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Abstract.

In this paper, we consider the (2+1)-dimensional complex modified Korteweg-de Vries and
Maxwell-Bloch (cmKdVMB) equations. Lax pairs of cnKdVMB equations are presented. Using
the Lax pair, we construct a Darboux transformation and namely one-fold transformations. The
soliton solutions are obtained from the different ”seeds” by using this Darboux transformation.

1. Introduction

The theory of nonlinear partial differential equations has attracted a lot of attention among
researcher and is fundamentally linked to several basic developments in this area of soliton
theory. It is well known that nonlinear equations such as the Korteweg-de Vries (KdV) equation,
modified Korteweg-de Vries (mKdV) equation and the nonlinear Schrodinger (NLS) equation
are the most typical and well-studied integrable evolution equations which describe nonlinear
wave phenomena for a range of dispersive physical systems. In the study of nonlinear waves
their solutions play an important role [1-12]. One of the generalizations of the mKdV equation
is complex mKdV (cmKdV) equation which is one of the well-known and completely integrable
equations in soliton theory. It possesses all the basic characters of integrable models. From a
physical point of view cmKdV equation has been derived for, e.g. the fundamental evolution of
nonlinear lattice, fluid dynamics, plasma physics, ultra-short pulses in nonlinear optics, nonlinear
transmission lines and so on [13-14].

At the present time, the ecmKdV equation is used in pair with Maxwell-Bloch system
of equations, and so it called as complex modified Korteweg-de Vries and Maxwell-Bloch
(cmKdVMB) equations. Moreover, this equation can be received by the reduction of the Hirota-
Maxwell-Bloch (HMB) system of equations. In (141)-dimensions cmKdVMB equations were
studied in [15-17] by the reduction of HMB system of equations.

In this work, we consider (2+41)-dimensional cmKdVMB equations which were suggested in
[18]. Here we use the method of Darboux transformation. It has been proved to be an efficient
way to find the different solutions from ”seed” solutions this transformation allows to construct
non-trivial analytical solutions of nonlinear partial differential equations [19-23].
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The paper is organized as follows. The (2+1)-dimensional cmKdVMB equations we present in
Section 2. In Section 3, we construct the DT for the (2+1)-dimensional cmKdVMB equations. In
Section 4, using the constructed one-fold DT, the one-soliton solutions of the (241)-dimensional
cmKdVMB equations is given.

2. The (2+41)-dimensional complex modified Korteweg de Vries and
Maxwell-Bloch equations

The complex modified Korteweg-de Vries and Maxwell-Bloch (cmKdVMB) equations reads as
[18]

Gt + iQuay — vq + i(wq), — 2ip
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wy —26([%), =
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where ¢, p are complex functions, v, w, n are real functions and w, § are real constants. This set of
equations (1)-(5) is integrable by IST. The Lax pair corresponding to the cnKdVMB equations
is given by [18], i.e.

U, = AU, (6)
U, = 4)\?T, + BY, (7)
where
A = —idos+ Ao, (8)
B = >\Bl‘|’BO+)\j_wBl, 9)
with
By = iwo3z + 2io3Agy, (10)
w = (008, (1)
By = —;vo—g+<%iwr —quo—wq>’ (12)

s = (1 ) (13

and r = d¢*, k = dp*, where 6 = £1. The compatibility condition of (6)-(7) is still
Ay —4N?A, — B, +[A,B] = 0. (14)
3. DT for the (241)-dimensional cmKdVMB equations

In this section, we construct the DT for the (241)-dimensional cmKdVMB equations (1)-(5).
In particular, we give in detail the one-fold DT and briefly the n-fold DT.
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3.1. One-fold DT
Let ¥ and WY are two solutions of the system (6)-(7) so that

pll = Algll (15)

x

\If,[}] - 4)\2\1,2[/1] + By, (16)
We assume that these two solutions are related by the following transformation:

oM =70 = (A - M)W, (17)
The matrix function T obeys the following equations

T,+TA = AlT, (18)
T,+TB = 4)°T,+ BUT. (19)
Then the relation between ¢, p, v, w,n and ¢!, plll, o1 w1 5l can be reduced from (18)-(19),

which is the Darboux transformation of cmKdVMB equations. Comparing the coefficient of \°
(1 =0,1,2) of the sides the equation (18), we have

A M, = AN — MA,, (20)
AU Al = Ag 1M 0y, (21)
M\ ilos =iosl. (22)

The equation (21) gives
= ¢—2imo, (23)
¢ = " = 2imy, (24)

where
_[(mi1 mi2 (10

e (e ) (1 0), -
Hence we get mg; = —mJ, in our attractive interaction case that is if 6 = +1. After comparing

the coefficient of A’ (i = 0, 1,2) the equation (19) gives us the following relations

A0 o —n, =iBY — B —iB_, + MB,, (26)
Al B = By — MB; + B, (27)
A2 . aM, =Bl - By, (28)
A+w)™ : 0=—iwBY —iBM M +iwB_, +iMB_;. (29)
Hence we get the DT
B = By— MB + (B; +4M,)M, (30)
B = B, +4M, (31)

BY = (M +whB_(M+wl)™. (32)
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At the same, from the equation (30)-(31) we get

’U[I] = v+ 4(m12q;; + mﬁqy + 2im11m11y — 2im’{2m12y), (33)

w[l] = w— 4im11y =w+ 4Z'm22y (34)

and we additionally have mags = m7;. So the matix M has the form

M= ( mi1 m12> 7 ML= 1 <m’{1 —m12> 7 (35)

—mi, miy ©man ]2+ mael? \miy  mn
mi+w M2 1 fmi+w  —mao
tw ( —mJy w+m”{1>’ (M +wi) D( mio w+mi )’ (36)
where
O = det(M + wl) = w? +w(myy +miy) + [mur]? + [maz|? (37)
The equation (32) gives
ol = (|l +ma* = [miz*)n — pmis(w + mar) — p*maa(w +mi;) (38)
|:| b
Pl = p(w +mi1)* — p*miy + 2nmaz(w + mi) (39)
|:| )
5 .
We now assume that
M =HAH™, (41)
where
H — wl()\l;t7x7y) ¢1(A2§t7$ay) R wl,l 1/}172 (42)
Yo(Arst,x,y) Ya(Aost,x,y) ) \Wa1 o)’
Here
_ A O
() )
and det H # 0, where A1 and Ay are complex constants. The matrix H obeys the system
H, = —iosHA+ AgH, (44)
H;, = 4H, + BiHA+ BoH + B_1HY, (45)
where
_t 0
Y= <A10+w ; ) : (46)
Aotw
In order to satisfy the constraints of M and B[_l]1 as mentioned above, we first notes that
=01 Al = —A,, (47)
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At x,y) —vs(At,x,y)

)\:)\*7 H = ¢1(177a 2 y by dy ’ 48

2= A (wzul;t,x,y) G50t 2,) (48)

o1 L Ot zy) (At a,y)
= A <—1/J2(/\1;t,x,y) 1/}1(/\1;t,ac,y)> ’ (49)

where
A = |1+ [yel’ (50)
So the matrix M has the form

LI+ Rl (A — Ae)ns )
M= A( (A= A)hs  Alnf? + Aol |?) ) (51)

Finally we can write the one-fold DT for the (2+1)-dimensional cmKdVMB equations as:

g = q—2im, (52)
ol = vt 4(miaqy + miaqy + 2imiiminy — 2imizmiay), (53)
wll = w— dimiry = w + 4imagy, (54)
o (w+mul® = [mi*)n — pmiy(w + mu) — prmaa(w +mj))
n _ plwtmin)? = pmiy 4 2pmag(w + mu) 56
p = 0 : (56)

At last, we note that the expressions of m;; can be rewritten in the determinant form as

_ A1) + Ao iho? _An M=)y A

where
P =) P A
Aq1 = det 2, A= —det| . .- 58
=ae (% A7 2 ¢ 3 Aops (58)

4. Soliton solutions

Having the explicit form of the DT, we are ready to construct exact solutions of the (2+41)-
dimensional cmKdVMB equations. As an example, let us present the one-soliton solution. To
get the one-soliton solution we take the seed solution as

g=v=w=p=0, n=1. (59)

Then the corresponding associated linear system takes the form

Vie = —iAYy, (60)
qszx = i)\¢2, . (61)
i = AN+t (62)
Y = Dy~ iy (63

Atw
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This system admits the following exact solutions

i i (AN2 et — 1 ;
¢1 — ¢ iAT+ipy+i(4N u+/\+w)t+51+152’ (64)
by = ei)\z—iuy—i(4>\2u+>\_~_%)t—§1—i52+i50 (65)
or
v = 691+”L'X17 (66)
Py = ePrixe, (67)

Here p = mn1 +iv1, A = a1 + 151, §; are real constants then

B
0, = z—1y— 8marfi + 4 (a? — B3 — —— Vit + 4y, 68
1 B 1y — (8maa B 1(eq — B7) (a1+w)2+ﬁ%) 1 (68)
a1+ w
= —oz+ + @n(a? =B —8riafB+ ——m—— )+ 6 69
X1 1 my + (4 (ag — B7) 10001 (a1+w)2+ﬁf) 2 (69)
and 0 = —601, x2 = —x1 + do- Then the one-soliton solution of the (2+1)-dimensional

cmKdVMB equations (1)-(5) takes the form

¢ = 2812790 gech[20,], (70)

ol = 1681 (a1 + Bim) sech?[264], (71)

wll = —86111 sech? [2604], (72)
w+ ay)? + B2(1 — 2sech?[20

Ju = W)+ 5 26:]) (73)

(w + 041)2 + ,8%

0o 2il6162iX1—’i50 (w + a1+ 161 tanh[201]) (74)
P = ((w + a1)? + B2) cosh[26,] '

Pictorial representations of one-soliton solutions (81)-(85) of the cmKdVMB equations is
shown in figure 1 and figure 2

(a)

Figure 1: One-soliton solutions a)||q™M|],5)|[p!!]],c)v[! of the ecmKdVMB equations when
a1 = 1,61 = l,w = 1.5,1/1 = 1,’[71 =1
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Figure 2: One-soliton solutions a)n[l],b)w[l] of the cmKdVMB equations when a1 = 1,8 =
llw=15n=1,m=1
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