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Abstract: This paper investigates the (2 + 1)-dimensional nonlocal Hirota–Maxwell–Bloch
(NH-MB) system under various types of nonlocality. The mathematical consistency of
possible nonlocal structures is analyzed, and three types that lead to a well-posed system are
identified. The integrability of the system is established through its Lax pair representation,
and a Darboux transformation is constructed. Exact soliton solutions are obtained for both
the defocusing and focusing cases. The results obtained may find applications in nonlinear
optics, quantum theory, and the theory of integrable systems.
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1. Introduction
Nonlocal integrable equations represent a modern and actively developing field

in the theory of nonlinear dynamical systems and mathematical physics. Such models
generalize classical nonlinear equations by incorporating space–time nonlocality, which
allows for the adequate description of a wide range of complex physical phenomena—from
nonlinear waves and soliton interactions to the generation of rogue waves in media with
PT -symmetry [1,2].

A significant contribution to the development of the theory of nonlocal integrable
equations was made by the works of Ablowitz and Musslimani, who first proposed the
nonlocal nonlinear Schrödinger equation and laid the foundation for constructing a broad
class of PT -symmetric models [3,4]. These studies became a starting point for subsequent
research aimed at developing multidimensional and multicomponent nonlocal generaliza-
tions, including versions of the derivative nonlinear Schrödinger and KdV equations [5–7].
Recent results cover a wide spectrum of nonlinear structures—from classical solitons and
rogue waves to complex quasi-periodic and mixed waves [8–10].

Among multicomponent nonlocal models, the integrable Hirota–Maxwell–Bloch
(HMB) system holds a special place, widely used to describe nonlocal effects in quantum
optics, nonlinear spin chains, and laser physics [11–13]. Despite significant achievements
in the study of (1 + 1)-dimensional versions of the HMB system, its (2 + 1)-dimensional
nonlocal generalizations with space–time and PT -symmetric reductions, as well as issues
related to the consistency of reductions and the dynamics of nonlocal soliton solutions,
remain insufficiently explored.
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The relevance of this study is driven by the need for an in-depth analysis of (2 + 1)-
dimensional nonlocal integrable systems and the investigation of how space–time non-
locality affects the parameters and dynamics of nonlinear waves and soliton structures
in multidimensional physical models. This is of particular importance for problems in
nonlinear optics and quantum information, where multidimensional nonlocal systems are
used to model signal propagation in metamaterials, waveguide arrays, feedback media,
and to describe pulse interactions in complex nonlinear environments.

Much attention in contemporary literature is devoted to the development of analytical
methods for solving nonlocal systems. Among the most effective approaches are the
inverse scattering transform, the Riemann–Hilbert method, the subsidiary equation method,
and techniques based on hyperbolic functions, which are widely used to construct exact
solutions of various nonlocal models [14–18].

Of particular interest in the context of this work is the Darboux transformation method,
which enables the construction of both single- and multi-soliton solutions without resorting
to numerical schemes while preserving full integrability of the system [19–21]. In this
paper, the Darboux transformation method is applied to a (2 + 1)-dimensional nonlocal
PT -symmetric Hirota–Maxwell–Bloch system. This approach allows for the efficient
construction of exact solutions and the analysis of parameters of nonlocal structures in
both focusing and defocusing regimes. However, it is important to consider the method’s
limitations related to the choice of consistent reductions and the symmetry properties of
the system.

The main contribution of this work is the complete classification of consistent (2 + 1)-
dimensional PT -symmetric reductions of the Hirota–Maxwell–Bloch system and the con-
struction of new exact one-soliton solutions for each type of nonlocality.

This research complements and extends previous results obtained for the one-
dimensional nonlocal HMB system [12,13], and is consistent with more general studies of
nonlocal multidimensional Schrödinger-type systems [17,19].

Unlike the (1 + 1)-dimensional model, where temporal nonlocality is defined by the
condition

r(x, t) = σq∗(x,−t), σ = ±1,

the multidimensional system allows for more complex spatial, temporal, and space–time
reductions [13]. These types of PT -symmetric constraints significantly influence the
structure and dynamic behavior of the solutions.

The aim of this work is the analytical study of the (2 + 1)-dimensional Hi-
rota–Maxwell–Bloch system using methods from the theory of integrable systems [11,12].
The system under consideration takes the following form

iqt + ϵ1qxy + iϵ2qxxy + i(wq)x − vq − 2ip = 0, (1)

irt − ϵ1rxy + iϵ2rxxy + i(wr)x + vr − 2iκ = 0, (2)

vx + 2ϵ1(qr)y − 2iϵ2(qrxy − rqxy) = 0, (3)

wx − 2ϵ2(qr)y = 0, (4)

px − 2iωp − 2qη = 0, (5)

κx + 2iωκ − 2rη = 0, (6)

ηx + (rp + κq) = 0, (7)

where the functions q(x, y, t), r(x, y, t), p(x, y, t), and κ(x, y, t) are complex-valued, while
v(x, y, t), w(x, y, t), and η(x, y, t) are real-valued. Here, ϵ1 and ϵ2 are certain parameters,
while δ and ω are real constants, with ω representing the frequency. The variable λ is the
spectral parameter.
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This work consists of six sections. Section 2 presents the classification of consistent
PT -symmetric reductions. Section 3 provides the Lax pair formulation and proves the
integrability of the model. Section 4 is devoted to constructing the one-fold Darboux
transformation. Section 5 presents one-soliton solutions and their parametric analysis.
Section 6 provides an analysis of the obtained solutions. The Conclusion discusses the
results and outlines possible directions for future research.

2. Classification and Analysis of Nonlocal Generalizations of the
(2 + 1)-Dimensional Hirota–Maxwell–Bloch System

The (2 + 1)-dimensional Hirota–Maxwell–Bloch (HMB) system is integrable within
the framework of the inverse scattering method [22]. In this work, we examine various
types of nonlocal generalizations of this system and their compatibility with the dynamical
properties of the original model.

Let us first consider one of the non-integrable cases.
Non-integrable case: reflection in x and y
We consider a PT -symmetric nonlocality with reflection in both spatial variables x, y:

r(x, y, t) = σq∗(−x, −y, t), κ(x, y, t) = δp∗(−x, −y, t). (8)

Substituting these conditions (8) into the original Equations (1) and (2), we obtain:

iqt(x, y, t) + ϵ1qxy(x, y, t) + iϵ2qxxy(x, y, t) + i[w(x, y, t)q(x, y, t)]x−
v(x, y, t)q(x, y, t)− 2ip(x, y, t) = 0,

iσq∗t (−x,−y, t)− ϵ1σq∗xy(−x,−y, t)− iϵ2σq∗xxy(−x,−y, t)+

iσ[wx(x, y, t)q∗(−x,−y, t)− w(x, y, t)q∗x(−x,−y, t)]+

σv(x, y, t)q∗(−x,−y, t)− 2iδp∗(−x,−y, t) = 0.

Applying the change of variables x → −x, y → −y and complex conjugation yields:

iqt(x, y, t) + ϵ∗1qxy(x, y, t)− iϵ∗2qxxy(x, y, t)+

i[wx(−x,−y, t)q(x, y, t)− w(−x,−y, t)qx(x, y, t)]−
v(−x,−y, t)q(x, y, t)− 2iδσp(x, y, t) = 0.

For the system to be consistent, the following conditions must be met:

σ = −δ, ϵ1 = ϵ∗1 , ϵ2 = −ϵ∗2 , ω = −ω∗. (9)

Since ω is a real parameter, the last condition is not satisfied, making the system
inconsistent.

Similarly, it can be shown that the following types of nonlocality also lead to
contradictions:

• Reflection in variables x and t:

r(x, y, t) = σq∗(−x, y,−t), κ(x, y, t) = δp∗(−x, y,−t).

• Reflection in all variables x, y, t:

r(x, y, t) = σq∗(−x,−y,−t), κ(x, y, t) = δp∗(−x,−y,−t).
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• Reflection in the variable x:

r(x, y, t) = σq∗(−x, y, t), κ(x, y, t) = δp∗(−x, y, t).

Now, let us consider the consistent types of nonlocal reductions.
Case 1: reflection with respect to the variable y
We impose the nonlocal condition with reflection in y:

r(x, y, t) = σq∗(x, −y, t), κ(x, y, t) = δp∗(x, −y, t). (10)

Substituting this into the NH-MB system results in a consistent system of equations:

iqt(x, y, t) + ϵ1qxy(x, y, t) + iϵ2qxxy(x, y, t) + i[w(x, y, t)q(x, y, t)]x −
v (x, y, t)q(x, y, t)− 2ip(x, y, t) = 0, (11)

vx(x, y, t) + 2ϵ1σ[qy(x, y, t)q∗(x, −y, t)− q(x, y, t)q∗y(x, −y, t)] +

2 iϵ2σ[q(x, y, t)q∗xy(x, −y, t) + q∗(x, −y, t)qxy(x, y, t)] = 0, (12)

wx(x, y, t) − 2ϵ2σ[qy(x, y, t)q∗(x, −y, t)− q(x, y, t)q∗y(x, −y, t)] = 0, (13)

px(x, y, t) − 2iωp(x, y, t)− 2q(x, y, t)η(x, y, t) = 0, (14)

ηx(x, y, t) + σp(x, y, t)q∗(x, −y, t) + δp∗(x, −y, t)q(x, y, t), (15)

Case 2: reflection with respect to the temporal variable t
We impose the nonlocal condition with reflection in t:

r(x, y, t) = σq∗(x, y,−t), κ(x, y, t) = δp∗(x, y,−t). (16)

The system becomes:

iqt + ϵ1qxy + iϵ2qxxy + i[wq]x − vq − 2ip = 0, (17)

vx + 2ϵ1σ[qq∗]y − 2iϵ2σ(qq∗xy − q∗qxy) = 0, (18)

wx − 2ϵ2σ[qq∗]y = 0, (19)

px − 2iωp − 2qη = 0, (20)

ηx + σpq∗ + δp∗q = 0. (21)

Case 3: reflection with respect to y and t
We impose the nonlocal condition with reflection in both y and t:

r(x, y, t) = σq∗(x,−y,−t), κ(x, y, t) = δp∗(x,−y,−t). (22)

The system now reads:

iqt + ϵ1qxy + iϵ2qxxy + i[wq]x − vq − 2ip = 0, (23)

vx + 2ϵ1σ(qyq∗ − qq∗y) + 2iϵ2σ(qq∗xy + q∗qxy) = 0, (24)

wx − 2ϵ2σ(qyq∗ − qq∗y) = 0, (25)

px − 2iωp − 2qη = 0, (26)

ηx + σpq∗ + δp∗q = 0. (27)

Each equation in the considered systems plays a crucial role in maintaining their
consistency and integrability. The wave function q(x, y, t) governs the nonlinear dynamics
and interacts with the potentials v(x, y, t) and p(x, y, t), shaping the overall structure of the
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model. The potential v(x, y, t) defines the nonlocal links with q(x, y, t), while the function
w(x, y, t) provides an additional coupling with the main field. The dynamics of p(x, y, t)
are determined by its interaction with η(x, y, t), and the equation for η(x, y, t) closes the
system and ensures consistency under the given symmetry constraints.

The analysis shows that only three types of nonlocality preserve the consistency of the
Hirota–Maxwell–Bloch system:

r(x, y, t) = σq∗(x,−y, t), r(x, y, t) = σq∗(x,−y,−t), r(x, y, t) = σq∗(x, y,−t), (28)

which allows for the construction of self-consistent solutions.
Further attention is focused on the case with reflection in the variable y:

r(x, y, t) = σq∗(x,−y, t), (29)

for which the system of equations is constructed and analytical methods, including the
study of soliton solutions, are proposed.

The different types of nonlocal reductions and their consistency conditions are sum-
marized in Table 1. In the next section, we proceed to construct the Lax pair for this type
of nonlocality.

Table 1. Classification of nonlocality types and system consistency.

Nonlocality Type Reflection Consistency Conditions

σq∗(−x,−y, t) x → −x, y → −y No ω ̸= −ω
σq∗(−x, y,−t) x → −x, t → −t No Conflict in v, w

σq∗(−x,−y,−t) x, y, t → −x,−y,−t No Conflict in v, w
σq∗(−x, y, t) x → −x No Conflict in v, w
σq∗(x,−y, t) y → −y Yes σ = δ, ω ∈ R
σq∗(x, y,−t) t → −t Yes σ = −δ, ω ∈ R

σq∗(x,−y,−t) y → −y, t → −t Yes σ = −δ, ω ∈ R

3. Lax Representation of the (2 + 1)-Dimensional Nonlocal
Hirota–Maxwell–Bloch System

One of the key methods for studying integrable nonlinear equations is the Lax repre-
sentation, which plays a fundamental role in the theory of integrable systems. Its existence
not only confirms the integrability of the given system but also enables the application
of powerful analytical methods, such as the inverse scattering transform and Darboux
transformations, to obtain exact solutions.

In this section, we consider the Lax representation of the (2 + 1)-dimensional nonlocal
Hirota–Maxwell–Bloch system, taking into account the nonlocal condition (10). Construct-
ing the Lax pair is a crucial step in investigating this system, as it allows the nonlinear
system (11)–(15) to be associated with a linear problem, thereby facilitating the constructive
search for solutions.

The spectral Lax equations for the considered nonlocal system take the following form:

φx(x, y, t; λ) = A(x, y, t; λ)φ(x, y, t; λ), (30)

φt(x, y, t; λ) = (2ϵ1λ + 4ϵ2λ2)φy(x, y, t; λ) + B(x, y, t; λ)φ(x, y, t; λ). (31)

Here, φ is a vector function, and A(x, y, t; λ) and B(x, y, t; λ) are matrices depending on
the spectral parameter λ. For the system to be integrable, the compatibility condition of
these equations must hold, leading to the zero-curvature equation:
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At − Bx − (2ϵ1λ + 4ϵ2λ2)Ay + [A, B] = 0. (32)

Here, [A, B] denotes the commutator of the two matrices A and B. This zero-curvature
equation ensures the existence of a consistent solution to Equations (30) and (31), thereby
confirming the integrability of the nonlocal Hirota–Maxwell–Bloch system.

Lemma 1. The Lax representation of the (2 + 1)-dimensional nonlocal Hirota–Maxwell–Bloch
system (30) and (31) is consistent if and only if the zero-curvature Equation (32) holds.

Proof. The necessary and sufficient condition for the consistency of the linear system (30)
and (31) is that their mixed derivatives with respect to x and t coincide:

φxt = φtx. (33)

Substituting expressions (30) and (31), we obtain

At φ + Aφt = (2ϵ1λ + 4ϵ2λ2)φyx + Bx φ + Bφx. (34)

Using (30) and (31) again, we arrive at the equation

(At − Bx − (2ϵ1λ + 4ϵ2λ2)Ay + [A, B])φ = 0. (35)

Since φ is an arbitrary function, Equation (32) must hold. This proves the lemma.
The matrix A(x, y, t; λ) has the form:

A = −iλσ3 + A0, (36)

where λ is the spectral parameter, σ3 is one of the Pauli matrices, and A0 is a matrix
independent of λ:

σ3 =

(
1 0
0 −1

)
, A0 =

(
0 q(x, y, t)

−σq∗(x, −y, t) 0

)
. (37)

The matrix B(x, y, t; λ) is represented as follows:

B = λB1 + B0 +
i

λ + ω
B−1, (38)

where the elements of the matrix B(x, y, t; λ) are given by:

B1 = iwσ3 + 2iϵ2σ3 A0y =

(
iw(x, y, t) 2iϵ2qy(x, y, t)

−2iϵ2σq∗y(x, −y, t) −iw(x, y, t)

)
, (39)

B0 =

(
− i

2 v iϵ1qy − ϵ2qxy − wq
−iϵ1σq∗y − ϵ2σq∗xy + σwq∗ i

2 v

)
, (40)

B−1 =

(
η(x, y, t) −p(x, y, t)

−2δp∗(x, −y, t) −η(x, y, t)

)
. (41)

Thus, the existence of the Lax representation guarantees the integrability of the non-
local Hirota–Maxwell–Bloch system (11)–(15). This confirms the possibility of solving it
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using inverse scattering methods. This system exhibits all the characteristic properties of
integrable equations, such as an infinite number of conservation laws and the presence of
soliton solutions.

The studied system describes the propagation of optical pulses in nonlinear media,
such as erbium-doped optical fibers. It accounts for nonlinear effects, higher-order disper-
sion, and the interaction of the optical field with the atomic medium. The application of
nonlocal conditions in such systems allows for the inclusion of feedback effects, which can
be useful for modeling new types of optical waves.

In the next section, we will consider the application of the Darboux transformation
method to obtain exact solutions for the nonlocal Hirota–Maxwell–Bloch system using the
Lax pair structure defined in this section.

4. Darboux Transformation for the Nonlocal Hirota–Maxwell–Bloch System
The Darboux transformation is a powerful tool for obtaining exact solutions of inte-

grable nonlinear systems, including nonlocal equations. It not only generates new solutions
from known ones but also preserves the integrable structure of the system. In this sec-
tion, we present the first-order Darboux transformation for the PT -symmetric nonlocal
NH-MB system.

Consider the following setup. Let φ be a fundamental solution of the Lax pair given
by Equations (30) and (31).

The Darboux transformation is constructed in the form of a linear transformation:

φ′ = Tφ, T = λI − S, (42)

where T is the Darboux transformation matrix, depending on the spectral parameter λ, I is
the 2 × 2 identity matrix, and S is a matrix containing unknown elements skj, determined
by the compatibility conditions:

S =

(
s11 s12

s21 s22

)
. (43)

The elements of matrix S are functions of the variables x, y, t and must be determined
such that the new Lax pair matrices preserve the compatibility conditions, ensuring the
integrability of the system.

Applying the Darboux transformation to the system (30) and (31) leads to a new
Lax pair:

φ′
x = A′φ′, (44)

φ′
t = (2ϵ1λ + 4ϵ2λ2)φ′

y + B′φ′, (45)

where A′ and B′ are the new matrices corresponding to the transformed system.

Theorem 1. Let φ′ = Tφ be the new solution of the Lax pair, and let the Darboux transformation
matrix be given by T = λI − S. Then, the new potentials q′, v′, w′, p′, η′ of the nonlocal NH-MB
system are expressed in terms of the original potentials q, v, w, p, η as follows:

q′ = q − 2is12, (46)

w′ = w − 4iϵ2s11y, (47)

v′ = v + 4iϵ1s11y − 4ϵ2(σs12q∗y + s21qy − 2is11s11y − 2is21s12y), (48)

η′ =
[(s11 + ω)(s22 + ω) + s12s21]η − δs12(s22 + ω)p∗ + δ(s11 + ω)s21 p

(s11 + ω)(s22 + ω)− s12s21
, (49)
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p′ =
2s12(s11 + ω)η − δs2

12 p∗ + (s11 + ω)2 p
(s11 + ω)(s22 + ω)− s12s21

. (50)

Proof. Substituting the Darboux transformation (44) and (45) into the system equations,
we obtain the compatibility conditions:

Tx + TA = A′T, (51)

Tt + TB = (2ϵ1λ + 4ϵ2λ2)Ty + B′T. (52)

Considering different powers of λ, we derive equations for the components of S,
which are then used to express the new potentials in terms of the original ones. Detailed
calculations lead to formulas (46)–(50).

Furthermore, we express S through eigenvectors:

S = HΛH−1, (53)

where

H =

(
φ1,1(x, y, t) σφ∗

2,1(x, y, t)
φ2,1(x, y, t) φ∗

1,1(x, y, t)

)
, Λ =

(
λ1 0
0 λ2

)
, (54)

where λ1 is a complex number, and λ2 = λ∗
1 . PT -symmetry for the eigenvectors φk,j

(k, j = 1, 2) imposes the following conditions:

φ1,2(x, y, t) = σφ∗
2,1(x,−y, t), φ2,2(x, y, t) = φ∗

1,1(x,−y, t). (55)

Using this representation, we express the new solutions in terms of the initial functions:

q′ = q +
2iσ(λ − λ∗)φ1,1 φ∗

2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1
, (56)

w′ = w − 4iϵ2

[
λ1 φ1,1 φ∗

1,1 − σλ∗
1 φ2,1 φ∗

2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1

]
y

, (57)

v′ = v + 4iϵ1

[
λ1 φ1,1 φ∗

1,1 − σλ∗
1 φ2,1 φ∗

2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1

]
y

+
4ϵ2(λ1 − λ∗

1)φ1,1 φ∗
2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1
· q∗y−

4ϵ2(λ1 − λ∗
1)φ∗

1,1 φ2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1
· qy + 8iϵ2

λ1 φ1,1 φ∗
1,1 − σλ∗

1 φ2,1 φ∗
2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1
·
[

λ1 φ1,1 φ∗
1,1 − σλ∗

1 φ2,1 φ∗
2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1

]
y

−

8iσϵ2
(λ1 − λ∗

1)φ∗
1,1 φ2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1
·
[

(λ1 − λ∗
1)φ1,1 φ∗

2,1

φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1

]
y

,

(58)

η′ =
σ

∆1
{p∗ · (λ1 − λ∗

1) · φ1,1 φ∗
2,1 ·

[
(ω + λ∗

1)φ1,1 φ∗
1,1 − σ(ω + λ1)φ2,1 φ∗

2,1
]
+

p · (λ1 − λ∗
1)φ∗

1,1 φ2,1 ·
[
(ω + λ1)φ1,1 φ∗

1,1 − σ(ω + λ∗
1)φ2,1 φ∗

2,1
]
}+

η ·
[

1 − 2
∆1

(λ1 − λ∗
1)

2 φ1,1 φ∗
1,1 φ2,1 φ∗

2,1

]
,

(59)

p′ =
1

∆1
{−σp∗ ·

[
(λ1 − λ∗

1) · φ1,1 φ∗
2,1
]2

+ p ·
[
(ω + λ1)φ1,1 φ∗

1,1 − σ(ω + λ∗
1)φ2,1 φ∗

2,1
]2− (60)

2η · (λ1 − λ∗
1)φ1,1 φ∗

2,1 ·
[
(ω + λ1)φ1,1 φ∗

1,1 − σ(ω + λ∗
1)φ2,1 φ∗

2,1
]
},

where
∆1 = (ω + λ1)(ω + λ∗

1)(φ1,1 φ∗
1,1 − σφ2,1 φ∗

2,1)
2 ̸= 0. (61)
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The Darboux transformation preserves the integrable structure of the system and
is consistent with PT -symmetry. It enables the derivation of exact analytical solutions,
including soliton solutions, making it a powerful tool for analyzing nonlocal nonlinear
systems. In the next section, we will explore the application of these solutions to the study
of nonlocal solitons.

5. One-Soliton Solutions
Applying the Darboux transformation (56)–(60), we obtain one-soliton solutions. Let

us introduce the notation:

λ1 = α1 + iβ1, µ1 = γ1 + iτ1, α1, β1, γ1, τ1 ∈ R. (62)

For the defocusing PT -symmetric nonlocal HMB system (σ = 1), the one-soliton
solutions take the form:

q′ = −2β1e f1 csch( f2), (63)

w′ = −4β1ϵ2 f2y csch2( f2), (64)

v′ = 4β1 csch2( f2){ϵ1 f2y + 2ϵ2 f2y[α1 + iβ1 coth( f2)] + 2iϵ2β1[ f1y − f2ycoth( f2)]}, (65)

η′ = 1 +
2β2

1
(α1 + ω)2 + β2

1
csch2( f2), (66)

p′ = − 2iβ1e f1

(α1 + ω)2 + β2
1

[
(α1 + ω) csch( f2) + iβ1

csch2( f2)

sech( f2)

]
, (67)

where

f1 = −2iα1x − 2τ1y + 4iϵ2(α1γ1 − β1τ1)t + 8iϵ2(α
2
1γ1 − β2

1γ1 − 2α1β1τ1)t+

2i(α1 + ω)t
(α1 + ω)2 + β2

1
+ 2iδ2 − iδ0, (68)

f2 = 2β1x + 2iγ1y + 4ϵ1(β1γ1 + τ1α1)t − 8ϵ2(2β1γ1α1 + α2
1τ1 − β2

1τ1)t+
2β1t

(α1 + ω)2 + β2
1
+ 2δ1. (69)

For the focusing PT -symmetric nonlocal HMB system (σ = −1), the solutions take
the form:

q′ = 2β1e f1 sech( f2),
(70)

w′ = 4β1ϵ2 f2y sech2( f2),
(71)

v′ = −4β1 sech2( f2){ϵ1 f2y + 2ϵ2 f2y[α1 + iβ1 tanh( f2)] + 2iϵ2β1[ f1y − f2y tanh( f2)]},
(72)

η′ = 1 −
2β2

1
(α1 + ω)2 + β2

1
sech2( f2),

(73)

p′ = − 2iβ1e f1

(α1 + ω)2 + β2
1

[
(α1 + ω) sech( f2) + iβ1

sech2( f2)

csch( f2)

]
, (74)

Thus, we have derived exact one-soliton solutions for the PT -symmetric nonlocal
Hirota–Maxwell–Bloch (HMB) system in both defocusing (σ = 1) and focusing (σ = −1)



Mathematics 2025, 13, 1101 10 of 13

regimes. The solutions are expressed via hyperbolic cosecant and hyperbolic secant func-
tions and exhibit a rich structure depending on the model parameters.

These formulas allow us to study key characteristics of nonlocal solitons, such as their
amplitude-phase modulation, width, and dynamics in space and time. The results provide
a foundation for further qualitative analysis and interpretation of nonlocality effects in
integrable systems.

In the next section, we will present a detailed physical interpretation of the obtained so-
lutions, analyze the influence of parameters on their structure and dynamics, and compare
the results with previously published studies on nonlocal integrable systems.

6. Analysis and Discussion of the Obtained Solutions
This section presents a detailed analysis of the one-soliton solutions obtained for

the PT -symmetric nonlocal Hirota–Maxwell–Bloch (NH-MB) system with time reflection.
We will discuss the choice of the solution type, the influence of parameters, the physical
interpretation, and also compare our results with previously published works on nonlocal
integrable systems.

6.1. Choice of One-Soliton Solution and Its Features

One-soliton solutions were selected as fundamental structures that play a key role in
the theory of integrable systems. They clearly demonstrate essential nonlocal effects, such
as interactions with the nonlocal background and the influence of PT -symmetry on the
dynamics of solutions.

Two types of one-soliton solutions are considered in this study:

• For the defocusing regime (σ = 1)—bright solitons with a csch( f2) profile, character-
ized by localization and exponential decay at infinity;

• For the focusing regime (σ = −1)—dark solitons with a sech( f2) profile, featuring a
non-zero asymptotic background and a localized amplitude dip.

One-soliton solutions also serve as a crucial step for constructing multi-soliton solu-
tions through iterative application of the Darboux transformation, making them a justified
choice for the primary analysis of the nonlocal NH-MB system.

6.2. Case Study: Soliton Structure for Specific Parameters

For the defocusing case (σ = 1) with parameters:

α1 = 1, β1 = 0.5, γ1 = 0, τ1 = 0, ω = 0.5,

the profile q′(x, y, t) corresponds to a bright soliton localized along the x-axis with a
hyperbolic cosecant shape and weak modulation along y. This solution describes a single
wave with a distinct peak and exponential decay.

In the focusing regime (σ = −1) with the same parameters, the soliton takes the form
of a hyperbolic secant and corresponds to a dark soliton structure, which is typical for
models with focusing interaction and PT -symmetry.

6.3. Influence of Model Parameters

The dynamics and shape of the solutions are strongly affected by the choice of parameters:

• Spectral parameters α1, β1:

– β1 controls the width and localization of the soliton;
– α1 determines the phase velocity along the x-axis.

• Parameters γ1 and τ1 influence spatial modulation along the y-axis.
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• Dispersion parameters ϵ1 and ϵ2 regulate the contribution of higher-order nonlinearity
and nonlocal interactions.

• Parameter ω is related to the resonance properties of the medium and affects the
amplitude of the solutions.

• Phase shifts δ0, δ1, δ2 allow modeling of initial conditions and influence the spatial
positioning of solitons.

6.4. Physical Interpretation and the Role of Nonlocality

The obtained solutions demonstrate the influence of nonlocal PT -symmetry condi-
tions on wave dynamics:

• Phase shifts arise due to nonlocal field reflections.
• Amplitude modulations and spatial asymmetries appear in the soliton profile, which

are absent in classical local systems.
• The solutions show sensitivity to the parameter ϵ2, responsible for higher-order nonlocality.

These effects are important for applications in optics (e.g., PT -symmetric waveguides)
and nonlinear condensed matter physics.

6.5. Comparative Analysis with Known Results

Thus, in contrast to previous studies, this work presents, for the first time, the analysis
of a (2 + 1)-dimensional nonlocal HMB system with space–time PT -symmetry. A compar-
ison with earlier studies on related local and nonlocal integrable systems is presented in
Table 2.

Table 2. Comparison with other nonlocal integrable systems.

Authors/Model Features Methods and Solutions

M. J. Ablowitz, Z. H.
Musslimani (2013) [3]

Nonlocal nonlinear Schrödinger
equation (1 + 1) with time
reflection symmetry

Inverse scattering transform,
bright and dark soliton
solutions

R. Yesmakhanova et al.
(2017) [11]

Local (2 + 1)-dimensional
Hirota–Maxwell–Bloch system

Darboux transformation,
bright and dark solitons

X. F. Li, J. S. He, K.
Porsezian (2013) [12]

Local (1 + 1)-dimensional
Hirota–Maxwell–Bloch system

Hirota bilinear method, rogue
waves and soliton solutions

N. Myrzakulova et al.
(2024) [13]

Nonlocal (1 + 1)-dimensional
Hirota–Maxwell–Bloch system
with time-reflection symmetry

Darboux transformation,
bright solitons under nonlocal
constraints

This work
Nonlocal (2 + 1)-dimensional
PT -symmetric
Hirota–Maxwell–Bloch system

Lax pair, classification of
reductions, bright and dark
one-soliton solutions

7. Conclusions
In this work, we analyzed various types of nonlocal generalizations of the (2 + 1)-

dimensional integrable Hirota–Maxwell–Bloch (HMB) system. It was established that,
among the many possible reflection transformations, the system retains its consistency only
for three types of nonlocality: reflection in the y-variable, reflection in t, and simultaneous
reflection in both y and t. The study focused in detail on the case of reflection with respect
to y, for which a Lax pair and a one-soliton solution were constructed. The obtained results
confirm the integrability of the chosen nonlocal system and demonstrate the possibility of
the existence of solitonic structures.
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The conducted analysis made it possible to identify symmetry conditions for the
potential functions of the system and to establish important restrictions on the model
parameters required for its mathematical consistency.

Future research directions
The results presented in this paper open several avenues for further development:

• Extension to other integrable systems: Investigation of nonlocal generalizations for
(2 + 1)-dimensional systems such as nonlocal Davey–Stewartson-type equations, non-
local sine-Gordon models, and models with double nonlocality.

• Analysis of multi-soliton solutions: Based on the constructed Lax pairs, it is possible
to further obtain and classify multi-soliton and interacting solutions, including the
use of bilinear forms or the inverse scattering transform method.

• Connection with physical applications: Exploration of applications of nonlocal systems
to modeling processes in nonlinear optics, spin chains with time-reversal symmetry,
and wave interactions in plasmas and metamaterials.

• Numerical simulations: Development of numerical schemes to study the stability and
dynamics of solutions under various nonlocality regimes.

Further development of these directions will deepen the understanding of nonlocal
integrable systems and their applications in modern physical models.

Author Contributions: Conceptualization, K.Y.; Methodology, Z.Z.; Software, K.Y.; Validation, K.Y.;
Formal analysis, Z.M.; Resources, Z.M.; Data curation, Z.Z. and A.Z. All authors have read and
agreed to the published version of the manuscript.

Funding: This work was supported by the Ministry of Science and Higher Education of the Republic
of Kazakhstan, Grant AP25796529.

Data Availability Statement: This study is theoretical in nature and does not involve any experimen-
tal data. All relevant derivations and results are presented within the article.

Acknowledgments: The authors would like to thank the anonymous reviewers for their valuable
comments and suggestions, which helped improve the quality of this manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Ablowitz, M.J.; Luo, X.D.; Musslimani, Z.H. Three-wave interaction equations: Classical and nonlocal. SIAM J. Math. Anal. 2023,

55, 4089–4139.
2. Ma, W.X. Riemann-Hilbert problems and inverse scattering of nonlocal real reverse-spacetime matrix AKNS hierarchies. Physica D

2022, 430, 133078.
3. Ablowitz, M.J.; Musslimani, Z.H. Integrable nonlocal nonlinear Schrödinger equation. Phys. Rev. Lett. 2013, 110, 064105. [PubMed]
4. Ablowitz, M.J.; Musslimani, Z.H. Integrable nonlocal nonlinear equations. Stud. Appl. Math. 2017, 139, 7. [CrossRef]
5. Fokas, A.S. Integrable multidimensional versions of the nonlocal nonlinear Schrödinger equation. Nonlinearity 2016, 29, 319–324.
6. Ablowitz, M.J.; Luo, X.D.; Musslimani, Z.H.; Zhu, Y. Integrable nonlocal derivative nonlinear Schrödinger equations. Inverse Probl.

2022, 38, 065003.
7. Gürses, M.; Pekcan, A. Nonlocal nonlinear Schrödinger equations and their soliton solutions. J. Math. Phys. 2018, 59, 051501.
8. Yang, J.K. General PT -solitons and their dynamics in several nonlocal nonlinear Schrödinger equations. Phys. Lett. A 2019,

383, 328–337.
9. Zhang, G.; Wu, C. Rogue wave patterns in the nonlocal nonlinear Schrödinger equation. Phys. Fluids 2024, 36, 117123.
10. Mohammed, P.O.; Agarwal, R.P.; Brevik, I.; Abdelwahed, M.; Kashuri, A.; Yousif, M.A. On Multiple-Type Wave Solutions for the

Nonlinear Coupled Time-Fractional Schrödinger Model. Symmetry 2024, 16, 553. [CrossRef]
11. Yesmakhanova, K.; Shaikhova, G.; Bekova, G.; Myrzakulov, R. Exact solutions for the (2 + 1)-dimensional Hirota-Maxwell-Bloch

system. AIP Conf. Proc. 2017, 1880, 060022.
12. Li, C.Z.; He, J.S.; Porsezian, K. Rogue waves of the Hirota and the Maxwell-Bloch equations. Phys. Rev. E 2013, 87, 012913.

[CrossRef] [PubMed]

http://www.ncbi.nlm.nih.gov/pubmed/23432249
http://doi.org/10.1111/sapm.12153
http://dx.doi.org/10.3390/sym16050553
http://dx.doi.org/10.1103/PhysRevE.87.012913
http://www.ncbi.nlm.nih.gov/pubmed/23410410


Mathematics 2025, 13, 1101 13 of 13

13. Myrzakulova, Z.; Zakariyeva, Z.; Suleimenov, K.; Uralbekova, U.; Yesmakhanova, K. Explicit solutions of nonlocal reverse-time
Hirota-Maxwell-Bloch system. AIMS Math. 2024, 9, 35004–35015. [CrossRef]

14. Yan, Z. Integrable PT -symmetric local and nonlocal vector nonlinear Schrödinger equations: A unified two-parameter model.
Appl. Math. Lett. 2015, 47, 61–68. [CrossRef]

15. Zhou, Z.X. Darboux transformations and global solutions for a nonlocal derivative nonlinear Schrödinger equation. Commun.
Nonlinear Sci. Numer. Simul. 2018, 62, 480–488. [CrossRef]

16. Ji, J.L.; Zhu, Z.N. Soliton solutions of an integrable nonlocal modified Korteweg–de Vries equation through inverse scattering
transform. J. Math. Anal. Appl. 2017, 453, 973–984. [CrossRef]

17. Ma, W.X. Riemann-Hilbert problems and soliton solutions of nonlocal real reverse-spacetime mKdV equations. J. Math. Anal. Appl.
2021, 498, 124980. [CrossRef]

18. Wu, J.P. Riemann-Hilbert approach and nonlinear dynamics in the nonlocal defocusing nonlinear Schrödinger equation. Eur. Phys.
J. Plus 2020, 135, 523. [CrossRef]

19. Vinayagam, P.S.; Radha, R.; Al Khawaja, U.; Ling, L. New classes of solutions in the coupled PT symmetric nonlocal nonlinear
Schrödinger equations with four wave mixing. Commun. Nonlinear Sci. Numer. Simul. 2018, 59, 387–395. [CrossRef]

20. An, L.; Li, C.; Zhang, L. Darboux transformations and solutions of nonlocal Hirota and Maxwell-Bloch equations. Stud. Appl.
Math. 2021, 147, 60–83. [CrossRef]

21. Tian, K.; Zhou, H.; Dong, C. Nonlocal Symmetries of Geng-Wu’s Super KdV Equation. Acta Appl. Math. 2025, 195, 7.
22. Porsezian, K.; Nakkeeran, K. Optical Soliton Propagation in an Erbium Doped Nonlinear Light Guide with Higher Order

Dispersion. Phys. Rev. Lett. 1995, 74, 2941. [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3934/math.20241666
http://dx.doi.org/10.1016/j.aml.2015.02.025
http://dx.doi.org/10.1016/j.cnsns.2018.01.008
http://dx.doi.org/10.1016/j.jmaa.2017.04.042
http://dx.doi.org/10.1016/j.jmaa.2021.124980
http://dx.doi.org/10.1140/epjp/s13360-020-00348-1
http://dx.doi.org/10.1016/j.cnsns.2017.11.016
http://dx.doi.org/10.1111/sapm.12378
http://www.ncbi.nlm.nih.gov/pubmed/10058063

	Introduction
	Classification and Analysis of Nonlocal Generalizations of the (2 + 1)-Dimensional Hirota–Maxwell–Bloch System
	Lax Representation of the (2 + 1)-Dimensional Nonlocal Hirota–Maxwell–Bloch System
	Darboux Transformation for the Nonlocal Hirota–Maxwell–Bloch System
	One-Soliton Solutions
	Analysis and Discussion of the Obtained Solutions
	Choice of One-Soliton Solution and Its Features
	Case Study: Soliton Structure for Specific Parameters
	Influence of Model Parameters
	Physical Interpretation and the Role of Nonlocality
	Comparative Analysis with Known Results

	Conclusions
	References

