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Abstract. An eight-vertex model on a square lattice over a Grassmann algebra is investigated
using an equation that is a three-dimensional generalization of the Yang-Baxter equation.
Anticommuting quantum spin systems are studied, where the quasiclassical limit leads to some
abstract classical physics with anticommuting variables. The solution of the quantum Yang-
Baxter equation is the R - matrix, which corresponds to the transfer R - matrix of the eight-
vertex model of statistical mechanics.

1. Introduction

This article is devoted to the consideration of the eight-vertex model on a square lattice over
a Grassmann algebra using the tetrahedron equation, or the Zamolodchikov equation, which is
a three-dimensional generalization of the well-known Yang-Baxter equation. We will conduct a
small historical review. A.B. Zamolodchikov investigated the permutation of transition matrices
for a statistical model on a cubic lattice with spin variables on the faces and with Boltzmann
weights equal to the elements of its S - matrix. Bazhanov proved that the elements of the
Zamolodchikov S - matrices really satisfy the equation of the tetrahedron. A little later in
[1], Bazhanov and Stroganov studied several versions of the tetrahedron equation for statistical
models with different types of interaction. Both scientists also proposed a generalization of
the tetrahedron equation for models in a space of higher dimension, calling them n - simplex
equations. After 10 years later, in 1984, a solution was found to the equation of a tetrahedron
with Grassmann variables on the edges of a cubic lattice [2, 3]. 3 - the simplex equation of a
tetrahedron has the form

Ri23R145Ro46 R356 = R3s56R246 R145R123, (1)
and in index form
Lilals  kilals ) kokals, kskske _ .I3lsle | .lalake ,l1kaks, Kkikaks (2)
kikoks® jikaks' jajake’ j3jsJe kskske' kokaje' k1jajs’ ji1j2Js

recently has become intensely considered by leading scientists [3]. This equation first arose in
the study of solvable vertex models in statistical mechanics [4] and was subsequently recognized
as a key equation. The constant form (1) is also important for quantum groups [5], knot theory
[6], and so on. For quantum systems with fermion fields, the quasiclassical limit naturally leads
to some abstract classical physics with anticommuting variables. It is precisely to study such
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unusual classical systems that an algebra is needed that operates on functions anticommuting
variables. It is important to emphasize that in normal classical physics problems of this type
do not arise naturally; they appear, as explained above, only as quasiclassical limit for quantum
problems with fermion fields. But this already justifies their study, since the study the quasi-
classical approximation for various quantum systems is a very important task for theoretical
physicists [7].

The importance of a thorough study of the solutions of the Yang-Baxter equation is associated
with its key role in accurately solvable models of statistical mechanics [4] and [8] and field theory
in small dimensions [9], conformal field theory [10] and in quantum integrable systems [11]. From
the group-theoretic point of view, while the classical Yang-Baxter equation is closely related to
the theory of classical (semisimple) groups, the quantum Yang-Baxter equation is the basis of the
modern theory of quantum groups [12, 13, 14, 15]. There are different types of quantum Yang-
Baxter equation: constant, one-parameter and two-parameter forms [16]. The necessary constant
(and permutation) solutions of the Yang-Baxter equation [17] are applied in quantization of
integrable nonlinear evolution equations, the theory of quantum groups [18, 19, 20, 21], and the
theory of knots [22, 23]. The solution of the quantum Yang-Baxter equation is the R - matrix
[24, 25] (the corresponding transfer matrix in lattice statistical models [4]) [26].

2. The tetrahedron equation for an eight-vertex model over a Grassmann algebra
We compare the operator R - a numerical matrix with n pairs of indices

R(eilv @ ®ein) le o (6]17 Q- ®ejn)7 (3)

11°+0n

where summation is performed over repeated indices.

Consider the 3-simplex tetrahedron equation for an eight-vertex model on a tensor product
V®In(n + 1)/2], where the linear operators R act trivially, for example Rya3(e;, ® €;, ® €;,) =
ri%(e;, ® e;, ® €;,). In the general case, with K, € {1,..., N},

1122

n(n+1)
N="000 ()
where n = 3 and the value of N forms 6 Grassmann generators; R operators are
i1 IRy Iy
(Ricrren )ty =it 11 o1k, (5)
k=1k=Kq Vo
where TJKIMZJ;:” element R - matrices [26].
Ky

Consider the R - matrix over the even part of a Grassmann algebra with 6 generators, we
write its decomposition into numerical and nilponent parts
R = RO + RU¢ 6565 + RUDE 645 + REO6608 + RO 6566 + ROkt +
+ROPIg 665 + RUP¢ 6966 + RV €564 + RIBDE 6365 + RUB g €366 + RO 6466 +
+RIOE 6566 + RPV&ts + RPD668 + RPV666 + RV étass + REV ks +
+RDIE¢,65 + RO9E L8 + RUOE 66 + RUPE 6684858, (6)

the components of the Yang-Baxter equation are presented in the same form

&%:mg+m£&&&+a%&@&+&%@a&+&%&&&+&%&@@+

+R§12§5)£1£2£5 + R123 515256 + R123 515354 + R123 515355 + R123 515356 + R123 515456 +
+ RV 16586 + Risy eababa + Rigy 6abals + Ry ot + Riny) €abals + Riny Eabsto +

1%?;5)535455 + +R12§6)€3§4€6 + R123 Jea€ate + R123 Je4&ste + R112?33456)£1£2£354§5£67 (7)
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Riss = RU) + R§4§3>§152§3 + Rﬁi‘é5)51§4£5 + Rﬁi‘éﬁ)mfﬁ + Rii?’fgfssﬁ + R%‘”&m +
+RUD) e 6565 + R145 Ve85 + Rm 61638y + R145 J&16385 + R145 V& 6386 + Rm O ¢1tags +
+RUZ e 6566 + RV eags8s + REP 6otas + RS 66386 + RUE) eatats + RV 60ts66 +

+RED eseses + Ry 60 + R g 066 + RUPD g 6065648566, (8)

Ross = RS + Rzi%?’ G168 + 3246 V618465 + R246 J&r648s + 11%246 Jeatss + 3246 V61608 +
+R211265 £1&285 + 3246 515256 + R246 515354 + R246 515355 + R246 515356 + R246 515456 +
156

FRU€16586 + R €absba + RG €absts + RU €a€aks + RSy €a€abs + RSy €absbo +
+RSE €5648s + RSy Eakas + Rogg Casbe + Rbye - &16265€458s, (9)

Riso = Ry + R315263 §1&28s + R356 1645 + R356 &26ats + R356 38566 + R356 616080+

+R356 616085 + R356 J€16086 + R356 616360 + R356 16565 + R356 e16566 + R356 &g +

R 616586 + Ry 26364 + Rizg 626365 + Rizy st + Rizg €aats + Ring €a65€o +
+REE €568 + Rz Eakas + Rige asbe + Rige &1665€4586. (10)

We substitute (7), (8), (9), (10) expressions in (5) and obtain the system of equations for the com-
ponents 124,125,126, 134, 135, 136, 145, 146, 156, 456, 356, 346, 345, 256, 246, 245, 236, 235, 234,
123456. The final solutions of all equations due to their bulkiness are not given. We give their
explicit form for numerical and nilponent components

0 0 0 0 0 0 0
R§2§R§4)5R§4)6R:(55)6 = Ré5)6Rg4)6R§4)5R§2£7 (11)

123 0) 1(0) 15(123) (0 0) 1(123) 5(0) 1(0 123) 5(0) 1(0) (0
R§2)3R§4)5R§4)6RZ(356 )y R§2)3R§4)5R§46 )RZ(’)5)6 + R§2)3R§45 )Rg4)6Rg5)6 + R§23 )R§4)5Rg4)6Ri(35)6 =
123 0 0) 15(123) 1(0 123 123
= R:(a56 )R;4)6R§4)5R§2)3 + R:(s5)6Ré46 )R§4)5R§2)3 + RZ(’>5)6R;4)6R§45 )Rgz?‘s + R§5)6R§4)65R§4)5R§23 {12)

3. Classification of solutions of the tetrahedron equation with eight vertices
The eight-vertex solution of the Yang-Baxter equation is the R matrix in the form

p - - f
' 1, (13)

where a,b,c,d,p, f,g,q are elements of the Grassmann algebra. From (5) follows the explicit
form of matrices

Ryg3 = JRus=1| T (14)
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p : - f p - f
c d . c d
a b a b
Raose = ;{» Z ‘ s Rgs6 = . ;Zc Z (15)
. c d c d -
a b a b
g . . . . . . q g . . . . . . q

Substitute Ri23, Ri45, Ro46, R356 in (2) and get the following system of equations

cda =0, bda=0, qgf =0, pgf =0, (

da(d—a) =0, gf(9—f)=0, (

pd(d—p)+cbd =0, qd(d—q)+ cbd =0, pa(a—p)+ cba =0, (
qa(a —q) +cba=0, bg(g—"b)+qpg=0, bf(f—0b)+qgpf=0, (19

cg(g—c)+qpg =0, cf(f—c)+qpf=0, gq(qg—g)+ fgq=0, (

gp(p—9)+ fagp=0, fplp—f)+g9fr=0, fala—f)+gfqg=0. (

3.1. Classification by numerical part of the solution
1. ag,dp #0, bo,co=0 ao=4dy, {po,q0,90,fo} ={0,a0}. Then for the numerical part we
get the 6 - vertex solution.

{0,a0} {0,a0}

R =

do (22)

aop

{0,'a0} {0,'a0}

2. ap =0, do #0 — {po,q,90, fo}. Then for the numerical part we get the 7 - vertex

solution.
do o /dd . . _ Pogo
2 + 1 + boCO b(] bo
d d3
by — B2 o FEN P +boco

d? .
where {po, qo} = 9 £ \/ 2 + boco, do =0, ag #0 — {po, o, go, fo}, then vice versa.
3. ag = do = 0,{po, 90, 90, fo} - any items. Then for the numerical part we get the 6 - vertex
solution.

R— (23)

po - - fo
' ' (24)

g - - Qo
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4. Solving a tetrahedron equation over a Grassmann algebra with 6 generators
Consider the specific type of solutions of the eight-vertex model. We decompose each element
of the R - matrix (13) into 6 Grassmann generators in the form

c = co + 123616283 + 145618485 + 246828486 + 356638586 + 124618284 +
+c125618285 + 126616286 + 134618384 + 135818385 + 136616386 + 145618485 +
+c146€18486 + 156618586 + €234§28384 + 235828385 + 236628386 + C245§28485 +

256828586 + €345§38485 + 346838486 + C456§4€586 T 123456818283848586 (25)

P = po + p123§1£283 + 14561845 + P246628486 + P356£38586 + P124€1&284 +
+p125818285 + P126§18286 + P134€18384 + P135818385 + 136618386 + P145818485 +
+p1468§18486 + 156518586 + P234§28384 + 235828385 + P236628386 + P245828485 +

+p256§28586 + 345838485 + 346838486 + Pa56§48586 + P123456618283848586, (26)

b= by + 0123618283 + 0145818485 + b246828486 + b356€3E586 + b124816284 +
+b125618285 + 0126615286 + 0134818384 + b135818385 + 0136618386 + b1458§18485 +
+b146§18486 + 0156618586 + 0234628384 + b235828385 + 0236628386 + b245628485 +

+b256828586 + 0345638485 + 346638486 + ba56§4€586 + b123456618283848586, (27)

q = qo + 123818283 + q145818485 + q246828486 + 4356838586 + q124818284 +
+q125618285 + q126818286 + q134618384 + q135818385 + q136618386 + q145818485 +
+q146§18486 + q156618586 + q2348§28384 + 4235828385 + 236828386 + 9245828485 +

+q256828586 + 4345838485 + q346§38486 + qu56848586 1+ 1234568182838485865 (28)

a = ap + 123618283 + a145818485 + a246628486 + a356§38586 + a124€165284 +
+a125618285 + a126818286 + 134818384 + 135818385 + a136€18386 + a145818485 +
+a146§18486 + a156818586 + 0234628384 + 235628385 + 236828386 + a245828485 +

+a256§28586 + a345838485 + a346838486 + 456648586 + a123456816263848586, (29)

g = go + 9123618283 + 9145818485 + 9246828486 + 9356838586 + 9124818284 +
+9125818285 + 9126618286 + 9134818384 + 9135818385 + 9136618386 + 9145818485 +
+9146818486 + 9156818586 1 9234828384 + 9235828385 + 9236828386 + 9245828485 +

+9256628586 + 9345838485 + 934683846 + 9456€4€5E6 + g1234566162€38485865 (30)

d = do + d1238§18283 + d145§18485 + doa6€28486 + d356€38586 + c124618284 +
+d12561£285 + d126§18286 + d134€18384 + d135616385 + d13661£386 + d145§18485 +
+d146§18486 + d156818586 + d234628384 + d235628385 + d236§28386 + doa5828485 +

+da56828586 + 345638485 + d346€38a86 + dus68a8586 + d12345661828384€5865 (31)

J = Jo+ c123618283 + f145618485 + f246828486 + [356838586 + f124818284 +
+ 125618285 + f126618286 + f134618384 + 135618385 + f136§18386 + f145618485 +
+f146€1€486 + 156618586 + f23482838a + f235628385 + f236§28386 + f245828485 +
+f256828586 + f345€38485 + 346638486 + fa56€48586 + f123456618283848586- (32)
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4.1. Case I. dy = 0. From the system of equations (16)-(21) it follows that

Podizs =0, pidias =0, phdaas =0, pidsss =0, pgdiza =0, pgdizs =0,
Pidizs =0, pidiza =0, pidiss =0, pidiss =0, pydiss =0, pjdise =0,
Podoss =0, pidass =0, pidaze =0, pidass =0, pidase =0, pidsss =0,
Pidsas = 0, pidass =0, phdizsase = 0. (33)

@23 =0, @Gqias =0, qGa2a6 =0, q3q356 =0, qGqu2a =0, giquas =0,

Gaize =0, qgasa =0, qiqiss =0, ¢4qs6 =0, ajqras =0, ¢oqis6 =0,

G231 =0, qGaess =0, ¢gqase =0, q5qeas =0, qigess =0, ¢ggsas =0,
a@a316 =0, q3q156 =0, qiq123456 = 0. (34)

ajaizs =0, ajaiss =0, adasss =0, ajasss =0, ajaiza =0, adaizs =0,

agaras =0, ajaiza =0, ajaizs =0, ajaize =0, agaiss =0, agaise =0,

agazss =0, ajazss =0, ajasse =0, ajasss =0, agjasse =0, ajazss =0,
CL(Q)G,346 = 0, aga456 = 0, a%a123456 = 0. (35)

4.2. Case II. From the case I p2 =0, ¢Z =0, a?=0, meanspy=0, ¢o=0,
ap = 0, then the system of equations (16)-(21) takes the form

9e@23 — fogomizs =0, g3qras — fogoqras = 0, g3q246 — fogoqzas = 0,
96356 — fo90a356 = 0, g5qi2a — fogoqiza =0, ggaqi25 — fogoqizs = 0,
9o@126 — fogoqize =0, giqi3a — fogoqza =0, giqiss — fogoqiss = 0,
936 — fogoqiss = 0, g3qras — fogoqias = 0, g3qise — fogoqise = 0,
93a234 — fogoazsa =0, g3a235 — fogoqess =0, g5q236 — fogogqase = 0,
98a215 — fogogzas = 0, g3aese — fogodess = 0, 93345 — fogogqsas = 0,
964316 — fogoqsas =0, godquse — fogoqass =0, gpqi23456 — fogoqisase = O. (36)
gop123 — fogopizs = 0, g3pias — fogopias =0, gip2as — fogopass = 0,
9op356 — fogopsse = 0, ggpi2a — fogopiza =0, ggpi2s — fogopizs = 0,
g4p126 — fogopize = 0, gip1sa — fogopisa =0, gopiss — fogopiss =0,
94p136 — fogopiss = 0, ggpias — fogopias =0, gopiss — fogopise = 0,
94p23s — fogopasa =0, gipass — fogopass =0, ghpase — fogopass = 0,
94p215 — fogop2as = 0, g3pase — fogopase =0, gopsas — fogopsas = 0,
94p316 — fogopsas =0, ggpase — fogopass = 0, ggp123ase — fogopi2sase = 0. (37)
feazs — gofoarzs =0, fGquas — gofoqias =0,  f§aaa6 — gofodqaas = 0,
f8ass6 — g0 foasse = 0, fiqiza — gofoqioa =0, fiaqias — gofoqias = 0,
feazs — gofoarzs =0, fGqiza — gofoqiza =0, fiaiss — gofoqrss =0,
feass — gofoarss =0, fiqias — gofoqras = 0, fiaqis6 — gofoqise =0,
fiaa3s — gofoarss =0, fGazss — gofoqzss =0, f3aass — gofodass =0,
f3a2as — gofoaeas =0, fGaes6 — gofoqese =0,  f3asas — gofoasas =0,
feasas — gofoasas =0, fGause — gofoquse = 0, f3qi23456 — gofoqi2sase = 0. (38)
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fp12s — gofopras =0, f3pias — gofopias =0, fip2as — gofopaas = 0,
f8p356 — gofopsss = 0, fipi2a — gofopiza =0, fipi2s — gofopizs = 0,
f3p126 — gofopras =0, fipisa — gofopisa =0, fipiss — gofopiss = 0,
f8piss — gofopize =0, fip1a6 — goforias =0, f§pise — gofopise = 0,
f3p2sa — gofopass =0, fipass — gofovass =0, f3p2ss — gofopass =0,
f3p215 — gofopaas =0, f3pase — goforese = 0,  f§psas — gofopsas = 0,
f3psa6 — gofopsas =0, f3pass — gofopass =0, fip123ase — gofopi2sase = 0, (39)

it follows that gy = fo.
4.3. Case III. From the case of I it is clear b2 = 0, cg =0, then by =0, cg =0

fo(q1239456 + Q4569123 + q1249356 + 43569124 + q1259346 + q3469125 + Q1269345 + (3459126 +
+q1349256 + 92569134 + Q1359246 + 42469135 + q1369245 + q2459136 + Q1459236 + G2369145 +
+q1469235 + 42359146 + q1569234 + 2349156 + 12345690 + Q09123456) —
—90(f1250346 + f346q125 + f1244356 + 3569124 + f125G346 + f316G125 + f126G345 + f345G126 +
+ /1349256 + f256q134 + f1359246 + f246q135 + f1369245 + f245q136 — f145G236 + f236G145 +
+f1464235 + f235q146 + f1569234 + f1569234 + f12345690 + foqi23456) = 0, (40)
Jo(P1239456 + 4569123 + P1249356 + P3569124 + P1259346 + P3469125 + P1269345 + P3459126 +
+P1349256 1 P2569134 + P1359246 + P2469135 1 D1369245 + P2457136 1 P1459236 + P2369145 +
+p1469235 + P2359146 + P1569234 + P2319156 + P12345690 + P0g123456) —
—90(f125D346 + f3a6P125 + f124D356 + f356P124 + f125P346 + [346P125 + f126P345 + f345D126 +
+f134p256 + f256P134 + f135P246 + f246P135 + [136P245 + f245P136 — f145D236 + f236P145 +
+f146p235 + f235P146 + f156P234 + f156P234 + f123456P0 + fopi23ase) = 0, (41)
it follows that
_ 1
JaP + JkPn — Pul — Prln
1

go=—"—""—=>>__ (43)
ngk + Q9n — falk — frdn)

Jfo (42)

Substituting (42) and (43) in the remaining equations and as a result we get a series of expressions

1

fo=g0=—""—"""—= ~, (44)

andk + argn — fnak - fkan
1

fo=g0==—">—"—""""—, (45)
fnak + fran — angr — argn

fo = 90 = buGk — b, (46)

fo =90 =bnfr — fnbr, (47)

fo =90 = ¢nGr — gnCk, (48)

fo = 90 = bngr — biCn. (49)

From the cases of I,II,1II it is clear that a9 = by = ¢cg = dy = pyp = qo = 0, then the
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£.G,3,D,d,b,¢,d - even nilponent elements, n = 123,124, 125, 126, 134, 135, 136, 145, 146, 156,
123456; k = 456,356, 346, 345, 256, 246, 245, 236, 235, 234, 123456. The solution will be 170 -
pa‘rametric fO =Y,90 = wW,an = hlabn = mi,Cp = Zladn = S81,Pn = Y1,4n = wlvfn = >\1;gn =
M, ax = ha, by = ma,cp = 22,d. = $2,pk = Y2,qk = W2, fx = A2, g = 12 and R - matrix can be
represented as

_ - 20 sC
R he mC

t+¢ 0o - -t y o A

. . Z S .
Hoon o S (50)
w( r - - 0 n - - w

o O
o O

r+(

where ¢ = £16983 + £1€4&5 + 26486 + 38586 + £1£2638465E6. This solution is an 8 - vertex model
with two reversible elements.

5. Conclusion

This article considered a three-dimensional generalization of the solution of the Yang-Baxter
equation for the eight-vertex model, used to describe the two-parameter quantum plane [27] and
a special kind of quantum gates [28, 29]. As a result, a series of solutions of the tetrahedron
equation is given as a sufficient condition for the permutation of the transition matrices of the
eight-vertex model on a simple square lattice. Special cases of the solution are considered, when
the R - matrix over the ordinary number field can have at the same time no more than 7 nonzero
elements [17, 30], in our case over the Grassmann algebra all 8 elements can be non-zero. A
new kind of solution appears, which is absent in the standard case [17, 30] - the full 8 - vertex
solution.
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