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1/8
AP = AT =S Fe NTY) s ([fllascry = | D IFG)I? <00

j=—o0

Beurling [10] introduced the spaces A*, nowadays called the Beurling space, to study
contraction properties of functions. By definition,

AX(TY) = feLX(TY): ||f||A*T1)—Zsup [F (k)] < o0

j= OJ\‘ I

Important properties of the Wiener and Beurling spaces and their comparison can be
found in [5,15]. In the case of function on R the Wiener algebra was studied in [20].
Recently [22], the 8-Beurling spaces have been introduced:

1/8
AP = AT =S fe LYTY ¢ [|fllavscm) = <E2 sup |f(k )|ﬂ> <00

5 2°<[K|
It is easy to see that A*! = A*. Both Wiener and Beurling function spaces play an
important role in harmonic analysis, in particular, in the summability theory and in
the Fourier synthesis (see, e.g., the texts [8], [28, Theorems 1.25 and 1.16], and [32
Theorem 8.1.3, Ch. 6]).

The main goal of this paper is to introduce a more general scale of spaces, which we
call the Wiener—Beurling spaces, and investigate their basic properties.

As usual, we will write F} =< Fy if ¢~ < Fy < cFy for some positive constant ¢
independent of essentlal parameters. Moreover F < F, stands for F; < cFy. We will

~

assume that ]l? + 17 =1 for any p € (0, c0]. By [a] we denote the integer part of a.

Definition 1.1. Let a € R and 0 < p,q < oo. We define the space WBy, to be the
collection of formal trigonometric series (not necessarily the Fourier series)

= § cme'™”, zeT,

meZ

such that

weg, = (S X leal)?]) " <o, (L)

k=0 [2k=1]<m| < 2"

with the usual modification for p = oo or/and ¢ = co. Moreover, || f|lwps, is a (quasi-)
norm (a norm for 1 < p,q < 00).

Several remarks are in order.
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(i) A similar definition (with specific values of the parameters «,p, and ¢) has first
appeared in the paper by D. Borwein [11] devoted to summability problems. Various
applications related to some special cases of Wiener—Beurling norm can be found in,
e.g., [4,8,14,16,17,19,26,29].

(ii) Clearly, || f[lwpg, can be equivalently defined by

I /
(ChiC 3 a9,
k=0 [vel<Im]<vr41

where 0 < 79 < 1 such that 1 <y < ygp1/76 <" < 0.

(iii) The parameter « in definition (1.1) can be seen as the smoothness parameter since
f e WBgE? with f(x) = 3,,cz cme™* if and only if f € WBS , where f?) is the
Weyl fractional derivative of f [33, Ch. XII, §8].

Examples. It is clear that both Wiener and Beurling spaces are particular cases of the
Wiener—Beurling spaces, namely, WB,% 5= AP and WB;{% = A*P. The latter follows
from the fact that

2°<[k] <2+

S 1/8
||f|A*,ﬁx(zzs - w) |
s=0

It is also easy to see that, for 1 < g < oo, we have

1, X Cnyllces(q)s
1913 = et

1,9

where the discrete Cesaro spaces ces(q) is given by

ces@) = {{emimonem € B HewHhea = (32 [ 3 tenl]") ™" < )

s=0
Indeed, using for a@ < 0 Hardy’s inequality
(oo}

Sot(3 au) 5

k=0 m=0

2°% A7, A, >0, >0, (1.2)

WK

S
I

0

gives

HfHWB;“q - (iTxkq( Z |cm|p)Q/P) 1/’1. (13)
k=0

0<|m|<2k

For the case p =1 and a = % — 1 < 0 we then have
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1w, = (3

k=0 o |m|<k

1 1/q
(k;+1 Z |Cm‘)q> = H{Cn}”ces(q)-

Similarly, one can show that for any 0 < ¢ < co we have

”f”W 1= ”{Cn}”cop(q)v

1_
q
By,

where the discrete Copson spaces cop(q) is given by

cop(q) = {{cm};’f:mcm eR: (i [ i W}q)l/q < oo}.

s=0 m=s

In particular, this immediately implies the following important fact due to Bennett [8,
(6.8)]: ces(q) = cop(q) for 1 < ¢ < 0.
For the survey of Cesaro and Copson spaces see [4].

Structure of the paper. Section 2 consists of the key embeddings between Wiener—
Beurling spaces with various parameters and Lebesgue and Besov spaces. In Section 3
we prove that the Kothe dual space of WBy is WB;?;, fora € R and 1 < p,q < oo.
This, in particular, extends the results on duality of Cesaro space obtained by Bennett.
As a corollary, we derive that (A*#) = WB;;{ﬁ, cf. [5, Prop. 2] for the case § = 1.

Section 4 studies the convolution and product operator for functions from Wiener—
Beurling spaces. We claim that W By, is an algebra for 1 < p < oo and a > %,
significantly extending the results by Belinskii, Liflyand and Trigub [5].

In Section 5 two interpolation theorems of Wiener—Beurling spaces are obtained. We

prove that (WBpS \WB )oq = WBy, for 0 < p,q,q0,q1 < 00, =00 < o < ap < o0

and o = (1 —0)ag +0ay, 0 < 0 < 1. In the diagonal case, i.e., % = 1q;09 + % = 117;09 + pil,
we derive that (WBpo WBJ e, = WBg, for 0 < po,p1 < 00, 0 < q,q0,q1 < 00,

and a = (1—60)ag+6ag, 0 < 0 < 1. In particular, we obtain the interpolation properties
of Cesaro and Copson spaces, investigated recently by Astashkin and Maligranda [3,4],
as well as properties of the A, , spaces studied by Lerner and Liflyand [17]. Recall that

L q/p\ /4
the |[[{cm}]a,,, norm is given by (EZC:() (k—il D k<|m|<2k e [P) )

Finally, in Section 6 we obtain Bernstein and Nikol’skii type polynomial inequalities in
Wiener—Beurling spaces. Moreover, we study the Fourier series with averages of Fourier
coefficients substantially improving the remarkable result by Bennett [8, Theorem 20.31]
for Cesaro and Copson spaces.

2. Embedding properties of Wiener—Beurling spaces
2.1. Embeddings between Wiener—Beurling and Lebesgue spaces

We start with the simple embeddings, which follow from the properties of [P spaces
and Holder’s inequality. Let « € R, e >0, 0 < p < o0, and 0 < ¢q,q1 < 0o. Then
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(1) WBS, = WBS,..,
(2) WB”‘ g 7 WByte 0<p<oo,0<q, 1 <oo
(3) WBa Lo WBS, .,
(4) if oo<a1<a2<ooanda1—|—p%:a2—l—pi2, then
WBS2, < WB . (2.1)

The latter implies that WBJ ;3 < AP with % =a+ %.
Let us now recall Pitt’s inequality for Fourier coefficients [24,27]:

1/q 1/p
~ N4 P
[ —— <Z (Ul + D771 70 ) <c( [ (el r@) s
nez T
provided
1 1 1
l<p<g<oo, 0<a<—, f=at+-+--1>0
p p q
The reverse inequality is given as follows: suppose
1 1 1
l<p<g<oo, O0<a<-, f=a----+120,
q p q
then
1/q 1/}7
— q ~ \P
[(el1@))'as | <c (Z (Ul +1)%17a1) ) < fllw sz,
neZ

T

1 .
7 P’

1 1
In particular, we derive that L, — WBy, " for 1 < p < 2 and WBf, " — L, for
2<p<oo.

However, the latter two embeddings can be strengthened using the results of Kellogg
[16]. Namely, we have
(5) if1 <p<2, then

Ly, = WB) ,,

(6) if p =2, then

WBp 5 < L.
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The next theorem discusses the well-known Wiener’s problem on functions with pos-
itive Fourier coefficients. Recall that a space of functions X is called solid if it satisfies
the following property: For every f = > ¢,e'? in X, if another function g = 3_ d,,e™?
satisfies |d,,| < |c,| for every n, then g is also in X.

Theorem 2.1. [2] Let X be a space of functions. If LP — X and X is solid, then

LP

loc+ — X7

where
5
L., =4f: allf(n)z()and/|f\pdx<oof0r50m65=5(f)>0
-0

The space W By}, is clearly solid, which, together with embedding (5), implies that
(5") if 1 <p <2, then

LP

0
locy > WDB 5.

2.2. Embeddings between Besov and Wiener—Beurling spaces

We define the Besov space By,

trigonometric series (not necessarily the Fourier series) f(xz) =

a€R,0< p,qg< oo, to be the collection of formal

meZ cme™® such that

1/q

o
— agk ima ||
Iflsg, = 2oz D eme

k=0 [26-1]<|m| <2k —1 P

< Q.

It is well known (see, e.g., [21]) that for a > 0 and 1 < p < oo this definition is equivalent
to the classical definitions of the Besov space given in terms of moduli of smoothness
or Fourier-analytical decompositions. In light of Nikol’skii’s inequality for trigonometric
polynomials it is easy to see the following (Jawerth—Franke-type) embedding: if —oco <
ap < az < 00,0 < py < p1 o0, and ey — - = az — -, then By, — By, cf.
embedding (4) for Wiener-Beurling spaces.

To compare Besov and Wiener—Beurling spaces, we start with the simple application

of Parseval’s identity:
By, =WB3,  a€R, 0<g<oo (2.2)

Let us recall the classical Bernstein theorem and its generalization by Szasz [30]: if
fe B;’/ppflm, 1< p<2, then {f,} €l,. In fact, using (2.2) this result trivially follows
from the embedding properties of Wiener-Beurling spaces (see (2.1)):
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1/p—1/2 _ 1/p—1/2 0 _ gp
BQ’p = WBQ}p — Wprp = AP,
Further, the Hausdorff-Young and Nikol’skii’s inequalities immediately give

1—1
WBaly ¥, 0<p<1;

Bpq = WBS ., 1<p<2
WBg%,, 2 < p < oo
and
B3 ¢ 0<p<I;
(e} .
wBy, — f;/fi,; I<p<2
B,," 2, 2<p< oo

Pitt’s inequalities imply the following embeddings

1 1
BetP s WBr, 1<p<r<yp, B=-+--120,0<g<o0, VaeR
, : s
and
atB 8 / .1 1
Wqu f—>B7,q, I<r<p<r<oo, a=1 >0,0<g<o00, VBER.
, : >

Sharpness of these embeddings can be seen with the help of functions with lacunary
and monotone Fourier coeflicients. For trigonometric series with lacunary coefficients,
ie., f(z) = ez cme™® such that ¢, = 0 for |k| # ng with ngyq1/ns > A > 1, we have

foHBD‘ (XER, O<p17p2a(1<00-

P2,q’

| fllw B

r1,9

Now we consider series with monotone coefficients.

Theorem 2.2. Let 1 <p < oo, a € R, and 0 < ¢,q1 < 00. Let f(z) =5
such that ¢, < ¢y for |m| < |k|, then

mez Cm€"™" be

Ifllwsg, = IfllBs -

Proof. Since the coefficients ¢ are decreasing, then by the Hardy—Littlewood theorem
on monotone Fourier coefficients [33, V.2, XII, §6], we have that

)q
Lp/

1/q

ey, = (S T e

k=0 [2k—1]<|m| <2k
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- k-1 o 1 a/p'\ /1
<[ o2 | 3 (m (el + e )
m
k=0 m=1
%) 1/q
= (Z 2HDE (e | 4 [c_ |>Q> ,
k=0

where in the last step we have used the monotonicity of cj.
On the other hand, the monotonicity of coefficients implies that

a/p\ /9

o0
I lweg, = | D20 > |em”
k=0

[2k-1)|m|<2k -1

o'e) 1/‘1
= (Z 2(eH/PNE (egi | + |C—2k|)q> ;

k=0

completing the proof. O

Remark 2.1. Analyzing the proof of this theorem, we observe that the same result holds
under less restrictive conditions on the coefficients {c,}. In particular, monotonicity
can be assumed only on each dyadic block (that is, {Cn}Qk—lg‘n|<2k is decreasing or
increasing) or, what is more, monotonicity can be replaced by the general monotonicity,
see, e.g., [31].

3. Duality of Wiener-Beurling spaces
The problem to describe the dual of the Cesaro space ces(q), which is a particular

case of the Wiener-Beurling space, has a long history (see, e.g., [8, Sect. 2]). Bennett
proved that, for 1 < g < oo,

(ces(q))’ = {{cn} : Zigp Jex|? < OO}, (3.1)
where the Kothe dual of a space E is given by E' = {{dn} Do lendn| <
oo forall {c,} €FE } We extend this result to the Wiener-Beurling space.

Theorem 3.1. Let a« € R and 1 < p,q < co. We have
o !/ —
(WBP7Q) == WBp/?;u

where || fllx: = supjy) o1 i f(@)g()dr.
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In particular, if p =1, a = % —1,and 1 < ¢ < oo we recover (3.1). For the Beurling
space A*! (the case p = oo and o = ¢ = 1), this result was proved in [5, Proposition 2].

T we have

Proof. For f=3", £, and g = Y nez Cnt

10 ) =, s /f:vgxdw— s Y &

lgllweg =1 lglweg =1, cz

Then Hélder’s inequality implies

Mgy < 500 e, lolhwsg, = 17,

lgllwsg =1

To prove the reverse, for a given function f = > &,e* € WB;C;,, we define g =
> ez Cn€™ with

-1/p

0 = dinl€al? L Yoo el for [2¥7'] <|n| <2¥, keZy,

[2F 7t m <2k

P _d

de=2 S el | (s, )

[25-1]<[m| <2*

Then we have

q\ 1/aq
S (Z[2k_1]<| |<2k |§n|(p/71)p> v 00 1/q
lollwag, = [ > | 2°"dx NIZ (Z (2°%dy,) >
(Seorspent o)
q'—/l q 1/q
— Z 201}4?27011“1 Z |£m|p (HfHWB;/aq/) q -1
F=0 [26-1]<|m| <2k :
Thus,

T Y I e

neZ

where the last equality follows by the choice of ¢, with the help of the Parseval iden-
tity. O
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4. Convolution and product of functions from Wiener—Beurling spaces

For functions f =), cre™® and g = Dok dre™™® we define their convolution f % g and
product f - g as follows:

f*xg= chdke““, f-g= Z Z cydy_, e,
k k v

Holder’s inequality immediately yields the following result for the convolution of func-
tions in the Beurling—Wiener space.

Theorem 4.1. Let a,; € R and 0 < p,p;,q,q; < o0 fori=1,2. Let

1 1 1 1 1
o= oy + oz, —=—+—, -=—+—.
p D1 b2 q q1 q2

Iff e WBpL,, andg € WB2 ., then fxg € WBy, and

| f = 9||WB;;,q < ||f||WB;,‘11,,,1 ||9||WB§§,Q2-

This result is closely connected to the multiplier theory of H? spaces; see [16,26].
The product of functions from the Beurling—Wiener space is treated by the following
result.

Theorem 4.2. Let 1 < p< oo, a>0, and a = max(i,a), Then

17 olwsg, < IFllwes, lollwss,.
Proof. Let f =3, cke’ ™ and g = 3", dje’™™. First, we note that

p\ /P

1f-gllwes, = Z ke Z Z cudp_y
k=0

[2+-1]<[n|<2* |veZ
00 ok _q p 1/p oo _2k+1 p 1/p
k k
S SEZY I S SPVI [ R S (Sl SP
k=0 n=[2k-1] lvEZ k=0 n=—[2k-1] lveZ

We will estimate only the first term, the second one can be treated similarly. We have

n 1/p
2k_1 n p /

I = i2ka Z Z Cyln_y + i Culn—y
k=0 =2

n=[2k*1] v=—00
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. n p\ 1/p
2k 1 3

S SCLT B SED v A I R SPY B SR S
k=0 = =

k=0 n=[2k-1] [v=—00

Changing variable and using Minkowski’s inequality, we derive

. 1/p
N p\ 1/

> Y e

n=[2b-1] [v<}

ok=2_1 2k _1 VP g1y 2k _1
<D led| X )+ D el [ Dl
V=—00 n=[2k—1] v=2k—-2 n=2v
ok—2_q 1/p ok—1_1 ok 1/p
< D el DD el ]+ D0 el | DD el
V=—00 §>2k—2 v=2k—2 522k—2
1/p
<Yl | DD 1del”
veZ £>ok—2
Thus we have
1/p
(o]
Lu< ) lelY 25| Y ldal”
veZ k=0 n>[2k-2]

Since, for o > 0, taking into account Hardy’s inequality

izka( > 4n)' 5 SOPAL A, 20, 450,
k=0

m=k k=0
we have
1/p
o0
Skl N da S llgllwes,
k=0 [2k—2]<n
and
0 2k _1 p .
Slel<S [ X ler] 2 <l .
veZ n=0 \n=[2~k—1] WBy1

we finally have

1/p

p

1/p

11

(4.1)
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In s ||f||WB;’/f’||9HWB;1 < ||f||WB§‘1||g||WB§71'
To conclude the proof, we note that I15 and Is can be estimated similarly. O

Corollary 4.1. Let 1 <p < o0, a > I%. Then f-g € WBp, provided that f,g € WBy,

i.e., WBy, is an algebra.

When p = co and @ = ¢ = 1 this result was obtained in [5, Proposition 1]. We
also mention the recent paper [25], where the author studied the boundedness of the
convolution operator from the Ceséro space ces(q) into ces(q).

5. Interpolation properties of Wiener—Beurling spaces

Consider a compatible couple (Xg, X1) of Banach spaces Xy and X; (see [7, Ch. 3]).
Let

K(f,t) == K(f,t; X0, X1) == f—ifnﬁ-f (Lfollxo + tllf1llx,), f € Xo+ Xu,
=Jo 1

be the K-functional. The interpolation space (0 < 6 < 1) is given by

Q=

<)

(Xo,X1)o,q = {f e Xo+ X1 ”f”(XO,Xl)M — (/(t_eK(f, t))q%)
0

for 0 < g < oo, with the usual modification for ¢ = oo.
The main interpolation properties of Cesaro and Copson sequence spaces have been
recently studied in [3,4]:

(ces(qo); ces(q1))q , = ces(q),
1 _ 1-0

0
+ —, 1<qgp<qg <00, 0<0 <1, (5.1)
q do q1

(cop(qo), cop(q1))g , = cop(q),
1_1-6

q q0

0
+q—,1<q0<q1<oo,0<9<1. (5.2)
1

The similar result for the weighted Cesaro space was proved in [18, Cor.5] for g € [1, 0o].
In [17], the authors considered the A, , spaces with the norm

it = (Dl 3 leal)) <o

k=0 k<|m|<2k

and proved that
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1 1-60 ¢

(Ap.gor Ap.gr)6.a = Ap.qs - = +—, 0<bO<1, (5.3)
q q0 q1
provided 1 < qop < ¢1 <00, 1 <p < ooand
1 1-06 0
(Apo,vam,p)&p = Ap,p = £p> - = +—, 0<0<], (5-4)
p Do P

provided 1 < pyp < p1 < oo. The A, , spaces are used in various problems of Fourier
analysis; see, e.g., the recent monograph [19].

It is easy to see that ||c, |4, , < oo if and only if f € WB;(qq_l/p, where f = 3" ¢e*®
In fact we have that f € WBy , f = cpe™ if and only if

(ki?aq’“( Yoo leml q/”) (Zkaql 3 |Cm|p)q/p)1/q<oo.

[2k—1]<m| <2k k<|m| <2k
We extend (5.1)—(5.4) in the following

Theorem 5.1. Let —0o < a1 < g < 00.
(i) If 0 < p.q,q0, q1 < 00, then

(WBp o, Wy 4 )o.q = WBp,
where a = (1 —0)ag + 0oy and 0 < 6 < 1.
(11) Ifo < Do, P1 < o0 and 0 < 4,490,491 < 90, then
1 1-0 6 1-6 6

WB W WB g Jog=WBg,,  —=——+—=—+— (56
( P0,90 p1, q1) .9 q qo q1 Do b1 ( )

where « = (1 — 0)ag + 0y and 0 < 6§ < 1.

In particular, if ag = 1/go—1/pand oy = 1/q1—1/p we recover (5.3) and if ¢ = qo = q1,
ag =1/q—1/po, and oy = 1/q — 1/p1 we recover (5.4) with ¢ in place of p. Note also
that (5.6) with ¢ = ¢o = g1 = 00 becomes a well-known result ([9, Ch. 5]).

Proof. Let f € (WBpY, ,WBgt )aq be such that f = fo + f1, where fo =3, dpe’* ¢
WBpe., i = Dok ErethT WBpt , and ¢ = di + . Then for any k € Z, we have
1/p
ak (a—a0)k [ 9ok p
2 S dewl | s2emk(2mE (S ()
[2k 1] m]<2* [2k 1)< m] <2k

+ 2(a0—a1)k2a1k( Z |£m‘p) 1/;0)

[25 1)< m]|<2"

< 2070 (| folly mga, + 26074 fuly g )
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Thus we derive that

1/p

gak Z |Com|P ,S2(a_a°)kK(f,2(a°_al)k;WBO‘O WB;;’})O)’

P00
[2k=1]<|m <2k
which yields

q

”fHWqu < (Z( a— ao)kK 2(a0al)k;WBg%o;WBgloo)>q>

T dt
| [ermeor ) = Iflwsmwson.:

0

Using now the embedding properties of Beurling—Wiener spaces, we obtain

(WBSe . WB2 Yoq = (WBSS, WBSL )gq < WBS,.

P,q0? p,007

To show the reverse embedding, let f € WBy
functions fy and f; as follows

. and 7 = min(qo, q1,q), € Z. Define

) Y icar em(flem® for reZy ={z€Z,z>0},
fo= 4
0 for r¢ Zy,

1/p
and f1 = f — fo. Then, letting Ay := Ag(p) := (2[2" tg|ml <2 [em[P ) , we obtain

K(f, 2 ) WBys \WBL ) S K(f,21%7 V" WBpS  WBpL)

p.ao "V Pp.ay P,
S |l follwage + Q(QO_QI)T”fl”WB;L

_ ok A\ (ap—ar1)r T oonkr 71/7. '
(;)20 Ak) 4 olao—aa (k_Zm?l Ak) (5.7)

It follows that

I dt
1w 555,530 S oz wmsine, = | [ CKGE0S
0

o0

—0(ap—a1) (vo—a) qﬂ
/(e K(f, o))" &
0
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Ql

1 0o
a dt adt
/(t_a(ao_al)t(ao_al)HfHWB;f}) / t—@(ao a1)K(f t(ao a1))) t

0 1

oo q

q
5 ||fHWB§1T + (Z (2(01—a0)kK<Jc72(a0—a1)k>) )

k=0

Using [|fllwpsr S [Ifllwss, for an < a and estimate (5.7), we arrive at

I low Bgo, . wBgs, ey S 1 lwag,
0 1

o 1
+ (ZQ(a—ao)Tq((ZankrAz) T +2(a0—a1)7‘( Z QQIkTA;;)l/T>q) T
r=0 k=0 k=r+1

Finally, taking into account a; < o < «p and using Hardy’s inequalities (1.2) and (4.1),
we derive

1w s, wiss o, S 1flwas..

To obtain (5.6), we first apply the power theorem for interpolation spaces (see [9,
Th. 3.11.6]):

((WB;‘J’ a0 WBpla o, ’I) ((WB(;OO a0)™ (WB3117(11)q1)77,1 ’ (5.8)
where
0
= 2—17 g=01-n)gp+nq, 0<n<l

Observe that for f(z) =, cz cme™ we have

K(t, f;(WB Yo (WB% )= inf (

q q
P0,90 P1,q1 F=fotfr |f0| V[.;ng,qo + t||f1| V[lfBgll,ql)

o0
— : apqok q0 ai1qik a1
=3, (el 2ot bl ).

k1 k+1_
where by, = {cm}m 2,6 Lobor = {, }il:% Lbig = {c}n}i:% Lem=d +ck,mel.

This together with (5.8) implies

q
1AW B0 0w B2 00 = (W BES a0)00 (W BEL L™,

oo
B dt
:/t TK(t, f; (W Bgooqo)qo7(WBgllﬁfJ1) 1)?
0
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= T dt
= Z 9a0qok /15—?7}((,52(&1(11—aoqo)k7 bie: (lpo)qo’ (lpl)(h)?.
k=0 0

Changing variables (note that aggo+ (a1¢1 — apqo)n = ag) and applying again the power
theorem, we obtain

o0

[e%S)
q _ aqgk - aqgk q
”f”(Wng,qO,WBgll,ql)g,q - kz—;Q ku||((lp0)‘10’(lp1)‘11)n11 - kz—;Q ku”(lpoylpl)&q
[e%S)
1 1-6 6
=Y 2% b1 Z= +—=. O
=0 q Po p1

Theorem 5.1 immediately implies the following

Corollary 5.1. Let 0 < ¢ < 00, 8 > 0. We have

(i) (WB;‘}(]I,AB)G —WBS,, a=(1-0a, 0<0<1, a#0.
sq
(if) (A%, WB&,), =WB%,, a=1% 4001, 0<6<1, ar#1/p.

1
(iii) (AP0, A*Ar), .= WBky, L_10, 0 (<<,

0< By < p1<oo.
In particular,

1 1-6 0
A*Po A*Br) - — A*B, == +—, 0<f<1.
( )0’5 B Bo B
(iv) Let 0 < qo,q1 < 00, qo # q1, and 0 < r < co. Then f(x) = > ¢, e € WBE;l if
and only if
1 1-60 6
{en} € (cop(qo), cop(ar))g,,» == 4+ —. (5.9)

q q0 q1
In particular, taking r = q, we arrive at (5.2).

(v) Similarly, for 1 < qo,q1 < 00, qo # q1, and 0 < r < o0, (5.9) can be equivalently
replaced by

{en} € (ces(qo),ces(ql))M7 1 = 1-90 + ﬁ

q q0 q1

In particular, taking r = q, we arrive at (5.1).

6. Final remarks

1. Note that the classical Bernstein inequality ||T](Va) lp < NY||Tn||p for trigonometric

polynomials Ty (z) = >4 <y cre’*® has the usual form in the Wiener-Beurling spaces,
namely,
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||T1(Va) lwps, < N*[Tnlwas, -

2. Let us also discuss the Nikolskii inequality for trigonometric polynomials. Its
analogue for the Wiener-Beurling spaces reads as follows: If 0 < r < p < oo and
a+1/r—p—1/p>0, then

||TN||Wng < N(a+1/r)—(ﬁ+1/p)||TN||W (6.1)

Bpa
Indeed, let 2~1 < N < 2™ and v = a+ 1/r — 1/p. Taking into account (2.1), we derive
that

ITnllwae, S I TNllwsy,

< (jz_::zqu< Z |Cn|p)tI/P+27qm( Z |Cn‘p>q/p)l/q

[2F=1] | <2k [2m=t<In|<N
1/r)—(B+1
< Nlatl/m)—(B+ /p)HTN”Wng-
Note that if the first integrability parameters are the same but the second ones are
different, then the Nikolskii inequality has a different form. Namely, if « € R, 0 < p < oo,
0 <q <q< oo, then

1Tnllwag,, <(InN]J+1)s @ [Ty|lwsg,- (6.2)

This follows from Holder’s inequality.

Thus, in view of (6.1) and (6.2), the Nikolskii inequalities in the Wiener—Beurling
spaces are similar to those in the Lorentz spaces, cf. [23].

3. Now we study the Fourier series with averages of Fourier coefficients. Given a series

f(@) =Y 4ez cue™™, define

Hf(z) =Y che't, cg:2|k|+1 > Jeml

keZ

and

o0
Bf(z) = Zczeikx7 &= Z |cn ‘2Fn|cfn\ < .
= n=|k|

This topic was originated by Hardy [13], who proved that if f € L,, 1 < p < oo, then
Hf € L,. See also [1,6]; for the recent results see [12].

We will see that Wiener—Beurling spaces have the remarkable property that series
with Hardy-Cesaro and Copson averages belong to Wiener—Beurling spaces if and only
if the original series belong to similar spaces with different values of parameters.
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Theorem 6.1. If 0 < p,q < 0o, then
- at+i-1 . . 1
Hf e WBy <= feWB,,* if and only if a<1— = (6.3)
) ) P

and

atl 1
Bf e WBS, <= f e WBys" ' if and only if at >0 (6.4)

Remark 6.1. In a particular case p =1 and a = % —1 < 0 we arrive at the known results
for Cesaro and Copson sequence spaces by Bennett [8, Theorem 20.31]:

{em} € ces(q) <= {c} € ces(q) <= {cb,} € ces(q), l<g<oo

and

{em} € copq) — {cfn} € cop(q) <= {cl;n} € cop(q), 1 <q<oo.
Proof. To show (6.3), we observe that

ok+1 m

IH flwsg, = (22’“’“1( Z ( Z \cs) )Wp)

m=2Fk |s]=0

> 1 2" a\ 1/q
(S (el
k=0

|s|=0

The latter is equivalent to || f|| at1oa forat % —1 <0, cf. (1.3). To verify the sharpness
wB, .

of this condition, assume that § = o + % — 1 > 0 and define

1
Ck—W, e >0.

It is routine to show that Hf||Wng <ocand [|Hf|lwps, = oo for f= 3 et
The proof of (6.4) is similar. The sharpness can be seen considering f = Y cpe’*®
with

—_
—_

1
Cck = e ) a+— <0, 0<e< -
(In([k| + 1)« (| +1)*T% b

>Q

for which one has ||f|] .;1_, < oo but |Bf||lwpe =o0. O
WB, " P

l.q
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