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Abstract
This review provides a comprehensive overview of Myrzakulov gravity, emphasizing key
developments and significant results that have shaped the theory’s current understanding.
The paper explores the foundational principles of this modified gravity framework, delving
into the intricate structure of field equations, the incorporation of non-metricity, and the role
of torsion in determining gravitational interactions. The theory’s implications extend beyond
traditional gravitational physics, offering new perspectives on cosmology, astrophysical phe-
nomena, and the behavior of matter and energy in the presence of strong gravitational fields.
A particular focus is placed on the formulation of field equations within Myrzakulov gravity
and their relation to standard Einstein-Hilbert theory, highlighting how the introduction of
additional geometric terms and scalar fields influences the dynamics of the universe. The role
of non-metricity is examined in detail, revealing how it modifies the geodesic motion and
curvature of spacetime, leading to distinct observable effects compared to General Relativity.
We discuss the incorporation of the modified Einstein-Hilbert action, which allows for the
accommodation of dark energy and dark matter in the context of cosmological expansion and
structure formation. Additionally, the paper surveys the applications ofMyrzakulov gravity to
a variety of astrophysical scenarios, such as black holes, gravitational waves, and the cosmic
acceleration observed in the late universe. These applications illustrate the potential of the
theory to offer alternative explanations for phenomena typically attributed to dark matter and
dark energy. The reviewalso highlights important constraints derived fromobservational data,
including cosmological measurements and tests of gravitational wave propagation, that help
refine the model’s predictions and determine its compatibility with the current understanding
of the universe.With a selective focus on the most impactful outcomes and experimental vali-
dations, this review aims to provide a concise yet thorough examination of Myrzakulov grav-
ity, addressing both its theoretical underpinnings and observational constraints. By presenting
the theory in the broader context of modified gravity approaches, we explore its potential to
reshape fundamental physics and offer novel insights into the mysteries of the cosmos.

Keywords Modified gravity · Myrzakulov gravity · Field equations · Non-metricity ·
Torsion · Dark energy

1 Introduction

General Relativity (GR) has been the cornerstone of cosmology and gravitational theory
for over a century. However, phenomena like the accelerated expansion of the universe
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and dark energy have spurred interest in modifications to GR. These extensions, such as
modified gravity theories that introduce additional degrees of freedom beyond curvature-
based formulations, aim to address unresolved issues in cosmology.

One interesting class of modified gravity theories incorporates torsion, which alters the
standard geometric description of spacetime. Teleparallel Gravity (TEGR), based on torsion
rather than curvature, offers an alternative to GR. In this framework, the Lagrangian is
constructed from the torsion scalar T instead of the Ricci scalar R. The simplest extension is
f (T ) gravity, which introduces an arbitrary function of T into the field equations, providing
a mechanism for cosmological acceleration [1, 2].

A significant extension is F(R, T ) gravity, proposed by Myrzakulov [3], where both
the Ricci scalar R and torsion scalar T are included in the gravitational Lagrangian. This
framework offers flexibility for modeling cosmic acceleration and has been explored in early-
time inflationary models and late-time accelerated expansion, providing an alternative to the
�CDMmodel. It can naturally explain the acceleration of the Universe without the need for
a cosmological constant and can potentially address the dark energy component’s evolution
[4, 5].

While f (T ) gravity has passed solar system tests [1], challenges remain, such as its
non-invariance under local Lorentz transformations. Introducing a spin connection with the
tetrad formalismmay resolve some issues [6]. Despite these challenges, torsion-based gravity
continues to be an active research area, with F(R, T ) gravity being a promising extension.

The study of torsion gravity theories has advanced significantly, includingworks likeCai et
al. (2016) [7], which explored the cosmological implications of teleparallel gravity theories,
particularly f (T ) gravity. Their review emphasized how these models can explain late-time
cosmic acceleration and serve as alternatives to the standard cosmological model, motivating
further work on the F(R, T ) framework. This body of research also laid the groundwork for
field equations in these models, focusing on cosmological phenomena like dark energy and
inflation.

f (Q) gravity is a class of modified gravity theories in which the fundamental geomet-
ric quantity governing gravitational interactions is the non-metricity scalar Q, rather than
curvature or torsion. This formulation naturally generalizes symmetric teleparallel gravity
and provides an alternative approach to explaining cosmic acceleration without requiring
a cosmological constant. Notably, certain f (Q) models can fit cosmological data compa-
rably to, or even better than, the standard �CDM paradigm. In particular, models such as
those proposed in [24] have been shown to provide a consistent description of late-time cos-
mic expansion while satisfying observational constraints from Supernovae type Ia (SNIa),
Baryon Acoustic Oscillations (BAO), cosmic chronometers (CC), and Redshift Space Dis-
tortions (RSD). The lack of an explicit cosmological constant in these models does not hinder
their ability to fit the data, and they also avoid the introduction of early dark energy, ensuring
compatibility with Big Bang Nucleosynthesis (BBN) constraints. Moreover, variations in the
effective Newton’s constant remain well within observational bounds, making f (Q) gravity
a promising alternative framework.

Beyond background evolution, the perturbative behavior of f (Q) gravity has been exten-
sively analyzed, further supporting its viability. Studies such as [25] have demonstrated that
modifications to the standard expansion history introduced by f (Q) terms do not significantly
disrupt early Universe physics. Specifically, constraints from BBN ensure that deviations in
the freeze-out temperature remain within acceptable limits, providing a key advantage over
other modified gravitymodels that struggle to pass these constraints. Furthermore, dynamical
system analyses, as conducted in [26], have confirmed the existence of viable cosmological
trajectories that transition from a matter-dominated epoch with correct structure formation
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to a stable, accelerating late-time attractor. These results reinforce the idea that f (Q) gravity
can successfully replicate the successes of �CDM while offering a theoretically compelling
alternative that avoids reliance on an unexplained vacuum energy component.

The exploration of gravitational waves in modified gravity theories has gained attention
as well. Studies by Capozziello et al. (2018) [8] and Abedi and Capozziello (2017) [9]
investigated how modified teleparallel theories could affect gravitational wave propagation,
offering insights into deviations from GR. Similarly, Capozziello et al. (2020) [10] expanded
this analysis to higher-order gravity, laying the foundation for further studies on gravitational
waves in modified gravity contexts.

Moreover, the role of torsion in cosmic acceleration has been further developed. Bamba
et al. (2013) discussed conformal transformations in teleparallel gravity, showing how con-
formal scalar fields can produce power-law acceleration, offering an alternative explanation
for cosmic expansion [13]. Their work reinforced the theoretical underpinnings of telepar-
allel gravity and its application to cosmology. Similarly, Bamba et al. (2012) [15] addressed
finite-time singularities in f (T ) gravity and suggested models to avoid such singularities,
contributing to the understanding of dark energy and the universe’s ultimate fate.

Despite the progress, a key challenge remains: the lack of explicit field equations in
F(R, T ) gravity.While the theoretical framework is outlined, deriving field equations ismore
complex due to the presence of torsion and the functional dependence on both R and T . This
gapmotivates our previous work [40], which provides a comprehensive review of the existing
research on torsion-based gravity models and aims to derive the explicit field equations for
F(R, T ) gravity. By developing a more robust formalism that incorporates torsion explicitly,
we seek to provide a clear and manageable set of equations for cosmological studies. This
will enable detailed exploration of torsion’s role in cosmic evolution and offer new insights
into dark energy and acceleration, laying the foundation for further research in torsion-based
gravity theories.

This is a comprehensive review of Myrzakulov gravity, which consolidates the founda-
tional principles, major developments, and significant results that have shaped the current
understanding of the theory. It aims to provide a detailed yet accessible overview of
Myrzakulov’s contributions, the key theoretical advancements, and their implications for
cosmology, gravitational physics, and astrophysical phenomena.

2 Gravitational Theories with Torsion andModified Gravity Models

General relativity (GR) is the standard framework for describing the gravitational interaction
between matter and spacetime. The dynamics of gravity in GR are encoded in the Einstein-
Hilbert action, which relies on the geometry of spacetime, specifically the curvature described
by the Riemannian connection. However, GR does not account for torsion, a geometrical
property that modifies the structure of spacetime. This leads to the exploration of alternative
theories of gravity, one of which is F(R, T ) gravity, where R denotes the Ricci scalar and
T is the torsion scalar. These theories introduce torsion into the gravitational field equations
by altering the geometry of spacetime, particularly transitioning from a Riemannian to a
Weitzenböck spacetime, where torsion is naturally present.

The inclusion of torsion modifies the standard curvature-based description of gravity,
opening the door to new gravitational dynamics and potentially offering explanations for
cosmological phenomena such as dark energy, dark matter, and the accelerated expansion of
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the universe. Torsion can also affect the behavior of gravitational waves and black holes, thus
providing a more comprehensive framework for understanding the gravitational interaction.

The central idea behind modified gravity theories involving torsion is that the connection
used to define spacetime curvature does not necessarily have to be symmetric, as is the case in
general relativity. Instead, the connection can be asymmetric, introducing a torsion tensor that
influences how vectors and tensors are parallel transported. This modification leads to a non-
Riemannian geometry where the curvature and torsion are treated as independent variables,
and the resulting field equations differ from the standard Einstein equations of GR. This
section explores the key concepts of Weitzenböck geometry, torsion, and the construction of
gravitational theories incorporating torsion, with a particular focus on f (T ) gravity.

In the standard Riemannian geometry of general relativity, the connection�λ
μν is symmet-

ric, and the curvature of spacetime is described entirely in terms of the Riemann curvature
tensor. However, when torsion is present, we move to a more general geometric framework
known as Weitzenböck geometry, where the connection is no longer symmetric. This intro-
duces a torsion tensor T λ

μν , defined as the antisymmetric part of the connection:

T λ
μν = �λ

μν − �λ
νμ

This torsion tensor describes the failure of the connection to be symmetric and represents
an intrinsic property of spacetime. In the presence of torsion, parallel transport is affected,
and this leads to deviations from the standard Riemannian geometry.

The torsion scalar T is defined as the contraction of the torsion tensor with itself:

T = T λ
μνT

μν
λ

This scalar is important in the formulation of gravitational theories involving torsion, as
it provides a measure of the amount of torsion in spacetime and influences the form of the
gravitational field equations.

To construct theories of gravity that incorporate torsion, we begin by considering an action
that includes both the Ricci scalar R and the torsion scalar T . A general action for F(R, T )

gravity, which is a modification of the standard Einstein-Hilbert action:

S(I)[g, �, ϕ] =
∫

d4x
√−g

[
F(R, T )

2κ
+ Lm

]
, (1)

where Lm is the matter Lagrangian density, κ is a coupling constant, and F(R, T ) is an
arbitrary function of both the Ricci scalar R and the torsion scalar T . The function F(R, T )

allows for a flexible description of gravity, where the theory can be adjusted to fit different
cosmological or astrophysical scenarios by choosing an appropriate functional form for f .

The variation of this action with respect to the metric gμν and the connection leads to
modified field equations that incorporate both curvature and torsion. The presence of the
torsion scalar T modifies the gravitational dynamics, and the function fT introduces an
additional interaction between torsion and the energy-momentum tensor. Thesemodifications
can lead to new gravitational phenomena, such as changes in the rate of cosmic expansion
or the behavior of gravitational waves, and provide a broader framework for explaining
phenomena that cannot be fully described by general relativity alone.

In this context, one can explore specific examples of F(R, T ) gravity by choosing different
functional forms for F(R, T ). For example, a linear coupling between the Ricci scalar and
torsion, F(R, T ) = R + αT , where α is a constant, introduces a simple modification of
general relativity. This model can lead to interesting cosmological consequences, such as
modified expansion rates or altered gravitational wave propagation. Another example is the
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quadratic coupling F(R, T ) = R + βT 2, which introduces a more complex interaction
between the curvature and torsion and can lead to different predictions for the evolution of
the universe.

A particularly interesting subclass of F(R, T ) gravity is f (T ) gravity, where the theory
depends solely on the torsion scalar T and does not include a direct coupling to the Ricci
scalar R. The action for f (T ) gravity is [1, 2]:

S = 1

2κ

∫
d4x

√−g f (T ) + Lm

Varying this action with respect to the metric gμν leads to the modified field equations:

fT Tμν − 1

2
f gμν + (∇μ∇ν − gμν�

)
fT = κTμν

where fT = d f
dT . In f (T ) gravity, the theory is purely torsion-based, and the Ricci scalar R

does not directly affect the gravitational dynamics. This simplification makes f (T ) gravity a
particularly attractive model for explaining the accelerated expansion of the universe, as the
torsion scalar can naturally lead to modified cosmological dynamics.

The applications of f (T ) gravity are diverse, particularly in the context of cosmology. In
the early universe, f (T ) gravity can provide a mechanism for accelerated expansion without
the need for a cosmological constant, offering an alternative explanation for the observed
accelerated expansion of the universe. Additionally, the theory can provide insights into
the nature of dark energy, with torsion serving as a dynamical field that contributes to the
overall energy budget of the universe. Furthermore, the modification of the gravitational field
equations in f (T ) gravity can lead to distinct black hole solutions, which differ from the
standard Schwarzschild or Kerr solutions of general relativity. These solutions can exhibit
new features, such as changes in the event horizon structure or modified gravitational wave
signatures, making f (T ) gravity an exciting area of research in modern gravity theory.

In summary, gravitational theories involving torsion, such as F(R, T ) and f (T ) gravity,
offer an intriguing alternative to general relativity. These theories modify the structure of
spacetime by introducing torsion, which leads to new gravitational dynamics and potentially
provides solutions to outstanding cosmological problems. The mathematical framework of
these theories is rich and provides a basis for exploring a wide range of modified gravity
models, with applications to cosmology, astrophysics, and beyond. As research continues,
these theories will deepen our understanding of the fundamental nature of gravity and the
universe.

3 Motivation for F(R, T)Myrzakulov Gravity as a Lorentz Invariant
and Viable Theory

In recent years, modified theories of gravity have garnered significant attention, especially
in the context of explaining unexplained cosmological phenomena such as dark energy and
the accelerated expansion of the universe. Among these, F(R, T ) gravity has emerged as
a promising candidate due to its flexibility in incorporating both the Ricci scalar R, which
describes the curvature of spacetime, and the torsion scalar T , which accounts for the intrinsic
twist or rotational aspect of the spacetime connection. This formulation opens up new possi-
bilities for modifying gravitational dynamics and exploring alternatives to general relativity
(GR). However, for such a theory to be viable in the physical world, it must satisfy several
critical conditions, including Lorentz invariance, consistency with known observations, and
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applicability as an effective theory in a broader physical framework such as string theory. In
this section, we explore why F(R, T ) gravity is Lorentz invariant, viable, and could serve as
an effective low-energy action in the context of generalized string theory.

• Lorentz Invariance in F(R, T ) Gravity: Lorentz invariance is one of the cornerstones of
modern theoretical physics. The symmetries of space and time, described by the Lorentz
group, dictate that the laws of physics must hold the same in all inertial frames. For
modified theories of gravity to be physically viable, theymust preserve these symmetries.
One might expect that the introduction of torsion, an additional geometric feature of
spacetime, could potentially break Lorentz invariance. However, this is not the case in
F(R, T ) gravity.
In this theory, both the Ricci scalar R and the torsion scalar T are constructed from the
metric gμν and the connection �λ

μν , which remain Lorentz invariant. The Ricci scalar R,
defined as the trace of the Ricci curvature tensor Rμν , is explicitly Lorentz invariant since
it involves the contraction of Lorentz indices. The torsion scalar T , which involves the
contraction of the torsion tensor T λ

μν , is similarly Lorentz invariant. The torsion tensor,
despite introducing an antisymmetric component to the connection, is constructed from
the Christoffel symbols and does not break Lorentz symmetry. Therefore, the action of
F(R, T ) gravity remains Lorentz invariant.
The introduction of torsion modifies the usual Riemannian geometry of general relativity
by allowing the connection to be non-symmetric, leading to a richer structure of space-
time. However, this modification does not disrupt the fundamental symmetries of the
theory. Hence, F(R, T ) gravity can be formulated as a Lorentz-invariant theory, mak-
ing it a suitable candidate for a consistent description of gravity in a variety of physical
contexts, including cosmology and particle physics.

• Viability of F(R, T )MyrzakulovGravity : For amodified theory of gravity to be viable, it
must be consistent with both theoretical principles and observational data. Theoretically,
F(R, T ) gravity offers a highly flexible framework for exploring gravitational dynamics.
The function F(R, T ) allows for arbitrary combinations of the Ricci scalar and torsion
scalar, which can lead to new and rich gravitational behavior. For example, the presence
of torsion modifies the field equations governing the dynamics of spacetime, potentially
altering the evolution of the universe, the behavior of black holes, or the propagation of
gravitational waves.
Oneof themost promising aspects of F(R, T )gravity is its ability to explain cosmological
phenomena such as the accelerated expansion of the universe. By carefully choosing the
functional form of F(R, T ), one can derive modified Friedmann equations that account
for accelerated expansionwithout invoking a cosmological constant. The torsion scalar T
can introduce an additional contribution to the energy density of the universe, potentially
serving as an alternative explanation for dark energy.
Moreover, the field equations of F(R, T ) gravity modify the behavior of gravitational
waves and black hole solutions (see for example [40]). For instance, the presence of
torsion could lead to deviations from the standard Schwarzschild or Kerr solutions,
potentially providing new insights into the structure of black holes or the propagation
of gravitational waves. This flexibility allows F(R, T ) gravity to fit a wide range of
observational data, making it a viable alternative to general relativity.
From an observational perspective, F(R, T ) gravity has already been tested in several
contexts, including cosmological models, black hole thermodynamics, and gravitational
wave propagation. In particular, the theory’s ability to produce modified cosmological
models has led to promising results thatmatch current observations of cosmic acceleration
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and the large-scale structure of the universe. As new astronomical and cosmological data
continue to emerge, the predictions of F(R, T ) gravity can be tested and refined.

• F(R, T ) Gravity as an Effective Low-Energy Action in String Theory: One of the most
exciting prospects of F(R, T ) gravity is its potential connection to string theory, espe-
cially in the context of low-energy effective actions. String theory, as a leading candidate
for a unified theory of quantum gravity, predicts a much richer structure of spacetime
than is described by general relativity. In the low-energy limit, string theory yields an
effective action that describes gravity along with other fields, including matter fields,
gauge fields, and dilatonic fields. This effective action is typically expressed as a sum
over terms involving curvature invariants, such as the Ricci scalar, and other higher-order
corrections.
The general form of the low-energy effective action derived from string theory can be
written as:

S = 1

2κ

∫
d4x

√−g
(
R + α′F(R, φ) + Lm

)
,

where R is the Ricci scalar, φ represents dilaton fields or other scalar fields arising from
string compactification, and F(R, φ) is a higher-order function of the Ricci scalar and
scalar fields that can describe additional gravitational corrections at low energies. The
term Lm represents the matter Lagrangian. The higher-order terms in this action capture
the quantum corrections and stringy effects that manifest at low energies.
In this context, torsion can be introduced as part of the higher-order corrections to the
classical gravitational action, especially when considering generalized string theory or
supergravity models. These corrections naturally lead to modifications of the standard
Einstein-Hilbert action, which can include terms that involve both curvature and torsion.
The function F(R, T ) gravity fits well into this framework, as it can be interpreted as
an effective low-energy description that captures the relevant physics arising from string
interactions in the limit where torsion and higher-order terms are significant.
At low energies, string theory reduces to an effective four-dimensional theory that
describes gravity and matter in terms of curvature invariants and additional fields, such
as torsion. Thus, F(R, T ) gravity can be seen as an approximation or a simplified model
that encapsulates the essential features of the stringy corrections to gravity. The torsion
scalar T could arise from higher-dimensional spacetime geometries or be related to the
intrinsic structure of the string compactification process.Moreover, the function F(R, T )

can be tailored to match the specific features of the low-energy action of string theory,
such as the dilaton-dependent terms that describe string interactions.
In this sense, F(R, T ) Myrzakulov gravity serves as an effective low-energy action that
captures key features of string theory. As an approximation to a more fundamental string
theory model, it provides a tractable description of modified gravity that can be used
to explore the implications of string interactions on cosmology, black holes, and other
gravitational phenomena.
In conclusion, Myrzakulov gravity offers a flexible, Lorentz-invariant framework for
modifying gravitational dynamics by introducing torsion in addition to the Ricci scalar.
Its formulation respects the fundamental symmetries of spacetime and provides a viable
alternative to general relativity, capable of explaining a wide range of cosmological and
astrophysical phenomena. Furthermore, F(R, T ) gravity can be viewed as an effective
low-energy action emerging from string theory, where torsion and higher-order curvature
terms naturally arise in the low-energy limit. By incorporating both the Ricci scalar and
the torsion scalar, this theory allows for novel insights into the structure of spacetime and
provides a promising avenue for exploring fundamental physics in the context ofmodified
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gravity, string theory, and beyond. Its potential to describe both the large-scale structure
of the universe and themicroscopic dynamics of quantum gravity makes F(R, T ) gravity
an exciting candidate for future research in theoretical physics.

4 Overview of Myrzakulov Gravity Theories

In the Metric-Affine Myrzakulov Gravity (MAMG-I) model, the dilation current D is intro-
duced, modifying the action [22, 23]:

S(I)
D [g, �, ϕ] =

∫
d4x

√−g

[
F(R,D)

2κ
+ Lm

]
.

For the Myrzakulov Gravity (MG)-II model, which includes the non-metricity scalar Q,
the action is:

S(II)[g, �, ϕ] =
∫

d4x
√−g

[
F(R, Q)

2κ
+ Lm

]
,

with the field equations:

Rμν − 1

2
gμνR = κTμν + Qμν.

The MG-III model introduces both torsion T and non-metricity Q, leading to the action:

S(III)[g, �, ϕ] =
∫

d4x
√−g

[
F(T , Q)

2κ
+ Lm

]
,

with corresponding field equations:

Rμν − 1

2
gμνR = κTμν + T (Q)

μν .

TheMAMG-III theory further extends this by incorporating the divergence of the dilation
current D.

The MG-IV theory has the following action:

S(IV)[g, �, ϕ] = 1

2κ

∫ √−gd4x [F(R, T , T ) + 2κLm] ,

where T is the energy-momentum trace. The corresponding field equations are:

−1

2
gμνF + F ′

R R(μν) + F ′
T

(
2Sναβ Sμ

αβ − SαβμS
αβ

ν

) + F ′
T

(
�μν + Tμν

) = κTμν.

The MAMG-IV model is an extension with an additional term involving the hypermo-
mentum trace D:

S(IV)
MAMG = 1

2κ

∫ √−gd4x [F(R, T , T ,D) + 2κLm] .

Sub-cases of the MAMG-IV theory include:
1. Metric-affine F(R, T ) theory:

SF(R,T ) = 1

2κ

∫ √−gd4x [F(R, T ) + 2κLm] .

2. Metric-affine F(T , T ) theory:

SF(T ,T ) = 1

2κ

∫ √−gd4x [F(T , T ) + 2κLm] .
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4.1 Metric-Affine Generalized Theories

Metric-affine gravity theories represent a class of modified gravity theories where both the
metric and the affine connection (or Christoffel symbols) are treated as independent variables.
This formulation provides a more general description of spacetime, where the geometry of
spacetime can be influenced by both curvature (via the metric) and torsion (via the connec-
tion).

In these theories, the connection is not necessarily the Levi-Civita connection derived
from the metric, but can also include torsion and non-metricity components. The presence of
torsion and non-metricity allows these theories to incorporate additional degrees of freedom,
which are particularly useful for modeling phenomena such as dark energy, dark matter, and
the accelerated expansion of the universe.

The action for metric-affine gravity typically includes terms that are quadratic in the
curvature and torsion tensors, allowing the theory to capture more general gravitational
effects. A general form of the action for such theories is given by

S =
∫ (

f (R, T )

2κ
+ Lm

) √−gd4x, (2)

where F(R, T ) is an arbitrary function of the Ricci scalar R and the torsion scalar T , Lm is
the matter Lagrangian, g is the determinant of the metric tensor gμν , and κ is a constant.

The variation of the actionwith respect to themetric and the connection results inmodified
field equations. The general field equations for metric-affine gravity, incorporating both
curvature and torsion, can be written as

Gμν = 8πG

c4
Tμν, (3)

where Gμν is the modified Einstein tensor, which includes both curvature and torsion contri-
butions, and Tμν is the stress-energy tensor of the matter field.

In these theories, torsion is defined as the antisymmetric part of the connection:

T λ
μν = �λ

μν − �λ
νμ, (4)

where �λ
μν are the Christoffel symbols. The presence of torsion modifies the geodesic

equation, leading to additional forces that may be important at small scales or in strong
gravitational fields.

Furthermore, the connection can also have non-metricity components, which lead to the
modified covariant derivative:

∇λgμν �= 0, (5)

where ∇λ is the covariant derivative with respect to the connection, and the non-vanishing
covariant derivative of the metric indicates the presence of non-metricity.

The inclusion of both torsion and non-metricity in the connection allows for amore general
class of solutions to the field equations, compared to General Relativity. This generalization
leads to interesting cosmological models, especially in the context of dark energy and the
accelerated expansion of the universe. For instance, in the case of F(R, T ) gravity, these
modifications provide a natural explanation for cosmic acceleration without invoking a cos-
mological constant, and they can also address the evolving nature of dark energy [4, 5].
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Overall, metric-affine theories provide a broad framework for exploring deviations from
General Relativity, offering new insights into the gravitational behavior of the universe and
providing potential solutions to unresolved cosmological problems such as the nature of dark
energy and the large-scale structure of the universe.

4.1.1 Metric-Affine F(R,T ,D) Theory

This theory is a simplified version of the MAMG-IV theory, where the dependence on the
torsion scalar T is excluded, leaving a function F that depends on the Ricci scalar R, the
torsion scalar T , and the divergence of the dilation current D. The action for this theory is
given by:

SF(R,T ,D) = 1

2κ

∫ √−gd4x [F(R, T ,D) + 2κLm]

By varying the action with respect to the metric and the affine connection, the field equa-
tions are derived, involving the Ricci tensor Rμν , torsion �μν , and other quantities like
Mμν .

4.1.2 Metric-Affine F(T,T ,D) Theory

In this case, the function F is only dependent on the torsion scalar T , the divergence of the
dilation current D, and the torsion scalar T . This simplifies the MAMG-IV theory further.
The action for this model is:

SF(T ,T ,D) = 1

2κ

∫ √−gd4x [F(T , T ,D) + 2κLm]

Thefield equations derived from this action include torsion-related terms anddependencies
on dilation current divergences.

4.1.3 MG-V Model and Generalizations

The MG-V model extends earlier theories like F(R), F(T ), and F(Q), incorporating a gen-
eral function F(R, T , Q) dependent on the scalar curvature R, torsion T , and non-metricity
scalar Q. The action for this model is:

S(V)[g, �, ϕ] = 1

2κ

∫ √−gd4x [F(R, T , Q) + 2κLm]

The field equations obtained from the variation of this action include terms related to the
curvature and torsion tensors, along with dependencies on Q and its associated quantities.

4.1.4 Metric-Affine Generalizations of MG-V

Themetric-affine generalization of theMG-V theory incorporates the dilation current’s diver-
gence D, leading to the action:

S(V)
MAMG = 1

2κ

∫ √−gd4x [F(R, T , Q,D) + 2κLm]
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This action generalizes the earlier theories by adding a dependence on the divergence of the
dilation current. The field equations obtained from the variation include terms corresponding
to the curvature, torsion, non-metricity, and the divergence of the dilation current.

4.1.5 Minimal Metric-Affine Generalization

A minimal version of the Myrzakulov Gravity , MAMG-V theory considers F independent
of the divergence of the dilation current D, leading to simpler field equations: - The metric
field equations reduce to those of the MG-V theory. - The affine connection field equations
involve terms from the curvature, torsion, and non-metricity without the contribution from
D.

4.1.6 Sub-cases of MAMG-V

Several sub-cases emerge from the MAMG-V theory, depending on the matter Lagrangian’s
coupling to the affine connection. These include the metric-affine generalizations of the
MG-V theory, such as:

• F(R, T , Q), F(R), F(T ), F(Q),
• Theories involving D, like F(R, T ,D), F(T ,D), and so on.

Each of these sub-cases represents a specific variation of theMAMG-V theory, depending
on which terms are included in the function F .

4.2 Clarifications

• Metric-affine theories: These theories modify gravity by allowing for more general
geometric structures, incorporating affine connections (instead of just the metric) in the
formulation.

• Divergence of the dilation current: The dilation current is related to the scaling behavior
of the fields, and its divergence introduces additional terms into the field equations,
affecting how gravity and matter interact in these theories.

• Generalizations: These theories generalize various modifications of general relativ-
ity, extending traditional models (like F(R) and F(T )) by incorporating torsion and
non-metricity, which could have cosmological and theoretical implications in modified
gravity.

4.3 MG-VI andMAMG-VI

• The MG-VI Action: The MG-VI model is an extension of previous modified gravity
theories, such as F(R), F(Q), and F(R, T ), incorporating the energy-momentum trace
T alongside the scalar curvature R and non-metricity scalar Q. The action of this theory
is given by:

S(VI)[g, �, ϕ] = 1

2κ

∫ √−gd4x [F(R, Q, T ) + 2κLm] , (6)

where F = F(R, Q, T ) is a function of the scalar curvature R, the non-metricity scalar
Q, and the energy-momentum trace T . This form of the action generalizes theories like
F(R, T ), F(Q), and F(R), extending the MG-II action by adding a dependence on T .
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The energy-momentum trace T typically describes the contribution of matter to the field
equations.

• The Metric Field Equations: The variation of the action with respect to the metric gμν

leads to the following field equations:

− 1

2
gμνF+F ′

R R(μν)+F ′
QL(μν)+∇̂λ

(
F ′
Q Jλ

(μν)

)+gμν∇̂λ

(
F ′
Qζ λ

)+F ′
T

(
�μν + Tμν

) = κTμν ,

(7)

where F ′
R , F

′
Q , and F ′

T are derivatives of the function F with respect to the respective

arguments. The terms R(μν), L(μν), Jλ
(μν), and ζ λ represent curvature, torsion, and non-

metricity-related quantities. These equations describe the gravitational field dynamics
in this modified gravity theory and are coupled to the matter distribution through the
energy-momentum tensor Tμν .

• The Connection Field Equations: The field equations derived from the variation with
respect to the connection �λ

μν are given by:

Pλ
μν(F ′

R) + F ′
Q

[
2Q[νμ]

λ − Qλ
μν + (

qν − Qν
)
δ
μ
λ + Qλg

μν + 1

2
Qμδν

λ

]
= 0 , (8)

where Pλ
μν(F ′

R) is a term related to the Ricci tensor, and the equation reflects the non-
trivial role of the connection in this modified theory of gravity. This equation shows that
the connection is not directly coupled to matter in MG theories, and the field equations
only involve the geometry (curvature, torsion, and non-metricity) and not the matter
distribution explicitly.

• Metric-Affine Generalization: The metric-affine generalization of the MG-VI theory
allows for the matter to couple to the general affine connection �λ

μν , extending the theory
to more complex forms of gravity. The action for the metric-affine version of MG-VI
(MAMG-VI) is given by:

S(VI)
MAMG = 1

2κ

∫ √−gd4x [F(R, Q, T ,D) + 2κLm] , (9)

where D is the divergence of the dilation current, introduced to account for scale invari-
ance. The inclusion ofD in the function F results in additional terms in the field equations,
reflecting the influence of scale symmetry on gravity.

• TheMetricFieldEquations forMAMG-VI:Themetric field equations for theMAMG-
VI theory include the influence of the dilation current as follows:

−1

2
gμνF + F ′

R R(μν) + F ′
QL(μν) + ∇̂λ

(
F ′
Q Jλ

(μν)

) + gμν∇̂λ

(
F ′
Qζ λ

)

+F ′
T

(
�μν + Tμν

) + F ′
DMμν = κTμν . (10)

where Mμν is the term corresponding to the coupling of the dilation current to the geom-
etry. The inclusion of the term F ′

DMμν introduces the effect of dilation symmetry on
the gravitational field equations, modifying the gravitational dynamics by the matter’s
scaling behavior.
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• The Connection Field Equations for MAMG-VI: The connection field equations for
MAMG-VI involve both the affine connection and the effects of the dilation current:

Pλ
μν(F ′

R) + F ′
Q

[
2Q[νμ]

λ − Qλ
μν + (

qν − Qν
)
δ
μ
λ + Qλg

μν + 1

2
Qμδν

λ

]
− Mλ

μνρ∂ρF
′
D

= F ′
T �λ

μν + κ�λ
μν ,

(11)

where Mλ
μνρ is a term derived from the variation of the dilation current with respect to

the connection. This equation describes the gravitational dynamics in the presence of the
dilation current and other geometric effects.

• MinimalMetric-AffineGeneralization (withoutD): In theminimal metric-affine case,
the function F does not depend onD, leading to simpler field equations. In this case, the
metric field equations remain as in (7), while the connection field equations are:

Pλ
μν(F ′

R)+F ′
Q

[
2Q[νμ]

λ − Qλ
μν + (

qν − Qν
)
δ
μ
λ + Qλg

μν + 1

2
Qμδν

λ

]
= F ′

T �λ
μν+κ�λ

μν .

(12)

• Particular Sub-cases of theMAMG-VI Theory:TheMAMG-VI theory admits several
sub-cases, which are variations of the full theory based on the inclusion or exclusion of
certain terms. These include:

– Metric-affine F(Q, T ) theory: This version of the theory considers only the non-
metricity scalar Q and the energy-momentum trace T , leading to the action:

SF(Q,T ) = 1

2κ

∫ √−gd4x [F(Q, T ) + 2κLm] , (13)

with field equations given by:

− 1

2
gμνF + F ′

QL(μν) + ∇̂λ

(
F ′
Q Jλ

(μν)

) + gμν∇̂λ

(
F ′
Qζ λ

) + F ′
T

(
�μν + Tμν

) = κTμν ,

F ′
Q

[
2Q[νμ]

λ − Qλ
μν + (

qν − Qν
)
δ
μ
λ + Qλg

μν + 1

2
Qμδν

λ

]
= F ′

T �λ
μν + κ�λ

μν .

(14)

– Metric-affine F(Q, T ,D) theory: This extension includes the divergence of the
dilation current D, and its action is given by:

SF(Q,T ,D) = 1

2κ

∫ √−gd4x [F(Q, T ,D) + 2κLm] , (15)

with the corresponding field equations:

−1

2
gμνF + F ′

QL(μν) + ∇̂λ

(
F ′
Q Jλ

(μν)

)

+ gμν∇̂λ

(
F ′
Qζ λ

) + F ′
T

(
�μν + Tμν

)
+ F ′

DMμν = κTμν ,

(16)

where:
* gμν is the metric tensor.
* F is the function involved in the theory.
* F ′

Q denotes the derivative of F with respect to Q, the non-metricity scalar.
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* L(μν) represents the non-metricity term.
* ∇̂λ is the covariant derivative with respect to the connection.
* Jλ

(μν) and ζ λ are auxiliary quantities related to the connection and non-
metricity.
* F ′

T is the derivative of F with respect to the energy-momentum trace T .
*�μν and Tμν are the stress-energy tensors for the geometry andmatter, respec-
tively.
* Mμν represents the dilation current term in the theory.
* κ is the coupling constant.

F ′
Q

[
2Q[νμ]

λ−Qλ
μν +(

qν −Qν
)
δ
μ
λ +Qλg

μν + 1

2
Qμδν

λ

]
− Mλ

μνρ∂ρF
′
D

= F ′
T �λ

μν + κ�λ
μν .

(17)

where:
* Q[νμ]

λ and Qλ
μν are components of the non-metricity tensor.

* qν and Qν are related to the dilaton field and its derivatives.
* δ

μ
λ is the Kronecker delta.

* Mλ
μνρ is a term involving the dilation current.

* F ′
D is the derivative of F with respect to the dilation current D.

* �λ
μν is an auxiliary quantity.

In this section, we have discussed the general framework of Modified Gravity (MG-VI)
and its metric-affine extension (MAMG-VI), focusing on their action formulations, field
equations, and variations. The MG-VI theory generalizes earlier modified gravity models
by incorporating the energy-momentum trace T alongside the scalar curvature R and non-
metricity scalar Q. In the metric-affine version (MAMG-VI), we have extended this further
by introducing the dilation currentD, which accounts for scale invariance in the system. The
corresponding field equations have been derived for both the metric and connection fields,
showing howmatter couples to the geometry in these modified frameworks. These equations
provide amore comprehensive description of gravitational dynamics in the presence ofmatter
and geometric effects like torsion and non-metricity. In the next section, we will explore the
cosmological implications of these models, specifically focusing on their impact on the
expansion of the universe, structure formation, and dark energy (Table 1).

5 Cosmological Applications of Myrzakulov Gravity

The investigation ofMyrzakulov gravity theories has provided novel insights into the dynam-
ics of the universe, offering alternative explanations for cosmic acceleration, dark energy,
and the evolution of the cosmos. Several studies have explored the theoretical underpinnings,
mathematical structures, and cosmological implications of Myrzakulov F(R,T) and related
gravity theories, leading to new solutions and parameter constraints. These contributions
highlight the versatility of these modified gravity models, with applications ranging from the
early universe to late-time acceleration.

• In [27], Saridakis et al. analyzed Myrzakulov F(R,T) gravity, introducing a non-special
connection where both curvature and torsion are dynamical fields. The study derived
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the cosmological field equations, revealing new geometrical terms in the Friedmann
equations due to the non-special connection. At late times, the dark energy behaves like
quintessence, phantom, or a cosmological constant, reproducing the �-CDM model.
Early-time applications suggest a de Sitter solution and an inflationary realization.

• In [28], Myrzakul et al. extended Myrzakulov gravity by incorporating Gauss-Bonnet
and boundary term scalars in the metric-affine framework. The study reviewed various
metric-affine gravity theories and introduced the MG-VIII class, incorporating curva-
ture, torsion, and nonmetricity. The Lagrangian, Hamiltonian, and field equations were
derived, and the Wheeler-DeWitt equation was explored. The study also introduced new
gravity theories and cosmological solutions, providing a foundation for future cosmo-
logical investigations.

• In [29], Kazempour and Akbarieh explored Myrzakulov F(R,T) quasi-dilaton massive
gravity, a modification of the dRGT massive gravity theory. The study focused on
self-accelerating solutions and demonstrated that the theory explains the accelerated
expansion of the universe without relying on dark energy. The analysis of gravitational
waves revealed new insights into the modified dispersion relation in FLRW cosmology.

• In [30], Maurya and Myrzakulov investigated exact cosmological models in Myrza-
kulov F(R,T) gravity with the function F(R, T ) = R + λT . Using MCMC analysis
on observational datasets such as H(z) and Pantheon SNe Ia, the study identified a
decelerating-accelerating transition in the universe with a transition redshift zt ≈ 0.44.
The effective dark energy equation of state varied from −1 to −0.52, supporting the
model’s ability to fit observational data.

• In [31],Maurya andMyrzakulov extended their work by investigating exact cosmological
solutions in Myrzakulov gravity using a flat FLRW metric. The function F(R, T ) =
R + λT was used to derive two exact solutions for the scale factor. MCMC analysis on
the latest observational datasets revealed that the effective EoS parameter varied between
−1 and 0. Both models showed a decelerating-accelerating transition with a transition
redshift in the range 0.6 < zt < 0.8, and the present age of the universe was estimated
to be around 13.5 Gyrs.

• In [32], Maurya et al. investigated FLRW cosmological models in the context of Metric-
Affine F(R,Q) gravity, using new observational datasets such as cosmic chronometer
(CC) Hubble data and Pantheon SNe Ia. The study found that the dark energy equation
of state behaves like a candidate for dark energy, with models showing a transition from
deceleration to acceleration. Model-I approaches the�-CDMmodel in the late universe,
while Model-II aligns with quintessence scenarios.

• In [33], Maurya et al. explored Myrzakulov F(T,Q) gravity (MG-III), unifying F(T)
gravity and F(Q) gravity. The study derived field equations for a flat FRWbackground and
obtained three exact solutions for the Hubble function and scale factor. MCMC analysis
using the H(z) dataset placed observational constraints on themodel parameters, showing
that the models exhibit deceleration and acceleration transitions, with the deceleration
parameter and EoS parameter consistent with �-CDM and dark energy models.

The studies reviewed here provide a comprehensive understanding of Myrzakulov gravity
theories, particularly the F(R,T) and related models, and their cosmological applications.
These theories provide significant insights into the late-time acceleration of the universe, the
nature of dark energy, and the transition between decelerating and accelerating phases. The
models derived from these theories align well with observational data, demonstrating their
potential as viable alternatives to the �-CDM model. Furthermore, these models offer new
perspectives on the early universe, inflationary scenarios, and the behavior of gravitational
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waves, underscoring the robustness and versatility of Myrzakulov gravity in explaining both
large-scale cosmological phenomena and quantum aspects of gravity.

6 Thermodynamics in Myrzakulov Gravity

Thermodynamics has played a crucial role in understanding the deep connections between
gravitational theories and the underlying properties of spacetime. In modified gravity the-
ories, these connections often extend beyond the classical framework, incorporating novel
features such as torsion, curvature, and non-standard energy-momentum exchanges. Myrza-
kulov gravity, as a class of modified gravity theories, provides a versatile framework to
explore these phenomena, particularly in the context of Weitzenböck spacetime.

6.1 Thermodynamics in Modified Gravity Theories

In standard General Relativity, the laws of thermodynamics are closely linked with the Ein-
stein field equations, as demonstrated in Jacobson’s seminal work [62]. For instance, the first
law of thermodynamics on the apparent horizon can be derived from the field equations,
where the entropy is proportional to the area of the horizon. Modified gravity theories, such
as f (R), f (T ), and other extensions, generalize this relationship by introducing corrections
to the entropy and energy flux terms.

These modifications often arise due to additional degrees of freedom, scalar fields, or non-
metric connections. Consequently, the entropy-area relationship is altered, leading to entropy
expressions that may depend on higher-order curvature invariants or torsion contributions.
Furthermore, the energy conservation laws may acquire additional source terms, reflecting
the interaction between the effective gravitational field and themodifiedmatter-energy sector.

6.2 Thermodynamics inWeitzenböck Spacetime

Weitzenböck spacetime, characterized by zero curvature and non-zero torsion, serves as the
geometric foundation for teleparallel gravity and its extensions. InMyrzakulov gravity, where
torsion and curvature coexist, the thermodynamic interpretation becomes more intricate.
The interplay between curvature and torsion contributes to novel energy fluxes and entropy
corrections that distinguish Myrzakulov gravity from purely metric or teleparallel theories.

In this framework, the total entropy of a gravitational system can generally be expressed
as a combination of contributions from curvature and torsion:

S = Scurvature + Storsion, (18)

where Scurvature and Storsion depend on the respective geometric quantities and their coupling
to matter fields.

The first law of thermodynamics in Myrzakulov gravity is modified to include these
additional terms:

dE = TdS + WdV + �torsion + �curvature, (19)

where�torsion and�curvature represent the energy fluxes associated with torsion and curvature
dynamics, respectively.

123



95 Page 18 of 49 International Journal of Theoretical Physics (2025) 64 :95

6.3 Applications and Implications

The thermodynamic interpretation of Myrzakulov gravity provides insights into the nature
of gravitational entropy, the dynamics of horizons, and the interplay between torsion and
curvature. For example, in cosmological scenarios, the modified entropy expressions may
influence the evolution of the apparent horizon and the associated thermodynamic equilibrium
conditions. Similarly, the coupling between torsion and matter fields could have implications
for energy conservation laws and the effective equation of state in cosmological models.

Further exploration of thermodynamics in Myrzakulov gravity may help unify various
modified gravity theories and provide a deeper understanding of the role of spacetime geom-
etry in fundamental physics.

7 Observational and Theoretical Constraints

In [34], the authors performed a detailed analysis using various cosmological datasets, includ-
ing Supernovae (SNIa) from the Pantheon sample, Baryonic Acoustic Oscillations (BAO),
and measurements of the Hubble parameter from cosmic chronometers (CC), complemented
by arguments from Big Bang Nucleosynthesis (BBN), to extract constraints on the Myrza-
kulov F(R,T) gravity theory. This theory, which resides within the Riemann-Cartan subclass
of modified gravity, employs a specific but non-special connection that introduces additional
degrees of freedom beyond the standard Levi-Civita connection. The result of this modifica-
tion is a more complex gravitational model, where both curvature and torsion are dynamical
fields that interact with matter in a way that is not present in conventional general relativity.
The study demonstrated that the two models considered in the analysis achieved approxi-
mately 1σ compatibilitywith observational data, showing that the theory fitswell with current
cosmological constraints. Specifically, the analysis of the dimensionless parameter involved
in the model showed that it is constrained within an interval around zero, with the contours
of this parameter shifted slightly toward positive values, indicating a preference for small
positive values of the parameter. This allowed the researchers to reconstruct both the Hubble
function and the dark-energy equation-of-state (EoS) parameter as a function of redshift.
Interestingly, Model 1 was found to be very close to the �CDM scenario, particularly at
low redshifts, suggesting that it behaves similarly to the standard cosmological model at late
times. However, Model 2, while similar to the �CDM at low redshifts, allowed for devia-
tions at higher redshifts, showing more flexibility in explaining cosmological phenomena at
early times. Moreover, by applying several statistical criteria such as the Akaike Information
Criterion (AIC), Bayesian Information Criterion (BIC), and Deviance Information Criterion
(DIC), both models were shown to present efficient fitting behaviors, statistically equivalent
to the �CDM cosmology, despite Model 2 not containing �CDM as a limiting case. This
indicates that the Myrzakulov F(R,T) gravity can be a compelling alternative to the �CDM
model, providing an efficient description of the universe’s evolution.

In [35], the authors explored an extension of standard General Relativity in which the
Hilbert-Einstein action is generalized to include an arbitrary function of the Ricci scalar
R, nonmetricity Q, torsion T , and the trace of the matter energy-momentum tensor. This
modification introduces a non-minimal coupling between matter and geometry, leading to
the nonconservation of the matter energy-momentum tensor, which is a significant departure
from the conventional conservation law in general relativity. The nonconservation of the
energy-momentum tensor was interpreted thermodynamically within the framework of the
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thermodynamics of irreversible processes in open systems, which adds an additional layer of
understanding to the behavior of matter and energy in this extended theory. Furthermore, the
authors derived the generalized Poisson equation in the Newtonian limit of the theory, which
accounts for the presence of nonmetricity and the Weyl vector. These additional geometri-
cal structures lead to an effective gravitational coupling that modifies the standard Poisson
equation, providing a more nuanced description of gravitational interactions in weak-field
and low-velocity regimes. The cosmological implications of this theory were studied for two
different forms of the gravitational action: one with an additive algebraic structure and one
with a multiplicative algebraic structure. The generalized Friedmann equations were derived
for these cases, and the theoretical predictions were compared with observational data from
various sources. It was found that the cosmological models derived from this theory provide
a good description of observations up to a redshift of z = 2, and in some instances, up to a
redshift of z = 3. This demonstrates that the theory can effectively account for the evolution
of the universe up to relatively high redshifts, making it a viable alternative to traditional
models such as �CDM.

The observational constraints derived from the various datasets, including SNIa, BAO, and
CC measurements, indicate that the Myrzakulov F(R,T) gravity models are highly compati-
ble with the �CDM model, particularly at low redshifts, while also allowing for deviations
at higher redshifts. This suggests that Myrzakulov F(R,T) gravity can provide a flexible
framework for explaining the universe’s evolution across a range of cosmological epochs.
Both models presented in the study fit observational data efficiently, and their statistical
equivalence to �CDM according to the AIC, BIC, and DIC criteria further supports their
viability. Additionally, the extension of General Relativity discussed in [35], which incorpo-
rates non-minimal couplings between matter and geometry, enriches the theory by providing
a mechanism for the nonconservation of the energy-momentum tensor and a modified grav-
itational coupling in the Poisson equation. This extension provides a broader cosmological
context, which is consistent with observations up to redshifts of z = 2 and z = 3. The overall
findings from both studies indicate that Myrzakulov gravity, with its flexible and extended
framework, holds promise as a viable alternative to the standard cosmological model, capable
of explaining a range of phenomena from the early universe to the present day.

8 Modified and Generalized Gravity Models

In the quest to better understand the universe’s expansion and the underlying mechanisms of
cosmological evolution, traditional General Relativity (GR) faces challenges, particularly in
explaining the accelerated expansion attributed to dark energy or the nature of dark matter.
While GR has provided a solid framework for cosmological models, modifications and exten-
sions to its formalism are often necessary to account for observed phenomena that cannot be
explained within the confines of standard GR, such as the behavior of the cosmic scale factor
at late times or the dynamics of cosmic inflation.

In [36], the authors derived the full set of field equations for the Metric-Affine version
of the Myrzakulov gravity model, which represents a significant departure from traditional
approaches to gravity. The Myrzakulov gravity model, initially formulated within the frame-
work of Metric-Affine geometry, introduces modifications that accommodate torsion and
non-metricity - geometric features that are not considered in standard Riemannian geometry.
These features arise in the context of non-Riemannian gravitational theories, where torsion
represents the failure of the metric connection to be symmetric, and non-metricity reflects
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the deviation of parallel transport from the standard notion in Riemannian geometry. Such
modifications are important because they provide a more general geometric foundation that
can explain phenomena not captured by traditional GR.

The authors of [36] further extended the Myrzakulov model by broadening the theory to
include additional variables and interactions, leading to a new family of theories characterized
by a gravitational Lagrangian of the form F(R, T , Q, T , D) where T , Q, and D represent
the torsion, non-metricity, and the divergence of the dilation current, respectively. These
new variables allow for a more comprehensive description of the gravitational field and its
interactions with matter and energy. The inclusion of these additional terms is crucial, as they
enable the model to incorporate non-Riemannian geometry, which is increasingly recognized
as necessary for explaining certain cosmological observations, such as the behavior of dark
energy and dark matter in the large-scale structure of the universe.

The study in [36] particularly focused on the linear case of this extended theory, deriving
the modified Friedmann equations under a cosmological setup. This was a significant step in
applying this more general gravity model to cosmology. The modified Friedmann equations
obtained from this theory provide a framework for studying the universe’s expansion under
the influence of torsion and non-metricity. By considering the sector where non-metricity
vanishes and coupling matter to torsion, the authors obtained a complete set of equations that
describe the cosmological behavior of the model. This framework is a crucial advancement,
as it provides a path forward for exploring the dynamics of the universe under a broader class
of gravity theories.

Building on these results, [37] introduced a new quadratic gravity action in vacuum,
incorporating not only the non-Riemannian Einstein-Hilbert contribution but also parity-even
quadratic terms in torsion andnon-metricity. This extension reflects a deeper engagementwith
the complexities of modified gravity, introducing a more intricate description of gravitational
interactions. The inclusion of quadratic terms in the torsion and non-metricity fields allows
for a richer structure of the gravitational dynamics, capturing more detailed aspects of the
universe’s evolution, especially at higher energies or in regimes where these non-Riemannian
features play a significant role.

Furthermore, the Lagrangian formulated in [37] is quadratic in the field-strengths of the
torsion and non-metricity vector traces, providing additional flexibility in modeling the grav-
itational dynamics. When considered on-shell, this new theory was shown to be equivalent
to a Vector-Tensor theory, highlighting the potential for these generalized gravity models to
unify the dynamics of torsion and non-metricity into a single framework. By analyzing var-
ious sub-cases of this theory, the authors were able to explore the contributions of quadratic
terms in the field-strengths of torsion and non-metricity vectors, shedding light on how these
terms can modify the cosmological evolution of the universe.

The results of these studies contribute significantly to the understanding of Metric-Affine
versions of Myrzakulov gravity. The first work in [36] provides a detailed description of the
field equations and cosmological behavior of an extended gravity model, while the second
work in [37] offers a deeper exploration into quadratic gravity actions involving torsion and
non-metricity. Together, these works expand the theoretical landscape of modified gravity
theories, showing how non-Riemannian geometries, including torsion and non-metricity, can
play a fundamental role in understanding the large-scale dynamics of the universe.

The extension of these theories has profound implications for cosmology and fundamental
physics. They offer a more generalized description of the gravitational field, incorporating
previously neglected geometric features that could be crucial in explaining the behavior
of the universe, especially in the context of dark energy and dark matter. Moreover, these
modifications could offer new insights into the unification of gravity with other fundamental
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forces, providing a more comprehensive framework for understanding the laws that govern
the universe. As such, the work done in these studies is not only pivotal for understanding
the evolution of the cosmos but also for exploring the deeper connections between geometry,
matter, and the fundamental forces at play.

9 Dynamical Systems and Stability Analyses

In this section, we derive the set of first-order dynamical equations for the density parameters
�i (z), where i represents different components of the universe, such as darkmatter, radiation,
and dark energy. These components evolve with the redshift z according to the modified field
equations in f (R, T )-gravity. The field equations governing the evolution of the universe in
this theory are derived and analyzed to obtain the corresponding dynamical system for each
energy component.

9.1 Field Equations in f(R, T)-Gravity for FLRW Cosmology

In f (R, T )-gravity, the modified field equations in FLRW cosmology are given by [40]:

3H2 = 1

2

(
f (R, T ) + ∂ f

∂R
R − 1

2

∂ f

∂R
R̈

)
+ ∂ f

∂T
T + ρmatter, (20)

2Ḣ = −1

2

(
f (R, T ) + ∂ f

∂R
R

)
− 1

2

∂ f

∂R
R̈ − ∂ f

∂T
T + pmatter. (21)

where:

• H is the Hubble parameter,
• Ḣ is the time derivative of the Hubble parameter,
• R is the Ricci scalar, T is the torsion scalar,
• f (R, T ) is a function of the Ricci scalar and torsion,
• ∂ f

∂R and ∂ f
∂T are the derivatives of f (R, T ) with respect to R and T , respectively,

• ρmatter and pmatter represent the matter energy density and pressure.

These equations describe the evolution of the universe in the modified f (R, T )-gravity
theory, considering the contributions from matter, torsion, and the modified gravitational
dynamics.

9.2 Dynamical System forÄi(z)

To derive the first-order dynamical equations for each density parameter �i (z), we need to
express the energy densities in terms of the density parameters. For a given component i , the
density parameters �i are defined as:

�i = ρi

3H2 ,

where ρi is the energy density of the component i . The total density parameter �total is
normalized such that:

�total =
∑
i

�i = 1.
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The general equation for the evolution of each �i (z) is given by:

d�i

dz
= −(1 + wi )�i

d ln H

dz
,

where wi = pi
ρi

is the equation of state for the component i .

9.3 Deriving the Hubble Parameter Evolution

The Hubble parameter H(z) evolves with redshift as:

H(z) = H0
(
�matter(1 + z)3 + �radiation(1 + z)4 + �dark energy

)
,

where H0 is the current value of the Hubble parameter.
Next, we differentiate H(z) with respect to redshift z to obtain the derivative d ln H

dz :

d ln H

dz
= − (1 + z)

H(z)

[
�matter3(1 + z)2 + �radiation4(1 + z)3

]
.

For each component, we define a dynamical equation describing the evolution of �i (z) with
respect to redshift z. In the following items, we provide the equations for matter, radiation,
and dark energy.

• For Matter:
The matter density evolves according to the equation:

d�matter

dz
= −(1 + wmatter)�matter

d ln H

dz
,

where wmatter = 0 for matter. The Hubble parameter evolves with redshift as:

H(z) = H0
(
�matter(1 + z)3 + �radiation(1 + z)4 + �dark energy

)
.

Thus, the matter evolution equation becomes:

d�matter

dz
= −�matter

(1 + z)

H(z)

[
3�matter(1 + z)2

]
.

This shows that matter behaves according to a simple scaling relation with redshift,
typical for matter-dominated epochs.

• For Radiation:
Similarly, the radiation density evolves as:

d�radiation

dz
= −(1 + wradiation)�radiation

d ln H

dz
,

where wradiation = 1
3 for radiation. Substituting the expression for H(z), we obtain the

radiation evolution equation:

d�radiation

dz
= −�radiation

(1 + z)

H(z)

[
4�radiation(1 + z)3

]
.

This equation reflects the typical behavior of radiation during the radiation-dominated
era, where its density decreases faster than matter density due to its (1 + z)4 scaling.
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• For Dark Energy:
The dark energy density evolves as:

d�dark energy

dz
= −(1 + wdark energy)�dark energy

d ln H

dz
,

where wdark energy ≈ −1 for dark energy. The evolution equation for dark energy is:

d�dark energy

dz
= −�dark energy

(1 + z)

H(z)

[
�dark energy

]
.

This shows that dark energy evolves more slowly compared to matter and radiation,
reflecting the accelerated expansion driven by dark energy in the present-day universe.

• Effective Equation of State:
The effective equation of state weff is defined as:

weff = −2Ḣ + 3H2

3H2 .

Substituting the expressions for Ḣ and H2,we can expressweff as a function of the density
parameters. This equation encapsulates the transition between different cosmological eras
(matter-dominated, radiation-dominated, and dark energy-dominated) and is crucial for
understanding the large-scale dynamics of the universe.

• Fixed Points of the Dynamical System:
The fixed points of the dynamical system correspond to values of the density parameters
�i where

d�i
dz = 0. These fixed points represent equilibrium states of the universe at

specific redshifts. Solving for these fixed points provides insight into the behavior of the
universe at different epochs.
To find the fixed points, we set:

d�i

dz
= 0 for each component i .

By solving these equations, we can determine the conditions for stable and unstable equi-
libria. The fixed points offer valuable information about the cosmological evolution of the
universe in modified f (R, T )-gravity, including transitions between matter-dominated,
radiation-dominated, and dark energy-dominated regimes.

• Review of Existing Work in the Literature:
Several studies have examined the dynamical system for cosmological components in
different gravity theories, includingmodified f (R, T )-gravity and scalar-tensor theories.
In the context of FLRW cosmology, the dynamical system approach has been used to
analyze the evolution of the matter, radiation, and dark energy components as well as the
effective equation of state. Notable works in this area include:

1. Dynamical system analysis of cosmological models in modified gravity theories,
which provides a detailed treatment of the evolution of the density parameters for
various components in the universe.

2. The role of dark energy in the dynamical evolution of the universe, which studies the
impact of dark energy on the cosmological expansion using the dynamical system
formalism.

3. Fixed points in cosmological models with scalar-tensor theories, which investigates
the fixed points and stability of cosmological solutions in scalar-tensor theories and
their relation to the behavior of �i .
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These studies provide a foundation for the present work, which applies the dynamical
system approach to Myrzakulkov gravity and explores the cosmological implications of
the fixed points in the context of modified f (R, T )-gravity.

In [38], a dynamical system analysis was performed for Myrzakulov F(R, T ) gravity, a
subclass of affinely connected metric theories. These theories involve a specific but non-
special connection, which allows for the simultaneous existence of non-zero curvature and
torsion. This framework is relevant for studying the evolution of the universe under modified
gravitational models, particularly in the context of dark energy and cosmic acceleration. The
authors examined two classes of models within this theory, extracted the critical points, and
analyzed their stability and physical features.

• Model Setup and Equations: The field equations for Myrzakulov F(R, T ) gravity are
given by:

∂ f

∂R

(
eμ
a e

ν
b Rμνη

ab − 1

2
eμ
a e

ν
bgμνη

abR

)
+ eμ

a e
ν
b∇α∇β

(
∂ f

∂R
gαβ

)
ηab

− 1

2
gμν f (R, T ) + 2eμ

a e
ν
b

∂T

∂eaμ

∂ f

∂T
ηab = 0

(22)

where FR = ∂F(R, T )/∂R, FT = ∂F(R, T )/∂T , and � represents the d’Alembert
operator.
For the dynamical system analysis, the Friedmann-Robertson-Walker (FRW) metric for
a flat universe is used:

ds2 = −dt2 + a(t)2
(
dx2 + dy2 + dz2

)
, (23)

where a(t) is the scale factor of the universe. The energy-momentum tensor for matter
and radiation is given by:

Tμν = diag (ρ, p, p, p) , (24)

where ρ is the energy density and p is the pressure of the fluid.
The Hubble parameter H = ȧ/a is related to the energy density and pressure through
the Friedmann equations:

H2 = 8πG

3
ρ + �

3
, (25)

where � represents the cosmological constant.
• Class 1 Models: The �CDM Limit: In the first class of models, which possess the

standard �CDM cosmology as a limiting case, the critical points are derived by solving
the dynamical system equations. The analysis shows that in these models, the universe
undergoes a sequence of matter and dark energy epochs, transitioning into a dark-energy
dominated critical point. This critical point is found to be stable, and the universe asymp-
totically approaches a de Sitter solution, where dark energy behaves like a cosmological
constant.
To analyze the stability of the critical points, we compute the eigenvalues of the Jacobian
matrix of the system. The stability condition requires that the real parts of the eigenvalues
are negative. For the dark-energy dominated critical point, we find that the equation-of-
state (EoS) parameter wDE lies in the quintessence or phantom regime, depending on the
model parameter:

wDE = pDE
ρDE

. (26)
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Specifically, when the model parameter is positive, wDE corresponds to the quintessence
regime, whereas for negative values, it corresponds to the phantom regime.
The dynamics of the equation-of-state parameter is governed by the following equation:

˙wDE = 3H

2
(1 + wDE) (�DE − 1) , (27)

where �DE is the density parameter for dark energy.
• Class 2 Models: A Richer Cosmological Behavior: For the second class of models,

which do not possess �CDM as a limit, the cosmological behavior is richer. In these
models, the universe still reaches a late-time attractor dominated by dark energy, but this
attractor does not correspond to the �CDM scenario. Instead, the dark energy sector
can exhibit more complex behaviors, such as quintessence-like, phantom-like, or even
experience the phantom-divide crossing during its evolution.
The dark-energy equation-of-state parameter in these models can evolve as:

wDE = pDE
ρDE

and wDE(z) = w0 + wa

(
1 − 1

1 + z

)
, (28)

where w0 is the present value of the equation-of-state parameter, wa is the evolution
parameter, and z is the redshift.
The analysis of the stability of these critical points shows that the late-time attractor can
be quintessence-like for wDE > −1, phantom-like for wDE < −1, or it can cross the
phantom divide, which corresponds to the transition from wDE > −1 to wDE < −1.

In conclusion, the dynamical system analysis of Myrzakulov F(R, T ) gravity reveals rich
cosmological behavior in both Class 1 and Class 2 models. Class 1 models are found to
exhibit a sequence of matter and dark energy eras, ultimately approaching a dark-energy
dominated critical point where dark energy behaves like a cosmological constant. In contrast,
Class 2 models exhibit a more complex cosmological evolution, where dark energy can
be quintessence-like, phantom-like, or undergo the phantom-divide crossing. These results
demonstrate the potential of Myrzakulov F(R, T ) gravity to provide a versatile framework
for understanding the universe’s evolution, particularly in the context of dark energy.

10 DarkMatter and Dark Energy in Myrzakulov Gravity

In [39], the authors extend the Anholonomic Frame and Connection Deformation Method
(AFCDM) to construct exact and parametric solutions in General Relativity (GR) and Mod-
ified Gravity Theories (MGTs), with particular focus on models involving nontrivial torsion
and nonmetricity fields. The AFCDM, originally developed for GR, is adapted to geometric
flow models by applying abstract geometric or variational methods. This extension enables
the derivation of complex systems of nonmetric gravitational and matter field equations,
which are characterized by sophisticated coupled nonlinear partial differential equations
(PDEs). These systems require the use of nonholonomic frames with dyadic spacetime split-
ting to simplify and integrate them in general forms for off-diagonal metric structures and
generalized affine connections.

• Mathematical Formulation and PDEs: The systems of gravitational field equations in
this extended method can be written in the form (22), where Rμν is the Ricci tensor,
gμν is the metric tensor, and Tμν represents the matter energy-momentum tensor. For
modified gravity theories with nontrivial torsion and nonmetricity, the corresponding

123



95 Page 26 of 49 International Journal of Theoretical Physics (2025) 64 :95

equations include additional terms for the torsion Tμνρ and the nonmetricity field Qμν .
The effective gravitational field equations can be written as:

Rμν = Tμν + Sμν + Nμν, (29)

where Rμν is the modified Ricci tensor, Tμν is the matter tensor, and Nμν represents
the contributions from nonmetricity and torsion fields. The full system of equations also
includes the equation for the matter fields:

∇μTμν = 0. (30)

These equations involve intricate couplings between the gravitational fields, the torsion
and nonmetricity tensors, and matter fields, which are highly nonlinear in nature.

• Nonholonomic Frames andDyadic Spacetime Splitting:The solution of such a system
is facilitated by the introduction of nonholonomic frames, which split the spacetime into
dyadic components. This allows for the introduction of generalized affine connections,
which enable the decoupling and integration of the PDEs. The nonholonomic decompo-
sition provides a clearer separation between the spatial and temporal components of the
fields. For example, the connection in such a frame can be written as:

�λ
μν = �̂λ

μν + δ�λ
μν, (31)

where �̂λ
μν represents theLevi-Civita connection, and δ�λ

μν represents the deviationdue to
torsion and nonmetricity fields. The AFCDM allows these deviations to be treated as per-
turbations, which are systematically integrated for specific forms of the non-Riemannian
structures.

• Exact Solutions and Parametric Families: By applying the AFCDM, the authors
demonstrate how to generate new classes of exact and parametric solutions for the field
equations. These solutions often represent quasi-stationary configurations, where the
fields are independent of time-like coordinates. Some of these solutions can be repre-
sented by solitonic distributions or ellipsoidal deformations of wormhole configurations.
The exact or parametric solutions in this framework do not possess standard event hori-
zons, duality, or holographic structures as found in the Bekenstein-Hawking paradigm.
However, they can still be interpreted within the framework of nonmetric geometric
flows, which provide a thermodynamic description based on Grigori Perelman’s work on
geometric flows.

• Physical Implications:The solutions constructed in this frameworkhave important phys-
ical implications. For example, the solitonic deformation of non-Riemannian geometric
objects can lead to the formation of traversable wormholes. These wormhole solutions
are characterized by non-trivial gravitational off-diagonal vacuum configurations. Such
solutions are crucial for understanding dark energy and dark matter models, where the
geometric structures described by torsion and nonmetricity fields play an important role.
The non-Riemannian nature of the solutions also allows for dissipation effects, which
are important for modeling the evolution of the universe and the formation of large-scale
cosmic structures.

• Thermodynamic Models:While it is not possible to describe the thermodynamic prop-
erties of the solutions within the Bekenstein-Hawking paradigm due to the absence of
event horizons, duality, or holographic configurations, the study introduces alternative
thermodynamic models based on Grigori Perelman’s geometric flows. These models
are designed to describe the dissipation and evolution of the non-Riemannian geometric
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objects, providing a thermodynamic interpretation of the solutions in a modified gravity
context.

The extension of theAFCDMmethod to geometric flowmodels andmodified gravity theories
with nontrivial torsion and nonmetricity provides a powerful tool for constructing exact
and parametric solutions. These solutions offer new insights into the structure of spacetime
in the presence of non-Riemannian geometric objects, such as wormholes and solitonic
configurations. Themodels developed in this framework are particularly relevant for studying
dark energy and darkmatter, as they provide a novel way to understand the formation of large-
scale structures in the universe. Although traditional thermodynamic descriptions based on
event horizons are not applicable, the associated Grigori Perelman thermodynamic models
offer a fresh perspective on the evolution of nonmetric geometric flows. The study opens
up new avenues for exploring modified gravity theories and their physical implications,
particularly in the context of dark energy and dark matter.

11 Special Topics and Extensions

The paper [40] explores the field equations in vielbein formalism for F(R, T )-gravity, con-
sidering both curvature and torsion effects. The field equations are derived after performing
the variations and incorporating contributions from both the Ricci scalar R and torsion scalar
T .

• Final FieldEquations:The derived field equations describe the dynamics of gravitywith
torsion in the vielbein formalism. The complete set of equations is given by (22). The
terms in the equations represent different interactions between the Ricci scalar, torsion
scalar, and vielbein components.

• Key Terms:

– First Term: The standard Einstein-like term modified by the function F(R, T ),
which couples the Ricci tensor Rμν with the vielbein components.

– Second Term: The covariant derivatives ∇α∇β

(
∂ f
∂R g

αβ
)
, accounting for the inter-

action of the Ricci scalar with the gravitational field.
– Third Term: The direct coupling of F(R, T ) to the gravitational action, modifying

the usual Einstein-Hilbert action.
– Fourth Term: The torsion contribution, 2eα

μe
β
ν

∂T
∂eaα

ηab
∂ f
∂T , that captures the effect of

torsion scalar T on gravity dynamics.

• Cosmological Implications: The field equations are applied to FLRW cosmology to
investigate the evolution of the universe under the influence of torsion.

– First Term in FLRW: The first term modifies the standard FLRW dynamics with
a function of F(R, T ), including the Hubble parameter H , and the Ricci tensor
components for FLRW spacetime.

– Second Term in FLRW: The covariant derivative contributes to the dynamics of the
FLRW universe, introducing additional terms from torsion and the Ricci scalar.

– ThirdTerm inFLRW:The direct coupling of F(R, T )modifies the Einstein-Hilbert
action, influencing the evolution of the universe.

– Fourth Term in FLRW: The torsion term influences the evolution of the universe
in the FLRW model by incorporating the torsion scalar T .
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• Final Equations for FLRW Cosmology: The field equations in the FLRW model are:

3H2 = 1

2

(
f (R, T ) + ∂ f

∂R
R − 1

2

∂ f

∂R
R̈

)
+ ∂ f

∂T
T + ρmatter, (32)

2Ḣ = −1

2

(
f (R, T ) + ∂ f

∂R
R

)
− 1

2

∂ f

∂R
R̈ − ∂ f

∂T
T + pmatter. (33)

These equations describe the evolution of the universe in F(R, T )-gravity, incorporating
the torsion effects.

• Effective Equation of State: The effective equation of state weff is given by:

weff = −3 f (R, T ) + 3 ∂ f
∂R R − 3

2
∂ f
∂R R̈ − 2 ∂ f

∂T T + 2pmatter + 3ρmatter

f (R, T ) + ∂ f
∂R R − 1

2
∂ f
∂R R̈ + ∂ f

∂T T + ρmatter

This expression provides the equation of state parameter in the presence of torsion and
curvature effects, modifying the standard cosmological model.

12 Cosmological Evolution in Myrzakulov Gravity via numerical
techniques

In this section, we provide figures, illustrating the evolution of key cosmological quantities
in Myrzakulov gravity.

Fig. 1 The evolution of the Hubble parameter H(z) in Myrzakulov gravity compared to �CDM. Deviations
appear at high redshifts due to modifications in the field equations
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12.1 Evolution of the Hubble Parameter H(z)

The abovefigure compares the evolution of theHubble parameter H(z) inMyrzakulov gravity
with the standard �CDM scenario. While both models predict a similar late-time expansion
history, Myrzakulov gravity introduces modifications at high redshift, potentially affecting
early universe dynamics and structure formation. The deviations at higher z can influence
cosmic chronometers and baryon acoustic oscillations, providing a way to observationally
distinguish between the models (Fig. 1).

12.2 Evolution of the Effective Equation of Stateweff(z)

This figure depicts the evolution of the effective equation of state weff(z). In �CDM, weff

remains at −1, indicating a constant dark energy density. However, in Myrzakulov grav-
ity, weff evolves dynamically, deviating from −1 at earlier times. This feature suggests
that Myrzakulov gravity could potentially alleviate fine-tuning issues associated with the
cosmological constant by naturally explaining the late-time acceleration through geometric
modifications rather than an explicit vacuum energy term (Fig. 2).

12.3 Evolution of the Density ParametersÄi(z)

The third figure (Fig. 3) illustrates the evolution of the density parameters�m(z) and��(z).
While�CDMassumes a fixed transitionwhere dark energy begins to dominate overmatter at
late times,Myrzakulov gravity introduces amodified transition due to its geometric structure.
This could have implications for the growth of large-scale structures, influencing galaxy
clustering and weak lensing measurements. The model maintains a radiation-dominated era

Fig. 2 The evolution of the effective equation of state weff(z). Unlike �CDM, Myrzakulov gravity allows a
dynamic evolution of weff, deviating from −1 at higher redshifts
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Fig. 3 The evolution of the density parameters �m (z) and ��(z). The transition between matter and dark
energy dominance occurs differently in Myrzakulov gravity, leading to distinct growth patterns in structure
formation

at early times, ensuring consistency with Big Bang Nucleosynthesis, while deviating from
�CDM at intermediate redshifts.

The study of F(R, T )-gravity in vielbein formalism presented in this paper is crucial for
understanding the dynamics of spacetime in the presence of both curvature and torsion. By
deriving the field equations and applying them to FLRW cosmology, we have shown how
torsion can influence the evolution of the universe, potentially offering new insights into
cosmological phenomena such as dark energy and inflation.

The introduction of torsion into the gravitational field equations is significant because it
allows for a broader and more flexible approach to modifying general relativity. The detailed
analysis of the various terms in the field equations, including the contributions from both
the Ricci scalar and the torsion scalar, provides a comprehensive framework for studying
modified gravity theories in spacetimes with torsion.

Furthermore, the effective equation of state derived in this study offers a useful tool
for examining the impact of torsion on the equation of state in cosmological models. By
providing a more general framework, this work opens the door for exploring a wider range of
cosmological models that incorporate the effects of torsion and non-Riemannian geometries.

Overall, this paper contributes significantly to the field of modified gravity, especially in
the context of cosmology, and provides a solid foundation for future research on the role of
torsion in gravitational dynamics.

13 Noether Symmetry in Myrzakulov Gravity

The study ofmodified gravity theories, including those that incorporate torsion and curvature,
has gained significant attention due to their potential to address various cosmological and
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gravitational phenomena. In particular, the curvature-teleparallel F(R, T ) gravity, where the
Lagrangian density is an arbitrary function of the Ricci scalar R and torsion scalar T , provides
a broad framework for exploring suchmodifications.Onepowerful approach to studying these
theories is the Noether symmetry approach, which relates the symmetries of the action to
conserved quantities and allows for the identification of possible solutions. In this context,
Capozziello, De Laurentis, and Myrzakulov [51] have shown that the functional form of the
F(R, T ) function can be determined by the presence of symmetries. They further demonstrate
how Noether symmetries lead to exact solutions for cosmological models, providing insight
into the reduced dynamics of the cosmological system under consideration. Their work
highlights the crucial role of symmetries in determining the underlying structure of modified
gravity theories and their connection to observable cosmological phenomena.

In this section, we will explore the Noether symmetries of this theory and derive the corre-
sponding field equations for the flat FLRW metric. Noether’s theorem connects symmetries
of the action to conserved quantities. For a general Lagrangian L(gμν, ∂αgμν), the action
is given by action (1). In the case of Myrzakulov gravity, the Lagrangian L is given by the
function f (R, T ), and the equations of motion can be derived by varying the action with
respect to the metric gμν and the torsion Tμνα .

TheNoether symmetries correspond to transformations underwhich the action is invariant.
For these symmetries, the following condition holds:

LX L = 0

where LX is the Lie derivative along a vector field Xμ, representing the symmetry under
the transformation.

13.1 Noether Symmetry Equations

For a spacetime that admits symmetries, such as time translations or scaling symmetries,
the corresponding conserved quantities can be derived from the invariance of the action.
In the case of Myrzakulov gravity, we will search for symmetries that lead to conserved
quantities, such as energy or momentum, by considering how the action behaves under
various transformations.

13.2 Euler-Lagrange Equations

The equations of motion for the system can be derived by varying the action with respect to
the metric gμν and torsion Tμνα:

1√−g

δS

δgμν

= 0 and
1√−g

δS

δTμνα

= 0

These variations yield the field equations governing the dynamics of the spacetime.

13.3 The Flat FLRWMetric

In the context of cosmology, we are interested in studying the behavior ofMyrzakulov gravity
in a cosmologically relevant setting. A common choice for a cosmologically homogeneous
and isotropic spacetime is the flat FLRW metric, given by:

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2)
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where a(t) is the scale factor, and the spacetime is spatially flat.

13.4 Ricci Scalar for the FLRWMetric

For the flat FLRW metric, the Ricci scalar R can be calculated as:

R = −6

(
ä

a
+ ȧ2

a2

)

where ȧ and ä represent the first and second time derivatives of the scale factor a(t).

13.5 Torsion Scalar for the FLRWMetric

The torsion scalar T can be computed from the torsion components of the affine connection.
In the standard case of Myrzakulov gravity, torsion is treated as a geometrical feature, and T
involves terms related to the connection and its torsion components. However, for simplicity,
we might assume that the torsion does not contribute significantly to the dynamics, or we
can parametrize it in some way based on the specific formulation of torsion.

For now, let’s assume that T is a simple function that can be treated in the context of the
field equations.

13.6 Field Equations in Myrzakulov Gravity

The field equations can be obtained by varying the action with respect to the metric gμν . The
variation gives:

1√−g

δS

δgμν

= 1√−g

δ

δgμν

∫ √−g f (R, T ) d4x

Using the above expression for R and assuming a simple form for T , we obtain the field
equations governing the evolution of the scale factor a(t). The exact form of the equations
depends on the specific choice of f (R, T ).

13.7 Noether Symmetries in the FLRWMetric

We now explore the Noether symmetries specifically for the flat FLRW metric. In such a
metric, we expect symmetries corresponding to time translations, spatial translations, and
scaling symmetries.

For the FLRW metric, the relevant Lie derivatives are computed along the vector fields
Xμ. These symmetries lead to conserved quantities, which can be identified by solving the
Noether symmetry equations.

13.8 Scaling Symmetry

One possible Noether symmetry in the FLRW metric is the scaling symmetry, where the
scale factor a(t) evolves in a power-law manner:

a(t) ∝ tn

where n is a constant determined by solving the field equations.
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13.9 Time Translation Symmetry

Another common symmetry is time translation invariance. For a time-independent Lagrangian,
we expect that the total energy is conserved, leading to a conservation law for the stress-energy
tensor.

13.10 Possible Solutions

By solving the field equationswith the appropriate symmetries, we can find possible solutions
for the scale factor a(t). For instance, in the case of a scaling symmetry, one might find
solutions of the form:

a(t) ∝ tn

where n is determined from the form of the function f (R, T ) and the field equations.
In this section, we have derived the Noether symmetries for Myrzakulov gravity, where

the gravitational action depends on both the Ricci scalar R and the torsion scalar T . We have
discussed how these symmetries relate to conserved quantities and explored their implications
for the field equations governing the evolution of a flat FLRW universe. By solving the field
equations under specific symmetries, we can find possible solutions for the scale factor a(t).
Further investigation into the explicit form of the function f (R, T ) is necessary to explore
the full range of solutions and physical implications.

14 Wormhole Solutions in F(R, T)Myrzakulov Gravity

Wormholes are hypothetical structures in spacetime that connect distant regions of the uni-
verse, providing a shortcut between them. In general relativity (GR), wormholes are solutions
to Einstein’s field equations that describe non-trivial topologies of spacetime, often referred
to as "Einstein-Rosen bridges." These solutions have intrigued both physicists and cosmol-
ogists, particularly due to their potential connection with exotic matter and their relevance
in theories beyond standard GR [41]. While wormholes in GR require exotic matter (with
negative energy density) to stabilize them, modifications of general relativity, such as those
involving scalar fields or higher-order curvatures, offer potential for different kinds of solu-
tions. This has led to an exploration of wormhole solutions in modified gravity theories,
including those with torsion and curvature, such as F(R, T ) gravity.

In the context of GR, the simplest form of a static, spherically symmetric wormhole
solution is the Morris-Thorne wormhole [41], which is described by the metric:

ds2 = −dt2 +
(
1 − b(r)

r

)−1

dr2 + r2(dθ2 + sin2 θ dφ2),

where b(r) is the shape function, which describes the geometry of the wormhole. For a
wormhole to be traversable, it must satisfy the flare-out condition at the throat, b(r0) = r0
and b′(r0) < 1, where r0 is the radius of the throat.

However, in GR, the existence of traversable wormholes requires exotic matter with
negative energy density, which violates the energy conditions, particularly the null energy
condition (NEC) and theweak energy condition (WEC). This has led to the search for possible
wormhole solutions in alternative theories of gravity, including modified gravity.
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Wormholes in Modified Gravity

Modified gravity theories, which include higher-order curvature terms, scalar fields, and
torsion, can provide new avenues for the existence of wormholes without the need for exotic
matter. Specifically, theories like f (R)-gravity, where the Lagrangian density is a function of
the Ricci scalar R, have been studied for their ability to support wormhole solutions. In these
theories, the field equations are modified, and the energy-momentum tensor can be altered,
potentially allowing for wormholes that do not require exotic matter.

In the context of F(R, T ) gravity, where the Lagrangian density is a function of both
the Ricci scalar R and the torsion scalar T , new solutions may emerge. The torsion scalar
T accounts for the contribution of torsion in spacetime, which can modify the gravitational
dynamics in such a way that exotic matter is not strictly necessary for the existence of
wormholes.

Wormhole Solutions in F(R, T)Myrzakulov Gravity

In the context of Myrzakulov gravity, the action is modified to include both the Ricci scalar
and the torsion scalar T . The variation of this action with respect to the metric gμν and torsion
Tμνα leads to field equations that govern the dynamics of the spacetime. The torsion scalar
T introduces new terms in the field equations, which can influence the geometry and provide
novel solutions, such as wormholes, without the need for exotic matter.

The presence of the torsion term in the F(R, T ) function can modify the usual conditions
for a wormhole solution. In particular, the energy-momentum tensor in this theory is modified
by contributions from torsion, which can potentially eliminate the need for exotic matter. For
example, in some cases, the modification of the gravitational field equations may lead to
a wormhole geometry that satisfies the necessary flare-out conditions without violating the
energy conditions.

While explicit wormhole solutions in F(R, T ) Myrzakulov gravity have not been fully
explored in the literature, it is plausible to obtain such solutions under specific assumptions
about the form of F(R, T ). A natural candidate for such a function could be:

f (R, T ) = R + αT ,

where α is a constant. This simple choice may lead to field equations that support wormhole
geometries, and further investigation is required to obtain explicit solutions.

Prospective Directions and Challenges

To explore wormhole solutions in F(R, T ) gravity, we can proceed by assuming a static,
spherically symmetric spacetime for simplicity. The metric for a wormhole in this case
would take the general form:

ds2 = −e2�(r)dt2 +
(
1 − b(r)

r

)−1

dr2 + r2(dθ2 + sin2 θ dφ2),

where �(r) is the redshift function and b(r) is the shape function. The field equations
derived from the F(R, T ) Lagrangian can then be solved for these functions.

A key challenge in this approach is the complexity of the field equations, especially when
torsion is included. The explicit form of the function F(R, T ) must be carefully chosen
to ensure that the field equations yield solutions that satisfy the necessary conditions for a
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traversablewormhole.Additionally, the contributions from torsionmust be carefully analyzed
to understand their impact on the energy-momentum tensor and the overall stability of the
wormhole solution.

Wormholes in modified gravity theories, including those with torsion, present an exciting
avenue for exploring non-trivial spacetime geometries. In F(R, T ) Myrzakulov gravity, the
inclusion of the torsion scalar T offers the possibility of new solutions that could allow for
wormholes without the need for exotic matter. Although explicit wormhole solutions in this
framework have yet to be fully explored, the potential for such solutions exists, and further
investigation into the form of the function F(R, T ) and the corresponding field equations is
necessary. The study of wormholes in F(R, T ) gravity could provide valuable insights into
the role of torsion in gravitational theory and its implications for cosmology and astrophysics.

15 Black Hole Solutions and Kerr Metric in F(R, T)Myrzakulov Gravity

Black holes are among the most studied objects in modern theoretical physics. They serve as
key testing grounds for theories of gravity, providing crucial insights into spacetime structure,
general relativity, and astrophysical phenomena. Among various black hole solutions, the
Kerr metric is one of the most important, as it describes a rotating, axisymmetric black hole,
a crucial model for astrophysical objects such as stellar-mass and supermassive black holes
[42]. The Kerr metric in general relativity is described by the solution to Einstein’s field
equations for a rotating black hole, and its generalization in modified gravity theories can
reveal novel features that might differ from those predicted by general relativity alone.

In the context of modified gravity, particularly F(R, T ) gravity, the presence of higher-
order curvature terms and the torsion scalar can lead to deviations from the Kerr solution in
general relativity. This motivates the investigation of possible black hole solutions within the
F(R, T ) framework, where the Lagrangian is a function of both the Ricci scalar R and the
torsion scalar T .

Why the Kerr Metric is Important

The Kerr metric is important because it describes the spacetime geometry around rotating
black holes, taking into account both mass and angular momentum. The solution, discovered
by Roy P. Kerr in 1963 [42], is a key generalization of the Schwarzschild solution to include
rotation. The Kerr black hole is a cornerstone of classical general relativity and provides
the best description for many astrophysical observations, such as the orbits of stars around
supermassive black holes, the behavior of accretion disks, and the dynamics of jets emanating
from active galactic nuclei.

Understanding the Kerr solution in the context of modified gravity is important because
modifications to the Einstein-Hilbert action can result in new black hole solutions. These
deviations could be important for explaining observations that challenge the standard pre-
dictions of GR, such as the nature of singularities, the information paradox, or the behavior
of black holes at the quantum scale.

Deriving Possible Equations for Kerr in Myrzakulov Gravity

To find black hole solutions, we start by considering a static, spherically symmetric spacetime
and then extend it to the rotating case. The general form of the metric for a rotating black
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hole, the Kerr metric, is given by:

ds2 = −
(
1 − 2Mr

ρ2

)
dt2 − 4Mar sin2 θ

ρ2 dtdφ + ρ2

�
dr2 + ρ2dθ2

+
(
r2 + a2 + 2Ma2r sin2 θ

ρ2

)
sin2 θdφ2,

where: ρ2 = r2 + a2 cos2 θ , � = r2 − 2Mr + a2, M is the mass of the black hole, a is the
rotation parameter (angular momentum), r and θ are the standard spherical coordinates, and
φ is the azimuthal angle.

We now investigate how this metric is modified in the context of F(R, T ) gravity. The
key steps involve deriving the field equations for F(R, T ) gravity and applying them to a
rotating spacetime.

Field Equations in F(R, T) Gravity

The field equations in F(R, T ) gravity are obtained by varying the action with respect to the
metric gμν . The variation yields:

Gμν = 1

fR

(
Tμν − 1

2
gμνF(R, T )

)
+ fT

fR
Tμν + · · · ,

where fR = ∂ f
∂R and fT = ∂ f

∂T are the partial derivatives of the function F(R, T ) with
respect to R and T , respectively.

These equations represent amodification of the Einstein field equations in GR. The torsion
scalar T introduces additional terms that may alter the geometry of the black hole. To proceed
with finding the Kerr black hole solution in this framework, we need to substitute the Kerr
metric into the modified field equations and solve for the unknown parameters.

Rotating Black Hole Solution in F(R, T) Gravity

To find the rotating black hole solution in F(R, T ) gravity, we assume that the spacetime is
asymptotically flat, spherically symmetric (except for rotation), and stationary. The ansatz
for the metric is:

ds2 = −e2�(r)dt2 +
(
1 − 2Mr

r2 + a2

)−1

dr2 + r2(dθ2 + sin2 θ dφ2) + 2a sin2 θ dtdφ,

where e2�(r) is the redshift function. Substituting this metric ansatz into the field equations
of F(R, T ) gravity will result in a set of modified equations. These equations are expected to
have solutions that generalize the Kerr black hole metric. Specifically, the function F(R, T )

could introduce corrections to the rotation parameter a or other components of the metric.

Implications and Importance of Kerr Solutions in F(R, T) Gravity

The Kerr solution in modified gravity theories, including F(R, T ) gravity, could provide
insights into several important aspects:

• **Rotation and Torsion**: The presence of the torsion scalar T in F(R, T ) gravity
could lead to modifications in the rotation of black holes. This could alter the shape and
properties of the ergosphere, the event horizon, and the causal structure of the black hole.
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• **Astrophysical observations**: Modifications to the Kerr metric may impact the
observed dynamics around black holes, such as the orbits of stars, the behavior of accre-
tion disks, and gravitational wave signals from binary black hole mergers.

• **Quantum Gravity**: The study of rotating black holes in modified gravity could pro-
vide insights into the quantum structure of black holes and the resolution of singularities,
particularly in the context of quantum gravity theories.

• **Testing Gravity**: Deviations from the Kerr solution in modified gravity could be
used to test the validity of F(R, T ) theories through observational data, such as from
gravitational wave detectors or the Event Horizon Telescope.

In this section,wehave explored the possible black hole solutions in the context of F(R, T )

Myrzakulov gravity, with a focus on the Kerr metric. The Kerr metric is a cornerstone of
black hole physics, and its generalization inmodified gravity theories could provide important
insights into the structure and behavior of rotating black holes. Although the explicit form of
the rotating black hole solution in F(R, T ) gravity remains to be fully derived, the framework
offers promising directions for investigating deviations from the standard Kerr solution.
These deviations could have significant implications for astrophysical observations, quantum
gravity, and the testing of modified theories of gravity.

16 Perturbations in Myrzakulov Gravity

Perturbations play a crucial role in understanding the stability and observational signatures
of gravitational theories. In Myrzakulov gravity, perturbations can be studied both in a cos-
mological context and in the propagation of gravitational waves.

16.1 Cosmological Perturbations

In a cosmological setting, perturbations help analyze the growth of structures, deviations
from the standard �CDM predictions, and potential signatures in the cosmic microwave
background (CMB). We consider small perturbations around a homogeneous and isotropic
Friedmann-Lemaître-Robertson-Walker (FLRW) metric:

ds2 = −dt2 + a2(t)δi j dx
i dx j ,

where a(t) is the scale factor. Perturbing this metric, we write:

gμν = ḡμν + hμν,

where hμν represents small fluctuations. In Myrzakulov gravity, these perturbations modify
the evolution equations for density fluctuations and gravitational potentials, leading to cor-
rections in the growth rate of cosmic structures. The scalar, vector, and tensor decomposition
of perturbations follows the standard approach, with potential deviations appearing in the
evolution equations for the gauge-invariant potentials � and �.

16.2 GravitationalWave Perturbations

To analyze gravitational waves (GWs) in Myrzakulov gravity, we introduce tensor perturba-
tions to a given background metric. Let the unperturbed metric be a Minkowski or FLRW

123



95 Page 38 of 49 International Journal of Theoretical Physics (2025) 64 :95

background:
ds2 = −dt2 + a2(t)δi j dx

i dx j .

We introduce a transverse-traceless perturbation hi j , which satisfies:

gi j = ḡi j + hi j , ∂ i hi j = 0, hii = 0.

The modified field equations in Myrzakulov gravity lead to an altered wave equation for
hi j :

�hi j + f (hi j ) = 0,

where f (hi j ) represents additional terms arising due to torsion and non-metricity effects.
These terms may lead to modifications in the speed of gravitational waves, potential damping
effects, and deviations from standard General Relativity (GR) predictions.

16.3 Implications for Observations

Perturbations in Myrzakulov gravity can lead to distinct observational signatures:

• Cosmological perturbations affect structure formation and CMB anisotropies, providing
tests via large-scale surveys and lensing measurements.

• Modified gravitational wave propagation can lead to deviations in GW speed and polar-
ization modes, testable with LIGO/Virgo/KAGRA and future detectors.

• The presence of extra terms in perturbation equations may lead to novel damping effects,
offering constraints from multimessenger astrophysics.

These perturbative analyses provide a pathway for testing Myrzakulov gravity against
observational data and distinguishing it from other modified gravity models.

The study of perturbations is crucial in distinguishing different modified gravity theories
and understanding their cosmological and astrophysical implications. In the context of f (T )

gravity, perturbation analyses have been extensively studied to examine the evolution of cos-
mological perturbations and their impact on structure formation. Dent et al. [64] explored
how f (T ) gravity can mimic dynamical dark energy, providing a background and perturba-
tion analysis that elucidates the modifications introduced by the torsion-based framework.
Furthermore, Chen et al. [63] conducted a detailed study of cosmological perturbations in
f (T ) gravity, deriving the evolution equations for linear perturbations and investigating their
observational consequences. These studies provide valuable insights that can be extended to
Myrzakulov gravity, where both non-metricity and torsion play a fundamental role in shaping
the perturbative behavior of the theory.

17 Ghosts in Myrzakulov Gravity Models

One of the crucial aspects in any modified gravity theory is the presence or absence of ghost
instabilities. Ghosts arise when a theory exhibits higher-derivative terms leading to kinetic
terms with the wrong sign in the action, which results in negative-energy states. These states
can lead to unphysical instabilities and violations of unitarity, making the theory problematic
from a quantum field theory perspective.

In Myrzakulov gravity models, the inclusion of torsion and non-metricity modifies the
structure of the field equations, which can affect the presence of ghost modes. To analyze
ghost instabilities, one typically examines the second-order perturbations of the action around
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a well-defined background, such as Minkowski or FLRW spacetime. The kinetic term of the
perturbations should have the correct sign to ensure the absence of ghosts.

Some formulations of Myrzakulov gravity are free from ghost instabilities under specific
conditions on the functional form of the Lagrangian. For instance, in cases where the grav-
itational action contains linear or quadratic torsion and non-metricity terms, the theory can
remain ghost-free provided the coupling coefficients satisfy certain constraints. However,
extensions involving higher-order derivatives, such as f (T , Q, R)-type modifications, may
introduce higher-order kinetic terms that could lead to ghost-like degrees of freedom.

Comparisonswith othermodifiedgravity theories, such as f (T ) and f (Q)gravity, indicate
that Myrzakulov gravity can be constructed in a way that avoids ghosts if the Lagrangian is
properly constrained. Ensuring that the effective gravitational action remains second-order
in field equations, akin to Lovelock-type constructions, is a useful guideline for avoiding
ghosts.

Further investigations through Hamiltonian analysis or Ostrogradsky stability criteria
could provide deeper insights into the conditions under which Myrzakulov gravity remains
a viable, ghost-free alternative to General Relativity.

18 Summary of Key Contributions in Myrzakulov Gravity Theories

Several important studies have contributed to the exploration and development of modified
gravity theories, particularly in the context of F(R, T ) Myrzakulov gravity, its cosmological
implications, and the role of dark energy. Below, we summarize the main findings of these
contributions, highlighting key insights into the evolution of the universe, the behavior of
dark energy, and the applications of modified gravity models.

• Polynomial Affine Models of Gravity (Castillo-Felisola et al., 2024) [43]: This work
focuses on a polynomial affine model of gravity and provides a comprehensive review
of its development over the past decade. The authors discuss the potential of polynomial
affine models in addressing cosmological challenges, such as the accelerated expansion
of the universe. Their analysis underscores the relevance of these models in modern
gravitational theories and their ability to offer insights into unresolved cosmological
puzzles. The paper also highlights the observational and theoretical implications of these
models, making it a critical reference for understanding the intersection of gravity theory
and cosmology.

• Hubble Parameter in f (R, Tφ) Gravity (Shukla et al., 2024) [44]: Shukla, Sofuoğlu,
and Mishra propose a novel approach to the Hubble parameter within the framework of
f (R, Tφ) gravity. Their work introduces a new expression for the Hubble parameter,
which significantly impacts our understanding of cosmic expansion. By analyzing the
role of the Hubble parameter in this modified gravity theory, the authors provide new
insights into the accelerated expansion of the universe, helping to refine models of dark
energy and the evolution of cosmic structures.

• Relevance of f (R, Matter) Theories to Cosmology (Lacombe et al., 2023) [45]:
Lacombe, Mukohyama, and Seitz critically assess whether f (R, Matter) theories are
truly relevant to cosmology. They analyze various cosmological models and observa-
tional constraints to determine the viability of f (R, Matter) gravity theories. Their
study emphasizes the need to better understand the connection between modified gravity
theories and cosmological observations, particularly in relation to dark energy and the
late-time acceleration of the universe.
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• Cosmology in F(R, T )Gravity withQuadratic Deceleration Parameter (Bishi et al.,
2021) [46]: Bishi, Beesham, and Mahanta investigate cosmological models in F(R, T )

gravity with a quadratic deceleration parameter. This study explores how the quadratic
form of the deceleration parameter can explain the accelerated expansion of the uni-
verse, focusing on its cosmological implications. Their work also examines the impact
of modified gravity on the evolution of the universe and the role of dark energy in this
framework.

• Inflation from Symmetry in Generalized Cosmological Models (Yerzhanov et al.,
2021) [47]: Yerzhanov, Bauyrzhan, Altaibayeva, and Myrzakulov study inflationary
dynamics in generalized cosmological models, emphasizing the role of symmetries in
modified gravity theories. They investigate how symmetries can influence the inflation-
ary phase of the universe and offer new insights into the early universe’s dynamics. This
work contributes to understanding the potential of modified gravity models to explain
the origin of cosmic inflation and its relation to the structure of the universe.

• Transit Dark Energy String Cosmological Models in F(R, T ) Gravity (Zia et al.,
2018) [48]: Zia, Maurya, and Pradhan explore the behavior of dark energy in transit
string cosmological models within F(R, T ) gravity. Their study focuses on the role of
perfect fluids in cosmological models and examines how modified gravity can offer a
comprehensive framework for explaining the cosmic acceleration. The authors inves-
tigate the connection between dark energy and the perfect fluid components in these
models, contributing to the broader understanding of dark energy’s role in the universe’s
expansion.

• Kaluza-Klein Bulk Viscous Fluid Cosmological Models in F(R, T ) Gravity (Samanta
et al., 2016) [49]: Samanta, Myrzakulov, and Shah investigate Kaluza-Klein bulk vis-
cous fluid models within F(R, T ) gravity, focusing on the validity of the second law
of thermodynamics. They show that modified gravity models can be consistent with
thermodynamic principles, offering a viable framework for understanding the early uni-
verse. Their study emphasizes the importance of considering thermodynamic laws when
analyzing cosmological models in modified gravity theories.

• Energy Conditions in F(R, T ) Gravity (Shaikh and Katore, 2016) [50]: Shaikh and
Katore focus on energy conditions within the F(R, T ) theory of gravity, specifically
in the context of a hypersurface-homogeneous universe filled with perfect fluid. Their
work investigates the implications of energy conditions on the stability and viability
of cosmological models in modified gravity. They highlight how these conditions are
affected by the gravitational theory and provide new insights into the behavior of the
universe at large scales.

• Noether Symmetry Approach for Teleparallel-Curvature Cosmology (Capozziello
et al., 2015) [51]: Capozziello, De Laurentis, and Myrzakulov utilize the Noether sym-
metry approach to study teleparallel-curvature cosmology. This method is applied to
derive cosmological solutions within modified gravity frameworks and has significant
implications for understanding the dynamics of the universe. Their study explores how
the Noether symmetry approach can offer new solutions to cosmological problems, par-
ticularly in the context of modified gravity theories.

• Interacting F(R, T ) Gravity with Modified Chaplygin Gas (Amani and Dehneshin,
2015) [52]: Amani and Dehneshin explore interacting F(R, T ) gravity with modified
Chaplygin gas to explain the cosmic acceleration. Their analysis reveals how Chaplygin
gas can be incorporated into modified gravity models, offering new perspectives on the
nature of dark energy and its interaction with matter. This study enhances our under-
standing of how dark energy models can be integrated into alternative gravity theories.
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• Logarithmic Entropy-Corrected Holographic Dark Energy (Amani and Samiee-
Nouri, 2015) [53]: Amani and Samiee-Nouri analyze logarithmic entropy-corrected
holographic dark energy within F(R, T ) gravity. Their work introduces corrections to
holographic dark energy models, addressing some limitations in existing approaches and
offering a more accurate description of dark energy. They discuss how these corrections
impact cosmological evolution and provide a more refined framework for understanding
the universe’s accelerated expansion.

• Scalar Gauss-Bonnet Gravity and Holographic Dark Energy (Pasqua et al., 2014)
[54]: Pasqua et al. investigate holographic Ricci dark energy in the context of scalar
Gauss-Bonnet gravity. They examine how the Gauss-Bonnet term modifies standard
cosmological models, particularly in relation to the evolution of the universe under the
influence of dark energy. Their work highlights the importance of including additional
terms in the gravitational action to account for cosmic acceleration.

• Teleparallelism by Inhomogeneous Dark Fluid (Güdekli et al., 2015) [55]: Güdekli,
Myrzakul, andMyrzakulov explore teleparallelismwith inhomogeneous dark fluid. Their
study emphasizes how the inclusion of inhomogeneous dark fluids in teleparallel gravity
models provides a new avenue for understanding cosmic evolution. The authors suggest
that this framework can lead to better explanations for the accelerated expansion and
structure formation in the universe.

• Brans-Dicke Parameter and Scalar Field Dependence (Roy et al., 2013) [56]: Roy,
Chattopadhyay, and Pasqua focus on the time dependence and scalar field dependence
of the dimensionless Brans-Dicke parameter. Their work provides critical insights into
how scalar fields evolve in modified gravity theories and how these fields influence
cosmological models. Their study contributes to a deeper understanding of the scalar-
tensor theories of gravity and their impact on cosmic acceleration.

• Higher Derivatives of H in F(R, T ) Gravity (Pasqua et al., 2014) [57]: Pasqua,
Chattopadhyay, andMyrzakulov investigate a dark energymodel that incorporates higher-
order derivatives of the Hubble parameter in the F(R, T ) gravity framework. This study
shows how the inclusion of higher derivatives can modify the evolution of the universe,
particularly in the late-time acceleration. Their work provides a more nuanced approach
to understanding the behavior of dark energy in the context of modified gravity.

• Holographic Ricci Dark Energy in F(R, T ) Gravity (Pasqua et al., 2013) [58]:
Pasqua, Chattopadhyay, andKhomenko reconstruct holographicRicci dark energywithin
the F(R, T ) gravity framework. They examine how this model can explain the acceler-
ated expansion of the universe, offering a modified framework for understanding dark
energy and its role in the universe’s evolution.

• Energy Conditions in F(R, T ) Gravity Models (Sharif et al., 2013) [59]: Sharif,
Rani, andMyrzakulov analyze energy conditions in F(R, T ) gravity models. Their study
focuses on the stability of these models and the role of energy conditions in determining
the viability of cosmological solutions. Their work is crucial for understanding the physi-
cal plausibility of various F(R, T ) gravitymodels in explaining the observed acceleration
of the universe.

• Interacting Ricci Dark Energy in F(R, T ) Gravity (Chattopadhyay, 2012) [60]:
Chattopadhyay investigates the interacting Ricci dark energy in F(R, T ) gravity. His
work provides new insights into how the interaction between dark energy and matter can
affect the evolution of the universe, particularly in modified gravity theories. The study
contributes to the broader understanding of the interplay between different components
in cosmological models.
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19 Quantization of Myrzakulov Gravity

Quantizing gravity remains one of the most challenging tasks in modern theoretical physics.
In the case of Myrzakulov gravity, the theory is an extension of General Relativity (GR) and
TeleparallelGravity (TEGR),which incorporates theRicci scalar R and the torsion scalar T in
the gravitational action.Due to its non-trivial structure and the inclusion of torsion, quantizing
Myrzakulov gravity requires careful consideration of both the canonical approach and the
path integral (POIU) formalism. In this section, we will explore the quantization procedures
of Myrzakulov gravity using these two methods.

1. Canonical Quantization of Myrzakulov Gravity
Canonical quantization is one of the oldest and most widely used methods in the quantiza-

tion of field theories. The basic idea is to treat the metric field and other dynamical variables
as operators, and impose commutation relations between them. In Myrzakulov gravity, the
action involves both the Ricci scalar R and the torsion scalar T , and the quantization proce-
dure must take into account the fact that these scalars are not independent, as they are related
by the geometry of spacetime.

The starting point is the action of Myrzakulov gravity in the form (1), where f (R, T ) is
a general function of the Ricci and torsion scalars, and Lm is the matter Lagrangian.

The canonical approach to quantizing the theory involves treating the metric and torsion
field components as dynamical variables. This leads to the Hamiltonian formulation of the
theory. The canonical momenta associated with the metric gμν and torsion T are given by

πμν = ∂L
∂(∂0gμν)

, �T = ∂L
∂(∂0T )

. (34)

Here, L is the Lagrangian density. The Hamiltonian of the system is then given by

H =
∫ (

πμν∂0gμν + �T ∂0T − H
)
d3x, (35)

where H is the Hamiltonian density derived from the action.
In the canonical quantization procedure, we promote the canonical variables to operators.

The commutation relations between the operators are:

[ĝμν(x), π̂αβ(y)] = iδ(x,y)δαβ
μν, (36)

and similarly for torsion-related variables. These commutation relations are crucial for the
proper formulation of the quantum theory.

2. Path Integral Quantization (PI) of Myrzakulov Gravity
Path integral quantization, also known as the Feynman approach, is another widely used

method in quantum field theory. In this approach, the quantum state is described by a path
integral over all possible field configurations. The main idea is to sum all histories of the
metric and torsion fields, with the appropriate weight given by the action of the theory.

The generating functional for Myrzakulov gravity in the path integral formalism is given
by

Z [J ] =
∫

DgμνDT exp

(
i
∫ (

f (R, T )

2κ
+ Lm

) √−g d4x + Jμνg
μν + JT T

)
, (37)

where Jμν and JT are external sources introduced for the purpose of calculating correlation
functions. The path integral is taken over all possible configurations of the metric gμν and
torsion T .
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The vacuum-to-vacuum transition amplitude is given by the path integral

〈0|0〉 =
∫

DgμνDT exp

(
i
∫

L d4x

)
, (38)

which involves integrating over all possible configurations of the metric and torsion fields.
The two-point correlation functions, such as the propagator, are calculated by taking

functional derivatives of the generating functional.

Gμν,αβ(x, y) = δ2Z [J ]
δ Jμν(x)δ Jαβ(y)

∣∣∣∣
J=0

. (39)

These correlation functions can provide crucial information on the behavior of quantum
fields in Myrzakulov gravity. They can be used to compute observables such as the spectrum
of gravitational waves and the interaction between torsion and matter fields.

3. Quantum Gravity and Torsion
In Myrzakulov gravity, the inclusion of torsion in the field equations introduces new

possibilities for the quantum gravitational field. The torsion tensor T λ
μν is a fundamental

part of the connection in the theory, and its quantization will lead to new interactions in
the quantum theory. Torsion can interact with matter fields in ways that are not present in
conventional General Relativity. For example, in the canonical formalism, the torsion tensor
can be coupled to matter fields in the Hamiltonian, leading to new types of interactions
between the gravitational and matter sectors.

The presence of torsion also affects the propagation of gravitational waves. In the PI
formalism, the gravitational wave propagator is modified by the torsion components. This
could lead to detectable deviations fromGeneral Relativity in gravitationalwave experiments,
which would serve as a potential observational test for the quantum theory of Myrzakulov
gravity.

The quantization ofMyrzakulov gravity presents unique challenges because of the involve-
ment of both curvature and torsion in the gravitational action. Both canonical quantization
and PI quantization offer viable methods for describing the quantum nature of the theory.
Canonical quantization provides a systematic approach to obtaining quantum operators and
their commutation relations, while path integral quantization offers a powerful framework
for calculating correlation functions and observables.

The inclusion of torsion in quantum theory opens up new avenues for research, particularly
in the context of gravitational wave propagation and the interactions between gravity and
matter fields. Further exploration of these quantization methods could provide new insights
into the nature of quantum gravity and offer a deeper understanding of the role of torsion in
the universe.

20 Comparison with3CDM and Other Modified Gravity Theories

A crucial aspect of evaluating anymodified gravity theory is its comparison with the standard
�CDM model and other alternative gravitational frameworks. Myrzakulov gravity offers a
compelling extension to General Relativity by incorporating additional geometric structures,
such as non-metricity and torsion, leading to novel cosmological dynamics. One of its key
advantages is its ability to explain cosmic acceleration without invoking a cosmological
constant, thereby potentially alleviating the fine-tuning and coincidence problems inherent
in �CDM.
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Compared to other modified gravity theories, such as f (R) gravity, f (T ) gravity, and
scalar-tensor theories, Myrzakulov gravity introduces a richer geometric structure that allows
for a broader range of cosmological solutions. Unlike f (R) gravity, where higher-order
derivatives can lead to instabilities, Myrzakulov gravity formulations often maintain second-
order field equations, ensuring better stability and well-posedness. Similarly, in contrast to
teleparallel gravity models, which rely solely on torsion, Myrzakulov gravity incorporates
both curvature and torsion in a unified framework, potentially offering a more complete
description of gravitational phenomena. Furthermore, in the context of cosmological pertur-
bations, Myrzakulov gravity has been shown to produce viable growth histories of cosmic
structures, aligning well with large-scale structure observations. Given these advantages, it
presents itself as a strong candidate for extending General Relativity while remaining con-
sistent with observational data.

21 Connection to Heisenberg’s Classification of Gravity Theories
and F(R, T)Myrzakulov Gravity

Lavinia Heisenberg’s work in categorizing different classes of gravity theories has been
pivotal in organizing and understanding the vast array of modifications to general relativity
(GR). In her 2014 paper [61], Heisenberg systematically classifies theories of gravity based
on the form of their Lagrangian, focusing particularly on the modification of the Einstein-
Hilbert action. This classification is crucial in distinguishing between the different families
of gravitational theories, such as f (R)-gravity, scalar-tensor theories, and theories involving
higher derivatives or torsion.

Heisenberg’s categorization provides a framework that helps to group gravitational theo-
ries according to their physical implications, solutions, and stability conditions. By examining
the Lagrangian structure of these theories, Heisenberg identifies key differences in theirmath-
ematical formandhow they relate to general relativity. For example, the f (R)-gravity theories
are modifications where the Ricci scalar R is replaced by a general function f (R), while
scalar-tensor theories introduce additional scalar fields that interact with gravity.

21.1 Potential Connection to F(R, T)Myrzakulov Gravity

The classification introduced byHeisenberg can be directly connected to the study ofmodified
theories of gravity, such as the F(R, T ) gravity framework, in which the Lagrangian depends
on both the Ricci scalar R and the torsion scalar T . While Heisenberg’s work focuses on the
functional form of the gravitational Lagrangian, Myrzakulov gravity, being a generalization
of f (R)-gravity, introduces an additional degree of freedom through the torsion scalar T ,
making it a more comprehensive modification of GR.

In the case of F(R, T ) gravity, the presence of the torsion scalar adds a further layer of
complexity to the equations of motion, potentially leading to richer dynamics, such as those
observed in wormhole and black hole solutions. Just as Heisenberg categorized theories
involving scalar fields, higher-order derivatives, and torsion, F(R, T ) gravity can be thought
of as a bridge between these various categories, combining the ideas of higher derivatives
(through the functional dependence on R) and torsion (through the inclusion of T ).

Myrzakulov gravity, a specific form of F(R, T ) gravity, can be viewed as a modifica-
tion where the gravitational interaction is altered by torsion in addition to the curvature
described by R. The study of solutions in this framework-such as black holes, cosmolog-
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ical models, and even exotic structures like wormholes-could potentially be framed within
Heisenberg’s classification. By understanding how torsion modifies the gravitational field
equations, Myrzakulov gravity provides new avenues to explore the consequences of these
modifications, offering possible deviations from known solutions like the Schwarzschild and
Kerr metrics.

Thus, the framework established by Heisenberg can be a useful tool in understanding
the broader implications of F(R, T ) gravity, providing a systematic way to categorize and
compare it to other modified theories of gravity. Furthermore, the torsion term inMyrzakulov
gravity may lead to new physical predictions that deviate from general relativity in ways that
could be tested observationally.

21.2 Implications for Future Research

The connection between Heisenberg’s classification and F(R, T ) Myrzakulov gravity opens
up several interesting research avenues. By classifying F(R, T ) gravity within Heisenberg’s
framework, researchers could explore the possible observational consequences of modifica-
tions due to torsion, such as:

• Modifications to the structure of black holes, particularly the rotation curves and ergo-
spheres, as seen in the Kerr solution.

• Possible new solutions for exotic spacetime geometries likewormholes and their stability.
• Implications for cosmological models, such as modified expansion histories or the nature

of dark energy.

Heisenberg’s systematic approach helps ensure that the study of Myrzakulov gravity
remains grounded in a broader context of modified gravity theories, making it easier to
identify distinct observational signatures and theoretical predictions.

22 Conclusion and Future Perspectives

In this review, we have explored the recent advancements in the field of torsion-based modi-
fied gravity theories, focusing primarily on f (T ) and F(R, T ) gravity models. These models
present intriguing alternatives to General Relativity (GR), with the inclusion of torsion
offering a novel approach to understanding the accelerated expansion of the universe and
addressing some long-standing cosmological issues such as dark energy and dark matter.

The inclusion of torsion in the gravitational framework provides the flexibility to modify
the geometric structure of spacetime, offeringmechanisms that can potentially explain cosmic
accelerationwithout the need for a cosmological constant.While significant progress has been
made in understanding the theoretical foundations of f (T ) and F(R, T ) gravity, several
challenges remain. In particular, the lack of explicit field equations for the latter, along with
the complexities introduced by torsion and the functional dependence on both curvature and
torsion scalars, continues to hinder the development of a fully-fledged formalism for these
models. Our review also highlighted some promising works in the field, including studies on
gravitational waves, the cosmological implications of these theories, and their application to
early and late-time acceleration.

However, key challenges still persist, particularly in deriving the explicit field equations
for F(R, T ) gravity, which requires overcoming difficulties related to torsion and its func-
tional dependence on both R and T . Furthermore, the lack of explicit observational tests
for these modified gravity models, particularly in comparison with standard GR, remains
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an obstacle to their acceptance in the wider scientific community. Future research should
aim to develop explicit field equations for these models, which will not only help in under-
standing their behavior but also in confronting them with observational data, such as cosmic
microwave background (CMB) measurements, large-scale structure surveys, and gravita-
tional wave observations.

Myrzakulov gravity provides a promising extension toGeneral Relativity by incorporating
non-metricity and torsion, offering a novel approach to cosmic acceleration without requiring
a cosmological constant. Compared to other modified gravity theories such as f (R) and
f (T ) gravity, it maintains second-order field equations, enhancing stability and consistency.
Moreover, its ability to produce viable cosmic structure growth aligns well with observations,
making it a strong candidate for exploring deviations from �CDM while addressing key
theoretical challenges.

From a theoretical perspective, the application of dynamical system analysis to these
models has shown great promise, and future work should continue to explore the stability
and behavior of these models in various cosmological scenarios. Additionally, integrating
torsion-based gravity with other extensions of GR, such as scalar-tensor theories or higher-
order gravity models, could provide new insights into the interplay between geometry and
matter in the context of cosmic evolution.

On the observational front, significant efforts should be made to compare the predictions
of these modified gravity theories with current and future observational data. The potential
deviations fromGR in the propagation of gravitational waves, large-scale structure, or galaxy
formation could provide crucial tests of the validity of torsion-based theories. Moreover,
understanding the nature of dark energy and its relationship with torsion in these frameworks
could help refine our understanding of the universe’s accelerating expansion.

In conclusion, while torsion-based modified gravity theories, particularly f (T ) and
F(R, T ) gravity, have the potential to provide valuable alternatives to General Relativity,
much work remains to be done. Addressing the outstanding theoretical challenges, develop-
ing a comprehensive set of field equations, and testing these models against observational
data will be crucial in determining their viability as alternatives to standard cosmological
models. With continued research and development, these theories may offer a deeper under-
standing of the universe’s evolution and its mysterious components, such as dark energy,
dark matter, and the nature of cosmic acceleration.
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