20 2a3d, CYUMAL OPUEHMAYUIO
MONEKYIApHBIX Ounoet ciydatinou. [Inomuocms 2aza ecio N MONEKYL 8 eOUHUYE
obvema.

PaccmoTpum BHAYae HEKOTOPHIE OOMIME COOTHOMICHHUS AS yCPEAHEHHBIX
(MaKpOCKOIMUYECKHX) 3apsiioB U TOKOB B cpene. C MHUKPOCKOMMYECKOH TOYKH
3peHUS IUIOTHOCTh 3aPsI0B U TOKOB €CTh

() = Guad (7 = Fa = Eia)y FF) = Y Giabiad (7= Fa — Eia).  (2.18)

—

3nech cpena mpejicTaBieHa Kak HaGop atomoB, e ', eCTh KOOPAHHATHL spa
a-ro atoma, &, — KOOPIMHATE §-TO HIEKTPOHA HTOrO ATOMA OTCUUTAHHEIC OT
HOJIOKEeHUS si7pa (Tak 4To ¢ = () COOTBETCTBYET SAMPY, T. €. §0a =0, gog = Ze).
MaKpOCKOIIHHE CKHE 3apsiibl M TOKH, (p) 1 (j), ecTh pesymbrar ycpeuenns (2.18)
10 «(pU3HIECKH MATIOMY» 00BEMY, KOTOPBIH, ¢ OJHOM CTOPOHBL, COAEPKUT MHOTO
arOMOB, HO B TO K€ BPEMsI MaJI [10 CPABHEHUIO C XapaKTEPHOM JIHHON M3MEHe-
HUSL 9JEKTPUUECKOTO M MATHUTHOTO IIONS B cpene (Hampumep, ¢ AHHOH BOJIHBL
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9NEKTPOMATHUTHOTO IIOJIS PAaCIpocCTpamsiomerocs B cpene). Ilo camomy cmbic-
7y TaKOTO YCPEIHCHHS, JUTHHA BOMHBI A JOJDKHA OBITH MHOTO OOIbIIIE pasMepa
aroma ;. [loatomy npu ycpeaneHun BeIpaskeHHH (2.18) THOUTHEIE 3HAYCHIS
|F¥ — | HyxXHO cuuTarh GOJIBLIMMHU [0 CPABHEHUIO C {;, TAK YTO CLPABEUIHBO
CIIENYIOIIEE Pa3IOKEHHE:

p) <Z Giad (7 - fa>>—<2 GaSian 5007 - fa)>+
1 e P n
+2<§;Qm§zaﬁaxaaxﬁ5(7" T‘a)>+...

) ~ <%: qiaéiaa(;("?_ Fa)>_<;; qiaéiaagiaB%(S(F_ Fa)>+ o
(2.19)
B pasnoxennu (2.19) st (p) mepBHIil WieH paBeH HYJIIO BBUAY HEHTPAIBHO-
CTH atoMa, Y ¢, = 0. Bropoe cnaraemoe nisi (p) Moxer OBITh 3aMMCAHO KaK
i

—div f’, Tae
P = <Z qmgia(;(??_ 77a)>
2,a

€CTh BEKTOP HOAPU3AUE CPEIBI (IMEKTPHUICCKUN AUIOIBHBIH MOMEHT €IMHUITBI
obvema). OnHaKo, JJIsl paccMaTpuUBaeMOil B ATOH 3aj1ade MOJEIH ra3a P, oue-
BHIHO, PABHO HYJIO, TAK YTO HEOOXOANMO YUECTh CICAYIOMINI UIeH Pa3IoKeHHS
B (2.19). D10 naer

1 Dag. _ e e e o
<P> 2 axaaxg Da,@ = <%: Qzagzaa'fmﬁé(r Ta)>7 (220)

tae Dyp ecTh KBaapyMOIBHBIH SMCKTPHICCKUET MOMEHT Cpejibl. Menonn3ys Bbl-
paxenue (2.19) s (j), HETPYAHO MOKA3aTh, 4TO
1.9 9Dap

- 9P 10
)= En +crot M 29t Guy

(2.21)

e

- <2lc D tialSia ¥ Eual8(7 fa>>
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€CTh HAMATHIYICHHE CPEABl (MATHHTHBIH JUTIONBHEI MOMEHT CIHHHIE 00beMa).
Takum o6pazom, 3Has f’ M u Dy p, MOXKHO BBIYHCIHTH TOK H, CICIOBATEIb-
HO, IPOBOJIUMOCTE U AHINCKTPHYCCKYIO POHUIAEMOCTS cpefbl. [Ipy Bhrmcie-
ain M u Dgp 11 paccMaTpUBacMoi Mo yRoOHO IpesicTaBUTh JHUIIONE d
KaK MpEeAeNIbHBIA CIydail JByX NpOTHBOIOJOXKHBIX 10 3HAKY 3apsioB +q pas-
JIETICHHBIX PACCTOSHUEM 5, Koraa A— 0,qg —00,aq- A — d. Marnurssit
MOMEHT CHCTEMBI TOUCUHBIX 3aps/IOB €CTh

1 o 5
= Q—CZQZ[T'Z X T‘i}.
i

Otclosa HEIOCPEACTBEHHO CIICAYET, YTO JBA MPOTHBOIIOIOXKHO HAIIPABICH-
HBIX JUIONS £d, Pa3jIe/ICHHbIE PACCTOSHUEM &, IMEIOT MATHUTHBIH MOMEHT

S 17
m = 26[d>< a. (2.22)

—

Tak Kak [1s JaHHOH MOxenH MOeKynsl rasa @ — v(d - V)E = iy(d - k)E (msl
camraem, 910 E « ¢?FT—90) 10 p3 (2.22) cneayer, uto

Yw

Q_CeaﬁﬂdﬁdykyEu.

Meag =

preI[HﬂSI OTO BBIPAKCHUEC 10 BCEM BO3MOKHBIM HAPABJICHUAM BCKTOPA d, TaK

uto (dgd,) = %d26ﬁy, HAXOIUM MAaKPOCKOTTHIECKY0 HAMATHUYEHHOCTh CPEIb

== (k x E). (2.23)

AnanorH4HeIM 00pa3oM BEIYHCIAEM TeH30p moysipu3anin D, . KBaapymons-
HBIIT MOMEHT CHCTEMBI 3apsAA0B eCTh

@aﬁ = Z GiTiaTig,
2
TaK 9TO AN OJHOM MOJIEKY/IE JAHHOTO rasa
Dap = daap + dgag = i'y(dadﬂkﬂEﬁ + dﬁdﬂkﬂEa),
U [OCJIE YCPEIHEHUS HAXOIUM, 9TO

2
Dep = W"d (kaEp + ksEa). (2.24)
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U3 (2.23) u (2.24) nonyyaem MaKpoCKOTIMIECKU# TOK

ODap
dzg

iwynd?k?
3

() = crot M — g i€k x M] — 2kpDap = E..

N[ —

OTCIOL[a TCH30p NPOBOANMOCTH I'da3d €CTh

iwynd?k?
OaB = *T(;aﬁ,

CJIEIOBATEILHO
€ap = 0ap + dmi Ua,@ = (l + 3 7nd2k2)5ag

Takum 00pazoM, TUATEKTPHIECKAS TOCTOSHHAS TAKOTO Ta3a OTIHYHA OT eAUHU-
bl TOJIBKO Grmaroaapst mpocTpancTBeHrol aucmepeuu (k # 0).

2-6. Haitmu nomeHyuan 21eKmpudecko20 nois, co30a8aemoz0 Henoosuic-
HbIM MOYEYHBIM 3apA00M ¢ 8 OOHOOCHOM KpUucCmaiie.

OnIHOOCHBIM KPUCTAJUIOM HAa3bIBAETCS AHHU30TPOIHBIH JUANCKTPHK, B KOTO-
POM TIOTAPU3YEMOCTh BJIOJIb OJHOTO BBIJCJICHHOTO HANPABICHHUS (OITHIECKOI
OCH) OTIMYACTCA OT M30TPOIHON MOJSPU3YEMOCTH B IUTOCKOCTH, HMEPICH/UKY-
JSIPHOU K onTH4eckoii ocu. Eciu 17 — eMHUYHBIH BEKTOP BJIOJIb OIITHYECKOU OCH
KPHUCTAIIA, TO TEH30P €r0 AUNIEKTPHUYECKOU MPOHHUI[AEMOCTH MOXKHO 3aIHCATh
TaK:

€ap =€1(0ag —nang) + g Nan g (2.25)
Ecm E = —ﬁg&, 10 Doy = €0pE3 = —uaﬁc%‘p, U ypaBHEHUE JUTS (0 UMEET BHJI
&
div B — — 9 (0322} — drgo(). (2.26)
O0xq Oxg

BeibepeM cHCTeMy KOOpAMHAT C OCBIO Z BIOIL ONTHYECKOM ocu. llpu
OTOM y TEH30PA Eqp3 OTIMYHBL OT HYJIS TOJBKO KOMIOHEHTHl £, = £
U Egp = Eyy = €1, 3HAYUT, ypaBHEHHE (2.26) MOKHO 3aMUCATh TaK:

& %o

8“8 3 +e& g1 @ a—y2 = —47rq6(a:)5(y)5(z)
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BBens HOBYIO MEPEMEHHYIO 2, = 24/€1 / €|, €T0 MOXHO MPE0OpPaz0BaTh K BHAY

o 0% o  4dmq 4rq

ﬁ 8y2 8—2’3 - —35(1‘)5(9)5(@ = _T&_” -6(x)0(y)6(zx).

B stux 0603HaUYCHUSAX OHO COBIAJACT C OOBIYHBIM pemeHHeM [lyaccoHa Juist
TOYEYHOTO 3apAaa, HOITOMY €r0 peLIcHHE

o) = = = : .
T4\ /€L - 1/2
/E)IEL <$2 + y2 + €_||Z2>

2-7. Onpederums npoOonbHYIO, £, U NONEPEUHYIO, €|, OUITEKMPUHECKYIO
NPOHUYAEMOCINb XONOOHOU INEKMPOH-NOZUMPOHHOU NAA3MbI, NOMEUWEHHOU 80
snewnee maznumnoe none By.

VICKOMBI pe3yJIbTar JIErKO HOIYYHTh, CTIONb3YS PE3yIIbTAThI, HOTyYSHHBIS
B 3aj7aue 2-3. JIedCTBUTENBHO, BKIA 3JEKTPOHOB U TIOZUTPOHOB B TEH30p IH-
9NEKTPHYECKOH IPOHULIAEMOCTH € o3 HELOCPENCTBEHHO CIIEAYIOT OIUH U3 APYTO-
TO, TaK KaK 3TH YaCTHIEI HMEIOT OTUHAKOBYIO MACCY W PaBHEIA 10 BEIHYHHE, HO
IPOTHBOMOIMKHEIN TI0 3HaKy, 3apsn. [lostomy m3 Bepaxenus (2.15) nas amek-
TPOHHOTO BKJIaJa BHIHO, YTO MpPH YUeTe MOZUTPOHOB BTOPOl WieH B TpaBOi
YaCTH 3TOTO PABCHCTBA COKPATHTCS, B TO BPEMsI KaK OCTAJBHBIC JBA Ciiarae-
MBIX, OMUHAKOBBIC [T 3JIEKTPOHOB U TO3UTPOHOB, YABOATCA. B pesynbrare TeH-
30p DUAICKTPHUECKOMN MPOHUIIAEMOCTH IEKTPOH-TOSUTPOHHOM IITa3Mbl IPUMET
CeNyIOMWUi BUA:

2 2 2 =
€af = (1 N 22wpe 2 )5a6 + 220055‘”32 hahg, e (2.27)
w? —wp wi(w? —wp) B
(31eCch UCTIOTBL30BAHEI TE JKe 0003HAUCHUA YTO U B 3aaade 2-3). Takum obpasom,
TCH30p £, HUMEET CTPYKTYPY AHAIOTHYHYIO BBIpaKeHHIO (2.25) Mt 0mZHOOC-
HOTO KpucTauia. [Ipu 3TOM ONTrYecKad OCh TAKOW IUIAa3MBl HAMpaBieHa BIOJIb
MArHATHOTO IIOJIS éo, a

2 2
. 2w, . 2wse
a=tee el T

2-8. Onpedenumv nOMEHYUAR INEKMPULECKO20 NOAA, CO30ABAEMO20 HENO-
OBUIICHBIM. MOYEUHBIM 3aPA0OM ¢ 8 Cpeoe C OUINNEKMPULECKOU NPOHUYaAemo-
cmoio €05 = £(k)0ap, e(k) = 1+ (ka)~2.
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Ilepexonsa B ypaBHeHuu I[lyaccona (2.26) k @yphe-npeAcTaBIeHHIO, MOTy-
YUM, 9TO

k2 "_’:W_’:ﬂ refi]z"?f':ﬂ 7)3/2.
elhelR) = smplh) = T [ o@9e 7 dr  dmg/ 2

Orciona (k) = 2q/v/27 - (k2 + a~2), nostomy
iy oo
(7) L / (B)e®T dii / in g df / k2 gp 20 og)
p(F) = ——= [ w(k)e = sin - .
’ (2m)3/2 7 J k4 a™?

(3mech cuenaH mepexoj K chepuuecKkoil cucTeMe KOOPAMHAT ¢ HOPHOH OCBIO
Bj1071b 7°). IHTEerpupoBanue Mo ynry B (2.28) a1eMeHTapHo, TaK 4To

3

o]

ﬁ 2q _sinkr kr _2%q [ sin »r/a

Jiia BBIMUCIEHHS 3TOTO HHTErpana 3a-
@ [IMIIEM €r0 B TAaKOM BHAE, HCIIOJIB3YA

CBOMUCTBA YeTHOCTH (DYHKLWH COS 271 /a
- ~ u sin ser/a:

,/ X o] “+oo

\ . i
/ ; sin sz 1 el
/ ¢ \ / —2% dx = = € 2 »wds.
h \ 1+ 2 1+ s
0 —00

(2.30)
Teneps oH 1erko HAXOAUTCA C TIOMOLIBIO
TEOPHUH BBIYETOB B KOMIUTCKCHOI TLIOCKO-
cTH 7 (puc. 2.1). JIeHCTBUTEIILHO, B BEpXHEH HOIYILUIOCKOCTH MOABIHTEIPATBHOE
BeIpakeHUE B (2.30) SKCIOHEHIMAILHO 3aTyXaeT. [103ToMYy, JOMOJHUB HHTETpal
10 BEIIECTBEHHOW OCH HMHTETPAJIOM IO «OECKOHETHO OOJIBIION» MOIYOKPYKHO-
CTH B BepXHel MNOIYIUIOCKOCTH, MOIyTUM:

Puc. 2.1.  Koutyp  MHTerpupoBaHus
B KOMIIJIEKCHOH IJIOCKOCTH

+o0

ei%z R ei%z .
/ 5 ds = 2mi Res 5 =qme” °.
1+ 3¢ L4+ ) .
Hanee u3 (2.29) cnenyert: p(7) = e~ "/, DusHuecKuit CMBICT IKCTIOHEHITHATh-

HO OBICTPOTO YMEHBIICHHA 0 Ha 6OJ'IBH.II/IX paccTosHuAX (r >> a) CBA3AH C TeM,
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uto ¢(k) yBesmuupaerca npu mansix k (k < ¢~ 1), Tak uto mpu r — oo (ue-
My COOTBETCTBYET k — () MPOHCXOMUT CUIBHAS SKPAHUPOBKA IOJI TOUEIHOTO
sapana. [IpuMepoM cpemsl, Te OCYIECTRISETCA TaKas IKPAHUPOBKA, ABISETCA
MOHU3HPOBAHHBIN Ta3 (TwiazMma) [6, § 78].

2-9. Toueunwiti 3apsa0 ¢ pacnoiodceH 8 HCUOKOCHU, OBUICYULENCA CO CKOPO-
cmolo U. JTusnekmpuieckas RpOHUYAeMOCHb HeNnoOBUNICHOU HCUOKOCHIU PABHA €.
Haiimu nomenyuan 31eKmpuiecko2o nois, co30a6aemo20 3MuM 3apaoom, Cuu-
mas, umo v < c/\/e.

3neck ynoOHO OmpeneuTh CHaYajga CKAISAPHBIA M BEKTOPHBIA MOTEHIHA-
JBI QIEKTPOMArHUTHOTO MOJISi B CUCTEME KOOPAMHAT, CBA3aHHOW € UIKOCTHIO,
[€ MOCIACOHAS MOKOUTCS, a 3aps ABUXKETCA CO CKOPOCThIO —v. M3 ypaBHEHUH
Makcsenna

div(gg) = Awpor; div B = 0;

5_drz 10 5_ _10B
TOtB—?jC +E§(€E> rOtE__EE’
e B JaHHOM ciydae por = ¢d(F + ©t), jor = —qU6(F + 0t), crenyer, 9to

B=rotA, E = —ﬁgp — laff/at, a moTeHIManEl A u ( TIpu BBIOOpE JIOpEH-

11eBoid kannoposku div A+t z (?9_16 = () yIOBIETBOPSAIOT BOJHOBBIM YPABHEHUAM
7 cag_ dr=> 58280_ 47
AA - 2o — ¢ JoTs Ay — 2o — ¢ PCT-

[Tepexonsa k Oypre-npeacTaBIeHUIO, OTCIOIa HETPYIHO HAUTH

A’f@g w') = —2qU5(w’ + K'D) /c[(K)? — (w)?e/c?); 2.31)
o' (K, w (

) = 205(’ + K'9) [e[(K) — ()¢ /),

e WTPHXH 0GO3HAYAOT, 4TO BeXHIHHB A, ¢, k', w' OTHOCATCA K CHCTEME
KOODJIMHAT, CBSI3aHHOW C JKHJIKOCTHIO. [ljisi mepexona B 1abOpaTOpHYyIO CHCTe-
My (cucteMy 3apsia) Hy>KHO BOCIOJNB30BATBCA TEM, YTO BEJIHYHHBI (ff, i©),
(iz, iw/c) 06pasyroT 4eTIPEX-BeKTOPBI A; H k;, KOMIOHEHTBI KOTOPBIX B Pa3HBIX
CHCTEMaxX OTCYETa U3MEHSIOTCS COMIacHO mpeobpasoBanuto Jloperua [4, §6]:

4
Ai = ag Ay, ki = aky.
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Ecmu CKOpPOCTh v HarpapJICHa BOOJIb OCH I, TO MAaTPHULA (), UMECT BUI

Y Oa 07 _Z’Y%
| 0 1000
® =10 0 1, 0
ivg, 0, 0,

Torma p(F, w) = 7 (¢ + B4, )5 Al w) = 7 (AL + 29'); 4y = 4. = 0;
wh = y(w — kev); ky =y <km —2w); k, = ky; K, = k.. B pesynsrare
C
u3 (2.31) nonyuaem
- 2¢6(w)
P p—
€ {kg% + ki]

g

-1 -1
2 2

2 _ v . 2 _ gv .

7—(1—§> ) %—(1—6—2) ;

(3mech MBI cpasy Hoxoxkwm w = 0, yaursiBas, 9to @, A, ~ §(w)). BozBpamascsk
TEHepsb K mepeMeHHbIM (7, £), ¢ momMompio obpartHoro @yppe-mpeobpasoBanus
HAXOIHM

7.
72

(7, £) = =1 / ok, w)e!FT=9t) gt duy =

9 2 2 -
=1 / T Ne kg, (232)
|

(2m) 2
’“3?72 + k2

Jlyist BeIMHCIIEHH HHTErpana B (2.32) MOXKHO HCIOJIB30BaTh MPUEM, IPUMEHEH-
Helil B 3agade 1-2 (cm. dopmyny (1.10)). Benem Bekropst k* = (km% I;L>

U = (w%, 7 J_). Torna maTerpan (2.32) jerko BEMYHCIACTCA, TAK KAK B 3TUX

nepeMeHHBIX NpuBoanTcs K Buay (1.10). Otcrona

. av/v
() = 222 - 2 7’
eNa2 2/ +y? + 2
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OOpaTuM BHUMaHHE Ha TO, 9TO TaKas MPOUETYpa BO3MOXHA JIHING MPU
yenosuu, uto Y2 > 0, Te. v < ¢y/z. Ecm CKOPOCTb TeUeHus KUAKOCTH v
IPEBBIIACT CKOPOCTh PACHIPOCTPAHEHUS B HEll AICKTPOMATHUTHBIX BOJIH ¢/ /2,
TO IO OTIMYHBI OT HyJIi JIMIIG BHYTPH «YEPEHKOBCKOIO» KOHYCa € YDIOM
pactBopa cosf = c¢/v+/e [1, oL 7].

CpaBHEBasI TOJY4eHHOE BHIPAKEHHE JUIS CKAJSPHOTO TOTEHIUana o(r)
C pelleHHeM 3afadd 2-6, HeTPyIHO YBHIETb, YTO NBIDKYMIMHCS AUIIEKTPUK
C TOYKH 3pEHUS CBOMX MICKTPHYCCKHX CBOHCTB aHAJIOTHYEH OTHOOCHOMY KpH-
CTame (c onThYecKol OCBIO BAOJIL CKOPOCTH), y KOTOPOTO €| = &, & €1 =
= ev2/+*. Ho, B ommune OT 3amaun 2-6, B IaHHOM CIy4ae B HEM MOABIIS-

., v(e —
eICs ¥ MOCTOAHHOE MarHuTHOe Hoste. Temeps A, (7) = — ( )'ya @(7), Tak

aro B(F) =10t A = (g — 1)2 {E X %} DTy 33124y, 3aMETHM, MOYKHO PENIATH
U 0e3 mepexona K CHCTeMe OTCUETa, CBAZAHHOM ¢ YKHUIKOCTBIO, €CIIH BOCTIONB30-
Barbca popmynaMu MHUHKOBCKOTO JUIsl JIBUKYIIMXCS TUIEKTPUKOB [8, § 76].

2-10. Onpedenump 3axK0H OuUCnepcuu U Munvl NEKMPOMASHUMHBIX BOJH
8 00HOOCHOM Kpucmanie.

BriGepem cucTeMy KOOPAMHAT, B KOTOPOH OCh 2 HAIpaBIeHa BIOJIb ONTH-
4eCKOH OCH, @ BOJTHOBOH BEKTOp K JISKUT B IUIOCKOCTH (z, 2), k= (kz, 0, k).
Torna ypaenenue (2.9), yunrsisas Buz (2.25) TeH30pa £43, TAKOBBL:

(<42 + e ) Bo + koo Be = 0
(- + ‘;’—st)Ey =0; (2.33)
(—k2 + ey ) s + ko B =

CootsercIByromiee aucepcronHoe ypasHenre det ||Log| = 0; wm

2 2 2
(o) [ ) (i) -] -
C C C

umeeT apa pemeHus. [leppoe — ( K%+ —5 J_) = 0. Takas BosiHa Ha3BIBACT-
(‘

s OOBIKHOBEHHOI, TaK Kak IS Hee II0KA3aTellb HPEIOMICHHd 1 = /€| U HE
3aBHCUT OT HAMpPABJICHHS BOJHOBOTO BekTopa. M3 (2.33) BHAHO, 4TO 3Ta BOJIHA
JUHEWHO MOJSPU30BAHA, TAK KAK IEKTPUUECCKOE MOJE UMEET TONBKO 1/-KOMIIO-
HenTy. Bektop B, monepeunsiii k E, IeXHT B IIOCKOCTH (2, Z) U HampaBjcH Ha
HEH TaK, 4To B LE.
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Bropoe pelleHre MOXHO TIPUBECTH K BULY

2 2
by B _W?
|l g1 2
3'1‘0 TAaK Ha3bIBacMast HeO6LIK}IOBeHHaﬂ BOJIHA. €CJIU BBECTHU yFOH 9 Me)KZ[y BCK-

TOpOM k 1 ourHdeckoi OCBIO, TO IJIS IIOKA3aTEII MPEIOMIICHUA 110 IyIUM

—1/2
n— sin’ 4 i cos? 0 /
- gl g1 ’

T. €. OH Pa3HBIA /IS Pa3IHYIHBIX HAPABICHUH PacHpoCTpaHEHUA HEOOBIKHOBCH-
HOHU BOJIHEL. KaK 3TO creayet us (2. 33) B TaKoif BOJIHE ¢CTh E, u E,. Ho Tak
KaK BEKTOP B MOMEPEUeH H K k u x E, To ecTh TOBKO By # 0. Takum 0Opazom,
¥ 3Ta BOJIHA JUHEHHO TIOJIAPU30BaAHA.

2-11. 'V neoObIKHOGEHHOU INEKMPOMAZHUMHOU 60HbI, DACHPOCHIPAHIIO-
welcss 6 00HOOCHOM KpUCmaie ¢ 300anHbIMU | U €1, 60aHO60L 6ekmop k
cocmagngem yeon O ¢ onmuuecxou ocvio. Hatimu nHanpaenenue 1yueo20 6exmo-
pa (nomoxa sHepauu) 8 maxou GOIHE.

HanpaBnmM och 2 B0 ONTHYECKOH OCH, @ BEKTOp k B IUIOCKOCTH (z, 2).
Torna (cm. 3anady 2-10) B HCOOBIKHOBEHHOI BOJIHE BEKTOP B TOMEPEUCH K ILI0C-
KOCTH (2, %), @ BEKTOPBL E u D nexar B 10 miockocti. Tak kak D L k&, To
(puc. 2.2) D, = Dcosf, D, = —Dsin6. Otciona ompenenseM KOMIIOHSHTHI
Bektopa E:

E, — Yz _ Dcosf. p _D: Dsing
x s z 5” 5“

m

€ £l

JlyueBoii Bektop (BekTop lloMHTHHTA) eCcTh § = ﬁ[ﬁ X é] Takum 06-

pasoM, B HEOOBIKHOBCHHOH BOJIHE HAlpaBJICHHE BEKTOpa MOTOKA HEPTHH HE
COBIMAJACT ¢ BOJIHOBBIM BeKTOpoM k. M3 puc 2.2 BUIHO, 9TO BEKTOP § TAKKeE Jie-
KHT B IUIOCKOCTH (, y) U HAmpapieH K ONTHYCCKOH OCH MOI TAKUM YIIOM 01,

b,
410 tg 01 = 5 = s” L tg 0.

2-12. Haiimu x03¢hpuyuerm ompaxceHus nioCKonoIApU308aHHOU I1eKMpo-
MacHUMHOU 0AHbI, nadarowiell nood yeiom Oy xk HOpMamu Ha NJIOCKYIO NOGepX-
HOCHIb Cpedbl C 3a0aHHBIMU OUITEKMPUYECKOU U MASHUIMHOU NPOHULACMOCHA-
mu € u p (puc. 2.3).
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z
z - .
E) El
k 7
0, - -
? ) @ k, A/HU' ‘6,\\ k,
B
z
z _
- 6\ E
- D
E -
kz
Puc. 2.2. Teomerpus Puc. 2.3. Otpaxenue u npenomneHue
HEOOBIKHOBEHHOMN BOJIHBI BOJIH

BeibepeM Takyro cHcTeMy KOOPAHHAT, B KOTOPOW IUIOCKOCTH IaJJCHUS COB-
AT ¢ IWIOCKOCTRIO (Z, z). Toraa u3 ycloBus PaBEHCTBA 2 — COCTABIAIOMCH
BOJIHOBOTO BekTopa y mamaromeidt (0), orpaxensoii (1) u mpenomiueHHON (2)
BOJIH — U 3aKOHA JUCIICPCHH

k=% ky=%\En

(w — "acToTa, OOMHAKOBAS JUIA BCEX BOJH) CIIEAYIOT M3BECTHBIC COOTHOIICHU
INs YIIOB OTPaKeHHs W mpesomienus: ¢ = Op; sinfy = sinfy/,/Ept. Koad-
(uIHeHT oTpaxkeHust (M MPEIOMIICHHSI) 3aBUCHT OT TOTO, B KaKOH INIOCKOCTH
MOJPU30BAHA Iajaromas BoaHa. PaccMoTpum 3neck cinywail (puc. 2.3), koraa
BEKTOp B momepedeH K MIOCKOCTH MaicHus (HAMpaBIeHHE BEKTOPOB E nokasaso
Ha PUCYHKE). AMIUTHTYIBI BOJH CBS3aHBI TPAHHYHBIMH YCIOBUAMH HEPEPHIBHO-
CTH TAHTeHLMANBHBIX COCTABIMIOMMX BeKTOpoB H 1 L:

By + By = By/ 113 Eqycosly — Eq cosly = FE5cos0s.
VYunteiBad, uto By = Ey, By = E1, a By = I, /e1, HSTpyIHO TOIYIUTH

cosfor/e/jt — /1 —sin? 0o /e
E = Ey ;
cosor/e/p+ /1 —sin® o /e (2.34)

Ey — E, 2 cos g

cosbor/e/p+ /1 —sin? 90/6/1'

Kospuument otpaxerus R = |Ey/Ep|%.
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2-13. Hatimu ycnosue cywecmeosanus no8ePXHOCHHbLIX IAEKMPOMACHUN-
HbIX BOJIH, PACNPOCMPAHAIOWUXCA 800Tb SPANULbL PA30eNA BAKYYM—OUIIEKIMPUK
€ 3a0annol QuILEKMpU4eckoll nponuyaemocmsio &(w). Onpedenums 3axon Ouc-
nepcuu maxux 6oan 0as cayuas €(w) = 1 — wge Jw? (xonoowmas nnasma, cm.
saoauy 2-3).

[TycTh MU3IeKTpHK 3al0IHAET TOIyIPOCTPAaHCTBO 2 < 0, 2 0Ch = Hampasie-
Ha B/I0JIb HAMPABJICHUA PACIPOCTPaHEHHs BOJIHBL. B TakoM cirydae 3aBHCHMOCTD
moseii 0T KOOPIAHHAT M BpeMeHH nporopioranbaa f(2)e! k=<t rre o — ua-
CTOTa BOJIHEI, a k — BOJHOBOH BekTop. M3 ypaBHeHMH MakcBeruia

o

rotﬁ: 0

Q=

:—%EE; rotE:—%a—B: Mé

D

t

oJIydaeM JJIsd JJICKTPHYICCKOTO I10JIA E

2

AE+ cE =0.

nw|€

OTO ypaBHCHHE HYKHO peInarb OTAENbHO mmd Bakyyma (z > 0) u B cpene
(z < 0). MHTepecysCch penieHneM, YORBAKOMUM IPU YAAICHUH OT TPAHULIEL pa3-
nena z = 0 (II0BEpXHOCTHAS BOJIHA), TTOIY4YUM

. E o7 pilkz—wt) >0 _ \/W > 0
E={0° 8 R CIEZ0 35
Eperezeilka—wt) o (0 50 = /k2 — ew?/c? > 0.

Jia HaxoxK/ieHUs MOJIAPU3AIMU MOBEPXHOCTHOH BOJHEBI U 3aKOHA €€ JIUC-
HepCHU paclullieM ypaBHeHHe MakcBelia Io-KOMIOHEHTHO:

OBy jw . OBy W .

0z ¢ Bxi 0z pat
OE, . _twp . 0B: . _ W g 2.
5 —ikE. = ¢ By; 5, —1hB: = —'7eEy; (2.36)

ikEy = %“’BZ; 1kBy = —Z%"sEZ.
Tax kax Ey u B, 10o/mKHEL ObITh HEIPEPLIBHBI HA TPAHMLIE Pa3/ieia, TO U3 MEPBO-
TO ypaBHEHHUS JeBoro croibma (2.36) cpaly ciiemyer, 4T0 OHH PaBHEI HYJIIO, MO-
CKOJIbKY B IIPOTUBHOM CiTydae npoussonuas 0F;, /0z uMena Obl paspeiB npu 2 =
= 0, xak 310 BuaHO u3 pemenus (2.35). Torga U3 TpeThero ypaBHEHUs TOTO ke
ctosbua nmomyyaem, 9to u B, = 0. Takum 06paszom, moysipusanus BOJTHBI TAKOBA,
4TO OTIMYHEI OT Hy/s (B BEIOPAHHOH cUCTeMe KOOpAUHAT) Tonbko By, E, u E,.
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3ammiueM Teneps NepBOE U3 YPaBHEHHH MpaBoro cToudua (2.36) s Baky-
yMa B JTUIJICKTPHKA:
— jw w

——F,, 39 By = Ze(w)Ey.

%1By = c

Y4uThiBasA, 9TO KOMMNOHEHTHl By W E, HempephlBHBI HA IPAaHUIE pas3Aena, OT-
CIOZIa Cpa3y MOJNYYaeM YCIOBHE PaspellinMOCTH 32 = —&(w)s. Kak BujHO,
TakHe BOJHBI MOTYT CYLIECTBOBATH TOJBKO B TOH obimacTw dactot, rae {w) < 0.
[Toncrasus BeIpaxkeHus (2.35) A 301 U 32, MOTYIaEM HCKOMOE AHUCTIEPCHOHHOE
ypaBHEHUE

(2.37)
Peruast 310 ypaBHEHHE JISl YACTHOTO CIIy-
2 ,
vas e(w) = 1— %, HETPYIHO MOTYYHTh, u%
410
2 1 — - - - - - ———— —
w
w=edpo (ke /s
V2 pe
1/2
—/1+ ket fwh, } :
[IpumepHrelii rpaduk 3aBucumoct w(k)
nokazaH Ha puc. 2.4. JIA8 KOPOTKUX 0 §
e

BOJIH, KOTJia kz:/cupe > 1, moBepxHOCT-
Hast 3JIeKTpOMaFHI/ITHa$I BOJIHA CTAHOBUT- Puc. 2.4. 3axon HHCHCPCHOﬁ TIOBEPX-
CsI IOYTH NOTCHITHATBHOM (3JICKTPOCTATH-  HOCTHOM  D/1EKTPOMATHMTHON  BOMHbI

4eckoi), Tak 4To B Hedl |B| < |E|. duc- B IIa3Me
[EPCUOHHOE YpaBHEHUE B 9TOM Mpeele
MMeeT OYeHb mpocToii B €(w) = —1. Do cpasy cieayer u U3 o0ImEero auc-

HNEepCHOHHOTO COOTHOMICHHS (2.37), ecli IepeiiTH B HeM K Mpeneiry ¢ — oo.

2-14. Haiimu nnomuocmo auepauu u UMHYIbCA INEKMPOMASHUINHOU B0THbL
8 Npo3pa4Holi cpeoe.

OnpepenrM IUIOTHOCTh JHEPIUH M HMITYJIhCA ICKTPOMATHUTHOH BOJTHEI
B Cpezie KaK pa3sHOCTh 9HEPIHH U MMITYJIbCOB COHHHULBI 00beMa Cpebl ¢ BOJTHOU
U 63 BOJIHBI (IIPH 3aJaHHBIX MaKPOCKOIIMYECKUX TTapaMeTpax Cpelbl, HapuMep,
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IUTIOTHOCTH p U TeMmeparype T'). DTy pa3sHOCTh MOXKHO BBIYHUCIHTE CAECAYIOIUM
obpazom.

[IpencraBuM, 4TO B cpele BO3HHKIO OUeHb cnaboe 3aryxanue. Torna am-
IUTUTyAA BONHBI OyJET YMEHBIIATHCS CO BPEMEHEM H, B KOHIIE KOHIIOB, BOJIHA
saryxser. [Ipu 510M 2Heprus W i HMIyse P BOHBI Takke GylyT yMEHBIIATE-
cd 3a cYET NOMIOLICHHA B cpefe:

aw _ . dP _
dt’Q‘ dt’H’

rae () u [I — sHeprus ¥ UMIYJIbC, NODIONIAEMBIE B EAUHUIE 00beMa B €/JHHHILLY
BpeMEHH. MIHTErpupys 3TH COOTHOMICHHUS MO BPEMEHH OT HAUYAILHOTO MOMEHTA
110 6ECKOHEYHOCTH, KOTa BOJNHBI YK€ HET, OTCIOZA MOIYIUM

(o0}

W:/th; ﬁ:/ﬁdt. (2.38)
0

0

Tornomaenmas B cpeze sHeprus Q — (j-E), tie cuvpon { ) 03Ha9aeT yepeaHeHne
0 TEPHOY BOJIHBL, BBIYHCIAM 3Ty BEJIMYMHY I MOHOXPOMATHYECKOTO I10JIs
¢ 3a31aHHOI yacToToil w. Tak kak () ecTh BEIMYNHE, KBaIpaTHYHAS IO aMIDIHTYIC
BOJIHEI, 3€Ch HY)KHO IIEPEUTH K 3alMCH [MONeH U TOKOB B BEIIECTBEHHOM (opme:

—

E = (E()e_ZUJt—i-E* zwt)’ ']7‘: (j‘oe—iwt +j§eiwt).

MIH

Torma

-

~ 1 1 * % *
Q= k)= Z(EO]O + Eo]o) = Z(anaaﬁEOB + Egp0apEoa) =
1 * * ] E3 Ed
- ZEOO!EOﬁ(UﬁOZ + Jaﬁ) - 7%(€0¢ﬁ - gﬁa)EOaEOﬁ
(3meck Ucmonp30BaHO CooTHomIeHHE (2.8), CBA3BIBAarOmIEe MEXKAY co00il TeH30-
PbL 0o B £04)-

Takum 00pa3oM, MODIOIIEHNE IHEPTUH B CPEIC ONMPEACISIETCA aHTHIPMH-
T0BOi1 (1.4) yacThio TEH30pa ANIIEKTPHUECKON MPOHHUITAEMOCTH:

Q= —Msa‘?}Eg‘aEQ@. (2.39)
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Hanuune nornomieHys, ¥ TeM caMbIM 3aTyXaHHE BOJNHBI, 03HAYAET, YTO aM-
mwmTyga nomst Eo yke He MOCTOSHHA, 4 OyIeT SKCIOHSHIHATBHO YMEHBLIATHCS:
Ey ~ e, r1e -y — nexpemenT 3atyxanns. To, 4To 3aTyXaHHE MPEANONaraeTcs
CIa0bIM, 03HAYACT Y < w, WIH, YTO TO K& CaMoe, aHTHIPMHUTOBA YacTh TEH30-
pa €qp Mama: 55{?,) < sgé). TIpw 3a0aHHOM ~ MOIIHOCTh AUCCHIIALHN 3HEPTHH
BOIHBEI — () ~ e~ 27¢, mostomy, unterpupys B (2.38) u ucnomssya (2.39), nomy-
YHUM, 9TO IUIOTHOCTH 3HEPTUH BOJIHBI

—iw (A)
16 ’yu

% Eog. (2.40)

N3 onpenenernsa W sICHO, 4TO OHA HE JOJDKHA 3aBUCETHh OT 3aTYXaHMs, KOTO-
poe ABHO Bxoaut B (2.40). Ero peiicTBUTENIBHO MOXKHO HCKITFOYUTh, €CIIH YUECTh,

A
YTO aHTUIPMUTOBA HaACTh eg B) U IeKPEeMEHT 3aTyXaHHs <y CBSI3aHbI MEXIY CO-
6011 muCcnepCHOHHBIMU ypaBHEHUAMH (2.9) u (2.10). B oTCyTCTBHE MOIOIIEHUS
TEH30pP €43 3PMUTOB, v = 0, T.€. JaCTOTA YHCTO BEIICCTBEHHA, 4 AMIUTHTYIA

nossi By ynosnerBopsier ypaBHeHusM (2.9):
LogEs = |kaks — k25 ﬁ+—g< D (w)| Bos =0.

A .
[Tpu MaoM, HO KOHETHOM 5& ﬁ), HosipiseTcs 1o0aBKa K 4actore dw = —ivy, TaK

4TO Tenephb oneparop Los NpUHUMAET BUA

) . OLug
Log(w —ty) & Log(w) — WB—:; = Log + Lag;

Heckonbko MeHAETCS Temeps U COOCTBEHHBIN BEKTOD EO, T.e. Bg = Egg + 0 Ep,
ypaBHeHHE (2.9) nns KOTOPOTo MPUHUMAET BHT

LapBs(L{3) + L) (Eop + 6E5) ~ LI 6Es + L) Bop = 0. (2.41)

Tak Kak Hac 37ech HHTEPECYeT JHIb ASKPEMEHT Y, a He nomnpasku d Eg (koTo-
B8
pBI€ OMUCHIBAIOT U3MEHECHHUE MOMAPU3ALUMHI BOJIHBI), YMHOXKHUM ypaBHEHHE (2.41)
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CKaJIAPHO Ha BeKTOp Ej
A * H kT H)* s
L) Ey Eop = —LV)SELES, = LS Ej 6Es = 0;

(H)

(MBI y41a 37eCh, 9TO omeparop L, g (H) = L( )

OpMHUTOB, T.¢. L , & TaKxKe To,

910 Fo €CTh COOCTBEHHBIN BEKTOP ATOTO OIEparopa: Li ﬁ) E()ﬁ = (). Orcrona
noryyaem

2_(A * 0 2 *
5((1 )EOaEOﬁ = wa—(w Egﬁ))EOQEOﬁ.
[Moxcrasiss 310 BeIpaskeHKe I Y B (2.40), OKOHIATEIIEHO HMEEeM

1 8 2 _(H) *
— we, s ) EjoEop. 2.42a
16’/7'(.0 aw( af ) 0at¥083 ( )
Crienmyer OTMETHTB, 4TO BBIpakeHHE (2.42a) BKIOYAET B ceOS KaK «3JIEKTpHUe-
CKYIO», TAK U «MAarHUTHYIO» COCTABIFOLIYI0 JHEPTHH BOJHBI, H MOXET OBITh
peoOpazoBaHo K CIEAYIOMIEMY BUAY:

| By|?

W= 167

1 8

JIeHCTBUTENBHO, HETPYNHO YyOEAUThCA, YTO pPa3sHOCTh BEIpakeHHH (2.42a)
u (2.42b), paBHas
1

H) s =
m(g(aﬁ)EOaEOﬁ —|Bol*)

oOpamtaercst B Hylb U1 Hoyei Eo u By YIOBJIETBOPSIIOMUX YPaBHEHHIO Makc-
Besuna (2.3): B mpospauHoii (6e3 quccumaiyu) cpene

(/; X Eo> = %E@, (/; X é())a = —E{:‘&ﬁ)E()ﬁ (243)

YMHOXHB BTOpO€ M3 3THX YPaBHEHHi CKOLIPHO Ha [75, W UCHONB3ys IEpBoOE,
HOTy4aeM:

e BopEio = —S(k x Bo) - By

9TO U Tpe6OBaJ'IOCB MIOKa3dTh.
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JLi1 HaxoXKOeHUs IDIOTHOCTH UMITYJIbCA BOJIHEL PP, 3aMETUM, 4TO MOTVIOomae-
MBIA Cpefiol B eUHHILY BpeMeHH uMiyince [ ecTh cpenuas cuna, neiicTryronias
Ha eauHHLYY oObeMa cpennl. [loaTomy

_, = 1.~ =
i = (pE + (7 x B).

YuautsiBas 35ech, ut0 B = S[k X E], a WIOTHOCTH 3apsna p CBs3aHA C TOKOM j

ypaBHEHHEM HenpepbIBHOCTH Op /0t +divj = 0, wm, B Oypbe-IpesICTABICHHUI,
p = (k- 7)/w, nomyanm, ato I = (k/w)(j - E) = (k/w)Q. Torna m3 (2.38)
cpasy CIIEAyeT, 9To

P=25w. (2.44)

2-15. Ha npumepe 21eKMPOHHBIX JEHSMIOPOBCKUX KOAebanuu (cm. 3ada-
yy 2-4) nenocpeocmaennbiM 8bIUUCTICHUEM HPOBEPUMb, YN0 NIOMHOCINb IHEPSUU
U UMAIYIBCA IMUX BOTH NPABUILHO ONUCHIBAIOMCsL 00wumu gpopmyramu (2.14).

Byzem ucxoauTh U3 AaHHOTO B MpEABIAYIIECH 331aue ONpeneNeHUs] JHEPTUH
¥ IMITYJIECA BOJIHEL B paccMarprBaeMoM ciiydae B OTCYTCTBHE KoJIeOaHmMil JIek-
TPOHBI M HOHBI [TOKOATCS, TAK YTO JHEPTUS H HMIYJILC CAWHHI(BL 0O0beMa cpeibl
6e3 BOJHBI paBHBI Hym0. [IycTh Tenmeps B miiasMe BO30OY)KAEHA JICHTMIOPOBCKAs
BOJIHA, PACIPOCTPAHIIONIAACS BIOIb OCH 2:

—

E = ¢, - Eycos(kz — wpet).

Tenepp 3Heprus cpedsl CKIaAbIBACTCS U3 SHEPTUH IEKTPUIECKOTO MOIA U KU-
HETHYECKOH JHEepIru 3JICKTPOHOB (HOHBI CUUTAEM OECKOHEUHO TAKEIIBIMHU, TaK
YTO WX SHEeprueil MOXKHO IpeHeOpedb):

(E?)

W — BT 1,2y,

s o2 )

W3 ypaBHEHHS IBUKCHUS SIEKTPOHOB (€ro 2-KOMIIOHEHTHI), m% = ekE,, no-
AY4EM, 9TO U = _mfge sin(kz — wpet), Tak ato W = EF /87. Brramcanm

Terepb UMITYIbC kosiebanuif. [UIOTHOCTh UMITysIbCa oM, paBHas [E x B]/4wc,

obpamaercs B JaHHOM ciydae B Hylb (B = 0, konebaHus1 31eKTpOCTaTHUECKHE).
[ToaToMy BKIaa B UMITYJIBC BOJIHBI JAIOT TOJBKO MIEKTPOHBIL:

P = (mv(n + 0n))&, = m{vén)é.,
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rae 7 — W3MEHEHHE IUIOTHOCTH 3JEKTPOHOB B BOJIHE, OMPEACIAEMOE U3 JIHHEa-
PH30BaHHOTO YPaBHEHUS HEHPEPBIBHOCTH Jdn /Ot + ndv/dz = 0, Tak uTo

kneFEq .
on = ————sin(kz — wpet).
mwsy,
Orcioma P = &,m(6nv) = & REG ;T/V (3m€Ch yuTEHO, UTO W2, =
na P = ¢, = Cigro = @y (accs yureno, 2, —

= 4mne? /m). Takum 06paszoM, BRIP@KEHHE JUIS UMITYJIbca coBmaaaer ¢ (2.14).
TeH30p JMONEKTPHUECKO MPOHHIAEMOCTH MIA3Mbl €63 = ap(l — wp,/w?)
(2.16). [Toaromy mo obmeit popmyse (2.14) st JHEPrUU TOITYIHM

Es 9 2
- 167rw3_w(w W)

W=Wpe

— EZ/8m,

YTO TAKXKE COBIAAACT C PE3YIBTATOM HECMOCPECACTBEHHOTO BBITHCIICHUA.

2-16. lloxaszamb, ymo 8 cucmeme OMCcHema, OBUNICYUEUCA OMHOCUMETbHO
NIA3MBL CO CKOPOCMBIO U > wpe/k, paccmompennasn 6 npedwidywieli 3adaue
JIeH2MIOPOBCKASL BOTHA UMEECT OMPUYANETBHYIO IHEPSUIO.

3ammiieM JHHEAPU30BaHHBIC YpaBHeHus [[yaccoHa, HenpephIBHOCTH 1 JIBH-
YKEHUS AMEKTPOHOB (YIUTHBAs, 9TO B HEBO3MYILICHHOM COCTOSHHUH OHHU IBHKYTCS
CO CKOPOCTBIO 1):

9E _ . On 0 _ o
5 dredn; 5% T, (név 4+ uén) = 0;
ddv ddv _ e

ot T 0z m -

VHTETpUpYyACh pElIeHHEM B BHIE BOJHBI, OErymed BIoms ocH 2z, korma B =
= Eq cos(kz—wt), 11 BO3MYICHHH IIIOTHO CTH W CKOPOCTH 3JICKTPOHOB OTCIOIA
Oy THM

on = _% Sin(kz — wt>’ v = —ﬂ Sil’l(kz - (Ut),
mw, m(w — ku)

[/I€ 3aKOH JUCIIEPCHU BBIIIAIUT TaK: (w — ku)2 = wf,e, T.€ w = kuLwpe. Omu-

YHE 9aCTOTHI OT Wpe CBS3AHO C HOIUICPOBCKUM CMEIICHHUEM, a Ba 3HAKa (Lwpe)
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COOTBETCTBYIOT BOJIHAM, KOTOPBIE B CHCTEME MOKOS 3NEKTPOHOB PACIPOCTPaHs-
FOTCS BIEPE M Ha3ajl BAOJb OCH 2. PACCMOTPHM 31€Ch BOJIHY, PACIIPOCTPaHSIO-
WIYFOCS HA3aM, T KOTOPOH W — kU = —Wpe, U BBIUCIAM €€ IHEPTUKD. DHEPTHA
CPeJIbl C TaKOH BOJNHON CKI/IBbIBAETCS U3 JHEPTUH JIEKTPHYECKOTO ot Wy =
= (E?) /87 = EJ /16T 1 xuHeTHYEeCKOH JHEPIUH SIEKTPOHOB

m 2 nmu® | mn 2
Wiam = <§(n + én)(u + dv) > =5 T 7(((51}) ) + mu{ondv).

[To onpenenenuto, sneprust W = Wy, + Wiy — (BeIUUTACTCA KHHETHUE-

mnu2
2

CKasi DHEpTHsl JBWKEHHsI 3JICKTPOHOB B OTCYTCTBHU BOJHEI). MCTIONB3ys TOIY-
YeHHbIC BRIPKSHUS U 6n U dv U IPOBOJIS yCPEeAHEHNE, HETPYIHO MOIYYHTS,
aro W = (E§/8m)(1 — ku/wpe). Takum 06pasoM, sHeprus Takoii BOTHBI Aei-
CTBUTEJIBHO OTPULATENBHAS IPH U > Wpe /K.

2-17. Botyuciumv 9Hep2uio NnOGEPXHOCHMHOU IIEKMPOMASHUMHOU BOHDI,
paccmompennotl 6 3adaye 2-13.

Bynem nmeficTBOBaTH B COOTBETCTBHU C 0Omel mpouenypoi, W3aoKeHHOH
B 3amaue 2-14. J[aa 3TOro cumrTaeM, 4TO B TEH30pE AUIEKTPHUUECKON MpoO-

HALACMOCTH €CTh Malas aHTHIPMUTOBAa A00aBKa 5((;2), U HaliZeM BBI3BAHHOE
€0 TOTJIOIICHHE JHCPTUH BONHBI B cpene. [TOCKONbKY B JAHHOM CIydae pedb
umetT o6 W30TPOMHOH cpene Ge3 MPOCTPAHCTBEHHOW AHMCIIEPCHH, A KOTOPOH
TEH30D €43 = £(w)dpp, TO €TI0 AHTHIPMUTOBA YACThb OMPENC/ICTCA MHHUMOM
qacTBI0 £(Ww), 5&’2) = i (w)dap. oaTomy, cormacHo (2.39), auccunupyemas
B equHuLe 06beMa MomHoOCTh () = |F|%we” (w)/87.

JI1s1 TOBEpXHOCTHOM BOJIHBI CMBICT UMeeT He 00beMHasd IUIOTHOCTh JHEp-
[UH, @ 9HEPTHA BOIHLI HA €JWHHILY [UIOMAOH MOBEPXHOCTH pasjena. Tak duTo
JIUCCHITUPYEMYEO MOIIHOCTh () HYXKHO MPOUHTETPUPOBATH M0 Z OT HyJIs J0 —00,
T.€. M0 00beMy IUAICKTPUKA C CAMHHYHON IUIOMAABI0 MOMEPEYHOTO CEUCHUS.
Tak Kak amIuIuTy/1a HIEKTPUYECKOrO TI0JIs 3aTyXAeT B IIYOh JUNIEKTPUKA [IPO-

0 2, My,
NOPUHOHATEHO €*2%, To () ~ e2%2%, a @ = 7f Qdz = %, e |Ep| —
MOIYJIb AMIUIHTYABI HIEKTPHUECKOTO OISt BOE[I/DJIGKI“I)I/IKC y €ro MOBEPXHOCTH.
Hanwune momionterus GyaeT IPUBOIUTE K 3aTYXaHHIO BOJIHBL C IEKPEMEHTOM 7,
[03TOMY, II0 aHanoruu ¢ (2.38),

oo ~
[ x, Qo |Eo]> ¢
W‘/th* 2y 161 2y
0
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Ceasp Mexny ¢’(w) W 7y Ompemensercs W3 AUCIEPCHOHHOTO YpaBHE-
Hus (2.37). IIpoBens B HEM pa3loXKeHHE C TOYHOCTHIO JO BEIHYUH IEPBOTO
mopsiaKa ManocTy mo €”(w) u v, monyaum

/ ’ 2 2
we 1 1 Oe w ” w
=~ —_ —_ = — — —
2 <%1+%2>+ Pl =c 3

B pesynbrare Ay sHepTUN NOBEPXHOCTHOI IEKTPOMAarHATHOH BOJTHEI ITOTYIaeM
BBIPA)KEHUE

Eyl? ’
w Bl w %(L+L>+

8w dsen | 2 \ 1 2

-1
o' [ w? o w?
Ow \ 22529 262 309

— 2

OHO Cy1mecTBEeHHO YIPOmMAeTCs I KOPOTKOBOTHOBRIX KoleOanuil. B atom ciy-

8w 4k \ dw
Bus €' (wo) = —1.

2
~ \Eol” wo { 8¢
qae W =~ = = , TIe wo — YacToTa, OmpeAeiseMas H3 yCIo-
W=wq

2-18. Onpedenums 6ecCmonKHOBUMENLHOE 3AMYXAHUE JIEH2MIOPOBCKUX KO-
nebanuil (3amyxanue Jlanoay) 6 niazme ¢ OMIUYHOU OM HYIS mMeMnepamypou
2NEKMPOHOS.

[TycTh TEHIMIOPOBCKas BOJHA C BOITHOBBIM BEKTOPOM k pacmpocTpaHsieTcs
BIONL OCH z. Toraa ee dMeKTpUUEcKOe MOJIe TOXKE HAMPABICHO BIONbL OCHU X,
¥ MOKET OBITh 3alHCAHO TaK:

E(z, t) = Epsin(kx — wpet). (2.45)

BblurcianM H3MEHEHHEe HMITYJIbCa JIEKTPOHOB, BBI3HIBAEMOE JIIEKTpHYE-
CKHM MojieM (2.45), cuuTasi 3TO TOJIe «BKIFOUCHHBIM» B MOMCHT BpPEeMEHH =
= 0, xorma GyHKUWs pacnpenesneHust MeKTpoHoB f(x, vy, t = 0) = fo(v) =
= no(2rT./m)~ /2 exp(—mv?/2T.), Toe ng €cTh HayanbHAs OTHOPOIHAS
IUIOTHOCTh JEKTPOHOB, a T, — HX TeMmeparypa. Toria TeMI H3MEHEHHs UM-
IYJIbCA EKTPOHOB PaBEH

+oo
ddlze = (en(z, 1)E(z, ) = e / dv (f(z, v, 1) E(z, 1)) (2.46)

— 00
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rae ( ) O3HAYAeT yepeAHeHHe BHONL KoopauHaTel . Tak kak (E(x, t)) = 0, To
OTJIMYHAS OT HYNA Mepeaaya UMITYIIbCa BOSHUKACT MPH YIeTe KOPPEISIAi MeX-
Iy DIEKTPHUYCCKUAM TIOJIEM U BRI3BAHHBIM UM H3MEHCHHEM (DYHKIUH pacrpenere-
HUS IeKTPOHOB. [/ BEIYUCTICHHS NOCIEHEH UCTIONb3yeM TeopeMy JInyBums,
COTJIACHO KOTOPOH B OECCTONKHOBUTEIBHOH TIiasmMe (DYHKUHUS PACHpPEACICHHs
ocTaeTcd MOCTOSHHOW BAONH Tpaekropud dacturl [10]. PaccMoTpuM a1eKTpoH,
KOTOPBIH B HauajbHBIH MOMEHT ¢ = 0 MMeJ KOOpAHHATY T = Zo U CKOPOCTh
v = vg. Loz aefictBreM nos (2.45) ero ckopocTh CTAHOBUTCS paBHOH vg + Awv,

roc BO3SMYLICHUC Av Onpeacsi€TCa YpaBHCHUEM JIBUXKCHUA

d(Av)
dt

= %EO sin[k(xo + vot) — wpet],

penieHre KOToporo, yaosnerBopsiomee yenosuto Av(0) = 0, ecTb

eEO

ANy= ——
m(wpe — kvo)

[NostomMy U3 TeopeMsl JIMyBWIIA CleayeT, 4To

f(@, v, t) = fo(vo) = folv — Av(z, )] = folv)—
0 fo el

{cos|kzo — (w — kuvg)t] — coskxo}.

— F— - —————{coslkxo — (wpe — kv)t] — coskxo}.

Ov  m(wpe — kv)

IToncraBus 210 BeIpaxenne ot f u none E u3 (2.45) B (2.46), U ycpenHasa ux

IIPOU3BEICHHE 10 T(, HAXOAUM, YTO

eE2 0fy sinf(wpe — kv)t]
(fE) = fﬁ% e MR

(wpe —kv)
TaK 4TOo
+o0 .
dP, _ €E§ [ dfo sin[(wpe — kv)i] J
it~ 2m ) A (e ko)
—00

Bxomamnias B nOABIHTETPAIBHOE BBIPAXKCHUE (BYHKLHS

_ sinf(wpe — kv)t]
Flo) = (wpe — kv)

(2.47)
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UMeEET Pe3KUi MaKCUMyM IPH CKOPOCTH 3NEKTPOHA U YAOBIETBOPSAIOLIEH yciIo-
BHIO pe3oHaHca (pesoHaHc JlaHnmay)

wpe — kv = 0. (2.48)

Tak Kak BEICOTA 3TOTO MakCHMyMa pacTeT CO BpeMeHeM, Fi,,, « f, a MnpruHa
yMeHpITaeTess kKak Av v ¢!, To depe3 HeCKOTBKO BOJHOBBIX MEPHOAOB 3TY
¢yukumio B uaTerpane(2.47) MOXKHO 3aMEHHTH Aeibra-QpyHKuueld kak F(v) ~
70 (wpe — kv). B pesymbTate

dP, _7T€2Eg d_fo
dt — 2mk dv

(2.49)

v=wpe/k

Kak Bugso u3 (2.49), mpu MakCBEJUIOBCKOM pacIpeIeleHUH 3JIeKTPOHOB, KO-
raa npousBogHas dfp /dv < 0, pe30HAHCHBIE HICKTPOHBI IPUOGPETAOT UMITYIIBC,
dP, /dt > 0, T03ToMy UMITyJTbC BOJHEI IOJDKEH YMEHBIIAThCA, T. €. BOJIHA 3aTyXa-
eT. CKOpOCTh 3aTyXaHUs BOJTHBI XaPAKTEPUIYETCSI IEKPEMEHTHBIM 3aTyXaHHEM 7,
KOTOPBIil MOKHO BBIMHCIHTE CIACAYIOMIHM 00pa3zoM. CoITacHO 3aKOIly COXpaHe-
HUSl IMITYJTbCA,

dt ~—  dt  2mk dv ’
v=wp./k

dPy  dP. e Ej dfy

By .k
8r  Wpe
ye 2-15. OTcrona neKpeMeHT 3aTyXaHus

rae Pw = €CTh IUIOTHOCTh HMMITYJILCA BOJIHBI BBIYHCJIICHHAA B 3a1a-

Y= dP,/dt _ 27r262wpedf_0 W(u(p)SeXp(_u,p)?’

2Py mk?  dv| w, P2

v=

k

T Uy = Wpe /K ecTh dasoas ckopocTh BOMHEL, a vy = (27, /m)'/? — temiosas
CKOPOCTB 2IEKTPOHOB. OTCIONA CIEYET, 4TO yCIOBHS CYMIECTBOBAHHS JICHIMIO-
POBCKHX BOJH, T. €. CIabOCTh U3 3aTyXaHus, |7y|/wpe < 1, BBIIOIHAETCS €CiH
TEILIOBAs CKOPOCTH YIEKTPOHOB MHOTO MeHbIIE (ha30BOii CKOPOCTH BOIHBI (KOTAa
YUCII0 PE3OHAHCHBIX MEKTPOHOB MaJIo).
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§ 3. EcrecTBeHHAsi ONITHYECKAS] AKTHBHOCTD. (P (PeKThI
®apanes u Keppa

Ecnu npospadras H30TpOnHAS cpeia He WHBAPUAHTHA OTHOCUTEIBHO Ipe-
obpazoBanus nHBepcuu (001aAaeT CBOICTBOM CTEPEOU3OMEpPHH), TO MPH YUeTe
cnaboli MpOCTPaHCTBEHHON AWCIEPCHH €€ TEH30DP JUANEKTPHICCKOI MPOHHIAC-
MOCTH HUMeeT BHJI

€ap = e(W)dap + if(w)eapyky, (3.1)

rae k — BOJNHOBOW BEKTOD, a € U f BelIECTBEHHBI. Takas cpeaa odnanact CBOH-
CTBOM €CTECTBCHHOH ONTHUECKON aKTHBHOCTH, U YToJI IOBOPOTA MIOCKOCTH MO-
JSIPU3AIHN VIEKTPOMATHUTHON BOJIHBI Ha €UHUITY JUIMHEI ITyTH B TaKoil cpexe

dp/dl = w2 f )22 (3.2)

B nmocrarouno cmaboM BHEmIHEM MarHUTHOM Hoie By TEH30p AHIICKTPH-
4ECKOH NMPOHHIIAEMOCTH H30TPOMHON IPO3PAYHON Cpeabl IPHHUMAECT BUJ

Eap = E(W)0ag + ib(w)easyBoy (3.3)

(¢ m v — BemectBeHHHI). [IpH pacmpocTpaHEHNH 3TEKTPOMATHHUTHOI BOJHEI
B TAKOH CpeJic MPOUCXOAUT BpalIeHHE €€ IUIOCKOCTH monsApusaui (dpdekr Da-
pazes), IpU4eM yroJ IOBOpOTa Ha CAWHHUILY JIHHBL ITyTH

de

_ b w
a - NG < Bo cos, (3.4)

rae 0 — yroi Mex 1y BOJIHOBBIM BEKTOPOM BOJIHBI H BHEIIHAM MAarHUTHBIM MOJIEM.

TeH30p TUIEKTPHUYECKON MPOHKMITAEMOCTH H30TPOIHOM Cpebl, MOMEIEH-
HOH B JOCTAaTOYHO ciaboe BHEITHEE 3ICKTPHUYECKOE MOJIe EO, MEHSETCA CIeny-
FOIMM 00pa3oM:

£ap = E0ap + a1 E380s + a2Fon Fop- (3.5)

Io cBomM CBOWCTBaM Takas Cpefa CTAHOBUTCS AHAJOTHIHON OTHOOCHOMY KPH-
CTAJTy € ONTHYECKOI OCBI0, HANPABJICHHON BI0OML Ep, M moisipu3yeMocTu

gy =c+ (a1 +a2)Ey; el =c+amE; (3.6)

(oddext Keppa).
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3-1. Bopasums senuauny f(w), exoomuyyio 6 menzop €q(k, w) (3.1) u onpe-
OeNAIOWYIO eCIMECIBEHHYIO ONMUYECKYIO AKMUBHOCHb cpedbl (3.2), uepes xapax-
mepucmuku gueypupyiowezo 6 (2.4) meusopa eo5(7, 7, 1, t'), ceasvieaiouezo
sexmopol D(7, t) u E(7, t).

B craupoHapHOW OQHOPOTHON W3OTPOMHON cpene, He oOmamatomieii LeH-
TPOM HHBEpCUH, Hauboee 0OMuil BUI TeH30pa £44(7, 7, T, 1) craenyrommii:

Saﬁ(F, ,,7'7 t, t/) = Eaﬁ(ﬁ, 7') = al(p, T)(Saﬁ—‘r
+az(p, T)paps + a3(p, T)eapypyi (3.7)
p=T—7, T=1t—1,

MOCKONBKY B H30TPOIHOH Cpelie ¢AUHCTBEHHBIMU «KOHCTPYKLHAMEY ABISIFOTCS
BEKTOp / M HHBAPUAHTHBIE TEH30PHI Jn8, €aBy. 1aK KAK MOCIHETHHI U3 HUX
€CTh ICEBAOTCH30P, TO a3 — ICEBIOCKANAD, KOTOPHIA MOXET OBITh OTJIWYCH
OT HyINS TOJBKO B ciIydae Cpeibl, He uMeromel nentpa uaBepeud. [loacrapnss
Beipaxenre (3.7) B opmyny (2.7), nony4aum

cap(k, w) = bup {1 + /ale_i(ﬁ'ﬁ_‘”) dﬁdT:| +

+ / aspapse” " FPT) d5dr + eqpy / aspye P dzdr. (3.8)

Bxomsamme ciopa GyHKumu a1(p, 7), aa(p, 7), as(p, T) 3aMETHO OTIHYHBI OT
HyJA IpHd p < 1o, TOE 401 OOBIYHBIX Cpe[] BEMHUUHA 7o MOPAAKA MOJIEKYIAPHBIX
pasmepoB. B To ke Bpems caMH ypaBHEHHSA MaKpO CKOITHIECKOM 3IEKTPOIUHAMH-
KU CHJIOHIHOﬁ CpeZ[I)I HMCIOT CMBICJI, CCJIN paSMep, Ha KOTOpOl\I MCHAKTCSA cpen-
HHe [0JIs (a 9TO eCTh JUIMHA BOJHBL \), MHOTO Gonbmre . Tak kak A = 27/k,
TO 3TO O3HauaeT, uTo B Gurypupyonwx B (3.8) HHTErpaiax BeIH4uHa k- pF<l1
BO Bceil o0macTy, naromieil ocHOBHOH Bkiaa. ClieoBaTenbHO, CIIPABETHBO Pa3-
JIOKEHHE

e’iE'ﬁml—E~ﬁ+

IToncrapisas nepBele JBa wWieHa 3TOTO pada B (3.8) ¥ mpoBens HHTETPUPOBAHHE
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no yrmam (djg' = p? dp dS2), noryanm

-

[e0]
caplk, w) m dap ¢ 1 +47r/ei“” dT/p2a1(p, T)dp+
0

D x
%T/e“” dT/p4 dpas(p, 1) p —
0 0

> o0
— 1ok 4%/6“” dT/p4 dpas(p, 7) p . (3.9)
0 0

HpI/I HUHTCTPUPOBAHUU II0 yIlIaM OBLIIO YUTCHO
/pa dQY = 0; /papﬁ dQ2 = %p%ﬁ; /pap@pw 2 = 0.

Taxum oOpazoM, ToNy4eHHOE BEIpaskeHue (3.9) mis e, ﬂ(lz, W), AMeroIee
TEH30pHYI0 CTpyKTypy Tuma (3.1) (Benuumns! £(w) u f(w) ompenensiorcs, cooT-
BETCTBEHHO, [ICPBEIM U BTOPHIM BBIPAKCHHEM B (PUTYPHBIX CKOOKAX), MPEICTaB-
JsieT coOOl HEepBBIe JBa WieHa Pa3ioKeHHs TEH30pa JAUIIIEKTPHUECKOI IPOHH-
[IAEMOCTH M0 CTEIEHAM MaJoro mapameTpa ro/ A.

3-2. Onpederumo usmeHenue noIapu3ayuU S1eKmMpoOMAaAsHUMHOU BOAHbL NPU
ee pacnpocmpanenuy 8 cpeoe, MeH30p OUINEKMPUYECKOU NPOHULAEMOCTHU KO-
mopoti umeem 6uo (3.1).

Bynem mcxonuth u3 ypaBHeHuil (2.9) s E:

LaﬁEﬁ = (]{ kﬂ — ]{ 5o¢ﬂ + vaﬁ) Eﬁ = 0.

ITycTh BoJHa pactipocTpaHseTes BAob ocH z, k = (0, 0, k). IIpw TakoM Beibope
CHCTEMBI KOOpAWHAT YPaBHECHUSA JUISI KOMIIOHCHT JJCKTPHUYECKOI'O IOJISI BOJTHBI
BBITTIAAT TAK:

( k2 1 —s)E i ~ kE, = 0;
(7/&-2 + C—2s)Ey - zc—2kaz —0; (3.10)

2
Y eFE, =0.
C2
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B nomnepewno#i anekTpoMarHuTHOM BoHE F, = 0, M U3 MEpBBIX ABYX ypaBHE-
Huit (3.10) momydaeM IUCIIEPCHOHHOE YPaBHCHHC

C C

2\ 2 4 2 2
<k2w_25> SRR, me B Yeo=Sip G

JlByM oTnuuaronmMcst 3HakoM pemeHusiM B (3.11) cooTBETCTBYIOT moOIsi-
pusauud I, = 44 F,. 31ech CHAMAaeTCA BBIPOKIEHHE IO HOISPU3ALMHE, T.e.
B Takoil cpene COOCTBEHHBIM DELICHHEM SBJISCTCS 3JICKTPOMAarHUTHAS BOJHA
¢ KpyroBo# (JicBOH WM mpaBoii) Honspuszanucii. IIpu 3agaHHON gacToTe BOTHBI
9THM JIBYM TOJIAPU3ALHSIM COOTBETCTBYIOT, Kak 3To cieayeT u3 (3.11), Heckoabpko
OTIHYAIOIIUECS TI0 BETUIHHE BOTHOBHIE BEKTOPHL:

2
ke~ S\EE Ak Ak = ;’71’ < Y/e (3.12)

OTo0 pasinire U IpUBOAWT K BPAICHUIO [UTOCKOCTH ITOJIIPU3ANIN BOJIH.

Ilycte B mmockoctu 2 = () 9MEKTpOMarHUTHAS BOJHA JIMHEMHO MOMSPU30Ba-
Ha Bromb x. [IpencTaBuB ee B BUIE CYMCPIO3UIIH IBYX KPYTOBHIX MOMSPH3ALUI
(cOOCTBEHHBIX pEIICHHI), JUIS 3TMEKTPHUYCCKOTO Mo MpH ee maibHeiimeM pac-
IPOCTPAaHCHUN MOTYyYIUM

5 Eo _otrs ik o ik
E = "Le g, ™* e e,
V2
& = (8, +&,)/V2.

Otcro/ia HaXx0 UM KOMITOHEHTBI TIOJISI

@ei(%\/g-szt)(eiAkz + e—iAk:z) = Eqcos Akzei(%\/g-szt).

By == :

B = %ei(%\/@z—wt) (eiAIcz _ e—iAIcz) = —Eysin Akzei(%\/g.z—wt>

Y=

(3.13)
U BUIUM: HOCKOIBKY oTHomernue E,/FE; = —tgAkz, To BolHA ocTaeTes IH-
HEHHO MOMsIPU30BaHHOH, HO INTOCKOCTE HOMAPU3alUH TOBEPHYTa OTHOCUTEINBEHO
ocu x Ha yron ¢ = Akz. CienoBatenbpHO, IPH pacIpOCTPaHSHHU BOTHBI B TaKOH
cpezie IIOCKOCTh €€ MOMSIPH3alie BpaIlaeTcs TakK, 9To

de _w_2
i _Ak_202f.
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3-3. Ceemosast 8oAHA PACHPOCMPAHAECMCS 8 ONMUYECKU AKMUBHON cpede
¢ NOCMOAKKOL paujenust niockocmu noaspusayuu dp /dl = 0.2 /ey (em. npe-
OvlOywyto 3a0auy). M3-3a pasnuuus 8 ROZIOueHUY 1e80l U NPAasoll Kpyeosgbix
RONAPU3AYUL TUHETIHO NOTAPUI0BAHHAS BHAUANE BOAHA NPU NPOXoXHCOeHuu 1 m
8 cpede npespauaemcs 8 ALIUNMUYECKU ROTPU0BAHHYIO C OMHOUEHUEM NOTY-
ocell anaunca noapusayuu pasuvim 2. Kaxoti 6ydem nonspusayusi 601Hbl nocie
npox0duCcOeHUs euje 00HO20 Mempa 6 Mol cpede?

Mycte 4 w l_ ecTh AMHHBL TOMIONICHNS! COOTBETCTBEHHO JIEBOH U MpPaBoil
KPYTOBBIX moispusanuil. Torma momydeHHBIE B Tpeaslayuiei 3amade BBIpaxe-
Hust (3.13) 1t KOMIOHEHT MO TMHEHHO MOIApH30BaHHOM BHadane (npu 2 = 0)
BOJIHBI, [TOMPABICHHBIC C YIECTOM MPUCYTCTBYIOIIETO TEIEPh MOTIONICHHS, OYAYT
BBITUIS/ICTh Tak:

E, = % exp[ ( Vez — wt)} [exp(iAkz —z/14) + exp(—iAkz — Zﬂ—)},

E, = % ex p[ ( Vez —wt)} {exp(iAkz —z/ly) —exp(—iAkz — z/l,)]
Otnomenne E, /F,, onpesensioniee NONSPU3aAIAI0 BOIHBI, €CTh

E, lexp(iAkz —z/l.) —exp(—iAkz — z/1_)]

E, ' lexp(iAkz — z/l1) + exp(—ilkz — z/I_)]

Kax 6p010 moKa3aHo B mpensinymel 3apaue, Ak = dy/dl, cnenoBatensro Ak =
= O.QW/CM st manHo# cpenst. [pu z = L = 1 M Benmmunna AkL = 20,
MO3TOMY 31€ECh

E, .exp(—Lj/e;)—exp(—L/l) 1o

B, "exp(—Ljes) +exp(—L/i_)  ‘1+a’

e o = exp[fL(lI_1 +1=1)]. D10 COOTBETCTBYET AMIUITHYECKOM MOMAPH3ALIH
C IMABHBIMH OCSMH BIOJb KOOPAMHATHBIX ocell (z, y). OTHOUmEeHHE moyoceit
ammanca ects (1 + «)/(1 — o), u oHO paBHO B 3ToM Touke 2. OtTcioma o =
= 1/3. Temepp jierko BWJIETH,UYTO B ToUKe 2 = 2L Monspu3auuy csera OyiaeT
IUTUNTHYECKON C TEMH K€ ITTABHBIMU OCSAMH, 2 OTHOLICHHE MOXYOCEH 3mnIca
nossipusamuy pasHo 31eck (14 a?)/(1 — a?) =5/4.

3-4. Moaexynvl paspescennoz2o 2aza npeocmasiaiom coboil xaomuyecku
OpUEHINUPOBAHHbIE OOHOBUIMKOBbIE NPABLIE OBOUHbIE CRUPATUY — O8€ JHCeC-
Kue 3apsadicennvie (¢ TUHeUHON NIAOMHOCIbIO £ KAXCOas) GUHIMOGble HUMuU
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(puc. 3.1). I1o0 deticmauem dneKmpuUecko2o NOAsS HUMU CMEWaonmcs Opye OmHo-
cumenvbro opyea 60016 00pasyloujell ux GUHMOBOU JUHUL HA GEIUHUHY, NPONOP-
YUOHANLHYIO CPEOHEMY 800Nb MONEKYAbl SHAYEHUIO NPOOOTLHOU COCMABAAIOUlel

L
anexmpuueckozo nons (A = § [ E - dl). Hokasame, umo maxoii 2az o6radaem
0

ecmecmeeHHON ONMU4EeCKOU AKMUBHOCMbIO, U HAUMU Y20l NOBOPOMA NIOCKO-
cmu ROAAPUIAYUY (HA eOUHUYY OTUHBL AYIMU JY4ad), CYUMAsn pasmepsbl MONEeKyibl
MATBIMU 1O CPABHEHUIO ¢ ONUHOU 60aHbl (a, b < N).

3ajiaua cBOAUTCS, 110 CYINECTBY, K BBI-
YUCICHUIO TCH30pPa AUIICKTPUYICCKOH IPOHH-
AEMOCTH TaKOI'0O Ta3a ¢ TOYHOCTBIO [0 Wiie-
HOB TIEPBOTO MOpSAKA [0 MAajbIM IapaMeT-
pam a/\, h/)\. COOTBETCTBEHHO 3TOMY, IIpH

L
BBIUHCCHUN HHTerpana [ E - dl, onpenens-
0

FOIIEr0 CMEIEHHE HUTEH U, TEM CaMbIM, TOK,
JNMEKTpUUecKoe MOoJIe MOXKHO TPUOIIKCHHO
3aMMucaTh Tak:

Puc. 3.1. Monekyna «1BoiiHas cnu-
pasb»

E = Eoei(E'F_wt) ~ Eoe_iwt(l + ZE : F),
(3.14)
e By — none B Havae koopnuHar (touka 0 Ha puc. 3.1).

OpHeHTAIHI MOJEKY/IbI TIOHOCTIO ONpee/sIeTCsT 3aJaHHEM CIHHIIHOTO
BCKTOpa ﬁ, HampaBJICHHOI'O BAOJIbL OCH BHHTOBOM JTHHUA MOJIEKYJbI, I BEKTO-
pa @ L 7, oTMedaromiero Ha4ajso MOJIEKYJBI B IIOIIEPEUHOM K 77 m1ockocTu. To-
I7la MOJIOKECHHE Ka)kjoi TOUKH MOJIEKYIBI ONpEeAeTsieTCa OQHUM MapaMeTpoM —
YIJIOM TIOBOPOTA (0

—

R(gp):ﬁh% +dcosy + [ x d] sin; 0 < p < 2m, (3.15)

TaK 9To ¢ yueToM (3.14)

27

L
/E-dm Eoe—iwt/d@{lﬂ[(l%’-ﬁ)h% + (k- @) cos gt
0

[l

+ k[t % d’]singo}}{g—;: —dsinp + [T X d’]costp},
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a CMEICHHe HUTEH

. - — — 2
A, @, o) = Be=t{h(Ey - i7) +i(By - i)k - ) 2o+

+i(Ey - @)k - t)h —in(Ep - @) (k - [ x @) + im(k - @) (Eo - [ % a})}
(3.16)

Ina ynoOGcTBa JaibHEMINMX BBIYMCICHHN BBEMEM OECKOHEYHO MAIYIO
WIOMAb IMOMNEPEYHOTO CeueHuss Mojekyabl S. Torza BO3HHKAOIIAS B MO-
NeKylTe UpH CMENCHHH HHTEl 00beMHas IUIOTHOCTh TOKA | = pAt/S =
= —iwpA(#, d, Eo) -t/8, t1e t — enMHIYHbI BEKTOP BIOMb JTMHUH MOJIEKYIIBI,
paBHBIH, cornacHo (3.15),

= (a® + h?/4ax?)~1/2 (n;;_ dsing + [fi X d cosgp) .
B [OTyHeHHOM BEHIPAXXeHHH IUIOTHOCTH TOKA B TOUKE 7 onpenensercs depes Fy —
3Ha4YeHUE MEKTpUIeckoro moms B Touke 0. Ho ans HaxoxkaeHus TeH30pa mpo-
BOMMOCTH 0o 3(k) HEOGXOMIMO 3HaTh CBs3b MexTy j U F B OMHO# 1 Toil %e
Touke mpocTparcTsa. J1s 9Toro BepasuM Fy uepes E(F), 410 ¢ HyxHOIL 316Ch
TogrHOCTBIO naeT Ey = Ee™F7 E(l —ik- 7). TockomnbKy B BblpaeHuH (3.16)
Juist A BCe caraeMBblie, KPoMe MEPBOTo, IPOIOPLHOHAIBHBI K, T. €. YIKE SIBIBIIOTCS
BE/IMYMHAMIL IIEPBOTO TOPsKA MAIoCTH 110 a /), b/, 10 ommmuame Eq or E jo-
CTATOUHO YHECTh TONBKO B MIEPBOM CIAracMoM, Tojiaras B oCTanbHbiX Fo = L.
Torma, ucnonb3ys (3.15) u (3.16), HaxonuM, 4TO BHYTPH MOJICKYJIbI TOK

- —wwpf ~h L. L
= N=— —asiny —+ |1n X a| cos
T S@ 1 Rt ( o plaxd w)

{h(E 7i) — ih(E )[(k 7i)h er + (K- @) cos o —|—E[n><(ﬂsin<p] +

il (B ) (K ) + (- d)(E - )
—in(E - a@)(k[ii x @) + in(k- @) (E[i x @)} (3.17)

Teneps st OLpeEacHUs TEH30pa MPOBOIUMOCTH TaKOTo Ta3a (KaK CILIOLI-
HO¥t cpesbl) Hy»KHO mpoBecTH B (3.17) yepenHeHne no «pusnIecku 6eCKOHETHO
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Majomy» o0beMy, T.€. 00JaCTH MPOCTPAHCTBA, MAJOHM MO CPaBHCHUIO C [JTH-
HOM BOMHEI A = 27 /k, HO copeprkammei emfe MHOTO MOJIeKy. Takoe ycpeaHeHHe
ya0OHO TpojieaTh B HECKOMBKO 3TanoB. CHagama Mpy 3ajaHHOH OPUCHTALUH MO-
nexyasl (17 v ¢ GUKCHpPoBaHbI) yepeauseM Tok (3.17) Mo pasaudHbIM €€ TOUKaM,
T. €. 110 . 3aTEM MPH ITOCTOSHHOM 77 IPOBOJIMM YCPEAHCHHUE IO PABHOBEPOSTHBIM
HONIOKEHKSIM BEKTOpa @ B IUIOCKOCTH, motiepedoi k 77. [locieaHuM nenmaercs
YCPEIHEHHE 110 HAMPABICHUSAM OCEH MONEKYl, T.€. MO 77. MBI He NPHBOAUM
31€Ch JICTAICH YTHX MPOMEIKYTOTHBIX BHIUHCICHHHA, KOTOPBIC XOTh U MPOCTHI, HO
JOBOIBHO TPOMO3aKH. OTMETHM JHUIIIb, 9TO MPU TAKOM YCPEAHCHUH YAOOHO HC-
MOJIB30BATh TEH30PHBIC 0003HAUCHUS U PE3YIBTATHI, MONTyYCHHBIC B 3amade 1-1.
Tak Kak TOK OTJIHYCH OT HYIISl TOJBKO BHYTPU MOJEKYIT, TO PE3YIBTAT YCPEIHCHUS
TI0 X OPHEHTAIMU HY)KHO YMHOXHTB Ha JOJII0 00beMa, 3aHIMaeMOoro MoJIeKy1a-
MH, T. €. Ha NgS L, Te ng — BX CpeAnsst INOTHOCTh, S — IUIOIA (b MOMEPEIHOTO
ceuerms, a L = 27(a® + h%/4w?)'/? — nnmma. B pesynerate momydaeTcs, UTo
TEH30p MPOBOIMMOCTH Ta3a

ih2 2rwngpBha
oaplk, w) = —%wnopﬁ&m — Of"ﬁeamk.y.

—

Otcrona TEH30p AUAIEKTPHIECKOH MPOHHIIAEMOCTH a0 = 0ag + i}ﬂom pa-
BEH €03 = €008 + 1 f€apyky, THE

e—14+ %”hzngp@; f= %nopgm? (3.18)
CoOOTBETCTBEHHO, I'a3 «cOHpayeiy JeHCTBUTEIBHO 00JafaeT CBOICTBOM
€CTECTBEHHO ONTHYECKOU aKTHBHOCTH, OIpe/esIsieMbIM KOHCTaHTOM f U3 (3.18).
OOparuM BHHMaHHE Ha TO, UTO BeMU4YMHA f oOpamaeTcs B HyJIb Kak mpu a — 0,
Tak u npd h — 0. DTo He YIHBHUTEIBHO, TAK KaK B JAHHBIX MMPEACTbHBIX CIY-
YasiX CIUPAJb BEIPOKAACTCS B MANOYKY HIHM KOJBIO, KOTOPBIEC YKE HE 00NafaroT
CBOICTBOM CTE€PEOH3OMCPHH.

[one3Ho mpHBeCTH 3/ieCh U APYToe PelIeHHEe ITOM 3a/1a4u, HCIONB3YIOMee
MOHATHE MOJISAPU3AIMN U HAMATHUYCHUS] MONeKy. [Ipy OTHOCHTENBHOM CMeIe-
HUHW HATEH Ha BenwumHy /A Ha KOHI@X MOJEKYIBI TOSBISAIOTCS 3apsiabl +pA,
TaK 4YTO Y Hee BO3HHMKAET JICKTPUICCKHI JIMIIONBHBIE MOMEHT d= pART. Tpu
M3MEHEHHH A BO BPEMEHH 10 MOJIEKy/Ie TedeT ToK JJ = p/A, 4To IpHBOAHT K 110-

o Jma® .  —iwpA o
SIBJICHUIO MarHUTHOTO MOMCHTA [ = < —7 = -—ma”1. Toraa cpeaHss

nomsipusanus P u Hamaraudende M enururpl o0beMa rasa pasuel P = ng(d),
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M = ng(fi), toe cuMmBon ( ) O3HAYAET YCPEAHCHHE MO BCEM OPUCHTAIUAM

moxexys. Ilocre sToro j = %—I; + crot M, OTKy/Ia HAXOJUTCS TEH30P IPOBOTH-

MOCTH 0o B TEM CAMBIM £,4. Mcmons3ys Beipaxerne (3.16) nus A, sanumem

d = phAit = phﬁﬁ{h(ﬁg ) 4 i(Eg - ) (k - ﬁ)h—2 +i(Ey - @)(k - it)h—
—in(By - &) (K[t x &) + in(k - @)(Boli x a])}e*iwt.

. Eo a2 _,
Yepenusis, monyunm, ato (d) = phf h— +im L[k x Ep| p. Tak xak ToK

3
HAMarHUYEHHUs MPOIMOPIHOHAIEH rot M = [E X J\Zf], TO [ MOXHO BBIUHCIUTH
B HYJICBOM MPHONIDKECHUU 10 k:
L —twpA R . . iwBralhp =
= Tpﬂ'aQn = —Mﬂaanﬁh(Eo n); (i) = %EO.
Orcrona j = —iwP + ic[k x M| = zphﬁngw{ l;o z7ra [k x EO}}

2
wpma“hfPno 7 2
wpra hfno [k x Ep], a0 naer yxe usBecTHOe Bbipaxenue (3.18) st TeH3z0-

pa £qg-
HHTEepECHO OTMETHTB, YTO TOKU MONAPH3ANAN M HAMarHWYEHHs TAf0T OfH-
HAaKOBHIH BKJIAJ B BETMUIUHY f, ONPEAETAIONYI0 ONTHYECKYIO aKTUBHOCTD Ia3a.

3-5. Hoxkaszamv, umo eciu cpeda, 061a0aIOULAs CEOUCMBOM eCECBEHHOU
ONMUYECKOU AKMUBHOCMU U UMEIOWAsl MEH30D OUINEKMPUHECKOT] NPOHUYAeMO-
cmu (3.1), cmanosumces cnabo-neoOHOPOOHOU (. e. RPOCIMPAHCMBEHHbIL MAC-
wmab | usmenenus ee napamempos MHo20 60blue MOLEKVIAPHOU OTURbL T), MO
CB3b BEKMOPO8 D u E 6 nei npunumaem ciedyiouuil 8uo:

DB(i) = (M) E() + 1(7) - rot B(7) + L[V 1(7) x () (3.19)
3anumeM camblil oGIMi Bia cBA3u BekTopoB D(7) i E(F) B M30TpomHOI
cpene:
Do(7) = Eo(7) + [ eap(7, 7)Eg(7) dF;
€ap(F, 7) = al(r 7)oap + a2(7, 7' )(ra —1o)(rg — 13)+ (3.20)

+a3 (7, 1")eapy (ry —17)

U.)
N
~
=

(cpaBHH ¢ (3.
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Bxomsimue crona GYHKUMA G1, G2, ¢3 HE MOTYT OBITh IPOU3BOIBHBIMU. W3
00IIHX TEPMOIUHAMUYCCKHIX COOTHOLICHNUH CICAYET, 9TO TCH30p €og(F, 7 ) mon-
CH YIOBICTBOPATH TAKOMY YCIOBHIO: £43(F, 77) = g (', 7). DT0 ecTb cren-
CTBUE TIPHHIMIA CHMMETPUH KHHETHIECKUX Kod(duipenTos [7, r. &].

IosToMy 371€ch YA0OHO BBECTH BMECTO 7 M 77 HOBBHIC MepeMeHHblE R =

P
2
cHMMeTpur OyZyT BEIIONHEHBI, €CIH a1, 2, 3(7, 7) = a1,2, 3(R, p). B ciydae

u g = 7 — 7. Torma u3 (3.20) cneayet, 9To0 HEOOXOTUMBIC YCIOBHS

OIHOPONHOH cpefbl QYHKIMH 1,2 3 HE 3aBUCAT OT K M MbI BO3BparmaeMcs
k BeIpakeHHio (3.7). Ecim ke cpena HEOJHOPOMHA, TO MOXHO MPHUOTIDKEHHO
BOCIIONB30BATBCS PA3IOKEHUEM 1o g, R = ¥ — /2, Tak uTO a1,2,3(R, p) ~

~ ay23(f,p) — /—2)Va17273. VYuureiBasi TaKke HEOJHOPOAHOCTH MO

Eg(7) ~ Eg(T) — pyOE3/0x., n noxctaBmss 910 B (3.20), moxydnm

Do (r) = Eq(7) {1 + /(11(777 p)dp — %/ﬁal ~pﬂd3p} +
+ Eﬁ(F> |:/ GQ(F; P)PapﬂdSP - %/6@2 . ﬁpapﬂdSp] +
+ Ep(r) U a3 (7, p)eapypyd°p — %/ﬁa3~ﬁea57pyd3p} -

oE . - .
= [ @00 52 65 s+ 0a(F )paps + aalF pleaspn]-

[IpoBoss 31ech HHTErpEpoBaHKe 1o yriaM d°p = p? dp dS), Touno Tak ke, Kak
B (3.9), umeem

. OBs [4r
Da) = Ea(e) — capy 5 [ aalr " dp-
vy

1 4r Oas 4
- Qeaﬁ’YEB 3 8$~/p
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Takum o6pasom, cBa3p D u E 5 neiictBaTenbHO MMeet Biy (3.19), e

o

xD
5(f’):1+47r/a1rppdp ?:T/agrppdp,
0

0
o0

NG 4?:7 as(r, p)p* dp.

0

CraenyeT oTMeTHTS, YTO cooTHomeHne (3.19) urpaeT BasKHYIO POIb IIPH BBI-
SICHCHUU TPAaHHYHBIX YCIOBHUH B 3J1E€KTPOAUHAMUKE HCOMHOPOHBIX CPEJl C IPOo-
CTpaHCTBEHHOI maucnepcuei [1, c. 258-261].

3-6. Onpeodenums usmenenue NOIAPUAYUU ILEKMPOMASHUNHOU BONIHYI, PAC-
NPOCMPAHAIOWENCs: 8 USOMPONHOU cpede 6e3 NPOCIMPAHCHBEHHON OUCNEPCUU,
NOMeueHHOU 80 BHeuIHee MACHUMHOE Noje By (3ppexm Dapades).

Bo BHCIIHEM MATHHTHOM T0Je Sy TEH30p AHANEKTPUHCCKON IPOHHIAEMO-
CTH TaKoil cpeabl mpuHUMacT Buy (3.3):

EaB = 65a5 + ibeag.yBO.y.

BeibepeM cucTteMy KOOpAHMHAT Tak, YTO BOJHOBOH BEKTOp & HampaBICH
BIOJIb OCH Z, @ BHELIHEE MaTHUTHOE 1onie By IEKHUT B IWIOCKocTH (x, z). Torma
ypaBHeHHS (2.9) 71 KOMIIOHEHT 3JEKTPHYECKOTO MO BOMHBI [ 3amuuryTcs
TaK:

2
bBOz = 0;

2

<—k2 wze)E il

_|. =
62
2 2 2
(—k2 + w—s)Ey — i bBy, B, + i bBy, E, = 0; (3.21)
C C

2

2

W—QSEZ — i":—szngy =0.

IIpexne Bcero 3aMeTHM, YTO TIpEJACTAaBIEHHE TEH30pa €,3 B Buie (3.3) sABua-
ercs yueToM JHHEiHOI Mo BelIM4rHe BHEIIHETo Iois By MompaBKH K TECH30PY
JIU3ICKTPIUICCKON MPOHUIAEMOCTH H30TPONHOH cpensl. [loaToMy ydeT B ypas-
HeHnsx (3.21) uneHoB Gosiee BBICOKOTO MOpsKa Mo By ObUT ObI MpPEBBIICHIEM
ToyHOCTH. Torna W3 mocieaHero ypasHenus B (3.21) BHaHO, 4To MPOJONBHOE
noie E, okasbIBaeTCsi BEMUIUHON MEPBOTO MOPSIKAa MAIOCTH, MOITOMY BO BTO-
POM U3 YpaBHEHUH MOXKHO MpeHEOpEUb MOCIEAHIM CIaracMBIM B JIEBOH 4acTH,
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KOTOPOE KBaJPATHIHO [0 By (HAOMHMM, YTO B aHH3OTPOIHOM cpeie mome-
PECYHBIM K k sBnsercs BEKTOP D, a He E) ITocnme aToro momywaercst cucreMa
IBYX ypaBHEHHH it E, u E,, U3 yCIOBHS COBMECTHOCTH KOTOPBIX HAXOIUM
JCIIECPCHOHHOE YpaBHEHUE

2
k*— —e = ib BOZ = by cos (3.22)

(6 — yronm Mexny BeKTOpaMu Eu By).

JIByM pa3ebIM 3HaKaM B (3.22) COOTBETCTBYIOT LHPKYIAPHO-IIOISPH30BAH-
HBIC 9TEKTPOMarHUTHEIEC BOMHEI (E, = FiE, ), IMeomye pa3HiHbIC BOTHOBHIC
BEKTOPBI:

= “ Vet Ak; Ak Y By cos 6.

2 \/— c
Ortcrona aHanmorHM4IHO 3a7a4e 3-2 ImomydaeM, 4T0 BHEIIHEE MarHUTHOE ToJe MpH-
BOJIUT K BPAMIEHHIO TUIOCKOCTH MOJSPU3ALHN BOJIHBI, IPHIEM

dp b
a Ak 2\/7

B naHHOM ciiydae BeNMYWHA BPANICHHA 33aBUCHT OT HAPABICHHS PACIPOCTpa-
HEHUS BOTHBI (IPONOPIMOHATBHA COs §).

3-7. Hatimu gpapaoeesckoe spauyeriie NIOCKOCIU ROIAPUIAYUU OIS XOT00-
HOU nAasmbl ¢ BECKOHEUHO MAACENBIMU UOHAMU.

BocmonszyeMcst HalineHHbIM paHee (2.15) TeH30poM HU3TeKTpHIeCKOM po-
HUITaEMOCTH €a/3 3TOM Cp€Abl BO BHCHIHCM MAarHUTHOM I10JIE gg. Cunras ociaea-
Hee cabbiM, B3 o6uiel hopmyssr (2.15) mony4unm

2 w2 w
fap ~ (1= =5 | dag = Z—Zbeamhv. (3.23)

CpasHuBas ¢ (3.3), HaxoAuM BeTHUIHHY b, OIIpe/IeIIIIONIyI0 BpanieHUE IDIOCKOCTH
noysipu3anuy, b = —ewge /mecw?, Tak 9TO Yro MOBOPOTA B 3TOM CIy4dae
2 0
dp b Wy Whe©os
o 2 7 .2y1/2°
dl 2 20“’ (1_wpe/w ) /
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Korzma MOXHO cuuTaTh BHEITHEE MATHUTHOE TI0JI€ CTA0BIM, TaK YTOOBI MOXK-
HO OBLIO MPUMEHUTH YIIPOLEHHOE BhIpaXkeHUe (3.23) ma £,3? Eciu yaects, uto
IUIsL 3MEeKTPOMAarHUTHBIX BOJH B IUIa3ME W 2 wpe (cMOTpH (2.17)), T0o U3 (2.15)
HETPYAHO YBHMJETh, YTO 3TO BEPHO, €CIU Wp K Wpe (UHUKIOTPOHHAS 4aCTOTA
9JEKTPOHOB MHOT'O MEHBIIE [UIA3MEHHOI 4aCTOTHI).

3-8. Jlunetino nonapus0eannas JeKmpoOMasHUmMHas 80IHA Nadaem no Hop-
MAnU 1A NOBEPXHOCHb USOMPONHO20 OUINEKMPUKA, HAXOOAUE20CHA B0 BHEUHEM
O0OHOPOOHOM DNEKMPUYECKOM NOTE EO (puc. 3.2). Cuumas, umo (kg Eo) =0,
onpeoenums NOJIAPUIAYUIO OMPAICEHHOU BOJIHbL.

B cucreme xoopamHat, Iae ock T
HaIlpapJIcHA BIOJb Eo, TEH30pP Eqg AH- z
JNEKTpUKa, cormacHo (3.5), BBIIAAUT
Tax:

o
R

2.
€22 = Eyy = €1 = € + a1 B

emzsuze—&-(al +a2)E§- !

IIycTe manaromast BoHA MOISPH30-
BaHa TaK, 4TO BeKTop JIEKTPUIECKOTO
mons B Heil E(* (nemamnu B INIOCKO-

CTfI (, y)) coctamset yron 0 ¢ Ep, T.e. Puc. 3.2. Otpaxkenne BomHB npH >¢dek-
E;cn) = E(n) cOS 0, E:gn) = E(n) sin 6. TE Keppa

OddexT n3MEHEHNS TMOJSIPU3AIHE CBSI-

3aH C Pa3NUYHON MONAPU3YEMOCTBIO JUINEKTPUKA BIOMb X U Y, gz 7 Eyy-
Hcnone3ys dpopmyry (2.34) aas JaHHOTO CIy4as HOPMaJbHOTO MAJCHUs, U CUH-
Tas WU3MECHEHHC MOJSPU3YEMOCTH MOA JCHCTBHEM BHEIIHErO MONs CIadBIM
(a1 B2 < e, a2EZ < ), nonydum Juist Iofs OTPaKeHHOI BOJTHBI E©

() _ ) VB~ ) v
E, =F, \/_+1—E cosfr— +1
B2l (Ve-1)
~ B cosg|1+ (@t a)lo ] ; 24
cos [ + e— 1) Vet D) (3.24)
0) _ pm)VEL T p(n) a1 E§ Ve-1)
EY =E E 1 : .
Y Y \/_ew Sma[ Te-D) (EED

Ecnu mormornieHue B OUDJICKTPUKE OTCYTCTBYCT, T.€. £, a1 U G2 BCHICCTBCHHBI,
TO OTpaXCHHasA BOJIHA OCTACTCs JIMHEHHO l'IOJ'IFIpH3OB3HHOﬁ, HO IITOCKOCTB ITO-
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JSIPU3AIMU CIieTKa moBopauuBaeTcs. U3 (3.24) caeayer, 4to

E(O) E2
o~ tgo|1 - ‘1240}
E® ez —1)

TaK 9TO IMMOBOPOT IUTIOCKOCTH MOBIpU3anr MPOUCXOAUT HA IOl

tg01 =

E2
AO—=0— 0 ~ —220_ Gingeoso.
(e —1)

§4. Yacrornas aucnepcust 1 aHAJIUTHYECKHE CBOICTBA
¢ynxuun &(w). PacnpocTpanende 31€KTPOMATHHTHBIX
BOJIH B IMCHIEPIUPYIOIIUX Cpeaax

B u3oTpomHoit cpene 6e3 MPOCTPaHCTBEHHOMH TUCMIEPCHU CBA3b MEXKIY UH-
JyKIMen D( ) ¥ 3MEKTPHYECKUM HOTIeM E( ) mMeeT crnenyromuii A (2.4):

D(t) /f E(t —7)dr, (4.1)

TaK 4TO TCH30D IUICKTPUICCKOH MPOHUIIAEMOCTH TAaKOH Cpestbl €05 = £(w)dag
(2.7), tne

e(W) =1+ [ f(r)e“Tdr. (4.2)
/

Onpenensiemast Gpopmynoii (4.2) dyuxuus €(w) sBISETCS AHAINTHIECKOM
B BEPXHeil MOIYIUIOCKOCTH KOMILTEKCHOH HepeMeHHOM w, mprueM €(w) — 1
opH |w| — oo. Ipu atom neiictButensrad (') u muuMas (") wactu ¢yHk-
i £(w) cBA3aHBI MeXay coboil cootHouteHmsaMu Kpamepca—Kponura:

+
: L[ )
gw)y=1+= ——dw’;

w —w
> (4.3)
4o
" 1 6/(("}/) -1 ’
€ =—= —dw'.
@) ™ ][ W —w

—00
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OTH COOTHOILECHHUS HECKONIBKO M3MEHAIOTCS B CIydae MPOBOASINECH Cpesbl, A
KOTOpO# PyHKIHs &(w) UMeeT momoc B Todke w = 0 (cM. 3agaqy 4-2).

4-1. Haiimu exooawyro 6 coomuowenue (4.1) gynxyuio «namamuy cpe-
ovt f(1), ecnu ee ouanexmpuueckasn nponuyaemocmo £(w) = 1 — w2 (w + i7),
v > 0.

>
U3 (4.2) crenyer, uto [ f(r)e™ ™ dr = —w? /w(w + iv). loonmpenemam

0
tereps GyHximio f(7) npu 7 < 0 Tak, uto f(7) =0, ecnu 7 < 0. Torna MOXKHO
3aIHCaTh:

+00 +00
Zo f(r)e™T dr = \/LQ—ﬂZO (Vorf(r))eT dr = —wf,/w(w +iv).

To ects MeI 3HaeM Dypbe-00pa3 Gyuknuu /27 f (7). Ucmons3ys obpatHoe mpe-
obpazoBaHne Dypbe, MOMyINM

W2 T .
—_ [ e
f(T) - 2,]7. w(w + ny)

—Q

(4.4)

IonsiaTerpanbHas  Qyskuus B (4.4) ume-
€T 0COOCHHOCTh B Touke w = 0, mpaBUno 00Xo- @ Pl IO
Ia KoTopoit ompenemstercs TeM, 4to f(1) = 0 7
npu 7 < 0. Tak KaKk BBIpaXXCHUE MOX HHTETPAIOM \
B (4.4) mpu 7 < ( SKCOHEHIHMATBHO YOBIBAET |
npu |w| — 0o B BepxHell TONYILIOCKOCTH, TO 00X0- 1 0
JTUTB TUTIOC B TOUKe w = 0 Hy)HO cBepxy (pHc. 4.1). : J
HeiictButensro, npu 7 < 0 UCKOMBIA HHTe- N Vs
TpajJ MOKHO [OTOIHHTB HHTETPANOM MO «OOIb- R T >0
moW» IOIYOKPY>KHOCTH B BepXHEH MOIyILTOC-
KOCTH (TaK KAk MOCICAHMI paBeH Hymo). Ipm Puc.4.1. Ilpasuio obxona
stoM f(7) = 0, HOCKONBKY BHYTPU mofydarome- 1OMOC4 [pH MHTCIPHpOBA-
rocs KOHTypa HHTETPUPOBAHUS HET 0COOCHHOCTEH. T
Teneps s Borancnenus f(7) mpu 7 > 0 jgomoin-
HUM KOHTYP HHTETPHPOBaHUS «OONBIIOH» MOTYOKPYKHOCTBIO B HIDKHEH ITOIY-
IUTOCKOCTH. Pe3ynbraT cBOAUTCS K CyMME BBIYETOB B TOUKAX w = 0 U w = —iry
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(B3ATHIX CO 3HAKOM MHHYC):

2

w — w
Py L e F oy
Jr) =g 2mi | =t ——| = (1 —e "),

B naHHOM citydae f(7) He CTPEMHTCS K HYIIIO IpH 7 — +00. JT0 CBI3aHO
C TeM, YTO paccMaTpuBaeMast cpe/ia SIBISeTCs TPOBOHIKOM (£(w) MMeeT momoc
npa w = 0).

4-2. Haiimu Ousnexmpuueckyro npoHuyaemMocmo cpedvl £(w), ecau uzeecm-
Ha ee muumas uacmo € (w) = ya? Jw(w? ++2), v > 0.

JIlns oupexpeseHus AeHCTBUTENBHON 9acTH €' (w) BOCHOIB3YEMCS COOT-
HommeHmsiMH Kpamepca—Kponnra (4.3), yuntbiBas, 9ro Tak kak £”(w) ume-
er momoc B Touke w = 0, To cpema sBIAETCs MPoBoAHMKOM. B 3ToM ciy-

4yae cooTHoIeHUA (4.3) crpaBeIUBLL AT «PETYIAPU30BaHHONY IIPOHUIIAEMO-

cr E(w) = e(w) — %a, e ¢ — CraTHdecKas MPOBOAUMOCTH CPEJIBI, PaB-

Hast lin% we” (w)/4m. B nanHOM mpumMepe o = a? /477y, Tak 4r0
w—

2 2
)= — X QT 20,2 2.
(w) o@D W /7w +57)

Tenmepp mepBoe ©3 COOTHOIIE-

-7 T T TN Hu#t (4.3) naet
v~ ™
i’ . N Fw) = ¢(w) =
\
// \ oo ;Jl(wl) dw’
R \ =1+ 1 ][ I St et
I] l, \\I \ 71- 2o wl - w
w
+0o0
_iy o W' dw'’
™ (W)W - w)
—o0

Puc. 4.2. Kommnekc HHTETPHPOBAHHS

g Ionmywaromuiics UHTErpan yAoOHO BBI-
B KOMIIJICKCHOM IIJIOCKOCTHU

YUCIATL, MEPEXoass B IIIOCKOCTH KOM-
IUIEKCHOM mepeMenHoil w’ (puc. 4.2).
JIOMOMHSIS €70 MHTErPAIOM M0 «MaIoi» MOMYOKPYKHOCTH BOKPYT TOUKH &' = W
(paBHBIM MOIYBBIYETY B 9TOM TOYKE) W CTPEMSIHMCA K HYII0 MHTETPATIOM IO
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«OONBIION» TIOJTYOKPY>KHOCTH B BCpXHGﬁ MOJYILUTOCKOCTH, MOJIY1YHUM

+0o0
w' dw' ) . ~
= 2miRes |y—iv + imi Res |y = 71—
J @)W -w) =7 o =

Orcrona &’ (w) = 1—a?/(w?++?), Tak 9To OKOHYATETBHO JIMHJEKTPHYIECKas
MPOHHUIIAEMOCTB 3TOM cpenbl £(w) = 1 — a? /w(w + i7y).

4-3. JI1s naockux MOHOXPOMAMUYECKUX BOAH, NAOAIOWUX N0 HOPMATU HA
NOIYRPOCMPAHCINGO, 3ANOTHEHHOE HEKOMOPbIM 8EUjeCTNEOM, USMEPeH Ko du-
yuenm ompaxcenusi R(w) 6o eceii obnacmu wacmom (0 < w < +00). Hatimu
OUILEKMPULECKYIO NPOHUYAEMOCTb 91020 eeuyecmsa £(w) = &' (w) + ie” (w).

©

L £

—W, +w,

Puc. 4.3. Beluucnenue unrerpana no koutypy I’

Kak u3BectHo (3apmaua 2-12), B ciayuae HOpMadbHOTO majcHus Kodhhu-
2
e(w)—1

Vew)+1
XOxkAeHHsT €(w) BOCIIONB3YEMCSI METOJ[OM, aHANOTHYHBIM [IPUMEHSEMOMY IpH
BeIBoze cooTHoreHui Kpamepca—Kponura (4.3). PaccMoTpuM KOMIUTIEKCHYIO

dyrxmmo d(w) = (Ve(w) — 1)/(Ve(w) + 1) = /R(w)e* ). Torna dynx-

mist Z(w) = In®(w) = % In R(w) + i@(w), 1 3amada CBOAUTCS K HAXOKACHUIO

IUCHT OTPaXXCHUS AIEKTPOMArHUTHON BOMHBL R(w) . A Ha-

MHHAMOH 9acTd (GyHKUH Z(w) 1Mo M3BECTHOH ee neliCTBAUTENBHON YacTH. Tak
KaK QyHKImT £(w) He HMeeT 0COOCHHOCTEH U Hyleil B BepXHEH MOIYILTOCKOCTH
KOMILIEKCHOH TIepEMEHHON w M obpamaeTcs B ¢HHUIT JHIIb OpH |w| — 00,
To u GyHkimn P(w) U Z(w) Takxke OyIyT aHATHTHICCKHUMH B 9TOH OOIACTH.
Paccmotpum Terepp uaterpan [ Z(w) dw/(w? — wg), B3ATHIA M0 yKa3aHHOMY

Ha pucyHke 4.3 kouTypy ['. Xotst dyHKmus Z(w) U pacteT JorapH()MUIECKH
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npu |w| — oo (Tak kak B atoM mpenene R(w) — 0), BKIag B MHTETpal OT
«OECKOHETHO OONBHIOI» MONYyOKPYKHOCTH CTPEMHUTCSA K HYIIO U3-32 BBICOKOH
cTemeRHt 4acToTH (w?) B 3HAMEHATENE TONBIHTETPATLHOTO BRIpaXeHus. TaK Kak
BHYTpPH KOHTypa | mocienHee He MMeeT 0COOCHHOCTEH, TO

+-00
][ M -+ i_ﬂ-Z(fwo) - Z.—7TZ(¢,L)0) =0. (4.5)

w? —wg  2wo 2wo

—o0
VuuteiBasi, 4TO JCHCTBUTEIBHAS M MHHMasi 9acTH QYHKIWH £(w) SBISIOTCS,
COOTBETCTBEHHO, UeTHOI M HeueTHOH (YHKIMEll JacTOThI Ha JIeHCTBUTEIbHON
ocH (4.2), HETPYIHO YBUIETH, YTO TAKUMH YK€ CBOHCTBaMH oOnajmaeT U (QyHK-
must Z(w). IpupaBHHBas Temepp K HYIIO ACHCTBUTCIBHYIO YacTh BBIPa<e-
Hud (4.5) (MHUMasi €ro 9acTh 00paIaeTcs B HyJdb TOKACCTBECHHO), ITOIYYHM
—+o0
4
Wo Z'(w)
m w2 — w2
—0

Z”((./.)()) =

®hnR
Otciona p(w) = % [ gi(wg dz. 3uas dasy p(w) 1 R(w), MOKHO, B TIPHHITHIIE,
0 W —

BOCCTAHOBUTDE U TUIJICKTPUYICCKYIO NPOHUIACMOCTE BEIMICCTBA 8(&)).

4-4. Haiimu cxopocmv nepemeujeHusi u umMeHeHue popmbl KEA3UMOHO-
XPOMAMUYECKO20 HAKEMA 3NeKMPOMASHUMHBIX B0IH 8 Cpede C 3A0aHHOU Ou-
ONEKMPUHECKOT NPOHUYAEMOCTBIO (W ).

ITycTh B HayambHbIH MOMEHT BpeMeHu (¢ = () B cpeste UMeeTcs IIEKTPo-
MarHUTHOE BO3MYIIEHHE, HMeEomee (GopMy OTHOMEPHOTO BOIHOBOIO ITaKeTa

E(z,0) = Ege = /F¢ikoz (4.6)

(3nece E — opHa U3 MOMEPEYHBIX KOMIIOHEHT 3JIEKTPHYECKOTO IOJS, HAIpH-
Mep, I;). It onpenenceHus ero AajbHEHIICH 3BOMIONNH TPEACTaBUM 3TO IToJe
B BHjIc HaOOpa MOHOXPOMAaTHYECKUX TApPMOHIK

E(z,0) = \/LQ—W [ E(k)et* dk;
1 —ikz
E(k) = \/—Q_WfE(z, 0)e~ %= dz = 4.7)
_ ko — 22/ +i(ko—k)z 7, _ Lol
=2 [e dz = —=e
\ 27 f \/5

(k—ko)21%
- 4
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Kax BugHO u3 (4.7), CIEKTp TaKOTO MaKeTa UMEET TayCCOBCKUI BUI C Xa-
paxtepHoit mupuHOoi Ak ~ 1/l. Ilo3TOMy €ro MOXHO CUHTaTh y3KHUM (KBa-
3UMOHOXpOMATUYIeCKUM), ecin Ak € kg, T.e. kol > 1. Kaxnas rapmonnka
MMeeT onpesieseHHy o yactoTy w(k), 3a1aBaeMyr0 3aKOHOM JIUCIIEPCUH SNEKTPO-
MarHuTHBIX BOMH k2 = w?e(w)/c?. CrneoBatenho, B MOCTETYIONUE MOMEHTHI
BpeMeHHU

E(z t) = ﬁ / E(k)ellkz—w®1] qp. (4.8)

i1 KBa3sHMOHOXPOMATHYECKOTO — MaKeTd, HMEOMIEro  Y3KHH  CIIEKTp
(Ak < ko), MOXKHO BOCIIOJIB30BaThCS MPHOMIKCHHBIM Pa3IokeHHEM 1 w(k):

1 9%w 2 _
bk + L &9 (g2 =
Ico( O) 2 Ok? ko( 0)

= wo + vr(k — ko) + a(k — ko).

Toncransst Teneps 3T0 BoipaxeHue 1ms w(k) u cuextp (4.7) B (4.8), monydum

E(z, t) = ethoz—wat)p(z ),

272
Oz, t) = f—ol/exp{—% + is(z — vrt) —i%2at} dx =

=exp {—(Z_—”Ft)?} /(1 + diat/1?)V/2,

1?2 + diat

Oyuxnust $(z) HA3BBACTCs KOMILUICKCHON Orubaromeil BOIHOBOTO MAaKeTa.
WHTEHCHBHOCTh CHT'HAJIa OIpeaessieTcs: aOCOmMOTHON Bemnuunoi ®:

|z, t)\:ﬁe*@*”rt)/”t), L{t) = (B + 16022 /)Y2. (4.9)

Orcrona BHAHO, YTO BOJIHOBOM MAKET [EPEMELLAETCS C [PYIMIOBOH CKOPOCTHIO
ur = Ow/0k, OMTHOBPEMEHHO YHIMPSHICh H3-3a IUCIEPCHH. [ pymnmoBas cKopocTh
3MEKTPOMATHATHBIX BOJH B cpejie ¢ £(w)

ur = cm/ [8(@%3—2] :
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MoHO MmoKa3aTk, UTO AJIs MPO3pavHoil (O3 3aTyXaHust) cpeapl 3Ta CKOPOCTh HE
MPEBBINIAECT CKOPOCTH cBeTa [8, § 84].

B paccMotpeHHOM IpuMepe, Korfa HauadbHOE paclpe/iesicHHe oIS HMEIIo
BUJ (4.6), MIMpHHA BOTHOBOTO IakeTa MOHOTOHHO YBEJIHYHBAJIack CO BpeMe-
HeM (4.9). HeTpyaHO BHIETH, 9TO 3TO CBOICTBO BOJHOBBIX IAKETOB HE SIBIAETCS
00sI3aTebHBIM, T. €. BO3MOXKHO M CXATHE BONHOBBIX MAaKeTOB IIPH paclpocTpa-
HEHIH B JHCIeprupyiomen cpeae. B coydae (4.6) makeT mMen MUHHUMATHGHYIO
wmpuHy npu ¢ = ), Tak KaKk B 3TOT MOMEHT BpeMEHH BCe rapMOHHKH F (k) umenn
onuHakoByto (asy (4.7). IloaTomy Bcerja MOXHO HOm00paTh HadalbHEIC (ha3bl
TapMOHHUK TaKHUM 0Opa3oM, UTOOBI OHU COBMNANU B JIOOOH 3aj1aHHBIH MOMEHT
BpPEMEHH f(, TaK YTO M NIMpHHA MakeTa OyJeT HauMeHbIel npu ¢ = .

IMycTe, HamIpUMeED,

Eol _k—ko)> 5
E(k) = ——¢€ 4 —‘rZOé(k*ko) to.
V2

[oBTOpsAs MPUBEACHHBIC BBINIC BBIYUCICHUS, CHOBA MOMYYUM BBIPAKCHHUE BU-
nma (4.9) wist orudaromeii, ¢ ToH THITh pasHULCH, 9TO TEMephb

L(t) = [I2 4 1602(t — to)? /1?12,

Kax BugHO, mpu ¢ < t( mHpHHA BOTHOBOTO MAKETA YMEHBINACTCS CO BPEMCHEM,
JIOCTUTACT CBOET0 MHUHUMYMa TpH t = to (Lpyin = 1), @ 3aTeM makeT HauWHACT
pacIIUpATLCA. BCE 3TO, Pa3yMeeTcs, MOMHOCTBIO COMIAcyeTCs C «COOTHOIICHHEM

HeomnpenenaeHHocTei» Az - Ak > 1. B atom mpumepe Ak ~ l, alAz~ L.

4-5. Ilokazamb, ymo 8 NPoO3PAUHOU AHUZOMPONHOU cpede ¢ MEeH30POM OU-
MNEKMPUHECKOU NPOHUYAEMOCIIU E4,3(W) CKOPOCb PACAPOCHPAHEHUS IHEPSUU
AEKMPOMASHUMHOU BOTHBI COBNAOAEM C €€ 2PYNNOBOLL CKOPOCMbIO.

YacroTa w W BOTHOBOH BEKTOP k 3JeKTPOMAarHUTHOH BONHEI B Cpeac CBS-
3aHBI MeX1y coboil mucnepcHOHHBIM ypaBHeHHEM (2.10), KoTopoe ciemyeT u3
ypaBHeHn Makcsemna (2.3) u (2.9). [loatomy w = w(E), a TPYIIIOBasi CKOPOCTH
BOJIHBI €CTh

g 2B (4.10)

ok
C npyroit cTOpOHEL, OTOK 3JCKTPOMATHUTHON 3HEPTHH B CpEAc OIMpPEHeIeTCs
BekTopoM IloftHTHHTA S = é[ﬁ X E}, TaKk 9TO CKOPOCTh PacHpOCTpaHECHUS
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9HEPTHH B 3TEKTPOMArHUTHOH BOJHE C BOIHOBBIM BEKTOPOM K H, COOTBETCTBEH-
HO, 9acTOTOH w(k) €CTECTBEHHO OPENEIHTh KaK

Ve = (So)/W, (4.11)

e (§k> €CTh yCPEHEHHBIH MO IIEPHO/Y BOJHBI IOTOK 3HepruH, a W — mnot-
HOCTB 9HEPTHHU BOJHEI, ONpeaensieMas cooTHoueHusME (2.42). Takum oOpaszom,
3aj1a9a COCTOUT B TOM, UTOGHI TIOKa3aTh, 4To Vi = Vi.

Ipexne Beero, 3anucas monst i i B B BemectBennoii hopme:

—

E= 1 B’Oe—iwt + Bgeiwt)’

1 E_’Oe—iwt _I_E‘v’geiwt)’ B‘ — 2(

2(

e Eo u By ecTh aMIUIMTY/bl 3JIEKTPHYECKOr0 H MAarHUTHOIO MOJSL B BOJIHE,
npencTaBuM (Sy) B BHe

(Sk) = 76— {[Eo x Bg] + [Eg x Bol}. (4.12)

OOparumcs Teneps K ypaBHEHuHIM Maxkcpemna (2.43) julst 3THX aMIUTHTY], pac-
CMOTpEB HX BapHalMH IIPU MajioM M3MEHCHWH, 0K, BOTHOBOIO BEKTOPA BOJHbI
¥, COOTBETCTBEHHO, dw (k) /s ee TacTOTHL:

[5/; X Eo] + [E X 5E0] = 6—w.§0 + g5330, (4133)
¢

[0k x Bo] + [k x 6By] = 9 ai(waﬂ )Eos — Lel\5Eys.  (4.13b)

YMHOXUB Tenepr ckaixiapHo (4.13a) Ha g{j, (4.13b) Ha —Eg, a KOMILTEKCHO-CO-
npsbkeHHbIe (2.43) cooTBETCTBEHHO Ha —0 By 1 5E0, [oJy4aeM

[6F x o] - By + [F x 6Bo] - By = %9 By - By + YoBy- By (4.14a)
_[6F x By - E;; [k x 8B,) - Ez 5“ aaw (we'™) EggEgo+
+ 2D 5B, By, (4.14b)
—[k x E3)- 6By = —%£ BB, (4.14c)
[k x By]- 6By = —2e " B335 Bg, =

Eg(BOé E*ﬁ5EOa =

w (H

VE:, 6 Eop (4.14d)
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(H)

(B TOCTENHEM YPABHEHHH WCTIONB30BAHA 3PMUTOBOCTb TEH30pA £, , T.€.
(H)x _ ()
€ap = Epa)-

CnoxuB Tenepb JieBbIe U MIpaBbIc YacTH ypaBHeHUH (4.14), U ncrombs30BaB
HepecTaHOBOYHBIC TOXK/ASCTBA JJIS CMCITaHHBIX IIPOM3BECHUI BEKTOPOB, HAaX0-
JIIM, 9TO

OR{[Ey x By] + [Ej x Bol} = %2{Bo - By + L (welly)) B Fos).

CpaBHHBas 3TO COOTHOLICHHE C BhIpaskeHusMH (4.12) u (2.42b) s (Sg) u W,
€ro MOYKHO 3aIUCaTh KaK

0k - (Sp) = 6w - W,

TaK 4TO ACHCTBHTEIBHO

LN

V==

S

4-6. Ha nonynpocmpancmeo, 3anoiHeHHoe OUdNeKmpukom ¢ 3a0uetl npo-
Huyaemocmolo £(w), nNadaem no HOPMAIU NOAYOSPAHUYEHHBI 6 NPOCHPAHCINGE
BONIHOBOT NAKEM, MAK YO AMAAUMYOA DNEKMPUUECKO20 NOJLA 8 HAOAIoujeli BoaHe
Ha zpanuye ousnexmpuxa (npu z = 0) pasna

0, t<0

E(t) = .
Eysinwgt, t>0.

Haiimu snexmpuseckoe noe 8 ousnexmpuxe E(z, t).
IpencraBuM mmagarommii Ha JHMIEKTPHK BONHOBOM MakeT B Bujae Habopa
TapMOHHK

(

Et) = —1 E(w)e Wt du;
E = —1 (t et dt — iwt=ot gy — (4.15)
(w) o f (t) J

_ _FEo 1 _ 1
9/or \wHwo+i0 w—wo+id )’

Mb1 BBelH 371eCh JUlsl yA0OCTBA BHIYUCIICHHI Majioe 3aTyxanue makera (§ > 0),
KoTopoe pu § — () BBIAaeT U3 KOHEUHBIX Pe3yIbTaToB. i KaK0H rapMOHH-
KU peIleHHE H3BECTHO (CM. 3aiady 2-12); aMImuTya npomme el B Au3IeKTPUK

\
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BoJHBEI ecTh 2E(w)/(1+ 4/e(w)). mosToMy ofluee peLieH e Asl MOJs B JU3NCK-
TPHKE 3aIHCBIBAETCS CICAYIOMUM 00pasoM:

E(Z, t) — i[%\/a(w)z—wt] du] _

| +/°° Blw)
27 J 1+ /e(w)

+oo JTw
N ey P —
~ o 14 /€(w> wH+wo+id w—wy+id

Hexoms w3 Hero, mpexae BCEro OOKAXEM, YTO
E(z,t)=0 upu z > ct. Jlust 3T0T0 PaccMOTpUM
KOMILICKCHYFO IT0CKOCTh w. [lone F B (4.16) onpene-
JSIETCST MHTETPATIOM, B3ATHIM BIOJNE ACHCTBHTEIBHOMN
ocu. [Tpu § > 0 momroca MOABHTETPATBHOTO BBIPaXkKe-
HUS HAaXOAATCA B HIDKHEH modymiockoctd. OTcroma
BHJTHO, YTO y4€T OECKOHEUHO MAaJoTo 3aTyXaHHs aeT
«mpaBHITo 00X0/1a» MOMOCOB B TOUKAX w = twp: Ux
HyXHO 00X0auTh cBepxy (puc. 4.4). Tak kak B Bepx- Puc. 4.4. Ilpasuno obxo-
Hell momymiockoctd £(w) — 1 mpH |w| — 00, To /A3 TNOJKCOB B MHTErpa-
npu z > ct noabHTerpanbHas GyHKuus B (4.16) 3xc- e (4.16)
HOHEHINANBHO YOBIBAET IPH |w| — 00. IlosToMy He-

KOMBIil MHTETpal MOKHO JOMOIHHTH HHTETPAIOM IO «OONBIIOI» ITOIyOKPYK-
HOCTH. YUYHTHIBas aHAJIMTUYECKHE CBOICTBa (QyHKumu £(w) B BepxHEH MOIy-
IVIOCKOCTH W, MOXKHO 3aKJIIOYHTH, YTO BHYTPH OOPa30BAHHOIO TaKHM 0Opa3oM
3aMKHYTOTO KOHTYpa HHTETPHUPOBAHHS MOABIHTETPATBHOE BEIPAXKCHHIE HE HMEET
0COOEHHOCTEH, TAK YTO BeCh HHTErpai i TeM caMbiM E(z, t) = 0 opu z > ct.

Kakum Oyzier none mpu z < ¢t? O6mas popmyna (4.16) He naet 06o3puMo-
TO pe3ynbpTaTa, I0ITOMY 3/1€Ch YI0OHO PacCMOTPETh OT/IENIbHO BKITAJ] pa3iYHbBIX
gactoT. Kak BumHO u3 (4.15), HaubomnbIy0 aMIUMTYAY B CIIEKTpe MalaioIiero
BOJHOBOTO (ppOHTA MMEIOT YacCTOTHI, OMM3KHE K +wy. OHM U OMPEIenstoT pac-
IPOCTPaHECHUE B CPe/ie «OCHOBHOTO» CHTHanma. [ yIpoIIeHHs BBHIYHCICHHUH
PaccCMOTPHM OJHY M3 IKCHOHEHT B Sin wgt, TaK 4To OyneM CUHTATh, YTO B Maja-
FOIIEH BONHE

0, t<0

E(t) = .
®) Ege~ ™0t ¢ > 0.
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o Fo iy i(w—wo)”
Torma E(w) = —= [e )" dr, a
21 o
v Qez[k(w z—wt]
E(z,t) = /d’]’/ dwet @ wo)Ti (4.17)
V27)2
27r J 1+ /¢

HHrepecysich 3/1ech BKIIAI0M 9aCTOT, OIM3KHUX K W, IPOBEIEM pa3iioKeHHe B Io-
Kazareye SKCIOHeHTH B (4.17):

w=wo+&
dk 1 Pk| £ _&ur
kw)=k(wo) + = §+5 | &=hh=3-—%5—7%
dw |, 2 dw?|,, U 2 g2
B pesynsrare E(z, t) = Eoei(koz"”ot)#F(z, t), rae ormbaromas

1+\/€(WO)
oo Joco /
F(z,t)z%/aﬁ/ dfexp < it 41 %(z—yrt)_%_g
ur
0 —o0

HHTGI‘pHpOBaHI/IG 1o 5 BBITIOJTHACTCsI BBIACJICHHUEM MOJHOI'O KBajpara, Mmociie
4C€ro noayumnm

Flz, t) = /dye; yo — 2=ttt
Zﬂ'

V2zop

Kak u ciiefjoBaio oKuaaTh, OCHOBHOH (POHT pacipocTpaHieIcs B ITyOb Cpeabl
C TPYIIIOBOI CKOPOCTHIO Ur, IPUYEM MHUPHHA €r0 YBEIHYMBACTCS CO BpeMeHeM
M3-32 JUCIEPCHOHHOTO PaCIUTBIBaHMUS

Az ~ (2fop)V? ~ (orfop )2

Hocrarodso panexo 3a ¢poHTOM, T.e. IpH Yo < 0, HO |yo| > 1, ormbaro-
wast F'(z,t) — 1. DTo o3HagaeT, YTO TaM ycTaHaBIMBaeTCs (QpeHeneBcKoe pe-
nIeHHe JUII MOHOXPOMAaTHIECKOM BOIHBI ¢ YaCTOTOH w = wy.

Xota cnekTpanbHoe pacupeneneHre (4.15) M uMeeT MakCHMyM MpH
w = twy, E(w) ommmyHo oT Hyms mpu ool 3amaHHOM wacToTe. B wact-
HOCTH, B CIEKTPE COAEPXKATCS TapMOHHKH M € OYEHb OONBIINMH YaCTOTAMH.
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Tak Kak JUATEKTpIYecKas MPOHUIAEMOCTD cpenbl & (w) ATt TaKUX 4acTOT OMH3-
Ka K €IUHHIE, CKOPOCTh PACIPOCTPAHEHU COOTBETCTBYIOMINX CUIHAJIOB IIOYTH
paBHa CKOPOCTH CBeTa. I103TOMy TakHe BO3MYILEHHS ONEPEXAIOT PACCMOTPEH-
HBIIl BBIIE «OCHOBHOW» (POHT W HA3BIBAIOTCS «IPEIBECTHUKAMI. [IpH BbI-
YUCIEHUH DIEKTPUIECKOTO MONA B IPEABECTHHUKE) YITEM, UTO I BBICOKHX
sactor £(w) & 1 — w?/w?, rie w2 — AeKTPOHHas TUIA3MEHHAS YaCTOTa Cpe-
Jb1 (Mastoe oTHYHe €(w) OT eANHUIBI HY’KHO YUHTHIBATH TOJBKO B [IOKa3aTele

skcnoHeHTH B (4.16)). Torma

Eow d wy
E(z, t)~ — ;WO w—‘;exp i %(z—ct)—ﬁt . (4.18)
r

Hurerpan (4.18) BBIUHCIAETCS 110
koHTYpy [', mOKa3aHHOMY Ha PHCYH-

ke 4.5. VI3MeHNM IyTb HHTEIPUPOBA- — T -

HUS YIOOHBIM JIJTs1 BEITUCIIEHUH 00pa- - ~ \/\

3oM. JledopmupyeM koutyp I B Bepx- y 4 AN
HEell MONYIUTOCKOCTH B «OOJIBIIYIO» / d R \
MOIMYOKPY’)KHOCTb. B To ke Bpemss | T’ 7/\\1
opu z — ¢t < ( IOmBIHTETpaibHAas | ]
dyakmus B (4.18) SKCHOHEHUMAmb- |\ /
HO 3aTyxaeT B HIXHEll MOmyINIOCKO- \ /
cTH w. ITo3TOMy HMCKOMBIA HHTErpai \\ Ve
MOXXHO JIOTOJHUTE HHTETPAJIOM 110 > -
«OOBIIO K ITOIYOKPYKHOCTH B HUXK- It s

Hell TONYIUIOCKOCTH, TAK 4YTO WHTE-
rpupoBanune B (4.18) mpoBoautcs Te-
Ieph 0 OKPYKHOCTH «OONBIIOTO»
pagmyca. Berbepem ero Taknm:

Puc. 4.5. Koutyp wuHTerpupoBanus i
«IIPEBECTHUKAY

1/2
2
wpct

2(ct — z)

B obnactu «mpenBecTHUKa» BennunHa £ = (¢t — z)/ct < 1, Tak 4TO TaKoi
pamuyc R petictButensHo Oyner «Oompmmmy. [lpu sToM w = Re'?, tak 4To
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u3 (4.18) caeqyer, uto

’iEowo d‘,u —
E(z, t)~ — 5 Rt expis |—wpt —e“" —wpt —e b =

E w Eowg [2(ct —z 2(ct —z
00 /_lept/_ 00 (ct )J1 wpt%,
(4.19)
rae J1 — dyskua beccenst nepBoro pona [cM., Ha-
£ npumMep: 11, m. 13], uMeomas ciaemyromiee HHTe-
rpaibHOE NpEACTaBICHHUE:
AN
o Az et 7
2 Jl(l') _ 1 /ei(xsingafga) de.
Puc. 4.6. ®opma umIyns- 2r

-7
COB B «IPCABCCTHUKE

Hcnonb3yst m3BeCTHBIE cBoOWcTBa (hyHKuuH becce-
a1 J1 (), HeTpynHO U3 (4.19) 3aKIH0MUTB, 4TO «Ipea-
BECTHHK» MPE/ICTaBIAET COO0H ITOCIe10BaTeIEHOCTh HMITYITbCOB (pHC. 4.6), mH-
PHHA ¥ aMIIIHTY/Ia KOTOPHIX YOBIBAET II0 Mepe pacIpOCTPaHEHHs BIITyOb CPE/IbL:

E~ Ey 20, AZNL%

§ 5. Uznydyenue BaBunosa—Yepenkona. Ilepexoanoe
H3JIy4YeHue

5-1. Haiimu mMOWHOCMb 4epPEeHKOBCKO20 U3yHeHus 01t MoHonoas Jupaxa,
UMeIoWe20 MACHUMHDBIL 3apad ¢ U O8UNCYWEL0CA ¢ NOCMOIHHOU CKOPOCHbIO
6 cpede ¢ QUILeKMPULecKot nporuYaeMocmoio &(w).

B chydae CymiecTBOBaHWS MATHUTHBIX 3apsiioB ypaBHeHusi MakcBemna
B CIUIOIIHON cpene MpHOOPETaIOT TaKoH BHL:

divD = 47TpgTE), divB = 47Tp(M)
5 (5.1)
rotB:%aa? + 255 rotE= 198 - AT,
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AE) (M) =2(M)
roe pc’r ,jCT Hu ch ,ch — IUIOTHOCTh M TOK CTOPOHHUX BICKTPHYCCKHUX

¥ MarHUTHBIX 34| B i (B) 4 78 (M) _
pAnoB. B nanHOW 3ana9€ pcr © M jor © PaBHBI HYIIO, A pPer = =

Sy (M G -
= q6(7 — ), jc(T ) = qUS (7 — Ut), tae ¥ — CKOPOCTh MarHHUTHOTO MOHOIIOIISL.
Ilepexonst k @ypbe-NpeACTaBICHAIO, U3 JBYX MOCISMHHX ypaBHeHHil B (5.1)
HAXOUM

B(kv LU) - k2 — 6(,02/02 (S(Ld - kﬁ)?
Tak uro B (7, t) mproOperaeT BUA
N 1 - - . _‘~_'—w -
B(r, t) = @) /B(k, w)e!FT=wt) gk gy —
; o iR (ko) k-7 -
— L[ aR &l fﬁ” Ev(gv)fk . (5.2)
27 (k% —e(k - 7)%/c c

B mpospadHoi cpene moTepH SHEPTHH YACTHIBI OMPENEISIOTCS TOIBKO ¢
H3JTy4CHHEM, MI0TOMY MOLIHOCTb H3/Iy4CHHs | CBI3aHA ¢ TOPMO3SILICH YaCTHILY
crnoii F rakum cootromenneM: | = —F ¢ = —qu- B(r = Ut) (U3 cooOpaxkeHHii
CHMMETPHH 37ieCh OYEBHIHO, YTO NIEKTPHUYECKOE MoJie He JaeT BKIaJa B CHILY
TopMmoxeHus). Vicnomnb3yst (5.2), moayaum

iq / ' c
I=—— = =
27 k? —e(k-v)%/c?
2
oo " e(w)v 1
iq? ?
— / dw/dkL (5.3)
272y 9 w g(w N
- e

[Ipu WHTETpUPOBAHHUH TI0 dk Mot TEPEIIUIN 3/1€Ch K HOBBIM IICPEMEHHBIM: I10-
nepevyHol K U KOMIIOHEHTE BEKTOpa k | M 4acTOTE w = (k ¥), TaKk 4TO di =
= dk 1 dw/v. TockoNbKy 9acTOTH +w COOTBETCTBYIOT OJHOIL M TOil e BOJIHE
(pm3mueckuii CMBICT UMEIOT TONBKO MOJOKUTENBHBIE YaCTOTHL), TO CIEKTPab-
HYIO MOLIHOCTh MOTEPb SHEPTHH MOHOIIONS MOXHO, cienys (5.3), mpencTaBuTh
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B TaKOM BHIAC:

)
dI iq /
- = — dk E , (5.4)
dw 2712y . w® e(w)w?
L 02 o2

I71e CHMBON » . O3HAYaeT CyMMY BKJA/0B MOJOXUTENBHBIX H OTPHIIATENIbHBIX
gl

gacToT. Kak OymeT fCHO M3 jajibHEHINEro, MOSBICHAE YE€PEHKOBCKOTO H3ITyde-
Husl CBSI3aHO C BO3SMOXKHOCTBIO OOpallieHust B Hyllb 3HAMEHATEIs IOJ HHTErpa-
aoMm (5.4). TlosToMy masi KOPPEKTHOTO €ro BBIUUCICHHS OyAeM CUMTATh, 4TO
B cpene ecTh cnaboe 3aTyxaHHe, CBSI3aHHOE ¢ MHHUMOM YacThIO AHINCKTPHYE-
ckoii mpounnaeMoctd &/ (w). YuuteiBas Tenepb, 4ro £ (w) sABnsieTcs HEUETHOMH
dyHKuHeil w, a neficTBUTENBHAA 9acTh — €' (w) — YeTHOM (ITH CBOMCTBA (YHK-
u £(w) cneayrot u3 (4.2)), nonyunm us (5.4)

. 9 oo 2
dl iq e'v? c
al - Mk gk (E8 1
dw 7w/ Ld J_w( c? ) 2 2
0

Taxk kak B mpexene €/ — 0

w”
2" 2 2
Jm, s =t (K45 - 22,
(ki + ‘*’—j e""—2> + (‘*’—25”> ! ¢
v C C
TO B IIPO3pa4YHOM cpene
2 2 by
dI _ ¢w [ew) 2¢l2 | WP WP
== = —-—=—-1 dk16 |k = - = . 5.5
= = / 1Ok + 75 = e(w) (5.5)
0

OTC}OI[a BHIHO, YTO H3JIy9€HHMEC BO3MOXHO TOJIBKO IIpHU YCJIOBHH, YTO CKO-
pocts MoHomomst v > ¢/4/e(w) (B LPOTHBHOM CiIy4ae HENb3s OOpaTHTH
B HyJIb apI'yMeHT §-¢byHKIMH B (5.5)). Kaxnoli 3agaHHOH yacToTe (1711 KOTOPOH
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vée(w) > ¢/v) cooTBETCTBYET CBOM UEPEHKOBCKMI KOHYC cosl = c/vy/e(w),
e 0 — yroa MeK/y HanpaBIeHHEM BOJIHOBOTO BEKTOPA M3Iy4aeMoi BOJNHBI k

—

M CKOPOCTBIO ¥ (IIOCTIEHEE PABEHCTBO CIIEGAYET M3 TOTo, 4To w = k - ¥ =
— _w
= kvcost = % \/e(w)v cos ). OxonuarenbHo u3 (5.5) cnenyer

2w [e(w)v?
ar [52[29E -],

0, e(w) < /v

m

(w) > 2 /v?;
dw

5-2. Honyuume pesynvmanm npedevidyujels 3a0auu nymem HenocpeocmseHto-
20 GBIYUCTEHUS HOMOKA YAEKIMPOMASHUMHON SHEPSUU HA OOTLULUX PACCTNOSHUSX
om 08UICYUe20CS. MOHONONA.

CornacHo (5.1), @ypbe-00pa3 3IeKTpUIECKOro Mo

- S L 2igh(w — kD) [y~
__c b ot A )
B(F.w) = —lbx Bl = 55~ a7 |4 x|,
TaK 410 B (7, t) OpencTaBieHUH
B, 1) = 4 /dkdw (EF Y x Ko — ko) (5.6)
7 t) = —_—— — k7). :
2712c (k? —w?e/c?)

HampaBuM och 2 B/IOJIb BEKTOPA CKOPOCTH U, U BBE/IEM IIOIEPEYHBIC K U KOMIIO-
HEHTBI BEKTOpOB 7" M k Kak 77" = (7', 2), k = (k1, k||). Beuay §-byHKiuu moz
HHTErpajioM B (5.6) k) = w/v, Tak 4TO

Lo i . W(%*t) ik -7 I
E(r, t) = 27;00 /dkL dw-£ Qe — [V x kil (5.7

BBenieM Terepb HossipHbie KoopamHarsl (k) , &) B mIockoctd k), A€ & ecTh

YroIl MeX/y BEKTOpaMu k) W 7|, U IMJIHHIPHYECKHe KOOPAMHATHL (p, ¢, 2)
B mpoctpaHctie. Toraa u3 (5.7) caenyer, uto E, =0,

. +oo iw(ift) oo 27
E,= zq2 / dw - e v /kf_ dk | /dasinaeiki”coso‘ =0,
2mc (kz +w_2_5w_2> ] J
o0 4L e 2
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TaK KaK MOCIICAHUH HHTErpal o yriry « o6pamaeTc;1 B HYJb, a4

“+oco 0 27

: oz 2
E, = " / dw ez‘”(Z_t) / ki dky . /da cos aetkLreosa
e PR
— 0o 0 1 + ’U2 € 62 0

3nech mocnenHnii uETErpan no « pasen 27wiJi(kyp), tae Ji ects dyHKmusa
beccexs mepsoro panra (cMm., Hampmep, [11]). Ilostomy

+oo [e'e]

q k’ ko_
EW = ~Tc / ki_p)

—0o0 0

2 2
e p? = w_2 — €w—2. CormacHO W3BECTHBIM COOTHOMmEHUM it hyHkimii bec-
v C

cems [11],
T I k-ka dkL
/ ! = pK1(pp),

0

rae Ky ects MmogudunuposanHas ¢pyHKius beccems. [loaTomy

+oo
. q (= —t
Eo(7 1) = —mz [ ¢“ @ pK1(pp),

—0o0

" €€ BpEMCHHAs q)ypbe-KOMHOHeHTa €CTh

LN a2 s
Eo(r,w) = —zy/ 7€ ?pKi(pp). (5.8)

AHaTOTHYHO, A1 MATHATHOTO mojst U3 (5.2) cieayer, 4To

C

: W Eft ,L'ﬁ‘ =
B )= 2 /dl%;dw SR, {(ﬂv—g)é’z—

21y 2 2 2 v
(i +45-<%)
v &

—kycosag, — kL sinaézp}.
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Orcrona B, =0, a

o'} (e_w _ ﬂ) 27
/2 Lz 2 2 ,
B,(T, w) = RAL 271' /kj_ dky v ¢ v -/elki”coso‘da =
2m L2 w? w?
0 1+ 2 fz) 0

o

_ta j2 (. AN\ wy [ kidky _
T2 ”w(g 2)6 / (k3 +p2)J0(kLp> B
0

iq 2N\ il
== %w(s—&)ez " Ko(pp). (5.9)

3neck Jy 1 Ky ecTh, COOTBETCTBEHHO, (hYHKIus beccenst 1 MoanuguLupoBaHHAS
¢byHKma beccens HyneBoro panra. IlogoOHBIM e 0Opa3zoM moirydaeM, uTo

) . %) 9 27
_zq\/27rez‘w; kS dky ./euupcosacosada _
2my (k3 +p?)
0

q /2 ws
g\/;evaKl(PP)- (5.10)

Kak BuaHo u3 (5.8)-(5.10), snekrpoMarHuTHOE MO, CO3/IaBaeMoOe B Cpeje JBU-
JKYIIUMCST MATHUTHBIM MOHOIIONIEM, 007aJaeT a3MMYyTalbHOH CHMMETPHEH OT-
HOCHTENBHO BEKTOpa CKOPOCTH U.

CBoiicTBa ATOrO MOJISL HA OONBIIHX PACCTOSHHSX OT TPACKTOPHH MOHOIIO-
1 (p — ©0) CYIIECTBEHHO 3aBHCST OT TOTO, ABISETCS JH CKOPOCTh MCTOYHHKA
B Cpejie CBEPXCBETOBOM (v > ¢/+/€), win noceeToBol (v < ¢/+/¢). B mocienuem

BP(Fv w) =

2 2
cayuae mapamerp p? = £ — %o > 0, tax uro Qyuxumn Ko(pp) u Ki(pp)
v C

pH pp >> 1 IponopIiioHaIbHE €~ PP T. e. Ha OOJBIINX PAaCCTOSHHSAX 3IEKTPHYEe-
CKOE€ W MaTHUTHOE I0JIe SKCIIOHCHITHAIBHO 3aTYXal0T, U U3JIyYCHHE OTCYTCTBYET.
Hao6opor, npu v > ¢/+/g, Korna s2=—p2>0, ¢byuxipm beccens

Ko,1(pp) ~ ;Tpe“”, sp> 1, (5.11)

4TO COOTBETCTBYET SHCKTPOMaFHHTHOﬁ BOJIHE, pacnpocrpal-[ﬂ}omeﬁcx OT Tpaek-
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TOpHUHN UCTOYHHKA. I[eﬁCTBPITCJIBHO, B 3TOM CJIy4ac MoOJI€ MCHACTCA KaK

, , [ 2 2
exp[i(ser %z)} exp[i(%z+ w—2ew—2p>],
c v

4TO COOTBETCTBYET SHCKTpoMaIHHTHOﬁ BOJIHC HSHy‘IaGMOﬁ B HallpaBJICHWU 3a/1a-
Ba€MOM YCJIOBHCM YCPCHKOBCKOI'O pC30HAHCA!

w/v c

Vew/e v/

MoutHOCTh U3ITy4eHHs! MOXHO TeIlephb BBIYHCIIUTD KaK IIOTOK AIIEKTPOMAarHUTHOMI
sHeprud (Bekrop [loHHTHHTA) Yepes3 IUIHHAPUYECKYIO TOBEPXHOCTh OOJBIIOT0
pamuyca (p — ©0) C OCHIO BJOJb KOOPAMHATHI z U JUIMHON paBHOH v (IIyTh,
IIPOXOUMBII YaCTUIICH B €UHUILy BPEMEHH):

cosf = k,/k =

+oco +oo
I =2mpv / ﬁ[ﬁ x Bl,dt = %Ucp / E, B, dt. (5.12)

IIpenctaBus E,(t) u B, (t) B Buae Oypbe-HHTEIPAIOB:

+o0 +oo
E,(t) = E / E,(w)e™®tdw,  B,(t) :\/%7 / B.(w')e™ ™" du’,
— 00 —0o0

noxy4vaceMm, 4To

/ E,(t)B.(t) dt =

“+o0 4 oo 4o

= % dw dw’ / dte’i(“”‘”')tE@(w)Bz(w’) = / dw E,(w)B,(—w) =

—0o0 — o0 — o0

+oo [e%e]

= /dwEw(w)Bz(w) = 2Re/dwE¢(w)B§(w). (5.13)

—00 0
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3;[6CB MBI HUCITIOJIB30BAIA YTO

+oo
/ dt U T — 9n(w 4 W),

— o0

M CBOUCTBO cHMMeTprH (Dypbe-KOMIOHEHT IeHCTBUTEeNbHOH QyHKimu f(t):
J(—w) = f*(@).

OueBu/IHO, UTO B IIpe/ieNie p — OO BKIIAJ B H3TyUeHHe OyleT aBaTh TOIBKO
obmacts, rae /£(w) > ¢/v, Tak 4TO IPU BBIYUCICHHN MOMHOCTH (5.12) MOXHO
HCIIONB30BaTh acUMITOTHKHE (5.11) st pyskuwii beccensa. Torma us (5.8) u (5.9)

CIeAyeT, 4TO
(Z4s0)
Ew(P> w) ~ iQ\ﬁe z

iqw 2\ (%t
Bz(pa L(J)r'\".;ﬂ(é‘%)el(vz sp)_

TTonctarus 3tH BeIpaxkeHus B (5.12) u (5.13), Haxomnm

oo

I:/d qQTw[g(w)”—zq,

C
0

4TO COBIA/AET C PE3YJIBTAaTOM, TOXYUYEHHBIM B 33aaue 5-1.

5-3. Boruucaums mowgnocme usnyuenusi Basuiosa— Yepenrkosa 0ns persmu-
BUCCKO20 HEUMPOHA, OBUNCYULE2OCS ¢ NOCMOSHHOU CKOPOCHbIO 8 NPO3PAYHOU
cpede ¢ 3a0anHoil Qusnekmpuyeckot nporuyaemocmyio £(w). Maznummblii mo-
MeHm HelUmpora OPUEHMUPOBAH NePHEHOUKYIIAPHO K €20 CKOPOCHU.

B cucreme mokost HEHTPOH WMeeT COOCTBCHHBIH MATHHUTHBIA JHUITOMBHEIA
MOMEHT My, a €T0 AIEKTPHICCKAA AUMONBHBIN MOMEHT paBeH HYAr. B mabopa-
TOPHOI1 e CHCTeMe 0TcueTa IPUCYTCTBYIOT KaK MAaTHUTHBEI (17}), TaK U 3IEKTPH-
qecKuil (cf) JIUTIOTEHBIC MOMEHTHI, BEIMYUHBI KOTOPBIX 3aBHCST OT OPHCHTALIUU
CTIMHA HeHTPOHA OTHOCHTETHHO €T0 CKOPOCTH, H AAFOTCS CACAYIOMINMH BBIpayKe-
HISIMH [8, § 76]:

CZ:

o=

(?7 X 7730), m= 7777,0 — (’)/ — 1)’(7 (5.]4)
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TaK 4YTO B JdHHOM Ciy4ac m = 1’)_’20. CTOpOHHHﬁ TOK, CO31aBacMbIli B cpene
JABHKYIIUMCS HeﬁTpOHOM, €CTh

G = %—f + crot M, (5.15)

rac P u M ecTh IIIOTHOCTH CTOPOHHUX 3JCKTPHUYCCKOIO U MarHUTHOI'O JUIOJIb-
HBIX MOMCHTOB!:

P t)=db(F—at), M =ms(F— o).

Ilepexons B ypaBHeHusx Makcsemna (5.1) k @ypbe-nIpencTaBICHHIO, H YIHTHI-
Basi, 4TO cormacHo (5.15),

onlh ) = 2D e off ),

HaXoaum q)ypBG—KOMHOHGHTBI SIICKTPUYCCKOTO 1 MATHUTHOTO IOJIA B Cpeac:

E(k - d)

= | 6w — k?),

2

_ 2\ 1 .
E(k,w) = 2(/&&2—) [‘”—d Yk x i) —

- N\, .
B(k, w) = 2(k2 - 5w—2> {H(k x d) — [k x [k x m]]6(w — k - 7).
c
(5.16)

Crenyromuii IIaT COCTOUT B BBITHCICHUM TOPMO3SIIEH CHIIBL, eiicTByIOMIel Ha
HEHTpoH. J1J1 5TOT0 BEIBE/IEM IIPEABAPUTETIBHO 001I1e€ BRIPAKEHHUE AJIs DIIEKTPO-
MarHHTHOM CHJIBI, JACHCTBYIOIIEH Ha ABMKYIIyIOCA CHCTEMY 3apsAjl0B U TOKOB,
XapaKkTepH3yeMyl0 0ObEMHBIM pacIpe/e/icHHeM JUMOJIBHBIX MOMEHTOB 13(77)
u M (7), TaK uto

J:/ﬁdv, m:/Mdv

€CTb, COOTBETCTBEHHO, MEKTPUYECCKUII 1 MAarHUTHBIH AWMOIBHBIE MOMEHT CH-
CTEMBI KaK 110l Pacrpe/eneHue 3apsioB 1 ToKoB B TepMuHax P u M ects

p:—divﬁ, f:aa—];Jrcrot]\?T,

MMO3TOMY HCKOMas 3JICKTpOMarHuTHasA CHiia

F- /dv{pE+ 117 x B}
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MOJeET OBITh 3amucaHa Kak F' = Iy + F5 + F3, tne

ﬁlzf/dV-E~divﬁ, ﬁgz/dV[rotM'XEL

FS:%/dV[%—];xB}

(5.17)

HnrerpupoBanie mo uactaM B Fy n Fy mpusouT K H3BECTHBIM BBIDAKEHIAM
st SJIGKTPI/I‘IGCKOI/I ¥ MAarHUTHOW CHIT B HEOZTHOPOHOM TTOTTe: F = (cf : 6) 5
Fy = V(m B ) Paccmotpum otaensHO cuy Fg, CBSI3aHHYIO C MOSIPU3ALHOH-
HBIM TOKOM & P /0t. Xors pactipeenetne PuM BHYTpH JIBHDKYILEICS CHCTEMbL
MOApa3yMeBaCTCs HEH3MEHHBIM, POH3BOHAs 0P /Ot oTiH4Ha OT Hysis B 1abo-
paTopHoii cucteMe oTcyuera. J{eHCTBUTENBHO , €CIH CKOPOCTh CHCTEMBI €CTh U,

TO JUISL CTAIMOHAPHOTO PACIIPEIENEHUsT P, TOIHAs IPOM3BOHAS, % = %]; +
+(7- V)P = 0. Orciona %—1: = —(¥-V)P. Honcrasus 510 BEpaxeHue B (5.17),
¥ MICTIONB3YS TEH30PHBIE 0003HAYEHHS, HAXOAHM, YTO

APy 1 ) 0B,
Fy = — /dvezkla om Bl = geiklvm/dV{E(Psz) i — o

IJIe €;5] €CTh aHTMCUMMETPHYECKHN eMHUYHBIA TeH30p TpeThero paHra. [lep-
BBII MHTETpajl B MPAaBOH YaCTH ATOTO BBEIPAXKCHUs paBeH HYMIO, T. K. P = ( BHe

cucremsl. ClieioBaTensbHo, Fy = %[d X (U- V)B], 1 nonHas cua, neiiCTByomast
Ha JBIDKYLIMICS JHIIONb, pABHA

F=(d-V)E+ V(- B)+1dx (7. V)B. (5.18)

[IpuMeHNM Temepb 3TOT Pe3yNbTaT K ABIKYIIEMYCS HEHTPOHY, UCIOIB3Ys BBI-
pakeHus (5.16) i cozmaBaeMoro UM TOJISl B cpezie. DTO JlaeT

- - i[(k-T)—wlt - o [,.,2 5
F= (27r)*22/dkdw M(S(whﬁ){i(k.d) [W_Qd

k? — ew?/c?)
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Orcrona MOMHOCTB TOpMO3siel cunsl [ = _F .7, ects
i di el e waz.cz)}
(k-d)|—= - +
T an? (k2 —ew?/c? ){ ){ c? 7] €
2 > 2 . 2,2
—I-w[——m + E*m? — (k- m) } —|—w—2d +wg (k-?ﬁ)g—wk ;} mz}
? ¢ g

(5.19)

(3nech UCTONMB30BAHO, YTO BEKTOPHI 17} U ¢ MOMEPeYHs! K ¥7). [Tocme BRIYHCITCHAH,
aHAJOTMYHBIX HPOBEICHHBIM B 3axaue 5-1, HaxomuMm m3 (5.19) cmekTpaibHyO
MOITHOCTb M3JTyYCHUS:

dI 7 1 2
£-z dm5<h+ W —g—>{(kL .@2(1 - g) +m* (e = 1)~

2,2

- %m%s —1) — (k. -m)? (1 - Z—i) } (5.20)

B otnmume oT cmy4as TOYCYHOTO 3apsia, B H3TYYCHHH OTCYTCTBYET a3MMYTAalb-

Has CHMMETpPHs] OTHOCHTEIBHO BEKTOpa CKOPOCTH ¥, TaK YTO MOIIHOCTH (5.20)

3aBHCHT OT yINIA (p MeXny Bekropami k| 1 17. [Tocnme uaTerprpoBanus (5.20) mo
no_ 1 2 S

Monymo k|, T.e. dk; = 3 d(k1) dp, n moncranosk d 1 m u3 (5.14), momydaeM

u3 (5.20), uto

2 2 2 2
+ <% (c-n(1-Y% (w—sw)<lv>cos }
02( )< 02> c v? c 4

T. €. pacupeAcJICHUC MOIMHOCTH U3ITYyUCHUS [10 a3UMYTaJIbHOMY YTIIY ©. Ilonmnas
CICKTpaJIbHAA MOIMHOCTH U3JIYUYCHUA €CTh

3m2 2 2 2
dl _ Wy 1 v c
(LA cle(1-1) — (12 ) (1- <))
dw 2uc2 ( )[ ( 5> ( sc2>( 5112)}

OT0 BBIp@XCHHE YHPOIUAETCS Il YABTPAPEIATHBHCTCKOTO HEHTpOHa, Korja
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o\ —1/2
v = <1—U—2> > 1.

&

wdm3
ar _ 2¢%e(w)

dw

[e(w) = 1%, e(w) > 15

0, e(w) < L.

5-4. Hatimu amnaumyoy 1eHemMiopo8cKux Konebanutl (cm. 3aoavy 2-4), 603-
Oydcoaemuix 6 X0M0O0HOU nasme ¢ HeCKOHeUHO MAICETLIMU UOHAMU OOHOPOOHO
3apAACEHHOT N0 CKOCHBIO, OBUNCYUYEUCS ¢ NOCMOAHHOT CKOPOCTBIO U 8 HANPAB-
JeHuU ceoell HopManu.

[TycTh mI0CKOCTh HMEET INIOTHOCTD IIOBEPXHOCTHOTO 3apsifia o M JIBHXKETCS
BJIOJIb OCH z. Torja snekrpuieckoe none £, = E, o0beMHas INIOTHOCTD 3apsijioB
B IUIa3M€ p W INIOTHOCTh TOKA j 3aBHCAT TOMBKO OT z M ¢ M TOXMHHSIOTCS
CTCAYIOMUM YPaBHEHUAM:

C&))i g—i =0, pa=0od(z—ut). (521)

OE
0z

= 4wp + 47 per;
it depeHnupys BTOPOE U3 HUX [0 BPEMEHH

p 9 0j
o Toeot !

Y YYUTHIBas, YTO B JIMHEHHOM MPHOMIDKCHUH

. 2
. dj v ne? “p
J = nev; %ZneE:WE:EE

(n — IUIOTHOCTB SNIEKTPOHOB, € M M — HX 3apA] H Macca, U — CKOPOCTB),
Oy YUM

2
p  WpoE
o2 4w oz

0.

Bmecte ¢ nepBbIM U3 ypaBHeHHH (5.21) Haxoaum

82
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OT0 ypaBHEHHE OCHIULIATOpPA, BO30OYXXIaeMOro BHEIUHEH CHIOH, MMeromel xa-
paKTep MTHOBEHHOTO «TONYKa» B MOMEHT BpeMeHH ¢ = z/u. Ero pemecHwue
JETKO TMOMYYUTh, MPOHUHTETPHPOBaB 00¢ dacTH (5.22) mo OGeCKOHEYHO Malo-
My BpPEeMEHHOMY HHTEPBAIY OT z/u — € 110 z/u + €. B pesynsrare mosmyuamm,

% = —wZo/u. Pemmas mocie 5TOTO ypaBHEHHE CBOGOIHBIX KOIE-
z/u+te

GaHuii ¢ TaKUM HaYadbHBIM YCTOBHEM (M YYHTBIBASL, YTO pl., = 0), Hakizem

BO3MYIIICHUE TNIOTHOCTH 3aps/ia B IUIA3ME

—wzl sinwp(t — z/u), t>z/u

(5.23)
0, t<z/u.

p(z, t) =

TaxuM 00pa3oM, 3a IIOCKOCTBIO 00pazyeTcs «IuIei(» BO3MYIIECHHI TNTOTHOCTH
3apsia ¥ OpoJIOJIBHOTO JIEKTPHISCKOrO oI, T. €. JICHTMIOPOBCKUX KoJieOaHuii
¢ yacToToil wy,. U3 (5.23) u ypaBHenus Ilyaccona MOKHO HaliTH 3J€KTPHYECKOE
HoJIe BO30YKAAEMBIX IIOCKOCTBIO KoJeOaHu i

—drocoswp(t — z/u), t>z/u

E(z, 1) =
(=) 0, t < z/u.

(5.24)
Kak BumHO u3 (5.24), BonMHOBOI1 BeKTOp BO30YKAaeMBbIX JICHTMIOPOBCKHX KOJe-
Ganmii £ = wp/u, TAK 9TO BBHIIONHACTCA YCIOBUE YEPEHKOBCKOIO PE30HAHCA
w = ku.

PaccmorpuM Temeph GanaHC SHEpPTHM s 3TOTO Iporecca. HempepsiBHOE
B030YXK/ICHHE JTEHIMIOPOBCKHX KoieOauHii (5.24) yBeslMUHBaeT UX SHEPrHIO, OT-
HECCHHYIO K €/IMHUIE IUTOMQAIH ABIXYHIEHCs IITOCKOCTH, CIIEYIOMNIM 00pa3oM:

E? (47c)?
dé —Weou==2.y= L u=2r0’u,
dt 8w 8T
rae W ecTh IIOTHOCTE SHEPTHH THX BOJH (cM. 3amady 2-15). CrepoBatensHo,

TOPMO3AIIast CUiTa, UCTIBITHIBAEMAsT 3TOM 3apPsKEHHOM TIOCKOCTRIO, JODKHA OBITH
1d& 2
apHa Fr = — == = —27wo~.
p ugg
Herpyn#o nposeputh, 9TO 3TO ACHCTBUTENHHO TaK. MICKOMAsT TOpMO3SIIas
cuia paBHa o F/y, toe E1 eCTh 2MEeKTpUYECKOe Tole, CO3IaBAeMOE MTa3MOi B Me-

CTC HAXOXKACHUS IMIIOCKOCTH. Tak kak QJICKTPUICCKOE IOJIC MOCIIe/THeH eCTh

—2ro, z<ut,

E —
. +27o, z < ut,
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To m3 (5.24) cnenyert, 4TO
Ei(z =ut) = E(z = ut) — Eq = —270,

KaK 1 OJOJKHO OBITh JJIA BBIIOJTHCHHA Oamanca OHEPTHUHU B CUCTCMC.

5-5. Hepensmusucmexuii moueunvlii 3apsa0 € 08UNCemcs 8 8aKyyme ¢ no-
CIMOSIHHOU CKOPOCMBIO U NO HANPABIEHUIO HOPMATU K 2PAHUYE UOCAbHO20 HPO-
800HUKa. Onpedenums cnekmpanbHoe U y2nogoe pacnpedenenue, a makice no-
JAPUBAYUIO UTYUEHUS, BOZHUKQIOWe20 NPU NepecedeHuu 3apsaoom paniiybl ea-
KYYM-HPOBOOHUK (NePEXOOHOe U3TyHeHuUe).

B ciyuae uneasbHO NMpoBOAAIIEH
cpenbl ee MOSIPH3alsl YKBHUBAJICHTHA

HOSIBICHIIO (PUKTHBHOTO 3apsna —e, h N R
HAxXO/AIIErocss B CHMMETpHYHOU (OT- AN
HOCHTEJIBHO IUIOCKOCTH z = () Touke N
(puc. 5.1). JINMOMBHBIH MOMEHT TaKoH " N "
CHCTEMBI 3apsiI0B — A -
. e 0 —e =z
g 2evt, t<0 (5.25)
0, t>0

(cuMTaeTcsd, YTO 3apsx MOCTHUTaeT IOo-
BEPXHOCTH pa3zena B MOMEHT ¢ = 0).

Tax Kak ipu 5T0M Bektop d = —2e#6(t) Puc. 5.1. Mojeb nepexonnoro usnyuenus
TO B MOMEHT ¢ = () BO3HHMKA€T BCIIBIILI-

Ka mepexoaHoro uimydyeHus. CormacHo

M3BECTHBIM (hOPMYAaM 3JIeKTPOANHAMHKH [4, § 67], 11l TUITOIBHOTO U3TyYeHUS
B BOJTHOBOIA 30He ronsi £ u B paBHBI

Ortcrona cpasy chenyet, 4TO B paccMaTpHBaEeMOM CIydae H3IydeHHE OyJeT IH-
HEIfHO TOIAPH30BAHHBIM, IPHYEM TAK, 4TO BEKTOP B MepHeHIKYIIPeH MI0CKO-
CTH, 00pa3yeMoif BOJTHOBBIM BEKTOPOM H3ITy4acMOH BOIHBI H BEKTOPOM CKOPOCTH
3apsna. Jjs yIioBoro U CHEKTPaIbHOTO PaclpeacIeHus H3TYUCHIS MOMy4aeM

de ¢ g 2 2_[(@wxfi]?
dodq — a5 Pl = 5

2mwe
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Berumcnsist  Dypbe-KOMIOHEHTHl  BbIpaskeHust  (5.25), momy4nm (cf)w =
= —2e¥/V/ 27, TaK 4TO

d L
= 7;03 (7 7. (5.26)

Kak BujHO, NOMHAs H3TydaeMasi 3apsaoM SHEPTHs, paBHas HHTETpaiy ot (5.26)
10 BCEM YacTOTaM M HAIlpaBICHUIM, OKa3bIBACTCs OSCKOHEUHOH M3-32 pacXoau-
MoCTH IIpH OONBIINX YacToTax (CHeKTp de/dw He 3aBHCHUT OT w). DTO CBA3aHO
C HUCMOJIb30BaHHEM B PEIICHHH MOJAENH WiealbHOTo mpoBogHHMKa. Ha camom
Jiene, MpH GOMNBIINX YaCTOTAaxX JUBL MH0OO0To BemecTBa QYHKIHH &(w) CTPeMHUT-
csl K enuHUne. Tak 4To MOMyYEeHHOE B STOM MPUOTIKEHHH BbIpaskeHHE (5.26)
st de /dwd§) cTaHOBHTCSI HEBEPHBIM MPH YaCTOTAX w > 0, TIE 0g — CTaTHYC-
CKasl IIPOBOJIUMOCTD IIPOBOHUKA.

5-6. Hepensmusucmcruti mo1eunwiti 3apsd q O8UINCEMCS C NOCHMOSHHOU CKO-
POCMbIO U, HANPAGIEHHOU NO HOPMAIU K NIOCKOCMU pazdend 8aKyyM-Oudiex-
mpuk. Hatimu sHepeuio nogepxHocmuuix 601 (cM. 3a0a4y 2-13), 6036yaicoaemvix
3apsi0OM npu nepecedeHuy Yol epanuysl (puc. 5.2).

Tak kax CKOpoCTh 3apsafa v << ¢, TO

I I NPHOIIKCHHO MOXHO CYHTATh, YTO CO3/a-
BACMOE MM OJICKTPUYECKOE MOJTE MOTCH-

eW) [HAJTBHO, Eﬂ_’: —V. Torma div(ZE) =

L = —div(EVy) = 4dmper, tHE por =

= ¢d(7 — ¥t). IlycTh 3apsm ABHKETCS
BroJb ocH z. Torma coBepmmM Dypoe-mpe-
00pa3oBaHue IO MOIEPEUHBIM KOOPIHHA-
Tam (z, y) u Bpemen, BBenst (kL , w, 2),
u OyneM pemath ypasrenue [lyaccona ot-
JemsHO mus BakyyMma (2 < 0, obmacts I)

Puc. 5.2. Bos0yxjeHHe IOBEpPXHOCT-

HBIX BOTH JBIKYIIHMCS 3apsioM u guanekrpuka (2 > 0, obmacts II). Yuu-
TBIBAs, UTO
. 1 o iR —t) g qeiwz/v
l@_,cu,z:7,‘/(1(57”—117562(LL dr dt = ——,
perl ) (27)3/2 ( ) (27)3/%y

TS TIOTEHIHATa B BAKyyMe, 01, IOIYIUM

d2§01 quiwz/v
A = - ”2 —_— —4 = —-———
L1 k ©1 + sz T Per (271_)1/21}7
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OTKyZa
Qqeiwz/v

= Aek® |- .
1 (2m)Y2 (k2 4+ w? /v

(5.27)

3nech U B panbHeiimeM k£ 0003HauaeT Moxylns BekTopa k1 , U B (5.27) ocTaBneHo
TONBKO yOBIBAIOIIEE MPH 2 — —0O PEHICHHE. AHATOTHYHEIM 00pa30M HAXOINM
MOTEHITHAJT [I0JI B Cpelie

wz/v

2qe

— Be % 4 .
v (27) Y 2ve(w) (k% + w?/v?)

(5.28)

Bxogsmme B (5.27) u (5.28) koucrantet A u B onpenensiroresi U3 rpaHUYHBIX
YCIIOBHI, COCTOSMMX B TOM, YTO Ha rpaHutie paszaena (mpu 2 = () JOWKHBI
OBITH HEMPEPBIBHBI MOTEHINA H HOPMaJlbHAs COCTABISIIONMAs HHAYKuH D, =
= —edp/dz. Tlocme IPOCTHIX BBIMUCICHAR OTCIOMA IOy UM

2q(¢ - 1) . 2q(c — 1)
@m0 + 1)(k% + w?/v?)’ 2m)Y20(k? + w2 /v?)e(e + 1)

JlampHeHmuii X0 pellleHuss COCTOUT B CICAYIONIEM. 3Has MOTCHIHAN, HaXOAHM
AMEKTPHUYECKOE TI0NIC U TOPMO3SIMIYIO CHITY, ACHCTBYIOMYIO Ha JBIDKYIIMICS 3a-
psn. 13 mony4eHHBIX TakuM 00pa3oM IOTepb SHEPTUH 3aps/ia Hy>KHO BBIICITUTh
BKJIaJI, CBSI3aHHBIA ¢ BO30YXXJICHHEM MOBEPXHOCTHBIX BOJH.

3aMeTHM Mpekae BCET0, YTO HAC MHTEPECYET Moe, AeUCTBYIONIEE Ha 3apsia
co cTopoHB! cpenbl. COOTBETCTBYIOMIMIA MOTEHIHA (0O03HAYHM €TI0 () HETPYAHO
nony4duts u3 (5.27) u (5.28), BeIUMTAs MOTEHIHAN, CO3JaBAE€MBIH cCaMHUM 3apsi-
oM. Tak Kak MOCTEOHHH OIKCHIBAETCS TEMH K€ BBIPAXEHHAMH ¢ &(w) = 1
(mBrOKymHiicsa 3apsAn B BaKyyMe), TO

Qqeiwz/v 1
2m) 20 (k? + w?/v?) \ e(w)

31 = AeF?, Po = Ae R 1 —1]. (5.29)

TopMo3smiast CHITa OMpe/IeNsieTcsl KOMIIOHEeHToM ot F.,, i kotopoi u3 (5.29)
creaycT

E‘;l)(k, w, z) = —kAer?;
2¢e™*/v(1/e — 1)
(2m) 20k + w?/v?)

E®(k, w, z) = kBe™** —

S|
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Cosepmras Tenepb oOpaTHOE npeodpazoBanne Dypbe U HHTEPECYsICh MEKTpHYe-
CKHM [OJIEM B MOMEHT HaxOXIeHus 3apsiaa B AaHHoi Touke (7| = 0, t = z/v),
TOTY4UM

{ [e'e] “+ oo w
Egl) FL=0,t=2%)= ——— dk dkae(kfi?)Z:
-y -gefea ] |
. [e'e] +oo
Egg)(ﬁ_ =0,(= % \/—_ Ofk k_{o dw {kBe (k+eg)e (5.30)
i 2(/z-1) '
Y (2m)Po(k? 4 W /0?)

[lomHas pa60Ta, coBepmiacMasi IpOTUB CHJIBI TOPMOXKCHUS,

Bropoe cmaraemoe B BeipaskeHud (5.30) st Ef) HE 3aBHCHUT OT 2 U ONHCHIBACT
TIOTEPH YHEPTUN YaCTHIIBI B OJHOPOIHOMH cpese. [loaToMy «IepexoHash 9acTh
HOTEpU IHEPTUH JIBIDKYIIETOCS 3apsija CBsi3aHa ¢ JABYMS JPYTHMH CIaraeMbIMH
B (5.30), KOTOpBIE HKCIIOHEHIUANBEHO YOBIBAIOT MPH YAAJICHHH OT TPAHUI] pa3aena.
Otcroga mocie HHTETPUPOBAHUS TI0 2 HAXOIUM

(e-1) 1 1

[e%e] “+oco
— ¢ 2
Wn: TU /k dk/ dw %
0 —0o0
+ . (5.31)

X
(e+1)(E2+w?/0?) | k=it k+it

Kak BBIaenuTh BKJIa[ WMEHHO TTOBEPXHOCTHHIX BOMH? U3 peluenus zana-
4 2-13 crienyer, 4To B HEPEIATHBUCTCKOM MPUOMIMKEHHUH YaCTOTa MOBEPXHOCT-
HBIX SIIEKTPOCTATHYCCKUX KoneGaHHil ompenensiercss ycnoBueM &(wp) = —1.
3HAYHT, UCKOMBI BKJIaJ CBf3aH C IOIOCAaMH IIOJBIHTErPAJIbHOIO BHIPaXe-
Hust (5.31) B Toukax w = Fwp, e (¢ + 1) = 0. [To3ToMy B JanbHEHIINX BBI-
YHCIIEHUAX MOXKHO BE3Je, KpOME MOMOCHOIO 3HAMEHATEI, MOI0XKHTh € = —1.



§ 5. Uzryuenue Basunosa — Yepenkosa. Ilepexoonoe uznyuenue 81

Torma u3 (5.31) momyuum

9 oo
4“1 / k2 dk / w dw (5.32)
™ ) w) + 1)(k* + ? /v?)

Otcronia BHJHO, YTO JHEPrHsi BO30YKIAEMBIX 3aps/iOM [MOBEPXHOCTHBIX BOJH
omnpeneseTcs MEUMOHM yacTeio uHTeTpana (5.32). Jia ee BBIMHUCICHUs HYXHO
YUECTh XOTh H MY, HO KOHSYHYI0 MHUMYO 9acTh QYHKIMH &(w) (aHaIorHy-
HO TOMY, KaK 3TO OBLIO CHENAHO TPU BBIYUCICHUH MOMIHOCTH 9€PEHKOBCKOTO
m3IydeHHs B 3aaue 5-1). HeTpyano BUAETH, UTO MOTYYArONUTHICS IIPH 3TOM Pe-
3YNBTAT CBOJIUICS K CYMME MOJYBBIUYETOB, BOHHKAIOIIUX MPH 00X0/e IOJIFOCOB
B mHTerpaiie (5.32). JleiicTBUTeNbHO, BOJIM3H TOUKH Wy PE30OHAHCHBII 3HAMEHa-
Tenb e(w) + 1 mpubmukeHHO MOKHO 3aIHCaTh TAK:

e(w) 4+ 1 = e(wo) + (g—f)) (w—wp) +ie"(wo) +1 =

_ (%i)m (w—wo) +ie”, (5.33)

TaK YTO y4eT &" MPHBOJHUT K CMELICHHIO

TONIFOCA  TIOJBIHTETPATIBHOTO  BRIpaXke-

HUS C BEILICCTBCHHOH OCH B TOUKY w = @
= wo—iy, e v = €’ (wg) /(02 /Ow) -

B paBHOBeCHOH cpeme HpU MOJNOXKHU-

TeNbHBIX uwacToTax GyHkmu &’ (w) m /_\
1 ¢ /Ow Takike GosbIe Hyis (oces- —w, w,
HSS U3 HHUX ONpPEICISIET, B YaCTHOCTH,
3HAK JHEPTHU MOBCPXHOCTHBIX BOIH,
oM. 3agaay 2-17). [loatomy ~ > 0, Tak
9TO MOJIFOC JODKEH OBITh HIDKE KOHTYPA  Puc. 5.3. IIpaBuno 06x01a MOIOCOB B HH-

HHTETPUPOBAHKS B O0XOJIUTh €ro HykK- Terpane (5.32)
HO cBepxy (puc. 5.3). IlpoBens paszmno-
KeHne, anajgoruaHoe (5.33), B TOUKe w = —wqg U YUWTHIBAs, 9TO BEIISCTBEH-

Hast £(w) U MHAMas £”(w) wacTu JE3NEKTPUYCCKO MPOHUUEACMOCTH SIBISIFOT-
CsI, COOTBETCTBEHHO, YeTHOH U HedeTHOIl (QYHKIMAME 9acTOTHI, MOIYYHM, ITO
U B 9TOH TOUKE MOJIOC IPU WHTCTPUPOBAHHUU B (5.32) HyKHO 00XOMUTH CBEPXY.
B pesynbsrate OTIUYHBIA OT Hyst BKIAT B (5.32) nafoT TOJNBKO /BA MOTYBHIYETA
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B TOYKAX w = twg, U

o0
W 8¢%wo / k2 dk

V(02 /00)a | (R +wB/07)?
[MonpIHTeTpanbHOS BBEIPAXKCHHE B ITOH (GopMyne HaeT pacmpencieHHe Bo3Oy-
KIAEMBIX MOBEPXHOCTHBIX BOJH 10 BOMHOBBIM BekTopam. OTCiona clenyet, 4To
XapaKTepHas [JIMHA BOJHBI 3THX konebaHuil A ~ v/wy, U MOJHAs IHEPTHA BO3-
OyX/1aeMBbIX [IOBEPXHOCTHBIX BOJH €CTh

Wi = 2mq* /v(02 ) 0w) -

§ 6. Hesinnelinoe B3anMojieiicTBue BOJIH

VYpaBHCHHUS 3TCKTPOJUMHAMHKHU CIUIOLTHON Cpenbl ABIAIOTCA, BOOOMIE TOBO-
ps, HenWHEeWHHIMU. Bolpakerne (2.1) i Toka B TepMUHAX JTHHEHHOTO OIle-
paTopa IPOBOAUMOCTH €CTh (PaKTHUCCKH MEPBBIH WICH PA3NoOKEHHA B Psyl 11O
CTEICHsIM ToNa. B 9ToM npubimbkeHrn (JIMHCHHAS 3EKTPOANHAMIKA) JICKTPO-
MAarHUTHBIC BOJIHBI B Cpefe, OMUChIBaeMble ypasHeHHsMH (2.9) u (2.10), pac-
IPOCTPAHSIOTCS HE3aBUCHMO JIPYT OT Ipyra. YHUeT CICAYIOMHX (HEIHHSHHBIX)
YWICHOB TAKOTO Pa3JIOKEHUS IPHBOJIHT K ITOSIBICHUIO B3aUMOICHCTBHUSI BOJIH, B pe-
3yNbTaTe KOTOPOTO MPOMCXOAUT 0OMEH dHeprueil Mexny Humu. B ciydae crma-
00l HeNMMHEWHOCTH OCHOBHBIM HEJIMHEHHBIM MPOLIECCOM SIBIACTCA Pe3OHAHCHOES
TPeXBONHOBOE B3aumozeicTre. OHO MOXET MPOUCKOAUTH, €CIIU BOJHOBBIC BEK-
TOPBI U YaCTOTHI TpeX BOJH (1, 2, 3) YIOBIETBOPSIOT CIEAYIOMIHM YCIOBHIM:

kv =k +ks;  wlk) = w(ky) +w(ks), (6.1)

=,

rme wactothl w(k) ONpEeNensroTCs JNHHEHHBIM JIHCIEPCHOHHBIM YPaBHEHH-
eM (2.10) u cuuTaroTcA MOTOXKUTECNBHBIMA. YPaBHCHHS IS aMILIATY B3aHMO-
JICHCTBYIOIIUX BOJIH 3aMHCHIBAIOTCA IPH 3TOM TaK:

C1 = ViCxCs, Cy = Vo0 C3; C3 = V3C1Cs. (6.2)

-

Amnmurynst C(k) ynoGHO HOPMHPOBATH TAKUM 06pa3oM, 4TGB! JHEPTHS BOIHEL,
ompezensieMas coriacHo gopmyne (2.14), paBHsmack

Wy = £[C; | hw(k), (6.3)
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I 3HAK 338BUCHUT OT TOTO, MONOXUTENbHA MM OTPHLATEIbHA JHEPIUS BOJHBI,
a h — mocrosunas [Tnarka. XoTs Bce paccMaTpHBacMBbIE 3[€Ch MPOLECCH SAB-
JSFOTCS KIACCHYECKUMU, BBEJICHHE KBAHTOBOH MOCTOSIHHOHM /i MO3BOJACT AaTh
OYCHB IPOCTYIO M HAITAAHYI HHTEPIPCTAIMIO HEIMHCHHOTO B3aUMOICHCTBUS
o, Ecnm fw n Bk CYTh 3HEPTHs U UMITYJIhC OJHOTO KBAHTA, TO yciIoBus (6.1)
IPEACTABIAIOT cOO0ii 3aKOHBI COXPaHSHUS IHSPIHH H IMITYJIBCA B OHOM JICMCH-
TapHOM aKT¢ TPEXBOJHOBOIO B3aHMMOACICTBUA: paclaje KBaHTA 1 Ha KBAaHTH 2
u 3 (1 oOpaTHOM npouecce cnusteust 2 1 3 B 1). Hpu 9ToM 13 onpenenetus (6.3)
cnenyer, uto |Cr | = N} €CTh YHCIO KBAHTOB (KBA3UYACTHIL) C UMILYJIECOM hk

(u sueprueit fuw(k )). @durypupyromue B ypaBHCHUH (6.2) BeIUuUHLI V' Ha3bIBA-
10T MaTpPUYHBIMU 3JIeMEHTaMH TPEXBOJIHOBOTO B3auMmonelicTsusa. Ecm sHeprus
BCEX TPeX BOJNH IOJIOKUTENbHA, TO OHU OONanaloT CIeAYIOUMMH CBOHCTBAMHU
CHMMETPHU:

Vs = Vs = — V7 (64)

HetpynHo mpoBeputs, ucnone3yst (6.2) u (6.3), 4to 3T0 obecneunBacT coxXpaHe-
HHE MONHOHN 3HepTruH (U UMITYJIbCa) BOJH MPU X B3aUMOJCHCTBUH:

W= ZW(E) = ZNEM(E) = const.
k k

B ciryuae, xorzna ojHa U3 TpexX B3aUMOACHCTBYIONMX BOJH (HAapHMeEp, BONHA 1)
HUMeeT OTPHULATENBHYI0 JHEPIHUI0, BMeCTO (6.4) umMeeM

Ve = Vs = Vi (6.5)

Tlonmast SHEPTHS BOMH, MO-NPEKHEMY, COXPAHSETCS, HO TeTePh OHa 3aIACHBACT-
catak: W = Z Nrhw(k k) — Z Nyhw(k k), Iie €O 3HAKOM MHHYC CYMMUPYIOTCS

BOJIHEI, BHGPFI/I];I KOTOPBIX OTpI/IHaTeJ'H)Ha.

Kpome wHTErpanos 3HEPTUU U HMITYJIbCA, TP PE30HAHCHOM TPEXBOITHOBOM
B3aMMOJICHCTBUH BBIITOTHSIOTCSI 3aKOHBI COXPAHEHHUs!, CBA3BIBAIOMIME YHCIIA 3a-
TONHEHUs KBA3HYACTHI] N ¥ Ha3BIBAEMBIE COOTHOMECHUAMH Mowmu - Poy. Tax
n3 ypaBHeHni (6.2) mpu yenoBusx (6.4) cpasy clienyer, uto

Ny + N = const; N1 + N3 = const; Ny — N3 = const. (6.6)

DU3NUESCKHI CMBICT 9THX COOTHOLICHHH OYEBH/ICH C KBAHTOBOW TOUKH 3PEHHUSL.
B snemMeHTapHOM aKTe TPeXBOIHOBOTO B3aUMOICHCTBUA KBazuuactuua | pacma-
JTAeTCs Ha KBA3UYIACTHIBI 2 U 3, TAK uTO YOBUIH YMCIIA KBA3UYACTUL] copTa 1 (N 1)
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COMPOBOXIACTCS TAKUM XKe yBenmueHHueM uncen No uimn N3 (Takue e paccy-
KICHHS CIPABEUIUBEL U ATsi 00paTHOTO mpouecca — ciusuusa 2 u 3 B 1).

Ecru sHeprust onHON W3 BONH (HAPUMEp, BONHBI 1) OTpHIATENBHA, TO
HIMEIOT MECTO YCIOBUA cuMMeTpuH (6.5), n cootHomeHuss Maumm — Poy B aTOM
CIIy4a¢ TAKOBBI:

N1 — No = const; N1 — N3 = const; N3 — N3 = const, (6.7)

3MEMEHTAPHBIM aKTOM TIPH 3TOM SIBJISICTCSI OJHOBPEMEHHOS POKICHUE (MITH HC-
4e3HOBEHIE) TPEX KBa3UIACTHIL.

-,

6-1. Io 3adannomy eudy 3axona oucnepcuu w(k) 0151 60AH 6 U30MPONHOU
cpede onpedeaumns, 803MONCHO U 8 IMOM CAYYAe PE3OHAHCHOE MPEXBOTHOBOE
g3aumooeticmesue.

Puc. 6.1. Teomerpuueckoe nocTpoeHue Juisi pacnaiHbix (a) U HepacnaaHbix (0) cnekrpos

TpeXBOHHOBoe BSaHMOﬂeﬁCTBHe BO3MOQXKHO, CCJIH BBIIIQJIHAIOTCS 3aKOHBI CO-
xpaHenus (6.1). [Ing n30TpONHOI cpexbl 9acTOTa BOJIHEI HE 3aBHCHT OT HAIpPaB-
NICHHs ee BONHOBOTO BEKTOPA, T.€. w = w(k), U BO3MOXHOCTH BBINOJIHECHHASI
yenoBui (6.1) nerko ycraHoBuTh rpaduueckn (puc. 6.1, a). 13 mepsoro ycio-
BUs (6.1) creayeT, 4TO BOJTHOBBIC BEKTOPHI BCEX TPeX B3aUMOACHCTBYIOMINX BOJIH
JOIDKHBI JIeXKAaTh B OXHOM MIocKocTH. ITycTh 9To Oynet miockocts (ky, ky). Ipn
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atoM QyHkums w(k) 3anaer B npocrpasnctee (kg, ky, w) HOBEPXHOCTH Bpallie-
HUS C OCBIO BIONb w. BO3bMeM Temeps HEKOTOPYIO Touky O, NSKALIYI0 HA STOH
MOBEPXHOCTU, M CHOBA MOCTPOUM IMOBEPXHOCT W(Ky, ky), HO yXKe ¢ HAYAIOM
KOOp/MHAT B Touke (). ECITH 3TH /IBe TIOBEPXHOCTH [IEPECEKAIOTCS, TO 3AKOHBI CO-
xXpaHeHus (6.1) MOYKHO y1OBIETBOPHTH, U TAKOH CIIEKTP HA3BIBACTCS PACIIATHBIM.
JlelicTBUTENBHO, TyCTh TOUKA A JIGKUT Ha JUHUK Tepeceuctust. CopoerupyeM
Teneps Toak O U A na mwiockocts (ky, ky) U Ha 0cb w. Kak Brpuo u3 puc. 6.1, a,
TpH 00pas3yIOIUXCsT TAKAM 00pazoM BeKTopa k1, Ky u ks m COOTBETCTBYIOIIHE
UM 9aCTOTH W1, Wa H W3 YIOBICTBOPAIOT ycaoBusM pacnaaa (6.1). Ha puc. 6.1,6
NoKa3aH MpUMep HepaclajHOTO CIEeKTpa, A7 KOTOPOTO MOCTPOCHHBIE yKas3aH-
HBIM BBIIIC CHOCO6OM MOBEPXHOCTU HC MMCHKT TOYCK IICPCCCUCHUS, TAK YTO
ycnoBust (6.1) He MOTYT OBITh BBITIOJHEHEI.

6-2. Bo3MOICHO AU pe30HAHCHOE MPEXBOTHOBOE B3aUMOOeiCmaue Os cle-
OVIOWUX MUNOB BOTH.

a) w = (ak®/p)V/? — kanurspuvie onnvl Ha nosepxHoCmU 2TY6OKOI Heuo-
Kocmu (p — HAOMHOCMb HCUOKOCMU, (v — KOIPDuUYUEeHM NOBEPXHOCMHOLO HA-
MANCEHUSL);

6) w = (gk)Y/? — spasumayuonmvie 6onHbL HA NOBEPXHOCTIU IHCUOKOCIILL

8) w= (wg + k222 - snexmpomaznumnvie sonnt 6 naasme;

o) w=kes /(1 + k2a®)Y? — uonno-3eyroevie 6ot 6 niazve (o — deba-
eBCKU paouyc, cs — CKOPOCMb 38YKa);

0) KOANEKIMUBHbIE BO3OYHCOCHUS 8 DJICUOKOM 2enuld, CHeKmp KOMOpbIX
(cnexmp Jlanoay) noxaszan na puc 6.2. g nux w ~ ku npu k < ko (pononwt)
uw = wy+ (k—ko)?/2u npu |k — ko| < ko (pomoni).

Bocnose3yeMcs METOIOM, H3JI0KEH-
HBIM B Ipeabiaymieil 3apaue. Jlerko zame- W
TUTh, YTO BUJ CIIEKTPa BOJH () U (0) B TOU-
HOCTH COOTBETCTBYET H300pakeHHBIM Ha /
puc. 6.1. IloaToMy KanmWISpHBIC BONHBI
00nanaroT pacmaiHBIM CIOEKTPOM, a Trpa-
BUTAIMOHHBIE — HepacmaaHbM. [locTpo- Wyp--40---m-mmmm--2
UM Terepb KAPTHHKU JUISl OCTAJIBHBIX TH-
noB BonH (puc. 6.3). CIEKTPHl EKTPO- ky k
MAarHuTHBIX (CM. puc. 6.3, a) U HOHHO-3BY-
KOBBIX BOJIH (cM. pHc. 6.3, 6) B miazme
HepacnajHele. B xumxoM ke remuu (cM.
puc. 6.3, B) BO3MOXHBI pacnaibl POTOHOB

Puc. 6.2. Crexrp Bo30OYX1eHUH B XKHA-
KOM T'eJIHU
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Ha poToH U (oHOH. [Ipruem nepeceueHre KPUBBIX B INIOCKOCTH PUCYHKA O3HAYa-
€T, 4TO 3/1eCh Pa3perieHs! (B OTIHYHEe, HAapUMep, OT KaMWUTIPHBIX BOJH) U O/
HOMEPHBIC PACTabl, KOTAA BOJHOBEIC BEKTOPHI BCEX TPEX B3AUMOACHCTBYFOLIAX
BOJIH KOJUIMHEAPHBIL.

Puc. 6.3. IIpumepbl pacnagHbix U HEPACHAIHbIX CIEKTPOB

6-3. Haiimu MunumanpHyo 4acmomy GO0JHbl, NPU KOMOPOU 603MOJCEH €€
pacnad na dse Opyaue, ecu 3axon oucnepcuu umeen 6ud w(k) = wy = ak?.

U3 3akonoB coxparerus (6.1) U qucnepcHoHHOTO ypaBeeHHA w(k) = wo +
+ak? cnenyer, ato (EzEg) = wo/2c. Taxum 06pa3om, BOIPOC CBOOUTCSI K HAXO-
KICHUIO MUHHUMYMa cyMMBI (k3 -+ k3 ) MU 3a1aHHOM CKaTAPHOM MPOH3BEICHHU
9TUX BEKTOPOB (Eg . Eg) O4eBHIHO, YTO ITOT MUHUMYM Oy/IeT HOCTHIAThCS IPH
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napannensHeIx ko u k3. Torna ks = wo/20ks u k3 + k2 = k3 +wd /402k3. D10
BBIPKEHHE HMEET MUHHMYM, KOTa ko = kz = (wo/2a:)'/2. Vitak, MUHUMATBEHO
BO3MOYKHAS 4ACTOTA PACTIAZAIOMISHCS BOIHBI

Wmin (/C] ) = 3wy.

6-4. Boana | ¢ 3axonom ducnepcuu w; = wo + ak? pacnadaemes no cxe-
me l — U + s na soany l' makozo sce muna u 60aHy ¢ 3aKOHOM QUCNEPCUU Wy =
= kcs. Hailmuy MUHUMATHYIO YACONTY UCXOOHOU BOTHBI, OIS KOMOPOUl 803MO-
JICer maxoil pacnao.

Hapucyem rpaduaeckyro KapTHHKY CJIOKEHHS 9acTOT U BOIHOBBIX BEKTOPOB
Juist Takoro mporecca. IIpu 3ToM BO3MOXKHBI J1Ba PA3JIMYHbBIX CIIy4as: B IIEPBOM
cnyuae (puc. 6.4, a), KOraa TPYINOBas CKOPOCTh BONHBI [/ MEHBIIE CKOPOCTH
3BYKa Cs, BOJHA | HMECT TPYIIOBYIO CKOPOCTh OONBIIYIO 4eM cg. Ecmu wacto-
Ta BOJHBI |’ HACTOJBKO BEJHKA, YTO €€ IPYIIOBAs CKOPOCTH GOJIbIIE Cg (CM.
puc. 6.4, 6), To BONHA [ MOXXET UMETB YaCTOTY, CKOJb YTOAHO ONMU3KYIO K 9acTOTe
BouHEI [/, Tak Kak juist BOJNH THMA | UX PYIIOBask CKOPOCTh MOHOTOHHO BO3pac-
TaeT C YBEIMHYCHHEM 9aCTOTHL, TO w; OyneT MHHHMAJBHO B TOM CIIy4ae, Korma
IPYIIIOBast CKOPOCTh BOJHBL || OyJIeT KaK pas paBHa Cg, H OPH 9TOM w| = wy,
a ws; — 0. OTcrona mosygaeM

% = 2ak = cg; ko = cs /20y Wmin = wo + kg = wo + ¢ /4.

6-5. Onpedenums uHKpeMenn pacnaorotl HeyCmouyueocmy, 603HUKaIou el
npU MpPexeoaHOBOM B3AUMOOEICINGUY KONeDAHUIL C NOTIONCUTNETbHOU IHEPLUEIL.

PacrmagHast HEyCTOWYHBOCTE COCTOMT B TOM, YTO CTAIIHMOHAPHOE COCTOSTHUE,
KOIZIa B CHCTEME BO30YXK/JICHA TOJIBKO BOJIHA ¢ MaKCHMaJIbHOM 9acToTOM (B JaH-
HOM citydae BoJiHa 1), a aMmnTy el AByX Apyrux BosiH (Co v C'3) paBHBI HYJHO,
oKa3bIBaeTcs HeycToituuseM. [lox fnelicTBreM MaJlbIX BOSMYIICHHH SHSPTHS BOJI-
HBI | MepeKaynBaeTCs B S3HEPTHIO BOMH 2 U 3.

HWrak, nycts B HauanmbHOM coctostauu Cy; = Cp, a Co = C3 = 0. Jlo0a-
BEM Temepsh Manbie BosMymenus: C; = Cy + a1e?t, Co = a2, C3 = azet,
CUUTAsI UX 3aBUCHMOCTB OT BPEMeHH IKCIIOHEHINAIBHON. [locTaBuB 3TH BhIpa-
KEHUS Ul aMILUTUTY] B ypaBHEHUS (6.2), ¢ ydeToM (6.4) B IHHEHHOM 10 41,2, 3
NPUONMDKSHUH TIOJIY9iM

a; = 0; ~as = —V*Coas; vag = —V*Coas.
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Puc. 6.4. I'paduueckas cxema pacnaaa BOJIH

Orcrona cpasy cnenyer, uto |y|> = |V|?|Col|?, cnenosarenso, Takoe crammo-
HAPHOE COCTOSIHHEC HEYCTOMUYMBO, TaK KAK CYMISCTBYIOT JKCIIOHCHIIUAILHO Ha-
pacratorue BosMymeHust (Rey > 0). OTMETHM BBLIEICHHOCTH 3/1€Ch BOJHEL 1,
HIMEIONIeH MaKCHUMAaJIbHYI0 4acToTy. HeTpyaHo IIpoBepHTh, uTO CTAIlMOHAPHBIE
COCTOSIHHSI, KOTna BO3OY)KICHA TONBKO BOJHA 2 WIH 3, ycTohuuBel. B aToM
CIyyae Mallble BO3MYILCHHSA HE HAPACTAIOT, & OCLUTHPYIOT, HC MCHSs CBOCH
AMIUTATYIBL.

IIpu pacmagHOM HEYCTONYUBOCTU BOJIHE! | 3KCIOHEHIMANBHBIN POCT BO3MY-
IICHUH IPOUCKXONT JIUIIE Ha HA9aJIbHON CTaANH HEYCTOMYHBOCTH, 1oKa a <& Cj.
3aTeM aMIUTHTYABI BOJH 2 U 3 HAPACTAIOT JI0 TeX MOp, MOKa UX IHEPTUS HE CPaB-
HETCS IO TIOPSIKY BEJIMYHHEL ¢ YJHSPTHEH BOJIHEI 1, TOCIe uero HauuHaeTCs TIe-
peKadka IHepruy B 00paTHOM HalpaBieHHH. Takoe MoBeieHne aMIUHTYI BOJIH
¢ MOJIOXKUTEIILHOI 3HEpTHel MOKHO TPESIBUACTh K HE pellas ypasHeHmil (6.2),
TaK Kak MHTErpal SHepruM U cooTHomeHUA Mp3umu-—Poy (6.6) orpaHuanBaroT
CBEpXY 3HAYEHHUsI YACEN 3aMONHeHHA N Ui KaXnoi U3 B3aUMONCHCTBYHOLIMX
BOJIH.
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CoBepineHHO HHaYe OOCTOUT HeN0, €CIU OJ(HA M3 BOIH UMEET OTPHIATEIIh-
HYIO SHEPTHI0. B 3TOM ciTyyae aMIUIUTYIBI BCEX TPEX BOJIH MOTYT HEOTPaHUUICH-
HO BO3pAacTaTh, He MPOTHBOPEYA 3aKOHY COXPAHCHHUSI JHEPTUH H COOTHOIMICHUSIM
Mbounm - Poy (6.7) (cM. 3amaay 6-6).

6-6. [Toxazams, ymo ecau npu MpexeoaHOB0M 83AUMOOELCMBUL BONHA C HAU-
bonvutel wacmomotl (oana 1) unmeem ompuyamenbHy1o IHEPIUIo, Mo BOIMONCHA
MAaxK HA3b18AEMAS. «B3DbIBHAS) HEYCHOUYUBOCHb BOJIH, 3AKTIOUAIOUASCS 8 MOM,
YUMo UX aAMAIURIYObL B03PACIMAION 00 G6ECKOHEYHOCINU 30 KOHEUHBI NPOMENCy-
mox epemenu. Hamu 3axon pocma amnaunyo 661u3u MOMEHMA «B3PbLEAY.

PaccMmoTpuM a1 IPOCTOTHI CIy4ai, KOTJa B HAYalIbHBIH MOMEHT BPEMEHH
(t = 0) Bo30yxeHs! BouHbL 2 1 3, mpuueM Co(0) = C3(0) = Cy, a C1(0) = 0.
ByneM Taoke canTaTh MaTpHIHBII IEMEHT B3aHMOJICHCTBHIA 3THX BOIH V' U Ha-
JaneHy ammummtyny Cp ¢ BeILECTBeHHBIMH. Toraa, Kak 3To cieayeT u3 (6.2)
U (6.5), ammmuTyssl C 2 3 OCTAHYTCS Belle CTBCHHBIMU. COITTaCHO COOTHOLICHHU-
sv Mamm - Poy (6.7), B stom ciyuae Co(t) = Cs(t) = C(t),a O3 (t) — C3(t) =

— const = —C3, umu C?(t) = C%(t) + C2. Tocne 3TOro mepBoe U3 ypasHe-
HuA (6.2) 3aMAIISTCS TaK:
dCh

7 = V0l = VC? = V(CE+C3)
u nerko uHTerpupyercs: C1(t) = Cotg(VCot). Otcrona crenyet, 9To aMIuiH-
TyIsl BCeX Tpex BOJNH oOpamarorcsi B OeCKOHEYHOCTh B MOMEHT t = ty =
= 7/2V (. B6nu3uH MOMeHTa «B3PBIBA» POCT aMIUIUTYA IIPOMCXOAUT IO 3a-
KOHY 0172,3 ~ (to — t>_1.

6-7. Honyuumo HenuuetiHvle YPAGHEHUA, ONUCHIBAIOWUE B3AUMOOeUCInGUe
INEKIMPOMACHUMHBIX U JICHSMIOPOBCKUX BOMH 8 XONLOOHOU Naasme ¢ GeCKOHEUHO
MAANCETLLMU UOHAMU.

JluaneKTpraeckas IPOHULAEMOCTh TAKOH MasMsbl (CM. 3a/1aay 2-3) e(w) =

2

‘

W
—1— w_g, e wf, = 47moe2/m (ng, —e, m — MIOTHOCTS, 3apsia U Macca 3JeK-

TPOHOB). 3aKOH JANCIIEPCHH JUTS 3JIEKTPOMArHUTHBIX BOJH w(k) = (wg—l—k%g ) 172,

a U JICHIMEOPOBCKUX Kosebamuil w(k) = w, (cM. 3amaay 2-4). Xotrs 06a 31H
CIEKTpa B OTACIBHOCTH SBIAIOTCS HEPACTIAAHBIME, (CM. 3anaan 6-1, 6-2), 31ech
BO3MOXKHO TPEXBOJIHOBOC B3aUMOJICHCTBHE, €CJIH, HAPHUMEDP, BOJAHBL 1 o 2 —
SMCKTPOMArHUTHBIC, & 3 — JICHIMIOPOBCKast, PaccMOTpHM caMblii IPOCTOH Ciy-
Yaii, KOTIa BCE TPU BOJHBI PACIPOCTPAHAIOTCS B OAHOM HAIMPABICHUH (IIyCTh 3TO
OyzneT och 2), a HONEPEUHBIE ANEKTPOMATHUTHBIE BOIHBI MOJSPH30BAHBI THHEWHO
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U OJWHAKOBO, TAK YUTO B HUX OTIUYHA OT HYIA TOJBKO X-COCTABISIOIIAS 3JIEK-
TpHYeCcKoro nois F, (a MarHUTHOTO, COOTBETCTBEHHO, By ). Ilpu atoM ycnosus
pesonaHca k1 = kg + k3, w(k1) = w(ks) + w(k3) Bcerna MOXHO BBITIOJNHHTS,
€CITH YaCcTOTa PACTaIAROIIENCsl JIEKTPOMArHUTHOM BOJHBL w1 = w(ky) Goub-
e, ueM 2w, (k1 1 ko — BOJIHOBBIC BEKTODBI 3IeKTPOMATHUTHBIX BOJH, @ k3 —
JICHTMIOPOBCKOI1 BOJTHEIL). 3aluIlleM Teleph YpaBHEeHNsT MakcBeIIa 1 ypaBHCHI
JIBFDKEHHSA JUISI JJICKTPOHOB!

= 198,
rOtE:—EE,
5_ 190E  d4re
rot B =252 — =2 =29(ng +n) =
OF C4t ) | (68)
1 TNOE » | U 35 1.
—E—t— C U-‘rzleE,
TR = 1o
g—¥+(v Vv = %{E+E[va]},

e N — OTKIOHEHHE TUIOTHOCTH JIEKTPOHOB OT PABHOBECHOTO 3HAYCHHMS 1q (W3
ypasueHus [lyaccoHa cnenyer, uro n = — div E /4me).
B paccmarpuBaeMOoM HAMHU CIy4Yae OTIHYHBI OT HYNS JIHIIG KOMIIOHCH-
Tl Ey, By, Uz, B, 1 v,. IlpeacTasnas KaXayl W3 HHX B BHae cymMMbl Dy-
pbe-TapMOHHK, Hanpumep, E,(z, t) = S E(t)e'**, momyqmum us (6.8) creny-
k

OIIE YPaBHCHHA:

8§Zk = —ickByk +dmngevgr — 1Y K By Vg (k—k')5
kl
OBy . .
5 = —ickEyg;
OV .
ot = i Bk — 1 K vak o (imi) + g 2 Byk Vat-i) (6.9)
K K
OF,1, . .
ot = 4rngev,; — 2%;k,Ezk'Uz(k—k')’
Ov, .
T = =Bk — i D KV Vs k) — g 3 Buk Ve -
kl k}’

HesymneliHOCTh 3THUX ypaBHEHUI OIPE/IeIIsieTCs CllaraeMbIME, (QUIYPHPYIOIMA
B (6.9) B Buze cyMmbl 0 k', B jnHeHHOM OpHOIHKEHHH, KOTIA UMH MOXHO
npeHeOpeub, JICHIMIOPOBCKUE BOJIHBL (MM COOTBETCTBYIOT F, W v,) W JJIEKTPO-
MarHUTHBIC BONHH (E,, By, v;) HMEIOT HOCTOSHHBIC aMIUIHTYIb H PACIIPOCTpa-
HAOTCSA HE3aBUCUMO JPYT OT ApYra.
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6-8. [onyuumo ypasHeHus 0nsl aMIAUNYO NPU PE3OHAHCHOM MPEXBOTHOBOM
83aUMOOeCIEUY, UCX005 U3 HenuHelinblx ypasHuenutl muna (6.9).

Monyuennsie s Oypbe-KOMIOHESHT BO3MYILCHUH B cpejie ypaBHSHHUA (6.9)
MOKHO 3aIHCaTh CHMBOJIMUCCKH B CICAYIOIIEM BH/E:

0A ¢

— Lag(k)A = ZTam(k, KA A (6.10)
kl

e A 7 — “BEKTOpP COCTOSHMSD) CPEJIBI, B PACCMOTPEHHOM B MpebIAYIIeH 3a1ade
cayaae Ay = (Ey, By, vg, E,, v;). Taxas 3amucs 03BOISICT PACCUNTATE HEITH-
HeHOE B3aUMOJCHCTBHC BOJIH JIFOOOH Tpupoabl. 3a/a4a COCTOUT TEHePh B TOM,
9TOOBI OMYYUTh YPAaBHCHHS 11 H3MEHCHHS aMIUIUTYZ BOJIH CO BPeMEHEM, CBsi-
3aHHOTO C HX B3aHMOJCHCTBHEM, CUMTas HoclenHee (T.e. HeNHHeHHOCTh) cia-
ObIM.

Marpuua L, B(E) B (6.10) omuchIBaeT BOJHEI B Cpe/ie B THHSHHOM MPHOIH-
xeHud, a T, 57(12 ) K ) — HelMHeHHOCTh. BBemeM cOOCTBEHHBIC BEKTOPHI JIHHEH-
HOI1 3a1a4n

o p(t) = Cpe @itV .., (6.11)
rae (—iwy) — cOOCTBEHHBIC 3HAYCHHUS MATPHUIIBI Laﬁ(E). Ecmu B cucreMe oT-
CYTCTBYeT NMCCHNALMA, TO 9aCTOTHl Wj AOJKHBI OBITh NCHCTBHTENBHBIMH, TO
€CTh COOCTBEHHBIC 3HAYCHHS MATPHILI L3 — 9UCTO MHHMEIE. DTO O3HAYAET,
9r0 Marpuna Log aHTHIPMHTOBA, U Log = —L‘&ﬁ. VYenoBuMCsT HOPMHPOBATH
BEKTOP (Jf TaK, 4TOOBI KBA/IPAT €T0 «IHHBD) O, E(p("; z 6bu1 paen Wy — mioTHo-
CTH JHEPTHH KOJIeOaHNH, & KBAJPAT «eIMHIIHOrO» Bektopa Wi pasHsuics fwy —
OHEPTHH OJIHOTO KBAHTA C 1acTOTOM wi. Torna miotHocTs suepruu Boksl Wi =
= |CE\2hwE, TaK yTo KBaaApaT MOV aMIUTHTYIBI |CE|2 = Nj umeer cMbiCh
IUIOTHOCTH YUCIIA KBA3HMYACTHIl C UMILYJILCOM hk u sHeprueil fiwy. Tak xak co-
CTOSIIUNA W3 (QU3HUCCKUX BEIMYHH BEKTOP ILYE JIOJDKEH OBITh ACHCTBUTENHHEIM,

To B cymme Pyphe-TapMOHHK C pasHbIMH k M wy aMmmmTyael Cp 1 C 7 10IK-
HBI YJIOBJETBOPSATHL ycnosuwo C' p = C’% (Ipu 3TOM, OUEBUAHO, MOUKHO OBITH

-,

1 w(—k) = —w(k)). TI03ToMy TapPMOHHKH ¢ BONHOBEIMH BEKTOPAMH H 9aCTOTA-
v (k, wg) (—Fk, —wy) ONHCHIBAOT OJHY M Ty e BoNHY. Tak uTo B JabHEH-
meM OyzeM 01 YaCTOTON BOJHBI BCCT/IA OHUMATH MOJOKUTENBHYIO BEIHUUHY.
[ToCKOMBKY IUIOTHOCTD 9HEPTHH BOJH B Cpelie MOXKET ObITh U OTPHIATEIIBHOM, TO

JUISL TAKUX BOJIH YCJIOBUMCS CUUTATh HOPMHUPOBKY TaKOﬁ, 4qToO

Wi = —|Cg|Phwy = —Nphwg.
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HemiHEHHOCTh ypaBHEHHI NMPHBOAUT K M3MCHEHHIO CO BPEMEHEM aMILIH-
tyn C; 4, BoOOMIe roBOPs, HEKOTOPOMY «IIOBOPOTY» €IMHHYHOTO BeKTOpa Wy,

b= C,;(t)e‘iw%t[@,g+6\17,g(t)], (6.12)

IpUYeM U3 COXPAHCHUS HOPMHPOBKU CIEAYCT, YTO BEKTOPEHI \174 u (5\174 opTo-
TOHANBHEI, TaK 910 ¥ - — JU* T = (. IlonctaBum Temeps BeIpakeHue (6.12)
IS Sz B YPABHCHHE (6 10), yunTsiBast, 4To mpu ciaboki HEMMHCHHOCTH B KBaJI-
PaTHYHBIX 110 aMIUIUTYAC WICHAX MOXHO OIPAaHWYUTHCS HEBO3MYIICHHBIMH Be-
TAIAHAMU:

Cre it o —iw;Cre iU o+ 6T -
G R L (B g+ 0% ) =

-

:ZTQBW(E, kl)c Ck k/\:[jﬂk/qj ( ) 7i(w,:+w;:,;:/)t (613)

(B n1eBO#i wacTH (6.13) OMyICHB! CaracMble 6onee BBICOKOTO MOPS/IKA 110 BO3MY-
MICHUSIM, TAKUE, KaK C’ (5\11 i ) \I/ O ) VaureiBas, 9To \I! €CTh COOCTBEHHBII

BEKTOP MATPHITHI L(w(k), HOJTY 9HM
Cr¥ o — 1wgCroV o — CrLagdV g =
- ZTQB’Y(Ev E/)\IjﬁE’ Vi Cr Cropre el —wr gt 6.14)

W3 5TOro BEKTOPHOTO YPaBHEHUSA U YCIOBUs OpTOroHanbHoCTH Wi - 5\11;5 =0

MOXKHO HAWTH MOMPaBKY S 7 K CIMHUYHOMY BEKTOPY M M3MCHEHHE aMILIUTY-
BT Cié' Eciu uHTepecoBaThCA TONBKO MOCICOHEH, TO YIOOHO MONYYHTH OHO
CKaIsIpHOE ypaBHEeHHE. [ 3TOro yMHOKAM 00¢ acth (6.14) cKaIapHO Ha BEK-
TOp \17212 Torna Bropoe cmaraemoe B neBoi 4dactu (6.14) nact HyneBoH BKIaz,
TaK Kak \I/Z]Z - 0¥ _r = 0, a TpEThE MOXKHO MPEOOPA30BATH, MCIOJIB3Ys AHTUIP-
MHTOBOCTh MATpuIbl Lo g:

LQB(S\IJB\I/Z = 7LEO¢\I/Z(S\I!5 = wa‘IfE5\I’5 =0.

Taxum 06pasom, nonpaska § W - BRIMAIACT U3 YPaBHEHUs A aMImaTy sl Kpome
TOrO, B MpaBoif gactu (6.14) cpazy OCTaBUM TOJNBKO PE30OHAHCHBIC ClaracMele,
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AN KOTOPBIX Wi — Wi, — wi_z = 0. Tonbko OHU mpUBOZAT K 3 eKTuBHO-
My B3aUMOJICHCTBHIO BOJIH, TaK KaK HE COACPIKAaT OBICTPOO CLIMILTHPYIOMEH 3Kc-

noueHTsl. OGO3HAYMB COOTBETCTBYIOLIYIO CYMMY CHMBOJIOM » ., OKOHUATCIBHO

Oy 9uM ¥
Cr =SV F)CpCr g
k/
= = . N =, 615
v, iy T B0 0 () (6.15)

hewy;
6-9. Hcnonvsys pesynvmamol npeosvioywyeil 3a0a4u, Hatmu Mampuynsle dJe-
MEHMbL MPEXBONHOB020 B3AUMOOCUCINBUS 2NEKIMPOMASHUINHBIX U NTEH2MIOPOBCKUX
gonn (cm. 3a0auy 6-7).
[IpuMeHHM pa3BHTYIO BhINIE OOIIYI0 CXeMy K KOHKPETHOMY IIpOIecCy:
pacrajy JJICKTPOMATHATHOH BOJHBI B IUIA3ME HA IEKTPOMATHATHYIO U JICHT-
MIOPOBCKYIO0. Bekrop cocrosHuS A 3nece yAOOHO ONpeJIeNITh Tak: A =

= (Ey, By, VAmngmu,, E,, v/Arngmu,). Torna cucrema ypasueHnii (6.9)
IIPUHUMACT CICAYIOMHUNA BH/I:

.2
agtlk = —ickAsp + wpAszy, — \/_e Z e (= OF
k'
agx;k —ickAyg;
2
3gt3k = —wpdip + oo ‘/_e ZAzkag, k—k')—
_i2me w2 g s ) (6.16)
A 2
6;““ =wyAs — 1 n\{;e Zk Ak A (k-1
A 2
86755 B = —wpAy— ‘/_e ZAzk/As h=k)
27
m:e ZAsk'Az,(k OLE

JInueiinas marpuna L g SBIAETCS, KaK M JODKHO OBITh, aHTHIPMUTOBOM 1 HIMEET
HEHYJICBBIC KOMIIOHEHTHI

L12 = —L;l = —ick; L13 = _L§1 = Wp; L45 = —Lg4 = wp.
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Ee coGCTBEHHBIC BEKTOPHI COOTBETCTBYIOT HOICPCUHBIM 3IEKTPOMATrHUTHBIM (1)
H [POJOJILHBIM JICHTMIOPOBCKHM (1) BOJHAM:

o) = CWe—iwnty ), o) = =ity (), w® =\ Jw? k22,

! t
1 HOPMHPOBAHHBIE HYXXHBIM 00Pa30M «ANHITHBIC» BEKTOPHI \I/&) u \I/((l) pas-

HBI

0] 1 i
Ve = y/hw, 0,0 —);

( V2oV2 6.17)
) - 1 \Je w(t —iwp .
NS ~vhw()<\/_ 5 ,ﬁw(t),(),() .

[MycThb Teneps MIeKTPOMarHUTHASL BOJIHA, HMEIOINAsI BOJIHOBOW BEKTOD k1, 4acTo-
1y w1 = w® (k1) u ammumryny C, pacuajsaeTcs Ha APYIYIO EKTPOMATHHTHYEO
BOJIHY (C BOJHOBEIM BEKTOPOM k2, 9acTOTOH wy = wl® (k2) m ammmmtynoi Ca)
U JICHTMIOPOBCKYIO (BOJHOBOH BEKTOp k3 = ki1 — ko, 4acToTa w3 = w, =
= wy — wo). B manAOM ciydae u3 (6.16) BHAHO, YTO OTIWYHKI OT HYJS JIWIIb
CIEAYIONINE COCTABIAIONINE MATPHIILI HEIMHEHHOTO B3aUMOICHCTBHA 1o g+ :

2\/_6 2\/me.

Ti34(k, k') = (k K'Y T3o5(k, k') = e
2 2

T335(k k ) \/_6 /' T445(k, fcl) = —1 TT\L/LZ_Tek/
2\/me 2

Ts23(k, k') = — T%; ; Tss5(k, k') = T,\l/u;e

VunTeBas 3To W IpuUBencHHBIE B (6.17) KOMIIOHEHTH «EAMHHYHBIX» BEKTO-
poB \I!g’t), no obmeit dpopmyrne (6.15) momydnM IS aMIUIATYOBL CeayIOmee

ypaBHEHHE!

C1 = ViCaCs, (6.18)
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rae

1 *
Vi=ga {Trsalr, ko) Wig, W Waps +

+T505(k1, ko) U4 op, Wsi, + Taas(ke, ko) U%, Uap, Wap, | =
_ 2y/me /BPwiwawy, ks N wpy/e(wa)  kawy

" hmun 22 w2 w1 T wiws
o 7e(k1 — k2) 1/7rhwp
m QW1WQ )

Kax momyuuts Temeps ypaBHEHHE AJSI H3MEHEHHsI JBYX APYTHX aMILIATY,
Cs u C3? [nist 3TOTO 3aMETHM, UTO YCIOBUE PE30OHAHCA [UTS PACCMATPHBAEMBIX
TpeX BOJH MOXKHO (POPMAILHO 3amncaTh TaK: kKo = k1 +(—k3); we = wy+(—ws3).
IMockonbKy, KaKk yKe OTMEYaNoch, W3MEHEHHE 3HAKa BOJHOBOIO BEKTOpA U da-
CTOTHI 03HAYAET TIEPEXO/ K KOMIUTEKCHO CONPSDKEHHBIM BEUYNHAM aMIUTHTY/IbI
U «EJIUHUYHOTO» BEKTOPA, TO, COTNIACHO OOILEH cxeme,

Co = Vo0 (%, (6.19)

e

1 x 1
Vo = g {Tsalha, k) Wi, War, Wi, +

+T05(ka, k1) Way, Wor, Vi, + Taas(ka, k1) U5, ar, Uiy, b =

B e(kl — k2) 1/71'7'_pr

o m Qwiws

Amnanornuano i Cs: .
C3 = V3C1C5, (6.20)
Vs = %{Tm(ks, k1) Ve, Yok, Vi, +
Wp
+ Trso3(kz, —ka) s, Uiy, U5, } =15

Taxum oOpaszoM, cucTema ypasHeHHH (6.18)-(6.20) mmd aMIumUTYyn 3THX
Tpex BOJH MOXET ObITh 3aIMCAaHA B CTAHIAPTHOM JUISL BOJH C HOJIOXKHTEIBHOM
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sneprueii Buge (6.2),(6.4):

C1 =VCe(s;  Co=—V*C1C5;

. % « e(kl — k2) 1/7Thﬂdp (6‘21)
03 — *V 0102; V = — m 2w1w2 .

XoTs BXOJSIMINIA CIO/Ia MAaTPHYIHEBIN 3IeMEHT B3aUMOACHCTBIS BONH V' 1 comep-
KUT KBaHTOBYIO IOCTOSIHHYO /7, pacCMaTpUBaEMBIi IPOLeCC SABIICTCsI, KOHETHO,
yucTo KiaccudeckuM. Ilosinenue 7 B (6.21) cBsi3aHO, KaK HETPYAHO BHICTH,
C MOPUHATOM HOPMHPOBKOW AMITIHTY, MPH KOTOPOH 9HCIA 3alONHEHHA N =
= |C,;|2 ~ h~L. Kak yxe oTMeuanoch, Takasi HOPMHPOBKA y/l0OHa TeM, UTO
MO3BOJIICT UHTEPIIPETHPOBATH TPEXBOJIIHOBOE B3aMMOJACHCTBHE KaK IIPOLECCHI
pacmaja U ciIusHus KBasndacThil. Ha KBaHTOBOM SI3BIKE IOy 4e€HHBIE 371€Ch YPaB-
HeHHst (6.21) COOTBETCTBYIOT KIIACCHUSCKOMY MpPEAeNy OONBIINX YHCEN 3armoi-
HEHMS, KOTAa TJIABHYIO POJIb UTPAFOT HHAYIIMPOBAHHEIC MPOICCCHI.

6-10. Tonyuumo xunemuueckoe ypagrenie (ypasrenue 05 yucen 3anonme-
Hus keasuuacmuy Ni) Ons ancambns pesoHancro 63aumo0eicmseyIouux 60H.

Eciu B cpesie Bo30yKaeH IHPOKUI CIIEKTP BOJIH, TO YCJIOBHS Pe30HaHCa
MOTYT OBITh BBITIOJHEHBI JI1 OOJBIIOT0 9UCia HAOOPOB U3 TPEX BOJH, T. €. KaX-
Jiasi BOJIHA B3aUMOJICICTBYET He ¢ OAHOM Mapoii, a ¢ OONBIIUM YHCIIOM JIPYTHX
BOJH. B 3TOM cilydae cTaHOBUTCS NPHMEHHMBIM CTaTHYECKOE ONMCAHHUE, MPU
KOTOpOM (pa3bl BOJIH MOXKHO CUUTATh CIAydalHBIMH (TaK HA3BIBACMOE «IPHOIHU-
KEHHe Xa0TH4YECKUX (a3»), a IBOJIOUUA BOIHOBHIX BO3MYIICHHH OMHCHIBACTCS
B TEPMUHAX YUCEN 3an0NHeHHA N, Jlis NONyYeHNs KHHETHIECKOTO YPaBHCHUSI
OyneM HCXOOuTh U3 ypaBHEeHU (6.15) ana ammmutynsl Cy, COXpaHUB B HEM 3KC-
HOHEHTY, COJICPXKAMIYI0 PAa3HOCTh YacTOT B3aUMOJICHCTBYIOIIHMX BOJIH, U CUUTAs
CIIEKTP HEIMPEePhIBHBIM (TIEPEX0/isi K HHTETPUPOBAHHIO 10 K ):

—

Cr=3 / k' Vi O Cy e ik =it | = |~ (6.22)

(MHO)KI/ITGJ'H) % BO3HUKACT 3/ICCh U3-3d TOTO, UTO MICPECTAHOBKA BOJTHOBBIX BEKTO-

poB k' u k' cOOTBETCTBYET OJHOMY B TOMY XKe mponeccy). OTcrona H3MCHCHHE
uncnia 3anonHenns Ny,

dNE ® “yok 1 7 % _iAw
e = CECE +CECk = 3 f dk/VEE’CE’CE”Cge t + K.cC.

W = Wy —w,;, —w,;,,.

(6.23)
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Tenepb B 3TOM ypaBHEHUH HEOOXOAUMO MPOBECTH YCPEAHEHHE MO (azam, BXO-
JA0MM B aMIUTUTYIBI BOJH C’E, C,;, u Cz,. OIS 3TOTO UCIONB3YeM TEOPHIO
BO3MYIICHHH, PESACTABISSI AMILTUTYABl B BUAC PAla IO OMepaTtopy B3aHMOAEH-
ceus V, Cp = C’I%O) + C’I(;l) + ... XaoTu4HOCTHh (a3 03HAYACT OTCYTCTBHE
(ha30BEIX KOPPEIAINH B HYJICBOM IPUOTMKCHHH, T. €.

€y =0; (WY = NSk~ F);
' (0) ~(0) o Pt (6.24)

C. 0 ) = Ngo(k +K').
3neck nenonb3osano pasenctso CF = ' p, a 3HaK () 03HAYACT yCPENHCHHE
no dasam. Torna B HyneBOM NPUOMKEHUH IO B3aHMO/ICHCTBHIO [PaBasi 4acTh
ypasHerus (6.23) o6patutcs B Hyib, [TosTomy A HaxoxkeHHs N;: HeoOXxoaumMo

1 N
HCIIONB30BATH IPUOIIKEHUE C/(; ) U3 ypaBHeHHUsA (6.22) ¢ Hy>KHOH TOYHOCTBIO
TOJTY THM

actV ,
a: =3 / dR' Vi, OO it (6.25)
[pounTerpupyeM 3T0 ypaBHEHHE MO BPEMEHH OT —OQ JI0 33JaHHOTO MOMCH-
Ta (KOTOPBIH BCETNAa BRIOOPOM OTCUETa MOXHO CIeiarh paBHeIM ¢ = (), BBEIS
Juist yaoocTBa GeckoHeuHO MeJUleHHoe (aanabaTuueckoe) BKIFOUCHHE B3aHMO-
neiictast (V. ~ 6_72’2), TaK 4to mpu t — —0o C’g) = 0. Torna us (6.25)
crenyer

0

=3 / di' Vg, O C) / A= gy =

— 00

/ dk' Vi, C 012?,”2/; )/ (6.26)

(aMmIUTYaBI C( ) u C( IPHU 3TOM CIeAYeT CUUTaTh MOCTOSHHBIMU, TaK KaK
y4eT HxX M3MeHOHIA l'[pI/IBOJII/IT K IOIpaBKaM 0oJiee BBICOKOTO MOPSIKA 0 B3aH-
MozeiicTeHIO). Tlockombky

—(Aw)?/4~?
L
Y ﬁ2’}/
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TO, cornmacHo (6.26),
W~ / dqVi O Y Sw). (6.27)

1 1
AHANOTHYHBIM 00pa30M HAXOISITCS MOMPABKH K aMILTUTYIaM C’I%,) u C’I%”), KOTO-
pEBIe, HCHONB3ys ypaBHEeHHS (6.2) H CBOHCTBA CHMMETPHH MAaTPHIHBIX JICMEH-
ToB (6.4), MOXKHO 3amHcaTh B BU/C

=1y dq‘V*cm 03“ L 3(Aw);

0}%})_—3 [ dqv=cs C’ 2 0(Aw).

>Q

(6.28)

CornacHo (6.4), MBI OAPa3yMeBaeM, 4TO 3HEPTHUs B3aHMOACHCTBYIOIIMX BOJH
nonoxutenbHa. [logcTapmss Beipaxenus (6.27) u (6.28) B (6.23) u ycpenuss mo
¢hazaM BOJH, MOTYIUM

dNp N (0) ~+(0) (1)
W = § / dk Ve <O Ck” Ca + C Ck:” Cﬂ

+ DDy + ke =

-z / di’ v{ / dqv(cy) ¢l ci(0)0f<01>

_ / dav(CO OO )

- / dcTV*<0,§?>cg<°>c§°>0;§°g,,>}5(Aw). (6.29)

Tak kak B HYICBOM NPHONMKCHHH (a3bl BOJH HHKAK HE CKOPPESIHPOBAHBL, TO
ycpenHeHue 1Mo (ha3aM MPOU3BENCHUH YeTHIpeX aMIumTya B (6.29) cBomurces,
cornmacHo (6.24), K MPOU3BENCHUIO JIBYX YHCEIN 3alOiHEHHA. [[eWCTBUTEILHO,
B IICPBOM CJIATaeMOM B IPaBoi "acTH (6.29) OWIHMYHEINA OT HYNS pe3ynasraT Mo-
JAy4duTCs B ABYX CIydasx: § = E wma §=k". IIpoBens Takoe ke «cHapUBAHUCH
AMIDIATYZ U B OCTAIBHBIX CIATAeMBIX, OKOHIATEIEHO MOTYYHM

N o aR v PN N N:N — N:N;
il WVew "N N — R )%

X (S(u)]; —Wg, — w,;_,;,). (6.30)
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OT0 ypaBHEHHUE 1A YHCIA KBA3UIACTHI[ C MAKCUMANBHOMN wacToToi. I3 co0THO-

mwenuss Maumu —Poy cneqyert, 4to A ABYX APYTUX YYACTBYHOIIUX BO B3aHMO-
IEHCTBUHA BOJIH

dN,;, B dN; B dNE

dt dt dt -

(6.31)

Krnernueckoe ypasuerre (6.30) MOXHO HOTYYUTH K N3 KBAHTOBOMEXaHHIECKO-
TO MPUHILMIA COOTBETCTBHS, pacCMaTpuBas OaNaHC YHCIa KBA3WYACTHL B 3Je-
MEHTapHBIX aKTaX TPEXBOJIHOBOTO B3amMmonehcTus. [lycTs w(E, K ) dk' ecth
BEPOSTHOCTH PACHAa KBA3HIACTHLBI C HMITYIIECOM hk “Ha JIBe APYTUE ¢ UMITYIIb-
com B mutepane [hk', h(k' + dk')] u [h(k — k'), h(k — k' — dk")]. Cornacro
IPHHLUITY AeTaIbHOTO pasHOBecud [10, § 2], o6paTHEIi mporecc (CIusHUE ABYX
KBa3HYACTHLL B OIHY ) IMeeT TaKyIo ke BeposTHOCTh. [ToaToMy m3MeHenHe uicia
3aronHenus Ny ecTh

dNE 1 OTIN AL

X {(Ng+ L)Ng Np_z, — Np(Ng, + 1)(Np_z + 1)} (6.32)

MuoxuTens 1/2 nossisercs mo Tod ke IpUIHHEe, 4TO U B (6.22), 3 KOMOHHALHH
Yrce 3alOJIHCHUS B IPaBOH 4acTu (6.32) onpenensroTcs cOOCTBCHHBIMH 3Ha4e-
HHAMU ONEPATOPOB POXKIACHUS M YHUUTOXKCHUS KBasudacTul |5, § 64]. B kmaccu-
YECKOM ITIPEJene, KOTAA YHCIO0 KBA3HIACTHI[ BEJTHKO (NN o N, Pt N, > 1), u3
ypaBHeHus (6.32) nomydaercs ypaBHeHHE (6.30), IpHueM BeposiTHOCTE Ipoliecca

paBHa

w(k, k') = 27T|V121§/|25(wl§w12’ —wWi_p )

YTO COOTBETCTBYET OOUIHM IIPaBHJIaM BBIYUCIICHHS BEPOSITHOCTEl KBAaHTOBOME-
XaHUYECKUX Mpoueccos [5, §43].

B ommune oT IMHAMHYECKUX YPABHEHHH Ui aMIUHTYA (6.2), KHHeTHUIe-
ckoe ypasHeHHe (6.30) yxe He 00sajaeT cBOMCTBOM 0OPaTHMOCTH BO BPEMEHH.
Tak, OHO IPHUBOJUT K BO3PACTAHHIO IHTPOIHHK B ra3e KBa3HUIACTHI] (CM. Clemy-
FOLIYIO 33139y ).

6-11. Jloxazamb 3aKOH 803pACMAHUS IHMPONUY 8 2a3€ KBASUYACHUY, 83aU-
Mooelicmaue KOmopbix onucvigaemcs xunemudeckum ypasuenuem (6.30).

B kmaccuveckoM mpegene OONBIIHX YUCET 3alOMHEHHS TIOTHOCTh SHTPO-
mu Bose-rasa pasHa [6, § 55] (¢ TOYHOCTBIO OO HECYIICCTBEHHOU ITOCTOSIHHOM)
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S = f In NE dk. OTcrona H3MEHeHHe YHTPOIMHU Ta3a KBA3HYACTHI]

s 1 dNg
- = kdk. 6.33
dt N - dt (6.33)
Ipu Berancnenun wHTerpana (6.33) HeOOXOJMMO YUMTHIBATH H3MEHEHHE YH-
CEJI 3aIOJIHEHHS BCEX YUACTBYIOMIMX BO B3aUMOEHCTBUH KBasuwacTHIl. [loaTo-
My (6.33) momyunm, uenons3ys ypaBHeHUA (6.30) u (6.31),

Y eV U W U W
dt dt \N; N N;-N
L (Nz Ni_z — NgNg, — NeNi_z)?
= [ dkdE'|V*§(Aw) > 0.
/ Nkaka P

TaxuM 06pa3oM, FJHTPOIHS TAKOH CUCTEMBI HE BO3pacTaeT TOJIBKO B TOM cllydae,
eci

11 1
=t (6.34)
Ng Npo Nip

HeTpynHO yBHAETH, YTO TaKO€ COOTHOIICHHE COOTBETCTBYET COCTOSIHHIO Tep-
MOJMHAMHYECKOTO PaBHOBECHSI B Ta3€ KBa3HUACTHLI. J[eHCTBUTENRHO, B KIIACCH-
YEeCKOM IIpesieie paBHOBECHBIM SIBISIETCS pacmpeacneHue Pames—xuHca, Ko-
tna Ny ~ T/wj. B otoMm ciyaae paeHcTBO (6.34) BHITIOTHAETCS TOKIECTBEHHO
BCIICACTBHE yciIoBUs (6.1) I 4acTOT TpeX Pe30HAHCHO B3aHMMOMACHCTBYIOIHX
BOJIH.

OnHako y KHHETHUeCcKoro ypasHeHus (6.30) MoryT OBITh K JIpyTHE, Hepas-
HOBeCHBIE perieHust. OGBIYHO OHU COOTBETCTBYIOT CUTYAIHH, KOTIA B HEKOTOPOI
obmacTd 4acToT (WIM UTHH BOJIH) KBA3UYACTHULIGI BO30OYKIAOTCA KaKUM-TTHOO
BHEITHUM HCTOYHHKOM, & B APYTOi 00NacTH 3aTyXaroT BCICACTBHS JUCCHTIATHB-
HBIX mpoueccos. [IoaToMy Takwe HEpaBHOBECHBIE PEHICHHS OMMCHIBAIOT ITOTOK
SHEPIHH O CHEKTPY BOJH M3 00JIACTH T'eHepalvi KBa3H4acTHI] B 00NacTs MX
saryxaHus [2, c. 18].



YACTS II
I'maponmHaMuka U Teopusi yIpyrocTu

§ 7. lunamMuKka uaeaabHON KUIKOCTH

JIBIKeHHEe HIeanbHON JXKUAKOCTH OMUCHIBACTCA YpPaBHEHHEM COXpaHEHHA
MaCChI XKUAKOCTU (YpaBHEHUE HEMPEPHIBHOCTH )

ap
a+d1v( pi) =0, (7.1)

ypaBHEHHEM JIBUXKeHHUs (ypaBHEHHe Diinepa)

31) LS _l -

En +W-V)u= pr (7.2)
¥ YCIOBHEM aanabaTiaHOCTH

ds _ 0Os

w ot + - VS—O (7.3)

rne p(7, t), p(¥, t), U(¥,t) — WIOTHOCTb, NaBIEHHE H CKOPOCTh JKHKOCTH,
a s(p, p) — SHTpOIMA EIUHHMIBI MAcChl. B cilyuae CTAalMOHAPHOTO TEYEHUS
u3 (7.2) u (7.3) cnenyetr ypaBHeHHe bepHymn

7V (“2—2) =0, (7.4)

T. €. IOCTOSHCTBO BEMMYMHEI (v /2 + w) BOOIb IHHUI TOKa (W — TEIIoBas (PyHK-
st (FHTANBINS) eAUHUIBI MACCHI KHUAKOCTH). TIpy ABMKEHHN HeanbHON Kua-
KOCTH COXPAHACTCA HMUPKYIANHSA CKOPOCTH BAOJB JIOOOTO 3aMKHYTOTO «YKHIKO-
ro» KoHTypa (Teopema KenpBrHA):

dtf Fdl = 0. (7.5)
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VpaBHeHue OBrkeHus (7.2) YKBUBAJICHTHO 3aKOHY COXPAaHCHHS UMITYJIbCA KHI-
KOCTH U MOET OBITh 3alTUCAHO B «AUBEPTCHTHOMY BUIEC

0

_ Ol
E(PUZ) =

oz (7.6)

rae [L;;, = pdip + pvsvp — TEH30P INIOTHOCTH MOTOKA UMITYIBCA B WACANBHOM
KHAIKOCTH. AHATOTHYHBIM 00pa30M 3aKOH COXPAHCHUS YHEPTHU IPUHAMAET BUJ

2
v -
_gt _p2 +pe )| =—divgq, (7.7)

e ¢ = pi(v?/2 + w) — BEKTOP TIOTHOCTH MOTOKA YHEPIUH, & — BHYTPEHHAS
SHEPTHs eANHAIBI MACCHI KHIKOCTH.

7-1. Bwisecmu ypasmenue s6omoyuu euxps ckopocmu $2 = rot ¥ 6 udeans-
HOU drcudkocmu. Ilokazamo, 4mMo 3a6UXPEHHOCHb OCIAEMCS «BMOPONCEHHOT»
8 HCUOKOCHL NP €€ MEeUeHUU.

YpaBHeHue Diinepa (7.2) MOXHO 3aImicaTh B BUAE

EJr(U-V)U:—T:—Vw,
nin
W o ) S V2
L (x G = V(w+2). (7.8)

BssB potop 0T 00eux 4acTei 3TOro paBeHCTBA, HOMYIaeM 4TO

96 s
5t = rot(¥ x Q).

Tax kax div () = 0, HEPENHIIEM 9TO YPaBHEHHE Kak
CL_(Q-V)o— (7 V)L - Qdiv 7. (7.9)
CornmacHo ypaBHEHHIO HempepsIBHOCTH (7.1),

Wi 190 1g
dlvv——pat p(v V)p,
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TaK 4to (7.9) MOXXHO TIpeoOpazoBaTh KaKk

Gor9i-s@-Eo  ow

PaccmoTpum Teneph HEKOTOPBIM Mablid 3EMEHT UIHHBI 8L, KOTOpPBIH mepeMe-
maeTcs B MPOCTPAHCTBE BMECTE ¢ 00pa3yoImIMH eTo YacThuamu cpensl. Ecmm 7
€CTB CKOPOCTh CPEABI Ha OOHOM €T0 KOHIIE, TO CKOPOCTB APYTOTO €CTh U+ (4§ I 6)17,
MO3TOMY H3MEHEHHE 51 co BPEMEHEM OINHCHIBAECTCA YPaBHEHHEM

ol _ (51 5)w,

dt

koTopoe coBragaet ¢ (7.10) mis BexTopa 0 /p. TloaTOoMy eciti 9TH 1Ba BEKTOpA
UMEIOT OJMHAKOBOE HAIPABICHHE B HAYATbHBIH MOMEHT BPEMEHH, TO OHH OYAyT
OCTaBaThCs MApaJUIENbHBIME JPYT APYIY, 4 OTHOLICHHE HX JUIMH Takke He Oy-
JIET M3MEHATBCA CO BpeMeHeM. J[pyruMHE CIIOBAMHE €CIIH BE OJIM3KKE YACTHIIHI
cpeabl HAXOAATCS Ha OXHOU JIMHUH BEKTOPHOTO TOJIA Qs HEKOTOPBI MOMEHT
BpPEMCHH, OHU OVAYT 0CTaBaThCA HA ONHOM U TOW K¢ THHUH 3aBUXPEHHOCTH Te-
qenms (). Iepexons Temeps OT ABYX ONMHM3KUX YACTUI] K YaCTHIAM, HAXOAAIUMCS
Ha KOHEYHOM PACCTOSIHHH JPYT OT Jpyra, MOXKHO 3aKITIO9HTh, UTO KayKAast THHIL
BEKTOPHOIO I1OJIS Q HepeMEIAETCd BMECTE CO CPENOi, T. €. BEKTOP a «BMOpO-
JKeH» B cpexy. Tenepb HETPYAHO YBHIETh, YTO TeopeMa KenbBrHA 0 coxpaHeHNH
IMUPKYJIIIN CKOPOCTH B HACATBHOM MKUAKOCTH €CTh OHO M3 CIEACTBHH «BMO-
PO’XKEHHOCTH» BEKTOpa Q. JelicTBrTENBHO, 000 3aJaHHBIN ©KUAKUID KOHTYP
IpY CBOEM IBIDKEHHH He MepeceKaeT JTHHUIl poTopa CKOPOCTH, CIIenoBaTeIbHO
MOTOK BEKTOpa a yepes MOBEPXHOCTD, 00pa3yeMyIo 9THM KOHTYPOM, HE MEHSET-
cs. Ho, cormacHo Teopeme CTokca, MOTOK BEKTOpa Q PaBeH NUPKYJIAIUU BEKTOpa
CKOPOCTH BJI0Jb KOHTYpA.

7-2. 3anucamo ypasHeHnue 0OHOMEPHOU 2a300UHAMUKY UOeanbHOU (be3 duc-
cunayuu) cpeovl 8 1azPaHiCesblx KOOPOUHAMAX.

JlarpamkeBo ONHCaHEC MPOM3BoAMTCA B TepMmuHax (o, ¢), p(xo, t)
u p(zg, t), TA® To — HAYaJIBHOE IOJOXKCHWE 3MIeMeHTa (B OXHOMEPHOM CITy-
9ae CIos) cpeabl. YCIOBHE COXpaHEHHS MacChl B MAHHOM CIydYac O3HAYAeT,
uro pdx = podzg, Tne po(ro) — HadarbHOE 3HadeHHe IIoTHOCTH. Crenosa-
TEIBHO,

(%)t = po(xo)/ p(xo, t). (7.11)
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W3 ypaBHEHHA ABMKEHHA CIIOA C TONMUHOM dx

2
paz (%) = —p(z +dz) + p(z) + pdzf(zo, 1),

(f — ynenpHas MIOTHOCTh OOBEMHBIX CHII), IONIYYHM

8%) 1 ( Op >
= =——— = + f(zo, ©). (7.12)
( ot ) 4, po(wo) \ 920 /,
TpeThe ypaBHEHHE BBIPAXKACT YCIOBHE COXPAHCHIS SHTPOITHH CIIOS:
Js
os - .1
<at > x o 713
0

rae s(p, p) — SHTPOIKS SAMHHIEI MACCHI CPEIbL.

7-3. B 00HOpOOHOIL Cpede ¢ NIOMHOCMbIO Py U PAGHBIM HYMIO OaGTIeHUeM
(nblb) 6 HEKOMOPBITE MOMEHIN BPEMEHU CO30AE€MCsl HEOOHOPOOHOE 8 NPOCMPAH-
cmee noae ckopocmu v(x) = vgsinwz/l. Haiimu gosnukarwee & pesyromame
O8udICeHUsL pacnpedenenue niomHocmu noliu p(x, t).

Penierne ynoOHO MPOBECTH B JATPAHKEBBIX KOOPAWHATAX, [ME, B OTIHYHE
OT 9ilIepoBa ONMCAHuUs, YPABHECHHS ABHYKCHUS CPEObl OKAa3bIBACTCS JTUHCHHBIM,
¥ JIETKO pemuaercs. JIeHCTBUTENbHO, B OTCYTCTBHE JAaBICHHUSA W OOBEMHBIX CHIT
(p =0, f = 0) u3 ypaBuenus (7.12) cneayeT, 4To KaXIbIi CION MBITH IPOIOI-
JKAeT CBOE IBIKCHHE C TIOCTOSIHHON CKOPOCThIO: (§%1/0t?),, = 0, T.e.

x = xo + v(x0)t = 20 + Vot sin o /L.

Torma anst mToTHOCTH BUK M3 ypaBHeHud (7.11) nomyunm

t
plzo. 1) = po/ (g—;) = po/ (1 + 7= cos ”T%) N CAT)

Bmecre ¢ B3BECTHOM yaKe 3aBHCHMOCTBIO 2 (g, t) 3Ta hopMmyJia mo3BOJISET ompe-
JENNTh U paclpenelenre IWIoTHOCTH p(x, t). IIpUHIUNHATBHO BAXKHBIM MOMEH-
TOM 371€Ch ABIACTCSI 0OpaIleHIe IUIOTHOCTH BelmecTBa B OSECKOHEUHOCTh Yepe3
HEKOTOpoe BpeMsI Mociie Hawama ABkeHus. Kax Buawo w3 (7.11), must aToro
HyXHO oOpameHre B Hynb HpoH3BoaHON (0x/0zo):. B maHHOM cmydae, co-
miacHO (7.14), 3T0 paHbIIIe BCEro MPOUCXOAWT B TOUKE Tg = [ B MOMEHT Bpe-
MeHHU ¢ = t* = [/mvg. DTO sABICHHE HA3HIBAIOT «OIPOKHIBIBAHHEMY IIPODIIA

t



§ 7. [Qunamura udeaibnot sHcuoxocmu 105

CKOpOCTH, TaK KakK B 3TOT MOMEHT BpPeMeHH Ipadyuk CKopocTd v(x, {) MMeeT
OeckoHEewHO GONMBLIYIO MPOM3BOAHYIO B TOUKE Zo = . Ilpm ¢ > ¢* mpoucxoaut
TaK Ha3bIBAEMOE «IIEPECEUCHHE» TPACKTOPHWi, KOTAa B OXHOH M TOW XK€ TOYKE
HPOCTPAHCTBA OKA3BIBAKOTCS JIIEMEHTHI C Pa3HBIMH Ha4aldbHBIMH KOOPAHHATA-
mu. Ipw aToM CBA3B X(X0, t) mepecTaeT ObITh B3aNMHO OHO3HAYHOM, TAK 4TO
JAarpaHkKeBO ONMCAHHE CTAHOBHUTCS HEIIPHMEHHMBIM.

7-4. Onucamp pasnem noKOswe20Cs 8 HA4ATbHbIL MOMEHM DAGHOMEPHO
3APANCEHHO20 WAPOBO2O CKONAECHUS NbLTU.

OG603HaYNM Ha49aIBHYIO INIOTHOCTH MACCHI IILLIH YEPe3 Py,  INTOTHOCTH 3a-
pana — «po (TaK 4TO KOHCTAHTA (v €CTh 3apsi| SAUHMIIBI Macchl bLTH). Vcmons-
3yeM 37eCh JarPaHKeBO OIHCAHKE, HHTepecyach GyHKupamu r(rq, t) u v(rg, t).
Ecnu «OmpOKHABIBAHKE» OTCYTCTBYET (4TO OyACT IMOATBEPKACHO IMOIYYCHHBIM
Jlajee penieHHeM), TO 0CTaeTCsl IIOCTOSHHBIM [TOMHBII 3apsif, 3aKTF04CHHEIN BHY-
TPH KKAOH PAaCIIUPSIOMIEHCs Chepraeckoil MOBEPXHOCTH MBUIH, ¢ = ¢(rg) =

= QP %’/TT‘S’. Toraa YpaBHCHHUC ABUXXCHUA 3AIMANICTCA TAK:

a2
(gtg) = f(ro, t) = ali(ro, 1) = 062P0%7Tr3/r2.
o

HNHrerpupys 3To ypaBHeHHe ¢ HadaibHbIM yciosueM r(0) = ro u 7(0) = 0,
TIOJTY THM

r/ro

wot = / dx/+/1—1/x, (7.15)

1

T/1e BETHUHHA Wy MMeeT Pa3MEPHOCTh 4acTOThI 1 paBHa (87a2pg/3)1/2. I10 pa-

BCHCTBO OTIPEESICT B HEABHOM BU/IE 3aBECHMOCTE (T, t), KOTOPYIO, O4EBHAHO,
MOYHO TIPEACTaBHTh Tak: 1 = 7o F (wot). OTciona cpasy ciemyer, HapUMep, OT-
CYTCTBHE «OMPOKHABIBaHUD». Kpome Toro, 3To 03Ha4aeT, 9To qBHXKCHHE oOmaka
MMeeT XapakTep OJHOPOIHOTO BCECTOPOHHETO PACHIMPEHHs, TAK 4TO INIOTHOCTh
nbUH (BHYTpH 0671aKa) 0CTaeTcs OHOPOIHOM p(t) = po/F3(wot). pn wot >> 1
dyukups F', oTMeTEM, IMeeT o4eHb npocToil BUA: F'(wot) & wot. D10 03Hadaer,
9T0 KOTAa 00IaKO IBLIH CHIBHO PACIIMPIIIOCH (TI0 CPABHEHHIO ¢ HCXOMHBIM CBO-
MM COCTOSHHEM), JIEKTPUICCKAE MOJIA CTAIM MPeHEeOPEeKHMO ClnabbIMH, I03TO-
My Ka>KABIH OIapOBO# CIIOH MPOAOIDKAET PACIIMPATHCA YKE € ITOUTH ITOCTOSHHON
CKOPOCTBIO v(Tq) A WoTg.
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7-5. Hatimu ycnosue omcymcmeus ONpoxkuObleaHus 8 pacCMOMpeHHOM
8 npedvidyuel 3a0aie wapoeom obnaKe 3apsNCeHHOU NbLIU, eCU 8 HAYATbHbII
MOMEHM pacnpedeneHue NIOMHOCIU 8 HeM HeOOHOPOOHO U pasHo po(To).

W3 ypaBHeHUS OBEDKSHUS 4acTHIl IIBUIH B 00MmIEM cilydae HEOAHOPOTHOTO
obmaka ronyTaeTcs cooTHoIIeHHe, obobmaromee (7.15):

r/ro
/ S - - = w(re)t;
/1= 1/x
7.16
ro 1/2 ( )
w(rg) = 87ra2/p0(:c)a:2 dx 7"8’/2.

0

OTCYTCTBHE «OIPOKHIBIBAHUS) O3HAYAET TMOJ0KUTENbHOCTh [IPOU3BOIHOM
(Or/0ro)¢, anst koTopoit u3 (7.16) HETPYNHO TONYYHTH TAKOE BBIPAKEHHE:

or :trod_w( _7"_0)1/2+L

dro /, drg r o
Hckmrodad otctona ¢ ¢ momMompeio (7.16), ycioBre OTCyTCTBHS «OIPOKH/IBIBAHID
IPHBOAUM K BHTY

2 (1_ %)1/2

To dw — . =T

J

1 (1—1/2)'/?

3T0 HEPaBEHCTBO AOJKHO BHITOTHATHCS Mpu BeeX 1 < & < +00. 3aga4a cBoIuT-
cs1, TakuM 00pa3oM, K HAXOXKACHHI0 MuHIMYMa GyHKmu P(x) B 3TOM HHTEpBa-
ae. Bxogsmuii B ¢ onpenelieHre WHTErPANl BHIPAKACTCI 4epe3 IEMEHTAPHBIE
GyHKIUH, Tak 4To

Pla) — |1 1++/1—-1/zln(y/z — Vzx —1)

®yskums P(z) > 0, npuuem P(z) — +oo npu  — 1, u P(z) — 1 mpu
x — —+00. Acumnrotuka P(z) mpu « >> 1 mokaseiBaet, uto Tam P(z) < 1.
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YucneHHbIi aHa 3 MO3BOMET ONpenenuTh, uTo min P(x) ~ 0,93 (oH goctu-
raerca npu & ~ 8). Teneps u3 (7.17) merko HAWTH OKOHYATEIBHOE YCIOBHE

0

po(ro)ry > 1, 14/p0(x)x2 dz. (7.18)
0

OTo HepaBEHCTBO JIOJDKHO BBIIONHATBCS NI BCEX 7g, MEHBIINX HAYAIEHOTO
paamyca nsuieBoro odmaxa Rj.

IlycTs, HanpuMep, HaYaIbHOE PACIIPEEICHNIE INIOTHOCTH [0 PAINYCY HMe-
€T CTeHeHHOH BuI: po(ro) v 7{, TAe n > —3, TaK 4TO MOJHas Macca obmaka
koHeyHa. Torma m3 (7.18) ciemyer, 9TO «OIPOKUIBIBAHUE» IIPOMCXOIUT, €CIH
n < —1,86.

7-6. B X0100H01 niazme ¢ 6eCKOHEUHO MAICENbIMU UOHAMYU U HNeKMPOHAMU,
uMerwUMU Maccy m, 3apsio (—e) u KIOMHOCHb Ng, 8 HEKOMOPbLT MOMEHM 8pe-
MeHU co30aemcs noie ckopocmet 31ekmporos v(x) = vg sin /1. Onpederume
KPUMU4eCcKoe 3HaveHue amMniumyosl CKOpoOCImu Vg, Npi NPebllUeHUl KOMOPO20
NPOUCXOOUTN KONPOKUIBIBAHUE» DNEKIMPOHHOZO ROMOKA.

EnuHCTBEHHOI CHITOM, IEeHCTBYIONIEH Ha TEKTPOHBI, ABISSTCS JJICKTpHUe-
cKast, TaK 4TO, COTMAcHO ypasHeHuto (7.12), (0%x/0t?),, = —eE/m, rne E —
3NMEKTPHYECKOE IT0TIE, BO3HUKAIOIMICE H3-32 Pa3/CICHUs 3apAJ0B IIPH ABWKCHUH
9NMeKTPOHOB. Tak KaK HOHBI ILTa3Mbl 00pa3yrOT HEMOIBWKHBIH HEHTpaTH3yOMUii
$oH, To cMelIeHHe CII0sI YMEKTPOHOB ¢ HadaJIbHOW KOOPAMHATOH X9 B HOBOE I10-
JOXKEHHE ¢ KOOPAMHATON ¥ MpHBEeT K MOABICHIIO H30BITOUHOTO (Ha SAMHUILY
IUTOI[AJIN CJI0ST) 3apsifia HOHOB 0 = noe(x — To) € OOHOI CTOPOHBI CIIOSL B IPOTH-
BOIIOJIOXKHOTO II0 3HAKY 3apsijia ¢ APyroii CTOPOHBI (MBI 31€Ch ITOKA IIPE/IIIoNaracM
OTCYTCTBHE «IIEPECEUEHHsD HICKTPOHHBIX TPaeKTOpHii). B pesymsTare mosBHT-
ca amektpuueckoe mone E = 4no = 4dmnge(x — xg), u ypaBHEHHE ABHKCHHA
3NMEKTPOHOB JIETKO WHTETPUPYETCA:

atQ m
x — 3o = Asinwyt + B coswpt.

&%z eF 2 2 2
gz = - = w3z —x9); w: = 4dmnge”/m,
( ):L‘o p( 0) v ° / (719)

HocTosiaabie A 1 B onpenensioresl HadalbHBIME YCIOBHSMH, a KMEHHO: (T —
— 20)|t=0 =0, (%) lt=0 = vo sin wzg /I. [oatomy u3 (7.19) nonyunm
Zo
T

vo . .
(o, t) = zo + w_(;, sin —— sin wpt,

!
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a CTCIICHb CXXaTuA CJI0CB 6y}1€T

~1

~1
<@> — (14T os@smwpt
Oz wpl l

Kak creayer u3 3TOro BRIpaXKCHUS, HAMOOIEE «OMACHBIMY [UI «OMPOKHUIBIBA-
HUsD» MECTOM SIBISCTCS CIOH C MaKCUMAJbHBIM IPAAMEHTOM CKOPOCTH (Tg =
= [), ¥ B MOMEHT BPeMeHH t = 7/2w, TaM MPOH30MICT CIEPECCUCHNE» K-
TPOHHBIX TPAeKTOpHii, T.e. obpaiieHre B Hynb Hpon3BoaHoil (Oz/0x¢):, ec-
T |Tvg Jwpl| > 1 umn vy > v = wpl /7.

7-7.  CmayuonapHvlii NOMOK UOEATbHOU
HECHCUMAEMOT HCUOKOCTU NIOMHOCIU [ NOB0pa-
yugaemcs Ha yeon ¢ mpybotl nepemMenHo20 ceueHus.
u evibpacvieaemcs ¢ ammocpepy (puc. 7.1). Cuu-
mas, ymo @ cedenusix So u S1 CKOpocmb 00HOPOOHA,
npudem @ ceueHuu Sy OHA pagHa vy, ONPeSeTUmy Clu-
7y, OelCmEYIOWYI0 HA U30SHYMbILL YUACHOK mpyobl.
Ammoceprvim dasrenuem npernebpets.

JIns CTanMOHAPHOTO TEYeHHUsS AODKEH o0pa-

SRR USRS ARV SR [IaTHCA B HYITb TIOTHBIN IIOTOK UMITYIIECA Yepe3 Mpo-
M3BOJBHYIO 3aMKHYTYIO ITOBEPXHOCTh f Il dS, =
0, rae Il;; — TeH30p HJIOTHOCTH IIOTOKA WM-
nynbca, onpeaenseMslil o dopmyne (7.6), Il =
= Py, + pv;vk. B KauecTBe TakoH MOBEPXHOCTH BBI-
Puc. 7.1. Tloopor notoka OCPEM OOKOBYIO IIOBEPXHOCTH M30THYTOI YaCTH TPY-
KUIKOCTH B Tpy0Oe OBI B BXOZHOH ¥ BBIXOIHOM ee Topusl (cM. puc. 7.1).
Torma oTCYTCTBHE ITOTHOTO ITOTOKA MMITYJIbCA 3aITH-

Sor Y

b,

oICTCA TaK:
NokSo(Podak + prosvor) + n1xS1(P10a + pv1sv1k) + /p5ik dS, = 0. (7.20)

3nech 1l ¥ 111 — eAMHIYHBIC BEKTOPHI HOPMAJIH Ha TOPIEBBIX YUaCTKaX, 4 OCTAB-
miwkics B JieBoit wactu (7.20) urrerpai OepeTcs mo 60KoBOI MOBEPXHOCTH TPYOBI
(cmaraemoe pv;vi 37eCh HE JAeT BKJIAJA, TAK KaK CKOPOCTH JKHJIKOCTH HaIpaB-
JeHa BoJIb OOKOBOH IOBEpXHOCTH: vy, dS;, = (). DTOT MHTerpan u ecTh Cuia,
AefCTBYIOMas Ha M30THYTYIO 9acTh TPyObI, Tak uto F; = [ pdS; = —Sopono: +
+ proSovei — pv1S1v1; (34€CH YUTEHO, YTO AABICHHE XUAKOCTH HA BBIXOIC M3
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Tpy6st p1 = 0). CKopoCTh TeueHns Ha BBIXOAE v1 = v9Sp/S1, & AaBICHUE Do
Ha BXOJE, HCOOXOAMMOE s «IPOTAIKHBAHUS» JKUAKOCTH, OIPEACIIeTCA U3
ypaBHeHus bepuymmu. [locnennee a1 HEC)KAMAEMOM JKHIKOCTH BBITIIAUT TaK:
2 1 2(5%
P+ pv” /2 = const, Tak 4TO B HAIIEM CIIy4ae Py = 5PV [? — ] (cumTaercH,
1
410 So > S1 u po > 0). Teneps, BBensd ocy KOOPAMHAT YKa3aHHBIM Ha PHCYHKE
00pa3oM, OKOHYATENLHO TIOTYYHM

202 2
N, B P O (O
F, = S sin o Fy = pvgSo 2\ s +1 3, cos o

7-8. Hatimu 3axoH ducnepcuu nogepXHOCMHBIX GOH, PACHPOCMPAHAIOWUXC
800716 20PU30OHMATLHOT ZPAHUYBL PA30EAd O8YX UOCATLHBIX HECHCUMACMBIX HCUO-
Kocmetl, UMerwux NIOMHOCMU P1 U P2 U HAXOOSWUXCS 8 NOAe MANCECU {.
Kosppuyuenm nosepxrnocmnozo namsicenust cpanuyvl pazoeia pageH Q.

Ilpenmonaras aMIDIATYQy TaKWX BONH Majod, MOXXHO CYMTATh IBUKCHHE
JKHJIKOCTH ITOTCHIMANBEHEIM [9, § 9] 1 pelllaTh THHEapH30BaHHYIO CHCTEMY VPaB-
HeHW, YYUTHIBAIOINIYIO BEIIMYKHBL He 00Jiee MEPBOTO TMOPAaKd MAJIOCTH TI0 aM-
IUIATYE BO3MYMICHHI, BHOCHMBIX BONHOH. C 3TOH TOYHOCTHIO

p% — Vip, divi—0, Ve (7.21)
B orcyrcTBHE BOJH, KOIga CKOPOCTh

XKUAKOCTH ¢ ¥ BO3MYINCHHE AABICHHA z

B Heil 0p paBHBI HYIIIO, PaBHOBECHBIC o

JaBICHUST B OKHAKOCTAX 1 ®w 2, P 51

W P2, PaBHBI P = —p1gz + Po; P2 =

= —p2gz +po (po — NAaBIEHHE TpH _____ J—

z = 0). BoibepeM OpUEHTALUIO CHCTEMBI T - T g
KOOPIWHAT B IUTOCKOCTH pa3iena Kui- 0,

kocteil (z = 0) Tak (puc. 7.2), 4To0BI

BOJIHA PACIIPOCTPAHANACh BAOMh OCH x. Puc. 7.2. IIoBepXHOCTHEIC BOTHBL B JKHI-
Torma Bo3MyIIIEHH MOYKHO IIPEACTaBHTh KOCTH

B TakoM Buge: @ = f(z)e!Fe=«t) §p =

= U(z)ethz=wt) ¢ = goethr=wt) rre €(x, t) — OTKIOHEHHE TPAHMII pa3esa
xugKocteil oT mwiockoctd 2 = 0. @ynkuun f(z) u ¥(z) Oynem HaXOOWTH IO
OTAENBHOCTH B BepPXHEH U HIDKHeH skuaxocTax. IloTeHnuan ckopocteii, kKak 310
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cenyer u3 (7.21), ynosnerBopsier ypaBueruo Ay = 0. Orcioma ms f(z) mo-
ayuaem, uto f — k2f = 0. Tak Kak HAC HHTEPECYIOT TIOBEPXHOCTHEIE BOIHEL,
BO3MYILICHHS OT KOTOPBIX AOJDKHBI 3aTyXaTh MIPH VAAJICHAU OT ITIOCKOCTH 2 = 0,
10 @1 = Ae Fzeilke—wt) g o = Bekzeiko—wt) Komcrantet A n B He sBis-
FOTCSI He3ABUCHMBIMK, 4 CBSI3aHBI YCIIOBHEM PaBEHCTBA HOPMAJIBHON K TPaHHMIE
pazena KOMIIOHEHTBI CKOPOCTH 00enX KuAKOCTeH. Tak Kak caM ITOTEHIHAN CKO-
poOCTell ¢ yKe ABJSIETCS BEJIMYMHOU IEPBOIO IOPsIKa MalOCTH 10 aMIUIUTYAE
BOJIHBI, TO C Hy)KHOﬁ HaM TOYHOCTBIO MOJKHO HE YUHUTBIBATH OTIIHMYINE I'PaHUIIBI

pasmena oT miockocTu z = 0. Iloatomy —d¢1/0%|,—0 = —Jp2/0%|,—0 =
= 0&/0t, otkyma B = —A = iwép/k. TloacraBuB B TMHEAPH30BAHHOE YpaBHE-
Hue gBkeHusa (7.21) ¥ = —Vp, cpasy IodydnM, 9TO BO3MYMICHHS JABICHHSA

B YKHJIKOCTSIX

2 —kz
5p1 = —iwprpy = —— pzlfoe gtthoet);

w?pakoe” pilka—wt)
— .

dp2 = —iwpapa

Jlyisn TIOJTy'IeHus 3aKOHA AMCIiepcud w(k) HY)KHO TEHEph HAIMCATh TPAHHYHOE
yCIOBHE IUIsl Pa3HOCTH JABICHHUI XUAKOCTEH HA TIOBEPXHOCTH UX pas3lena

(p1 + 0p1)|2=¢ — (p2 + 0p2)|2=¢ = /R,

rae R — pagmyc KpUBH3HBI TPAHHIBI Pa3/Iena, B3SThIHA C Hy)KHBIM 3HaKoM (R > 0
TaM, TJie MOBEPXHOCTh 2z = £ BBIYKIIAa B CTOPOHY BTOPOH )UKo CTH). [y MabIx
cmerntennid, xorga k&y < 1,

R*l ~ 825/8x2 _ 7]?25062'(]0%70”).

Toraa ¢ TOYHOCTHIO IO YICHOB IEPBOTO MOPAAKA MATOCTH [0 AMILTUTYIE KoJe-
OaHMi nony4uM

2
: w wop ;
goez(k:.’t wt) P19 ! P24 k 2 — Oékaoez(m Wt)v

OTKy/Ia
311/2
gk(pz — p1) + ok

wik) = (p1+ p2)

(7.22)
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PaccMOTpuM HEKOTOPBIE YACTHEIE CITYYaH, CIEAYIOIHE U3 ITOTO COOTHOLIE-
HUSL:

a) p1 = 0, pa = p — cBOOOAHAA TIOBEPXHOCTD TAKEIOM KUAKOCTH. B 3TOM
cayuae w(k) = /gk + ak3/p. Jlna mwHHEBIX BomH, Korma k << +/pg/a,
w & v/gk — 310 rpaBUTaIMOHHbIE BOJHBI HA IIOBEPXHOCTH XUIKOCTH. B Apyrom
IpefenbHOM ciydae KOpoTkux BomH (k > +/pg/a) w ~ (ak3/ p)*/?. Takne
BOJIHBI CBSI3aHBI JIUIIb C TIOBEPXHOCTHBIM HATSIKEHUEM K HA3BIBAIOTCS KAIAILISP-
HeiME. Bcnn p1 # 0, HO p1 < po (JIerkas KUAKOCTh HAXOIAWTCS HAll TSHKEIOi),
KaueCTBCHHEIH B CTIEKTPa KomeOaHwmil TPaHuIILl pasaena KHUAKoCTel ocTaeTes
TPEKHUM.

6) p1 # 0, mpudem p; > po (TsOKemas KHAKOCTh HAXOAWTCA Haj Jier-
Koii). B 9ToM crydae rpaHHIa pasiena CTAHOBHTCA HeyCTOH4YHBOM. B oTcyT-
CTBHE IIOBEPXHOCTHOIO HATSDKEHUS HHKPEMEHT HEYyCTOMYHBOCTH 7 = iw =

= /gk(p1 — p2)(p1 + p2) — HeycToitumBocTs Panes - Teitnopa. Kamummap-
HOCTb [IPUBOJUT IHIIb K CTAOWIN3AIMI JOCTATOYHO KOPOTKOBOJIHOBBIX BO3MY-

meHni, korma k > ko = 1/g(p1 — p2)/c. s BosMyenwii ¢ Gonpuioii jmHo#
Bommbl (k < ko) w?(k) < 0, T. €. HEyCTOHIHBOCTB COXPAHSETCA.

7-9. Boruucaumes 3HEp2UIo 1 UMRYILC 2PAGUMAYUOHHO-KANULIAPHOU 60JIHbL
HQ C80D0OHOT NOGEPXHOCIU 2TYOOKOU HCUGKOCTHUL.

CormacHO pelIeHHI0 MpensayIiel 3aaadn 7-8, BepTHKaTbHOEC CMEIICHHE
[OBEPXHOCTH KUAKOCTH B BHAe &(x, t) = & cos(kx — wt) cOOTBETCTBYET 110~
TEHIHATY CKOPOCTH

o(z, z, t) = —%50 sin(kx — wt)e*
Orcrona

=5, = woe®® cos(kx — wt), v, = — == = wéee sin(kx — wt),

TAK 9TO KUHCTUYICCKAA SHCPTUA ) KUAKOCTH, NPUXOAANaACAa Ha CAMHUIY IJIOIAaan
MOBCPXHOCTH, paBHA

0
JO— /dzp—v2 = &258.
2 4k
— o0
TToCKOMBKY 171t TAPMOHMYECKHX KONIeOaHMi CPEIHSIS 110 BPEMEHH IOTEHIH-
anpHas 3Heprus (B JaHHOM CITy4ae TPaBUTANMOHHAS JHEPTHS U YHEPTHS TOBEPX-
HOCTHOTO HATSYKEHEs ) paBHA KHHETUIECKOH, TOTHAS JHEPTHs BOJTHBL HA SAVHHULLY
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TMOBEPXHOCTH €CTh
E = 2B, = pw?€2 /2k. (7.23)

TlepeiineM Temepb K BBEIYHCICHHIO HMITYIhCa MOBEPXHOCTHON BOMHEL Ha
TIePBbIi B3I MOYKET [OKA3aThCsl, 9TO MONHBINA NMITYIIBC JKUAKOCTH OTCYTCTBY-
€T, T. K. CpeHEe IT0 BPEMEHH 3HaUCHHE 00EnX KOMIIOHEHT CKOPOCTH PABHO HYIIO,
a MIIOTHOCTB KHAKOCTH OCTAeTCs Hem3MeHHOM. Ha camoM ke Iene OTIMYHBIN
OT Hyns TOMHBIA MMITYNBC, HATPAaBICHHBIA BAOIb BOTHOBOTO BEKTOpA BOJHEI
(B IaHHOM CIy4ae BJIONb OCH T), BO3HHKAET M3-32 KOPPEIAUMH MEKIY BEPTH-
KaJbHBIM CMEIICHNEM IIOBEPXHOCTH, £(x, ), ¥ TOPH30HTAIBHOH KOMIIOHEHTOM
CKOPOCTH, V. 1lOCITeaHsAs MONTOKUTENbHA Mt TpebemmKkoB BoIHEL, Tae £ > 0,
¥ OTpHIaTeNbHa i BaauH, rae & < 0. B pesynsrare, B Kakblit MOMEHT Bpe-
MCHH HECKOJIBKO OOIIbIIee KOMHYECTBO XKHAKOCTH ABIXKETCS BIIPABO, 4eM BICBO,
Tax YTO IONHBIH MMITYJIBC SKHIKOCTH OKA3bIBAETCS IOJI0XKHTEIBHOM BeTHYHHOM
IPOTIOPIMOHATLHOM KBAAPATy aMIUTUTY B! BOIHBI &o.

JUst BEMMCICHHS HMITYIThCa HECKUMAEMOH SKUIKOCTH YIOOHO BBECTH (ByHK-
o motoka ¥ (z, z, t), onpenenseMyr0 COOTHOIIEHHEM

Oz, z, t) = [VE(z, 2, t) X &),

__o¥ _o¥
T T T or
B narHOM ciydae U = —%ﬁoe’” cos(kx — wt), Tak 4TO
&z, 1)
P, = /dzpvx =—p /aagdz =

=—p(¥(z=¢)) = Py Lo e cos(hz=wt) cog (kg — wt)) ~
~ p%€o<[1 + k& cos(kz — wt)] cos(kx — wt)) = pEE /2. (1.24)

OTMeTHM creqyioliee COOTHOIICHHE MeX1y 3Hepruei BosHE! (7.23) U ee mM-
mynscoM (7.24):

5_k

P=5E. (7.25)

7-10. Hceneoosams neycmotiwusocmeo Panesi— Totinopa npu koneunoi moa-
WUHe NepexooHO20 CIOS MeNCOY Ne2KOW U MANCENOU HCUOKOCIBIO, Ko20a pac-
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npedenenue NIOMHOCHU HCUOKOCIU C GbICOMOIL UMeenm CLedyIowull 6UQ:

p1=epa, z
p(z) = p2ez/h’ 0
P2, <

)

h
2 < h, (7.26)
0

N IN WV

BBrIy CHMMETPHH 3a1a49¥, 3aBHCHMO CTh BO3MYIICHHBIX BETHIHH (5, 0p, V)
OT KOOp/IMHAT M BPEMEHH MOkeT ObiTh BEIOpama B Buae f(z)e®* ™7, Torma w3
YCIOBHS HECKHMAEMOCTH XHUAKOCTH, div ¥ = 0, cienyert, 4to

dv i dv
13 z — €. =12z 2
va+dz 0, Te v, Y s (7.27)
Jlanee, i3 TUHEAPU30BAaHHOTO YPABHEHUs HETIPEPBIBHOCTH,
d ddp dp
) — o, , 28
PP~ G v =0 (7.28)
Tax 4To
Uz dp
op = 7.29
P Y dz ( )
Jluneapn3oBaHHOE YPaBHEHHE JBIDKCHUS IMEECT BUI
o _ _SGop+ op. (7.30)
8t
Ero xz-xoMmoneHTa €cTh
vp dv,

vy = —ikdp, T.e. Op = iypvy/k = A

IMoncraemssa Tenepsb 3TO BEIpaKEHHE A1 0p, BMecTe ¢ hopmymnoit (7.29) mis dp,
B z-KomIloHeHTY (7.30), momydaeM cieayrolnee ypaBHEHHE I BepTHKAIBHOIL
COCTABILIOIICH CKOPOCTH V!

Ld (v (oh1dp 0\ -
sz(pdz)+< 2 Pdz W Jos =0,

Ero moxxHo 3anucars B 6onee ynoOHOM Bue, BBed HOBYIO HEU3BECTHYIO (DYHK-
o q(z) = p'/%(2)v,, Tax uTo

d? d 2
e e o1 ] CE S AT
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s mpogius miotHocTH (7.26) pemernue (7.31), yaoBIETBOPSIONIEE YCIOBUIO
3aTyXaHps BO3MYIIEHHN BIAIH OT TPAHHUIB! Pa3iena, HMEET BH

Agesz, z > h
q(z) = ¢ Ase™ + Bae™™*, 0<z < h, (7.32)
AreFz, 2 <0,
e 2 = k2< - = + 4k2h2)’ a nocTosHHbIe Ay, By m A3 Haxoparcs w3

YCIOBHS CILIHBKHU pemeHI/m B Toukax z = 0 u z = h. [locnenuue ycmoBus cocTo-
AT B HEMPEPHIBHOCTU ¢(Z), B TO BpeMsl KaK Mpou3BoAHas dq/dz B 9THX TOUKax
TEPIUT pa3phIB, BEIUIHHA KOTOPOTO HAXOOWTCA MyTeM HHTerpupoBanusi (7.31)
M0 MaJxoMy MHTepBaiy BOmu3u z = 0, h. [leHCTBUTENBHO, BBIIONHSIA TAKOE HH-
TerpupoBaHue BOOIb IpoMexxyTka (0 — €, 0 + ¢€), moay4anM

0+ 0+¢
_q 1 ad (/%) dz —
/ T / 1/2 dz )dz =0,
OTKyZa
da|  da| _ a(0) dp'”|_a(0) A
dz Ote dz|,_, /p(0) dz oo 2h 2R
AHaJI0THYHO,
dq|  da| _  q(h) dp'?|  a(h)  Aze”Hh
dz|p, . dzf,_, /p(h) 4z |ph_e 2h 2h

B pesynbTare, ycimoBHs CHIMBKE pelicHuH (7.32) BRINAAT Tak:
Ay = Az + Bo,
%(AQ — BQ) — ]{Al = Al/Qh,
A2exh 4 Bge_%h — Age_kh,

—kh
—kAse ™ — 3 Age®P + 3 Boem M = _A?’e
2h
Orcrona cneayer, 4To
(k4 s+ 1/2h) (s —k —1/2h)

AQZA]_ B2:A1

2 ! 2 ’
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a JUCIEPCHOHHOE YpaBHEHUE, OMPEACIAIOMEe HHKPEMEHT HEYCTOHYMBOCTH 7,
FMEET BHU]

e = [(4R®) ™! — (k —2)?] | [4R*) ™ — (k4 3)?].
Tlocne HpOCTLIX HpeO6paSOBaHI/II71 €Iro MOKHO 3aIThcCaTh KakK

th(sxh) _ 2kh (733)

»h (i—kghg—%zfﬁ)-

HccnenoBanne nucnepcuonHoro ypasHenus (7.33) 3aBHCUT OT 3HaKa Iapa-
MeTpa 22, BBeleHHoTo B (7.32). PaccMoTpuM cHadana ciaydaii 22 > 0, mocTpons
(cMm. puc. 7.3) rpaduku pyrknuit f1(sch) u f2(sch), npencTaBIgIOMUX, COOTBET-
CTBEHHO, JIeBy0 U mpaByio actd (7.33). Kak BuaHO m3 3THX TpaduKoB, UCKO-
Moe pemenne fi(sch) = fao(sh) cymectByer Tombko ecmm f2(0) = 2kh/ (i -

2
xorma kh < 1 m, cnemosarensHo, f2(0) < 1, TouKka MepeceuCHUs KPHUBBIX f1

—k2h2) <1, 1e kh < (\/5—1) ~ 0, 12. [lyis1 ;yIMHHOBOJIHOBBIX BO3MYIIICHHH,

U fo Gnmska k (sch) ~ % TonoXuB mo3ToMy xh = % — g, r1e € € 1, Haxoaum

m (7.33) uto € ~ kh/ th(%). Ortcrona, cormacHo onpenencHuio » B (7.32),
HUHKPEMEHT HEYCTOMYMBOCTH PAaBEH B HTOM CIIydae
gk*h

A () -t -

—1_  (p1—p2)
gk ,
(p1 + p2)

(7.34)

T.€. COBNANAET ¢ Pe3yJbTaTOM, MOTYICHHBIM B 3a1ade 7-8 11 MOJETH Pe3Koit
rpaHuIbl pasgena skuakocTeil. Korna ske MIHHA BOIHBI BO3MYIICHHN CTAHOBHT-
Cs CPABHEMOM C TONIMUHOM MEPEXOAHOTO Clod, T.€. Tpu kh ~ 1, HHKpEMEHT
HeyCTOWIMBOCTH cTaHOBHTCst opsika (g/h)1/2. Jna ciywas 52 < 0 nucnepen-
oHHOE¢ ypaBHeH#ue (7.33) MOXHO MepenvcaTh B BHIE

tg(ah) _ 2kh (7.35)

ah (i—kghg—&-ofh?)’

rne o = 4. I'padukn dyrkumit fi(ah) n fo(ah), npeactapnsommx, COOTBET-
CTBEHHO, JIEBYIO K IIPaBYIO 4acTh (7.35), u3oOpaxkeHs! Ha puc. 7.4.
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»h

(seh)=(5 —FR)"

Puc. 7.3. Pemenue qucnepcHOHHOTO ypaBHEHHA

i a :
£(0)
U |
i | h
- g 6 <L
| i f |
(a) i ah
i(a/z)*:(lf}zz— —i )
£(0) |
(c) k>

Puc. 7.4. Penrenne qUCIEPCHOHHOIO YPAaBHEHUS

Kak BuaHO M3 3THX rpadwkoB, NpW 3aJaHHON JJMHE BOJHBI BO3MYIICHHH,
T. €. [IPY 3aJaHHOM 3HAUCHHUU IapameTpa kh, QyHKuud f1 v fo IMEIOT JUCKpET-
HBIH psiJ ToueK IepecedeHnsd. DTO 03HAYAeT, YTO B CIydae Pa3sMBITOH IpaHHUIBI
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paszena *KuAKOCTeH 3aNaHHOH AJHHE BOJHBI COOTBETCTBYET HE OfHA (KaK B CIy-
Yyae pes3Koi rpaHuIpl), a OECKOHEYHOE MHOKECTBO COOCTBEHHBIX MO, KaXkaas
U3 KOTOPBIX MMEET CBOM COOCTBEHHBIM WHKPEMEHT HapacTanus. PaccmoTpum
CHayana ciIydail JJIHHHOBOJHOBBIX Bo3MyuieHnH (kh < 1). Tak kak npm sToM
f2(0) ~ 8kh <« 1 [puc. 7.4 (b)], 0 Toukm nepeceuenus rpadukoB fi u fo
omaskn k (ah), ~ nm,n =1, 2, .... Tak kak o> = —3%, T0 U3 onpeneneHus
nocuenHero B (7.32) chaenyeT, 9To COOTBETCTBYIOUIMH MHKPEMEHT HEyCTOHINBO-
CTH
1/2
A A (gk)l/Q . [kh/(i 4 n2ﬂ_2):| / < (gk)l/Q,

YTO 3HAUYUTEIHHO MEHBILIE HHKPEMEHTa «0CHOBHOM» MoAbI (cM. (7.34)), KoTopHIit
B 3TOM IIpernesie He 3aBUCUT OT TOJIIHMHBI /i TIEPEeX0IHOTO CIIoA.

B NpOTHBOIMONOKHOM TIpefeie KOPOTKOBOJHOBBIX BO3MYMICHHH, kh > 1,
f2(0) ~ —2/kh < 1, Tak 4To mepBbIi KopeHb ypaBHeHus fi(ah) = fa(ah)
cHOoBa paBeH («h); A 7, 9TO COOTBETCTBYET MHKPEMEHTY HEYCTOMYHUBOCTH
71 ~ (g/h)1/%. UnKpemenT pocTa Gomee BRICOKHX MO, 12 = 2, 3, ..., TOTO K€
HopAAKa, HO IIOCTEIICHHO YMeHbIIaeTcs ¢ poctoM n. Takum oOpazoM, Mojemb
pe3Koii TpaHWIbl pa3jielia JKUIKOCTel, pacCMOTPEHHas B 3aja4e 7-8, aneKBaTHO
OIHCHIBAET IBOJOLMIO JUIMHHOBOIHOBBIX (kh < 1) BO3MyIIEHHH HapacTaoIuX
BO BpEMCHH ¢ HHKpeMeHToM v ~ (gk)'/2. Koraa ske AnMHa BOMHBI BO3MYIIEHHIA
CTAHOBHTCS TOPAAKA TONMIUHBI IEPEXOAHOTO cnos (kh ~ 1), moBeaeHHE BO3MY-
IIEHAI CTAHOBHUTCS 3aBHCAIIMM OT JACTANLHON CTPYKTYpPhI TPaHULBL. JTO TIpH-

BOJINT K «HACKHIIEHHIO» HHKPEMEHTA HeyCcTOHdMBOCTH Ha ypoBHe 7y ~ (g/h)!/?
Uil BO3MymeHuit ¢ kh > 1.

7-11. Ilo nosepxnocmu dcudxocmu pacnpo-
CMPAHAEINCA KE8A3ZUMOHOXPOMAMUYECKULl naKem 2pa- Urp
UMayUOHHbIX nosepxnocmuuix 6o, cooepdcamuti N (AAMUULMMAS - =

(N > 1) 2opboé u énadun (puc. 7.5). Cromvko xone- ! !

Oanull «B8EPX-GHU3» COBEPUIUM HAXOOSUUNCS HA NO-

BEPXHOCIU 1€2KULL NONIABOK NPU APOXONCOeHUU 2020  Puc. 7.5. JIpuxenue nyra

8071H0B8020 hakema? [IOBEPXHOCTHBIX BOJIH
JI7st Takoro Iyra TPaBUTAIMOHHBIX BOJH BO3MY-

MEHNE MOBEPXHOCTH XKUIKOCTH MOXKHO HpencTaButh B Buge £(x, t) = F(z —

— vrt) cos(kx — wt), tne F(x, t) — ornbaromas BOMHOBOTO Makera (CM. 3a1a-

qy 4-4). ITonHasa pmuna makera L = N = 7N/k. Tax kak makeT Iepemeria-

€TCs C IPYMIOBOH CKOPOCTHIO vr, TO MOIUTABOK OYAET COBEpLIATH KoieOaHws

B TEYCHHE TPOMEXYTKa Bpemenu 7 = L/vp = 27 N/kvr. s paccmarpu-
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BAE€MOT0 KBa3HMMOHOXPOMATHYECKOTO MaKeTa MepHoI KoieOaHuil MOBEPXHOCTH
xunkoctd T = 27 /w(k), moatomy umcno xomeGawnuii momnaska n = 7/T =
= 2nNw(k)/2nkvr = Nw(k)/kvr = Nvg/vr.

3aKOH JMCIEPCHY TPAaBHTALMOHHBIX BOJH w(k) = \/gk, Tak 4to ux rpym-

I0Basi CKOPOCTE v = Jw/0k = %w/ k pasHa moyioBHHE ()a30BOH CKOPOCTH.

CrenosartenbHo, TOTaBok coBeput 2N koaebaHwmii.

7-12. Ipu 603myuyenuu nOGEpXHOCMU HAXOOSUYEUCS 8 NOLE MANCECTNU HCUO-
KOCHU MCHOSCHHBIM MOUEUHBIM UCHOUHUKOM (OPOUWEHHBIM KAMEWKOM) Om Me-
CIMa GO3MYUJeHUSA HAUUHAION PACXOOUMBCA 6 8Ude KPY208 2PAGUMAYUOHHBIE GOl
ol IIpu 5mom 6epmuKanbHble CMeeHst ROBEPXHOCU HCUOKOCTHU NPedCAeis-
10m 060U NOCIEO08AMETLHOCHIL HEPEOYIOWUXCA SPebeuKo8 1 6NAOUH, 3aN0NHS-
IOWUX PACUUPSTIOWUTICSL O 8pemeHeM Kpye paduycom R(t). Haimu epementyio
sagucumocmo R(t).

['pebemiku 1 BIaJMHBL TPEJACTABIIIOT COOOW JMHHK (B JMaHHOM Claydae
OKPY’KHOCTH) MMOCTOSHHOM (pa3sl KoneGaHuil, mpHUIeM pa3HOCTh (a3 Mexmy co-
cenauMu rpebelkamMy 1 BIIaAWHAME paBHa 7. [loaToMy ms onpenencHus R(t)
paccMOTpHM, KaK MeHSeTCA (a3a rpaBUTAIMOHHBIX BOJH B (PUKCHPOBAHHBIH MO-
MEHT BPEMEHH { B 3aBHCHMOCTH OT PAacCTOSHUS 10 WcTouHuKa 7. Co3maHHbIe
MCTOYHNKOM BO3MYIICHHUS PaclpOCTPAHSAFOTCS C TPYIIOBOH CKOPOCTBIO Ur =
= dw/0k, Tak 4T0 B MOMEHT BPeMEHH ¢ B ToUKe 7 OyjyT HAXOMUTHCSI BO3MY-
ICHKSI C TAKUM BOJHOBEIM K, mis kotoporo vr(k) = r/t. Otcioma crenyer,
uto k(r, t) = gt?/4r?. ®aza xonebannit o(r, t) = wt — kr = gt*/4r. Uz s10r0
BBIP@)KECHHS BUAHO, YTO B 3a[AHHBIH MOMEHT BpeMenH ¢ (asa koneOaHuil CHIBHO
M3MEHACTCS TIPH MAJBIX 7, TaK YTO TaM CYINECTBYET MHOXKECTBO OIH3KO pacIo-
JTOXeHHBIX rpebenkoB u BraguH. C yBenuueHueM paamyca (as3a MeHAeTCS Bce
Gomee mMemteHHo. Ilpu r — oo @ — 0, a npu r ~ r1 ~ gt2p(r1) ~ 7. Do
o3HauaeT, uto Haber (a3el KojeOaHUI IPH U3MEHEHUHU I OT 7' ~ 71 J0 I' = 00
Oynet nopsaaka 7. Ilo3ToMy 31meCh yKe HET depeaoBaHus TPpebeIKoB 1 BIIaIHH.
Taxum o6pazom, R(t) ~ 1 ~ gt>.

7-13. Hatimu gopmy aunuti, 06pasyemsix zpebeuxamu epasumayuoHHbIX
BOMH NPU OBUNCEHUU MOUEHHO2O UCMOYHUKA ¢ NOCMOSHHOU CKOPOCHbIO NO NO-
gepxrocmu Hcuokocmu («kaun Kenveunay).

O6pazyronrasics KapTHHA MPEACTaBIICT co00il CYNEPIO3MIHI0 BO3MYIIe-
HUM, CO3/1aBACeMBIX MCTOYHHKOM B K@)KIOH TOYKE CBOCH TPAEKTOPHH M Pacipo-
CTPAHSIOIIIXCS 3aTeM [0 MOBEPXHOCTH JKUAKOCTH. 1Ipr 3TOM pe3yasTHpyomast
aMIUINTYAa CMENMCHHH MOBEPXHOCTH OyleT 3aMETHOH TOJIBKO TaM, IA€ OTAEIb-
HbIE BO3MYIIICHNMS HE TacAT APYT APYyTa, a CKIaABIBAlOTCA B 0OHOH (ase. IlosTomy
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HHTEpEeCyIomas Hac JIuHHUA IpeOemKoB (KM BIIQAUH) €CTh JUHUI ITOCTOSHHOH
dassl.

PaccmoTpum Temepb  «anmeMeH-
TapHBI aKT» CIIOXKECHUSA JBYX OIu3-
KUX KPYIOBBIX BOJIH C OJMHAKOBOM
dhazoil, UCIyLIEHHBIX C HHTEPBAJIOM
BpeMenu At. ITycTs B Ha9aIbHBIH Mo-
MeHT (t = () HCTOYHMK HAXOAMT-
ci B HauaJe KOOPJHMHAT, a €ro CKO-
POCTb HaIpaBlIeHa BAOJIb OCH T U PaB-
Ha —vg. Torma ueHTp BTOpOH BOI-
Hbl CMEIIEH OTHOCHTEJIBHO IEHTpa
IIEpBOil BJICBO Ha paccTosiHHE VoAt
(puc. 7.6), a paguyc BTOpPOH BOJHBI
MEHBIIIE paaryca MepBOi Ha BEINYH-
Hy Vg At (Tak KaK JHHKS OCTOSHHON
(aspl mepeMemaeTcsa HIMCHHO ¢ (a3oBOi CKOPOCTEIO vy,). CI0keHnE BOTH ¢ 0/1H-
HaKOBOH (a30# MPOMCXOANT Ha KacaTelbHOH K 3TUM OKPYXXHOCTSM, MOITOMY
BOJIHOBOH BEKTOpP k snech HAIpPAaBICH TaK, 4T0 cosf = —ky/k = vy/vo, T.c.
BBIIIOJIHACTCA XOPOLIO H3BECTHOE YCIOBHE USPEHKOBCKOTO Pe30HaHca. YCIOXK-
HEHHE [IPOCTOM KapTHHBI B JAHHOM CIIy4ae CBS3aHO JIMIIb C TEM, 4YTO IPaBH-
TanmHOHHBIC BOMHBI 00MamaroT Aucrepcredl (nx (pa3oBas CKOPOCTH 3aBHCHT OT
JUTEHBI BOJHEL). I109TOMY B pa3sHBIX To4KaX rpebHeil OymyT cKIanbIBaThCs BOTHEL
C pa3Hoil INHOH BOJHEL U yron § yxe He Oy/eT IOCTOSHHBIM Ha JIMHUH OJTHOTO

rpebemka. B MoMeHT BpeMeHH ¢ paamyc r OyAeT MMETh BOJHA, UL KOTOPOii

1 vot
r=urt = §v¢t = —5 cos 0. IToMecTHB Ha4aJ0 KOOP/MHAT B TEKyIlee HaJToXKe-

HEE IBIDKYIIET0Cs HCTOYHKKA, KOOPAMHATHI YTOM TOYKH IPHMYT BHJ i = 7 Sin 0,
& = vot — 7 cosf, a Gasa BONHEI B Heil, CONTACHO NpeAbIAyLIei 3aja4de, paBHA
@ = gt*/4r. Torma ynoGHO BBIPA3UTh KOOPAUHATH TOYKH CIIOKEHHA BOJH 4€pE3
dazy ¢ u yron 8, 06pa3yeMsIil BOTHOBEIM BEKTOPOM B 9TOH TOUKE C OCBIO X

Puc. 7.6. Cnoxenue BO3MyLLEHUI OT KPyro-
BbIX BOJH

vop
x = vol —rcosf = 5 cos0(2 — cos? 0),
(7.36)

2
y=rsind = %sin@cof@.

Taxk xax Ha suHEM TpeOHA (a3a MOCTOsIHHA, TO cooTHOUIeHuA (7.36) 3ana0T
B IIapaMeTpHyecKkoM Buae GopMmy 3Toit nuHru. Ee BuI nmokasal Ha puc. 7.7, rae
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yron 6 mensercs B unTepsaie (0, 7/2). Pacxo-
JAmuiicss OT Tea CIed COOTBETCTBYET yriaM 0,
OMu3KUM K 7 /2, T. €. BOJHAM C 04eHb Maloil ¢a-
30BOH CKOPOCTBIO (Vg < Vo, KOPOTKOBOITHOBEIE
Bosmymerus). HaoGopor, 3a Testom (B Touxe A)
8 = 0, Tax 4To 371€Ch Vg = Vg, W AN 3TOH BON-
HBL k = g/v3. Bee nunmn rpeGus (M BanH) 1o~
JOGHBL APYT APYTY, TaK KaK OTIMYAIOTCS JIHIITH
n3mMeHeHneM ¢assl Ha 27. Ilpu aToMm Bce oHM
HaXOMITCs BHYTpPH yria 6. 3HaucHHe 0 JETKo
OTPEACIUTE U3 YCIOBHS, YTO B COOTBETCTBYIO-
meil Touke (Touka B Ha puc. 7.7) & U Y NPHHIMAIOT MaKCHMAaJIbHbIC 3HAYCHUSL.
Hcnonp3ys (7.36), nonygaem sinfp = 1/4/3, Tak 9T0 t260) = Ymax/Tmax =
= sinfp cosfp/(2 — cos® O) = 1/2v/2. Orcroma Oy ~ 19, 5°.

Puc. 7.7. ®opma «winHa Keis-
BUHA@» JUI1 T[PAaBUTALUMOHHBIX
BOJIH

7-14. Hatimu ycnogue yCmouuugoCmu panuybl pasoena 08yx uoeanrbHbix
HECHCUMACMBLX JHCUOKOCTIEL, HAXOOSWUXCS 6 Nole MANCECHU {, eCl 8epPXHSIs
cpeda 3navumensvho ne2ue Hudchel (1 < pa2) U OBUNCEMCI 8 20PUBOHMATLHOM
HanpaeieHuu co ckopocmwio Vo (modenv «eempa Hao oxeanomy). Kosgpuyuenm
NOBEPXHOCMHO20 HAMSANCEHUSL SPAHUYD] PA30ELA PAGEH (.

B orcytcrBre «Betpa» (mpm Vo = () OTKIOHCHWS TPaHUIHI pasfenia oT
TOPU30HTATBLHOI TII0CKOCTH MPEACTABIACT c000it rpaBHTANMOHHO-KAMHJUIAPHbIC
BOJIHEI ¢ 3aKkoHOM muctepenn w(k) = / gk + ak?/p (oM. 3agaqy 7-8). B nanHOM
chaydae Hac MHTepecyeT HeyCTOHYMBOCTh ITHX BOIH, BO30YXK/IaeMBIX «BETPOMM.
ITycTs ckopocTh Vjy HampaBieHa BIOMb OCH x. TOTrIa, cuuTas ABWXEHHE 00erX
KUAKOCTEH TIOTCHIUANLHBIM, IS BEPXHEH M3 HHX B JIHHCHHOM TPHOIMKCHUN
TOTyduM (MCIIONB3YA PE3YIBTAThl ¥ 0003HAYCHUS 3a0a4n 7-8)

(PlfAe kz zlm wt)

(7.37)
1 (E + Vo%) = —Vip1, Te Op=—i(w—kVp)prer.

3mech paccMaTPHUBAIOTC CaMbIe HEYCTOWYHBBIC BO3MYILCHUS, KOTOPBIC PACIIPO-
CTPAHSIFOTCA B HANPABICHUH TCYCHHS BEPXHEH JKUAKOCTH, T. €. BIOJb OCH .
IIpu z < 0 pelieHre 0CTaeTCs MPEKHAM: (g = Bekzeikz=wt) 50 — —jwpoipo.
Eciv BepTHKaIbHOE CMELIEHHE TOBEPXHOCTH pasaena &(z, t) = Eoetlthz—wt) 1o
Temepb, YIUTHIBAS MCXOAHOE TEUCHHE BEPXHEH JKHIKOCTH, YCIOBUE PAaBEHCTBA
HOPMAaJbHBIX KOMIOHEHT CKOPOCTH 00eUX >KMIKOCTEH Ha TpaHHIE WX pasjena
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MNPpUHUMACT BUA

_O¢; _Vaf:_a<P2 _ 9
0z |,_, oy 0z |,_, Ot
OTKyza it kKOHCTaHT A u B Haxomum
—i(w — kW) w
A= ———F&; B = ==&.
k 501 L 0

3amuceIBas PAasHOCTB MABNCHUH Ha IpaHuue (p1 + 0p1)|.—¢ — (P2 +
+ 0p2)|.—¢ = /R, momydnMm crnemyromiee IMCTIEPCHOHHOE YPaBHEHUE A
gactoThl Bosmymenuii w(k): w? — 2ekVow — (gk + ak®/py — ek*VE) = 0,
e € = p1/p2 < 1. Bro pemenne: wy 2 ~ ekVy + \/gk + ak3/p2 — ck2V7.
HeycroitunBocte mosmsercs npu Imw > 0. OTcroma cienyer, 4To BO3My-
[IEHHE C 33JaHHBIM BOJIHOBBIM BEKTOPOM K CTAHOBUTCSI HEYCTOWYUBBIM, €CIIH

b > e 3 Jk+ak/ p2)'/?. TlpaBast wacTh 9TOrO HEPABEHCTBA 3ABHCHT OT &
W UMeeT MHHUMYM IpH k = ko = (gpa/a)/?, Tak 4To BO3MYIIEHHS C Takoif
JUTHHOM BOJIHBL ABISIFOTCA CAMBIMH HEYCTOHYHBBIMH, U UM COOTBETCTBYCT KPHTH-
4ecKas CKOPOCTh BeTpa Vi = e~ 2y, tae ug = (4ag/p2)1/4. Otcroma, B 9acT-
HOCTH, CIIEAYET, 9T0 B OTCYTCTBUE MOJA TskecTH (g = 0) WM HOBEPXHOCTHOTO
HaTsokeHdst (o = 0) rpaHHIa pasjiena TaKuX JKUAKOCTEH Beerna HEyCToHuu-
Ba (ug = 0). DT0 YacTHBIA cilydaii HEYCTOHYHMBOCTH TAHTCHIHAIBHOTO Pa3phiBa.

B paccMoTpeHHON BBIMIE MOJENH, MPEANONAralonel pe3sKiil pa3peIB CKO-
pocteli cpen 1 u 2, KPUTHYECKast CKOPOCTh, IPH KOTOPOM IpaHUIA pa3je-
Ma CTaHOBHTCS HEyCTOM4HMBOiH, mpomopmmonanbHa (pe/p1)'/?, T.e. BO3pacTa-
€T C yMEHBIICHUEM pi. Tak, Hampumep, /Il TpaHUIBl BOAA-BO3AYX, KOTIa
p2/p1 ~ 834, BBIYHCICHHAs TaKUM 00pa3oM KPUTHYECKAs CKOPOCTH COCTABIIs-
eT IPUMEPHO 7 M/cek. DTO CYIMECTBEHHO TIPEBHIMIACT HAOIFOIaeMy0 CKOPOCTh
BETpa, HEOOXOAUMYIO ISl BO3OYKACHUS BOJIH Ha TOBEPXHOCTH BOJBL. IloaToMy
TaKasi HEYCTOHYHUBOCTh HE MOXKET OOBSICHUTH I€HEPAIUIO BETPOBBIX BOJH.

Kak Oyner mokaszaHo B crnenyromieit 3anaue (7-15), nedicTBUTENBHEIN Mexa-
HU3M CBSI3aH ¢ PE3OHAHCHBIM B3aUMOJCHCTBHCM TOBEPXHOCTHBIX BOJH C BET-
POBBIM MIOTOKOM, KOTOPOE IPHBOJANT K I'EHEPAUME BOJH IIPH rOpa3ao MEHBIIHX
CKOPOCTSIX BETpa.

7-15. Paccmompemsv pesonancroe 63aumoodelicmeue empogoeo HOmMoKa
C BOAHAMU HA NOBEPXHOCMU 800bl.

IIpucyTcTBHE CKOJIB YTOOHO MAnOH BS3KOCTH NMPUBOAUT K PA3MBITHIO TaH-
TCHIUAIBHOTO Pa3pEIBA CKOPOCTH, TaK YTO CKOPOCTH BO3AYIIHOTO MOTOKA, V (2),
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€CTh MiaBHas (PYHKIUS BBICOTHI Z, BO3PACTAIOIIAs OT HYIS HEMOCPEICTBEHHO
y MOBEPXHOCTH BOABI (z = () 10 HEKOTOPOTO MAaKCHMAaibHOTO 3Ha4YeHHA Vp,
KOTOpOE W OyneM Ha3bIBaTh B JaibHEHIIEM CKOPOCTBIO BeTpa. CyIIEeCTBEHHBIM
OTIIMIUEM TAKOTO TEYCHUS OT MOJACTH TaHTCHITMATBHOTO pa3phiBa (3amada 7-14)
SIBISICTCS HEMOTCHIMANBHOCTD TOJSI CKOPOCTEH BO3AyXa, TaK YTO BHXPh CKO-
pocTH Q = rot@ # 0. Byayun «BMOpOXeHHOI» B cpeny (cM. 3amady 7-1),
3aBUXPEHHOCTH CKOPOCTH UIPAET BAXKHYIO POJIBb BO B3aUMOJICHCTBUE BETPOBOTO
IIOTOKA C NOBEPXHOCTHOU BOJIHOIA.

B mpucyTCTBUM MOBEPXHOCTHOW BOJHBI, PAacHpOCTpaHAIICHCA BROJb
OCH T, CKOPOCTh BO3/1yXa MOXHO NPEACTABUTh B BUJIC

Uz, 2, t) = V(z)&, + t(z) sin(kz — wt), (7.38)

e BTOpoe cllaraeMoe B IpaBoid gacTu (7.38) omuchiBacT BO3MYIICHNE, BEI3BAH-
HOE BOJHOU. J[yisi Takoro JBYMEPHOTO HEC)KUMAEMOTO TOTOKA BO3AyXa BHXPb
CKOPOCTH UMCEET TOJIBKO KOMIIOHEHTY (), = Uz, z, t), ama xotoporo us (7.10)
CIENyeT, 4TO
@ V)o=22—0. (7.39)
Berunciiiv Termeps U3MEHEHHE TOHOTO UMITYIIBCA BO3AYIIHOTO TIOTOKA B X-Ha-
[IPaBJICHUH, CBA3AHHBIC C €TI0 B3aUMOJICHCTBUEM C MOBEPXHOCTHOMN BoHON. s
JTOTO 3allIeM ypaBHeHue Diiepa (7.2) B Buae
ov
ot

- N 2
— [7 x Q]fV(%+%+gz). (7.40)

Torpa

o0

T (G

0

rae ( ) O3HaYaCT YCPEAHEHHUE M0 ITHHE BOJHBI BAOJb OCH . YUHUTHIBAS, YTO BTO-
poe cnaracMoce B IpaBoi gacT (7.40), Oyaydd rpaJueHToM OT MNepHOTUICCKOI
GyHKIUH, 06paIIaeTcs IPH YCPEAHECHUH B HyJIb, TTOJy4aeM, 4TO

dd% _ /dzp([ﬁx G,) = —p/dz (0, 9). (7.41)
0 0

Taxk kak, contacHo (7.38), (v,) = 0, To mpu eeraucienud (7.41) Heodbxogumo y4u-
THIBaTh BapHAIUK 3aBUXpeHHs noToka §)(z, 2). [lockoneky BemmuuHa ) coxpa-
HACTCSI HE JIOKANBHO, a IIEPEHOCUTCST BMECTE C IEMEHTOM Bo3nyxa (cm. (7.39)),
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JUTST HAXOXICHUsI €€ JIOKAJIBHBIX BapUanuii yaoOHO paccMOTPETh TPACKTOPHUIO
OTAEIBHOTO 3IEMEHTa Bo3ayxa. [IycTh B HauanbHbIH MomeHT (¢ = 0) Takoii a5e-
MEHT HAXOIWIICS B TOUKE (T = Tg, 2z = Z0). VICXONHBIA TOPU3OHTAIBHBIN TOTOK
BO31yxa, V' (2), IPUBOJNT K CMEUICHHIO 3TOTO 3EMEHTA BIOJIb OCH T KaK

x(t) = g + V(Zg)f.

B cBoto ouepenp, moa 1EHCTBUEM ITOBEPXHOCTHON BOJTHBI 37IEMEHT MPHOOPETAET
U BEPTHUKAIBHYIO COCTABIAMIY0 ckopocTd. CormacHo (7.38),

2 = uy(zo) sin{k[zo + V(20)t] — wt} = u,(z0) sin{kzy — [w — &V (20)]t}.

OTa CKOpOCTh BBI3BIBACT BEPTUKAIBHOE cmemeHue Az (1), Tak YTo BBICOTA 3Jie-
MEHTA MEHSIETCSI BO BPEMEHH KaK

uz(20)

= A = —_—
z=2zg+ Az Z0+[wka(20)}

{cos[kxy — (w — kV (20))t]—
—coskxzo}. (7.42)

BepTukanbHbie CMEIIEHHUS SJIEMEHTOB BO31yXa MIPUBOAAT K JIOKAIBHBIM H3MEHE-
HUAM 33aBUXPEHHOCTH, T. K. YACTHIBI BO3AYXa C PA3IMYHON HaYaJIbHBIH BBICOTOMH
IPUHOCAT ¢ co00l CBOK «COOCTBEHHYIO» 3aBUXPEHHOCTH g = V/(zg) ompe-
JIEIIEMYI0 MPO(HIIEM CKOPOCTH HCXONHOTO BO3AYIIHOTO MoToKa V(). Mcmons-
3yst (7.42), momyuaem, 9TO

Qz) =Qo(20) =V (z —Az) = V(2) = V"(2)Az =

=V VT

{cos[kzg — (KV(2))t] — coskzg},

U TOABIHTETPAIbHOE BBIpaKeHUE B (7.41) mpUHUMAET BHJ

ui(2)

v = VO e

(sin[kxg — (w — KV (2))t]x
x {eoskxzg — (w — kV (2))t] — coskxg}).

VYcpenHHB TIONYUCHHOE BBIPAXKCHHE IO g (MCHOIB3Ys, UTO <51112 kxg) =

= {(cos® kxo) = %, (sinkxg - coskzg) = 0), U MOACTABUB MOJyYCHHBIA pe-
3yneTar B (7.41), HAXOAUM CNEAYIOLICE BBIPAKEHHE IS H3MECHEHHsT HMITYJIbCa
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BO3AYILIHOI'O [MOTOKA, OTHECECHHOI'O Ha CAUHUILY IIOIIau MMOBEPXHOCTH pa3aciia:

P, p ¥ ., sinfw — EV(2)]¢
oy 0/ 2o (2)V" ()7 T (7.43)

XoTs popManbHO HHTETpHpOBaHUE B (7.43) MpOU3BOAUTCA IO BCEMY MOIYIPO-
CTpaHCTBY z > () 3aHMMaeMOMY BO3yXOM, OCHOBHOH BKJIaJ B U3MEHEHUE HM-
Mynbca o0A3aH Y3KOMY CIOK BONHM3U TOUKH Z = Zp, /1€ BBIIOTHAETCS YCIOBHE
pe3oHaHca:

w—kV (%) =0, (7.44)

aHAJIOTUYHOE YCIOBUIO pe3oHaHca JlaHmay B mmasMe (cM. 3amauy 2-18). Oto
CBSI3aHO C TEM, YTO (PyHKIuA

sinfw — kV (2)]¢
F (Z) - )
w— KV (2)
Bxozsmas B uHTerpai (7.43), uMeeT pesKUil MAKCUMYM B TOYKE 2 = Zp, IPHYEM
BBICOTA MAKCHMYMA YBEITHYHBACTCS C TCUCHHEM BPEMEHH (Fiyax » t), @ IIHPHHA
ymenbmaercst (Az « t71). TloaToMy MoCIe HECKONBKHX IEPHONOB BOJHBI T4
(hYHKIUS MOXKET OBITh 3aMEHEHA ACIIbTa-(QyHKIUCH:
F(z) = molw — kV(2)] =

—(z — z),
kIV' 2| (2= 2p)

B pesynbrare uero Beipaxenue (7.43) mpuobperaer BUa

dP, o ﬂ—Pu ( ) "
dt 2k |V’Z ‘V (= ) (7:43)

Ortcroma cnenyer, uto mpu V" (2,) < 0, dP,/dt < 0, Tak 9To HMITYNIBC BO3MYLI-
HOTO IMOTOKa MepemacTcsl MOBEPXHOCTHOI BOTHE, MPUBOAS K POCTY €€ aMINIH-
Tynst. Ecim xxe V7(z,) > 0, To mepenada uMITyibca MPOUCXOAUT B OGPATHOM
HAIIPaBJICHHH, U BOJIHA 3aTyxaeT. [[oaToMy, Ha MEpBBIA B3MIAA MOXKCET MOKA3aTh-
CsI, 4TO BOIIPOC O TOM, BO3OYXKAAET JI BETEP BOJIHBI, HIIH, HA000POT, IPUBOIUT
K MX 3aTyXaHHIO, €CTh [ENO CIlydas, 3aBUCALIEro OT jerancii mpodums V(z)
BO3YIIHOTO MoToKa. Ha camoM nene, omHaKo, IPaKTUYECKH BCETna BETEP IEHe-
pUpPYET MOBEPXHOCTHBIEC BONHBL. CBSI3aHO 3TO € TEM, YTO YK€ IPH OUY€Hb MaJIBIX
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CKOPOCTSIX BETPOBOW TOTOK CTaHOBHUTCSI TypOyneHTHBIM. [103TOMy B BBIpake-
Hun (7.45) nis nepenadn UMIynbca mox V(z) B 9TOM ciydae Hago MOHAMATH
CKOPOCTh BETPOBOTO MOTOKA, YCPEAHEHHYIO 10 TypOYJICHTHBIM MynbcanusM. Kak
U3BeCTHO [9, § 42], Takast CpeHss CKOPOCTh HMECT JIOTaPUPMHIECCKUNA TIPOPHITH:
V(2) « log z, 1ak uto V" (2,) < 0. Takum 06pa3om, BETPOBOIi IOTOK IIPHBOAUT
K TCHEPAIIUU IOBEPXHOCTHRIX BOJH ITPH BLITIOJTHEHUH YCITOBUSA pe3oHaHca (7.44).
Jlnsi mocreAHero JoCTaTtodHo, 4ToObl CKOpoCTh BeTpa Vj mpesbimana azo-
BYIO CKOPOCTH BOJIHBL. Tak Kak (pa3oBas CKOPOCTh I'DaBHTAIUOHHO-KAIWILIAP-
HEIX BOTH IMEET MUHHMYM g = (4ag/ py )Y/ * = 0, 23 M/cex Tpu JUTHHE BOHBI
A =2 1,7 cM, To, B IPUHIMIIE, YKE CKOpocTH BeTpa Vg > 0, 23 M/cek qocTaToTHo
utst B3Oy aeHus BoyH. [loquepkHeM, YTo 9Ta KPUTHYECKAST CKOPOCTh BETPA BO-
001Ie Ha 3aBUCHT OT IUIOTHOCTH BO3AYXa p,. [locneanss onpeenser muimb TeMIl
nepesadd HMITyIbca U, CIIENOBATENbHO, CKOPOCTh HAPACTaHUs MOBEPXHOCTHBIX
BOJIH. VIHKpeMEHT 3TOH HEYCTOHYUBOCTH MOKHO OLICHHUTH, CPABHUBAS BBIPAKE-
aue (7.45) st U3MEHEeHHsT HMITYJIbca BO3IYIIHOIO TOTOKA, U hopmyny (7.24)
JUIST UMITYJIbCA TIOBEPXHOCTHOU BOJHEI. LIpH mnorapudmudeckoM mpodune cko-
poctr V' (zp) ~ Vo /2, a V"(2) ~ Vo/72. Tak Kak BOSMYIIEHHE BO3YIIHOTO
[IOTOKA, BRI3BAHHOE MOBEPXHOCTHOM BOJHOM, 3aTyxaeT Kak exp(—kz) mpu yna-
JIEHUU OT MOBEPXHOCTH BOABI, TO TE€HEPAIUsS BONH BETPoM 3(D(HEKTHBHA TONBKO
npu kz, S 1 (MHade CKOPOCTH U, (zp), BXOMSIIas B BhIpaxetue (7.45), Kcmo-
HeHMaIbHO Mana). Cuntast kz, ~ 1, u,(2p) MOXKHO OLEHHTH Kak wly, rae &y
€CTh aMILIUTYAA BEPTHKATBHOTO CMEIIEHUS TTOBEPXHOCTH Boabl. OTCrOma

APy  pa W& 242
dt ~ ? Zp ~ PaW 50'

C pyroii CTOPOHBI, UMITYTIBC BOTHB Py ~ py,w&Z, CIeN0BATENBHO, HHKPEMEHT
HEYCTOMUUBOCTH
SR SN
P, dt Pw

Takum 00pa3oM, BpeMsi HapacTaHUsI BOJIHEI H3-32 €€ PE30HAHCHOTO B3aUMOJICH-
CTBHUS C BETPOBBIM IIOTOKOM COCTABJIACT IPHMEPHO COTHIO BOJTHOBBIX IEPHOIOB
T =2n/w.

7-16. Boruucaums cuny, 0elicmayiomyio Ha wap paouycom G, O8UNCYUULCS
8 HecoHCUMaeMou UOeanbHOU HCUOKOCHIU, CYUmMasn 00mexanue wapa HuoKoCmuio
NOMeHYUATbHBIM.

[IycTh gBIOKEHUE MIapa 3aIaHO TaK, YTO KOOPAUHATHI €ro IIeHTpa eCTh l%(t)

Tak xak OBH)KCHHE KUAKOCTH MMOTCHOHAJIBHO, TO U= —V<p, U YCIIOBUE HECKU-
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maeMoctd div ¢ = 0 yaer s noteHnuana ypasHenue A¢ = (. Ero HykHO
PENINTB € TPAHHYHBIM YCIOBHEM Up|s = —Jp/0n|s = (ﬁ - 71), THe vp|s — HOp-
ManbHAs COCTABILIIOMAs CKOPOCTH JKHAKOCTH Ha OBEPXHOCTH wapa, K — cKo-
POCTB 11apa, a 1 — eJMHHUYHBIA BEKTOP HOPMAJH K ero noBepxHoct. Y3 coob-
PaKECHHUIM CHMMETPHH CIIEYET, 94TO HY)KHOE 371€Ch PEICHHE YpaBHEHUs Jlamnaca
JUISL (0 IOIDKHO WMETh TUMTONBHBIA BHI:

o t) = ———— =20 f=i— R
7= R* P’ (7.46)
i:f§¢:%{fﬁ+3ﬁ(ﬁ~ﬁ)}; i = 5/p.

VI3 IpaHHYHOTO YCIOBHA /ISl CKOPOCTH KHIKOCTH (T+77)| pmq = (R -17) Haxommm,
uTo KOdpPuUIHEHT v = a /2.

JelicTByromas Ha miap CHia ONPEAETAETCS PacupenelieHHeM TaBleHus
B XKHJIKOCTH BOKPYT IIapa:

Fe=— / pdS (7.47)

(3HaK MHHYC CBf3aH C TEM, YTO JJICMCHT IOBCPXHOCTH MIapa dS e Oynem
CYHMTATh HAIPaBICHHBIM 10 BHENIHEH HopManu K mapy). [lpu HalijeHHOM yxe
I0JIE CKOPOCTHU KHAKOCTH (7.46) naBieHUe B HEH ONPEAENAETCA U3 YPaBHECHHS
JIBIDKCHUA:
ov
ot

+(7- V)T = —-Vp. (7.48)

- L2
Tak kak (V- V) = V% — [¢ X rot¥], To mist MOTEHUHANBHOTO OOTEKAHMS,

korma rot ¥ = 0, u3 (7.48) momyuum, 4to

2
D=Dpo— Po% + podyp/0t, (7.49)

Tae pg — AABICHUE B MOKOAMICHCS Ha OCCKOHCIHOCTH JKUAKOCTHU. IlocKombKy

8goia§-pﬂ 3a(§ﬁ)2 a(ﬁ)2 s o e B
ooty WU Py o Sy e,

TO HETPYMHO YOEIOUTBCA B TOM, 4TO B MHTerpain (7.47), onpenensionmyii CHiy,
JMEWCTBYIONTYI0 Ha MIap, OTIMYHBIA OT Hyns BKJI4j AacT JMIIb ClaraeMoe B D,
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coziepIKaliee yCKopeHue mapa R:

ﬁm:f/pd§:*a—p2(] (ﬁ-ﬁ)dﬁzf%/(ﬁ-ﬁ>ﬁd8:
a

2 piy
= —gwa3pgR. (7.50)
Taxkum 0Opa3oM, Py MOTCHIMAIBHOM 0OTEKAHUH ICHCTBYIOIIAS CO CTOPO-
HBI JKHUJIKOCTH Ha IIap CHia HE 3aBUCUT OT €TO CKOPOCTH U OIPEACSICTCA THIIh
yckopeHueM mapa. Ecnu map aBukeTest B JKUAKOCTH MO ACHCTBHEM KaKOH-THO0
CTOpOHHEH CHbl Fip, TO YPaBHCHUE €T0 JABHKCHUSI MOXHO 3alUCaTh TakK:

— —

mwR = For + Fy,
w, ¢ yaetoM (7.50), (muy + Mgp) R = Fer, TAC Mipp = %mﬁpg — TaK Ha3bIBa-
eMas MPUCOECAUHEHHAS Macca.

7-17. Hatimu cuny conpomugienus 01 00ue2o Cayuas OGUNCEHUS NPOU3-
BONILHO20 MENA 8 UOCANLHOU HECHCUMAECMOU JCUGKOCINU.

IIycTh B HEKOTOPBIA MOMEHT BPEMEHH CKOPOCTB Tella paBHa U, a CKOPOCTh
JBIDKEHNS OOTEKArOIIEH ero )uaKoCTH ecTh (1), OTIHMYHas OT HYJIsS CHJIa CO-
NPOTHBICHHS F' 03HAYAET, 9TO JKUAKOCTH NCPEAACTCS MOIHOCTh paBHas —F - .
[TockonbKy XKUAKOCTH HPEAIIONAracTcsl UACaIbHON, B HEH OTCYTCTBYET AUCCH-
Harust PHEPIHU, 4 HECHKUMAEMOCTH JKUAKOCTH O3HAYAET IOCTOSHCTBO €€ BHY-
TpEHHEH 3HEPIUH, a TAKXKE OTCYTCTBHUE U3ITYyYECHHs 3BYKOBBIX BONH (cM. § 10).
ITostomy 3aTpaurBacMas MOLTHOCTh MOXKET OBITh CBSI3aHA TOJBKO € U3MEHEHHEM

o o 0
MOJTHOH KUHETUYECKON IHEPTHH KUAKOCTH Fryy = % f v2 dV, a uMeHHO

dE KUH
dit

=_F. i (7.51)

IIpu 3TOM OKa3bIBAaCTCS, YTO MCKOMas KHHETHUCCKAs YHEPTHS YHHBEPCATbHBIM
00pasoM CBs3aHa C ACHMIITOTHYCCKHM IOBEICHHEM IIOJs CKopocreil U(7) Ha
GOJIBIIIMX PACCTOSHHAX OT 00TeKaeMoro rteia. JeficTBUTENBHO, NBHKECHHUE HIe-
AIBHOH HECIKMMAEMOU JKHJIKOCTU SIBISIETCS] MOTEHIHAIBHBIM, UV = —ﬁgp, rae
HOTEHIHAT CKOPOCTH (p ABIACTCS pemieHneM ypasHernus Jlammaca Ag = 0. Tak
KaK BJAIM OT Tela CKOPOCTh >KUAKOCTH CTPEMUTCS K HYmIO, oOmmit BUA HC-
KOMOTO pEIICHUA Ha OONBIIMX PACCTOSHUAX MOXET OBITH MPEICTABICH B BUEC
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MYJIBTHUIIONIBHOTO PA3JIOKCHUA

w—ﬁ-6(1)+3-ki(l)+ (7.52)
= i - e .
r Ox;Oxp \T

(ounosbHAs, KBaAPYMONbHAS U T. 1. COCTABIAIOIINE, MOHOMNONbHAA KOMIIOHCH-
Ta, ¢ v 1/r, OTCYTCTBYET, T. K. OHA COOTBETCTBYCT OTIUIHOMY OT HyITsl TOJTHOMY
TOTOKY SKHOKOCTH Ha OONMBIINX PACCTOAHMAX). BBIUHCIUM Temepb KHHCTHYE-
CKYIO0 3HEPTHUIO KHIKOCTH BHYTPH 00beMa V' orpaHHYeHHOTO chepoil O0nbImoro
(Mo cpaBHEHMIO ¢ pasMepoM Tena) paauyca R, OXBaThIBAKOIIEH BHYTpU ceds
obrekaemoe Terno. Tak xax

/deV:/uzdv+/(6+ﬁ)(ﬁ—ﬁ)dv, (7.53)

TO TiepBblil wWieH B mpaeoil wactu (7.53) pasen u?(V — Vp), mme Vo ects
o0beM Tena. TIpeACTaBUB K€ BO BTOPOM ClIAraeMOM BBIpaxkeHue (U + 4) Kak
V(—p+1- ), ¥ UCTONB3Ys YCIOBHE HecxknMaeMocTH, div @ = 0, ero MoxkHO
3alHCaTh TaK:

- V(—wmﬂ(ﬁ—a)dvz/ﬁ{(—waﬂ(ﬁ—a)}dvz

- f(ﬂwrﬁ-f?)(z?—ﬁ)ngrf(ﬂﬁ—ﬁ?)(ﬁ—ﬁ)dﬁ;, (7.54)
S So

rae S U Sy €CcTh, COOTBETCTBEHHO, TOBEPXHOCTH OOMBINON chepbl U Tenma. Tak
KaK Ha IOBEPXHOCTH TeJla HOPMaJIbHAs COCTABIAIONIAs €r0 CKOPOCTH PaBHA HOP-
MAJBHON COCTABISIOIICH CKOPOCTH JKHAKOCTH, (U — ) dgg = 0, 10 BTOpOH
HHTETpaJX B npasoil uactu (7.54) oOpamiaeTcsa B Hyib. B mepBoM ke MHTETpane,
BBIOpaB pajuyc cepbl R A0CTATOMHO GONBIIAM. MOXKHO OTPAaHHYHTHCS JIHLIL
IEPBBIM, AUIOTBHBIM YJICHOM B pa3noxkeHud (7.52), TOI0KIB

A7 L = —3A-F)F+ A2
SD%_ T3T’ U:—vgp: T5 . (7.55)

3

VuuThiBasi, 4T0 1718 ToBepXHOCTH chephl dS = R? d§) %, e df) ecThb IEMEHT
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TCICCHOTO yIia, HCKOMBIA HUHTCTpa IIPpUHAMACT BUT

. T.B . =\[/AR? -3R(A-R ﬁ
jf(—apﬂ?-?)(ﬁ—ﬁ) ds — }(A 3R+17~R) ( ( )a) RRdQ,
S

R R®

WA, B TCH30PHBIX 0603H3H€HI/I$IX,

Aing 241y 2 _
%dQ { ( 7 + uknkR) (— - wng R , n
s

Hcnone3ys, uto (cM. 3amauay 1-1),

I

=
~Z

X

j{dQ ning = dw{ning) = 4%5%,
HOJTy"aeM, 9T0 B mpeaeie oonbnmx R
/(m )T — @) = —4n(A - @) — %”R?)u?.
OkOHYATEIbHO, OJHAST KHHETHIECKAst SHEPI IS XKIIKOCTH IIPUHIMAET B
B = 2 [~4n(A - @) - Vou?]. (7.56)

Bextop A momHOCTBIO ompenersieTca pasMepoM U Gopmoii obTekaeMoro Tena,
U, B CWITy JMHEHHOCTH ypaBHEHHA LA ¢, IPOIOPIMOHATIEH CKOPOCTH Tema U:

A; = —qypug, 9TO MO3BOJSET 3amucath (7.56) Kak
Euw = %: THE Mk = Po [471—&”‘3 - %52k] (757)

€CTh TEH30p MPHCOETUHEHHON Macchl. [loncTaBUB 3TO BBIpaXKEHUE AT KUHETHU-
YEeCKOH SHEPTHU KUIKOCTH B (7.51), HOIyduM, 4TO HCKOMAs CHJIA COTTPOTHRICHUS
€CTh

F; = —mgtg. (7.58)

Kak crnenyer us (7.58), B 00uieM ciiydae Tena mpoU3BOJILHONW (GOPMEI CHTa CO-
MPOTUBIICHUS 3aBUCUT HE TOJIBKO OT a0COIIOTHON BETUYHHBI YCKOPEHHsI, HO ¥ OT
€ro HaIpaBIICHUS.
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CpaBHHM Temepb 3TOT OOMIMH pe3ynbTar ¢ 4acTHBIM CiydaeM Tenma cde-
pUdecKol (JOpMBI, pacCCMOTPEHHBIM B mpeabiaymieii 3amade 7-16. Kak crenyet

3
0k, TaK UTO

u3 (7.46), B 3TOM ciIydae TCH30D Qi = %

T Ara®  Awa® i = o 2T 435
mMik = pPo 2 T 3 ik—pO?a ik

3
a cwia compoTuByieHus, cormacuo (7.58), F; = —pg %T“ui, TO €CTh COBIIaza-

eT ¢ pe3yasTatoM (7.50), HONy4EHHBIM IIyTeM HETOCPEACTBEHHOTO BBIYHCICHUA
CHJIBI NABIEHUS KUJKOCTH, IEUCTBYIONIEH Ha ycKopsAeMyto cdepy (B CHILy CUM-
MCETpUHN HOCJIe,Z[Heﬁ, CHJia COIPOTUBJICHUA B 3TOM CJIy4ac HC 3aBHCUT OT Hallpas-
JICHUS YCKOPEHHS).

7-18. Haitmu men30p npucoeounennol maccol 0 meid, npedcmasisio-
weao cobol OMUHHYIO 2AHMENb: 084 WAPUKA pAOUYCd A, HCECKO COEOUHEHHBIX
MOHKUM cmepicHem onunbsl 1, | > a (puc. 7.8).

IIyctb ckopocCTh TaHTeNH ecTh . Toraa u3-3a oOTe-
KaHUS KUAKOCTHIO cepbl 1 B TOuke HaXOKICHHUS che-
pPHL 2 SKHAKOCTB IPHOOpETaeT AOMONHUTCIBHYIO CKO-
pOCTh, paBHY10, coriacHo (7.46),

. a3 o L -
U = —=[—U + 377 - ¥)], n=1/l.
203

OTO HKBUBAJICHTHO TOMY, YTO IIap 2 JABHIXKETCS OT-

HOCHTEIIBHO KHUIKOCTH CO CKOPOCTBIO

3
Puc. 7.8. K pacuery Uy = U — Uyo = U + a—3[ﬂ' — 3u(fi - @)]. (7.59)
[IPUCOEAMHEHHOI Mac- 21
Chbl FAHTEIH Tak kak MOABIAIOMASCS NOTIOJHHTEIBHYI0 CKOPOCTH

€CTh YeTHasi PYHKIUHA 77, TO PE3yNbTar OyJIeT TAKUM XKe
U JUIA TIEPBOTO MIapa, T.¢. U1 = tUo. lorga MOTCHIUAI
CKOPOCTH JKHAKOCTH MOKET OBITH 3aIUCaH KaK

34 (7 —1/2 3 U (F 4 1/2
- 1) a3 U (r /3)+a Uz (7 +1/2) (7.60)

2 lr=12P 2 rti2P
Iae Havano KOOPAWHAT BEHIOPAHO B IEHTpPE TaHTENH. Teneph, COMIACHO PE3yilb-
TaTaM Openplayllel 3agaduu 7-17, mid BEIYHCICHHUA TEH30pa MPUCOECTUHEHHOMN
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MACCHI TaHTENH JOCTATOYHO HAHTH BEKTOp A, ONPEACTSIONHMI THIIONBHYIO CO-
CTaBIIOIIYIO OoTeHnHama ckopoctd (7.60) Ha Oonmbmmx, r > [, pacCTOSHHUAX.
Cpasaenue (7.55) u (7.60) mokaseiBaeT, 4To

o _ g3 3 3
A= (61+ﬂ2)—a3[<1+a—)ﬁ%ﬁ(ﬁ-a)],

WK, B TCH30PHBIX 0003HAYCHUAX,
A = —ayipu g = a’ 1+— 0; —a33a3nn
i ik Uk ik — l3 ik l3 U
Ortcrona, cornacHo (7.57),
~ 3
sk = po(dmous — Vodix) = po 1L [(1 + 32‘;3 )m -0 nmk} (7.61)

Kak BugHO 13 (7.61), B )KUAKOCTH TaKyr TaHTENIO JIErde PasTOHITH BIOJb €¢
OCH, 4eM MOIepeK, Tak Kak npncoeuHHeHHaﬂ Macca IpU MPOAOJIEHOM yCKope-

. 3
HUH, 1 || 71, paBHa 1M ~ pg (1 — 3l_) B TO BpeMs KaK JUTA MONEpEIHOTO

2 273

7-19. Yacmoma konedanuil maxnceniozo wapurda, CoeouHeHHo20 ¢ ynpyaou
HPYICUHOU, PagHa 8 8o30yxe wy. Kak usmenumes sma uacmoma, eciiy J3mom oc-
YUTLTAMOP NOMECTUMb 8 UOCATLHYIO ICUIKOCID C NIOMHOCMBIO Pye. IINOMHOCMY
Mamepuana wapuka pagra pg.

BrusHueM Bo3ayxa Ha JIBIDKCHHE TSDKEJOTO MIapa MOXKHO IIpeHeOpedb, Tak
4TO YaCTOTa W = /K /My, € k — K0aQDUIHEHT YIPYTOCTH [PYKUHBL, & My —
Macca mapa. B skikoctd yactora KosieGanuii GyeT ompeensThest yiKe He TOIb-
KO MHEpHUEH Iapa, HO U peakuuel >KHAKOCTH, KoTopas 3(Q(EeKTUBHO CBOAUTCA
K YBEIMYCHUIO MacChl MIAPHKa HA MPUCOCTUHEHHYI0 MACcCy XUIKOCTH, TaK UTO

Tenephb
~ Po

= /k/(mu + Map) = wg, | —————.

VA p) = ey

7-20. boavwotl 6ax ¢ udearbHOU HECHCUMAEMOU HCUOKOCINBIO NIOMHO-
cmu pg nOO Oelicmauem 6HeuwlHell CUbl cogepuiaen KONeOaHus ¢ aMnaumy-
ooti A. Buympu 6axa HaxoOumcs ManeHoKuil wapux, uMelowuil nIoMmHoOCMs p1
(puc. 7.9). Kaxoti 6yoem amnaumyoa e2o xonebanuii?

yCcKopeHus, i | 7, .| & pg dra’ (1 3a )
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Iycte X () — 3aKoH ABUKEHHUs Oaka,
— a x(t) — mapuka. Torma CyMMapHyo CH-

Py T _93 =acos wt| gy meHCTBYIONIYKO Ha MTAPHK CO CTOPOHBI
JKMJKOCTH, MOXKHO pPa3feiuTh Ha JBE 4a-

cru. [lepBas w3 HUX CBsI3aHA C HEOMHOPOI-
— — — —| HOCTbIO OaBlcHHA B Oake, BOSHHUKAIOMICH
B pe3yJIbTaTe ero KoyicOaHuid. JTO ecTh, Mo
r= A cos wt CyIIeCTBY, ciila ApXuMesa, H OHa paBHa
Fy = VpoX (V — o6bem mapuka). Bropas
BOZHHUKACT W3-32 CMCIICHUS MIapuKa OT-
HOCHTENBHO 0aKka M OMNpEAcsIeTCs MpHCo-

Puc. 7.9. Bbinyxkaenubie xonebanus
apa B KHJIKOCTH

eIUHEHHOH Maccoil: Fh = —%pg(jﬁ —X).

HO3TOMy N3 YpaBHCHUA OBIDKCHHUs MIapa

Vpri = Fy + Fy = VpoX — %pg(ﬁé ~ %)
HOJIyIIaeM, qTO UCKOMAast aMHHI/ITyZ[a

= Aﬂ_
po+2p1

7-21. Onpedenrums nepuod KoreOaHull Mamemamuyeckoeo MasSmHuUKa (ma-
JICHbKAA Chepa u3z Mamepuana ¢ niOMHOCMelO p1 HA HUMU OIUHOU 1), nomeuyer-
HO20 8 UOEATbHYIO HECHCUMACMYIO HCUOKOCHb ¢ NAOMHOCHbIO po, (p1 > Po).

be3 xuakoct (B BaKyyme) Mepuoj KoyeOaHMi TaKoro MasTHUKA PaBeH,
KaK M3BECTHO, 1y = 27r\/7 , TIE ¢ €CTh YCKOPEHHE CHIIBI TsDKECTH. [IpHcyT-
CTBUE JKHIKOCTH HMEET ABOAKUH 3(phexT. Bo-mepBhix, MOABIACTCS BBITAIKH-
BafomIas cuiaa (cuna ApxuMena), Kotopas 3((PEKTHBHO YMEHBIIACT YCKOPCHUE
CILIBI TSDKECTH, TaK 9TO gog = g(1 — po/p1). Bo-BIOPHIX, XKHAKOCTH CTAHOBHTCSI
BOBIICYEHHOH B [BHIKCHHE, TAK YTO HEOOXOAUMO YUHUTHIBATE dQ(PEKT [IpUCcCOe) -
27

3
HC 3aBHCHUT OT MACChI C(I)epI)I m, T. K. €€ HHCPOUOHHas W rpaBuTanquonnas Mac-

CBI PaBHBI JPYT APYTY. B *HIAKOCTH e MPHCOCHMHEHHAS Macca YBEJINYHBACT
HHEPIMIO CHCTEMBI, HO HE MCHSET €¢ IPaBHTAIMOHHOM Macchl. B pesysbrare
9TOTO TepHoa KoneOaHHil MasTHHKA B XHUAKOCTH JOTOJIHHTENIBHO YBETHIHUBA-
etes B /(m+m)/m = (1 + po/2p1)"/? pas. Tak uTo oxonuatenbHo T =
= To(1 = po/p1)~/2(1 + po/2p1)"/.

HEHHOH Macchl m = “La3pg e a ecth paguyc cdepbl. B myctote mepuon T
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7-22. B gepmukanvnol mpybe paduycom R, 3anonnennoll uodeaisbnoll
HeCHCUMAEMOU JHCUOKOCHBIO, COOCHO C Hell NoMeujeH 1ecKuil (e2o NnIomHOCmb
MHO20 MeHbUe NIOMHOCIU HCUOKOCHI) YUIUHOP paduycom T u daunon L, npu-
yem L > R (puc. 7.10). Onpederums yckopenue, ¢ Komopwim 6y0em ecnivleams
Ne2KUL YUTUHOP.

VYcxopeHHe nUIHHAPAa YCTAaHOBUTCS TaKUM 00pa3oM, 4To-

Obl BBITANIKUBAIOIIAS CHJIA JKHJIKOCTH (CHila ApXHMejia) ypas-

HOBEHIINBAIACh CHJION PEaKIUH KUAKOCTH, BO3HUKAIOIICH IIPH g l
OOTEKaHUH TMIHHAPA (COOCTBEHHBIM BECOM IIWJIMHIPA U €T0 a
HHepuend MoXHO mpeHeOpeus). OTciona cieayet, yTo

Lr®pg = Mnpa,

I1e p — IWIOTHOCTb KUAKOCTH, & TMgp — COOTBETCTBYIOIIAs Ta-
KOMY 0OTCKAHUIO PUCOCTUHCHHAsE Macca. 110 CIeqHIO MOKHO
HalTH crenyromuM o0pa3oM. Tak Kak >KUAKOCTh HECHKHMAC- ]
Mast, TO TIPU JBIDKCHUW LIAIHHAPA BBEPX BO3ZHUKACT HAIpaB- \ e /

R

JICHHBIH B TIPOTHBOTIONIOKHYIO CTOPOHY TTOTOK JKHAKOCTH. [Ipu
yenoBuu L > R MOXKHO mpeHeOpedub KpaeBbiMu d(hdekramu,
TaK YTO ITOT IPOTUBOTOK OYIET MPEACTABIATE 000 OTHOPOA-  Puc. 7.10. O6Te-
HOE TeYCHHE, 3aMOTHANICE MO JTHHE L KONBIEBOE CCUCHHE KaHME JUIMHHOIO
¢ mnomaneio m(R? — r?) (cM. puc. 7.10). TToaToMY, €CTH CKO-  LHIMHIPA B TPY-
POCTB IIWITHHAPA PaBHA U, TO CKOPOCTH TCUCHUS KUAKOCTH V = 0e

= ur?/(R? —r?). Ilpu 9TOM KHHETHYECKAS JHEPTHS KHAKOCTH

E, = pu?mrtL/2(R* —r?). Torna u3 3akoHa COXPAHEHHS SHEPTUH CIIETYET, UTO
cima peaxmm kumkoctn F = E/u = tprr*L/(R? — r?). Taxum oGpasom,
IPACOEAUHEHHAs MACCa KHIKOCTH ISl 3TOTO TedeH s Myy, = prrt L/(R? —r?),
a yckopenue mammapa a = g(R? —r?) /r2.

§ 8. /IBmikeHHe BSI3KOM KMIAKOCTH

TeHSOp IITOTHOCTHU MOTOKA UMITYJIBCA sz B BA3KOH KUAKOCTHU MOYKHO Ipea-
CTABUTH B CICAYIOLUICM BUIC!:

[Lix = péir + pvsvi + Tk, (8.1)

re MONOJHUTENBHBINH (cM. Gopmyity (7.6) s UaealibHOM KHUAKOCTH) WICH Tk
OTIPENeIACT «BA3KHUID MEPEHOC UMITYNBCA, CBA3AHHBIN ¢ HEOTHOPOIHOCTHIO CKO-
POCTHU TeUeHUs KUAKOCTH. Ecnu XapakTepHBIH TpOCTPAaHCTBEHHBIH MacinTab L
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HU3MEHEHUST CKOPOCTU TCUEHUS KUAKOCTH HITH T'a3a MHOTO OOJIBIIE ITUHBI CBO-
6oaHOTO Mpobera MONEKY [, TO B MEPBOM MPUONMKECHUH [0 MAJOMy MapaMeT-
py !/L TeH3op 7 3aBHCHT JIULIb OT MEPBBIX [POU3BOIAHBIX BEKTOPAa CKOPOCTH
o koopauHaram. Torga B M30TPOIHON cpene Hauboee OOUTHM BUAOM JIST Ty
SIBJIAETCS] CIIETYFOIINIA:

Qv Qv 25 Ou) s Ou
ik = =1 <8a:k * Ox; 351k 83&;) E0ut oz’ (8.2)

rae n 1 £ — K03 QUIMEHTH! BI3KOCTH, ipuieM 17 > 0, £ > 0 (mocnegHee cnenyeT
U3 3aKOHA BO3pacTaHUA SHTPOIUH, M. 3a1auy §-1). [lonctaBus BeIpaxeHue (8.1)
u (8.2) B ypaBHEHHE COXpaHEHU UMITysbca (7.6) U cunTas Ko UIUEHTH BA3-
KOCTH 7 M £ NOCTOSIHHBIMH, TOJIYYUM YPaBHCHUE JBIDKCHHUS BI3KOH MUAKOCTH

P [g’; +(7- ﬁ)ﬁ] = —Vp+ AT+ (5 + %n) Vv div 7. (8.3)
B uacTHOM ciTydae HEC)KUMAeMO sKHUaKoCTH, kKoraa div ¢ = 0, u3 (8.3) cnenyet
ypaHeHue HaBbe — CTokca

Uy (F-V)T = —%ﬁp = VAT, (8.4)

e v = ’I’}/p — KHHECMATHYICCKas BA3KOCTb CPCABL.

8-1. Botuucaumes 00bemHyIo MOWHOCMb OUCCURAYUY SHePSUU 8 Hecocumae-
MO 8A3KOU HCUOKOCMU.

Tak Kak B HECXKUMAEMOH JKUAKOCTH HE MPOU3BOAUTCS paboTa cxkaTus (Wid
pa3pexeHUs) OTOCNBHBIX JJICMCHTOB CPEHAbl, BHYTPCHHSSI JHEPIUS JKUAKOCTH
ocraeTcst TOCTOSHHOU. [103TOMY JAMCCHITAIMS JHEPTHH MONHOCTBIO ONpE/IeIeT-
Cs1 I3MCHEHUEM KUHETHYECKON SHEPTHHU KUIKOCTH. J[JIst BEIYMCICHUS [0 ClIeIHEH
ynoOHo 3ammcath ypaBHeHHe HaBbe —CToKCa B TEH30PHBIX 0003HAUCHHUSIX

dﬂ-ik T = ,’7< av’i + %) .

ov; Y Oov; 1 0p 1
ot~ *oxry, POz, POz’ orn | O

Torga M3MeHEHNE KMHETHYECKOW YHEPrHU KHUAKOCTH BHYTPH HEKOTOPOTO 00b-
ema V mpUHUMAET BUA:

ST Lo dvi  Op  Omik
Eaw = /pvZ 5 dV = /Uz (pvk oz, 01, e ) dv. (8.5)
1 |4
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Taxk xak

Ok _ 0 (U,W.k)_ﬂ,kaﬂ
Y Oxr  Oxp - " oy’

(90, 19pY\ _ 9 v? P
pui <Ukal‘k erafﬂi) o amk POk 2 er ’

(3meck ucmonpzopano ycnoeue div & = Qv /Oxi = 0), To (8.5) MOXKHO 3amucaTh

TakK:
: 2 v;
Fom = /dSk |:pvk<% + %) +U¢7Tik:| + /ﬂ'ika—;}k dv. (8.6)
S |4

WHterpan no noepxHocTH B (8.6) OMUCHIBACT U3MCHCHUE JHCPTHU JKUAKOCTH
BHYTPH BBIJICJICHHOTO 00beMa, CBI3aHHOE C MOTOKOM JHEPIHH 4Yepe3 ero Imo-
BEPXHOCTD. HO3TOMy HUCKOMasl JTUCCUIIANUA JHCPIrUU OMPCACTIACTCA O6’B€MHLIM
uHTerpanoM B (8.6), KOTOPBIH, HCIIOTB3YsI CHMMETPUIO TEH30pa Tk, MOJKHO TIe-
permmcarh Kak

2
gy 3 [P0y g [ (o0 o
/””“a:ckdv2/“’“<axk+axi)dv > [ \ozg T om ) WV
v 14 Vv

CrnenoBarenbHO, MOIIHOCTh BSI3KOW JUCCHIAIIMU JHEPTHH B €AMHUIEC 0Ohema

KAOAKOCTHU paBHa
2
dv;  Ov
Q=;—7< Ly ’“) (8.7)

Orp  Owmy

8-2. IInockoe «OHO» GeCKOHEUHO 2IyOOKOU 6A3KOU HCUOKOCHU NPUEOOUn-
¢ 6 dsudicenue co ckopocmulo v = vg coswt. Hatimu cpeowioro mownocms,
HeoOX00uUMYI0 0151 noddepacanuss smux xorebanuil. Ilnomuocms dcudkocmu p,
KUHEMATUYeCKas ee 8A3KOCMb V.

ITycTh KMAKOCTh 3aHHMAET MONYIPOCTPAHCTBO 2z > 0, ee AHO SBIIETCS
IWIOCKOCTBIO 2z = 0 U ABIKETCS BROMb ocu x. Toraa, 09eBHAHO, U B SKHAKOCTH
Oymer OTIHYHA OT Hy/sl TOJBKO KOMIIOHEHTA CKOPOCTH vy (z, t) = v(z, t). s
Hee 3 (8.4) monyuaem ypasHemue Ov/Ot = vd%v/02%. Tak kak JBUKeHHE
KHJIKOCTH TIPEACTAaBIsIET Co00l KonebaHue ¢ TOiH ke 4acToTol, OymeM HCKaTh
ero B Buze v(2, t) = Re{u(z)e™?}. Torma —iwu = vd?u/dz*. Pemenne 310r0
ypaBHEHHUs1, paBHOE vo IpH 2z = 0 u oOpammaromieecs B HyIb OPH 2 — 00,
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HUMECT BU

(lfi)z\p
U=rvgexpy ————1\/ >
V2 v

Orcrona

v(z, 1) = vge*zww/w [coswtcos <24 /%) + sin wtsin (z 2% >] )

Buemmnsst cuna, mpuxosmiascs Ha eMHMIYY TUIOMAAW AHa, PaBHA, OUEBHIHO,
notoxy umiynsea Fy = (ILjxng)|,=0 = —Il;;|,=0. Tak 4To HHTEpECYIOMIAs HAC

Z-KOMIIOHEHTA €CTh
w .
= vgpv | = (coswt + sinwt).
.0 2v

Cpentsist o nepruoy KosieOaHWH MOMIHOCTD, IPOU3BOAUMAST 3TOH CHIIOH,
pasua (F,v(z, t)) = pvd\/wr/8. OueBnIHO, 9TO 3Ta MOIIHOCTH PACXOYETCS HA
BBIICIICHHC TEIUTA B KONCOMIOMIEHCS KUAKOCTH U3-32 €€ BI3KOCTU. B 9TOM MOXKHO
yOeIUThCA HEMOCPEACTBEHHO, IPOMHTEIPUPOBAB IOJIYUCHHYIO B MpPCIBIAYINCH
3a7aue 0ObEMHYO0 MOIIHOCTD TUCCHUITAIIMN SHEPTUH 110 00BEMY, IIPHXO/SIIIEMY CsT
Ha C¢IHHHIYY [IOBEPXHOCTH JHA.

v
0z

Fy=—pv

8-3. B kioeeme Ha MOHKOM (MO CPAGHEHUIO C ee NONepeyHbIMU pasmepami)
coe 6a3K0L JHCUOKOCIY MOTuHbl h niasaem nAACMUHA, MACCa eOUHUYb! NA0-
waou komopoit pagna p. [no Klogema cogepuiaem manvie KoneOauus 6 ceoell
niockocmu ¢ amnaumydoi A u uacmomoti w. Haiimu amniumydy xonedanuil
HAGCHMUHDL.

[Iycte paccMmaTpHBacMbIe KoyicOaHUS TPOUCXOAAT BAOJB OCH T, a IUIOC-
KOCTH [HA W IUIACTHHBI COOTBETCTBYIOT z = 0 um z = h. O6o3Ha4HB
vz (2, t) = v(2)e™™*, u3 ypasrenus —iwv = vd2v/dz? momyanm

1—i)zy) —(1—i)z4 | Z .
ve(2, 1) = 'U16( 0z 2V+U2€( D2y et

TIe v U Vo — TMOCTOSHHEIC, 3HAUCHUA KOTOPHIX OIPENEIAIOTCS U3 TPAHUYHBIX
ycenoBuit. Ecnu aMmumTyna koneOaHU TaCTHHEL paBHA a, TO v1 + vy = —iwA;
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(1—i)hy/ 2 C(1-i)zy ) 2 .
vie V4 pge v = —jwa, OTKyza

— iw (a — Ae_(l_i)h\/g>

V)] = 5
. W . W
e(l—z)hq/ % _ e_(l_l)hW/E
. 1—i)hy/ 2
iw (a — Aet 2V)
Vo = = —-
e(l—z)hy/ % 6_(1_2)’“/ 5%
2 vz
Harucas Teneps ypaBHEHHE ABUKEHUS ITACTUHB —pw?a = Fy = —pv 5 ,
Z lz=h

HaiifeM 3HAYEHUE AMILTHTYIBI G
WA " w 6(1—i)h,/$ B e—(1—¢)h,/2—u N
(L+d)pV 2v
1
1—i)h, [ = —(1—i)h, | Z
41 e( ) 2”—1—6( 2w . (8.8)

2

ITockombKy 3T0 00IIee BEIpaKECHHE TOBOJIBHO TPOMO3IKO, PACCMOTPHM HEKOTO-
pHBIe IIPeaeIbHBIE CIyYau, CBI3aHHBIC C BOSHUKAIOMIUM 31¢Ch Oe3pa3sMEepHBIM Ia-
pamerpoM o = (u/p)y/w/2v. Ecn o < 1, T. €. INIaCTHHA SBILIETCS «JIETKOI»,
TO aMIUTUTYza €€ KoyueOaHui Takas ke, Kak Jjsi CBOOOIHOU MOBEPXHOCTH:

1/2

2
ch(2h\/w/2v) + cos(2h\/w/2v)

(B 3TOM Cilydae HEPBBIM CIAracMbIM B IPaBoi 4acTu ypasHEHHUS (8.8) Mox-
HO mpeHeOpeub). Js «THXenoi» MIacTHHEL, KoTaa ¢ > 1, BTopoe craracmMoe
B (8.8) cTaHOBUTCS CYIIECTBCHHBIM TOIBKO TIPU OYCHB TOHKOI MPOCIOMKe XKHU-
kocTd (Ipu h < 4/2v/w). [Io3TOMY B 3TOM CIIydae €T0 MOXKHO CYUTATh PABHBIM
enuHHIE, Tak 9To M3 (8.8) cimemyer

ja] ~ |4

1/2
la| = |4

1
1+ a®[ch(2h\/w/2v) — cos(2h+/w/2V))]
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ITpu >TOM aMIUTHTYBI KoneOaHUM AHA U IUIACTHHBI HAYMHAIOT 3aMETHO OTJIU-
4aThCs JPYT OT JAPYTa YK TPH TOJIIHHE KUAKOW MPOCIIOWKH, MHOTO MEHBIICH
pasMepa BS3KOro CKUH-cJost (MpH h > a1y /2v /w).

8-4. IInocroe 0Ho OeckoHeuHo 2nyOOKOU BA3KOU HECHCUMAECMOU HCUOKOCY
& nexomopuiti momerm (t = 0) MCHOBEHHO HAYUHACH 08USAMBCS 8 COOCMEEHHOU
NIOCKOCMU ¢ HOCHOSIHHOU CKOPOCMbIO Ug. Onpedenums 08UICEHIUE JCUOKOCHU
U CULY CONPOMUBILEHUSA, UCNbIMbIEAeMYIo edunuyel niowadu ona. Ilnomuocme
ACUOKOCIIY. P, KUHEMATNUYECKASL 6513KOCb V.

BribepeM cucTeMy KOODAHHAT U HAIPABICHUC ABIKCHHS TAKHMU JKE, KAk
B Ipenplay e 3a1ade. Toria Uisi KOMIIOHEHTBI CKOPOCTH Uy (2, t) = v(z, t) mo-
Tyd4aeM IpekKHee ypaBHCHHE 3—1’ = ug%. Ecnu BBecTH Temeph Oe3pa3zMepHYIO
CKOPOCTB U = ¥/ Ug, TO HYXHO pemarh ypasHenue du/0t = vd?u/0z> ¢ Takumu
TPaHUYHBIMU YCIOBUSMH: U|,—0 = 1, U|y—400—0. TaK KK MIOCKOCTh MPHXO-
JIUT B IBHKCHAE MTHOBEHHO, TO B 33[1a9¢ HET HUKAKHUX MAPAaMETPOB, 3a1AF0IIHX
MacmTab BPEMEHH WU JIIHHBL (€CTh TOIBKO KHHEMATHIECKAs BA3KOCTh 1), [lo-
ITOMY PELICHUE ITOH 337891 JOMHKHO GBITH aBTOMOAENBHBIM. JTO 03HAYACT, UTO
PEIIEHUS B Pa3/INYHbIE MOMEHTBI BPEMEHH OTIIMYAKOTCS JIHIIb H3MEHEHHEM [IPO-
cTpaHCTBeHHOTO MaciTaba. Tak Kak pasMepHOCTB BsskocTH [v] = cm?/cek, To
MOKHO BBECTH 0€3pa3sMEPHYI0 aBTOMOJIEbHYI0 MepeMeHHyI0 & = z//vt (T.e.
B JIAHHOM CITy9ae XapakTepHas [UIMHA PacTeT MpOTopIHoHamsHO ¢1/2, mpomc-

xomuT muddy3Ha CKOPOCTH B BS3KYIO JKHAKOCTB). Tak Kak u|,—o = 1 u He
3aBHCUT OT BPEMCHH, PCILICHHE CIeAyeT HCKath B Buze u(z,t) = f(£), 4to
€ df

Jaer mia f oObIkHOBeHHOE nuddepeHnuanbHoe ypaBHEHHE: — 3 ¢ = d>f/dg>.

Orcrona df /d€ = C e/ 4, e C' — noka He U3BECTHAS MOCTOSHHAS HHTETPHPO-
4

Banust. Tak kak f(0) = 1,10 f(§) = 1+C [ e~¥"/4 dy. Benmanna C' HaxomuTes
0

o0
u3 ycuoews, 4to f(+o00) = 0. Vaursisas, uto [ e v'/4 dy = /7, noxyuaem
0

OKOHYATCJIBHOC PEIICHUC!

Kak BumHO 0TCiOma, ¢ pocToMm ¢ B IBIXKEHUE MPHXOAAT BCE Ooyiee ynajaeHHBIC
OT IUIOCKOCTH CITOU JKUAKOCTH, TaK 4TO €€ CYMMapHBIH HMILYJIbC PacTeT Mpo-
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nopuHoHaTbHO /2 (kak M 1omKHO GEITE TpH AubGY3HOHHOM Hporecce). Cuia,
JEHACTBYFOMIAS HA TIOCKOCTh, PaBHA

F= fpu% = pug\/v/mt.

z=0

8-5. Bepmuxanvnas mpyba paduycom R 3anonnena es3xotl Hecocumaemoul
HCUOKOCHDBIO € NAOMHOCHBIO P U OUHAMUYECKOL 833KOCmbIo 1. Boons ocu mpy-
6v1 nomewen oaunnovil (L > R) Hesecomviil yuaunop, paduyc Komopoz2o mMaio
OMIUYAEHCs oM paouyca mpyosl, max 4mo Mexicoy HUMU OCIAEMCcsl Y3KUil 3a30p
momyunou h < R. Hatimu ckopocms 6Cnibleanus yununopa @ nojie maicecmu g.

CkopoCTh BCIUIBIBAHUA IWJIHH/PA YCTAHOBHUTCS TakoM, 4TOOBI BBITAJIKHBA-
oIasi ciiia ApXuMena ypaBHOBCIIUBATIACh CHIIOH BSI3KOTO TPEHHS, ACHCTBYFO-
nieii Ha GOKOBYIO IOBEPXHOCTH HWTHHAPA. [T0CKOIBKY 3a30p MEK/TY IHIHHIPOM
U creHkod Tpy6el Man (h < R), TeUeHHE KUAKCOTH B HEM MO)KHO CUHTAThH
IUIOCKUM. BBeeM MO3TOMY KOOPAHMHATY X, OTCYHTHIBAEMYIO OT HOBEPXHOCTH
[WIHHJ[PA, TaK 4TO Ha CTeHKe TpyOsl z = h. Torja s cranMoHaApHOTO TeUECHHSA
BSI3KOH XKHJIKOCTH, KOTOpOe B IpeHeOpexeHnH KpaesbiMu addekramu (L > R!)
HAaIpapJICcHO BIOIb OCH Z, ONYIUM YpaBHEHHE

= 4%l =0 (8.9)

¢ rpaHuaHbIME yeutoBisiME v(h) = 0 1 v(0) = u — CKOPOCTH BCIUIBIBAHHS IL(H-
JUHApa (30€Ch P €CTh JAaBJICHHE, JOMOJTHUTEIIBHOE K THAPOCTATUYECKOMY JaB-
JCHUI0 po = —pgz). B ypasHenue (8.9) BxoauT rpaaueHT pasneHua dp/dz,
MOSIBJICHUE KOTOPOTO CTAHOBUTCST OYEBUIHBIM U3 CIICAYIOMMX cooOpaxkeHuid. Ec-
m dp/dz = 0, 10, KaK cneayer u3 (8.9), B KHUAKOCTH YCTAHOBHTCS JIMHEHHBIHA
npo(UITE CKOPOCTH, MEHSIIOLIUICS OT ¥ = 4 HA HOBEPXHOCTH IHHApa o v = 0
Ha CTEHKE TPYOBL. DTO O3HAYACT, YTO JBUKCHHUE JKUAKOCTU, KAK U LUIUHAPA,
6b110 OB HampasieHo BBepX. Ho mpH KoHEUHOH mimHe TPyOBI 3TO HEBO3ZMOXK-
HO B CHNTy HECKHUMACMOCTH XXUAKOCTH. 1103TOMY B HEW BOZHHKHET TPagHUCHT
JABJICHHS, JOCTATOYHBIN, YTOOR! MPOTAKHBATG BHH3 HEOOXOOHUMOE MO 00heMy
KOJTHYECTBO JKUAKOCTU. YCIIOBHE TAKOTO OanaHca UMeeT B

h
urR? = —27R / v(z)dz. (8.10)
0
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2d
Obmee penienue ypapaenus (8.9) TakoBo: v = ;3—77 d_p + azx + b. TlocTosHEBIE @
z
. d
U b ompeneNAr0TCs U3 TPAaHWYHBIX YCIOBUH, 9T0 MaeT b = u, a = 72}1—77 d_p —u/h.
z

Tenepsr u3z ycrnopus (8.10) HaxoauM TPagUCHT IABJICHHS 21—77% = 3uR/h3.
Bsi3kas cuna TpeHus Frp, TOPMOSSIas BCIUIBIBAHHC IUUIHHApA, papHa Fp, —
= 27RL (—n dv

dx

) = —2pRLna ~ 67 R?Lun/h*. llpupaBanBas ee BbI-
=0

TankuBaomei cune Fy = mR2Lpg, NOmyunuM, 4T0 HCKOMAst CKOPOCTB BCILTBIBA-
Hus u &~ gh?/6v (v = 1/p — KAHEMATHYECKAs BA3KOCTD KUIKOCTH).

8-6. Onpedenumv yacmomy u OexpemeHm 3amyxaHus MAarblx paouarbHbIxX
Konebanutl ny3vipbka easa paouycom R (noxazamenv aduabamvl vy), Hax005-
1e2oCs 8 GA3KOU HECHCUMAGMOU HCUOKOCIU C QdeleHuem Pg, NIOMHOCIBIO Py
U 8S13KOCMBIO 1).

[lycTh pajuyc myssIpbka MeHseTCs 110 3akoHy ro(t) = R+ ae™ !, rne a —
aMIuTyAa Kojebanust, npuiem ¢ < R. O4eBUAHO, YTO BOSHUKAKOMIEE MPU ITOM
TEUCHUE KUAKOCTH OYAeT paaHanbHBIM, T.€. OTNHYHA OT HYJsl TONBKO KOMIIO-
HEHTa CKOpOCTH Uy (r, 1) = v(r, t). Tak Kak KHAKOCTb HECKHMAEMas, TO vr’ =
— const, I MOXHO 3amHCcaTh, 4To v(r, t) = Ae™ ™/ ™ Ha TPaHUIE My3bIpbKa
CKOPOCTB KUIKOCTH JIOKHA OBITH paBHa drg(t)/dt, mostomy A = —iwaR?, T.e.
v(r, t) = —iwaR% ™! /r?. 3Has cKOPOCTb, U3 NTUHEAPU3OBAHHOTO yPABHEHHUS
JIBIDKCHHS JKUIKOCTH MOXKHO HAiTH pacIpenesieHue TaBieHHs B Heil py(r, ©):

pm% = —Vpx + nAG. (8.11)

Tax xak AT = Vdivd — rotrot 7, To B IaHHOM cnyyae A7 = 0 (dive = 0,
rot ¥ = 0). [Hoatomy u3 (8.11) monyuum

0P ov

- 70)1(_
or ot
WHTerpupys 310 ypaBHEHHE C YISTOM TOTO, 4TO Ha OSCKOHEYHOCTH JIaBlie-
HHUC KUAKOCTH AOJIKHO PABHATHCA HeBOSMyHleHHOﬁ BCJIIMYHUHE D, HAXOOAUM

= fWwpxl = pmwQaR%_“"t/rQ.

px(Ty t) = po — paw?aR%e ™ /r,

IInoTHOCTE raza BHYTPH IMy3bIpbKa MHOTO MCHBIIC IVIOTHOCTH KUAKOCTH. [loaTo-
MYy €ro CXaThusa U paCIIupCHUA ABIANOTCA KBA3UCTATHYCCKUMU, T. €. INIOTHOCTH
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rasa OCTaeTcsl ONHOPOJHOH BO BCeM oObeMe My3bIpbKa. [103TOMY M3 yCIOBHS
annabaTHYHOCTH
3
prV? = ppry” = const = poR>?

CIE/YET, YTO JaBIEHHE B ra3e MEHAETCA Tak: pr — po — 3ypoe “la/R. 3Has
JABIICHHE B [a3¢ M XUAKOCTH, 3aIHLIEM TEIEPh TPAHIMHOE YCIOBHE HA MOBEPX-
HOCTH HX pa3fena npu r = R (B NHHEHHOM MOpHONIDKCHAN HM3MCHCHHE paji-
yca Iy3bIpbKa MOJKHO HE YYHTBHIBATh). 34ECh AOIDKCH OBITH HEHPEPHIBCH BEK-
TOP ik, TIE T — TEH30D HAIPSHKEHHN, a 7l — €INHIYHBIA BEKTOP HOPMAJN
K rpanune. B raze og) = —prii, a B BAKOU KUAKOCTH 0}, = —p(m)&-k +
+ n(0v;/ Oy, + Ovi,/Ox;). B maHHOM cilydae 3TO TPaHHMYHOE YCIOBHE A€T, YTO
o) = g |r=r. OTClOOa moMy4aeM CIEAYIOIIEe YPaBHEHHE I YaCTOTHI KO-
neGaHuil w:

pxR>  pxR® B

44 3
w2t m YPo

NI

2

9
_moy
me2

3ypo  4n
me2 me4.

Ecnu BA3KOCTh He CHMIIKOM Benmuka (n° < 3vpopxR>/4), To My3bIpeK coBep-

3vpo
2

maer Kojebanus ¢ uactoroii ) = — 4n?/p2R* M 1eKpeMeHTOM 3aTy-

K

xaaua I' = 2n/p,R%. B OTCYTCTBHE BA3KOCTH 3aTyXaHUs HET, a vacrora {) =
= /3vpo/ pxR2. B cnydae 6onbIION BA3KOCTH PaiHalbHOE CMEIICHHE SKHIKO-

CTH 3aTyXac€T allCPUOqUICCKH.

§9. KonBeknusi 1 TypOy/JJeHTHOCTH

9-1. Onpedenums ycrosue KOHBEKMUBHOU HEYCMOUYUBOCIL UOEAIbHOZO 2~
30 C MONEKYIAPHOU MACCOU [ U NOKA3AMeneM aduabamol vy, HAX0OAWe20CA 6 pas-
HOGeCUU 8 nore Msicecmy .

3amuieM YpaBHEHHUS IBIDKCHHS, HENPEPHIBHOCTH W COXPAHCHNA SHTPOIIHH
rasa:

P

A0 _ e 9P L Givion) = 0 Lipp=) —
pgp = —Vpteg 5 +divipd) =0, E(ppT7) =0 O.D)

Ilpu cTatndeckoM paBHOBecHH (U7 = () OTCIOAA CIEOyeT, 4TO IaBICHHE H IUIOT-
HOCTb ra3a B PaBHOBCCHH 3aBHCAT TONBKO OT KOOPAHMHATHL z: p(z) U p(z). Hus
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BBIICHCHHS TOTO, YCTOWYHBO JIM 3TO PABHOBECHE, PACCMOTPUM MaJble OTKIOHE-
HUS OT HEro, OMHUCHIBAEMBIC BO3MYILICHUAMH AABICHHUS 0P, INIOTHOCTH dp U CKO-
pocTbio raza . C TOYHOCTBIO 0 BEIHYHH MEPBOTO MOPAIKA MANOCTH MO 3TH
Bo3MymeHusIM U3 (9.1) momydaem:

9 — _sp + Gop; %p 4 . Vp + pdiv i = 0;

pat ot 9.2)
& (6pp™ —~ypp~*1ép) + - V(pp™) = 0.

Ecnu Teneps BBeCTH BEKTOp cMemeHus &(7, t) aneMeHTa 00beMa ra3a U3 HoJo-

JKEHHsl PaBHOBECHS, TO CKOPOCTh U = 0§/0t, M M3 ypaBHEHHsA HENPEPBIBHOCTH
M COXPAaHEHHS SHTPOMHH CPasy CIEAYeT, YTO BO3MYIICHHE [LIOTHOCTH 0p =
=—p d1v§ &.dp/dz, a BO3MYIIEHNE NaBICHHAS

dp  ~ypdp\ _ w
op = vp §Z<E_FE i —pdivE — 52 -

dp pdp\ Lz dp .z
&(dz vpdz>— wdive — &7 = —ypdive + pgls. (9.3)

INoacTtaBus 3TH BBIpaXeHus AJst 0p U 0P B YpaBHeHUs ABkeHus (9.2), moayaum

- =

pE=g (pdiv £-¢ j—’;) ~V(pdivE s pge) = F(E), (04

rae F(€) — BO3HHKAOIAs IIPU CMELICHUH CHIIA, 3aBUCAMIAs (JINHEHHO) TONBKO
ot £. U3 ypasHenus (9.4) cienyer 3aKoH COXpaHEHHS SHEPTHH

Wi + Waor = const,

rae KAUHeTH4IecKas sHeprus raza Wigy = f 2dV, a oTeHIMAaNbHAS SHEP-

rust Wior = [ dVF ) : 5. W3 o0mux mpUHIMIIOB MEXaHWKH Telepb MOXKHO
3aKITFOYHTh, YTO PABHOBECHOE COCTOSIHHE ra3a OymeT ycTodduBeM, ecid W,
paccmatpuBaeMas Kak (yHKIHS OECKOHEYHOTO 9Hcia CTENeHel cBo0oAbI cHCTe-
MBI & (F) HMeeT MUHAMYM IIpH & (1") = 0. JIpyruMu cinoBaMH, CHCTeMa yCTOH-
qmBa, eclii Wiy = 0 1011 moGoro HaGopa cMemiernii (), yI0BIETBOPSIONIEro
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HEOOXOANMBIM TPAaHUYHBIM YCIOBUAM (CM. HIDKE). B maHHOM ciydae
__ 1 (g sn_
WHOT——§ F-£dv =

. - . d - -
= % / av {(f -9) (deV€ + §zd—§> +& V(ypdive + pgéz)} - 05
Ipeobpasyem BTopoe cmaraeMoe B Wyop CHEIYIOMNM 00pazoM:

—

/dVE- 6(—vpdivngpgSz)=/dVdiV{ (—ypdivE + pgé.)}—

- /divg(—wdivng pgéz) dV =

- / (—pdivE + pge.)EdS — / (—ypdivE + pgt.) divEdV.

BXOI[SIH_[I/Iﬁ CroJa UHTETpajl 1Mo MOBEPXHOCTHU PABCH HYJIIO, TAK KaK Ha T'PaHUIC
rasza ¢ TBEpJIOil TOBEPXHOCTHIO (é’ - dg) = 0 (HeT HOPMaJIbHOU COCTABIISIIONIEH
CMEIIeHus), 2 Ha OECKOHEYHO VIAaNeHHOW MOBEPXHOCTH OOpAIIaroTcd B HYNb P
u p. [Toatomy

- d - )
Waor = 5 / av {gfz (pdiV§ +é é) +p(divE)® — pgt. divf} -

, o o
= %/ av {w(diV§)2 — 2pg€. divE — g&?é} - 9.6)

Bysiem Temeps MHHUMU3HPOBATE 9Ty YHEPIHIO, PACCMATPHBasi ee Kak QyHK-
LuoHan ot §; u divé. Us YCIOBHSL 9KCTPEMaNBHOCTH 10 div § cneayer, |to
2ypdiv € — 2pgé, = 0, T.e. divE = pg€./vp. Honcrasus 310 B (9.6), mony4um,

qT10 Wyor = % dV&’f <gg—§ — p292 / 'yp>. Orcrona cneayert, 4To A YCTOW4H-

BOCTH Ta3a HEOOXOOMMO M JOCTATOYHO, YTOOBI CTOAMIEE B CKOOKaX BHIPaKCHHE
OBUTO GOJNBINE HYIS TPH BCeX z. JIeHCTBHTENBHO, €CH B KAKOM-TO MECTE 3Ta
BEIMYNHA OTPHIATENBHA, TO BCETIa MOKHO BHIOpATh Takoe pacrtpencicHue &,
TOKAM30BAHHOE B 3TOM TouKe, uT0 Wyor Oymer oTpumarensna. TakuM 0Opaszom,
KPUTEPHii YCTOWYNBOCTH HACANBHOTO Ta3a B MOJE TAKECTH MMEET JOKATbHBIH
Xapaktep M Bemanut Tak: dp/dz < —p?g/yp. Tak KaKk jusi HAEAIbHOTO Ta-
3ap= RpT/p, 10
dp p dp  pp dr

dz  RTdz RT2dz’
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a MOCKONBKY dp/dz = —pg, yCIOBHE YCTOMYMBOCTH MOXKHO 3aIlFCaTh Tak:
—dT/dz < pg(y — 1)/~vR. Kak BUOHO, IPH YCTONINBOM PaBHOBECHH Tasa €ro
TeMIepaTypa MOXXET M YMEHBIIATBCSA CHI3Y BBEPX, HO HE CIHILKOM OBICTPO.

PaccmoTpuM Temeph, 9To coOON MPEACTABIAIOT «CaMble HEYCTOHYHBBIC)
CMEMICHUS é’ IIpu divg = pg€./yp BOMyIICHHE AAaBICHHs, cormacHo (9.3),
PaBHO HYJIIO0. DTO 03HAYACT, YTO TaKUe CMEICHHS IPEACTaBIAIOT co0oil anrnaba-
THYIECKH ME/ICHHBIC (JIaBIeHUE YCIIeBAST BHIPABHATHCS) MePeCTAHOBKH OIM3KUX
IO BEICOTE ICMEHTOB rasa.

9-2. Haiimu xpumepuil 803HUKHOBEHUS KOHBEKMUBHOU HeyCmouuusocmu
8 HeCHCUMAEMOU HCUOKOCINL.

Cuauras KUAKOCTh HECKHMAEMOH, MBI 31€Ch IMEEM B BHAY TO, YTO €€ IJIOT-
HOCTB p(p, T'), ABnsromascs, BooOmIe ToBopa, GyHKIHMEH NaBIeHHs W TeMIepa-
Typbl, OYCHb CTA00 3aBHCHT OT OaBICHHS, TAK 4TO MOXHO cuntath p = p(T).
Ecnu ipu 5ToM TeMriepatypa JKUAKOCTH 1’ He 0U€Hb CHIIBHO OTIINIASTCS OT HEKO-
topoit Ty, To 3aBucuMocTh p(T') Moxuo mpenctasuth B Buae p(1T') ~ po[l —
— (T — Tp)], toe & > 0 — xo3bHUIEHT TEIWIOBOTO PaCIIMPEHUs XKUIKOCTH.
Tak kak M3MEHEHHE IUIOTHOCTH I[IPU ITOM OCTaeTcs HeOGONBIINM, TO B ypaBHe-
HUU HETPEPHIBHOCTH UM MOXXHO IpeHebpedb U MOJOXHUTh modtoMy div v ~ 0.
B ypaBHEHHH IBIDKECHUS JKHIKOCTH

dv

__1g, .= -
i pr+g + VAY 9.7)

BBIJICJTUM W3 TIOJTHOTO JIaBIICHHS P BEIHYHHY, ONpPEAeTIeMy 0 THIPOCTaTHISCKUM
paBHOBECHEM KHIKOCTH, p = pof + T + p/, Tak 4TO MOmpaBKy p’, CBA3AHHYIO
C TEIUIOBBIM PACHIMPEHHEM U IBIDKCHHEM >KUAKOCTH, MOXKHO CUHMTATh MaloH.
Torna

1o V(pog - 7+ 1) ; V'
—=Vp=— ~ —g[l T —Ty)] — —
PV o gy~ e ol
U ypaBHeHue (9.7) OpHHAMAaeT BHJ
g Vo ,
‘fl—g =——F —ag(r - T) + i@ (9.8)

HOHy‘II/IM TEIIEPpb HEAOCTAIOMIEEC YPABHEHHUE JJIA H3MECHCHHSI TEMIIEPATYPhI KU~
KOCTH (ypaBHEHHE TemIonpoBoAHOCTH). [ToTok Tema B )KUAKOCTH (, CBS3aHHBIIL
KaK C TEIUIONPOBOTHOCTHIO (AM(Y3UOHHBIA MOTOK), TAK U C TECICHHUEM KHI-
KOCTH (KOHBEKTHBHBIH IOTOK), MOET OBITh 3allMCaH Tak: ¢ = poclU — »VT
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(¢ — KO3 PPUIHMEHT TEIIOMPOBOAHOCTH, ¢ — YAENbHAS TEIIOEMKOCTh KUAKOCTH,
M3MEHEHHEM IDIOTHOCTH 31€Ch MOYXKHO TpeHeOpeus, p = po). Torna ypaBHeHHE
OanaHca Terna

gt(pocT)—l—dWQ—O

JIaeT

pocT %t — div(pocTF — 5xVT) = —poci - VT + 3AT
(3meck yureno, uto div ¥ = 0, a K03 OHUINEHTHI ¢ U 3¢ CYUTAIOTCA TOCTOSHHBIMHE

BBUAY MAJOI0 H3MCHCHUSA TEMIICPATYPhI )KI/I,Z[KOCTI/I). OTC}O,Z[a

aT

S VT = yAt (9.9)

(X = 5/poc — xo3bPHIMEHT TeMIEepaTypOIPOBOIHOCTH KUAKOCTH). YpaBHe-
aus (9.8) 1 (9.9) Bmecte ¢ yenoBueM div & = 0 COCTaBIAIOT MONHYIO CHCTEMY
VPpaBHEHHH, OMHCHIBAIONIYIO KOHBEKIWIO B YKHIAKOCTH (MX MPUHATO HA3BIBATH
cHcTeMoii ypaBHEHHIl byccrHekca).
Ilycte KHUAKOCTH HAXOMUTCS MEK-

JIy IBYMS TOPH3OHTANBHBIMHU MIOCKOCTAME 2
(2 = 0u 2z = L), IMeromuMu TeMIeparypy, L
COOTBETCTBEeHHO, 1y u 13 (puc. 9.1). B co- _ = = = —
CTOSIHMU CTATUYECKOTO DPAaBHOBECHS pac-
npenencHue Temmepatypsl 1'(2) HaXoOWT-
cs1, cormacHo (9.9), u3 YCJ'IOBI/IX d*T/dz? =

=0, e T(z) = Tp + =T, coor-
BETCTBCHHO 3TOMY M3 YCIOBHA PaBHOBE-
cus (9.8) ompenensercs MOMpaBKa K JaB-
nenuto p' = poag(Ty — Ty)2?/2L.

PaccMoTpuM Temepp Manble OTKIIOHE-
Husl OT PaBHOBECHA, OTNHCHIBAGMBIC BOSMYLICHHSAMH TeMIeparyphl 01, maBie-
Hust 0p U CKOPOCTHIO ¥, B MHHEHHOM nprONIDKeHHU I HAX U3 ypaBHEeHHH (9.8)
1 (9.9) cnenyer

| ~—
|
|
|
|
|
|
|
|
|

Puc. 9.1. BO3HMKHOBEHME KOHBEKLIMHU
B JKHJIKOCTH

div v = 0;

ol 1 7, %

3_7; = — 55 Vop — agoT + vAv; (9.10)
T val_—To = xAIT.

L



146 Yacme 11

[Mepeiinem B cucteme ypaBHeHHi (9.10) k 6e3pa3sMepHBIM BEHYHHAM, OIIpe-
JIENCHHBIM CIEOYIOINM 00pa3oM. B kadecTBe eqMHHLBI [UIMHEI BEIOEpEM pac-
CTOAHHUE MEsKIy MIocKocTaME L (7 — L), enurunsl BpeMern — L /v, enuRALBL
cKopocTH — v/ L, Bo3MyIIeHHe naBiaeHus OyaeM H3MepsITh B eUHUIAX O v? / 2,
a Bo3myuenne remueparypbl — (77 —Tp). B atux nepemMeHHbix ypapuerns (9.10)
IIPUHUMAIOT CJICAYIOIINI BH/T:

div 7 = 0;

g_g = —Vép+ Av— GroTe,; (9.11)
8T, _ 1

S tve= A5T

(LlJ'IFI yOnpomeHua 3alucu 0003HaYCHUS 6e3pa3MepH1.1x BCJIIMYHNH U NEPEMCHHBIX
OCTAaBJICHBI Hpe)KHI/IMI/I), roc

agL3 (TO — Tl)

2

Gr

— gucno I'pacroda,
Pr=v/x — umcno Ilpanaris.

TakuM 00pa3zoM, 3aJa4a 0 KOHBEKIMH B HEC)KMMAEMOM KHAKOCTH XapaKTe-
pusyeTcs IByMs Ge3pa3sMepHBIME MapamMeTpaMu — urcnamu Gr u Pr. Dt1o o3Ha-
YaeT, UTO JaHHas 3ajada obJaaeT CBOMCTBOM IMOM00MS, T.€. NPH PasIuIHBIX
3HAYCHUAX BCJIMYUUH IUVIOTHOCTHU Po, KO:)(b(I)I/H_[I/IeHTa TCIIJIIOBOTO paCH.H/IpeHI/Iﬂ Qa,
paCCTOfIHI/Iﬂ Me)KZ[y INIaCTHHAMHA L, BSI3KOCTH Y U T. [1. BCC XapaKTepI/ICTI/IKI/I KOH-
BeKiuu OyayT OJMHAKOBBIME, €CJIH OCTAIOTCs HeusMeHHbIMH uuciia Gr u Pr
(a mamepenue ¥, dp, 6T u T. /. MPOU3BOUTCS] BO BBEICHHBIX BBILIE SAUHUIIAX ).

Tak KaK paBHOBECHBIEC BEIMYMHBI HE 3aBHCAT OT BPEMEHH H MOMEPEUHBIX
KOOpAMHAT 7| = (X, y¥), TO I BOSMYILIECHHH 3aBHCUMOCTb OT 7| M ¢ MOXET

OBITh BEIOpaHA B BHJE, IPOMOPIHOHATEHOM etk LT . Ilpm atom mng ycToidu-
BOCTH CHCTEMBI Heo6x0;[I/IMO ¥ TOCTATOYHO, 4TOOB Re A OpIma oTpHIaTensHa A
Beex k L JIna 3a1aHHOTO k L BCETZa MOJKHO BBIOpATh OCH KOOPIMHAT (I, Y) TaK,
qTo6HI Kk 1 = (k, 0). B TakoM BO3MYLICHHH OTIHYHEL OT HyISl JIHIIb KOMIIOHCH-
TBI CKOPOCTH U, U V. Tak kak div ¥ = ikv, + dv,/dz = 0, 0 v, = idvz/dz.
B3sis Tenepb potop ypasHeHMs nBmwkeHus (9.11) (4To MO3BOSIIET UCKIIOIUTH
BO3MYIIICHHE AABICHNA, TaK Kak rot Vip = 0), nomydnm

dv, . _ 2y dvy, . P
A < Feie zkv2> = ( k 12 > (dz zkvz> + Gr-ikdT
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HWIIH, BBIPA3HB KOMIIOHCHTY CKOPOCTH VU, YUCPE3 U, —

d*v 2 ( 2, &P > d*v 2 2
M —2 — kv, | = k" + 2 —Z _k*v, | +Gr-k*0T. 9.12
dz? dz? dz> ( )

VYpaBHEHHE TEIUIOIPOBOAHOCTH U3 cucTeMsl (9.11) npuHMMaer Bux

AT + v, = - (—k2 n d—2> oT. (9.13)
Pr dz?

Iosnyuennsie nBa ypasHeHus (9.12) u (9.13) misa v, u §7 HyXHO pemiath
C y4ETOM TpaHWYHBIX YCIOBHH Ha OTPaHWYMBAIOMINX >KHIKOCTH MIOCKOCTAX
(mpm 2z = 0 m z = 1). ByneM cumTaTh, YTO TEeMIeEpaTypa Ha TpaHHIE HOJ-
JIEPKUBAETCS MOCTOAHHOM, Tak uto §1'|,—¢,1 = 0. Uro Kacaercsi rpaHHYHBIX
YCIIOBHI AL CKOPOCTH ¥, TO MPEJIOI0KAM, 9TO TPAHHYHbIE TUIOCKOCTH SIBIIS-
I0TCA MICANBHO «IIAJKAMID), T. €. OTCYTCTBYET CHIIA BA3KOTO TPCHHUS KHAKOCTH

o Hux. [To3sToMy
dv, ' d?v,
dz 2=0,1 k dz?

=0.

KpoMe T0ro, 04eBHAHO, 9TO U U, | =0, 1 = 0. HeTpyaHo MPoBEpUTE, YTO PEIICHIe
ypaBaeHHH (9.12) m (9.13), yIOBIETBOPAIOIINX 3THM TPAHHIHBIM YCIIOBHSM,
HMEET BHA

0T = Asinnnz; v, = Bsinnnz; n=12,...

HOCHC HpOCTBIX BI:I‘II/ICJTeHI/Iﬁ yCHOBI/Ie COBMECTUMOCTH 3TUX ypaBHeHI/Iﬁ onpe-
JIETIAET 3HAUYEHUE \:

k‘2 2.2
y_ (F+niT) <1+L>i

2 Pr
B2 4 n2n2)2 2 5 B2 4 n2a2)2
A S
4 Pr (k-2_|-n27r2) Pr

Orctona BHAHO, 4TO Bo3MymeHus Hapacraor (ReX > 0), ecim umcno
(k* + n?r?)3 agL®(To —Th)

R F(k,n), tne R = ——y— — mcio Po-
nes. BoaMymieHHa ¢ pasHBIMH 1 ¥ Kk MMEIOT paslM4HBIC MOPOTH HEYCTOHYH-
BOCTH. [IpH 3a1aHHOM 7 «CAMBIM HEYCTOMYMBBIMY OKAa3bIBACTCSA BO3MYIICHHE

R=GrPr>
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¢ k = k., = nmy/2 (taxoe k cooTBeTcTBYeT MHHUMYMY byHKmmH I (k, n) Ko-

TOpOE HAYMHAET HAPAcTath, el R > R (n) = F(ky, n) = 27477147#1). Taxkum

obpazoM, ¢ pocToM gmcia R [Hanpumep, 3a cHeT YBeIUUeHHs Mepenaaa TeMiie-
paryp Mexay miockocTsMu Ty — 71)] paHblile BCero cTaHyT HEYCTOMYMBBIMU
BOSMYIIEHHA ¢ 7 = 1 W TOMepPeYHbIM BOJHOBBIM YHCIOM k| = 7/ L2 (3mech
MBI BEPHYIHCH K PAa3MEPHEIM BEIHMYHMHAM), a MOpoToBoe 9ucno Pates Ry, =
= 271 ~ 658,

Hrak, nopor BO3HHKHOBEHUSI KOHBEKIIUH B HECIKUMACMOM JKIJIKOCTH, HAaXO-
JUIIEHCS] B THIPOCTATUYECKOM PaBHOBECHH B IOJIE TSDKECTH, OIPEJIeIISeTCs Of-
HUM Oe3pa3sMepHBIM apaMeTpoM (Jucio Pames). DToT pesynsraT HMeeT IpocToil
Gm3HyecKmi cMBICT. DHEPreTHIECKUM HCTOUHHKOM KOHBEKTHBHON HEYCTOHUH-
BOCTH SBISIETCA YMEHBLICHHE MOTEHIWUANbHOM 3HEPTHH XHUIKOCTH B MOJE TH-
KECTH, BO3HHKAONIee MPH IMepeMemeHin ropsaeil (M cleaoBaTebHO, MeHee
TUTOTHOH ) )KUIKOCTH BBEPX, a XONOAHOH (u Oonee mwioTHOW) — BHES3. [1pu 3agaH-
HOM PaCCTOSHHN MEKIY INTOCKOCTAMHE L pa3sMep mepeMeniaeMbeIX TaKHM 00pa3oM
00BEMOB JKHJIKOCTH, OYeBHIHO, HE MOXKET OBITh OoJbIIe L, TOITOMY BBIHIPBIII
B moreHnuabHON dHeprun AWy, ~ Amgl, tne Am — pasHOCTh Macc THX
o6beMoB; A ~ ApL3 ~ apgL3(Ty — T1). B pesymsrate AWoor ~ apo(Ty —
—T1)gL*.

Tak Kak >KUAKOCTB SIBIIIETCSI BSI3KOM, TO TIPH TIEpEMEIEHUH B Hell Oyaet
HPOUCXO/IUTh AUCCUITALMS YHEPTHU. JIPYIrEMHU CIIOBaMH, AJIsI IEPECTAHOBKH JJIe-
MEHTOB JKHAKOCTH HY>KHO 3aTpaTHTh paboTy, paBHYIO AHCCHITIPYEMON 3HEp-
ruu. [losToMy s BO3ZHHKHOBEHHS! KOHBEKTHBHOW HEYCTOMYMBOCTH HEoOXoau-
MO, 9TOOBI BBIUTPHII B MOTEHIHAIBHOMU dHepruu AWyor IPEBBINIAT AUCCHUITH-
pyemyto sHepruo AW,,.. Tak Kak B HEC)KMMAeMOH BA3ZKOH JKHIKOCTH 0ObeM-

n { Ov; Ovg
10 AWye ~ QL3AL ~ nZ—ZLSL/U ~ povvL? (3necy At ~ L/v — xapakTep-

HOe BpeMs nepemenicHus ). Kak BUOHO, AMCCHITPYyeMast H3-3a BA3KOCTH SHEPTHA
AW e ~ povvL? mponopmuoHanibHa CKOPOCTH KHAKOCTH H, Ka3aloch Obl, MO-
JKET OBITh CKOMb YTOJTHO Manoil IpH yMeHbIIeHNH v. Ha caMoM Xe jiene ckopocTh
HIEPEMEILCHN HE MOXKET OBITh CITHIIKOM Majloif, ¥ OTPaHIUCHIE 31ECh CBA3AHO
C TEIUIOMPOBOJHOCTBIO KHUAKOCTH.

Hasi MOIIHOCTE JUCCHIIAIMA YHepruu () =

2
) (cM. 3amauy 8-1),

Beimie IIPpH OLICHKE M3MCHCHUSA HOTCHL[PIaJ'H:HOﬁ JHEPTHUH KUIKOCTH B IIO-
JIC TAXKCCTH HEABHO MNPCANOIArajocCh, 4TO MOCIC NCPEMCIICHHA TCMIICPATyPbI
(I/I, CIICA0BATCIBHO, HJ'IOTHOCTI/I) JJIEMEHTOB XXUIAKOCTH pPaBHBI CBOMM HCXOIHBIM
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3HaueHusM. Ho ecii mepeMenieHre MpOMCXOANT OY€Hb MEMICHHO, TO TeMIIe-
paTypa 3JIE€MEHTOB 00BEMa JKHIKOCTH BBEIPABHACTCA M3-3a TEILIOTPOBOTHOCTH
¥ HHUKAKOTO BBIMIPHIIIA B MOTEHIMAIBHON SHeprum He Oymet. [Tostomy mepe-
MeIeHHE JOJHKHO IPOUCXOIUTH J0CTATOYHO GBICTPO, T. €. 33 BPEMS, B TEIECHUE
KOTOPOTO TEILIONPOBOHOCTD €IIe He CHIIBHO CKakeTcs. U3 CpaBHEHHS KOHBEK-
THBHOTO (¥ NT ) ¥ TEITONpOBOAHO CTHOTO ciiaraeMbix (xAT') B ypasHenuu (9.9)
HOJIYYHM, YTO JUIS ITOL0 HEOOXOINMO, YTOOBI CKOPOCTH IIEPEMEIIEHHUS HKHIIKO-
¢t v GbuTa mocTaTouHO GoUbIIOi: v 2 /L. B 3ToM cilydae auccummpyemas
sueprust AWy, 2 povx L, Tak 4To BOSHUKHOBEHHE KOHBEKIINH OYyICT SHEPTETH-
YeCKH BBITOAHBIM, ecld AW,or ~ apo(To — T1)gl* > povxL, T.e. agL®(Ty —
—Ty)/vx > 1. Takum obpazom, umeHHO umcno Panes R = agL®(Ty — T4) /vy
onpeeNseT Mopor BO3HUKHOBEHHMS KOHBEKIIMU B HEC)KAMAEMOM JKH/IKOCTH.

9-3. Onpedenums 803MOICHBIE MUNbL YROPAIOUEHHBIX CIMPYKMYD (KOHBEK-
MUBHBIX SUEEK), BOSHUKAIOWUX NPU CAABOHAOKpumuyeckoi kongekyuu (R —
- Rxp < RKp)~

Ipu umcne Pames R, mpeBocxozsimieM Ryp, MPEXAE BCETO CTAHOBATCA
HEyCTONYMBEIME BO3MYIIeHus ¢ n — 1 u k) = ko = 7/L+/2 (cM. mpeapiaymyro
3agaqy). [loatomy mpu cnaboid HaIKPUTHYHOCTH, KOTAA 3TO MPEBBIMICHHE Ma-
710 (R — Rup < Rup), ABIKEHHE XIAKOCTH IPEICTABIAET COOOI CyIepIIO3HIIHIO
TAKUX CaMBIX HEYCTOIYMBEIX BO3MYIIEHHUI, TaK ITO, HALIPHMED,

v, = Sm% / Alky, by)e"Fr R (12 4+ k2 — k3 dky dly.- (9.14)

IIpu npowmssonsHOM BbIGOpe amruutyn A(ky, k) ABIKeHHE HAKOCTH Oyaer
CHJIBHO HeperyaapHeiM. W3 ombiTa, 0HAKO, H3BECTHO, UTO IIPH claboii Haakpu-
TUYHOCTH KOHBEKIUS KHIKOCTH MPOUCXOJNT YIOPSAOUCHHBIM 00pa3oM. B atom
Cllydae JKUIKOCTh Pa30UBAeTCs Ha OTACNBHEIC OJJUHAKOBBIC KOHBEKTHBHEIC sUeii-
KH, B K@KAOH M3 KOTOPHIX ABHXKECHHE HMAKOCTH IIPOHUCXOIMT HE3aBHCHMO OT
ocTanbHbIX. Takue KOHBEKTHBHBIE A4EHKH 00pa3ylOT Ha TOPH30OHTANIBHOH IIO-
BEPXHOCTH JKHIKOCTH HEPHOAUIECKYIO CTPYKTYPY (ABYMEPHYIO KPHCTaLIHYE-
CKYI0 PEIIETKY ). TaK KaK IIOKPBITh INIOTHO MJIOCKOCTh MOXHO JIMIIB IIPSIMOYTOJIb-
HUKaMH, IPaBUIBHBIMH TPEYTOJIGHUKAMU U eCTHYTOIbHUKAMH, TO ITH QUIypEI
HCUEPIIBIBAIOT BCE BO3MOXKHBIC (OPMBI KOHBEKTHBHBIX suceK. PaccMOTpHM Te-
nepb, kakoMy Habopy ammmryn A(ky, ky) B (9.14) cooTBercIBYeT Kakaas u3
TaKUX SYEEK, U ONPECTHM CTPYKTYPY T€UECHH KUIKOCTH B HUX.
IpsAMoyronbHBIM A4YEHKaM COOTBETCTBYET PEIIEHHE, MOMyYaroleecs B pe-
3yNBTaTe CIOXKCHHS JBYX BEKTOPOB B INIOCKOCTH (K, ky) ¢ ONMHAKOBBIMH aM-
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wuTyIaMu. J{el CTBHTENBHO, MyCTh €cTh ABa Bektopa (k1 U ko) AnuHEL kg € yr-
aoM « (puc. 9.2). Beibepem Tenepb HaIpaBIcHHE OCel (kx, k,) ykasaHHEIM 06-

pa3oM, Tak 4TO 121 = (ko cos , kgsin = ) kg = (ko cos &, —kgsin —) Torzma

2 ?
npu Ay = As = vg/2 BepTI/IKaJILHaﬂ COCTAaBJAOMAs CKOPOCTH U, B KUIKOCTH
3AMMIIETCA TaK:

Vo

v =5 sin T cos(k1z2 + k1yy) + cos(kezx + koyy)} =

= Yo sin 7TL—Z cos (kom cos %) cos | koysin %) . (9.15)

Yy
i | i |
S el i
I
_____________ - i | i i x
F, AT D i I
U
Puc. 9.2. basucuble Bekro- Puc. 9.3. TlpsmoyronpHble KOHBEK-
Pbl OPSIMOYIONbHBIX SYESEK TUBHbIE sIYCHKU

Kak crejyer u3 mony4eHHOTO B IpeIBIAYINCH 3amade peIieHus, MpH 3a-
JaHHOM k| TOPH3OHTaNbHAA CKOpPOCTb KUAKOCTH U1 || kL. [TosToMy B HaHHOM

ciryJae

L | v Ky
U =U1+ V0= —]%LL%J cos 2 {k_o sin(kize + k1yy)+

ks
+2 sin{koqzx + kgyy)}
ko

HIIH, TIOKOMIIOHCHTHO,

2
Vp = —’Uom cos T2 sin (kgm cos g) cos (kgy sin 9) :
koL L 2 2 (9 16)
_wsina/2  n, (k . a) . (k .« )
vy = Vo —p - cos TF cos (kowsin § ) sin ( Koy sin §
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N300pas3um Temepp Ha WIOCKOCTH (2, y) (pHc. 9.3) ropu3oHTaNbHBIE THHHA
TOKa (Uy, Uy) W MHHHY, TAE U, (z, y) = 0. Ha mTpuxoBaHHBIX IHHHAX v, = 0,
a )KHUpPHBIC JIHHUN CO CTPENKaMH H300pakaroT 0coObIe (CemapaTprucHBIe) IHHUN
TOKa B IUIOCKOCTH (2, ¥), COOTBETCTBYIOMINE IPAHALIAM KOHBEKTHBHBIX SEEK Ha
HOBepXHOCTH Xuakoctu (2 = L). Ha pucynke npuesto, 9o vg > 0, TaK 4to
3HaK (4) COOTBETCTBYET JIBIXKEHHIO JKUAKOCTH BBEPX, a (—) — BHU3. Sueiika
MIPeCTaBIAeT cOO0i IPSIMOYTONBHBIN NapauieNenurie] ¢ BEICOTON L 1 cTOpoHa-
v Az = 7/kgcos & = L—"— V2 Ayfw/kosm—*L.ﬁ (mpu @ — 0

2 cosa/2’ 2 sin /2
TaKas fUeiKa BEIPOKAAETCA B GECKOHETHYIO BIOMb Y MONOCY C IMHPHHON L+/2).
B cBoro ouepens kaxaas sueiika pasjengerca Ha 4 gactu (cM. puc. 9.3), B IBYX
U3 KOTOPBIX JKHJIKOCTH MMOJHUMAETCS BBEPX, & B IBYX APYTUX — OITyCKAETCS BHUS.

Kak BumHO w3 puc. 9.3, cocen-

HHUE SUCHKH OTIHYAIOTCA APYr OT Opy- k
ra obpalleHueM MOJ CKOPOCTEeil B Ofi-
HOH W3 HUX Ha IPOTHBOIMONOXHOE. Pac- k,
CMOTPHM TEHEpPh TPEYTONBHYIO CTPYKTY-
Py, Kora KOHBEKTHBHAS AU Ka MPEICTaB- . . k
aser cobOl MPH3My, OCHOBAaHHUEM KOTO- ;
POH sABISIETCS pPaBHOCTOPOHHUM TPEYIOIb-
HUK. B 3toMm ciydae pemieHne sBIACT-
csa Cynepnogguﬂfﬁ BO_?MymeHm)i ¢ Tpems Puc. 9.4. basucHble BEKTOPbI TPEYroJib-

BEKTOpaMu ki, ko U k3 (puc. 9.4): k1 = HBIX YEEK
= ko(O, 1), EQ = ko <_£’ _l>’ ES —

/3 2 2
= ko 5 —% , B TakuMmu amruiatygamu; Ay = As = A3 = —ivg. Toraa

u3 (9.14) cnenyer:

Uy = Vg sin W—I’/Z{sm koy + sin kg <§m — %) — sin kg <%m + %) }

V3 g V3 oy V3 oy
UmeOQ mcosf cos ko 79575 — cos ko 7m+§ ;

v m V3 Ly V3 oy
vy = 5 kOL {QCOSkOy cosk0<7m+§>—cosk0<7m—§>}.

IIpu 3TOM Ha MIOCKOCTH (X, y) TPaHUYHBIC JHUHHH TOKAa M JHHHUH C v, = 0
BBITTAAT CNEIYIOMUM oOpaszoM (puc. 9.5).
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Puc. 9.5. TedeHue XHUAKOCTH B Tpe- Puc. 9.6. T'ekcaronanpHble —sueifku
YTOIBHBIX KOHBEKTHBHBIX SUEHKAX Benapa

JluanH, HAa KOTOPHIX v, = 0 (IUTPUXOBHIE JINHAK HA PACYHKE), MPEACTABIA-
10T cO00H mpsiMbIe, pa30HBarONINE IUIOCKOCTD (X, ) HAa MPABHIBHEIE TPEYTONb-
HUKU €O CTOPOHOI 47 /kgy/3. B KaXIOM H3 HUX KHIKOCTh JMGO MOJHAMAETCS
BBepX (+), :mbo omyckaercs BHU3 (—). Ocobble TOPU3OHTANBHEIE JIMHAA TO-
Ka, COOTBETCTBYIOIIIE IPAHAIIAM KOHBEKTHBHBIX SIEEK Ha MOBEPXHOCTH 2 = L,
M300paKeHBI HA PUCYHKE TOJCTHIMH JIMHHAMH CO CTPEIKaMH, YKa3bIBAIOUINMH
HaIpaBJICHHE TEUCHUA XHAKOCTH. Kak BUAHO, Kaxaas sdeiika MpeacTaBiseT co-
60ii MPaBHIBHYIO TPCXITPAHHYIO IPU3My CO CTOPOHOM, paBHOi 47 /3kq. PasHo-
CTOPOHHHH TPEYrOJNBHHK B TOPHU3OHTAIBHOM CEUYEHHMH SYCHKU IENUTCA CBOCH
BBICOTOM Ha ABE MONOBUHBL IIpH 3TOM, KaK M B CIydae MPAMOYTOJIBHUKOB, CO-
CemHue SUCHKH OTIIMYAIOTCS IPYT OT apyra oOpareHueM T CKOPOCTEil.

Sldeiiku, mpeacTaBigONIAe COOOH IIECTHIPAaHHBIC MPHU3MBI (MX Ha3bIBa-
10T siueiikaMu Benapa), o06pa3yioT B TOPH3OHTAJIBHOI MIIOCKOCTH PEIUETKY H3
IPaBIWIBHBIX [IECTUYTONBHUKOB. OHA CTPOWTCA M3 TeX XKE¢ Oa3MCHBIX BEKTO-
poB I%, k2, K3, ato 1 TpeyronbHas pereTka, HO ¢ APYTHMH aMIDIATyIaMu: A =
= Ay = A — 3 = v llpu atom

v, = Vpsin E{COS koy + cos ko (ﬁx + %) +cosko (ﬁx - g) }

L 2 2
__ VB (VB oy
Uy = _Tk’o_L cos f sin kg 7:1: + 3 —+ sin ko —w - =

o

vy = — ——COS—{QCOSk0y+‘31n/€0<£1‘+ )—Slnk‘o(% —

nof

2%l "L

)}
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KapTuHa TedeHus >KHOKOCTH BHIIIAJNT TakK, Kak W300paskeHO Ha puc. 9.6. Ilpe-
JIeNbHBIE TOPU3OHTANBHBIE INHUK TOKA TaKHE K€, KaK U B MPEABIAYIIEM CIydae,
T. €. 00pa3yloT CHCTEMY MPaBHIBHBIX TPEYrOJbHHKOB. Ho Temeph OHM yxXe He
ABIAIOTCS OJJMHAKOBBIMH HM3-32 Pa3/IUYUsA B BEPTHKAIBHOM COCTABIAIONIEH CKO-
pocra. Jluann v, (z, y) = 0 upeacrasisior coboii B 3TOM Cliy4ae CUCTEMY H30-
JTHUPOBAHHEIX JPYT OT APYTra 3aMKHYTHIX KPUBBIX, IT0 CIy4aifHON IMpHYMHE OUYEHb
ONM3KHUX K OKPYMKHOCTSM (IUTPHXOBBIC JUHUM Ha PUCYHKe). BHyTpH HuX xug-
KOCThb ITOJHUMAETCA (MBI CIMTaeM, 9to vy > ), a BHe — omyckaetcs. Iloatomy
€MUHUYHBIM CTPYKTYPHBIM 3IEMEHTOM OKa3bIBAECTCA MPABHIBHBIH MIECTHYIOJb-
HUK B IUIOCKOCTH (', ¥), MMeommi ctopony 4m/3ko. KoHBekTHBHAA Aueiika
IpECTaBIAET COOOH IECTHTPAHHYIO MPHU3MY, B LEHTPANbHOW YacTH KOTOPOH
JIBMDKCHHE JKUIKOCTH HaIlpaBJICHO BBEPX, a BOIM3H TpaHMI] — BHU3. B oTinume
OT TIIPSIMOYTONBHBIX M TPEYTONBHBIX, BCE TEKCATOHHBIC TYCHKH OTMHAKOBHI.

9-4. Hatimu c6436 Mexcoy KOHBEKMUBHBIM HOMMOKOM Menia (HanpagieHHbIM
OM HUDICHEN NIOCKOCTNY K 8epXHell) U KUHEMUYECKOU dHepauell O8UNCEHUS JICUD-
Kocmu npu caaboi HAOKpUMUYHOCIU 05l KOHBEKMUBHLIX AY4e€eK KEaOpamuou
gopmbi.

KoHBekTHBHBIH MMOTOK TEIUIa ONHUCHIBACTCS BBIpaKeHUeM ¢¥ = pocl ¥, Tak
YTO MHTEpECYIOMas HAC BEPTHKAJNbHAA €r0 KOMIIOHCHTA ¢, = poclv,. Tak
KaK CyMMapHBIH BEPTHKAaIbHBIH MOTOK XUAKOCTH BHYTPH KaXXIOH KOHBEKTHB-
HOM A4YEHKW paBeH HYNIO, TO MONHBII KOHBEKTHBHBIH MOTOK TEIUIA B AYCHKE
€CTh BEJIMYUHA, KBAAPATHIHAS 10 aMIUIMTYe KOHBEKTHBHBIX BO3MYIICHH, () =
= f Gz dx dy = pocS{dTv,), tae 0T — cBsI3aHHOE C KOHBEKLHEH BO3MYILCHHE
TeMIEPaTypbl JKUIKOCTH, S — IUIOMAAb MONEPEIHOTO CEUCHHS TUEHKH, a CKOOKH
O3HAYAIOT yCpeqHeHNe 10 9TOMy cedeHHI0. Bemmanny 67" MOXKHO BBIPA3UTh de-
pes v,, UCOJB3Ys YpaBHEHHNE TEILIONpoBoaHOCTH 13 (9.10), mpudeM mpH ciraboii
HAJKPUTHYHOCTH MOXKHO HE YYHTHIBATH TaM BPEMEHHYIO IPOM3BOIHYIO OT 071 :

(T = Tq)
L

2L(Ty — Ty)

v
? 32y

2
= yAST = —x (kg + %) 6T, me OT =

(3meck yITeHO, UTO kg = 72 / 2L2). W3 pemenns mpenplaymiel 3a1aqn CIeIyeT,
YTO B CNy4ae KBaPATHOM sueliku ee pasmepsl Az = Ay = 2L, a BepTHKaIbHAas
CKOPOCTB, cortacHo (9.15), v, = vg sin{wz/L) cos(wx /2L) cos(wy/2L). O1cio-
(To — Tl)ng

3 sin®72/L, a KOHBEKTHBHBIIi
67"\

na cpasy HaxomuM, 4to (67v,) =
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TEIUIOBOM MOTOK
2713
2p0cvg L (To —T1) . 57z
= > sin
3y

2
- v
Kuneruaeckas sHeprus JBKeHHs B seiike Wy = [ L 02 av = % poviL?

(3nece mcnonbsoanel Gopmynsl (9.16) a1d vy W vy), TAK YTO OKOHYATENBHO
OTyJaeM
Q= —BC(TO — T)Wi sin? wz/L.
92y

durypupyiomas 34ech YCTaHOBUBIIaACA aMIUIMTyJa CKOPOCTH vy JIOJDKHA
OIIpeNIeNAThCS. U3 HeNMHEHHBIX ypaBHeHuil. M3 obmux coobpaxenuii cneny-
et [9, §26], uTo npu cnabol HaAKPHUTHIHOCTH (RfRKp < Rkp) BEIHYHMHA
Vo ~ /R — Rkp, TAK 4T0 KOHBEKTUBHEII TEMIOBOI MOTOK () ~ (R— RKp) (a0
TaK Ha3bIBAEMBIH «MSITKHI PEeXHM» CIaO0HAIKPUTHICCKOI KOHBEKITHH).

9-5. Oyenumb nomok menia 8 HAzpPesaeMoll CHU3Y HCUOKOCIU 8 pedcume
CULHO MYPOYIEHMHOU KOHBEKYUU, K020a 4ucio R, 3HauumeibHo npesviiuaem
nopo2ogoe 3Hauernue RKp.

B pexmnme TypOymeHTHOW KOH-

z . BEKIUHU TEPCHOC TEIUIa B OCHOBHOM
1
g:: R 00BeMe JKHIKOCTH 00eCTIEunBAETCS 3a

CUET €€ IBWXKCHHSA (KOHBEKTHBHBIH
HIOTOK TeIula, cM. 3a1auy 9-4), a mud-
(y3us Teruia (TeonpPOBOIHOCTD ) UT-
paet poib TONMBKO BONHM3W OTPaHNYH-
BAOIIHNX JKUAKOCTh IDIOCKOCTEH 2 =
= 0, L. TlostoMy ycpemHEHHBIH IO
Puc. 9.7. IIpodunb Temneparypst npu Typ- TypOYJICHTHBIM My IbCALIAM NPODUID

GyMeHTHOM KOHBEKIUH TeMieparypsl xuakocta T'(z) umeer
BHJI, KAYECTBEHHO M300paKeHHbI Ha

Fammm oo —

o
=

puc. 9.7.

TeMneparypa >KUAKOCTH IOYTH OJHOPOIHA BO BCEM 00beMe, a CKa4OK TeM-
neparypbt AT = Ty — T TIPOUCXOAUT B TOHKAX MPUCTEHOUHBIX CIIOSIX TOJIIH-
HOW 0 < L, rae TemnonpoBOJHOCTh UrPaeT AOMHHHPYIOMYIO pojb. [Ipu stom
BENMYKMHA 0 YCTAHABIMBACTCA TAKOH, YTOOBI MPUCTEHOYHBINA CITOW OCTaBaNCs Ha
HOpore BOSHUKHOBEHHA KOHBEKLHH (CM. 3a1ady 9-2), Tak 4TO COOTBETCTBYIOILEE
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yucino Panes

Rs ~ agd®(To — T1)/vX ~ Rup -
Mockonbky 4mcno Panes s Bcero oObeMa X HakocTd ecth R = aglL3(Ty —
—T1)/vx, orciona creayer, 4to

8 ~ L(Rip / R)'/°.

HcKoMBIH TTOTOK TEIIa MOYKHO TCHCpb OLCHUTH CIACAYIOIINM O6pa30M. Bonusu
TpaHUYIHBIX ITOCKOCTEH 3TOT MOTOK OMpeacaACTCA TCILTOMPOBOAHOCTBIO JKUAKO-
CTH, CJICIOBATCIBHO

dT (To—1)  (To—T1)

L7l S # 1 (R/Re)

Tak Kak MOTOK TEIIa B HEMOABMXKHOM KM IKOCTH (B OTCYTCTBHC KOHBeKI.II/II/I) ObLI

(To —T1)

6I>I, O4YCBUIHO, paBCH %T, TO PAa3BUTHC KOHBCKOHWH NPUBOANT K YCHIIC-

mmio terioniepenawn B (R / Rip)'/® pas.

9-6. Oyenump nOpPsOOK GeIUHUHBL Uy USMEHEHUS. CKOPOCIU OAHHO2O nepe-
Mewaioue2ocs 8 NPOCMPAHCMee dLeMeHma mypoyi1eHmHol JCUOKOCIU 6 meye-
Hie NPOMEJICYMKA BpeMeHU T, MAI020 HO CPAGHEHUIO C XAPAKMEPHLIM BpeMe-
nem T, ~ L/u dsuscenus 6 yenom.

IIpu passutoii TypOynenTHOCTH [9, § 33] XaoTHUECKOE NBIDKCHHE KHUIKO-
CTH TIpencTaBisier coOoi CYMEPIO3UIHIO BUXPEBBIX TEUEHHH Pa3INuHBIX IIPO-
CTpaHCTBEHHEIX MacmTaboB A. B wmHepumonHom wuHTepBaze Mg < A < L
(L — pa3Mep OCHOBHOTO TEYCHHS, A9 — MAacCIUTa0 ABIDKCHUH, TA€ MPOHCXO-
JUUT BsA3Kas TUCCHUITAINS SHEPTHU) XapaKTePHasi aMIUINTY/ia CKOPOCTU TaKUX BH-
xpeii vy ~ u(\/L)'/? — 3axon Komvoroposa -~ OGyxoBa (1 — CKOPOCTh OCHOB-
HOTO TedeHus1). PaccMOTpUM Teneph BIUSHUE JBIKEHUS C 33 1aHHBIM A Ha U3Me-
HEHHE CKOPOCTH BBIICICHHOTO 3MEMEHTA KHUIKOCTH. JTO BIUAHKE CYIIECTBEHHO
3aBHCHT OT COOTHOIICHHS MEXIY WHTEPECYIOIINM HAC BPEMEHHBIM HHTEPBa-
JIOM T W XapaKTepHBIM mepronioM jmmwkenus Ty ~ A/vy ~ Tr(\/L)?/3. Ec-
m 7 3> T (470 cnpaBeanvBo I JAOCTATOYHO METKOMACIITAOHBIX BHXpEi),
TO U3MEHEHHe CKOPOCTH v, () OyIeT, 09eBUIHO, TIOPSAKA aMILTHTY bl CKOPOCTH
TAKHUX JBIKEHHH v, (A) ~ vy ~ u()\/L)l/3. HaoGopor, B ciyuae, korja 7 << T,
(Gospiie \), M3MEHEHHE CKOPOCTH JIeMEHTa KHIKOCTH COCTABISIET JINIIH Ma-
JIYIO 4acTh OT IOJIHON aMIUIMTYAbL:

2
vy ~ oaT/T ~ %T()\/L)_l/g.
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Kak BMAZHO M3 TaKMX OLEHOK, HAMOOJBINMA BKIaJ B HCKOMOE H3MeE-
HEHHE CKOPOCTH ¥, OyAyT BHOCHTh TAaKHE [BHXKEHHUS, XapaKTEPHBIA MepH-
on KOTOpEIX T, ~ T, T.e. A, ~ L(T/TA)S/Q. Otcroga mogydaeMm, 4TO
vy ~ vy, ~ u(r/TL)1/2. Jlaunas oneHka BepHa 10 TeX MOp, MOKA T He CITHIIKOM
MaJIo, TaK 4TO COOTBETCTBYIOMIMH €My pasMep A, HaXOJUTCS €Il€ B HHEPITHOH-
HoM mHTepBane \. ~ L(7/T1)%/% > Ag. Bom we 7 < Tr(Ng/L)?/3, 10 Ha
TaKuX MPOMEKYTKaX BPEMEHH JIBIDKEHUE 3JIEMEHTA KHUIAKOCTH MMEET Peryisp-
HBIHA XapakTep, TaK YTO H3MEHEHHE €T0 CKOPOCTH U, ~ T.

9-7. Hadimu 3aK0H U3MEHEHUs 80 8peMeHI pACCTNOAHUA MENCOY 08YMS Olu3-
KUMU 9NeMEHNaML JICUOKOCH Npl ee mypOyIeHmHOM OBUIICEHUIL.

Ilycte B HEKOTOPHIE MOMEHT BPEMEHM J(Ba NIEMEHTA JKHAKOCTH OTCTOST
Jpyr OT Apyra Ha paccTOfHHM [, mpudyeM A\ < | < L. [ambHeiimee pac-
XOXKJICHHE ITHX 3JIEMEHTOB CBA3aHO C PasiMYHeM HX ckopocTeil. Jma oueHKH
IOCITEHETO PACCMOTPHM BKJIAJ, BHOCHMBI B HETO IBIDKCHUSAMH C Pa3JINIHBI-
mu macmrabamu. Ecmu A < [, o passocTh ckopocTeii v; ~ vy ~ w(\/L)Y/3.

Ecmm ke A 2 1, 10 vp ~ vpl/A ~ u%()\/L)*Q/S. Takum 06pa3oM, TIABHYIO

POJIb UrPAIOT BHXPH € pazMepoM A ~ [. PazHOCTB ckopocTeidl o3TOMy paBHa
v; ~ u(l/L)'/3. CoOTBETCTBEHHO 3TOMY PacCTOAHHE MEXIY ABYMS HKHIKHME

9NMEMEHTaMH GYIET M3MEHATBCA [0 TaKOMY 3aKoHy: dl/dt ~ v ~ %ll/ 3,
L

Ortcroga BHAHO, 4TO PAacXOXICHHE ABYX ONHM3KHX 3NICMCHTOB XHIKOCTH HMEET
CaMOYCKOPSIOMIMIICS XapakTep, MOITOMY Hepe3 HEKOTOpOe BPeMs PAcCTOSHHE
MEK/Ly HUMH Y)Ke He 3aBHCHUT OT CBOEI0 HaYaJIbHOTO 3HAYCHHS H YBEITHIHBACTCSI
no Takomy 3akony: [(t) ~ u3/2t3/2 /L1/2,

9-8. B mpybe ¢ paduycom a u oaunoll L cmayuonaproe meuenue Hecocu-
MAEMOU HCUOKOCHIY C NIOMHOCHIBIO p U BAZKOCMBIO 1) CO30Aemcsl Nepenaoom
Oaenenuti na Konyax mpyoer Ap. Haiimu pacxod scudxkocmu ¢ mpybe npu ma-
awix Ap, Ko20a meuenue 1amMuHapro U npu 6orbiom nepenade dasieHull (g pe-
JlcuMe CUnbHO mypOYIeHnHO20 medeHus,).

Ipu ycTaHOBHBIIEMCsI TaMUHAPHOM TeUeHHH U3 ypaBHeHust HaBbe — CTok-
ca (8.4) mist CKOPOCTH KUIAKOCTH v, (r) = v(r) MOMYYINM TaKOE ypaBHCHIE:

1d (,dv)_ Ap
Tdr \_ dr nL’
Ero pelleHie, KOHEUHOE BO BCEM CEUECHUM TPYObI M OGpAINAONICECs B HYIb

npu 1 = a; ectb v(r) = Ap(a® — r?)/4n L. Takum 06pasoM, IpoGHITE CKOPOCTH
B TpyOe momydaercs mapabommdeckum (puc. 9.8, a). Pacxon xunkoctu () (T.e.
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Macca KHUAKOCTH, TPOTEKAIOMIEeH Yepe3 MoMepevHoe CeUeHHe TPyObl B €IMHHLYY
BPEMEHH) B 9TOM CIIy4ac PaBeH:
a
Q =2mp / vrdr =

0

7Apat

L (9.17)
— ¢opmyia Ilyazeiins.

IlepeiineMm Teneps k cirygaro TypOy-
JeHTHOTO TedeHus. Ero yyioGHO omuckl- @ @
BAaTh B TEPMHUHAX IIOTOKA Z-KOMIIOHEHTHI
UMITYJIbCa Ha HAa MOBEPXHOCTH CTCHKH
TpyOBl (3T0 €CTh CHNA TPeHUs Ha egu- ~ 1T f =" > BT >
HUIly MOBEPXHOCTH CTeHkH) o. M3 Ga- =
naHca cun walAp = o2ral HaxomHEM,
910 0 = Apa/2L.TIpn 3a1aHHOM 0 pac-  pyc 9.8, TIpoQuie CKOPOCTH UL JIAMH-
MpeAcIeHNE CPEAHEH CKOPOCTH TECUCHUA  naphoro (a) u TypOyneHTHOro (0) Teue-
BOJIM3M CTEHKH OIFCHIBACTCS JIOTapug- HU KMAKOCTH DO TPyGe
MHYECKHM 3aKOHOM [9, §42]:

v(y) = %\/%ln (%ﬁ), (9.18)

TJ€ Yy — PAacCTOSHHE OT CTCHKH, a > — YHCIICHHAA MOCTOsAHHAA (3¢ ~ (,4). Ta-
KOl norapuMIIecKui mpoduib CKOPOCTH CIPAaBEANHB, MOKa Yy < ¢ M MOTOK
UMITYJIbCA SIBASAETCS MOCTOSHHBIM. OnHAKO MpH TYpOYJICHTHOM TEUYEHHH, KOTaa
upucio Peiinonbaca Re = av/v Benuko, ata GpopMyina qaeT IpaBHIbHBLH (¢ Tora-
PUPMHIECKON TOUHO CTHIO) PE3YNIBTAT U ANl OCHOBHOTO Ce4eHU TPYOBI. CBA3aHO
9TO C TEM, UTO YK€ IpH iy <K a crosee B (9.18) mox 3HakoM jiorapupMa BbIpa-
JKCHHE CTAHOBUTCSI MHOTO 60]'[];:]]16 CAUHHIIBI, TAK UTO norapn(bM MaJI0 MCHSICTCSL
TpY JanbHEHIIeM yBeTHIeHUH Y. JleliCTBHTENBHO, IPH Y ~ @ apTyMEHT JIOTa-
pubma ectb (a/v)\/aAp/2pL. C apyroii cTOpOHSBL, IPH TAMUHAPHOM TCUCHHH
XapakTepHas CKOPOCTb KHAKOCTH pasHa v ~ Apa’/pvL, Tak uto umcmo Peii-
Hobaca Re = av/v ~ Apa®/pv? L. Otciona BUAHO, YTO 1O MOPSAKY BEJIMIHHBL
apryMeHr Jiorapugma ectb VRe, a TaK Kak Hnepexon K TypOyIeHTHOMY TCUCHHIO
npoucxonut upu Re >> 1, 10 310T apryMmeHT Toxe Gosbmoi. Takum obpazom,
npu TypOyIEHTHOM TeUeHUH B TPYOe CPe/IHsIsI CKOPOCTH BO3PAcTaeT B IIPUCTEHOU-
HOM cJIO€ OT HyJIsl Ha caMoil cTeHke (rae Beipaxkenue (9.18) yxke He MPUMEHUMO),
JI0 HEKOTOPOI IMOYTH MOCTOSHHON BENWYMHE! (IIPOMOPIHOHAIBHON morapupmy
OOJIBIIIOTO YHCTIA).
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[To3ToMy B OCHOBHOM CEYEHHH TPYOBI CKOPOCTH XKHUIKOCTH MOYTH HE MEHS-
ercs (cM. puc. 9.8, 0) 1 paBHa

1 Apal a [alAp

>\l 20p "\ v\ 25L

COOTBETCTBCHHO ITOMY pacxoa ) XKUAKOCTH

9 Nwa2p alp ol alAp
Tz 2pL VAl 2pL

Q~oa"pv

O1MmeTnM, YTO €CIH B TAMHHAPHOM PEXXHUME PacXo/ )KHIKOCTH PACTET MPOMOPLH-
OHANBHO mepenany nasnerus (9.17), To npu TypOyseHTHOM Teuerunn () ~ /Ap,
¥ pacxoJ >KHAKOCTH MHOTO MEHBIIIE, 4eM OH OBbLT OB IPH JIaAMUHAPHOM TECUCHHH
(mpu TOM 3Ke mepenane aaBacHus Ap).

9-9. Oyenumv nPOCMpPAHCMBEHHBILL MACWMAD OBUICEHULL, 8 KOMOPBIX NPO-
UCXOOUM G3KASL OUCCUNAYUST dHEpeul, Ol OCHOBHO20 cedeHus mpybvl 6 pac-
cMOmMpeHHOM 6 npedbldyueli 3adaye mypOyIeHmHOM pedicume.

Jlns OCHOBHOTO cedeHust TPyOBI mepemnaj cpeaHell CKOpOCTH TEUeHHs pa-
BCH, [0 TOPSAKY BEMMHHEL, /0 /p ~ \/aAp/pL. Tlostomy kpynHOMacmTas-
HBIC MyJNbCAIMK HMEIOT 37€Ch XapaKTEPHBIH pa3Mep ¢ W aMIUIUTYAY CKOPOCTH
u ~ v/alAp/pL. Torna, contacHo 3akoHy Kosmoroposa—O0yXoBa, B HHEPIHOH-
HOM HHTEPBaJIc IMeeM

A\ 1/3 alp [\ 1/3
b ~ula ~\ oL \a) -

HekHas TpaHHLa HHEPLUEOHHOTO MHTEPBaNa (o), [Ae CTAHOBHUTCS CYIIECTBEH-
HOM BA3ZKOCTE KHIKOCTH, OMpEIENAeTCs TeM, YTO AN ABIXKEHHH ¢ TAKHUM Mac-
mTaboM COOTBETCTBYIOIIEE YHCIO PeiiHombca mopsiKa eUHUIIB,

1/2 1/3
alp A A
Re(A) ~ tagho/v ~ (—pL ) (—) 7~

Orcrona moJry4aeM, 4To
3/8
v2pL

a’Ap
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§ 10. 3ByKoBbBI€ BOJIHBI

B muHeliHOM (aKycTH4eckoM) MPUOIHKCHHH PaclpOCTPaHEHUE 3BYKOBBIX
BOJIH B CPElic ONMHCHIBACTCS BOJIHOBBIM YPaBHEHHEM I IOTCHLHAa CKOPO-
e (¥ = —V),

ot

ot?
I€ CKOPOCTh 3BYKa Co OMPEICIACTCS aInadaTHIecKoil C)KNMAeMOCTBIO BEIIle-
CTBa,

—cEAp =0, (10.1)

2 P
cg = (Op/0p)s.

Jna Gerymieil BOMHEI, paclpocTpaHAIomeiicsa B HalpaBIeHNH, 3a1aBacMOM
EUHHYIHBIM BEKTOPOM 77, 3aBHCUMOCTh OT (¢ OT KOOPJHHAT M BPEMEHU MPHUHH-
MaeT BH[

o, t) = f(r- 1 — cot). (10.2)

B aToM ciy4ae BO3MYLICHHS ITOTHOCTH W OaBieHus B cpere (dp U Jp) OOHO-
3HAYHO CBS3aHBI CO CKOPOCTBIO ¥ = 7iv:

§p = pv/co; dp = pucy; v=—f. (10.3)

[Tpu 3TOM MIOTHOCTH 3HEPTHH E, MOTOK 9HEPTHH ¢ ¥ TCH30D IIOTHOCTH TIOTOKA
nMiynsca 11;;, cBsi3aHHEIE ¢ paclpocTpaHEeHUEM B cpele TaKOH BOIHBI, PaBHBI

E = p?% 7 = coEf; I, = Engng. (10.4)

10-1. Onpedenums Ogudicenue, BOHUKAIOUEE 8 UOEATLHOM (8 CMbICae OmM-
CYMEmeus, QUCCUNAYULL) CHCUMACMOM 2a3€, eCTL 6 HAYWIbHbIL MOMEHM 8 HeM 3d-
OaHvl 00HOMepHbIe pachpedenenus ckopocmu vy () = u(x) u dasnenus p(x) =
= po + a(z). Cuumams, umo a(x) u u(x) obpawaromes 6 wyw npu x — +00
U QOCMAMOUHO MATTbl, MAK 4MO NPUMEHUMO AKYCMUYECKOe NPUBIUdICEHUe.

OueBHIHO, YTO W JalbHElillee ABIKCHIE ra3a OyIeT OTHOMEPHBIM, Clie-
JOBATENBHO, THHEAPU30BAHHBIC YPABHCHHNS HEMPEPHIBHOCTH M ABIKCHHUA 3aIli-
yTCes TaK:

0dp ov ov Oop

90 0u . v _ 9. 10.5

o Por % P T o (10.5)
Tac 6p u 5p — BOSMyH_IeHl/IX INIOTHOCTU U I[aBHeHI/[}I, CBsI3AHHBIC yCHOBH'

eM MOCTOsHCTBa dHTpormH, d0p = (Op/0p)sdp = c3dp, co — CKOPOCTH 3BY-
ka. U3 (10.5) mns ckopoct rasa v(x, t) MOTyYaeTcs BOJHOBOEC YpaBHCHHE
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0?0 /0t — c30%v/0x* = 0. Ina HaxOXkIeHHs €ro OOIIEro PEeIleHUs BBENEM
BMECTO Z M | HOBBIC HE3aBHCHMBIC MEpEeMeHHbIEe { = X — ¢t U 1) = X + Cot.
Hetpynso mpoBepuTh, 9TO B MEPeMEHHBIX (£, 7)) BONHOBOEC YPaBHCHHE MpH-
Humaer Bun 9%v/960n = 0. TlosToMy ero obmee pelleHHe BBIISANT Tak:
v(&, n) = f(€) + g(n), tne f u g — npoussonbusie QyHkimu. Bo3epamasicn
K IIEPEMEHHBIM I | {, IOIyIUM

vz, t) = f(x — eot) + glx + cot).

Bun ¢yEkumii f u g onpenensiercsi HaualnbHBIMH YCIOBUSMH IpH ¢ = 0, Ko-
rma v(x, 0) = u(z), a

_ 1 op(z, 0)

()] 1
P Ox p

ot

da
dz’

t=0

Orcroma cneayer, uro f(x) + g(z) = u(x),

(% A\ lda
Ndz  dz 0dx

Tak kak npu & — 00 v(x, t) u a(x) obpamuatorcs B Hylb, 10 g(x) — f(z) =

_ 1
= *ma(m), ¥ OKOHYATENBHO MOIyYaeM
vz, t) = %[u(m — cot) +u(z + cot)] + —2010p [a(z — cot) — a(z + cot)]. (10.6)

10-2. B sicudxocmu pacnpocmpansemcs: NA0CKAas BOAHA CHCAMUS ¢ MAKCU-
MATbHBIM OAGLECHUEM Dy, U OMUHOU uMnyIbca |. Jasnenue 6 Hell hadaem auHell-
HO OM MAKCUMATLHOZO C680€e20 3Hauenusi 0o Hyaa. Ilpu nooxode maxoii 601HbI
K C80D0O0HOU NOBEPXHOCMU (KOMOPAs Npeononaeaemcs napaniensHoll nioCcKo-
cmu OponmMa) BOIHUKAEH BOIHA PASPEICEHIUS, CO30AIOUAS 8 IHCUOKOCHIU OMpPU-
yamenvrvle oasnenus. Ecny maxas ompuyamenvHas naz2pyska npesvliiaem no
abcomomHoll 6enyuHuHe 3HAYEHUE Dyp, MO NPOUCXOOUM PA3PBIE JCUOKOCIU (6Te-
Hue omxona). Cuumas npUMeHUMbIM AKYCImuYecKkoe npubnusicenue, onpeoeiums
CKOTBLKO C0€8 HCUOKOCTU OMOPBEMCS 1 KAKOU Oy0em monyuna Omopeasuuxcs
cnoes, eciu Py = NPyp (M — Yeroe 4ucio).

Tak xak gaBiieHHE JKUIKOCTH Y CBOOONHOH MOBEPXHOCTH NOKHO OBITH
paHO HyJIO, TO B MOMEHT, KOIia (pOHT BONHBI CXKaTHA MOIXOMMT K ITOH MO-
BEPXHOCTH (IycTh 3T0 OyzmeT mpu ¢ = (), B 0OpaTHOM HAIpaBICHUH HAYUHAET
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F p
A m
CxaTue ’i c
: ()
1
1
I 1 Om T O e T
R S g < e
.
T Paspexenue
<
[_Q: —Pu

Puc. 10.1. CnoxxeHue UMIYJILCOB CXKATUS U PA3PEKEHU

PACTIPOCTPAHATHCS BONHA PA3PEKEHHS, IPHIEM MPOBIIL JaBICHHUS UMEET B HEel
nporuBononokHbI 3HaK (puc. 10.1). Tak kak oGe BOJHBI PAcCHPOCTPAHSIIOTCS
C OMUHAKOBOM CKOPOCTBIO, PABHOM CKOPOCTH 3ByKa Cp, TO B MOMEHT BpeMe-
uu ¢ = [/2ncy na paccrosHuM |x| = [/2n OT rpaHALBI CyMMapHOE IaBICHHE
B JKUJIKOCTH OYIET PABHO —Pyy = —Ppm /N, T. €. IPOUBOHAST OTKOI CIIOS JKUJIKO-
cre TomuuHo § = [/2n. [Tocne 510ro Ml BO3BpAIAeMCs K HCXOAHOM CHTyaruu
C TEM JIMIIb OTIUYUEM, YTO MAKCUMAIBHOE JaBIEHHe B BOIHE CHKATHS PABHO Te-
meps pl, = (n — 1)Pxp. l09TOMY HONHOE YMCIO «OTOPBAHHBIXY CIOCB BymeT
PABHO 71, ¥ KQK/IBIA U3 HUX HMEET TOImuuy § = [/2n.

10-3. Monoxpomamuueckasi 38yK08ast 6OAHA, PACHPOCMPAHAIOWASICS 8 HCUO-
KOCHU € HAOMHOCMDBIO P1 U CKOPOCIBIO 38VKA C1, OMPANCACTNCS HO HOPMAIU O
epanuybl pazoena dMMou HCUOKOCHU C Opy2oll JHCUOKOCIBIO, uUMeioujell niom-
HOCIb p2 U CKOPOCMb 36yKa Ca. Hatimu cpedwioio (no epemenu) cuiy oagnenus
HA eQUHUYY NI0OWA0U SPAHUYbL PA30eid HCUOKOCHEN, eClu CPeOHsIsi NAOMHOCMb
NOMOKA dHepauU 8 nadaroujell 36yK08oU 80IHe PAGHA (1.

[Mocne oTpaskeHust B KUAKOCTIX OYIyT pacupoCTPaHsITBCS TPU MOHOXPOMA-
THUYECKHE BOJHBI C YaCTOTON w, paBHOH yacToTe majaromed Bonusl (puc. 10.2):
[13/Af0NIas U OTPAKEHHAS BOJHBL B )KUIKOCTH 1 U IIPEOMIICHHAS BOJIHA B XU~
koctu 2. O003HAUMM AMIUTUTY/IBI UX IIOTEHIHAIOB CKOPOCTH COOTBETCTBEHHO
yepes A1, As u As, nomydaum

Y1 = Aleiw(iéit); P2 = Ageiw(éit);
p3 = Agei“)(é*t) i

3}1605 HCIIOJIE30BaHA CBA3b BOJIHOBBIX BEKTOPOB 3BYKOBBIX BOJIH M HX YaCTOT
k = win/c (1l — eAUHHYHBIA BEKTOP B HALPABICHUH PACHPOCTPAHCHUS BOJIHEL).
Ha nosepxuoctu pazgena (npu z = () ZOIDKHEL OBITh PaBHBI U3MEHCHHS aB-
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z JeHUT 1 HOPMAJIbHBIE KOMIIOHEHTBI CKOPOCTH B 00e-
MX CPEZax, 4To ¥ MIO3BOIISIET CBA3ATH AMIUIUTYBI OT-
P (’Dll T"SZ paxennolt (As) u npenomieHHo# (As) BOMH ¢ am-
MUTATYA0H Mafaroei BoyHbl A; . V3 iuHeapu3oBan-
0 T HOro ypaBHeHus ABuwKeHUS pOv/0t = —§5p Haxo0-
lap; JTUM BO3MYIIICHUE JTABICHU 0P B 3BYKOBBIX BOJHAX:
P € 0p = pOp/0t = —iwpyp. Tlocne 3Toro rpaHuIHbEe
VCJIOBUS IIPUBOJIAT K TAKUM PABEHCTBAM:

Puc. 10.2. Orpaxenue 3By- iwpl(@l + @2)‘z:0 _ iwp2993|z:0;
KOBOI‘//I BOJIHBI OT FpaHl/lLLbl

pasiena XHIKOCTH Op1 | Op2 _ O3
0z 0z 0 0z

2=0

Ortcrona ciefyer

C2p2 — €101 2¢2p1
A=A ———— =A— 10.7
27 e+ cap2’ Yeipt + capa (10.7)

3 =

B cBoto ouepens ammuTyaa A BeIpaXkaeTcs 4epe3 3aJaHHbIA MOTOK SHEPTHH (1,
cormacHo coorromeHuaM (10.4):

2

= apd = 52 A (10.8)

Hckomoe naBieHne p HA TPAHKLLY pa3aena KujKoCTed paBHO CyMMAapHOMY H3Me-

HEHHIO II0TOKA 2-KOMIIOHEHTHI HMITYJIbCA B 3BYKOBBIX BONHAX. B paccmarpusae-

MOM 3/1€Ch CITy4ae HOPMAJILHOTO MaICHUS BO BCEX TPEX BONHAX OTIMYHA OT HYJIA,

cornacHo (10.4), TMIIF KOMITOHEHTa TeH30pa MoToka umiyibea 11,.. TlosTomy

JaBIEHUE D — Hglz) + ngz) — H,(zz). HWcnone3ys Belpaxenue (10.4) u coorHOmIE-
and (10.7), (10.8), momyanm

_ 2q1 (c1pi + 3p3 — 2p102¢7)
“ (c1p1 + c2p2)?

10-4. B npsamoii mpybe onunoii L, 3axpvimoti ¢ 060ux koHyos u ycmaros-
JIEHHOTI 8EPMUKATLHO 8 NONE MANCECTU §, HAXOOUMCS UOedTbHbIl 2a3 ¢ meM-
nepamypoii T'. Monexynsapnas macca 2asza (i, nokasamens aduabamot vy. Halimu
yacmomol COOCIMEEHHBIX KONCOAHUT 8 OMCYMCINEUe QUCCUNAYUU.
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B COCTOSHMM pABHOBECHs NABIEHIE Ta3a MEHSETCA C BBICOTOM MO 3aKO-
Hy dp/dz = —pg. Bmecte ¢ ypaBuenueM coctosuus p = RpT/p 310 maer
M3BECTHYIO 6apOMETPUYECKYIO (GOPMYITY IUTS PacmpeAeieHus WIOTHOCTH i JaB-
nenust: p = pgexp(—z/h); p = RTpou~ exp(—z/h); h = (ug/RT)~!. Tipu
BO3HHUKHOBCHUH MPOJIONBHBIX KONCOAHUH ra3a MOABIOTCA BOSMYIIEHHS TLIOT-
HOCTH Op(2, t), maBneHust 0p(zt) u ckopocts vy(z, t) = v(z, t). Jluneapuzys
YPABHEHHUs HENPEPHIBHOCTH, JIBIKEHUS U COXPAHEHUs SHTPOIIMH U CYUTAsA BO3-
MymeHus &, §p U v ~ exp(—iwt), momydaem

“iwdp + L (wpge /M) = 0; (10.9)
0z
—iwpge /My = —88—65 — gop; (10.10)
ds _ Js 85 R
@t ot VoL SRR
OTKy/Ia
. [dp o (P

Beipakas temeps dp u dp uepes v ¢ momorneio ypaeaenui (10.9), (10.11)
U moACTaBiAA 3TH BeIpaxkeHHa B (10.10), HeTpymHO MONyYIHUTH, YTO BENHYU-
Ha u(z) = v(z) exp(—z/h) yIOBIETBOPSET CEAYIONIEMY YPaBHEHHIO:

d? d
—ou = L g,

tie co = (YRT/u)'/? — cropocts 3ByKa B rase. Tak Ko3(QHUIMEHTH 3TOTO
YPaBHEHHUS He 3aBUCAT YiKe OT Z, eT0 PElIeHIe MOKHO HCKATh B BUe u(2) ~ e?F?,
OTKyJIa CITEYeT, 4To

k = ivg/2c5 £ \/w2/03 — 7262 /4cp.
IMosToMy obree ero penieHue

_ 2 5 2/02_~N202 /404 _ 2 s 2 /02 _~2g2 /403
’U',(Z) — Ae 'ygz/2c(,ezz\/w /e5—v2g92/4ch + Be 'ygz/2c0€ izy/w?/cg—~2g /4c0‘

W3 rpanuunoro yenosust u(0) = 0 cneayer, uto B = — A, a Bropoe rpaHuvHOe
yeuosue 4 (L) = 0 oupeyiensier cobeTBeHHbIe 9acTOTHL KosteGaruii cTonba rasa:

\/w2/c%—v292/403:n7r/L; n=1,2,...,
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OTKyZa
Wy = (wg + w§)1/2,
e wy = vg/2co, wp = nmeg /L.

U3 3TOTO BRIpasKCHUS BUAHBI JABA PA3THYHBIX MECXaHH3MA TAKAX KonmeGauui
ra3a. [lepsas uacrora, w,y, 00s3aHA TPAaBHUTALMI, B TO BPEMSA KaK BIOpas, Wy,
OMKCHIBACT CTOSMHE 3BYKOBBIC BOJIHBI CBA3AHHBIC C IABNICHUEM Ta3a. OTHOMICHHE
3TUX 9ACTOT, Wg/wp ~ L/nh. Ilostomy npu L > h Momet ¢ n < L/h ects
rpaBUTAMOHHBIE KONeOaHus (g-MOAbI), & 3BYKOBBIC (p-MOJIBI) COOTBETCTBYIOT
BBICOKHM 00epTOHAM:

n>L/h> 1.

BeprukanbHOe pacipenencHie CKOPOCTH I'a3a [MPH 3TOM €CTh
v(z) = voe*/* sin(nmz /L),

TaK 4ro npu L > h aMmmuTyga xomeGaHui CKOPOCTH Ta3a CHIBHO HAPACTaeT
B BEpXHeil gacTu cronda, rjae Maja INIOTHOCTh rasa.

10-5. Oyenums dexpemerm «paduayUOHHO20» 3AMYXAHUS MAABIX PAOUATb-
HbIX Konebanutl nysvipbka 2aza paduyvcom R (noxaszamenv aduabamwr caza ),
HAXOO0SUe20Cs 8 UOCATLHOU HCUOKOCU ¢ OUGIEHUEM D U NIIOWMHOCHBIO .

Pagmanmonroe 3aTyxanne KONeOAHNHA Ta30BOTO My3BIPHKA CBA3AHO C MOTE-
PSIMH SHEPTUH, BOIHUKAOLUIMME H3-3a M3MYUCHUS UM 3BYKOBBIX BOJNH (TaKOE U3-
JyYeHUE BOZHUKACT MPHU YIETE KOHEUHOH CIKMMAEMOCTH YKUAKOCTH). J[7s oneHKu
npeanonoxum (u 310 OymeT MOATBEPKIEHO MOTYUCHHBIM HIKE PE3YJIBTATOM),
YTO TAKOE 3aTyXaHHUE SIBISCTCS CHAOBIM, T. €. ero AeKpeMeHT [’ < w — 4acTOoThI
KoJieOaHuit.

Kak 6vut0 monyueno B 3amaue 2-6, w = (3vp/pR%)Y/2. B mecxkumae-
MOi KUJIKOCTH TPH H3MEHEHHH DPajuyca Imyssipbka 1o(t) = R + ae™ ! pos-
HUKAET TEUCHHE CO CKOpOCTBIO v, (T, t) = wv(r, t) = —iwaR?e ™ /r?, 1ou-
HO «OTCIEKHBAIOLICE» BO BCeM 00beMe JKHIKOCTH M3MeHeHde pammyca ro(t)
(B HEC)KUMAEMON KHIKOCTH CKOPOCTh 3BYKa ¢ — 00). [Ipu yuere KOHEYHO-
CTH ¢( TAKOE IIOJIE CKOPOCTEH yCIeBACT YCTAHOBUTECS JUIIb HIPU I S T4 ~ Co/w
(370 Tak Ha3eIBaeMas «KBA3UCTAIMOHApPHAas» 30HA). Ilpu r > r. (B «BONHO-
BOI» 30HE) JBWKEHHE >KHJIKOCTU IPECTaBIAeT coboil chepuduecku pacxoss-
[IMEeCsi 3BYKOBBIC BOJHBEL [l03TOMY Ha rpanuie >Tux obmacreii (mpu r > 1)
AMILTATY/I2 CKOPOCTH 3BYKOBOH BONHBL U, ~ v(ry) ~ waR?/r?. 3nas Be-
NMUYUHY Uy, HETPYOHO MOACYUTATH MOTOK HEPTHU S, YHOCHMBIA 3BYKOBBIMH
ponuamu. Tak Kak cormacro (10.4), MIOTHOCTs MOTOKA SHEPTHH ¢ ~ CopU2,
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10 S ~ qr? ~ peow?a®R* /12 ~ pwra®R*/cy. Nexpement saryxamusa ' ~ S/e,
Tle € — dSHEprHs KOJNEOAHHM, KOTOpAas IO MOPSAKY BENHUMHBI PABHA KHHE-
THYECKOH DHEpruu >KHAKOCTH, KoNeOmomelics BMecTe ¢ My3bIpbpkoM. Tak uto

x
e~ [pv?dV ~ [ pw?a®R*dr ~ pwa®R3. Orciona ' ~ S/e ~ w?R/cq. O1-
R

momenue ['/w ~ wR/co ~ (3vp/pcd)'/?. Tak Kak CKOPOCTb 3BYKA B KHJIKO-

et ¢g 3> (p/p)'/2, 10 Beerna I'/w < 1, T. €. pagHaHOHHOE 3aTYXAHHE TAKHX
KOJeOAHUH JEHCTBUTENBLHO ABIAETCH CIAOBIM.

10-6. Havimu OexpemeHm 3amyxXaHusi 36YKOGbIX GOJH 6 UOedbHOM 2dse,
06y C061eHHO20 MENIONPOGOOHOCBIO 2a3d. MoneKyIApHasa Macca 2a3a pagua |4,
nokasamens aouadanovl vy, KOIPQuyUeHm menionpo8ooOHOCHU .

PaccmoTpuM MITOCKYI0 MOHOXPOMATHUECKYO BONHY, paclpOCTPaHAIOMIYIO-
¢ BIOJb OCH Z. Torxa BO3MyMIEHWE IIOTHOCTH 0p, AABJICHUSI 0P U CKOPOCTDH
raza v, = v OpOnOpUUOHAIBHBEL exp(ikz — twt), TaK YTO NTMHEAPH30BAHHBIC
YpaBHEHUS] HENPEPHIBHOCTH, JABWKSHUS U U3MEHEHUs] SHEPTUU SHTPOIUH 3allHi-
OIyTCS TaK:

—iwdp + tkvp = 0; twpv = ikop;

. (10.12)
—iwpTds = 6QQ.

3nech § s — U3MEHEHHE SHTPOIUH EIMHULIBI MACCH Ta3a, a 0() — 00beMHOE BhIze-
JICHUE TETIA BCIEACTBHE TEITOMPOBOAHOCTH. TaK KaK SHTPOMHUS S €IUHHULIBI MaC-

ﬁ In(p/p”),

a quccHnupyeMas B equHHLE 06beMa sueprust 0Q = div(VT) = »xAT =
= —k2567T [6, § 43], To u3 ypasuenuii (10.12) cieayer

CBhI UACAJBHOIO ra3a C IMOKa3arcICM a[[I/Ia6aTLI 7Y paBHA S —

w2

ﬁ;

; R op 50) 2
—twplT ———— (— —~y— ) = —k“x6T.
py=D P P

op =

HWcnons3yst ypaBHEHHS! COCTOSHII HACAILHOTO rasa, p = RpT /u, noxyaum
creayromee JUCIePCHOHHOE YPABHEHHNE, CBA3BIBAIONICE YACTOTY W ¢ BONHOBBIM
BEKTOPOM k:

W ke -Vy
k2c? k25 —iwpR/pu(y — 1)

¢t =/ p- (10.13)
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31eCh HET HEOOXOANMOCTH PELIaTh YPABHEHHE TPETHErO MOPsAKA IS OTpe-
JeNeHns w, TaKk KaK B OONacTH MPUMEHUMOCTH HCXOTHBIX Ta30JHHAMITYCCKUX
ypaBHEHHH 3aTyXaHue 3ByKa siBAercs cnabbiM (cM. Hioke). [loaTomy uwactoty
BOJTHBL W MOXHO TIPEJICTABUTEL B BHIE w A kcg — i1, TIe JeKpeMeHT 3aryxa-
ausi [ < kcp. COOTBETCTBEHHO TOMY BO BTOPOM CIIaraéMoOM B TIPaBOi ua-
ctu (10.13) cneryer cunrars KO3(hOUIHMEHT TEIUIOIPOBOIHOCTH MaJIBIM, TaK H4TO
B 3HAMEHarelie UM MOXKHO IIpeHeOpeys U HON0KUTE TaM w ~ kcg. Torna cpasy
cienyer I' = (v — 1)2uk?5/2vpR.

[puBexem Temepb OLCHKH, TOKA3BIBAIOMINE, YTO 3aTyXaHUE NCHCTBHTEID-
HO siBJIsIeTCS cnabbiM. B razax ko3 duument rermnonposoguoctu » ~ Ropvrl/p,
rae | — anuHa cBodoaHOTO Ipobera MoJIeKyJI I'a3a, a v — HX TeIIOBask CKOPOCTb.
IMosromy otromenue I'/kcy ~ vrkl/co ~ vpl/coA (A — nnuna Bosmsn). Tak kak
CKOPOCTB 3BYKa B Ta3e ¢y ~ v, TO 9T0 OTHOIICHUE ITOPS/KA [/ A\, X OHO IIpeIo-
JNAraeTcs MaJbIM [0 CAMOMY CMBICITY MAKPOCKOMMYECKOTO OMHUCAHUS TOBEICHHSA
rasa YpaBHCHUAMHA Ta30TMHAMUKU.

10-7. Haitmu dexpemenm 3amyxanus 36yK06biX G0JH, CEA3AHHBIX C NPUCYN-
cmeuem 6 HCudKOCmuU HebOTBLULO20 KOTULECHEA 2A306bIX IY3bIPHKOE.

PaccMOTPHM KHAKOCTS ¢ XAOTHYCCKH M, B CPEIHEM, OTHOPOIHO PaCIpee-
JIEHHBIMH B Hell Ia30BBIMH ITy3bIpbKaMH. [locnennne ynoGHO XapaKTepU3oBaTh
uxX QyHKImeil pacupeneseHus no pasmepam (pamuycam) f(r), tak aro f(r)dr
€CTh YUCJIO TY3LIPBKOB B CUHUILIC O6LeMa, UMECIOMIUX DPAUYC B HUHTEPBAJIC

oT r 10 r + dr. By#aem cuurarh XapakTepHbIl paauyc my3sippko R (R =
o >

= [ frdr/ [ fdr) maneiM no CpaBHEHHIO CO CPEIHHM PACCTOSHHEM | MEKIY
0

. -1/3
wame (| = { If dr] ). Ilpu pacmpocTpaHeHHH B TaKOW cpene 3BYKOBBIX
0

BOJIH C JUTHHOH BOJHBI A >> | Cpe/ly MOKHO PacCMaTpUBATh KAK «CILIOMIHYIOM
U TOJIB30BATHECS MAKPOCKOIUYECKHUMH YPaBHEHUAMU ISl CpeqHux (1o o0bemy
C pa3MepoM, MANBIM TI0 CPABHEHUIO C A, HO OOJNBIINM IO CPABHEHHIO C [) BENH-
yuH. [Ipu TakoM moaxone /uisl MIOCKOW 3BYKOBOH BOJNHEI MAJNOW aMIUIATYABI W3
NMHEAPU30BAHHBIX YPABHEHUH HEMPEPHIBHOCTH H ABIKCHHA CIEAYET, UTO

9 v _ . v _ 9
HIIN
0? J

o0 = s tom).
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3necs (dp) u (dp) — ycpemHeHHBIC B YKA3aHHOM BBILIEC CMBICIE BO3MYIICHHS
IUIOTHOCTH M JIABICHHS, & () — CPEeAusst INIOTHOCTh Cpefbl, paBHas po(l — ),
x

00 — TIOTHOCT KUAKOCTH, & (v = %w [ fr3dr ~ (R/l)> < 1 — ponst 06b-
0

eMa, 3aHUMAEeMOTO Iy3BIPhKaMHA (MIOTHOCTHIO Ta3a B HUX MOXKHO IIPEHEOpeds).
Haiinem cBs3p mexay (dp) u (0p). B OTCyTCTBHE My3BIPBKOB UMEEM IPOCTO
5p = dp/c2, tne ¢y — CKOPOCTH 3BYKA B UHCTOH KHAKOCTH. Teneph ke BO3MY-
ICHUST JaBICHHUS TPHBOIAT K M3MEHCHUIO pajnyca My3bIpbKOB &, (TaK KaK MpH
3aIAHHOM BO3MYILICHUH JABICHHS dP 3TO H3MEHEHHIE 3aBUCUT OT 7', MBI IOMEYAEM
ero uuaekcoM 7). IlosToMy mpu MasBIX (v MOXKHO 3aIHCATh, UTO

00) = 2~ apy [ s
0

0

rae U3MCHEHHE Paanyca ITy3bIPHKOB & BO BPEMEHH OIUCHIBACTCS CIEAYIOMMMH
ypaBHEHHAMHE (CM. 33139y 8-6):

¢,
ot?

+wi(ré = —(dp)/rpo,

w3(r) = 3yp/por? — cobCTRERAAS TACTOTA PAMATHHBIX KONEGAHHUIT My3HIPHKA.
Paccmorpum Tereps Bo3MyIeHns Biuaa exp(ikz — iwt). B atom ciaydae

R 1, [ fordr
fr - 77’,00(9‘18 o w2)’ <5p> <5p> C% +4 J w%(’l‘) — w?

Il

U JIUCIIEPCUOHHOE YPaBHEHHE MPUHUMAET Takyio Gopmy:

-1

(o]
d
w? = k2cg 1+ 47rc§ 4{(1“)1“ 7”2
wi(r) —w

0

B OTCYTCTBHEC ITy3BIPHKOB, OUYE€BUIHO, W = kCO. HpI/I MaJIbIX (¢ MOXXHO HCIIOJIb-
30BaTh TEOPHIO BO3MYIICHHUH U B IEPBOM IPHONIKCHUN MONOKHUTEH B MOABIHTE-
rpaJIbHOM BBIpaXeHHU w ~ kcgy. Torna

~ keo 1—27rcg/ f’” L 5| (10.14)
) wd(r) — ke |
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OueHNM BOZHHMKAIOLIYIO MOMPABKY K 4acTOTE, NpEAnoaras BHAYale, 9T0 3Ha-
MeHaTenb B mojbHTerpansHoM Belpakenun B (10.14) me oOpamiaercst B HyMb.
Torma

(o]

frdr 5 o apo Aw Zpo
/m ~ afRewy(R) ~ — o Takuro T~ a—

M3-32 caboii CRKUMAEMOCTH HKHJIKOCTH CKOPOCTh 3BYKa B Heid co 3> (p/po)/?
(70 HEPABEHCTBO CTAHOBMTCS OUEBUIHBIM, €CIH 3aMETHTB, uto (p/po)'/?
€CTh [0 MOPS/KY BENTHYMHBI CKOPOCTH 3BYKA B Ta3e € TEM JKE JABICHUEM
¥ IJIOTHOCTHIO) TAaK 4YTO MOMpaBKa K 4yacTore OygeT HEBENHMKa, eclu o K &,
e € = p/poci < 1. Takum 06pa3oM, NMpH BBINONHEHHH MOCIEIHETO PABEH-
ctBa (v < €) HaJIuue My3bIPHKOB IPUBOUT JIUILB K MAJIOH [OIPABKe K YacToTe
3BYKOBOH BOJIHBL. OAHAKO JIaXKe B 3TOM CJIydae BO3MOXKEH KaueCTBCHHO HOBBIi
sdhdekr (mosBIeHUe 3aTyXaHus 3Byka), eciu B unterpane (10.14) snamenarens
obpamiaercs B HYJIb IPU HEKOTOPOM 7. DTO MPEANONAraeT HAIMIHEe B KHIKOCTH
Iy3BIPHKOB, COOCTBEHHAS YacTOTA KOJieOaHUI KOTOPBIX PaBHA YAaCTOTE 3BYKO-
BBIX BONH. Takoe pe30HAHCHOE 3aTYyXaHUE, UMEIOLIee MECTO B OTCYTCTBHE Ka-
KUX-THOO HCCUTIATHBHBIX MEXAHH3MOB, HA3bIBACTCS 3aTyXaHHeM JlaHnay, Tak
KaK Brepeele Owuto momydeno JI. JI. Jlampay miisl SMEeKTpOCTATUYECKUX Komeda-
HUi (JICHTMIOPOBCKHUX BOJH) B O€CCTOJNKHOBUTENRHOU IU1a3Me (cM. 3aiaun 2-18
u 7-16). Bosuukaromias B uaterpane (10.14) ocobeHHOCTE cBs3aHA C TEM, YTO
UL PE30HAHCHBIX IY3BIPBKOB M3MCHEHHE uX paanyca &, ¢dopmanspHo obpama-
eTcsl B OECKOHEYHOCTh. [109TOMY PacxoAUMOCTHU 3/IeCh MOXKHO H30€KaTh, €CIIU
YUeCTh MaJioe 3aTyXaHue B COOCTBEHHBIX KOJICOAHHIX ITy3BIPHKOB (HAIrpumep,
U3-33 JIUCCUIIATUBHBIX MPOLECCOB B Ia3e MU BA3KOCTH XKUAKOCTU [CM. 3aja-
1y 8-6]). Torna y 4acTorsl wo(r) HOIBUTCS MHUMAs T00aBKa wo(r) = wy — iv
(v > 0), 1 unrrerpan B (10.14) Gyaer BLITISICTS TAK:

/( f(ryrdr _ / (f(r)rdr . (w—kco)+iy2 (10.15)

wo + keo)(wo — keg — iv) N wo + keo)  (wo — kep)?

CoOOTBeTCTBEHHO MHUMYIO gacte uMeer u wuHterpam (10.15). Tak kak
lin%j v/[(wo — keo)? + v = 78(w — keo), To
v—

f(r)rdr ~ f( )rdr
Jm/ (wo + keo)(wo — keg —iv) ) 2wi(r)

————[wo(r) — keg)-
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O1cro1a HETPYAHO YBUIETH, YTO BBEICHHEM MAJIOTO 3aTyXaHUA, KOTOPOE B Ipesie-
ne v — () HUKAK HE BIHACT Ha OKOHYATENBHBIA Pe3ybTat, 1acT MPABWIO 00xona
ocobennocTu (nomoca) npu uaterpupoanuu B (10.14), a pesynbrar cBOIUT-
¢Sl K BBIYUCIEHUIO MOIYBBIUETA B TOUKe wo(r) = kcg. DTO MPABUIIO TPUHSTO
HA3BIBATH mpaBusiom 00xona Jlannay. Temeps JIETKO [MONYYUTH, YTO JICKPEMEHT
3aTyxaHus 3ByKOBGLIX BONH [' paBen

I =72 /f Y drdwo(r) — keo).
0

Eciu GyHKIms pactpeesieH s my3bIphKOB 10 pazMepam f (1) SBISeTCs UIaBHOM
dyHKIMeld ¢ XapaKTepHBIM MACIITab0OM CBOETO W3MCHEHUS, PABHBIM M0 MOPSII-
Ky BENHYHHBl pajiycy PE3OHAHCHBIX MY3BIPHKOB R, TO mpOCTast OIEHKA naeT,
gro I ~ ac? / R%wo(R). Tipu stom Bemuuna I'/w ~ ack /| R2wE(R) ~ a/=.
TTosroMy I MPUMEHMMOCTH BCEX MOJMYYEHHBIX PE3YIbTATOB, OCHOBAH-
HEIX HA TEOPUH BO3MYIIEHHH, HEOOXOANMO HE TONMBKO TO, YTO MY3BIPEKOB MAIO
(o < 1), HO Tpebyercs Gosee cuibHOE Orpanutierue o < £ < 1. B nporusHOM
cllydae IIPUCYTCTBUE Iy3bIPEKOB HENB3S YXKE PACCMATPUBATH KAK MAJIO€ BO3MY-
IEHUE, OHU CUJTLHO MCHAIOT 3dKOH AUCTIEPCUH 3BYKOBBIX BOJIH B TaKOI cpene.

§ 11. Ynapubie BOJHBI

11-1. B udeanvnom zaze ¢ dagnenuem po, HIOMHOCMbIO Py U HOKA3AMELeM
aduabamol vy cO30aAHO BO3MYU{EHUE 8 BUOE HENOOBUNICHOZO 8 HAUATbHBIT MOMEHM
usmenenus niomuocmu 0p(x), pagroo

pisinwx /L, |x| <
0, |z| >

Onpedenumsb momenm 603HUKHOGEHUS paA3PLI&aA (YOAPHOU 6ONIHbL) 8 2a3e, CYUMAas
gozmywenue crabvim (p1 < po)-

B nuneiinom (akycruueckom) npubiInKeHUU TAKoe HAYaIbHOE BO3MYIIIEHUE
3a Bpems 7y ~ L/cy pacmagaercs Ha aBa OSTYIIUX BJIEBO U BIPABO 3BYKOBBIX
UMITYJIECA € ITIOCTOSHHBIMU NPOMUISIMU CKOPOCTH, IUIOTHOCTU U JaBIeHUS (CM.
3apaay 10-1). Yipyuenue npoduns UMIyIscoB U 00pa3oBaHUe Pa3pHIBOB CBS-
3aHO ¢ HENMHEHHOCTBIO, U MPH p1 < po OHO TPOHCXOIUT 33 BPEMS T1 > Tp.
IMosToMy HenuHelHOE YKpyUYCHHE ITHX ABYX UMITYIbCOB MOXKHO PAacCMATPHBATH
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He3aBHCUMO ApyT ot apyra. CornmacHo nomydenHnomy B 3agade (10-1) pemenuro,
B JINHEHHOM MPUOTHKEHIH HMEEM

vy (z, t) = %O% sin%(m — cot);

co P1 . .
v_(z, t):—?oﬁ sm%(m—I—cot), (1.1)
|z + cot| < L.

3nech v4 COOTBETCTBYET UMITYJIECAM, OETYIIIUM BIIPaBO U BJIEBO, U HCIIONB30Ba-
Ho Bepaxenue (10.6) ¢ u(x) = 0 u a(x) = c3ép = c3p1sinmr/L. Nckaxe-
HUE MPOQGUIS MPOUCXOMUT M3-3a TOTO, YTO MPU YIETE HENUHEHHOCTU CKOPOCTH
HEepPEMEILCHUS] B MPOCTPAHCTBE PATHYHBIX MO0 AMIUTHTYIE YYaCTKOB MMITYIIHCA
OTIIMYAETCS OT CKOPOCTH 3ByKa B HEBO3MYILIEHHOM rase. TOYHOE perieHne Helu-
HEHHBIX YPaBHEHUH 11 TPoCcTOoi BoHEI (BosHAa PuMana) [9, § 101] mokasniBaer,
YTO TAKOE MEePEMEIICHUE TIPOUCXOANUT CO CKOPOCTHIO

u=v % c(v), (11.2)

rae ¢(v) — MOKaJbHOE 3HAYCHUE CKOPOCTH (IBA 3HAKA MO-NPEIKHEMY COOTBET-
CTBYIOT BOJIHAM, OCTYIIMM BIIPABO WM BIIEBO). TaK Kak B JaHHOM CITy4ac HEIH-
HEHHOCTH siBIsieTes cmaboit (p1 < po), TO 3HaueHue c(v) MOKHO HAHTH 1O
TEOpUU BO3MYINeHUU. 13 ypaBHEHUS HEMPEPBIBHOCTU CIIEAYET, UYTO UMITY/b-
cam (11.1) cooTBETCTBYIOT Takue BO3MYIICHHA IJIOTHOCTU U JABJICHUA ra3a:

P1

op+ ~ C%5pi; Opt = :l:g—gl}:t = 75111%(33 F cot).

Orcrona At TOKATbHOU CKOPOCTH 3BYKaA ¢(v) MOTyIHM

Po + 0p 1z 10p  1dp y=1
_ 12 _ (L Potopy T 10p 10pY —
¢ = (w/p) (’Ypo—l—ép) CO(1+2P0 200) =g

TaK 9TO CKOPOCTH pacmpocrpancHusa o3Mymienuii (11.2) paBra

y+1
2

u = Fcg + v (11.3)

(oTMeTHM, YTO I MACATHHOTO Ta3a ¢ HOCTOSHHBIM -y BhIpakenue (11.3), mo-
JMy4EHHOE JUTs CTyuasi cnaboil HeMMHEHHOCTU, COBIAAAET C TOUHOH (POPMYNON).
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3uas teneph u(v), HETPYAIHO HAUTU MOMEHT OOPA30BAHHS PA3PHIBOB B TAKOM
pemeHud. 31ech UMEeTCs MONHAS aHAJNOTHS ¢ 3amadeid 7-3, Tme paccMarpHBa-
nock 00pazoBaHUe Pa3phIBOB B 00NaKe mbUTH. EIWHCTBEHHOE Pa3iudue COCTOUT
B TOM, 9TO B IIBIJIM KAQXIBIH 3IEMEHT CPEABI JBIDKETCS C HAuaJbHOH CKOPO-
cTei0. B raze e, rje ecth yupyrocTs, BeI3bIBAEMAsi CUITAMH JIABICHUSI, CKOPOCTh
nepeMenienus ToueK ¢ 3aJaHHOi CKOPOCTRIO rasa jaercs BeipakenueM (11.3).
Otcrona

v+ 1
x(x0, t) = xo + ut = x9 £ col + y—2|- vy =

1
=x9xcot £ LC—Ot&sinm.

2 2 po L (11.4)

OGpazoBaHui0 paspeiBa COOTBETCTBYET OOpalleHUE B HY/JIb MPOU3IBOIHOM
(0x/0x¢)¢. Kak cenyer uz (11.4),

Oz _ 2yt letpn 720
(aQEo)tli 5 5 poL 5T (11.5)

Otcrona BumHO, UTO T HMITYNBCa, Oerymiero Bmpaso (3uak + B (11.5)), pa3peis
pambIlle Bcero obpasyercs B €ro Ha4aibHOM U KOHEewHOI Toukax (xg = +£L),
U 3TO MPOHCXOJUT B MOMEHT BPEMEHU

L 4 Po

= —_— > 70.

" ety e

Jns uMITynbea, paclpoCTPaHAIONIEroCs BIIEBO, PasphiB 00pasyeTcs B HTOT JKe
MOMEHT BPEMEHH, HO B TOUKe, Haxo/sueiics B cepenune (xg = 0).

11-2. Yoapnas eéoana ¢ wuciom Maxa M pacnpocmpansemcs ¢ udeanoHom
2aze, umeoujem dagienue P U RAOMHOCIb p1. Hatimu dagrenue u niomnocmo
2a3a 30 YOApHOU 8OTHOU, CHUMAs NOKA3AMETb A0UADAMbl 2a3d Y NOCIOSHHBIM.

CocrostHue Ta3a 10 U MOCHe YIapHOUW BONHEI (OyaeM 0003HAYATh WX WHIE-
KOM | 1 2 COOTBETCTBEHHO) CBSI3aHBI 3AKOHAMH COXPAHEHHS: HEIIPEPBIBHOCTBIO
IIOTOKOB BEIIECTBA, MMITYIbCA M 3HEPTHH Hepe3 TpaHully paspeisa (7.6), (7.7).
DTO faeT COOTHOMICHHUS:

pP1U1 = Pav2;

p1+ p1vf = pa + pavi; (11.6)
w +ﬁ—w —&-v—%
2Ty T
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Jlis upeanbHOrO ra3a ¢ IMOCTOSIHHBIM <y TeroBas Gyukuus w = yp/(y — 1)p.
YyuurtbiBasi, 4T0 MO ONPEAETECHUIO YuciIa Maxa CKOpOCTh YIapHOH BONHEI B HEBO3-
mymrennoM rase v; = Mep (¢1 = (yp1/p1)'/?) — ckopocts 3ByKa), M BBEIS
Be3pasMepHBIe HEU3BECTHBIE X = p2/p1 U Y = po/p1, u3 (11.6) monyuum s
HOCJIEIHUX TAKUE YPABHEHUS:

1 M? 1y M?

/2: /2 . _ b —
L+yM* =y +yM*/x; 7_1+ 5 7—193+29:2

W ckirouas TpUBHAIBHOE pellieHue (x = y = 1), HaX0UM OTCIOoIa:

g (DM
1T BTV
1 2+(Z 1M (11.7)
p2  2yM* —y+1,
P vy+1 !

Kak sugno u3 (11.7), B mpenene cmabeix ynapusix Boiw, korma (M — 1) < 1,
p2/p1 =~ 1+4(M —1)/(y+1); po/p1 = 1+ 4y(M —1)/(v + 1). Orcrona
CIE/YET, UTO /UL CIabBIX YAAPHBIX BOIH 0p/p ~ Ydp/p, T. €. 3aKOH U3MEHCHUS
9THUX BEJIMYUH ONU30K K a7uabaruieckoMy, a BO3PACTAHUE SHTPOIUU SBISIETCS
BENMIMHOM Gosiee BRICOKOTO MOPSI/IKA MaoCTH 1o MajioMy mapamerpy (M — 1).
B mpenene CHIBHBIX YOAPHBIX BOMH, Korja uucio Maxa M > 1, m3 (11.7)
cnenyer

p2 v+l p2 2y oo

Ny p_leA[ . (11.8)
Tak 910 B CUIBHOIH yJapHOU BOJHE CTEIleHb CHXKATHA I'a3a OCTAeTCsA KOHEYHOH,
a pOCT JABICHHUSI MPOUCXOINT 34 CUET CHIILHOTO HATPEBA.

11-3. Cunvnas yoapuas eoana ¢ uuciom Maxa My > 1 ompadsicaemca
oM NAOCKOU abComomuo xeecmkoli cmenky (puc. 11.1). Onpedenums uucino Ma-
xa My ompasicennot yOapHou 60JHbl.

B cucreme orcuera, rjie ra3 y CTEHKH [IOKOUTCS, y/IapHasi BOJIHA JIBHKETCS
€O CKOpOCTRIO 1y = Mycy, a Ta3 3a Hell uMeeT ckopocts v (puc. 11.1, a). Tax
Kak 3Ta yJapHasi BONHA CUITbHAsS, TO CXKATUE Ta3a B HEll U yBETUUCHUE TABICHUS
onuceiBarorces popmymnamu (11.8), mosromy

pr . uw  __y+1L o2
pO_uO—UN—’yfl’ T. €. U~7—+1A[000. (119)
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CKOpOCTh JBIDKEHHS OTPAXKEHHOMH @ @
ynapuoii BomHs! (puc. 11.1, 6) ornocu-

TENBHO rasa mepex el ects (u1 + v), yB B
nostomy (uy + v) = My, tie ¢ — e Doy Po L

CKOpOCTh 3ByKa B 3TOM rase. Mcmons- Po P 21 | P )

3ys (11.8), momyuum Uy %

2v(y = 1).

(11.10)
Ilocme »TOTO JUIA CKa¥Ka IIOTHOCTH
B OTPAXCHHOH YAApHOM BONHE MOXHO
3anmcarh, cornacuo (11.7),

on () e
1= U |

Puc. 11.1. OtparkeHue ynapHOi BOJIHBI OT
CTCHKH

p2 _uitv _ Mg (v + )M}

P U Miei—v 24 (y— 1)ME

Honcraeus crona Beipaxenwss (11.9) u (11.10) g v u ¢1, HETPYAHO MOTYIHTH
TaKoe KBaPaTHOE YPaBHEHUE JUIS onpeaeneHu M :

1
Y B ) B VR

2v(y - 1)

OXO/AIIEE PEMICHIE KOTOPOTo (BTOPO KOPEHb OTPULIATENEH) €CTh
My & [2v/(y - )]V

Kak BHIHO OTCIOna, OTPAKEHHAS yAapHAas BONHA MMeeT uucio Maxa mopsika
CIUHUIIBI, TAK 4YTO IIPU OTPAKCHUHU OT CTCHKU UHTCHCUBHOCTH HallaIOH.[efI yaap-
HOM BOJIHBI CHJIBHO «TaCHTCS».

11-4. Onpedenums gHympeHHIO0 CMPYKIYpy Qpornma caaboi yoapHou 6o-
Hbl 8 BSI3KOM 2a3e.

CornacHo pesynbrataM 3a1aqu 11-1, mpocTast BoJiHA B HJICATEHOM Ta3e OIH-
CBIBAETCS CIIEIYIONIUM YPaBHEHUEM:!

dv y+1 \Now
at+(00+—2 v) & ~o. (11.11)

C TeueHHEM BpEMEHH IMPOUCXOJUT €€ YKPYUEHHE, uTO U IPUBOIUT B KOHCTHOM
UTOTE K €€ «OMPOKHBIBAHUIO». B peansHOM ke Taze HEH30EKHO MPHCYTCTBY-
IOT JMCCHIATHBHBIC MEXAHU3MBI (HALIPHMEP, BA3KOCTh MU TEIUIONPOBOIHOCTB),
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KOTOpHIC MPUBOAAT K OCTAHOBKE YKPYUCHHS M OOPA3OBAHHIO YAAPHON BONHBL
¢ KOHEYHOH ImmpuuOH (ponTa. IS HAXOKICHUA CTPYKTYPHI (hpPOHTA YaapHOI
BOJHBI gonomanM (11.11) BI3KuM ciaraeMbIM:

v v+l Now 8%
at+<c0+ 5 ”)E)myaxz” (11.12)

IJIe V eCTh KIHEMAaTH4eCKas BI3KOCTh T'a3a. 3/1eCh CIeyeT OTMETUTh, 9TO TaKas
TPOCTAs IIPOIIEAYPa YUeTa BI3KOCTH BOSMOXKHA TONBKO JUTsl cabol yaapHoit BoM-
HBI, B KOTOPOM M3MEHEHUE SHTPOINUH €CTh BENMYHHA OOJNEE BHICOKOTO MOPSIKA
o Manomy napamerpy (M — 1), ueM CKa4KHl ILIOTHOCTH M J@BICHUS (CM. 3a/1a-
ay 11-2). ITosromy B 3TOM citywae neBast uacTs (11.12) ocraerca Heu3MeHHOI 10
cpasaeHuioO ¢ (11.11), MOMy9YeHHBIM IPU YCIOBUU COXPAHEHUS SHTPOIHMHU ra3a.

IMepelineM Temepp B CHCTEMY OTCUETA, ABWKYILIYIOCS CO CKOPOCTBIO 3BY-
Ka C, ¥ BBEIEM HOBYIO Hem3BecTHYIO (hyukumio u = (v + 1)v/2. Torma (11.12)
OPUHUMAET BH/J|

Ju ou  9%u

U3BECTHBIHN Kak ypasHeHue broprepca. Hac untepecyer ero pemenue, omicksa-
I0Illee CTAHOHAPHYIO yiapHyo BoiHy. [loaromy Gynem uckars pemrerue (11.13)
B BUJEC

u = f(z —vot) = f(2), (11.14)
e o €CTh CKOPOCTh YIApHOH BONHBI B BBIOpaHHOll cucreme orcuera. Iloncra-
HOBKa (11.14) B (11.13) naer

_Uof/+ff/ _ Vf//.

WuTerpupys ouH pas 1o z, HaXOAUM, YTO

vof + %fg = vf’ + const,

nim
vf = -w)+a,

rme a €CTh HOBaA MOCTOAHHAA WHTCTPUPOBAHUA. Hac UHTCPECYCT PCIICHUC
¢ f’ acuMuToTHYECKH CTpeMSMIeics K HY/IO npu z — +00 (ONHOPOAHBI ra3
Tiepe;T U 3a y/apHoii BoJHOi). [103TOMY Be/IMUMEA @ OTPUIATENbHA: @ = —w3 /2,
TaK 410

Vf/ — (f 721]0)2 o %%’



§ 12. Henunetinvie sonnbl 6 cpedax ¢ oucnepcueit. Coiumonul 175

¥ aCUMITOTHKA f Mpu z — £00 ectb fi = vg + wp, [ = vo — wp. Torma mms
HOBOH dyukimu ¢(z) = (f — vo)/wo noIy4aeM ypaBHEHHE

2 _2v
Y — 1= w_og" 3
4 ero peleHye ecTh
©(z) = th(woz/2v). (11.15)

B cnaboii ynapuoii BomHe ckadok ckopoctu, cormacuo (11.6) u (11.7), ects
v1 —ve & deg(M — 1)/(y + 1).

C nipyroii CTOPOHSBI, B IPUHATBIX HaMH 0603HaUeHUWIX v1 — vy = 4w /(v + 1).
Hosromy u3 (11.15) crenyer, uro Tosmuaa GponTa ciiaboil yaapHoi BOIHEL

§ =2v/wy =2v/cg(M —1). (11.16)

B 3axmouenue OTMETHUM, YTO IIpU O6LI‘IHLIX YCIOBUAX KUHEMATUYCCKAA BA3-
KOCTB Ta3a I ~ Uy A, TA€ Uy €CTh TEMIOBAss CKOPOCTh MONEKYIN, & A — UX JJHHA
ceoboxmoro mpobera. Tak Kak ¢y ~ vr, T0 U3 (11.16) TommuHy dpoHTa MOKHO
oueHUuTH KaK § ~ A/(M — 1). IlosroMy TomuuHa GpOHTa AOCTATOMHO CHIIBHOM
yIapHOil BONHEL, juist KOoTOpoit (M — 1) ~ 1, cTaHOBUTCS CPaBHUMOH C JUTH-
HOH CBOOOAHOTO mpobera A, u, CIICIOBATEIBHO, B PAMKAX MAaKpPOCKOITHYECKOM
TUAPOAUHAMUKU MOXKET PACCMATPUBATLCA KaK ITOBEPXHOCTL PA3PBIBA.

§ 12. HenuHeiinble BOJIHBI B cpeax ¢ aucnepcueid. CoauTOHBI

12-1. Haumu 3axon ducnepcuu 015 epagumayuOHHbIX 8OH, PACAPOCpPa-
HAIOWUXCA HA HEOSPAHUYEHHOU NOBEPXHOCINU HECHCUMAEMOTE HCUOKOCTIU C 2Ty-
ounoil hy.

Bynem mpearonarars, Kak 4 B 3ajaue 7-8, 4TO B HCBO3MYILECHHOM COCTO-
SIHUU TIOBEPXHOCTh KUJKOCTH SIBJSETCS TOPU3OHTAIBHON IUIOCKOCTBIO 2z = 0,
a BOJIHA PacIpOCTpaHAeTcs BIOIb och . OTIuuie 0T PACCMOTPEHHOIO TaM CILy-
wasi OeCKOHEUHO NIYyOOKOH MKUJKOCTH COCTOMT B TOM, YTO B OOLIEM pelieHHU
ypaBHeHHH Jlamiaca jiisl MOTEHIHANa CKOPOCTH KHUAKOCTH

= (Blekz + B2e—kZ)ei(k:c—wt)
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HOCTOSIHHAS B2 yke HE paBHA HYIIO, 4 HAXOAUTCS U3 TPAHHYHOIO YCIOBUS, ITO
HOPMalIbHAsT COCTABIISIIOMIAS CKOPOCTH HA JIHE PABHA HYIIO:

Op
Vz |z=—ho — _% _— = 07
OTKyZa ,
¢ = 2B1e7 %0 ch k(2 + ho)e! e —eD), (12.1)

W3 nureapu30BaHHOTO ypaBHCHHS IBIDKeHUA kuakoctu (7.21) torpa cuemyer,
YTO paclpesesieHue JIaBiIeHus B Hel

D =pg— pgz + 0p = po — pgz — WwpP =
= po — pgz — 2iwpBreF ch k(z + ho)e!*==wt)  (12.2)

OG603Ha4UB, KAK U PaHbIIE, BEPTHKAILHOEC CMEIICHUE [OBEPXHOCTH JKH/I-
koctu uepe3 £(z, t) = & exp{i(kr — wt)}, HalizeM CBSI3b MEXKTY [IOCTOSH-
HBIMH B1 u & u3 ycnosus, uro 9E/0t = —0¢/0z|,—9, OTKYAR Bre ko =
= iw&p/2k sh kho. VIcCKOMBII 3aKOH AUCIEPCUH TPABHTALUOHHBIX BOJIH CICAYET
Terepb U3 TPAHHYHOTO YCIOBHUSI HA TIOBEPXHOCTH JKHIKOCTH:

Plz=g =po (12.3)

(IIOBEPXHOCTHBIM HATSHKEHUEM 3/1€Ch Ipenedperaem).
W3 (12.2) u (12.3) ¢ TOYHOCTBIO 10 WIEHOB NIEPBOTO HOPAAKA 10 AMIUTHTY/IE
KoJieOaHUil HaXOMHM
w? = kgthkhg. (12.4)

OTC[OI[a BHJIHO, YTO KOHCUYHOCTH FJIY6I/IHLI JKHUIAKOCTH CTAHOBUTCA CyI].IeCTBeHHOfI,
KOT/1a [UTHHA BOMHBL A > hg. [ KOPOTKOBONHOBEIX BO3MYIIEHUM (A < hg) MBI
BO3BpAMIacMCs K MONYYCHHOMY paHee B 3afade 7-8 ANCHCPCHOHHOMY YpaBHE-
Huto W = \/gk. B npyrom mpenensHOM cilyuae OMEHb AMMHHBIX BOMH (A > hg)
u3 (12.4) cnenyet

w = Fugk; ug = \/ gho. (12.5)

3TO 03HAYAET, UTO TAKUE BONHBI PACTIPOCTPAHIIOTCS 110 OBEPXHOCTH KHUIKOCTH
CO CKOpPOCTBIO, PaBHOM g.

12-2. IHonyuumv ypasnenue, onucvléaioujee pacnpocmpanerue OnuH-
Hoix (A >> hg) epasumayuonnbix 60K HA ROGEPXHOCTNU JICUOKOCIU, NPU yueme
cnadou HelUHeHOCU U QUCNePCU.
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B paccmarpuBaeMom mpexene, korma hg < A (Tak Ha3bIBACMBIC «BONHBI
Ha MEJKOW BOJE»), MPU BBIBOAE YPABHEHHN yA0OHO Cpasy HCIOIb30BaTh BO3-
HUKAIOIIHE B 3TOM ciy4ae ynpomenusa. Tak u3 ¢opmyn (12.1) u (12.2) cme-
JIYET, 4TO JUI1 KOMIIOHEHT CKOPOCTH XKHJKOCTH TEIEPh BBLIITOJIHACTCA HEPaBEH-
CTBO Uy > U, IPUYICM KaK V., TAK U BOSMYIICHHUE JaBJICHUA 5]) ¢1a00 3aBUCAT
or z. [losToMy B mepBoM HPHOIIKEHHH MOKHO CYMTATEH 3Ty 3a/1a4y OJIHOMEp-
HOH, TaK YTO U, = v U 0P 3aBUCAT TOJBLKO OT KOOPIUHATHI BJOJH HAITPABICHUI
PacIpoCTpaHeHns BOJMHBL . TaK Kak KoJjeOaHHA COMPOBOXKIAIOTCS BEPTUKAIB-
HBIMH CMELICHHSIMH [OBEPXHOCTH XHAKOCTH &(2, 1), TO MONHAs BBICOTA CTONGA
KHUIOKOCTH ecTh i = ho +&. Torma ypaBHeHUE COXpaHEHHUA MACCHl HECKIMAEMO
KHUIKOCTH (aHAJIOT YPABHEHHS HENPEPRIBHOCTH IS JAHHOTO CITy4asi) 3aMUIIEeTCs
TaK:

oh B
ot %(h v) = 0. (12.6)

B YPaBHCHUU NBUIKCHUA

dv T dv _ _la;fp
ot Yor P Ox

BOBMYILCHHUA JABICHUS 0p MOXKHO BBIPa3HTh uepe3 CMEMeHHWe MOBEPXHOCTH
XKUJKOCTH &, UCIONB3Y4 BeIpakerue (12.2) a7 MOMHOTO AaBIeHHA U TPaHUYHOE
yenoeue (12.3), uro paer dp = pgé. Torna

Qv Ov _ _ @ _Oh
8t+ oz 952 Yor

(12.7)
B ymunetinom mpubmokenun ypasaenus (12.6) u (12.7) npuobperaror Buj

oh v
a1 Thogy

e v oh
=0; 3t+ Oz =0

DT0 NPUBOIHUT K BOTHOBOMY ypaBHenuio 02h/0t? — ghgd*h/0s> = 0 ¢ nony-
YEeHHBIM BBIIIE 3aKOHOM aucnepcud BOJH (12.5). MoXHO MOCTPOUTE U TOYHOE
pclicHNC HCMMHCHHBIX ypaBHCHMIL (12.6) u (12.7), mMcromce BU IPOCTOil BOMI-
uel (cM. 3agagy 11-1). B srom cayuae h(z, t) = h(v), u m3 (12.6) u (12.7)
cienyer

&y ho; +od2 = _gOudh (g

_h ] 0 _ _p0v v 8 Ov dh
Ox ot Ox dv



178 Yacme 11

Paznenus Teneph paBBIC M JICBLIC YACTH ITHX YPABHEHUU APYT HA ApyTa, MOTY-
qUM

2
dh\ _ h dh _
<_dv) =g re o +v/h/g (12.9)

1 Bropoe 13 ypapuernuid (12.8) npeoGpa3syrorcst K BULY

dv o _
o+ (v £/gh) 58 = 0. (12.10)

Otcrona cnenyer: T04Ka, HMEIOMIAS 330aHHOE 3HATECHHE CKOPOCTH ¥ (a, TEM ca-
MBIM, U h), IEPEMENIAETCS B IPOCTPAHCTBE CO CKOPOCTHIO

u=nv++/gh (12.11)

TaK 9TO TaKOE pEIICHHE aHAJIOTHYHO BoJHe Pumana B razomunammuke (11.2),
a POJIb CKOPOCTH 3BYKa UTPAET BeJHIHHA +/gh (3HAKM + COOTBETCTBYIOT, KaK
U paHbllie, BOJHAM, OEryunuM BIIPaBO W BICBO BJIOJL OCH x). B rmHeiinoMm
npubnmkenun 1 = ++/ghg. [lpu ydere cnaboil HEMUHEHHOCTH M3 BhIpakKe-
aug (12.11) ans » noxyanm

umvi\/ghoi% g/ho - (h — ho),

a TaK Kak, cormacHo (12.9), h = hg + %‘ -v =hg £ +/ho/g v, 1O
=no
u%%vi Gho. (12.12)

CpaBumBas tereps Boipaxkenus (12.12) u (12.13) HerpyaHO YBUACT, 9TO B Ta-
KOM OJTHOMEPHOM MPHUONIKCHNH «BOJHBI HA MEIKOH BOZE» MONHOCTBIO AHAJO-
THYHEBI BONHAM B HACANBHOM Ta3e ¢ mokaszaTenem aanadarel v = 2. 3HAUHT, IpH
pacipocTpaHeHun BOJHBI OYJIeT IPOUCXOUTH HEIPEPHIBHOE YKPYUSHUE ee IIpo-
¢buns (cM. 3anagay 11-1). B raze aroT mporece npojomkaercs 10 Tex 1op, noka
B HIPY HE BCTYMAIOT JUcCHIIaTHBHBIC Y (eKTh (BI3KOCTH H TEINIONPOBOAHOCTE)
u He (hopMHEpyeTCs yrapHas BOJHA C XapaKTePHOH TOJIIMHOH MOPSI/IKA JUTHHEL
cB0oGoIHOTO TIpobera MoJIeKyI (Tak 9T0 ¢ MaKPOCKOIMYECKOH TOUKH 3peHus 00-
pasyercsi GECKOHEYHO TOHKas MOBEPXHOCTH PaspelBa). JId «BONH HA MENKOH
BOJIC» HENHHEHHOE YKpYUYeHHE MPOGMIA OCTAHABIHMBACTCSA TOPA3No PaHbILIE 32
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CUET JUCHIEPCUHOHHBIX dpdekToB. Kak y)ke 0TMEuanoch npH UX BBIBOXE, YPaB-
uerns (12.6) u (12.7) ABIsrOTCS MEPBBIM MPUONIDKCHHEM IO MAIOMY TapaMeT-
py ho/A. A Tak Kak yKpyYeHHE BOJNHBI O3HAYACT YMEHBIUCHHE A (IOSBISIOTCS
TAPMOHHUKH C MaJIBIMH JJIMHAME BOJIH), TO CTAHOBUTCS BRXKHBIM yUeT 3({eKkToB
Gostee BEICOKOTO mopsiyika 1o ho /. Kak 6yiet BunHO U3 naisHeHIero, OHH Ipu-
BOJUAT K TOMY, YTO CKOPOCTb PACIPOCTPAHEHUS TAPMOHUK CTAHOBUTCA OTIMYHOU
oT Uy = +/gho U, 94TO caMO€ CYNIECTBEHHOE, 3ABUCAIICH OT JJIHHEI BOJIHEI (IIOSB-
JEETCA Z[I/ICHepCI/IH). Tak kak JIUCTIIEPCUA TIPUBOIUT K PACIIILIBAHUIO BOJIHOBOTO
makera (CM. 3a1a4qy 4-4), TO OHA MPENATCTBYET HEMHHEHHOMY YKpydenwto. B pe-
3YNBTAaTe KOHKYPEHIUH ATHX JIBYX MPOLECCOB HA IIOBEPXHOCTH «MEJIKOH BOJIBD)
MOTYT PacipoCTPAHITECS HENUHEHHBIE BOJHEL CO CTALIMOHAPHBIM MPOdUIEM (CM.
CIEAYIOLIYIO 3a/ady).

IMockonbky aucnepcroHHbIE (h(EKTH HUKAK HE CBA3aHBI C HEIMHEHHO-
CTBIO, MX MOXKHO MONYYHTH U3 JIHHCHHOTO JAUCIEPCHOHHOTO ypaBHeHus (12.4)
yTeM YAEpKaHus B PAa3JIOKECHHH WICHOB 0ojiee BBICOKOTO MOPSIIKA [0 MAJIOMY
napamerpy khg. Toraa Bmecrto (12.5) mony«aum

w ~ +kug(1 — k2h2 /6). (12.13)

Teneps 3ajada cOCTOMT B TOM, 4TOOBI yuecTh >(Pdekr nucrepcud B ypaBHe-
mud (12.10) juist OpocCTOil BOJHBL 3alTUCAHHOM B (2, t) TPEICTABICHAN. JTO
MOXKHO CJIETIaTh, JIOTIONHUB JHHeapm3oBanHoe ypasHenue (12.10) takum cma-
raeMBIM, KOTOpOE Ipu nepexone K (K, w) OPEACTABICHUIO HACT HYKHYIO 110-
npasky (12.13) k 3axony mucnepcun w(k). Herpyauo BHIeTs, uT0 7 BOJHEL,
OeryIueii, HapuMep, BIPABO, 3TO YPABHEHHE MPHOOPETET TaKOH BHI:
2

v v | wohg 93y

=5 twoos+—F =5 =0

ot ox 6 oz

YuuTeIBas TENEPh W HEMUHEHHOCTD, ¢ NOMOIIBIO BEIpaxkeHud (12.12) momy-

quM

v, O, 3, 0v uoht 93y
ot or T2 oz 6 013

Bropoe cnaraeMoe B neBoif wactu (12.14) Hukak He BIMAET HA U3MECHEHHE IIPO-
(bu BOJHBI H ONHCHIBACT PACHPOCTPAHCHUE BO3MYMICHUS KAK LENIOTO CO CKO-
pocTeio Uug. Ilepeiing mo3ToMy B COIyTCTBYIOLIYIO CHCTEMY OTCUETA U BBEIA
HOBYIO mepeMeHuyo V = 3v /2, nomyqyum u3 (12.14)

v
ot

0. (12.14)

WV gV 2
TV o AT =0 B =uhi/6. (12.15)
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3Ot0 ypaBHeHue, nonmydennoe Kopreserom u e BpusoM emie B KOHIIE MPOLIIOrO
BEKa, HHTCHCHUBHO MCCIICAOBANOCH B MOCICIHIE ABA JCCATUICTHA B CBS3H C pas-
BHTHEM (DH3VKH HENHHEWHBIX BOJNH B JUCIIEPTUPYIOMMX cpenaX. M3yuenue ero
CBOIICTB MPUBECIIO K OTKPBITUIO HOBOI'O MECTO/d WHTETPUPOBAHUA HEJUMHEHUHBIX
JuddepeHnuanbHBIX YPABHEHHAX B YACTHBIX IPOU3BOIHBIX — METOa OOPaTHOMH
3amaau paccesaus [3].

12-3. Hatimu gopmy cmayuonapHuix HeMUHEUHbIX 80JIH, ONUCLIEAEMBIX YPAs-
nenuem Kopmeeseza—oe Bpusa.

Paccmotpum pemenus ypasuerus Kopreeera—je Bpusa, mMerorue BUA
Oerymux BOJH CO CTAIOHAPHBIM HpOduiIeM,

V = f(x — ut) (12.16)

(HarroMHHUM, UTO ITOCKOJBKY ypaBHeHHE (12.5) moimyueHo B cucTeMe KOOPUHAT,
yoKe JIBIDKYLICHCS CO CKOPOCTBIO g, TO [OJIHASI CKOPOCTH BOJHEI eCTh (g + 1),
npudeM 4 < U, TaK KaK HEIHHEHHOCTh ¢ CaMOro Hadaja MNPEAIoNarajioch
cna6oit). Ipsmoit noxcranoskoii (12.16) B (12.15), noryuum

—uf' + ff +Bf" =0,

TaK 9TO BMECTO YPABHEHUSI B YACTHBIX MPOou3BONHBIX (12.15) momyuaercs 0OBIK-
HOBEHHOE iU pepeHraIbHoe ypapueHue. Ero MOXKHO MPOUHTEr PUPOBATE:

2

= %f —35te (12.17)

II€ ¢ — NOCTOSIHHASA UHTErpUpoBanus. Kak He TpyaHO 3aMETHTh, 3HAUECHUE DTOH
IIOCTOSIHHOM OmpenerieT BIOOp CHCTEMBI OTCYETa, TAK YTO BCETJA MOXKHO IIO-
noxkuth ¢ = (), mepelas B IBIDKYIIYIOCSA cHCTEMY KoopauHar. [JleficTBuTenbHO,
cnenaeM B ypasHeruu (12.17) 3ameny:

w=1t+a;  f=Ff+b, (12.18)

rae a u b — Hekoropsie KoucTanTel. Torna Bmecto (12.17) momyuum

fla—b) (ab u )
== f—+ + = —55tc¢ (12.19)
S T A e O R It 7
Ecnu teneps a = b, u TakoBo, 410 0OPAMACTCS B HYIb HOCICIHSA CKOOKA

B mpaBoi wacti (12.19), To MBI Bo3BpamaeMcs (B TepMuHax f u u) K ypaBHe-
muro (12.17) ¢ ¢ = 0. [l ero perienus ynoOHO BOCIONB30BATHCS MEXAHHICCKOM
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ananorueit, 3armcas (12.17) (¢ = 0) B Buze

2
u, f

==f— = =F(f). (12.20)
g 28

Ecnu HHTepnpeTHpoBaTh f Kak KOOPIHHATY, @ & — KaK BPeMs, TO 9TO €CTh ypaB-

HEHHMC JBHIKCHUS YaCTHILB! SAWHAYHON MacChl B cHoBoM moie F'(f ), uMerormem

notertpan W(f), paBHslit

d*f

da®

2 3
a1 A Y i (12.21)
df 26 6B

I'paduk moTeHIMATBHON JHEPrUH
W (f) nokazan Ha puc. 12.1 (3mech cum- w
TaeTed, uro u < 0). MHTepecyomum
Hac «(QUWHHUTHBIM» TPACKTOPHSIM COOT-
BETCTBYET MHTEPBAT SHEPTUU HACTULBI mmeg—-----m-- *~-—--
0 < E < 2Jul?/30. Ipu MaTsIx 9HEpIu- i
X 9aCTHIIA COBEPIIAaeT KomeOaHus BOIU- :
3u Toukd f = 0 — OJHa TOTEHIMAaIbHOI
ssMbl. B aToM ciyuae dopMy moreHuma-
Ja MOXHO CUMTATH MOYTH Mapabomude-
CKO# (BTOpOE claraeMoe B MpaBoil ua-
ctu (12.21) mMHOro mensie mepBoro), Puc.12.1. ®opma sddexTupHoli noren-
TaK YTO COBEPIIAEMBIM YAaCTHIEH rap-  UManbHOH SHEpruu Juia Geryuyx BojH
MOHHYECKAM KOMEOAHUsAM COOTBETCTBY-
et, cormacHo (12.16), BonHa

—~—
\
Ly
=
-
& e----3
\N

W (z, t) ~ Voe'VIul/B-(e—ut) (12.22)

OueBUIHO, 3TO pEIICHHE ABIACTCA JUHEHHBIM NpuOmKeHueM. g Hero, Kak
U JOMKHO OBITE Mo dopmyne (12.13), capur ¢a3oBoil CKOPOCTA OTPULIATEICH
(v < 0) M y/loBIETBOpPSIET COOTHomeHMI0 u = —k23 (B pemennn (12.22)
k= /|ulB).

C pocToM PHEPIUH YaCTHIBI BO3PACTAET POJb HENMHEHHOCTH U CTAHOBUT-
Csl CYIEeCTBEHHOH HECHMMETPHYHOCTH rpadrka moTeHnanbHoii sHeprun W ( f)
(eMm. puc. 12.1): ou sBnsiercs: Gonee monoruM mpu f < O U Gosee KPyTHIM
npu f > 0. [ToaToMy B HemuHEHHON NepuomMUYeCcKOH BOMTHE MaKCUMyMBI V'
OKa3bIBAIOTCS OTHOCHTENBHO Y3KUMH («dacTUIa» OBICTpee MPOCKAKUBAET 3TY
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ob6macTh 3Ha4eHUH f), a MUHUMYMBI — MIMPOKUMH (31ECh «YaCTULA» JIBHIKET-
ca meanennee). B mpenene, korna E = 2|u|®/3(3, nepas Touka OCTAaHOBKH
(f = —2|u|) mocturaercs «yacTunei» 3a OecKOHEUHO GoNbLIOEC Bpems (TepH-
oA KoneOaHuil CTaHOBUTCS OeckoHEedHBIM). [loaToMy mpU M3MEHEHHH X OT — 00
JI0 400 f yBemmunBaercs oT —2|u| 70 MaKCHMyMa, PaBHOIO |/, @ 3aTeM YMEHB-
maeTcst 06paTHo 10 —2|u|. DTo pemenne Ha3bIBACTCS YEAUHEHHON BOTHOM, HIH
conutoHoM (0T aHrmMiickoro «solitary wave»). Ecin Terieps, cornacHo npaBsu-
ay (12.18),(12.19),106aButs K f w0 u BennuuHy 2|/, To B Takol CHCTEME OTCUETA
BO3MYIICHAE Ha OCCKOHEYHOCTH OTCYTCTBYET (f|y—too — 0), MakcHMambHOE
3HAYCHHE frax — 3|U|, @ CONMMTOH ABHIKETCS BIOPABO CO CKOPOCTBHIO |u| = u
(Temepp OymeMm yxe cudTath u > 0). OTClI0a clienyeT, YTo MO MOBEPXHOCTH
HEBO3MYIICHHON Ha OECKOHEYHOCTH XHMJKOCTH CONMTOH JBHIKETCA CO «CBEPX-
3BYKOBOID» CKOPOCTBIO (Ug + ), TIPHUEM U = frmax/3. s HAXOXKACHHA (HOPMBI
CONMTOHA MpoHHTerpupyeM ypasHerue (12.20), HCIONB3ys «3aKOH COXpPaHCHHSA
IHEPrHU TACTHLIHI»:

2
L (%) +W(f) = E = const. (12.23)

HeTpynHo npoBepUTh, YTO B HOBOM cHcTeMe orcuera (tae u > () connuToHy co-
OTBETCTBYET 3HEPIus «4acTUuI £ = 0, Tax uro u3 (12.23) u (12.21) nonyaum

g \/% /1 /3. (12.24)

ITycts Temephb BeplMHA COMMTOHA (TOUKA, TAE f = fimax = 3u) HMEET KOOp-
mHaty x = 0. Torma B obmactu = > 0 Bo3MymIcHHE YOBIBaeT (3HaK MHHYC
B BeIpaxkeHuu (12.24)), oTkyaa

1 1/2
/ _dz _ (ﬂ) ..
; /1 —z B

max

Bxomammii croga WHTErpan BEMUCIACTCA 3IEMEHTapHO (IOACTAaHOBKOH z =
— sin? 6), B pesy;IBTaTe UEro MMeeM
>1/2

L+ /1~ f/ fmax - (
V f/ fmax

S
[N
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OKOHYATENBHO OJIA (bOpMI:I COJIMTOHA IOJIy1a€TCsl TAKOE BBIPAKCHUE!

7) — 3u_ . _ w2,
f(z) Wl = (48/u)

Takum 00pa3oM, XapaKTEpHBINA pa3Mep COMUTOHA [ YMEHBIIAETCA ¢ POCTOM €ro
aMILTHTY/Ib! TIPONIOPIHOHATBHO %~ /2. DTOT pesyasTaT MMeeT HpOCTOi (H3H-
qeckuil cMbics. Kak ye roBopHiIoCh, [TOCTOSHCTBO (OPMBI CONMTOHA obecte-
YUBACTCS TEM, YTO JIMCIEPCHs] YPABHOBEINHMBACT TEHJ/ICHIHUIO K HENNHCHHOMY
YKpy4eHHIO npoduns Bo3mymeHns. CpaBHHBas TeHeph MO MOPAAKY BETUIHHBI
HEJHHEHHOe W AWCTIEPCHOHHOE cllaracMble B ypaBHeHHH KopteBera—nae Bpusa
(12.15), umeem

W w GOV g Y
V 5 i B8 923 5 T L~ (B/u)"=.
§ 13. Teopus ynpyroctu

Mansie ,Z[G(bOpMaL[I/II/I TBCPAOro TCid OMHUCBIBAKOTCA TCH30POM ,Z[e(bOpMaL[I/Iﬁ

L= L (0ui | Ouk

rae U — BEKTOp CMereHHs TOUYKH Teja. BosHuKaomue mpu aedopManiy BHY-
TpPEHHUE CHJIBI XapaKTEePH3YIOTCS TEH30POM HANPSDKEHUH O, TaK YTO CHIIA,
JefcTByIoIas Ha HEKOTOPBIH 00beM,

F, = %o—ik S, (13.2)

rae BekTop d.S ameMeHTa ILTOma iy HallpaBieH 110 HOPMaJIH, BHEIIHEl 10 OTHO-
MICHUIO K OXBATHIBAEMOMY IIOBEPXHOCTBIO 00beMy. IIpH 3ToM oOneMHAas IITOT-
HOCTb BHYTPEHHUX CHI

Doy
- a.’Ek

fi , Tak4ro F; = /fz dv. (13.3)
W3orponHas ympyras cpela XapakTepU3yeTcs AByMs YIOPYTUMH KO3 (hHULIHEH-

TaMH. DTO MOTYT OBITH MOAYJIb BCCCTOPOHHCTO CXXATHA Ku MOAyJdb CABUTA [4
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(K > 0, p > 0), mubo monyns pactsxeHus (Moayns FOura) E u koadduipest
Ilyaccona o, cBa3aHHble ¢ K W ;1 TAKUMH COOTHOLIEHUAMU:

E=9Ku/(3K +p); o= (3K —2u)/2(3K + p), (13.4)
1
23
cpex o = 0). B ciygae Manslx nedopmanuil TEH30pEI HanpsXeHUH U gedop-

MaIi [MpONOPIMOHATBHEL APYT ApyTY (3akoH ['yka). B m3oTpomnHoil cpene ata
CBA3B BBIIVIAJHT TakK:

oTcioma ciaenyer, uto > 0, a —1 < o < HO JJI1 BCEX PEallbHBIX
y p

oik = Kuydir + 21 (Uik - %uu&k) ;

1 (13.5)
Uy = 9K0u5zk + 5 (Uik - §Ul15iic) ,
Wi, B TepMuHax F U o,
- B _o
Tik = llJrO (Uzk + 155 Uu&k) (13.6)
uik = (1 + 0)ou — oondik.
O0beMHas! IUIOTHOCTB YIIPYrod 3HEPTUH Jie(OPMHPOBAHHOIO TeNa
F = aikuik/l (137)
4To ¢ noMormbio (13.5) mmu (13.6) MOXXHO TIpeACTaBHTL B TAKOM BHIE:
2
F=p (uik - lull51k> + %(UH)Q?
(13.8)

_ E 2
=2+ o0) ( Ui + 7 Uzz)

VpaBHeHHE paBHOBeCHS ne()OPMUPOBAHHOTO TENA MOKHO 3aMHCATh, COLTAC-
Ho (13.3), Tak:
9ok,
8mk
e p — IIOTHOCTB, 2 § — yAelbHAs IJIOTHOCTH CTOPOHHUX (HE YIPYTHX) CHIL.
Ucnomesys (13.6) u (13.1), ycrnoBue paBHOBECHS B TEPMHUHAX BEKTOpa CMEIIIE-
HUSA U BBIpaXKaeTcs B BHIC

+ pg; =0, (13.9)

. 201
Ad=—L _Fdiv ——pg%.

(13.10)
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13-1. Kybux uz ynpyecoeo mamepuana ¢ pebpom | nomewen ¢ abcomnomuo
ancecmkyio nonocmo. Ha e2o ce0boonyio epans deiicmeyem dasnenue p. Onpede-
Jums depopmayuio Kybuka.

Boibpas opHeHTanmi0 ocell KooOpAHMHAT
yKkazaHHBIM Ha pHc. 13.1 oOpa3om, cpasy mony- 4 ,
JaeM, YTO BEKTOP CMENICHHUs U MMeeT B JIaH- !
HOM Cliydae TOINBKO OJHY OTIMYHYI OT Hy- ._5—
75l KOMITOHEHTY 1, 3aBHCSIIYIO TOJBKO OT Z,
u;(z) = u(z). CoOTBETCTBEHHO ITOMY B TCH30-
pe nedopmarit 1, €IMHCTBEHHAS HEHYIEBAT e | — !
KomroHeHTa ecthb (13.1) u., = du/dz. Torma
u3 3akoHa 1'yka (13.6) mmst TeHszopa compsixke- Puc. 13.1. Cxarne xyOuxa
HHH 0'jj; TOMyqHM B JKECTKOI1 [IOOCTH

Oxx = Oyy — Luzz; Oz = Muzz (13.11)
(14 0)(1—20) (14 0)(1—20)

VpaBHenue paBHOBecus Ooy,/0r; = (0 O3HaYaeT B JAHHOM CIydae,
4TO ., = const. BemwmunHa 3T0it 0nHOPOIHOH AedopMalHy OTMpeaenieTca u3
TPaHNYHOTO YCJIOBHA Ha TPaHu 2 = I, 0.|,—; = —p. Mcmonesys nociensee U3
coorHoernnii (13.11), oTcrona HaXomuM, 4TO

_ p(+0)(1—20)
ez = BE(—0)

13-2. Hzomponneui Kpucmani 3anonnsem noxynpocmpancmeo z < 0,
a 8dons naockocmu z = 0 OH «ckneen» ¢ abconomuo xcecmroi cpedoil. Haii-
mu Ko3Qduyuenm ompadcenust npoOOJbHOU 38YK0BOU 60JHbI, NAOAIOWEN N0
yenom O na epanuyy pasoena.

IMomumo mapmaroreiil mpomombHOH BONHBEL (BodHA 1), B cpeme OymyT pac-
IPOCTPAHATECA OTPaKCHHBIE MPOAOJNbHAs BOMHA (2) W momepedHas BodHa (3).
O003HaUMM aMIDTUTYABl CMEICHHSA B HUX 4epe3 41, Us W Uz (HAmpaBIcHHE
9THX BEKTOPOB IMoKazaHo Ha puc. 13.2). Ilpu 3amaHHOM 1] BEKTOpHI o U U3
OIIPENENAOTCA U3 IPAHUYHBIX YCIOBUI. B 1aHHOM ciy4ae OHU COCTOAT B OTCYT-
CTBUH cMermeHus B cpeae npH z = 0. Toraa u3 paBeHCTBa Hymo U, (0) u 1, (0)
HoxygaeM

u1 cos 0 — ug cos @ + uzsinf; = 0;

u1 sin @) + us sin@; + ug cos Gy = 0.
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Orciona uz = uy cos(6; + 6;)/ cos(0; — 0;), Tak uro
HCKOMBIH K03 (HUIUEHT OTpakeHUs

R; = cos*(6; + 9t>/0082(9l — ;). (13.12)

Vronm pacnpocTpaHeHHs IHONEPEYHBIX BOIH 6
HETPYAHO BBIPa3HTh uepe3 @) M CKOPOCTH pacipo-
CTpaHEHHs IPOIOIBHBIX U IMOMEPEYHBIX BOJIH € U Ct.
W3 paBeHCTBa 4acTOT HpPOJOIBHOH U MOMEPEYHOH

BOJNHBI Cjk; = ciky, @ U3 PaBEHCTBA X-KOMIIOHEHT

Puc. 13.2. Orpaxenue smy- X BOTHOBBIX BSKTOpOB kisinf; = k;sinf;. Or-
KOBBIX BOJH OT JKecTKoli Croja sinf; = c—?sin 0;. Kak ciexyer W3 BbIpaKe-
TPaHuUILbL s (13.12) nnst xoadduuuenTa oTpakeHuss Ry, oH

obpamaeTcs B Hynb npu 0; + 6, = 7/2. D10 MMe-
€T IPOCTOH TeOMETPUIECKHH CMBICT: TAK KaK B 3TOM CIydae BEKTOPHI U1 U U3
KOJUIHHEAPHEL, TO HEOOXOAUMOE TPAHUIHOE YCIOBHE 11|,—¢ = 0 BBIIONHSIETCS
0pH U3z = —1, a o = 0.

13-3. B abcomomno dcecmruti yurunopuveckutl kanan (puc. 13.3, a) paou-
yecom a ecmasnena npodbka oaunott L mak, umo na ee 60Kko8yi0 nogepxHocmo
oeticmgyem oaenenue p. Kaxkyio munumanouyio cuny Fuin Heobxooumo npuio-
JAHCUMd K Mopyy npodKu 015 ee NPOMAnKueaHus no Kauauny, eciu kod@duyuenm
mpeHnus 60K0801 hogepxHocmu npodku o kanan pasen k, npuuem k < 1. ¥Ynpyeue
KoHcmanmul Mamepuaia npooxku E u o 3adanwi.

HeTpHUBHATBHOCTE 33/1a4H CBS3aHA C TEM, YTO MaTepUall IPOOKH UMEET OT-
JUYHBIA OT HyAA (M HONOXHUTENbHEI) KoadduuueHt [lyaccona o. Eciu o = 0,
TO TIPH MPOTAJIKMBAHUN POOKU OHA HE CTPEMHUTCS PACHIMPUTHCS, TAK YTO JaB-
JieHHe MPOOKH Ha GOKOBYIO IOBEPXHOCTH KaHAJIA OCTACTCS paBHBIM p. [loatomy
B 3TOM chydae HeoOxojuMast cuna Fuin = 2malpk. Ilpu o > 0 npogonbsHbIe
HAIpsKCHUS BIUAIOT HA pagdaibHBIE, YTO MPUBOAUT K CYIICCTBCHHOMY YBEIH-
yeHuo Fi, gaxe opu k < 1.

3anuiueM yciioBUe paBHOBECHS TPOOKHM B €CTECTBEHHOMW JJISI ATOW 3aJjauu
I_II/[JII/IHZ[pI/I‘IeCKOﬁ CHUCTEME KOOpAUHAT. I[J'[SI 3TOI'0 BBLICINM 06’BGM, MOKa3aHHBIN
Ha puc. 13.3, 6. CyMMupys CHiBI, ASHCTBYIONIHE HA BCE YIACTKH €T0 IOBEPX-
HOCTH, HETPYZHO MOMYYHTH CICIYIOIIHE YpPaBHEHHS PaBHOBECHUA BIOIL 7 H Z
(paBHOBECHE MO ( BBHIMONHACTCS B JAaHHOM CIIyd4ae TOXKACCTBEHHO H3-3a aKCH-
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@ ®
0 - @
i / /// 2+a .‘/:'/dajg’r‘;‘:
¥ WO s
L .

Puc. 13.3. [Iporankusanue MpoOKH B KaHale (a) U pacdyeT paBHoBecH: (0)

aNMbHOH CHUMMETpUN):

10 g 80'7,7' .
ro(rom) = 5 5 =0 (13.13)
10 aa’zz )
?8_7‘(/[40'274) + W = 0

B oTcyTcTBHE MPOMONBHON CUMBI F' OTIHYHBI OT HYJSA TOIBKO KOMIIOHEH-
THl Opy B Oy, TEH30PA HANPSKEHHH, NPHYEM 0 = O,, = —p (IEpPBOE pa-
BEHCTBO CIEAYeT U3 paauanbHoro paBHoBecus B (13.13), a BTOpoe — u3 Tpa-
HUYHOTO YCJOBHA Ha OoxoBoi moBepxHocTH). Ilpm 3ToM mpoOka omHOPOIHO
neopMupoBaHa, TaK YT0, KAK ITO CleAyeT u3 3aKoHa I'yka (13.6), tyr = Uy, =
= —p(l—0)/E, a u,, = 2po/E. Tlpu npoTaikuBaHUM MOSBIAIOTCA TaKKe
KOMITOHEHTBI T€H30pa HANPSKEHUH 0, U 0. JIOBONBHO OYEBHAHO (BIOpOYEM,
B 3TOM MOXHO YOEIUTHCA U HENOCPEACTBEHHO IPOBEPKOM MOTYUSHHOTO HIKE
penienus), 4To npH k < 1 Benu4uHa o ,,. OyIeT Mana o CpaBHEHHIO ¢ OCTAJbHBI-
MH KOMIIOHEHTaMH T€H30pa HampsiykeHuil. [loaTomy B ypaBHEHUH paiHalbHOTO
PaBHOBECHS MOYKHO HpeHeOpeUb BKIANAOM O ., TAK UTO, KaK M PaHBIUE, 0fpp =
= 0, (HO TETIephb OHM yXKe 3aBHCAT OT 2). Tak Kax moxocTs aGCOTIOTHO KecTKas,
TO paauaibHas Ae(opManys IpodKU He MeHseTcst: u.r = —p(1 — o)E. Ho mo
3aKkoHy I'yka (13.6)

(L4 0)orr — 0(opr + 0pp)] = =[(1 — 0)op — 00.].

b=
=

Upr =

Otcroma momydaeM CBA3b MEXKIAY Opp U Oz, Opp = —D + ﬁazz. Hute-

TPHUpPYs TEIeph 0 7 YpaBHEHHE IPOJ0ILHOIO paBHOBeCUs (Bropoe H3 ypaBHe-
Huii (13.13)), monyuum, 410 0, = —gaazz / 0z (MOCTOSHHAS MHTErPHPOBAHUS

OIPENENACTCS U3 YCIOBUSI OTPAaHUYCHHOCTH 0, 1IpH 7 = 0). Mcmonssys Teneps
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TPAaHHYHOE YCIOBHE 04, (a) = k0, U BBIPAXAs Oy 9EPE3 0, HMEEM

Qagzzi - o
T270: k( p*l—a““)'

PeliieHre 5TOr0 ypaBHEHHs ¢ HyKHBIM IPAHHYHBIM yCIIOBHEM 0, (0) = —F/ma®
CIenyIoImee:
1— _ _2koz _ _2ko=z
0. = M [1 —e a(la’):| _ %e a(l—o) (13.14)
Ta

PaccMmoTpumM Temepb, kak MEHSICTCA O, BHOIb NPOOKH B 3aBHCHMOCTH
OT MpuiokeHHO# K ee Topuy cunbel F. Ilpu He ciumikoM OONBIIMX 3HAYCHU-
ax F abcomoTHas BeIWYUHA 0., MOHOTOHHO YOBIBA€T BHYTpPH MPOOKU OT 3Ha-
venns F/ma” npm z = 0 u obpammaercs B Hy/b B HEKOTOPOIl Touke 2 = 29 < L
(mpu z > Zzy ypaBHeHue (13.14) yxe HE MPUMEHHMO, U 37€Ch HYXXHO CUH-
Tath 0., = 0). B aTOM ciydae mpoOKa erme «IepXuT» Harpys3ky. Kparaaeckuit
MOMEHT HacTymaeT, korjma zo = L. Ilpu eme Gonbluell cuie paBHOBECHS YXKe
He OyzmeT u mpodka IpHAET B ABHXKEHHe. M3 3Toro yCmoBHs, HCIONB3YS 3aBHCH-
MocTh (13.14), momyunm

Fmin - o ea(l—a) —1

_ w [ T ] ] (13.15)

Otcrona BUAHO, 4TO B CiIydae JUIMHHOH mpoOku (L > a) HeoOXoguMas Juis ee
IPOTANIKUBAHUS CHJIa CTAHOBUTCS IKCIOHEHIHANBEHO OONbIIOH faxe npu k < 1.
[IpuauHoOil sBIAAETCA Kak pa3 oTAM4ME OT Hydsd Koadduuuenra Ilyaccona o.

Ecim we o — 0, 1o 13 (13.15) monydaercs, Kak B CISAOBAJIO OXKHJIATh, IPOCTOMU
pesynbrar: Fuin(o — 0) = 2nalLpk.

13-4. ¥Ynpyauii yununop paduycom R paspesanu no niockocmu, npoxoosuel
uepes e2o ocw U obpasyrowyio. 3amem paspes pascanu Ha yeor o (o K 2m),
8 06pa3VIoUYIOCA NONOCHb BCIMABUIU KAUH U3 MAKO20 JHCe, HO HEHANPANCEHHO20
mamepuana u omnycmuau (puc. 13.4) (moderv nosopomuou ducioxayuu). Haii-
My noie HaANPANCEHUl 8 NOGOPOMHOL OUCTOKAYUU U ee IHEP2UI0 (Ha eOuHuYy
ONuUHbL).

CornacHo reoMeTpHU 3a[aud, B JIAHHOM CIlydae a3uMyTalbHOe CMellle-
HUE U, = ary/2m. KpoMme Toro, WHIHHIP «pacyXaeT», TaK YTO IMOABUTCH
U paauaibHas KOMIIOHEHTa CMEILICHUA U, KOTOpas, B CHIIy CUMMETpPHUH, OyaeT
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3aBUCETH TOJBKO OT 7, u,(r). [ ee HaXOXKIOCHUI CIEIyeT BOCIOIb30BAThCH
ypaBHCHHEM paBHOBecus ympyroi cpensl (13.10), koTopoe 3mech AaeT

_ 1 e -
A+ 1_20Vd1vuf0. (13.16)
Tak kak divid = lQ(Tu)—&—la& = 18(u)—&—
Tory T T Qg Tory T .
+ /27 U He 3aBHUCHUT OT ¢, TO YCIOBHE PaBHOBECHA IO ¢ |
AR
YIOBJIETBOPACTCS TOKIECTBEHHO, MOCKOIBKY \L@/_’
o u 10 du, Uy .
Ay =Auy — — = =L [r2 ] - 2 =0. P
(e = Bte 52 fﬁr(”f) & N
W3 papnanbhol koMIOHEHTHI ypaBHeHHA (13.16) momydnM i i
B} 1 df1d C1d (du) ur
(At + 1—-20dr {T dr (TUT)] - Tdy (T dr ) 72 '
2 ar 1 d 1d Puc. 13.4. Mo-
- _22_ 20 dr Fd_(rur) = JeNTb TIOBOPOTHOM
JIUCJIOKAIIMH

(3meck ucnonb3oBaHsl hopmyisl (1.1) mma Aw). Otcrona

d|1d _ a(l—20)
dr [rdr( “ )] ~2mr(l - o)’

WHTerpupys U yuuThiBas, 9T0 u,.(0) = 0, UMeeM Temepb

g (Bl F

rme A — Moka HEW3BECTHAA KOHCTaHTA, KOTOPas ONMPEAEHSIeTCs W3 MPaHUIHOTO
yCIOBHS Ha GOKOBOM MOBEPXHOCTH HHAPA (01N )|r=r = 0, T.€. 0pp(R) =
= 0:r(R) = 04-(R) = 0. B 1aHHOM ClTyYae OTIHYHBI OT Hyls TONBKO JBE
KOMITOHEHTHI T€H30pa Je(popMaltuii;

Uy —

du 10u, w
Upp = d;3 “9050:?%'{'77'
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ITosToMy B TeH30pe HAIPSDKCHUH MPHCYTCTBYIOT TOJIBKO AHATOHAIBHBIC KOMIIO-
HEHTBI, TaK YTO [/ BBHIIONHEHHS TPAHHYHBIX YCIOBHI JOCTATOYHO OOpAaTUTH
B HyIb 0,(R). Cormacuo (13.6),

__FE o__
Orp = 1+o |:Urr+ 120(urr+ulpw):| s
roe
o(1 - 20) r 1
rr In - s+A4);
47T(10)< R+2+
_a(l—20)
Upp = y U) n————|—A 271'

IMocne mpocTsix BeMIMCICHMI Haxoaum, 9to A = —1/2(1 — 20), a KOMIIOHEHTBI
TEH30pa HalpsKeHUH

ok oF oF
T oy MR T = o R o
aFEo aFEo
= 71 R4 ————-.
T R
[InoTHOCTE ympyroi 3Hepruu
F = %crikuik = %(arrurr + Opplipy) =
@’E(1 — 20) 2p
= L ymil 4+ —2= 1317
1672(1 — 0?)(1 — o) { R R] 3272(1 — o?) ( )

Oueprua W, mnpuxoadmascs Ha CAWHUIY [UTWHBEI [WIHHIpA, paBHA
R

[ FdS =2r [ Frdr. llpu HHTErpHpOBaHMY BKIaIbl 0OOUX NOrapApMUISCKUX

0
ClIara€MbIX KOMIICHCHUPYIOTCS, TAK 9YTO
W = o’ER?/327(1 — o?).

13-5. B nedegopmupoBanHom cOCMOSHUY MOHKULL CIMEPIICeHb uMeenm no-
nepeunoe ceueHue 8 opme NpAMOY2ONbHUKA ¢ pasmepamu ¢ u b (puc. 13.5).
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Kax usmenumcs gopma e2o nonepeunozo ceuewus, eciu CMepicenb US0SHYM
8 naockocnu (., z) ¢ paouycom Kpugusmsl R.

B cucreMe KoOpAMHAT ¢ OCHIO 2, HAIPABIEHHOW BIOb CTEPIKHSI, MpPH
M3THOE TOCIEHET0 OTIMYHBL OT HYJIA TOJNBKO TaKWe KOMITOHEHTHI TEH30pa
nedopManuil: Uy, = /R, Upy = Uyy = —0U,, = —ox/R. Tak kax
U = %(8% /0%, + Oug/0x;), TO HOCIHE UHTETPHPOBAHIS IIOJydaeM IS BEK-

TOpa CMCIICHUA U npun n3rude CICAYIOIIUEC BBIPAKCHUA:

_zZ, _ 1.2 2 2y, _

Uz

(HOCTOSIHHBIG HHTCTPUPOBAHUA BBI6paHBI 30€Ch TakK, 4TOOBI TOUKA Hadaja KOOp-
JAUHAT HE CMeH_IaJ'IaCB).
PaCCMOTpI/IM IJIOCKOCTh TOICPCUYHOTO CCHCHHA

crepxus 2z = 0. Ilpu usrube nexxamue Ha HEMl TOUKU z
[epEMEIAIOTCS TOIBKO B INIOCKOCTH (X, Yf), MpHIeM b
f I~ -\
’ = Y
_ T2 ) T a|; )
U:L-—2Ry ), Uy = UR + K % Y
i Ay
7 \\
Orciona ciiejtyet, 9To OOKOBBIE CTOPOHBI IPSIMOYTOIb-  “~_ L

HHKa (y = +b/2) Hocie U3rnba 3aHIMAIOT MOIOKE-

HHUE Y = +0 4 Uy (y = ié) = ié(l —oz/R), T.e. Pue. 13.5. legopyanus
2 2 2 TIOTEPEYHOTO CeUeHUs
CTaHOBSTCA HAKJIOHHBIMH TIPAMBIMH (CM. prc. 13.5). CTEpKHA IpH H3THOE

BepxHss ke W HUXKHSA CTOPOHBI (v = *a/2) mpu-
00peTaloT CIeAyIOmuil BUI: T = ﬂ:% + uy (i%) =

= :I:% + 21}%@2 —a?/4), T. e. CTAaHOBATCA OTpPE3KAMH MapasOmbL.

13-6. Ooun romey monKo20 Kpy2nozo cmepicHa OnuHoll | u paduycom a
(I > a) sadenan, a na opyzom nomewen 2pys eecom p (puc. 13.6). Kakoi
8€C Pmax BbIOEPICUM CINEPIHCEHb, €CT €20 NPOYHOCHb HQ Paspblé On, = ok,
ede E — modyne I0nza mamepuana cmepicHs, a o — YUCIeHHbll Kodppuyuenm,
npuuem ¢ < afl < 1. Bec cmepoicus npeneGpexcumo mai.

Ilpu o < a/l crepeHb ocTaHETCA CNab0 M30THYTBIM JaxKe [PH MAKCH-
MaJIbHO JOIyCTUMOIl Harpyske. [IoaToMy yciioBHE ero paBHOBECHA 3allACHIBACT-
CsI AOBOIBHO IIPOCTO. PacCMOTPHM 4acTh CTEPIKHS, 3aKIIIOUSHHY 0 MEXKTY TOUKOI
¢ KOOpAWHATOH z M CBOOOAHBIM KOHIIOM. MOMEHT CHII, CO3aBAaEMBIH Ipy30M
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u paBHBll p(l — z), NOIDKEH YpPaBHOBEIIMBATHCA MO-
MCHTOM CHII BHYTPCHHHX HAIPSDKCHHH B 9TOM CEUCHHUH
cTepxHs, Tak uto p(l — z) = EJ/R(z). 3necs J — Mo-
MEHT HHEPIHUU, KOTOPBIA JUId KPYIIOIO CTEpKHA pa-
BeH ma'/A (HeliTpanbHAas JWHES B TIOCKOCTH TIOME-
PEYHOTO CEUEHHMs ABIACTCS, OYEBHIHO, THAMETPOM, IIa-
pamiesbEeIM ocH y). OTCIona MakcHMasbHAasl KPHBH3HA,
Puc. 13.6. Maru6 ma- & TEM CaMbIM, H HaHOOJIBIINE HAMPSIKCHIS, OyayT y 3a-
rpysKetnoro crepkus  ACTAHHOTO KOHI@A cTepxkHs (mpu z = 0), e 1 /R(0) =
= pl/EJ. B TeH30pe HANpsDKCHHH OTIMYHA OT HyJs
TONBKO KOMIIOHEHTa 0., = E¢/R, rme { — paccTosiHHE OT HEHTpanbHOH II0-
BepxHocTH. [TooTOMy MakcHMManbHOe HampshkeHHe OyneT y kpad, roe £ = a,

0 z

z

o) — Ea/R(0) = pal/J = 4pl/ma®.
Orcrona cpa3zy noxy4aeM MaKCHMAaJbHYIO HArpy3Ky

APmaxl
p—z =akF, Te pPpax= a7ra3E/4l.
Ta

HetpynHo Temepb HPOBEPUTH YCIOBHE MPUMEHHMOCTH 3TOTO pEIICHHUSA,
IPEATIONIATAOMET0 U3THO CTEPKHs cabsiM. MakcumanbHas kKpususHa 1/ R(0) =
_ Pmax!
- EJ
U naetr orpaHuucHue, o < a/l. Ilpu cnabom u3rube CTEpKHsI ero MaKCHMab-

HOE€ OTKJIOHCHHE OT HeAe(OPMHPOBAHHOTO MONOKCHHS MHOTO MEHBLIEC THHBI
cTepxKHsL. [eficTBHTENbHO, HaliieM (popMy CTePKHS x(z), IPHHIMASMYIO HM IO
neiicTereM Harpyskn. Tax kak mpu cmaboMm msrube 1/R(2) ~ d?z/d2?%, o u3
ypaBHeHus paBHOBecus cnenyet d°x /dz? = p(l — z)EJ. Uaterpupys ¢ y4erom
TPaHAYHBIX YCTOBHIL AMs 3a0eaHHOro KoHIa ctepkds £(0) = 0, dx/dz,—o = 0,
Oy IHM

— % JOJDKHaA OBITh MHOTO MEHBIIIC 06paTHOﬁ JUIUHBI CTCPIKHA, YTO

Copl?
z(z) = 2JE(l z/31).
Otcrona BumHO, uTo HauGonswee otkinoHenne z(l) = pl®/3EJ ocraetca

HEOOMBIIUM (Zmax K 1), ecmu o < a/l.

13-7. Onpedenumsb KpUmuiecKkyo COCUMAIOWYIO CULY, npu KOMopoul 603HU-
Kaem u3eubHas HEYCMOUYUBOCHb MOHKO20 CMepXCcHs (3adaya Diiiepa).
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KpuTHdeckas cuia 3aBHCHT OT TPAHHYHBIX YCIOBHI Ha KOH-
[[aX CTEpXXHA. PacCMOTpHUM, HampuMep, CTEPXKEHb ¢ HIAPHUPHO
3aKpeIUicHHBIMA KoHIamu (puc. 13.7). JTo o3HadYaeT, 4YTO KOH-
LBl CTEPKHA MOTYT CBOOOMHO TOBOPaUrBaThes. KpHBr3Ha THHIH
CTEPXKHS 3/¢Ch PAaBHA HYIIEO W OTCYTCTBYET HU3TMOHBIN MOMEHT
cun. [psmonuHelHas GpopMa CTEpKHsI CTAHOBUTCSI HEYCTOHYIH-
BOM, KOTZa HOSBIISIETCS €Ilie OHO PABHOBECHOE PEIlleHUe, COOT-
BETCTBYIOIECE CITa0OMY H3THOY CTEpIKHS.

[lycte Ha cTepkeHb AeHCTByeT cxxuMaromias cuia 1. 3a-
OHIIeM YCIOBHE DPABHOBECHS YaCTH CTEPKHS MEKAY ToYKa-
mu (0, z). MoMeHT BHemHeil cHisl, paBHbIi —7'%, ypaBHOBe-
MUBaeTCA M3TMOHBIM MOMEHTOM YIPYTUX HanpsbkeHuil: —71'x =

— EJ/R(z) =~ EJd*r/dz*. DTo ypaBHeHHe HUMeeT pele- ;“C' 13.7.
HHE C HY)KHBIMU TpaHHYHBIMH ycmoBwamu z(0) = z(l) = 0 pactety
1/2; _ . U3TUOHOI
opu (T'/JE)!/?l = 7. Eciu cTep)keHb HEKPYIIbIH, TO BXOIS- .
- YCTOHYHNBOCTH
IMAH CIoIa MOMEHT WHEpPUWH J 3aBUCUT OT HAIpPaBICHUS W3- PE—

ruda. [ToaToMy mopor HeyCTOHYHBOCTH OMpENENsIeTCs H3rHOOM
B IUTOCKOCTH, IMEIOTIeH HanMEeHbIINH MOMEHT UHEpIUU (e co-
OTBETCTBYET U3 JIBYX TaK Ha3bIBAEMBIX ITTABHBIX MOMEHTOB HHEP-
TUH).

PaccMoTpuM Teneps Apyro# ciaydail, Koraa KOHITEL CTEpXHS 3aaenansl. [pu
9TOM IpaHHYHBIE YCIOBHS TPeOyOT obparmeHnst B Hynb x U dx/dz npu z = 0, |
(cTeprkeHb 3aKpeIuieH U He MEHsET cBoero HampasneHus). Ho xpuBH3Ha CTEepk-
HJ Ha €ro KOHI[aX Telepb He paBHa Hyiro. [loaToMy B ypaBHEHHH paBHOBECHS
HYKHO YyYUTBIBATH M3THOHBII MOMEHT YIPYTUX HANpsDKEHHH Ha KOHIAX CTEPXK-
Hs1, KOTOPBIil YCTaHABIHBACTCSI TaKUM, YTOOBI UTOOBI BBINONHTHCh TPAHIIHBIE
ycaoBusa. O003HaYUM 3TOT MOMeEHT culx mpu z = 0 uepe3 My. Torma ycmoBue
OaaHCa MOMCHTOB 3aIUIIETCS TaK:

~Tx+ My = EJd*z/dz*.

Peruenne storo ypasHeHus, oOpamaiomeecs B Hylb mpr x = () B HMeromee
TaM HyJIEBYTO TIPOM3BOAHYIO, ecth = = (Mo /T')[1 — cos(T/E.J)'/?2]. Torma u3
yerosust, uto z(l) = 0, nomydaem (T/EJ)Y?] = 2r, Tak 4ro kpuTHYeckas
cuna B oTOM ciydae pasua Ty, = 4n°JE/I?. Kak u B OpenbiaymeM ciydae,
MOPOT HEYCTOHYUBOCTU ONPEACNIAETCS H3THOOM B IIIOCKOCTH ¢ MHHHMATBHBIM
MOMEHTOM HHepLuu J.
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§ 14. MexaHHKA KHIAKHX KPHCTAJLIOB

CocTosHHE HEMAaTHIECKOTO XUAKOTO KPHUCTAJIa 3a1aeTCsl MONEM AUPEKTO-
poB 7i(F), Toe 7 — CAWHWYHBINA BEKTOp, XapaKTepPU3YIOLIU HAMPABICHHE OPHU-
CHTAIIMH MOJEKYI B IIPOCTpaHCTIBE. IIpH 3TOM 3HAUCHUS 7 M —7i CIUTAIOTCA
(bHU3HYECKH JKBUBAJICHTHEIMH (Tak YTO B Ka)KJOH TOUKE 3aqacTCs JHINb OCh,
BIOJH KOTOPOH IPOHCXOAWT OpHEHTaIHA). B paBHOBECHOE COCTOSHHE B OTCYT-
CTBUE BHEUIHUX BO3JCICTBUI MOJNE AUPEKTOPOB omHOpoaHOo (17 = const). Cy-
MIECTBYET TPW HE3aBUCHMBIX THIA JedopMalyd 1oisi qupekropos (puc. 14.1):
MOMIePEYHBIN M3TUO, KpydYeHHe, MpoaonbHbIid n3rud. Ilonepedrnomy m3ruby co-
oTBeTCTBYeT oTnuume oT Hyms (div 1), kpydeHuto — (71 - rot 1), a mpoIOIBHOMY
u3rudy — |7 X rot 7i]. B ne)OpMHPOBAHHOM COCTOSHUM HEMATHYESCKUH KHIKHIA
KpUCTama obnamaeT W3OBITOYHOM 3Heprueil, B 0ObEMHYIO IUIOTHOCTH KOTOPOif
HepeUrClieHHbIe TPH TUIA AedopMaliiy JaioT aJANTHBHEIE BKJIAIBI:

F = Ky (divi)? + Ko(7 - ot )? + K3[il x rot)?, (14.1)

rne K, K5, K3 — mnomoxurensHble KO3()()UIHMEHTHI, HAa3BIBACMEIC, COOTBET-
CTBEHHO, MOAYASMH MOMEPEYHOT0 U3rHOa, KPyUEHU U MPOAOJIBHOTO H3rHOA.

Puc. 14.1. Jedopmanus moss TUPEKTOPOB B HEMATHKE: (4) — MOMEPETHEIH H3ruo,
(6) — xpyuenue, (B) — OpoaosbHbIiL U3rud

14-1. Hatimu pasnosecnoe noae Oupekmopos 8 XoieCmepuyeckom JHcUOKOM
Kpucmanie.
XomecTepUuecKHe KUAKAE KPUCTALIBI OTIMYAIOTCA OT HEMAaTHYECKUX OT-
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CYTCTBUEM LIEHTPa CUMMETPHUH, T. €. IPU OTPAKCHUH MOJIEKYIIBI TAKOTO JKHAKOTO
KpUCTaIa MepexomsIT B ApYyryio (cTepeomsomepHyo) dhopmy. [lostomy Xome-
CTEPHKU MOTYT XapaKTepU30BaThCA NCEBIOCKATIAPHBIMUA BETHYWHAMH, TaK 4TO
IUIOTHOCTh WX YIIPYToi 3HEPTUH Ae(hOPMALINE MOXKET COIEPKATh JOIOIHHTEb-
Hoe k (14.1) cnaraemoe tuma «(7 - rot 1), roe o — neepgockaxap. B pesynsrare
IUIOTHOCTh JHEPTUH IpUOOpEeTaeT BU:

F = K(divi)? + Ko(ri - ot 1) + K3[ri x rot7i]* + a(ri - rot ). (14.2)

B paBHOBecun 9Ta 3HEprusA AODKHA MMETh MHHHMYM, KOTOPOMY TEHEphb
yKe He COOTBETCTBYET OAHOPOJHOE MONIE AUPEKTOPOB (77 = const). M3 ycaosus
axcTpeMyMma 1A (14.2) cnexnyert, 4To B paBHOBECHH

divii =0; [fxrotii] =0; 7 -rotn=—a/2Ks=1tg=const, (14.3)

HoTyd9aeTcs Mol AUPEKTOPOB € TIOCTOSHHBIM KPYUICHHEM.

PaccmotpnM perienne ypaBHenwi (14.3), 3aBucsiiee TOIBKO OT OJHOM KO-
opamHatbel: 75(z). Torma us ycnosus divii = 0 cmemyer n, = const, a u3
PaBeHCTBa HYNF0 BENHYHHBI [17 X rot7i] cmeayert, 4ro n, = 0. B pesyibrare
NOJy4aeM IUIOCKOE MOJE AUPEKTOPOB (M, 7y ), KOTOPOES MOXKHO MPEICTABUTH
B BUIC N, — COS(, Ny = sin, TOe YIOI ¢ 3aBHCHT OT z. YUHTHIBAs, 4TO
Temeps (rotil), = — cospdp/dz, a (rot ), = — sin pdy/dz, nomydum

(- rott) = —dp/dz =tg, T.e. @ =g — toz.

Orcrona BUOHO, 9TO PABHOBECHOE COCTOSTHHE XOJNECTEPHKA COOTBETCTBYET BUH-
TOBOH CTPYKTYpE MOJIST TUPEKTOPOB € MOCTOAHHBIM LIaroM (TIEPHOAOM BIOMb Z),
PaBHBIM 77 /1o (HAIOMHHM, 4TO COCTOSHHSA HIKOTO KPHCTAILIA C ZUPEKTOPAMH 77
U —7l 9KBUBAIICHTHBI).

14-2. Ilpocmparncmeo mexcoy 08yMaA NAPAALENbHBIMU CHEKTAHHBIMU HAd-
CIMUHKAMU 3QNOTHEHO HEMAMUYECKUM HCUOKUM KPUCHALTOM, NPUYEM V HOBepX-
HOCIU NAACMUN OUPEeKmop opuenmuposar 80oab nux (puc. 14.2). Ilpu xaxom
SHaueHu GHeWHe20 MaHUMHO20 nois B 00HOPOOHOE HORE OUPEKIMOPO8 MeNHCIY
NAQCMUHAMU CIAHem HeyCmoudugbim (nepexod @pedepurca)? Cuumamo Mooy-
au ynpyeocmu K1 u K3 pagnoimu (K1 = K3 = K).
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HamnoykeHre BHEITHETO MaTHUTHOTO OIS U3MEHSET SHEPTHIO HeMaTuka. Ec-
JH 3TO MOJIE JOCTATOYHO cIadoe, TO ITOTHOCTh DHEPTHH F MEHACTCA CICAYIO-
UM 00pas3oM:

F = K (divi)? 4+ Ko(7i - rot @)% 4+ K3[ii x rot)? — B( - B)?  (14.4)

(Bo3HHKaromasi J1o0aBka SIBIACTCS MeEp-
y BBIM HEHCHUE3AIOIUM WICHOM DPa3JIoikKe-
______________ HUS OHEPTHHM IO CTeleHsM HHAYKIHN
r ?gf MarHuTHOTO mojs). B oTcyTcTBHE Mar-
n
d e T [ HHUTHOTO MOJs HANPABIEHUE MONS UPEK-
l TOPOB MEXIy IUIACTUHAMH [OCTOSHHO,
—————————————— 7 = const. Ecou xoucranTa 0 B (14.4)
MONOKATENbHA, TO ipu B 7% 0 aupekro-
Py JHEPTeTHYECKH BBHITOAHO MOBEPHYTH-
¢Sl TAK, YTOOBI CTATh MapalicbHBIM B.
Puc. 14.2. Tepexon ®pepcpukca B Mar- B 310M cilydae BO3HUKAET KOHKYPEHIHSA
HUTHOM T10JIE MEXKIYy OPUEHTHPYIOIIUM ACHCTBHEM MO-
BEPXHOCTH IUIACTUH W MATHUTHBIM [O-
aeM. B pesymbrare Mony4aeTcs, 9TO €CTH MATHUTHOE MOJIE MEHBIIE HEKOTOPOTO
KPUTHIECKOTO 3Ha4eHUA B, TO MoJe JUPEKTOPOB OCTAETCS OTHOPOIHBIM BO
BCEM 00beMe, a Ipu B > By, pacnpeneneHune 17 = const 0Ka3bIBaeTCA HEYCTOM-
YUBEIM U MOJE JUPEKTOPOB AedopMupyeTcs. Jad HaxoxAeHHA By, MOIydHM
ypaBHEHHE PaBHOBECHS JUISL TIOJIe IAPEKTOPOB 7i(T).

B paccmarpuBaeMoii 3a1aue M0JIe AUPEKTOPOB SIBISETCS INIOCKUM (OTIMYHbI
OT HyJIAl TOIBKO 7y U 7y, 3aBHCALINE OT ¥/), TAK YTO €10 MOXKHO OMHCHIBATE OJHHAM
YIIOM 0, N, = cOS¢, Yy = sin . dedopMarys KpyIeHUS IPUA ITOM OTCYTCTBY-
et (1 - rot 7 = 0), monHast 3Heprus Hemaruka W npuodperaer, cornacto (14.4),
BUJT
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B cocTtogHuuM paBHOBecUs 3Heprua W NOMKHA MMETh IKCTpeMajbHOE 3Ha-
YeHHe Kak QYHKIHOHAT OT ((y). 3anumeM BapHanmo W:

d
W = / dy { d(p d&p — 24B?%sin ¢ cos (p&p} =
0

d
/d { 2K— Zﬂstingacosap}&a
0

(3meck mepBoe ciyaraeMoe IIPOMHTETPUPOBAHO IO YACTAM M YYTEHO, UTO Ha
noBepxHoCTH IUmacTdH (y = 0, d) HampaBiieHHe JHPEKTOpa 3aiaHo, MO3TO-
My dp(0) = dp(d) = 0. U3 yciosuss W = 0 upu mpousBonbHBIX dp(y)
HOJIy4aeM HCKOMOE YPaBHCHHE PaBHOBECHS
2 2

e + i sin cos¢ = 0. (14.5)

dy? K
Otcroma BHOHO, YTO IpH TFOOBIX MarHUTHBIX Moisix B ypaBHeHue (14.5) mMeet
pemieHre ¢ = (), COOTBETCTBYIOIIEE OJHOPOJHOMY MO0 IUPEKTOPOB. OHAKO
9TO PEIIEHNE CTAHOBHUTCS HEYCTOMYUBEIM IIpH TakoM B = B, korja y ypasHe-
Hus paBHOBecHA (14.5) mosBisieTcs emie OAHO pelIeHHE ¢ MalbIM OTKJIOHCHHEM
nupektopoB (¢ < 1). Tlpu Takux ¢ ypasrerue (14.5) ynpomaercs:

&Py | BB
I S

g2\ /?

K Y.
Temeppb u3 Broporo rpanudHoro ycmosus ¢{d) = 0 HaX0AUM KPUTHICCKOE Mar-
HHUTHOC IIOJIC

Ero peruenne ¢ rpaHndsbM yeioBaeM p(0) = 0 ectb ¢ ~ sin (

532 1/2
Kp
( I ) d=m, Te. BKp:%(K/ﬁ)l/Q.

14-3. Haiimu pasHnogecrnoe noie Oupexmopog 8 yCloeuax npedvloyujel
3a0auy, eciu NPeGvleHUe MAZHUIMHO20 RNONA HAO KPUMUYECKUM HEeBeIUKO.
B — By < By
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IIpu cnaboil HaAKPUTUUHOCTH Yroi HOBOPOTA AHPEKTOPOB OCTAECTCS Ma-
JBIM, TIO3TOMY B ypaBHEHHE paBHOBecus (14.5) 70CTaTOYHO OTpaHHIHUTECA Mep-
BBIMH JBYMS WICHAMH PA3ITOXEHUSA MO CTECMCHAM :

BQ
— & *67(90 —2¢%/3).

IlepBEIil mHTETpan 3TOTO ypaBHEHUA (KOTOPHIi JIETKO MOTYYHUTh aHAJOTHIHO 3a-
npage 12-3, (12.20)) umeet BUA

2
1 (dy BB o e _ BB o
2 <dy) T oR @ 9 /3) = const = S (@ — om/3),

TA€ ¢ — MaKCHMAJBHBIN YTOJ IMOBOPOTA JHPEKTOPA, COOTBETCTBYIOIIUHA TOU-
ke y = d/2 (cM. puc. 14.2). Eme onHO MHTErpHpOBaHHE BMECTE C YCIOBH-
eM ¢(0) = 0 j1aeT HesSIBHYIO 3aBUCHMOCTB (Y )

1/2 A
B( ) y= / de |
R 1/2

0

2 2 P (80/)4
/ m
Pm — ((P ) 73 + 3
Bxomsmuii croma MakCHMaJIbHBIH Yrol IOBOPOTA ,, ONPEAEIICTCS Teleph Ta-
KM COOTHOIIICHUCM:

=@




§ 14, Mexanuka scuoKkux Kpucmanios 199

[NocnenHuii HHTETPaT MOXXHO BEIYUCIUTH IPHONMKEHHO, YIUTBIBAS, UTO Oy, <K 1:

—

1
2
~ dx Pm | T T2
N/ —— 1+ 6(1+m) =5 T g¥m:
0

Orcioma yike HETPYJHO MONYUHTb, 9T0 @ = 2(B/Bygy — 1)'/2, Tak uro
npU cna®oi HATKPUTHIHOCTH Ae(OPMALIHH OIS JUPEKTOPOB IIPOIOPIIHOHATBHA
KBaJIpaTHOMY KOPHIO M3 IPEBBILICHHA HANPSAXKEHHOCTH MAarHUTHOrO IOJIA Haj
[IOPOTOM HEYCTOWYUBOCTH.

14-4. Brewnee mazHumuoe noie, HanpagieHHoe NEPREHOUKYIAPHO K BUH-
MOBOU OCU XONECMEPULECKO20 HCUOKO20 KPUCMANLA, NPUBOOUM K YMEHbIUEHUIO
3aKpyueHHOCY nOAA Oupexmopos. Onpederums KpUmuieckoe MazHUmuoe noie,
ApU NpesviterHuy KOmopo2o BUHMOBASL CIMPYKMYPA NOJIHOCMBIO UCHe3deln, Nl. e.
Xonecmepuieckull HCUOKULl KpUcmasl npuobpemaem HeMamuyeckyio CImpyKny-
py.

HampaBUB oCb KpydYeHHs BJOTb OCH Z, KOMIIOHEHTHI AMPEKTOpPa MOXKHO
3ammcaTh Kaxk

ne(2) = cosp(z), ny(2) = sinp(z), n, =0.
Ecnu BHemHee MarHWTHOE Moie B HAmpaBIeHO BAONB OCH ¥, TO IITOTHOCTH
YIPYyTO# 3HEPTHH XolecTepuKa, cormacHo (14.2) u (14.4), ects

2
d .
F = K2<d—f —to | — BB?sin’ ¢, to = a/2Ks.

Ortcrona BUOHO, 4To IpH § > 0 MarHUTHOE MOIe CTPEMUTCS OPHCHTHPOBATh
JIUPEKTOP BAOJIL OCH Y, T.€. OHO IPHBOJUT K YMEHBIICHUI) KPY4YEHUsS IO
JIPEKTOPOB. YpaBHeHHe paBHOBecHs sl QYHKUHH ¢(2) CIeIyeT U3 YCIOBHS
JKCTpeMyMa JAJis [TOJIHOW YIPYIOi S3HEPIUU

W = /Fdz = /dz (Ka(¢p' —to)? — BB? sin® ). (14.6)
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Venosue W = () OPUBOIHT K CAEAYIOMEMY YPABHEHUIO PABHOBECHUS:
y2¢" + singpcosp = 0, v = (Ka/8B*)Y/2,

[lepBEIit HETETpAT 3TOTO YPABHEHHUS €CTh

¥2(¢")? +sin? ¢ = const = %2, (14.7)

rae MOCTOAHHAs HHTETPUPOBAHHSA, > 2, NOMKHA OBITH GOMBIIE CIHHMIIBL,
T.K. p(z) ecth mepuomuueckast QYHKUHE z, MeHsomasics B uareppaie (0, 7).
Hurerprposanue (14.7) mo3Bonser MpeacTaBUTh 3Ty QYHKIHMIO B HESIBHOM BHJIE
€ TIOMOLIBIO UIUITHUECKOTO HHTErpaia nepsoro poaa I, [11]:

©
0

[Ilar BUHTOBOH CTPYKTYpHI MOJISI AUPEKTOPOB, L, COOTBETCTBYIOLINI H3MEHe-
HHIO ¢ oT 0 ji0 7, AaeTcs Torna CICSAYIOMNM BbIPaKCHHEM:

L = 2yxK (), (14.8)

e K (¢ f dé (1—s2sin? €)"1/2 = I(%, g) €CTh HOJIHBIHN SLTHITHICCKHIT

HHTETpaj nepBoro pona. Torna ycpenHeHHas 10 EPUOAY BUHTOBOH CTPYKTYpPBI
ympyras sHeprus (14.6) ects

L

/d [K2(¢' —to)? — BB sin? ] =
0

hl'—‘

_ 28B?

i3 [’yQ(ga/ — t0)2 — sin? ¢]. (14.9)

do/dz

O\wm
j
hs

3HavcHUE MapaMeTpa > HaXOOUTCSA W3 YCIOBHMS MAHAMYyMa JIS OTOM JHEPTHH.
Ioncrasus B (14.9) seipakenue mst ¢ u3 (14.7), sxepruro (W) MoxKHO 3amucars
Kak

E(x) Y7to

W)= 4”32{2”_2%) K ()

— %2 +72t3}, (14.10)
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rac

g
E(x) = /df(l — 2 sin? ¢)1/?
0

€CTh MOJHEIN JIIIHITTHYC CKHH HUHTETpAJT BTOPOTO poaa. 3,I[GCL TAaKKE HCIIONIB30-
BaHO COOTHOIICHHUEC

sin? £ d¢

(1 — 22 sin? £)1/2

= %72[[((%) — E(x)].

O\Mlﬂ

ITpumeHnsis Tenepb U3BECTHOE PABEHCTBO IS IIPOU3BOHBIX ITOMHBIX JLTUII-
TUYECKUX MHTEerpamos, [11]:

d_K{ E K]. dE _E—K.

dx» %(1 — %2) ” ds x

yenosue d{W) /ds = 0 paer

1
E(s) /3= iﬂfyto. (14.11)
DTO PaBEHCTBO OIPEACNACT > KaK (QYHKIMIO -y, T.€. OacT €€ 3aBHCUMOCTH OT
BEJIWYMHEI BHEIIHETO MarHUTHOTO ot B. B pesynsrare mar sunta (14.8) xo-
JECTEPUIECKOI CTPYKTYPBI MOXKHO 3allUCaTh Kak

L/Ly = (4/7%)K () E(5), (14.12)

rne Lo = 7/tg ecTh wiar B OTCYTCTBHe MarHuTHOro mois (mpu B = 0). Pac-
CMOTPHUM TEIepPh, KaK MEHsETCS L B 3aBUCHMOCTH OT TIPHIOKEHHOTO MATHHTHO-
ro moms. Jls caGoro moss, korma napamerp (vto)~' = Bto(8/K2)'/? < 1,
BeJMUKMHA > Maja: » = (ytg) !, Tak uto u3 (14.12) cieyer, uto

U

T.€. IUTMHA IIaTa MEIEHHO YBEIUYMBAETCS C POCTOM MATHHTHOTO IIOJS, H €€
npHpaten e nponopoHansHo B*. Tlepexox oT xonecTepuka K HEMaTHKy TPo-
HCXOINUT IIPH TakoM Hone By,, xorma anmuHa L oOpamaeTcs B 6eCKOHEYHOCTD.
310 coorBeTcTByeT 3¢ = 1 B (14.11), Tak 49to vipto = 2/7, T. €.

By = (mto/2)(K2/8)">.
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Ilpu B > B, Takol KUAKUMA KPUCTAILT HIMEET HEMATHIECKY 0 YIIOPsAI0YEHHOCTD
TOJISL THPEKTOPOB.

14-5. Onpedenums none Oupexmopog, coomsaemcmayujee nPAMOIUHeHOU
OQUCKTUHAYUY ¢ 300aHHBIM UHOekcom Ppanxa m, cuumas modynu ynpyeocmu Ki
u K3 pagnoimu (K1 = K3 = K).

IlycTh JMHUS ANCKIMHALWK HalpaBlIeHa BIONb OcH z. Toraa moie aAupek-
TOPOB ABMSETCS IIIOCKAM, T. €. OTIUYHBI OT HYJA TONBKO 7y U Ty, 3ABUCAIINE OT
IOTIEPEUHBIX JKe KOOPAUHAT X | Y. BBegeM yrom moBopora aupektopa (., y),
TaK 4T0 N, = COS(, Ny = siny. IIpd 3a7aHHOM HaIPaBJICHHH IUPEKTOPOB
BEJIMYHHA ( OIpEe/eieHa HE OJHO3HAYHO, a C TOYHOCTBIO JIO IIEJOTO KpPaTHO-
ro 7. Hannuue quckivHamyy MPUBOTHUT K TOMY, YTO IPpH 00X0Je TOUKH Hadaja
KOOPAMHAT IO JF000MY 3aMKHYTOMY KOHTYPY YIOI (¢ IHOIyYaeT IpUpalleHue,
paBHOE M7, TAE M — IIEJI0E YHCIO0, Ha3blBaeMoe HHAeKcoM DpaHka AUCKIHHA-
uu, ¢ ﬁga -dl = mnr.

VpaBHeHHE paBHOBecHsA 1S (QyHKIUH
o(z, y) momydaeTcs aHATOTHYHO TOMY, KaK 3TO
ObLTO cenano B 3amade 14-2. B «imockom» cry-
qae feopMariisi Kpy4eHHs OTCYyTCTBYET, H IIPH
Ky = K3 = K mnIoTHOCTh yIOpPYrod 3HEpPruu
KUAKOTO KPHCTAIA MPUHUMAET MPOCTOH BUI:
F = K(V)?. Bapsupyst Teriepb IOMHYK SHep-
o W = K [ (6(,0)2 dS, HaXOoUM YCIOBHE
pasHoBecust Ay = 0. Ecnm mepeiitu B mioc-
KOCTh (%, ) K MOJSPHBIM KOOpAHHATaM (7, X),
TO MHTEpECYIOIlee Hac pemieHne He JOJDKHO 3a-
BUCETB OT 1 (B IPOTHBHOM CITydac ¢ ﬁgp -dl GB1n
OBl pasHBIM 1T OKPYYKHOCTEH ¢ pasiuuHbBIMU paguycamu). [loatomy nis ()

Puc. 14.3. K pacuery nonsa nu-
PEKTOPOB Ui OPAMOJIMHEHHOMN
JUCKIMHALINI

MeeM %d2<p/dx2 — 0, e @ = Ax + @o. U3 ycrosus § Vi - dl = mn
T

KOHCTAaHTa A BBIpa)I(aeTCSI I{epeS HHIOCKC (I)paHKa:
PEX + po. (14.13)

Iomy9arormee IIole AUPEKTOPOB yAOGHO HPENCTAaBHTh, MOAYYHB YpaB-
HEHHE I8 €r0 «CHIOBBIX» IHMHHUI, KOTOPHIE B KaXIOH TOYKE KacaTelbHbI
K 71 (puc. 14.3); %dr/dx = ctga = ctg[(m/2—1)x+ o). Ecim nnpexc ®panka
JUCKIAHALAA 1 7 2, TO TIOCTOSHHYIO (09 MOYKHO HCKITFOUHTH COOTBETCTRY FOILUM
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BBIOOpOM Hadana orcdyera yria X. Ilonae aupexropos mist cirydas m = =£1 moka-
3aHo Ha puc. 14.4. Ecmu ske m = 2, To moiydaromasicsa KapTHHa 3aBUCHT OT (.
PasnuuHbIe BO3MOXKHBIC CITyIad H300pakeHbl Ha puc. 14.4.

Puc. 14.4. JTucknuHaumu ¢ pa3nuunbiMu uuaekcamu Ppanka

14-6. B nemamuueckom H#CUOKOM KPUCMATTE UMEIOMCSl 08€ NAPANIETbHble
Qucknunayuu ¢ unoexcamu Ppanxa m1 = mo = 1. Hz06pasums nore oupex-
MOPO8 8 NIOCKOCIU, NePHEeHOUKYIAPHOU Juckaunayuam. Hatimu cuny e3aumo-
Oeticmeust smux Ouckaunayuti. Modyau ynpyzocmu cuumame paguvivu (K =
= K3 = K).

IlycTh paccTosiHUe MKy AUCKIMHAIUAMYE paBHO d. Torna Ha paccTOSHHU-
SIX, MHOTO OOIBIIKX d, TIOJIE AUPEKTOPOB Oy/IeT TaKUM Ke, KaK W [PH HAIUYUH
O/THOM UCKIMHAIMY ¢ nHekcoM DpaHka, paBHBIM CyMMe HHAECKCOB 00EUX Jiic-
KIuHauui. B jnaHHOM ciydae mq + me = 2, Tak YTO KapTHHA CYIIECTBEHHO
3aBHCUT OT B3aUMHON OpUeHTanuu AuckiuHanuil. OauH U3 BO3MOXHBIX CITy-
qae u3o0paxkeH Ha puc. 14.5. Cwiy B3auMOmeHCTBHA AUCKIMHALMA MOXKHO
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OTIPEICIUTE U3 SHEPTEeTHUECKUX cooOpakeHuil. Halinem sHepruto nedopmamun
HEMAaTHKA B CTydae, KOTaa B HeM IPHUCYTCTBYCT OJHA TIPSMOTHHCHHAS TUCKITHHA-
1w ¢ uHaekcoM DpaHka, paBHBIM m. JTa 3HEPTUs (MPUXOIAIIASCA HA CIUHULLY
JUTHHBI JIUCKJIMHALIAK) paBHA

2
_ > 2 5o 1dy ~ 2nKm?® [ dr
WfK/(V@ deK/ (r_dx> 2mr dr = S /—r (14.14)

(3mecp MBI ucTionb3oBamd Beipakenue (14.13) st ).
Kax BujHO, MOAYYHBINMECS HHTErpaj JorapudpmMuye-
CKH PACXOOHUTCS KaK Ha OONBIINX, TaK M HAa MAalbIX
pPacCTOSHUAX OT AMHUM mUCKIMHaud. IToaToMy B Ka-
yecTBe BepxHero npezena B (14.14) cinexyer B3sTH pas-
Mep L 006macTH, 3aHUMAaeMON >KHJIKUM KPUCTAJLIOM,
a B Ka9CCTBE HIYKHETO — PACCTOSIHUE MTOPsIKa MOJCKY-
JSIPHBIX Pa3MepoB 7, TJie Jie(OPMALIUH OIS JIUPEKTO-
POB BEJINKH U BCSI U3IOKCHHAsI TEOpH HEIIPHMEHHUMA.

2
Torma W = 7TKTmlnL/ro. Tak kak L/rg > 1, 10

Puc. 14.5. Bsaumoneii- moJyueHHasI SHEPIHsl COJCPXKUT OOJBIIOH morapupm,

CTBME JByX MpPAMONM- KOTOpBIA AENAET €€, C OTHOH CTOpPOHBI, HEUYBCTBH-

HEHHPBIX JUCKIMHANH  TepHON K KOHKPETHBIM 3HAYeHHsM L H rg, a ¢ apy-

roil — MHOTO OOJIBIICH, YeM IHEPTHUS spa JANCKINHA-

mun (r < 7). Hocnennee 06CTOATENBLCTBO U I03BOJISIET, COOCTBCHHO, PACCMAT-
pHBaTh AUCIJIMHAIMU B PAMKaX MaKpPOCKOIMUYIECKOTO OTHUCAHUSL.

HerpynHo BUAmeTh, 4TO € 3HEPreTUYECKOM TOYKU 3PEHHA MPAMOIUHEH-
Hasi JUCKITUHALYS YKBHBAICHTHA TAKOW K€ HUTH, PAaBHOMEPHO 3apsyKEHHOH IO
qmiHe. Ecnu nuHeliHas MIIOTHOCTH 3apsiia MOCICOHEH ¢, TO SHEPTHUS AMEKTpH-
9ecKoro Iojs (Ha eAMHHN UmMHBL HUTH) pasHa W, = [(E?/87)27rdr =
= »? [ dr/r. CpasHusas ee ¢ sueprueii nedpopmanuu Hemaruxa (14.14), 3ameua-
eM: BETUHHE ¢ HY’KHO TIOCTABHTh B COOTBETCTRHE BemauHy 3 — m(mK /2)1/2.
Torma cpasy ciemyert, 910 B3aMMOACHCTBHE ITAapaIUICTBHBIX AUCKIHHALNN SKBH-
BAJICHTHO B3aMMOACHCTBHIO 3apsDKCHHBIX HUTEH, 3HAYWT, CHIA, ACHCTByIOmIas
Ha CNHHUIY MTHHBI Kaxkmod auckmuHawud, T = 3712%0/d = mKmime/d.
Ilpu my = mp = 1 AUCKIMHANME pacTaikuBaroTcs ¢ cunoil T = K /d.

MBI He oOcCTaHaBIMBaeMCS 31eCh Ha (OPMAaTbHOM JIOKA3aTeNbCTBE Ta-
KOM 3KBHBaNeHTHOCTU. [locienHee OCHOBAaHO HAa TOM, YTO TapMOHHUYECKOH
yskmuu ©(r, x) = %x + (o COOTBETCTBYET CONPSDKEHHAs (IO yCIOBUAM
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Komwm - Pumana) dysknus (m/2) lnr, koTopas HpoNOpHHOHATBHA JIEKTPHIE-
CKOMY TIOTCHIIMATY 3apsyKCHHOH HHUTH.

14-7. Haiimu cuny, Oeticmgyowyio Ha npamo-
AUHEUHYI0 OUCKAUHayuio ¢ uHdexcom ®Ppanxa m,
HAX00AWYIOCA Ha paccmosHuu h om napainenv- h
HOU ell NOBEPXHOCMU HeMAmuKa, eciu Ha mou
NOBEPXHOCINU OPUEHIMAYUSL OUPEKTNOPO8 PUKCUPO-
saua (puc. 14.6). Bl

Kak HeTpymHO 3aMeTUTh, PaBHOBECHBIM IO- me
JeM JIUPEKTOPOB B JKHJKOM KpHCTalle, Y/JOBIE-

TBOPSAIOIIEM TPaHMYHOMY YCIOBHIO Ha ero mo- Puc. 14.6. Orrankupanue auc-
BepxXHOCTH, OyZeT KOH(QHrypauus, cos3qaBaeMas XIMHAUMU OT IPAHMLbL HKHKO-
JAHHOHM TUCKIWHALMEH M «OTPaXKEHHOMW» € Te XKe TO Kpucraiia
uHAekcomM @panka. DTo cieayeT M3 TOTo, UTO

VOIBI Y1 K X2 PaBHBL, HO HPU IMEPEMELICHHH BJOJIb IOBEPXHOCTH pasjena
BpAILCHHE MPOUCXOAUT I OJHOW IUCKIHHALMU IO YaCOBOW CTpenKe, a st
Ipyroii — mpotus. IToaToMy HampaBieHHE AUPEKTOpa HA 3TOH MOBEPXHOCTH
MeHAThest He Oymer. U3 pesynmpraTra mpemblAydield 3amadd cpasy CIEAyeT, UTO
JCKITUHAIMSL OYAIeT OTTAIKUBATHCS OT MOBEPXHOCTH C YACTBbHOH (Ha €/IHMHHILY
JUIMHB) cHIloil, pasHoOi K m?/2h.
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14-8. Hemamuyeckuti #CuoKuti KpUCMAai ¢ 00UHAKO8LIMU MOOYVIAMU YAPY-
eocmu K1 = K3 = K 3anoansem npocmpancmeo HYmMpu yuluHOPUYECKol
nonocmu paduycom R, npuuem y ee nogepxnocmu Oupexmop opuenmuposan na-
Pannenvho epanuye pazoena (u nonepeuro K ocu yununopa). Haiimu pagrnogecroe
none Oupexmopog 6 obveme HCUOKO20 KPUCMATLA.

U3 mocTaHOBKYM 3a/1a4¥l CIEAYET, 1TO HCKOMOE TOJIe IMPEKTOPOB OyAeT mioc-
KUM, C OTIHYHBIM OT HyIS 1, (%, y) U ny(z, y) (OCh 2 HalpaBIeHA BAOMb OCH
munuHapa). Tak Kak HA IPaHUYHON OKPyKHOCTH (r = R) mupektop mapaiie-
JeH eii, To mpu 00xo/e Mo 3TOMY KOHTYPY YIOJ ITOBOPOTA AUPEKTOPA TIOMYHIaeT
npupaienue 27, OTCIOga CeAyeT, 4TO BHYTPH 3TOH OKPYKHOCTH JOMKHBI OBITH
JCKIHHAIIMN ¢ CyMMapHBIM HHjlekcoM PpaHka, paBHBIM JIBYM. 31€Ch BO3MOX-
HO, HAlpuMep, TaKoe PelleHHe: B LEeHTPE HAXOAATCS JMCKIHHALNE C HHJICK-
coMm Ppanka m = 2, a «CUIOBBIE» JIMHUU IIOJISI TUPEKTOPOB SIBISIIOTCS. OKPYIKHO-
crsamu. Ho oHO He sIBJISI€TCS QHEPreTHIECKH CaMbIM BBITO/IHBIM. DTO CTAHOBUTCS
HMOHATHBIM 3 TAKUX COOOpa’KeHA.

IlpencraBuM cebe, YTO BMECTO ONHOHM JWUCKIMHALUK B IEHTpE ¢ m = 2
MOSIBHJIMCH JBE OYEHb Onmm3kue ¢ mj = me = 1. Ho Torma oHuM pacTaikusarot-
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s, CTPEMSCh YOAIUThCS APYT OT apyra. B To ke Bpe-
MS OHH HE MOTYT ITOAOUTH COBCEM OITH3KO K TPAHHIIE,
TaK KaK OT Hee TOXKE OTTANKHBAKOTCA (CM. TIPEABIay-
oy 3a7a4y). 1loaTroMy B paBHOBECHH JBE JMCKITHU-
HAUH ¢ M1 = Mo = 1 OyayT HAXOAUTHCS HA TAKOM
paccTosHUK X OT I[EHTpa, 4TOOBI CymMMapHas CHIa,
JICHCTBYIOIAs Ha KAXAyI0 U3 HHX, PaBHSIIACh HYIIO.
IIpu pemenny CHOBa WCIIOIB3yeM, KaK H B aHATOTHY-
HOM 3MEKTPOCTATUIECKON 3a1aue, METOA OTPAKEHUMN.
DTo 3HAYMT, YTO AJISI BHIIOTHEHUS HY>KHOTO TpaHWI-
HOTO YCIOBHA KaXOOH MUCKIUHALMH, HaXOAALICHCs
Ha PacCTOSHHUM & OT IICHTpa, COOTBETCTBYET «OTpa-

Puc. 14.7.  PaBHOBecHOe

N0 JWPEKTOPOB JKECHHasD JUCKIUHALMA C TaKHUM Ke HHaeKkcoM PpaH-
Ka, HO PacIioJOKeHHasi BHE TTOJIOCTH HA PACCTOSHUH
| = R?/z ot uentpa. U3 Gananca cun Tenepb cleayeT L 1, 1 o

l—x 27 | ] +
croma nomygaem x — R/+/5. TIpuMepHBIH BUI TIONsS AMPEKTOPOB IJisi TAKOTO
pemeHus mokas3aH Ha puc. 14.7.
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