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Abstract

The paper describes the closure of infinitely differentiable compactly supported functions in certain second-
order weighted Sobolev space depending on the degree of singularity of weight functions at zero and at
infinity.
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Introduction

Let/ = (0,)and1 < p,q < . Let u, v, and r be a.e. positive functions such that u and v are locally integrable func-

tions and r is a continuously differentiable function on the interval I. Moreover, r~! € Ll]"”(l) and v7” € Lll”"(l), where
="

p-1"
We assume that sz(t) = r(t) df (t) and D j 0 =r@== df (’) . Let C3°(1) be the set of infinitely differentiable compactly sup-
ported functions.
Let W? (r,I)be a set of functions f : I — R, having generalized derivatives together with functions D}f(t) on the interval

p.v
I with the finite norm

ILf w2, = 10D 11, + 1D, f (D] + [F(D, (1.1)

where || - ||, is the standard norm of the space L,,(I).

By the condltlons on the functions v and r, we have that C3°(1) C W2 ,(r:I). Denote by W2 ,(r> 1) the closure of the set
C°°(1) with respect to the norm (1.1).

Dependlng on the degree of singularity of the functions v~! and »~! at zero and at infinity, the functions f € sz (r,I) have
finite limits hmf(t) =f(0), hm Dj(t) = D’f(O) 11mf(t) = f(o0) and hm Drf(t) = D,f(oo) or do not have them. The

< R. Oinarov

o_ryskul@mail.ru

L.N. Gumilyov Eurasian National University, 2 Satpaev Str., Astana 101008, Kazakhstan

2 Institute of Mathematics and Mathematical Modeling, 125 Pushkin Str., Almaty 050010, Kazakhstan
3 KIMEP University, 4 Abay Ave., Almaty 050010, Kazakhstan


http://crossmark.crossref.org/dialog/?doi=10.1007/s10958-023-06672-y&domain=pdf

62 Journal of Mathematical Sciences (2024) 280:61-72

elements of the set W2 ,(rs D) can differ from the elements of the set W2 ,(r> 1) only by their behav1or in the neighborhoods
of zero and infinity. In other words, depending on the behavior of the welght functions o' and ! at zero and at infinity,
the set W2 ,(r> 1) can or can not coincide with the space WZ (r,I). If not, then it is necessary to describe its direct comple-
ment to the entire space. The description of the closure of the set of infinitely differentiable compactly supported functions
in various weighted Sobolev spaces is the subject of numerous papers (see, e.g., [1-7]). In this paper, in terms of boundary
values, the elements of the set Wg’u(r, I) are described depending on the degree of singularity of the functions v~' and r~!
at zero and at infinity, which allows posing boundary value problems for an equation with degenerative or singular coef-
ficients at a finite point and at infinity.

Description of the set W:U(r, I) in terms of elements of the set W:U(r, )]

Let, = (0,1]and I, = [1, o). Let the sets W2 (1) (W2 (r,1,)) and W2 RGN )(W2 (r,1,,)) be the set of restrictions of
functions f € W2 LD € W2 ,(r:D) to the intervals I, andl respectwely In what follows the functions f € W2 RG¥))
and their restrlctlons to the 1ntervals Iy and I will be denoted by the same letter.

Let C°°(10) and C°°(1 ) be the set of restrictions of functions from Cg°(/) to the intervals 1, and I, respectively. Then,
W , (15 1), as the set of restrictions of functions from W2 (. 1) to the 1nterval 1, is the closure of the set c® (I;) with respect
to the norm

W llwz 1y = VD21, + IDFCD] + D)

of the space W[fu(r, 1), where i = 0, co.
Assume that

Dy(,) ={cx () c eR},

Q) = {C)hm(t)/r_l(x)dx: c € R},
1

D,(I,) = {c 1 (0 +cz)(lw(t)/r_1(x)dx ¢ €ER, c; ER},

where y; 1is the characteristic function of the interval /_ and

RyW> (1) = {f € W2 (r,1,) : f(e0) = 0},
R1W§’D(l’, I)=1{f¢€ sz’u(r, I.): Drlf(oo) —
RW? (r1) = {f € W) (1, 1,)  f(00) = Dlf(c0) = 0}.

Theorem 2.1 Letl < p < 0.

/

o [ P
@) Ifl)_1 & Lp,(Ioo), rl ¢ L,d,)or rle Ll(Ioo),fv_p/(t)</r_l(x)dx> dt = oo, then
1 t
W2 (r 1) = W (r, 1),
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0 ) 14
(i) Ifo' ¢ L,U).r" € L,)and [ v"”(t)(/ r‘l(x)dx> dt < oo, then
1 t

W2 (r 1) = RyW> (r, 1) and W2 (r,1,) = W7 (r, 1)) + @y (I,).

Y t P
(i) Ifv'eL,d,).r! ¢ L) and [ u—P’(z)< / r—l(x)dx> dt = oo, then
1 1
W2 (r 1) = RiW2 (r, 1) and W, (r, 1) = W (r, 1) + @)
(iv) Ifv'e L,d)and rl e L), then

W2 (r 1) = R,W2 (r, 1) and W2 (r,1) = W2 (r. 1)) + @y(1,).
Proof Let f € sz’u(r, I,)andv™" € L, (I,). Then
/ D2 )ldt < v, VD], < co.
1

Therefore, there exists D!f(c0) and

|D,]f(°°)| < “f”W,zw(r,lw)' 2.1
Iffe Wiu(r, 1), then there exists a sequence {fn}ff:1 C é“"’(loo) such that

Tim [If = £ llwz 1) = O- (2.2)

From (2.1) and (2.2), it follows that D'f(c0) = 0 for f € W,%,D(”’ 1)
Letr~! € L,(I,) and

(o] p!
/u‘”’(z)(/r‘%x)dx) dr < (2.3)
1

t

t

hold. For f € W[io(r, 1), we have D'f(r) = [ D*f(s)ds + D!f(1). Due to (2.3), we get
1
i
dt
1

< [0 [ s + iy [ o< g e
1 s 1

= [0 [ e o
1 1

i.e., there exists the finite f(co) and we obtain that|f(co)| < C||f|ly2 (., )- Hence, due to (2.2), we have that f(c0) = 0 for
fe Wgu(r, I.). Then, from the conditions (ii), (iii), and (iv), we respectively deduce that Rinv(r, I.)> szgv(r, 1),
i =0, 1,2. In addition, the relation W;D(r, 1) C Wﬁv(r, 1) is obvious.

Now, for the proof of Theorem 2.1, it is enough to show that

2 72 . 2 572
Rin’v(r, I,)C Wp’v(r, 1.),i=0,1,2, and Wm(r, 1,)C Wpsu(r, 1.) (2.4)

hold under the conditions (ii), (iii), (iv), and (i), respectively.
Let f € ng(r, I)and {g,}° c C*(I,) such that
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lim [1f = g,z 1) = 0- @5)

Let @ : I, — R be an infinitely differentiable function suchthat0 < ¢ < 1, (r) = 1forl <t < %and @(t) =0fort > 2.
The functions fand g,, n > 1, can be represented as f() =f(®) + V(1. f) and g, =g, +¥(g,), where

Y(1.f) = ()| DLf(1) / T dx+ (1) | 2.6)
1
From (2.6) and from
DY(t.f) = r(g' ()| DIf(1) / r @dx + (D) |+ @)D (1)
1

we have that (1) = D}f(l) =0and g, (1) = Di~n(1) = 0. Moreover, ¥(¢,f) = 0 and ¥(¢,g,) = O for# > 2 and
2

VD2 f = g)ll,r. < VD2l | IDf(1) = D) g, (D] / r dx + (1) = g, (1)

+ve' |l 1 2D (1) = Dl g, (D).

The latter, together with (2.5), gives that Ilim ||vD3‘P(-,f—gn)lll,Jm =0. Therefore,
lim Ilf — <§,1||W7 () = lim If = gnllwz (L) = 0 and the behavior of the functions f and g, at infinity determines the

behaV10r of the functlons f and g & respectlvely Thus, without loss of generality, we can assume that f(1) = D! S =
for f € W2 J(r. 1) and for f € C2(I).
Based on this convention, the space norm W2 (75 1) has the forml[fllwz (1) = ||vD “f1l,- Then, assuming that D ,f g

for f € W2 (. 1,), we have g € L, ,(I,), and inversely, assuming that f(1) = / / r!(x)dxg(s)ds for g € L, (I,), we get

fe W2 (. 1,). Moreover, this one-to-one correspondence is isometric. Consequently, for all F € (W2 (r,1 ))*, there
exists h h(F) € L, -1(I,) such that

(s

F(f) = / hODf(Hdt, Nf € W;,U(r, I,).

1

Let
B={Fe (W, (1)) : F@)=0, Vo € C*(,)}.

The set B is the annihilator of € (y),ie.,B= [C‘x’ (0 )] * Due to the reflexivity of the space W;U(r, 1) and the density
of C*(I_) in ng(r, 1), we get

o L — .
L = ([C‘X’(Ioo)]l) = COO(IOO) = W[iv(r’ Ioo)’
i.e.,

D0

W2 (1 )—{feW2 (r1): F(f)=0, VFeB}.

Whence, it follows that the inclusions (2.4) hold if and only if
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F(f)=0, ¥f € RW. (r,1,), i=0,12,
and
F(f)=0, ¥f € W2 (r 1)

hold for all F € B. Since F(p) =0,Vp € (OJ°°(IOO) D Cy(y,) forall F € B, then

(o]

F(p) = / hOD>p(Hdt = 0, Vo € C(I,,).
1

Therefore, the function 7% is a generalized solution of the equation
(D})*h(t) = D2h(1) = 0. .7)
The general solution to the equation (2.7) has the form

h®) = By + 1H(), By ER, p; ER, (2.8)

where H(1) = [ r~'(x)dx or H(t) = 7r‘l(x)dx ifr-telL,d,).

1
By the condition, we have that h € L, -1 (/). From the conditions of (i) of Theorem 2.1, it is easy to see that
helL,, () ifand only if f = p; =0, i.e., h(t) = 0. Then, F(f) =0, Vf € Wiu(r, 1.,) for all F € . Hence,

) 2
W,,,,)(”’ I1.)D W,,,U(’"’ 1.).
Therefore, under the conditions of (i) of Theorem 2.1, we have that
) — w2
W (1) =W, (r.1,) (2.9)

holds. Let us show that (ii) of Theorem 2.1 also holds. By the conditions of (ii) of Theorem 2.1, Weo}olave thatv! ¢ L,dy),

and from (2.8), it follows that f, = 0, while from r~! € L,(I,,) and (2.3), we obtain that 4(7) = f, f r~l(x)dx € L, ().
t

Then, for all f € R0W§D(r, I.)and forall F € (ng(r, I.))*, we get

o f o0

F(f) =5, / / r~!(0dx |Df (0)dt = D, f (1) / " @dy| " - By / f(odr
1 t 1

t

=p }irglo Df () / 1 (x)dx. (2.10)
t
If the last limit is equal to zero, then for all f € ROW[fD(r, I,) and for all F € B, we obtain that F(f) =0, i.e.,
W2 (1,1) D RyW? (1. 1,). Therefore,
W[iv(r, I,)= ROWPZ,D(’”’ I,) and W;D(r, I.)= W[iv(r, 1)+ ®y(1,). .11

Let us show that the limit (2.10) is equal to zero. Since, due to (2.3), for f € W;D(r, 1), we have that

(o9

/ () / |D2f(t)|dtdx = / / r @)dx || D2f(t)]dt < oo,
1

1 1 t

o f o0
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e t
then lim / r~'(x) [ |D?*f(¢)|dtdx = 0. Hence, the equality to zero of the limit (2.10) follows from the relation

t o (o) X

ID}f (1) / rl(0)dx < / |D2f(s)|ds / rl(x0)dx < / (%) / |D2f(1)|d1dx.
t 1

1 t t

Therefore, the proof of the statement (ii) of Theorem 2.1 is complete.
Let us turn to the statement (iii) of Theorem 2.1. From v~! € L,()and

0 t »
/v‘p,(t)</r_1(x)dx> dt = oo,
1 1

it follows that A(t) = f,. Therefore, for all f € RlWIiU(r, 1) and for all F € B, we have

(o]

F(f) = B, / D*f(s)ds = By(D\f(c0) — Df(1)) = 0,

1

which shows that ng(r, 1) D R W2 (11, ie.,
Wiu(r, I)=RW, (r]) and W (r1)= WZ’U(r, 1)+ @) (2.12)

Thus, the proof of the statement (iii) of Theorem 2.1 is complete.
Now, consisler the last statement (iv) of Theorem 2.1. Let the conditions of the statement (iv) hold. Then,

h(t) = By + By [ r~ x)dx € L,y -1(I,), and for all F € B and for all f € RQW[%U(r, 1.,), we have
1 :

(s (e t

F(f) = / h()Df(1)dt = / By + B / r~ )dx [D2f(n)dt

1 1 1

= p, / / r (x)dx |Df(t)dt = | D f(2) / r‘l(x)dx'jo - / f(tdt
1 1

t
— : 1 —1 —
=B tllgloD"f(t)/r (x)dx =0,
1
which gives that W;U(r, I..) > RyW2 (1, 1,). Therefore,

W (1) = RW2 (r 1) and W (r,10) = Wo (r, 1) + @y (L,,). (2.13)

The proof of the statement (iv) of Theorem 2.1 is complete. Combining (2.9), (2.11), (2.12), and (2.13), we get that all
statements of Theorem 2.1 hold. The proof of Theorem 2.1 is complete. O

Now, consider the space Wlf (s 1p). Let

LoW2 (r.1p) = {f € W2 (r.1) : f(0) = D}(0) =0},

LW (r,1y) = {f € W2 (r,I) = D}(0) =0},
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LoW2 (r1o) = {f € W2 (r,]) : f(0) =0}.

Assume that

Dy(ly) = {cx, () 1 cER},

1
@, (I, = {c;(lo(t)/r_l(x)dx: ceR},

1

D,(1,) = {cl)(,(](t)+02)(,0(t)/r_l(x)dx g ER, € IR}.

In the same way as Theorem 2.1, one can prove

Theorem 2.2 Let1 < p < co.

t t P
(i) Ifo ' gL,y r !t ELUyorre Ll(lo),fv_”’(t)<f r‘l(x)dx> dx = oo, then
0 0

W2 (r.1p) = W2 (r, Ip).

1 t P
(i) Ifo~' ¢ L, ), r~t e L) and/ v"’/(t)<f r_l(x)dx> dt < o, then
0 0

W2 (r 1) = LoW? (1) and W (r, 1)) = W7 (r, 1) + Po(Iy).

1 1 y
(i) Ifo'e Lp,(lo), rlg L,(1y) andf v"”(t)(/ r‘l(x)dx> dt = o, then
0 1
v‘i/;,u(r, Ip) = LW, (r.Iy) and W (r,1y) = Wiv(r, 1) + ®,(Iy).
(iv) Ifv™' e LU, andr " € L,(l,), then

W2 (r1g) = L,W2 (1)) and W2 (r,1y) = W (r, 1)) + ®,(I,).

General case

Now, combining the statements of Theorems 2.1 and 2.2, we obtain a description of the set W2 (D) in terms of

elements of the set W2 L D).
Let wy(?) and y (1) be 1nﬁn1tely differentiable funct10ns on / such that y,(t) = 1, w(#) = 0 for ¢ € [0, ] yo(H =0
Y (1) = lfort € [2,00), yy(t) > 0,y (t) >0 fort € ( ,2), and y ) + y () = 1forallt € I.

Theorem 3.1 Let1 < p < oo and the conditions of the statement (iv) of Theorem 2.2 hold.

(i)  If the conditions of the statement (i) of Theorem 2.1 hold, then
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W;U(r, D={feW; (D) : f(0)=D,f(0)=0}

and

W2 (r D) = W;’D(r, D+ wy®,(1,).

(ii)  If the conditions of the statement (ii) of Theorem 2.1 hold, then
Wib(r, D={feW: (r,D): f(0)=DLf(0)=f(c0) =0}

and

W2 (1) = W2 (r, D) + wy @, (1) + W @(1,,).

(iii) If the conditions of the statement (iii) of Theorem 2.1 hold, then
W2, (1) = {f € W2,(r.1) 1 f(0) = Df(0) = D}f(c0) = 0}

and

W2 (r, 1) = W2 (r, 1) + wo @) + wre @, ().

(iv) If the conditions of the statement (iv) of Theorem 2.1 hold, then
W2 ()= {f € W, (r.]) = f(0) = D}f(0) = f(c0) = D,f(c0) = 0}
and
W2 (D) = W2 (r, D) + wy®@,(I) + W @y(1,,). 3.1)

Proof The statement (i) is obvious since it follows from the statement (iv) of Theorem 2.2. Let us prove the statement
(iv). In order to prove this, it is enough to show that (3.1) holds. Let f € W;U(r, I) and the statement (iv) of Theorem 2.2
and the statement (iv) of Theorem 2.1 hold. Then, these statements imply that ¢, € ®,(/;)) and ¢, € D, (/) exist and

1im (f(1) — @o(1) = lim D! (f(1) — @y(1)) =0,

}irglo(f(t) - @1) = tlig DI(f(H) — @, (1)) =0
hold. Since f(1) = wy()f (1) + W (f (1) and DXf (1) = woy()D'f (1) + w,()D'f(¢) for all t € I, then
}i?ﬁ(f @) — wo(Dey) = 111%1 wo(OF (@) — (1) =0,

lim DY(f(r) = wo(@e(1) = lim wo(D, (F(1) = (1)) = 0.

t—0*

Similarly, im (f(1) =y (09e (1)) = lim D (f(1) = W, (0 (1) = 0.
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Therefore, for the function g,(¢) = f (1) — w (@, (1) — Y, (NP, (1), we get that g (0)=D! .87(0) = gp(o0) = D! L8r(00) =
ie.,g € W2 S and f(t) = g;(t) + wy (D@ (1) + Yo, (D@, (1). Since the sets W2 (D), W@, (1), and y D, (I,,) are pa1r—
wise dlS]OlIlt the right-hand side of (3.1) contains the left-hand side.

Inversely, let g € VVPZ,D(r, D) and @, € ®,(1,), ¢, € ®,(I,,). We assume that f = g+ r, where = y,@p + Wy, P
Since y, and y, are infinitely differentiable functions, we have

/ VD2 (1) |Pdt = / D2 (H)|Pdt < sup |D*(t)| / V()dt < .

1/2<1<2
172 12

Hence, f € W2 ,(r- 1) and the left-hand side of (3.1) contains the right-hand side. The proof of the equality (3.1) is com-
plete. The other statements of Theorem 3.1 can be proved in the same way. The proof of Theorem 3.1 is complete. O

Similarly, we have

Theorem 3.2 Let1 < p < oo and the conditions of the statement (iv) of Theorem 2.1 hold.

(i)  If the conditions of the statement (i) of Theorem 2.2 hold, then
W2 (D)= {f € W2 (r.]) = f(c0) = D}f(c0) = 0}
and

W2 (D) = W2 (r, D) + w @, (1,,).

(ii)  If the conditions of the statement (ii) of Theorem 2.2 hold, then
W2 (D= {f € W} (1) : f(0) = D}f(c0) = f(c0) = 0}
and

W2 (1) = W2 (. 1) + wp@o (L) + wo @s(1,).

(iii) If the conditions of the statement (iii) of Theorem 2.2 hold, then
W;U(r, n={fe W,iv(r, D) : DIf(0) = f(c0) = Df(c0) =0}
and
W2 (D) = W2 (. D) + wg®@, (T) + v ®o (1),
The following theorem collects cases where only one of f(7), Dif(t) has a finite value at zero or at infinity.

Theorem 3.3 Letl < p < 0.

(i)  If the conditions of the statement (ii) of Theorems 2.1 and 2.2 hold, then
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W2 r.D) = {f € W2 (r.]) : f(0) =f(c0) = 0}
and

W (D) = Wiu(r, D+ wy @y Iy) + v Py,).

(ii)  If the conditions of the statements (iii) of Theorems 2.1 and 2.2 hold, then
W> (r.D) = {f € W (r.]) : D'f(0) = D,f(c0) = 0}
and

W2 (D) = W2 (r, D) 4wy ®, () + W @, (1),

(iii) If the conditions of the statement (ii) of Theorem 2.1 and the conditions of the statement (iii) of Theorem 2.2 hold,
then

szyv(r, D={fe Wj’v(r, D : f(0)=D!f(c0) =0}
and

W2 (D) = W2 (r, D) + wy @) + weo @, (1),

(iv) If the conditions of the statement (iii) of Theorem 2.1 and the conditions of the statement (ii) of Theorem 2.2 hold,
then

W2 ()= {f € W (r.]) : D}f(0) = f(c0) = 0}
and
W2 (D) = W2 (r, D) + i@, (T) + w @ (L),
The last case is as follows.

Theorem 3.4 Letl < p < o0. Then,

(i)  If the conditions of the statement (i) of Theorem 2.1 and the conditions of the statement (ii) of Theorem 2.2 hold,
then

W2 (D)= {f € W} (r.]) : f(0) =0}
and

W2 (r, D) = W2 (r, D) + @ Up).
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(ii)  If the conditions of the statement (i) of Theorem 2.1 and the conditions of the statement (iii) of Theorem 2.2 hold,
then

W2 (r.1) = {f € W2 (r.1) * D'f(0) =0}
and

W2 (rD) = Vvliu(r, D+ wy®, ).

(iii) If the conditions of the statement (i) of Theorem 2.2 and the conditions of the statement (ii) of Theorem 2.1 hold,
then

W2 (1) ={f € W2 (r]) = f(c0) =0}

and

W (D) = W,iu(r, D+ y @y,

(iv) If the conditions of the statement (i) of Theorem 2.2 and the conditions of the statement (iii) of Theorem 2.1 hold,
then

VOV;,“(}", I) = {f € W[i”(”, [) . D:\f(oo) = 0}

and

W2 (1) = W2 (r, 1) + wo®, () + v @, (1)

(v)  If the conditions of the statements (i) of Theorems 2.1 and 2.2 hold, then

872 _ w2
Wp’u(r, = Wp’v(r, D).
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