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Let  2,0pp LL     p1   be  a space of  2  periodic measurable functions, for 

which 
p

f is integrable, and  2,0CL   is a space of 2  periodic continuous functions with 
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xxff  

Let the function 
1Lf   have the following Fourier series  
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The transformed Fourier series of (1) is given by 
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where  and   
n


 
is a sequence of positive numbers. 

The function whose series coincides with   ,,f  we will call  ,  derivative of 

the function f  and denote it by   ,f . If rrnr

n   ,0, , then    rff ,   -fractional 

derivatives in the sense of Weyl and for 1,0,  rrnr

n  ,    rff  , , where f  is 

conjugate function f . 

The main task is to find estimates for the modulus of smoothness of a function with a 

transformed Fourier series in terms of the moduli of smoothness of the original function for 

different parameters  qp1 , for the average value of a bounded variational sequence. 

Definition 1. A sequence  



1

:
nn belongs to the MVBVS class (mean value of a 

bounded variational sequence) if there exists 2  and the following condition is satisfied 
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for all integers n, where the constant C does not depend on n. 

Let pk f ),(   be the moduli of smoothness of the natural order  Nk of the function , i.e., 
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The history of the Ulyanov-type inequality begins with the results of Hardy and 

Littlewood. In 1928 Hardy and Littlewood got the following result 
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where ,1  qp   ,/1/1 qp    .1  

In 1968 Ulyanov proved that 
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Here 
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DeVore, Riemenschneider, Sharpley in 1979 proved the following inequality 
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In 2005, Tikhonov and Ditzian obtained the following inequality 
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where ,0  qpr   ., rk  
Ulyanov-type inequality for moduli of smoothness of fractional order was considered in 

the works of S. Tikhonov, B. Simonov, A. Jumabayeva and other authors. 

Let  pf ),(    moduli of smoothness of fractional order 0,  , of the function  f ,  
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where 
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difference of the fractional order  ,0,  of the function pLf 
 
at a point x  with step h . 

We have obtained an Ulyanov-type inequality for moduli of smoothness of fractional 

order with MVBVS sequences. 

Theorem 1. Let L p
f  ,  qp1 , qp 11  , 0  and   MVBVS
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First we recall some elements of 𝑞-calculus, for more information see e.g. the books  [1] 

and [2]. Throughout this paper, we assume that 0 < 𝑞 < 1 and . 

Let . Then a -real number  is defined by  

  

where . 
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