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Abstract We are experiencing a golden age of experimen-
tal cosmology, with exact and accurate observations being
used to constrain various gravitational theories like never
before. Alongside these advancements, energy conditions
play a crucial theoretical role in evaluating and refining new
proposals in gravitational physics. We investigate the energy
conditions (WEC, NEC, DEC, and SEC) for two f(Q, L)
gravity models using the FLRW metric in a flat geometry.
Model 1, f(Q,L,) = —aQ + 2L,, + B, features linear
parameter dependence, satisfying most energy conditions
while selectively violating the SEC to explain cosmic acceler-
ation. The EoS parameter transitions between quintessence,
a cosmological constant, and phantom energy, depending on
aand . Model 2, f(Q, L) = —aQ+A(2L,,)*>+ B, intro-
duces nonlinearities, ensuring stronger SEC violations and
capturing complex dynamics like dark energy transitions.
While Model 1 excels in simplicity, Model 2’s robustness
makes it ideal for accelerated expansion scenarios, highlight-
ing the potential of f(Q, L,,) gravity in explaining cosmic
phenomena.

1 Introduction

Recent advancements in cosmology have highlighted the
accelerating expansion of the universe [1-10], a phenomenon
extensively studied and attributed to the influence of dark
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energy (DE). DE, characterized by a significant negative
pressure and accounting for roughly 70% of the total energy
and matter content of the universe, influences the dynamics of
ordinary matter through its exotic properties. This mysterious
force violates the strong energy condition (SEC), expressed
as p+3p > 0, where p is the energy density and p is the pres-
sure. The simplest explanation for DE is the introduction of a
cosmological constant (CC), which accounts for the observed
accelerated expansion and underpins the successful ACDM
model [11]. However, the model faces challenges, includ-
ing a mismatch between predicted and observed CC values
and the cosmic coincidence problem, which questions the
nearly equal densities of matter and DE in the current uni-
verse. These issues motivate the exploration of alternative
models to better explain the universe’s accelerated expansion
[12-14]. Theoretical approaches to explaining this expansion
generally fall into two categories: (1) introducing new mat-
ter components with a negative equation of state parameter
(e.g., quintessence, phantom fields, etc.) on the right-hand
side of Einstein’s equations, or (2) modifying the left-hand
side by altering the Einstein—Hilbert action using an arbitrary
function f, reflecting a purely geometric nature. Examples
of such approaches include f(R) gravity [15-17], f(R, L)
gravity [18-22], f(G) gravity [23-25], f (R, T) gravity [26—
30], f(Q) gravity [31-41], and f(Q,7T) gravity [42-48],
among others.

The f(Q, L,,) gravity represents a modern extension of
symmetric teleparallel gravity, where the Lagrangian density
is expressed as an arbitrary function of the non-metricity Q
and the matter Lagrangian L,, [49]. This coupling leads to the
non-conservation of the energy—momentum tensor, resulting
in significant thermodynamic implications for the universe,
similar to the effects observed in f (R, 7) gravity [26]. Spe-
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cific cosmological models have been investigated for var-
ious functional forms of f(Q, L,,), such as f(Q, L,,) =
—aQ+2Ly+pand f(Q, Ly) = —aQ+(2Ly)*+B[49].
Comparative analyses with the standard ACDM paradigm
have been carried out to evaluate their observational con-
sequences. These models, developed within a flat FLRW
spacetime, successfully account for the observed accelerat-
ing expansion of the universe, providing a compelling alter-
native explanation for the phenomenon of cosmic accelera-
tion [49]. The inclusion of L, in f(Q, L,,) gravity is moti-
vated by the exploration of nonminimal couplings between
geometry and matter. Such couplings have been studied in
various modified gravity theories, including f(R, L,,) [18]
and f(R,L,,, T) gravity [50], as a means to investigate
potential deviations from general relativity (GR) and possible
explanations for DE and dark matter [51]. Recently, Myrza-
kulov et al. [52] explored the universe’s late-time expansion
withinthe f(Q, L,,) gravity framework. They analyzed alin-
ear model, f(Q, L) = —aQ + 2L,, + B, and constrained
the parameters Hy, o, and S using datasets such as H(z), Pan-
theon+SHOES, and BAO. Their findings indicate a positive
energy density approaching zero in the distant future and
a deceleration parameter that transitions from deceleration
to acceleration, aligning with previous observational studies
and enhancing our understanding of the universe’s expan-
sion dynamics. In Ref. [53], the authors analyzed a model
characterized by f(Q, L) = aQ + BL! . Their analysis
reveals that the universe undergoes accelerated expansion
for n > 2, while the case n = 1 corresponds to a universe
dominated by non-relativistic matter. Myrzakulov et al. [54]
investigated the impact of bulk viscosity on late-time cosmic
acceleration within the f(Q, L,,) gravity framework. They
analyzed the function f(Q, L,,) = «Q + BL,, and derived
exact solutions under non-relativistic matter domination.
This study aims to investigate the various energy con-
ditions within the newly formulated f(Q, L,,) gravity the-
ory. In GR, energy conditions are crucial in understanding
key aspects of cosmology [55], black hole thermodynamics
[56], and singularity theorems [57]. These conditions rep-
resent different approaches to ensuring the positivity of the
energy—momentum tensor in the presence of matter, while
also capturing the attractive nature of gravity. Derived from
the Raychaudhuri equation, energy conditions are fundamen-
tally geometric, requiring that gravity is attractive and the
energy density remains positive [58]. The weak, null, dom-
inant, and strong energy conditions are fundamental in GR.
The renowned Hawking-Penrose singularity theorem relies
on the SEC, whose violation leads to the observed accelerated
expansion of the universe [55]. The second law of black hole
thermodynamics is based on the null energy condition (NEC)
[57,59]. The weak energy condition (WEC) is essentially a
combination of the NEC (p+ p > 0) and p > 0, meaning the
local energy density, as measured by any timelike observer,
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must be positive. If the NEC is violated, the SEC is no longer
satisfied, and likewise, the WEC and dominant energy con-
dition (DEC) cannot hold. By focusing on a congruence of
null geodesics, one can derive the null convergence condition
R,wk*k¥ > 0 for any null vector k*.

Energy conditions have been extensively studied in the
context of various modified gravity theories. For instance,
Capozziello et al. [60] analyzed energy conditions in GR
under the framework of f(R) gravity with a power-law for-
mulation. Atazadeh et al. [61] examined the implications of
energy conditions in Brans—Dicke’s theory derived from a
generic f(R) model. Liu and Reboucas [62] explored energy
conditions in f(7T) gravity, applying constraints from expo-
nential and Born-Infeld f(7) models. Zubair and Waheed
[63] investigated the validity of energy bounds in a mod-
ified gravity theory incorporating a non-minimal coupling
between matter and the torsion scalar. Azizi and Gorjizadeh
[64] addressed energy conditions in higher-derivative torsion
gravity. Studies on f(G) gravity, including diverse forms,
were carried out by Garcia et al. [65] and Bamba et al. [24].
Further, Sharif and Ikram [66] discussed energy conditions
for reconstructed f(G,7) models within the FLRW uni-
verse, and Yousaf et al. [67] evaluated the viability of energy
bounds in higher-order f (R, R, 7) gravity through energy
conditions. Recently, Mandal et al. [68] analyzed energy con-
ditions within f(Q) gravity, whereas Arora et al. [69] inves-
tigated these conditions in extended f(Q, 7') gravity.

The structure of this study is organized as follows: In
Sect.2, we present the fundamental aspects of f(Q, L,,)
gravity. Section3 employs the Raychaudhuri equations to
derive the energy conditions, incorporating the effects of non-
metricity and the matter Lagrangian. Detailed constraints on
f(Q, L,,) models are analyzed in Sect. 4, followed by a com-
parative discussion of the f(Q, L,,) models. In addition, the
equation of state parameter for the models under considera-
tion is depicted. Finally, Sect.5 concludes with our remarks
and future outlook.

2 Overview of f(Q, L,,) gravity theory

In this work, we explore an extension of symmetric telepar-
allel gravity, with the action formulated as described in [49],

5= / F(0. L)y/=gd*x. ()

Here, /—g represents the square root of the negative
determinant of the metric, while f(Q, L,,) is an arbi-
trary function of the non-metricity scalar Q and the mat-
ter Lagrangian L,,. As discussed by Jimenez et al. [31], the
non-metricity function is defined as

Q = _gMU(Lﬂa;LLaUIB _ LﬂaﬂLan)$ (2)
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where Lgy is the disformation tensor, explicitly given by
1
B _ _,B
Lw = 2g

Another essential component of symmetric teleparallel
gravity is the non-metricity tensor, defined as

"(Qyan + Qany — Qray) - 3)

Oy = —Vyguy = —0y8guv + guoﬁauy +gouﬁavy~ 4

Here, T v denotes the Weyl connection, with I'? ,,, rep-
resenting the familiar Levi—Civita connection associated with
the metric. Moreover, the trace of the non-metricity tensor is
expressed as

0p = g"’ Qupv- )

Next, we define the superpotential tensor, also known as
the non-metricity conjugate, as

Qﬁ = glw Qﬂ/}.v,

! B
Pﬁ;w = Z|: - Qﬁlw + 2Q(M V) + Q'Bg;w

~ 1
—0Pg,, — (Sﬁ(uQ”):| = _EL/SMV

1

~(0f —
+7 (0

Further, the non-metricity scalar is defined as [31]

~ 1
0") g — 78, Qv- 6)

1
0= _Qﬂ;wPﬂw} = _Z( - QﬂUpQﬂvp
+207" Qppy —20° 0, + Q" Qy). ™)
Therefore, varying the action (1) with respect to the metric
yields the field equations,

———Vau(fov/—8P" )+fQ(PMa/3Qv

F

1
_2Qa Popy) + = fg;w = EfLm(g;wLm —Tu), ()
where fo = 3f(Q, Ln)/0Q and f1,, = 3f(Q, Ln)/dLp.
For f(Q, L) = f(Q)+2L,,, the field equations reduce
to those of f(Q) gravity [31]. Furthermore, the energy-

momentum tensor 7}, for the matter is given by

2 8(y/—8Lm) aL
Ty =——F1—= = = guvLm — 2_m’ 9)
N agh”
By varying the gravitational action with respect to the
connection, we again obtain the field equations,

A (4«/_—g fo PM + Ha”"): 0, (10)

where H,"" denotes the hypermomentum density, defined
as

HM =J—g/L Y

m (SY“

By applying the covariant derivative to the field equation
(8), one can obtain

D, TH = VoV H, %" 4V, AF

1[2

fr, L/
1

v, (——vV.H,* )| =B, 0. 12

() |=mro

In the f(Q, L,;) gravity, the matter energy-momentum
tensor is not conserved. The non-conservation tensor B,
depends on dynamical variables such as Q, L,,, and the ther-
modynamic quantities of the system.

To examine the energy conditionsin f(Q, L,,) gravity, we
consider the universe within the context of flat FLRW geom-
etry. This model is based on two key assumptions about the
universe’s structure [70]: (i) Homogeneity: the universe is
uniform at any given moment, with its density and structure
being consistent across large scales, indicating the absence
of preferred locations. (ii) Isotropy: observations from any
point in the universe show identical physical laws and condi-
tions in all directions, suggesting that the universe appears the
same from any viewpoint. In FLRW geometry, the spacetime
interval is expressed by the line element:

ds? = —di* + > (1) (dx? + dy* + d7P), (13)

where a(t) represents the scale factor, which evolves with
cosmic time ¢. From the metric (13), the non-metricity scalar
is givenby Q = 6 H?, where H = % is the Hubble parameter,
describing the rate of the universe’s expansion.

Furthermore, the matter content of the universe is assumed
to be a perfect fluid (without viscosity, shear stresses, or heat
flux), with its energy-momentum tensor given by

Ty = (0o + puyiy + pguv, (14)

where p is the energy density, p is the isotropic pressure, and
u,, is the four-velocity of the fluid.

Therefore, by substituting Eqgs. (13) and (14), we obtain
the modified Friedmann equations in f(Q, L,,) gravity,
which are explicitly given by [49,52-54]

3HE = — [~ fu, (0 + L)), (15)
4fo " "
A+ - L -t a6

fo 4fo

Particularly, when f(Q, L,,) = f(Q) + 2L,,, the Fried-
mann equations simplify to those of f(Q), which can then
be further reduced to the symmetric teleparallel version of
GR. In addition, it can be shown that the density and pres-
sure also satisfy the generalized energy balance equation for
f(0Q, L;,) gravity [17], which takes the form

6 +3H(p + p) = Buuh. (17)
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It is clear that Eq. (17) differs significantly from the stan-
dard form, with additional terms on the right-hand side that
account for deviations from geodesic motion. In this con-
text, the source term, B, u”, is related to the generation or
dissipation of energy. When B,u* = 0, the system fol-
lows the energy conservation law of standard gravity. How-
ever, energy transfer processes become dominant if B, u" is
nonzero.

Using Egs. (15), (16) can be rewritten as

. 1 fo
2H +3H*>= —[f + +2p — Ly)|—222H.
o [f + fL, (p+2p )] Fo

(18)

Therefore, the generalized Friedmann equations of
f (Q, L) gravity can be reformulated as

3H2=peff, 2H+3H2=—peff. (19)

Here, we have introduced the effective energy density and
pressure, defined as

1

’ — _ + Lm R 20

pets = oS = FLalp+ L] (20)

and

peffzzf‘—QH—L[f'i‘ fL (P+2P_Lm)]’ @
fo 4fo & T

respectively. This behavior will be used in the next section
to discuss the physical interpretations of the different energy
conditions. Further, Eq. (19) allows for the formulation of
the generalized effective conservation equationin f (Q, L,,)
gravity as

pers + 3H (peff + pesr) = 0. (22)

3 The Raychaudhuri equation and energy conditions

Energy conditions in modified gravity serve as tools that gov-
ern spacetime’s causal and geodesic structure. These condi-
tions are derived using the Raychaudhuri equations, which
describe the behavior of congruences and the attractive nature
of gravity for timelike, spacelike, or lightlike geodesics. We
will derive this equation in the Weyl framework to analyze
the implications of non-metricity and the coupling of the
matter Lagrangian L, within the Raychaudhuri equation.
Weyl geometry, where the orientation and magnitude of a
vector can vary under parallel transport, serves as a natural
setup to explore the effects of non-metricity and the cou-
pling to matter dynamics. losifidis et al. [71] generalized
the Raychaudhuri equation to spacetimes with torsion and
nonmetricity, extending its conventional formulation in Rie-
mannian geometry. They examined the influence of these
geometric features on the equation’s structure, emphasizing
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their effects on geodesic congruences and kinematic quanti-
ties, including expansion, shear, and vorticity. Furthermore,
Yang et al. [72] investigated the geodesic deviation, Ray-
chaudhuri equation, Newtonian limit, and tidal forces within
the framework of Weyl-type f(Q, 7) gravity. They extend
key geometric and physical concepts from GR to this modi-
fied gravity theory, exploring the effects of nonmetricity and
matter-geometry coupling on these phenomena. Inspired by
the above works, Arora et al. [69] derived the Raychaudhuri
equation within the Weyl framework. In this study, we fol-
low a similar approach to derive the Raychaudhuri equation
in f(Q, L,,) gravity. First, the Weyl connection is given by
[72]

Tr, =T0, + guw? — 87w, — 8wy, (23)

where w), is the Weyl vector field. In this framework, the
metric tensor’s covariant derivatives satisfy:

~

Vy 8w = 2wy gy, V, M = —2w, g"’. (24)

Thus, the non-metricity tensors become:

Oy = :%yg/w = —2wy guv,

QY = V7 g = 2w ghV, (25)

and the non-metricity scalar is

0 = —6w>. (26)
Here, w? = guwwHw" is the norm of the Weyl vector

field. In the presence of non-metricity, the length of vectors
changes under parallel transport. The four-velocity is given
by

' = guoutu® = —1, 1 =1, @n

where u#* = dx"/dx, A is the affine parameter, and /(x%)
is a function of spacetime coordinates. The projection tensor
becomes

1
h/w =guw + l_Zu“u”' (28)

The 4-acceleration and hyper 4-acceleration are defined
as [71]

A* =V, a, ="V, (29)
with a constraint between them:
A* = al + Q"M uuy. (30)

In f(Q, L,,) gravity, the extra force f#* arises from the
coupling between Q and L,,,

AV = + T8 uu* = . (31)

The Raychaudhuri equation in this framework is derived
using the curvature tensor,

(VYo = Vo V) s = —Rpupuu?. (32)
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Contracting with g*’u* and applying constraints for
autoparallel curves (A* = f# = 0), the Raychaudhuri equa-
tion simplifies to

o1 '\’
<9—27) =—§ (0—27) —R,wu“uv—Z (0'2—602),

(33)

where 0, o2, and w? are the expansion, shear, and rotation
scalars, respectively.

Following the approach introduced by losifidis et al. [71],
we assume that in an irrotational and shear-free scenario, Eq.
(33) leads to the constraint

Ny 7\ 2
l 1 ) . v
9_27 _|_§ 9—27 <0, ifRyutu”>0.
(34)

This results in an attractive nature for gravity, providing
a generalized framework for the constraints on energy con-
ditions. Notably, by substituting 6 — 2 ll—/ — 0 into (33), the
standard Raychaudhuri equation of GR is recovered. Further-
more, the same procedure outlined here can be extended to
the case of a null vector k*, yielding the following simplified
form of the Raychaudhuri equation,

o1 "\?
<9—27> =—3 (9—27> — Rk k" =2 (oz—w2>.

(35)

Thus, we can derive the constraint, extending the approach
of Santos et al. [58]

Iy o1 '\
<9—2 7) +§ (0—2 7) <0, if R, k"k” > 0. (36)
In f(Q, L,,) gravity, the effective energy density and
pressure are influenced by the non-minimal coupling between
Q and L,,. The generalized energy conditions are [68,69]:

Weak energy condition (WEC): perr > 0,

Null energy condition (NEC): p.rr + pers = 0,
Dominant energy condition (DEC): perr > [perrls
Strong energy condition (SEC): perr + 3pesr = 0.

By substituting Egs. (20) and (21) into the previous expres-
sions, we derive the following set of energy conditions:

Weak energy condition (WEC) < p > 0,

Null energy condition (NEC) < p + p > 0,
Dominant energy condition (DEC) < p — p > 0,
Strong energy condition (SEC) < p 4+ 3p > 0.

The WEC (p > 0) ensures that the energy density, as
measured by any timelike observer, is always non-negative.

In cosmological terms, this implies that the universe con-
tains physical matter and energy with positive mass density,
aligning with classical expectations. The WEC is a minimal
requirement for any realistic cosmological model, ensuring
that the energy density observed locally does not violate basic
physical principles [58]. Its satisfaction in most standard cos-
mological scenarios is a cornerstone for describing ordinary
matter and radiation. Further, the NEC (p + p > 0) ensures
that the energy density and pressure along any null (lightlike)
direction contribute positively. In the context of cosmology,
the NEC governs the causal structure of spacetime and is
fundamental to the behavior of light cones and the propaga-
tion of information. It also plays a key role in the validity
of the Raychaudhuri equation, which describes the focus of
geodesics. The NEC is often considered a baseline condition
for avoiding exotic phenomena like closed timelike curves
or violations of causality. In expanding cosmological mod-
els, the NEC dictates that energy density diminishes as the
universe evolves. The DEC (p — p > 0) requires that the
energy density exceeds or equals the pressure in magnitude.
This ensures that the energy flux respects causality, meaning
that energy and matter propagate at speeds less than or equal
to the speed of light. Cosmologically, the DEC restricts the
types of matter and energy that can exist in the universe to
those consistent with causal evolution. For example, ordinary
matter and radiation satisfy the DEC, while certain exotic
fields, such as phantom energy, may violate it. The DEC also
implies that the pressure cannot be so large as to dominate
over the energy density. Finally, the SEC (p + 3p > 0) has
a deeper connection to the dynamics of spacetime curvature
and the expansion or contraction of the universe. It requires
that matter and energy contribute to the focus of geodesics, a
key aspect of gravitational attraction. In cosmology, the SEC
is critical for understanding deceleration in an expanding uni-
verse. When the SEC holds, the combined effects of energy
density and pressure work to slow cosmic expansion. How-
ever, the observed acceleration of the universe’s expansion-
driven by dark energy or a cosmological constant-requires
the violation of the SEC [55]. This violation is a hallmark of
models that include negative-pressure components, such as
quintessence or other dark energy candidates.

4 f(Q, L,,) cosmological models

In this section, we delve into the application of energy condi-
tion constraints to refine and restrict specific models within
the framework of f(Q, L,,) gravity. To effectively analyze
these conditions, one critical cosmological parameter comes
into play: the deceleration parameter. This parameter plays a
pivotal role in characterizing the dynamics of the universe’s
expansion and explains its periods of acceleration or decel-
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eration. Its mathematical definition is given as [68,69]

H

where H is the Hubble parameter and H represents its time
derivative. This formulation relates the deceleration param-
eter directly to the rate of change of the Hubble parameter:

e Decelerating phase (¢ > 0): This occurs when H <
—H?, typically during matter or radiation-dominated
epochs, where the expansion rate slows down over time.

e Accelerating phase (g < 0): This occurs when H >
—H?, as observed in the present epoch, driven by dark
energy or modifications to gravity, where the expansion
accelerates.

Further, the time derivative of the Hubble parameter can
be expressed as

H=—H*+q). (38)

To constrain the energy conditions using phenomenolog-
ical observations, we adopt the present values for the Hub-
ble parameter and the deceleration parameter from recent
Planck 2018 observations, given as Hy = H(z = 0) = 67.4
km s~ Mpc™! and g = g(z = 0) = —0.53, respectively
[73,74].

To examine the nature of the matter or energy contentin the
universe, we introduce the EoS (equation of state) parame-
ter, which describes the relationship between pressure p and
energy density p (i.e., ® = %) [75,76]. The EoS plays a
key role in determining the evolution of the universe and the
behavior of different cosmic components. Various phases are
associated with specific values of w: The dust phase occurs
when w = 0, representing non-relativistic matter such as
dark matter and ordinary matter, where pressure is negligi-
ble compared to energy density, and it dominates during the
matter-dominated era. When o = %, the universe is in the
radiation-dominated phase, where the pressure is one-third
of the energy density, typical of the early universe when radi-
ation and relativistic particles were dominant. At v = —1,
we have vacuum energy, associated with the cosmological
constant and dark energy in the ACDM model, which drives
the accelerated expansion of the universe. The accelerating
universe phase, where w < —%, includes the quintessence
regime (—1 < w < —%) characterized by evolving dark
energy, and the phantom energy regime (w < —1), which
suggests an even faster cosmic acceleration and the potential
for a big rip, where all structures in the universe are eventu-
ally torn apart.

@ Springer

4.1 Model 1: £(Q, Ly) = —aQ + 2Ly, + B with L, = p

As aninitial model, we consider f(Q, L;;) = —a Q+2L,,+
B, where « and B are free parameters. This model, first pro-
posed by Hazarika et al. [49], naturally accounts for an accel-
erating, expanding universe [52]. For this formulation, we

obtain fp = —a and f,, = 2. Hence, the Friedmann equa-

tions (15) and (16) simplify to

o =3aH”+ g (39)
_ 2 . P

p=-3adH"—20H — 5 (40)

By substituting Eqgs. (39) and (40) along with Eq. (38) into
the energy conditions, we obtain the following constraints:

WEC & 3aHg + g >0, 41
NEC & 2aHgi(go+ 1) = 0, (42)
DEC & B —20H2(qo —2) > 0, 43)
SEC & 6aHiqo — B > 0. (44)

Figure 1 shows the behavior of the energy conditions:
WEC, NEC, DEC, and SEC for Model 1 as functions of
the model parameters « and 8. Below, we analyze the trends
and implications of each energy condition:

The WEC ensures that the energy density p > 0. to ensure
p > 0, the following condition must hold: 601H02 + 8 > 0.
For ¢ > 0: since 6« Hg > 0, the term B must satisfy:
B> —6ozHg. For @ < 0: since 601H02 < 0, the term 8 must
satisfy: B < —604H§. From Fig. 1 (first graph), p increases
linearly with both o and S. This linear dependence on the
parameters aligns with the analytical expression in Eq. (41).
Physically, this suggests that for sufficiently large values of
a or B, the energy density remains positive, satisfying the
WEC. The NEC is represented by Eq. (42). Figure 1 (second
graph) shows that NEC depends primarily on « and is rela-
tively insensitive to 8, consistent with the analytical form in
Eq. (42). Positive values of gg 4+ 1 amplify p + p, indicating
the NEC is satisfied for certain ranges of . The DEC imposes
the condition in Eq. (43). Figure 1 (third graph) shows that
p — p has a linear dependence on both « and . The behavior
indicates that DEC is satisfied in regions where 8 dominates
over the second term. This implies that the choice of B is
critical in ensuring physical viability.

The SEC, defined by p + 3p > 0, is heavily influenced
by @ and 8. The figure reveals a strong dependence on S,
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with regions of negative values when  becomes dominant.
This highlights the interplay between « and 8 in determin-
ing whether the SEC is satisfied. For high values of g, the
SEC is likely violated. The violation of the SEC is cru-
cial for explaining the accelerated expansion phase of the
universe [55]. The SEC typically holds in a decelerating
universe where gravity behaves attractively. However, the
SEC must be violated during the acceleration phase (such
as in the current epoch of dark energy domination or the
early universe’s inflationary phase). In Model 1, the SEC
is given by Eq. (44), where the deceleration parameter g
plays a key role. For an accelerating universe (g0 < 0),
the term 6aH02qo becomes negative, promoting SEC vio-
lation. The parameter §, acting as an offset, determines the
extent of the violation; larger 8 values can counteract this
effect and potentially satisfy the SEC unless carefully bal-
anced. Observations from Fig. 1 (fourth graph) confirm that
SEC violation (p + 3p < 0) occurs in regions where S
and go align to yield negative values, essential for cosmic
acceleration. This behavior highlights how f(Q, L,,) grav-
ity allows for effective repulsive dynamics, countering stan-
dard gravitational attraction and enabling accelerated expan-
sion. Proper tuning of «, B, and gg is therefore critical
for ensuring the model reproduces the observed accelerated
universe.
For Model 1, the EoS parameter is

4o HE (g0 + 1)

4
6aHF + B @

w=—

From Eq. (45), itis evident that the EoS parameter depends
on « and B. The parameter « controls the strength of the Q
term in the model and directly scales the numerator. A larger
« increases the contribution of 4« HO2 (g0 + 1), affecting w. B
dominates the denominator for large values, suppressing the
effect of the numerator and driving w toward —1. The decel-
eration parameter go determines the acceleration phase of the
universe. For an accelerating universe (gop < 0), @ decreases,
approaching or dropping below — 1, mimicking dark or phan-
tom energy behavior. w = —1 achieved when the denomi-
nator (8 + 6« Hg) dominates over the numerator, indicating
a cosmological constant-like behavior. @ > —1 represents
quintessence-like behavior, occurring when 405H§ (go+ 1)
is positive but smaller than the denominator. ® < —1 rep-
resents phantom energy, possible if gop + 1 becomes highly
negative, enhancing the numerator [77-79]. Figure 1 (fifth
graph) shows w as a function of « and g, likely highlights
these trends. Regions where w &~ —1 suggest the dominance
of B, whereas deviations above or below —1 reflect the inter-
play between « and 8. A sharp transition or peak in the plot
indicates sensitivity to parameter variations.

4.2 Model 2: f(Q, L) = —aQ + A(2L,,)* + B with
Ly=p

As a second model, we consider f(Q,L;,) = —aQ +
)»(ZL,,,)2 + B, where «, 8, and X are free parameters. This
model, proposed by Hazarika et al. [49], incorporates non-
linear contributions from the matter Lagrangian. It is also
capable of describing an accelerating universe. For this for-
mulation, we obtain fo = —« and f;,, = 8AL,,. Therefore,
the Friedmann equations (15) and (16) reduce to

_ V6aH? 4+ B 46)
Pz
__6a(H+H2)+ﬂ

p= .
233060 H? + B

(47)

By substituting Eqgs. (46), (47), and (38) into the energy
conditions, we derive the following constraints:

JO6aH: + B
(]

WEC & >0, 48
23 )
3aH? 1
NEC & M >0, (49)
JA6aHE + B)
B —3aH(qo — 1)
DEC & >0, (50)
V31 /6aHS + B
3H? 3 —
SEC o SHo@+3q) =6 (51)

VIJ6aHE + B

Figure2 shows the behavior of the energy conditions:
WEC, NEC, DEC, and SEC for Model 2 as functions of «
and B. To reduce the number of parameters, we consistently
set A = 1, since A is a scaling parameter. Below is a detailed
interpretation of each plot:

The WEC ensures non-negativity of the energy density p,
which for Model 2 is given by the expression in Eq. (48).
Figure 2 (first graph) shows that p increases monotonically
with both « and . Larger values of 8 dominate the expres-
sion, pushing p higher, while & contributing through 6o HZ,
enhancing p. This behavior aligns with physical expectations
that the energy density remains positive for viable cosmolog-
ical models. The NEC is sensitive to go + 1, meaning it is
satisfied when the universe transitions to or remains in an
accelerating phase (qo + 1 > 0). Figure2 (second graph)
indicates NEC is satisfied across the range of « and 8, with
p + p increasing as « or S rises. Figure 2 (third graph) shows
p — p is positive for a wide range of @ and B, indicating that
the DEC is generally satisfied. For larger B, p dominates over
p, stabilizing the condition. The interplay between 8 and ¢gg

@ Springer
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Fig. 1 This figure presents a comprehensive visualization of the energy conditions and the EoS parameter for Model 1, plotted as functions of the

free parameters « and S

ensures the DEC aligns with physical expectations for most
parameter values.

In addition, Fig. 2 (fourth graph) indicates that SEC is vio-
lated (0 +3p < 0) in regions where 8 dominates, consistent
with the need to violate the SEC to explain the universe’s
accelerated expansion. The degree of violation increases for
negative go (accelerating universe) and higher 8, demon-
strating the model’s capability to describe dark energy-like
behavior.

For Model 2, the EoS parameter is

6o H02 q0 — B
w=—"":
6a Hg +8
Figure2 (fifth graph) shows that @ depends on the bal-
ance between 6aH02q0 and B. For higher 8, w approaches
—1, resembling a cosmological constant-like behavior. For
smaller B or more negative g, @ drops further, potentially
entering the phantom energy regime (o < —1). The small

variations in the figure reflect the sensitivity of @ to changes
in o, B, and qg.

(52)

4.3 Summary of key differences

The two models of f(Q, L,,) gravity, Model 1 (f(Q, L,,) =
—aQ + 2L, + B) and Model 2 (f(Q, L) = —aQ +
A(2L,)? + B), show distinct behaviors for the energy con-
ditions and the EoS. Below is a detailed comparison (please
see Table 1).

In conclusion, Model 1 offers simplicity and is suitable for
basic cosmological analysis, particularly in linear regimes.

@ Springer

In contrast, Model 2 is more robust, flexible, and capable
of capturing complex dynamics, such as SEC violations and
transitions between quintessence and phantom energy. Thus,
Model 2 is better suited for explaining accelerated cosmic
expansion and dark energy phenomena.

5 Conclusions

Energy conditions play a pivotal role in establishing a consis-
tent and physically viable theory of gravity. As novel theories
of gravity continue to emerge in the literature, it becomes
increasingly important to evaluate them through the lens of
energy condition constraints [24,60—69]. In this study, we
analyzed the weak, null, dominant, and strong energy con-
ditions for two f(Q, L,,) gravity models. The f(Q, L,,)
framework, which combines the non-metricity scalar Q with
the matter Lagrangian L,,, represents a promising extension
of gravitational theory [49].

To analyze the energy conditions, we used the homoge-
neous and isotropic FLRW metric, which describes cosmo-
logical evolution within a flat geometry. In this work, we
explored two specific classes of cosmological models by
considering simple functional forms of f(Q, L,,). For the
first model, we adopted an additive Lagrangian given by
f(Q, Ly) = —aQ + 2L, + B. This Model 1 exhibits lin-
ear dependence on the parameters o and 8, making it ana-
lytically simpler and more tractable for basic cosmological
analysis. The WEC, NEC, and DEC are generally satisfied for
appropriate ranges of « and f, ensuring the model’s phys-
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Fig. 2 This figure presents a comprehensive visualization of the energy conditions and the EoS parameter for Model 2, plotted as functions of the

free parameters « and S

Table 1 Comparative analysis of energy conditions and EoS in two models of f(Q, L,,) gravity

Aspect Model 1 Model 2

WEC (p) Linear dependence on «, 8 Nonlinear dependence (square root form)
NEC (p + p) Proportional to go + 1 Modulated by /6« HO2 + B

DEC (p — p) Linear in B Nonlinear, with wider parameter satisfaction
SEC (p +3p) Limited violation for acceleration Significant violation for acceleration

EoS (w) Simpler, approaches —1 for large S Flexible, capable of phantom and quintessence

ical viability. The SEC, however, is selectively violated, a
feature essential for describing the accelerated expansion of
the universe. This SEC violation occurs in regions where B
and the deceleration parameter go balance to yield negative
values for p + 3 p, aligning with observations of dark energy-
driven cosmic acceleration. The EoS parameter w transitions
between quintessence-like behavior (w > —1), a cosmolog-
ical constant (w &~ —1), and phantom energy (v < —1),
depending on the interplay of «, B, and gg. This adaptabil-
ity makes Model 1 a viable candidate for studying cosmic
acceleration, albeit with limitations in capturing nonlinear-
ities. The second model is characterized by the functional
form f(Q, Ly) = —aQ+ AL+ B, introduces nonlin-
earities, offering greater flexibility and robustness in describ-
ing complex cosmological dynamics. The WEC, NEC, and
DEC are satisfied across a broader range of parameters, indi-
cating strong physical consistency. The SEC is consistently
violated in regions dominated by  and negative g, reinforc-
ing the model’s suitability for explaining dark energy and the

universe’s accelerated expansion. The nonlinear dependence
of p, p, and w on o and B allows for a richer variety of
behaviors, including transitions between quintessence and
phantom energy. The sensitivity of w to parameter changes
highlights the model’s capacity to capture subtle variations
in the universe’s expansion dynamics.

Thus, Model 1 offers simplicity, making it ideal for linear
cosmological scenarios and analytical explorations. In con-
trast, Model 2’s nonlinear structure enables it to address com-
plex phenomena like stronger SEC violations and a broader
parameter space for accelerated expansion. These features
make Model 2 better suited for describing the universe’s
current and early acceleration phases, particularly in scenar-
ios involving dark energy transitions. The f(Q, L,,) grav-
ity framework demonstrates its potential as an extension of
standard cosmology. By appropriately tuning the parame-
ters o and B, both models can reproduce observed cosmic
behaviors. A crucial next step is to test the identified param-
eter space against observational data, including supernovae
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type Ia (SNe Ia), cosmic microwave background (CMB),
baryon acoustic oscillations (BAO), and large-scale struc-
ture (LSS). Future work will focus on statistical analyses,
such as Bayesian inference and Markov Chain Monte Carlo
(MCMC) methods, to determine best-fit parameter values
and assess the observational viability of these f(Q, L,,)
models.
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