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In this study, we investigate the cosmological evolution of the universe, focusing on the KMMS models in a model-
independent approach, particularly the scenario involving linear correction, given by 𝐸2(𝑧) =𝐴(𝑧) +𝛽(1 +𝛾𝐵(𝑧)), 
where 𝐴(𝑧) = Ω𝑚0(1 + 𝑧)3 and 𝐵(𝑧) = 𝑧. By analyzing recent Cosmic Chronometers (CC) and the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+

samples, we determine the best-fit values of model parameters using a Markov chain Monte Carlo analysis. 
Our models exhibit unique dynamics, transitioning from super-exponential to exponential expansion, with a 
significant shift at redshift 𝑧𝑡 = 0.83+0.11−0.10 and present deceleration parameter 𝑞0 = −0.69+0.17−0.17. The jerk parameter 
exceeds 1, indicating a faster change in acceleration than predicted by ΛCDM. The energy density parameter 
is consistent with Planck observations, and the dark sector evolution follows the expected thermal history. The 
EoS parameter approaches 𝜔𝑑𝑒 = −1 over time, with a current value of 𝜔𝑑𝑒0 = −1.06 ± 0.12, aligning with the 
phantom phase. Our model presents a new dark energy alternative, emphasizing the importance of considering 
models like KMMS in understanding cosmic evolution.
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1. Introduction

General Relativity (GR) stands as a foundational theory in the study 
of gravitational interactions, forming the bedrock upon which our un-
derstanding of cosmic dynamics is built. Within this framework, the 
ΛCDM (Λ Cold Dark Matter) model emerges as a consistent and suc-
cessful cosmological model, aligning with a wide array of observational 
data and theoretical predictions. However, despite the remarkable suc-
cess of GR and the ΛCDM model, several challenges have emerged, both 
of theoretical and observational nature. The theoretical challenges in-
clude the cosmological constant problem, which revolves around the 
perplexing discrepancy between the predicted and observed value of 
the cosmological constant, leading to questions about the nature of 
dark energy (DE) (Weinberg, 1989). Another theoretical issue is the 
coincidence problem, which questions the apparent alignment of the 
energy densities of dark matter and DE in the current epoch, despite 
their vastly different behaviors over cosmic history (Steinhardt et al., 
1999). In addition, the non-renormalizability of GR poses a fundamental 
challenge from a theoretical perspective, hinting at potential limitations 
of the theory in extreme conditions such as those found in the early 
universe or near black holes. On the observational front, challenges 
such as the Hubble tension and the 𝜎8 tension have garnered attention. 
The Hubble tension refers to the discrepancy between the measure-
ments of the present-day expansion rate of the universe derived from 
local measurements (such as those from the Hubble Space Telescope) 
and those inferred from the cosmic microwave background (CMB) ob-
servations within the framework of the ΛCDM model. Similarly, the 
𝜎8 tension concerns the mismatch between the amplitude of matter 
density fluctuations inferred from the CMB and large-scale structure 
observations (Addazi et al., 2022; Abdalla et al., 2022; Martin, 2012; 
Freedman, 2017; Lusso et al., 2019; Lin et al., 2020; Perivolaropoulos 
and Skara, 2022). These challenges, both theoretical and observational, 
underscore the need for continued exploration and refinement of our 
cosmological models, as well as the potential for new physics beyond 
the current paradigms. Consequently, numerous modified gravity theo-
ries have been developed (Buchdahl, 1970; Kleinert and Schmidt, 2002; 
Odintsov and Oikonomou, 2017; Capozziello et al., 2018, 2011; Liu 
and Reboucas, 2012; Jimenez et al., 2018, 2020), and several models 
beyond the ΛCDM framework have been proposed (Ratra and Peebles, 
1998; Sami and Toporensky, 2004; Sami et al., 2005; Chiba et al., 2000; 
Armendariz-Picon et al., 2000; Bento et al., 2002; Kamenshchik et al., 
2001; Padmanabhan, 2002; Fayaz et al., 2015; Saadat, 2013; Morais et 
al., 2017) in the scientific literature.

In this study, our primary focus will be on the phenomenon of 
late cosmic acceleration, a phenomenon that has been observed and 
supported by numerous observational datasets, including astrophysical 
observations of Type Ia supernovae (SNe Ia) (Riess et al., 1998; Perl-
mutter et al., 1999), CMB (Komatsu et al., 2011; Planck Collaboration 
XVI, 2014), and baryonic acoustic oscillations (BAO) (Eisenstein et al., 
2005; Percival et al., 2007). The present model employed to understand 
late-time cosmic acceleration is known as reconstruction. This approach 
is essentially the reverse of the process used to identify a suitable cos-
mological model. Reconstruction methods can be broadly categorized 
into two types: parametric reconstruction and non-parametric recon-
struction (Mukherjee, 2016). Parametric reconstruction relies on the 
estimation of model parameters using various observational data. It 
is often referred to as the model-independent approach, as it involves 
making assumptions about the evolution of the universe based on a spe-
cific parametric form. The primary goal of parametric reconstruction is 
to propose an evolution scenario that accounts for the observed cos-
mic acceleration and to determine the nature of the matter or exotic 
components responsible for this acceleration. This method has been 
extensively discussed in the literature as a means to address various 
challenges in cosmological investigations. These challenges include the 
initial singularity problem, the issue of all-time decelerating expansion, 
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Banerjee and Das, 2005; Cunha and Lima, 2008; Escamilla-Rivera and 
Nájera, 2022; Yu-Ting et al., 2010; Gong and Wang, 2006; Mamon and 
Das, 2016b; El Hanafy and Nashed, 2019; Gong and Wang, 2019).

In our current study, we focus on a generalized dimensionless 
Hubble parameter model, often referred to as the KMMS (Koussour-
Myrzakulov-Myrzakulova-Sofuoğlu) model, which is expressed in terms 
of redshift (𝑧) as 𝐸2(𝑧) = 𝐻2(𝑧)

𝐻2
0

= 𝐴(𝑧) + 𝛽(1 + 𝛾𝐵(𝑧)) (Koussour et al., 

2023a). This model introduces correction terms associated with DE 
within the framework of the ΛCDM model. By incorporating these 
correction terms, we aim to investigate the behavior of the FLRW 
(Friedmann-Lemaitre-Robertson-Walker) universe within the frame-
work of GR. Several forms of the function 𝐵(𝑧) are explored to 
cover a range of scenarios. These forms include the linear model 
(𝐵(𝑧) = 𝑧), the sinusoidal model (𝐵(𝑧) = sin(𝑧)), and the logarithmic 
model (𝐵(𝑧) = log(𝑧 + 1)) (Koussour et al., 2023a). Recently, Koussour 
et al. (2024) proposed correction terms associated with DE for the Hub-
ble parameter, introducing a correction function 𝐵(𝑧) = 𝑧(1+𝑧)

1+𝑧2 . Each of 
these forms introduces different characteristics into the model, allowing 
us to examine a diverse set of cosmic evolution scenarios.

The current paper is organized as follows: Sec. 2 introduces the cos-
mological model, adopting the parametric form of the dimensionless 
Hubble parameter. In Sec. 3, we use Bayesian analysis to estimate con-
straints on the associated free parameters (𝐻0, Ω𝑚0, 𝛾) using data from 
recent Cosmic Chronometers (CC) and the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ samples. Sec. 4
presents our findings and examines cosmological parameters such as 
deceleration, jerk, energy density, and EoS parameters to conclude the 
accelerating behavior of the universe. Finally, Sec. 5 provides a sum-
mary and conclusions based on our results.

2. Cosmological model

In the realm of cosmology, the flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric plays a pivotal role in describing a universe 
characterized by both isotropy (uniformity in all directions) and ho-
mogeneity (uniformity throughout space, where its properties are the 
same at every point). In the context of a flat FLRW universe, this met-
ric is mathematically expressed by the following equation, as detailed 
in Ryden (2003):

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)[𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2)], (1)

Here, the symbol 𝑎(𝑡) represents the scale factor, which is normal-
ized to unity at the present epoch (𝑎0 = 1). This dimensionless quantity 
characterizes how the size of the universe evolves with cosmic time 𝑡.

Our research is grounded in the theoretical framework of GR. Within 
the context of the flat FLRW metric, the representation of the energy-
momentum tensor for a perfect fluid (a non-viscous fluid) is succinctly 
expressed as

𝑇𝜇𝜈 = (𝑝+ 𝜌)𝑢𝜇𝑢𝜈 − 𝑝𝑔𝜇𝜈 (2)

Here, key physical quantities are involved: 𝑢𝜇 denotes the four-
velocity vector, 𝜌 = 𝜌𝑚 + 𝜌𝑑𝑒 combines the total energy density, which 
comprises contributions from both matter (𝜌𝑚) and DE (𝜌𝑑𝑒), 𝑝 = 𝑝𝑚 +
𝑝𝑑𝑒 encompasses the total pressure, including contributions from matter 
pressure (𝑝𝑚 = 0) and DE pressure (𝑝𝑑𝑒), and 𝑔𝜇𝜈 represents the metric 
tensor, characterizing the geometry of spacetime. It’s important to em-
phasize that the subscript “m” pertains to matter, encompassing both 
dark matter and baryonic matter, while “de” represents dark energy.

Furthermore, the Einstein field equations of GR elucidate the re-
lationship between the geometry of spacetime and the distribution of 
matter and energy. In their fundamental form, these equations are rep-
resented as 𝐺𝜇𝜈 = 𝜅𝑇𝜇𝜈 , with the simplification 𝜅 = 8𝜋𝐺 = 1 where 𝐺

𝜇𝜈

signifies the Einstein tensor, which characterizes the curvature of space-
time. Employing these equations, we can describe the properties of a 

spatially flat FLRW Universe as follows (Myrzakulov et al., 2023c):
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3𝐻2 = 𝜌𝑚 + 𝜌𝑑𝑒, (3)

2𝐻̇ + 3𝐻2 = −(𝑝𝑚 + 𝑝𝑑𝑒) (4)

where 𝐻 = 𝑎̇

𝑎
represents the Hubble parameter, characterizing the rate 

of cosmic expansion. In addition, Eqs. (3) and (4) are commonly rec-
ognized as the Friedmann equations, fundamental tools in the field of 
cosmology. The first Friedmann equation serves to establish a criti-
cal link between the rate of expansion of the Universe and its energy 
density. It provides crucial insights into how the energy content of the 
Universe influences the pace at which it is expanding. This equation 
essentially unveils the intricate interplay between matter, radiation, 
and DE in shaping the evolution of the cosmos. Conversely, the sec-
ond Friedmann equation plays a complementary role by elucidating the 
acceleration of the expansion rate in relation to the pressure within the 
Universe. It offers a profound understanding of how the presence of 
pressure, whether positive or negative, exerts a pronounced impact on 
the dynamics of the cosmic expansion over time. This equation allows 
cosmologists to explore the effects of different forms of energy and mat-
ter on the evolution and fate of our universe, shedding light on its past, 
present, and future.

Furthermore, the conservation equations for the DE and matter are 
described as follows:

𝜌̇𝑑𝑒 + 3𝐻(𝜌𝑑𝑒 + 𝑝𝑑𝑒) = 0, (5)

𝜌̇𝑚 + 3𝐻𝜌𝑚 = 0. (6)

Solving these equations leads to the determination of the energy 
density for matter:

𝜌𝑚(𝑧) = 𝜌𝑚0(1 + 𝑧)3. (7)

Here, 𝜌𝑚0 represents an integration constant, which signifies the 
matter-energy density at the present epoch. The redshift parameter, 
denoted as 𝑧 and defined as 𝑧 = 1

𝑎(𝑡) − 1, plays a crucial role in un-

derstanding the expansion of the universe and the evolution of matter 
density over time.

Now, among the equations (3)-(6), only three are independent, 
while we have four unknown parameters: 𝐻 , 𝜌𝑚, 𝜌𝐷𝐸 , and 𝑝𝐷𝐸 . To 
successfully solve this system of equations, an additional input is re-
quired. It is widely recognized that the parametrization of the Hubble 
parameter plays a vital role in characterizing the nature of the uni-
verse’s expansion rate. In general, 𝐻(𝑧) can be parametrized in various 
ways, and one common approach is known as the KMMS models, which 
express it as (Koussour et al., 2023a):

𝐸2(𝑧) = 𝐻2(𝑧)
𝐻2

0

=𝐴(𝑧) + 𝛽(1 + 𝛾𝐵(𝑧)), (8)

where 𝐻0 denotes the present-day expansion rate of the Universe, while 
𝛽 and 𝛾 are free parameters. In addition, 𝐴(𝑧) and 𝐵(𝑧) are functions 
that rely on the redshift parameter. If 𝐴(𝑧) is specified as 𝐴(𝑧) =Ω𝑚0(1 +
𝑧)3, and the parameters are set to 𝛽 = ΩΛ and 𝛾 = 0 (or equivalently, 
𝐵(𝑧) = 0), the resulting model is the ΛCDM model,

𝐸2(𝑧) = Ω𝑚0(1 + 𝑧)3 + ΩΛ, (9)

where Ω𝑚0 = 𝜌𝑚0
3𝐻2

0
represents the current matter density parameter, 

while ΩΛ = 𝜌Λ
3𝐻2

0
signifies the density parameter for the cosmological 

constant at the present epoch.
In the literature, several cosmological parameterizations have been 

proposed in linear form to describe various aspects of the universe’s evo-
lution. For example, the linear parametrization of the equation of state 
(EoS) for DE (𝜔(𝑧) = 𝜔0 +𝜔1𝑧) (Weller and Albrecht, 2002) and the de-
celeration parameter (𝑞(𝑧) = 𝑞0 + 𝑞1𝑧) (Riess et al., 2004) describe how 
these parameters evolve with redshift. By introducing a similar linear 
correction term to the Hubble parameter, we aim to capture comparable 
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similar linear correction term to the ΛCDM Hubble parameter to cap-
ture comparable time-varying effects in the expansion rate. It is given 
by

𝐴(𝑧) = Ω𝑚0(1 + 𝑧)3 , 𝐵(𝑧) = 𝑧 . (10)

Here, the condition 𝐵(𝑧 = 0) = 0 imposes an additional constraint 
on the model’s parameters, reducing their degrees of freedom and re-
sulting in the relation Ω𝑚0 + 𝛽 = 1. Consequently, it becomes crucial to 
compare these models with a range of cosmological data. In the follow-
ing section, we will integrate various external datasets to ascertain the 
optimal parameter values for our models, laying the groundwork for 
subsequent analysis.

3. Cosmological data analysis

In observational cosmology, a crucial aspect is to build precise cos-
mological models. This requires rigorously constraining model param-
eters like Ω𝑚0, 𝛾 , and the Hubble constant 𝐻0 through the analysis 
of observational data. In this study, we use a variety of observational 
datasets, including Cosmic Chronometers (CC) and the latest Pantheon 
sample (𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+), which consists of observations of SNe Ia.

3.1. Cosmic chronometers (CC) dataset

The CC method is a valuable technique for measuring the Hubble 
rate. It involves studying the properties of the oldest and most slowly 
evolving galaxies. These galaxies are selected based on a narrow red-
shift range, enabling the use of the differential aging method. The 
Hubble rate 𝐻 , defined within the FLRW metric, is given by

𝐻 = − 1
1 + 𝑧

𝑑𝑧

𝑑𝑡
. (11)

This relationship enables us to deduce the universe’s expansion 
rate at different epochs. A major benefit of the CC method is its abil-
ity to measure the Hubble parameter 𝐻(𝑧) without assuming specific 
cosmological models. This feature makes the CC method a valuable 
tool for testing and examining various cosmological models. Notably, 
R. Jimenez and A. Loeb (2002) proposed a technique to directly ob-
tain Hubble parameter data by calculating the rate of redshift change, 
𝑑𝑧∕𝑑𝑡, at a specific redshift value 𝑧. In this study, we assemble a com-
prehensive dataset consisting of 31 data points from various reputable 
surveys (Jimenez et al., 2003; Simon et al., 2005; Stern et al., 2010; 
Moresco et al., 2012; Cong et al., 2014; Moresco, 2015; Moresco et 
al., 2016; Ratsimbazafy et al., 2017). These data points, derived us-
ing the CC method, cover a wide range of redshift values from 0.1 
to 2. Among these, 15 data points are correlated and fall within the 
range 0.179 < 𝑧 < 1.965, obtained from measurements in Moresco et al. 
(2012); Moresco (2015); Moresco et al. (2016). The covariance matrix 
associated with the CC method can be expressed as

𝐶𝑜𝑣𝑚𝑛 = 𝐶𝑜𝑣S
𝑚𝑛

+𝐶𝑜𝑣Y
𝑚𝑛

+𝐶𝑜𝑣M
𝑚𝑛

+𝐶𝑜𝑣SM
𝑚𝑛

. (12)

In this context, the superscripts ‘S’, ‘Y’, ‘M’, and ‘SM’ denote different 
sources contributing to the covariance matrix: statistical errors, contam-
ination by young components, sensitivity to the chosen model, and vari-
ations in stellar metallicity, respectively. The covariance contribution 
from model-related factors, 𝐶𝑜𝑣M

𝑚𝑛
, can be subdivided into components 

originating from the star formation history (sfh), initial mass function 
(imf), stellar library (sl), and the specific stellar population synthesis 
(sps) model considered: 𝐶𝑜𝑣M

𝑚𝑛
= 𝐶𝑜𝑣sfh

𝑚𝑛
+ 𝐶𝑜𝑣imf

𝑚𝑛
+ 𝐶𝑜𝑣sl

𝑚𝑛
+ 𝐶𝑜𝑣

sps
𝑚𝑛 . In 

this expression, 𝐶𝑜𝑣M
𝑚𝑛

represents the covariance attributed to general 
model uncertainties. In addition, 𝐶𝑜𝑣sfh

𝑚𝑛
, 𝐶𝑜𝑣imf

𝑚𝑛
, 𝐶𝑜𝑣sl

𝑚𝑛
, and 𝐶𝑜𝑣

sps
𝑚𝑛

indicate contributions stemming from uncertainties related to the star 
formation history, initial mass function, stellar library, and stellar pop-
ulation synthesis model, respectively.

For conducting an MCMC analysis, it is crucial to calculate the chi-

square function for correlated CC measurements, which is defined as
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𝜒2
𝑐𝑜𝑣

(𝜗) = (Δ𝐻)𝐶𝑜𝑣−1(Δ𝐻)𝑇 , (13)

where Δ𝐻𝑘 =𝐻𝑡ℎ(𝑧𝑘, 𝜗) −𝐻𝑜𝑏𝑠(𝑧𝑘). Now, by incorporating the 𝜒2 func-
tion for the remaining 16 non-correlated CC data points, we obtain

𝜒2
𝑛𝑜𝑛𝑐𝑜𝑣

(𝜗) =
16∑
𝑘=1

[
(𝐻𝑡ℎ(𝑧𝑘, 𝜗) −𝐻𝑜𝑏𝑠(𝑧𝑘))2

𝜎2
𝐻
(𝑧𝑘)

]
. (14)

In this context, 𝐻𝑡ℎ represents the theoretical prediction of the Hub-
ble parameter for a specific model with parameters 𝜗. 𝐻𝑜𝑏𝑠 denotes the 
observed values of the Hubble parameter, while 𝜎𝐻 represents the as-
sociated error. Therefore, the resulting 𝜒2 function for the CC dataset is 
given by

𝜒2
𝐶𝐶

= 𝜒2
𝑐𝑜𝑣

+ 𝜒2
𝑛𝑜𝑛𝑐𝑜𝑣

. (15)

3.2. 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ dataset

The 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ analysis extends the original 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛 study by 
integrating an enlarged dataset of SNe Ia that includes those with 
Cepheid distances measured to galaxies. This extensive dataset con-
sists of 1701 light curves from 1550 SNe Ia, covering a redshift range 
of 0.001 ≤ 𝑧 ≤ 2.2613, sourced from 18 distinct studies (Riess et al., 
2022; Brout et al., 2022a,b; Scolnic et al., 2022). Among the 1701 light 
curves in the dataset, 77 are linked to galaxies containing Cepheids. 
The 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ compilation represents a substantial improvement over 
the original 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛 compilation by Scolnic et al. (2018). The en-
hancements include an expanded sample size, particularly for SNe at 
redshifts below 0.01. In addition, the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ compilation addresses 
systematic uncertainties related to redshifts, intrinsic scatter models, 
photometric calibration, and peculiar velocities of SNe Ia, leading to 
notable improvements in data quality. It is important to note that due 
to specific selection criteria, not all SNe from the original Pantheon 
compilation are included in the enhanced 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ compilation.

Furthermore, 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ considers the covariance between SNe Ia 
in its dataset and those located within the Hubble flow. Unlike the orig-
inal Pantheon sample, which faced challenges in estimating 𝐻0 due to 
the degeneracy between 𝐻0 and the absolute magnitude 𝑀 of SNe Ia, 
the enhanced 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ results overcome this issue. By incorporating 
both the apparent magnitude 𝑚𝐵 and the distance modulus 𝜇𝑐𝑑

𝑘
derived 

from Cepheids associated with SNe in Cepheid host galaxies, the abso-
lute magnitude 𝑀 = 𝑚𝐵𝑘 − 𝜇𝑐𝑑

𝑘
can be independently determined. This 

separation of the degeneracy between 𝑀 and 𝐻0 enables an indepen-
dent assessment of the value of 𝐻0 using the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ dataset.

To achieve the best fits for the free parameters, it is essential to 
minimize the 𝜒2 function, defined as

𝜒2
𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛

=Δ𝜇𝑇 (𝐶−1
𝑆𝑦𝑠+𝑆𝑡𝑎𝑡)Δ𝜇, (16)

where 𝐶𝑆𝑦𝑠+𝑆𝑡𝑎𝑡 denotes the covariance matrix of the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+

dataset, which includes both systematic and statistical uncertainties. In 
addition, Δ𝜇 represents the distance residual, defined as

Δ𝜇𝑘 = 𝜇𝑘 − 𝜇𝑡ℎ(𝑧𝑘). (17)

Here, 𝜇𝑘 denotes the distance modulus of the 𝑘𝑡ℎ SNe Ia. It’s calcu-
lated as 𝜇𝑘 = 𝑚𝐵𝑘 −𝑀 , where 𝑚𝐵𝑘 is the apparent magnitude of the 
𝑘𝑡ℎ SNe Ia, and 𝑀 is the fiducial magnitude of a SNe Ia. The theoretical 
distance modulus 𝜇𝑡ℎ is calculated using the expression:

𝜇𝑡ℎ(𝑧,𝜗) = 5 log10
(
𝑑𝐿(𝑧,𝜗)
1 Mpc

)
+ 25, (18)

where 𝑑𝐿 represents the model-derived luminosity distance in mega-
parsecs (Mpc), defined as

𝑑𝐿(𝑧,𝜗) =
𝑐(1 + 𝑧)

𝑧

𝑑𝑦
. (19)
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Here, 𝑐 is the speed of light, and 𝐸(𝑧) = 𝐻(𝑧)
𝐻0

. In addition, the dis-

tance residual is denoted by

Δ𝜇̄ =

{
𝜇𝑘 − 𝜇𝑐𝑑

𝑘
, if 𝑘 is in Cepheid hosts

𝜇𝑘 − 𝜇𝑡ℎ(𝑧𝑘), otherwise
. (20)

Here, 𝜇𝑐𝑑
𝑘

represents the Cepheid host-galaxy distance provided 
by SH0ES. When calculating the covariance matrix for the Cepheid 
host-galaxy, it can be merged with the covariance matrix for SNe Ia. 
The combined covariance matrix, denoted as 𝐶𝑆𝑁𝑒

𝑆𝑦𝑠+𝑆𝑡𝑎𝑡 + 𝐶𝑐𝑑
𝑆𝑦𝑠+𝑆𝑡𝑎𝑡, in-

cludes both statistical and systematic uncertainties from the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+

dataset. Therefore, the 𝜒2 function for the combined covariance matrix 
used to constrain cosmological models in the analysis is expressed as

𝜒2
𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ = Δ𝜇̄(𝐶𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛

𝑆𝑦𝑠+𝑆𝑡𝑎𝑡 +𝐶𝑐𝑑
𝑆𝑦𝑠+𝑆𝑡𝑎𝑡)

−1Δ𝜇̄𝑇 . (21)

3.3. CC+𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ dataset

To perform a joint analysis of the CC and 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ datasets, we 
define the 𝜒2

𝑗𝑜𝑖𝑛𝑡
function as

𝜒2
𝑗𝑜𝑖𝑛𝑡

= 𝜒2
𝐶𝐶

+ 𝜒2
𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ . (22)

In this study, we employ the standard Bayesian technique to esti-
mate the values of the model’s free parameters (Hobson et al., 2009). 
The prior distribution used for these parameters is detailed in Table 1. 
The range of [−10, 10] for 𝛾 covers a broad spectrum of potential val-
ues, as 𝛾 is associated with the linear correction term in the Hubble 
parameter and can be positive or negative. This range was selected to 
ensure that various scenarios are considered, allowing the data to de-
termine the most probable value within this range. The prior range of 
[0, 1] for Ω𝑚0 is standard in cosmology, reflecting the plausible range 
of the matter density parameter in a flat universe. Values outside this 
range suggest a non-flat universe, which is less supported by observa-
tional and theoretical findings.

By sampling the probability functions derived from the combined 
data of CC and 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+, we employed a robust Markov Chain Monte 
Carlo (MCMC) method implemented in Python using the emcee (Mackey 
et al., 2013) software. In our MCMC analysis, we utilized 100 walkers 
and conducted 1000 steps to explore the parameter space and estimate 
the likelihood distributions. This approach allowed us to identify the 
region in the parameter space with the highest probability of contain-
ing the values of the free parameters of the model. The results of this 
analysis are depicted in Fig. 1, where the contours represent the 1 − 𝜎

and 2 − 𝜎 confidence levels (corresponding to 68% and 95% confi-
dence levels, respectively). In Table 1, we present the values of the 
free parameters of the model within a 95% confidence interval. We 
find that Ω𝑚0 = 0.249+0.027−0.026. In addition, the constraints obtained for 
the model parameter 𝛾 indicate that it takes a small negative value, 
specifically 𝛾 = −0.17+0.35−0.35, representing a slight deviation from ΛCDM. 
Moreover, the Hubble constant for the model is determined to be 
𝐻0 = 72.4+2.5−2.5 km/s/Mpc. Notably, this value for 𝐻0 is consistent with 
the results obtained from the SH0ES project (Riess et al., 2019), where 
𝐻0 = 74.03 ± 1.42 km/s/Mpc (at the 1𝜎 confidence level), indicating 
tension with the Planck results (𝐻0 = 67.4 ± 0.5 km/s/Mpc) (Planck 
Collaboration, 2020).

3.4. Information criteria

Here, we will examine different statistical criteria and methods for 
selecting models. Specifically, we will employ the Akaike information 
criterion (AIC) (Akaike, 1974) and the Bayesian information criterion 
(BIC) (Schwarz, 1978) to evaluate the predictive performance of various 
models using datasets. The AIC tackles the issue of model adequacy by 
acting as an estimator of Kullback-Leibler information, showing asymp-

totically unbiased properties. Defined under the assumption of Gaussian 
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Fig. 1. The model parameters’ constraints derived from the combined 𝐻(𝑧) + 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛 dataset are depicted by contours representing the 68% and 95% confidence 

levels (C.L.).

Table 1

Selected prior distributions and best-fit values for the free parameters obtained 
from the combined 𝐻(𝑧) + 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛 dataset.

Parameter Prior interval Model ΛCDM

𝐻0 (km/s/Mpc) [60,80] 72.4+2.5−2.5 71.4+1.7−1.7
Ω𝑚0 [0,1] 0.249+0.027−0.026 0.244+0.026−0.024
𝛾 [−10,10] −0.17+0.35−0.35 −
𝜒2
𝑚𝑖𝑛

− 1714.58 1712.99
𝐴𝐼𝐶 − 1720.58 1716.99
Δ𝐴𝐼𝐶 − 3.59 0
𝐵𝐼𝐶 − 1724.30 1719.45
Δ𝐵𝐼𝐶 − 4.85 0

errors, the AIC estimator is given by (Spiegelhalter et al., 2002; Ander-
son, 2002),

𝐴𝐼𝐶 = −2 ln (𝑚𝑎𝑥) + 2𝑘+ 2𝑘 (𝑘+ 1)
𝑁𝑡𝑜𝑡 − 𝑘− 1

. (23)

Here, 𝑘 represents the number of parameters in the model, 𝑚𝑎𝑥

is the maximum likelihood value of the datasets being analyzed, and 
𝑁𝑡𝑜𝑡 denotes the total number of data points. For large datasets, the 
formula simplifies to 𝐴𝐼𝐶 ≡ −2 ln (𝑚𝑎𝑥)+ 2𝑘 (Burnham and Anderson, 
2004), which is a modified AIC criterion that is universally applicable. 
Further, the BIC, serving as a Bayesian evidence estimator (Anderson, 
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2002; Burnham and Anderson, 2004; Liddle, 2007), is formulated as
𝐵𝐼𝐶 = −2 ln (𝑚𝑎𝑥) + 𝑘 log(𝑁𝑡𝑜𝑡). (24)

Here, 𝜒2
𝑚𝑖𝑛

= −2 ln (𝑚𝑎𝑥). To rank a series of competing models 
based on their fit to observational data, we apply the aforementioned 
criteria. Our focus is particularly on the relative difference in Infor-
mation Criterion (IC) values among the considered models. This differ-
ence denoted as Δ𝐼𝐶𝑚𝑜𝑑𝑒𝑙 = 𝐼𝐶𝑚𝑜𝑑𝑒𝑙 − 𝐼𝐶𝑚𝑖𝑛, compares each model’s 
IC value to the minimum IC value among the competing models. Ac-
cording to Jeffreys’ scale (Kass and Raftery, 1995), if the difference in 
IC values, Δ𝐼𝐶 , is less than or equal to 2, the model is statistically in 
agreement with the most favored model by the data. A difference in IC 
values falling between 2 and 6 suggests a moderate tension between the 
two models, whereas a difference of 10 or more indicates a significant 
tension. To conduct these tests, we use the ΛCDM model as a refer-
ence and compare it with our model. We then constrain the parameters 
𝐻0 and Ω𝑚0 of the ΛCDM model using the aforementioned datasets, 
and the outcomes are shown in Table 1. These results are employed 
in further model selection analyses. The results of the model selection 
analysis are also presented in Table 1. From these findings, we observe 
that 2 < Δ𝐼𝐶 < 6 for each comparison, indicating a moderate tension 
between the two models.

4. Findings and cosmological parameters

In this section, we will delve into the behavior of cosmological pa-

rameters that describe the evolutionary phases of the universe. These 
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Fig. 2. Plot of the deceleration parameter 𝑞 as a function of the redshift 𝑧.

parameters correspond to the values extracted from the model parame-
ters generated by the emcee software.

Firstly, the sign of the deceleration parameter (𝑞), expressed as 
𝑞 = −1 − 𝐻̇

𝐻2 , provides key insights into the nature of the universe’s 
expansion. When 𝑞 > 0, the model indicates decelerating expansion, 
suggesting that the gravitational pull of matter is slowing down the 
universe’s rate of expansion. If 𝑞 = 0, the expansion is at a constant 
rate, while for −1 < 𝑞 < 0, the model indicates accelerating expansion, 
indicating that some form of repulsive force, such as DE, is driving the 
expansion. For 𝑞 = −1, the universe exhibits exponential expansion, also 
known as de Sitter expansion, characterized by an accelerating expan-
sion driven by a cosmological constant. For 𝑞 < −1, the expansion is 
super-exponential, indicating a rapid acceleration beyond the de Sitter 
expansion rate. In our model, the deceleration parameter is given by 
the following equation:

𝑞 = −1 +
(1 + 𝑧)

(
−𝛾Ω𝑚0 + 𝛾 + 3Ω𝑚0(1 + 𝑧)2

)
2(Ω𝑚0𝑧(−𝛾 + 𝑧(3 + 𝑧) + 3) + 𝛾𝑧+ 1)

. (25)

From Eq. (25), it becomes evident that our models ultimately dis-
play a phase of super-exponential expansion (𝑞 < −1 at 𝑧 < 0), and 
as time progresses, they approach a phase of exponential expansion 
(𝑞 = −1 at 𝑧 → −1). This behavior signifies an intriguing transition in 
the universe’s evolution, where the expansion rate undergoes a signifi-
cant change over time. In Fig. 2, we depict the plot of the deceleration 
parameter versus redshift (𝑧). This plot serves as a visual representa-
tion of the evolution of the universe’s expansion dynamics. One notable 
feature revealed by the plot is a distinctive transition from a phase of 
decelerating expansion to a phase of accelerating expansion at a red-
shift value 𝑧𝑡 = 0.83+0.11−0.10 with the present value 𝑞0 = −0.69+0.17−0.17, which 
are close to ΛCDM model as shown in the same figure (Mamon and Das, 
2016b; El Hanafy and Nashed, 2019; Gong and Wang, 2019). This tran-
sition, known as a signature flip, marks a pivotal shift in the dominant 
forces governing the universe’s expansion, highlighting the complex in-
terplay between gravitational attraction and the repulsive effects of DE.

The jerk parameter is another crucial dimensionless parameter that 
provides valuable insights into the dynamics of the universe’s expan-
sion. Unlike the deceleration parameter, which measures the rate of 
change of the expansion rate, the jerk parameter characterizes the rate 
of change of the acceleration of the universe’s expansion. Mathemat-
ically, the jerk parameter (𝑗) is defined as the third derivative of the 
cosmic scale factor (𝑎) with respect to cosmic time (𝑡), normalized by 
the cube of the Hubble parameter (𝐻) (Sahni et al., 2003; Visser, 2004):

𝑗(𝑧) =
...
𝑎

𝑎𝐻3 = 𝑞(2𝑞 + 1) + (1 + 𝑧)𝑑𝑞
𝑑𝑧

. (26)

For our model, the expression for the jerk parameter 𝑗(𝑧) is given by

𝛾(Ω𝑚0 − 1) +Ω𝑚0𝑧(𝑧(3 + 𝑧) + 3) + 1
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𝑗(𝑧) =
Ω𝑚0𝑧(−𝛾 + 𝑧(3 + 𝑧) + 3) + 𝛾𝑧+ 1

. (27)
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Fig. 3. Plot of the jerk parameter 𝑞 as a function of the redshift 𝑧.

However, the jerk parameter provides an indication of how the mod-
el’s behavior deviates from the predictions of the flat ΛCDM model, 
where 𝑗 = 1. In the best-fit model, the value of the jerk parameter is 
found to deviate from this standard value, reflecting a departure from 
the behavior expected in a simple cosmological constant scenario. In 
the context of our model (refer to Fig. 3), the present value of 𝑗 is 
greater than 1 (𝑗0 = 1.13+0.26−0.26) for the datasets considered, and it con-
verges to the standard ΛCDM value of 𝑗 = 1 in the near future (Mamon 
and Bamba, 2018). This observation indicates that, within the frame-
work of our model, the current state of the universe exhibits a higher 
rate of change in acceleration compared to what is predicted by the flat 
ΛCDM model.

Consequently, based on the model under consideration, where both 
𝑗0 > 0 and 𝑞0 < 0, it becomes apparent that the dynamic DE model 
being studied presents the most probable explanation for the observed 
acceleration of the universe at present times.

Now, let’s delve into the physical parameters of the model, specif-
ically focusing on the dimensionless energy density parameters asso-
ciated with matter and DE. These parameters play a crucial role in 
describing the composition of the universe and its evolution over time. 
Mathematically, they are expressed as

Ω𝑚 =
𝜌𝑚

3𝐻2 , Ω𝑑𝑒 =
𝜌𝑑𝑒

3𝐻2 . (28)

If the dimensionless matter density parameter (Ω𝑚) is close to 1, 
it signifies that matter dominates the universe’s energy density, result-
ing in a decelerating cosmic expansion. This scenario aligns with the 
behavior expected in a universe primarily composed of matter, where 
gravitational attraction slows down the expansion over time. On the 
other hand, in the presence of a cosmological constant (Λ) associated 
with DE, the dimensionless DE density parameter (Ω𝑑𝑒) remains ap-
proximately constant over cosmic time. In this context, DE gradually 
becomes the dominant component of the universe’s energy density, 
eventually driving the universe into a phase of accelerated expansion. 
This behavior is consistent with the observed acceleration of the uni-
verse’s expansion in the late stages of its evolution.

By using Eqs. (8) and (28), we obtain

Ω𝑚(𝑧) =
Ω𝑚0(1 + 𝑧)3

Ω𝑚0𝑧(−𝛾 + 𝑧(3 + 𝑧) + 3) + 𝛾𝑧+ 1
, (29)

Ω𝑑𝑒(𝑧) = 1 −Ω𝑚(𝑧). (30)

In Fig. 4, we present the evolution of the dark sector within the 
context of the scenario under consideration. The graph illustrates the 
evolving behavior of the dimensionless energy density parameters asso-
ciated with matter (Ω𝑚) and DE (Ω𝑑𝑒 = 1 − Ω𝑚). Notably, the present 
value of Ω𝑚0 is found to be Ω𝑚0 = 0.249+0.027−0.026, which is consistent with 
the findings from Planck observations (Planck Collaboration, 2020), 
based on the combined CC+𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+ data. The graph reveals the fa-

miliar thermal history of the universe, characterized by distinct epochs 
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Fig. 4. Plot of the dimensionless energy density as a function of the redshift 𝑧.

dominated by matter and DE. In the future, the universe is shown to 
asymptotically approach a dark-energy-dominated de Sitter phase. This 
behavior is indicative of the universe’s transition towards a phase of 
accelerated expansion driven by DE, consistent with the current under-
standing of cosmic evolution.

In addition, we consider the EoS parameter that describes the rela-
tionship between the DE density and its pressure:

𝜔𝑑𝑒 =
𝑝𝑑𝑒

𝜌𝑑𝑒
= −2𝐻̇ + 3𝐻2

3𝐻2 − 𝜌𝑚
(31)

Using (8) and (31), we have

𝜔𝑑𝑒(𝑧) =
𝛾 − 2𝛾𝑧− 3
3𝛾𝑧+ 3

. (32)

The EoS parameter 𝜔𝑑𝑒 is instrumental in characterizing the be-
havior of the universe’s expansion, specifically in distinguishing be-
tween decelerating and accelerating phases. This parameter classifies 
the accelerating universe into three distinct states: the quintessence era 
(−1 < 𝜔𝑑𝑒 < −1

3 ), the phantom era (𝜔𝑑𝑒 < −1), and the cosmological 
constant era (𝜔𝑑𝑒 = −1) (Koussour et al., 2023b,c; Myrzakulov et al., 
2023a,b). In Fig. 5, we illustrate the evolutionary trajectory of the EoS 
parameter. The graph depicts its behavior over cosmic time, highlight-
ing its transition between different phases. At high redshifts, the EoS 
parameter tends to lie within the phantom regime (𝜔𝑑𝑒 < −1), indicat-
ing a phase where DE exhibits particularly strong negative pressure. 
However, as time progresses, it approaches the cosmological constant 
value of −1. Furthermore, we observe that the EoS reaches a singularity, 
or pole, when the parameter 𝛾 < 0. Consequently, the EoS for DE ap-
proaches infinity under these conditions. This behavior of DE indicates 
an exotic and extreme nature, potentially causing significant changes in 
the universe’s large-scale structure and expansion dynamics (Özülker, 
2022). Our analysis yields a current value of the EoS parameter, 𝜔𝑑𝑒0, 
to be within the range 𝜔𝑑𝑒0 = −1.06 ± 0.12. This result is consistent 
with several previous studies (Mukherjee, 2016; Gong and Wang, 2019; 
Novosyadlyj and Sergijenko, 2012; Kumar and Xu, 2014), which also 
suggest an accelerating phase for the universe. This alignment with ex-
isting research further supports the notion of an accelerating universe 
driven by DE.

5. Conclusions

In conclusion, this study has delved into the cosmological evolution 
of the universe, driven by the intriguing characteristics of the model-
independent approach, particularly the KMMS models (Koussour et al., 
2023a). Our focus has been on the scenario involving the linear cor-
rection, i.e. 𝐵(𝑧) = 𝑧, aiming to explore its implications and potential 
insights into the dynamics of cosmic evolution. Through our analysis, 
we focused on recent Cosmic Chronometers (CC) and the 𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛+
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samples. Using a Markov chain Monte Carlo analysis of the model, we 
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Fig. 5. Plot of the EoS parameter 𝜔𝑑𝑒 as a function of the redshift 𝑧.

were able to determine the best-fit values of the model parameters (see 
Table 1 and Fig. 1).

In addition, our analysis has provided insights into various key pa-
rameters that describe the dynamics of cosmic expansion, shedding light 
on the universe’s behavior over time. Regarding the deceleration param-
eter (see Fig. 2), our models exhibit a phase of super-exponential expan-
sion (𝑞 < −1 at 𝑧 < 0), transitioning towards an exponential expansion 
phase (𝑞 = −1 at 𝑧 → −1). This transition signifies a significant change 
in the universe’s expansion dynamics, with a distinctive shift from de-
celerating to accelerating expansion at a redshift value 𝑧𝑡 = 0.83+0.11−0.10
and a present value 𝑞0 = −0.69+0.17−0.17. Concerning the jerk parameter 
(see Fig. 3), observational data suggests that the current value exceeds 
1 (𝑗0 = 1.13+0.26−0.26), indicating a higher rate of change in acceleration 
compared to the predictions of the flat ΛCDM model. This observation 
provides further evidence for the unique dynamics described by our 
model. The analysis of the energy density parameter reveals a present 
value of Ω𝑚0 = 0.249+0.027−0.026, consistent with Planck observations. The 
evolution of the dark sector, as illustrated in Fig. 4, follows the expected 
thermal history of the universe, with distinct epochs dominated by mat-
ter and DE. In the future, the universe is projected to transition towards 
a dark-energy-dominated de Sitter phase, indicative of an accelerated 
expansion driven by DE.

Finally, the examination of the EoS parameter, as depicted in Fig. 5, 
indicates its gradual approach towards the cosmological constant value 
of 𝜔𝑑𝑒 = −1 over cosmic time. Our analysis yields a current value of 
𝜔𝑑𝑒0 = −1.06 ±0.12, aligning with the phantom phase. The cosmological 
dynamics of the universe with a phantom energy component offer nu-
merous intriguing features (Caldwell et al., 2003). Detailed analyses of 
the Lagrangians describing phantom energy reveal that, in some cases, 
the universe with phantom energy culminates in a ‘big rip’, while in oth-
ers, it asymptotically approaches de Sitter expansion (McInnes, 2002). 
Furthermore, the uncertainties associated with the value of 𝜔𝑑𝑒 vary ac-
cording to the deviations from the ΛCDM model. Another compelling 
aspect is the Hubble constant (𝐻0) tension. Several attempts to resolve 
this tension through new physics have relied on extended cosmological 
models. Refs. Vagnozzi (2020); Di Valentino et al. (2016) suggest that 
a phantom-like component with an effective EoS 𝜔𝑑𝑒0 = −1.29 can re-
solve the current tension between the Planck dataset and other priors 
within an extended ΛCDM scenario. Notably, our obtained model lies 
in the Phantom phase with the EoS 𝜔𝑑𝑒0 = −1.13. Therefore, our model 
may have the potential to alleviate some of the tension at the present 
point.

The differences observed in the values and behaviors of the equation 
of state parameter from the ΛCDM model indicate the potential exis-
tence of a new DE alternative. The KMMS model emerges as a promising 
candidate for explaining the accelerated expansion of the universe and 
addressing new cosmic findings. Its ability to capture distinct features 
of cosmic evolution suggests that it may offer valuable insights into 

the nature of DE and the dynamics of the universe on a larger scale. 
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This highlights the importance of considering alternative models like 
the KMMS model in our quest to unravel the mysteries of the cosmos.
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