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MPEANOYTEHNE YacTO OT/IaBAJIOCh BUTONAPHBIM KaOeasM BBHAY JOPOTOBHU3HBI ONTHYCCKOTO CHIPHS
1 00OpyIOBaHMS, TO CEHYac MO KalUTaIbHBIM 3aTpaTaM M TPYAOEMKOCTH MOHTa)kKa CHCTEMBI
pa3nuyaroTcs  HE3HAUMTEeNbHO.  [lo-mpekHeMy  MOMYJSpHBIM  SBISETCS  CTPOUTEIBCTBO
coBMmelieHHoro Buja cereid - FTTH, rme MenHas mapa MCHONB3yeTCs TOJBKO HA Y4YacTKE OT
KOMMYyTaTopa K aboHeHTy. OJHako IUHAMHKa Bce Oojbine cMmemiaercss B ctopoHy PON, B Tom
yucie W Oyiarojaps TOMY, YTO YCTAHOBKA ITACCMBHOW CETH JOMYyCKaeT Moaudukanuioo 0e3
BMEIIATEILCTBA B APXUTEKTYPy CUCTEMBI U MepeKIaaku kadems. [1o aToMy OHO SBIISFOTCS 3aJI0TOM
YCHENTHOro OyayIero ONTHYECKUX CETeH JocTyma.
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Postgraduate, Eurasian National University, Astana, Kazakhstan
Supervisors — G. Shaikhova, N. Serikbayev

Introduction

The theory of nonlinear science has attracted more interest and is fundamentally linked to
several basic developments in the area of soliton theory. It is well-known that the Korteweg-de
Vries (KdV) equation, modified Korteweg-de Vries (mKdV) equation, sine Gordon equation and
the nonlinear Schrodinger (NLS) equation are the most typical and well-studied integrable evolution
equations which describe nonlinear wave phenomena for a range of dispersive physical systems.
The first in [1], homogeneous complex modified Korteweg-de Vries and Maxwell-Bloch (hcmKdV-
MB) equations were presented. At present inhomogeneous integrable equations become more and
more attractive [2], in the same paper the author considered the positons for the inhomogeneous
Hirota and Maxwell-Bloch equations, which describes propagation through inhomogeneous doped
fiber.

The purpose of this paper is to construct one-fold Darboux transformation for
inhomogeneous complex modified Korteweg-de Vries and Maxwell-Bloch (icmKdV-MB)
equations.

The paper is organized as follows. In Section 2, the Lax representation of icmKdV-MB
equations will be introduced firstly. In Section 3, we derived the one-fold Darboux transformation
of the icmKdV-MB equations. In Section 4, assuming trivial seed solutions for one-soliton solutions
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of icmKdV-MB equations were obtained. In Section 5, we discuss the results which obtained from
Section 3 and 4.

Lax representation of the icmKdV-MB system

In this paper, we will concentrate on the inhomogeneous complex modified KdV and the
Maxwell-Bloch system as following specific [2] form

by, 0+ 0,0, + 0,0, +6a,b?|q) q, by, p =0, (2.1)
Py _2b1q77+2|b2a)p 201 (22)
1y +b1qp* +b1q*p =0, (2.3)

ifweset o, =b, =1 a, =2,b, =-1 the icmKdV-MB equations will be reduced to
hcmKdV-MB equations as following [1],

0 — O +6l0] 0 —2p =0, 2.4)
P« —2qn —2iwp =0, (2.5)
n,+0p +q p=0. (2.6)
The linear eigenvalue problem of icmKdV-MB takes the form [3]
P, =AD, @.7)
@, = BO, 2.8)

where Aand B can be expressed in following polynomials about complex constant
eigenvalue parameter A

(1 0 0 b.g) .
A=il + . =ido, + Ay,
0 - -bg O

(2.9)
a_ | 2bld"  2iabg, | [ abd'q -abg, -2ap’d’a-aq, | ( noo- p}
- . * . * * * * 1 *

- 2|albqu 2|a1b12|q|2 - 23-1b12|q|2 g —a,0y - albquq + alblq P -bp -7

— B, +B, +V,B,, (2.10)
—b,a,i . . :
where V, = ———=—. The compatibility condition of (2.7)-(2.8) is
2(A+ ab,)
A -B, +[AB]=0. (2.12)

One fold Darboux transformation for the IcmKdV-MB equation
In this section we construct the DT for the (1+1)-dimensional cmKdV-MB equations (2.4)-
(2.6), and as example we give in detail the one-fold DT.
Let ® and @™ are two solutions of the system (2.7)-(2.8) so that
oW = AU,

(1.12)
oW = BUM 2.13)
We assume that these two solutions are related by the following transformation:
O =Td = (A - M) . (2.14)
The matrix function T obeys the following equations
T, +TB=BMT. (2.16)
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Then the relation between g, p,7 and g™, p™, 7™ can be reduced from (2.15)-(2.16).
Comparing the coefficient of A' (i = 0,1,2) of the sides the equation (2.15), we have
M, = AYM - MA,

(2.17)
A AN = A +i[M, o], (2.18)
2 ilo, =io,l. (2.19)
The equation (2.18) gives
g™ =q+ 2ib,"'m,,, (2.20)
g™ =q" +2ib'm,,, (2.21)
where
M :(mn mlz}l :(1 0}
My My, 01 (2.22)

and additionally we get m,, = —m,,. After comparing the coefficient of A'(i =0,1,2) the
equation (2.16) gives us the following relations

=M, =-BM + MB, +%ib1a2 B, —%ibla2 BY, (2.23)
7 B = B, ~MB, + BI'M, @.24)
22 1B = B, (2.25)
—b,a,i :0=—wh,B_, — MB_, + wb,BY + BYM. (2.26)
2(A+ ab,)
Hence, we get DT
By’ = B, —MB, +B{'M, (2.27)
1B, = BMI, (2.28)
B£11] = (M +ab,1)B (M +ab,1)™. (2.29)
At the same, from the system above we get
L P
—M, My |m11| +|m12| My My (2.30)
M + ab,I = (m“ +f0b2 e j
-m, m;, +(0b2 (231)
(M +ab,1) " = i(m*” b M J
Vi -mg, m,, + @b, (2.32)
where V =det(M + ab,]) = 0°bZ + b, (M, +m) + |m11|2 + |m12|2. We now assume that
M = HAH ™, (2.33)
here
H :£(1)1(/11,t,)() (Dl(//i/zytix)j_: [®l,l q)l,Z] A:£/’i’l O j
D, (4, 4%) D,(4,,1%) (@, @y ) O 2, (2.34)
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Anddet H = 0,where 4, and A, are complex constants. In order to satisfy the constraints of
M and B as mentioned above, we note that

A=A H :(cblul,t,x) —qj;(a,t,x)} 235
O, (4.1,x) D) (4,1,%)
so the matrix M has the form
M :i{/uq)lr +ﬂ~2|q)2 (ﬂ'l _Az)q)lq); J
A (%-%)%‘1’: j'1|q)2|2 "‘ﬂ*2|q)1|2 .

2

(2.36)

Finally we can write the one-fold DT for the (1+1)-dimensional icmKdV-MB equations as:

q™ =g+ 2ib,*m,,, (2.37)
2 2 . . .
nt = (|a)b2 + m11| _|m12| )17 — pmy, (b, +my,) — p my, (b, +m,,)
v (2.39)
pl — (b, +my,)* p— p'mf, + 2my, (wb, +m,,)
v (2.39)
2 2 N
D, +A,/D _
where m, = el - 2| m, :%_

Soliton solutions of the icmKdV-MB eqautions

Having the explicit form of the one-fold DT, we are ready to construct exact solutions of the
(1+1)-dimensional icmKdV-MB equations. To get the one-soliton solution we take the seed
solution as q = p =0,77 =1. Then corresponding associated linear system takes the form

O, =iiD,,

(2.40)
Dy, = -IAD,, (2.41)
—iba

O, =—22 @, (2.42)

2(A+ ab,)
D, =% g (2.03)

2(A+ab,)

Easy calculation can lead to following eigenfunctions
. ib,a X, + 1y

D, =exp(iAx — 172 ¢4 20 70 2.44
1 = exp( 20+ b)) > ) (2.44)
®, = exp(cixs 2% %t Wo o (2.45)

2(A+ ab,) 2
where x,, y,and @ are all arbitrary fixed real constant. Substituting these two eigenfunctions
into the one-fold DT equations (2.37)-(2.39) and choosing A = ¢, + S,i, X, =Y, =6 =0 then the
one soliton solutions are obtained:

q™ = 2ib,* exp(id,) cosh™(6,), (2.46)
ol = 2ah, exp(i6,) cosh ™ (6,) + 2iexp(i,) cosh * (6,) — 2exp(i6;)sinh(6,) cosh ™ (6,)
@°b; —2ab, tanh(d,) +1+ tanh* (6,) +cosh * (6,) an)
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n _ @°b; —2ab, tanh(6,) +1+ tanh?(6,) — cosh? (6,)
w’b? — 20, tanh(6,) +1+ tanh?(6,) + cosh 2(6,)
C,X+C,t

(2.48)
_dyx+d,t

C
¢, = 2A@*ab? +2walb, + Bla, +a),c, = 2(-wabb, —a,ab,),
c=w’b? +2wab, + B +a?,d, =28, (0’0} + 2wab, + 7 +a?),d, =2a,b,.

Where 6, = ,0,

Below the graphic representation is represented for functions, p™, g™, 7™,

P!t |4!11)2 n'll

Figurel. One soliton solutions (p™, g™, 7™) of the icmKdV-MB equations where

o, =1b =1b,=1a =14 =lLw=1a, =t. Here p™ and q™ are bright solitons, »™ is dark
soliton.

Conclusion

In this paper, we derived the one-fold Darboux transformation of the inhomogeneous
complex modified Korteweg-de Vries and Maxwell-Bloch equations. One soliton solutions of the
icmKdV-MB equations have been constructed explicity by using Darboux transformation from
trivial seed solutions. There are unclear intersting questions such as the higher-order solutions and
positon solutions, and their applications in physics. It will be our next topic for study.
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