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GLOBAL OUTPUT TRACKING FOR INHERENTLY NON-LINEAR SYSTEMS
BY CONTINUOUS STATE FEEDBACK CONTROLLERS
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This paper considers the global practical tracking problem by state feedback for a class of
high-order non-linear systems with more general uncertainties, to which the existing control
methods are inapplicable. We successfully propose a new tracking control design scheme for the
system studied by introducing sign function and necessarily modifying the method of adding a
power integrator. It is shown that the designed controller guarantees that all states of the
resulting closed-loop system are globally bounded and the tracking error remains prescribed
arbitrarily small after a finite time.

Keywords: uncertain nonlinear systems, practical output tracking, sign function, state
feedback

1. Introduction
This paper deals with the practical output tracking problem with a state feedback for a class
of high-order nonlinear systems having the following form:
=2 +¢(t z,u)
z, =2y +¢,(t, z,u)
Z,,=2"+¢ ,(t z,u), @
z2,=u™+4.(t, z,u),
Yy =12,
where z=(z,...,z,)" eR"and ueR are the system state and the control input, respectively. Fori=1,
..., N, @(t,z,uyare unknown continuous functions and p eR;, = {p/qeR":p and g are odd
integers, p>q } (i=1...,n-1) are said to be the high orders of the system.
We first introduce definition of the practical output tracking problem.
Consider the system (1) and assume that the reference signal y (t) be a time-varying C*-
bounded on [0,+x). Then, the global practical output tracking problem by a state controller is
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formulated as follows: For any given real number &>0, design a continuous controller having the
following structure
u=u(z,y, () (2)
such that
(i) all the states of the closed-loop system (1) and (2) are well-defined on [0,+x) and globally
bounded;
(if) the global practical output tracking is achieved, that is, for every z(0)eR" there is a finite

time T >0, such that the output y(t) of the closed loop system (1) with (3) satisfies
ly@®) -y, )] =|z® -y, t)] <e Vt>T >0. (3)

In this paper, by introducing a combined sign function design and the method of adding a
power integrator, we shall solve the above global practical output tracking problem. The main
contributions of this paper are two- folds: (i) By comparison with the existing results in [4-7], the
nonlinear growth condition is largely relaxed and a much weaker sufficient condition is given.(ii)
By successfully over-coming some essential difficulties such as the weaker assumption on the
system growth, the appearance of the sign function and the construction of a continuously
differentiable Lyapunov function, a new method to solve the tracking problem of high-order
nonlinear systems is given by state feedback, which can lead to more general results never achieved
before.

2. Mathematical Preliminaries

At first, we give the following notations which will be used in this study.

Notations: R* denotes the set of all the nonnegative real numbers and R" denotes the real
n-dimensional space. For any vector x=(x,...,x,)" eR", denote

%= (%, %) €R, i=1...,n, ||x||::(zi“:le)m.
A sign function sgn(x) is defined as: sgn(x)=1 if x>0, sgn(x)=0 if x=0, and sgn(x)=-1 if x<0.
For any a<R" and xeR, the function [x]"is defined as [x]" =sgn(x)[x". A function f :R" —Ris
said to be C*-function, if its partial derivatives exist and are continuous up to order k, 1<k <c. A
C° function means it is continuous. A C~*function means it is smooth, that is, it has continuous
partial derivatives of any order. Besides, the arguments of functions (or functionals) are sometimes

omitted or simplified, whenever no confusion can arise from the context. For instance, we
sometimes denote a function f(x(t)) by f(x), f(),or f.

In order to solve the global practical output tracking problem, we made the following
assumption:
Assumptionl

For i=1...,n, there are smooth functions y,(z), and r 2—]/2:]:1 p,---p, such that

otz ) < @) (|2 e 2 [ 4)
where
r=1 r,=(r+7)/p,>0, i=L...n (5)
and > " p,---p, =1 forthe case of I=1.
Remark: Assumption2.1, which gives the nonlinear growth condition n the system drift
terms,encompasses the assumptions in existing results [1-7]. Specifically, when >0, it reduces to
Assumptions in [4-6]. When 7 is some ratios of odd integers in re[—]/z:‘:l p,--- P, 0], it becomes
the condition used in [6]. This means that the system studied in this paper is less restrictive and
allows for a much broader class of systems.
Now, we introduce six technical lemmas which will play an important role and be frequently

used in the later control design.
Lemmal[2] For any real numbers x>0, y>0and m=>1, the following inequality holds:
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x<y+(x/m)" ((m—l)/y)mfl.
Lemma2[8] For all x,yeR and a constant p>1 the following inequalities holds:
(@) ey <27 e y?| o ([yl) " <y <20 ()
If peR3,, then
(i) |x—y|p£2p‘1|xp—y"| and |x]”’—y’/p|§2(”’1)/"|x—y|w.
Lemma3[8] Letc,d be positive constants. Then, for any real-valued function y(x,y)>0, the
following inequality holds:

c+d

4
g x|y

c+d

cy.(d C
<
X <y
Lemma4[9] For x,yeR and 0< p<1 the following inequality holds
(I+Iv)" <[X" + |y
When p=a/b<1, where a>0 and b>0 are odd integers
|xp+y“|321’p|x+y|p.

Lemma5[10] If p=a/beR, with a>b>1 being some real numbers, then for any x,y eR
[X? —yP|< 2 ‘sgn(x)|x|a —sgn(y)|y|ar/b
Lemma6[3]. If f: [a,b] >R (a<b) is monotone continuous and satisfies f(a)=0, then
Ub f(x)dx‘ <|f()|-Ib-al.
3. Main Result

In this section, we are ready to state our own main theorem below
Theorem 1. Let vy, (t) be a reference signal whose derivative vy, (t) is also bounded. Then, under
Assumptionl, the global practical output tracking problem of the system (1) is solvable by a
continuous state feedback controller of the form (2).
Sketch of Proof: The inductive proof relies on the simultaneous construction of a C' Lyapunov
function which is positive define and proper, as well as a homogeneous-like controller at each
iteration.
Let x, =z -y, and given x =z,i=2,...,n. Then, we have
X = sz1 +¢1(t,x1+y,,xz,,..,xn,u)—y,(t),
X, = X2+, (6, X% + Y, Xy yeeny Xy, U),
o (6)
Xo g =X +d (G + Y, %, X, U),
X, =Uu+¢ (X +Y,, X0 0r X, 1),
y=%X+Y,.
In this section, we will present a recursive design approach to construct the tracking control

for system (1) is solvable, the proof is omitted for page limitation. A continuous state feedback
controller of the form

u=x, =4 (®)[E ] (7)
with the C', proper and positive definite Lyapunov function V,(x,x,...,x,) constructed via the
inductive procedure, we arrive at

V'n(xl,...,xn)s—znl“;%nﬁ. (8)
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Noting that TZ—]/ZLplu-p,fl, P =N +7 ando>max, {Lz+r}, we have 0<r,p,/o<1l.

Moreover, recall that V(x,....x)=>W(x,....x), where W,’s are defined in (13). Then, it
k=1

follows from Lemmas 5-6, we have

]
— * (20-7-x)/c l’;k_ afy, /o (20-7t-1) /o
Wk(xk)£|xk_xk &l e <2 k |%] o

Sgn(xk)|xk |6/rk —sgn(xk)|x:

" -]

1 n/o o-1-)/o
—9 J|§k|/ |§k|(2 )/
< 2|§k |(20'7r)/o' ,

Lk
:20-

/o |§k |(2cr—r—rk Yo

(9)

So we have the following estimate:
Vo) =YW (R) <2 & " (10)
k=1 k=1

Let 1=(20-7)/c. By rz—]/zl”:l - pand o>max_ {Lz+r}, 1/2e(0,1). With (8) and (10) in
mind, by Lemma4, it is not difficult to obtain that
V, (%)< —(V, (%,)/2)" +ns (11)

It will show that the state x(t) of closed-loop system (6) is well-defined on [0,+«)and globally
bounded. First, introduce the following set

Q- {x(t) eR'|V (%) > 2(2n5)*} , (12)
and let x(t) be the trajectory of (6) with an initial state x(0) . If x(t) S, then it follows from (12) that
V, (%) <=(V, (%,)/2)"" +ns < —ns <O0. (13)

This implies that, as long as x(t)eQ, V. (x(t)) is strictly decreasing with time t, and hence x(t) must

enter the complement set R"-Q in a finite time T >0 and stay there forever. Thus, the solution
x(t) of the system (6) is well-defined and globally bounded on [0,+) . Next, it will be shown that

ly@®) -y, @)=z -y, @®)|<e, vt>T >0. (14)

This is also easily shown from (11) and by tuning the parameter s :
ly@®) -y, @©] =[x )| <V, (x®) <2(2n8)" <.

Therefore, for any &>0, there is globally practical output-tracking such that (14) holds. This
completes the proof of Theorem 1.
5. Conclusions
In this paper, a state feedback output tracking controller is presented for a class of high-order
nonlinear systems under weaker condition. The controller guarantees that the states of the closed-
loop system are globally bounded, while the tracking error can be bounded by any given positive
number after a finite time. It should be noted that the proposed controller can only work well when
the whole state vector is measurable. Therefore, a natural and more interesting problem is how to
design output feedback output tracking controller for the systems studied in the paper if only partial
state vector being measurable, which is now under our further investigation.
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During some game event on the field or stadium, spectators can always view and follow
what is occurring by turning the head to the right direction. However when person watches the
game on TV, he can only rely on camera movement, that shows what is happening on the field.
Game events that are usually showed on TV does not always satisfy user with the content. Cameras
in the pitch cannot always capture some important moments. In this project football was chosen to
represent game event. In order to solve that problem, we built a model that estimate human
intention and provide desirable content.
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