Phys. Lett. B 856 (2024) 138925

journal homepage: www.elsevier.com/locate/physletb

Contents lists available at ScienceDirect

Physics Letters B

PHYSICS LETTERS B

Letter

Primordial non-Gaussianity as a saviour for PBH overproduction in SIGWs

Check for

updates

generated by pulsar timing arrays for Galileon inflation

Sayantan Choudhury " +*, Kritartha Dey ® ", Ahaskar Karde ", Sudhakar Panda *>

M. Sami “*

2 Centre For Cosmology and Science Popularization (CCSP), SGT University, Gurugram, Delhi - NCR, Haryana - 122505, India
b School of Physical Sciences, National Institute of Science Education and Research, Bhubaneswar, Odisha - 752050, India

¢ Center for Theoretical Physics, Eurasian National University, Astana 010008, Kazakhstan
4 Chinese Academy of Sciences, 52 Sanlihe Rd, Xicheng District, Beijing, China

ARTICLE INFO ABSTRACT

Editor: M. Trodden

We investigate the explicit role of negative local non-Gaussianity, fy; , in suppressing the abundance of primordial

black holes (PBHs) in the single-field model of Galileon inflation. PBH formation requires significantly enhancing
the scalar power spectrum, which greatly affects their abundance. The associated frequencies in the nHz regime
are also sensitive to the generation of scalar-induced gravitational waves (SIGWs) which may explain the
current data from the pulsar timing arrays (PTAs). Our analysis using the threshold statistics on the compaction
function demonstrates that Galileon theory not only avoids PBH overproduction using the curvature perturbation
enhancements that give fi; ~ O(—6), but also generates SIGWs that conform well with the PTA data.

Recent findings from the pulsar timing array (PTA) collaborations,
which include the NANOGrav [1-8], EPTA [9-14], PPTA [15-17], and
CPTA [18], have confirmed the observed common-spectrum signal for a
stochastic gravitational wave background (SGWB). Since then, consider-
able works have discussed the interpretations and possible cosmological
origins of the signal, such as first-order phase transitions, cosmic strings,
domain walls, and inflation, particularly scalar-induced gravitational
waves (SIGWs). (See refs. [19-78]). Such cosmological scenarios con-
tain models that better agree with the PTA data. However, this letter
focuses on the SIGW interpretation of the PTA signal and concerns re-
lated to the primordial black hole (PBH) production associated with the
frequency regime of the signal.

Scalar-induced GWs manifest as the tensor perturbations at second-
order induced by curvature perturbations in the spatially flat FLRW
background upon horizon re-entry. [79-83]. At the same time, dur-
ing inflation, small-scale enhancements in the curvature perturbations
lead to the generation of overdense and underdense regions in the
density contrast field, which, on exceeding a threshold overdensity,
gravitationally collapses to form PBHs [83-204]. However, in some
cases, PBHs may also get overproduced [22,27,28,205,206]. The gen-
eral mechanism for PBH production in single-field inflationary models
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necessitates an ultra-slow roll (USR) phase, which sufficiently amplifies
the scalar power spectrum amplitude [19,195,204,207-221]. This USR
phase raises concerns about generating large non-Gaussianities (NGs)
[213], challenging the Gaussian statistics assumption for the comoving
curvature perturbations. Accurately assessing the PBH abundance, as the
fraction constituting all of present-day dark matter, requires a careful ac-
count of the primordial NGs. Recent attempts to tackle PBH overproduc-
tion involve strategies like incorporating an extra spectator field along
with the metric perturbations, as in the curvaton model [22,222,223] or
an additional spectator tensor field [27], while positive NG is declared
harmful to the PBH abundance, especially in non-attractor single-field
models [224]. The total PBH abundance heavily depends on the NG
magnitude and its signature. Requiring a sizeable abundance largely im-
pacts the peak of the scalar power spectrum, thereby putting constraints
on the maximum of the observed SIGW spectrum.

In this letter, we aim to demonstrate that PBH overproduction does
not occur in the non-attractor single-field inflation model described by
covariantized Galileon theory, which includes a USR phase while ac-
counting for the primordial NGs and intrinsic non-linearities between
the density fluctuations and the comoving curvature perturbations.
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The study by authors in ref. [213] demonstrates significant nega-
tive NG, fnr ~ O(—6), generated in the USR phase of Galileon theory.
Its unique non-renormalization theorem strongly suggests suppression
of the quantum loop corrections within the theory, allowing no con-
straints on the allowed PBH masses [19,212,213]. This property also
provides us with the advantage of allowing for successful inflation. Our
findings from Galileon reveal that large negative NGs allow for a sizeable
abundance of PBH and a substantial scalar power spectrum amplitude,
consistent with the recent NANOGrav 15 data. Another reason, observa-
tionally speaking, for working with Galileon comes from the results in
[19], where the SIGW spectrum generated shows consistency with the
NANOGrav 15 signal and, thanks to the intrinsic features of this theory,
it also shows signatures in the parameter space of the existing and fu-
ture GW experiments, including LISA [225], DECIGO [226], ET [227],
CE [228], BBO [229], HLVK [230-232], and HLV(03) [230-232].

We employ the approach of threshold statistics on the compaction
function parameter to accurately investigate the PBH abundance [22,
205,233-238]. This procedure helps us to picture the non-linear cor-
rections to the density contrast and include the primordial NGs in the
curvature perturbation within the framework of covariantized Galileon
theory.

We start by briefly laying out the underlying features of the Galileon
inflation theory [239] used in this paper. A remarkable quality of this
theory is that despite the action containing a higher-derivative structure
one obtains equations of motion quadratic in the scalar field ¢p which
is known here as the Galileon field. The theory comes equipped with
a unique symmetry known as the Galilean shift symmetry, which in a
3 + 1 spacetime can be written as follows:

> d+u,x"+b, @

where b is a constant scalar, v¥ is a constant vector, x# represent the
spacetime variable. We will return to the use of this symmetry when
we talk about the importance of the non-renormalization theorem and
quantum loop effects in Galileon theory. We mostly focus on the dynam-
ics of this Galileon field in a inflationary scenario where the background
spacetime has a quasi de-Sitter geometry, such that the effective poten-
tial during inflation satisfies the condition |AV /V| <« 1 and the expan-
sion is characterized by the necessary slow-roll conditions. The action
for the Galileon field in the background, ¢(¢) reads:
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with ¢;Vi=1,--,5 representing the coefficients that parameterize the
Galileon theory, 4 is a mass dimension 1 parameter that also helps to
characterize the exact shift symmetry breaking in the potential, and the
action involves the coupling parameter, Z, in terms of the physical cut-
off scale, A, of the theory. From here the task of computing the scalar
power spectrum involves expanding this action to second order in the
perturbations around the background, more details on this construction
and the comoving curvature perturbation can be found in ref. [212].
This perturbed second-order action in the Fourier space reads as follows:
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3

where cf =1
here ¢ (7) is the Fourier space comoving curvature perturbation mode
function, a(r) = —1/ H 7 is the scale factor in conformal time coordinates
and, A, BB, are the time-dependent coefficients having relation with ¢
as the effective sound speed parameter of our theory. These coefficients
have the following specific expressions:
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and they also include the first and second slow-roll parameters, ¢ =
—H/H? and n = ¢/eH, respectively. Important to note is the fact that
the values of the dimensionless coefficients, {c; Vi = 1to 5}, and the
coupling Z and field ¢(t), are chosen in such a manner to allow for the
parameter ¢, taking proper values that satisfy causality and unitarity
constraints during inflation. Also, the chosen values help to set up an
additional ultra-slow roll phase for the brief duration of ANgg ~ O(2)
in the present theory [240]. We hereafter aim to consider the scalar
power spectrum from Galileon theory, accounting for the quantum one-
loop corrections originating due to the perturbed action at cubic or-
der. The complete construction of such an action and dealing with the
quantum loop effects requires understanding the significance of the non-
renormalization theorem to which we now allude.

The non-renormalization theorem provides a great deal of simplic-
ity in the computation of one-loop effects in Galileon theory as it allows
us to completely do away with operators that bring significant radiative
corrections to its Lagrangian. Since we focus on an inflationary scenario
from the start, a mild shift symmetry breaking is needed to realise the
same physically. However, under such a soft symmetry-breaking condi-
tion, the non-renormalization theorem remains valid since the Galileon
theory operators, along with any couplings of the heavy fields to the
Galileon, respect the Galilean shift symmetry. This feature protects the
Lagrangian against any harmful renormalizations that destroy its stabil-
ity [239,241]. Consider the Galilean symmetry in eqn. (1). Under this
symmetry the comoving curvature perturbation transform in the follow-
ing manner:

E—>¢ - ﬂLv.(Sx 6)
¢

from which we can deduce that the terms ¢, ¢/, and 9,, all break
Galilean shift symmetry mildly, and only 0>¢ remains invariant due to
its double derivative structure. Using the above transformation proper-
ties one can construct operators as a combination of these terms that
exhibit the mild symmetry breaking needed for inflation. After going
through the algebra of removing any redundant contributions via field
re-definitions and other boundary terms, we remain with only a few ac-
ceptable terms such as, ¢’3, ¢'20%¢, ¢'(9;£)? and (9;£)>9%¢, which later
form the cubic order action. We now provide a glimpse of this said cubic
action that is responsible for the quantum loop effects calculations:
¢ H3 |a 2 a

2
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We do not list here explicitly the Galileon operators coefficients, G; Vi =
1,--,4, due to their complex structure and would be irrelevant, but their
exact expressions can be found in [212]. The actual one-loop computa-
tion requires following the Schwinger-Keldysh (in-in) formalism, and its
implementation results in the two-point correlation function read as fol-
lows:
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where inside the above expression, we expand the interaction Hamilto-
nian and upto leading order obtain the relevant one-loop contributions
after plugging inside, H,, = —L£3, using the action in eqn. (7). This
identification of H,, works specifically at the third order. All that now
remains is to calculate the following in-in correlations:
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<§k§—k>(0,2):li_r>%/drl /dfz (GO Hyy (1) Hyy (1)), (10)
<§k§—k>2;)’2):11_i_r>1?)/drl /dfz (G @ Hiy (1) Hiy ()T, (1)

<$k§—k>(l,1):}_%/drl /d’fz (Hi (tDEDE (D Hin (1)), (12)

(&€ i) ome-toop = (Gl i)0n) + (éké—k)joyz) + (G- 13)

The correlation in eqn. (9) provides the tree-level contribution to the
primordial scalar power spectrum while the sum of the correlations in
eqns. (10)-(12) provide the necessary one-loop corrections written in
eqn. (13). The final power spectrum expression combines the contribu-
tions coming from each of the four operators inside eqn. (7) and thus
leads to the result as:

(&8s = (Gl Tree + <$k$—k>0nefloop’ a4

where the one-loop effects remain highly suppressed when calculated as
described above due to the non-renormalization theorem. We however
provide the necessary details as it will be helpful to visualize the total
power spectrum structure in the upcoming discussions.

The power spectrum associated with the scalar modes is crucial to
analyze the SIGW spectrum. Also, the enhancements in the scalar power
spectrum of our theory due to the presence of the USR phase will give
rise to a peak amplitude corresponding to the maximum abundance of
PBHs. We begin by presenting the final cut-off regularized one-loop cor-
rected power spectrum for the scalar modes as follows:

2
k
somafo (2]
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where Q_ denotes the one-loop corrections present in the final scalar
power spectrum, which becomes suppressed on account of the non-
renormalization theorem in the Galileon theory. We refer the readers to
[212] for the explicit computations of the loop effects contributions Q,
resulting from the use of egns. (10)-(12). Also k /k, ~ ©@(0.1) < 1. The
quantity A represents the amplitude of the scalar power spectrum at the
scale kg, and {kg, k,} denote the transition scales from the first slow-roll
(SRI) to the USR and from the USR to the second slow-roll (SRII) phases,
respectively. The amplitude A involves the coefficients defined in eqns.
(4), (5) and the effective sound speed ¢, from eqn. (2). For details re-
garding the comoving curvature perturbation mode solutions and the
scalar power spectrum with Bogoliubov coefficients al(f) s ﬂ(z), al(f), ﬂ(3),
see the appendix A. The transition scale, k,, governs the type of PBH
produced within the range of sub-solar to massive solar mass.

The fractional energy density in the currently observed GW spectrum
is measured using the total scalar power spectrum from the relation
[242]:

PRGOS
Qow(f) =039 x [ 1*06% Q,( % / dy
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where the present radiation energy density fraction is denoted by Q, ),
and g, (T,,q) is the relativistic d.o.f. during radiation-dominated (RD)
era at the specific temperature T},,. The integration kernel is used as:
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The relation to convert between the frequency and the wavenumber is
used here as:

f=1.6><10—9Hz< k > (18)

10Mpc™!

The eqn. (16) contains the predominant contribution to the GW spec-
trum coming from the RD era and behaviour of the peak amplitude of
the scalar power spectrum, (9(10~2), where the impact of the correc-
tions due to NGs to the curvature perturbation is subdominant. Our task
would be to use the total scalar power spectrum as in eqn. (15) to de-
termine the SIGW spectrum within the frequency range sensitive to the
NANOGrav 15, as well as the EPTA signal, where we would also exam-
ine the production of the PBHs.

Fig. 1 presents our results for the SIGW spectra from Galileon the-
ory superimposed over the NANOGrav 15 and EPTA signal. We plot the
spectra for a set of effective sound speed values, ¢, € {0.04,0.05,0.06},
where the condition fy; ~ O(—6) is satisfied, as shown in [213]. The
generated spectra from Galileon theory lie within the observed peak
and low-frequency regime of the signals. For the full range of both
the signals, the actual trend is obeyed largely by the resulting spectra,
which achieves a peak value during the interval of the USR phase where
f~00108 - 10"7)Hz.

We now address the central issue concerning the PBH abundance
and related significant overproduction issues. An accurate estimation
of the abundance requires properly considering the non-linearities be-
tween the perturbations in the density contrast field and the comoving
curvature given by [236]:

5= =3 e 0| O+ 0+ 5807 19
where u =3(1 + w)/(5 + 3w) is related to the equation of state param-
eter w [243]. We will further use w = 1/3 for the RD era in the rest
of computation. The above equation assumes spherical symmetry for
the locally perturbed region and the long wavelength approximation on
super-horizon scales. The further inclusion of primordial NGs in the con-
served curvature perturbation random field {(r) will then translate into
the density contrast field through the above-mentioned non-linear re-
lation. We focus on the quadratic NG model in this work, given by the
well-known ansatz:

{=¢+ %fNLCé (20)

where {; = {;(r) follows Gaussian statistics and fy; measures the
amount of NG in the theory. We now invoke the threshold statistics
approach on the compaction function to accurately estimate PBH abun-
dance in the presence of the above-mentioned features. Details concern-
ing the compaction function can be found in the SM. From the use of
eqn. (19), the definition of the compaction function C(r, ) then acquires
a time-independent behaviour valid in the super-horizon scales, result-
ing in the following expression:
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SIGWs from Galileon inflation confronted with NANOGrav15
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SIGWs from Galileon inflation confronted with EPTA
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Fig. 1. The SIGW spectra from Galileon theory confronted with the NANOGrav 15 signal (left-panel), and with the EPTA signal (right-panel). The gray-coloured band
illustrates the permissible parameter space for various values of the effective sound speed at the pivot scale, ¢, € {0.04,0.05,0.06}, ensuring fy; ~ O(=6). The gray

lines in the background show the NANOGrav 15 and EPTA signal.
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where Cg(r) = —2uré &(r). The above relation contains two Gaussian

variables: {;(r) and C;(r), defined as the derivative of a Gaussian vari-
able. Now, the total fraction of the dark matter present in PBHs comes
from after integrating over a range of horizon masses (M ;) in the rela-
tion [22,205]:

f —L/dlnM My
PBH_QDM H 1\4o

X( 8 )% ( 8as )—‘ < PncMy) ) 22)
106.75 106.75 7.9%x10-10

where Qp); ~ 0.264 represent the dark matter density of the universe
and g,, g,, represent the effective energy and entropy degrees of free-
dom. It is well-known that the formation of PBH shows exponential
sensitivity to the tail of the Probability Distribution Function (PDF) of
the density fluctuations where the non-Gaussian effects are prominent
[244-249]. In the present scenario, there exist non-zero auto and cross-
correlations between the two Gaussian random variables, C; and (g,
which lead to the two-dimensional joint PDF:

2
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Pg(Cg.86) = ————F—=¢exp <— 3 Gz >
276,0,4/1—72 i

cr

2
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with y,,. = °'c2r /(o.0,) representing the correlation coefficient. This PDF
helps to calculate the required mass fraction of PBHs when considering
the domain set by the threshold statistics on the compaction function
(for details, see Appendix B) [205]:

[SIE

X exp [

Bng(My) = /IC(C = Cn)'P(Cs.86)dCq dig. 24
D

where the critical scaling relation is incorporated through K(C — Cy,)"
for the PBH mass formed during horizon re-entry [250,251]. The values
for constant X ~ O(1 — 10) and the threshold C,;,, based on [233], arise
from the simulations, and y ~ 0.36 for the RD era. The integration do-
main is given by D = {C(r) > C;, A C5(d{/d{s) < 2u}, which involves
maximizing the compaction function, the details for which we will pro-
vide in the SM. The 2D joint PDF contains various correlations for which
we now provide the definitions [22,252]:

2w [ dk A
ggr:?” / T(krm)ng(k,rm)Ws(kJ‘m)Aé(k)s (25)
0
2uN\? [ dk X
-(2) oo
0
o0
dk .
o7 = | W kr)AY k), (27)
0

where we choose the smoothing functions, W, (k,r) and W(k,r), to be
Gaussian in nature, i.e., exp (—k2r? /2). The function W(k, r) is referred
to in the literature as the spherical-shell window function. For our pur-
poses, we found that the choice of both such window functions to be
Gaussian works well, rather than a top-hat and W(k,r) = sin(kr)/kr
structure. This approach effectively smoothens small-scale fluctuations,
and we will later observe its impact when evaluating the abundance
of PBH in Fig. 3. We also used the smoothing property from the radia-
tion transfer function, T'(k,7) = 3(sin/ — I cos!)/I°, where [ = kr/\/g
and 7 = 1/aH, to define the new power spectrum form as Aé(k) =

T2(k, r,,,)Ag%(k). Such use of the transfer function allows us to implement
a damping effect, after going to the Fourier space, over the constantly
evolving sub-horizon modes after they re-enter the horizon at scales
I = kcgr > 1. The structure of the transfer function tells us that in the
sub-Horizon limit, / > 1, we have T(k,7) = 0, and for scales in the
super-Horizon limit, / <« 1, we have T'(k,7) = 1 which makes it clear
why the role of the transfer function remains valid only inside the Hori-
zon and not on the super-Horizon mode evolution. It is important to
note that eqns. (25)-(27) are evaluated at the horizon re-entry scale,
r, = (Gk H)’l, which corresponds to the wavenumber during the for-
mation of PBH and the scale where the compaction function maximizes.
Soon as the threshold condition becomes satisfied, at = = r,, the col-
lapse of perturbations proceeds quickly and thus the modes which finally
satisfy, k ~ (‘)(r;l1 ), lead to the dominant contributions towards PBH for-

mation [236]. The relation between ¢k « 1/4/M g [141,145] induces
M, dependence into the mass fraction, see appendix B.

Fig. 2 depicts contour plots of the 2D-PDF for different horizon mass
values. In order to visualize the PDF, we use the eqn. (23). This formula
shows that various correlation functions depend on the power spectrum
amplitude, which we fix as A = 102, the minimum value necessary to
facilitate PBH production. The overall shape of the PDF depends on the
set of such parameters. Although varying the power spectrum ampli-
tude influences the PDF features, the amplitude is not directly fixed by
the Gaussian variables Cg, {;. However, the significance of the chosen
amplitude comes into play when we set out to determine the domain of
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Two dimensional probability distribution profile P¢(Cg, (¢)
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Fig. 2. Logarithmic plot of 2D PDF for various horizon mass M, including multiple values of the threshold density contrast, namely C;, =0.4,0.5,0.6. P;(Cg;,¢5)

is indicated by the contour lines plotted against the Gaussian variables: Cg;, (.

The shaded region between the two dotted lines indicates the parameter space,

representing the integration domain to obtain a sizeable PBH mass fraction. All the plots are obtained for the scalar power spectrum having an amplitude A = 1072,

PBH abundance for Galileon incorporating non — gaussian effects (fx;, ~ O(—6)) in the USR phase

log(fs/Hz)
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Fig. 3. PBH abundance from Galileon theory for different values of the volume-
averaged density contrast threshold. The brown, orange, and purple coloured
bands correspond to the threshold values in C;, = {0.65,0.6,0.5}, respectively.
The red and blue borders of both bands bound the region of abundance fppy €
(1,1073). The green and light-blue posteriors representing, respectively, the
NANOGrav 15 and EPTA are taken from [22].

integration, D = {C(r) > C,;;, AC5(d({ /d{g) < 2u}, which requires scaling
the PDF points with the elements, o,,0,, in order to solve the inequal-
ities for the Gaussian variables, C;,{;. The above domain D results
from maximising the compaction function and on which more details
are provided in appendix B. The purple, orange, and green coloured
lines distinguish the allowed domains of integration for the mass frac-
tion in eqn. (24). Each domain for a given threshold shares one common
dashed black boundary with the respective colour for that threshold
forming a complete integration region shaded in cyan. We observe that
as the threshold on the compaction function, C;,, increases, the domain
gets more squeezed and moves farther from the centre of the contour.
The greater the support of the domain within the PDF, the greater the
probability of having a sizeable abundance of that particular PBH mass,
which is slightly less than the horizon mass at re-entry. The contours
also show a notable behaviour where the quantity y,, increases as we
go below, and also above, the mass, My ~ (9(10‘3MO), which signals
large correlations between the two Gaussian variables. For masses with,
My > O(0.1 M), the domain shows no overlap with the PDF, and thus
it is much likely that the production of near solar mass PBHs is highly
suppressed in our framework.

Before analyzing the results after computing PBH abundance, we
clarify that throughout the remaining analysis, we follow the results
in [233] on the interval of the threshold values. We maintain the under-
lying idea of only considering the NGs from the non-linearities in the
compaction threshold at Horizon crossing. We elaborate on this with a
discussion in the Appendix B.

Estimating the PBH abundance requires knowledge of the mass frac-
tion and its allowed domain. We now analyze our results after using
eqn. (22) as depicted in Fig. 3. The figure shows how large negative NG
affects the PBH abundance, related to the transition wavenumbers kg,
by forcing the amplitude A of the scalar power spectrum in the USR to
change for multiple choices of the compaction threshold. For C;;, = 0.65,
we observe that the no overproduction region (brown band and below)
gets pushed towards larger amplitudes while maintaining the necessary
perturbative approximation for the USR, ANygg ~ O(2), and where
it begins to favour the SIGW interpretation of the NANOGrav1l5 data
within 1¢. Upon changing the choice to C;, = 0.6, the region produc-
ing sizeable PBH abundance (orange band), fppy € (1,1073), begins to
fall in amplitude just outside the 1o contour of the NANOGrav15 sig-
nal. Till now, we infer from the above that large NG, fy;, ~ O(—6), tends
to lessen the tension for extreme values of the compaction threshold in
our theory. As we reach C;, = 0.5, PBH production increases further such
that the region avoiding overproduction (purple band and below) moves
down just close to the 2¢ region. This behaviour is understandable, as
increasing the threshold would require more amplitude to generate the
same PBH mass. We must note here that the band decreases in ampli-
tude for higher wavenumbers. Since the mass of PBH is related inversely
to the transition wavenumber squared, smaller masses require a lesser
amplitude of the power spectrum to generate a sizeable abundance.

We now turn our attention to the results where NG plays a cru-
cial role in determining the power spectrum amplitude and the final
fractional abundance of PBH. Fig. 4 compares the PBH abundance corre-
sponding to distinct values of NG parameter, namely fy; € {—2,—4, -6}
for a fixed threshold value of Cy, = 0.65. It becomes clear that regard-
less of the change in fy;, there is no major statistical difference in the
amplitude of the scalar power spectrum and, consequently, the corre-
sponding PBH abundance. The values between the red lines correspond
to fni = —6, while the values between the blue and gray lines represent
S =—4, and fy, = —2 respectively. All such bands lie within the lo
contour of the NANOGrav15 and 26 contour of the EPTA. The upper red
lines lie closer to the 1o contour than the blue and gray lines, indicating
that the largest scalar power spectrum that can be obtained to get ideal
abundance (fpgy = 1) is for fy = —6. Upon analyzing, We will see a
similar trend for other values of C;,, and this feature remains consistent
with the results in Fig. 5. Thus, due to the value of fy; only allowed
to vary inside a finite interval for Galileon inflation, —6 < fy < -2,
leads to only a small change in the necessary peak amplitude A. Also,
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PBH abundance for Galileon incorporating non — gaussian effects in the USR phase
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Fig. 4. PBH abundance from Galileon theory for different values of the non-
Gaussianity measure, fy; = —6 (red), fy. = —4 (blue), fy = —2 (gray), and
a fixed compaction threshold, C;, = 0.65. In each band the PBH abundance
belongs to the interval, fpgy € (1,1073). The green and light-blue posteriors
representing, respectively, the NANOGrav 15 and EPTA.

Amplitude vs fyy, for scalar power spectrum in the USR phase
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Fig. 5. Behaviour of the peak amplitude in the USR phase with changing values
of negative NG, fy; . Different values of C;;, = {0.65,0.6,0.5} are considered and
represented by red, green, and blue lines respectively, while the USR transition
wavenumber k, = 10"Mpc~!, and resulting fractional abundance fppy =1 is
kept fixed. The black star represents the amplitude value corresponding to the
maximum allowed abundance in the present conditions for fy; = —6. The gray
shaded region with, —6 < fy; < —2, shows the theoretically allowed NG values
in Galileon theory during the USR phase.

in the absence of any primordial NGs (fy;, = 0) and just considering the
impact of non-linearities, the SIGW interpretation of the NANOGrav15
signal breaks, and we will not obtain the desirable amplitude of the
power spectrum as strictly proven in [22].

We next elaborate on the Fig. 5 that explores the impact of NGs
on PBH abundance in a different manner. This plot depicts how the
peak amplitude of the power spectrum, in the USR, changes for differ-
ent values of local NG to achieve a maximum possible abundance. Large
negative NG can seed large fluctuations that generate higher-mass black
holes. Here, we have focused on the masses of PBH formed with the
transition scale fixed at k; = 10’Mpc~!. This scale allows for the gen-
eration of Mpgy ~ O(1072M,,). As we tend to decrease fy, below —6,
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PBH abundance vs amplitude of scalar power spectrum in the USR phase
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Fig. 6. Dependence of the PBH abundance on the scalar power spectrum am-
plitude of the curvature perturbation in the USR phase. The red, orange, blue,
and green lines correspond to the threshold values of the compaction function,
Cy, =1{0.4,0.5,0.6,0.65}, respectively. The transition scale for this plot is fixed
at k, = 10"Mpc~".

we observe that the amplitude in the USR falls to saturate the abun-
dance of the said PBH masses. On the contrary, raising fy; above —6
will increase the abundance of masses in the lower end of the allowed
PBH mass spectrum, which then requires less amplitude for their for-
mation. In the present context, Galileon theory does not allow for NG
values outside the interval, —6 < fy, < —2, and the gray shaded region
represents the theoretically allowed region. Throughout the analysis in
Fig. 3, we have considered taking fy; = —6, its related power spec-
trum amplitudes shown using a black star marker for various thresholds,
Ci, =1{0.5,0.6,0.65}, and this has provided us with the most satisfactory
results for the agreement of the generated SIGWs with the PTA data.

After discussing the features of PBH abundance for various transi-
tion wavenumbers, including the impact of changing primordial NGs,
we look at the sensitivity of fpgy to the amplitude A more closely. In
the Fig. 6 above, we can see how the amplitude changes for particular
values of the compaction threshold to give rise to the fractional abun-
dance in between the interval fppy € (1073, 1), when we have fixed the
transition scale k, = 10’Mpc™'. As one can anticipate, increasing the
threshold requires larger amplitudes of the scalar power spectrum to
seed sizeable abundances of black holes. The plot also demonstrates that
the abundance is highly sensitive to the amplitude, changing quickly
and saturating to unity in an extremely short interval of the amplitude
values. Here, we have kept the analysis within the mentioned regime
of threshold values, C;;,, where cosmological perturbation theory holds
good.

From our examination of the abundance of PBH, we observe that
unlike working with a two-field model, like the curvaton, for generat-
ing the PBH forming curvature perturbations, the single-field Galileon
theory employs an additional USR feature during inflation, whose du-
ration respects the established perturbativity conditions [19,212,213].
It sufficiently enhances the scalar power spectrum for PBH formation
and contributes towards the overall quantum one-loop corrections. The
resulting amplitude corresponds to sizeable PBH abundance without
risking overproduction. The analysis done for the curvaton model in
[22,205] considers the NGs in great detail to obtain a suitable abun-
dance and thus leads to the amplitude of the power spectrum that is
enough to alleviate the tension between NANOGrav 15 and SIGWs. On
the other hand, Galileon further includes larger negative NGs such that
the resulting amplitude generates the SIGWs that correlate strongly with
NANOGrav 15 data in the presence of the quantum loop effects.
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In this letter, we have utilized the threshold statistics on the com-
paction function, which helps us to consider the primordial NGs and the
inbuilt non-linearities into the density contrast field. We first demon-
strated that the SIGW spectra corresponding to ¢, = {0.04,0.05,0.06}
comply well with the NANOGrav 15 and EPTA signal. Accompanying
this, with the NG value of f; ~ O(—6), we obtained sizeable PBH abun-
dance in the range fpgy € (107> — 1) which manages to remove the
overproduction problem. We conclude that large negative NGs within
Galileon theory, which come from respecting the perturbativity con-
ditions on the USR phase, allow for a sizeable PBH abundance and
consequently lead to the amplitude of scalar power spectrum that con-
forms within 20 to the SIGW interpretation of the observed GW signal
from the PTA collaborations.
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Appendix A. Details for the scalar power spectrum

In this section we focus on building the comoving curvature per-
turbation mode solutions once we obtain the corresponding equation of
motion for the curvature perturbation from the second-order action pre-
sented in eqn. (3). Redefining the action in terms of a new variable, z,
helps us to give the resulting equation of motion:

’()

G +2- gk( )+ kG (1) =
where z(r):a\/ZA/Hz, (A1)

with this equation in hand, we can proceed towards analyzing the mode
solutions and the related power spectrum functions in different phases
during inflation in our theory.

The power spectrum receives contributions from each SRI, USR, and
SRII phase. However, we encounter a different set of Bogoliubov coeffi-
cients for each phase after solving the Israel junction conditions for the
curvature perturbation modes. These new coefficients correctly describe
the mode solutions of the new phase, including the properties of the re-
spective quantum vacuum state. The mode solutions, along with their
corresponding Bogoliubov coefficients for each phase, are listed below.
We introduce the following shorthand notations for the sake of conve-
nience while writing the mentioned mode solutions and coefficients:

iH 1
o= ( ! X (1 + ike,7) exp (Fike, ),
+, /—> (C k)3/2
X, =k/kg, X, =k/k,, (A.2)

where, |k| = k, denotes the magnitude of the wavenumber.
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(a) For the SRI phase: The following expression represents the solu-
tion for the scalar mode corresponding to the SRI phase where the
conformal time satisfies the condition, 7 < z,:

a@= e £ @ - BV f_ (D). (A3)

The Bogoliubov coefficients involved in the above solution have the
following values:

1) _ (1 _
al’ =1, " =0. (A.4)

This choice of coefficients indicates use of the well-studied Bunch-
Davies quantum vacuum state as our starting point.

(b) For the USR phase: The following expression represents the solu-
tion for the scalar mode corresponding to the USR phase where the
conformal time satisfies the condition, 7, <7 < 7,:

6@ =(2) [ a0 - 82 1) )

The Bogoliubov coefficients involved in the above solution have the
following values:

af{2>=1+2:;3 (1+x2),
pe = 2(\%3 (1-ix2) exp (21, ). (A.6)

To obtain the above we require applying the continuity of the mode
solutions and its conjugate momenta in SRI and USR at the transi-
tion scale k.

(c) For the SRII phase: The following expression represents the solu-
tion for the scalar mode corresponding to the SRII phase where the
conformal time satisfies the condition, 7, < 7 < 74!

G(e) = (:—) |4 7k @) = B0 1(0)]. A7)

The Bogoliubov coefficients involved in the above solution have the
following values:

1 . . .
a = o [9 (=, +i)2 (X, +i) Zexp (2i (X, - &,))
s e
+{&2 (2X, +3i) + 3} { X7 (-2, +3i) +3i} ] . (A.8)
3 . , .
B = | (B + i) {X2 (2%, +3) Yexp (2iX,)
s e
+i (X, +1) {3+ &2 (—2X, +3i) bexp (21&)] . (A.9)

In order to obtain the above we require applying the continuity of
the mode solutions and its conjugate momenta in USR and SRII at
the transition scale k,.

From using the above information, one can able to write the final

scalar power spectrum which includes the tree-level and the one-loop
contributions in terms of the wavenumber as:

2 _ 2 2
Ag,Total(k) - [AC,Total(k)] SRI + [ALTotal(k)] USR

2
* [A¢ »TO‘*“(k)] SRIT

= [82 e 1{1+<k> <| @ _ O ok,

2
+ |0 = 80| Otk — ke>) +9, }

Ok — k)

O(k - k,),
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k 6
=A[l+X7] { (17) 1+Q,)

e

2 2)|? 3 3)|2
+<‘a£>—/3]ﬁ>) Ok — k) +|a - 57 @(k—ke)> }

(A.10)
where we have used the following definitions:
A2 (k () A
[ ¢ Treel )]SRI T\ 87243 [T+
S/ %
4 k,\°
a=( H <_e> . (A11)
872 Ac3 i kg

and the term labelled O, represents the collection of the one-loop
quantum corrections from each phase. For more details on the explicit
computation of these one-loop contributions in Galileon theory, see
ref. [212]. Also, aside from the Bogoliubov coefficients for each phase
which includes the sharp transition wavenumbers, the total scalar power
spectrum from Galileon theory takes in the effective sound speed ¢, and
the time-dependent coefficients obtained before for the second-order ac-
tion in eqns. (4), (5).

Appendix B. Compaction function and its threshold statistics

This section details the necessary computations when applying the
threshold statistics to the compaction function. First introduced by Shi-
bata and Sasaki in [253], this function is defined to be twice the excess
mass over the areal radius:

o M(rD) — M)
C(r,t)=2X% (T)

2
R(r,t)

/ d33p,(H)8(%, 1), (B.1)
%

where M (r,1) = po(1)V,(r,1), with V, (r,1) = (4 /3)R(r, 1)3, denotes the
background mass with respect to the energy density p,(t), and M(r,1)
denotes the Misner-Sharp mass within the sphere Sf{ of areal ra-
dius, R(r,t) = a(t)rexp({(r)), written in the comoving radial coordi-
nates. Now, upon analyzing the perturbations well outside the cos-
mological horizon, one can accommodate the non-linearities from the
conserved curvature perturbation, {(r), into the density contrast field
5(X,1) = 6p(X,1)/ p,(7) by using the long-wavelength approximation (also
known as the gradient expansion) on such super-horizon scales. For a
generic background with the equation of state w, the above-mentioned
non-linearities in the radial coordinates result from the expression
[236,254]:

2
8(r ) = — % (aLH ) e~SED/2y2,E00/2,

POy ) [C”(r)+ %C'(")"‘ %C’(")z , (B.2)

where u =3(1 + w)/5 + 3w and a prime indicates a radial derivative.
The analysis performed in this letter is not restricted to any particular
component but can be generalized to any equation of state, along with
Galileon, within 0 < w < 1, which covers w = {0,1/3, 1} describing the
matter-dominated, radiation dominated, and the kination era respec-
tively. In the above equation, the Laplacian in radial coordinates and
the exponential terms introduce the explicit non-linear effects, which
makes it clear that NGs will inevitably be present regardless of the statis-
tics of the curvature perturbation {(r) [235,255]. Using the non-linear
eqn. (B.2), the compaction function in eqn. (B.1) achieves the new time-
independent definition:

Cr) = —2urg’(r)<1 + %g’m). (B.3)
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The above equation can be separated into its linear and non-linear com-
ponents as follows:

C(r)=Cy(r)— CyL(r) where,
CL(r)==2urf'(r), and Cy.(r)=Cp(r)*/4u. (B.4)

Now, the criterion for the PBH formation comes from maximizing the
compaction function at the scale r,,, which, on using the eqn. (B.3),
enables the condition:

)1 () =0. (B.5)

The same comoving scale r,, can as well be associated to the Horizon
mass My through the standard relation in terms of the corresponding
wavenumbers, ¢;ky = r,!, that source the PBH forming perturbation
during horizon re-entry (crossing):

-1/6 - -2
My~ 17MO[ 8 ] [ Ckn ] . (B.6)
10.75 106Mpc-!

where g* = 106.75 represents the relativistic d.o.f. in the radiation-
dominated epoch, and, in the present scenario, ky corresponds to the
transition scale k, into the USR region. We incorporate the effective
sound speed at the transition scale by using ¢, ~ 1 + 6, such that 6 < 1.
At this stage, let’s also examine the excess mass volume-averaged over
a region with areal radius R. This quantity has a special relation at the
scale r,,, and the corresponding re-entry time ¢4, with the compaction
function at the same scale:

Rm
5 = M) _ 3 5_/’R2dR
" My(r) T R, ) p,
0
=C(r,) =36(r,.ty), (B.7)

in the above, R,, = a(t ;;)r,,e*"», is the physical length scale of the per-
turbation during re-entry. The last two equalities are realised only after
the use of the Horizon crossing condition R,,H(t;;) = 1, the eqn. (B.2),
and the condition in eqn. (B.5) in above while considering eqn. (B.3).
The eqn. (B.7) is a significant result, as it directly brings the volume-
averaged density contrast, 6,,, into the picture through the compaction
function at horizon re-entry.

Current estimates for the volume-averaged density contrast on super-
horizon scales, obtained using numerical analysis, result in the interval,
2/5 < 6y, < 2/3, where under the first approximation, that is neglect-
ing higher-order effects in the gradient expansion approach, is said to
provide a reasonable outcome for the perturbation amplitude during
horizon re-entry [233,236] at the associated scale r,, and the pertur-
bation mode k;. An important fact to remember here is that in the
mentioned studies, only the NG effects due to the non-linearities from
eqn. (B.2) are taken into account, along with assuming that the curva-
ture perturbation only follows Gaussian statistics to give us the above
interval for é,;,. Recent studies in [234,256] have looked into the ef-
fects of quadratic primordial NGs on the computation of the threshold
and found changes only at a few percent level. Through the equality in
eqn. (B.7), we can then directly determine the range of the threshold
values Cyy,.

We now discuss briefly the approaches adopted by different studies
to incorporate the impact of fy; on the compaction threshold estima-
tion. The study in [256] makes it clear, through the use of a curvature
perturbation profile, that the volume-averaged compaction function ap-
proach with its universal threshold value of C =2/5, only works well
for models with positive fy; and fails for the cases where negative
/L S —1. To thoroughly determine the compaction threshold for a spe-
cific model would require using a curvature perturbation profile, {;,
and dedicated simulations on the behaviour of the compaction function,
which shows the resulting impact coming from the presence of quadratic
NGs. The curvature perturbations will also then experience changes with
the new threshold values for different values of fy;, and go on to directly
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affect the PBH formation process. Otherwise, one can also follow the
relatively new path-integral techniques followed by [234] where they
employ threshold statistics to study non-Gaussian corrections to the cur-
vature perturbation correlations and their impact on the average density
perturbation profile. For this work, we avoid this entirely separate study
of estimating the threshold and follow the volume-averaged compaction
threshold prescription as laid in [233]. For our analysis, we do not begin
by assuming a template expression for the Gaussian curvature perturba-
tion and rely on the various correlations and their joint PDF to get the
set of values for the variables, C, ;. We then use the horizon crossing
property to identify the two quantities, §,, = C(r,,), and get the thresh-
old C, to ultimately perform the integration over the complete domain
satisfying specific conditions which we can now begin to examine.

Since we are considering a generic expression for the curvature per-
turbation {(r) which carries within the primordial NG information, this
also appears inside the equation (B.3), which we now mention as:

a¢ 1 d¢
B.
Cn= CG(r)dg 4u< Co(r )dg > (B.8)
with Cq(r) = —2ur( (’;(r). The conditions under which a cosmological

perturbation undergoes collapse to form PBH get decided by, firstly, re-
quiring the condition C > C,;,, based on the threshold of the compaction
function C,. While this is true, maximizing the compaction function
sets another boundary condition to provide us with a proper domain of

values:
C
C'(r) = Cl(r) = Cly (N = CL(r) = —r< 54(;) )
1
=Cl(n- 5 (CL(r) C’L(r)> =0,
= C.(r)=2u (B.9)

Finding a double derivative gives an affirmative over the second bound-
ary condition as being, C; (r) <2u or C;(d{/d{s) < 2u. As a result, the
complete domain for integrating the PBH mass fraction after the use
of threshold statistics on the compaction function reads: D = {C(r) >
Cop ACG(dE [dEg) < 2u).

Appendix C. Primordial non-Gaussianity and PBH mass fraction

Including NG in the comoving curvature perturbation is essential
due to the presence of a USR phase during inflation. Now, the NG cor-
rections are suppressed at the CMB scales due to the small values of the
slow-roll parameters. However, the introduction of a USR phase con-
tributes significantly to the NGs. In this section, we elaborate on the
effects of deviating from the Gaussian limit due to considering the lo-
cal type of primordial NGs in the curvature perturbations. Specifically,
we are considering the quadratic parameterization of the perturbation,
¢=¢+@3/5) fNLé‘é, in terms of the Gaussian random variable ;.

Starting with the already discussed 2D joint PDF in eqn. (23), we
ask how deviating from a perfectly correlated scenario, where one es-
sentially considers a Dirac delta type of distribution, brings changes into
the results of the primordial abundance of black holes. Upon Taylor ex-
panding the existing PDF in between the 2 Gaussian variables, Cg, {;,
around the value of y,,. = 1, we can get the following expression:

1

exp( 1 (C_G_§_0>
2\/57[6 o.\/1— 4@y,—D \ o, o,
+Z( 2 ( o, gG) (e = 1" *)

]PG(C(;J:(;):

(14 e 30?50 =p)t 350 7t
4 Y} 128 2048
63(1-7,)° 2310 -7,)0 ’ n
8192 65536
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where the --- represent the higher-order terms in the Taylor expansion
and, under the particular limit y,. — 1, the above distribution reduces
to as follows:

. _ 1 1(C;  C6 ?
tim i e (524 )
! (G- c_>
27(2(1 — yc,)) 4 — 1D o, ’
=71 exp ——< +§G> 5<C—G—C—G> . (C.2)
2ro,0, 8\o. o Oc O

Here the Dirac delta function enforces the condition, C; /0, = {5 /0,,
in the remaining quadratic expression reducing it down to a sharp or
highly correlated distribution function, which must be the case since
the correlation coefficient y,,. reaches to its maximum value of y,,. = 1.
The expansion in eqn. (C.1) is only valid when the distribution is in the
vicinity of being highly correlated and is infinitely differentiable, which
seems to be the case here, or else the series expansion breaks for lower
values of y,,.. In the present context, the Fig. 2 featuring the contour plots
have the value of the correlation coefficient satisfying 0.84 Sy, <1
for My > 10‘3Mo and thus justifies performing such an expansion.
The resulting additional terms will contribute to the overall PBH mass
fraction and the corresponding fractional abundance, in addition to the
contribution from the sharply peaked distribution.

Given the peaked distribution in eqn. (C.2), its contribution to the
total mass fraction can be written as:

! /dCG d{q K(C - Cy)

"D

con(4 (5 ) (%)
14
- [ e{[ecor- Letc?] -

270, P

&
X exp _ﬁ dig. (C.3)

Due to the Dirac delta function, one obtains an integral over the variable

ﬂpeak(MH) =
2no,.0

d
g” G % for convenience. The

remaining constants, {K,u,Cy,,7}, are the same as defined previously
during the first appearance of the joint PDF. This PBH mass fraction fur-
ther enables the computation of the related fractional abundance after
integration over a range of horizon masses, which label here the pos-
sible epochs of black hole formation. The abundance corresponding to
the peak distribution is derived through the following expression:

¢ where we define the function g({;) =

peak -
peak _ Qppy 1 My 2
Tonit = Qp = o M\ Bty
DM DM o)
(156 )3/4( o >_1 et €4
106.75 106.75 7.9%10-10 ) ’

In the above the time-dependent horizon mass contained within the Uni-
verse of radius 1/H(t) at cosmic time ¢ is defined as My = My (1) =
(4 /3)p(t)/ H3(t), with p(f) being the total energy density of the Uni-
verse at the same time and Qpy); ~ 0.264 corresponds to the dark matter
density of the Universe. The Gaussian PDF in the above calculation is
responsible for getting the maximum possible contribution to the to-
tal abundance. The rest of the terms providing deviation from Gaussian
nature in the PDF expansion provide smaller contributions to the total
mass fraction and consequently result in an estimate of the fractional
abundance, which changes less significantly, especially for the values
of correlation coefficient, y,,, in our case. This analysis tells us that the
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fractional abundance is not highly sensitive to other terms in the PDF ex-
pansion, in contrast to the primordial NGs, which determine the domain
and the scalar power spectrum amplitude, which is present inside the
variances and gives rise to an exponential sensitivity to the fractional
abundance.

We now present some general discussions regarding our analysis
based on the non-linearities, NGs, and the necessary perturbativity con-
ditions,

Inclusion of non-linearities: The broad analysis done in this letter
does not ignore the apparent non-linearities in the density con-
trast field inherited from the possible non-linear behaviour of the
curvature perturbations on super-horizon scales. We chose the com-
paction function as it provides a much better estimate for the for-
mation threshold of the density contrast in the presence of the
non-linear modifications [233,236]. In this work, we have utilized
this estimate to evaluate the PBH mass fraction using the criti-
cal scaling relation and the integration domain dependent on the
threshold value and the impacts induced by non-linearities. These
non-linearities also do not tend to overpower their effects and be-
come uncontrollable, which is visible in our previous results includ-
ing the analysis of the Figs. 5-6.

Effects of non-Gaussianities: These originate in our present anal-
ysis from two essential places. The first comes through the non-
linearities in the density contrast field from where the non-Gaussian
effects propagate, even when one assumes Gaussian statistics for
the curvature perturbation. The second is connected with the gen-
eration of PBHs, where slow-roll violation for a brief period oc-
curs to sufficiently enhance the scalar power spectrum amplitude.
One must include these sources for a more realistic analysis of the
PBH formation and their fractional abundance for the present-day
total dark matter content. The local primordial NGs are present
inside our use of the quadratic model for the curvature perturba-
tion, which then gets translated into the compaction function. The
amount of NG (fyp ) present, hence, ultimately controls the scalar
power spectrum amplitude and the PBH abundance, which will be
elaborated on, shortly in the results of this section.

Preserving perturbativity: In our setup, a USR phase to generate
the large curvature perturbations comes with certain conditions im-
posed on its period. We have maintained throughout our analysis
the critical condition on the e-foldings of the USR, ANygg ~ O(2)
which guarantee that the cosmological perturbative approxima-
tions and controlled production of NGs are both satisfied. Another
necessary perturbative approximation follows while restricting our
analysis for the volume-averaged density contrast threshold to,
2/5 < 8y, < 2/3, which is the same for the compaction threshold
C,, at the time of horizon crossing. In this window, non-linear ef-
fects present during the long-wavelength approximation on super-
horizon scales remain controllable. The upcoming discussions on
our results will show that preserving perturbativity brings about
satisfactory outcomes.

Respecting Causality and Unitarity: The effective sound speed
parameter, c,, takes on a conformal time-dependent behaviour in
our present setup. Its value at the pivot scale is given by c¢(z,) = c,,
where 7, is the conformal time for the pivot scale k, = 0.02Mpc~".
During our analysis of the SIGWs generated from Galileon theory,
the properties of unitarity and causality have been preserved by
satisfying the observational constraint, 0.024 < ¢, < 1, [257].
Mass of PBH and NGs: PBH formation requires a brief period of
slow-roll violation, which, in the present context, is introduced
through a USR phase. Specifically, the wavenumber associated with
the transition from the slow-roll to the USR phase, kg, is the cru-
cial parameter determining the resulting mass of the PBH. The
dependency goes as ¢k,  1/4/Mpgyy. Regardless of the exact po-
sition of the USR, large enhancements in the NGs remain present
in our setup. In this work, we have set the transition scale at
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k, = 10"Mpc~!, which corresponds to the formation of Mppy ~
0(0.01) M, and additionally generates large negative NGs [213].
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