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Abstract: The paper presents an algorithm for calculating the horizontal, vertical and tangential stresses
in a horizontal coal seam lying between galleries. These stresses are expressed in terms of the Airy func-
tion, which satisfies a homogeneous biharmonic equation. For its numerical solution it is necessary to set
boundary conditions. Practical limitations do not allow us to determine the tangential stresses on hori-
zontal boundaries of the coal seam. Calculations of stresses are proposed to be carried out in two steps.
The first step is to solve the inverse problem for the biharmonic equation to find unknown tangential
stresses on horizontal boundaries of the coal seam. The inverse problem is solved by minimizing the
residual functional. Its strong convexity is proved, which implies the existence and uniqueness of the
solution of the inverse problem. The second step is to solve the boundary value problem for the bihar-
monic equation to calculate stresses in the coal seam. The result of a numerical experiment is presented.
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1. INTRODUCTION

During the development of mineral deposits, the natural balance of the rock mass is
disturbed. The stress level in the unspringing zones of concentration may exceed the
critical (Baklashov 2005; Jaeger et al. 2007). In combine coal mining, this situation is
particularly likely, since the slaughter speed reaches several tens of meters per a day
_________
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(Zakharov et al. 2016). Monitoring of the state of the rock massifs in mines is con-
trolled by geomonitoring systems (Zakharov 2002), information is interpreted also by
the traditional methods (Luxbacher et al. 2008) and with involving geomechanical
modeling (Djadkov et al. 1997; Nazarov et al. 2011; 2013a; 2013b; Nazarova et al.
2014; 2015; 2016). In modeling, for tested object, for example, it is required to specify
its structure, physical properties, boundary conditions (external stresses).

The target of the lasts in the study of the stress-strain state of coal seams encoun-
ters difficulties due to the uncertainty of the contact properties of the coal seam with
the host rocks (Bulat et al. 2008). For example, for contacts of a coal seam with en-
closing rocks it is quite typical the presence of thin intermediate layers of carbona-
ceous rocks or high-ash clay coals (Mountain Encyclopedia 1991; Dorokhov 1997;
Mironov 1988), whose mechanical properties are significantly different from those for
coal and even more so for the host rock. These properties cannot be determined using
direct measurements (Turchaninov et al. 1989), therefore there is using various indi-
rect heuristic methods (Shkuratnik et al. 2012), however, it is difficult or impossible to
say how close they are to the truth in each specific case.

When simulating geomechanical fields in the area that includes the coal seam and
the host rock, it is necessary to set the conditions for gluing the corresponding stresses
at the contact point “coal seam–host rock”. If due to vertical stresses at horizontal
boundaries there are no particular difficulties in their assignment, then, because of the
various properties of the host surrounding and coal for tangential stresses, the uncer-
tainty arises.

Obviously, the result of modeling of geomechanical fields and making decisions
based on their analysis directly depend on the accuracy of determining the tangen-
tial stresses at the horizontal boundaries of the coal seam. In practice, as a rule, the
following method is used (Farmer, 1985): they set the stress distribution from the
solution of an elastic task in the host surrounding, and then correct the boundary
conditions according to the field measurements of convergence of the roof of the
rock of the developed space. Note that with this approach, considerable uncertainty
remains in the accuracy of specifying the tangential stresses at the boundary “coal
seam–host rock”.

The article presents an algorithm for calculating horizontal, vertical and tangential
stresses in a coal seam. There was suggestion to search these stresses in two steps. At
the first step, the inverse problem is solving for the biharmonic equation in the search
for unknown boundary conditions – tangential stresses at the horizontal boundaries of
the coal seam. Additional information for solving the inverse problem is the distribu-
tion of average stresses in a certain neighborhood of the middle of the seam, which
can be determined by the method proposed in (Nazarova et al. 2016). The point of this
method lies in the fact that this work shows an empirical dependence between the
velocity of propagation of elastic waves in a coal seam and the mean normal stress. At
the second step, there is solving the boundary value problem for the biharmonic equa-



Determination of stress state in coal seam based on inverse problem solution... 175

tion, which allows to calculate all the necessary stress values. The inverse problem is
solved by minimizing the discrepancy functional. Under some conditions, its shown
the strong convexity, this entails the existence and uniqueness of the solution of the
inverse problem, is solved in the first step.

2. PROBLEM STATEMENT

Consider a model of a coal seam located between two drifts (see Fig. 1). Since the coal
seam length is large compared with its thickness and width, we believe that the plane
strain can be applicable (see, for example, Aleksandrov, Potapov 1990; Bezukhov 1968;
Kiselyov 1976; Nowacki 1970; Samul’ 1982).

Fig. 1. Model of coal seam, the coordinate system adopted in the work

Thus, the stress state in a coal seam is described by the values σxx, σzz, σxz – hori-
zontal, vertical and tangential stresses. These values satisfy the equilibrium equations
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We also consider that there is Saint-Venant strain compatibility condition
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and Hooke’s law
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 are Young modulus and Poisson ratio for the plane

problem of elasticity theory.
It is known (see, for example, Aleksandrov, Potapov 1990; Bezukhov 1968; Kiselyov

1976; Nowacki 1970; Samul’ 1982), the consequences of relations (1)–(3) are repre-
sentations
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where ϕ is the Airy function that satisfies the biharmonic equation
2 0.ϕΔ = (5)

For the solution of equation (5), and, therefore, to calculate the corresponding stresses,
it is necessary to set the boundary conditions.

On the lateral boundaries of the coal seam the following conditions can be set:

0, 0.
x x

xx xzx l x l
σ σ

=± =±
= = (6)

In practice, at horizontal boundaries, the vertical stresses can be relatively accu-
rately estimated through the pressure of the underlying rock on the coal steam (Farmer
1985), i.e., it is known

( ).
z

zz z l
f xσ

=±
= (7)

The conditions (6) and (7) are not enough for the solution of the differential equa-
tion (5). It is also necessary, for example, to specify the values of tangential stresses at
horizontal boundaries. However, for various physical and practical reasons, this is not
possible.

Velocity of pressure waves can be determined in some neighborhood of the middle of
the coal seam. This velocity is related to the average stress (Nazarova et al. 2016):

( ) .C
pV A Be σσ = −

Here A, B, and C are constants defined from the experiment, )(2/1 zzxx σσσ +=  is
average stress. Since the coal seam can be considered thin (lx p lz), it can be assumed
that σzz(x, z) = f(x). Thus, it can be assumed that the value σxx(x, z) ((x, z) ∈ [–lx, lx]
× [–a, a]) is known.

In the works (Karchevsky 2017; Karchevsky et al. 2017), a two-step procedure was
proposed for finding the horizontal, vertical, and tangential stresses in a coal seam.
Based on the results (Nazarova et al. 2016), the following value was known:
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Then on the first step the direct problem was set
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for which the inverse problem was formulated: to find the unknown function g(x), if
additional information

)(| 02

2

xh
z z =
∂
∂

=
ϕ (10)

is known for the solution of the direct problem (9).
At the second step, to find the function ϕ, the direct problem (9) is solving, in

which all necessary boundary conditions are specified. Relations (4) allow us to obtain
the values of horizontal, vertical and tangential stresses in the seam.

In this work, the following more “rich” additional information will be used that can
provide the practical research of coal seam:

].,[],[),(),,(),( aallzxzxhzx xxxx −×−∈=σ (11)

where 0 < a < lz, i.e., it can be assumed that σxx is known not only in the middle of the
seam, but also in some of its surroundings.

Let’s consider the following function:

∫
−

−∈=
a

a
xxxx llxdzzxxs ],,[,),(

2
1)( σ (12)

Let’s formulate a two-step procedure for determining horizontal, vertical and tan-
gential stresses in the seam:

Step 1: Let’s consider the direct problem (9) and formulate the inverse problem: to
find the unknown function g(x), if the following additional information

)()( xgxs − (13)

is known for the direct problem solution (9).
Step 2: Calculating the function g(x), solving the direct problem (9), using the re-

lations (4), the values of vertical, horizontal and tangential stresses in the seam can be
obtained.

It should be noted, since the seam is immovable, thus the equality to zero of the
moment of forces and the sum of the forces acting on the seam and the boundary con-
ditions (6) and (7) entail the implementation of equality

0)( =∫
−
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x

l

l
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(see Karchevsky 2017).
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3. SOLUTION OF THE BIHARMONIC EQUATION
AND EXPRESSION FOR STRESSES

The solution of the direct problem (9) with an accuracy of a linear function of x and z
can be represented as follows:
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the values fm(m = –2, –1, 0, ...) and gm(m = –1, 0, ...) are the coefficients of the
expansion of the functions f(x) and g(x) in a series of functions mX ′′ (x; lx) and

mX ′ (x; lx):
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here Xm(x; l) = 
l

1  Hm(x/l), Hm(x) = )(4
4 xPm+  (m = 0, 1, ...), )(4

4 xPm+  – normed associ-

ated Legendre polynomials.
The procedure of expanding functions in a series in functions mX ′′ (x; lx) or mX ′ (x; lx)

can be found in (Karchevsky 2016).
In our case, taking into account (14), g–1 = 0.
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Among (4) and (11) for stresses we have the following expressions:

∑
∞

=

′′=
0

).;()(),(
m

xmmxx lxXzRzxσ

∑
∞

=
−− ′′++=

0
12 );()(),(

m
xmmzz lxXzRfxfzxσ (16)

∑
∞

=

′′−=
0

);()(),(
m

xmmxz lxXzRzxσ

It easy to see that
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The functions Hm(x) were introduced and investigated by S.А. Khalilov. Represen-
tations (16) was obtained in the works (Karchevsky 2016; Kudaibergenov et al. 2018)
with the help of the following results (Khalilov 1977; 1978; 1982; 1984; Khalilov et al.
2010a; 2010b; 2011; 2014; 2015; Mintyuk 2007; Tkachenko 2014).

4. NUMERICAL METHOD FOR SOLVING THE INVERSE PROBLEM

The solution of the inverse problem (9), (10) can be found by minimizing the residual
functional:
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In order to emphasize the dependence on the function g, this function is indicated
in the argument of the function s(x).

The function g(x) will be sought from the class of functions for which the relation
(14) is hold. In this case, it is convenient to find it as a series:
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To minimize the residual functional (17), the conjugate gradient method can be
used (see, for example, Polak 1971; Vasil’ev 1988):

,1
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where k is the iteration number, g0 is the initial approximation for the unknown func-
tion g(x), pk is the conjugate direction and
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αk parameter is the method step, which is a solution to the 1D problem of minimi-
zation
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Since the functional (17) can be considered as J[g] = J[g0, ..., gm, ...], thus the fol-
lowing expression can be obtained for its gradient:
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the following expression is hold:
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We obtain the expression for the step of the method αk. By virtue of the linearity of
the direct problem relatively to the searching function, we can write:
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where the condition w′(αk) = 0, the step of the αk method is easily calculated
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5. PROPERTIES OF THE RESIDUAL FUNCTIONAL, EXISTENCE
AND UNIQUENESS OF THE INVERSE PROBLEM SOLUTION

The residual functional (17) is convex. Indeed, by virtue of the linearity of the direct
problem (9), for example, we have
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We assume that the data of the direct problem decomposed into finite series. This is
the correct assumption for practice.

Denote δs(x) = s(x; g1) – s(x; g2), δg(x) = g2(x) – g1(x) and
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The functions j
mX  (x; lx) are quasi-orthogonal (Khalilov 1977; 1978; Khalilov et al.

2010a), i.e.
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With this, the following inequality
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The last inequality holds because norm of functions mX ′ (x; lx) grows monotonically

with respect to the number m (Khalilov 1977; 1978). Therefore, we get the estimate
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The last equality holds due to the orthogonality of the functions Xm (x; lx). There-
fore, we get the estimate
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From Eq. (18), (19) the criterion for the strong convexity of the residual functional
(17) can be obtained:
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For correctness, it is necessary to require that the values Am for any numbers m did
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Thus, it is proved:

Theorem: If the function g(x) decomposes in a finite series in the functions
)(mX m′  ( Nm ,0= ), and the constants a and lz are such as condition (20) is satisfied,

then the residual functional (17) is strongly convex.

The strong convexity of the residual functional (17) implies the existence and
uniqueness of its global minimum point, the convergence of the minimization process
and the estimate of its convergence rate (see, for example, Polak 1971; Vasil’ev 1988),
therefore, there are the existence and uniqueness of the solution of the inverse problem
(9), (10).

The fulfillment of conditions (20) cannot be considered as burdensome, moreover,
it is easily verified numerically for parameters lz, a and for all m before solving the
inverse problem. If (20) are not satisfied, then it is possible to change, for example, the
parameter a to its realization.

6. NUMERAL EXAMPLE

Testing of the proposed algorithm is carried out on simulated data, i.e. by solving the
corresponding direct problem, the necessary values are calculated, after which a ran-
dom error is added to the values of the functions playing the role of additional infor-
mation, for example:
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here P is the variable of percentage error, ξ is a random variable normally distributed
over the interval [–1, 1].

The linear dimensions of the coal seam: lx = 30 (m), lz = 1 (m).
We decompose the functions f(x) and g(x) in a series on functions );( xm lxH ′′  and

);( xm lxH ′ , taking N terms of the series from the conditions
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where ε plays a small part as a known measurement error.
Select the initial approximation: g0 = 1, gm = 0 (m = 1, ..., N).
In the numerical example, we calculate the maximum shear stress

.),(4)],(),([
2
1),( 22

max zxzxzxzx xzzzxx σσστ +−=



M.K. KUDAIBERGENOV et al.184

The value of τmax is a criterion for the possibility of rock bursts. If this value is
greater than a certain value, then the probability of a rock bump is very high.

Fig. 2. Calculation results: (a) exact τmax(x, z), (b) calculated τmax(x, z) with a data error of 5%,
(c) absolute and (d) relative error during calculating τmax (x, z).

In Fig. 2. the results of calculating τmax (x, z) is presented. The calculations were
carried out when the error in the data was P = 5%.

As shown, the result of the calculations is satisfactory in accuracy: the maximum
error does not exceed 6% with an error in the data of 5%. The result of the calculations
is consistent with the results of the works (Karchevsky 2017; Karchevsky et al. 2017),
but the required values are calculated more accurately using additional information
with an equal level of measurement errors.

7. REMARK

With the known information (11), another approach is possible. The following resid-
ual functional

,)],();,([][ 2∫ ∫
− −

−=
x

x

l

l
xx

a

a

dzdxzxhgzxgJ σ

can be chosen. Its strong convexity can be proven.
Numerical experiments showed that to solve the problem posed, the residual func-

tional (17) could be preferred to the residual functional (21).
The accuracy of recovery during using the functional (17) is insignificant, but

higher. This can be explained by the fact that during integration see (13) the effect of
measurement errors on the values of the function s(x) may decrease. The number of
iterations while minimizing the residual functional (21) to the desired value is less
comparing with minimizing the functional (17), but calculating the functional (21)
takes more time, just as the step αk and the residual functional gradient require more
time for calculations. Thus, the number of iterations is required more time for calcula-
tions in accordance with the minimization of the functional (17).
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8. CONCLUSION

The paper presents a possible way to calculate stresses in a coal seam enclosed be-
tween two drifts. It is known that in order to obtain vertical, horizontal and tangential
stresses, it is necessary to calculate the Erie function that satisfies the biharmonic
equation. It is necessary to specify boundary conditions. Vertical stresses at the upper
and lower boundary of the coal seam are easily estimated, and tangential stresses can-
not be determined with sufficient accuracy. It is proposed to use the kinematic data in
the middle of the coal seam, and use these data as additional information to find the
tangential stresses at the upper and lower boundary of the coal seam. After that, it is
possible to correctly solve the biharmonic equation and obtain expressions for stresses.
The proposed method is mathematically justified, numerical experiments are pre-
sented.
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