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Abstract. In this paper, the differential-g-difference 2D Toda lattice is studied. Hirota’s
bilinear technique is applied to it. Soliton solutions are constructed through the resulting
bilinear form for the differential-g-difference 2D Toda equation.

1. Introduction

During the last decades seeking exact solutions of nonlinear evolution equations have flourished
into a research area of great importance and interest [1-8]. Among the methods of finding the
solutions of soliton equations such as the inverse scattering (spectral) transform method [9],
the Backlund and Darboux transformation technique [10-15], etc., the bilinear transformation
method of Hirota is the most effective technique and has been widely used for many soliton
equations, see [16-17].

Discrete integrable system has been getting a lot of attention from the viewpoints of difference
scheme and algorithm. For example, the Toda lattice equation was derived by Toda as a model
of one-dimensional chain of masses connected by springs with nonlinear interaction force [18-19].
The Toda lattice is one of the completely integrable systems with multi-soliton solutions. The
equation of motion of the Toda lattice is

(']'n — eQn—l_Qn _ eQn_QTH—l’ (1)

where ¢, is the position of the n-th particle. The time-discretization of the Toda lattice was
obtained by Hirota [20] as a bilinear form. The two-dimensional Toda lattice equation was
introduced in works [21-24].

In recent years a great of attention has been paid to the quantum group. Some kinds of g-
special functions naturally appear in the representation theory of the quantum groups. Jackson
proposed various g-special functions and introduced the notion of the g-difference equation and
g-integration as analogue of the ordinary differential equation [25]. The g-difference version
of the cylindrical Toda lattice equation is studied in [26]. A general framework for integrable
discrete systems on R, in particular, containing lattice soliton systems and their g-deformed
analogs are presented in [27]. Basis of solutions of the scalar equation describing the spectrum
of the g-Toda chain by using auxiliary non-linear integral equations are constructed in [28]. In
[29] authors are constructed the Sato theory including the Hirota bilinear equations and tau
function of a new g-deformed Toda hierarchy.
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The purpose of this paper is to study the differential-q-difference 2D Toda equation by using
Hirota’s method [30-31]. We apply the main idea of work [32] and obtain the differential-q-
difference 2D Toda equation [33]. The one-g-soliton solution is found by us in [33]. In this
paper, we find two-soliton and three-soliton solutions of the differential-q-difference 2D Toda
lattice.

2. The differential-g-difference 2D Toda lattice
2.1. Bilinear forms
The differential-g-difference 2D Toda lattice is proposed [33] as follows:

2

d y
——In(14+V =V TV (z,2,t) -2V . 2

Let us introduce the dependent variable transformation as

2

V(.’I),y,t) = %lnf(xaf%t)' (3)

By substituting (3) in (2) we can get

d—an 1+d—21nf(ac t) —d2<lnf(x t)—I—lnf(a:yt)—Zlnf(ac t)) (4)
dajdt dl’dt 7y7 - d$dt 7Qy7 ) q7 7y7 *

We integrate equation (4) by z and ¢, and then we obtain

2
In <1 + d;ldtlnf(a;,y,t)> =Inf(x,qy,t) +1Inf (a:, ’Z,t) —2In f(x,y,t). (5)

By simplification equation (5) we can get
Y
fxtf_fzft:f(x>qy>t)f(xagat)_f2 (6)
Left part of equation (6) can be rewriten by property of Hirota’s operator. It is mean
1 1
fwtf_facft:iz(fxtf_fxft)ziDth (ff) (7)
Right part of equation (6) we can rewrite in Hirota operator as
Y 1 -
faaan)f (2, 8.0) = 2= [ (Pr s eP) <1 (- ). (®)

With Hirota form (7) and (8) we have bilinear form for the differential-g-difference 2D Toda
lattice as

DDy = (MPr 4 e=MWPs —2)| (f(z,y,t) - f(,y.1)) = 0. (9)
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2.2. Soliton solutions
In order to obtain multy soliton solutions, we make to use of finite perturbation expansion
around a formal perturbation parameter ¢ as

f($7y7t) =1+ efl(xv yat) + 62f2(£7y7t) + 63f3(l‘,y,t) + o (10)

Substituting (10) in (9) we have

P[D] (f(:c,y,t)f(x,y,t)):P(D)[l1+6(1f1+f11)+
+(A-fot+ fo-l+fi-f)+EQ-fs+fs-1+f1-fat fo- fi)+ (11)

41 fut fo 141 fs4 fa- 1+ fo- fo)+...],

where P[D] = D,D; — (ehyDy + e MDDy _ 2) - polynomial of operator D. We rewrite equation
(11) by collecting some powers of €

e P[D])(1-1) =0, (12)
! PDI1- fi+ f-1)=0, (13)
e PDI(1-fo+ fo-14 fi- f1) =0, (14)
€ PDI(1- fs+ f3- f1-fa+ for f1) =0, (15)
¢! PDI(L- fat fa- fr-fa+ f3- fi+ f2- f2) =0, (16)
We can obtain multy soliton solutions by solving the system of equations (12)-(16).
2.2.1. One-g-soliton solutions. In order to obtain one-g-soliton solution we take (10) as
Then system (12)-(16) can be rewritten in next form
et PDJ1-fi+ fi-1)=0, (18)
¢ : PD(1-fot+fo-1+fi-fr)=0. (19)
In order to solve equations (18)-(19) we take
filz,y,t) = yeltHmhn, (20)
where a,~y are arbitrary constant. Substituting (20) in (18)-(19) we can get next relation
1 (e —Q

which is dispersion relation. Thus, by substituting (20) in (17) and then in (3) one-g-soliton
solution can obtained in the next form [33]

yaﬁ,yeat—i—ﬁx—&-n

V(w,y,t) = (22)

1+ yaeat+ﬁx+n)2'
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2.2.2. Two-g-soliton solutions. Two-g-soliton solution can be constructed by taking (10) as

f(l‘,y,t):1—|—f1($,y,t)+f2($,y,t). (23)

Then system (12)-(16) takes next form

61 P[D](l'fl+f1'1):0, (24)
¢ ¢ PD|(L-fot fo-1+ f1- f1) =0, (25)
¢« PDIA-fs+ fs-fi-fot for 1) =0. (26)
Let’s solve system (24)-(26). By taking starting solution as
filz,y,t) = yaleﬁltJ”“Hm + 310‘2652”729%7127 (27)

and substituting (27) in (24)-(26) and then obtained expressions in (3) we can get the two-g-
soliton solution in following form

d2
\%4 t)= ——1In(1 28
(xvya ) drdt Il( +f1+f2)’ ( )
where
filz,y, t) = yorefritmetm 4o fattyzatn (29)
fo(z,y,t) = Al2y0¢1+a26(61+52)t+(71+72)x+(n1+772)’ (30)
with
—_ —_ _ a1 —a2 + Q2 —Q] 2
Ay = Br=B)n =)~ (g q ) (31)

(B1+ B2) (71 +2) — (qutoz 4-gmo—a2 — 2)’
1 (0% —Q 1 QU —Q
Bir=—(@" +q " =2) and Br=—(¢™ +q * —2). (32)
71 Y2
2.2.3. Three-q-soliton solutions. According to Hirota method in this case we take
f=1+efi +Elfo+3fs. (33)

Then system (12)-(16) takes form

e PDJ1-fi+fi-1)=0, (34)
€ : PD|1-fot+fo-1+ f1-f1)=0, (35)
e PD|(1-fs+fs-fi-fa+ fo-f1)=0, (36)
' o PDIL-fat fa-fr-fs+ S fit for f2) =0 (37)
In order to solve system (34)-(37) we take starting solution as
fi =y ePrttmztm + ya26,32t+”/2$+772 + ya3653t+7396+7]3. (38)
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By substituting (38) into system of equation (34)-(37) and doing some calculation we can obtain
three-g-soliton solutions in next form

d2
V(xuyat):M1n<1+fl+f2+f3>v (39)
where
f1=y™ efrttmatm Y ebattmeatnz yoé:‘s653t-l-’)/:‘sﬂf-i-ﬁs7

f2 — Aue(ﬁl+52)t+(’Y1+'yz)z+(771+772)yOA1+012 +
+A13€(51+53)t+(71+“/3)27+(771+773)yoz1+a3 +
+A236(52+ﬂ3)t+(72+"/3)55+(772+773)yOé2+a37

t
f3= Alzgya1+a2+a3€(ﬂ1+ﬁz+ﬂ3) -&-(71+~/2+73)96-&-(771—1-772+173)7

with

(B1 = B2)(71 —y2) — (1792 + q*2 71 —2)
(B1+ B2) (71 +72) — (g1 02 + g1702 — 2)’

A12 =

(Br = B3)(m1 —3) — (17 +¢*~* = 2)
(B1 4 B3) (1 +y3) — (g1 Fos  gm—as — 2)’

(B2 — B3) (2 —3) — (¢*273 + ¢*37 2 — 2)
(B2 + B3) (2 +73) — (g2t 4 g=o2703 — 2)’

Aoz = A12A13A23,

and dispersion relations

1
= %(qo“3 +q " —2).

p = i(qo‘1 +q M =2), Po= i(qo‘2 +q " =2), B
gi! 72

3. Conclusion
In summary, we obtain one-g-soliton solution, two-g-soliton solution, three-g-soliton solution of
the differential-g-difference 2D Toda lattice via the Hirota method. Using the proposed Hirota
method one can obtain other kind wave solutions of nonlinear differential-difference equations.
We hope that obtained results will be useful in the further perturbative and numerical analysis
of various solutions Toda lattice. Additional applications of this method to other nonlinear
differential-difference systems deserve further investigation.

Acknowledgments
The article was performed as part of the financial support of the scientific and technical program
(F. 0811, No. 0118RK00935) of the MES of the Republic of Kazakhstan.



8th International Conference on Mathematical Modeling in Physical Science IOP Publishing

Journal of Physics: Conference Series

1391(2019) 012122 doi:10.1088/1742-6596/1391/1/012122

References

[N}
>

[ O O R U U U

[\Y]
N

[\]
w

= O © 00~ O Ut

Nugmanova G, Sagidullayeva Zh and Myrzakulov R 2017 J. Phys.: Conf.Series 804 012035

Nugmanova GN and Sagidullayeva ZM 2017 Bul. Unwv. Krg. - Math. 86 (2) 91-96

Shaikhova G, Bekova G and Yesmakhanova K 2018 AIP Conf. Proc. 1997 020039 (1-6)

Shaikhova G, Bekova G, Yesmakhanova K and Ozat N 2018 J. Phys.: Conf. Series 965 012035 (1-10)

Shaikhova G, Yesmakhanova K, Bekova G and Ybyraiymova S 2017 J. Phys.: Conf. Series 936 012098 (1-6)

Shaikhova G, Bekova G, Yesmakhanova K and Myrzakulov R 2017 AIP Conf. Proc. 1880 060022 (1-7)

Shaikhova G, Bekova G, Yesmakhanova K and Myrzakulov R 2017 J. Phys.: Conf. Series 804 012004 (1-8)

Shaikhova G 2018 Bul. Univ. Krg. - Math. 92 (4) 94-98

Ablowitz M and Clarkson P 1991 Solitons, nonlinear evolutions and inverse scattering (Cambridge University
Press)

Matveev V and Salle M 1991 Darbouz transformation and solitons (Berlin: Springer)

Nimmo J 2000 Chaos Solitons and Fractals 11 115

Zhang X 2006 Ch. J. Phys 44 2

Yersultanova ZS, Zhassybayeva M, Mamyrbekova G, Nugmanova G and Myrzakulov R 2015 Int. J. Geom.
Methods Mod. Phys. 13 01

Mukhanmedina KT, Syzdykova AM and Shaikhova GN 2015 Bul. Univ. Krg. - Math. 80 103-107

Shaikhova G, Bekova G, Yesmakhanova K and Myrzakulov R 2017 J. Phys.: Conf. Series 936 012045 (1-9)

Hirota R 2004 The Direct Method in Soliton Theory (Cambridge: Cambridge University Press)

Hirota R, Ito M and Kako F 1988 Prog. Theor. Phys. Suppl. 94 42-58

Toda M 1989 Theory of Nonlinear Lattices (Berlin: Springer-Verlag Berlin Heidelberg)

Toda M 1967 J. Phys. Soc. Jpn. 22 431-436

Hirota R 1977 J. Phys. Soc. Jpn. 43 2074-2078

Mikhailov AV 1979 JETP Lett. 30 414-418

Fordy AP and Gibbons J 1980 Comm. Math. Phys. 77 21-30

Leznov AN and Saveliev MV 1983 Comm. Math. Phys. 89 59-75

Tsyba PYu, Esmakhanova KR, Nugmanova GN and Myrzakulov R 2010 On the integrable generalization of
the 1D Toda lattice (Preprint arXiv:1006.4600v1 [math-ph])

Jackson FH 1904 Proc. London Math. Soc. 2 192

Kajiwara K and Satsuma J 1991 J. Phys. Soc. Jpn. 60 (12) 3986-3989

Blaszak M, Giirses M, Silindir B, and Szablikowski BM J. Math. Phys. 49 072702

Babelon O, Kozlowski K and Pasquier V 2018 Sci. Post. Phys. 5 035

Li Ch 2015 Sato theory on the g-Toda hierarchy and its extension ( Preprint arXiv:1504.06125v1 [nlin.SI])

Hirota R 1977 J. Phys. Soc. Jpn 43 6

Hirota R 1977 J. Phys. Soc. Japan 43 2074-2078

Silindir B 2012 Adv. Diff. Eq. 121 1-21

Kutum B, Shaikhova G 2019 g-soliton solution for two-dimensional g-Toda lattice Bul. Univ. Krg. - Phys. 3
(Preprint)



