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ARTICLE INFO ABSTRACT

Editor: Y. Lozano This paper presents an exact black hole solution within a cloud of strings (CoS) and a perfect fluid
dark matter (PFDM) field. The derived black hole solution interpolates between the AdS-charged
Letelier black hole in the absence of the PFDM field and the AdS Reissner-Nordstrom black hole
in the limiting case of the PFDM and CoS parameters. The thermodynamic properties of the black
hole, including temperature, entropy, heat, and free energy, are modified in the presence of the
PFDM field and CoS parameter. Furthermore, we investigate the black hole’s critical points and
phase structure in an extended phase space. We find that the critical temperature and pressure
decrease with the CoS parameter but increase with the PFDM field. The Gibbs free energy versus
temperature plot reveals a swallow-tail behavior, indicating a first-order phase transition, which
terminates at a second-order phase transition.

1. Introduction

Black holes (BHs) are an excellent tool to unravel the nature of gravity and provide a rich area to explore the effect of gravity.
The connection between the BHs and ordinary thermodynamics [1] has given a strong foundation for this possibility. Classically, the
surface area of the BHs is identified as the entropy and leads to the identification of the law of BH thermodynamics [2]. The surface
gravity is recognized as the temperature after invoking the quantum effects [3]. The BH thermodynamics is more interesting after
discovering Hawking-Page phase transition (PT) [4]. This PT occurs between the hot radiation and Schwarzschild BH, giving the
alternate interpretation of confinement/de-confinement in conformal field theory [5,6]. Chamblin [7,8] shows the phase transition
between the small-large BH for Ad.S Reissner-Nordstrom BH, which is analogous to the liquid-gas PT.
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The cosmological constant is treated as thermodynamics pressure (A = —87z P) in an extended phase space, and the corresponding
conjugate quantity is thermodynamic volume [9-11]. It gives new insight into the thermodynamics of the BH. The modified first law
of thermodynamics is

dM =TdS +®dQ + PdV, (€Y

where Q is the charge, and @ is its conjugate quantity potential. In the extended phase space phenomenon, the BH mass is interpreted
as enthalpy rather than the internal energy, and the extended thermodynamics ensure that the small BH to large BH PT has the exact
map to the liquid-gas PT, where the first order PT is ending at the second order one. Here we note that the Brown-York quasilocal
energy, ADM mass, and Komar mass provide distinct characterizations of gravitational mass. The ADM mass, defined at spatial
infinity for asymptotically flat spacetimes, represents the total energy, including gravitational radiation, and coincides with the mass
parameter M in stationary vacuum solutions such as Schwarzschild and Kerr. The Komar mass, applicable in stationary spacetimes,
is computed via an integral involving the time-like Killing vector and, in vacuum, satisfies Mgy, = 2M ., reflecting gravitational
binding energy. The Brown-York quasilocal energy is defined on a finite boundary and depends on the reference spacetime, making
it useful for analyzing energy in finite regions, such as near the black hole horizon. While the ADM mass asymptotically approaches
M, the Brown-York energy varies with the boundary choice, and the Komar mass equals M only in stationary cases.

The Van der Waals PT applies to the study of small-to-large BH phase transitions and can be extended to more complex scenarios,
such as reentrant phase transitions, superfluidity, and solid-liquid phase transitions. This PT framework plays a crucial role in exam-
ining the thermodynamic properties of BHs, particularly at critical points. Understanding phase transitions in BHs provides valuable
insights into the nature of these critical points and reveals additional characteristics of BH systems.

The consideration of Van der Waals-like phase transitions has been explored in various types of BHs. For instance, the phase
transition in AdS Reissner-Nordstrom BHs was analyzed in the seminal work by Kubiznak and Mann [12]. Similarly, investigations
have been conducted on regular BHs [13-21], where the PT framework is used to study the thermodynamic behavior of such solutions.

Rotating BHs have also been examined within this framework [22-25], as well as Einstein-Gauss-Bonnet (EGB) BHs [26,27], where
the higher curvature corrections offer new insights into phase transitions. Studies on massive BHs [28,29], Lovelock BHs [30-34],
and scalar BHs [35-37] further broaden the applicability of phase transition analysis to various gravitational theories.

Additionally, EGB regular BHs have been extensively studied for their phase structure and critical behavior [38-41], showcasing
the richness of PT phenomena in a range of BH solutions. These studies underline the importance of phase transition analysis in
gaining a deeper understanding of BH thermodynamics across different models and gravitational frameworks.

Motivated by this work, we are interested in studying the thermodynamic feature, including the phase structure of an exact Ad.S
BH solution coupled with the CoS parameter surrounded by the PFDM field. We find an exact BH solution in the presence of the
CoS parameter, surrounded by the PFDM field. This BH solution interpolates between the Reissner-Nordstrom BH when the CoS and
scale parameters are absent and the Schwarzschild BH when the charge, CoS parameter, and scale parameter are all set to zero. The
obtained BH solution becomes the Letelier solution [42-44] in the limit of electromagnetic charge and PFDM. The size of the BH
depends on both the CoS parameter and the PFDM field, increasing with the CoS parameter and decreasing with the PFDM field. We
also examine the full thermodynamics of the system, including mass, temperature, heat capacity, and free energy. The heat capacity
diverges at the extremal points of temperature and Gibbs free energy.

Furthermore, we study the critical points and phase structure by analyzing the equation of state (EoS) and Gibbs free energy.
The effects of the CoS source and the PFDM field on the critical points are opposite. Additionally, we identify three types of BHs
within specific pressure ranges: small stable BHs for P < P,, large stable BHs for P > P,, and intermediate unstable BHs at P = P,.
The appearance of a shallow tail shape in the G, — T, diagram indicates a first-order phase transition occurring at the transition
temperature, which decreases as the scale parameter increases.

The paper is structured as follows: In Sec. 2, we derive the BH solution in the presence of the CoS parameter and the PFDM field
and analyze the corresponding horizon structure. Sec. 3 focuses on the extended thermodynamics and stability analysis of the BH.
We investigate the critical points and phase structure in Sec. 4. Finally, we summarize and discuss our findings in Sec. 5.

2. Action, field equations, and BH solutions

The action of Einstein’s gravity coupled with the CoS parameter surrounded by the PFDM field in the presence of Ad.S space-time
is given by

S:/d4x\/—g[R—2A+2V”<I>V“<D—4V(<I>)—4£DM +Les = Fy PP+ Scs, @

where R is a curvature scalar, A is a cosmological constant, ® is a phantom field, V'(®) is a phantom field potential, £, is the
Lagrangian density of the dark matter field, Sc is the action of CoS source and F,, =dA, — dA, is the electromagnetic field tensor.
The CoS source [43] is governed by the following action:

172
Scsz/m(—h)_1/2dy0dy]=/m(—%Z‘"Zm) d%da, &)
p >

where m is the mass of the string, / is the determinant of the reduced metric, y° is time-like coordinate and y! is space-like coordinate
[43]. The X#V is given by
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where €% is the Levi-Civta tensor with the non-vanishing components ¢! = —¢!0 =1,
Variation of action (2) with respect to metric tensor (gw) and electromagnetic potential (A ”) leads to the following equation of
motion:

G”V+AgyV—T + T, 5)
V,(Ff)=0 and V,(x F*)=0, (6)

where A, = —Q/r is the non-vanishing component of electromagnetic potential. The energy-momentum tensor (EMT) for the CoS
source is given by [45]
, PIHPY v
™ =" - %diag[l, 1,0,01, %)
r

CcS \/—_h

where a is a CoS parameter.
Now, we write the EMT corresponding to the PFDM together with electromagnetic fields as

_2[ urFy = —g,w ] +2V,,®Vv<b—g”vvy¢vy¢+TﬂzzM’ ©

where TlﬁM refers to the EMT of the PFDM field.
Now, we consider the general static and the spherically symmetric metric for finding the BH solution as

ds* = —e*0di? + eBOdr? + r? (d6* + sin’ 0d ) . ©
For the static situation, the Einstein equations read
B /
Gl = B0 < L _ B0 ) 12 AP =T! (10)

!/
G: —B(r) < A(r) iz _ Tr’ 11

r

GY =

(12)

LG <A(r),, . A'(r)? N A(r) = B'(r) A(r)’B(r)’) AR =T
2 r 2

where prime denotes the differentiation concerning r. Here, we note that the GS and Gi components of the Einstein field equation
Eq. (5) are the same.
The components of EMT (8) are

2
T/ = Qa1 g V(®) — ppym » (13)
PRI
2
=g v a4
TY = %e’B(r)CD'Z — V(D). (15)

The EMT for the spherical coordinate for cold dark matter diag[—ppy, 0,0, 0].
To find the BH solution that follows the condition A(r) = —B(r) (g,, = —1/g,,) and ppy = eAV®'% > 0, we set B(r) =In(1 — U'(r))
and substitute it into Egs. (10) and (12). We then obtain
PUE + 2V (N +2(1—e)U(r) = Arr = = 45, (16)
r

where we have set T% + T% =T%% + Tg’? =(1—e)T" + T/, with a constant . The Eq. (16) exhibits the following solutions

2(1—€) 2
vn=M_ " 2, e 17)
r r r2 2
OM | A 0? 3
U‘()__+—1 <E>—r—2+a, e_i’ as)
where A is the integration constant. The BH solution for ¢ =3/2 is given as
2 2
ds? = 1—2ﬁ+Q——a+ 1n[’]+’— dr?
r Al 2
2 2\ !
1-2ﬁ+Q——a+’11nH+r— dr + rPdQ?. 19
r r i 2
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Fig. 1. The plot of the metric function f(r) versus r for various values of the CoS parameter. In the left panel, the curves correspond to a = 0.20 (Blue line), a = 0.345
(Red line), a = 0.45 (Black line), and a = 0.50 (Pink line) for a fixed scale parameter A = 0.5. In the right panel, the curves represent a = 0.01 (Blue line), a = 0.105
(Red line), a = 0.20 (Black line), and a = 0.30 (Pink line) with a fixed scale parameter A = (.75. The parameters are fixed in both casesas M =Q =1 and / = 10.

Table 1

The numerical values of Cauchy horizon (r_), event horizon (r,)and 6 =r, —r_
for various values of CoS parameter for A= 0.5 and 4 = 0.75 with fixed value of
mass (M = Q = 1) and AdS length scale / = 10.

4=0.50 A=0.75

a r_ ry 6 a r_ ry 3
0.345 0922 0922 0.0 0.105 0.718 0.718 0.0
0.4 0.734 1194 0.406  0.408 0.504 1.321  0.323
0.45 0.674  1.32 0.646  0.45 0.487  1.427  0.940
0.5 0.642 1.503 0.861  0.50 0.467  1.538 1.071

The BH solution (19) with an electromagnetic field, CoS parameter, and PFDM field (19) arose as the solution of the Einstein field
equations (10) to (12). This BH solution (19) characterized by the five parameters mass (M), charge (Q), CoS parameter (a), scale
parameter (A) and cosmological constant (A related to Ad.S length / by A = —3//2). The obtained BH solution (19) interpolates with
the charged Letelier BH in the absence of scale parameter (4). In the limit of charge (Q = 0), the BH solution (19) reduces to

2
dst=—(1-2M 4,42 ln[l]+r— dr?
r A 2

2 -1
<1-ZTM—a+ 1n[ﬂ+;—2> dr + Q. (20)

The BH solution (19) reduces to the Reissner-Nordestrom BH for A = a = 0, Letelier BH in the limit of (4 = 0, Q = 0) and Schwarzschild
BH for A = Q = a=0. This solution (19) is asymptotically Ad.S due to the negative cosmological constant. The solution (19) signals
that the event horizons can be obtained by solving f(r) =0 and finding its largest positive root. However, Eq. (19) can not be solved
analytically. So, we plot fig. (19) for the different values of CoS parameter a with a fixed value of scale parameter (1) as depicted in
the Fig. 1 and the numerical values of the horizons are depicted in the Table 1.

From the plot 1, the BH has two horizons viz. Cauchy (r_) a d event horizon (r_) depends upon the parameters (M, Q, a, 1) and
Ad S length (/). The numerical values of the horizons with different values of a for fixed values of 4 =0.50 and A = 0.75 are presented
in Table 1. The critical value of CoS parameter (for 4 = 0.50) is 0.345. The obtained BH solution has two horizon (4 > 4.) and no
horizon for (4 < 4,).

In Fig. 1 and Table 1, we notice that the size of the BH increases with the increase of the value of the CoS parameter and decreases
with the increase in the scale parameter (4). In other words, e can say that the effects of the scale parameter (1) and CoS parameter
(a) on the size of the BH are in contrast.

3. Mass, temperature and (local and global) stability

In this section, we study the thermodynamics of BH in terms of horizon radius (r,). The mass of the BH can be calculated simply
by using the f(r)=0 as

2
0? A ry
M+—2<1+——a+l_2+2—lg[7]>. (21)
s
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Fig. 2. The plot of T, versus the horizon radius r, for various values of the CoS parameter. In the left panel, we consider a = 0.20 (Blue line), a = 0.35 (Red line),
a=0.45 (Black line), and a = 0.50 (Pink line) with a fixed scale parameter 4 = 0.5. In the right panel, we consider the same values of a with a fixed scale parameter
4=0.75. Both cases are plotted for fixed values of M =Q =1 and / = 10.

Here, it is evident that four parameters, namely, charge (Q), CoS parameter (a), scale parameter (4), and cosmological constant (A),
characterize the mass of the BH solution. The BH mass (21) reduces to Ad.S charged Letelier BH mass in the limit of A — 0, Ad.S
Letelier BH mass in the absence of both Q =0 and 4 — 0, Ad.S Reissner-Nordstrom BH in the absence of both a =0 and 4 — 0 and
Ad S Schwarzschild BH when Q =0,a=0and A - 0.

Exploiting the relation T, = ;f:) , the Hawking temperature of the BH is calculated by

3r2 2
T+= 1 1—a+—2+—Q—2+i . (22)
4nr, 1 ooy
This temperature (22) identifies with the Ad.S charged Letelier BH mass in the limit of scale parameter A =0 as
2
1 3r, Q2 >
T, = <1—a+——— : (23)
2 2
4nr, 1 ry

However, this reduces to Ad.S Letelier BH with PFDM when the charge is switched off as

3r2
T,=— (1-a+ =4+ 2 ). 24
Azr, 2 ry

The BH temperature reduces to Ad.S Letelier BH mass in the absence of Q =0 and 4 — 0, Ad.S Reisner Nordstrom BH in the absence
of a=0and A =0 and Ad.S Schwarzschild BH when Q =0, a=0and 4 - 0.

The plot of temperature for various values of the CoS parameter and scale parameter is depicted in Fig. 2, which shows that first
temperature grows the maximum value (7),,,) and then reaches the minimum value and again increase (see the Fig. 2). In Fig. 2,
we noticed that the temperature of the BH decreases when the CoS parameter is increasing, and the temperature of the BH increases
with increases in the scale parameter. So, we can say that the behavior of the CoS and scale parameters on temperature are opposite.

The entropy of the resulting BH solution (19) is calculated using the first law of thermodynamics

dM, =T,dS, + ®dQ + AdA, + PdV, (25)

where A, is conjugate to A.
At the constant charge (Q), the entropy of the given BH is calculated by

S,=[ — dr, =mr? =%. (26)
This entropy follows the area law and the corresponding Smarr relation is

M =2TS -2PV + OO0 + A\, @7
with explicit expressions:
aM, _Q 4 3
D= ==, V=-nr, 28
a0 . 4" (28)

11 ry
Aj=—=+=1 [—] 29
==+ log| - (29)
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Fig. 3. The plot of C, versus the horizon radius r, for various values of the CoS parameter. In the left panel, we consider a = 0.20 (Blue line), a = 0.345 (Red line),
a=0.45 (Black line), and a = 0.50 (Pink line) with a fixed scale parameter A =0.5. In the right panel, we consider the same values of a with a fixed scale parameter
A=0.75. Both cases are plotted for fixed values of M =Q =1 and / = 10.

The stability of the BH is determined by the nature of heat capacity (C,) and Gibbs free energy (G, ). Positive C, and negative
G, confirm that BH solution is stable; however, negative C, and positive G, assures that the BH solution is unstable. The following
relation can calculate the heat capacity:

_dM,  dM, dr,

C = . 30
*odr,  dr, dT, (30)

Substituting the value of mass and temperature from Egs. (21) and (22) into Eq. (30), the heat capacity of the given BH solution is
obtained as

a 2n'r_2'_(3r_2'_ —P(Q*—r (r, —ar, + 1))

B

T 34 42RO 4y (ar, —r—24))
The expression (31) reduces to the heat capacity of Letelier BH with PFDM in the absence of charge as
_ 2n'r3_(3r3_ + 12(r+(7'+ —ary +2))) (32)
* 3t + R(ro(ar, —r—24)
The heat capacity reduces to Ad.S charged Letelier BH for A =0 as
2712 (3r2 - 12(Q2 —r,(r, —ar,)))
L = +\Ory +Ut + (33)

3y + 23O +ry(ary = 1)

The heat capacity 3 interpolates with the Ad.S charged BH in the limit a = 0,4 - 0 and Ad.S Schwarzschild BH in the limit
0 =0,a=0 and 4 — 0. In the plot Fig. 3, we can see that the heat capacity diverges at two points r; =0.47 and r,, = 4.48 for
A=0.50 and r, =1.29 and r,, =5.31 for A =0.75, respectively. Also, we notice that, in the intermediate region (r,, <r>r,),
the heat capacity decreases with increases in the CoS parameter. However, heat capacity increased with the scale parameter in this
intermediate region.

One can use the standard relation, G, = M, — TS, to derive the Gibbs free energy. Plugging the values of mass, temperature,
and entropy from Eq. (21), (22) and (26), respectively, into the relation, the Gibbs free energy of this BH solution is estimated by

30?2 3 r
G+=i<r+—ar+—/l+%—1—;+210g[7+]>. (34)
+

This expression reduces to the Gibbs free energy of charged Letailier BH with PFDM in the absence of charge

ri Iy
Go=1 r+—ar+—/l—l—2+210g[7] . (35)

To study the nature of Gibbs free energy and do a comparative analysis, we plot Fig. 4 for different values of CoS parameter (a)
with fixed values of scale parameter (4 = 0.50 and A = 0.75). From the figure, we see that the Gibbs free energy has local minima and
local maxima at horizon radii »;, =0.18 and r, = 6.1 for A= 0.50 and horizon radii r,, =0.14 and r, = 5.1 for 1 =0.50, respectively,
where the heat capacity diverges (see Fig. 3). The temperature attains the extreme values (see Fig. 2). We also noticed that the BH
gets early stability on the significant scale and CoS parameter values.
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Fig. 4. The plot of Gibbs free energy G, versus the horizon radius r, for various values of the CoS parameter. In the left panel, we consider a = 0.20 (Blue line),
a=0.345 (Red line), a = 0.45 (Black line), and a = 0.50 (Pink line) with a fixed scale parameter A = 0.5. In the right panel, we consider the same values of a with a
fixed scale parameter A =(.75. Both cases are plotted for fixed values of M =Q =1 and / = 10.
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Fig. 5. The plot of pressure P, versus the horizon radius r, for different values of temperature. In the left panel, we consider 7, = 0.34 (Blue line), T, = 0.36 (Red line),
T, =0.38 (Black line), T, = 0.40 (Dotted blue line), T, = 0.42 (Dotted red line), and T, = 0.044 (Dotted black line) with a fixed PFDM field parameter A = 0.50. In the
right panel, we consider T', = 0.36 (Blue line), 7, = 0.38 (Red line), 7, = 0.40 (Black line), T, = 0.42 (Dotted blue line), T, = 0.44 (Dotted red line), and T, = 0.046
(Dotted black line) with a fixed PFDM field parameter 4 = 0.75. Both cases are plotted for a fixed CoS parameter a = 0.1 and charge Q = 1.

4. P — v criticality, critical points and phase transition

In extended-phase space thermodynamics, the cosmological constant is treated as the thermodynamic pressure, and the mass of
the BH is enthalpy. (See Fig. 5.) Using the expression of temperature (22), the EoS for pressure is given by

T 2
_+ + Q + L — L — L’ (36)
2r, 87rr3_ 8zr2  8xr:  8xr

and the corresponding conjugate volume is expressed as

4z 3

V,= 3 . 37)

Now, we use the following inflection point conditions:

o’P
g_P -t (38)
ry 0r+
and obtain the critical points as
34— 4/24(1 — a)Q% + 942
= i 39
e 2a—1 (39)
2 2 2
_ 2r. —40Q° = 2ar; +3r.A

2
47rrc

c

, (40)
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(Cyan line) for 2 =0.10. In the right panel, we consider the same pressure values for 4= 0.20. Both cases are plotted for a=0.1 and Q = 1.
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Fig. 7. The plot of Gibbs free energy versus temperature for various pressure values. In the left panel, we consider P < P, (Blue line), P = P, (Red line), and P > P,
(Cyan line) for 42 =0.50. In the right panel, we consider the same pressure values for 4= 0.75. Both cases are plotted for a=0.1 and O = 1.

O +art+4nrT, —r A
P, = T (41)
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These critical points reduce to the essential points of Reissner-Nordstrém BH without the CoS parameter and scale parameter.

Now, to study the phase transition, we plot G, — T, diagrams. In G, — T, plots, the appearance of characteristic swallow tail
shape shows the phase transition points. In the Fig. 6, we see that swallow tail shape occurs at P < P, for the first-order phase
transition and A =0.10 and 4 = 0.20 with a fixed value of a = 0.10, the second-order phase transition occurs at P = P, = 0.00319 and
P = P, =0.00339, respectively. In the Fig. 7, a first-order phase transition occurs at P < P, =0.0276 for a =0.10 and P = P, =0.0248
for a =0.20 with a fixed value of A=1.

From the Fig. 6 and Fig. 7 for specific scale and CoS parameters and a certain range of pressure, we observe that there are three
kinds of BHs, namely, small (P < P,), intermediate (P = P,) and large BH (P > P,). Here, the small and large BHs are more stable
than the intermediate BH, which is unstable due to negative heat capacity (see Fig. 3). We can see a transition temperature T, at
which BH transits from one phase to another due to the same free energy. The values of transit temperature are 7, = 0.0307 and
T, =0.0339 for A=0.10 and 4 = 0.20 with fixed value of CoS parameter (a = 0.1), respectively and the T, =0.109 and T, = 0.093 for
a=0.10 and a = 0.20 with fixed value of scale parameter (41 = 1.0), respectively. We can say that the transition temperature increases
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with 4 and decreases with a. In Fig. 6. isotherms represent the first-order phase transition at 7, = T, and the second-order phase
transition at T, =T, 4. At T, <T,, the small BH occurs, and at T, > T, large BH occurs due to small free energy.

5. Conclusion

An exact BH solution was found within the framework incorporating the CoS parameter, surrounded by the PFDM field. This
BH solution had interpolated between well-known BH models. Specifically, in the absence of the CoS and scale parameters, the
solution had reduced to the Reissner-Nordstrom BH, a charged solution in an asymptotically flat spacetime. Additionally, when the
electric charge, the CoS parameter, and the scale parameter were set to zero, the solution was simplified to the Schwarzschild BH, an
uncharged, spherically symmetric solution.

The size of the BH had been shown to depend on both the CoS parameter and the PFDM field. As the CoS parameter had increased,
the size of the BH correspondingly increased, whereas the PFDM field acted to decrease the BH size. This relation indicates that the
two parameters exert opposite influences on spacetime’s geometry and BH’s horizon structure.

Moreover, a comprehensive study of the BH thermodynamic properties was conducted. This study included an analysis of quantities
such as mass, temperature, heat capacity, and free energy. It had been observed that the heat capacity diverged at the extremum
points of temperature and Gibbs free energy, indicating the presence of critical phenomena and phase transitions within the system.

In addition to the thermodynamic study, the BH’s critical points and phase structure were analyzed using EoS and Gibbs free
energy. The analysis revealed that the CoS parameter and the PFDM field had opposite effects on the critical points. Specifically,
while the CoS parameter had decreased the critical temperature and pressure, the PFDM field had increased these critical values. This
behavior highlights the competing effects of the CoS parameter and the PFDM field on the BHs thermodynamics.

Furthermore, three phases of BHs had been identified, depending on the pressure relative to the critical pressure (P, ). For pressures
below the critical pressure (P < P,), small stable BHs had been observed. For pressures above the critical pressure (P > P,), large
stable BHs had been present, while in the crucial pressure (P = P,), intermediate unstable BHs had emerged. This classification of
phases illustrated the complexity of the BH phase structure in terms of varying pressure conditions.

The emergence of a shallow tail structure in the G, — T, (Gibbs free energy versus temperature) diagram provided further
evidence of a first-order phase transition occurring at the transition temperature. Additionally, it had been observed that the transition
temperature decreased with an increase in the scale parameter, indicating that it had played a significant role in regulating the
dynamics of the phase transition. These findings contributed to a deeper understanding of the phase behavior and critical phenomena
in BH systems influenced by both the CoS parameter and the PFDM field.
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