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So, the completeness of the eigenfunctions of the perturbation problem can be replaced 

with easier problem completeness of the eigenfunctions of Laplace operators. Since they similar 

operators their spectrum coincides. By changing the operator 𝐾𝑓(𝑥) = 𝜑(𝑥)∬ 𝑓(𝜏)𝑔(𝜏)̅̅ ̅̅ ̅̅ 𝑑𝜏
.

 Ω 
 

(choosing the functions 𝜑 and 𝑔) we will get completely new type of perturbation problem. In 

practice, if we confronted with such are perturbation problems which are defined on arbitrary 

domain Ω ⊂ 𝑅𝑛 , we can always (by calculating the functions 𝜑 and 𝑔 ) we bring the question of 

the completeness of the eigenfunctions with the completeness of the correct Laplace operators. 
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Definition 1 Suppose,  {𝑎𝑖,𝑗}𝑖=1,𝑗=1
∞  - consider a sequence of personal sums of a series 

along with a given sequence, and a numerical sequence 

 

{𝑆𝑘,𝑙}𝑘=1,𝑗=1
∞ . 

 

Each of its elements forms the sum of some members of the original sequence 

 

{𝑆𝑘,𝑙} =  ∑ 𝑎𝑖,𝑗
𝑖=𝑘,𝑗= 𝑙
𝑖=1,𝑗=1 . 

 

As a rule, the following symbol is used to designate series: 

 

∑ 𝑎𝑖,𝑗
∞
𝑖=1,𝑗=1 . 

 

This shows the initial sequence of elements of the series, as well as the summation rule. 

According to this, it is said about the convergence of double numerical series: 

• A double number series converges if its sequence of personal sums converges, i.e. the 

series  {𝑎𝑖,𝑗} converges and the sum is equal to s if 

  

∀𝜀 > 0 ∶  ∃𝑚𝑜 , 𝑛𝑜 ∶ 𝑚 >  𝑚𝑜 , 𝑛 > 𝑛𝑜 ∶ ||𝑠𝑚𝑛 − 𝑠|| <  𝜀.  
 

It is also possible to write down the condition for convergence to the sum of s dual series 

as follows: 

 

lim
𝑛,𝑚 → ∞

𝑠𝑚𝑛 = 𝑠 
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• A double number series does not converge if its sequence of individual sums does not 

converge. 

• A double number series is absolutely convergent if the series consisting of the modules 

of its members converges. 

 

If a number series is summed, then the limit of S is called the sum of its sequence of 

separate sums:  

𝑆 =  ∑ 𝑎𝑖,𝑗

∞

𝑖=1,𝑗=1

 

Properties: 

Suppose summing in  {𝑎𝑚,𝑛}𝑚,𝑛=1
∞

 all the rows a double series with the sum S, and also to 

sum up the series consisting of their sums, i.e.,  

 

𝑠𝑖∗ = lim
𝑛→∞

∑ 𝑎𝑖,𝑗
𝑛

𝑗=1
 

and 

 

𝑠′ = lim
𝑚→∞

∑ 𝑠𝑖∗
𝑚

𝑖=1
 

 

is the limit of the equation. Then s = s'. Likewise, if  

 

𝑠∗𝑗 = lim𝑚→∞
∑ 𝑎𝑖,𝑗

𝑚

𝑖=1
 

and 

 

𝑠" = lim
𝑛→∞

∑ 𝑠∗𝑗

𝑛

𝑖=1
 

 

if there are limits, then s = s" 

• Markov’s theorem: Suppose that the double series  {𝑎𝑖,𝑗} is summed in all the series 

•  𝑠𝑚∗ = ∑ 𝑎𝑚𝑛
∞
𝑛=1  and in all columns 𝑠∗𝑛 = ∑ 𝑎𝑚𝑛

∞
𝑚=1 . 

Denote the sum of the series  𝑠′ = ∑ 𝑎𝑚∗
∞
𝑚=1 . 

where: 

• the k-th 𝑟𝑚
(𝑘)
= ∑ 𝑎𝑚𝑛

∞
𝑛=𝑘+1  residual series 𝑅𝑘 forms series that converges with the 

∑ 𝑟𝑚
(𝑘)∞

𝑚=1 is sum.  

• It is necessary and sufficient to have the limit lim𝑅𝑘 = 𝑅, so that its series consisting of 

the sum of the columns converges  𝑠" = ∑ 𝑠∗𝑛
∞
𝑛=1 .  

to fulfill the equality s = s' it is necessary and sufficient to have R = 0. 

 

Definition 2. A sequence   ⋏ =  {⋏𝑛1,𝑛2}𝑛1,𝑛2
 is said to be general monotone, written ⋏ ∈

 𝐺𝑀𝑆2 if the relations 

 

∑ |⋏𝑘1,𝑛2  −  ⋏𝑘1+1,𝑛2 |
2𝑛1

𝑘1=𝑛1

 ≤ 𝐶|⋏𝑛1,𝑛2|, 

 

∑ |⋏𝑛1,𝑘2  −  ⋏𝑛1,𝑘2+1 |
2𝑛2

𝑘2=𝑛2

 ≤ 𝐶|⋏𝑛1,𝑛2|, 
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∑ ∑ |⋏𝑘1,𝑘2−  ⋏𝑘1+1,𝑘2 − ⋏𝑘1,𝑘2+1 + ⋏𝑘1+1,𝑘2+1| ≤ 𝐶| ⋏𝑛1,𝑛2 |
2𝑛2

𝑘2=𝑛2

2𝑛1

𝑘1=𝑛1

, 

 

hold for all integers n1 and n2, where the constant C is independent of n1 and n2.  

If  {⋏𝑛1,𝑛2}  ∈  𝐺𝑀𝑆
2, then 

 

|⋏𝑘1,𝑘2| ≤ 𝐶| ⋏𝑛1,𝑛2 |   for       𝑛1  ≤  𝑘1 ≤ 2𝑛1, 𝑛2  ≤  𝑘2 ≤ 2𝑛2. 

 

This implies that the condition 

 

∑ ∑ |⋏𝑘1,𝑘2−  ⋏𝑘1+1,𝑘2 − ⋏𝑘1,𝑘2+1 + ⋏𝑘1+1,𝑘2+1| ≤ 𝐶(| ⋏𝑛1,𝑛2 |
2𝑛2

𝑘2=𝑛2

2𝑛1

𝑘1=𝑛1

+ | ⋏2𝑛1,2𝑛2 |) 

 

is equivalent to the condition  

 

∑ ∑ |⋏𝑘1,𝑘2−  ⋏𝑘1+1,𝑘2 − ⋏𝑘1,𝑘2+1 + ⋏𝑘1+1,𝑘2+1| ≤ 𝐶| ⋏𝑛1,𝑛2 |
2𝑛2

𝑘2=𝑛2

2𝑛1

𝑘1=𝑛1

. 

 

Lemma 1 The sequence {⋏𝑛1,𝑛2}  ∈  𝐺𝑀𝑆
2 satisfies the following properties: there exists 

C > 0 such that 

 

𝑛1  ≤  𝑘1 ≤ 2𝑛1, 𝑛2  ≤  𝑘2 ≤ 2𝑛2: |⋏𝑘1,𝑘2| ≤ 𝐶| ⋏𝑛1,𝑛2 |, 

 

𝑛1 < 𝑁1 : ∑ |⋏𝑘1,𝑛2− ⋏𝑘1+ 1,𝑛2| ≤ 𝐶 (|⋏𝑛1,𝑛2| +  ∑
|⋏𝑘1,𝑛2|

𝑘1

𝑁1 
𝑘1= 𝑛1+1

 )
𝑁1 
𝑘1= 𝑛1

, 

 

𝑛2 < 𝑁2 : ∑ |⋏𝑛1,𝑘2− ⋏𝑛1,𝑘2+1| ≤ 𝐶 (|⋏𝑛1,𝑛2| + ∑
|⋏𝑛1,𝑘2|

𝑘2

𝑁2 
𝑘2= 𝑛2+1

 )
𝑁2
𝑘2= 𝑛2

, 

 

𝑛1 < 𝑁1 , 𝑛2 < 𝑁2 ∶  ∑ ∑ |⋏𝑘1,𝑘2− ⋏𝑘1+ 1,𝑘2− ⋏𝑘1,𝑘2+1+  ⋏𝑘1+1,𝑘2+1|
𝑁2 
𝑘2= 𝑛2

𝑁1 
𝑘1= 𝑛1

 ≤

𝐶( |⋏𝑛1,𝑛2| +   ∑
|⋏𝑘1,𝑛2|

𝑘1

𝑁1 
𝑘1= 𝑛1+ 1

 + ∑
|⋏𝑛1,𝑘2|

𝑘2

𝑁2 
𝑘2= 𝑛2+1

 +  ∑ ∑
|⋏𝑘1,𝑘2|

𝑘1𝑘2

𝑁2 
𝑘2= 𝑛2+1

𝑁1 
𝑘1= 𝑛1+ 1

).  

 

We  consider the following  cosine series 

 

𝑎𝑜𝑜 + ∑ ∑ 𝑎𝑛𝑚 
∞
𝑚=1

∞
𝑛=1 cos(𝑛𝑥) cos(𝑚𝑥).                                                     (1) 

 

Theorem 1. 

a) Let  {𝑎𝑛𝑚}  ∈ 𝐺𝑀
2 and ∑ ∑

𝑎2𝑛𝑚

𝑛𝑚
<  ∞∞

𝑚=1
∞
𝑛=1  then series (1) converges. 

b) For any decreasing sequence{𝛾𝑛𝑚}  satisfying the condition ∑ ∑
𝛾2𝑛𝑚
𝑛𝑚

=  ∞∞
𝑚=1

∞
𝑛=1  there 

exists  {𝑎𝑛𝑚}  ∈ 𝐺𝑀 such that  (𝑎𝑛𝑚) ≤ 𝐶𝛾𝑛𝑚   and series (1) diverge almost everywhere. 
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Sufficient conditions for existence of the solution and coercive estimation for the solution 

of a third-order linear differential equation with a variable high coefficient in the following form  

 

    )()()(55
''

'22 xfyxirxqyxxyl   ,   (1) 

 

are obtained in this work, here 0,1),(  pRLLf pp . 

In the works of R.D.Akhmetkaliyeva, L.-E.Persson, K.N.Ospanov, P.Wall [1], which was 

published in 2015 various cases of the third-order linear differential equation with variable high 

coefficient are studied in details, and the results are presented. The fifth-order linear differential 

equation with a variable high coefficient was considered in the researching work of A.E.Muslim 

[2]. 

The general form  

       )()()()()(
'''

321 xfyxirxqymxmxmyEL   ,  pLf  , 1  

 

of the third order differential equations was considered in the dissertation work of 

R.D.Akhmetkaliyeva «Coercive estimate of the solution of the singular differential equation and 

its applications» [3]. 

Definition. A function )()( RLxy p  is called a solution of the differential equation in the 

following form  

    )()()()()(:
''' xfyxirxqyxmxmyL   , 

if there exists a sequence  
1nny of three times continuously differentiable functions with 

compact support , and 0
pn yy , 0

pn fyL , ( n ) are fulfilled.  

 A symbol )()( RC k  is signified the set of all k  times continuously differentiable functions 

)(x .    
 

xj
k

j Rx


0

sup  holds for a functions )(x . Let 
25

)()(
:)(

x

xirxq
xW







 . 

Our main results in this work read: 

 Theorem. Suppose that )(xq  and )(xr  are continuous functions on R  and satisfies the 

following conditions: 

1
1025

)(
42


 xx

xq
, 1)( xr , 

 


