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Potential theory for a degenerate-type heat equation of the following type
Lau:%u—a(t)u =f(x,t), x>0,t>0

was constructed in [1]. This equation has been investigated in [1,3,4]. The aim of this paper is to
study potentials of a degenerate diffusion equation. We consider the following degenerate diffusion
equation:

O zg—l:—a(t)Axu:f(x,t), xeR"t>0 1)

a

Here and throughout the coefficient «(t) € L,[0,T] is defined in [0,T] and satisfies one of the
following conditions I and II:
I.  «(t) is non-negative and can be zero only at isolated points in [0,T];

Il. o, (t) defined by the formula

() = }a(z)dz, (,(0)=0)

is positive for all t > 0, which provides «(t) to be negative in an interval.
We denote

bt,7) = [ @)z = 0) -, (), (b(t0) =1 (1),

If a(t) satisfies the condition I, then b(t,7) is positive for all t >z >0.
Under the condition Il the fundamental solution of (1) can be found by means of the Fourier
transform F, .

Lemma 1. The fundamental solution of the equation (1) can be represented as

X’

o(t) ey (1)
& .(X1) =& (X a(t) =7———e . (2
2Jza® ]
oty . .
where &, (X,t) =ﬁe “ js the fundamental solution of the heat conduction operator
2.y (1)

(see [2, p.148] ), O(t) is the Heaviside function.
The function (2) has the following properties


mailto:mukhtarkarazym@gmail.com

|+

e *Vdx=1,

o(t
Jgn,a (x,t)dx = ;)n I
2z, )] &
&,,(x,1) = 0(x) with r -0+
that are similar to the fundamental solution of the heat conduction operator (see [2, p.148]).
Degenerate diffusion potential (under the condition I) with a density f(x,7) can be defined

by
Vet =z, * f=[ [&,,(x-&1—0)- f(&1)dédr =

Kl

T 4b(t,7)

:t € - (& T)dEdT,
U(z 7-b(t.0)) Jle.ndddr

Degenerate diffusion potential (under the condition II) with a density ¢(x)-o(¢) (or surface
degenerate diffusion potential ) can be defined by

VO =¢,,*(px)-50)= [&,,(x— & p(&)dédt =
0 R"

o) J'e4:,(2r)¢(é:)dé:
Jra®) &
whereé, , (x—&,1—7)=¢,(x—&,b(t,7))

It is well known that ¢, ,* f satisfies the equation (1). We shall distinguish a class of

densites f(x,t) for which the degenerate diffusion potential exists. Let M denote a class of
functions which are bounded in the strip [0,7 ]and which vanish at 7 <0.
Theorem 1. Let a(¢) satisfy the condition I. Then the following statements hold:
1. V(x,t) belongs to the class M for any f(x,t)e M ;
2. V(x,t)satisfies the estimate

V(x,1)

<t- sup |f(& D) t>0

0<r<t, EeR"
3. V(x,t) is a distributional solution of (1) for all x € R", r >0 satisfying zero initial
condition as t —> 0+;
4. If feC’ forall xeR" and r>0 and its deriratives up to the second order belong to the
class M and a(r) e C(R,),then Ve C*(t>0)NC'(t>0).
Theorem 2. Let a(t) satisfy the condition II. Then:
1. V©(x,1) belongs to the class M for any bounded function ¢(x) ;
2. VO (x,1)satisfies the estimate

, t>0

V@ (x,0)| < suplp(&)
£eR"

3. If p(x) e C(Q), then the surface potential V ' (x,r) satisfies the initial condition
VO | =e0;
4. If peC? forall xe R" and >0 and its deriratives up to the second order belong to the
class M and a(t) e C(R,), then V'V e C*(t >0)NC(t 2 0).
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