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SOME NEW INEQUALITIES FOR THE FOURIER TRANSFORM
A.N. Kopezhanova

L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
E-mail: Kopezhanova@yandez.ru

Let

f(t) = \/%/_ f(x)e "™ dx, t € R,

be the Fourier transform of a function f € L;(R).
Let 1<p<2,p = p and 0 < ¢ < co. Then we have the following inequalities

||f||Lp/(R) < allfll,m, (1)

1z, @) < c2llfllL,. @) (2)

where L, ,(R) is the classical Lorentz space. These inequalities are called the Hausdorff-Young
inequality and the Hardy-Littlewood-Stein inequality, respectively, (see e.g. [1]).

Note that these inequalities (1) and (2) hold with equality for p = ¢ = 2 (Plancherel’s theorem)
but do not hold in general for 2 < p < oco.

Let 0 < p,q < 00, M be the set of the segments [a,b] in R and |e| = b — a.

The net space N ¢(M) is defined as the set of all measurable functions f such that the

quasinorm
1
i adt\«
bgon = ([ (@#70.00)" %) <o
0

£l ary = sup s
>0

for ¢ < oo, and

for ¢ = oo, where f(t; M) := sup| ‘
le|>t
ee M

These spaces were introduced in [2] (see also [3]).
__ The main aims of this work are to derive the sufficient condition so that the Fourier transform
f belongs to L,-space (1 < p < 00) and to obtain conditions so that the norm of the Fourier

transform f in L,-space (1 < p < o0) has both upper and lower estimates.
The total variation of the function f, defined on an interval [a,b] C R is the quantity

[(f) = s%pz |f(@iv1) = [(@i)],
i=0

where the supremum is taken over all partitions of [a, b]:
VB:a=ro<r<..<x,=b, neZ,.

We say that the measurable function f(z) € V([a,b]) if V2(f) < oo.
The main results read as follows.
Theorem 1. Let 1 < p < oo and f € L1(R). If f satisfies the condition

(Z (2é“fv2k<f>)”) "o,

keZ
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then fe L,(R) and the inequality

||ﬂ|Lp <ec (Z (25‘/%(”),9) b

keZ

holds. Here the constant ¢ does not depend on f.
Theorem 2. Let 1 < p < oo. Assume that the function f satisfy that there exists ¢ > 0 such that

<o 5 [ o

|>2k
ee M

Then Hf||L ) < oo if and only if || fl[n, < oo and, moreover,

1N ey = 1l a0
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PaccmarpuBaercs onepatop

Lof = —as(x)f" + ay(x) f' + ao(z) f,

sajansblii B kiaacce C§O(1), 1 = (0, oo) ko3bdunuentst ag € Lojo(l), ai, as € Lyo(I), az > 0,

dpj

Mepbl [t; B I ¢ IJIOTHOCTBIO = a , 7 = 0,2 abcoyroTHO HENpepPbIBHBI B | OTHOCUTEILHO MEpbI
J dx

Jlebera. ITycts W = I/V2

[e.°]
(an.a0) ~ Honoumsenne Cg°(I) mo Hopme
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