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Abstract: Design approach of an output feedback tracking controller is proposed for a class of high-
order nonlinear systems with time delay. To deal with the time delays, an appropriate Lyapunov—
Krasovskii the tracking analysis is ingeniously constructed, and an output feedback tracking con-
troller is designed by using a homogeneous domination method. It is shown that the proposed
output controller independent of time delay can make the tracking error be adjusted to be sufficiently
small and render all the trajectory of the closed-loop system as bounded. An example is given to
illustrate the effectiveness of the proposed method.

Keywords: practical tracking; time delay; high-order nonlinear systems; output feedback; Lyapunov—
Krasovskii functional

1. Introduction

In the field of nonlinear control, stabilization and output tracking problems are two of
the most important and challenging problems. In this paper, we mainly focus on an output
feedback practical tracking problem for a class of high-order time delay nonlinear systems
of the form:

i(8) = xia (OF + (8, x(8), x(t—d), u(b)), .
knlt) = u+ gu(t, x(t), x(t - d), u(t)), M
y(t) = x(t) — yi(t)

where x(t) = (x1(t),...,x.())" € R", u(t) € R, and y(t) € R are states, input, and ouput
of the system. Corresponding to this, y,(t) € R is a given unmeasurable reference signal.
The constant d > 0 is a given time delay parameter of the system, and the system initial
condition is x(0) = ¢o(0), 6 € [0, d]. The nonlinear function ¢;(+) is a continuous function,
and p; € Rozdld :={p/q €0, 0):p and g are odd integers, p > ¢, (i=1,...,n —1).

The practical output tracking problem of a nonlinear system (1) has received a great
deal of attention over the past years, and many important results have been achieved. The
work [1] by Celikovsky and Huang studied the local output tracking problem. Because it is
not suitable for a global case, in [2], the problem of global output tracking was considered.
The work [3] investigated the adaptive practical output tracking problem. Later, in [4-14],
the above works are extended to more general cases under some weak conditions.

It has been known that solving the above problem via output feedback design for high-
order nonlinear systems is very challenging and difficult compared to the state feedback
case. Because there is no general and effective method to design a non-linear observer, the
theory of output feedback control design developed more slowly. Recently, some results
were reported, for example, [6-11].

However, most of the above results do not consider the effect of time delay. It is
well known that time delay phenomenon is ubiquitous and inevitable in nature, which is
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one of the main reasons for the instability of system performance. Therefore, the design
of a controller for stabilization and output tracking problems of nonlinear systems with
time delay has important significance in the field of control engineering. Thus, there is
little coverage on this issue. In [15-18], we only solved the problem by state feedback
control. Lyapunov—Krasovskii method is a powerful tool in stability analysis and controller
design for time delay systems in [19-26]. Study for the output tracking control time delay
problem developed more slowly than the stabilization case with time delay. For the output
tracking time delay problems via output feedback, there are some new interesting works
(see [27-30]). However, these results only investigate the case p; equal one for considered
systems (1). For a high-order time delay nonlinear system (1), the output tracking problem
becomes more complicated and difficult to solve. However, to the best of our knowledge,
the global practical output problem of nonlinear systems with partial unmeasured states
and time delay via output feedback have not yet been considered to date, which motivates
this research.

This paper mainly studies the output tracking control problem for a class of high-order
nonlinear systems with time delay by using the output feedback domination approach.

The main contributions of this work can be summarized as follows: (i) it should be
noticed that the output feedback tracking control problem for high-order nonlinear systems
has been mainly studied in [2-11]. However, by the introduction of time delay factors, the
output feedback tracking control problem for the high-order nonlinear system is first stud-
ied in this paper by using a homogeneous domination method [31-33]; (ii) by comparison
with the case p; = 1 in [27-30], how to construct an appropriate Lyapunov-Krasovskii
functional for high-order nonlinear system (1) is a non-trivial work. A new Lyapunov-
Krasovskii functional for solving the practical output tracking problem is constructed.

Works [34,35] investigated a finite-time output feedback stabilization problem for
stochastic high-order nonlinear systems, and work [36] studied a global finite-time con-
trol problem for a class of switched nonlinear systems with different powers via output
feedback. However, these results do not consider effect of time delay.

This paper addresses the output feedback tracking problem of a class of high-order
nonlinear time delay systems. However, if a general nonlinear system or a nonlinear
symmetric system can be transformed into the considered system in this article, then the
method proposed in this article can also be used.

Throughout the paper, we adopt such notations: R denotes the set of all real numbers,
R™ denotes the set of positive real numbers, and R represents the i-dimensional Euclidean
space. ||x|| denotes the Euclidean norm of vector x(t). For any vector x(t) € R", denote

%i(t) == (x(),..., x0T €R,i=1,...,n.

2. Mathematical Preliminaries

Several lemmas are used throughout this paper. We first give the definition of homo-
geneous function related to the following two lemmas.

Definition 1 ([31]). For a set of coordinates x = (x1,...,xn) € R" and a n-tuple of positive real

numbers r = (r,...,1y).

(i)  The dilation AL(x) is defined by AL(x) = (s xq,- -+ ,s™xy), Vs > 0, with r; being called
as the weights of the coordinate. For simplicity, we define dilation weight A = (r1,...,1y).

(i) A function V : R" — R is said to be homogeneous of degree m (m € R) if V(A (x)) =
s"V(x1,--+,xn), ¥s >0, Yx € R"/{0}.

(iii) A vector field f = (fi,...,fa)" : R" = R" is said to be homogeneous of degree k if the
component f; is homogeneous of degree k + r; for each i, that is, fi(s"1xy,--- ,s"x,) =
sk“if,-(xl,~ < ,Xn), Vs >0,Vx € R"/{0}, i=1,...,n.

i) [lxlla, = ( f‘:l]xi|p/”)1/p, V x € R", p > 1 denote a homogeneous p-norm. For
simplicity, write ||x||  for [|x||, »-
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it x(8), x(t=d),u(B)] < Cr (Jxn(B]D 4 aa(8) O 4 ()| O

Lemma 1 ([31]) . Denote A as dilation weight, and suppose Vy(x) and V,(x) are homogeneous
functions with degree my and my, respectively. Then, V1 (x)Va(x) is still a homogeneous function
with degree of m1 + my with respect to the same dilation weight.

Lemma 2 ([31]) . Suppose V : R" — R is a homogeneous function of degree m with respect to

the dilation weight A. Then, the following statements hold:

(i) 9V /0x;is homogeneous of degree m — r; with r; being the homogeneous weight of x;.

(i) There is a constant @ > 0 such that V (x) < @||x||'\. Moreover, if V (x) is positive definite,
there is a constant ¢ > 0 such that ¢||x||y < V(x).

Lemma 3 ([33]). Let x,y € Rand p > 1Dbe an integer. Then:
e+ yl” < 2PN yP (] )T < (] P < 207D (e - )
If p is an odd positive integer, then,

-1 1 1 -1 1
oyl <2 P P, [y ] < 20 Py,

Lemma 4 ([33]) . For any positive real numbers, ¢, d, and any real-valued function y(x,y) >0,
the following holds

c+d + c+d

da _
o y)ly)

cy.,d ¢
<
Tyl < gy eyl T+

3. Problem Formulation and Key Assumptions

In this paper, our objective is to provide a solution to global practical output tracking
of a system (1) via using the output feedback controller of the following form

ézw(g,y), g eR" 2
u(t) = §(, ), @

such that, for any ¢ > 0 and every x(0) € R", there exists a finite time T(e, x(0)) > 0
rendering the tracking error of the closed-loop system (1) and (2), thus it satisfies

)] = |x1(t) =y (t)| <e,Vt>T >0 3)

and all states of the closed-loop system (1) and (2) are well defined and globally bounded
on [0, ).

To make this possible, the following assumptions are imposed on system (1) and
reference signal v, ().

Assumption 1. There exist positive constants C1, Cp , and T > 0 such that:

4
(= d)‘(rH'T)/"l + |t — d)|(ri+T)/Vz oo | (E— d)|(fi+T)/7i) 1+ Gy )

where r; (i =1,...,n) are defined so as to satisfy:
n=1Lrpi1=T+ri1 ©)

Remark 1. Unlike the conditions in [6-9], Assumption 1 contains time delay terms. Further, when
pi equals one, the assumption becomes an important hypothesis in literature [27].
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Assumption 2. For the reference function y,(t) and its derivative, there exists a constant D > 0
such that:

max{ |y, (t) )|} <D, Vt>0

Remark 2. Assumption 2 indicates condition for the reference signal y,(t). It is a standard
condition for solving the practical output tracking problem of nonlinear systems in [2-13,23,25,26].

Next, we construct an output feedback controller for system (1) under Assumptions 1
and 2. To achieve this goal, we first construct an output feedback controller for the nominal
system of system (1) by setting ¢;(t,x,u) = 0, i = 1,...,n, i.e., the following nominal
system:

zi(t) = zfll(t) i=1,...,n—1, z,(t) = v(t), y(t) = z1(¢t) (6)

where p; € Rozdld fori=1,...,n—1.
Our control objective is to find a controller of the form:

n=a(y,y), neR1
o(t) = 8(1,), @

with continuous functions a: R" — R""! and v:R" — R satisfying (0, 0) = 0,
2(0,0) = 0 such that the closed-loop system (6) and (7) is globally asymptotically stable.

Using a similar approach as in [7,32], we construct an output feedback controller for
system (6), which can be described in the following proposition.

Proposition 1 ([7,32]). For the system (6), suppose there exists an output controller based on observer.

LS n 2 n— 2 (7”+T)/‘u
0(2) = =BalZh" + Bt {81 4+ BB+ Bz ) ) ®)
M, = L2y, 2 = o+ Lz ©)
M= —Li 1200, &= [+ Leazea V™1, k=3,..n
with a positive definite, C', and radially unbounded Lyapunov function,
V=V+V,,
n z-( /1 W/,_) Qu—t—1;)/pt
— *1 Sy v z. i dS,
L : (10)
n Z(Z;lf‘rfrl-_l)/ri )
2= igl f(7711+Li7121—1)(2}1714’?1)/”*1 (Sriil/( ) - (Ui * Li_lzi_l))ds
such that:
~ 1& 5, 1E
V-1 G104 (11)
j=1 j=2

where £ = [21,2,...,2,)T € R", 21 =z1 =yandr; (i =2,...,n+ 1) are defined by (5) and
L; >0 (i=1,...,n— 1) are the gains to be selected later, and:

/t; *U/T; ri et u - i1\ P/ PiTic1
Gi=2"" =, 2 = g 2 =0 @iZ(Zf'l_Zf' 1)

i 7 11/1_1 7

i > maxj<i<,{t+ri}and B; >0,i=1, ..., nareconstants. Then, the closed-loop system (6),
(8), and (9) is globally asymptotically stable.

Since the proof of the proposition is exactly the same [11,33], it is omitted here.
Note that, from (10), it is easy to verify that V > 0 and is radially unbounded with
respect to:

2=l on ol 2
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l1(z

i

Z;

1

1
(

(), z1(t =

t)/ Zl(t -

<

Denoting the dilation weight:

A= [r1r7’2/~--rrn/7’1/7’2/-~-1rn—1} (13)

for zq,...,zn for #2,...,1n

the closed-loop system (6) with the output controller (8) and (9) can be rewritten in a
compact form as:

7 p1 Pn-1 T
Z=FZ) = [&, oz ), fastso fu] (14)

where f, 11 := 1y, fuy2 =13, ., fon—1 =11,

By Definition 1, we can prove that F(Z) is homogeneous of degree T and V(Z) is
homogeneous of degree 2 — T with respect to dilation weight A. By Lemma 4, the
following holds:

vV (2)
9Z;

<mllZ)F T, >0, fori = 1, ..., n (15)

In addition, by Proposition 1, closed-loop system (8), (14) and (9) is globally asymptot-
ically stable. Therefore, the following holds:

: ovV(zZ
V(2)|ag) = 2L () < i)z 16)

where 9, > 0is a constant and ||Z||, = /¥ 2" 1\Z \2/”

4. Output Tracking Control via Output Feedback Design

In this section, we state and prove our result.

Theorem 1. Consider system (1) under Assumptions 1 and 2. For any given delay constant d, the
global practical output tracking problem stated above is solvable by an output feedback of the form
(7), and a design method for such a control is explicitly given.

Proof. First, we define a change of coordinates:
zi(t) := y(t), Mizi(t) := x;(t), i =2,...,1n, M Tlo(t) := u(t) (17)

where k1 =0, x; = (k;_1 +1)/pi_1,i =2,...,n and constant gain M > 1 are determined
later. Under (17), system (1) can be rewritten in variables z; as:

zi(t) = Mzl (t) + 9i(t z(t), z(t —d),0(t), i=1,...,n—1,
zn(t) = Mo(t) + ¢u(t,z(t), z(t — d), v(t)), (18)
y(t) =z1(t)

where:

Pr(t,z(t), 2(t —d),0(t)) == @r(t, x(8), x(t = d), u(t)) = y,(t)

it 2(t), 2(t —d),o(t)) == LUAOAAB) 5 oy

(19)

By Assumption 1, Lemma 3, and M > 1, it is not difficult to get the following to hold:

>M<me>y(ﬂﬁwﬁﬂmwwwwm—ﬂW”Wﬁ+Q+MI

d),...,
([]21( )-i—yr( )|( )/r1+|MKzZZ(t)|(ri+r)/rz_|_,,,+|Mxizi(t)|(ri+r)/r,}

(PI xl xl(t d) (t d))
zi(t—d)| = M

d) + o (£ = )| 4 MRz (1= d)| O e Mtz (- ) O] ) 4 g
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Further, by Assumption 2, we can easily calculate:
[1(z1(), 22 (=) < oIz (1) 4 [z (8 = )| ) 4+ G
[Yi(Zi(t), z1(t —d), ..., zi(t—d)| (20)
— L . . el
< clMl—vfj;lej(t ) O |z — )| )+ G i =2

M’

where C; > 0, C; > 0 only dependent on constants C, C;, T, x; and M and v; =
min{1 — Ki(ri+7)/rj+x, 2<j<i, 1<i< n} > 0 are some constants.
By the definition of r; = tx; +1/(p1...pj-1),

TiaPi e — TK+K;/ p1--Pi—1—Ki/ P1--Pj—1 TK;
’V]' 1 . ‘ TKj+1/p1...p]‘,1 — TK]'-‘rl/pl...p]‘,l
j=2,...,i, i=1,...,n

Kj

<1, 21

Notice that the two systems (1) and (18) are equivalent to each other, and, hence, we
can work on system (18) instead of system (1) whenever it is more convenient. Now, by
Proposition 1, we can construct an output controller for system (18) in the form:

NTVATS N AU/ T r (rn+7)/p
0(2) = —BulZh”™ + Bucr {287 -+ Ba(2h T+ Bzl ] (22)

1’2/7‘1

172 = —ML122 , 22 = (772 + L121)
77k = —MLk,lz 1, 2k = (77k + Lk,lﬁk,l)rk/rk_l, k= 3, oo n

Using (12) and (14), the closed-loop system (18), (22), and (23) can be written in the
following form:

(23)

Z=MEZ)+[§1(-), $20), ¥3() - u(), 0,0, 0] (24)

Hence, adopting the same Lyapunov function (10), i.e., V(Z), the time derivative of
V(Z) along the trajectory of (24) satisfies:

v(z) = MY%ZFZ)

+ 211 (), ¢2() w3<>,
~My|Z|F + ().

(), 0,..., 07 (25)

IN

Further, using (20), one obtains:

y 2
V(Z) <=M Z]}y

— oV(Z . . . .
4T M S (f ()54 ()] 747
i=1 !
_ n\(ri+T) /1 NG aalir (i) /i = 1 |oV(Z)
+ (Jza(t — )| + |za(t — d)| oot [zi(t— )| )l +CL | "oz, (26)

Since, by Lemma 2 and (15) Lis homogeneous of degree 2y — T — r;, the terms:

)

5 ’<yzl|(ri+r)/r1+|ZZ|(r,-+r)/rz+m+|Zi|(r,-+r)/r,-)
1

and:

‘BV(Z)

57 ‘(|Zl(t—d)|(7i+"f)/71_._|Zz(t_d)|('fi+'l')/1’2+__.+Zi(t_d)|(7‘,'+'l’)/1’,-)
1
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are homogeneous of degree 2y, and, hence, it follows from Lemmas 1 and 2 that, for each

i=1,...,n, there exists constants A;, Xi > 0 such that:
2621 [(1a] 477 412 /3 4y
(=) (- d>|<"“>“2 ot —a) ) |
N 2 b 2
S MIZOIY + AillZ(t =)y

Furthermore, it follows from Lemmas 2 and 4 that there are positive constants ay, a, 4,

such that:
C|%E| <alziF
2p—7— T+
= ay (M2 ], ) T (M) ) ) T
< IM||Z|H + apM—@n=Tr) (v, 27)
= —T—7: T+71;
Col 22| < sz (Mo ()

< MS||Z|| 4 GpM 2/ (T i =2
Now, substituting (27) and the above into (26) leads to:
: 2
v(Z) <-My|Z|{

2 by 2 2 — _ T
—i—Clel V’</\ HZ( )”Ay‘i‘/\i”Z(t_d)HAH) +%M||Z||A”+a2M u—t rl)/(r+r1),
i=1

2 . 2 _ B . v
+, 2]\/IK,- (MKIHZHA”‘FLQM 21“‘1/(”(—44,))

1=

2
—My [ Z(H)]y
. n o —~ 5 _ , 2 ) _ N
+C1,21M1 V,()\iHZ(t)”AV—I—/\i||Z(t—d)|A”) +IMZ(B)[F + aM-CrTn)/ () o
1=

=
N
A

n
+22(Hz(t) ||2AV + ﬁzM_Z]lKi/(T_;’_ri)_Ki)
i=

_MKZ—(n—l)M 1 Cle vi \ >||z()|| (cle viy )IIZ(t— )&y}

+ay M~ @u=t=r)/(T4m) Z ay M~ @utttri)ri/ (T4ri)
=2

— M| (3 - G20 e - (@ Mo iz - ] + o)

where:

— -
Gi(M) = (n—=1)M1+C1 y, M™%\,
o (29)
Ga(M) = a3 ( M-Crtr)/(chn) 4 3 M—(zu+r+ri>xi/(r+m), 1y = max(d, 7)
i=2
both of which are positive and monotonically decreasing to zero as M increases indefinitely.
To deal with the time delays, we construct a Lyapunov—Krasovskii functional based
on Lyapunov function (10):

U(Z(1) = V(Z(D) + W(Z(1)), w<z<t>>—<cliM“in> [ 1z6) s @
i=1 t=
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By (28) and (30), it yields:
. — n ~
U@)<—MQM@@W«&M®+CQ)WMM>MﬂﬂwﬁﬂM) G
i=1

Now, let us define:

Q:{MZl

n —
%fGl(M) —C Y MUiA, >0} (32)
i=1

and take an arbitrary M € ). Then, the inequality (31) becomes:

. M
U(z) < —=LIZI3 +a2Ga(M) (33

In (30), V(Z) and W(Z) are homogeneous of degree 2y — T and 2y with respect to A,
respectively. Hence, by Lemma 2, the following holds:

MIZBIFT < V(ZE) < A z)|3 T (34)

and:
@ |Z()F < W(zZ(t) < @l z(t)]3 (35)

where A; > 0, @; > 0, i = 1,2 are constants.
Moreover, by Lemma 4, we have:

1/t\ T (t—2u)/7
M 2u—T1 Ay 2u—T1 T 2u ™ 2u/t
R PIOT M((M) >|u<m LMz + )
Then, we have:
2 2 T 2u/
@ | Z(H)[ < u(z() < PzMIIZ(t)HA“rW 2 (37)
o @1y 2 Y 2 T 20/
1 "o «mY Z s
oy 12O < gLue) < MOZOR + o 69
where: p =
Therefore, it follows from (33) and (38) that:
: M 2u T 2u/t rT 2u/t
<
i(z(0) < - (THZOR + g ) 4 g e T el »
< — - U(Z(1) + Ga(M),
4p2
where: Gy(M) = #)/T/\zﬂ/ + a,Go(M).

S}lpzM(Z” T

In the rest of the proof, we are shown similarly as in [7,29] that the state Z(t) of
closed-loop system (18), (22), and (23) is well-defined on [0, +c0) and is globally bounded.
Since G»(M) is positive and strictly monotonically decreasing to zero as M — oo, it is
easily seen that, for any given £ > 0, one can choose a sufficiently large M € () so as to

satisfy:
1
= 7
o1 % (w) e o)
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Next, introduce a subset by:

g = {Z e R™1| U(z) > W} c R (41)

and let Z(t) be the trajectory of (24) with an initial state Z(0). Suppose Z(t) € E for some
t € [0, 00). Then, using (38), it can be deduced that:

Y U(z(t)) + Ga(M) < —Ga(M) <0 (42)

u(z(t)) < TS

This means that, if Z(t) € &, U(Z(t)) will decrease strictly with respect to t. Therefore,
in a finite time T, Z(t) must enter R?"~! — E and stay there forever. Hence, one can obtain
the following relations:

U(Z(t) - U(Z(0)) = [y U(Z(1)dt <0, t€ [0, T)

2t (43)
U(Z(t) < (7892672“”)) 7 e [T, )
which, together with (37), lead to:
.1 7
2z 1201 < (5-u(ze))
<@ FU(Z(0)%, telo, T)
’ (44)

zol< 12015 < (guem)”

r; ral 2u
§w1_2"<8p2(;2(]\4)> , te [T, +oo)

For i =1,...,2n — 1. This implies that the trajectory Z(t) of system (24) is well defined
and globally bounded on [0, +o0).
Next, we prove that:

ly®)] = [x1(t) —yr ()] <e VE=T >0 (45)
This can be easily seen from (35), (40), and (43) as follows:
ly(B)|= lx1(t) —yr (D) = |z1()] < [1Z(8) |
L : = % 46
< (1U(Z(t))) " <o z;<892G2(M)> C . (16)

RN Y

Finally, since the choice of M € (2 depends on € > 0, the finite time T > 0 depends
on ¢ > 0. Further, it is obvious that T > 0 is dependent on each trajectory of (24), or
equivalently on each initial state Z(0) of (24). Therefore, the finite time T > 0 satisfying
(46) is dependent on both ¢ > 0 and Z(0), i.e., T := T(¢, x(0),£(0)). O

The process of control design shows that the lower triangular growth condition as
required by Assumption 1 is not necessary for achieving the global practical output tracking
of the system (1). In fact, we can extend Theorem 1 under the following assumption.
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Assumption 3. Fori =1,2,...,n, there are constants C; >0, C, >0, M > 1, 0<v; <1,

and T > 0 such that:
(rit+7) /1
C
) to2, @)

x](t) (ri+T)/7']'

M

@i(+)

MFi

N X (t ;/Ifjj(t))

n
S ClMl—l/iZ (

j=1

wherex; =0, 11 =1, ki1 = (k;+ 1) /pj,and rigapi=ri+7t>0,i=1,...,n

It can be easily concluded that Assumption 1 is a special case of Assumption 3. The
following theorem is a more general result on the global practical tracking of non-triangular
systems.

Theorem 2. Under Assumptions 2 and 3, the problem of global practical tracking via output
feedback controller of the form (22), (23) can be solved for system (1).

Proof . The proof is very similar to that of Theorem 1 and hence is omitted here. [

5. Example and Simulation

The above method is used for the following numerical example considering the
inherently nonlinear time delay system:

x1(t) = 15/3(t) +0.25x3 (1) sin(x2 (1))

o (t) = u(t) +0.125x53(t — 0.2) (48)
y(t) = x1(t) —yr(t)

Forpy =5/3, 1=5/3,r1 =1, rn =1 and u = 5/3, it is not difficult to prove

that system (48) satisfies the conditions of Assumption 1. Therefore, following the design
procedure above, the output controller can be constructed as:

= _M3/5(’72 + L1(x1 —yr))

49
u=—M5p (,31(X1 — v+ (4 La (1 — ]/r))5/3) @)
choosing L1 = 0.6, f1 = 1.1, B2 = 2.1 and M = 8. In this simulation, the reference signal is
chosen as y,(t) = sin(t), and the initial condition is x1 (0) = —2, x2(0) = 0.1 and #(0) = 0.
From the following Figures 14, the effectiveness of the design procedure is verified.
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Figure 4. The trajectory of state 1, (f).

6. Conclusions

In this work, we addressed the practical output feedback tracking problem for a
class of high-order nonlinear time delay systems which cannot be handled by existing
approaches. The proposed output controller independent of time delay can make the
tracking error arbitrarily capable of being adjusted to be sufficiently small and render all
the trajectory of the closed-loop system as are bounded. Our future study is to extend the
proposed method for more inherently nonlinear time-varying delay systems.

Author Contributions: Conceptualization, K.A. and O.J.M.; methodology, K.A.; software, O.].M.;
validation, G.A.A., and A A ; formal analysis, K.A.; investigation, K.A., and O.].M.; resources, G.A.A.;
data curation, A.A.; writing—original draft preparation, K.A.; writing—review and editing, O.J. M.,
G.A.A. and A.A; visualization, G.A.A. and A.A. All authors have read and agreed to the published
version of the manuscript.

Funding: This research has been funded by the Science Committee of the Ministry of Education and
Science of the Republic Kazakhstan (Grant No. AP08855743).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors are very thankful to the editor and referees for their valuable
comments and suggestions for improving the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.

Celikovsky, S.; Huang, J. Continuous feedback practical output regulation for a class of non-linear systems having non-stabilizable
linearization. In Proceedings of the 38th IEEE Conference on Decision and Control, Phoenix, AZ, USA, 7-10 December 1999;
pp. 4796-4801.

Qian, C; Lin, W. Practical output tracking of nonlinear systems with uncontrollable unstable linearization. IEEE Trans. Autom.
Control. 2002, 47, 21-36. [CrossRef]

Lin, W.; Pongvuthithum, R. Adaptive output tracking of inherently nonlinear systems with nonlinear parameterization. [EEE
Trans. Autom. Control. 2003, 48, 1737-1749. [CrossRef]

Gong, Q.; Qian, C. Global Practical Output Regulation of a Class of Nonlinear Systems by Output Feedback. Automatica 2007, 43,
184-189. [CrossRef]

Sun, Z.-Y,; Liu, Y.-G. Adaptive Practical Output Tracking Control for High-order Nonlinear Uncertain Systems. Acta Autom. Sin.
2008, 34, 984-989. [CrossRef]

Alimhan, K.; Inaba, H. Practical output tracking by smooth output compensator for uncertain nonlinear systems with unstabilis-
able and undetectable linearization. Int. . Model. Identif. Control 2008, 5, 1-13. [CrossRef]

Alimhan, K,; Inaba, H. Robust practical output tracking by output compensator for a class of uncertain inherently non-linear
systems. Int. |. Model. Identif. Control. 2008, 4, 304. [CrossRef]


http://doi.org/10.1109/9.981720
http://doi.org/10.1109/TAC.2003.817922
http://doi.org/10.1016/j.automatica.2006.08.008
http://doi.org/10.3724/SP.J.1004.2008.00984
http://doi.org/10.1504/IJMIC.2008.021770
http://doi.org/10.1504/IJMIC.2008.021470

Symmetry 2021, 13, 675 13 of 13

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

Bi, W.P.; Zhang, ].F. Global practical tracking control for high-order nonlinear uncertain systems. In Proceedings of the Chinese
Control and Decision Conference, Xuzhou, China, 26-28 May 2010; pp. 1619-1622.

Yan, X.; Liu, Y. Global Practical Tracking for High-Order Uncertain Nonlinear Systems with Unknown Control Directions. SIAM
J. Control. Optim. 2010, 48, 4453-4473. [CrossRef]

Yan, X.; Liu, Y. Global practical tracking by output-feedback for nonlinear systems with unknown growth rate. Sci. China Inf. Sci.
2011, 54, 2079-2090. [CrossRef]

Zhai, ].; Fei, S. Global practical tracking control for a class of uncertain non-linear systems. IET Control. Theory Appl. 2011, 5,
1343-1351. [CrossRef]

Alimhan, K.; Otsuka, N. A Note on Practically Output Tracking Control of Nonlinear Systems That May not Be Linearizable at the Origin.
Communications in Computer and Information Science; Springer: Berlin/Heidelberg, Germany, 2011; Volume 256 CCIS, pp. 17-25.
Yan, X.; Liu, Y. The further result on global practical tracking for high-order uncertain nonlinear systems. J. Syst. Sci. Complex.
2012, 25, 227-237. [CrossRef]

Alimhan, K.; Otsuka, N.; Adamov, A.A.; Kalimoldayev, M.N. Global practical output tracking of inherently non-linear systems
using continuously differentiable controllers. Math. Probl. Eng. 2015, 2015, 932097. [CrossRef]

Alimhan, K.; Otsuka, N.; Kalimoldayev, M.N.; Adamov, A.A. Output Tracking Problem of Uncertain Nonlinear Systems with
High-Order Nonlinearities. In Proceedings of the 2015 8th International Conference on Control and Automation, Jeju, Korea,
25-28 November 2015; pp. 1-4.

Guo, L.-C. Practical tracking control for stochastic nonlinear systems with polynomial function growth conditions. Automatika
2019, 60, 443-450. [CrossRef]

Alimhan, K.; Otsuka, N.; Kalimoldayev, M.N.; Tasbolatuly, N. Output Tracking by State Feedback for High-Order Nonlinear
Systems with Time-Delay. ]. Theor. Appl. Inf. Technol. 2019, 97, 942-956.

Alimhan, K.; Mamyrbayev, O.; Erdenova, A.; Akmetkalyeva, A. Global output tracking by state feedback for high-order nonlinear
systems with time-varying delays. Cogent Eng. 2020, 7, 1711676. [CrossRef]

Sun, Z.; Liu, Y.; Xie, X. Global stabilization for a class of high-order time-delay nonlinear systems. Int. |. Innov. Comput. Inf.
Control 2011, 7, 7119-7130.

Sun, Z.; Xie, X.; Liu, Z. Global stabilization of high-order nonlinear systems with multiple time delays. Int. ]. Control 2013, 86,
768-778. [CrossRef]

Sun, Z.; Zhang, X.; Xie, X. Continuous global stabilization of high-order time-delay nonlinear systems. Int. J. Control 2013, 86,
994-1007. [CrossRef]

Chai, L. Global Output Control for a Class of Inherently Higher-Order Nonlinear Time-Delay Systems Based on Homogeneous
Domination Approach. Discret. Dyn. Nat. Soc. 2013, 2013, 1-6. [CrossRef]

Zhang, N.; Zhang, E.; Gao, E Global Stabilization of High-Order Time-Delay Nonlinear Systems under a Weaker Condition. Abstr.
Appl. Anal. 2014, 2014, 1-8. [CrossRef]

Gao, F; Wu, Y. Further results on global state feedback stabilization of high-order nonlinear systems with time-varying delays.
ISA Trans. 2015, 55, 41-48. [CrossRef] [PubMed]

Gao, F.; Wu, Y. Global stabilisation for a class of more general high-order time-delay nonlinear systems by output feedback. Int. J.
Control. 2015, 88, 1-14. [CrossRef]

Zhang, X.; Lin, W.; Lin, Y. Nonsmooth Feedback Control of Time-Delay Nonlinear Systems: A Dynamic Gain Based Approach.
IEEE Trans. Autom. Control. 2016, 62, 438-444. [CrossRef]

Yan, X.; Song, X. Global Practical Tracking by Output Feedback for Nonlinear Systems with Unknown Growth Rate and Time
Delay. Sci. World ]. 2014, 2014, 1-7. [CrossRef] [PubMed]

Jia, X.; Xu, S.; Chen, J.; Li, Z.; Zou, Y. Global output feedback practical tracking for time-delay systems with uncertain polynomial
growth rate. J. Frankl. Inst. 2015, 352, 5551-5568. [CrossRef]

Jia, X.; Xu, S. Global practical tracking by output feedback for nonlinear time-delay systems with uncertain polynomial growth
rate. In Proceedings of the 2015 34th Chinese Control Conference (CCC), Hangzhou, China, 28-30 July 2015; pp. 607-611.

Jia, X.; Xu, S.; Ma, Q.; Qi, Z.; Zou, Y. Global practical tracking by output feedback for a class of non-linear time-delay systems.
IMA . Math. Control. Inf. 2016, 33, 1067-1080. [CrossRef]

Rosier, L. Homogeneous Lyapunov function for homogeneous continuous vector field. Syst. Control. Lett. 1992, 19, 467-473. [CrossRef]
Polendo, J.; Qian, C. A generalized homogeneous domination approach for global stabilization of inherently nonlinear systems
via output feedback. Int. |. Robust Nonlinear Control. 2007, 17, 605-629. [CrossRef]

Polendo, J.; Qian, C. A universal method for robust stabilization of nonlinear systems: Unification and extension of smooth and
non-smooth approaches. In Proceedings of the 2006 American Control Conference, Minneapolis, MN, USA, 14-16 June 2006.
Zhai, J.-Y. Finite-Time Output Feedback Stabilization for Stochastic High-Order Nonlinear Systems. Circuits Syst. Signal Process.
2014, 33, 3809-3837. [CrossRef]

Zhai, J.-Y.; Du, H.-B. Global output feedback stabilisation for a class of upper triangular stochastic nonlinear systems. Int. J.
Control. 2014, 87, 1-12. [CrossRef]

Zhali, ].-Y.; Song, Z.; Karimi, H.R. Global finite-time control for a class of switched nonlinear systems with different powers via
output feedback. Int. J. Syst. Sci. 2018, 49, 2776-2783. [CrossRef]


http://doi.org/10.1137/090769727
http://doi.org/10.1007/s11432-011-4253-4
http://doi.org/10.1049/iet-cta.2010.0294
http://doi.org/10.1007/s11424-012-0270-7
http://doi.org/10.1155/2015/932097
http://doi.org/10.1080/00051144.2019.1639120
http://doi.org/10.1080/23311916.2020.1711676
http://doi.org/10.1080/00207179.2012.760046
http://doi.org/10.1080/00207179.2013.768776
http://doi.org/10.1155/2013/180717
http://doi.org/10.1155/2014/931520
http://doi.org/10.1016/j.isatra.2014.08.014
http://www.ncbi.nlm.nih.gov/pubmed/25441216
http://doi.org/10.1080/00207179.2015.1010178
http://doi.org/10.1109/TAC.2016.2562059
http://doi.org/10.1155/2014/713081
http://www.ncbi.nlm.nih.gov/pubmed/25276859
http://doi.org/10.1016/j.jfranklin.2015.08.012
http://doi.org/10.1093/imamci/dnv017
http://doi.org/10.1016/0167-6911(92)90078-7
http://doi.org/10.1002/rnc.1139
http://doi.org/10.1007/s00034-014-9831-4
http://doi.org/10.1080/00207179.2014.902999
http://doi.org/10.1080/00207721.2018.1512679

	Introduction 
	Mathematical Preliminaries 
	Problem Formulation and Key Assumptions 
	Output Tracking Control via Output Feedback Design 
	Example and Simulation 
	Conclusions 
	References

