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Abstract.

In this paper, the nonlinear Schrodinger equation with power law nonlinearity is considered.
This equation admits Lax pair and is integrable. The Jacobi elliptic function approach is used
to obtain solitary waves solutions. This method is applied to get the exact solutions for various
nonlinear equations. 2D and 3D plots of the obtained solutions are presented. It is discovered
that the solutions acquired are crucial for the explanation of a few physical issues.

Keywords: Jacobi elliptic function method, Schrodinger equation, solitary wave solution

1. Introduction
Darboux transformation [1-4], Hirota method [5-6], sine-cosine method [7], Kudryashov method
[8-9], and Jacobi elliptic method [10-12] are only a few of the several techniques that have been
developed in the last ten years for precisely solving nonlinear evolutionary equations. These
equations are fundamental in mathematical physics because they are significant to phenomena
in several domains, including fluid mechanics, plasma physics, optical fibers, and many others
[13-14].

In this work, we study the nonlinear Schrédinger equation with power law nonlinearity [15-18]

iqt + 51%:;: + 52q|Q|2m - i/BSQx + 'L'Vmex - Z.’Y(Q|Q|2m)x - i)‘Q(|Q|2m)x = 07 (1)

where ¢(z,t) is a complex function of spatial coordinates xz and time ¢. This equation is
used to simulate electromagnetic pulses in optical waveguides, and provides the most complete
description of an interacting process between two surface waves at large distances in the oceanic
depth than Manakov system. It also includes femtosecond optical pulse propagation in dual
birefringent or dual-mode nonlinear fiber.

2. Description Jacobi elliptic functions method
Let’s consider the nonlinear wave equation according to the method.

du du d*u d*u
—_— =, ——=,...) =0 2
/u'7 dt’dl" dt2’dx27 ) ) ( )

We are looking for wave solutions with the following structure:

U= u(&)a §= k(x —ct), (3)

N(
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where ¢ is the wave speed, k is the wave number. The Jacobi elliptic function is expressed
through the following transformation [10-12]:

u(€) = Sj_ga;sn’ (€). (4)
After the transformation is performed, the highest degree of the functions is:
O(u(§)) = n.

And the derivative of the function in (4) is:

du
dg

where cn(§) and dn(§) are the Jacobi elliptic unctions, and

= S gjajsni=H (€)en(€)dn(€),

en?€ =1 —sn?¢,  dn®(€) =1 — m?sn’¢,

where the modulus of the Jacobi elliptic function is m(0 < m < 1).

icnf = —sn&dnk, isn§ = cnédné, idnf = —m2snéené,

dg dg dg
The highest degree is expressed as the following expression: %
dPu
O(digz)):n—i_p) b= 17273a"'7
dPu
e@ By _

We can therefore select n by equating the nonlinear term with the highest order derivative
term. We know that if m — 1, sn(§) — tanh(£) is chosen this way, then (4) undergoes the
following transformation:

u(§) = E?:()ajtanhj ). (5)

The decomposition of Jacobi elliptic functions is more general that that of hyberbolic tangent
functions. By using the Jacobi elliptic function method, we determine explicit solutions to the
nonlinear Schrédinger equation with power law nonlinearity (1). This method is applicable
to various nonlinear equations, such as the perturbed nonlinear Schrodinger equation, the
Schrodinger-Hirota fractional nonlinear equation, and others.

3. Application Jacobi elliptic functions method
To transform the nonlinear Schrédinger equation with power law nonlinearity into a ordinary
differential equation, we use the following transformation:

q(z,t) = @ TQE), €=+, (6)

where Q(¢) is a real function, a, b are constants. Equation (1) simplifies to the following real-and
imaginary-parts system:

(—b — B1a® + Bza + av)
b1 — 3av

" P2 —ya 2k+1 _
Q+Q"+ i Q™ =0, (7)
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+ 2a, — B3 — 3a? " + 2ky + 20k
c+2ap1 — P3 S e e

2k+1 _
v (2k + 1)v Q™ =0, ®

Equations (7) and (8) are similar, so the relationship between the coefficients is as follows:

2
b— abo+ Baa— 51a2 B (c+2ap1 — B3 —U3a v)(B1 — 3av)7 )

B1(y + 2k + 2X\k) — davy(2k + 1) — 6avAk

= — 10
& 2kv +wv (10)
Next, we will solve equation (8). In this case, k = 1 it takes the form:
" c+2aB1 — B3 — 3a*v 3A 42X
Q'+ lo- P BPgioy (1)

v 3v

3.1. dn solutions
According to the method, we seek the solution of the equation in terms of Jacobi elliptic
functions.

Q&) =) ajdn (¢), (12)
j=0

where a;(j = 1,2,...n) are constants, and n can be obtained by a combination of balance between
higher-order nonlinear terms and higher-order derivatives. Thus, we have n = 1. This equation
appears as:

Q(&) = ap + ardné. (13)
We will find the derivatives and degrees of the equation:

Q _

= —m“ai;sn&cné,

e
d?Q 5 3
= (2 — m?)ardné — 2a1dn3¢, (14)
Q3(§) = a% + 3a%a1dn§ + 3a0a%dn2§ + a?dn?’g, (15)

where m(0 < m < 1) implying to the modulus of Jacobi elliptic function. After substituting the
defined equations (13)-(15) into (11), we have:

(16)

(c + 2aB1 — B3 — 3a’v 3+ 2)\a%> O
v 3v

2a31 — f3 — 3a? 3X 42X
+<c—i— af Uﬂs OV (2 m?) - + a%)aldng—



13th International Conference on Mathematical Modeling in Physical Sciences 10P Publishing
Journal of Physics: Conference Series 3027 (2025) 012028 doi:10.1088/1742-6596/3027/1/012028

A+ 2) A+ 2X
—iaoa%dn% — (3;) a3 + 2) ardn3¢ = 0.

By collecting dn the terms of the same degree for the functions and combining the coefficients,
we receive:

0 (€) <c+2aﬁ1 —Uﬁ3—3a2u 3)\;;2>\a0) 2O =0 (17)

dn () (c-i— 20 —1}/33 — 3a%v F(2—m?) - 371‘2)‘@%) ay = 0. (18)
dn?(€) : —waoa% =0, (19)

an*(€) : ~(C2 I 4 9y =, (20)

The solution to the system of equations above yields the following values:

6
ap =0, alziwl—ﬁ, ¢ = 3a’v + m?v — 2a6; + B3 — 2v. (21)

By substituting the determined values into equation (13) and then substituting the resulting
expression into equation (6), we obtain dn solutions for the nonlinear Schrédinger equation with
power law nonlinearity.

. / 6v 6v
t) =+ i(az+bt) —d t — <0 22
Q31(:‘Ca ) € 37_‘_2)\ ’I’L($—|—C), 3,7+2)\ <0, ( )

where ¢ = 3a%v + m?v — 2a81 + B3 — 2v, and

(c+2aBy — B3 — 3a?")(B1 — BCLU).

b=a’v + Bza — Bra’® — (23)
v
We observe that Jacobi elliptic functions transform into the next functions:
dn(§) — sech(§),m — 1. (24)

By adopting m = 1 in this form, we obtain solutions in terms of hyperbolic functions.

; 6v 6v
— + z(ax—i—bt) _ 9
q32(x, 1) e Zr 2/\sech(:v + ct), 3 1 on <0, (25)

where ¢ = 3a2v — 2a81 + B3 — v, b = aBv + Bza — fra? — b b= 3a%v)(f1—3av) Figs. 1 and 2
displays the graphs of the solutlons (22) and (25) that were obtained.
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Figure 1: g¢31(z,t) the 3D graph of the solution is presented. The parameters are as follows:
a=A=0p1=p3=v=1Lv=05 m=1, f5=0.5

=

Figure 2: g¢31(z,t) the 2D graph of the solution is presented. The parameters are as follows:
a=A=0p1=p03=7=1Lv=05m=1,6,=0.5

3.2. cs solutions
According to the method, we seek the solution of the equation cs in terms of Jacobi elliptic

functions.
Q) =Y ajes’ (6), (26)
§=0

where a;(j = 1,2,...,n) are consts, and n can be defined by considering the balance between
higher-order nonlinear terms and higher-order derivatives, thus, we have n = 1. The equation
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takes the following form:

Q&) = ag + arcsé, cs€ = % (27)

sné

We will find the derivatives and degrees of the equation:

sz? = —ai(1 + cs*¢)dné,
ng = (2 —m?)ayesé + 2a;¢53¢, (28)
Q*(€) = a} + 3adaicsé + 3agaics*€ + aies’e, (29)

where the modulus of the Jacobi elliptic function is m(0 < m < 1). By use as a replacement the
defined equations (27)-(29) into (11), we can express it in the following form:

(30)

(c + 2aB31 — P53 — 3a%v 3+ 2>\a(2)) Ot
v 3v

2a — B3 — 3a* 3N+ 2
<c4— af Uﬁ3 9V (2 m?) - + a3>¢u05£—

3N+ 2 3A+2)
i apales’E — ( ;_ a? + 2) ares>E = 0.
v

By collecting the term cs of the same degree for the functions and combining the coefficients,
we can get the system:

2001 — B3 —3a’v 37+ 2A
cs0(€) : <C+ ap1 Uﬁg @ 7;;} a%) ap =0, (31)
esh(@): (AR oy - DR G) 0, <o, (32)
v 3v
2 3y+2x
cs“(&) 1 — ( " aga1> =0, (33)
es3(€) : — (37::;}2)\& - 2> a; = 0. (34)

The solution to the system of equations above yields the following values:

6
ap=0, a1 :i,/ﬁ, ¢ = 3a’v + m?v — 2ab; + B3 — 2v. (35)



13th International Conference on Mathematical Modeling in Physical Sciences 10P Publishing
Journal of Physics: Conference Series 3027 (2025) 012028 doi:10.1088/1742-6596/3027/1/012028

By substituting the determined values into equation (27) and then substituting the resulting
expression into equation (6), we obtain cs solutions for nonlinear Schrodinger equation with
power law nonlinearity.

6v 6v
mCS(x + Ct), _— > 0, <36)

1) = + i(ax+bt)
an(z,t) = +e 37+ 2)

where ¢ = 3a2v +m2v — 2af; + B3 — 20 and b = a3v + Bza — Bra? — (F2P— —3a?v)(B1—3av)

We observe that the following functions are trasformed from Jacobian elhptlc functlons.

cs(&) — esch(§), m — 1. (37)

By accepting this, the solutions in the hyperbolic function is obtained

; 6v 6v
1) = + i(ax+bt) [ VY h t A
qaa(z,t) e ~/37+2>\csc (x + ct), 3 1 oA > 0, (38)

(c+2aB1—P3— 3a2U)(,81 3cw)‘

where ¢ = 3a%v — 2aB1 + 3 — v and b = a®v + Bza — Bia® —
Figs. 3 and 4 dispalys the graphical depiction of the received solutions (36) and (38).

a4

Figure 3: q41(z,t) the 3D graph of the solution is presented. The parameters are as follows:
a=A=01=p03=v=1Lv=05m=1,6,=0.5

4. Conclusions

The nonlinear Schrodinger equation with power law nonlinearity was investigated in this work.
Different kinds of analytical solutions, including dark and bright solitons, were produced by
using the Jacobi elliptic function approach to dn and cs solutions. Additionally, by establishing
appropriate values for the related parameters, we plot 3D and 2D profiles for the physical
representation of the results.
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Figure 4:
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qa1(x,t) the 2D graph of the solution is presented. The parameters are as follows:

a=A=01=03=v=1Lv=05m=1,6,=0.5
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