
Academic Editor: Calogero Vetro

Received: 27 May 2025

Revised: 20 June 2025

Accepted: 24 June 2025

Published: 2 July 2025

Citation: Nugmanova, G.; Bekova,

G.; Zhassybayeva, M.; Taishiyeva, A.;

Yesmakhanova, K.; Myrzakulova, Z.

Ferromagnet-Type System: Integrable

Flows of Curves/Surfaces, Soliton

Solutions, and Equivalence. Symmetry

2025, 17, 1041. https://doi.org/

10.3390/sym17071041

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Ferromagnet-Type System: Integrable Flows of Curves/Surfaces,
Soliton Solutions, and Equivalence
Gulgassyl Nugmanova 1, Guldana Bekova 2,* , Meruyert Zhassybayeva 2,* , Aigul Taishiyeva 3 ,
Kuralay Yesmakhanova 1 and Zhaidary Myrzakulova 4

1 Department of Mathematical and Computer Modeling, L.N. Gumilyov Eurasian National University,
Astana 010000, Kazakhstan; kryesmakhanova@gmail.com (K.Y.)

2 Department of General and Theoretical Physics, L.N. Gumilyov Eurasian National University,
Astana 010000, Kazakhstan

3 Department of Mathematics and Methods of Teaching Mathematics, Kh. Dosmukhamedov Atyrau University,
Atyrau 060000, Kazakhstan

4 Department of Algebra and Geometry, L.N. Gumilyov Eurasian National University,
Astana 010000, Kazakhstan

* Correspondence: bekovaguldana@gmail.com (G.B.); mbzhassybayeva@gmail.com (M.Z.)

Abstract

This paper investigates an integrable spin system known as the Myrzakulov-XIII (M-XIII)
equation through geometric and gauge-theoretic methods. The M-XIII equation, which
describes dispersionless dynamics with curvature-induced interactions, is shown to admit
a geometric interpretation via curve flows in three-dimensional space. We establish its
gauge equivalence with the complex coupled dispersionless (CCD) system and construct
the corresponding Lax pair. Using the Sym–Tafel formula, we derive exact soliton surfaces
associated with the integrable evolution of curves and surfaces. A key focus is placed
on the role of geometric and gauge symmetry in the integrability structure and solution
construction. The main contributions of this work include: (i) a commutative diagram illus-
trating the connections between the M-XIII, CCD, and surface deformation models; (ii) the
derivation of new exact solutions for a fractional extension of the M-XIII equation using
the Kudryashov method; and (iii) the classification of these solutions into trigonometric,
hyperbolic, and exponential types. These findings deepen the interplay between symmetry,
geometry, and soliton theory in nonlinear spin systems.

Keywords: ferromagnet-type system; integrable flows of curves/surfaces; gauge equivalent;
fractional CCD equation; soliton solution

1. Introduction
The study of integrable nonlinear equations has long served as a cornerstone in math-

ematical physics, with profound connections to geometry, field theory, and the modeling
of complex physical phenomena. Among the most prominent examples is the classical
Heisenberg ferromagnet (HF) equation [1–3]

iAt +
1
2
[A, Axx] = 0, (1)

which models spin wave dynamics in ferromagnetic materials and admits a Lax pair formu-
lation [4], allowing its exact solvability via the inverse scattering transform [5]. The equation
belongs to the broader class of integrable spin systems and nonlinear dynamical models that
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describe the evolution of spin fields in one or more spatial dimensions. These models not
only possess rich mathematical structures but also have direct relevance to physical systems
such as magnetic chains, nematic liquid crystals, spintronics, and Bose–Einstein conden-
sates, where soliton-like excitations and spin dynamics play a crucial role in describing
quantum coherence and nonlinear wave propagation [6,7].

Soliton theory has emerged as a particularly powerful framework for understanding
the nonlinear dynamics of such systems. Solitons are localized stable wave packets that arise
in a wide variety of integrable models, ranging from the Korteweg–de Vries (KdV) [8] and
sine–Gordon equations [9] to nonlinear Schrödinger-type and derivative equations [10,11].
Their remarkable stability under interaction along with their geometric manifestations have
led to deep exploration of soliton equations through differential geometry, Hamiltonian
structures [12,13], and gauge theories [14,15].

In the context of integrable spin systems, soliton solutions often describe topologically
stable configurations such as spin waves, breathers, and magnetic domain walls. A range of
analytical techniques—including inverse scattering [16], Darboux transformations [17,18],
and bilinear methods [19]—have been employed to construct such solutions, providing
insights into both mathematical structure and physical behavior.

Over the years, numerous generalizations and multidimensional extensions of the
HF equation have been proposed to capture more intricate spin interactions, geometric
effects, and physical constraints [20–22]. Notably, the Landau–Lifshitz equation, the Ishi-
mori equation, and the Lakshmanan–Myrzakulov-type equations have been studied ex-
tensively [23,24]. These models introduce higher-order effects, anisotropies, and multi-
dimensional geometrical interpretations, revealing deep interconnections between soliton
equations and the motion of curves and surfaces embedded in R3 [25,26].

A particularly influential line of research has addressed the geometric interpretation of
integrable equations as Hamiltonian flows of curves and surfaces, a direction developed by
Anco and Myrzakulov [27] as well as by Myrzakulov et al. [28,29], who investigated inte-
grable Heisenberg ferromagnets and soliton geometry of curves and surfaces. In their work,
they demonstrated that integrable spin systems and Schrödinger maps can be understood
as arising from geometric curve flows governed by moving frame equations [30]. Through
the use of differential invariants and bi-Hamiltonian structures [31,32], this approach unifies
many known models—including the Heisenberg and mKdV spin chains—under a broader
geometric framework. Moreover, they introduced integrable surface deformations [29,33],
extending the theory to (2+1)-dimensions and establishing deep links between soliton
theory, surface geometry, and gauge equivalence. In parallel, the asymptotic equivalence
between integrable shallow water wave models such as the Camassa–Holm and fifth-order
KdV equations has been demonstrated using nonlinear and nonlocal transformations [34].
Building upon previous studies by Anco and Myrzakulov [27–29] which explored the
geometric evolution of curves and surfaces in integrable spin systems, the present work
extends the framework to the fractional M-XIII model and provides explicit soliton sur-
face constructions.

In particular, integrable spin systems have been shown to admit geometrical interpre-
tations in terms of the motion of space curves and surfaces, where curvature and torsion
encode the dynamical evolution of the spin fields. The use of moving frames, differential
invariants, and gauge connections has further enriched this interplay between geometry
and soliton theory.

One notable generalization is the Myrzakulov-XIII (M-XIII) equation, which arises in
the context of integrable flows of curves and surfaces. This model features dispersionless
dynamics and curvature-induced interactions, making it a valuable candidate for exploring
the interplay between geometry and soliton theory. The M-XIII equation can be viewed as
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an integrable deformation of the HF equation that preserves its geometric richness while
introducing new structures.

In this work, we undertake a detailed investigation of the M-XIII equation from both a
geometric and gauge-theoretic perspective. We demonstrate that the M-XIII equation is
geometrically equivalent to the complex coupled dispersionless (CCD) equation, which
describes integrable evolution of curvature-modulated complex fields. Moreover, we
construct the Lax pair of the M-XIII equation and establish its gauge equivalence with the
CCD system via an explicit transformation.

Furthermore, we analyze the integrable curve and surface flows generated by the
M-XIII equation by considering two distinct identifications of the spin field with geo-
metric quantities. In each case, we derive the associated Frenet–Serret frame, Gauss–
Weingarten equations, and soliton surfaces, leading to exact analytical solutions via the
Sym–Tafel formula.

In recent years, increasing attention has been directed toward fractional and variable-
coefficient generalizations of integrable nonlinear models. These fractional partial differ-
ential equations (FPDEs) incorporate derivatives of non-integer order, providing accurate
descriptions of memory effects and nonlocality in physical systems such as optical media,
magnetic chains, and viscoelastic materials. Extensions of inverse scattering techniques and
analytical methods have led to exact soliton, breather, and periodic solutions for generalized
models, including fractional nonlinear Schrödinger, Hirota–Maccari, and Fokas–Lenells
equations [35–37]. Motivated by these developments, the present work investigates a
fractional deformation of the M-XIII equation and constructs new classes of exact solutions
using the Kudryashov method. The results not only enrich the solution space of classical
models but also open up new avenues for analyzing curvature-induced phenomena, gauge
equivalence, and the geometry of integrable flows under fractional dynamics.

Building on these fractional developments, our results reveal the deep structural
connections between integrable spin models and differential geometry while opening
pathways to new applications in mathematical physics, including nonlinear optics, low-
dimensional magnetism, and geometry-induced soliton phenomena [38–44].

2. The Myrzakulov-XIII Equation
In this section, we consider the integrable Myrzakulov-XIII (M-XIII) equation, which

represents a (2+1)-dimensional generalization of classical spin models. This equation
describes the evolution of a spin field, which is expressed as a Hermitian 2 × 2 matrix of
unit norm and which can be interpreted as a spin vector constrained by A2 = I. The M-
XIII model is particularly notable for its dispersionless nature and curvature-induced
interactions, making it highly relevant in the study of geometric spin systems.

The M-XIII equation is written as follows:

iAt =
1
2k

[A, At]x +
i

k2 (ρA)x (2)

where A is the spin matrix, k is a real constant, and ρ is a scalar function incorporating
geometric effects. The scalar function ρ is provided by

ρ =

√
1 − σk2

2
tr(A2

t ) =
√

1 − σk2A2
t , A = (A1, A2, A3), A2 = 1
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and plays a role analogous to curvature-induced modulation in the dynamics of the spin
field. The spin matrix satisfies the constraint A2 = I and is parameterized in terms of Pauli
matrices as follows:

A =

(
A3 σA−

A+ −A3

)
, A± = A1 ± iA2

with the normalization condition

σ(A2
1 + A2

2) + A2
3 = 1,

where σ = ±1 determines the type of geometry. Here, σ = +1 corresponds to the elliptic
(spherical) case and σ = −1 to the hyperbolic case.

The integrability of the M-XIII equation is confirmed by the existence of a Lax pair

Φx = i(k − λ)AΦ = U1Φ, (3)

Φt =

[
i(k − λ)

4kλ
ρA +

(k − λ)

2λ
AAt

]
Φ = V1Φ, (4)

where Φ is an eigenfunction and λ is the spectral parameter. This pair ensures that the
compatibility condition leads back to the M-XIII equation, making it part of the class of
integrable systems.

Physically, the M-XIII equation can be interpreted as describing spin dynamics con-
strained by geometric quantities such as curvature and torsion. This makes it relevant for
modeling nonlinear excitations in magnetically ordered materials as well as in geometric
contexts such as the evolution of space curves, which we explore in the following sections.

3. Integrable Flows of Space Curves Induced by the M-XIII Equation
Let us now derive the Lakshmanan-type (geometrical) equivalent form of the M-XIII

Equation (2) for the case σ = 1. To do this, we rewrite the the M-XIII equation in vector
form. Several equivalent vector representations are available:

Form I:

At =
1
k
(A ∧ At)x +

1
k2 (ρA)x, (5)

ρx = kA · (At ∧ Ax) (6)

Form II:

At =
1
k

A ∧ Axt +
1
k2 ρAx, (7)

ρx = kA · (At ∧ Ax) (8)

Form III:

At =
1
k

A ∧ Axt +
1
k

∂−1
x [A · (At ∧ Ax)]A (9)

Form IV:

At =
1
k

A ∧ Axt ±
1
k2

√
1 − σk2 A2

t Ax. (10)
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Now, we consider a space curve in R3 defined by a set orthonormal vectors lk. These
vectors satisfy the Frenet–Serret equations: l1

l2

l3


x

= C

 l1

l2

l3

,

 l1

l2

l3


t

= G

 l1

l2

l3


where l1, l2, l3 are the tangent, normal, and binormal unit vectors, respectively. The matrices
C and G have the forms

C =

 0 κ 0
−κ 0 τ

0 −τ 0

, G =

 0 γ3 −γ2

−γ3 0 γ1

γ2 −γ1 0

,

where κ and τ denote the curvature and torsion of the curve, respectively, which are defined by

κ =
√

l2
1x, τ =

l1 · (l1x ∧ l1xx)

l2
1x

. (11)

The compatibility condition of the Frenet–Serret system yields

Ct − Gx + [C, G] = 0, (12)

which results in the following evolution equations:

κt = γ3x + τγ2, (13)

τt = γ1x − κγ2, (14)

γ2x = τγ3 − κγ1. (15)

Now, we perform the following identification:

A ≡ l1. (16)

Then, from this identification, the following relations hold:

κ2 = A2
x, (17)

τ =
A · (Ax ∧ Axx)

A2
x

. (18)

The coefficients γ1, γ2, γ3 can be expressed as

γ1 =
κρτ + kκxt

κk(k + τ)
, (19)

γ2 = −κt

k
, (20)

γ3 =
κρ

k2 − κρτ + kκxt

k2(k + τ)
. (21)

The evolution of κ and τ then satisfies

κt =

[
κρ

k2 − κρτ + kκxt

k2(k + τ)

]
x
− τκt

k
, (22)

τt =

[
κρτ + kκxt

κk(k + τ)

]
x
+

(κ2)t

2k
. (23)



Symmetry 2025, 17, 1041 6 of 21

Let us now introduce a new function v by

v = k
∫

γ3

κ
dt. (24)

It can be shown that the function κ and v satisfy the system

κxt = κvxvt − 0.5∂−1
x [(|q|2)t]κ, (25)

vxt = −κtvx

κxvt
. (26)

Now, we define a new complex function

q = κeiv. (27)

Then, q satisfies the equation

qxt + 0.5∂−1
x [(|q|2)t]q = 0. (28)

This can also be written as

qxt − ρq = 0, (29)

ρx + 0.5(|q|2)t = 0, (30)

which is recognized as the focusing complex coupled dispersionless (CCD) system. More-
over, it is possible to derive the following constraint:

ρ2 + σ|qt|2 = const (31)

and, for simplicity,

ρ2 + σ|qt|2 = 1, (32)

meaning that

ρ = ±
√

1 − σ|qt|2. (33)

Therefore, the CCD system reduces to a single equation:

qxt ∓
√

1 − σ|qt|2q = 0. (34)

Although this system seems to involve two dependent variables q and ρ, Equation (34)
shows that it effectively contains only one, namely, q(x, t).

4. Gauge Equivalent Counterpart
In Section 3, we established the geometrical (Lakshmanan-type) equivalence between

the M-XIII equation in (2) and the CCD system in (29) and (30). In this section, we demon-
strate that these equations are also gauge equivalent to each other.

Consider the gauge transformation

Φ = g−1Ψ, where g = Ψ|λ=k.
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Under this transformation, the function Ψ satisfies the following Lax pair:

Ψx = U2Ψ, (35)

Ψt = V2Φ, (36)

where the matrices U2 and V2 are provided by

U2 = −iλσ3 + 0.5

(
0 −q
q̄ 0

)
, V2 =

i
4λ

[
ρσ3 +

(
0 qs

q̄s 0

)]
.

The compatibility condition of this Lax pair is

Ψxt = Ψtx,

which is equivalent to the following CCD system:

qxt − ρq = 0, ρx +
1
2
(|q|2)t = 0.

Therefore, we can conclude that the M-XIII Equation (2) and the CCD system (29) and
(30) are not only geometrically equivalent but also gauge equivalent.

This duality offers additional insight into the integrability of the M-XIII model and
reveals its close structural relationship to other known dispersionless soliton equations.

5. Integrable Surfaces Related to the M-XIII Equation
In this section, we explore the connection between the M-XIII equation and the dif-

ferential geometry of the surfaces. We show how the M-XIII equation induces integrable
surface deformations through two distinct identifications.

5.1. Case 1: A ≡ rx

Let us first consider the identification

A ≡ rx, (37)

where r(x, t) is the position vector of the curve embedded on the surface. The identification
A ≡ rx is commonly encountered in classical spin chain models such as the Heisenberg
ferromagnet, where the spin vector is aligned with the tangent of a space curve. This
interpretation also appears in elastic rod theory and nonlinear sigma models with geomet-
rically constrained spin fields. Under this identification, the M-XIII equation in (2) takes
the following form:

rt =
1
k

rx ∧ rxt +
1
k2 ρrx, (38)

ρx = kA · (At ∧ Ax). (39)

Equation (38) can also be written as

rxt + krx × rt = 0. (40)

This equation describes the motion of a surface through the evolution of its position
vector r(x, t). For the case with k = −1, this system reduces to a previously studied
integrable model.
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The corresponding Lax pair is provided by

Fx = 0.5i(k − λ)rxF = U3F,

Ft =

[
i(k − λ)

2kλ
ρrx +

(k − λ)

2λ
rxrxt

]
F = V3F. (41)

The compatibility condition leads to

irxt =
1
4k

[rx, rxt]x +
i

4k2 ρrxx,

ρx = −iktr(rx · [rxx, rxt]).

From the geometric viewpoint, the function ρ is related to the angle θ between the vector,
that is, rx and rt:

ρ = krx · rt = k cos θ. (42)

Assuming k = 1 and σ = 1, Equations (32) and (42) yield

ρ = cosθ, qt = sin θe−iω, (43)

where θ and ω are real-valued functions, leading to

q = (θx − iωx tan θ)e−iω. (44)

In terms of θ and ω, the Lax pair in (35) and (36) becomes

U2 = −iλσ3 +

(
0 − 1

2 (θx − iωx tan θ)e−iω

1
2 (θx + iωx tan θ)eiω 0

)
, (45)

V2 =
i

4λ

(
cos θ sin θe−iω

sin θeiω − cos θ

)
. (46)

Let us now return to the surface. Its fundamental forms read as follows [30]:

I = dx2 + 2 cos θdxdt + dt2, (47)

II = (tan θ)ωxdx2 + 2 sin θdxdt + (sin θ)ωtdt2. (48)

Now, we are ready to write the Gauss–Weingarten equations of the surface, for which we
have the following [32]:

rxx = (cot θ)θxrx − (csc θ)θxrt − (tan θ)ωxN, (49)

rxt = sin θN , (50)

rtt = −(csc θ)θtrx + (cot θ)θtrt + (sin θ)ωtN, (51)

Nx = (cot θ + csc θ sec θωx)rx − (csc θωx + csc θ)rt, (52)

Nt = −(csc θ − cot θωt)rx + (cot θ + csc θωt)rt . (53)

The compatibility conditions of these equations provide the following Mainardi–Codazzi
equation:

(ωt cos θ)x =
( ωx

cos θ

)
t
. (54)

At the same time, the Gaussian curvature of the surface reads as follows:

K = − (tan θ)ωxωt + sin θ

sin θ
. (55)
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The important formula follows from the Liouville–Beltrami form of the Theorema egregium
and has the following form [30]:

θxt − sin θ − (tan θ)ωxωt = 0 . (56)

We can write the position vector on the surface in component form as

r = (r1, r2, r3) (57)

or in matrix form as
r = r1e1 + r2e2 + r3e3. (58)

Now, following [45], we introduce three new matrices with the following forms:

T = Φ−1e3Φ, N = Φ−1e2Φ, B = Φ−1e1Φ, (59)

and with
ej =

1
2i

σj.

The above follows from the well-known formula

rx = Φ−1UλΦ
∣∣∣
λ=1

, (60)

rt = Φ−1VλΦ
∣∣∣
λ=1

. (61)

Thus, we finally have

rx = Φ−1e3Φ = T, (62)

rt = (cos θ)T + (sin θ cos ω)N + (sin θ sin ω)B, (63)

where x plays the role of the curve’s arc length. These equations provide us with the
following equation for the position vector r [30]:

rt = ρrx + rx ∧ rxt (64)

which after some transformation coincides with the r-form of the M-XIII equation in (40).
Finally, we note that

r2
t = r2

x = 1, (65)

or in matrix form,
r2

t = r2
x = I. (66)

5.2. Case 2: A ≡ rt

In this case, we consider an alternative identification

A ≡ rt, (67)

where r(x, t) is the position vector of the curve embedded on the surface and t is the
arclength parameter of the curve. The case with A ≡ rt corresponds to the surface evolution
dynamics, where the spin vector evolves in time and is identified with the vector tangent
to the time-like deformation of the surface. This is physically relevant in magnetoelastic
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systems, filament dynamics, and models with curvature-induced spin transport. Then, the
M-XIII equations in (8) and (9) take the form

rtt = k−1rt ∧ rxtt + k−2ρrxt, (68)

ρx = krt · (rtt ∧ rxt). (69)

This equation defines some integrable surface in R3. Note that Equations (68) and (69) are
integrable with the following LR:

Fx = 0.5i(k − λ)rtF = U4F, (70)

Ft =

[
i(k − λ)

2kλ
ρrt +

(k − λ)

2λ
rtrtt

]
F = V4F. (71)

The compatibility condition of Equations (68) and (69) provides

irtt = 0.5k−1[rt, rtt]x + ik−2ρrxt, (72)

ρx = −0.5iktr(rt · [rxt, rtt]), (73)

which is just the matrix form of Equations (68) and (69).

6. Soliton Solutions of the M-XIII Equation
We now present the simple one-soliton solution of the M-XIII equation in (2). This

solution is constructed by utilizing the corresponding solution of the complex dispersionless
(CCD) equation (see Equations (29) and (30)).

Let us consider the trivial seed solution for the CCD system:

q = 0, ρ = 1. (74)

Then, we have

U2 = −iλxσ3, V2 =
i

4λ
tσ3. (75)

We can then apply the Sym–Tafel formula [31] to construct the corresponding surface:

r = Φ−1Φλ

∣∣∣
λ=1

. (76)

Using this approach, the explicit one-soliton surface is provided by

r1 =
b

(1 − a)2 + b2 sechR cos W, (77)

r2 =
b

(1 − a)2 + b2 sechR sin W, (78)

r3 =
b

(1 − a)2 + b2 tanh R + x + t, (79)

where the functions R and W are defined as follows:

R = bx +
b

a2 + b2 t, W = (1 − a)x +

(
1 +

a
a2 + b2

)
t.
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This surface solution can be used to construct the one-soliton solution of the M-XIII
equation in (2). The spin vector A components are obtained from the derivatives of
the surface:

A1 = r1x, A2 = r2x, A3 = r3x. (80)

These components represent the evolution of the spin field associated with the soliton
surface. An example of the time evolution of the components A1, A2, and A3 is shown
below in Figure 1.

Figure 1. Commutative diagram illustrating the equivalence relations between the M-XIII equation,
the CCD system, and the associated geometric and soliton surface models.

Figure 2 illustrates the 3D plots of the spin components A1, A2, and A3 derived from
the solution of a soliton surface. These components represent the spatial structure and
evolution of the soliton in the M-XIII equation. The parameter values used here are a = 0.5
and b = 1, with x ∈ [−10, 10] and t ∈ [−5, 5]. First, component A1 shows localized
oscillations along the x-axis, corresponding to the soliton envelope in the r1-direction.
Second, component A2 captures the transverse rotational behavior of the soliton, which
is characteristic of its internal spin structure. Third, component A3 displays a kink-type
profile representing the longitudinal polarization, and is often interpreted as the direction
of magnetization in spin chain models.

(a) (b) (c)

Figure 2. Component plots of the spin vector A = (A1, A2, A3) derived from the one-soliton solution
of the M-XIII equation for a = 0.5, b = 1, x ∈ [−10, 10], and t ∈ [−5, 5]: (a) A1, (b) A2, (c) A3.

7. Fractional CCD Equation
With

qxt − pq = 0, (81)

px + 0.5
(
|q|2
)

t
= 0, (82)
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and using the definition and properties of the reduced M-partial derivative, Equation (81)
can be rewritten as follows:

D2η,γ
M,xtq − pq = 0, (83)

Dη,γ
M,x p + 0, 5Dη,γ

M,t|q|
2 = 0, (84)

where

Dη,γ
M,x f (x) = lim

ε→0

f
(
xEγ(εx1−η)

)
− f (x)

ε
, 0 < η ≤ 1, γ ∈ (0, ∞) (85)

and where Eγ(.) is the reduced Mittag–Leffler function.
The system in (84) involves nonlinear fractional-order partial differential equations,

where q = q(x, t) is a complex-valued wave function and p = p(x, t) is a real-valued
wave function. Using the reduced M-fractional derivative, we can derive the fractional
form (84) of Equation (82). We construct a new class of soliton and soliton-type solutions
along with their computational models using the Kudryashov method. The parameters
η and γ in the M-fractional derivative play a crucial role in the behavior of the soliton
solutions. The parameter η governs the order of the nonlocal operator and affects the
solution smoothness, while γ modifies the scaling behavior in time. A detailed numerical
investigation of the dependence of the soliton shape on these parameters will be considered
in a future work.

7.1. Description of the Kudryashov Method

Let us consider the following nonlinear partial differential equation:

S(h, h2, hx, ht, hxx, htt, hxt, . . . ) = 0. (86)

Step 1: Applying the given wave transformations

h(x, t) = H(ω), ω = δx + λt, (87)

Equation (86) is reduced to the following ordinary differential equations:

T(H, H′, H′′, . . . , ) = 0. (88)

Step 2: The solution of Equation (88) is sought in the form

H(ω) = a0+
M

∑
j=1

aj

(1+ϕ(ω))j , (89)

where aj(j = 0, 1, 2, 3, . . . , M) are coefficients to be determined. The value of the upper
summation index M is obtained using the homogeneous balance method. The new function
ϕ(ω) satisfies the following auxiliary differential equation:

ϕ
′
(ω) = ρ + σϕ(ω) + Ωϕ2(ω), (90)

where ρ, σ, and Ω are constants. The set of solutions to Equation (90) is classified according
to the possible values of these constants [46].

If ρ ̸= 0, σ ̸= 0, and Ω ̸= 0, then the solution set takes the following form:

ϕ(ω) =
1

2Ω

(√
4ρΩ − σ2tg

(
1
2

√
4ρΩ − σ2(d0 + ω)

)
− σ

)
, 4ρΩ > σ2, (91)
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ϕ(ω) =
−1
2Ω

(√
4ρΩ − σ2ctg

(
1
2

√
4ρΩ − σ2(d0 + ω)

)
+ σ

)
, 4ρΩ > σ2, (92)

ϕ(ω) =
−1
2Ω

(√
4ρΩ − σ2th

(
1
2

√
4ρΩ − σ2(d0 + ω)

)
+ σ

)
, 4ρΩ < σ2, (93)

ϕ(ω) =
−1
2Ω

(√
4ρΩ − σ2cth

(
1
2

√
4ρΩ − σ2(d0 + ω)

)
+ σ

)
, 4ρΩ < σ2, (94)

ϕ(ω) =
−1
Ω

(
1

d0 + ω
+

σ

2

)
, 4ρΩ = σ2. (95)

If ρ = 0 and Ω ̸= 0, then we have

ϕ(ω) =
−1
2Ω

(
σth
(σ

2
(d0 + ω)

)
+ σ

)
, σ2 > 0, (96)

ϕ(ω) =
−1
2Ω

(
σcth

(σ

2
(d0 + ω)

)
+ σ

)
, σ2 > 0, (97)

ϕ(ω) =
1

2Ω

(√
−σ2tg

(√
−σ2

2
(d0 + ω)

)
− σ

)
, σ2 < 0, (98)

ϕ(ω) =
−1
2Ω

(√
−σ2ctg

(√
−σ2

2
(d0 + ω)

)
+ σ

)
, σ2 < 0, (99)

ϕ(ω) =
σ

σe−σ(d0+ω) − Ω
, σ ̸= 0, (100)

ϕ(ω) =
−1
Ωω

, σ = 0. (101)

If σ = 0 and Ω ̸= 0, we have

ϕ(ω) =

√
ρΩ

Ω
tg
(√

ρΩ(d0 + ω)
)

, ρΩ > 0, (102)

ϕ(ω) = −
√

ρΩ
Ω

ctg
(√

ρΩ(d0 + ω)
)

, ρΩ > 0, (103)

ϕ(ω) = −
√

ρΩ
Ω

th
(√

−ρΩ(d0 + ω)
)

, ρΩ < 0, (104)

ϕ(ω) = −
√

ρω

Ω
cth
(√

−ρΩ(d0 + ω)
)

, ρΩ < 0, (105)

ϕ(ω) = − 1
Ω(d0 + ω)

, ρ = 0. (106)

Finally, if Ω = 0 and σ ̸= 0, we have

ϕ(ω) =
1
σ

(
eσ(d0+ω) − ρ

)
. (107)

Step 3: By substituting Equation (89) into Equation (88) and collecting all coefficients of
powers of ϕ(ω) that vanish, we obtain a system of algebraic equations involving unknowns
a0, aj, (j = 1, 2, . . . m) and other parameters.

Step 4: Solving the resulting algebraic system, we obtain exact solutions of the frac-
tional equation in (84).
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7.2. Solutions of the Fractional Nonlinear Schrödinger Equation

In this subsection, we construct exact solutions of the fractional nonlinear Schrödinger
equation with a compatible potential using the Kudryashov method. To this end, we
consider the following transformations:

q(x, t) = F(ω) eiψ, (108)

p(x, t) = G(ω), (109)

where F(ω) represents the pulse shape

ψ =
Γ(1 + γ)

η
(λtη − axη), (110)

ω =
Γ(1 + γ)

η
(xη − τtη), (111)

where a is the soliton frequency, λ is the soliton wavenumber, and τ represents the soliton velocity.
Taking into account the above notation, we can reduce the system of Equation (84)

into an ordinary differential equation in terms of the new variable ω.
Equation (84) is transformed into the form

D2η,γ
M,xtq =

x1−η

Γ(γ + 1)

dDη,γ
M,tq

dx
= (112)

=
x1−η

Γ(γ + 1)

[
eiψ d(iλF − τF′)

dx
+
(
iλF − τF′) d

(
eiψ)
dx

]
=

=
x1−η

Γ(γ + 1)
eiψ
[

d(iλF − τF′)

dω

dω

dx
+ i
(
iλF − τF′)Γ(1 + γ)

η

(
−aηxη−1

)]
=

=
x1−η

Γ(γ + 1)
eiψ
[

Γ(1 + γ)

η
ηxη−1(iλF′ − τF′′)− iaηxη−1(iλF − τF′)Γ(1 + γ)

η

]
=

= eiψ[iλF′ − τF′′ + aλF + iaτF′].
Thus,

D2η,γ
M,xtq =

(
iλF′ − τF′′ + aλF + iaτF′)eiψ. (113)

Next, we proceed to the second equation of the system in (84):

Dη,γ
M,x p = Dη,γ

M,tG =
x1−η

Γ(γ + 1)
dG
dx

=
x1−η

Γ(γ + 1)
dG
dω

dω

dx
=

x1−η

Γ(γ + 1)
Γ(γ + 1)

η
ηxη−1G′ = G′. (114)

Therefore,
Dη,γ

M,x p = G′ (115)

and
Dη,γ

M,t

(
|q|2
)
= Dη,γ

M,t

[
Feiψ · Fe−iψ

]
=

= Dη,γ
M,tF

2 =
t1−η

Γ(γ + 1)
dF2

dt
=

t1−η

Γ(γ + 1)
Γ(γ + 1)

η

(
−τηtη−1

)
· 2FF′ = −2τFF′. (116)

Hence, we obtain
Dη,γ

M,t

(
|q|2
)
= −2τFF′. (117)
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By applying the transformation to the new variable (111), the system of nonlinear
fractional partial differential equations in (84) is reduced to the following system of ordinary
differential equations:

aλF + i(λ + aτ)F
′−τF′′ − FG= 0, (118)

G
′−τFF

′
= 0. (119)

Next, by integrating the second equation in (119) with respect to ω and omitting the
integration constant we obtain

G(ω)=
1
2

τF2(ω). (120)

Substituting (120) into the first equation of the system in (119), we separate the real and
imaginary parts.
Real part:

aλF−τF′′ − 1
2

τF3= 0. (121)

Imaginary part:
(λ + aτ)F

′
= 0. (122)

From Equation (122), we obtain
λ= −aτ. (123)

Substituting Equations (120) and (123) into (121) yields

a2F + F
′′
+

1
2

F3= 0. (124)

We now apply the homogeneous balance method to Equation (124) in order to determine
the highest order M in the summation form of the solution (89). For this, we assume a
solution of the form F = ω−M and take the second derivative; hence, the solution in the
form of (89) becomes

F = α0 +
α1

1 + ϕ
, (125)

where α0 and α1 are undetermined constants. By substituting Equations (90) and (125) into
Equation (124), we obtain the following set of solutions:

α0 = ±
√

2ia, (126)

α1 = ±2
i

(
ρ + σϕ + Ωϕ2

)
. (127)

Next, by successively substituting the solutions for ϕ from Equations (91)–(107) into (125),
we obtain the following families of solution pairs.

Case 1: If ρ ̸= 0, σ ̸= 0, and Ω ̸= 0, we have

q(x, t) = ±eiψ ·

√
2ia +

2
(

ρ + σ
2Ω

(
Ntg

(
1
2 Nz

)
− σ

)
+ 1

4Ω

(
Ntg

(
1
2 Nz

)
− σ

)2
)

i
(

1 + 1
2Ω

(
Ntg

(
1
2 Nz

)
− σ

))
, (128)
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p(x, t) = −a2 +

2
√

2a
(

ρ +
σ(Ntg( 1

2 Nz) −σ)
2Ω +

(Ntg( 1
2 Nz) −σ)

2

4Ω

)
1 + 1

2Ω

(
Ntg

(
1
2 Nz

)
− σ

) − (129)

−
2
(

ρ + σ
2Ω

(
Ntg

(
1
2 Nz

)
− σ

)
+ 1

4Ω

(
Ntg

(
1
2 Nz

)
− σ

)2
)2

(
1 + 1

2Ω

(
Ntg

(
1
2 Nz

)
− σ

))2 ,

q(x, t) = ±eiψ ·

√
2ia +

2
(

ρ − σ
2Ω

(
Nctg

(
1
2 Nz

)
+ σ

)
+

(Nctg( 1
2 Nz)+σ)

2

4Ω

)
i
(

1 − 1
2Ω

(
Nctg

(
1
2 Nz

)
+ σ

))
, (130)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ
2Ω

(
Nctg

(
1
2 Nz

)
+ σ

)
+

(Nctg( 1
2 Nz) +σ)

2

4Ω

)
1 − 1

2Ω

(
Nctg

(
1
2 Nz

)
+ σ

) − (131)

−
2
(

ρ − σ
2Ω

(
Nctg

(
1
2 Nz

)
+ σ

)
+

(Nctg( 1
2 Nz)+σ)

2

4Ω

)2

(
1 − 1

2Ω

(
Nctg

(
1
2 Nz

)
+ σ

))2 ,

q(x, t) = ±eiψ ·

√
2ia +

2
(

ρ − σ
2Ω

(
Nth

(
1
2 Nz

)
+ σ

)
+ 1

4Ω

((
Nth

(
1
2 Nz

)
+ σ

))2
)

i
(

1 − 1
2Ω

(
Nth

(
1
2 Nz

)
+ σ

))
, (132)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ
2Ω

(
Nth

(
1
2 Nz

)
+ σ

)
+

(Nth( 1
2 Nz) +σ)

2

4Ω

)
1 − 1

2Ω

(
Nth

(
1
2 Nz

)
+ σ

) − (133)

−
2
(

ρ − σ
2Ω

(
Nth

(
1
2 Nz

)
+ σ

)
+

(Nth( 1
2 Nz) +σ)

2

4Ω

)2

(
1 − 1

2Ω

(
Nth

(
1
2 Nz

)
+ σ

))2 ,

q(x, t) = ±eiψ ·

√
2ia +

2
(

ρ − σ
2Ω

(
Ncth

(
1
2 Nz

)
+ σ

)
+ 1

4Ω

((
Ncth

(
1
2 Nz

)
+ σ

))2
)

i
(

1 − 1
2Ω

(
Ncth

(
1
2 Nz

)
+ σ

))
, (134)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ
2Ω

(
Ncth

(
1
2 Nz

)
+ σ

)
+

(Ncth( 1
2 Nz) +σ)

2

4Ω

)
1 − 1

2Ω

(
Ncth

(
1
2 Nz

)
+ σ

) − (135)

−
2
(

ρ − σ
2Ω

(
Ncth

(
1
2 Nz

)
+ σ

)
+

(Ncth( 1
2 Nz) +σ)

2

4Ω

)2

(
1 − 1

2Ω

(
Ncth

(
1
2 Nz

)
+ σ

))2 ,

where
N =

√
4ρΩ − σ2.

Case 2: If ρ = 0 and Ω ̸= 0, we have

q(x, t) = ±eiψ

√
2ia +

2
(

ρ − σ2

2Ω
(
th
(

σ
2 z
)
+ 1
)
+ σ

4Ω
(
th
(

σ
2 z
)
+ 1
)2
)

i
(
1 − σ

2Ω
(
th
(

σ
2 z
)
+ 1
))

, (136)
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p(x, t) = −a2 +

2
√

2a
(

ρ− σ2

2Ω
(
th
(

σ
2 z
)
+ 1
)
+

(σth( σ
2 z) +σ)

2

4Ω

)
1 − σ

2Ω
(
th
(

σ
2 z
)
+ 1
) − (137)

−
2
(

ρ − σ2

2Ω
(
th
(

σ
2 z
)
+ 1
)
+

((σth( σ
2 z) +σ))

2

4Ω

)2

(
1 − σ

2Ω
(
th
(

σ
2 z
)
+ 1
))2 ,

q(x, t) = ±eiψ

√
2ia +

2
(

ρ − σ2

2Ω
(
cth
(

σ
2 z
)
+ 1
)
+ σ

4Ω
(
cth
(

σ
2 z
)
+ 1
)2
)

i
(
1 − σ

2Ω
(
cth
(

σ
2 z
)
+ 1
))

, (138)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ2

2Ω
(
cth
(

σ
2 z
)
+ 1
)
+

(σcth( σ
2 z) +σ)

2

4Ω

)
1 − σ

4Ω
(
cth
(

σ
2 z
)
+ 1
) − (139)

−
2
(

ρ − σ2

2Ω
(
cth
(

σ
2 z
)
+ 1
)
+

((σcth( σ
2 z) +σ))

2

4Ω

)2

(
1 − σ

2Ω
(
cth
(

σ
2 z
)
+ 1
))2 ,

q(x, t) = ±eiψ

√
2ia +

2
(

ρ + σ
2Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

)
+ 1

4Ω

(√
−σ2tg

(√
−σ2

2 z
)

− σ
)2
)

i
(

1 + 1
2Ω

(√
−σ2tg

(√
−σ2

2 z
)

− σ
))

, (140)

p(x, t) = −a2 +

2
√

2a
(

ρ + σ
2Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

)
+ 1

4Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

)2
)

1 + 1
2Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

) − (141)

−
2
(

ρ + σ
2Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

)
+ 1

4Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

)2
)2

(
1 + 1

2Ω

(√
−σ2tg

(√
−σ2

2 z
)
− σ

))2 ,

q(x, t)= ±eiψ

√
2ia+

2
(

ρ − σ
2Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+σ
)
+ 1

4Ω

(√
−σ2ctg

(√
−σ2

2 z
)

+ σ
)2
)

i
(

1 − 1
2Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+ σ

))
, (142)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ
2Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+ σ

)
+ 1

4Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+ σ

)2
)

(
1 − 1

2Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+ σ

)) − (143)

−
2
(

ρ − σ
2Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+ σ

)
+ 1

4Ω

(√
−σ2ctg

(√
−σ2

2 z
)

+ σ
)2
)2

(
1 − 1

2Ω

(√
−σ2ctg

(√
−σ2

2 z
)
+ σ

))2 ,

q(x, t) = ±eiψ

√
2ia +

2
(

ρ + σ2

σe−σz−Ω + Ω
(

σ
σe−σz−Ω

)2
)

i
(

1 + σ
σe−σz−Ω

)
, (144)

p(x, t) = −a2 +

2
√

2a
(

ρ + σ2

σe−σzΩ + Ω
(

σ
σe−σz−Ω

)2
)

1 + σ
σe−σz−Ω

−
2
(

ρ + σ2

σe−σz−Ω + Ω
(

σ
σe−σz−Ω

)2
)2

(
1 + σ

σe−σz−Ω

)2 , (145)

q(x, t) = ±eiψ

√
2ia +

2
(

ρ − σ
Ωω + 1

Ωω2

)
i
(

1 − 1
Ωω

)
, (146)
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p(x, t) = −a2 +
2
√

2a
(

ρ − σ
Ωω + 1

Ωω2

)
1 − 1

Ωω

−
2
(

ρ − σ
Ωω + 1

Ωω2

)2

(
1 − 1

Ωω

)2 , (147)

where

ψ =
Γ(1 + γ)

η

(
−axη +

(
2aθ1 + τ − aθ2τ

θ2

)
tη

)
.

Case 3: If σ = 0 and Ω ̸= 0, we have

q(x, t) = ±eiψ

√
2ia +

2
(

ρ + σ

√
ρΩ

Ω tg
(√

ρΩz
)
+ ρ tg2(√ρΩz

))
i
(

1 +
√

ρΩ
Ω tg

(√
ρΩz

))
, (148)

p(x, t) = −a2 +

2
√

2a
(

ρ + σ

√
ρΩ

Ω tg
(√

ρΩz
)
+ ρ tg2(√ρΩz

))
1 +

√
ρΩ

Ω tg
(√

ρΩz
) − (149)

2
(

ρ + σ

√
ρΩ

Ω tg
(√

ρΩz
)
+ ρ tg2(√ρΩz

))2

(
1 +

√
ρΩ

Ω tg
(√

ρΩz
))2 ,

q(x, t) = ±eiψ

√
2ia +

2
(

ρ − σ

√
ρΩ

Ω ctg
(√

ρΩz
)
+ ρ ctg2(√ρΩz

))
i
(

1 −
√

ρΩ
Ω ctg

(√
ρΩz

))
, (150)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ

√
ρΩ

Ω ctg
(√

ρΩz
)
+ ρ ctg2(√ρΩz

))
1 −

√
ρΩ

Ω ctg
(√

ρΩz
) − (151)

2
(

ρ − σ

√
ρΩ

Ω ctg
(√

ρΩz
)
+ ρ ctg2(√ρΩz

))2

(
1 −

√
ρΩ

Ω ctg
(√

ρΩz
))2 ,

q(x, t) = ±eiψ

√
2ia +

2
(

ρ − σ

√
ρΩ

Ω th
(√

−ρΩz
)
+ ρ th2(√−ρΩz

))
i
(

1 −
√

ρΩ
Ω th

(√
−ρΩz

))
, (152)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ

√
ρΩ

Ω th
(√

−ρΩz
)
+ ρ th2(√−ρΩz

))
1 −

√
ρΩ

Ω th
(√

−ρΩz
) − (153)

2
(

ρ − σ

√
ρΩ

Ω th
(√

−ρΩz
)
+ ρ th2(√−ρΩz

))2

(
1 −

√
ρΩ

Ω th
(√

−ρΩz
))2 ,



Symmetry 2025, 17, 1041 19 of 21

q(x, t) = ±eiψ

√
2ia+

2
(

ρ − σ

√
ρΩ

Ω cth
(√

−ρΩz
)
+ ρ cth2(√−ρΩz

))
i
(

1 −
√

ρΩ
Ω cth

(√
−ρΩz

))
, (154)

p(x, t) = −a2 +

2
√

2a
(

ρ − σ

√
ρΩ

Ω cth
(√

−ρΩz
)
+ ρ cth2(√−ρΩz

))
1 −

√
ρΩ

Ω cth
(√

−ρΩz
) − (155)

−
2
(

ρ − σ

√
ρΩ

Ω cth
(√

−ρΩz
)
+ ρ cth2(√−ρΩz

))2

(
1 −

√
ρΩ

Ω cth
(√

−ρΩz
))2 ,

q(x, t) = ±eiψ

√
2ia+

2
(

ρ − σ
Ωz + 1

Ωz2

)
i
(

1 − 1
Ωz

)
, (156)

p(x, t) = −a2 +
2
√

2a
(

ρ − σ
Ωz + 1

Ωz2

)
1 − 1

Ωz
−

2
(

ρ − σ
Ωz + 1

Ωz2

)2

(
1 − 1

Ωz

)2 . (157)

Case 4: If Ω = 0 and σ ̸= 0, then we have

q(x, t)= ±eiψ

√
2ia+

2
(

eσz + Ω
σ2 (eσz−ρ)2

)
i
(

1 + 1
σ (e

σz−ρ)
)

, (158)

p(x, t) = −a2 +
2
√

2a
(

eσz + Ω
σ2 (eσz − ρ)2

)
1 + 1

σ (e
σz − ρ)

−
2
(

eσz + Ω
σ2 (eσz − ρ)2

)2

(
1 + 1

σ (e
σz − ρ)

)2 , (159)

where

z = d0 +
Γ(1 + γ)

η
(xη − τtη).

8. Conclusions
In this work, we have investigated the integrable Myrzakulov-XIII (M-XIII) equa-

tion, a ferromagnet-type system characterized by dispersionless dynamics and curvature-
induced interactions. Using both geometric and gauge-theoretic approaches, we establish
that the M-XIII equation is gauge equivalent to the complex coupled dispersionless (CCD)
system via an explicit transformation. This duality reveals the deep structural relationship
between the M-XIII model and other known soliton equations.

A significant aspect of this study is the extension of the M-XIII equation to its fractional
form using the reduced M-fractional derivative framework. By applying the Kudryashov
method, we derive new classes of exact soliton and soliton-type solutions for the fractional
version of the equation and investigate their analytical structures. These results demonstrate
the effectiveness of fractional calculus in exploring generalized integrable systems.

Furthermore, we examine the geometric evolution of curves and surfaces associated
with the fractional M-XIII equation and construct explicit soliton surfaces using the Sym–
Tafel formula. The insights gained from this work contribute to the ongoing development of
fractional soliton theory and its applications in nonlinear optics, spintronics, and geometry-
driven physical models.
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