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For M¢f2(y),y e B(x,r) we have
f,(y) <Csupg(t) | |f(z)ldz< Csup| ) AL

t=2r B(x.0)

Then for all y € B(x,r) we get

M, f (y) < Ca(t)t" Mf (x)+sup\| ”L(B O < CO)t" M (x)+‘|f”¢'¢% Stu!a(p(x,t)¢(t)t”.

Then we obtain

M f(y)<Cm|n{go(x )9 Mf (x), p(x,t)° ||f|| }<Csupm|n{sq MF (x), s“||f|| }:

- (MEO) e

p.oP

where we have used that the supremum is achieved when the minimum parts are
balanced. Hence for all y € B(x,r),we have

LR
M, f(y) < C(Mf ()| f] 1
Consequently the statement of the theorem follows in view of the boundedness of the
maximal operator M in LM, provided by Theorem in virtue of condition.
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= |f].2 ( sup (o(X t)
pf/wp
ifl<p<g<oo,
In the case @(t)t =t we get the Adams type result on generalized Morrey spaces.
Similar statements for the classical fractional-maximal operator were obtained in

[1-13}
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Denote by M*(0,00) the set of all positive measurable functions on (0,) .
Let 1< p<oo,0<g<oo and u, v and @ are weights, (i.e. locally integrable non-

negative functions on (0,)), ¢ is strictly increasing function on (0,0), and g is decreasing

on (0,00), where

U(s) = ju(t)dt.

Our goal is characterize the following inequality
1

[ [sup— | ( | h(t)dtJu(r)er w(z)dz SC(j.hp(T)U(T)dep (1)

0 t<s<oo ¢

for all M™(0,0).
Using the Fubbini theorem for non-negative functions, we have

iu(r)T h(t)dtdz =ju (r)h(z)d7 +U (S)Th(z—)dr .

Therefore the (1) is equivalent with following inequality
1

T[sup —U U(2)h(z)dz +U ()] h(r)drn w(z)dz SCUh”(r)u(r)drjp )
t<s<oo ¢ 0

If  isanon-negative and monotone function on (a,b) € R, then by ¢(x), where
X € (a,b), we mean the value p(x-):=lim,_,, o(t).

Lemma 1[2]. Let ¢ be a non-negative, non-decreasing, finite and right-continuous
function on (a,b). There is a strictly increasing sequence {xk}

elements from the closure of the interval (a,b), such that:
i) if N>—0,then ¢(x,,)>0 and ¢(xX) =0 forevery xe(a,x,);if M <+ then,

Xma1 =B

engs —P<N<M <+o0, with

i) if N<k<M,then o(x, ,—) <2¢(x.);
i) if N<k<M,then 2p(x,—) <o(X,.,)-

Definition 1[2]. Let ¢ be a non-negative, non-decreasing, finite and right-continuous

function on (a,b). There is a strictly increasing sequence {xk}k vy~ <N <M <+, is said
to be a discretizing sequence of the function ¢, if it satisfies the conditions (i)—(iii) of Lemma 1.
Definition 2[3]. Let ¢ be a continuous strictly increasing function on [0,0) such that
@(0)=0 and lim,_,_ ¢(t) =o. Then we say that ¢ is admissible.
We write A< B (or A= B)if A<C,B (or C,A> B) for some positive constant C

independent of appropriate quantities involved in the expressions A and B, and A = B if
As<sBand Az B.
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Let ¢ be an admissible function. We say that a function h is @ —quasiconcave if h
IS equivalent to a non-decreasing function on [0,00)and — is equivalent to a non-increasing
@

function on (0,0) . We say that function h is non-degenerate if

lim h(t) = lim— = lim™ _ jim 20 _ g

t—0+ t—o h(t) t—o ¢(t) N t—0+ h(t) B
The family of non-degenerate ¢ — quasiconcave functions will be denoted by Q,, .

We say that h is quasiconcave when h e Q  with ¢(t) =t.

Let discretize the inequality (2). To this we need the following notations: first denote
by B(x,,X..,,) the best constant of the weighted iterated Copson and Hardy inequalities, that is,

sup 20 ju(r)h(r)dHU(l)XTh(r)dr
Xj <t<Xpi1 Q)(I) t
B(X, X 1) = Sup

1
heM™ (0,%) X o
j h?(z)v
Xk

and using the characterizations of weighted iterated Copson and Hardy inequalities, we have

Xy

sp O/ [UP (@ (dr +U ) [o¥ (0)de s
Xy <U<Xyyq ¢(I) t |

G(I)(sup u8+U(I) sup %),pzl
X <s<t U t<s<xy U

Xk

B(X, X)) ®

sup
X <T<X41 (/7(| )

Theorem 1. Let g€ (0,0). Assume that U and 1 are admissible functions, @ is
®

weight, and he M"(0,0). If {xk} is a discretizing sequence of G, where

G(t) = ( [o)ds + o) 9 (s)w(s)dsjq,

then

12( sup %@U (r)h(r)dz +U (S)]jh(r)d TD w(z)dz ~

t<s<oo

~ ZG(xk)Lsggmﬁ(iU ()h(z)dz +U (t)? h(z)d z‘ﬂ ~

kez

- é[syp%[ j U(0)h(r)dz +U (I)Th(f)drﬂ

For proving Theorem 1 we use following propositions:
Lemma 2[3]. Let gqe(0,), let u be an admissible function and let vbe a non-

degenerate positive Borel measure. Let h be the fundamental function of v with respect to u®
and let f be a measurable function on [0,c0). Let {x } be a discretizing sequence for h with

respect to u®. Then
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—

o ﬂ .
0 {yz(lé,eo) u(x) +u(y) dv(x)

N [f ()
Nkezz(yf(“oﬂ)u(xmu(y) )

zZ(Ul(xk) sup [f(y)[+ sup |f(Y)|U(Y)1jh(Xk)

kez X1 SY<Xg Xk SY<Xgiq

~> sup [F(y)['u(y)h(y).

keZ Xk <Y <Xk

Definition 3[3]. Let {a, } be a sequence of the positive real numbers. We say that {a, }

. . _ a
is strongly decreasing and write a, ¥4 when sup% <1.
keZ K

Lemma 3[1]. If z, {4, then forany q>0,

Z(Th}q : zz( Th}qu ,

0 kez Xy1

x, \ x \d
s I o

» \Y Xeo a
Zth 7! zé(jh] 7,

o 9 Xk41 a
J'h & Sup .[h T
X, keZ X,
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