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0 0
Let L, =L,(R") be the set of all Lebesgue measurable functions f:R" —>cC; L, =L,(R") is
the set of functions f <L, , for which the non-increasing rearrangement of the f~ is not identical
to infinity. Non-increasing rearrangement f~ defined by the equality:

f7(t) =inf{y e[0,00): 4, (y)<t}, teR, =(0,),

where
A ()=t {x € R T (X)) >y}, y €[0,0)

is the Lebesgue distribution function [1].
The function ™ :(0,00) —[0,c] is defined as

t
VYDz%!fYﬂdﬁ teR,
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We define the following classes of function.
Definition 1. Let R € (0,]. We say that a function @:(0,R) — R, belongs to the class A (R)

if:
(1) @ decreases and is continuous on (0,R);
(2) o(r)yr" T, re(O,R).
For example, ®(t)=t™ e A (), O<a<n.
Definition 2 [2]. Let R € (0,00]. A function @:(0,R) — R, belongs to the class B (R) if the

following conditions hold:
(1) @ decreases and is continuous on (0,R);

(2) There exists a constant C < R, such that
jcp(p)pnfldp <Co(Nr", re(0,R).
0
For example,
D(p)=p*" €3, (0) O<a<n); d(p)=Ine3,(R), ReR,.
Yo,
For @ € B (R) the following estimate also holds:
jCD(p)pn_ldp >nld(r)r", re(0,R).
0
Therefore
jcp(p)p”*ldp =d(r)r", re(0,R).
0

D(p) e I, (R)={0<dL; d(Nr" T, re(0,R)}.

Lemmal. B (R)c A (R).
Definition 3. Let R € (0,o0]. We will say that @ : (0, R) — R, belongs to the class E, (R) if

rﬂ

J ds < C
2 O(s"")s  D(r)’

vt e (0,R). (1)
Note that relation (1) is equivalent to the inequality (can be obtained by a change of variables):

dt<C

Jomt o0 ®)

For example the function ®(t)=t*" € A () (0<a <n). Indeed in this case
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L ds £ ds 1 C,,
J 5

= :Ca :—’ \v/t R .
(D(Slln)s aln-1 n ta—n q)(t e R,

0 0

Lemma2. E (R)cB,(R)-
Definition 4. Let ®:R, — R, . The generalized fractional-maximal function M f is defined

for the function f e E(R")nL*(R") by the equality

(M, F)(x) =sup@(r) [ f(y)dy,

r>0 B(x,r)

where B(x,r) is a ball with the center at the point x and radius r. That is, consider the operator

M, :L*(R") = L,(R").
In the case @(r)=r“", a <(0,n) we obtain the classical fractional-maximal function M _ f

[3]:

M, )0 =sup—- [ [F(y)]dy

B(x,r)

We denote by M2 =MZ(R") the set of the functions u, for which there is a function
f e E(R") such that

u(x) = (Mg, F)(x)

u

o :inf{||f||E f cE(R"), M, f :u}_

Theorem 1. Let @ e A (o). Then there exist a positive constant C depending from n such
that

(M, f)"(t) <C sup sd(s"") f7(s), te(0,)
t<s<oo
for every f e L°(R").
Theorem 2. Let @ e A (o) . Inequality (10) is sharp in the sense that for every ¢ Lg(O,oo;i)
there exists a function f € L (R") such that " = a.e. on (0,%) and

(M, ) (t)>C sup sd(s"") f7(s), te(0,),

t<s<oo

where, C is a positive constant which depends only on n.
Theorem 3. Let @ < B, (). Then there exist a positive constant C depending from n such
that

(M, f)7(t) <C sup sd(s"") f7(s), te(0,)

t<s<oo
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forevery f el ™(R").
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