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1 Introduction and formulation of the main results

We consider the following equation:
.kl
p®) (p®)y™®) + " r@)y* D + )y = f (), (1)

j=0

where k=1,2,...,x € R = (—00,+00), f(x) € Ly := Ly(R). In what follows, we assume that

p(x) > 0is (k+1) times, and r; = rj(x) (j = 1, k — 1) is (k—j) times continuously differentiable,

and ry = r¢(x) is a continuous functions. Equation (1) is given in an infinite domain, and

its coefficients can be unbounded functions. Hence, it is a singular differential equation.
Let Ly be a differential operator from C(()k+1)(R) to Ly, which is defined by the following

formula:
, k-1
Loy = p®)(p@)y®) + Y ri@y* + rilx)y.
j=0

Since the coefficients p and r; (j = 0, k) are smooth functions, the operator Ly is a closable
operator (see [1, Sect. 6 of Chap. 2]). We denote by L the closure of L.

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-021-01526-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-021-01526-5&domain=pdf
http://orcid.org/0000-0002-5480-2178
mailto:kordan.ospanov@gmail.com

Ospanov Boundary Value Problems (2021) 2021:47 Page 2 of 12

A function y(x) is called a solution of differential equation (1) if there exists a sequence
{ym@)}oe, < CI<+1 (R) such that y,, — y and Ly,, — f in the norm of L, as m — oo. It is

clear that y € L,.

The following more general equation

k-1

po@y**V + o)y ™ + 3 rg" P 4 @y =fx),  pox) >0
j=1

can be reduced to equation (1). Indeed, set p(x) = \/po(x) and ry = 7o — pp’, then

k-1

P Fo@)y® + Y iyt + )y
-1

po(x)y*+t

k-1
= p@)(p@y®) + (Fo@) — p(x)p')y™® + > 1)y + re(x)y
j=1

p)(p()y™") Zr,(x)y + 1)y,

this is the left-hand side of equation (1).

We study equation (1) in the case that the intermediate coefficients r;(x) (j = 1,k-1)
can be unbounded and their growth do not depend on the extreme coefficients po(x) and
ri(x). When r;(x) (j = 1,k — 1) are bounded or they are unbounded and are controlled by
the extreme coefficients py(x) and r(x), this equation has been studied systematically. For
more details, see [2—4].

A number of problems of stochastic analysis and stochastic differential equations lead
to singular elliptic equations and ordinary differential equations and their systems with
unbounded intermediate coefficients. Specific representatives of such equations are the
stationary equations of Ornstein—Uhlenbeck (see [5]) and Fokker—Planck—Kolmogorov
(see [6]). In the case k = 1, equation (1) is the simplest model of Brownian motion of parti-
cles with a covariance matrix determined by the function p(x), and ry(x) is called the drift
coefficient.

For applications of equation (1) to various practical processes, it is important to investi-
gate the correctness of equation (1) with coefficients p(x) and r;(x) (j = 0,k — 1) from wider
classes. In the case that the intermediate coefficients do not depend on the potential and
the diffusion coefficient and can grow as a linear function, the correctness of the second-
order singular elliptic equations was studied in [7—10]. The correctness conditions for the
second-order and third-order one-dimensional differential equations with rapidly grow-
ing intermediate coefficients were obtained in [11-16]. However, in [11-16] the condition
of weak oscillation is imposed on the intermediate and senior coefficients. In this paper,
sufficient conditions for the existence and uniqueness of a solution y(x) of (1) are obtained.

Moreover, for the solution, we proved the following inequality:

k
[roy® |, + > [, < Clflla-

j=1
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Using this estimate, we obtained compactness conditions for operators 6(x)L™! and
O) L1t (@ =1,k-1).

The difference between this result and the results in [7—16] is that equation (1) is high
order, and the coefficients r;(x) (j = 0,k — 1) can grow rapidly, and all coefficients can be
fluctuating (see Example 4.1). In addition, the leading coefficient can tend to zero at in-
finity. In other words, the cases of some degenerate equations are covered. Note that the
criteria for the existence of positive periodic solutions for differential equations with indef-
inite singularity and pseudo almost periodic solutions of an iterative functional differential
equations, respectively, were found in [17] and [18].

We introduce the following notation:

x 1/2 +00 1/2
Tw,s(x)z[ / Lﬂ(t)dt} [ / t2<“>v2(t)dt] , x>0,
0 X

0 1/2 T 1/2
Mu,v,s(r)z[ f uz(t)dti| [ / t2(51)v2(t)dti| , 1<0,

Yuv,s = maX<SllP Tyvs (%), sup Mu,v,s(f)>>
x>0 <0

where u = u(x) and v = v(x) # 0 are real continuous functions, s is a positive integer number.
The following statements are the main results of this paper.

Theorem 1.1 Let p(x) > 0 be (k + 1) times, rj(x) (j = 1,k—1) be (k —j) times continuously
differentiable, ri(x) be a continuous function, and the following conditions be satisfied:

(@) ro =1, y1, gk < 003

(b) there exists a point xo € R such that sup,_, [p(x)exp /Z; ;%((tt)) dt] < oo;

(c) mMax;_jx ¥y, o) < 00
Then, for any f € Ly, equation (1) has a unique solution y and

k-1
[ry @, + > [y ], + Irylla < CIf Nl 2)
j=1

holds, where || - |2 is the norm of L,.
Changing variable in Theorem 1.1, we obtain the following result.

Theorem 1.2 Let p(x) > 0 be (k + 1) times, rj(x) (j = 1,k —1) be (k —j) times continuously
differentiable, and ri(x) be a continuous function, and the following conditions be satisfied:
(a) respectively, ro(x) < =1, 1, sk < OO
(b) there exists a point x1 € R such that sup, . [p(x)exp fxxl ;%((tt)) dt] < o0;
(©) Max; iz ¥y, /gl < 00
Then, for any f € L,, equation (1) has a unique solution y and

k-1
[VIroly @], + Y[ ® ), + raylla < CIIf 112 3)
j=1

holds.
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Theorem 1.3 Suppose that the coefficients p and r; (j = 0, k) satisfy the conditions of The-
orem 1.1 or Theorem 1.2 and the function 0(x) is continuous, and let for some j € [1,k] the
equality

max(xErPoo Tg,m,j(x), IEIPWMQ’M’j(r)) =0 (4)

hold. Then G(x)% L (B(x)L! for j = k) is the compact operator in L.

2 Some auxiliary statements
Let Cis)(O, +00) = {m(x) € C¥(0, +00) : It > Om(x) = 0 Vx > 7} (s € N). The next lemma is a
particular case of Theorem 2.1 in [19].

Lemma 2.1 Suppose that the functions g(x), v(x) # 0 (x > 0) are continuous, and for a

natural number s,

Tgy,s = sup Tgs(x) < 00
x>0

holds. Then, for any y € C(0, +00),

oo 172 +o0 1/2
( /0 |g(x)y(x)\2dx> SC( /0 IV(x)y“)(x)|2dx) )

holds. Moreover, if C is the smallest constant for which inequality (5) is valid, then

TO,g,v,s = C = 2Tg,v,s: (6)
where
* 121 ptoo 1/2
Togus = SUp [ / 24 dt] [ f (t — x)25"Dy2(¢) dt] )
x>0 0 x

Remark 2.1 If s = 1 and C is the smallest constant for which inequality (5) is valid, then,
instead of (6), the inequalities Tg,v,s <C< ZTgm hold (see [20]).

Lemma 2.2 Suppose that the functions u(x), h(x) # 0 (x < 0) are continuous and ]\71,4,;,,5 =
sup,.oMyus(x) < oo for a natural number s. Then, for any y € C¥(-00,0) =
{n e CY¥(-=00,0):31 <On(x) =0 Vx < 1},

0 ) 172 0 ) 1/2
([ Jeplas) =l [ ol as) o)

holds. Moreover, if Cy is the smallest constant for which (7) is valid, then
MO,u,h,s < Cl < 2Mu,h,s:

where

0 1/2 T 1/2
Mo_u,h,s:sup[ / uz(t)dt] [ / (t—t)z(s‘l)h"z(t)dt] )
7<0 T —00
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Proof Changing variable in Lemma 2.1, we obtain the desired result. O

Remark 2.2 1f s = 1 and C; is the smallest constant for which inequality (7) is valid, then
the inequalities Mu,h,s <(C < 21\7[“,;4,5 hold.

The following statement is proved by application of Lemmas 2.1 and 2.2.

Lemma 2.3 Let continuous functions u(x), v(x) # 0 (x € R) satisfy the conditions Tu,v,s < 00,

M,,,,s < 00 for some natural number s. Then, for any y € C(()S)(R),

+00 1/2 +00 1/2
(/ ‘u(x)y(x)’zdx> <G, </ | x)y ’ dx) . (8)

Moreover, if C, is the smallest constant for which inequality (8) is valid, then
min(7o,u,v,5s Mouvs) < Ca < 2V

Remark 2.3 If s = 1 and C, is the smallest constant for which inequality (8) is valid, then
min( Ty M) < Co < 2¥ups:

3 On a two-term differential operator
Let [y be a differential operator from the set C0/<+1 (R) to Ly, which is defined by

loy = p() (p(x)y®) +ro(x)y®
We denote its closure by [.

Lemma 3.1 Let p(x) > 0 and the function ry(x) satisfy condition (a) of Theorem 1.1. Then
the operator [ is invertible, and for y € D(l), the inequality

|v/roy®], + 7112 < Clityll2 )
holds.

(k+1)

Proof Letye C '(R). Integrating by parts, we get that

(loy,y®) = | /roy® -

By Holder’s inequality,

| (o, 79)] = || v/7ey® loy

Hence,

|vrey®], < (10)

1
_ loy(k)
ro
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According to Lemma 2.3, we have that

Iyll2 < 271, yrok | /709 ™® |-

Therefore,

Ivroy |, + Iyll2 < Cllloylla (11)

where C =2y, sox + 1.
Now let y € D(/). Then there is a sequence {y,,} C C(()k”)(R) such that ||y,, — yll» = 0,
loym — lylla = 0 as m — o0. So, it follows that

19mll2 = 17112 = 0, [loymlla = liylla| = 0 (m — o0). (12)

According to (11), we have

IVroy® = 1oy |, + 19m = ¥sll2 < Cllloym — loysll2s  s,m € N. (13)

We denote by Wé‘,ro (R) the completion of(C(()k) @R, -1 wk, ), where ||y|| wk = | ﬂy(k) 2+
Ilyll2. From (12) and (13) it follows that {y,,} is a Cauch); (;equence in théospace Wf’m (R).
Consequently, there is y € Wim (R) such that {y,,} converges to y in the norm of W{,O (R).
Using (11) and (12), we obtain that for y inequality (9) holds. According to (9), [ is invert-
ible. Similarly, by (10),

[yl =

,  yeD(). (14)
O

1 [
N
Inequality (9) gives D(/) C Wéﬁ,o (R).Fory € D(I), setz = y* and Iz= ,o(x)(,o(x)z)/ +719(x)z.

Lemma 3.2 Suppose that p(x) and ro(x) satisfy the conditions of Lemma 3.1. Then L is a

closed operator in L,.

Proof Let {z,}32, € D(L) such that ||z, — z|l; — 0, || Lz, — w|l — 0 as n — co. According

to our choice, there is a sequence {y,}:°; € D(/) such that yﬁ,k) =z, and
|y = 2], — o, Ilyn —wlla >0 (n— 00).

By Lemma 3.1, y, (n € N) satisfies (9). Hence, {y,}52; € W2k,r0 (R) is a Cauchy sequence.
Therefore, there exists y € L, such that

[947 =2l, + lyw =yl 0 (2 o0). (15)
So

yu=yl2—>0, |9 -z],>0  lIbu-wla—>0 (n— o).
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Since the operator / and the generalized differentiation operator are closed, we have y €
D(l), z=y"® e D(L) and

w=Lz. (16)
Thus, L is a closed operator. d
Lemma 3.3 If functions p(x) and ro(x) satisfy the conditions of Lemma 3.1, then

R(l) =R(L).

The proof follows from the following equalities:

R(L)={weL,:3zeD(L),w=Lz}
= {w €ly:IyeD(),yP =zeDL),w= ly}

= {w €Ll,:yeD(),w= ly} = R()).

Lemma 3.4 Suppose that the functions p(x) and ro(x) satisfy conditions (a) and (b) of The-
orem 1.1. Then 1 is invertible and its inverse I! is bounded.

Proof By Lemma 3.1, [ has an inverse I71. Since [ is a closed operator, using (9), we deduce
that R(/) is a closed set. By Lemma 3.3, it suffices to prove R(L) = Ly. If R(L) # Ly, then,
according to [1, p. 284], there is a nonzero element v(x) € L, such that

(Lz,v) = (z,L*v) =0

(where L* is the adjoint of L) for any z € D(L). Since C(()l)(R) C D(L), the set D(L) is dense
in L,. Therefore,

L*v= —p(x)(,o(x)v)/ +ro(x)v=0.

This implies that v(x) is continuously differentiable and

C ¥ ro
v(x) = ——ex f — dt.
o) P v P

Since v # 0, we have C # 0. Taking into account condition b) of Theorem 1.1, we have that
[v(x)| > % > 0 for all x < xg, where

¥ ro(t)
K = sup p(x)ex / dt.
R )

Hence v ¢ L,. This is a contradiction. O

Remark 3.1 If in Lemma 3.4 the condition ry > 1 is replaced with the condition y > § > 0,

then the lemma remains valid.
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4 Proofs of the main results

Proof of Theorem 1.1 Set x = mt, §(t) = y(mt), p(t) = p(mt), 7;(t) = rj(mt) (j = 0,k), f(t) =
f(mtym= %D (m > 0). Then equation (1) changes to

Py = pO (5P (®)

+Zm‘(1+1 #(O9*(@t) + m* VR (0)5() = £ 7

Let I be a closure of 20, where 20 :D(zo) — L, is defined by

’

i =p@&) (a0 @) +m ™, D) = CSVR).

By the conditions of the theorem, we can choose a number m so that

m> max(2 SIlnflicy \/r_ol> (18)

Then, according to condition c) of the theorem, Lemma 2.3, and estimate (14), we obtain

that, for any ¥ € D(]),
k-1 k-1
1 2 1
5 5(k) 55 >
— 7 + 7 < — — | ma oy
= i+l 7 mk+1 Ky ) m(;(; mé))] Tk r, 7o,/ 0
1\ 1 . 1 -
< —”—J%y“) < 151l (19)
2||m 5 2
By (19) and Lemma 3.1, we get that
k-1
159112 = | > m P r)3%(e) + m**V3()3(2)
J=1 2
1 N A
< 51512, 5 € D). (20)

According to Lemma 3.4 and Remark 3.1, the operator  is invertible, and its inverse /- is
defined on the whole L,. Then, by inequality (20) and the well-known statement on small
perturbations [21, Chap. 4, Theorem 1.16], the following operator

k-1
Py =15+ m (e3¢ () + m Vi (0)31(2)
j=1

is also closed and invertible, and the inverse operator P;! is defined on the whole space
L,. So, it follows that, for eachf’ €Ly, y= P,‘nlf € D(P,,) and y is a solution of equation (17).

By (19), we deduce that
1 i 1
H —wo&(k Z —3 7P|+ | g hd| < CIf e (21)
m 2 2

=1
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1

Using the substitution ¢ = m~"«, we obtain that the function y(x) = j/(%x) is a solution to

equation (1). Inequality (21) implies (3). O

Proof of Theorem 1.3 Let the conditions of Theorem 1.1 be satisfied. Without loss of gen-
erality, we assume that 0(x) is a real function. Let

dk—iy _
Q- {9(x> T2y eyl < 1} (=TR).

By Theorem 1.1 and (3), for any y € Cg”“(R): ILyll2 < 1, we obtain

lzlla = |05, < C1 - [Vroy®|, < CCillyll < Co.
These inequalities are valid for any y € D(L) such that || Ly||» <1, since L is a closed opera-
tor. Therefore, Q; is bounded in L. Let us show that Q; is compact in L,. By the Frechet—

Kolmogorov theorem, it suffices to show that, for each ¢ > 0, there is a number N, such
that, for any y € CX*V(R), | Lyll, < 1, and N > N, the following inequality

.
lelo@i-nan = 1057 v < (22)

holds. We have that

(k=j) _ (k=) (k=)
”93’ ’ HL2(R\[—N,N]) = ”93’ ’ ||L2(—oo,—N) + ”93’ ! ||L2(N,+oo)' (23)
According to Lemma 2.1,
+0Q , 5
f 0@&)y* ()| dt
N
:/ 10(¢ + N)y (¢ + N)|* de
0
X +00 .
Ssup[/ 92(t+N)dt~/ (r+N)20-1>r51(t+N)dr]x
x>0 0 X
x/ [Vrolt + N)y®(e + N)|* de
0
:sup< / 62 (t)d - / tz(j‘l)ral(t)dt>- / [Vro@y P de
x>N 0 x N
X +00 +00
§sup< / 0%(t)dt - / tz("l)ral(t)dt)~ / [Vro@y® )|’ dr. (24)
x>N 0 x 0

Similarly, using Lemma 2.2, we obtain

N )
/ |6(0)y* 7 (2)|* dt

o0

< sup ( / 092(t)dt- / ‘ tz(j‘l)ral(t)dt) : f ' [Vro@y®(e)| dt. (25)

T<-N
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Set
Agroj(N) = max(sup Ty, /r5,j(%), sup Mg“/,gy/(t)).
t>N 7<-N
By virtue of (23), (24), (25), and (3), we have that

“9}/ ) <A rol(N)

HLZ(R\[ N,N])

Taking into account this inequality and condition (4), we see that the number N for given
& > 0 can be chosen so that, forall y € C e D) ( ), ILyll2 < 1,and N : N > N, inequality (22)
holds. =

Example 4.1 We consider the equation

Loy = ,oo(x)(,oo(x)y(s))/ +r(x)y® - gw)y - h(x)y = f(x), (26)
where
(1 + x%)(2 - sin® 10x9), x<0,
polx) =

1+ +x3cos?27x19), x>0,

r(x) = [9+x*(4- smloxs)] , g(x) = Vxcos*(3expa?), h(x) = 6 sin(exp |x]).

We denote by L the closure of the operator Lo (D(Lo) = C(()4) (R)) corresponding to (26). It
is easy to check that y; 3 <00, ¥, /7,2 < 00 and

* r(t)
sp| wjerp [ L0 <oo

hold. Hence, by Theorem 1.1, equation (26) has a unique solution for any f(x) € L,. By

direct calculation we obtain that

max(xEIPOO T(xps1ye, 3 %), TEI}lOOM(‘T‘+1)a]ﬁ,3(T)> =0 ifa<l, and

max(xEIPo<> T(|x|+1)5“/;,2(x),rErpr(‘r|+1)5,ﬁ,2(r)) =0 ifg<2.

Therefore, by Theorem 1.3, the operators (|x| + 1)*L7! and (|x| + 1)/ £LL~! are compact in
L, for o < 1 and B < 2, where L™ is the inverse of L. Note that the coefficients of (26) are

fluctuating and p(x) tends to zero as x — +00 and is unbounded as x — —oo.

Example 4.2 We consider the following higher-order equation:

Toy = (1+2) (1 +42)’y0) +[2 - (11k + 322) ]y

k— 5
+ [( 1) + 2jx ] y(k‘f) -
J

,._.

Yy :f(x)) (27)

3+ 4x?

[N
—
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where x € R, k and s are natural numbers, and f € L,. Let [ be the closure of the operator
Io with D(l) = C(()k+1)(R). Direct calculations show that all conditions of Theorem 1.2 are
satisfied. Hence, equation (27) is uniquely solvable and its solution y satisfies the following

estimate:
" =1 , T
|y (11K +352)% = 2@ |+ S [(=1) + 221255 |, + llylla < Clf -
j=1

Moreover, for continuous functions 6;(x) (j = 1,k) such that 16;(x)] < (1 + x2)% with wj <
k- %, the equality

max (xEIPOO Te,~,[2-(11k+3x2)k],j(x)r TET_HOO Mej,[z-(11k+3x2)k],j(f)) =0

holds. Then, according to Theorem 1.3, the operators (1 +x2)*I! (« < %) and 9,(x)%2’1

(j = 1,k — 1) are compact in Ly, where I} is the inverse of I.
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