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Abstract This article examines anisotropic models to char-
acterize compact stars (CSs) in the context of modified f(Q)
gravity theory. To achieve this, we employ the linear func-
tional form f(Q) = «oQ + B. A physically meaningful
metric potential g, is considered, and a quadratic form of
anisotropy is utilized to solve the Einstein field equations
in closed form. This class of solutions is then applied to
characterize observed pulsars from various perspectives. In
the scope of f(Q) gravity, we address the Darmois—Israel
junction requirements to guarantee a smooth matching of the
inner metric with the external metric (Schwarzschild (Anti-)
de Sitter solution) at the boundary hypersurface. By applying
these junction conditions, we determine the model parame-
ters involved in the solutions. Additionally, this study evalu-
ates the physical viability and dynamical stability of the solu-
tion for different values of the f(Q)-parameter o within the
compact star (CS). The mass—radius relationships associated
with observational constraints are analyzed for several com-
pact stars, including Vela X-1, PSR J1614-2230, and PSR
J0952-0607. The investigation indicates that the estimated
radius of the compact object PSR J0952-0607, with mass
2.35 £ 0.17 Mg, is around 15.7970:05 km for a particular
parameter value of @ = 2.0, and the moment of inertia for
the de Sitter space is determined as 4.31 x 10* g cm?. The
I — M curve shows greater sensitivity to the stiffness of the
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equation of state than the M — R curve, reinforcing our con-
clusion about the / — M framework’s responsiveness. Finally,
we predicted the corresponding radii and moments of inertia
for various values of « based on the M — R and M — I curves.
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1 Introduction

The theory of general relativity (GR) has been groundbreak-
ing, yet it encounters difficulties in accounting for the uni-
verse’s late-time acceleration, the existence of dark matter,
and the quantization of gravitational interactions. Signifi-
cant gaps in our understanding of gravitational theory per-
sist, particularly in addressing these challenges. To explain
the late-time acceleration of the universe, it is essential to
consider the possibility of dark energy or a modification of
gravity. Consistency with GR requires that space-time be
Levi-Civita, and Riemannian geometry is typically used to
define an affine connection. However, the use of affine con-
nections in GR has its limitations. Exploring different affine
connections with alternative descriptions of gravity could
help bridge this disparity in research [1-3]. This exploration
underscores the need for alternative theories of gravity, such
as modified gravity theories. Promising approaches include
f(R) gravity, f(T) gravity, f(R, T) gravity, f(Q) gravity,
and others, offering diverse frameworks for further investi-
gation in future studies [4—16].

The f(R) theory offers a promising approach to overcom-
ing the limitations of GR. By modifying the scalar curvature
R in the Lagrangian, f(R) gravity has demonstrated signif-
icant potential in explaining dark energy, as highlighted in
[17-19]. In GR, the affine connection permits a nonzero cur-
vature R, while nonmetricity Q and torsion 7' can be set to
zero, similar to the construction of f(T') gravity. Various the-
ories and geometries can be developed where nonmetricity,
curvature, and torsion take on different values, either zero or
non-zero. Specifically, in f(T) gravity, curvature and non-
metricity are set to zero, leading to a symmetric teleparallel
formulation of general relativity (STGR). Numerous stud-
ies have explored STGR, as referenced in [20-26]. In f(Q)
gravity, the gravitational Lagrangian includes an arbitrary
function of nonmetricity. A significant advantage of f(Q)
gravity is that its field equations are second-order, unlike
the fourth-order differential equations encountered in f(R)
theory. This study primarily focuses on f(Q) gravity. This
modified gravity framework provides a clear formulation of
classical GR without incorporating the affine structure of
spacetime, thereby enhancing inertial gravitational interac-
tions. Notably, f(Q) gravity can account for the late-time
acceleration of the universe without requiring modifications
to scalar fields [27-29]. Various fields have been explored
to assess the viability of the f(Q) gravity model [30-33].
Alternative approaches to modified gravity theories have also
been investigated, such as a bouncing model proposed in
[34]. Additionally, research on holographic dark energy has
employed the functional form f(Q) = Q + Q" [35]. This
investigation found that, when solving for a static CS solu-
tion, no Schwarzschild analog solution exists in the context
of a non-vanishing f(Q) function [28].

@ Springer

In the teleparallel equivalent of general relativity (TEGR),
although itis less well-known, itis formulated equivalently to
GR and symmetric teleparallel general relativity (STGR). A
key distinction in STGR is that both curvature and torsion are
set to zero, with gravity attributed to the nonmetricity Qg .
Like the conditions of zero torsion and nonmetricity, a coin-
cident gauge can always be applied [21]. A notable aspect
of this approach is the vanishing of the affine connection.
However, when continuing to employ the coincident gauge
[36-38] and considering the metric as the only fundamental
variable in modified STGR theories, such as f(Q) theory, the
behavior of metrics will differ across various coordinate sys-
tems. Furthermore, the influence of anisotropy on the macro-
scopic properties of stellar structures such as mass, radius,
moment of inertia, tidal deformability, and nonradial oscilla-
tions is explored in the following works, See Refs. [39-44].
Herrera and Santos [45] have extensively studied anisotropic
fluid spheres in GR, suggesting that this anisotropy likely
persists in the system’s final equilibrium state. Indeed, no
known physical process within a compact star can reverse
the pressure anisotropy developed during its dynamical evo-
lution. Therefore, the principal pressures within the com-
pact star should generally be unequal. Jeans [46] investi-
gated the anisotropy in the distribution of stars within a
galaxy exhibiting spherical symmetry. However, Lemaitre
[47] was the first to address local anisotropy in the context
of GR. Numerous studies have since explored anisotropic
solutions for relativistic stars, beginning with the pioneering
work by researchers [48,49], who extended Einstein’s field
equations to higher dimensions (n > 4) in their model of an
anisotropic star. In a subsequent paper [50], these researchers
derived an exact solution for an anisotropic star by assum-
ing specific forms of anisotropy. Gleiser and Dev [51] later
proposed a new exact solution for an anisotropic star and
examined the star’s stability using Chandrasekhar’s pertur-
bation method.Many investigators have simulated quark stars
or strange stars by accounting for anisotropic pressure [52—
56]. Thirukkanesh et al. [57] investigated the feasibility of
an anisotropic superdense star through the Vaidya-Tikekar
***metric for certain configurations of the anisotropy func-
tion. Panotopoulos et al. [58] derived an anisotropic solution
for the interior of a relativistic star by considering that New-
ton’s constant is a function of the radial coordinate. In the
context of GR, Bhar et al. [59] examined a number of physi-
cal properties of the anisotropic solution for relativistic stars.
Bhar [60] also examined interior solutions of anisotropic
stars under the framework of f(Q) gravity. Moreover, other
anisotropic solutions were examined in several modified the-
ories of gravity [61,62]. In this paper, we examine the influ-
ence of anisotropy on all physically relevant properties of the
star to better understand its role in stellar structure within the
context of f(Q) gravity.
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The paper is structured as follows: Sect.2 outlines the
mathematical formalism of f(Q) gravity. Section3 intro-
duces a new class of solutions necessary for the viability of
CSs. In Sect.4, we examine the boundary conditions within
f(Q) gravity. Section5 focuses on estimating the constant
parameters for the stellar model. The physical behavior of
anisotropic CSs, considering various aspects related to stel-
lar data, is discussed in Sect. 6. Finally, Sect. 8 presents the
concluding remarks on this work.

2 Mathematical formalism of f( Q) gravity and the
field equations

In our investigation of GR, we have identified the Levi-
Civita affine connection as a critical element. This connec-
tion, when applied to the space-time manifold, ensures metric
compatibility. By employing different manifolds and affine
connections, it is possible to develop various interpretations
of gravity [3,28]. Earlier research indicated that the Levi-
Civita connection also uncovers two additional key geomet-
ric concepts: nonmetricity Q and torsion 7'. By relaxing these
constraints, one can formulate numerous theories grounded
in non-Riemannian geometry, where curvature, torsion, and
nonmetricity all play pivotal roles. Within this framework,
the f(Q) gravity theory was developed, introducing a grav-
itational Lagrangian that incorporates an arbitrary function
of nonmetricity, denoted as Q.

The extension of f(Q) gravity plays a crucial role in
understanding the universe’s expansion. Jimenez et al. [28]
were the pioneers in defining symmetric teleparallel gravity,
now referred to as f(Q) gravity. Building on the work of
Zhao et al. [63] within the framework of f(Q) gravity, we
consider a general metric space-time where the metric ten-
sor g,y and the connection Fﬁw are treated as independent
variables. The nonmetricity of this connection is defined by
the following equation,
rop,v = Vag;w = aag;w - Féug)hv - Févgll)»' (1)
By breaking down this affine connection into its indepen-
dent components, we derive the following three components
presented in a general manner

Fﬁv = Kﬁv+{ﬁv}+Lﬁv,, )

where {f‘w} denotes Levi-Civita connection, K ;)lv is called
contortion tensor, and Li‘w defines disformation, the Levi-
Civita connection ({/);V}) is determined through the metric
tensor g, as:

1
(i} = 587 @ugpy + vgpu — Ipgun)- 3)

However, K ﬁv is the contortion written as:

1
Kuv = 5T+ T )

The torsion tensor is defined as the skew-symmetric part

of the affine connection, expressed as Tli‘v = ZFf‘W]. Fur-

thermore, the quantity wa is specified as:

Lr = 1 A 5
N—VZ_QMV—Q(M V)’ ®)

2
We now consider the nonmetricity conjugate as,

o« —
Py =

1 1 : !
4 w EQ‘(XMV) * Z(Qa = O%)guy - ZS?VQ“)'

(6)

The independent traces of the equations mentioned above are
given as follows

0u= 0, Ou=0", , (7)

The following is the definition of the nonmetricity scalar Q
as:

Q = _Qavupauv~ (8)

The f(Q) gravity theory is characterized by the following
action, which incorporates the use of Lagrange multipliers-

1
S = / V—gd*x |:§f(Q) + Ag“”R%W + AL T, + Em] .
©))
In the previously stated equation, the determinant of the met-

ric is denoted by g, while the Lagrangian density is repre-

seﬁnted by L,,, with the Lagrange multipliers indicated as
A

The field equations have been derived from the action pre-
sented in Eq. (9) using the metric specified below:

2
v =8
1
+58u f + fo(Puagp 0% — 2048, PP), (10)

T;w = Va(\/__ngP;zv)

where fo = dp f(Q) denotes the derivative of the function

f(Q) with respect to Q.
We employ the conventional notation for the energy-

momentum tensor (EMT), as defined by,
2 8(/=9)Lm)
N/ T

By differentiating Eq. (9) with regard to the affine connection,
we get the result that follows,

Vohe "0 = /=g fo P2, + Hy 17 — . (12)

(1D

Ty =

@ Springer
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This density of hyper-momentum tensors may be expressed
using the following formula:
—148L,

H, " = : 13
@ 2 8T, (13

We now simplify Eq. (12) to the following expression by
taking into account the skew-symmetry property of x and v
in the coefficients of the Lagrangian multipliers

VuVo(V—gfoPl" + H, ") =0. (14)
For V, V, H, MY — 0, it gives
V.Vo(V—gfoP") =0. (15)

In the absence of torsion and curvature, the affine connec-
tion is represented as follows,

o ax?
re, = (@)auaus*. (16)

In the context of a particular coordinate system, commonly
referred to as a coincident gauge where I'jj, = 0, the non-
metricity simplifies to

Oupv = 0aguv- (17)

By employing this coordinate system, computational com-
plexity is minimized, as the metric becomes the sole fun-
damental variable. However, maintaining diffeomorphism
invariance in the action is only guaranteed for STGR. To
overcome this issue, we utilize the covariant formulation of
f(Q) gravity. The relationship specified in Eq. (16) is iner-
tial, requiring the affine connection to be determined in the
absence of gravity [22]. Nonetheless, the off-diagonal ele-
ment of the field equations in the coincident gauge puts sub-
stantial restrictions on f(Q) gravity, resulting in the formu-
lation of intricate functional expressions for f(Q).

We consider the general static and SS spacetime metric
within stellar systems’ interiors.

ds® = —X2(r)dt® + Y2(r)dr® + r*(d6* + sin® 0 d¢?).
(18)

where the coordinate x' = (¢,7,6,¢),i =0,1,2,3, X and

Y are metric potentials. By putting Eq. (18) into Eq. (8), we

get an additional equation, expressing the nonmetricity scalar

0 as,

21 2X’ 1 19
Q(”)——;ﬁ<7+;>- (19)

In this context, the prime (') denotes the derivative with
respect to 7. The energy-momentum tensor for an anisotropic

fluid in a SS system is expressed as follows,
Ty = (p + pougiy + pi&uv + (Pr — ponuiy- (20)

Here, the four-velocity is represented by u,,, and 1, indicates
the unit space-like vector directed radially, which satisfies the

@ Springer

conditions u*u, = —1, n*n, = 1, and u*n, = 0. Further-
more, p(r) denotes the energy density, p, (r) represents the
radial pressure, and p,(r) is the tangential pressure.

The constituent component of the field’s equations (10)
governing the behavior of anisotropic fluid (20) are expressed
as follows.

1 /
P=""y +[rQ foo(* =1+ fo
2 X 10 S WL - S
><<(Y 1)(1+rX>+r(l+Y)Y>+2r fY], 2D

== |10 foo = 1)+ 1 (2=
TT T 2y2 Q0 Q

’ / 4
() )] e
| ) X ) b d X/2
Y/ 5 X/ x” X/2 1 2
(v +rx>r<xx2))+2rfy e
0
002t 0'foo =0, 24)

d 42
where fp = %, foo = ﬁ.

3 A new class of solution in f(Q) gravity

Assuming the affine connection vanishes in the chosen coor-
dinate system, f(Q) gravity requires vacuum solutions, i.e.,
T,w = 0. This leads to the derivation of the off-diagonal
component of the field equation (24). By combining Eq. (10)
with Eq. (24), we obtain fpo = 0, indicating that the func-
tion f(Q) must be linear. Nonlinear choices for f(Q), such
as f(Q) = 02, result in inconsistencies within the Einstein
field equations (EFEs) and their solutions. Therefore, non-
linear forms of f(Q) gravity do not produce consistent equa-
tions of motion. If nonlinear f(Q) gravity is to be studied, a
more generalized form of the SS metric within the coincident
gauge is required. For a detailed discussion, see Zhao’s work
[63]. In this study, we consider a linear function by setting
foo to zero and aligning the SS coordinate system (18) with
an affine connection where 'Y, equals zero.

In order to accurately describe a realistic compact stel-
lar model, it is crucial to identify an appropriate function,
denoted as f(Q). Wang et al. [4] highlighted the importance
of selecting a function whose second derivative with respect
to Q, foo, equals zero, ensuring compatibility between the
solution for the compact star and the Schwarzschild (Anti-)
de Sitter solution at the outer boundary. As a result, to inves-
tigate physically plausible stellar models, we choose a linear
function f(Q), given by

f(Q)=aQ+ 8, (25)
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where « and § are arbitrarily treated as model parameters.
For the choice of « = 1, 8 = 0, one can recover the case of
classical GR.

Using Eq. (25) into the Egs. (21)—(24), the field equations
are obtained in view of f(Q) gravity as,

1 o Y’ 1,
o =r—2[(x+ﬁ(2r7—l>—§r ] (26)
1 o X/ 1 2
o :r—z[—a+ﬁ<2ry+l)+§r ﬂ], 27)
Yy=2rt o, XN\ (X Y
X" X/Z
+ar (7 . F) ] (28)

Within the physics literature, anisotropic pressure character-
izes the directional diversity in fluid dispersion. However,
under certain plausible circumstances, pressure anisotropy
can be represented by A = (p; — p;,), signifying the progres-
sive behavior of the stellar object. By employing Egs. (27)—
(28), the pressure anisotropy in our static configuration sys-
tem is examined

X2y

A= 3

[—ar2(1 +YH)X?
.

+Xx2 (oz + (—a + /3r2)Y2 + otrYY’)
tarX (X’(z — Y2 +rYY) + rx”)]. (29)

The mass m (r) enclosed within a radius r of the stellar object
is defined as

m(r) = l/r xp(x)dx. 30)
2 Jo

Given that the system of equations (26)—(28) involves five
unknowns, namely p, p,, p:, X, Y, it necessitates the incor-
poration of two supplementary constraint relations to achieve
complete solutions.

For a stellar model to be physically valid, it is imperative
that the metric potentials (g, ) exhibit regularity at the central
point (r = 0).

In a recent study by Das et al. [64], a novel analytical
stellar model within the framework of GR was examined,
offering insights into various attributes of observed pulsars.
Building upon this premise, in this work we investigate the
form of the metric potential g, as follows-

o) = (Ar = Br? + 1)_1 : 31)

here A and B represent model parameters referred to as
curvature constraints, with dimensions of (length)~* and
(length)~2, respectively.

Taking use of Eq. (31) into Eq. (29) and rearranging, one
obtains

X" (Ar*—1) X' 87A—aAr?
X r(0—Br2+ArY X (1—-Br2+Ar%)’

(32)

Considering Eq. (32) as a differential equation in X, its
solvability hinges on knowledge of A(r) form. To render
the equation integrable, we postulate a quadratic form of
anisotropy, thereby facilitating its solution,

A(r) = a Ar?. (33)

This quadratic form of anisotropy is both physically plau-
sible and diminishes at the central point of the star (r = 0).
Herrera and Santosh [45] demonstrated that such anisotropy
could emerge in CSs as a consequence of slow rotation.
Furthermore, this selection offers a closed-form solution for
Eq. (32),

In view of Eq. (33), the Eq. (32) provide

X’ (Ar* = 1)
X r(1=Br2+Art) X

/!
X o, (34)

which gives after-integration

ki log |:2Ar2 —B+2JA( - Br2+ Ar4)] ;
2JV/A

(35)

X(r) =ky +

where k1, ky are integrating constants which further can be
determined by using the boundary conditions.

After inserting the value of X (r) and Y (r) into field equa-
tions (26)—(28), one obtain

p(r) = 3aB — SaAr? — g (36)
4ky /A (Ar* — Br2 +1)
pr(r) =« J +Ar? - B +§, 37)
ki log (2\/A (Ar* — Br2 +1) +24r2 — B) + 2V Ak
o
pi(r) =
JA(Art = Br2 1) (kilog (2,/A (ar* — Br2 +1) +24r2 - B) + 2V/Ak, )
| 44372k 2\/A 4 _ p2 2, 4 2 2
o (Ar* — Br2 +1) + 4A%kr* — 4Aky (Br= —1) +k; (2Ar* — B
4 2 4 2 2 4 2 B
xy/A (At — Br? 4 1) log (2\/A (Art — Br2 + 1) + 2472 - B) —2VABky,JA (Ar* — Br? + 1)} +3 (38)
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4 Boundary conditions in f(Q) gravity

In this section, we examine the appropriate boundary condi-
tions required for solving the Einstein field equations (EFEs)
within the framework of f(Q) gravity. This involves ensur-
ing compatibility between solutions in the interior and exte-
rior regions of space-time. According to the generalized
Jabsen—Birkhoff theorem, the solution to the EFEs in the
case of empty space-time describing the gravitational field
around an object in the presence of a cosmological constant
A-corresponds to the Schwarzschild (Anti-) de Sitter metric.
When considering stellar systems within the context of f(Q)
gravity, the exterior space-time is generally described by the
Schwarzschild (Anti-) de Sitter geometry [4]. The expres-
sion for the Schwarzschild (Anti-) de Sitter metric is given
as follows:

2 2 s 2 2
+—————+1r7(df” +5sin"6d ) 39
(2 ( $*) (39

r

where exterior coordinate is xﬁi =(T,r,0,9).

M describes the mass of the stellar object (also known as
Schwazschild mass) and A is a cosmological constant. It’s
worth highlighting that the cosmological constant, denoted
by A, is contingent upon the constants « and S, expressed as
A= % For the mathematical framework to be significantly
influenced, the cosmological constant must be substantially
high. However, in this context, the empirical support is min-
imal, resulting in the insignificance of A in affecting the cur-
rent stellar model. Based on available numerical data, the
cosmological constant A approximates 10~%¢/km?, but such
value has no relevance in the present investigation.

We examine the smooth connection between the interior
space-time metric ds2 (represented by Eq. (18)) and the exte-
rior metric ds_2~_ across the hypersurface ¥ : r = R. This
boundary, denoted as X, acts as the division between the inte-
rior and exterior regions of the SS stellar system. Employing
the Darmois—Israel methodology [65,66], we recognize that
in the framework of f(Q) gravity, additional constraints must
be satisfied due to the presence of non-metric connections,
ensuring the feasibility of such matching configurations.

(1) The continuity of the first fundamental form ( the met-
ric) at boundary ¥ : r = R that is

- X -zt
81 = 811> 8rr = 8rr>

which provide us

X2(R) = (1 . 2?M - %Rz) (40)
Y2(R) = (1 _M %rZ)_1 1)

@ Springer

(i1) The continuity of the second fundamental form ( the
extrinsic curvature) at the boundary X : » = R gives [67]

(Ry=0 — WEFT2RX) 1, e “2)
PrR=0= "y TP =R

Therefore, Eqgs. (40)—(42) serve as essential boundary con-
ditions f(Q) gravity. In the context of stellar modeling, these
boundary conditions play a crucial role in determining the
numerical values of arbitrary constant parameters. Conse-
quently, we can deduce the model parameters in our study
through the utilization of these boundary conditions.

5 Estimation of model parameters and relevant with
astrophysical stellar data

In this section, we discuss the estimation of arbitrary
parameters- model parameters k1, k7 alongside the total mass
M utilizing the boundary as mentioned earlier conditions.
Using Egs. (31), (32) and (37) into boundary conditions
(40), (41) and (42), the value of k1, kp and M are stated as,

_ VAVAR*—BR?+1(2a (B — AR?) — B)

ki . 43)
4a\JA (ARY — BR2 + 1)
AR~ BRZ+1
ko =
Sa,/A (AR — BR? + 1)
x |:2a (4\//4 (AR*— BR>+1) + (AR - B)
x log (2\/A (AR — BR? + 1)+ 2AR — B))
+Blog (2\//4 (AR*— BR? + 1) + 24R? — B) }
(44)
3 _ 2\ _
w_ R [6 (B — AR?) ,8]' 45)

12a

We conducted an analysis of astrophysical data pertain-
ing to compact star Vela X — 1. Utilizing Eqgs. (43) and (44),
we determined the numerical values of constant parameters
k1 and ky for the CSs using the provided astrophysical data
points, as elaborated in Table 1. These parameters were sub-
sequently employed in tandem with the astrophysical data
to compute quantities such as p, p,, pr, A, mass (M), and
red-shift (z), which were then visually represented to eluci-
date their trends. Throughout this study, the values of B is
assumed to be 0.0001 respectively.
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Table 1 The values of central density (p.), surface density (py), central pressure (p.), surface red-shift (z;), adiabatic index (I"), k1 and k>

« pe (gm/em?) ps (gm/em?) Pe (dyne/em?) r Zs ki ka

1.0 4.48395 x 104 3.58617 x 10 4.62499 x 1034 6.44387 0.304341 0.00120782 5.12187
1.25 5.61165 x 10 4.49289 x 1014 5.80236 x 103 6.47239 0.30312 0.00121333 5.14289
1.5 6.73935 x 10 5.39892 x 104 6.9851 x 103 6.48926 0.302511 0.00121692 5.15641
1.75 7.86705 x 10 6.30564 x 101 8.16225 x 103 6.50322 0.301903 0.00121956 5.16649
2.0 8.99475 x 10 7.22133 x 10™ 9.26746 x 1034 6.53534 0.299482 0.00122238 5.17889

6 Physical viability of the anisotropic stellar model
6.1 Regularity of the metric potentials

In order for the stellar model to behave appropriately, it is
necessary for the metric potential to remain finite and smooth
at the central point of the star. In our analysis, we demon-
strate that at the center (r = 0), the metric potential g,
conforms to these criteria as indicated by Yi(r =0) = 1.
Furthermore, we have derived the expression for the poten-
tial g, = X2(r) (refer to Eq. (35)), which elucidates that

X2(r = 0) equates to a constant value. Specifically, it
is expressed as kp + #Xkl log (Zﬂ — B), indicating its

regularity at the center. This is visually corroborated by
Fig. 1, where the metric potentials exhibit positivity, finite-
ness, smoothness, and a monotonically increasing behavior
within the confines of the star for different values of «.

6.2 Qualitative analysis of the physical parameters: density,
pressures, and anisotropy

In order to establish a physically viable stellar model, it is
imperative that both density and pressure exhibit finiteness
and a decreasing trend within the star. Atthe boundaryr = R,
the radial pressure diminishes to zero, while the tangential
pressure maintains positivity across the stellar structure, as
delineated in Figs. 2 and 3. Additionally, it is observed that
the central density of the star, denoted as p., adheres to the
condition of being finite and non-negative, characterized by
pe = 3aA — % B. This behavior underscores a progressive
increase in density towards the core, peaking at r = 0, signi-
fying greater compactness in the core compared to the outer
layers. Notably, both pressures exhibit minima in proximity
to the boundary r = R, with a subsequent rise towards the
center at r = 0. Consequently, the hydrostatic force engen-
dered by these pressures is ascertained to be positive, exert-
ing an outward influence. Furthermore, the central values of
density and pressures both are increasing when « increases.

A stable and physically sustainable celestial body necessi-
tates a hydrostatic force feature that counteracts gravitational
attraction, thereby averting gravitational collapse a funda-
mental criterion. Moreover, the anisotropy of such a celestial

body is influenced by two opposing forces: a repulsive force
when A > 0 and an attractive force when A < 0. The
repulsive force acts to disperse the fluid from the body, while
the attractive force draws it inward. Under isotropic condi-
tions (pr = p:), these forces balance each other, resulting
in a state of equilibrium, mathematically denoted as A = 0.
However, moving away from the stellar core, the anisotropy
experiences a positive increase. This augmentation occurs
because the repulsive force gains dominance with increasing
distance from the star, as depicted in Fig. 3. The anisotropy
graph is expected to exhibit a consistent positive increment
in the vicinity of the star. On the other hand, it is seen that the
magnitude of anisotropy increases when « increases. Con-
sequently, the preceding examination of physical parameters
clarifies the notable characteristics of CSs inside the context
of f(Q) gravity.

6.3 Energy conditions

This section delves into the physical attributes of our stel-
lar models, delving into various energy conditions (EC). EC
plays a pivotal role in assessing the stability of the stellar
model. Positive energy bounds delineate the authentic and
physical attributes of anisotropic matter. A stellar structure
is deemed physically tenable when it upholds specific EC
throughout its evolution. Leveraging the gravitational theory
framework enables us to articulate energy criteria as local
inequalities governing the interaction between energy den-
sity (p) and pressures (p,, p;), under certain constraints. The
positivity of density and pressures implies that the null energy
condition (NEC), weak energy condition (WEC), and strong
energy condition (SEC) are indeed positive. The dominant
energy condition (DEC) is employed to scrutinize the stabil-
ity of a compact star.

The mathematical expression of such constraints is as
follows-

NEC: p+p->0,p+p; >0, (46)
WEC: p>0,0+p>0,p+ p; >0, (47)
SEC: p+ pr+2p, >0, (48)
DEC: p>0,p—p,=0,0—pr = 0. (49)
TEC: p— pr —2p; > 0. (50)
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Fig. 3 The behavior of tangential pressure p; - (left panel) and anisotropy A- (right panel) within compact stars with same values as employed in
Fig. 1
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Given that both pressure and density are positive throughout
the star configuration, our derived solution inherently sat-
isfies the DEC, WEC, and SEC. We only need to validate
the DEC and TEC with the celestial object. Figure 4 demon-
strates that the energy criteria DEC and TEC are fulfilled
throughout the star, indicating a stable and well-behaved
model.

6.4 EoS parameters

The equation of state (EoS) characterizes the ratio of energy
density and pressures inside the stellar configuration, repre-
sented as

Pr Dt
Wy = —, w = —.

o o

61V

It provides significant insights into the composition of the
star’s constituent matter. To elucidate the distribution of ordi-
nary matter, it is imperative for the equation of state (EoS)
parameter to remain below 1, represented as 0 < w, < 1
and 0 < w; < 1 for all taken values of f(Q) parameter
«. Figure 5 illustrates the radial and transverse fluctuations
of the EoS parameters w, and w;, revealing that they con-
sistently reside within the 0 to 1 range throughout the star’s
interior. These findings suggest a strong alignment between
the observed EoS parameter variations and our proposed stel-
lar models.

6.5 Tolman—Oppenheimer—Volkoff (TOV) equation:
equilibrium condition

In this subsection, we investigated the equilibrium stability
of the stellar model within the framework of f(Q) gravity,
considering the gravitational force, hydrostatic force, and
anisotropic force. The internal structure of anisotropic CS
is described by the TOV equation, which was introduced in
the pioneering works by Tolman, Oppenheimer, and Volkoff
[68,69].

According to the TOV equation, the equilibrium condition
for these forces may be formulated in the following manner,
p+prY n dp, 2

——-A=0, (52)

M
ST x T ar oy

where M represents the effective gravitational mass, which
is calculated from the Tolman—Whittaker mass equation
expressed as,

XX 53)
T Xx v
By using the equation for Mg in Eq. (52), we get
S S N (54)
x PP TR

The TOV equation satisfies the equilibrium condition Fy +
F, + F, = 0, signifying that the cumulative forces inside the
star system need to equal to zero, where

X/
Gravitational force: F, = —7(,0 + pr), (55)
d
Hydrostatic force: Fj, = — dPr, (56)
r
. . 2 2
Anisotropic force: F, = —A = —(p; — pr). 57
r r

The data depicted in Fig. 6 indicate that every force satis-
fies the necessary conditions for maintaining the equilibrium
stability of the stellar system.

6.6 Stability criteria via cracking concept

Another approach to exploring the potential enduring
anisotropic structure of a compact stellar object involves
investigating the occurrence of overturning or fracturing
within a model. By assessing the possibility of cracking or
overturning, it becomes feasible to evaluate the potential sta-
bility of the star. As fluid elements within the compact star
undergo acceleration, there arises a propensity for the star to
fracture at a specific juncture, assuming the star experiences
neither compression nor expansion. This fracture susceptibil-
ity termed the stability condition of the star, was proposed by
Herrera [70] and utilized in a study to ascertain the stability of
CS models. According to this approach, the speed of sound
with CS models must follow causality constraints in order
to be considered physically acceptable; and radial velocity
(vrz) must be greater than the tangential velocity (vtz). The
formula for v and v? are given as follows:

o2 = | 4Pt

r=1a (58)

’

2 _ dpr
v, dp

respectively. To assess the resilience of our proposed model,
we investigated the parameters 0 < v> < 1and 0 < v? < 1
within celestial bodies, assuming a speed of light ¢ equal to
1. Figure 7 provides visual evidence supporting the potential
stability and adherence to causality conditions of the ana-
lyzed f(Q) gravity models. Furthermore, to evaluate the
stability of anisotropic compact structures in order to ana-
lyze Herrera’s cracking notion about the stability of compact
objects. The investigation indicates that a model is theoret-
ically stable if it meets the condition 0 < v% — vf > 0,
provided there is no sign change of vr2 - v,2 inside the star’s
radius. Since the requirement 0 < v% — v[2 > 0 is fulfilled
by our model because vr2 always greater than v,2 throughout
the star for all values of «, we may conclude that the model
adheres to Herrera’s cracking concept.
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6.7 Adiabatic index

For a stable stellar configuration, a comprehensive analysis
of the adiabatic index (I") and a careful examination of the
instability criteria for anisotropic stellar models are essen-
tial. Stability considerations are critical when analyzing both
Newtonian and relativistic fluid models for compact objects.

(middle left panel), for « = 1.75 (middle right panel) and ¢ = 2.0
(lower panel) for similar values as used in Fig. 5

In Newtonian frameworks, the average adiabatic index must
satisfy I, > % to ensure stability. Knutsen [73] demon-
strated mathematically that for isotropic fluid models, the
adiabatic index exceeds unity when the pressure-to-energy
density ratio decreases monotonically with radial distance,
signifying a decrease in temperature outward from the cen-
ter. Building on this, Herrera et al. [70,74,75] formulated
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within compact stars

criteria for assessing the stability of relativistic anisotropic
stars.
The adiabatic index is defined as follows

_ ot pedpr

F b
prdp

(59)
The findings demonstrate that the values of I" constantly
exceed % over the whole stellar interior, as seen in Fig.8
(left panel) and Table 1. Therefore, our model is stable.

6.8 Harrison—-Zeldovich—Novikov criterion

We use the Harrison—Zeldovich-Novikov (HZN) criteria [71,
72] to evaluate stability. The resultant inequality is used to
evaluate the HZN stability criteria,

° dM - ()

T — stable stellar structure

4
° dpe < 0

— unstable stellar structure.

@ Springer

This implies that the total mass (M) should be increasing
with central density p.. Therefore, we derive the subsequent
procedures to validate the aforementioned condition for the
obtained solution,

R3 (8mp. —3AaR* — )

dM 47 R’ 6
do. 3o

The aforementioned formula shows tha cannot be neg-
ative for positive values of «. The overall mass is a mono-
tonically rising function of central density. Consequently, the
current model establishes a stable star configuration in accor-
dance with the HZN stability criterion. Figure 8 (right panels)
demonstrates that M (p,.) is a monotonically rising function
of p., exhibiting positive behavior across the system.

am
U doe
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6.9 Red-shift analysis

We have conducted an analysis of the redshift observed in
CSs. The phenomenon of gravitational redshift occurs when
electromagnetic waves, or photons, emanate from a gravi-
tational object and seemingly lose energy. It is noteworthy
that according to GR theory, which elucidates the relation-
ship between gravitational fields, spacetime, and matter, this
redshift effect is predicted. Since photons travel at a constant
speed, their apparent energy loss is manifested as a change
in frequency rather than velocity. Consequently, the wave-
length of the photon increases while the frequency of the
wave decreases due to this energy loss. Observations in vari-
ous astrophysical scenarios, such as those near black holes or
within the vicinity of massive galaxies, have documented this
phenomenon. Gravitational redshift stands as a fundamental
aspect of modern physics, subject to extensive research and
empirical investigation.

For maintaining stability within a SS anisotropic compact
star, it is imperative that the inner redshift increases towards
the center and decreases towards the boundary at» = R. The
formula representing the gravitational redshift within the CS
is articulated as follows:

1

=— -1
) =+
B 2VA :
kilog (2,/4 (Art — Br2 +1) +24r2 - B) + 2VAk,

(62)

Figure 9 depicts the profile of gravitational red-shift varia-
tion, demonstrating a decreasing nature from the core region
to the outer boundary surface of a compact star.

The work of Ivanov [76] delineates the criteria governing
the surface red-shift (z; = z(r = R)) within an anisotropic
stellar model. According to his findings, when the tangential
pressure (p;) adheres to the Strong Energy Condition (SEC),
Zs 1s constrained to a maximum of 3.842. Conversely, if p;
complies with the Dominant Energy Condition (DEC), z; can
extend up to 5.211. The significance of Ivanov’s proposition
lies in its delineation of boundaries dictating the behavior
and observable characteristics of anisotropic CSs. We have
conducted a comprehensive computation of surface red-shift
values (z) for these CSs, with detailed results provided in
the accompanying table.

7 Observational constraints of mass and radius
relations via M — R curves

In this section, we aim to compare the behavior of compact
stars in the context of f(Q) gravity with existing observa-
tional results. To achieve this, we focus on the observational
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Fig. 9 The behaviour of gravitational red-shift within compact stars

measurements of three neutron star pulsars: Vela X-1 with
1.77 £ 0.08 Mg, PSR J1614-2230 with 1.97 + 0.04 Mg,
PSR J0952-0607 with 2.35 £ 0.17 M. In the left panel of
Fig. 10, we display three horizontal stripes of varying col-
ors that represent the mass ranges of the three neutron star
pulsars under consideration. Additionally, we plot the total
mass M against the radius R for the compact star candidates,
considering different values of the o —parameter. The fig-
ure demonstrates that the maximum mass (Mp,x) gradually
rises as the values of « increase from 0.75 to 2. In our cur-
rent model, Table 2 presents the predicted radii of the three
neutron star pulsars based on their observed masses for var-
ious « values. The maximum masses fall within a range of
approximately 1.6 M to 2.6 M. The maximum masses cor-
respond to radii ranging from 11.111‘8:2? km to 15.791‘8:83
km. From a theoretical standpoint, the requirement that the
EoS satisfies causality, combined with our understanding of
nuclear matter at low densities, suggests a loose upper limit
of mmax < 2.9 Mg, as indicated by Kalogera and Baym
[78] following an earlier calculation by Rhoades and Ruffini
[79]. However, the maximum mass predicted by our solutions
aligns well with the Rhoades-Ruffini limit of 3.2 M. Our
analysis shows that these mass values for the three neutron
star pulsars can be achieved through our proposed model of
CSs in the context of f(Q) gravity, utilizing various selected
values of «.

From Fig. 10 (left panel), we observe that the EoS becomes
stiffer as « increases. Consequently, the maximum mass sup-
ported by the corresponding EoS also rises with increasing
«. To compare this with the moment of inertia (I) curve, it
is essential to determine the moment of inertia. By utilizing
the Bejger and Haensel formula [77], one can calculate the
moment of inertia corresponding to a static solution, which
is given by
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Table 2 The predicted radii of the few high masses CSs corresponding Fig.9

Predicted R (km)

Predicted 7 (x10% g- cm?)

Objects M/Mg o o
1.0 1.25 1.50 1.75 2.0 1.0 125 150 175 20
Vela X-1 1774008 1111709 12437000 13447097 14297012 15.057017 165 197 223 246 2.67
+0.01 +0.03 +0.04 +0.07
PSRJ1614-2230 1.97+0.04 — 1246709 13.657003  14.60t00¢ 15417007 — 230 267 297 323
PSR J0952-0607 2.35+0.17 — - — 14.671012 15797005~~~ 383 431

]=%<1+M> MR2. (63)

5 Mo

The I — M curve is notably the most effective and sensitive
to the stiffness of an EoS. As shown in the right panel of
Fig. 10, the relationship between mass and moment of inertia
() highlights this sensitivity. We can also observe that the
EoS becomes progressively stiffer as « increases from 0.75
to 2. Furthermore, the transition at the peak of the I — M
curve is sharper than that in the M — R curve. Thus, we can
conclude that the sensitivity to the EoS is greater in the / — M
curve. Table 2 provides also the predicted moment of inertia
(D for the three neutron star pulsars in our current model,
derived from their observed masses across various values of
.

8 Concluding remarks

In conclusion, this study has explored anisotropic stellar
models to effectively represent CSs characterized by SS mat-
ter distributions within the modified f(Q) gravity frame-
work. By employing the linear functional form f(Q) =
aQ + B, we identified a significant metric potential g,
and utilized a quadratic anisotropy to derive closed-form
solutions to the Einstein field equations. These solutions

@ Springer

provided valuable insights into observed pulsars, enhancing
our understanding from multiple perspectives. Furthermore,
we addressed the Darmois—Israel junction conditions, which
play a crucial role in ensuring a seamless transition between
the interior stellar models and the Schwarzschild (Anti-) de-
Sitter exterior metric at the boundary. Through this approach,
we successfully determined model parameters and integra-
tion constants informed by observational data from compact
star Vela X-1, thereby contributing to the broader understand-
ing of compact astrophysical object in the context of modified
gravity theories. Also, the final model underwent a thorough
evaluation to ensure it met the rigorous criteria for physical
viability and dynamical stability within the context of f(Q)
gravity theory for CSs. Specifically, we assessed the regular-
ity of the metric potentials, as well as the density, pressures,
and anisotropy. We also examined the energy conditions,
EoS parameters, equilibrium conditions, and stability criteria
through the cracking concept, adiabatic index, and Harrison—
Zeldovich—Novikov Criterion. Additionally, the model sat-
isfied the mass-radius relationship, compactness considera-
tions, and redshift analysis, confirming its robustness. Graph-
ical plots generated using the specified parametric values
confirmed that all the reported physical quantities aligned
with established physical behavior. On the other hand, we
have compared the behavior of CSs within the framework
of f(Q) gravity to existing observational results, focusing
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on three neutron star pulsars: Vela X-1 (1.77 & 0.08 M),
PSR J1614-2230 (1.97 & 0.04 M), and PSR J0952-0607
(2.35£0.17 M). Our analysis indicates that as the « param-
eter increases from 0.75 to 2, the EoS becomes progressively
stiffer, leading to a rise in the maximum mass supported by
the EoS. We found that the maximum masses range from
approximately 1.6 M, to 2.6 M, with corresponding radii
between 11.11709° km and 15.797095 km. Additionally,
the moment of inertia (I), calculated using the Bejger and
Haensel formula, demonstrates that the / — M curve is more
sensitive to the stiffness of the EoS than the M — R curve.
This reinforces our conclusion that the sensitivity to the EoS
is greater in the / — M framework. Table 2 presents the pre-
dicted radii and the moment of inertia for the pulsars based
on their observed masses and varying « values.

Ultimately, this investigation highlighted the significance
of the physically relevant metric potential g,,, the quadratic
form of anisotropy, and the linear functional form f(Q) =
o Q + B in developing astrophysical models that are consis-
tent with observed phenomena.
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