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where we have used that the supremum is achieved when the minimum parts are 

balanced. Hence for all y B x r ( , ),we have 
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Consequently the statement of the theorem follows in view of the boundedness of the 

maximal operator M  in LMp, ,    provided by Theorem  in virtue of condition. 
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if 1   p q .  

In the case  ( )t t t  we get the Adams type result on generalized Morrey spaces. 

Similar statements for the classical fractional-maximal operator were obtained in 

   1 3 .  
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 Denote by ),0(   the set of all positive measurable functions on ),0(  .  

 Let ,1  p  q0  and ,u    and   are weights, (i.e. locally integrable non- 

negative functions on ),0(  ),   is strictly increasing function on ),0(  , and 
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 If   is a non-negative and monotone function on Rba ),( , then by )(x , where 

),( bax , we mean the value )(lim:)( tx xt   . 

 Lemma 1[2]. Let  be a non-negative, non-decreasing, finite and right-continuous 

function on  (a,b). There is a strictly increasing sequence  
1

M

k k N
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; N M     , with 

elements from the closure of the interval (a,b), such that: 

i) if N   , then (x ) 0M   and (x) 0   for every  ),( Nxax ; if M    then, 

bxM 1 ; 

 

ii) if N k M  , then )(2)( 1 kk xx   ; 

 

iii) if N k M  , then )()(2 1 kk xx  . 

 

 Definition 1[2]. Let   be a non-negative, non-decreasing, finite and right-continuous 

function on  (a,b). There is a strictly increasing sequence  
1

M

k k N
x

 
; N M     , is said 

to be a discretizing sequence of the function  , if it satisfies the conditions (i)–(iii) of Lemma 1. 

 Definition 2[3]. Let   be a continuous strictly increasing function on ),0[   such that  

0)0(   and  )(lim tt  . Then we say that   is admissible.  

 We write A ≲ B (or A ≳ B) if BCA 1  (or BAC 2 ) for some positive constant C 

independent of appropriate quantities involved in the expressions A and B, and A ≈ B if 

A ≲ B and A ≳ B.  
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 Let    be an admissible function. We say that a function h  is  vequasiconca if h  
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The family of non-degenerate vequasiconca functions will be denoted by  . 

We say that h  is quasiconcave when h with .)( tt   

 Let discretize the inequality (2). To this we need the following notations: first denote 

by ),( 1kk xxB  the best constant of the weighted iterated Copson and Hardy inequalities, that is,  

px

x

p

t

x

x

t
xtx

h
kk

k

k

k

k

kk

h

dhlUdhU
l

lG

xxB
1

),0(
1

1

1

1

)(

)()()()(
)(

)(
sup

sup),(


































 



















 

and using the characterizations of weighted iterated Copson and Hardy inequalities, we have 
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For proving Theorem 1 we use following propositions: 

Lemma 2[3]. Let ),0( q , let u  be an admissible function and let  be a non-

degenerate positive Borel measure. Let h  be the fundamental function of   with respect to 
qu

and let f  be a measurable function on ),0[  . Let  kx  be a discretizing sequence for h  with 

respect to 
qu . Then  



1289 

 























 
















































k

qq

xyx

Zk

k
xyxxyx

k

Zk

k

ky

q

y

yhyuyf

xhyuyfyfxu

xh
yuxu

yf

xd
yuxu

yf

kk

kkkk

).()()(sup

)()()(sup)(sup)(

)(
)()(

)(
sup

)(
)()(

)(
sup

1

11

11

),0(

0
),0(


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