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Understanding the accelerating expansion of the Universe remains a fundamental challenge in
modern cosmology. In this paper, we investigate a cosmological model parametrized by a gener-
alized variable deceleration parameter to elucidate the dynamics driving cosmic acceleration. By
employing constraints from the latest observational datasets, including Cosmic Chronometers (CC),
Type Ia Supernovae (SNe), and Baryon Acoustic Oscillations (BAO), we assess the compatibility of the
model with observational data. The chosen parametrization aligns with thermodynamic constraints
on the deceleration parameter, further validating its reliability. Further, we estimate the present value
of the Hubble parameter, transition redshift, deceleration parameter, and EoS parameter, which align
with observational data. Lastly, our stability analysis confirms the model’s stability against small
perturbations.
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I. INTRODUCTION

The observation of cosmic expansion accelerating is
regarded as a significant breakthrough in modern cos-
mology [1–8]. This acceleration is caused by an un-
known force, called DE (Dark Energy), which is believed
to permeate all of space and push the Universe’s expan-
sion with a repulsive force. The nature of DE remains
a mystery and is an active area of research [9]. Mod-
ified gravity theories, such as the so-called geometri-
cal modification to GR (General Relativity) theory, have
been proposed to explain the late-time cosmic accelera-
tion [10–15]. In the standard ΛCDM (Λ-Cold Dark Mat-
ter) cosmological model, the total mass-energy of the
Universe is composed of 4.9% BM (Baryonic Matter),
26.8% DM (Dark Matter), and 68.3% of DE. DM is an
unknown form of matter that only interacts gravitation-
ally and does not emit or absorb light [16]. Its existence
is supported by astrophysical observations, although its
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nature remains unknown [17]. The non-baryonic matter
is believed to make up the majority of DM [18].

There exists a multitude of models aimed at elucidat-
ing the perplexing nature of DE, which is responsible for
the observed acceleration of cosmic expansion. These
models include the quintessence [19], phantom [20, 21],
K-essence [22, 23], Chaplygin gas [24, 25], tachyon [26],
and holographic DE model. The simplest and most
widely used model is the cosmological constant model,
which is consistent with observations [27]. However,
the cosmological constant Λ encounters two challenging
predicaments, namely fine-tuning and the cosmic coin-
cidence problem. According to quantum field theory,
the calculated value of vacuum energy [28] exceeds its
observed value by a staggering 123 orders of magnitude,
where the observed value is on the order of 10−47GeV4

[1, 2].
Despite the existence of various theoretical ap-

proaches, the exact explanation for cosmic acceleration
remains elusive. One prominent model employed to
study late-time cosmic acceleration is reconstruction,
which employs an inverse methodology to identify a
suitable cosmological model. Reconstruction can be
classified into two categories: parametric reconstruction
and non-parametric reconstruction, both of which in-
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volve incorporating observational data directly into the
construction of the model [29]. Parametric reconstruc-
tion, also known as the model-dependent approach, in-
volves estimating model parameters based on diverse
observational data. The underlying concept is to as-
sume a specific evolutionary scenario and then deter-
mine the properties of the matter sector or exotic com-
ponent responsible for the observed acceleration. Nu-
merous researchers have employed this method to iden-
tify viable solutions and constraints [30–32]. The kine-
matic approach to studying cosmic evolution is agnos-
tic to any specific gravity theory, allowing for an inde-
pendent analysis [33]. Kinematic quantities, such as the
deceleration parameter, the Hubble parameter, and the
jerk parameter, are used to characterize the dynamics of
the Universe. By reconstructing these kinematic quanti-
ties using observational data, we can gain insights into
the nature of cosmic evolution without making any as-
sumptions about DE or specific gravity theories. This
approach provides a model-independent framework for
understanding the behavior of the Universe.

The parameterization of the deceleration parameter
q is a crucial aspect in understanding the evolution of
the Universe’s expanding rate. It provides insight into
the possible future of the Universe, including scenarios
where the Universe may experience accelerated expan-
sion or eventually collapse. To accommodate both sce-
narios of the Universe, the deceleration parameter must
exhibit a distinct change. Specifically, there needs to be
a transition from a decelerating phase (q > 0) to a late-
time accelerating phase (q < 0). This transition is es-
sential for explaining the formation of cosmic structures
and aligning with the observed acceleration of the Uni-
verse. By capturing this signature flip in the deceler-
ation parameter, we can reconcile both aspects of cos-
mic evolution. Many studies have used different para-
metric forms of deceleration parameters, while others
have explored non-parametric forms. Furthermore, the
choice of the parametric form of the deceleration param-
eter can affect the accuracy of cosmological measure-
ments, such as the estimation of the Hubble constant
and the age of the Universe. This underscores the im-
portance of choosing a suitable parametric form and the
need for further research in this area. The literature has
extensively discussed these methods to address various
cosmological issues, such as the initial singularity prob-
lem, the problem of all-time decelerating expansion, the
horizon problem, Hubble tension, and more [34, 35, 77].
Through these investigations, researchers have gained
valuable insights into the fundamental properties of the
Universe and how they have evolved over time.

In the literature, several commonly used parametriza-

tions of the deceleration parameter have been proposed
and employed in cosmological studies. The linear
parametrization assumes a linear relationship between
the deceleration parameter and redshift. It is expressed
as q(z) = q0 + q1z, where q0 and q1 are the model
parameters. This parametrization captures a simple
transition from a decelerating phase to an accelerating
phase and has been widely used in various cosmological
analyses [33, 37]. The CPL (Chevallier-Polarski-Linder)
parametrization is a widely used parametrization that
was proposed to describe the equation of state (EoS) of
DE. It can also be applied to the deceleration parame-
ter by assuming a specific functional form i.e. q(z) =
q0 + q1z(1 + z)−1. The CPL parametrization captures
a variety of dynamics, including both phantom and
quintessence behavior, and is compatible with several
theoretical models [38]. Recently, Del Campo et al. [39]
introduces three parametrizations of the deceleration
parameter based on thermodynamic principles. The
study explores the thermodynamic properties and im-
plications of these parametrizations, considering the dy-
namical evolution of the Universe. The authors provide
mathematical expressions and analyze the cosmological
consequences of each parametrization, comparing them
with existing models. In addition, various parameteri-
zations have been proposed in the literature including
forms such as q(z) = q1 + q2z(1 + z)−2, q(z) = 1/2 +
q1(1+ z)−2, q(z) = 1/2+ (q1z + q2)(1+ z)−2, and more
complex expressions [40, 42, 83]. In contrast to many
existing parametrizations of the deceleration parameter
that have limitations in their validity range, this present
paper introduces a generalized variable deceleration pa-
rameter that addresses these limitations. The proposed
parametrization, consisting of three free parameters, is
applicable from the matter-dominated epoch (z ≫ 1)
onwards, extending up to z = −1. This choice is mo-
tivated by practical and theoretical considerations, en-
suring independence from specific cosmological models
[43]. Notably, the parametrization satisfies asymptotic
conditions: q(z ≫ 1) = 1/2, q(z = −1) = −1, and an
additional condition, dq/dz > 0, which holds at least
in the limit q → −1. This generalized approach pro-
vides a more comprehensive and consistent description
of the deceleration parameter throughout a wide red-
shift range.

The structure of this paper is outlined as follows. In
Sec. II, we present the fundamental theoretical frame-
work for the scalar field DE model within the context of
a spatially flat FLRW (Friedmann-Lemaı̂tre-Robertson-
Walker) Universe. We adopt a specific form of the de-
celeration parameter, denoted as q(z), to solve the field
equations. Furthermore, we employ this parametriza-
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tion to reconstruct the EoS associated with the scalar
field. Sec. III of the paper focuses on the inclusion of
observational datasets, namely Cosmic Chronometers
(CC), Type Ia Supernovae (SNe), and Baryon Acous-
tic Oscillations (BAO), for our analysis. We carefully
consider these datasets and utilize them to impose con-
straints on the different model parameters that we have
reconstructed. The details of the data analysis and
the methodology employed are thoroughly discussed
in this section. In Sec. IV, we present the main results
derived from our analysis. We discuss the implications
of the constrained model parameters and examine their
consistency with the observational data. In Sec. V, we
delve into the stability analysis of the proposed model.
We examine the behavior of the system under small per-
turbations and assess its overall stability. In the final
section VI, we present the conclusions drawn from our
study based on the obtained results.

In this paper, we have followed the convention of
adopting the natural units where the constants 8πG and
c are set to unity.

II. OVERVIEW OF THE MODEL AND
FOUNDATIONAL EQUATIONS

Scalar fields with positive potentials are often con-
sidered as possible candidates for DE [44, 45]. These
fields have already been used in the context of inflation-
ary models, which seek to elucidate the origins of the
large-scale structure observed in the Universe [46, 47].
In these models, the Universe undergoes a rapid quasi-
exponential expansion, during which small quantum
fluctuations are stretched to cosmological scales, pro-
viding a mechanism for the process of structure forma-
tion, encompassing the emergence of cosmic entities like
galaxies and galaxy clusters. In the standard inflation-
ary scenario [48], the Universe is dominated by a real
scalar field ϕ that is homogeneously distributed in space
and has a potential function V(ϕ). The field responsible
for driving this expansion is known as the inflaton and
the corresponding action is described by

S =
∫ √

−gd4x
(

R
2
− 1

2
gµν∂µϕ∂νϕ − V

(
ϕ
))

+ Sm,

(1)
where Sm represents the action of ordinary matter, g rep-
resents the determinant of the metric tensor gµν, and
R represents the Ricci (curvature) scalar. Thus, the La-
grangian density of a scalar field is

Lϕ = −1
2

gµν∂µϕ∂νϕ − V
(
ϕ
)

. (2)

The field equations can be obtained by varying Eq. (1)
with respect to gµν,

Rµν −
1
2

gµν R =
(

T(m)
µν + T(ϕ)

µν

)
, (3)

where

T(m)
µν =

(
ρm + pm

)
uµuν + pmgµν, (4)

and

T(ϕ)
µν = ∂µϕ∂νϕ − gµν

(
1
2

gρσ∂ρϕ∂σϕ + V
(
ϕ
))

, (5)

are the energy- momentum tensor of ordinary matter
and the scalar field, respectively. Here, uµ represents the
4-velocity of a comoving observer, ρm is the energy den-
sity of ordinary matter considered as a perfect fluid and
pm its pressure. In addition, the equation of motion for
the scalar field can be obtained by varying Eq. (1) with
respect to ϕ,

2ϕ − V′ (ϕ) = 0. (6)

Here, the D’Alembertian operator 2 is defined by
2 ≡ ∇µ∇µ, where ∇µ represents the covariant deriva-

tive and V′ (ϕ) = ∂V(ϕ)
∂ϕ represents the derivative of the

potential V
(
ϕ
)

with respect to ϕ. Also, one can express
the metric for the FLRW spacetime as,

ds2 = −dt2 + a2 (t)

(
dr2

1 − kr2 + r2
(

dθ2 + sin2 θdφ2
))

.

(7)
Here, we have chosen pseudo-spherical coordinates

(r, θ, φ), k = −1, 0, 1 is the spatial curvature indicating
an open, flat, or closed Universe, respectively, and a (t)
is the scale factor of the Universe. Hence, the field equa-
tions for a flat Universe with the presence of a scalar
field in the FLRW metric are given by [49, 50]

3H2 = ρm +
1
2

.
ϕ

2
+ V

(
ϕ
)

, (8)

2
.

H + 3H2 = −pm − 1
2

.
ϕ

2
+ V

(
ϕ
)

, (9)

while the motion equation (6), which has the form

..
ϕ + 3H

.
ϕ + V′ (ϕ) = 0, (10)

where H =
.
a
a is the Hubble parameter, describes the

expansion rate of the Universe.
By observing Eqs. (8) and (9), it can be noted that the

scalar field ϕ contributes to the energy content of the
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Universe in the form of a perfect fluid, with pressure
pϕ = ωϕρϕ, with energy density and pressure given by

ρϕ =
1
2

.
ϕ

2
+ V

(
ϕ
)

, (11)

pϕ =
1
2

.
ϕ

2
− V

(
ϕ
)

, (12)

respectively. The EoS parameter of the scalar field is
then given by,

ωϕ =

.
ϕ

2
− 2V

(
ϕ
)

.
ϕ

2
+ 2V

(
ϕ
) . (13)

Eq. (13) suggests that scalar fields that evolve slowly
at

.
ϕ → 0, are difficult to distinguish from the cosmolog-

ical constant. Alternatively, the cosmological constant
can be viewed as a unique scenario of a constant scalar
field. These models based on scalar fields that aim to ex-
plain the cosmic acceleration in the late-time Universe
are referred to as quintessence models.

One way to describe the overall behavior of DE in the
Universe is to use the total equation-of-state parameter,
which can be defined as

ω =
p
ρ
=

pϕ + pm

ρϕ + ρm
. (14)

We assume pm = 0 for the dust Universe, the total EoS
can be written as ω =

pϕ

ρϕ+ρm
. The conservation equa-

tions for the scalar field and matter can be written as
follows:

.
ρϕ + 3

(
ρϕ + pϕ

)
H = 0. (15)

.
ρm + 3ρm H = 0. (16)

Therefore, the energy density associated with matter
can be expressed as

ρm =
ρm0

a3 = ρm0 (1 + z)3 , (17)

where ρm0 is an integration constant that signifies the
energy density of matter at the present time.

Now, we can define the dimensionless density param-
eters corresponding to the scalar field and matter den-
sity as follows:

Ωϕ =
ρϕ

3H2 , Ωm =
ρm

3H2 (18)

As we mentioned before, the study of cosmological
models relies heavily on kinematic variables. The de-
celeration parameter, for instance, characterizes the be-
havior of the Universe, such as whether it is under-
going deceleration, acceleration, or a transition phase.

The EoS parameter ω provides insight into the physi-
cal properties of the energy sources driving the evolu-
tion of the Universe. In addition, to determine other
cosmological parameters, such as pressure, energy den-
sities, EoS parameter, and potential function, an extra
equation is needed to complete the system of field equa-
tions i.e. Eqs. (8) and (9). This supplementary equation
can be any functional form of a cosmological parame-
ter, such as the Hubble parameter, deceleration param-
eter, and EoS parameter, providing necessary constraint
equations [51]. Here, we assume a generalized variable
deceleration parameter of the form,

q (z) = −1 +
α

1 + βan , (19)

where α, β, and n > 0 are parameters that control the
behavior of the deceleration parameter. The motivation
behind the parameterization of the deceleration param-
eter in Eq. (19) comes from the fact that the deceleration
parameter is an important cosmological parameter that
characterizes the dynamics of the Universe. It is defined
as the ratio of the cosmic acceleration to the cosmic ex-
pansion rate i.e. q = −

..
a

aH2 . In the past, the deceleration
parameter was thought to be a constant value, indicat-
ing that the Universe is either slowing down or main-
taining a constant rate of expansion. However, obser-
vational evidence in recent years suggests that the Uni-
verse is in fact accelerating in its expansion, which re-
quires a modification of the deceleration parameter. To
account for this acceleration, various parameterizations
of the deceleration parameter have been proposed in the
literature [30–33, 37–40, 42, 43, 83]. The parameteriza-
tion used in this paper is a generalized form that allows
for more flexibility in describing the evolution of the
Universe. The parameter α describes the present value
of the deceleration parameter, while β and n determine
the functional form of its evolution with respect to the
scale factor a (t). The value of the deceleration param-
eter parameterization depends on the values of α, β, n,
and the scale factor a = (1 + z)−1 at a particular redshift
z. However, we can give some general properties about
the behavior of q at different redshifts:

• At the present time (z = 0), the current value of
the deceleration parameter q0 is given by q0 =
−1 + α

1+β . This means that the present-day accel-
eration or deceleration of the Universe depends on
the value of α and β. If α < 1 + β, the Universe is
currently accelerating, if α > 1+ β, the Universe is
currently decelerating, and if α = 1 + β, the Uni-
verse is currently coasting.

• In the past (z >> 1), the Universe was dominated
by matter, and the deceleration parameter q was
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positive, meaning that the expansion of the Uni-
verse was slowing down. The exact value of q is
q>>1 = α − 1 i.e. depends on the value of α.

• In the far future (z → −1), if the Universe contin-
ues to expand at an accelerating rate, the decelera-
tion parameter q will approach −1 asymptotically.
It indicates that the Universe is entering a phase
of exponential expansion, known as the De Sitter
phase.

The deceleration parameter parametrization used in
our model is in agreement with the thermodynamic con-
straints on the deceleration parameter presented in the
article [43]. This indicates that our model can accurately
capture the thermodynamic behavior of the Universe.

The equation below establishes a relationship be-
tween the deceleration parameter and the Hubble pa-
rameter,

H (z) = H0 exp

(∫ z

0

1 + q (z)
(1 + z)

dz

)
. (20)

By substituting Eq. (19) into Eq. (20), we obtain the
expression for H (z) as,

H (z) = H0 (1 + z)α

(
1 + β (1 + z)−n

1 + β

) α
n

, (21)

where H0 represents the current value of the Hubble pa-
rameter (at z = 0). The time derivative of the Hubble
parameter can be written as,

.
H =

dH
dt

= − (1 + z) H (z)
dH (z)

dz
. (22)

For the model parameterization, Eq. (22) becomes,

.
H = −

αH2
0(1 + z)2α+n

β + (1 + z)n

(
1 + β(1 + z)−n

1 + β

) 2α
n

. (23)

The model parameterization given in Eq. (21) allows
for a flexible and comprehensive study of the cosmolog-
ical parameter, which is essential for investigating the
behavior and evolution of the Universe. To ensure the
model’s reliability and consistency with the latest obser-
vations, the model’s parameters (H0, α, β, n) are con-
strained using recent observational datasets. By analyz-
ing the observational data, we can investigate the na-
ture and behavior of the Universe, including the rate of
expansion, cosmic acceleration, deceleration, and scalar
field EoS. This analysis enables us to test the model’s
validity and establish a robust and reliable parameter-
ization of the deceleration parameter for future cosmic

evolution. The results of this study can significantly
enhance our understanding of the Universe’s evolution
and provide crucial insights into the fundamental cos-
mological questions.

Expressions of all cosmological parameters in terms
of redshift can be found in the appendix VI of this doc-
ument.

III. CONSTRAINTS FROM OBSERVATIONAL DATA

The Bayesian technique is a widely used method in
cosmology to analyze observational data and extract the
values of the cosmological parameters. In this study,
we use the Bayesian method along with the Markov
Chain Monte Carlo (MCMC) technique to obtain the
posterior distributions of the parameters H0, α, β, and
n. The MCMC method is used to generate samples from
the posterior distribution, and the emcee package is em-
ployed to perform the MCMC analysis [53]. To complete
the simulation, we use a combination of observational
datasets, including the Cosmic Chronometer (CC) Sam-
ple from Hubble measurements, the Pantheon sample
from Supernovae (SNe), and Baryon Acoustic Oscilla-
tions (BAO). The use of multiple datasets ensures the
robustness and reliability of our results. The objective is
to find the best fit of the parameters, and for this pur-
pose, we use the following likelihood function:

L ∝ exp(−χ2/2) (24)

where χ2 is the chi-squared function. The χ2 functions
corresponding to various datasets are presented below.

A. CC dataset

We adopt a dataset comprising 31 data points ac-
quired through the use of the CC technique. This
method enables us to directly extract information about
the Hubble function at various redshifts, extending up
to z ≤ 2. The choice to employ CC data is primar-
ily rooted in its reliance on measurements of age differ-
ences between two passively evolving galaxies that orig-
inated simultaneously but are separated by a small red-
shift interval. This approach facilitates the calculation of
∆z/∆t. It’s noteworthy that CC data has demonstrated
higher reliability compared to other methods reliant on
absolute age determinations for galaxies [54]. The CC
data points we have employed were gathered from ref-
erences [55–61], and these references are independent of
the Cepheid distance scale and any particular cosmolog-
ical model. However, it is important to acknowledge
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that they do rely on the modeling of stellar ages, which
is based on robust techniques of stellar population syn-
thesis (for more details, see Refs. [57, 59, 62–65] for anal-
yses related to CC systematics). To assess the goodness
of fit of our model with the data, we employ the χ2 func-
tion defined as:

χ2
CC =

31

∑
i=1

[
H(zi, H0, α, β, n)− Hobs(zi)

]2
σ2(zi)

. (25)

where H(zi, H0, α, β, n) represents the theoretical value
of the Hubble parameter at redshift zi for a particular set
of cosmological parameters H0, α, β, and n, Hobs(zi) is
the measured value of the Hubble parameter at redshift
zi, and σ(zi) is the corresponding uncertainty of Hi.

B. Pantheon dataset

SNe are a valuable tool for studying the Universe’s ac-
celerating expansion and the nature of DE. These SNe
are produced when a white dwarf star explodes in a
binary system and have a distinctive light curve that
makes them useful ”standard candles” for estimating
cosmic distances. By comparing their observed lumi-
nosity to their theoretical intrinsic luminosity, we can
estimate their distance and plot the expansion history
of the Universe. The Pantheon sample is an essential
dataset of SNe that includes 1048 data points covering
a broad range of redshifts 0.01 ≤ z ≤ 2.26. It was
constructed from the PanSTARSS1 Medium Deep Sur-
vey, SDSS, SNLS, and several low-z and HST samples.
The dataset has been extensively calibrated to minimize
systematic errors and improve distance estimation accu-
racy, making it an essential resource for modern cosmol-
ogy research [66, 67].

The χ2 function for the SNe dataset is expressed as,

χ2
Pantheon =

1048

∑
i,j=1

∆µi

(
C−1

Pantheon

)
ij

∆µj, (26)

where ∆µi = µth − µobs is the difference between
the theoretical and observed distance modulus, µ =
mB − MB represents the difference between the appar-
ent magnitude mB and the absolute magnitude MB, and
C−1

Pantheon represents the inverse of the covariance ma-
trix of the Pantheon sample. In our analysis, we have
adopted a prior distribution for the absolute magnitude
MB of SNe, with a reference value of MB = −19.244 ±
0.037 [68]. The nuisance parameters in the equation
above were estimated using the BEAMS with Bias Cor-
rections (BBC) approach [69]. The theoretical value of

the distance modulus is calculated as follows:

µth(z) = 5log10
dL(z)
1Mpc

+ 25, (27)

where

dL(z) = c(1 + z)
∫ z

0

dy
H(y, α, β, n, H0)

, (28)

is the luminosity distance that takes into account the at-
tenuation of light due to the expansion of the Universe,
and c is the speed of light.

C. BAO dataset

Moreover, we also use the BAO dataset obtained from
various surveys, including 6dFGS, SDSS, and LOWZ
samples of BOSS [70–75]. The surveys have provided
highly accurate measurements of the positions of the
BAO peaks in galaxy clustering at different redshifts.
The BAO characteristic scale can be determined using
the sound horizon rs at the epoch of photon decoupling
with redshift zdec, which is given by

rs(z∗) =
c√
3

∫ 1
1+z∗

0

da

a2H(a)
√

1 + (3Ωb,0/4Ωγ,0)a
. (29)

Here, Ωb,0 and Ωγ,0 represent the current density val-
ues of baryons and photons, respectively. We use six
data points for dA(z∗)/DV(zBAO) from the sources men-
tioned in Refs. [70–75], where z∗ ≈ 1091 represents the
redshift value for photon decoupling. The comoving an-
gular diameter distance at decoupling is denoted by

dA(z∗) = c
∫ z

0

dz′

H(z′)
, (30)

and the dilation scale is given by

DV(z) =

[
czd2

A(z)
H(z)

]1/3

. (31)

The BAO dataset is evaluated using the chi-square
function presented in [75], which is expressed as

χ2
BAO = XTC−1

BAOX, (32)

where

X =



dA(z⋆)
DV(0.106) − 30.95

dA(z⋆)
DV(0.2) − 17.55
dA(z⋆)

DV(0.35) − 10.11
dA(z⋆)

DV(0.44) − 8.44
dA(z⋆)

DV(0.6) − 6.69
dA(z⋆)

DV(0.73) − 5.45


, (33)
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and C−1
BAO is the inverse of the covariance matrix [75].

D. CC + Pantheon + BAO dataset

The combination of multiple cosmological probes can
help to better constrain the parameters of a cosmological
model and improve our understanding of the Universe.
In this regard, the total joint χ2

joint function is often used
to combine the constraints from different probes. For ex-
ample, to combine the CC, Pantheon, and BAO samples,
the total joint χ2

joint function is expressed as

χ2
joint = χ2

CC + χ2
Pantheon + χ2

BAO. (34)

where χ2
CC, χ2

Pantheon, and χ2
BAO are the χ2 functions for

the CC, Pantheon, and BAO samples, respectively.
The total joint χ2

joint function is used to derive the best-
fit values and confidence intervals for the parameters
of the cosmological model by minimizing the function
with respect to the model parameters. This allows us to
determine the values of the model parameters that pro-
vide the best fit to the observed data, and to estimate the
uncertainties in these values. The resulting constraints
on the parameters can be used to test different cosmo-
logical parameters such as the deceleration parameter
and EoS parameter, and to investigate the properties of

the Universe on large scales. To obtain our results, we
utilized an MCMC analysis with 100 walkers and 1000
steps. Tab. I and Fig. 1 show the best-fit values on the
parameters H0, α, β, and n with 1 − σ and 2 − σ like-
lihood contours. The model parameters for the CC +
Pantheon + BAO joint dataset were found to have best-
fit ranges of H0 = 67.94+0.72

−0.72 km/s/Mpc, α = 1.46+0.11
−0.087,

β = 2.7+1.4
−1.2, and n = 4.1+2.4

−2.2. Notably, the best-fit value
for H0 is in agreement with the measurements reported
by the Planck 2018 experiment, which reported a value
of H0 = 67.4 ± 0.5 km/s/Mpc using the cosmic mi-
crowave background radiation [52]. This agreement be-
tween the two independent measurements of H0 lends
support to the validity of the model used in this anal-
ysis. In addition, we compare our model parameteri-
zation with the ΛCDM model by examining the evolu-
tion of the Hubble parameter H(z) and distance modu-
lus µ(z) with the constraint values of the model param-
eters H0, α, β, and n from the CC + Pantheon + BAO
joint dataset. The results of this analysis are presented in
Figs. 2 and 3, which clearly demonstrate that our model
parameterization fits the observational data remarkably
well. Furthermore, we found that our model is in good
agreement with the evolution of the ΛCDM model, in-
dicating that it can be considered a viable alternative to
the ΛCDM model.

datasets H0 (km/s/Mpc) α β n q0 ztr ω0

Priors (60, 80) (0, 10) (0, 10) (0, 10) − − −
CC 67.86+0.75

−0.77 1.26+0.30
−0.27 2.4+1.9

−1.7 5.7+3.9
−3.7 −0.63+0.08

−0.07 0.48+0.24
−0.24 −1.10+0.09

−0.08
BAO 67.87+0.86

−0.83 1.45+0.16
−0.12 2.9+2.1

−1.9 4.8+3.9
−3.2 −0.63+0.1

−0.1 0.47+0.2
−0.16 −1.11+0.1

−0.1
Pantheon 67.93+0.78

−0.78 1.28+0.33
−0.32 2.5+1.8

−1.6 5.5+4.2
−3.9 −0.63+0.07

−0.06 0.49+0.27
−0.26 −1.12+0.06

−0.05
Joint 67.94+0.72

−0.72 1.46+0.11
−0.087 2.7+1.4

−1.2 4.1+2.4
−2.2 −0.61+0.08

−0.07 0.54+0.19
−0.17 −1.09+0.08

−0.07

TABLE I: Cosmological parameter constraints from MCMC analysis: CC, Pantheon, and BAO datasets.

IV. ANALYSIS RESULTS

The evolution of the cosmological parameters corre-
sponding to the constrained values of the model param-

eters from the CC + Pantheon + BAO joint dataset are
presented below. These parameters include the deceler-
ation parameter, EoS parameter, and density parameter.
The obtained values for these parameters are found to
be in good agreement with the latest observational and
theoretical results.

Figs. 4a and 4b depict the positive nature of both the
DE energy density and the total energy density. More-

over, it is evident that as the Universe evolves, these
energy densities gradually decrease. This is consistent
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FIG. 1: Contour plot of the joint likelihood function for the model parameters H0, α, β, and n using CC, Pantheon,
and BAO data with 1 − σ and 2 − σ confidence levels.

with our understanding of the Universe’s expansion
and the fact that the total matter content of the Universe
becomes diluted as the Universe expands. It can be ob-
served that the DE energy density converges to a dimin-
ishing value in the far future. This is evident from the
behavior of the curve as the redshift (z) approaches -1.
Furthermore, the evolution of the deceleration param-
eter presented in Fig. 4c shows that the Universe has
experienced a transition i.e. at q = 0 from a deceler-
ated period (q > 0) to an accelerated period (q < 0)
in the recent past, which is consistent with the current
standard model of cosmology. This transition is thought
to be driven by DE, which is a mysterious component
that dominates the energy density of the Universe and

causes its accelerated expansion. The behavior of the de-
celeration parameter provides important clues about the
nature of DE, and understanding it is one of the central
goals of modern cosmology. For the model parameters
constrained by the CC + Pantheon + BAO joint dataset,
the transition redshift is estimated to be ztr = 0.54+0.19

−0.17
[76–78], and the present value of the deceleration pa-
rameter is q0 = −0.61+0.08

−0.07 [79, 80].

The EoS parameter is a key factor in describing the
evolution of the Universe dominated by different forms
of energy. The present state of the Universe can be
predicted by three possible phases, namely the cosmo-
logical constant phase (ω = −1), quintessence phase
(−1 < ω < −1/3), or phantom phase (ω < −1). More-
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FIG. 2: Comparison of the model and ΛCDM for the Hubble parameter H(z) as a function of redshift z. The red line
represents the model curve while the black dotted line depicts the ΛCDM model with Ωm0 = 0.315 ± 0.007. The

blue dots with error bars illustrate the 31 CC sample points.
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FIG. 3: Comparison of the model and ΛCDM for the distance modulus µ(z) as a function of redshift z. The red line
represents the model curve while the black dotted line depicts the ΛCDM model with Ωm0 = 0.315 ± 0.007. The

blue dots with error bars illustrate the 1048 Pantheon sample points.

over, we present the scalar field EoS parameter and to-
tal EoS parameter in Figs. 4d and 4e, respectively. It
is clear that the total EoS parameter initiates in a re-
gion dominated by matter and subsequently traverses
the quintessence phase before eventually converging to
a constant value in the ΛCDM region. This progres-
sion suggests a dynamic evolution of the Universe’s
energy content, transitioning from a matter-dominated
era to a quintessence-dominated phase and ultimately
settling into the equilibrium described by the ΛCDM
model. However, the scalar field EoS parameter exhibits
a phantom-like behavior. For the model parameters
constrained by the CC + Pantheon + BAO joint dataset,

the present value of the scalar field EoS parameter is
ω0 = −1.09+0.08

−0.07, which is in agreement with previous
studies [81–83].

The behavior of the Universe in its early and late
stages can be understood from Fig. 4f. Initially, during
the early period, matter dominates the Universe while
the density parameter of the scalar field (or DE) Ωϕ re-
mains small. As the Universe expands, the matter den-
sity parameter Ωm gradually decreases due to the ex-
pansion, while the scalar field density parameter be-
comes increasingly dominant. This eventually results
in the acceleration of the Universe’s expansion, which
is consistent with the observed late-time cosmic acceler-
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FIG. 4: Variation of the cosmological parameters as a function of the redshift z for the model parameters
constrained by the CC + Pantheon + BAO joint dataset.

ation of the Universe in various cosmological surveys.
The scalar field, known as DE, is an enigmatic form

of energy that exists throughout the Universe and is be-
lieved to be responsible for the accelerating expansion
of the Universe. Figs. 4g and 4h illustrate the progres-
sion of the scalar field’s kinetic and potential energy. As
time elapses, the scalar field transitions from a state of
high energy to one of lower energy. This transformation
is evident in the diminishing values of both kinetic and
potential energy, as they shift from high positive values
to lower positive values.

V. STABILITY ANALYSIS

Our current focus is on examining the stability of
the obtained model when subjected to perturbations.
Initially, we investigated the dynamic behavior of the
model. Now, we aim to determine whether small dis-
turbances in the background result in the amplification

or reduction of the perturbations. According to pertur-
bation theory, the classical stability or instability of the
model is determined by the sign of the squared sound
speed (v2

s ). A positive value of v2
s indicates stability, as

perturbations propagate within the background. Con-
versely, a negative value of v2

s signifies instability, as
even small perturbations grow exponentially within the
background.

To determine the value of the squared sound speed
(v2

s ), we can use the following expression [84]:

v2
s =

dp
dρ

. (35)

From Fig. 4i, it is evident that the squared speed of
sound is negative in the early stages of the Universe (i.e.
at z >> 0). This indicates an unstable condition within
the model during this period. However, for the present
and future (i.e. at z = 0 and z < 0), the squared speed
of sound becomes positive, implying stability within the
model. This transition from negative to positive values
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signifies a significant shift in the dynamics of the Uni-
verse, ensuring a stable behavior in the model as time
progresses.

VI. CONCLUSION

In this work, we have explored a cosmological model
parametrized by a generalized variable deceleration pa-
rameter. By analyzing the model with the constraints
from the latest observational datasets, including CC,
Pantheon, and BAO, we have found that the model is
consistent with the data within the 1 − σ and 2 − σ con-
fidence levels. The model parametrization utilized in
this study aligns with the thermodynamic constraints
imposed on the deceleration parameter, as discussed in
the literature [43]. This finding implies that our model
can successfully capture the thermodynamic behavior of
the Universe.

Our results show that both the DE energy density and
the total energy density are positive and decrease with
time, while the deceleration parameter indicates that the
Universe has transitioned from a decelerated period to
an accelerated period in the recent past. The EoS param-
eter of the scalar field exhibits phantom-like behavior
and approaches the cosmological constant at lower red-
shifts. Further, both kinetic and potential energy tran-
sition from a state of high energy to one of lower en-
ergy with time. For the CC + Pantheon + BAO joint
dataset, the present value of the Hubble parameter is
H0 = 67.94+0.72

−0.72 km/s/Mpc, which is consistent with the

latest Planck results [52]. Also, based on the constraints
obtained from the joint dataset, we have found that the
transition redshift is estimated to be ztr = 0.54+0.19

−0.17 [76–
78], indicating a transition from a decelerating phase to
an accelerating phase. Furthermore, the present value
of the deceleration parameter is determined to be q0 =
−0.61+0.08

−0.07 [79, 80], implying that the Universe is cur-
rently experiencing accelerated expansion. These values
are consistent with observational data from various sur-
veys, such as Pantheon [66]. Additionally, the EoS pa-
rameter for the scalar field is ω0 = −1.09+0.08

−0.07 [81–83].
So, the values obtained in our model are consistent with
other studies and observational data, indicating that the
model can accurately describe the thermodynamic be-
havior of the Universe.

Finally, in order to assess the stability of the model,
we conducted a classical stability analysis by examining
the squared sound speed. Our findings indicate that the
model remains stable against small perturbations both
in the present and future, as illustrated in Fig. 4i. This
result is consistent with a previous study conducted by
[85], further reinforcing the stability of our model.
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APPENDIX

DE EoS parameter:

ωϕ (z) =
(2α − 3)(1 + z)n − 3β

3
(

β + (1 + z)n
) (

1 − Ωm0(1 + z)3−2α
(

β(1+z)−n+1
β+1

)− 2α
n

) .

Total EoS parameter:

ω(z) = −1 +
2α(1 + z)n

3
(

β + (1 + z)n
) .

Matter density parameter:

Ωm(z) = Ωm0(1 + z)3−2α

(
β(1 + z)−n + 1

β + 1

)− 2α
n

.
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Kinetic energy:

1
2

.
ϕ

2
=

αH2
0(1 + z)2α+n

(
β(1+z)−n+1

β+1

) 2α
n

β + (1 + z)n − 3
2

H2
0 Ωm0(1 + z)3.

Potential energy:

V(ϕ) = H2
0(1 + z)2α

(
β(1 + z)−n + 1

β + 1

) 2α
n

3 − α

β
(

1
1+z

)n
+ 1

− 3
2

H2
0 Ωm0(1 + z)3.

Squared speed of the sound:

v2
s (z) =

β(n − 3) + (2α − 3)(1 + z)n

3
(

β + (1 + z)n
) .
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