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ARTICLE INFO ABSTRACT

Editor: Stephan Stieberger The quest to understand the nature of gravity and its role in shaping the universe has led to
the exploration of modified gravity theories. One of the pioneering contributions in this field
is the Myrzakulov gravity theory, which incorporates both curvature and torsion. In this work,
we investigate the effects of torsion within the framework of f(R,T)-gravity, a modification of
General Relativity that incorporates both curvature and torsion.

We present this theory in the Vielbein formalism, a covariant approach that provides a more
flexible and geometric perspective on gravity, ensuring the theory’s consistency under general
coordinate transformations. This formalism is particularly powerful in the context of Weitzenbdck
spacetime, where torsion plays a significant role in the description of gravitational interactions. By
studying f (R, T)-gravity in Vielbein formalism, we aim to extend the applicability of Myrzakulov’s
theory, providing a deeper understanding of its cosmological and astrophysical implications.

We examine the profound effects of this theory on various astrophysical phenomena, including
black holes, gravitational waves, and compact objects like neutron stars. By exploring how torsion
modifies the behavior of these extreme systems, we uncover new avenues for testing gravity in the
strong-field regime. Our results suggest that torsion could lead to observable deviations in black
hole thermodynamics, gravitational wave propagation, and the structure of dense matter.

The modifications we uncover have the potential to provide unprecedented insights into the nature
of spacetime and gravity, offering a novel perspective on the fundamental forces that govern
the cosmos. This work paves the way for future observational and theoretical studies that could
reveal the deeper, hidden aspects of gravity, possibly rewriting our understanding of the universe’s
most enigmatic phenomena. Through both observational data and theoretical advancements, we
present a compelling case for the exploration of f(R,T)-gravity as a powerful tool in the search
for new physics beyond General Relativity.

1. Introduction

General Relativity (GR) has served as the foundation for modern cosmology and gravitational theory for over a century. However,
the increasing complexity of cosmological and astrophysical observations, such as the accelerated expansion of the universe and the
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nature of dark energy, has led to growing interest in modifications of GR. These extensions aim to address unresolved issues that the
standard GR framework cannot fully explain. In particular, modified gravity theories that include additional dynamical degrees of
freedom beyond the curvature-based formulation of GR have become a promising avenue of research.

A particularly interesting class of such theories involves the introduction of torsion, which modifies the standard geometric descrip-
tion of spacetime. Torsion is an intrinsic feature in the teleparallel formulation of gravity, where the gravitational field is described
in terms of torsion instead of curvature. The Teleparallel Equivalent of General Relativity (TEGR) is a well-known theory where the
Lagrangian is constructed from the torsion scalar T, as opposed to the Ricci scalar R in GR. One of the simplest extensions of this
theory is the f(T) gravity, which introduces an arbitrary function of T into the field equations, providing a natural mechanism for
cosmological acceleration and other phenomena that GR cannot fully explain [1,2].

An important extension of this idea is the f(R,T) gravity theory, introduced by Myrzakulov [3]. In this model, both the Ricci
scalar R and the torsion scalar T are included in the gravitational Lagrangian, offering a broader framework for modifying gravity.
The f(R,T) theory allows for more flexibility in modeling cosmic acceleration and has been studied in the context of both early-time
inflationary models and late-time accelerated expansion, thus providing a promising alternative to the ACDM model.

The advantages of the f(R,T) framework over traditional curvature-based theories are numerous. For instance, it can naturally
account for the observed acceleration of the Universe at both early and late times, without the need for a cosmological constant.
Furthermore, such models can potentially explain the dark energy component and its evolution over time. The success of these
models is evident from various observational studies, including cosmological data such as Type Ia supernovae, the cosmic microwave
background (CMB), and large-scale structure measurements, which all support the viability of modified gravity theories like f(R,T)
[4,5].

The theoretical foundation for these torsion-based gravity models has also been rigorously examined. While the f(T') theory, for
example, is a viable alternative to GR and has passed solar system tests [1], challenges remain, such as the non-invariance under local
Lorentz transformations. However, it is suggested that introducing a spin connection along with the tetrad formalism may resolve
some of these issues [6]. As a result, the torsion-based formulation of gravity continues to be an active and exciting area of research,
with the f(R,T) gravity model being one of its most promising extensions.

Thus, the study of torsion-based gravity theories, particularly f(R,T), represents a promising alternative to the standard cosmo-
logical model, addressing issues such as dark energy and cosmic acceleration, and providing a solid theoretical framework for future
investigations in cosmology and astrophysics.

In addition to the complexities mentioned above, the study of torsion-based gravity theories, such as f(R,T) and its variants,
has been greatly advanced by works like that of Cai et al. (2016) [7], where they systematically explored the properties and cos-
mological implications of teleparallel gravity theories, including f(T) gravity. In their comprehensive review, Cai et al. emphasize
the significance of torsion and the teleparallel equivalent of general relativity (TEGR) in cosmology, showing how these models can
effectively explain the late-time acceleration of the universe and provide alternatives to the standard cosmological model. Their work
highlights the important role that torsion plays in shaping the dynamics of the universe, and it serves as a crucial reference point for
further developing the f(R,T) gravity framework. The insights from their study motivate our effort to develop explicit field equa-
tions in f(R,T) gravity, as understanding the torsional effects more rigorously can potentially offer novel insights into cosmological
phenomena such as dark energy and cosmic inflation.

The exploration of modified gravity theories, especially those incorporating torsion, has gained considerable traction in recent
years. A significant aspect of this research is the study of gravitational waves in such theories, which can provide valuable insights into
the nature of gravity at both cosmological and local scales. The work of Capozziello et al. (2018) [8] and Abedi and Capozziello (2017)
[9] introduced the study of gravitational waves within the context of modified teleparallel theories, shedding light on how deviations
from General Relativity could affect the propagation of gravitational waves. Their findings highlighted that such modifications could
influence the effective gravitational coupling, thus potentially altering the dynamics of wave propagation. Furthermore, the paper
by Capozziello, Capriolo, and Nojiri (2020) [10] expanded the analysis to higher-order local and non-local gravity, examining how
such modifications might affect gravitational wave signals. These studies laid the groundwork for further investigations into the
implications of modified teleparallel gravity for astrophysical observations.

In parallel, the review by Cai et al. (2016) [7] provided an extensive overview of f(T') gravity, focusing on its theoretical foun-
dations and cosmological applications. They demonstrated how this modification to teleparallel gravity could provide an alternative
explanation for cosmic acceleration without the need for dark energy. By extending the theory to f(T'), these authors offered a
framework that allowed for the incorporation of more general gravitational dynamics, which can have profound implications for
the study of both gravitational waves and the cosmic evolution of the universe. Moreover, the work by de Martino et al. (2015)
[11] further constrained modifications to gravity, specifically f(R) theories, by examining their effects on the large-scale structure
of the universe, contributing to the broader understanding of how such models interact with observational data. These foundational
papers have been critical in shaping the current research landscape and continue to inform the ongoing development of alternative
gravitational theories, including the f(R,T) gravity framework explored in this work.

The exploration of torsion gravity within the teleparallel framework has led to important advancements in understanding cosmic
acceleration and dark energy. In their study, Bamba, Odintsov, and Sdez-Gémez (2013) discuss the role of conformal symmetry in
teleparallel gravity, presenting formulations of conformal transformations and their applications to both pure and extended teleparal-
lel gravity. They demonstrate that the inclusion of a conformal scalar field in teleparallel gravity can lead to power-law acceleration
and the de Sitter expansion, thus providing a mechanism for cosmic acceleration consistent with the ACDM model. Furthermore,
the study shows that conformal torsion gravity allows for a de Sitter solution, offering an alternative explanation for the universe’s
accelerated expansion and further strengthening the theoretical framework of teleparallel gravity [12].
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In a different approach, Bamba, Nojiri, and Odintsov (2013) explore the effective F(T') gravity originating from higher-dimensional
theories, such as Kaluza-Klein and Randall-Sundrum models. Their work investigates how the torsion scalar T in teleparallel gravity
can be understood in the context of these higher-dimensional theories, showing that torsion alone can account for both inflation in the
early universe and the dark energy-dominated phase without requiring curvature effects. Additionally, Bamba et al. (2012) address
the issue of finite-time future singularities in f(7") gravity and propose a model that can remove such singularities by introducing a
power-law correction term in the torsion scalar. They also analyze various cosmological models, including Little Rip and Pseudo-Rip
cosmologies, demonstrating that these models can exhibit behavior analogous to dark energy fluids. The thermodynamic analysis of
these models reveals that the second law of thermodynamics holds near the finite-time singularities, offering a deeper understanding
of the universe’s ultimate fate within the framework of f(T') gravity [13,14]. The study of alternative gravitational theories has
been gaining significant attention in recent years, as they offer promising solutions to unresolved cosmological and astrophysical
issues. Among these theories, f(T') gravity and its extensions, such as f(T,T;) and F(R,T) gravity, have played a crucial role in
addressing the acceleration of the universe, dark energy, and other cosmological phenomena [15-17]. These theories extend the
teleparallel equivalent of general relativity (TEGR), allowing for the inclusion of torsion and other modifications to the gravitational
field equations.

Research on the cosmological implications of f(T) gravity has led to a wide array of insights, including constraints from obser-
vational data and studies of cosmic evolution [18,19]. The coupling of torsion with matter fields has been explored as a potential
explanation for the current cosmic acceleration and has offered new perspectives on the dark sector of the universe [20,21]. These
models also allow for more detailed analyses of black hole solutions and the thermodynamics of charged black holes in modified
gravity frameworks [22,23].

Furthermore, the development of effective field theories for teleparallel gravity has enriched our understanding of gravitational
wave polarization and the stability of dynamical systems in these models [25,26]. The exploration of gravitational wave signatures
and quasinormal modes in such modified theories remains an active area of research [19,24], with significant implications for the
detection of new astrophysical phenomena.

In light of these advancements, the present study aims to further investigate the observational and theoretical aspects of modified
teleparallel theories, with a focus on cosmological constraints and the possible explanations they provide for the observed cosmic
acceleration.

Despite the growing interest and applications of the f(R,T) gravity model, one significant issue remains: the absence of explicit
field equations for such a theory. The field equations in general relativity are derived from the variation of the Einstein-Hilbert action
with respect to the metric tensor. However, for f(R,T) gravity, which involves both the Ricci scalar R and the torsion scalar T, the
process of deriving explicit field equations becomes more intricate. The presence of torsion introduces additional complexity, and the
functional dependence on both R and T' complicates the direct variational approach. Thus, while the theoretical structure of f(R,T)
gravity has been outlined, the explicit form of the field equations remains elusive, posing a challenge for obtaining direct solutions
and making further analytical progress in the theory.

This lack of explicit field equations serves as the primary motivation for our work. In this paper, we aim to construct a systematic
approach for deriving the field equations of the f(R,T) gravity theory, addressing the gaps in the existing literature. By developing
a more robust formalism that incorporates torsion explicitly, we seek to provide a clear and manageable set of equations that can
be used to explore various cosmological scenarios. This will enable more detailed studies of the evolution of the universe under the
influence of torsion and its potential to offer new insights into the nature of dark energy and cosmic acceleration. Additionally, our
work aims to provide a solid foundation for future developments in torsion-based gravity theories, offering a valuable tool for further
research in this exciting and evolving area of theoretical physics.

2. Review of Myrzakulov gravity

The My;-model is a notable representative of F(R,T) gravity theories, as proposed by Myrzakulov [3]. This model introduces a
modification to General Relativity by incorporating both the curvature scalar R and the torsion scalar 7', which are coupled through
a function F(R,T) in the gravitational action. The action for the M,;-model is expressed as:

S43z/d4x\/—g [F(R,T)+L,,].
R=RS=e|g‘”Rm, (¢}
T=T,=6S,"T",,

where L, is the matter Lagrangian, and ¢; = +1 are the signatures for curvature and torsion, respectively. In this formulation,
the curvature scalar R and torsion scalar T are treated as distinct but related geometric quantities. The model allows for different
combinations of the signatures, which can yield different physical behaviors for the spacetime under consideration:

*Case(1):e;=1,6=1,

* Case (2):¢1=1,6,=—1,

* Case (3): ¢ =-1,6,=1,

+ Case (): e, =—1,¢, =—1.
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The My3;-model is a special case of the more general M3;-model, which introduces additional scalar contributions in the form of
u and v added to the curvature and torsion terms, respectively. The action for the M3;-model is given by:

Ky / d*x\/=g [F(R.T)+L,,].
R=u+RS=u+e|g’“’Ruv, 2)
T=v+T,=v+6S,"T",,.

The inclusion of these additional scalar terms offers further generalization of the theory, allowing for more complex forms of
gravitational dynamics, especially in the context of cosmology and black hole physics.

The aim of this review is to derive the field equations of the M,;-model from the action provided, focusing on the general form
of these equations in the context of different spacetime configurations. In particular, we will explore the field equations derived for
a flat Friedmann-Robertson-Walker (FRW) universe, which is a common cosmological model, and discuss their implications for the
dynamics of the universe, including the potential role of torsion in cosmic expansion.

The M,;-model describes a spacetime geometry that includes both curvature and torsion. The connection in this model is given
by:

G, =T\ +K,, 3)
where F‘v is the Levi-Civita connection (which describes the curvature of spacetime) and K /fv is the contorsion tensor (which encodes
the torsion). These geometric quantities are crucial for deriving the curvature and torsion scalars, which in turn contribute to the
gravitational dynamics described by the theory.

To derive the field equations for the M3-model, we begin by varying the total action .S,3 with respect to the metric g,,,, taking
into account both the geometric and matter terms. The resulting field equations can be written as:

__ (matter) (torsion)
G+ 5Ty =Ty +T, ’ “@

where G, is the Einstein tensor, « is the gravitational coupling constant, T,E'V“a“er) is the matter stress-energy tensor, and T’Etv"“i"“)
represents the contribution from torsion. These equations govern the dynamics of the spacetime and describe how the geometry is
influenced by both the matter content and the torsion present in the system. The exact form of these equations depends on the specific
functional form of the function F(R,T) and the components of the torsion tensor.

In the context of a spatially flat FRW universe, the line element is given by:

ds® = —dr* + *()(dx> + dy* + dz?), (5)

where a(?) is the scale factor, which describes the expansion of the universe. Substituting this metric into the field equations, the
curvature and torsion scalars take the following forms:

R=6(H +2H?) +6h+ 18Hh+6h* 32, 6)
T =6(h* - f2), @

where H is the Hubble parameter, / is a function describing torsion, and f is another function related to torsion. These scalars
provide a more detailed description of the gravitational dynamics of the universe, accounting for both curvature and torsion effects.

The potential cosmological implications of the M,;-model are significant, as the theory includes contributions from both curvature
and torsion, which could provide new insights into the accelerated expansion of the universe, dark energy, and other unresolved
cosmological phenomena. For instance, the torsion scalar T can affect the cosmic expansion, potentially offering an alternative
explanation to the standard dark energy paradigm. By varying the signature combinations ¢; and e,, different behaviors of the
universe’s evolution can emerge, particularly in the Hubble parameter, which governs the rate of expansion of the universe. These
differences could have profound implications for understanding the current acceleration of the universe.

Although the M 3-model presents a promising framework for modified gravity, there are several challenges that remain. The cur-
rent derivation of the field equations is not presented in a fully general form, limiting the model’s applicability to specific cosmological
cases, such as the flat FRW universe. This limitation means that a more general derivation of the field equations is necessary to fully
understand the behavior of the model in more complex spacetime geometries, including anisotropic and non-flat spacetimes.

Despite these challenges, the M,;-model provides a valuable contribution to the study of modified gravity, particularly by offering
a geometric realization that incorporates both curvature and torsion. Moving forward, it will be important to extend this model to
more general spacetime configurations and to investigate its observational signatures in a variety of astrophysical and cosmological
scenarios. By addressing the gaps in the field equation derivation and exploring its broader implications, the M4;-model could provide
a deeper understanding of gravitational dynamics and the fundamental forces shaping the universe.

3. Recent developments and extensions of Myrzakulov gravity

This section provides a comprehensive summary of recent advancements and extensions of the Myrzakulov gravity theories, par-
ticularly focusing on cosmological applications and observational constraints. Myrzakulov gravity, specifically the F(R,T) gravity
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models, has attracted considerable attention in the realm of modified gravity due to its potential to explain various cosmological
phenomena, including the accelerated expansion of the universe. Recent studies have built upon Myrzakulov’s original formula-
tions, incorporating modifications involving torsion, non-metricity, and novel gravitational models. These developments have further
enhanced our understanding of the cosmic structure and dynamics.

The foundation of Myrzakulov gravity lies in its ability to describe gravity using both curvature and torsion as dynamical fields.
This framework has been extended to include more complex forms of curvature and torsion, offering a deeper understanding of its
cosmological implications. The theory’s flexibility allows for addressing key open questions in cosmology, such as dark energy, cosmic
acceleration, and the nature of gravity on cosmological scales.

A series of papers have significantly extended Myrzakulov’s initial work, presenting new models and insights into the theory.
Below are some notable contributions that highlight these advancements:

Myrzakulov F(T,Q) Gravity: Cosmological Implications and Constraints

Maurya et al. [27] explored exact cosmological models within the Myrzakulov F(T,Q) gravity framework. This theory, which
unifies the F(T) and F(Q) gravity models, was analyzed under observational constraints, providing fresh perspectives on the
evolution and structure of the universe. The study not only considers the cosmological implications of this unified theory but
also offers constraints on model parameters, which are essential for testing the validity of the theory against observational data.
Exact Cosmology in Myrzakulov Gravity

Maurya and Myrzakulov [28] investigated exact cosmological solutions within the context of Myrzakulov gravity using the flat
Friedmann-Lematre-Robertson-Walker (FLRW) spacetime. They employed the modified Lagrangian F(R,T)= R+ AT, where R
represents the Ricci scalar and T the torsion scalar, to derive cosmological solutions. Their analysis provides a deeper under-
standing of the relationship between curvature and torsion, revealing new aspects of gravitational dynamics in cosmology.
Transit Cosmological Models in Myrzakulov F(R,T) Gravity

In another study, Maurya and Myrzakulov [29] extended their analysis to the Myrzakulov F(R,T) gravity theory, solving the
field equations in a flat FLRW spacetime. Using the Markov Chain Monte Carlo (MCMC) method, they estimated cosmological
parameters, providing a robust framework for comparing the predictions of Myrzakulov gravity with observational data. This
approach allowed them to refine theoretical models and obtain more accurate estimates of cosmological parameters.
Cosmological Study in Myrzakulov F(R,T) Quasi-dilaton Massive Gravity

Kazempour and Rezaei Akbarieh [30] focused on the cosmological implications of the Myrzakulov F(R,T) quasi-dilaton massive
gravity theory, a modification of the de Rham-Gabadadze-Tolley (dRGT) massive gravity theory. Their study revealed the exis-
tence of self-accelerating solutions in the theory and explored the effective cosmological constant, offering new perspectives on
understanding cosmic acceleration and its role in the current universe’s expansion.

Dynamical System Analysis of Myrzakulov Gravity

In a comprehensive dynamical systems analysis, Papagiannopoulos et al. [31] examined the stability properties of Myrzakulov
gravity. They explored two specific models within the F(R,T) gravity framework, extracting critical points and analyzing the
system’s stability. This work is crucial for understanding the physical behavior of these models under cosmological conditions,
particularly regarding their long-term evolution and stability in the universe.

Metric-Affine Myrzakulov Gravity Theories

Myrzakulov et al. [32] reviewed various metric-affine gravity models and discussed their generalizations and specific sub-cases.
This paper extended the Myrzakulov gravity theories by deriving field equations within a metric-affine framework, which con-
siders both the metric tensor and the affine connection as independent variables. Their work has profound implications for the
study of gravitational interactions in the context of non-Riemannian geometries.

Generalized Metric-Affine Myrzakulov Gravity

In his work [33], Ratbay Myrzakulov explores extensions of the well-known F(R)-gravity theories, incorporating torsion and
non-metricity scalars, namely F(T) and F(Q), where R, T, and Q represent the Ricci scalar, torsion scalar, and non-metricity
scalar, respectively. The paper reviews the formalism of these generalized theories and introduces the Myrzakulov F(R, T')-gravity
(MG-]) theory. Myrzakulov presents the point-like Lagrangian for this model and derives the corresponding field equations. The
specific model F(R,T) = puR+ vT is analyzed, and exact solutions are obtained, revealing that certain parameter choices can
lead to the accelerated expansion of the universe without invoking dark energy. The study also presents further generalizations
of the metric-affine Myrzakulov gravity, both with and without boundary term scalars.

These recent extensions and developments of Myrzakulov gravity have provided valuable insights into the behavior of gravity,
especially in the presence of torsion, non-metricity, and modifications to the gravitational action. They continue to improve our
understanding of the cosmos, offering potential explanations for observed phenomena such as cosmic acceleration. These contributions
are essential for future observational and theoretical work in modified gravity, as they deepen our knowledge of the fundamental
forces shaping the universe. Note: In the next section, we aim to address this limitation by presenting a systematic derivation of the
field equations from the action, exploring the model’s potential in a broader geometric and physical context.

4. Theoretical framework

In this section, we present the theoretical framework of f(R,T)-gravity in vielbein formalism. The vielbein approach is a powerful
method for describing spacetimes with torsion and allows us to derive the field equations in a more general setting, integrating both
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curvature and torsion in a unified theory of gravity. The vielbein formalism provides an alternative to the conventional metric
approach and is especially useful in the context of modified theories of gravity, such as f(R,T)-gravity.

We begin by briefly discussing the vielbein formalism, which provides a local orthonormal frame for spacetime, and then proceed
to express the gravitational action for the f(R,T)-gravity theory. We will also describe the role of torsion and curvature scalars in
this framework, providing the necessary tools to derive the field equations governing this modified gravity theory.

The vielbein ez is a set of vector fields that locally relate the curved spacetime metric g, to the flat Minkowski metric #,, through
the relation:

8 = €M, ©)

where 7, is the Minkowski metric, and e are the vielbein components. This formulation allows us to handle spacetimes that exhibit
torsion, as the vielbein formalism enables the connection and curvature tensors to be expressed in terms of the vielbein components
and the spin connection w’lv.

The f(R,T)-gravity theory generalizes General Relativity by introducing both the Ricci scalar R and the torsion scalar T in a
unified action. The action for this theory is expressed as:

S= / F(R.T)Vgld*x, )

where f(R,T) is an arbitrary function of R and T, and g is the determinant of the metric g,,. This formulation generalizes the
standard Einstein-Hilbert action, allowing for the incorporation of torsion effects and a more flexible description of gravitational
interactions.

In vielbein formalism, the gravitational action is expressed entirely in terms of vielbein components, making it possible to derive
field equations that describe the dynamics of both curvature and torsion. The Ricci scalar R, which encodes the curvature of spacetime,
and the torsion scalar 7', which measures the torsion present in the spacetime, are both written in terms of vielbein components. The
Ricci scalar is given by:

_ b
R=cle R, 1n", 10)

where R, is the Ricci tensor, and the torsion scalar is defined as:

T =5,,,5™, an

where S, is the contortion tensor, which describes the torsion present in the spacetime. These quantities, R and T, play central
roles in the derivation of the field equations governing the dynamics of gravity in f (R, T)-gravity.

The vielbein formalism is especially advantageous in the study of spacetimes with torsion, as it allows for the incorporation of
torsion in the gravitational field equations naturally. Torsion, which arises in the context of spinor fields and non-trivial matter
configurations, modifies the gravitational dynamics by contributing to the torsion scalar 7', which is coupled to the Ricci scalar R
through the function f(R,T).

The introduction of torsion in the gravitational theory leads to new degrees of freedom in the field equations, allowing for a more
general description of gravity that goes beyond the standard Einstein-Hilbert framework. Torsion may have significant implications for
small-scale phenomena such as quantum gravity and early-universe cosmology, as well as potential observable effects in astrophysical
systems like black holes and gravitational wave propagation.

In summary, the vielbein formalism provides a versatile and powerful framework for describing spacetimes with torsion, and the
f(R,T)-gravity theory introduces an innovative modification to General Relativity by incorporating both curvature and torsion. This
formulation enables us to explore new possibilities in gravitational dynamics and may offer insights into both the large-scale structure
of the universe and fundamental physics at small scales.

5. Derivation of the field equations

In this section, we will derive the field equations of f(R,T)-gravity in vielbein formalism. The derivation proceeds through a
systematic variation of the action with respect to the vielbein components eZ , which leads to the equations governing the dynamics
of the system. These field equations include both the Ricci scalar and the torsion scalar, describing the interaction of curvature and
torsion in the gravitational field.

5.1. Variation of the action with respect to vielbein

The field equations in f(R,T)-gravity are derived by varying the action with respect to the vielbein components eZ. The action
for f(R,T)-gravity in vielbein formalism can be written as:

S = / F(RT)Vgld*x (12)

where f(R,T) is an arbitrary function of the Ricci scalar R and the torsion scalar T, and g = det(g,,) is the determinant of the metric
tensor. In vielbein formalism, the metric g,,, is related to the vielbeins e as:
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& = eZeenab (13)

where 7, is the Minkowski metric in the vielbein space.

To obtain the field equations, we begin by varying the action with respect to the vielbein components e?. This process involves
multiple steps, including the variation of the Ricci scalar R, the torsion scalar 7', and the connection between them. We also consider
the influence of the function f(R,T) on the variations.

The first step in deriving the field equations involves calculating the variation of the Ricci scalar R, which in vielbein formalism
is given by:

_ 1
R=e"0,(c0")+w,, 0" 14)

where e = det(e;" ), and w,,,, represents the spin connection.
Next, we vary the torsion scalar T'. The torsion scalar is defined as:

— A TH
T=S4 T/ 1s)

where S’lv is the torsion tensor, and va is the torsion of the connection. The variation of T leads to additional terms in the field
equations related to torsion and its derivatives.
In the variation process, we compute the variation of the gravitational action, yielding the following expression:

of I of w\ 1 of or _
ﬁ (Ryv - zgva) + Vavﬂ (ﬁg ngf(R’ T)+ =0 (16)

2 oT aghv

Here, the terms involve the Ricci tensor R, , the metric g, the covariant derivative V,, and the torsion scalar T'. This equation
governs the dynamics of the gravitational field in f(R,T)-gravity, incorporating the interaction between the Ricci scalar and torsion
scalar through the function f(R,T).

To obtain the full field equations, one must also include the variation with respect to other fields, such as the matter energy-
momentum tensor 7),,, as well as any additional dynamical variables. The full system of field equations includes these interactions
and represents the generalization of Einstein’s field equations in the presence of both curvature and torsion contributions.

We have now expanded the derivation to incorporate a more detailed and general analysis, addressing both the Ricci and torsion
terms, as well as the interaction between them. This should provide a more comprehensive treatment of the field equations in
Myrzakulov gravity.

5.2. Variation of the torsion scalar

To fully derive the field equations, we need to compute the term involving the variation of the torsion scalar 7' with respect to
the vielbein. The torsion scalar is given by:

T=58,,,S" a7)

where S, ,, is the contortion tensor, defined in terms of the torsion tensor Tlfv. The variation of the torsion scalar involves calculating
how T depends on the vielbein components el‘i.
First, consider the variation of the metric with respect to the vielbein:

- b
68, =2ey )5 M, (18)

This relation expresses how the metric changes in response to an infinitesimal variation of the vielbein. Next, we examine how
the torsion scalar 7' changes under the variation of the vielbein. The variation of 7" with respect to e;‘; is given by:

9T .,
H

From this, we can derive the derivative of the torsion scalar with respect to the metric:

I _ opuop OT v (20)
daghv "V 0ed

This expression shows how the torsion scalar contributes to the field equations. It involves the vielbein components eZ and the

derivative of the torsion scalar with respect to the vielbein, which ultimately affects the term % in the field equations.

5.3. Final field equations in vielbein formalism

After performing the variations and incorporating the contributions from both the Ricci scalar and torsion scalar, we obtain the
complete set of field equations in vielbein formalism. These equations describe the dynamics of the gravitational field in f(R,T)-
gravity, including both curvature and torsion effects. The final field equations are given by:
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af v a 1 v a v af "

& (<Cei R = 3eleiun "R) +ele}V, Y, <§g ﬁ) n 1)
1 LOT Of a

_Egyvf(R,T)+2eZeb % T ab _ (.

This system of equations consists of several important terms that each contribute to the dynamics of f(R,T)-gravity in vielbein
formalism. The first term involves the standard Einstein-like expression, modified by the function f(R,T), where the Ricci tensor
R,,, is coupled with the vielbein components. The second term, containing the covariant derivatives of 97 accounts for the interaction
of the Ricci scalar with the gravitational field. The third term directly incorporates the function f(R,T) into the gravitational action,
extending the usual Einstein-Hilbert formulation. Finally, the fourth term captures the effect of torsion, through the torsion scalar T,
on the gravitational dynamics. Each term plays a role in modifying the classical theory of gravity by considering both curvature and

torsion effects, making this theory suitable for spacetimes with torsion.

* Second Term: The covariant derivatives V,V, (3—£g"/’> account for the coupling of the Ricci scalar with the gravitational field
through the vielbein.

* Third Term: The —%gﬂv f(R,T) term represents the direct coupling of the gravitational action with the function f(R,T), modi-
fying the usual Einstein-Hilbert action.

. . a BT abdf
Fourth Term: The term 2e)e, 21 o1

vielbein components and their variation.

captures the influence of the torsion scalar T on the dynamics of gravity, involving the

These field equations describe how the curvature (via R,,) and torsion (via 7) interact in the context of f(R,T)-gravity. They
generalize Einstein’s field equations to include torsion and provide a comprehensive framework for studying gravitational phenomena
in the presence of both curvature and torsion.

The field equations derived here are essential for exploring the implications of f(R, T)-gravity, especially in contexts where torsion
plays a significant role, such as in quantum gravity, cosmology, and astrophysical systems.

6. Cosmological implications

In this section, we explore the cosmological applications of the -gravity theory by analyzing its impact on the evolution of the
universe, dark energy, and inflationary models. The field equations derived in this framework incorporate modifications due to
torsion, which introduce new dynamical features into standard cosmology.

The fundamental gravitational contributions in -gravity include terms involving the Ricci tensor, the Ricci scalar, covariant deriva-
tives, and direct couplings to the torsion scalar. The Ricci scalar, given by

R=6<H+3H2+%>, 22)
a
plays a crucial role in shaping the field equations. The presence of torsion effects leads to modifications in the covariant derivative

structure, introducing terms such as

af
ehe, VoV (ﬁg“”> n, (23)
which influence the evolution of the universe in a nontrivial manner. Additionally, the function directly alters the gravitational action
through a coupling term, further modifying cosmic dynamics.

The final field equations governing FLRW cosmology in this modified gravity scenario take the form:

21 U p_L10f 5\, 9
3H _2<f(R,T)+aRR S SRR ) + ST+ e 24)
. 1 of 10f , of
2H =—— R, T —R)—-=-—R- =T . 2
3 <f( s )+6R > 23R oT + Pmatter (25)

Here, is the Hubble parameter, its time derivative, and the spatial curvature parameter. The terms and represent the energy density
and pressure of matter, while the torsion scalar contributes additional corrections to the standard cosmological equations.
By substituting these expressions into the definition of the effective equation of state parameter,

2H +3H
Wegs = —3T, (26)
we obtain the final form:
J 3df 4 J
3f(R7 T) +3 ﬁR ) ﬁR - Z#T + 2pmatter + 3pmatter
Wegf = — of 10f 5 of . 27)
f(R, T) + ER - E ﬁR + ET + Pmatter
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This formulation highlights the impact of torsion and modified gravity effects on cosmic evolution, illustrating potential deviations
from standard General Relativity in the presence of modifications.

7. Simplification for f(R,T)

For f(R,T)= R+ g(T), we have:
of _y 9

OoR  oT

where g'(T) is the derivative of the function g(T') with respect to T'. Substituting these into the expression for w.g, we get:

=g'(T) (28)

3(R+g(T)+3R = 3R =28 (T)T + 2Pmater + 3Pmateer

Wefs = — (29)

R+g(T)+ R= 3R+ g/ (DT + proggeer
Simplifying the numerator and denominator:
6R +3g(T) = 3 R = 28/ ()T + 2Pmater + 3Prmatter

Wi = — — (30)
2R+g(T) - ER + &' (DT + pratter

7.1. Exploring specific forms for g(T)

Now, let’s consider different forms for g(T'), such as power-law and exponential forms.
7.2. Power-law form of g(T)

Assume that g(T') takes the form of a power law:

gT)=aT" (31)

where a and n are constants. We emphasize that key cosmological parameters, such as the Hubble constant H|,, the deceleration
parameter g, the jerk parameter jj, and other higher-order cosmological observables, play a crucial role in determining the plausible
ranges of the model parameters, including a and f. These parameters can be constrained by comparing theoretical predictions with
current observational data from a variety of sources, including the cosmic microwave background (CMB), type Ia supernovae, and
large-scale structure surveys. By carefully analyzing these data, we can impose observational constraints on the model parameters and
narrow down their possible values, thus ensuring that the model is consistent with current cosmological observations. This approach
allows for a more accurate determination of the parameter space and provides a robust framework for testing the validity of the
[f(T)-gravity models in the context of the evolving universe. In this case, the derivative of g(T") with respect to T is:

g(T)=anT"! (32)
Substituting this into the expression for weg, we get:

6R +3aT" = 2 R = 2anT"'T + 2ppaier + 3Pmatter =3

Wetf = — 15 1
2R+ aT" = SR+ anT"'T + prayer

This form provides a specific functional dependence on the torsion scalar 7', and we can explore the effects of different values of
n and a on the evolution of the universe.

7.3. Exponential form of g(T)

Another possibility is that g(T') takes the form of an exponential function [7]:
g(T) = ae’" (34)
where « and f are constants. The derivative of g(7T") with respect to T is:
g'(T) = ape’” %)
Substituting this into the expression for weg, we get:

6R + 3aefT — %R - zaﬁeﬂTT + 2pmatter + 3pmatter

Wef = — (36)

2R+ aefT — %R + afePTT + praveer

This exponential form of g(T") introduces a more complex dependence on T, potentially leading to different cosmological behavior,
particularly during periods of accelerated expansion.
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7.4. Case for weg=—1

In general relativity with a cosmological constant, we have w.g = —1, which corresponds to the case of a vacuum energy or dark
energy. The equation of state for dark energy is given by p.ier = —Pmarter» Which leads to an accelerated expansion of the universe.
To achieve wqg; = —1 in modified gravity models, the numerator and denominator of the expression for w.g must balance in such a
way that:

3 ..
6R +3g(T) — 5R =28 (T)T + 2P atter + 3Pmatter =0 (37)
and
1.
2R+8(T) = S R+¢' (DT + progier = 0 (38)

These equations are the key conditions that determine when w.g = —1. The first equation suggests a delicate balance between
the Ricci scalar R, the torsion scalar T, and the matter content, as well as the derivatives of the Ricci scalar. The second equation
imposes a similar relationship but without the additional factor of 3. These relationships lead to specific constraints on the form of
g(T) and the evolution of the universe.

7.5. Cosmological implications of wegy = —1

The condition wg = —1 plays a crucial role in cosmological models, especially when describing dark energy, which is thought to
be responsible for the accelerated expansion of the universe. In a cosmological model with f(R,T) = R+ g(T'), achieving wg = —1
means that the modified gravity theory must align with the behavior of a cosmological constant. This implies that the universe’s
expansion is dominated by a constant energy density, which does not dilute as the universe expands.

The conditions derived from the equations above suggest that for w.; = —1, the terms involving R, g(T'), and T must cooper-
ate in such a way that they cancel out the matter contributions. Specifically, the matter density and pressure must satisfy specific
relationships with the Ricci and torsion scalars to maintain the accelerated expansion.

7.6. Possible forms of g(T') for wey = —1

Different functional forms for g(T") will influence how the system behaves and whether w.g = —1 can be achieved. Let us examine
a few possible forms of g(T') and their implications.

7.6.1. Power-law form of g(T')
Consider the power-law form of g(T') [7]:
g =aT" (39)

where « and n are constants. The derivative of g(T") with respect to T is:

g(T)=anT""! (40)

Substituting this into the equations for w., we can examine the specific conditions under which w.g = —1 for various values
of n. In particular, the choice of n will affect the magnitude and sign of the torsion scalar contribution to the expansion rate. For
Wegr = —1, the power-law form of g(T') would need to carefully balance the contributions from the Ricci scalar, the torsion, and the
matter density.

7.6.2. Exponential form of g(T)
Another possibility is that g(T') takes the form of an exponential function [7]:
(1) = ae’" (41)

where « and f are constants. The derivative of g(T") with respect to T is:

¢(T)=ape “2)

In this case, the torsion contribution grows exponentially with T'. For weg; = —1, the exponential form of g(T') could lead to a
rapidly increasing contribution from the torsion scalar, potentially providing the required dynamics for an accelerated expansion.
The form of g(T) could also model a phase transition or a smooth transition between different epochs of the universe’s evolution.

7.6.3. Logarithmic or polynomial forms

Other forms for g(T') could also be explored, such as logarithmic or higher-order polynomial functions. These forms might provide
more complex dynamics for the evolution of the universe, but they would also impose more constraints on the parameters of the
model. For instance [7]:

10
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&(T) = aln(T) (43)

or

g(T)=aT™ + pT" (44)

Each of these forms would need to be analyzed carefully to see whether they can support the condition w.g = —1 while also being
consistent with current cosmological observations, such as the accelerated expansion of the universe and the behavior of dark energy.

8. Exact solutions for H(¢) in f(R,T)= R + f(T) model

We consider the following pair of equations of motion derived from the modified gravity theory with the function f(R,T) =
R+ f(T), where f(T) is a function of the torsion scalar 7'. We focus on specific forms for f(T), including power-law and exponential
forms, and consider fluids with different equations of state (EoS) for the matter content. The exact solution for H (¢) in the modified
gravity model with f(R,T) = R + f(T) depends on the form of f(T') and the matter content described by the equation of state
Pmatter = WPmatter- FOI different types of matter (dust, stiff fluid, and dark energy), we find that the Hubble parameter evolves according
to the nature of f(T") and the specific fluid type. These solutions provide valuable insights into the dynamics of the universe within
the framework of modified gravity theories. To solve for H(¢), we use the general form of the field equations. By assuming specific
forms for f(T') and p,, = wp,,, we can integrate the equations numerically or analytically, depending on the specific functional form
chosen for f(T).

For both the power-law and exponential cases, we find that the solutions for H (¢) take the general form:

H(n=H, < a(’)> , 45)

9
where a(?) is the scale factor and H|) is the Hubble parameter at a reference time #,. For dust, stiff fluid, and dark energy, the form
of a(?) depends on the fluid type and the contributions from the torsion scalar 7.

8.1. Power-law form for f(T)

Consider the power-law form of f(T'):

f(T)=aT", (46)
where « and n are constants. The derivative of f(T') with respect to T is:
af

7= anT"!. (47)
Substitute this into the field equations. The first equation becomes:
1 of 10f . -
3H? = 3 <R+aT"+ SRR 53R R +anT” Ut pinatters (48)
and the second equation is:
1 of 10f _
2H =—7 <R+aT"+a—RR> -5 5 R—anT” '+ Prnatter- (49)

We now analyze this for different fluid types, considering the equation of state p,, = wp,,, where w takes different values depending
on the type of fluid.

8.1.1. Solution for H(t) in the dust case
In the case of dust, the equation of state is py e = 0, and we are left with the following equation for 2H:

- 1 10f -1
2H=—-—-(R T — =—R—anT" .
5 (R+aT"™) 53R an +0 (50)
For simplicity, let’s rewrite this equation as:
. 1 10f .. an, 1
H=->(R+aT" - >~ R- L1, 1
g BRI =35k~ 3 (51)

Now, we proceed by assuming a form for R, T, and their time derivatives, and then solve the equation.
8.2. Assumption for T(t)
We assume that R(f), the Ricci scalar, and T'(¢), the torsion scalar, are related in a simple manner. For simplicity, we assume:
T(t) = pmateer ~ H*- (52)

11
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Now, substitute the above expressions into the equation for H':
: Loen 2 2 10f & an 9,9
H=--(6H+12H"  +aH™") - ~—R—- —H""". 53
4 ( ) 4 0R 2 (53)

Since % is a function of R, we can further simplify the above equation using the assumption f(R) ~ R" for some appropriate

form. This would lead us to the following differential equation for H (¢):
H =—% (6H + 12H? + a H™) + O(R, H). (54)

To solve this equation, we focus on the dominant terms. For dust, the matter energy density p e ~ H>, and thus the term
involving a H2" will become important for large H. Neglecting higher-order terms (like R and higher derivatives of H) for simplicity,
we get:

H+ 20+ %H =0 (55)
2 4
This is a nonlinear differential equation for H (¢). To solve it, we can apply standard techniques for solving such equations, such
as the method of separation of variables, or numerical integration methods.
However, for specific cases such as n =1 or n =2, analytical solutions are possible. Let’s first consider the case for n = 1:

H+32m2+ %2 =0. (56)
2 4
This simplifies to:
- 3 [04 2
H+<—+—)H =0. 57
2 4 57

Now, we can separate variables and integrating both sides:

-1 3 «a
it = S Pl 58
H <2+4>+ (58)

where C is a constant of integration. Solving for H (t), we get:
1

3 a ’
<5+Z)Z+C

H@)= 59

This is the solution for H (¢) in the dust case with a power-law form for f(7) when n= 1.
8.3. Generalizing for other values of n

For other values of n, the solution will generally be more complicated. For example, for n =2, we would have:

H+%H2+%H4:0. (60)

This equation would require more advanced methods to solve, such as perturbation methods or numerical integration, depending
on the value of a.

8.4. Solution for H (t) in the stiff fluid case

For a stiff fluid, the equation of state is paer = Prmatter> and the equation for 2H is:

. o
2H=_%(R+(1Tn)_ %ﬁR_anT"_l + Pmatter- oy

For convenience, let us rewrite this equation as:

. 1 10f 5 an o1 1
H=—>(R+al")— =2 g ®pn-1 1
g RHaT) =257 R=3 *3

Next, we make some assumptions for the time-dependent quantities R(f) and T'(¢), as done previously.

Pmatter* (62)

8.5. Assumption for R(t) and T(t)

We assume that 7'(¢) is related to the Hubble parameter H(¢) as follows:

T(0) = prmatter ~ H> (63)
Now, substitute the expressions for R(¢) and T'(¢) into the equation for H:
: Lier 2 wmy _10f & an 0,0 1.5
H=—--(6H+12H H —-—-—R-—H —H-. 64
g (OH +12H 4 all™) = 250 R=5 "2 &9

12



D. Momeni and R. Myrzakulov Nuclear Physics, Section B 1015 (2025) 116903

For simplicity, we will neglect higher-order time derivatives such as R and higher derivatives of H, assuming their contribution is
minimal in this approximation. The equation simplifies to:

== (6H + 1207 +at™) - L2 4 Ly, ©65)
Rearranging the terms:
S S e, PR 1/ R, O S Qe
H+-H —-H"=—H —-—H~". 66
Ty 2 2 ©0
Simplifying further:
H+2H®+ %HZ" = %Hz"-z. 67)

This is a nonlinear differential equation for H(¢), and we can proceed to solve it for specific cases of n. First, consider the case for
n=1:

H+2H>+2H>=2. 68
4 2 (68)
This is a first-order nonlinear differential equation for H(¢), which can be solved by the method of separation of variables:

dH a a

—=—(2 —)dt ——dt. 69

H? ( + 4 + 2H?2 (69)

Integrating both sides:

/%:/—(H%)dw/z“?dn 70)

For values of n # 1, the equation becomes more complicated. The higher powers of H will introduce additional terms, which may
require either numerical methods or further approximation techniques to solve.

8.6. Solution for H(t) in the dark energy case

For dark energy, the equation of state iS paier = —Pmatter» aNd the equation for 2 becomes:

] f .
2H=—%(R+aT")— %%R—anT"_l ~ Pmatter- 7y
Rearranging for convenience:
. 1 o 10f o an, 1
H:—Z(R‘FC{T)_Z#R—?TV’ l_zpmatmr' (72)

We assume that the Ricci scalar R(f) and torsion scalar T'(¢) evolve as functions of the Hubble parameter H(¢), as in the previous
cases. Let us assume the following relation:

T@) = Pmatter ~ Hz' (73)
Substituting these into the equation for H:
- 1 3 2 2 1 af - an 2m=2 1 2
H=--(6H+12H H")--—R—-—H""*"—--H". 74
7 (O + +al™) -3 or R 2 74

Neglecting higher-order derivatives like R, the equation simplifies to:

151:—‘11 (6H +12H> +aH™) ~ ZH™ - %H? (75)
Rearranging this equation:
32 @ o 0N p0n
H+>ZH +—-H"=-—H""". 76
2 4 2 (76)

We will now consider the specific form of f(T) for the exponential model.
8.7. Exponential form for f(T)

Consider the exponential form of f(T) as:

f(T)=aelT. (77)
The derivative of f(T') with respect to T is:

9f _ 4obT
T =afel’. (78)

13
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Substituting this into the field equations:

1 of = 10f .
3H? = 3 <R +aefT + 7R3 a—RR> +afefT +piers (79)
and
. 1 af 19f .
2H=—§ <R+a€ﬁT+ﬁR>—EﬁR—a’ﬁeﬂT"'pmatter' (80)
Substitute the expressions for R(f) and T'(¢) as we did earlier:
1 . 2 of . 10f . 2
3H?= 3 <6H +12H? + aefH” 4 R (6H + 12H?) - 3 a—RR> +afef T + pers (81)
and
. 1 . 2 of . 10f 2
20 =3 <6H +12H? + aefH” + X (6H + 12H2)> -5 R- ape™” + per- (82)

8.8. Solving for H (t) in the exponential model

For simplicity, we neglect the higher derivatives and focus on the leading-order terms. The equation for H becomes:

v 32, @ gH? _ AN 0p )
H+2H +4e = 2H . (83)
This is a complicated nonlinear differential equation that generally requires numerical methods for a full solution. However, for
certain values of @, f, and n, one may obtain approximate solutions.
In the case where H? grows large, the exponential term aef* ? will dominate, leading to rapid growth of H(¢), which could
correspond to an accelerated expansion typical of dark energy. In contrast, for small H?, the equation becomes dominated by the
matter and torsion terms.

8.9. Behavior of H(t) and dark energy implications

The presence of the exponential term aef” in the field equations introduces the possibility of rapid growth or decay of the
torsion contribution. If @ and g are chosen appropriately, this term can mimic the behavior of dark energy, which is characterized
by an accelerated expansion of the universe. As the universe evolves, the dark energy term increases, eventually overpowering other
components such as matter, and causing H (¢) to grow rapidly. This behavior is consistent with the observed accelerated expansion
of the universe.

n this section, we have explored the Hubble parameter H(¢) in the context of the f(R,T) = R+ f(T) modified gravity model. By
considering different forms of the function f(T'), including power-law and exponential types, we have derived exact solutions for the
expansion rate of the universe. The resulting solutions show a strong dependence on the matter content and the chosen functional
form of f(T'), which can have significant effects on the cosmic evolution.

These results provide valuable insights into the role of modified gravity theories in understanding the universe’s expansion,
particularly in explaining the observed acceleration. However, the full impact of these modifications goes beyond theoretical models
and has profound consequences for astrophysical phenomena.

In the following section, we will discuss the astrophysical implications of our findings, exploring how these modified gravity
models could influence the behavior of various cosmic structures, such as galaxies, clusters, and large-scale cosmic flows. We will
also examine the potential observational signatures that could arise from these models and how they might be tested in future
cosmological surveys.

9. Field equations for f(R,T)-gravity in spherically symmetric spacetime

In this section, we will derive the field equations for f(R,T)-gravity in a spherically symmetric spacetime. Here, R is the Ricci
scalar, and T is the torsion scalar. The torsion tensor arises due to the non-vanishing torsion in the connection, which modifies the
usual curvature-based equations.
9.1. Spherically symmetric metric

We begin with the spherically symmetric metric in 4-dimensional spacetime:

ds* = —A@)dt® + B(r)dr? + r*(d6? + sin® 0d p?) (84)

where A(r) and B(r) are functions of r.
The vielbein components corresponding to this metric are:

eg = \/A(r)ég, 6;14 = \/B(r)élll, 6;24 = réi, ei =rsin 05/34. (85)

14
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9.2. Torsion scalar calculation

The torsion tensor T’ ;V is defined as:

A _ A 2
Tuv - ruv - Fvu’ (86)
where Ffw are the Christoffel symbols for the spherically symmetric metric. The non-zero Christoffel symbols are:
r A,(r ) r B ’(r ) r r s 2
= A = IBG)’ Ty =—rB(r), Ty, =-rB(r)sin"0, (87)
o _ 1 ¢ _ 1
Fre—;, Frd)—; (88)
Using these Christoffel symbols, we compute the torsion tensor T‘fv for the given vielbein.
Next, we compute the contortion tensor ,,,,, which is related to the torsion tensor by:
1
S/{yv = 5 (TA.;JV + T\/y/{ + Ty\/}.) . (89)
Finally, the torsion scalar T is given by:
T=S5,,:S". (90)
For the spherically symmetric metric, the torsion scalar 7' simplifies to:
B Al
=2 ) A0\ o1)
2\ B(r) A®)

Substituting the expression for T into the field equations and simplifying leads to the following system of equations. First, we
substitute the components of T, then use the field equations to solve for the functions A(r) and B(r).

9.3. Vacuum solution

In the vacuum, we assume R =0 and T = 0, which gives the condition A(r) = B(r). The resulting metric is:

ds? = —A(r)dr* + A(r)" dr? + r*(d6* + sin 0d ¢?). (92)
Imposing asymptotic flatness, we find the Schwarzschild-like solution:

Ay=1-2L 93)
Thus, the vacuum solution is:

ds?=— (1 - ZTM) a + (1 - ZTM )_1 dr? + r2(d6? + sin® 0d ). 94)

We have derived the field equations for f(R,T)-gravity in a spherically symmetric spacetime. The torsion scalar 7" was com-
puted and substituted into the field equations. The vacuum solution corresponds to a Schwarzschild-like solution, which satisfies the
condition f(0,0)=0.

10. Gravitational waves in f(R,T)-gravity: perturbation equations

In the context of f(R,T)-gravity, where R is the Ricci scalar and T is the torsion scalar, the study of gravitational waves (GWs)
can be carried out by perturbing the metric and deriving the linearized field equations. The main goal is to derive the perturbation
equations that describe the propagation of gravitational waves in this modified gravity theory.

10.1. Background metric and perturbations

Let the background metric be a static spherically symmetric solution, such as the Schwarzschild-like solution:

ds? = — APy + A(P)7dr? + r2(d6? + sin® 0d ¢P), ©9)

where A(r)=1-— ZTM in vacuum.
We introduce small perturbations 4,,, to the background metric, such that the perturbed metric becomes:

guv = gﬂv + huv! (96)

where g, is the background metric and h,,, represents small perturbations. This means:

15
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8 =—AW) +hy, g,=A) " +h,, 8= rz(Sij + h;;  (for spatial components). 97)
10.2. Linearized field equations

To study gravitational waves, we linearize these field equations around the background metric. This involves expanding the terms
in the field equation up to first order in the perturbation 4,,, .

We assume that the perturbations represent a weak gravitational wave propagating in the background spacetime. For simplicity,
we focus on small, traceless, transverse perturbations that describe gravitational waves:

hoo(t, ) hy;(2,r) 0 0
| roe.ry myar 0 0
Py = 0 0 r? (Oghgg(t.r) + sin® 005 hyy(t.r)) O ©8)
0 0 0 0

We focus on the components Ay, /,,, and spatial perturbations A;; (or equivalently, the transverse traceless condition).
10.3. Linearized field equations for gravitational waves

For gravitational waves, the perturbations are assumed to propagate on a flat background (or static spherically symmetric solution).
Therefore, we consider the wave equation for £, which is derived from the linearized field equations.

The perturbed field equations will involve:

- The linearized Ricci tensor 6R,,,, which includes terms like d,,0,h,,,. - The linearized torsion scalar T, which is also expanded
in terms of h,,,. - The variation of f(R,T) with respect to both R and T', which is linearized to first order.

After linearizing the field equations, the wave equation for gravitational waves can be written as:

Oh,, =0, (99)

where [] is the d’Alembert operator, which for perturbations on a static background, simplifies to:

1
Ohy, = —\/_0,1 (V-28"ash,,) . (100)
—&
This is the wave equation for the perturbation field in f(R, T')-gravity. The exact form of the wave equation will depend on the specific
functional form of f(R,T), but in general, this leads to a second-order wave equation that governs the propagation of gravitational
waves in this modified gravity theory.

10.4. Effective gravitational wave equation

The equation for gravitational waves in the f(R,T)-gravity framework will contain corrections due to the modified gravitational
theory. For the standard f(R,T) = R (General Relativity), this reduces to the usual wave equation for gravitational waves. However,
for more complex forms of f(R,T), such as those that involve torsion effects, additional terms will appear in the equation.

For example, perturbations may cause changes in the speed of propagation, effective damping, or new interactions between the
gravitational wave and the matter sector.

To summarize, in the context of f(R,T)-gravity, the perturbation equations for gravitational waves can be derived by:

 Expanding the field equations to first order in the metric perturbations.
+ Deriving the linearized wave equation for the perturbations.
« Identifying the additional terms in the wave equation due to the functional dependence on f(R,T).

In the vacuum case, we would obtain the usual wave equation for gravitational waves, with modifications depending on the form
of f(R,T). These modifications could affect the propagation speed, polarization states, and damping of gravitational waves. Further
detailed analysis of specific models of f(R,T) would be required to determine the precise effects on gravitational waves in these
theories.

11. Astrophysical implications

In this section, we delve into the potential astrophysical implications of our modified gravity model, particularly focusing on
the effects of torsion in the f(R,T) = R+ f(T) framework. This model, which incorporates a function of the trace of the energy-
momentum tensor 7', introduces a new degree of freedom that can significantly alter the behavior of gravity in extreme environments,
such as near black holes, in the propagation of gravitational waves, and within compact objects like neutron stars. We will explore
how torsion can influence these phenomena, leading to observable signatures that may provide new insights into the nature of gravity
and spacetime.
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11.1. Black holes in f(R,T)-gravity

One of the most fascinating implications of the f(R,T)-gravity model is its effect on black holes. In traditional General Relativity,
black holes are described by the well-known Schwarzschild and Kerr solutions, but the introduction of additional torsion terms in
modified gravity can lead to significant deviations from these classical solutions. In particular, the torsion-induced modifications can
alter the structure of black holes, affecting properties such as the event horizon, singularities, and thermodynamics. The presence of
the f(T')-function modifies the energy-momentum tensor and, consequently, the Einstein field equations, potentially leading to new
black hole solutions that differ from those predicted by General Relativity.

These modified black hole solutions may exhibit different characteristics, such as a shift in the location of the event horizon or the
existence of additional horizons. Moreover, the geometry around the black hole might become more complex due to the contribution
of torsion, leading to the possibility of non-trivial modifications to the black hole’s shadow and gravitational lensing. Observations of
black hole mergers and shadow images, such as those captured by the Event Horizon Telescope, could provide critical tests of these
predictions and offer a unique opportunity to probe the nature of spacetime at extremely small scales.

The thermodynamics of black holes in the f(R,T)-gravity framework is also of great interest. The introduction of torsion can
modify the usual relations between the temperature, entropy, and other thermodynamic quantities of black holes. This could result
in changes to the laws of black hole thermodynamics, potentially offering new insights into the connection between gravity and
quantum mechanics, as well as the role of torsion in the fundamental structure of spacetime.

11.2. Gravitational wave propagation

The propagation of gravitational waves is another area where torsion may leave its imprint. Gravitational waves, which are ripples
in spacetime caused by the acceleration of massive objects, have become an important tool for exploring the dynamics of the universe,
particularly in the study of black hole mergers and neutron star collisions. In the standard General Relativity framework, gravitational
waves propagate according to the curvature of spacetime, but in the f(R,T)-gravity model, the presence of torsion could lead to
modifications in the wave equations, potentially altering the speed of propagation, waveform characteristics, and polarization states.

In particular, the modification of the speed of gravitational waves could lead to detectable discrepancies between the arrival
times of gravitational waves and electromagnetic signals from astrophysical events. Such discrepancies would provide an important
observational signature of torsion and a means of testing the validity of the f(R,T)-gravity model. Additionally, the interaction of
gravitational waves with torsion fields might give rise to new phenomena, such as the generation of additional modes or distortions
in the waveforms, which could be identified by future gravitational wave observatories like LIGO, Virgo, or the planned LISA mission.

The study of gravitational waves in this context is not limited to the detection of new waveforms, but also extends to the modifi-
cation of gravitational wave interactions with matter. For example, in the presence of torsion, the behavior of gravitational waves in
dense astrophysical environments such as neutron stars could change, leading to observable effects in the waveforms emitted during
the inspiral and merger phases. This could offer an exciting avenue for testing modified gravity theories and gaining insights into the
nature of matter and energy under extreme conditions.

11.3. Neutron stars and compact objects

The influence of torsion on compact objects like neutron stars is another crucial area of study within the f(R, T')-gravity framework.
Neutron stars, which are the remnants of massive stars that have undergone supernova explosions, are incredibly dense objects where
both quantum mechanics and general relativity are expected to play significant roles. The inclusion of torsion in modified gravity
models could lead to changes in the structure and stability of neutron stars, as well as their equation of state.

In particular, the equation of state (EoS) that describes the relationship between pressure and density in neutron stars may be
altered by the modified gravitational dynamics. This could have significant implications for the mass-radius relationship of neutron
stars, potentially leading to new constraints on the maximum possible mass of these objects and influencing their stability. Observa-
tions of neutron star mergers, such as those detected by LIGO and Virgo, provide an opportunity to test these predictions and place
limits on the properties of the torsion field. The gravitational wave signals from these mergers could reveal whether the mass-radius
relationship deviates from the predictions of General Relativity, providing a potential signature of modified gravity.

Additionally, the presence of torsion could affect the formation of compact objects like quark stars, which are hypothesized to
form in the aftermath of a supernova collapse. The behavior of matter at extremely high densities in such stars may be altered by the
modified gravitational dynamics, leading to differences in the formation and properties of these exotic objects.

11.4. Cosmological effects and large-scale structure

Finally, while we have focused primarily on compact objects and strong-field phenomena, it is important to recognize the broader
cosmological implications of the f(R,T)-gravity framework. The modified gravity model could lead to alterations in the formation
and evolution of large-scale structures in the universe, such as galaxies, clusters, and the cosmic web. The inclusion of torsion could
modify the expansion rate of the universe, leading to subtle effects on the distribution of dark matter and dark energy, as well as the
growth of cosmic perturbations.

The altered gravitational dynamics could also influence the behavior of the cosmic microwave background (CMB) radiation, pro-
viding a new source of observational data to test the model. By analyzing the CMB anisotropies, one could place stringent constraints
on the parameters of the f(R,T)-gravity model, testing whether torsion has a significant impact on the early universe’s evolution.
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In summary, the f(R,T)-gravity framework with torsion introduces intriguing modifications to the behavior of black holes,
gravitational waves, and compact objects, while also having broad implications for the evolution of the universe. As astrophysical
observations continue to advance, particularly in the fields of gravitational wave astronomy and high-energy astrophysics, the effects
of torsion in modified gravity theories will become an important area of investigation. Future studies will provide critical tests of these
models and could uncover new phenomena that challenge our understanding of gravity and the fundamental structure of spacetime.

12. Conclusion

In this work, we have explored the implications of the modified f(R,T)-gravity framework, where f(R,T) = R+ f(T), in the
context of various astrophysical phenomena. Our study has aimed to investigate the effects of torsion, as a modification to standard
General Relativity, on the behavior of black holes, gravitational wave propagation, and compact objects such as neutron stars. We
have also briefly considered the broader cosmological effects that torsion might have on the evolution of the universe and large-scale
structure formation.

In the context of black holes, we have demonstrated how the introduction of torsion in the f(R,T)-gravity model modifies the
classical black hole solutions of General Relativity. Specifically, we have shown that torsion can lead to alterations in the event
horizon structure, the thermodynamics of black holes, and the formation of new types of black hole solutions that might have
distinct observational signatures. These modifications present an exciting avenue for future research, as they may lead to new ways
of testing gravity in strong-field regimes. Observations of black hole mergers, such as those made by the Event Horizon Telescope
and gravitational wave detectors, could potentially reveal deviations from the predictions of General Relativity, providing crucial
evidence for or against the validity of modified gravity theories like f(R,T)-gravity.

The study of gravitational wave propagation in the presence of torsion has also provided valuable insights into how torsion can
alter the characteristics of gravitational waves. We have found that the speed of propagation, waveform shapes, and polarization
states could be modified in the presence of torsion. These modifications could lead to detectable signatures in gravitational wave
signals, particularly in the form of delays between the arrival times of gravitational waves and electromagnetic radiation from as-
trophysical events. Such deviations could serve as a diagnostic tool for identifying modified gravity theories in future gravitational
wave observatories, providing a complementary approach to studying the fundamental nature of gravity.

Our analysis of compact objects, particularly neutron stars, has shown that torsion may significantly affect their structure and
stability. The modification of the equation of state, which governs the relationship between pressure and density in such objects,
may result in observable differences in the mass-radius relationship of neutron stars, potentially leading to new insights into their
internal structure. Furthermore, the presence of torsion could influence the formation of exotic compact objects like quark stars,
adding another layer of complexity to our understanding of dense matter in the universe. Gravitational wave signals from neutron
star mergers could help test the predictions of the f(R,T)-gravity model and place constraints on the possible effects of torsion in
these extreme environments.

On a broader scale, we have briefly discussed the cosmological consequences of the f(R,T)-gravity model. The inclusion of
torsion could alter the dynamics of large-scale structure formation, the expansion rate of the universe, and the evolution of cosmic
perturbations. The study of the cosmic microwave background (CMB) radiation offers a potential observational tool to constrain the
parameters of the model and test the role of torsion in the early universe. If torsion has a significant effect on cosmological processes,
it could provide an exciting opportunity to probe the early stages of the universe’s evolution in new ways.

Overall, the f (R, T)-gravity framework offers a promising avenue for modifying our understanding of gravity and the fundamental
structure of spacetime. The torsion terms in the theory introduce novel dynamics that could manifest in a variety of astrophysical
settings, from black holes to compact objects, and even on cosmological scales. The next step in this research will involve further
theoretical development, including detailed modeling of the modified field equations, as well as numerical simulations to explore
the behavior of astrophysical systems under the influence of torsion. More importantly, the observational detection of gravitational
waves, black hole shadows, and neutron star properties will provide critical tests of the f(R,T')-gravity model.

In cosmology, the condition w,;, = —1 is crucial for describing a dark energy-dominated universe, with implications for the
accelerated expansion observed today. Modified gravity models, such as those incorporating f (R, T), provide alternative explanations
for this acceleration, with f(R,T) accounting for the effect of torsion in the gravitational field. These models must be carefully
constrained by observational data, including measurements from the cosmic microwave background (CMB) and supernova distance-
redshift relations, to ensure compatibility with the standard Lambda-CDM model. Future observational constraints on the parameters
of these models will be essential for refining our understanding of the universe’s evolution.

In conclusion, the potential impact of torsion on the astrophysical phenomena studied in this work opens up exciting new directions
for both theoretical and observational research in gravitational physics. As we move forward, the combination of observational
data from gravitational wave astronomy, black hole imaging, and other high-energy astrophysical observations, coupled with the
theoretical advancements in modified gravity models, will play a central role in determining the validity of f(R,T)-gravity and its
potential to provide deeper insights into the nature of gravity, spacetime, and the universe as a whole.
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