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ARTICLE INFO ABSTRACT

Editor: Yasaman Farzan We consider a modified gravity by higher-derivative gravity coupled with non-local terms and
Maxwell electrodynamics. By employing the effective field theory framework for quantum gravity,
we compute quantum corrections to the entropy of charged AdS black holes, focusing on second-
order curvature terms. By incorporating scale-dependent coefficients, we establish that the Wald
entropy is renormalization group (RG) invariant, confirming the robustness of the framework.
Additionally, quantum corrections to thermodynamic quantities-temperature, pressure, specific
heat, and Helmholtz free energy-are derived, all satisfying the first-law of thermodynamics.
Specific heat and Helmholtz free energy also exhibit RG invariance, demonstrating stability under
scale transformations. These findings highlight the effectiveness of the approach in describing
quantum modifications to charged AdS black hole thermodynamics, offering insights into the
interplay between quantum gravity and black hole physics.
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1. Introduction

One of the most profound advancements in theoretical physics over the last half-century has been the discovery that black holes
exhibit entropy [1], a concept that bridges the domains of thermodynamics, quantum mechanics, and general relativity. Within the
framework of Einstein’s general relativity, the leading-order contribution to black hole entropy is elegantly characterized as one-
quarter of the area of the event horizon. Extensions or modifications to gravitational theories introduce additional terms, enriching
the entropy’s theoretical structure. Recently, the application of effective field theory methods [2] has enabled a rigorous computation
of quantum gravitational corrections to the entropy of a Schwarzschild black hole, leveraging the Wald entropy formalism [3].
A significant point to consider is that quantum gravitational effects can induce modifications to the metric, potentially altering the
location of the event horizon. This development marks a significant step toward a deeper understanding of black hole thermodynamics
in the context of quantum gravity.

The renormalization group (RG) invariance of black hole entropy is a crucial feature that provides a fundamental consistency
check of the quantum corrections. This invariance ensures that physical observables remain independent of the arbitrary energy scale
introduced in the effective field theory calculations. When quantum corrections modify the classical Bekenstein-Hawking entropy, the
RG invariance serves as a powerful constraint on these modifications, guaranteeing that the corrected entropy maintains its physical
meaning across all energy scales. This is particularly important in the context of charged AdS black holes, where multiple energy
scales are present due to the interplay between the gravitational, electromagnetic, and cosmological constant contributions.

It is worth highlighting that black hole entropy may also receive corrections from various additional sources. For example, quantum
fluctuations of matter fields in the vicinity of black hole spacetimes, along with fluctuations in the spacetime geometry within the
canonical quantum gravity framework, contribute to entropy modifications. Notably, these corrections often exhibit a logarithmic
dependence, reflecting their distinct origin and nature [4,5].

The exploration of black hole thermodynamics provides a compelling framework for testing and refining our theories of gravity [1,
6,71. This potential arises from the inherent simplicity of thermal systems, which can be characterized by a limited set of macroscopic
parameters. In the case of black holes, these parameters are distilled into fundamental quantities such as mass, entropy, charge, angular
momentum, and, depending on the gravitational model, a few additional variables. The significance of black hole thermodynamics lies
in its profound connection to the principles of quantum gravity-a field undergoing active development through promising approaches
like string theory. Particularly, the quantum aspects of gravity become most apparent in the vicinity of the event horizon, where
intense gravitational effects render classical thermodynamic treatments insufficient. These considerations underscore the unique role
of black holes as both theoretical challenges and windows into the deeper structure of spacetime and quantum gravity.

In this study, we employ the effective field theory framework for quantum gravity to systematically compute quantum gravitational
corrections, up to second order in curvature, to the entropy of a physically significant class of black holes-namely, charged AdS black
hole. Here, inserting the explicit scale dependence of the coefficients we find that the Wald entropy is RG invariant. Furthermore, we
derive the quantum gravitational corrections to relevant thermodynamic quantities satisfying first-law of thermodynamics, namely,
temperature, pressure, specific heat and Helmholtz free energy. Here, we check that both specific heat and Helmholtz free energy
are RG invariant. It is important to note that our analysis relies on certain well-motivated approximations to make the calculations
tractable. Specifically, we work in the regime where both the electric charge O and the cosmological constant A are small compared
to the black hole mass (0> < GM? and |A|G>M? < 1). While these approximations restrict the generality of our results, they allow
us to probe the essential features of quantum corrections in a controlled manner. The physical relevance of these approximations
is supported by observational evidence suggesting that astrophysical black holes typically have small charge-to-mass ratios. These
findings align with recent studies examining quantum effects in black hole systems through various approaches [8-11].

The paper is structured as follows to systematically explore the quantum gravitational corrections to charged AdS black hole
properties: In this section 2, we delve into the modifications to the black hole metric arising from quantum gravitational corrections.
We analyze how these corrections influence the structure of the black hole spacetime, particularly focusing on changes to the event
horizon and other key geometric properties. The section 3 is dedicated to investigating the effects of quantum gravity on the entropy
of black holes. Using the Wald entropy formalism, we compute the corrections to the classical entropy and examine their dependence
on the underlying parameters of the theory, such as curvature and coupling constants. Here, in section 4, we explore the quantum
gravitational corrections to various thermodynamic quantities of black holes, including temperature, pressure, specific heat, and
Helmholtz free energy. We demonstrate how these corrections maintain consistency with the first law of thermodynamics and assess
the implications for the stability and equilibrium properties of black holes. In the final section, we summarize the key findings of the
paper, emphasizing the implications of quantum gravitational corrections for black hole physics. Additionally, we discuss potential
avenues for future research, particularly in the context of testing and validating these theoretical predictions.

This structured approach ensures a comprehensive exploration of the subject, linking theoretical insights with broader implications
for black hole thermodynamics and quantum gravity.
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2. Quantum gravitational corrections to the classical metric in AdS space

We start by reviewing some known facts about the effective field theory approach to quantum gravity. For a good introduction to
this topic, see for example [12,13]. A possible way to study quantum effects in gravity is to modify the pure Einstein-Hilbert action
by including additional terms normally suppressed at low energies. The main possibility, at second order in curvature, is the local
action

R+2A , ,
r, = / d4x\/_—g<16ﬂG + e (R + (R, R* + ¢3(4)R 1o R "“>, 1)
N

where A is the cosmological constant and y is an energy scale. The exact values of the constants ¢, ¢,, c¢; are calculable provided that
one assumes an ultra-violet complete theory of quantum gravity, see for example [14,15]. The scale u enters our effective field theory
as the reference point for quantum corrections. These corrections are organized in a derivative expansion, where terms with higher
powers of curvature are suppressed by appropriate powers of i. We terminate our expansion at second order in curvature because in
the low-energy regime (E <« Mp,), higher-order terms are suppressed by additional powers of E/Mp,. This perturbative treatment
assumes that quantum corrections generate small modifications to the classical Einstein-Hilbert action. However, this assumption
could break down near the Planck scale or in regions of extreme curvature, where the higher-order terms become comparable to the
Einstein-Hilbert term. In such cases, the effective field theory approach would need to be modified or abandoned.

By integrating out fluctuations of the graviton and of any matter field irrelevant to the problem under consideration, one also gets
a non-local (NL) effective action [16-22], which, at second order in curvature, is

O O v | vpo
FNL=—/d4x\/—_g[aRln<ﬁ>R+ﬁRﬂvln<F>R” +yRWMln<;)R” ” ] (2.2)

where @, f and y are constants which can be computed in a model-independent way [23]. The operator In (|:| / ;42) has the integral
representation [24]

+0o0
O\ _ 1
ln<;>—0/ds <—/42+s |:|+S>‘ (2.3)

Using both the local and non-local Gauss-Bonnet identities [25], it is possible to eliminate the Riemann tensor by redefining the
coefficients as

>0 =c—¢C3 C¢—oC=c+4c, c3—-0,
_ 2.4
asa=a—y, f>pf=F+4y, v-0.

We can couple gravity to electromagnetism by adding the Maxwell action

r, = _41_1 / d'x /g F P, @.5)

where F,, =0d,A, —d,A, is the electromagnetic tensor and A, is the electromagnetic potential. In this paper we then consider the
full action as

F=FL+FNL+FME/d4x\/—g£. (2.6)

The Maxwell equations, obtained by varying (2.6) with respect to A4,,, are

gﬂvvavr =0. 2.7)

While quantum effects could in principle also modify the gauge field, we focus on gravitational corrections in this work. The quan-
tum corrections to the electromagnetic field would enter at order a (the fine structure constant) in the effective action, while our
gravitational corrections are of order G . Given that « < 1, the gravitational corrections dominate over electromagnetic quantum
effects in the regime we consider. The quantum corrected Einstein equations, obtained by varying (2.6) with respect to the metric,
are

1
876G (G, —Ag,,)+2(H,, +K,,)=T,, (2.8)
where T, and G, are respectively the energy-momentum tensor and Einstein tensor, which are given by
T, = ! F,F/ 1 F, F?° 2.9
MV_E(HPV_ZgMV po )’ 2.9)
1
GMV =R, - ERgWA (2.10)

However, H,, and K, encode the quantum effects. The local contribution is
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1 1
+o (—ngRﬂ(,R”” +2R R, —V,V,R+0IR,, + EgMVDR) , (2.11)

while the non-local contribution is

_ 1 U
K= _2a<R”V - ZgMVR+ A vﬂv") In < u? > R-p (5PuRvo +8% Ryq

— lgﬂVRpo' + 67

> D+gMVV”VJ—6/’MVUVV—6”VV6VM>1n<E|>R" (2.12)

Mg vo
We now solve the quantum corrected Einstein and Maxwell equations using perturbation theory in the gravitational coupling G .
Classically, a four-dimensional charged AdS black hole is described by its mass M, its charge Q and the AdS radius L, which is related
to the cosmological constant via

3
L A (2.13)
In turn, the cosmological constant is proportional to the vacuum energy density p as A = 8zGy p. For our future calculations we find
convenient to keep the classical metric written in terms of p. We now consider a small perturbation of order @ (Gzzv) around the
classical solution:

AdS

8uv =8y +gﬂv, (2.19)
where
dsAdS Adsdx”dx
=— <1 - M%M + GJZzQZ + %sanNﬂ) dr?,
+ <1 - ZGNM G’Z@ + 810G >_1 dr® +12d6> + 1 sin® 0d . (2.15)
The quantum effects are encoded in ng- We set gge = gg) b= 0 and introduce two functions Z(r) and €(r) such that
ds; =gl dx"dx* = Gy A(dr* + G Z(r)dr’. (2.16)

Our metric ansatz preserves the spherical symmetry and time-independence of the classical solution while allowing for quantum
corrections to the radial and temporal components. This form is the most general static, spherically symmetric metric compatible with
the symmetries of our problem. The functions A(r) and X(r) capture all possible quantum corrections that preserve these symmetries.
The full metric is then

ds* = g dxtdx"

2Gy M G 2
:[_<1— N NQ +;8rchNr)+G2 A(r)]dt
r

(2.17)
-1
2G M Gy 0?
+[ (1 _26NM  GnO" 1 87rpGNr ) + G?Vz(r)] dr? +r2d6? + r*sin® 0d ¢
r r2
Quantum effects can also shift the classical value of the non-vanishing components of the electromagnetic tensor F,,,. Thus, we
introduce a function (r) such that
_ _0 2

Fyp==Fy == +GLQ0). (2.18)
Next, we plug the metric (2.17) and the components of the electromagnetic tensor (2.18) into the equations (2.7), (2.8), keeping only
terms up to order @ (G%) Since H,, and K, are quadratic in curvature, they just need to be evaluated on the classical charged
AdS solution, i.e. (2.8) can be expressed schematically as

1

grcy (G =) [ + & +2(H,, [ + K [¢°]) = T, [ +47]. (2.19)
The results of the action of In (I] / /42) on several radial functions were collected in [26]. However, unlike the pure Reissner-Nordstrom
solution, the charged AdS spacetime has the non-vanishing Ricci curvature R = —32Grp. Hence, we need to additionally compute
the action of In ([J/4?) on a constant. Using the formula [27]
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+oo r—e
O _1 , AT 1 , v ’
1n<;)f(r)— r/dr —= /) elgg)g{r/dr —— /()
0 0
+o0
/
+ % / dr' #f(r')+2f(r) [rE +1n(ue)] } (2.20)
r+e
the result is
1 ! =
nf=1J- 1=-2 (ln(ur) +vE— 1) s (2.21)
U

where y is the Euler-Mascheroni constant. The corresponding calculation is collected in Appendix A, where we show how to regu-
larize the integrals.

While our work builds upon the methodology developed in Ref. [26] for Reissner-Nordstrom black holes, the present study extends
those results in several important directions. The addition of a cosmological constant introduces new geometric structures and coupling
terms that fundamentally alter the nature of quantum corrections. This modification requires novel computational techniques to
handle the interplay between charge and cosmological constant contributions. Furthermore, our analysis of RG invariance in this more
complex setting provides new insights into the universal features of quantum gravitational corrections to black hole thermodynamics.

The final solution of the quantum corrected equations of motion (2.19) and (2.7) is

ds? =—f(rdr* + ﬁdr2 +r2d0% + F* sin® 0d 2, (2.22)
with
2GyM  GyO?
fin=1-—""4 NZQ + %”pGNr2 +2567°pG2, [4c; + ¢, +2(4a + ) In(ur)]
r r
327G%, 0%
- T[62+4c3+(ﬁ+4y)(21n(/4r)+2y5—3)], (2.23)
2Gy M Gy0?
gr=1- """ N2Q + %SanNﬁ +51272%pG3, (4o + )
r r
647G2 Q>
N
- N [er+ ey 4200440 (mGun+ 7 -2) . 2.24)
and
o 162G30°
F,.=-F,= = + B — [cz +dc; +(f+4y) (21n(;4r)+2)/E —5)]

1287%pG2 Q

+—— [4c; + ¢y + (4o + B)In(ur)] . (2.25)
r

In the limit p — 0 (or equivalently L — oo0) one correctly recovers the solution obtained in [26] for the pure Reissner-Nordstrom black
hole. Although the metric seems to depend on the arbitrary energy scale y, the renormalized constants c;, c,, and c3 also carry an

explicit scale dependence [28]:

2
cl(u)=c1<u*>—aln<”—2>,
I

e
e (1) =cp(p,) — fln 2 (2.26)

*

”2
c3(u) =c3(u,) —v1In P s

where p, is some fixed scale where the effective theory is matched onto the full theory. Taking into account (2.26), one sees that the
metric ultimately does not depend on g, as it must be.

The geometry described by the quantum-corrected metric (2.22) maintains the basic features of the classical Reissner-Nordstrom-
AdS solution, with modifications controlled by powers of G . The horizon structure can be analyzed by finding the zeros of f(r). To
leading order in the quantum corrections, the outer horizon is shifted by terms of order G?V relative to the classical position, while
maintaining the basic causal structure. The extremality condition is similarly modified but preserved. The central singularity at r =0
remains, as expected since our effective field theory approach cannot resolve such short-distance features. All corrections to geometric
invariants remain small compared to their classical values away from r = 0, confirming the consistency of our perturbative treatment
in the non-extremal regime. The extremality condition is particularly interesting as it represents the limit where the inner and
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outer horizons coincide. In the classical RN-AdS case, extremality occurs when Q% = Gy M? (neglecting AdS corrections). Including
quantum corrections, this condition is modified to:

0% =Gy M? + G3 M?[cy +4cs +2(B +4y)(InQRG Ny M p) + v — 2)] + O(G) (2.27)

This shows that quantum effects increase the charge-to-mass ratio required for extremality, effectively making it harder for the
black hole to become extremal. This is a physically significant modification as it suggests quantum effects tend to counteract the
formation of extremal black holes. Qur analysis relies on the approximations 0> << GM? and |A|G>M? < 1, which constrain the
validity of our results. Near the Planck scale, where quantum effects become dominant, higher-order curvature terms may contribute
significantly, potentially modifying our conclusions. Similarly, for near-extremal black holes (Q? ~ GM?) or strong AdS curvature
(JA]|G*M? ~ 1), additional effects could emerge. In these regimes, non-perturbative approaches or the inclusion of higher-order terms
in the effective action may be necessary. The perturbative nature of our framework means our results should be interpreted cautiously
as one approaches these limits.

3. Corrected entropy

In this section we compute the quantum gravitational corrections to the entropy. Analogously to what done in [26], we consider
a small electric charge. In addition, we assume the cosmological constant to be small, or, equivalently, the AdS radius to be large.
We then compute the entropy up to orders © (Qz) ,O(p). The corrections to the metric imply a shift to the classical outer horizon
radius as

r =2G M—Q—2+ 8rQ? [c +4c3+2(B+4y) (In(2GyMu) +7 —2)]
h N oM " Gy M3 2 3 N E
819273G 5 0?%p
+—— L+ ) |26, +8es + (5 +47) (402G M) + 475 = 9) |
5122°G%,0%p
+T[cz+4c3+(ﬂ+4y)(21n(ZGNM)+2}/E—5)]. 3.1

Our treatment of both electric charge and cosmological constant as small parameters (Q? < Gy M? and |A| < 1/L?) is motivated
by both technical and physical considerations. From a technical standpoint, this approximation makes the calculations tractable by
allowing us to organize our perturbative expansion clearly. Physically, for astrophysical black holes, the electric charge is typically
small due to efficient neutralization by surrounding plasma, with estimates suggesting Q/M ~ 10718 for typical black holes. Similarly,
the observed cosmological constant is very small in Planck units, justifying our treatment of AdS corrections as subdominant. These
approximations do constrain the generality of our results. Our expressions for quantum corrections are strictly valid only in this
regime, and additional corrections would appear if either O or A were allowed to be large. However, this limitation is mitigated by
the fact that we capture the leading-order behavior in the physically relevant regime for most astrophysical black holes.
We introduce the totally antisymmetric symbol ¢,,,

V@) /gr) if (u,v) =(t,r)
€ =9V (/&) if (u,v)=(r,1) (3.2)

0 otherwise,

so that the Wald formula for the entropy is [29]

oL
SWald =-2r / dZememaR—,

Hvpo
r

e
N FAG /dz L _ g, [/w) oc
g(rh) athrl‘ g(rh) 6R,,,,

r=ry,

All the terms in the Lagrangian have to be considered without invoking the Gauss-Bonnet theorem. Furthermore, the following
relations are useful:

Axr?

h
r=ry

(3.3)

dRa R= % (8"7g" —g"7g"), 3.4
UVpO
R R,yR? = % <gWRV" —g"PRVM® — gH° R + g“’RM’). (3.5)
HVPO
]
——— Ry ;s R*P1® = 2RIVPO (3.6)
OR,,e "

In applying the formula one also needs the results of the action of In ([1/ ;42) on some radial functions. These were computed in [26].
However, the Riemann and Ricci tensors obtained from (2.22) contain new terms proportional to p. In particular, one needs to know
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the action of In (|:| / /42) on 1/r and 1/r?. The corresponding calculations are collected in Appendix A. The final result for the entropy
of a charged AdS black hole is, up to order @ (Q4, pz),

A
Swala = 3 —27Q% + Sgep + Spn + Saas + O (04 0%). 3.7
where A = 167G? M? is the classical area of the event horizon of a Schwarzschild black hole, S, is the quantum correction to the
entropy of a Schwarzschild black hole, Sy represents the corrections to the entropy of a Reissner-Nordstrém black hole and S,,¢
are the new corrections containing the vacuum energy density p. The expression of S, is [26]

Ssen=64n"c; + 64”27’[41n (2GyMu) +2yp - 2]~ (3.8)
The expression of Sg is [26]

47%Q?

Sgy = Ve [5(cy +4c3) + B (107 —21) + 8y (Syp — 11) + 10(f +4y) In (2Gy M) |
N
302
—962’2[ 54 {54(B+4y) [c; +2aIn (2Gy Mu)| + 1212y —23)B [c; + 28 1n (2Gx M p) |
N

+ 4848y —97)y [c3 + 27 In (2G N M )] + 6 [, (967 — 185) + 38967 — 193)

+ 128732y — 63)In (2G y M )] + 36 [c2 +4c,f1n (2Gy M ) + 4% In* (2G y M 1) |

+ 576 [c2 + 43y In (2Gy Mu) +4y* In? (2G y M y1)] + 288 [eacs + 2¢,7 In (2G y M y1)

+ 2¢38In (2Gy M) + 4By In* (2G Ny M )| + (B +4y) [9a(12y — 25)

+ 88 (3yp(6yg —23) +40+37%) + 4y (67 (247 — 97) +331 +3077)] } . (3.9)

The expression of S, ¢ is quite lengthy and it is relegated in Appendix B. Inserting the explicit scale dependence of the coefficients
according to (2.26), one can check with any computer software that

O0Swald _

ou

i.e. the entropy is RG invariant. The u-independent entropy is then effectively obtained with the substitutions y — u, and ¢; = ¢;(u,,)
everywhere.

The RG invariance of the Wald entropy, demonstrated by equation (3.10), emerges as a consequence of the consistency of our
quantum corrected theory. While this invariance might appear automatic given that we are computing a physical observable, its
explicit verification is non-trivial due to the complex interplay between the scale-dependent coefficients c;(#) and the logarithmic
quantum corrections. The fact that all y-dependent terms cancel exactly provides a robust check on our calculations and confirms
that our quantum corrections preserve the fundamental thermodynamic properties of black holes. This invariance holds order by
order in our perturbative expansion, suggesting it is a general feature of quantum corrections to black hole entropy rather than an
artifact of our approximations.

0, (3.10)

4. Thermodynamics

In this section we compute the quantum gravitational corrections to relevant thermodynamics quantities, namely temperature,
pressure, specific heat and Helmholtz free energy. In analyzing the thermodynamics of quantum-corrected black holes, we must
carefully define the relevant quantities appearing in the first law. Our framework differs from the extended black hole thermodynamics
(black hole chemistry [30,31]) approach where the cosmological constant is treated as a thermodynamic pressure. Instead, following
[32], we derive the pressure P from the requirement that the first law holds in its standard form. The volume V' = %nri is the geometric
volume enclosed by the horizon, though we note this is a naive geometric definition rather than a thermodynamic volume as would
appear in extended thermodynamics. As in Section 3, our analysis here maintains the assumptions of small charge (Q? < Gy M?)
and small cosmological constant. These approximations allow us to obtain explicit expressions for the thermodynamic quantities but
restrict the validity of our results to this regime.

The first law of thermodynamics for a black hole with mass M and charge Q is given by

dM =TdS - Qd® + PdV, 4.1

where P, T, V, ® are the pressure, the temperature, the volume and the electric potential, respectively. The electric potential is

+oo +o0
@:/dr’ﬂ,:/dr’(r% +G§V9(r’)),
Tn r'n
0 6472pGQ
= 3Gy i [4e; + ¢, + Ba +2p) (1+ Gy M )| + O (0, p?). (4.2)
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The temperature is given by

=L [df(r) dg(r)
4r dr dr

18
S S e
giGyM T 37MON

5
r=ry,

2pG 02
# + Ty +Tags +O (0 0%), (4.3)

where Ty represents the quantum gravitational corrections to a Reissner-Nordstrom black hole and 74, ¢ contains the new correc-
tions proportional to p. The corresponding expressions are

2
Tay = 4G§—M5 e, +4e3) + (B+47) (475 — 9+ 410Gy M p)) ] (4.4)
and
327pG 8pQ>
Tyus = %(4(1 +h) - ;’\’g |4(cs +4e3) — 120 = @7 = 8yp)p + 323 + 7y
12872pQ?
+8(f+4y) ln(ZGNM,u)] - W@a n ﬂ)[17(c2 +4cy)
+2(p+4y) (1775 — 38+ 17ln(ZGNM;4))]. (4.5)

This relation utilizes the behavior of the temperature of a AdS Reissner-Nordstrom black hole as a function of M. Quantum effects
also produce corrections to the pressure [26]. For a charged AdS, black hole, the pressure is

ds o
T —%am —!

i .
amM
Q? 2 4 2
:_m-§p+ach+PRN+PAdS+0(Q,p), (4.6)
N

where V =4/ 37rrfZ is the volume, P, , = —y/ (G‘]‘\,M #) is the quantum correction for a Schwarzschild black hole, Py, corresponds
to the corrections for a Reissner-Nordstrom black hole and P,,¢ represents the new contributions containing the AdS, radius. The
expression of Pgp is [26]

Q2
Pry = W [Cz +4c3+20(rg =D +8y(yp =5 +2(6 +4}’)1n(ZGNM/4)]
N P 2aln (2Gy M 246y — 13 2810 (2G« M
* S | 0T P]er +2ain 26y M) | +2467; — 138y + 2010 (2Gy M) |

+768Gy; — Ty [03 +2yIn (2Gy M) ] + 6[c2y(96yE —215) + ¢3 (967 — 217)
+9687 (475 —9)In (2Gy My ] + 36[c§ +4e, 810 (2Gy M p) + 457 102 (2G y M p) ]
+ 576[c§ +4cs71n (2Gy My) + 47210 (2G My)] +288 [czc3 +26,71n (2Gy M p)
+26;81n (2Gy M p) + 4By In? (2Gy My1) ] +(B+4y) [36a(3y5 -7

+28(8ypO9rg —39) +229 + 127%) + 7 (1927 By — 14) + 2095 + 120;:2)] } 4.7)

The expression of P, is reported in Appendix B. The satisfaction of the first law by our quantum-corrected quantities follows from
our construction of the pressure term, which is defined precisely to ensure the first law holds. While this might appear to make the
verification trivial, it provides a useful consistency check on our calculations and ensures our quantum corrections maintain the basic
thermodynamic structure of black hole physics. Plugging the explicit scale dependence (2.26), it is easy to verify with any computer
software that the pressure is RG invariant,

oP
— =0.
ou
Next, we compute the specific heat which is an important quantity related to the thermodynamics stability. The black hole is stable
if C > 0. One obtains
TdS T 1 dS
=ﬁd—T=ﬁﬁd—M=—87rGM+CSch+CRN+CAdS+(9(Q4,p2), (4.9)
aM

(4.8)
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where Cg,, is the quantum contribution to a Schwarzschild black hole given as

12872y
Csen=——3; (4.10)
and Cgy is the quantum correction to a Reissner-Nordstrom black hole given as
871'2Q2
Can = Ve [21(c; +4c3) + 2821y — 53) + 4y (427 — 107) + 42(f + 47) In2G M pr))|
s
51273 Q2
M 18¢2 +288¢2 + 3¢5 [(—217 + 967 )f + 8(—103 + 48y )]
+3c, [48c3 +4(=13 + 6y)B + (=197 + 967,y | + (B +47) [27¢;, + 2298 + 773y
+6 [3(=7+3yp)a+ 1272(B +4y) + 27%(B + 57) — 2y (26 + 103y)]|
+6(B+4y)In (2Gy M 1) [12¢, + 48¢5 + 9o + (=52 + 24y
+ (=206 + 96y )y + 12(8 +4y)In (2Gy M u)| } (4.11)
The purely AdS part is given in Appendix B.
Now let us calculate the Helmholtz free energy as
F=E-TS=M+Q®-TS
M, 30 g6 MQ?p+ Fgp, + Fry + Fpq5 + 0 (0%, 0%, (4.12)
2 4AGyM N ¢
with
8x
FSch:_GNM [63+2y (InQGyMp) +yg - 1)], (4.13)
and
7Q?
Fpy = ———— [9((:2 +4¢3) + 36y — 13) + 8y(9y g — 20) + 18(f + 4y) In(2G y M )
2G5, M3
87[2Q2 2 2
— ———=—1360c5 +720c3 + 6, [54c; + (=46 + 24y ) + (=197 + 108y )y ]
9G3, M3 )
+24¢; [(—55 +2Typ)f + (=233 + 120yE)y] +(B+4y) [54(:1 +9(=25+ 127 p)a “@14)

+8[40 + 3y (=23 + 6y) + 37%] f +4 [412 + 3y (=233 + 60y ) + 3077 y]

+121n (2Gy My) [(ﬂ +4y) [9a + (=46 + 24y £)f + (=233 + 1207 )7 ]

+ 6,2 +97) + 639 + 40y) + 12(8 + 47)(f + 57)In (2G § M 1) ] }

The expression for F, ;¢ is reported in Appendix B. Again, one can verify that both specific heat and Helmholtz free energy are RG
invariant as

o< O,
ou ou

The RG invariance of the thermodynamic quantities, demonstrated by equations (4.15), extends the result found for the entropy in

Section 3. While physical observables must be independent of the arbitrary scale y, the explicit verification of this invariance provides

a non-trivial check due to the intricate structure of quantum corrections. Just as with entropy, this independence emerges from the

scale-dependence of the coefficients c; () precisely canceling the explicit logarithmic terms, reflecting the consistency of our effective

field theory treatment.

The thermal stability of our quantum-corrected black hole can be analyzed through the sign of the specific heat C. From equation
(4.9), we see that the leading term —87G' M corresponds to the classical Schwarzschild instability. The quantum corrections, being of
order O(Q?), and the AdS corrections, which we treat as small, provide modifications but do not overcome this leading instability in
our perturbative regime. This is consistent with what we expect - small quantum corrections should not drastically alter the classical
stability properties.

It is worth noting that beyond our approximations, charged AdS black holes can exhibit rich phase behavior, including Hawking-
Page transitions when charge and cosmological constant are allowed to be larger [33]. However, such transitions lie outside our
perturbative treatment where Q2 <« Gy M? and |A| < 1/L2. A full analysis of phase structure would require going beyond these
approximations.

(4.15)
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5. Conclusions and outlook

In this study, we have employed the effective field theory framework for quantum gravity to rigorously compute quantum gravi-
tational corrections to the entropy of charged AdS black holes. Our calculations have specifically accounted for contributions up to
the second order in curvature, ensuring a systematic and comprehensive approach to capturing higher-order effects. By explicitly in-
corporating the scale dependence of the coefficients in our analysis, we have established that the Wald entropy, a key thermodynamic
quantity, exhibits RG invariance. This invariance underscores the robustness of the entropy calculations under changes in the energy
scale, providing a critical consistency check for the theoretical framework.

In addition to entropy, we have derived quantum gravitational corrections to several fundamental thermodynamic quantities asso-
ciated with black holes, including temperature, pressure, specific heat, and Helmholtz free energy. These quantities have been shown
to satisfy the first law of thermodynamics, thereby reinforcing the internal consistency of the corrections within the thermodynamic
framework. Furthermore, our detailed examination has revealed that specific heat and Helmholtz free energy, in particular, maintain
their RG invariance even after the inclusion of quantum gravitational effects. This finding is significant, as it confirms the stability of
these thermodynamic properties under scale transformations and highlights their compatibility with the principles of effective field
theory.

Our findings provide important insights into quantum corrections to black hole thermodynamics that can be compared with
other approaches in the literature. The obtained corrections to thermodynamic quantities show interesting parallels with one-loop
quantum corrections derived through different methods. For instance, recent work by Turiaci and Verlinde [34] investigating one-
loop corrections to black hole entropy finds logarithmic corrections similar in structure to ours, though arising from different physical
considerations. Their approach through JT gravity [35] provides complementary evidence for the robustness of quantum modifications
to black hole thermodynamics.

The quantum corrections we find can also be compared with results from exact quantum matter backreaction studies. Work
by Emparan, Grumiller and Tanabe [36] on quantum black holes incorporating full backreaction of quantum fields shows how
quantum effects modify the classical geometry. Similarly, examining quantum effects through holographic methods reveal corrections
to thermodynamic quantities [37-39] that share some qualitative features with our findings, particularly in how quantum effects
modify the relationship between entropy and area. The consistency between these different approaches, despite their distinct starting
points, suggests the robustness of quantum corrections to black hole thermodynamics.

Our results also connect with developments in extended black hole thermodynamics, where the cosmological constant is treated as
a thermodynamic pressure. The seminal work by Kastor, Ray and Traschen [40], as well as extensive studies by Kubiznak, Mann and
collaborators [41], has established a rich thermodynamic structure for AdS black holes. Our quantum corrections provide a natural
extension to this framework, showing how quantum effects modify the classical extended thermodynamic relations. Particularly inter-
esting is how our RG-invariant corrections maintain consistency with the first law of black hole thermodynamics while incorporating
quantum effects.

These comparisons suggest that our results capture universal features of quantum corrections to black hole thermodynamics.
While different approaches emphasize different aspects of the quantum effects, the emergence of consistent patterns across multiple
methods strengthens confidence in the robustness of our findings. Future work could further explore these connections, particularly
in regimes where different approaches overlap.

The physical relevance of our approximations is supported by observational evidence. Astrophysical black holes typically exhibit
charge-to-mass ratios of Q/M ~ 10~!3, well within our assumption of Q> < GM?. This small charge arises from efficient neutral-
ization mechanisms in astrophysical environments. Similarly, the observed cosmological constant satisfies |A|G>M? < 1 for known
black hole masses. Our finding that quantum effects increase the charge-to-mass ratio required for extremality suggests a quantum
mechanical mechanism opposing the formation of extremal black holes, potentially explaining their apparent absence in observa-
tional data. This alignment between our theoretical predictions and observational constraints reinforces the physical relevance of our
effective field theory approach.

Our results have provided new insights into the interplay between quantum gravity and black hole thermodynamics. By demon-
strating the RG invariance of critical quantities and ensuring adherence to established thermodynamic laws, we have validated the
applicability and reliability of the effective field theory approach in this context. These findings contribute to a deeper understanding
of charged AdS black hole physics and offer a solid foundation for further explorations into the quantum aspects of gravity.
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Appendix A. Action of In (%) on radial functions

We show the result of the action of In (|:| / /42) on some radial functions. Let us start with the constant function. We regularize the
integrals in (2.20) as
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1/v/e/r? r—\/; +oo
O\, _,. |1 ;o 1 ;o 1 ;o
1“(?)“25%[7 Rl el e A D
0 0 ryfer

where we have added the r in the integral limits for dimensional reasons (they must have the dimension of a length). The divergences
cancel out:

In <Q2> 1=lim [2+ Iner) — In <—r+ r3/e> —In <r+ \/r3/€> - 21n(/4€)] = —2(In(ur) + 7 — 1) (A.2)

u
Let us consider now f(r) = 1/r. We regularize the integrals in (2.20) as

M r—e M
Oy1_ .. . 1 , 11 , 11 , F1 2
‘“(;) :—A}linwlﬂ{;/d’ el K il R il CRUl GOl (a-3)
0 0 rte
Again, the divergences cancel:
O\ 1 . .1 (M) (M) (r) 2
In({=)-=lim lim=|In(— )=In(— ) =1In( =) =2y —21 =-={1 . A.4
n <#2> PR e [ "7 "\ e YE n(ue) r ( n(yr)+yE) (A4
Analogously,

oo r—e e

/ / /
m(2) L -getim l/azr’ ! ;—l/dr’ 4 ;—l/dr’r—i—g[75+ln(ﬂ€)]
u2) r? e=0 | r+r (' +ie)? r r=r (' +ie T F—rp2 2 (A.5)
0 0 :

r+e

2
=== (G +7g).
Appendix B. Explicit expressions of the p-dependent quantum corrections

We provide the explicit expressions of the p - dependent quantum corrections for several thermodynamics quantities discussed in
the paper. We checked with Mathematica that all these quantities are RG invariant.
The correction to the entropy is

Saas = —163847*9G2, (4a + ) [301 — ey +(6a—2y) (v +1n (2Gy My)) ]

256

+
3

7 pG% 0 { 36¢; + 17¢, +36¢; + 12(=3 + dyp)a + 1(=7+ 4y)p

+4(=41+ 18yp)y + (T2a + 348+ 72y)In (2G y M 1) }

1310727 pQ?
- ek p e [4e5+ 3+ =17+ 8y,)7] +2[8¢2

+c3[6a+ (=9 +4yp)p+ (=704 32yp)y] + (—2+yp)(P +4y)[Ba+ (-19 + 8yE)y]]

+2In (ZGNMy) [402)/ +4c3(f+8y)+ (f+4y)Ba—35y + 16ygy)

40967 pG \, O
+8y(f+4y)In (2GNM;4)] } - TZN

—6(4a + B) [Ba+ (—42+ (27 — 4y )y )]
+2 [12(169 + 4y (=27 + 4y p))a + [555 + 4y (=95 + 16yE)]ﬂ] ¥

9¢2 +32¢2
{ 2 } (B.1)

+64(—2+yp)(-3+ ZyE)y2 +c [44c3 + 12(-19 +4yg)a + (=93 + 30y p)p
+(~164+ SSyE)y] +8¢5 [6(—19 Ay p)a+ (=33 + 8yp)f +4(=T + 4yE)y]
+36¢, [c2 +des +2(=2+ 7B + 47)]

+2In (2Gy Mp) [403(3611 + 11§+ 167) +2¢,(18a + 96 +227)
+(B+4y) [36¢; +3(=31+ 10yp)(4a + )+ 8(—7 + 4yp)y|

+2(p+47)(36a + 95 +87)In (26 M) | }
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The correction to the pressure is

{ 12872(da + P)Ba—2y)  87(12a + 38 +4y) }
Pras=»r -

Gy M* 3Gy M?
27pQ?
Ey=oyn —2(6¢; + ¢ +10c3) — 60a + (—49 + 10y ) B + 8(—=18 + Syp)y + 4(—6a + f + 10y) In (ZGNMy)
N
8”2PQ2 2
ST ) 3662 4 3¢, [24003 + (5652 — 576y p)a + (1121 + 24y ) + 160(=5 + 3yE)y]
27G3, M© ?

—432¢, [3c2 +12¢3 +2(=8 + 3y p)(B + 4)/)] +2 [1728c§ + 19440’ + [~8509 + 3y (941 + 48y ) + 9617] 2
+12[-2474 4 3y£(99 + 64y ) + 727%| By + 64 [292 + 3y p(—161 + 36y ) + 307%| 1*

— 18 [(2327 + 67(—201 + 16y1))B + 8 (1186 — 603y, +48y7% ) 7|

+ 6¢3 [12(471 —48yp)a+ 6776 — 2576y + 192y (f + 6y)] ]

+6In (2GNM/4) [ —48c3(36a — 56 — 48y) — 24c,(18a + f — 10y) ©2
+(B+4y) [ —432¢, +36(221 — 40y p)a + (1121 + 24y ) + 16(—161 + 72yE)y]
—24(36a + p —24y)(f +4y)In (ZGN Mﬂ) ] } + %(405 + ﬂ){36€§
— 5762 + 6c2[ —18a+4(=13+6y;)f + 37y] +6c5 [ —72a+236 +16(67 - 24)/E)7/]
+(B+4y) [54c1 +3(51 =36y ) + 4585 — 4961y + 24 [6y2( — 4y) + 72(B + 57) + 7 (=265 + 134y)] ]
+121n (2Gy M) [1202ﬂ —192¢37 + (B +4y) [-9a — 52 + 24y p + 268y — 96y ;7|
+12(p7 = 167) In (2Gy M) | }
The correction to the specific heat is
327687 pG?3,
Cpas = T(‘W + /) Ba—7y)
5127%pG3, Q*
+ T{2(29c2+ 116¢5 — 6a) + (f +4y) [-283 + 116y + 11610 (2G y M 1) | }
_ %’;5992(% + ﬂ){32c§ +4cy[2e5 +3a + (=1 + 4y p)y] + 8¢5 [Ga +(=5+27p)f +2(=11+8yp)y
+(B+4y) [3(—19 +8yp)a +2[9 + dyp(—11+ 4yE)]y]
+8In (2GyMpu) [202)/ +2c3(f+8y)+ (f+4y)Ba— 11y + 8ygy)
+4y(B+47)In (2Gy Mpu) ] } + % {63c§ +72 [28c§ —12¢5(25 + 2y )a + 9>
¥ 6[203 (=851 + 144y ) + 4233 — 72, (19 + 2yE)a]ﬂ (B.3)

n [8393 + 24y (=194 + 157) + 9671:2]ﬁ2 +24 [4c3(—173 +84yp)
+4206a — 727 (19 + 2y p)a + (1577 + 6y (=187 + 24y ;) + 367°) ﬂ]y
+ 16[1069 + 12y p(=173 + 427, + 12071:2])/2

+3c, [252c3 — 7225+ 2y p)a + 17(=43 + 6y )f + 8(=113 + 63yE)y]

- 108¢, [3c2 +12¢5 + (=17 + 6y)(B + 4y)] +6In(2GyMp) [12(:3(—360( +214+112y)
— (B +4y)[108¢; +36(33 + 10yg)a + 17(43 — 6y ) + 8(173 — 84y )y]

+6c,[—18a +7(f + 6y)] + 6(f + 4y)[—36a + 7(f + 8y)]In (2GN M,u) ] }
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The correction to the Helmholtz free energy is

204873Gy
Frgs =pf == la+p) [301 —2e; + 6ypa+ (2 —4yp)y + (6a — 4y)In (2G y M p) ]

12842
3
3222pG y Q?
3M

G%VM[4C3 +3(4a+ ) +8(=1 +75)y +8yIn (2Gy M y) ] }
{ 12 (¢; + ¢ +3c3) +48(=2 + yg)a + (—61 + 30yL)p

+ (=148 + 72y )y +24(a + f+3y)In (2G y M 1) }

12873 pQ?
27M3

+3 [32c3(10 +37) + ¢a(—181 + 168y ) + 24 [83 + 3y (=47 + 167)] a]ﬂ

{36 [5c§ + ¢y [16¢;+ (=39 +48y5)a] — 8 [2¢2 + 3¢5(7 — 8yp)a + ] }

+ [151 +6yp(=37 +48y5) — 96::2] p2+24 [c3(248 —967;) + (=73 +48y)
+6[199+96(=3 + yp)yg| a+ [43+ 6y (13 +4yg) — 3677 ﬂ]y

— 64 [7 +6y(=31 +6y5) + 30;;2] y? +216¢, [6c2 +24c; + (=25 + 127)(f + 4y)]

+61n(2Gy My) [ﬂ [432¢; +36(=63 + 40y p)a + (—181 + 168y )] + 192¢39a + f — 27) (B4)

+24[72¢; +48(=8 + Syp)a + (=11 +20y)p] v + 6431 — 12y5)y*
+24c,(18 + 55 + 8y) + 2436 + 55 — 4y)(f +4y)In (2G y M ) ]

204874 pQ?
9GM>5

A9 =71+ 24753+ 21p)| @ = 8 [40+ 375(=23 + 67p) + 377 ]

(da + /3){ —36¢2 +2880c2 + 24c [36(1 rpa+ (=113 + 48yE)ﬁ]

+6¢, [96c3 +36(1+ 7p)a +2(23 — 12yp)f + (=223 + 1927/E)y]
+ 12[2c3(—859 +480y5) +3 [-71 + 24y (=3 +2yp)]| a
+ [695 + 37 (=225 + 647;.) — 182 ﬂ] y+16 [2405 +3yp(=859 + 240y ) — 30;:2] y2

+108¢, [c2 +des + (=5 +270) (B + 4)/)] +121n (2Gy M) [6c2(3(x —28+16y)
+24c33a + 48 +40y) + (B +47)[18¢; + 18(=3 + 4yp)a +2(23 — 12y)p

+ (=859 + 480y )] + 1208 + 4y)B3a — f+207)In (2Gy M 1) ] }
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