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A R T I C L E I N F O A B S T R A C T

Editor: Pravabati Chingangbam We consider the production of secondary gravity waves in Galileon inflation with an ultra-slow roll 
(USR) phase and show that the spectrum of scalar-induced gravitational waves (SIGWs) in this case 
is consistent with the recent NANOGrav 15-year data and with sensitivities of other ground and 
space-based missions, LISA, BBO, DECIGO, CE, ET, HLVK (consists of aLIGO, aVirgo, and KAGRA), 
and HLV(03). Thanks to the non-renormalization property of Galileon theory, the amplitude of the 
large fluctuation is controllable at the sharp transitions between SR and USR regions. We show that 
the behavior of the GW spectrum, when one-loop effects are included in the scalar power spectrum, 
is preserved under a shift of the sharp transition scale with peak amplitude ΩGWℎ2 ∼(10−6), and 
hence it can cover a wide range of frequencies within (10−9 Hz − 107 Hz). An analysis of the 
allowed mass range for primordial black holes (PBHs) is also performed, where we find that mass 
values ranging from (1𝑀⊙ − 10−18𝑀⊙) can be generated over the corresponding allowed range 
of low and high frequencies.
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1. Introduction

The first observational results on Gravitational Waves (GWs) generated from binary black hole mergers [1] provided us with an 
opportunity to study the physics of the early universe. Indeed, the GWs are a unique probe that directly brings information from 
the early universe before recombination. Their possible sources could include phase transitions in the early universe [2–9], domain 
walls [10–16], cosmic strings [9,17–21], and most popularly, inflation [9,22–45], where GWs (tensor perturbations) are generated 
naturally [46–53], enter the horizon and travel unimpeded to become visible to us today using the current and proposed observational 
experiments [54–56]. These GWs would appear to us in the form of random signals forming an often-called stochastic GW background 
(SGWB) when looking in all the possible directions in the universe for their sources located at large redshifts. The latest announcement 
from various PTA collaborations, NANOGrav [57–64], EPTA [65–70], PPTA [71–73], and CPTA [74], have confirmed the existence 
of an SGWB, which has attracted considerable work where the variety of cosmological models mentioned above are examined for 
being a possible source for the observed data. In this work, we will be concerned with the scalar-induced GWs scenario to explain 
the PTA signal.

The concept of GWs being induced by primordial density fluctuations was studied initially in the respective refs. [75–77]; however, 
it was confirmed that the magnitude of the produced GW spectrum was insufficient in terms of any meaningful observations. Later, the 
works of the authors in [78,79] showed that the generation of induced GWs considered in the radiation and matter-dominated eras, 
including the radiation-matter equality phase, would be able to produce an enhanced spectrum amplitude by examining constraints 
on the spectral tilt, and details of the transfer function for production of the second-order GWs between the large scales observed 
today to the smallest scales, in the respective works. This led to the final induced GW spectrum having an observable amplitude 
but with the condition of having to consider only the very low-frequency regimes. Another interesting observation regarding this 
phenomenon was made by the authors in [80,81], where they investigated the case of large enough primordial fluctuations which 
can lead to the collapse and formation of primordial black holes (PBHs) [30,33,79,80,82–179]. This work focuses on scalar-induced 
GWs production from Galileon inflation [180] in the presence of an ultra-slow-roll (USR) phase, which triggers the generation of 
large amplitude scalar perturbation. In particular, we want to discuss the observational status of the induced GWs spectrum and also 
examine the allowed mass range for the produced PBHs from Galileon inflation.

Recently, there has been an active pursuit to settle the arguments concerning the formation of PBHs and the effects on their masses 
from the one-loop corrections to the scalar power spectrum. Related discussions are present in refs. [118,119,121,122,124,126–130,
133–137] which concern the single-field canonical models of inflation and the EFT treatment of inflation. Amidst this, the use of the 
Galileon theory in [127] has shown interesting results stemming from some important features forming the basis of our discussions 
in this work. See refs. [180–233] to know about the underlying Galileon framework. It includes the unique Non-Renormalization 
theorem, which states that the theory is stable against radiative corrections to any of the calculated correlation functions. This 
further limits our work to only performing the regularization procedure while neglecting the important, but redundant in this case, 
procedures of renormalization and resummation which is a remarkable feature to consider. Using these properties of this theory, 
the one-loop corrected version of the scalar power spectrum is shown to have a controllable behavior in terms of maintaining the 
perturbativity argument within the theory. When working with perturbation theory up to the second order, the observed spectrum 
of the scalar perturbations will act as a source for generating second-order tensor modes and hence SIGWs. The inclusion of quantum 
loop effects will then not greatly alter the behavior of the spectrum and only result in an introduction of oscillatory features near the 
tail and peak regions. We are considering that the entire inflationary phase in this theory consists of three regions, namely the first 
slow-roll (SRI), ultra-slow roll (USR), and the second slow-roll (SRII), such that there exists a sharp transition when passing from SRI 
to USR and USR to SRII phases. The behavior of the scalar power spectrum at the transition scales, and similarly for the tensor power 
spectrum, is controllable due to the properties of this theory mentioned at the beginning. This fact has significant implications when 
controlling the non-Gaussianities [32,128], and due to the phase corresponding to large primordial fluctuations having constraints 
on its duration, the perturbativity approximation does not break near the sharp transitions. This controlling feature results from 
properties intrinsic to the Galileon theory, which is not true for other single-field inflation models.

The nature of a transition, whether sharp or smooth, reflects significantly in the allowed PBH mass and its abundance. When 
quantum loop effects turn out to be necessary for the overall analysis of an inflationary paradigm to consider PBHs, then the need 
for performing renormalization and resummation is required to reach meaningful conclusions for the completion of inflation and on 
the mass of PBH [124–126]. An important consequence of the analysis done in the Galileon theory concerns the no-go theorem for 
the masses of PBHs [127,128] such that the theory is able to evade the said theorem by being able to produce solar mass PBHs along 
with controlling the enhancement of perturbations with successful inflation. The behavior of the induced GW spectrum investigated 
when having frequencies for the sharp transitions set in both the low and high-frequency regimes provides us with an opportunity to 
see whether Galileon theory is able to produce a large enough GW signal that can lie within the existing observational results. Since 
2
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arguments are maintained, we find that the induced GW spectrum can also show its presence where the high-frequency GW probes 
operate which includes LISA [234], BBO [235], DECIGO [236], Cosmic Explorer (CE) [237], Einstein Telescope (ET) [238], the HLVK 
network which consists of aLIGO in Hanford and Livingstone [239], aVirgo [240], and KAGRA [241], and the HLV network during 
the third observation run (O3).

This paper is outlined as follows: In Sec. 2, we provide a short overview of the Galileon theory which begins by analyzing 
the setup of interest in detail with proper realisation of each phase, including the evolution of the slow-roll parameters and the 
Galileon scalar field throughout, followed by analyzing its second-order perturbed action to get the mode solutions for the comoving 
curvature perturbation. Then we briefly discuss the significance of the non-renormalization theorem and introduce the third-order 
action responsible for the calculation of the one-loop effects. Lastly, we talk about the allowed mass range for producing PBH and 
compare the recent studies done in this regard. In Sec. 3, we present a concise introduction to the theory of SIGWs and the radiation-
dominated era contribution to the GW abundance formula which is going to be used by us. In Sec. 4, we use the results of the previous 
sections to present our key result for the induced GW spectrum from Galileon theory. There we analyze its qualitative features in 
detail and comment on their observational status and their relation with the masses of PBH. In Sec. 5, we state our conclusions.

2. Galileon inflation

In this section, we present a brief overview of our findings on the Galileon framework. We start with a discussion on the general 
action of the theory followed by the realisation of an ultra-slow roll (USR) phase in the present context. After this we provide an 
explanation for obtaining the mode solutions for the comoving curvature perturbation using the second-order perturbed action. Then 
we discuss the effects of mildly breaking the Galilean symmetry and the impact of the powerful non-renormalization theorem in the 
presence of a sharp transition scenario. We then discuss the third-order action in the theory responsible for one-loop effects to be 
used in the later sections. Finally, we discuss the case of allowed masses of PBH produced from the Galileon theory and comment on 
the recent studies related to this issue.

2.1. The set up with ultra-slow roll realisation

The Galileon theory is a framework where the equations of motion are of second order despite the higher-derivative terms in the 
action ref. [242,243],

𝑆 = ∫ 𝑑4𝑥
√
−𝑔

[
𝑀2

𝑝𝑙

2
𝑅− 𝑉0 +

5∑
𝑖=1

𝑐𝑖𝑖

]
(1)

which include the dimensionless coefficients 𝑐𝑖 and the remaining Lagrangians are explicitly written as follows:

1 = 𝜙, 2 = −1
2
(∇𝜙)2, 3 =

1
Λ3 (∇𝜙)2□𝜙,

4 = − 1
Λ6 (∇𝜙)2

{
(□𝜙)2 − (∇𝜇∇𝜈𝜙)(∇𝜇∇𝜈𝜙) − 1

4
𝑅(∇𝜙)2

}
, (2)

5 =
1
Λ9 (∇𝜙)2

{
(□𝜙)3 − 3(□𝜙)(∇𝜇∇𝜈𝜙)(∇𝜇∇𝜈𝜙) + 2(∇𝜇∇𝜈𝜙)(∇𝜈∇𝛼𝜙)(∇𝛼∇𝜇𝜙) − 6𝐺𝜇𝜈∇𝜇∇𝛼𝜙∇𝜈𝜙∇𝛼𝜙

}
.

The action (1) has the Galilean shift symmetry as its defining property:

𝜙→ 𝜙+ 𝑎𝜇𝑥
𝜇 + 𝑏, (3)

where 𝜙 is the Galileon scalar field, 𝑎𝜇 is a constant vector and 𝑏 a constant scalar defined in the 3 + 1 dimensional space-time. The 
framework based upon the covariant action (1) is referred to as the Covariantized Galileon Theory (CGT).

Now we move towards studying the dynamics of this Galileon scalar field in a cosmological setting where the Galileon model 
lives on a quasi de Sitter background spacetime such that the background field, 𝜙̄(𝑡), is homogeneous and time-dependent. Next, to 
study the inflationary scenario on such a spacetime we require that variation in the effective potential of our theory must satisfy the 
condition |Δ𝑉 ∕𝑉 | ≪ 1. This gives us a value of the scale factor within our CGT framework as 𝑎(𝑡) = exp (𝐻𝑡), where the Hubble 
parameter 𝐻 also defines the deviation from exact de sitter in form of the slow-roll parameter 𝜖 = −𝐻̇∕𝐻2. We now mention the 
action for the field 𝜙(𝑡) after collecting the first-order terms from integration by parts and discarding any boundary terms:

𝑆(0) = ∫ 𝑑𝑡 𝑎3 = ∫ 𝑑4𝑥𝑎3

{
̇̄𝜙2

(
𝑐2
2

+ 2𝑐3𝑍 +
9𝑐4
2

𝑍2 + 6𝑐5𝑍3

)
+ 𝜆3𝜙̄

}
(4)

where the coupling parameter is defined as 𝑍 ≡ 𝐻 ̇̄𝜙∕Λ3 with Λ as a physical cut-off scale of the theory. In the regime where the 
coupling satisfies 𝑍 ≃ 1, we can incorporate the non-linearities within the galileon sector and also neglect any non-minimal couplings 
to gravity. This is the favorable regime in which we choose to work.

Let us briefly understand the behavior of the scalar field in the de Sitter background through its evolution. To conduct inflation 
requires mildly breaking the shift symmetry, and this gets implemented starting with a linear term in the field 𝜙̄ along the constant 
3

potential 𝑉0 to give, 𝑉 = 𝑉0 − 𝑐1𝜙̄, where 𝑐1 is a small symmetry-breaking parameter. To get the equation of motion for 𝜙̄(𝑡) is made 
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Fig. 1. Figure represents evolution of the various parameters, 𝜖( ) in the top-left panel, 𝜂( ) in the top-right panel, 𝜙( ) in the bottom-left panel, 𝐻( ) in the 
bottom-right panel, with respect to the e-folds  and throughout the three phases of SRI-USR-SRII.

simple by the fact that under the condition 𝑀𝑝 →∞ while maintaining the relation 3𝐻2𝑀2
𝑝
= 𝑉0, gives us a scalar field on exact 

de Sitter space. There, we have an exact shift symmetry, which allows the conservation of the associated current to provide for the 
equation of motion for the field 𝜙̄.

In Fig. 1 we present the evolution of the respective parameters as stated before. From Fig. 1, we visualize how each of the 
parameters as well the background scalar field behaves across the three phases in our setup. Another crucial parameter involved in 
our study is the effective sound speed, 𝑐𝑠 and it is defined in terms of few time-dependent coefficients which are also functions of the 
𝑐𝑖 ∀ 𝑖 = 2, 3, 4, 5. The definition of the respective 𝑐𝑖−dependent functions are as follows:

≡ ̇̄𝜙2

2

(
𝑐2 + 12𝑐3𝑍 + 54𝑐4𝑍2 + 120𝑐5𝑍3

)
, (5)

≡ ̇̄𝜙2

2

{
𝑐2 + 4𝑐3𝑍

(
2 − 𝜂

)
+ 2𝑐4𝑍2

(
13 − 6

(
𝜖 + 2𝜂

))
− 24𝑐5𝑍3(2𝜖 + 1

)}
. (6)

and using this the parameter 𝑐𝑠 is defined as, 𝑐2
𝑠
= ∕. The effective sound speed is a crucial parameter in that it contains almost 

all of the coefficients present within the original CGT action, see eqn. (1).

2.2. Solutions from the perturbed second order action

Following the general discussion about the CGT action and for the background time-dependent Galileon field, we now present 
the mode solutions which comes from analysing the second-order action for the comoving curvature perturbations. To this effect, we 
4

quote the expression of the second-order action for the curvature perturbation:
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𝑆
(2)
𝜁

= ∫ 𝑑𝜏 𝑑3𝑥 𝑎(𝜏)2 
𝐻2

(
𝜁 ′ 2 − 𝑐2

𝑠

(
𝜕𝑖𝜁

)2) = ∫ 𝑑𝜏
𝑑3𝐤
(2𝜋)3

𝑎(𝜏)2 
𝐻2

(|𝜁 ′𝐤(𝜏)|2 − 𝑐2
𝑠
𝑘2|𝜁𝐤(𝜏)|2) (7)

where the second equation is written after performing the Fourier transform.
Variation of this action gives us the following second-order differential equation, commonly known as the Mukhanov-Sasaki 

equation for the scalar modes in Fourier space which is written as:

𝜁 ′′𝐤 (𝜏) + 2𝑧
′(𝜏)
𝑧(𝜏)

𝜁 ′𝐤(𝜏) + 𝑐2
𝑠
𝑘2𝜁𝐤(𝜏) = 0, (8)

where we introduce a new variable 𝑧(𝜏) = 𝑎
√
2∕𝐻2 for the simplification purpose. We then solve the above differential equation 

in the three regions of interest during inflation, which includes the first slow-roll (SRI), the ultra-slow roll (USR), and the second 
slow-roll (SRII) phases. This method gives us the respective mode solutions in the three phases of interest written as follows:

𝜁𝐤(𝜏) =
(

𝑖𝐻2

2
)

1
(𝑐𝑠𝑘)3∕2

×

⎧⎪⎪⎨⎪⎪⎩

[
𝛼
(1)
𝐤

(
1 + 𝑖𝑘𝑐𝑠𝜏

)
exp

(
−𝑖𝑘𝑐𝑠𝜏

)
− 𝛽

(1)
𝐤

(
1 − 𝑖𝑘𝑐𝑠𝜏

)
exp

(
𝑖𝑘𝑐𝑠𝜏

)]
when 𝑘 < 𝑘𝑠[

𝛼
(2)
𝐤

(
1 + 𝑖𝑘𝑐𝑠𝜏

)
exp

(
−𝑖𝑘𝑐𝑠𝜏

)
− 𝛽

(2)
𝐤

(
1 − 𝑖𝑘𝑐𝑠𝜏

)
exp

(
𝑖𝑘𝑐𝑠𝜏

)]
when 𝑘𝑠 ⩽ 𝑘 < 𝑘𝑒[

𝛼
(3)
𝐤

(
1 + 𝑖𝑘𝑐𝑠𝜏

)
exp

(
−𝑖𝑘𝑐𝑠𝜏

)
− 𝛽

(3)
𝐤

(
1 − 𝑖𝑘𝑐𝑠𝜏

)
exp

(
𝑖𝑘𝑐𝑠𝜏

)]
when 𝑘𝑒 ⩽ 𝑘 ⩽ 𝑘end

(9)

The general approach is to start with a quantum initial boundary condition which is taken to be the standard Bunch-Davies initial 
condition, which is actually a Euclidean vacuum state in this context. This gives us 𝛼(1)𝐤 = 1 and 𝛽(1)𝐤 = 0. Then, due to having a sharp 
transition from one phase to another, new sets of Bogoliubov coefficients for the mode functions in the new phase can be obtained 
by making use of the Israel matching conditions at the sharp transition scales 𝑘𝑠 (SRI to USR) and 𝑘𝑒 (USR to SRII). This change 
in the behavior of the Bogoliubov coefficients towards a Non-bunch Davies type vacuum is an important reason for the significant 
enhancement observed in the scalar power spectrum amplitude. Explicit expressions for the Bogoliubov coefficients are given in 
Appendix A.1.

2.3. Impact of the non-renormalization theorem

In this subsection, we briefly describe the implication of the non-renormalization theorem for Galileon inflation. The theorem states 
that the couplings of the theory remain protected against any radiative corrections even when the Galilean symmetry gets mildly 
broken. As a result, we can bypass the need to perform the renormalization and resummation procedures to obtain the one-loop 
corrected scalar power spectrum in Galileon theory. Other significant consequences of this theorem include the validity of successful 
inflation with having a prolonged SRII phase and the ability to control large fluctuations and their associated non-Gaussianities 
produced during the sharp transitions in the USR region.

For a successful inflation in this case, we require a mild breaking of the Galilean shift symmetry, which happens by going from 
a de-Sitter background to a quasi-de-Sitter one. The symmetry transformation of the terms built from curvature perturbation 𝜁 is 
written by following the definition in eqn. (3):

𝜁 → 𝜁 − 𝐻

̇̄𝜙
𝑎.𝛿𝑥, 𝜕𝑖𝜁 → 𝜕𝑖𝜁 −

𝐻

̇̄𝜙
𝑎𝑖, 𝜁 ′ → 𝜁 ′ − 𝐻

̇̄𝜙
𝑎0, 𝜕2𝜁 → 𝜕2𝜁, (10)

where 𝜙̄ ≡ 𝜙̄(𝑡) is the time-dependent background Galileon field. From the above equation, we see that only the term 𝜕2𝜁 remains 
invariant under Galilean symmetry, and the terms 𝜁, 𝜁 ′, and 𝜕𝑖𝜁 show mild breaking of the said symmetry. Based on this, let us briefly 
look into how radiative corrections become unimportant in the scalar power spectrum in Galileon theory. In single-field inflation, the 
dominant one-loop corrections to the scalar power spectrum come from the operator 𝜁 ′𝜁2, due to its coefficient containing the factor 
𝜕𝜏 (𝜂∕𝑐2𝑠 ) which is large during a sharp transition. However, this term is absent from the third-order action of Galileon theory even 
when it breaks the Galilean shift symmetry. This absence becomes evident by the use of eqn. (10), which converts the operator into 
a quantity evaluated at the boundary. There exist other terms in the Galileon theory which show mild symmetry breaking but are 
absent from the final third-order action because of the possibility of performing field redefinition or formation of boundary terms, 
reducing the allowed number of terms. Detailed discussion on this topic can be found by the authors in [127].

Keeping the above discussion in mind, only a few terms are allowed in the third-order action, which are called the bulk self-
interaction terms and includes: 𝜁 ′ 3, 𝜁 ′ 2𝜕2𝜁, 𝜁 ′(𝜕𝑖𝜁)2, 𝜕2𝜁(𝜕𝑖𝜁)2. These will be used in the next section to describe the third-order 
action necessary for calculating the one-loop effects.

2.4. One-loop corrected power spectrum from third order action

In this section, we consider the third-order action in the curvature perturbations which is constructed using the analysis done 
in the previous section. This action is formed using the Galilean symmetry-breaking terms introduced previously which collectively 
form the bulk self-interaction terms. The resulting action has the form [127,128,180]:

𝑆3
𝜁
= ∫ 𝑑𝜏 𝑑3𝑥

𝑎(𝜏)2

𝐻3

[1
𝑎

𝜁 ′ 3 +
2
𝑎2

𝜁 ′ 2
(
𝜕2𝜁

)
+

3
𝑎

𝜁 ′
(
𝜕𝑖𝜁

)2 + 4
𝑎2

(
𝜕𝑖𝜁

)2 (
𝜕2𝜁

)]
(11)
5

where the couplings for each operator in the action have the following expressions:
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1 ∶ ≡ 2𝐻 ̇̄𝜙3

Λ3

(
𝑐3 + 9𝑐4𝑍 + 30𝑐5𝑍2

)
, (12)

2 ∶ ≡ −2 ̇̄𝜙3

Λ3

(
𝑐3 + 6𝑐4𝑍 + 18𝑐5𝑍2

)
, (13)

3 ∶ ≡ −2𝐻 ̇̄𝜙3

Λ3

(
𝑐3 + 7𝑐4𝑍 + 18𝑐5𝑍2

)
− 2 ̇̄𝜙3𝐻𝜂

Λ3

(
𝑐3 + 6𝑐4𝑍 + 18𝑐5𝑍2

)
, (14)

4 ∶ ≡
̇̄𝜙3

Λ3

{
𝑐3 + 3𝑐4𝑍 + 6𝑐5

[
𝑍2 + 𝐻̇ ̇̄𝜙2

Λ6

]}
− 3 ̇̄𝜙4𝐻𝜂

Λ6

{
𝑐4 + 4𝑐5𝑍

}
, (15)

and the parameter 𝑍 is defined as 𝑍 =𝐻 ̇̄𝜙∕Λ2.
The one-loop effects are calculated using the aforementioned third-order action by working with the Schwinger-Keldysh (in-in) 

formalism. After taking care of all the possible Wick contractions when calculating the one-loop contributions from each interaction 
operator, we perform the necessary temporal and momentum integrals to arrive at the result for the three phases. We now quote 
the total scalar power spectrum, which includes the one-loop corrections by combining the individual contributions in the following 
manner [127]:[

Δ2
𝜁
(𝑘)

]
𝐓𝐨𝐭𝐚𝐥

≈

[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

{
1 +

(
𝑘𝑒

𝑘𝑠

)6 [|𝛼(2)𝐤 − 𝛽
(2)
𝐤 |2Θ(𝑘− 𝑘𝑒) + |𝛼(3)𝐤 − 𝛽

(3)
𝐤 |2Θ(𝑘− 𝑘𝑠)

]

+

[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

× 1
82

∗𝜋
4

{
−

4∑
𝑖=1

𝑖,𝐒𝐑𝐈𝐅𝑖,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗) +
4∑

𝑖=1
𝑖,𝐔𝐒𝐑𝐅𝑖,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠) Θ(𝑘− 𝑘𝑠)

+
4∑

𝑖=1
𝑖,𝐒𝐑𝐈𝐈𝐅𝑖,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒) Θ(𝑘− 𝑘𝑒)

}}
, (16)

which involves the tree-level SRI power spectrum:[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

=

(
𝐻4

8𝜋2𝑐3
𝑠

)
∗

×

(
1 +

(
𝑘

𝑘𝑠

)2
)
. (17)

The explicit equations for the terms describing the one-loop effects above, which include 𝑖,𝐒𝐑𝐈, 𝑖,𝐔𝐒𝐑, 𝑖,𝐒𝐑𝐈𝐈 and the leading 
order terms in 𝐅𝑖,𝐒𝐑𝐈, 𝐅𝑖,𝐔𝐒𝐑, 𝐅𝑖,𝐒𝐑𝐈𝐈, are mentioned in the appendix A.2. Detailed discussion on such terms can be found in a previous 
work by the authors in [127]. The total scalar power spectrum hence formed after combining the tree and one-loop contributions, 
which are also mentioned in eqs. (63), (82) along with discussions, will be used in a later section to evaluate the scalar-induced 
gravitational wave spectrum, which is the main focus of the next section.

2.5. PBH production and its comparison with recent studies

Here we address the question of allowed PBH masses, another crucial component of our analysis resting on the properties of 
Galileon theory before we study the theory behind the scalar-induced GWs.

The mass of PBH is calculated using the formula given as follows:

𝑀PBH
𝑀⊙

= 1.13 × 1015 ×
(

𝛾

0.2

)
×

( 𝑔∗
106.75

)−1∕6
(

𝑐𝑠𝑘𝑠

𝑐𝑠𝑘∗

)−2

= 1.13 × 1015 ×
(

𝛾

0.2

)
×

( 𝑔∗
106.75

)−1∕6
(

𝑘𝑠

𝑘∗

)−2
× 𝑐2

𝑠
(1 ∓ 2𝛿)

= 1.13 × 1015 ×
(

𝛾

0.2

)
×

( 𝑔∗
106.75

)−1∕6
(

𝑘𝑠

𝑘∗

)−2
× 𝑐2

𝑠
, (18)

where the leading order term is considered in the last line. To get an estimate of the mass of PBHs produced, we use the fact that 
𝛾 ∼ 0.2 which is the critical collapse factor, 𝑔∗ ∼ 106.75 is the number of relativistic d.o.f., the pivot scale is at 𝑘∗ ∼ 0.02 Mpc−1, the 
transition scale is set at 𝑘𝑠 ∼ 106 Mpc−1, and using the effective sound speed values within the window of, 0.024 ⩽ 𝑐𝑠 < 1 [244], and
the solar mass value 𝑀⊙ ∼ 2 × 1030 kg, we get the resulting range of 𝑀PBH ≈ (1029 − 1030) kg. Based on the above formula, one can 
further compute the evaporation time for the PBHs from galileon inflation as:

evap. 64
(

𝑀PBH
)3

109
(

𝛾
)3 ( 𝑔∗

)−1∕2
(

𝑘𝑠

)−6
6

6

tPBH = 10
𝑀⊙

years = 1.4429 × 10 ×
0.2

×
106.75 𝑘∗

× 𝑐
𝑠

years. (19)
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This equation can compute the evaporation time for PBHs within the mass range of solar mass and sub-solar mass. This particular 
time scale depends on the transition wavenumber and the effective sound speed values. For the case of PBH with 𝑀PBH ∼ (𝑀⊙)
and 𝑀PBH ∼(10−31𝑀⊙), the time scale of evaporation is computed as:

tevap.
M⊙

≈ 1064years ∼ 1071seconds (20)

tevap.

10−31M⊙

≈ 10−29years ∼ 10−22seconds (21)

The above calculated time scales represent the extremes of the interval where we can obtain the evaporation time for all PBHs ranging 
from large mass 𝑀PBH ∼(𝑀⊙) to the extremely small mass 𝑀PBH ∼(10−31M⊙ ∼ 102 gm). This fact tells us that solar mass PBH 
can outlive the universe’s current age, making them more helpful to study in cosmology. While, for the sub-solar mass PBH, the 
shortest time scale is negligibly small; as a result, it evaporated not long after it got produced in the early time. The above analysis 
is carried out by keeping the effective sound speed constraint 0.024 ⩽ 𝑐𝑠 < 1 satisfied, mainly we have taken 𝑐𝑠 = 0.05. Hence, in 
Galileon theory, the causality and unitarity constraints are always respected to give meaningful results for a spectrum of PBHs in the 
above-mentioned mass range. This is in contrast when working with the EFT framework for single-field slow-roll inflation, where 
a violation of the said constraints is required to achieve better and more meaningful results relative to those from the causal case 
scenario [125]. Now we analyze the PBH mass formula in general to get more insights into the factors controlling their production. 
In eqn. (18), we used the fact that the speed of sound parameter is a time-dependent quantity such that its value at the pivot scale 
is fixed to be 𝑐𝑠. It moves abruptly to the value 𝑐𝑠 ≈ 1 ± 𝛿, where 𝛿 ≪ 1, at the transition scale 𝑘𝑠, again reaches the value 𝑐𝑠 during 
USR phase and then rapidly falls to the same value of 𝑐𝑠 at the transition scale 𝑘𝑒 , and finally comes to the value 𝑐𝑠 when in the SRII 
phase till the end of inflation. See ref. [125] for a detailed study.

The important highlights concerning the mass of PBHs are listed as follows:

• Since the mass of PBH depends on the transition scale value 𝑘𝑠 ≡ 𝑘PBH, we notice that upon shifting the transition values to 
higher wavenumbers it is possible to generate PBHs with masses ranging from the almost solar to sub-solar masses 𝑀PBH ≈
(1𝑀⊙ − 10−18𝑀⊙).

• The amplitude of the perturbations are controllable during the sharp transitions in the USR due to the non-renormalization 
theorem benefits. Until the perturbativity approximation of 𝑘𝑒∕𝑘𝑠 ∼(10) is satisfied, shifting of the transition scale 𝑘𝑠 does not 
affect the existing features which include the amplitudes of the one-loop corrected scalar power spectrum in the SRI ((10−9)), 
USR ((10−2)), and SRII ((10−5)) phases.

• Due to the fact that the shifting of transition scale preserves the total scalar power spectrum features, we are able to cover a wide 
range of wavenumbers from 𝑘 ∼ (10−2 − 1027 Mpc−1) which is reflected in the allowed mass of PBH and will be used in later 
sections to draw important conclusions for the GW spectrum induced by the one-loop corrected scalar power spectrum.

Finally, we would like to briefly compare our results on the allowed range of PBH masses with the recent findings in the literature. 
The authors in refs. [122,133,134] have discussed the properties of having a smooth transition such that it can control the enhanced 
behavior of the perturbations when going from SRI to USR and USR to SRII phases and also allow for the generation of large mass 
PBHs when 𝑘PBH ∼ 105 Mpc−1. Further studies have explored the same issue in [127,128,135–137]. In other studies [122,133,134], 
the authors have also shown explicitly that smooth transition is able to suppress the one-loop corrections in the final, loop-corrected, 
scalar power spectrum. Notably, the nature of the transition, smooth or sharp, is crucial to determine the status of the formed PBHs. 
In the case of a sharp transition, large mass PBHs are not allowed when renormalization and resummation procedures are included 
for the one-loop effects [124,126], while in the studies [122,127,128,133–137].

It may be noted that, while dealing with a smooth transition [122,133,134] and a sharp transition [118,119,121,135,137] have 
not mentioned the need for a renormalization and resummation procedure to arrive at the conclusion of controlled one-loop effects 
and the production of large mass PBHs. In the case of Galileon inflation, we have demonstrated that taking into account the one-
loop corrections in the scalar power spectrum along with the non-renormalization theorem, it is possible to both control the large 
perturbations during sharp transitions and allow for solar mass as well as sub-solar mass PBH production from the underlying theory.

2.5.1. Calculation of the PBH mass fraction

Here we briefly outline the necessary computations required to evaluate the PBH mass fraction at formation time and the corre-
sponding fraction of the current dark matter density present in the form of PBH, also known as its abundance.

Our computations are based on the Press-Schechter formalism to understand the estimates of PBH mass fraction. We begin by 
assuming that the perturbations in the primordial overdensity, as soon as it re-enters into the Horizon, collapse into forming the PBHs 
once it meets a critical condition criterion on its value, and this formation occurs primarily in a radiation-dominated Universe. The 
mass of the resulting PBH, depending on the volume of the Hubble horizon at the time of formation, is already given by the expression 
in eqn. (18). Based on this, one can compute the present day PBH abundance 𝑓PBH as follows:

𝑓PBH = 1.68 × 108
[

𝛾

0.2

] 1
2
[

𝑔∗
106.75

]− 1
4
[
𝑀PBH
𝑀⊙

]− 1
2
× 𝛽(𝑀PBH), (22)

which incorporates the PBH mass fraction 𝛽. This quantity gets evaluated within the Press-Schechter formalism after integrating over 
7

a Gaussian distribution for the overdensities 𝛿(𝑡, 𝐱) which informs about the likelihood that a certain value of overdensity is possible:
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Fig. 2. Figure represents behavior of the total scalar power spectrum, which includes the one-loop corrections, plotted against the wavenumber. This is obtained 
for the value of the sound speed parameter 𝑐𝑠 = 0.05. Other important parameters are taken to be as follows: pivot scale at 𝑝∗ = 0.02 Mpc−1 , the transition scale 𝑘𝑠

(SRI to USR) at = 106 Mpc−1 and the transition scale 𝑘𝑒 (USR to SRII) at = 107 Mpc−1 such that the condition 𝑘𝑒∕𝑘𝑠 ∼ (10) is followed, and the end of SRII at 
𝑘end = 1027 Mpc−1 such that Δ = 60 is achieved.

𝛽(𝑀PBH) ≃ 𝛾

[
𝜎𝑀PBH√
2𝜋𝛿th

]
exp

(
−

𝛿2th

2𝜎2
MPBH

)
, (23)

where the integration gets performed above some limiting or threshold value of the overdensity denoted above by 𝛿th . Here, we adopt 
the criterion of the critical collapse theory, which allows one to determine the threshold value as equivalent to the equation of state 
of the RD fluid, 𝛿 ⩾ 𝛿th = 1∕3. Another quantity essential to complete the estimate for 𝛽(𝑀PBH) is the variance of the distribution 
𝜎PBH, and this is calculated with the aid of the scalar power spectrum amplitude, here it will be the one-loop corrected scalar power 
spectrum from eqn. (16), and this gets implemented as follows:

𝜎2
𝑀PBH

= 16
81

∞

∫
0

𝑑𝑘

𝑘
(𝑘𝑅)4𝑒−𝑘2𝑅2∕2

[
Δ2

𝜁
(𝑘)

]
𝐓𝐨𝐭𝐚𝐥

, (24)

where 𝑅 = 1∕(𝑐𝑠𝑘𝑠) corresponds to the horizon scale over which the primordial perturbations are coarse-grained with the window 
function chosen to be a Gaussian in the above formula. The above discussion will prove sufficient to later analyze the PBH abundance 
resulting from the scalar power spectrum as shown in Fig. 2.

3. Scalar induced gravitational waves

In this section, we present a concise review of the theory behind the scalar-induced gravitational waves necessary to understand 
the calculation of the observationally relevant GW density parameter, which we will finally evaluate in the next section with the case 
of a one-loop corrected scalar power spectrum. We follow the refs. [78,79,245] for the derivation presented in this section.

To this end, let us start with a perturbed version of the spatially flat FLRW metric while working with the conformal Newtonian 
gauge:

𝑑𝑠2 = 𝑎2(𝜏)
{
−(1 + 2Φ)𝑑𝜏2 +

(
(1 − 2Ψ)𝛿𝑖𝑗 +

1
2
ℎ𝑖𝑗

)
𝑑𝑥𝑖𝑑𝑥𝑗

}
, (25)

where Φ, Ψ are the first-order scalar perturbation modes, commonly referred to as the Bardeen potentials, and ℎ𝑖𝑗 is the purely 
8

second-order tensor perturbation satisfying the additional property of 𝛿𝑖𝑗ℎ𝑖𝑗 = 𝛿𝑗𝑘𝜕𝑘ℎ𝑖𝑗 = 0. The basic assumption to be followed in 
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the further analysis of this metric is that the tensor perturbation modes only exist at second-order and no second-order scalar or 
vector modes are going to be considered. Also, in the absence of anisotropic stress, we can ultimately take Φ = Ψ.

Using this metric, we proceed to solve the Einstein field equations for the second-order perturbations. Here we require an operator 
which extracts the transverse, traceless part of this equation since we are ultimately concerned with the evolution of the tensor modes. 
This is achieved through a projection operator ̂ 𝑎𝑏

𝑖𝑗
having the properties:

̂ 𝑎𝑏
𝑖𝑗

̂ 𝑖𝑗
𝑚𝑛

= ̂ 𝑎𝑏
𝑚𝑛

, 𝜕𝑗 ̂ 𝑎𝑏
𝑖𝑗

𝑎𝑏 = ̂ 𝑎𝑏
𝑗𝑗

𝑎𝑏 = 0 (26)

for an arbitrary second-rank tensor 𝑎𝑏. This operator is implemented onto the Einstein equations as follows:

̂ 𝑎𝑏
𝑖𝑗

𝐺
(2)
𝑎𝑏

= ̂ 𝑎𝑏
𝑖𝑗

𝑇
(2)
𝑎𝑏

(27)

where we have used the convention 𝑀𝑝 = 1∕
√
8𝜋𝐺 = 1. This gives us the following equation for the tensor modes:

ℎ′′
𝑎𝑏
+ 2ℎ′

𝑎𝑏
−∇2ℎ𝑎𝑏 = −4̂ 𝑖𝑗

𝑎𝑏
𝑖𝑗 , (28)

where the notation ′ denotes conformal time derivative throughout this section and 𝑖𝑗 is a source term that contains quadratic 
contributions of the first-order scalar perturbations and whose explicit form will be given below shortly.

The analysis of the aforementioned equation is more illuminating in the Fourier space which includes the polarization information 
of the tensor modes and would ultimately help in obtaining the tensor power spectrum. For this, we start with the Fourier transform 
of ℎ𝑎𝑏:

ℎ𝑎𝑏(𝜏,𝐱) = ∫
𝑑3𝐤
(2𝜋)3

𝑒𝑖𝐤.𝐱
(
𝑒𝑎𝑏ℎ𝐤(𝜏) + 𝑒𝑎𝑏ℎ̄𝐤(𝜏)

)
, (29)

which includes the two polarization tensors defined as:

𝑒𝑎𝑏(𝐤) =
1√
2

(
𝑒𝑎(𝐤)𝑒𝑏(𝐤) − 𝑒𝑎(𝐤)𝑒𝑏(𝐤)

)
, 𝑒𝑎𝑏(𝐤) =

1√
2

(
𝑒𝑎(𝐤)𝑒𝑏(𝐤) + 𝑒𝑎(𝐤)𝑒𝑏(𝐤)

)
, (30)

where 𝑒𝑎(𝐤), 𝑒𝑏(𝐤) behaves as basis vectors, which are orthonormal and orthogonal to the momentum vector 𝐤 and hence satisfy 
𝑒𝑎(𝐤).𝑒𝑏(𝐤) = 0. As for the RHS in eqn. (28), we can write it using the polarization tensors and Fourier transform of the source as:

̂ 𝑖𝑗

𝑎𝑏
𝑖𝑗 = ∫

𝑑3𝐤
(2𝜋)3

𝑒𝑖𝐤.𝐱[𝑒𝑎𝑏(𝐤)𝑒𝑖𝑗 (𝐤) + 𝑒𝑎𝑏(𝐤)𝑒𝑖𝑗 (𝐤)]𝑖𝑗 (𝐤) (31)

The above equations are combined together to give us the following Fourier space version of eqn. (28):

ℎ′′𝐤 + 2ℎ′𝐤 + 𝑘2ℎ𝐤 = (𝐤, 𝜏), (32)

with the source in RHS defined to be:

(𝐤, 𝜏) = ∫
𝑑3𝐪
(2𝜋)3

𝑒𝑖𝑗 (𝐤)𝑞𝑖𝑞𝑗𝐹 (𝐤,𝐪, 𝜏). (33)

Solving eqn. (32) requires knowledge of the time-dependent behavior of the scalar perturbations present inside the function 
𝐹 (𝐤,𝐪, 𝜏) written explicitly as:

𝐹 (𝐤,𝐪, 𝜏) = 4
3(1 +𝑤)

(
2(5 + 3𝑤)Φ𝑞(𝜏)Φ𝑘−𝑞(𝜏) +

4
 (Φ𝑞(𝜏)Φ′

𝑘−𝑞
(𝜏) + Φ𝑘−𝑞(𝜏)Φ′

𝑞
(𝜏)) + 4

2 Φ
′
𝑞
(𝜏)Φ′

𝑘−𝑞
(𝜏)

)
(34)

where the above contains the explicit scalar mode couplings to second order and is obtained using the relations from the first-order 
Einstein equations and the parameter, 𝑤 = 𝑃∕𝜌, denotes the equation of state. The Hubble parameter in this section is defined as, 
 = 𝜕𝜏 ln (𝑎(𝜏)) = 2∕(1 + 3𝑤)𝜏 . In our subsequent analysis, we will work with only one polarization mode.

In general, we solve the inhomogeneous differential equation, eqn. (32), using Green’s function method. To see this, consider a 
change in variable ℎ𝐤(𝜏) ⟶ 𝑎(𝜏)ℎ𝐤(𝜏) which gives us the following solution for the same differential equation:

ℎ𝐤(𝜏) =
1

𝑎(𝜏)

𝜏

∫
𝜏0

𝑑𝜏𝐺𝐤(𝜏, 𝜏)𝑎(𝜏)(𝐤, 𝜏), (35)

where the Green’s function 𝐺𝐤(𝜏, ̃𝜏) satisfies:

𝐺′′
𝐤 (𝜏, 𝜏) +

(
𝑘2 − 𝑎′′(𝜏)

𝑎(𝜏)

)
𝐺𝐤(𝜏, 𝜏) = 𝛿(𝜏 − 𝜏). (36)

Now, from the definition of the tensor power spectrum, we write the following expressions based on our current analysis:

2𝜋2
9

⟨ℎ𝐤(𝜏)ℎ𝐤̃(𝜏)⟩ =
𝑘3

𝛿(𝐤+ 𝐤̃)Δ2
ℎ
(𝑘, 𝜏) (37)
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= 1
𝑎(𝜏)2

𝜏

∫
𝜏0

𝑑𝜏1

𝜏

∫
𝜏0

𝑑𝜏2𝑎(𝜏1)𝐺𝐤(𝜏, 𝜏1)𝑎(𝜏2)𝐺𝐤̃(𝜏, 𝜏2)⟨(𝐤, 𝜏1)(𝐤̃, 𝜏2)⟩. (38)

To simplify this further we use the fact that if the perturbations originated during the inflationary epoch then the behavior of the 
gravitational potential, Φ𝐤(𝜏), can be understood using a decomposition into (𝑎): the transfer function Φ(𝑘𝜏) which helps to describe 
the evolution of the potential, and (𝑏): a component describing the primordial scalar perturbations amplitude, 𝜙𝐤 , which follows 
Gaussian statistics. Hence, we can write the function 𝐹 (𝐤,𝐪, 𝜏) using the transfer function and its derivatives and pull the primordial 
perturbation part outside the function.

We are left to evaluate the correlation function of the source functions in terms of the correlations between the scalar pertur-
bations. After using Wick’s theorem to perform the contractions, we get only 2 connected components which are proportional to 
𝛿(𝐤+ 𝐤̃)𝛿(𝐪+ 𝐪̃)Δ2

𝜙
(𝑞)Δ2

𝜙
(|𝐤− 𝐪|) and 𝛿(𝐤+ 𝐤̃)𝛿(𝐤− 𝐪+ 𝐪̃)Δ2

𝜙
(𝑞)Δ2

𝜙
(|𝐤− 𝐪|). An important point to further note is the invariance un-

der the change of variables and 𝐤 ⟶ −𝐤 in the function 𝐹 (𝐤,𝐪, 𝜏) and the invariance of the projection 𝑒𝑖𝑗 (𝐤)𝑞𝑖𝑞𝑗 = 𝑞2 sin2 𝜃 cos2𝛽∕
√
2

under 𝐤 ⟶ −𝐤, where 𝜃 represents angle between 𝐤,𝐪 with cos𝜃 = 𝛼 = 𝐤.𝐪∕𝑘𝑞 and 𝛽 is the azimuth angle.
Using these facts we write down the complete expression for the tensor power spectrum:

Δ2
ℎ
(𝑘, 𝜏) =

∞

∫
0

𝑑𝑞

1

∫
−1

𝑑𝛼
𝑘3𝑞3|𝐤− 𝐪|3 (1 − 𝛼2)2Δ2

𝜙
(|𝐤− 𝐪|)Δ2

𝜙
(𝑞)(𝑘, 𝑞, 𝜏), (39)

where the function  is of the form:

(𝑘, 𝑞, 𝜏) = 2
𝑎(𝜏)2

𝜏

∫
𝜏0

𝑑𝜏1

𝜏

∫
𝜏0

𝑑𝜏2 𝑎(𝜏1)𝐺𝐤(𝜏, 𝜏1)𝑎(𝜏2)𝐺𝐤(𝜏, 𝜏2)𝐹 (𝐤,𝐪, 𝜏1)𝐹 (𝐤,𝐪, 𝜏2). (40)

Let us note that the function 𝐹 contains the necessary information regarding the evolution of the gravitational potentials through 
the transfer function. Hence, we require the solutions of the following equation for the time-dependent potentials in the absence of 
any entropy perturbations:

Φ′′
𝐤 (𝜏) + 3(1 +𝑤)Φ′

𝐤(𝜏) + (2′ + (1 + 3𝑤)2 +𝑤𝑘2)Φ𝐤(𝜏) = 0. (41)

In the super-Hubble limit, it is possible to relate the two-point correlation function of primordial perturbations with the correlation 
function of the comoving curvature perturbations. To achieve this, we need to consider a particular gauge condition more suitable 
for outside the horizon. In this gauge, the perturbations in the scalar field satisfy 𝛿𝜙(𝐱, 𝜏) = 0, which then enables us to write the 
comoving curvature perturbation as follows:

𝜁(𝐱, 𝜏) = −Φ(𝐱, 𝜏)
(5 + 3𝑤
3 + 3𝑤

)
− 2Φ′

3(1 +𝑤)
. (42)

From eqn. (41), in the super-Hubble limit, the potential Φ comes out as a constant and this gives us the required relation for the 
Fourier modes:

𝜁𝐤 = −5 + 3𝑤
3 + 3𝑤

𝜙𝐤 ⟹ Δ2
𝜁
(𝑘) =

(5 + 3𝑤
3 + 3𝑤

)2
Δ2

𝜙
(𝑘). (43)

The integral in eqn. (39) can be simplified even further when considering a variable change from 𝑞, 𝛼 ⟶ 𝑢, 𝑣 where 𝑢, 𝑣 are the 
new dimensionless variables with the form 𝑢 = |𝐤− 𝐪|∕𝑘 and 𝑣 = 𝑞∕𝑘. The advantage of this substitution is to make the symmetries 
of the integrand under variable exchange more explicit which is discussed in the paragraph before eqn. (39). The final version of the 
tensor power spectrum in terms of the newly defined dimensionless variables follows the relation [246]:

Δ2
ℎ
(𝜏, 𝑘) = 4

∞

∫
0

𝑑𝑣

1+𝑣

∫|1−𝑣|
𝑑𝑢

(
4𝑣2 − (1 + 𝑣2 − 𝑢2)2

4𝑣𝑢

)2 (3 + 3𝑤
5 + 3𝑤

)4 2(𝑢, 𝑣, 𝑥)Δ2
𝜁
(𝑘𝑣)Δ2

𝜁
(𝑘𝑢), (44)

with the function (𝑢, 𝑣, 𝑥) is defined as follows:

(𝑢, 𝑣, 𝑥) =
𝑥

∫
0

𝑑𝑥̃
𝑎(𝜏)
𝑎(𝜏)

𝑘𝐺𝐤(𝜏, 𝜏)𝐹 (𝑢, 𝑣, 𝑥̃) (45)

where 𝑥 ≡ 𝑘𝜏 substitution is used.
Now, the fraction of the total energy density in GWs is related to the tensor power spectrum through the relation [246]:

𝜌GW(𝜏, 𝑘) 1
(

𝑘
)2

2

10

ΩGW(𝜏, 𝑘) =
𝜌total(𝜏)

=
24 𝑎(𝜏)𝐻(𝜏)

Δ
ℎ
(𝜏, 𝑘), (46)
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where the overline represents the time-averaging at a given point within the horizon. We are ultimately interested in the above 
quantity detected through observations. To determine this quantity at the current time, we first take the late-time limit, 𝑘𝜏 ⟶∞, of 
the integral 2 in eqn. (44) and then take the time average of the remaining quantity as given in eqn. (46). The final formula for the 
GW spectrum assumed primarily to be produced during the radiation-dominated (RD) era requires the knowledge of the associated 
Green’s function and the approximation 𝑎(𝜏)∕𝑎(𝜏) ≈ 𝜏∕𝜏 which, along with the necessary steps mentioned before to observe the 
spectrum today, later reduce the eqn. (46) into the following form [60]:

ΩGW(𝑓 ) = 0.39
(

𝑔∗(𝑇𝑐)
106.75

)−1∕3
Ω𝑟,0

∞

∫
0

𝑑𝑣

1+𝑣

∫|1−𝑣|
𝑑𝑢(𝑢, 𝑣)Δ2

𝜁
(𝑘𝑢)Δ2

𝜁
(𝑘𝑣) (47)

where the kernel function from the RD era is [246]:

(𝑢, 𝑣) = 3(4𝑣2 − (1 + 𝑣2 − 𝑢2)2)2(𝑢2 + 𝑣2 − 3)4

1024𝑢8𝑣8

((
ln |3 − (𝑢+ 𝑣)2||3 − (𝑢− 𝑣)2| − 4𝑢𝑣

𝑢2 + 𝑣2 − 3

)2
+ 𝜋2Θ(𝑢+ 𝑣−

√
3)

)
(48)

and pre-factors outside the integral include the energy density fraction of radiation at present time Ω𝑟,0 , the total number of relativistic 
d.o.f. in SM 106.75, and 𝑔∗(𝑇𝑐) is the total relativistic d.o.f. at the temperature 𝑇𝑐 which is evaluated at the time when the perturbations 
re-enter the horizon in the RD era. The following conversion between frequency and wavenumber is adopted:

𝑓 = 1.6 × 10−9 Hz
(

𝑘

106 Mpc−1

)
(49)

4. Results for the SIGW spectrum

In this section, we discuss our results for the induced GW spectrum using the one-loop corrected scalar power spectrum obtained 
in eqn. (16) during inflation in the Galileon theory. The behavior of the obtained GW spectrum is analyzed, and the possible range 
of masses for the PBHs is discussed while covering the whole frequency range allowed by the observations. In Fig. 3, we present the 
scalar-induced GW spectrum results plotted against the allowed frequency range. This range consists of the low-frequency regime 
where the NANOGrav results are observed and the high-frequency regime where various other observational experiments, both 
existing and planned, can probe.

The values in range (10−17 Hz, 10−8 Hz) include part of the spectrum which contains information from the pivot scale 𝑘∗ ∼
(10−2 Mpc−1 ≈ 10−17 Hz) up to the transition wavenumber 𝑘PBH ∼ 107 Mpc−1(𝑓PBH ∼ 10−8 Hz). As we move higher in the frequency 
range from the frequency at the pivot scale, the spectrum shows a rise in amplitude, including small oscillations, which result from 
the highly oscillating integrand involved in the spectrum calculation. Up to a specific frequency, the behavior of the power spectrum 
changes, and we see that for a small region, the spectrum achieves a peak amplitude of ΩGWℎ2 ∼(10−5) which occurs as a result of 
the sharp transition encountered at the scale 𝑘PBH . After the peak, the amplitude of the spectrum starts to fall before going through a 
bump-like feature visible in the plot right after the frequency 𝑓 ∼ 10−7 Hz. This feature is reminiscent of the similar effect observed in 
the one-loop corrected scalar power spectrum, Fig. 2, for the comoving curvature perturbation, which occurs right after the transition 
at the wavenumber 𝑘𝑒 during the end of USR. Then, as we proceed towards completing the necessary e-foldings  = 60,1 the 
amplitude of the spectrum falls linearly and at a rate faster compared to its rise in the region before the peak, which results from the 
behavior of the scalar power spectrum in the frequency region corresponding to the SRII phase.

As we can see, the peak value of the GW spectrum shown in the plot coincides with the results observed in the NANOGrav 15-year 
Data Set. These observations show that inflation in Galileon theory has the required feature to produce the primordial induced GWs 
and nearly solar mass PBHs, 𝑀PBH ∼ 0.01𝑀⊙. In Fig. 4, we mainly focus on the wavenumber region that corresponds to those probed 
by the recent PTA (NANOGrav15 and EPTA) observations. We fix the transition wavenumber, 𝑘PBH = 107.2 Mpc−1, the same as seen 
in the low wavenumber regime signal of Fig. 3. The Fig. 4 provides a closer look at the near peak region of the previous SIGW 
spectrum, where we can observe the growth of the spectrum relative to the PTA signals and its eventual fall off after achieving a peak 

1 Let us note that the minimum number of e-foldings is dictated by requirement to address causality:

 = ln
(

𝑇0

𝐻0

)
+ ln

(
𝐻𝑖𝑛𝑓

𝑇𝑟𝑒ℎ

)
= ln

(
𝑇0

𝐻0

)
+ ln

(
𝑇𝑟𝑒ℎ

𝑀pl

)
= 67 + ln

(
𝑇𝑟𝑒ℎ

𝑀pl

)
, (50)

where 𝐻𝑖𝑛𝑓 ≃ 𝑇 2
𝑟𝑒ℎ

∕𝑀pl and instantaneous (p)reheating is assumed. 𝑇0 and 𝐻0 are accurately known from observation, however, scale of inflation is unknown and in 
principle and reheating temperature could lie in a window, 1TeV < 𝑇𝑟𝑒ℎ < 𝑀pl , where 𝑀pl ∼ 2.43 × 1018GeV. To have the total number of e-foldings,  = 60 from 
the equation (50), one needs to fix the reheating temperature at 𝑇𝑟𝑒ℎ ∼ 2.215 × 1015GeV. On the other hand, if we fix the number of e-foldings at  = 55 then in that 
case, 𝑇𝑟𝑒ℎ ∼ 1.493 × 1013GeV. However, it is difficult to realize inflation at low energy scales due to extreme fine-tuning of equation of state of the inflation [247]:

1 +𝜔𝜙 ≃ 1010 ×
(

𝐻𝑖𝑛𝑓

𝑇𝑟𝑒ℎ

)4

= 1010 ×
(

𝑇𝑟𝑒ℎ

𝑀pl

)4

. (51)

Indeed, for 𝑇𝑟𝑒ℎ ∼ 2.215 × 1015GeV ( = 60) then it gives rise to admissible level of fine-tuning, namely, 1 + 𝜔𝜙 ≃ 10−2 compared to the case when 𝑇𝑟𝑒ℎ ∼ 1.493 ×
1013GeV ( = 55) for which, 1 +𝜔𝜙 ≃ 10−10 . Thus the total number of e-foldings can be 55, but in that case one encounters large fine-tuning, which is not advisable. 
11

Hence  = 60 is a feasible choice.
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Fig. 3. The plot represents the scalar-induced GW spectrum generated using the one-loop corrected version of the scalar power spectrum obtained in Galileon inflation. 
This figure contains 2 separate features each distinguished by colors red and blue which indicate different scenarios. The red spectrum is where the amplitude of 
the generated signal coincides with the observational result from NANOGrav 15-year signal and it also indicates the production of 𝑀PBH ∼ 0.01𝑀⊙(2 × 1028 kg) for 
a transition scale of 𝑓PBH ∼ 10−8 Hz. The blue spectrum is where the amplitude of the signal lies within the proposed sensitivity curves of the existing and future 
experiments to detect high-frequency GWs, which include the following: LISA, BBO, DECIGO, Cosmic Explorer(CE), Einstein Telescope(ET), HLVK network (consisting 
of detectors: aLIGO in Hanford and Livingstone, aVirgo, and KAGRA), and the HLV network during the third observation run (O3). This blue curve also shows a similar 
spectrum of GWs generated at a high-frequency value, near the transition scale 𝑓PBH ∼ 1 Hz where sub-solar PBH, 𝑀PBH ∼ 10−18𝑀⊙(2 × 102 kg), are generated.

Fig. 4. SIGW spectrum (in red) generated in Galileon inflation where we fix the transition wavenumber, 𝑘PBH = 107.2 Mpc−1 and use the effective sound parameter, 
𝑐𝑠 = 0.05. The background contains the NANOGrav15 (left) and EPTA (right) signals in black and an approximate 𝑘3 scaling shown via a dashed purple line.

value close to that from the NANOGrav15 signal in black. The EPTA signal on the right shows the peak value before the maximum 
of the generated SIGW spectrum. The value for effective sound speed used here is 𝑐𝑠 = 0.05 and matches with our previous choice 
for the same in the scalar power spectrum in Fig. 2 and Fig. 3. Since this choice of the 𝑐𝑠 falls inside the corresponding causality and 
unitarity preserving bound which we introduce in (2.5), we can infer that in presence of such features in the underlying theory we can 
obtain the maximum amount of the GW spectrum signal consistent with the PTA observations. We also highlight another important 
feature present in our result using Fig. 4 related to the infrared (IR) scaling of the GW spectrum. It is visible from the figure that the 
frequency regime probed by the PTA coincides with the IR tail of the generated SIGW before the peak frequency occurs. Now, since 
we are primarily working under the choice of the induced GWs re-entering in the RD era, the scaling relation for such a spectrum 
in the IR exhibits a universal ΩGWℎ2 ∝ 𝑘3 law [43,248,249]. We notice here that our spectrum in red sufficiently approximates this 
scaling law, which we illustrate here via a dashed purple line till before the peak frequency, thus remaining consistent with previous 
12

studies.
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Fig. 5. PBH abundance as function of their masses. The left panel shows PBH abundance for masses in the range (10−15 −10−13)𝑀⊙ corresponding to the small scales. 
The right panel shows PBH abundance for masses in the range (10−6 − 10−3)𝑀⊙ corresponding to frequency interval of the NANOGrav15 signal.

The interesting feature to note in Fig. 3 comes further when we shift the transition scale to higher wavenumbers where 𝑘PBH ∼
(1015 Mpc−1 ≈ 1 Hz). There we observe a similar kind of behavior for the GW spectrum as was with the case when considering 
almost solar mass PBH, but this time, masses of the produced PBH are tiny, in the extreme sub-solar regime 𝑀PBH ∼ 10−18𝑀⊙. For 
this case, the peak value of the GW spectrum falls into the sensitivity curves of the proposed and operational space and earth-based 
probes of GWs, which are in the background of the same figure for comparison. Maintaining the perturbativity approximation and 
benefits of the non-renormalization theorem has the GW spectrum preserve its behavior near the sharp transitions and have successful 
inflation after the end of the USR.

Hence, Galileon theory has the power to accommodate the possibility of producing PBHs within the sub-solar and solar mass 
range depending on the transition wavenumber 𝑘PBH position and can produce enough amount of GW signal which can fall into the 
experimentally observed low-frequency regime of NANOGrav 15, as well as in the allowed sensitivity of the high-frequency regime 
probes.

The Fig. 5 shows behavior for the PBH abundance as a function of the PBH masses. We analyze the abundance for two regions, one 
concerning the frequency range corresponding to the NANOGrav 15 signal window (right panel) and the other concerning the PBHs 
formed at large wavenumbers or small scales (left panel) where, from the one-loop corrected scalar power spectrum in Fig. 2, one can 
notice an amplitude of (10−5). Here, we use a crucial point highlighted through our plot in Fig. 3, which shows the invariance of the 
obtained GW spectrum under translation in wavenumber. This property is also highlighted under discussions in the section 2.5 for 
working with the Galileon theory. To reiterate, until we can maintain the necessary perturbativity approximation, especially having 
𝑘𝑒∕𝑘𝑠 ∼(10), we control the scalar power spectrum amplitude from achieving values greater than (1), and thus, we are free to shift 
the sharp transition wavenumber to the value of our choosing. By doing so, we will observe successful inflation in our setup, owning 
to the benefits of the non-renormalization theorem. Since the amplitude from the Fig. 2 is quite small on the small scales, when PBH 
formation is of main concern as it requires at least (10−2) for the power spectrum amplitude, we utilize here the translation property 
mentioned above to our advantage. By keeping the wavenumber around 𝑘𝑠 ∼(1011 − 1012) Mpc−1, it allows to produce PBHs with 
masses in the range (10−15 − 10−13)𝑀⊙ and there the corresponding abundance is not restricted due to strong constraints coming 
from PBH evaporation. Such restrictions are large as we consider PBHs of even smaller masses such as 𝑀PBH < (10−16) where 
PBH evaporation constraints are the most stringent and there, with an amplitude of the scalar power spectrum of the order (10−5), 
produces highly suppressed value of the variance which ultimately produces almost vanishing 𝑓PBH . In the right panel, we show the 
PBH abundance for the wavenumbers associated with the frequency interval of the NANOGrav15 signal. The observed mass range 
corresponding to the sharp transitions at the frequencies significant to the NANOGrav15 is seen to lie within 𝑀PBH ∼(10−3 − 10−5)
with sufficient abundance for such PBH masses.

5. Conclusion

In this paper, we have considered the scalar-induced gravitational waves using the one-loop corrected scalar power spectrum from 
Galileon inflation. We first briefly reviewed the Galileon theory by introducing the action for the Covariantized Galileon Theory, with 
detailing the implementation of various phases in our setup during inflation and then outlining the procedure to develop solutions for 
the comoving curvature perturbations modes in the three regions, SRI, USR, and SRII, by using the second-order action in this theory. 
The defining feature of this theory, other than the ability to evade the emergence of unwanted ghosts, is its non-renormalization 
theorem which allows us not to consider any renormalization and resummation procedure for the loop effects in its correlations. This 
13

feature helped us to manage a sufficient number of e-foldings of expansion and control the one-loop effects in theory, which later form 
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part of the total scalar power spectrum necessary for further analysis regarding the GWs abundance calculation. We then presented 
a concise overview of the theory behind the scalar-induced gravitational waves (SIGWs) which tells us that the second-order tensor 
mode solutions involved quadratic contributions of the first-order scalar perturbations. After deriving the expression for the tensor 
power spectrum in terms of the scalar power spectrum, the next step was to numerically solve the integral for the GW abundance and 
plot the resulting behavior against the allowed frequency range. The features of this plot represent the key findings of our overall 
analysis done in this work.

We observed that the amount of GW abundance, ΩGWℎ2, produced through the use of one-loop corrected scalar power spectrum 
in the low-frequency region, 10−8 Hz ⩽ 𝑓 ⩽ 10−6 Hz, is such that it gives a sufficient overlap and thus indicates an agreement with the 
observational result from the NANOGrav 15-year signal. In the high-frequency region, after the peak value is achieved, the obtained 
spectrum falls rapidly compared to its ascent near the low-frequency values. The peak enhancement in the signal is due to a sharp 
transition feature when going from the SRI to USR phase. This behavior is known to exist for the total dimensionless scalar power 
spectrum in plot Fig. 2 near the scales labeled as 𝑘𝑠 ∼ 106 Mpc−1 and 𝑘𝑒 ∼ 107 Mpc−1. There the property of accommodating a long 
enough SRII region required for successful inflation, ΔTotal = 60, is also reflected in the tensor power spectrum, and equivalently 
the GW spectrum, when it is extended to even higher frequencies and their corresponding lower amplitudes relative to the current 
values.

The scale of the transition wave number determines the mass of the PBH being produced. Using the eqn. (18), we were able 
to find the allowed range of mass values, (1𝑀⊙ − 10−18𝑀⊙), of the produced PBH when the transition scale is set between 𝑘PBH ∼
(107 Mpc−1 −1015 Mpc−1). Hence, by keeping the transition scale near to the required value in the frequency range of the NANOGrav 
signal, 𝑘PBH ∼ (107 Mpc−1 ≈ 10−8 Hz), we have shown that Galileon theory can produce almost solar mass PBH, 𝑀PBH ∼ 0.01𝑀⊙, 
and along with that generate enough amount of observable signal in the GW spectrum. Next, we examined the case where the 
transition scale is pushed to the domain of higher frequencies where the existing and proposed GW experiments are able to probe the 
effect. We found that Galileon theory is also able to produce a sufficient amount of signal in the spectrum such that it falls under the 
parameter space of these experiments. The observed spectrum exactly mimics the behavior for the case of a transition scale in the lower 
frequencies. This is important from the perspective of future investigations regarding the observation of SIGWs in higher frequencies 
as a signal for new physics models. Due to the setting of the transition at such high wave numbers, 𝑘PBH ∼ (1015 Mpc−1 ≈ 1 Hz), 
we are also able to predict the production of small mass PBHs in the sub-solar category, 𝑀PBH ∼ 10−18𝑀⊙, and also producing an 
observable amount of signal in the GW spectrum. This is again the result of the intrinsic properties of the Galileon theory, which 
does not depend on the scale of transition until we are able to satisfy the perturbativity criteria, which is maintained throughout our 
analysis by keeping 𝑘𝑒∕𝑘𝑠 ∼ (10), where 𝑘𝑠, 𝑘𝑒 are the respective scales at the SRI to USR and USR to SRII transitions. Thus, have 
demonstrated the possibility of generating a measurable spectrum of the GW abundance either in the low-frequency (NANOGrav) 
region or the high-frequency region of the ground- and space-based GW detectors and the production of corresponding masses of 
PBHs ranging from (1𝑀⊙ − 10−18𝑀⊙).
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Appendix A

A.1. General mode solutions

In this appendix, we focus on the calculation of the comoving curvature perturbations modes for our inflationary setup with the 
phases SRI, USR, and SRII involved within the CGT. The contents of this appendix are based on the detailed study provided in the 
refs. [127,128].

To begin, we must work with the perturbation theory in second order in the curvature perturbations, and for this, we would need 
the second-order perturbed action. This action is written in the Fourier space as follows:

𝑆
(2)
𝜁

= ∫ 𝑑𝜏
𝑑3𝐤
(2𝜋)3

𝑎(𝜏)2 
𝐻2

(|𝜁 ′𝐤(𝜏)|2 − 𝑐2
𝑠
𝑘2|𝜁𝐤(𝜏)|2) = ∫ 𝑑𝜏

𝑑3𝐤
(2𝜋)3

𝑎(𝜏)2 
𝑐2
𝑠
𝐻2

(|𝜁 ′𝐤(𝜏)|2 − 𝑐2
𝑠
𝑘2|𝜁𝐤(𝜏)|2) (52)

where  and  are the same time-dependent coefficients as defined in eqns. (5), (6), and which form the relation, 𝑐2
𝑠
=∕, for the 

effective speed of sound parameter in the CGT as discussed before. Here we can observe the significance of these new coefficients as 
being directly involved in the action 𝑆(2)

𝜁
and from here they will participate in the mode solutions for the curvature perturbations 

which further incorporates them into the scalar power spectrum. Now, solving the above second order action would give us the 
following equation of motion:

𝜁 ′′𝐤 (𝜏) + 2𝑧
′(𝜏)
𝑧(𝜏)

𝜁 ′𝐤(𝜏) + 𝑐2
𝑠
𝑘2𝜁𝐤(𝜏) = 0. (53)

with 𝑧(𝜏) = 𝑎
√
2∕𝐻2. It is this equation whose solutions in the three phases are to be analyzed. This is performed by setting of 

the initial conditions for the SRI phase as the Bunch-Davies quantum vacuum state and in the subsequent phases we are required to 
solve the boundary conditions during the transitions to eventually determine their complete solutions. We now describe the mode 
solutions for each phase.

• For the SRI phase:

The general mode solution in this phase for the second-order Fourier space equation of motion turns out to be:

𝜁𝐤(𝜏) =

(
𝑖𝐻2

2
√

)
1

(𝑐𝑠𝑘)3∕2
×

[
𝛼
(1)
𝐤

(
1 + 𝑖𝑘𝑐𝑠𝜏

)
exp

(
−𝑖𝑘𝑐𝑠𝜏

)
− 𝛽

(1)
𝐤

(
1 − 𝑖𝑘𝑐𝑠𝜏

)
exp

(
𝑖𝑘𝑐𝑠𝜏

)]
(54)

where the conformal time window is the interval with 𝜏 < 𝜏𝑠. The Bogoliubov coefficients for this phase are obtained as the result 
of fixing the Bunch-Davies initial condition:

𝛼
(1)
𝐤 = 1, (55)

𝛽
(1)
𝐤 = 0. (56)

Throughout this phase, the slow-roll parameter 𝜖(𝜏) is almost a constant while for the other slow-roll parameter 𝜂(𝜏) ∼ 0.
• For the USR phase:

The general mode solution in this phase, for the conformal time window 𝜏 ∈
[
𝜏𝑠, 𝜏𝑒

)
, is obtained to be as follows:

𝜁𝐤(𝜏) =

(
𝑖𝐻2

2
√

)( 𝜏𝑠

𝜏

)3 1
(𝑐𝑠𝑘)3∕2

×
[
𝛼
(2)
𝐤

(
1 + 𝑖𝑘𝑐𝑠𝜏

)
exp

(
−𝑖𝑘𝑐𝑠𝜏

)
− 𝛽

(2)
𝐤

(
1 − 𝑖𝑘𝑐𝑠𝜏

)
exp

(
𝑖𝑘𝑐𝑠𝜏

)]
. (57)

The parameter 𝜖 behaves very differently for this phase with having a time-dependent form: 𝜖(𝜏) = 𝜖(𝜏∕𝜏𝑠)6. This effect is reflected 
in the above equation. To have the complete solution requires the solving of the continuity and differentiability conditions at 
the transition scale 𝜏𝑠. As a result, we obtain the following Bogoliubov coefficients:

𝛼
(2)
𝐤 = 1 +

3𝑘3
𝑠

2𝑖𝑘3

(
1 +

(
𝑘

𝑘𝑠

)2
)

, (58)

𝛽
(2)
𝐤 =

3𝑘3
𝑠

2𝑖𝑘3

(
1 − 𝑖

(
𝑘

𝑘𝑠

)2
)2

exp
(
2𝑖 𝑘

𝑘𝑠

)
. (59)

However, the parameter 𝜂(𝜏) here satisfies 𝜂 ∼ −6 which indicates an extreme jump from the previous value and is the cause for 
the enhancement in the fluctuations.

• For the SRII phase:

The general mode solution in this phase, for the conformal time window 𝜏 ∈
[
𝜏𝑒, 𝜏end

]
, is obtained to be as follows:(

𝑖𝐻2
)(

𝜏𝑠
)3 1 [

(3) ( ) ( ) (3) ( ) ( )]

15

𝜁𝐤(𝜏) =
2
√ 𝜏𝑒 (𝑐𝑠𝑘)3∕2

× 𝛼𝐤 1 + 𝑖𝑘𝑐𝑠𝜏 exp −𝑖𝑘𝑐𝑠𝜏 − 𝛽𝐤 1 − 𝑖𝑘𝑐𝑠𝜏 exp 𝑖𝑘𝑐𝑠𝜏 . (60)
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The parameter 𝜖 in this phase has the behavior where it varies slowly as a result of its form: 𝜖(𝜏) = 𝜖(𝜏𝑒∕𝜏𝑠). This fact is crucial for 
the above solution. Again, through the use of the boundary conditions we get the following form of the Bogoliubov coefficients 
in this phase:

𝛼
(3)
𝐤 = −

𝑘3
𝑠
𝑘3
𝑒

4𝑘6

[
9
(
− 𝑘

𝑘𝑒

+ 𝑖

)
2
(

𝑘

𝑘𝑠

+ 𝑖

)
2 exp

(
2𝑖𝑘

(
1
𝑘𝑠

− 1
𝑘𝑒

))

−

{(
𝑘

𝑘𝑒

)2 (
−2 𝑘

𝑘𝑒

− 3𝑖
)
− 3𝑖

}{(
𝑘

𝑘𝑠

)2 (
−2 𝑘

𝑘𝑠

+ 3𝑖
)
+ 3𝑖

}]
, (61)

𝛽
(3)
𝐤 =

3𝑘3
𝑠
𝑘3
𝑒

4𝑘6

[(
𝑘

𝑘𝑠

+ 𝑖

)2
{(

𝑘

𝑘𝑒

)2 (
2𝑖 𝑘

𝑘𝑒

)
+ 3

}
exp

(
2𝑖 𝑘

𝑘𝑠

)

+𝑖

(
𝑘

𝑘𝑒

+ 𝑖

)2
{

3𝑖+
(

𝑘

𝑘𝑠

)2 (
−2 𝑘

𝑘𝑠

+ 3𝑖
)}

exp
(
2𝑖 𝑘

𝑘𝑒

)]
. (62)

For this phase, the parameter 𝜂(𝜏) has an almost constant value throughout. This is quite similar to the behavior of the same 
parameter in the SRI phase. This nature is also reflected in the final behavior of the power spectrum during this phase.

In all the equations above we have used the horizon crossing condition −𝑘𝑐𝑠𝜏 = 1 which is valid in all three phases during the sharp 
transitions at 𝑘𝑠 from the SRI to USR phase and at 𝑘𝑒 for the USR to SRII phase. These equations are sufficient to write the tree-level 
scalar power spectrum in the super-horizon limit, which we now mention as:

Δ2
𝜁,𝐓𝐫𝐞𝐞(𝑘) =

(
𝐻4

8𝜋2𝑐3
𝑠

)
∗

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 +

(
𝑘

𝑘𝑠

)2

when 𝑘 < 𝑘𝑠 (SRI)(
𝑘𝑒

𝑘𝑠

)6 |||𝛼(2)𝐤 − 𝛽
(2)
𝐤

|||2 when 𝑘𝑠 ⩽ 𝑘 < 𝑘𝑒 (USR)(
𝑘𝑒

𝑘𝑠

)6 |||𝛼(3)𝐤 − 𝛽
(3)
𝐤

|||2 when 𝑘𝑒 ⩽ 𝑘 ⩽ 𝑘end (SRII)

(63)

A.2. Couplings and coefficients in three phases including one-loop effects

In this appendix, we present the expressions for the couplings and the momentum-dependent functions which are necessary to 
describe the one-loop contributions to the total scalar power spectrum.

• For the SRI phase: The one-loop effect from the SRI phase which contributes into the total scalar power spectrum is written as 
follows:[

Δ2
𝜁,𝐎𝐧𝐞−𝐋𝐨𝐨𝐩(𝑘)

]
SRI

=

[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

×

(
−

4∑
𝑖=1

𝑖,𝐒𝐑𝐈𝐅𝑖,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗)

)
(64)

the values for 𝑖,SRI ∀𝑖 = 1, 2, 3, 4 are defined using the CGT couplings:

1,𝐒𝐑𝐈 = 21(𝜏∗)
2,𝐒𝐑𝐈 = −22(𝜏∗)𝐻2(𝜏∗)𝑐2𝑠

3,𝐒𝐑𝐈 = −
23(𝜏∗)
𝑐2
𝑠

4,𝐒𝐑𝐈 =
24(𝜏∗)𝐻2(𝜏∗)

𝑐6
𝑠

(65)

and the momentum-dependent functions 𝐅𝑖,SRI are defined using the notation ∗,𝑠 ≡ 𝑘∗∕𝑘𝑠 as follows:

𝐅1,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗) =
1
2

[
3 +2

∗,𝑠

]
, (66)

𝐅2,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗) =

[
17
42

− 2
3
6

∗,𝑠 +
24
7
7

∗,𝑠 −
9
2
8

∗,𝑠

]
, (67)

2
[

6

]

16

𝐅3,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗) = −
3

1 −∗,𝑠 , (68)
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𝐅4,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗) = −1
2

[
1 −2

∗,𝑠

]
. (69)

• For the USR phase: The one-loop effect from the USR phase which contributes into the total scalar power spectrum is written 
as follows:[

Δ2
𝜁,𝐎𝐧𝐞−𝐋𝐨𝐨𝐩(𝑘)

]
USR

=

[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

×

( 4∑
𝑖=1

𝑖,𝐔𝐒𝐑𝐅𝑖,𝐒𝐑𝐈(𝑘𝑒, 𝑘𝑠)

)
(70)

the values for 𝑖,USR ∀𝑖 = 1, 2, 3, 4 are defined using the CGT couplings:

1,𝐔𝐒𝐑 =

(21(𝜏𝑒)
𝑐3
𝑠

6
𝑒,𝑠

−
21(𝜏𝑠)
𝑐3
𝑠

)

2,𝐔𝐒𝐑 =

(22(𝜏𝑒)𝐻2(𝜏𝑒)
𝑐5
𝑠

4
𝑒,𝑠

−
22(𝜏𝑠)𝐻2(𝜏𝑠)

𝑐5
𝑠

)

3,𝐔𝐒𝐑 =

(23(𝜏𝑒)
𝑐6
𝑠

3
𝑒,𝑠

−
23(𝜏𝑠)
𝑐6
𝑠

)

4,𝐔𝐒𝐑 =

(22(𝜏𝑒)𝐻2(𝜏𝑒)
𝑐7
𝑠

2
𝑒,𝑠

−
22(𝜏𝑠)𝐻2(𝜏𝑠)

𝑐7
𝑠

)
. (71)

where we have used the notation 𝑒,𝑠 ≡ 𝑘𝑒∕𝑘𝑠, and 𝑠,𝑒 ≡ 𝑘𝑠∕𝑘𝑒. Using these same notations further we write the momentum-
dependent functions 𝐅𝑖,USR as follows:

𝐅1,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠) =

[
1
4
+ 9

4
2

𝑠,𝑒
− 1

4
4

𝑠,𝑒
− 94

𝑠,𝑒
ln𝑠,𝑒 − 6sin

(
1 +𝑒,𝑠

)
sin

(
1 −𝑒,𝑠

)
−9
8
2

𝑠,𝑒

{
2
(

𝑘𝑒

𝑘𝑠

)
sin

(
2𝑒,𝑠

)
− cos

(
2𝑒,𝑠

)}
− 6𝑠,𝑒 sin

(
2𝑒,𝑠

)
−69
16

cos
(
2𝑒,𝑠

)
− 3

4
2

𝑠,𝑒

{
2𝑒,𝑠 cos

(
2𝑒,𝑠

)
− sin

(
2𝑒,𝑠

)}]
, (72)

𝐅2,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠) =

[
1
8
+ 9

12
2

𝑠,𝑒
+ 9

4
4

𝑠,𝑒
+ 9

4
6

𝑠,𝑒
− 43

8
8

𝑠,𝑒
− 9

8
cos

(
2𝑒,𝑠

)]
, (73)

𝐅3,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠) =

[
1
8
+ 9

12
2

𝑠,𝑒
+ 9

4
4

𝑠,𝑒
+ 9

4
6

𝑠,𝑒
− 43

8
8

𝑠,𝑒
− 9

8
cos

(
2𝑒,𝑠

)]
= 𝐅2,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠), (74)

𝐅4,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠) =

[
1
12

+ 9
20

2
𝑠,𝑒

+ 9
8
4

𝑠,𝑒
+ 9

12
6

𝑠,𝑒
− 299

230
12

𝑠,𝑒

]
. (75)

• For the SRII phase: The one-loop effect from the SRII phase which contributes into the total scalar power spectrum is written 
as follows:[

Δ2
𝜁,𝐎𝐧𝐞−𝐋𝐨𝐨𝐩(𝑘)

]
SRII

=

[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

×

( 4∑
𝑖=1

𝑖,𝐒𝐑𝐈𝐈𝐅𝑖,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒)

)
(76)

the values for 𝑖,SRII ∀𝑖 = 1, 2, 3, 4 are defined using the CGT couplings:

1,𝐒𝐑𝐈𝐈 =
(21(𝜏end)

𝑐3
𝑠

6
𝑒,𝑠

−
21(𝜏𝑒)
𝑐3
𝑠

)

2,𝐒𝐑𝐈𝐈 =
(22(𝜏end)𝐻2(𝜏end)

𝑐5
𝑠

4
𝑒,𝑠

−
22(𝜏𝑒)𝐻2(𝜏𝑒)

𝑐5
𝑠

)

3,𝐒𝐑𝐈𝐈 =
(23(𝜏end)

𝑐6
𝑠

3
𝑒,𝑠

−
23(𝜏𝑒)
𝑐6
𝑠

)
(22(𝜏end)𝐻2(𝜏end) 2

22(𝜏𝑒)𝐻2(𝜏𝑒)
)

17

4,𝐒𝐑𝐈𝐈 =
𝑐7
𝑠


𝑒,𝑠

−
𝑐7
𝑠

(77)
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where 𝑒,𝑠 and 𝑠,𝑒 are previously defined in the USR phase. The momentum-dependent functions 𝐅𝑖,SRII are defined here after 
taking out only the leading order contributions and “⋯” are used to represent the suppressed quantities. To write the expressions 
more concisely, we choose the following notation:

end,𝑒 ≡ 𝑘end
𝑘𝑒

, end,𝑠 ≡ 𝑘end
𝑘𝑠

, 𝑒,end ≡ 𝑘𝑒

𝑘end
, 𝑠,end ≡ 𝑘𝑠

𝑘end
(78)

The final result is written as follows:

𝐅1,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒) =

[
81
64

+ 81
40

(
1 +𝑠,𝑒

)
− 9

8

(
1 +2

𝑠,𝑒

)
+ 1

6

((
1 +𝑠,𝑒

)2 + 2𝑠,𝑒

)
+ 1

8
2

𝑠,𝑒
+ 6 + 2

7
𝑠,𝑒

(
1 +𝑠,𝑒

)
+27

8

(
1 +6

𝑠,𝑒

)
− 3

4
𝑒,end cos

(
2end,𝑒

)
+ 42

𝑒,end ln
(𝑒,end

)
− 3

4
sin

(
1 +end,𝑠

)
sin

(
1 −end,𝑠

)
−9
4

𝑠,𝑒(
1 −𝑠,𝑒

)2
{

cos
(
2
(end,𝑒 −end,𝑠

))}
− 9

4
1(

1 −𝑠,𝑒

){
𝑠,end sin

(
2
(end,𝑒 −end,𝑠

))}

−9
(
1 +𝑠,𝑒

)2(
1 −𝑠,𝑒

) {
sin

(
2
(end,𝑒 −end,𝑠

))}
+ 9

8

{
8 − 184

𝑠,𝑒

(
1 +𝑠,𝑒

)}
{

cos
(
2
(end,𝑒 −end,𝑠

))
−𝑒,end cos

(
2
(
1 −𝑒,𝑠

))}
− 9

16
2

𝑠,𝑒

(
9 + 442

𝑠,𝑒

)
ln𝑒,end

+94
𝑠,𝑒

(
1 +2

𝑠,𝑒

)
+ 9

7
6

𝑠,𝑒
+ 222

𝑠,𝑒

(
1 −𝑒,end

)
−27
16

4
𝑠,𝑒
𝑒,end

{
sin

(
2end,𝑒

)
−𝑒,end cos

(
2end,𝑒

)}
⋯

]
, (79)

𝐅2,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒) =

[
81
16

ln𝑒,end +
81
8

(
1 −𝑒,end

)(
1 +𝑠,𝑒

)
+ 56

𝑠,𝑒
ln𝑒,end

+1
2

((
1 +𝑠,𝑒

)2 + 2𝑠,𝑒

)
+ 2

3

(
1 −3

𝑒,end

)𝑠,𝑒

(
1 +𝑠,𝑒

)
+ 1

4
2

𝑠,𝑒
+ 1

4
+ 27

64
− 27

8

(
1 +6

𝑠,𝑒

)
+3
8

(
1 +2

𝑠,𝑒

)
− 9

16
3

𝑠,𝑒(
1 −𝑠,𝑒

)2
{

cos
(
2
(end,𝑒 −end,𝑠

))}

−27
4

1(
1 −𝑠,𝑒

){
𝑠,end sin

(
2
(end,𝑒 −end,𝑠

))}
+ 81

16

(
1 +2

𝑠,𝑒

)
(
1 −𝑠,𝑒

) {
cos

(
2
(end,𝑒 −end,𝑠

))}

− 9
16

3
𝑠,𝑒(

1 −𝑠,𝑒

){
sin

(
2
(end,𝑒 −end,𝑠

))}
− 9

16

(
1 +

(
𝑘𝑒

𝑘𝑠

)){
𝑒,end cos

(
2
(end,𝑒 −end,𝑠

))}
+27
16

6
𝑠,𝑒

+ 81
64

6
𝑠,𝑒

− 9
32

2
𝑠,𝑒

(
9 + 82

𝑠,𝑒
+ 364

𝑠,𝑒

)(
1 −𝑒,end

)
− 81

16
4

𝑠,𝑒

(
1 +2

𝑠,𝑒

)
+

(
1 + 42

𝑠,𝑒
+4

𝑠,𝑒

)
ln𝑒,end −

3
4
𝑒,end cos

(
2end,𝑒

)
⋯

]
= 𝐅3,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒), (80)

𝐅4,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒) =

[
81
16

+ 27
8

(
1 +𝑠,𝑒

)
+ 81

16
6

𝑠,𝑒
ln𝑒,end +

81
32

((
1 +𝑠,𝑒

)2 + 2𝑠,𝑒

)
+10𝑠,𝑒

(
1 +𝑠,𝑒

)
+ 1

12
+ 9

40

(
1 +2

𝑠,𝑒

)
+ 27

64

(
1 +6

𝑠,𝑒

)
+ 81

128
+ 62

𝑠,𝑒
ln𝑒,end

− 9
16

(
1 +𝑠,𝑒

)2(
1 −𝑠,𝑒

)2
{

cos
(
2
(end,𝑒 −end,𝑠

))}
− 27

8

(
1 +𝑠,𝑒

)2(
1 −𝑠,𝑒

)3
{

sin
(
2
(end,𝑒 −end,𝑠

))}

−27
4

(
1 +𝑠,𝑒

)2(
1 −𝑠,𝑒

) {
2

𝑒,end sin
(
2
(end,𝑒 −end,𝑠

))}
+ 9

80
2

𝑠,𝑒

(
9 + 442

𝑠,𝑒

)
+ 27

8
4

𝑠,𝑒

(
1 +2

𝑠,𝑒

)
+81
16

6
𝑠,𝑒

(
1 −𝑒,end

)
+ 99

56
+ 1

4
2

𝑒,end +
81
32

6
𝑠,𝑒
𝑒,end

{
sin

(
2end,𝑒

)
−𝑒,end cos

(
2end,𝑒

)}
⋯

]
. (81)

In terms of the above equations defined for all the three phases, the one-loop corrections to the scalar power spectrum from each 
18

of these phases can be written using the following expression:
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Δ2
𝜁,𝐎𝐧𝐞−𝐋𝐨𝐨𝐩(𝑘) =

[
Δ2

𝜁,𝐓𝐫𝐞𝐞(𝑘)

]
SRI

×

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−
4∑

𝑖=1
𝑖,𝐒𝐑𝐈𝐅𝑖,𝐒𝐑𝐈(𝑘𝑠, 𝑘∗) when 𝑘 < 𝑘𝑠 (SRI)

4∑
𝑖=1

𝑖,𝐔𝐒𝐑𝐅𝑖,𝐔𝐒𝐑(𝑘𝑒, 𝑘𝑠) Θ(𝑘− 𝑘𝑠) when 𝑘𝑠 ⩽ 𝑘 < 𝑘𝑒 (USR)

4∑
𝑖=1

𝑖,𝐒𝐑𝐈𝐈𝐅𝑖,𝐒𝐑𝐈𝐈(𝑘end, 𝑘𝑒) Θ(𝑘− 𝑘𝑒) when 𝑘𝑒 ⩽ 𝑘 ⩽ 𝑘end (SRII)

(82)

Combining Eqs. (63), (82) gives us the total dimensionless one-loop corrected version of the primordial scalar power spectrum 
which we ultimately utilize to generate the scalar-induced GW spectrum in Galileon inflation.
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