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We reconstruct the effecti v e equation of state (EoS) within the frame wor k of the gen- 
eral theory of relativity in a homogeneous and isotropic Friedmann–Lemaître–Robertson–
Walker uni v erse, which is assumed to be composed of matter and dark energy (DE). Our 
analysis employs a dataset consisting of 31 cosmic chronometer da ta points, six da ta points 
of baryon acoustic oscillations, and 1048 type Ia supernovae from the Pantheon sample, 
and we determine the best-fitting values of the model parameters through Markov chain 

Monte Carlo simulation. We then use these parameter values to calculate various cosmolog- 
ical parameters, such as the DE EoS parameter, the energy density, the deceleration param- 
eter, the state-finder parameters, and the Om ( z ) diagnostic. All the analyzed cosmological 
parameters show behavior consistent with the accelerated uni v erse scenario. 
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1. Introduction 

Observa tional da ta suggest tha t the uni v erse has undergone two distinct periods of cosmic ac-
celeration. The first is called inflation, and it started shortly after the Big Bang. The second,
known as a protracted cosmic accelera tion, began approxima tely six billion years after the Big
Bang and continues to this day. Observations of type Ia supernovae (SN) in the late 20th cen-
tury re v ealed that the e xpansion of the present uni v erse is acceler ating [ 1 , 2 ], which contr adicts
the general theory of relativity. Additional data from observations of the baryon acoustic os-
cillations (BAO) [ 3 , 4 ], the cosmic micr owave backgr ound (CMB) [ 5 , 6 ], the large-scale struc-
ture (LSS) [ 7 , 8 ], the recent Planck Collaboration work [ 9 ], and other sources have since con-
firmed this late-time cosmic acceler ation. Per lmutter et al. were awarded the 2011 Nobel Prize
in Physics for their contributions to this discovery [ 1 , 2 ]. While the cause of cosmic acceleration
is still unknown, most cosmologists belie v e that it is due to ‘dark energy’ (DE), which accounts
for a pproximatel y 70% of the uni v erse’s current energy budget and is characterized by negati v e
pr essur e. Measur ements of the large-scale clustering [ 10 , 11 ], cosmic age [ 12 ], weak lensing [ 13 ],
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and gamma-ray bursts [ 14 , 15 ] have further constrained the nature of DE. The DE equation of 
state (EoS) parameter ω, which r epr esents the ratio of pr essur e p to energy density ρ, must be
less than −1 / 3 for late-time acceleration to occur. 

In light of recent observ ational evidence, v arious models of DE have been proposed, with
the simplest being the �CDM ( � cold dark matter) model. In this model, the DE is r epr e-
sented by the cosmological constant �, whose energy density remains constant over time and
which has an EoS parameter of ω � = −1, i.e., p � = −ρ�. Howe v er, this model suffers from
the fine-tuning problem and the cosmological coincidence problem [ 16 , 17 ]. To overcome these
problems, it is necessary to consider alternati v e theories that provide an explanation for the
origin and properties of DE. These theoretical issues have motivated cosmologists to explore
other unidentified components that could be responsible for the uni v erse’s la te-time accelera ted
expansion. Scalar field models have gained considerable popularity as potential candidates for 
DE due to their simple and dynamic nature. In order to explain the universe’s accelerated ex-
pansion in recent times, various dynamical DE models have been studied over the past decade.
These include quintessence models where DE is linked to a time-dependent canonical scalar
field, k-essence , phantom models , quintom models , tachyon models , Cha pl ygin gas models,
and others [ 18–27 ]. Modified gravity theories offer an alternati v e e xplanation for the accel-
erated expansion of the universe and have gained popularity in recent years. Rather than in-
voking a physical DE component, these theories modify the Einstein–Hilbert action of gravity
by introducing functions of specific combinations of curvature invariants, such as the Rie-
mann tensor, the Ricci tensor, and the Weyl tensor. Examples of such modifications include
f( R ) gravity (where R denotes the curvature scalar) [ 28 , 29 ], f( T ) gravity (where T denotes the
torsion scalar) [ 30 , 31 ], f( Q ) gravity (where Q denotes the non-metricity scalar) [ 32–38 ], and
others. 

Despite e xtensi v e r esear ch, the cause and natur e of DE r emain lar gely unkno wn. A pop-
ular method for modeling late-time cosmic acceleration is known as ‘reconstruction’, which 

involves building a model based on direct observational data. This approach is essentially the
re v erse of the traditional method for finding a suitable cosmological model [ 39 ]. The idea of 
using the scalar field potential for reconstruction was introduced by Ellis and Madsen [ 40 ].
Two types of reconstruction exist, parametric and non-parametric. Parametric reconstruction 

(or the DE parametrization method) involves estimating model parameters from observational 
data, with the goal of assuming a particular evolution scenario and identifying the matter sec-
tor or exotic component responsible for the acceleration. Examples of studies using parametric
reconstruction include those by Starobinsky [ 41 ], Huterer and Turner [ 42 , 43 ], and Saini et al.
[ 44 ]. Mor e r ecent studies hav e e xplor ed differ ent parametrizations of the DE EoS. The most
commonly used parametrization is the Chevallier–Polarski–Linder (CPL) parametrization, i.e., 
ω = ω 0 + ω 1 

z 
1+ z , which is based on a simple Taylor expansion of the EoS in terms of the scale

factor [ 45 , 46 ]. Other popular parametrizations include the Jassal–Bagla–Padmanabhan (JBP)
parametrization, i.e., ω = ω 0 + ω 1 

z 
(1+ z ) 2 , which allows for a transition from a DE-dominated

uni v erse to a ma tter-domina ted uni v erse [ 47 ], and the Ma–Zhang (MZ) parametrization, which
is based on a logarithmic and oscillating form of the EoS, i.e., ω = ω 0 + ω 1 ( 

ln (2+ z ) 
1+ z − ln 2) and

ω = ω 0 + ω 1 ( 
sin (1+ z ) 

1+ z − sin (2)) , respecti v el y [ 48 ]. Recentl y, Mukherjee [ 39 ] has presented a para-
metric form of the EoS and performed a reconstruction analysis to constrain the model param-
eters using cosmological observational data. The aim is to reconstruct the effecti v e EoS and
investigate its behavior over cosmic time. The study finds that a time-dependent EoS is favored
2/23 
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b y the observ a tional da ta, indica ting tha t the DE component is not a cosmological constant
but rather a dynamical scalar field. The paper by Mamon [ 49 ] presents a reconstruction of the
inter action r ate in the hologr aphic DE model, where the Hubble horizon is considered as the
infrared cut-off. The author uses observational data from the Hubble parameter measurements
and the BAO data to constrain the model parameters and reconstruct the interaction rate. The
results suggest that the interaction rate is non-zero, and the holo gra phic DE model with a non-
zero inter action r a te is consistent with the observa tional da ta. These parametriza tions have
been e xtensi v ely tested using v arious observ a tional da tasets, and have been shown to provide
a good fit to the data. Howe v er, it is important to keep in mind that these parametrizations
are not based on any specific theoretical frame wor k, and may not capture the true behavior
of DE. In contr ast, non-par ametric reconstruction is a statistical analysis method for obser-
va tional da ta tha t does not rely on any prior assumptions about the parametric form of any
cosmological parameter. This approach involves a rigorous examination of the data to extract
information without imposing any preconcei v ed models or assumptions. The primary goal of 
non-parametric reconstruction is to directly identify the nature of the uni v erse’s history from
observa tional da ta, as demonstra ted in studies by Holsclaw et al. [ 50 , 51 ], Crittenden et al. [ 52 ],
and Nair et al. [ 53 ]. 

In this study, a method for reconstructing the effecti v e (or total) EoS using parametric tech-
niques has been proposed. The chosen functional form of the effecti v e EoS parameter is de-
signed to appr oach zer o at high redshifts, indicating a matter-dominated uni v erse. The value of 
the effecti v e EoS parameter at present depends on the model parameters, i.e., α and β, which
have been constrained using observa tional da ta. To obtain the posterior probability distribu-
tion of the model parameters, we have employed the χ2 minimization technique, equivalent to
maxim um-likelihood anal ysis, and the Markov chain Monte Carlo (MCMC) approach. Sev-
eral observa tional da tasets, including 31 cosmic chronometer (CC) data points, six BAO points,
and 1048 SN from the Pantheon sample, were used to obtain the constraints on the model pa-
rameters. 

The organization of the paper is as follows: Sect. 2 presents the ma thema tical formula tion
of the effecti v e EoS reconstruction. The best-fitting values of the model parameters are de-
termined in Sect. 3 using the CC, BAO, and CC + BAO + SN datasets. The statistical analysis
results and the behavior of the cosmological parameters for the model parameters constrained
b y observ a tional da tasets are examined in Sect. 4 . In Sect. 5 , in addition to the deceleration
parameter, state-finder and Om ( z ) diagnostics are applied to dif ferentia te the present ω eff cos-
mological model from other DE models. Finally, the findings are discussed and concluded in
Sect. 6 . 

2. Reconstruction of the cosmological model 
The Friedmann equations, based on the FLRW (Friedmann–Lemaître–Robertson–Walker) 
metric, provides the basic ma thema tical frame wor k for modern cosmology. In the case of a
spa tially fla t uni v erse, the FLRW metric takes the form: 

d s 2 = −d t 2 + a 

2 (t) 
[ 

d r 2 + r 2 
(

d θ2 + sin 

2 
θd ψ 

2 
)] 

, (1) 

where a ( t ) is the scale factor, which describes the evolution of the distances between any two
points in the uni v erse ov er time, and r , θ , and ψ denote the co-moving radial and angular coor-
dinates, respecti v ely. The Hubb le parameter H is defined as H = 

˙ a 
a , where an ov er-dot denotes
3/23 
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a deri vati v e with respect to cosmic time t . The Ricci scalar for the FLRW metric shown above
can be calculated using the formula R = −6( ˙ H + 2 H 

2 ) . 
The energy–momentum tensor for a perfect fluid is gi v en by 

T μν = (ρ + p) u μu ν + pg μν, (2) 

where ρ is the total energy density, p is the pr essur e, u μ is the 4-velocity of the fluid, and g μν is
the metric tensor. 

Incorporating the FLRW metric into Einstein’s field equations yields the Friedmann equa- 
tions, which describe the evolution of the universe over time. For a spatially flat uni v erse, the
Friedmann equations with a perfect fluid take the form: 

3 H 

2 = 8 πGρ, (3) 

2 

˙ H + 3 H 

2 = −8 πGp, (4) 

where G is the gravitational constant. Throughout this discussion, it will be assumed that nat-
ural units are used, where the gravitational constant times 8 π , G , is set to unity (8 πG = 1). The
first equation, known as the energy density equa tion, rela tes the energy density of matter and
radiation to the expansion rate of the uni v erse. The second equation, known as the acceleration
equa tion, rela tes the accelera tion of the expansion ra te to the pr essur e of ma tter and radia tion.

To describe the properties of DE, a new component of the universe responsible for the ob-
served acceleration, the concept of an effecti v e equation of state (EoS) parameter ω eff is in-
troduced. This parameter is defined as the relationship between pressure and energy density,
i.e., 

ω eff = 

p 

ρ
. (5) 

It should be noted that the energy density ρ and pr essur e p , defined in the Friedmann equa-
tions, account for the density and pr essur e of all types of matter present in the uni v erse, such
as matter ( ρm 

and p m 

= 0) and DE ( ρDE 

and p DE 

). 
From Eqs. ( 3 ) and ( 4 ), the effecti v e EoS parameter can be expressed using the Hubble param-

eter H as 

ω eff = −1 − 2 

3 

( ˙ H 

H 

2 

)
. (6) 

To make it easier to compare the theor etical r esults with observations, we introduce a new
independent variable, the redshift z , instead of the usual time variable t . The redshift is defined
as 

z = 

a 0 

a (t) 
− 1 , (7) 

where we can simplify our analysis by normalizing the scale factor such that its present-day
value is equal to one, i.e., a (0) = 1. Thus, we can express the derivatives with respect to cosmic
time in terms of deri vati v es with respect to redshift using the relation: 

d 

dt 
= − ( 1 + z ) H ( z ) 

d 

dz 
. (8) 

The deri vati v e with respect to cosmic time of the Hubb le parameter H can be written as a
function of the redshift as 

. 

H = − ( 1 + z ) H ( z ) 
dH ( z ) 

. (9) 

dz 

4/23 
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The conservation equations governing the dynamics of the DE and matter field can be ex-
pressed as 

. 
ρm 

+ 3 ρm 

H = 0 , (10) 

. 
ρDE 

+ 3 ( ρDE 

+ p DE 

) H = 0 . (11) 

The energy density of matter can be obtained by solving Eq. ( 10 ). The solution is gi v en by 

ρm 

= ρm0 ( 1 + z ) 3 , (12) 

where ρm0 is the constant of integration that denotes the energy density of matter in the present
day. 

To close the system of equations r epr esented by Eqs. ( 3 ) and ( 4 ), an ansatz or assumption is
needed. In this particular work, the assumption is made that the effecti v e EoS parameter can
be expressed as an exponential function of the redshift z . This parametric form is given by: 

ω eff (z ) = −1 + 

1 

1 + 

α
β+ z e 

−z 
, (13) 

where α and β are model parameters to be determined by fitting the model to data. The expo-
nential form for the effecti v e EoS parameter can potentially capture a wide range of behaviors
for the EoS parameter, including possible deviations from a smooth evolution, and it allows for
a fle xib le description of the DE component. It is worth noting that the proposed form of the
effecti v e EoS contains an exponential function that introduces a complex relationship with the
redshift. This aspect should be taken into consideration because it may be challenging to con-
strain the model parameters with the existing cosmological observations. This is due to the fact
that it adds more degrees of freedom to the model, and the accuracy of the results may depend
on the dataset used for the fitting. For this purpose, we approximate the exponential function
using the Taylor series expansion as e z ∼ 1 + z . In this case, the effecti v e EoS parameter as
presented in Eq. ( 13 ) takes the following form: 

ω eff (z ) = − α

α + (1 + z )(β + z ) 
. (14) 

The motivation for the effecti v e EoS parameter ω eff gi v en by Eq. ( 14 ) is rooted in observations
of the LSS of the uni v erse and the current understanding of the dominant component of the
uni v erse. At high redshift, the dominant component of the uni v erse is belie v ed to be matter,
which is a pr essur eless component, and thus the effecti v e EoS parameter is effecti v ely zero.
Howe v er, in the present era, the uni v erse is dominated by a mysterious component known as
DE, which is belie v ed to be responsib le for the observed accelerating expansion of the universe.
The effecti v e EoS parameter for DE is known to be negati v e and less than −1 / 3 , and can be
described by a time-dependent EoS. The chosen functional form of the effecti v e EoS parameter
is an exponential function of the redshift z , with parameters α and β. This functional form was
chosen because it is able to capture the two phases of the evolution of the universe, where the
uni v erse is dominated by matter at high redshifts, i.e., at z → ∞ , ω eff = 0, and by DE at low
redshifts, i.e., at z = 0 (present) and z → −1, ω eff = − α

α+ β
and ω eff = −1, respecti v ely. Thus,

at the present epoch, the value of ω eff depends on the values of α and β. The specific form of 
the equation allows for a smooth transition between the two phases, and its parameters can be
constrained by fitting to cosmological observations. 
5/23 
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From Eqs. ( 3 ) and ( 4 ), one can deri v e 
.. 
a 

a 

= −1 

6 

( ρm 

+ ρDE 

+ 3 p DE 

) . (15) 

The present ω eff model will result in acceleration ( 
.. 
a > 0 ) only if the following condition is

satisfied: 

ω eff = 

p DE 

ρm 

+ ρDE 

< −1 

3 

. (16) 

Using the ansatz for ω eff ( z ) as gi v en in Eq. ( 14 ), we can obtain an additional constraint on
the values of the parameters α and β as 2 α > β. 

Again, by introducing this ansatz in Eqs. ( 6 ) and ( 9 ), we obtain the differential equation for
the Hubble parameter H . This equation can be expressed as follows: 

−1 + 

2 

3 

(1 + z ) 
1 

H (z ) 
dH (z ) 

dz 
= − α

α + (z + 1)(β + z ) 
. (17) 

The cosmological solution for the Hubble parameter H ( z ) as a function of redshift is obtained
as 

H (z ) = H 0 

(α + β + z (β + z + 1)) 3 / 4 exp 

⎛ 

⎝ −
3(β−1) 

(
tan −1 

(
β+1 √ 

4 α−(β−1) 2 

)
−tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
2 
√ 

4 α−(β−1) 2 

⎞ 

⎠ 

(α + β ) 3 / 4 
. (18) 

The expression for the Hubble parameter in terms of redshift, gi v en by Eq. ( 18 ), includes
a constant term H 0 , which r epr esents the present value of the Hubble parameter. This con-
stant term reflects the current rate of expansion of the uni v erse and is an important quantity
in cosmology. The value of H 0 has been a topic of much r esear ch and debate, with different
methods yielding slightly different values. Howe v er, it is currently accepted that the most pre-
cise determination of H 0 comes from the Planck measurements, which gi v e a value of H 0 =
67.4 ± 0.5 km/s/Mpc [ 9 ]. The �CDM model has a constant EoS parameter for DE, gi v en by
ω � = −1. This corresponds to a constant Hubble parameter as a function of redshift, gi v en
by: 

H (z ) = H 0 

√ 


m0 (1 + z ) 3 + 
�0 , (19) 

where 
m0 = 

ρm0 

3 H 

2 
0 

and 
�0 = 

ρ�0 

3 H 

2 
0 

are the present-day density parameters for matter and DE,

respecti v ely. 
Since the equations that describe the evolution of the uni v erse are highly complex and lengthy,

here we will gi v e only the general definition of some important cosmological parameters in this
context. 

The density parameters describe the fractional contribution of each component to the total
energy density of the uni v erse at a gi v en time. They are defined as the ratio of the energy density
of a particular component to the critical energy density of the uni v erse r equir ed to achie v e a flat
geometry. The critical energy density is gi v en by the expression 3 H 

2 . The values of the density
parameters for DE and matter can be calculated using the relations 


m 

( z ) = 

ρm 

3 H 

2 
, (20) 


DE 

( z ) = 

ρDE 

3 H 

2 
. (21) 

Finally, the DE EoS parameter describes the relationship between the pr essur e and energy
density of the DE component. It is defined as the ratio of the pr essur e of DE to its energy
6/23 
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density: 

ω DE 

(z ) = 

p DE 

ρDE 

= −
(

2 

. 

H + 3 H 

2 
)

3 H 

2 − ρm 

. (22) 

The e xpanded e xpressions of the density par ameters and DE EoS par ameter for the present
ω eff model are provided in the Appendix A. 

3. Statistical analysis methods 
To assess the validity and accuracy of the proposed model, we employ observa tional da ta ob-
tained from three distinct datasets: the cosmic chronometer (CC) dataset, the baryon acoustic
oscilla tion (BAO) da taset, and the type Ia supernova (SN) da taset. This section outlines the
methodology that we used to incorporate these datasets and e xtract rele vant information. This
topic has been presented in a similar manner by Koussour et al. [ 37 , 38 ], who have also discussed
the observational data in detail. 

In this study, we first utilized a Bayesian statistical analysis technique, along with the em-
cee Python library [ 54 ], to carry out a Markov chain Monte Carlo (MCMC) simulation. This
simulation allowed us to deri v e the posterior probability distribution of the model parameters.
The posterior probability distribution provides a probability distribution that r epr esents our
le v el of confidence in the values of the model parameters after taking into account the avail-
able observational data. Once the MCMC simulation was completed, we analyzed the resulting
chain of parameter values to determine the best-fitting values and the uncertainties associated
with the model parameters. The parameter space of our model can be defined as θ s = ( H 0 , α,
β). The best-fitting values for the parameters can be determined using the probability function
L ∝ exp (−χ2 / 2) , wher e χ2 r epr esents the chi-squar ed function. This statistical tool is com-
monly used in cosmology to obtain the parameters of a specific cosmological model that best
fit the observed data. The aim is to find the values of θ s that result in the minimum value of 
χ2 . Typicall y, an MCMC a pproach is employed to explore the parameter space and identify
the regions that have the highest likelihood given the observational data. 

3.1. Cosmic chronometer (CC) dataset 
In the present work, we use data obtained from the CC dataset, which consists of Hubble
parameter measurements obtained using the differential age (DA) method. In particular, we
utilize 31 data points obtained from Refs. [ 55–57 ] that provide measurements of the Hubble
parameter at different redshifts. These measurements are crucial for constraining the uni v erse’s
expansion history and testing different cosmological models. To quantify how well our model
fits the data, we use the χ2 function, which is defined as follows: 

χ2 
CC 

= 

31 ∑ 

i=1 

[ H (θs , z i ) − H obs (z i ) ] 
2 

σ (z i ) 2 
. (23) 

In this equation, H ( θ s , z i ) is the theoretical value of the Hubble parameter at redshift z i for
a particular set of cosmological parameters θ s , H obs ( z i ) is the measured value of the Hubble
parameter at redshift z i , and σ ( z i ) is the corresponding uncertainty of H i . 

3.2. Bar y on acoustic oscillations (BAO) dataset 
Next, we consider the BAO dataset obtained from multiple surveys, such as 6dFGS (the Six
Degree Field Galaxy Survey), SDSS (the Sloan Digital Sky Survey), and the LOWZ samples
7/23 
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of BOSS (the Baryon Oscillation Spectroscopic Survey) [ 58–63 ]. These surveys have provided
highly precise measurements of the positions of the BAO peaks in galaxy clustering at different
redshifts. The characteristic scale of BAO can be determined by the sound horizon r s at the
epoch of photon decoupling with redshift z dec , which is related by the following equation: 

r s ( z ∗) = 

c √ 

3 

∫ 

1 
1+ z ∗

0 

da 

a 

2 H ( a ) 
√ 

1 + (3
b, 0 / 4
γ, 0 ) a 

, (24) 

where 
b , 0 and 
γ , 0 denote the present density values of the baryon and photon respecti v ely.
The BAO dataset utilized in this study consists of six data points for d A 

( z ∗) / D V 

( z BAO 

), which
were obtained from the sources listed in Refs. [ 58–63 ]. Here, z ∗ ≈ 1091 denotes the redshift
value for photon decoupling, and d A 

(z ∗) = c 
∫ z 

0 
dz ′ 

H (z ′ ) denotes the comoving angular diameter

distance at decoupling, along with the dilation scale D V 

(z ) = 

[
czd 

2 
A 

(z ) /H (z ) 
]1 / 3 

. 
The chi-squared function presented in Ref. [ 63 ] is utilized to evaluate the BAO dataset, and

it is expressed as 

χ2 
BAO 

= X 

T C 

−1 
BAO 

X , (25) 

where 

X = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

d A (z � ) 
D V (0 . 106) − 30 . 95 

d A (z � ) 
D V (0 . 2) − 17 . 55 

d A (z � ) 
D V (0 . 35) − 10 . 11 

d A (z � ) 
D V (0 . 44) − 8 . 44 

d A (z � ) 
D V (0 . 6) − 6 . 69 

d A (z � ) 
D V (0 . 73) − 5 . 45 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (26) 

and C 

−1 
BAO 

is the inverse of the covariance matrix [ 63 ]. 

3.3. Type Ia supernova (SN) dataset 
The dataset from SN observations is a common data sample used to analyze the late-time be-
havior of the uni v erse. The distance modulus of SN is defined as the difference between the
observed apparent magnitude m B 

and the absolute magnitude M B 

of the B -band spectrum, 

μ(z ) = 5 log 10 
d L 

(z ) 
1 Mpc 

+ 25 , (27) 

where the d L 

( z ) is the luminosity distance and in a spatially flat FLRW uni v erse is defined as 

d L 

(z ) = c (1 + z ) 
∫ z 

0 

dz ′ 

H (z ′ , θs ) 
. (28) 

In the present work, we consider the Pantheon sample, which is constructed from the
P anSTARRS1 (P anoramic Survey Telescope and Rapid Response System) Medium Deep Sur-
vey, SDSS (Sloan Digital Sky Survey), SNLS (Supernova Legacy Survey), numerous low- z , and
HST (Hubble Space Telescope) samples, comprises 1048 data points covering a broad range of 
redshifts 0.01 ≤ z ≤ 2.26, and is a valuable dataset of SN [ 64 , 65 ]. 

The χ2 function for the SN dataset is expressed as 

χ2 
SN 

= 

1048 ∑ 

i, j=1 

�μi 
(
C 

−1 
SN 

)
i j �μ j , (29) 
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Fig. 1. The plot displays the likelihood contours at 1 σ and 2 σ CL for the parameters H 0 , α, and β for 
the present ω eff model using the CC dataset. The dark blue and light blue shaded regions represent 1 σ

and 2 σ CL, respecti v ely. 
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where �μi = μth − μobs is the difference between the theoretical and observed distance modu-
lus, and C 

−1 
SN 

is the inverse of the covariance matrix of the Pantheon sample. 

3.4. CC + BAO + SN dataset 
Now, the maximum likelihood method can be employed by taking the total likelihood function
as the product of the likelihoods of individual datasets, 

L Joint = L CC 

× L BAO 

× L SN 

, (30) 

where 

χ2 
Joint = χ2 

CC 

+ χ2 
BAO 

+ χ2 
SN 

. (31) 

4. Statistical analysis results 
In the present work, the values of the model parameters θ s = ( H 0 , α, β) have been estimated
using the χ2 minimization technique, which is equivalent to the maximum likelihood analy-
sis. Moreov er, we hav e generated 2D likelihood contours with 1 σ and 2 σ errors, correspond-
ing to the 68% and 95% confidence le v els (CL), respecti v ely, for thr ee differ ent data samples:
CC, BAO, and CC + BAO + SN. These likelihood contours are shown in Figs. 1 , 2 , and 3 . The
likelihood plots show that the Gaussian distribution fits the likelihood functions well for three
da tasets. For the CC da taset consisting of 31 da ta points, we obtained the value of α as 1 . 45 

+0 . 29 
−0 . 29 ;
9/23 
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Fig. 2. The plot displays the likelihood contours at 1 σ and 2 σ CL for the parameters H 0 , α, and β for 
the present ω eff model using the BAO dataset. The dark blue and light blue shaded regions represent 
1 σ and 2 σ CL, respecti v ely. 
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the constrained value of β was 0 . 87 

+0 . 28 
−0 . 27 . For the BAO dataset with six sample points, we

obtained the values of α and β as 1 . 26 

+0 . 28 
−0 . 27 and 0 . 95 

+0 . 28 
−0 . 27 , respecti v el y. Finall y, for the com-

bined dataset in the last section, consisting of CC, BAO, and SN datasets, we obtained the
values of α and β as 1 . 31 

+0 . 27 
−0 . 27 and 0 . 79 

+0 . 28 
−0 . 27 , respecti v ely. Now, for the present value of the

Hubble parameter, we found H 0 = 67 . 84 

+0 . 66 
−0 . 66 , H 0 = 67 . 84 

+0 . 73 
−0 . 72 , H 0 = 67 . 70 

+0 . 62 
−0 . 63 for the CC,

B AO, and CC + B AO + SN datasets, respecti v ely [ 66–68 ]. In addition to the estimation of the
parameters, we compared the performance of our model with the standard �CDM model
using the evolution of the Hubble parameter H ( z ) and distance modulus μ( z ). The con-
straint values of the model parameters θ s = ( H 0 , α, β) for the CC and SN samples were
used for this comparison, and the results are shown in Figs. 4 and 5 . The plots indicate that
our model is in good agreement with the observational data for both CC and SN samples.
Furthermore, the comparison shows that our model is very close to the evolution of the
�CDM model. The statistical analysis results for the present ω eff model are summarized in
Table 1 . 

Furthermore, it is generally known that the EoS parameter ω is a key factor in describing
the energy-dominated evolution process of the uni v erse, and it is known that it can predict
the present scenario of the uni v erse in either the quintessence phase ( −1 < ω < − 1 

3 ) or the
phantom phase ( ω < −1). The acceleration of both the effecti v e EoS parameter and the EoS
parameter for the DE is shown in Figs. 6 and 7 for the CC, BAO, and CC + BAO + SN datasets.
10/23 



PTEP 2023 , 093E02 N. Myrzakulov et al. 

Fig. 3. The plot displays the likelihood contours at 1 σ and 2 σ CL for the parameters H 0 , α, and β for 
the present ω eff model using the CC + BAO + SN dataset. The dark blue and light blue shaded regions 
r epr esent 1 σ and 2 σ CL, respecti v ely. 

Fig. 4. The plot displays a comparison between the present ω eff model and the �CDM model in terms 
of the Hubble parameter H ( z ) against redshift z . The present ω eff model is represented by the red line 
while the black dotted line r epr esents the �CDM model. The 31 data points from the CC dataset are 
displayed on the plot along with their error bars, which our model fits well. 
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Fig. 5. The plot displays a comparison between the present ω eff model and the �CDM model in terms of 
the distance modulus μ( z ) against r edshift z . The pr esent ω eff model is r epr esented by the red line while 
the black dotted line r epr esents the �CDM model. The 1048 da ta points of the SN da taset are displayed 

on the plot along with their error bars, which our model fits well. 

Table 1. The table displays the marginalized constraints on the parameters H 0 , α, and β for the CC, BAO, 
and CC + BAO + SN datasets, with a 68% CL. 

Dataset H 0 ( km s −1 Mpc −1 ) α β q 0 z tr ω 0 

Priors (60, 80) ( −10, 10) ( −10, 10) – – –
CC 67 . 84 

+0 . 66 
−0 . 66 1 . 45 

+0 . 29 
−0 . 29 0 . 87 

+0 . 28 
−0 . 27 −0 . 44 

+0 . 04 
−0 . 03 0 . 77 

+0 . 02 
−0 . 03 −0 . 91 

+0 . 01 
−0 . 02 

BAO 67 . 84 

+0 . 73 
−0 . 72 1 . 26 

+0 . 28 
−0 . 27 0 . 95 

+0 . 28 
−0 . 27 −0 . 36 

+0 . 04 
−0 . 04 0 . 61 

+0 . 01 
−0 . 01 −0 . 83 

+0 . 02 
−0 . 02 

CC + BAO + SN 67 . 70 

+0 . 62 
−0 . 63 1 . 31 

+0 . 27 
−0 . 27 0 . 79 

+0 . 28 
−0 . 27 −0 . 44 

+0 . 05 
−0 . 04 0 . 73 

+0 . 01 
−0 . 02 −0 . 91 

+0 . 03 
−0 . 03 

Fig. 6. The plot displays the evolution of the effective EoS parameter ω eff with respect to the redshift z 
using the values constrained from the CC, BAO, and CC + BAO + SN datasets. 
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The effecti v e EoS parameter begins in the ma tter-domina ted phase and then transitions
through the quintessence phase before finally reaching a constant value in the cosmological
constant-dominated region. Similarly, the EoS parameter for DE initially displays phantom- 
like behavior in the early uni v erse, then mov es to the quintessence phase in the present, and
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Fig. 7. The plot displays the evolution of the DE EoS parameter ω DE 

with respect to the redshift z using 

the values constrained from the CC, BAO, and CC + BAO + SN datasets. 

Fig. 8. The plot displays the evolution of the energy density ρ with respect to the redshift z using the 
values constrained from the CC, BAO, and CC + BAO + SN datasets. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2023/9/093E02/7260869 by L. N

. G
um

ilyov Eurasian N
ational U

niversity user on 21 June 2024
e v entually transitions to the cosmological constant phase. This behavior of the EoS parameter
for DE is consistent with the behavior of the effecti v e EoS parameter in the future. Also, it
is observable that, in the future, both EoS behaviors show a minor shift toward the phantom
r egion befor e they asymptoticall y a pproach the cosmolo gical constant. In this study, we have
obtained the values of ω 0 for the CC, BAO, and CC + BAO + SN datasets as ω 0 = −0 . 91 

+0 . 01 
−0 . 02 ,

ω 0 = −0 . 83 

+0 . 02 
−0 . 02 , and ω 0 = −0 . 91 

+0 . 03 
−0 . 03 , respecti v ely [ 69 , 70 ]. These results highlight the impor-

tance of the EoS parameter in understanding the evolution of the universe and suggest that the
present model is consistent with the quintessence phase. 

In Fig. 8 , we can observe that the energy density behaves as expected, showing a positive
value and decreasing with the expansion of the universe in both the present and the far future.
The plot also indica tes tha t the energy density of DE dominates over the matter density at late
times. Moreover, the behavior of the energy density plot is in agreement with the predictions
of se v eral theoretical models of DE. 

In Figs. 9 , 10 , and 11 , we can observe the evolution of the density parameter for matter
and DE for the model parameters constrained by the CC, BAO, and CC + BAO + SN datasets,
respecti v ely. In the early period, the uni v erse is mostly dominated by matter, while the DE
13/23 
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Fig. 9. The plot displays the evolution of the density parameters 
DE 

and 
m 

with respect to the redshift 
z using the values constrained from the CC dataset. 

Fig. 10. The plot displays the evolution of the density parameters 
DE 

and 
m 

with respect to the redshift 
z using the values constrained from the BAO dataset. 

Fig. 11. The plot displays the evolution of the density parameters 
DE 

and 
m 

with respect to the redshift 
z using the values constrained from the CC + BAO + SN dataset. 
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density parameter remains negligib le. Howe v er, as the uni v erse e xpands, the matter density
par ameter gr adually decreases due to the increase in volume, while the DE density parame-
ter becomes dominant. This e v entually leads to the acceleration of the uni v erse’s e xpansion,
which is consistent with the late-time cosmic acceleration of the uni v erse observ ed through
14/23 
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Fig. 12. The plot displays the evolution of the deceler ation par ameter q with respect to the redshift z 
using the values constrained from the CC, BAO, and CC + BAO + SN datasets. 
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various cosmological surveys. The consistency of the observed behavior is particularly signifi-
cant gi v en tha t 
m0 = 0.315 ± 0.007, as determined by the la test Planck da ta [ 9 ], was used in
all three of the aforementioned figures. The behavior of the density parameter for DE indicates
the presence of an unkno wn ener gy component that dri v es the current phase of accelerated
expansion. 

5. Investigation of the geometric parameters of the model 
5.1. Deceler ation par ameter 
The deceleration parameter is another key cosmological parameter that describes the expansion
rate of the uni v erse. It is defined as 

q = − 1 

H 

2 

ä 

a 

= −1 −
˙ H 

H 

2 
. (32) 

In terms of the Hubble parameter H and its derivative with respect to redshift z , the deceler-
ation parameter can be expressed as 

q (z ) = −1 + 

1 + z 
H (z ) 

d 

dz 
[ H (z ) ] . (33) 

For the present ω eff model, using Eqs. ( 18 ) and ( 33 ), q ( z ) takes the following form: 

q ( z ) = 

1 

2 

− 3 α

2( α + β + z (β + 1 + z )) 
. (34) 

Understanding the value of the deceleration parameter is crucial in determining the fate of 
the uni v erse. If q > 0, the uni v erse is decelera ting, meaning tha t the expansion is slo wing do wn
over time. On the other hand, if q < 0, the uni v erse is accelerating, and the expansion is speeding
up over time. If q is equal to −1, it corresponds to an e xponential e xpansion, also known as the
de Sitter (dS) expansion. If q is less than −1, it indicates a superexponential expansion, whereas
if −1 < q < 0, it r epr esents a power-law accelerating rate. These scenarios are of great interest
in cosmology as they help us to understand the behavior of DE and its effect on the expansion
of the uni v erse. 

The results depicted in Fig. 12 demonstrate a remar kab le similarity between the evolution
of the effecti v e EoS ω eff and the deceler ation par ameter q ( z ) for the proposed model. More-
over, the deceler ation par ameter exhibits a significant change in its behavior around the red-
shift values of 0.5 and 0.8, known as a signature flip. This signature flip is in excellent agreement
15/23 
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with the analysis of observational data conducted in Ref. [ 71 ]. Also, this plot presents a clear
depiction of the past decelerating expansion of the uni v erse and the current acceleration in
its late-time evolution. The present values of the deceler ation par ameter are q 0 = −0 . 44 

+0 . 04 
−0 . 03 ,

q 0 = −0 . 36 

+0 . 04 
−0 . 04 , q 0 = −0 . 44 

+0 . 05 
−0 . 04 corresponding to the model parameters constrained by the

CC, BAO, and CC + BAO + SN datasets, respecti v ely. 
Further, the transition redshift, denoted as z tr , can be determined by finding the redshift at

which the deceleration parameter q ( z tr ) = 0: 

z tr = 

1 

2 

(√ 

8 α + β2 − 2 β + 1 − β − 1 

)
. (35) 

By fitting the model parameters to match the observational data, we determine the follow-
ing values of the transition redshift z tr as z tr = 0 . 77 

+0 . 02 
−0 . 03 , z tr = 0 . 61 

+0 . 01 
−0 . 01 , z tr = 0 . 73 

+0 . 01 
−0 . 02 for the

CC, BAO, and CC + BAO + SN datasets, respecti v ely [ 72–74 ]. Therefore, these findings provide
strong support for the proposed model’s validity in describing the dynamics of the uni v erse’s
expansion. 

5.2. State-finder diagnostics 
Se v eral dynamical models of DE have been introduced to overcome the issues faced by the
concept of a cosmological constant �, such as the fine-tuning problem and the cosmological
coincidence problem, as previously discussed in the introduction. It is important to distinguish
between these time-varying DE models and determine which one best fits the observational
data. For this reason, Sahni et al. [75] and U. Alam et al. [ 76 ] introduced the state-finder param-
eters ( r , s ) as a new pair of geometrical parameters. These parameters have become a popular
tool in modern cosmology and provide a powerful means of discriminating between different
models of DE. The state-finder parameters are defined as 

r = 

... 
a 

aH 

3 
= 2 q 

2 + q −
. 
q 

H 

, (36) 

s = 

( r − 1 ) 

3 

(
q − 1 

2 

) . (37) 

Using the expressions for the Hubble parameter ( 18 ) and the deceleration parameter ( 34 ), we
can calculate the state-finder parameters for the present ω eff model as 

r (z ) = 1 − 3 α(1 + z )(2 β + z − 1) 
2(α + β + z (β + 1 + z )) 2 

, (38) 

s ( z ) = 

( 1 + z )(2 β + z − 1) 
3( α + β + z (β + 1 + z )) 

. (39) 

Different DE models have distinct trajectories in the r–s plane, which can be used to differ-
entiate between them. The state-finder parameters, denoted as ( r , s ), can take different values
depending on the DE model. The values corresponding to different DE models are as follows:
the �CDM model is analogous to ( r = 1, s = 0), the SCDM (standard cold dark matter) model
is analogous to ( r = 1, s = 1), the HDE (holo gra phic DE) model is analo gous to (r = 1 , s = 

2 
3 ) ,

the Cha pl ygin gas (CG) model is analogous to ( r > 1, s < 0), and the quintessence model is
analogous to ( r < 1, s > 0). Ther efor e, by observing the values of r and s , one can determine
which DE model is consistent with the observational data. In the r –s plane depicted in Fig. 13 ,
16/23 
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Fig. 13. The plot displays the evolution of the r–s plane using the values constrained from the CC, BAO, 
and CC + BAO + SN datasets with −1 ≤ z ≤ 2. 

Fig. 14. The plot displays the evolution of the r–q plane using the values constrained from the CC, BAO, 
and CC + BAO + SN datasets with −1 ≤ z ≤ 2. 
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it is evident that the present ω eff model initially has values of r < 1 and s > 0, which indi-
ca tes tha t the DE behaves similarly to quintessence, with its energy density decreasing as the
uni v erse e xpands. Howe v er, with time, the model gradually converges to the �CDM model,
r epr esented by r = 1 and s = 0. Similarly, the r–q plane illustrated in Fig. 14 suggests that the
current state of the uni v erse in the model is dominated by a quintessential fluid. Still, it is ex-
pected to move towards a dS phase ( r = 1 and q = −1), where the uni v erse is dominated by a
cosmological constant, leading to a constant rate of expansion. The observed behavior of the
state-finder parameters for the constrained values of the model parameters from the CC, BAO,
and CC + BAO + SN datasets is consistent with the behavior of the cosmological parameters
explained in the preceding section. The model exhibits quintessence-like behavior initially but
e v entually transitions to a �CDM-like behavior, implying that the DE in the uni v erse varies
over time. This is an important finding as it highlights that the state-finder parameters serve as
17/23 
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Fig. 15. The plot displays the evolution of the Om ( z ) diagnostic with respect to the redshift z using the 
values constrained from the CC, BAO, and CC + BAO + SN datasets. 
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useful tools for distinguishing between different DE models and understanding the uni v erse’s
evolution. 

5.3. Om(z) diagnostic 

The Om ( z ) diagnostic, which is another useful method for distinguishing between different
DE models in cosmology [ 77 ], involves only the Hubble parameter and is simpler than the
state-finder parameters. The Hubble parameter is obtained by taking the first deri vati v e of the
scale factor of the uni v erse. In the case of a spatially flat uni v erse, the Om ( z ) diagnostic is
defined as 

Om ( z ) = 

(
H 

H 0 

)2 
− 1 

( 1 + z ) 3 − 1 

. (40) 

For the present ω eff model, by using Eqs. ( 18 ) and ( 40 ), the expression for the Om ( z ) diagnostic
is deri v ed and presented in the Appendix A. 

The slope of Om ( z ) can provide insights into the behavior of DE, where a negati v e slope
corresponds to quintessence behavior ( ω > −1), and a positi v e slope corresponds to phantom-
type behavior ( ω < −1). On the other hand, a constant Om ( z ) indicates the �CDM model,
where DE is represented by a cosmological constant. The Om ( z ) diagnostic can be employed to
test the compatibility of the present ω eff model with the �CDM model. For the �CDM model,
the Om ( z ) diagnostic should gi v e a value of 
m0 . 

For the present ω eff model, Fig. 15 displays the behavior of Om ( z ) for the values that are con-
strained from the CC, BAO, and CC + BAO + SN datasets. The behavior of the Om ( z ) diagnostic
is consistent with the behavior of the EoS parameter. Initially, the slope of Om ( z ) is negati v e,
indica ting tha t the model behaves like a quintessence model. Howe v er, ov er time, the slope be-
comes positi v e, indica ting tha t the model approaches the phantom r egion. Ther efor e, we can
conclude that the model initially behaves like a quintessence model and eventually transitions
to a phantom-type behavior. 

6. Conclusion 

The proposed model in this study is an attempt to understand the nature of DE, which is
responsible for the current accelerated expansion of the universe. To this end, the effective
18/23 



PTEP 2023 , 093E02 N. Myrzakulov et al. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2023/9/093E02/7260869 by L. N

. G
um

ilyov Eurasian N
ational U

niversity user on 21 June 2024
EoS par ameter ω eff , which char acterizes the properties of DE, has been parametrized in a
specific way. The reason for choosing this particular functional form, i.e., Eq. ( 14 ), is that it
can effecti v ely describe the two distinct phases of the uni v erse’s e volution. At high redshifts,
i.e., z → ∞ , the uni v erse is domina ted by ma tter and the ef fecti v e EoS is ω eff = 0. At low
redshifts, i.e., at the present time z = 0 and in the future as z → −1, the uni v erse is domi-
nated by DE and the effecti v e EoS takes the values of ω eff = − α

α+ β
and ω eff = −1, respec-

ti v ely. On the other hand, it is also possible to consider the EoS for DE from the perspec-
ti v e of non-perfect fluids, thus expanding the scope beyond the assumption of a perfect fluid
[ 78 ]. 

The present ω eff model has then been tested against a v ariety of observ a tional da tasets, in-
cluding the CC, BAO, and SN data. The purpose of the data analysis is to determine the con-
straints on the model parameters, i.e., H 0 , α, and β, that are consistent with the observations.
Specifically, the likelihood analysis has been performed using the MCMC method to obtain
the posterior probability distribution of the model par ameters. The constr aints on the model
parameters have then been deri v ed from the posterior probability distributions of the parame-
ters. Table 1 summarizes the statistical analysis outcomes of the present ω eff model. The table
presents the values of the model parameters and their 1 σ and 2 σ CL, deri v ed using different
cosmological datasets such as CC, BAO, and CC + BAO + SN. 

The Hubble constant r epr esents a vital cosmological parameter that defines the current rate of 
cosmic expansion. Our investigation resulted in the values of H 0 = 67 . 84 

+0 . 66 
−0 . 66 , H 0 = 67 . 84 

+0 . 73 
−0 . 72 ,

and H 0 = 67 . 70 

+0 . 62 
−0 . 63 for the CC, BAO, and CC + BAO + SN datasets, respecti v el y, w hich agree

with the most recent observations from di v erse cosmological probes [ 9 , 66–68 ]. In addition, the
study has also placed constraints on the EoS parameter for DE, which plays a crucial role in ex-
plaining the evolution of the universe. The analysis has yielded constrained values for ω DE 

of 
ω 0 = −0 . 91 

+0 . 01 
−0 . 02 , ω 0 = −0 . 83 

+0 . 02 
−0 . 02 , and ω 0 = −0 . 91 

+0 . 03 
−0 . 03 , indicating the quintessence behavior

of the uni v erse [ 69 , 70 ]. Hazra et al. [ 79 ] analyzed various parametrizations of DE using re-
cent observational datasets. The resulting EoS parameter values are ω 0 = −1 . 005 

+0 . 17 
−0 . 15 for CPL

parametrization [ 45 , 46 ], ω 0 = −1 . 14 

+0 . 08 
−0 . 09 for SS (Scherrer and Sen) parametrization [ 80 ], and

ω 0 = −0 . 95 

+0 . 007 
non-phantom 

for the generalized CG model [ 81 ]. The agreement between the gener-
alized CG model and the present ω eff model is apparent, indicating their compatibility in de-
scribing the behavior of DE. Howe v er, the CPL and SS parametrizations seem to prefer a lower
value for the EoS of DE. Also, these results are consistent with the outcomes of Capozziello
et al. [ 82 ], who employed an MCMC method to conduct a comprehensi v e cosmo gra phic anal-
ysis utilizing data from BAO, type Ia SN, and gamma-ray bursts. Their study focused on a
model-independent approach to understanding the dynamics of the uni v erse, parametrized by
the CPL model. 

The evolution of the density parameter for matter and DE has been presented in Figs. 9 ,
10 , and 11 , for dif ferent da tasets. The figures indica te tha t, as the uni v erse e xpands, the matter
density par ameter gr aduall y decreases w hile the DE density parameter becomes dominant,
leading to the acceleration of the uni v erse’s e xpansion. Also, Fig. 12 displays the decelera-
tion parameter q ( z ), which demonstra tes tha t the present ω eff model successfully reproduces
both the early decelerated expansion phase and the current late-time accelerated expansion
phase. The transition from decelerated to accelerated expansion occurs at a redshift be-
tween 0.5 and 0.8, consistent with the findings gi v en in Ref. [ 71 ]. The present values of the
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deceler ation par ameter are q 0 = −0 . 44 

+0 . 04 
−0 . 03 , q 0 = −0 . 36 

+0 . 04 
−0 . 04 , and q 0 = −0 . 44 

+0 . 05 
−0 . 04 for the CC,

B AO, and CC + B AO + SN datasets, respecti v ely. For the same datasets, the values of the
transition redshift are z tr = 0 . 77 

+0 . 02 
−0 . 03 , z tr = 0 . 61 

+0 . 01 
−0 . 01 , and z tr = 0 . 73 

+0 . 01 
−0 . 02 [ 72–74 ]. 

Finall y, we anal yzed the geometrical parameters of the DE model. Figures 13 , 14 , and 15
show the behavior of the state-finder and Om ( z ) diagnostics, which supported the quintessence-
like behavior of DE in our model. The state-finder diagnostics plot indicated r < 1 and
s > 0, while the Om ( z ) plot suggested a deviation from the �CDM model with a nega-
ti v e slope in the present. These findings provide further insight into the behavior of our
model. 

This approach of reconstruction of the effecti v e or total EoS could also be extended to modi-
fied gravity models where the effecti v e EoS may differ from that of the standard �CDM model.
In particular, this could be used in future work to explore the beha vior of modified gra vity the-
ories ( f ( R ) gravity, f ( T ) gravity, and f ( Q ) gravity) and to distinguish them from DE models
[ 28–38 ]. Moreover, such an approach could also provide insights into the nature of gravity it-
self, potentially leading to ne w theoretical de v elopments in our understanding of gravity and
the uni v erse as a whole. 
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Appendix A 

Density parameters: 


m 

( z ) = 


m0 (z + 1) 3 (α + β ) 3 / 2 exp 

⎛ 

⎝ 

3(β−1) 
(

tan −1 

(
β+1 √ 

4 α−(β−1) 2 

)
−tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α−(β−1) 2 

⎞ 

⎠ 

(α + β + z (β + z + 1)) 3 / 2 
, 


DE 

( z ) = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

3 H 

2 
0 (α + β + z (β + z + 1)) 3 / 2 exp 

⎛ 

⎝ −
3(β−1) 

(
tan −1 

(
β+1 √ 

4 α−(β−1) 2 

)
−tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α−(β−1) 2 

⎞ 

⎠ 

(α + β ) 3 / 2 

− 3 H 

2 
0 
m0 (z + 1) 3 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

(α + β ) 3 / 2 exp 

⎛ 

⎝ 

3(β−1) 
(

tan −1 

(
β+1 √ 

4 α−(β−1) 2 

)
−tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α−(β−1) 2 

⎞ 

⎠ 

3 H 

2 
0 (α + β + z (β + z + 1)) 3 / 2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. 
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DE EoS par ameter : 

ω DE (z ) = −
( 

α
√ 

α + β + z (β + z + 1) 

) 

×

⎡ 

⎢ ⎢ ⎣ 

⎛ 

⎜ ⎜ ⎝ 


m0 z 
3 ( α + β ) 3 / 2 

⎛ 

⎜ ⎜ ⎝ 

− exp 

⎛ 

⎜ ⎜ ⎝ 

3( β − 1) 
(

tan −1 
(

β+1 √ 

4 α−(β−1) 2 

)
− tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α − ( β − 1) 2 

⎞ 

⎟ ⎟ ⎠ 

⎞ 

⎟ ⎟ ⎠ 

⎞ 

⎟ ⎟ ⎠ 

+ z 2 

⎛ 

⎜ ⎜ ⎝ 

√ 

α + β + z (β + z + 1) − 3
m0 (α + β ) 3 / 2 exp 

⎛ 

⎜ ⎜ ⎝ 

3(β − 1) 
(

tan −1 
(

β+1 √ 

4 α−(β−1) 2 

)
− tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α − (β − 1) 2 

⎞ 

⎟ ⎟ ⎠ 

⎞ 

⎟ ⎟ ⎠ 

+ (α + β ) 

⎛ 

⎜ ⎜ ⎝ 

√ 

α + β + z (β + z + 1) − 
m0 
√ 

α + β exp 

⎛ 

⎜ ⎜ ⎝ 

3(β − 1) 
(

tan −1 
(

β+1 √ 

4 α−(β−1) 2 

)
− tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α − (β − 1) 2 

⎞ 

⎟ ⎟ ⎠ 

⎞
⎟⎟⎠

+ z 

⎛ 

⎜ ⎜ ⎝ 

β

⎛ 

⎜ ⎜ ⎝ 

√ 

α + β + z (β + z + 1) − 3
m0 
√ 

α + β exp 

⎛ 

⎜ ⎜ ⎝ 

3(β − 1) 
(

tan −1 
(

β+1 √ 

4 α−(β−1) 2 

)
− tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α − (β − 1) 2 

⎞ 

⎟ ⎟ ⎠ 

⎞ 

⎟ ⎟ ⎠ 

− 3 α
m0 
√ 

α + β exp 

⎛ 

⎜ ⎜ ⎝ 

3(β − 1) 
(

tan −1 
(

β+1 √ 

4 α−(β−1) 2 

)
− tan −1 

(
β+2 z +1 √ 

4 α−(β−1) 2 

))
√ 

4 α − (β − 1) 2 

⎞ 

⎟ ⎟ ⎠ 

+ 

√ 

α + β + z (β + z + 1) 

⎞ 

⎟ ⎟ ⎠ 

⎤ 

⎥ ⎥ ⎦ 

−1 

. 

Om ( z ) diagnostic: 

Om ( z ) = 

( α+ β+ z ( β+ z +1)) 3 / 2 exp 

⎛ 

⎜ ⎝ 

−
3(β−1) 

( 
tan −1 

( 
β+1 √ 

4 α−(β−1) 2 

) 
−tan −1 

( 
β+2 z +1 √ 

4 α−(β−1) 2 

) ) 
√ 

4 α−(β−1) 2 

⎞ 

⎟ ⎠ 

(α+ β ) 3 / 2 − 1 

( z + 1) 3 − 1 

. 
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