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Abstract. Now exist several alternative cosmological models that describe observable
properties of our universe. In particular, it is such models as F (R) and F (T ) gravity. We
consider properties of their generalization as F (R, T ) model of gravity with kessence. We
obtained some exact solutions of particular cass of scale factor a for general formof the F (R, T )
functions with scalar field. These solutions describe the accelerated/deccelerated periods of the
universe.

1. Introduction
The discovery of the accelerated expansion of the universe requires the modernization of
cosmology. As one of the way for the description, this cosmic acceleration is assumed to appear
due to matter usually called Dark Energy with negative pressure (DE). But this DE has not yet
been discovered. To explain this phenomenon, many theoretical models have been proposed,
such as k-essence [1], [2], f-essence [3], [4], [5], [6], [7], g -essence [8], [9], [10] etc. In addition,
Modified gravitational models are interesting like F (R) gravity, F (G) gravity, F (T ) gravity
etc [11], [12],[13], [14], [15] [16]. For investigation of quantum and general gravity theories is
interesting to investigate generalization of gravity as F (R, T ) gravity with k-essence, where R
is the scalar of curvature and T is scalar torsion.

2. F (R, T ) gravity
The action of modified F (R, T ) gravity has the following form [11]:

S43 =

∫ √
−gd4x[F (R, T ) + Lm], (1)

where

R = ε1g
µνRµν + u, (2)

T = ε2Sρ
µν T ρµν + v.

Here Lm is the matter Lagrangian, that for k-essence we can rewrite as Lm = K = X−V (ϕ),
εi = ±1 is signature, R is the curvature scalar, T is the torsion scalar and X = −1

2g
µν∂µϕ∂νϕ,

where ϕ- scalar field.
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3. f(R, T,X, ϕ) gravity
For action of modified gravity in the most general form we consider here F (R, T ) as
f(R, T,X, ϕ) = F (R, T ) + CXX + C(ϕ) gravity within the framework of FriedmannRobert-
sonWalker (FRW) metric, with line element ds2 = dt2 − a(t)2(dx2 + dy2 + dz2) as

S = 2π2
∫
dt a3

{
f(R, T,X, ϕ)− λ1

[
R− u+ 6

(
ä

a
+
ȧ2

a2

)]
− λ2

[
T − v + 6

(
ȧ2

a2

)]
− λ3

[
X − 1

2
ϕ̇2
]}

.

(3)
Here u, v -some function of a, ȧ.

For this signature we have

R = u− 6
(
Ḣ + 2H2

)
, (4)

T = v − 6H2, (5)

X =
1

2
ϕ̇2. (6)

Hereafter denoted f(R, T,X, ϕ) as F . By varying the action with respect to R , T and X,
one obtains

λ1 = FR, λ2 = FT , λ3 = FX . (7)

Here FR is derivation of F function by R, FT is derivation of F function by Tand FX is derivation
of F function by X. After an integration by parts, the point-like Lagrangian have the following
form

L = a3 [F − (R− u)FR − (T − v)FT ] + 6 aȧ2 [FR − FT ] +

+6a2ȧ
[
ṘFRR + ṪFRT + ẊFRX + ϕ̇FRϕ

]
− a3FX

[
X − 1

2
ϕ̇2
]
. (8)

4. The Noether Symmetries
For this Lagrangian Noether symmetry condition we will write as

XL = 0, (9)

here

X = α
∂

∂a
+ β

∂

∂R
+ γ

∂

∂T
+ δ

∂

∂X
+ ε

∂

∂ϕ
+

+α̇
∂

∂ȧ
+ β̇

∂

∂Ṙ
+ γ̇

∂

∂Ṫ
+ δ̇

∂

∂Ẋ
+ ε̇

∂

∂ϕ̇
. (10)

The functions α, β, γ, δ, ε depend on the variables a,R, T,X, ϕ and then

α̇ = αaȧ+ αRṘ+ αT Ṫ + αXẊ + αϕϕ̇ , (11)

β̇ = βaȧ+ βRṘ+ βT Ṫ + βXẊ + βϕϕ̇ , (12)

γ̇ = γaȧ+ γRṘ+ γT Ṫ + γXẊ + γϕϕ̇ , (13)

δ̇ = δaȧ+ δRṘ+ δT Ṫ + δXẊ + δϕϕ̇ , (14)

ε̇ = εaȧ+ εRṘ+ εT Ṫ + εXẊ + εϕϕ̇. (15)

Using this we can receive:
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0 = 6(α [FR − FT ] + βa [FRR − FTR] + γa [FRT − FTT ] + δa [FRX − FTX ] +

+εa [FRϕ − FTϕ] + αa2a [FR − FT ] + βaa
2FRR + γaa

2FTR + δaa
2FRX + εaa

2FRϕ)ȧ2 +

+Ṙ26αRa
2FRR + Ṫ 26αTa

2FRT + Ẋ26αXa
2FRX + ϕ̇2(εϕa

3FX + 6αϕa
2FRϕ +

+α
3

2
a2FX + β

1

2
a3FXR + γ

1

2
a3FXT + δ

1

2
a3FXX + ε

1

2
a3FXϕ) +

+ȧṘ6a(βaFRRR + γaFRRT + δaFRRX + εaFRRϕ + 2αR [FR − FT ] +

+(αaa+ βRa+ 2α)FRR + γRaFTR + δRaFRX + εRaFRϕ) +

+ȧṪ6a(βaFTRR + γaFTRT + δaFTRX + εaFTRϕ + 2αT [FR − FT ] + (αaa+ 2α+ γTa)FTR +

+βTaFRR + δTaFRX + εTaFRϕ) + ȧẊ6a(2αX [FR − FT ] + aβXFRR +

+aγXFTR + βaFRXR + γaFRXT + δaFRXX + εaFRXϕ + (2α+ αaa+ δXa)FRX +

+εXaFRϕ) + ȧϕ̇6a(2αϕ [FR − FT ] + aβϕFRR + aγϕFTR + εa
a2

6
FX +

+2αFRϕ + βaFRϕR + γaFRϕT + δaFRϕX + εaFRϕϕ + αaaFRϕ +

+δϕaFRX + εϕaFRϕ) + ṘṪ6a2(αRFTR + αTFRR) +

+ṘẊ6a2(αXFRR + αRFRX) + 6Ṫ Ẋa2(αXFTR + αTFRX) +

+Ṙϕ̇a2(6αϕFRR + εRaFX + 6αRFRϕ) + Ṫ ϕ̇(6αϕa
2FTR +

+εTa
3FX + 6αTa

2FRϕ) + Ẋϕ̇(εXa
3FX + 6αXa

2FRϕ + 6αϕa
2FRX) +

+3a2α

[
F − (R− u)FR − (T − v)FT +

1

3
a (uaFR + vaFT )

]
+

+βa3 [−(R− u)FRR − (T − v)FTR] + γa3 [−(R− u)FRT − (T − v)FTT ] +

+δa3 [−(R− u)FRX − (T − v)FTX ] + εa3 [Fϕ − (R− u)FRϕ − (T − v)FTϕ] +

+a3 [uȧFR + vȧFT ] (ȧαa + ṘαR + ṪαT + ẊαX + ϕ̇αϕ)−
− (α3FX + βaFXR + γaFXT + δaFXX + εaFXϕ)Xa2. (16)

From a Noether symmetry we have:

ȧ2 : (α+ 2aαa) [FR − FT ] + a [βaFRR + γaFTR]a −
−βaFTR − γaFTT = 0, (17)

Ṙ2 : 6αRa
2FRR = 0, (18)

Ṫ 2 : 6αTa
2FRT = 0, (19)

Ẋ2 : 6αXa
2FRX = 0, (20)

ϕ̇2 : εϕa+ α
3

2
= 0, (21)

ȧṘ : 2αFRR + (βaFRR + γaFRT )R + αaaFRR = 0, (22)

ȧṪ : 2αFRT + (βaFRR + γaFRT )T + αaaFRT = 0, (23)

ȧẊ : (βaFRR + γaFRT )X = 0, (24)

ȧϕ̇ : 2αϕ [FR − FT ] + (aβFRR + aγFTR)ϕ + εa
a2

6
FX = 0, (25)

ṘṪ : αRa
2FTR + αTa

2FRR = 0, (26)

ṘẊ : αXa
2FRR + αRa

2FRX = 0, (27)

Ṫ Ẋ : αXa
2FTR + αTa

2FRX = 0, (28)
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Ṙϕ̇ : 6αϕa
2FRR + εRa

3FX = 0, (29)

Ṫ ϕ̇ : 6αϕa
2FTR + εTa

3FX = 0, (30)

Ẋϕ̇ : εXa
3FX = 0, (31)

3α

[
F − (R− u)FR − (T − v)FT +

1

3
a (uaFR + vaFT )

]
+

+βa [−(R− u)FRR − (T − v)FTR] + γa [−(R− u)FRT − (T − v)FTT ] +

+ȧαaa [uȧFR + vȧFT ] + ϕ̇αϕa [uȧFR + vȧFT ] +

+ṘαRa [uȧFR + vȧFT ] + ṪαTa [uȧFR + vȧFT ] +

+ẊαXa [uȧFR + vȧFT ] + εa [Fϕ]− (α3FX)X = 0. (32)

5. The Noether Symmetries Solution
First variant for solution we have find for FRR = FRT = FRX = 0, and solution of this is a linear
equation F = s1(ϕ)R+ s2(ϕ)T + s3(ϕ)X + s4(ϕ).

Second variant for solution we have find for αR = αT = αX = 0. In general the solution here
will have this form:

f(R, T,X, ϕ) = F ′ (C1(ϕ)R+ C2(ϕ)T ) + CXX + C(ϕ). (33)

Than we can rewrite solution for action in most simple form as

S =

∫ √
−gd4x[αRs + βTs + αu+ βv + Lm] =

∫ √
−gd4x[αRs + Lm], (34)

where Lm = αu+ βv + Lm.
Here Lm : ρ, p rewritten as Lm : ρ, p.
Then the action we rewrite as

S =

∫ √
−gd4x[αR+ βT + Lm]. (35)

For Friedman - Robertson - Walker (FRW) metric we can write density ρ and pressure p as

ρ = 3H2, (36)

−p = 2Ḣ + 3H2,

The solution we look far as a = a0t
n, where n is constant. Than, since we solve the system for

k-essences, we has

p = = K =
(2− 3n)n

t2
, (37)

ρ = = 2XKX −K =
3n2

t2
.

Solving these equations we obtain

K =
(3n− 2)n

C1
2X

3n−1
2−3n

, (38)

X = = C1

2(2−3n)
1−3n t

2(2−3n)
3n−1 .
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6. Conclusions
We considered the generalization of F [R, T ] gravity with k-essence and found the exact analytical
solution for this model.
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