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R. O'Neill [1] investigated the boundedness of the convolution operator
Af (y)= [K(y=x)f (x)dx
mn
in Lorentz spaces.
In particular, the following inequality was obtained: for 1< p,r,q <o, 0<h;,h,,h; <o,

1+£:1+1,and i:i+i,onehas
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This theme was further developed in the works of Hunt [2], Yap [3], Blozinski [4], [5], [6],
E. Nursultanov and S. Tikhonov [7], and other authors.

The main goal of this work is to investigate the Young-O'Neil-type inequality in anisotropic
Lorentz spaces.

Let p=(p,.p,), G=(q,,q,) be such that if 1< p; <o, then 1<q; <oo, if p; =0, then

q, =, where i=12.

LW([O,l]z) is the anisotropic Lorentz space (see [8]), which is defined as the set of
measurable, 1-periodic functions f(x,,x,) with respect to each variable with finite norm
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where f™"(t,,t,) is the function obtained by applying a decreasing rearrangement of f(xl,xz)
sequentially with respect to variables and for a fixed other variable. Here the expression
1

. 1
U (G(s))’ %)q , for =00 is understood as supG(s).

0 s>0
Let fbe a measurable function locally integrable in [01]. We define a function
f**2 (t,,t,)in[01] as follows
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The following relations hold:

1
fr (b1)= sup — [ sup — [|f (.05, Jdxdx, .

1
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here the suprema is taken over all compact sets e, [0,1], whose measure |e,.| =t (i=12),
Frrnn)z o)
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Lemma 1. (Two-dimensional analogue of Hardy's inequality). Let 1< p, <o, 1<q, <oo,

1 L, =1 (i=L2), and f be a nonnegative measurable function on [0,1]2, then
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Lemma 2.Let 1< p, <o, 1<g, <o, i+L,:1 (i=12). Then
pi pl
¥a || (o) sup ”f' (1,1, )g(t,.1, )dr,dt, .
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Lemma 3. Let 1< p, <o, 1<qg, <0 (i=L2). Then
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Let f and K be measurable on [0,1] functions. Let for almost everywhere (x,,x,)e[0,1]
exists an integral

11
[T 32K (x5 = 10, = v, Jdvdy,
00

which is called the convolution of the functions f, K and is denoted by K * f .
Lemmad. Let f, K and g be measurable on [0,1]2 functions. Then
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Theorem 1. Let 1<q, <o, 1<p,.r,h, 5.0 <o, and 1+l:i+l, 11,1 (
qi pi rz hl éi 771
i=L12). Suppose f and K are measurable on [0,1]2 functions such that f™** Lﬁg([O,l]z) and

K* 1%, = Lr 7 ([0,1]2 ) Then f * K e ngl ([0’1]2) and
I K"Lg,a([o,l]Z) <c|f
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This theorem also covers the limiting cases when at least one of the parameters p,, r,is
equal to 1. In the case p,>1, r >1, the functions f™* and K™™ in (1) can
be changed to the functions f and K, respectively.

Let give an example showing the sharpness of the result of Theorem 1, where

oap)

in inequality (1) for 1< g, = p, <o the factor HK ke )could not be changed to |

LT,; ([0’1]

That is, in general, for 1 < g, = p, <© andi = i + l the inequality
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does not hold. Also in the case 1< g, =r, <ooand e = i+ithe norm Hf“g”’ﬁ’2 ,ycould not
h, & Lz 0aF)

that is, the following inequality

I %K, o.p) < EM1L, oap)lK

be changed to | ||
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does not hold.
Example 1. Let 1<g,<oo(i=12), N,,N,eN, N, <4le" +1), N, <4{e® +1). We
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% 9 . 1 . 1
define f(t,,1,)= (min(N1 ,lj] [min(N2 ,iD and K(t,,t,)= mln(Nl,—j mln(Nz,—j . Then
tl t2 t] t2
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Thus, (2) implies
(I+InN,1+InN,)<C.
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