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Abstract We examine the possibility of Primordial Black
Holes (PBHs) formation in single field models of inflation.
Using the adiabatic or wave function renormalization scheme
in the short range modes, we show that one-loop correction
to the power spectrum is free from quadratic UV divergence.
We consider a framework in which PBHs are produced during
the transition from Slow Roll (SR) to Ultra Slow Roll (USR)
followed by the end of inflation. We demonstrate that the
renormalized power spectrum soften the contribution of the
logarithmic IR divergence and severely restricts the possible
mass range of produced PBHs in the said transition, namely,
MPBH ∼ 102 g âla a no-go theorem. In particular, we find
that the produced PBHs are short lived (tevap

PBH ∼ 10−20 s) and
the corresponding number of e-folds in the USR region is
restricted to �NUSR ≈ 2.
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1 Introduction

The exponential expansion of the nascent universe, dubbed
the inflationary paradigm along with the hot big bang model,
stands as the most promising theoretical epistemology of the
Universe. Invoking inflation from the philosophical rationale
to overcome the otherwise muddles like horizon and flatness
problems, it was quickly realized that the formation of the
structures in our Universe can be a manifestation of the fluc-
tuations generated quantum mechanically during inflation. It
was also discovered that large fluctuations associated with
specific scales can cause gravitational collapse as the mode
reenters the later radiation-dominated era, resulting in the
formation of astrophysical objects behaving like black holes
and christened to be Primordial Black Holes (PBHs) [1–74]
to distinguish them from stellar black holes, which are formed
by the death of a star, while keeping Chandrasekhar’s limits
in mind. In that regard, the mass of PBHs can be as small as
the Planck mass (Mpl) or the associated cut-off of the effec-
tive theory under consideration. PBHs can be the riposte to
the curve ball thrown to us by nature: the identity of Dark
Matter (DM) [75–91]. Apart from the potential solution of
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the identity conundrum of dark matter, PBHs have gained a
lot of interest in the theoretical physics community due to the
recent observations of Gravitational Waves (GWs) [89–117]
from merging black holes by Laser Interferometer Gravita-
tional Wave Observatory (LIGO) [118].The large mass and
distance of the BHs indicate their primordial origin. In the
past few years, the study of PBHs has emerged as one of
the most active fields of research in theoretical cosmology. A
nice statistical analysis of interest can be found in Ref. [56].

The formation of PBHs in the early stages of the Uni-
verse is mainly attributed to an enhancement of fluctuation
at a certain scale due to some mechanism associated with
the motion of the inflaton field on the flat potential. There
are two main paths explored in a cold inflationary scenario.
In one case, the inflaton field encounters a single/multiple
tiny, short-lived bump(s) [119,120] on its path along the oth-
erwise flat potential, causing a large enough fluctuation of
the field to be imprinted on the associated scale. In another
case, there is a transition at an inflection point from the SR
to the USR region of the potential, and due to this change
in the dynamics of the motion, again there is an enhance-
ment of the fluctuation. On that note, in the alternate dynam-
ical realization of inflation dubbed Warm Inflation (WI), this
enhancement of fluctuation is quite natural, and thus the pro-
duction of PBHs is quite easier to understand [48,121,122].
The cold inflationary dynamics and associated PBHs produc-
tion are the focus of this work. Although placing a bump on
an otherwise flat potential may seem to be phenomenologi-
cally viable, it becomes a liability from the point of view of
theoretical motivation. A transition from SR to USR, on the
other hand, has the potential to be the cause of the increase
in fluctuation responsible for PBH production at later stages
[38,114]. In this framework, quantum effects can be investi-
gated in a model independent fashion without the knowledge
of the inflaton potential.

In a recent Ref. [51], the authors claim that PBH forma-
tion from single-field inflation is ruled out. Their findings
are based on the argument that a one-loop correction to the
tree-level power spectrum is extremely large on a large scale.
The main reason behind this strong argument is based on the
presence of quadratic divergent contributions at the one-loop
corrected result of the primordial power spectrum on top of
logarithmic divergent effects.

It was previously argued in Refs. [123–140] that only
logarithmic divergences survive in one-loop corrections in
the Slow Roll (SR) regime, which is generated on the sub-
horizon scale due to quantum fluctuations, and the same
behaviour persists up to the super-horizon scales. It was
shown with detailed computation in Ref. [133] that though
the quadratic and other power law divergent effects come
on the sub-horizon scale computation of the one-loop calcu-
lation, they will not survive at the super-horizon scale due
to the late time limit in the dimensionally regularized and

properly renormalized version of the cosmological one-loop
corrected two-point correlation function. Once the late time
limit is correctly implemented, one can explicitly show that
such quadratic and other power law divergent effects are com-
pletely absent in the final form of the two-point correlator,
leaving only logarithmic effects. Though these computations
have been done previously in the SR period, a similar argu-
ment also applies to the model independent framework where
the PBHs formation takes place during the SR-USR transition
followed by the end of inflation. However, in Ref. [51], due
to the appearance of quadratic divergence, the authors rule
out the formation of PBHs in single field models of inflation.

This claim was recently refuted in Ref. [53] using a model
independent approach showing that short scale loop effects
do not alter the large-scale primordial power spectrum.1

We re-examined in great detail the one-loop corrections,
renormalization and Dynamical Renormalization Group
(DRG) resummation method [133,141–146] to better under-
stand the claim of Ref. [51].

The paper is organized as follows: In Sect. 2, we discuss
the basics of the theoretical background of single field infla-
tionary paradigm, which will going to be extremely useful
to understand the rest of the computation performed in this
paper. Next, in Sect. 3, we provide the detailed computa-
tion of tree level scalar power spectrum, where we show the
explicitly contributions from SR and USR regions in detail.
In both cases, we have studied the behaviour of the tree level
scalar power spectrum, which can be analyzed in the sub-
horizon (quantum), horizon exit point (semi-classical), and
super-horizon (classical) regions, respectively. In Sect. 4, we
compute the one-loop corrected unrenormalized scalar power
spectrum both from the SR and USR regions. Such one-loop
effects are generated in the sub-horizon region, which has a
purely quantum mechanical origin and originates from short-
range UV modes. We use the cut-off regularization technique
to compute the contributions from one-loop integrals, where
we introduce both UV and IR cut-offs in the momentum
dependent integrals as appearing in both the SR and USR
phases. Then, in Sect. 5, considering both the contributions
from the SR and USR regions, we compute the renormalized
version of the one-loop corrected scalar power spectrum by
making use of the well-known adiabatic or wave function
renormalization scheme [147–156]. By implementing the
renormalization condition correctly within the framework
of adiabatic or wave function renormalization scheme, we
explicitly compute the expression for the counter terms both
in the SR and USR periods, which fix the form of the one-
loop renormalized spectrum by removing the quadratic UV
divergence. Further using this result we perform the renor-
malization in the power spectrum which in turn softens the
effect of long range modes by shifting the logarithmic IR

1 We thank Antonio Riotto for fruitful communication on the subject.
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divergence in the next order of perturbation theory. Next, in
Sect. 6, we compute the Dynamical Renormalization Group
(DRG) re-summed course grained version of the scalar power
spectrum by applying the non-perturbative but convergent
exponentiation. Additionally, we discuss the validity of the
DRG re-summation method and provide a numerical esti-
mate which justifies its applicability and significance within
the present context where we consider sharp transition from
SR to USR phase. Using these results, in Sect. 7, we pro-
vide a no-go theorem for the mass of the PBH formation in a
single field inflationary paradigm. We show that large mass
PBHs are not allowed by the present prescription. We also
comment on the constraints on the evaporation time scale
and on the corresponding number of e-foldings in the USR
region using the no-go result. Finally, in Sect. 8, we conclude
with some possible promising future prospects. Additionally,
we include two Appendices A and C, where we discuss the
details of the computation of the one-loop correction to the
primordial power spectrum for the scalar modes using in-
in formalism in the USR phase, the technical results of the
one-loop momentum integrals in the SR and USR phases,
and the appearances of the quadratic UV and logarithmic IR
divergent contributions, respectively.

2 The single field inflation

Let us consider the following representative action for the
single field inflation:

S = 1

2

∫
d4x

√−g
[
M2

plR − (∂φ)2 − 2V (φ)
]
, (1)

where the inflation field φ is a scalar field which is mini-
mally coupled to the gravity. In the above action the canonical
kinetic term of the scalar field (∂φ)2 = gμν

(
∂μφ
)
(∂νφ) and

V (φ) is the effective potential for the scalar field, Mpl is the
reduced Planck mass scale, R is the Ricci scalar. In the spa-
tially flat Friedmann–Lemaitre–Robertson–Walker (FLRW)
Universe, the metric is given by,

ds2 = a2(τ )
(
−dτ 2 + dx2

)
= a2(τ )

(
−dτ 2+δi j dx

i dx j
)

,

(2)

where τ is the conformal time coordinate. The scale factor
a(τ ) in the conformal coordinate is given by the following de
Sitter solution,a(τ ) = −1/Hτ where −∞ < τ < 0. In this
expression ‘H ′ represents the Hubble parameter which is not
exactly constant and we, in reality, deal with quasi-de Sitter.
To this effect, let us first write down the evolution equations,

H2 = 1

3M2
pl

(
1

2
φ

′2 + a2V (φ)

)
, H′ = − 1

2M2
plφ

′2 ,

φ
′′ + 2Hφ

′ + a2 dV (φ)

dφ
= 0. (3)

where we have introduced a notation ′ which represents
the derivative with respect to the conformal time coordinate
τ . Additionally, we have used the definition of the Hubble
parameter H = a

′
/a = aH .

Now, to validate and properly end inflation at a particular
point in the field space one needs to introduce the follow-
ing deviation parameters from the exact de Sitter solution
commonly known as the slow-roll parameters,

ε =
(

1 − H′

H2

)
= 1

2M2
pl

φ
′2

a2H2 ,

η = ε
′

εH =
(

2ε + φ
′′

φ
′H − 1

)
. (4)

To realize inflation in the SR region, one needs to satisfy

the following constraints, ε � 1,|η| � 1 and

∣∣∣∣ φ
′′

φ
′H − 1

∣∣∣∣ �
1. In SR regime both ε and η approximately constant. We
assume that SR region is followed by the USR regime where
the inflationary potential becomes extremely flat such that
dV/dφ ≈ 0, which further implies the following constraints,
φ

′′

φ
′H ≈ −2 �⇒ φ

′ ∝ a−2 which implies ε ∝ a−6 and

η ≈ −6, which will be important for PBH formation.

3 Computation of tree level scalar power spectrum

Let us now consider the small perturbations around the spa-
tially flat FLRW background, where the linearised version of
the field and the metric perturbations are given by,

φ(x, τ ) = φ(τ) + δφ(x, τ ), ds2 = a2(τ )

[
− dτ 2

+
{(

1 + 2ζ(x, τ )

)
δi j + 2hi j (x, τ )

}
dxidx j

]
.

(5)

In the above mentioned linearised version of the per-
turbed metric, two significant components appear, which
are scalar comoving curvature perturbation ζ(x, τ ) and the
transverse-traceless tensor perturbation hi j ((x, τ ). However,
in this work, we are only restricted to the scalar perturbation,
and for this reason, in the rest of the paper, we will not further
refer to the tensor perturbation.

Expanding the representative action for the scalar field as
stated in Eq. (1) up to the second order in the scalar co-moving
curvature perturbation ζ(x, τ ), gives rise to the following
simplified action,

S(2) = M2
pl

∫
dτ d3x a2 ε

(
ζ

′2 − (∂iζ )2
)

. (6)
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Next, we introduce a new variable, v = zMplζ , which is com-
monly known as Mukhanov Sasaki (MS) variable. In terms
of the MS variable, the above mentioned second order per-
turbed action can be translated into the following canonically
normalized form:

S(2) = 1

2

∫
dτ d3x

(
v

′2 − (∂iv)2 + z
′′

z
v2
)

, (7)

where, z = a
√

2ε. We then write the above action in the
Fourier space by using the following ansatz for the Fourier
transformation:

v(x, τ ) :=
∫

d3k
(2π)3 eik.x vk(τ ). (8)

In terms of the above mentioned Fourier transformed scalar
modes, one can recast the action stated in Eq. (7) in the fol-
lowing form,

S(2) = 1

2

∫
d3k

(2π)3 dτ eik.x
(

|v′
k|2 −

(
k2 − z

′′

z

)
|vk|2
)

.

(9)

Then theMukhanov Sasaki equation for the scalar modes can
be expressed as,

v
′′
k +
(
k2 − z

′′

z

)
vk = 0, (10)

where the conformal time dependent part of the effective

frequency can be expressed as, z
′′
z ≈ 2

τ 2 .
We then use the following normalization condition in

terms of the Klein Gordon product for the scalar modes
to fix the mathematical structure of the general solution,
v

′∗
k vk − v

′
kv

∗
k = i . The corresponding general solution of

the Mukhanov Sasaki equation for the scalar mode during
SR period is given by the following expression:

vk(τ ) = αSR
k√
2k

(
1 − i

kτ

)
e−ikτ + βSR

k√
2k

(
1 + i

kτ

)
eikτ ,

(11)

where the coefficients αSR
k and βSR

k are fixed by the appropri-
ate choice of the quantum initial condition. In the SR period,
we fix initial condition choosing the Bunch Davies quantum
vacuum state which gives the following constraint:

αSR
k = 1 and βSR

k = 0. (12)

Consequently, the scalar mode is finally expressed in the fol-
lowing simplified form:

vk(τ ) = 1√
2k

(
1 − i

kτ

)
e−ikτ . (13)

Using the above expression for the scalar mode in the SR
regime at early times, τ ≤ τs , one can write down the follow-
ing expression for the gauge invariant co-moving curvature

perturbation,

ζk(τ ) = vk(τ )

zMpl
=
(

i H

2Mpl
√

ε

)
1

k3/2 (1 + ikτ) e−ikτ . (14)

The above mentioned expression is the general solution in the
SR regime and separately valid in the following regions[157–
160], Super-horizon region (k � aH → −kτ � 1 →
−kτ → 0 −→ Classical regime), Sub-horizon region (k �
aH → −kτ � 1 → −kτ → ∞ −→ Quantum regime),
At the horizon crossing point (k = aH → −kτ = 1 →
Semi − classical regime).

Here we need to note down the following two important
points, which will be the necessary input for the further com-
putation of this paper:

1. As we are interested in incorporating the quantum effects
coming from the one loop correction at the level of the
cosmological two-point correlation function and on its
amplitude, the first two results appearing in the sub-
horizon regime and at the horizon crossing point are phys-
ically relevant.

2. As the scalar mode exits the cosmological horizon and
becomes classical, quantum effects become unimportant
at super-horizon scales.

In what follows, we shall extend our discussion to the USR
region [105,136,161–172], which is appearing in the confor-
mal time window τs ≤ τ ≤ τe. Here τs and τe correspond
to the conformal time scale at the transition point from SR
to USR and end of inflation respectively. In the USR regime,
the conformal time dependence of the first slow-roll param-
eter can be written as, ε(τ ) ∝ a−6(τ ) which implies that,

ε(τ ) = ε
(

τ
τs

)6
, where ε on the right hand side corresponds

to the value of the first slow-roll parameter in SR regime. The
above mathematical form suggests that at the transition point
from SR to USR, this parameter is approximately a constant
quantity which will be important in the discussion to follow.

In the USR region, the solution for the gauge invariant
comoving curvature perturbation from the solution of the
MS equation can be written as:

ζk(τ ) =
(

i H

2Mpl
√

ε

)(τs

τ

)3 1

k3/2

[
αUSR
k (1 + ikτ) e−ikτ

−βUSR
k (1 − ikτ) eikτ

]
, (15)

where αUSR
k and βUSR

k are two Bogoliubov coefficients which
actually connect the solution for the USR region to the SR
region. We have already mentioned earlier that in the SR
region, these coefficients are fixed by the initial choice of
the quantum vacuum to be Bunch Davies state. For the USR
region, these coefficients can be fixed by the following two
conditions:
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1. Solution for the gauge invariant comoving curvature per-
turbation for SR and USR region becomes continuous
at the transition point, τ = τs , i.e. [ζk(τ )]SR,τ=τs

=
[ζk(τ )]USR,τ=τs

. For the present computational purpose
we have chosen instantaneous transition from SR to USR
region, as it confronts well with the numerical solutions.

2. First derivative of the comoving curvature perturbation
with respect to the conformal time scale, which is com-
monly known as the canonically conjugate momenta of
the scalar curvature perturbation field variable becomes
continuous at the transition point τ = τs , i.e.[
ζ

′
k(τ )
]

SR,τ=τs
=
[
ζ

′
k(τ )
]

USR,τ=τs
.

Applying the above mentioned two conditions at the transi-
tion point τ = τs , we obtain the following expressions for
the two Bogoliubov coefficients:

αUSR
k = 1 − 3

2ik3τ 3
s

(
1 + k2τ 2

s

)
, (16)

βUSR
k = − 3

2ik3τ 3
s

(1 + ikτs)
2 e−2ikτs . (17)

In case of USR regime similar to the SR, the first two
solutions will be used to implement the one loop quantum
correction as the last one is treated to be classical solution
where no such effect appears.

To compute the expression for the two-point correlation
function and the associated power spectrum in the Fourier
space, we need to explicitly quantize the corresponding scalar
modes, which is necessary to calculate the cosmological cor-
relation functions. For this purpose we need to first of all
define the creation â†

k and annihilation âk operators, which
will create an excited state or destroy it respectively out of
the Bunch Davies quantum vacuum state. Now we identify
|0〉 as our Bunch Davies state which has to satisfy the con-
straint, âk|0〉 = 0 ∀k. The canonical quantization between
the scalar mode and its associated conjugate momenta has
to satisfy the following equal time commutation relation
(ETCR):
[
ζ̂k(τ ), ζ̂

′
k′ (τ )

]
= i δ3

(
k + k

′)
, (18)

where ζ̂k(τ ) is the corresponding quantum operator for the
scalar mode, and is given by the following expression:

ζ̂k(τ ) =
[
ζk(τ )âk + ζ ∗

k (τ )â†
−k

]
. (19)

This can further be translated into the language of the all pos-
sible commutation relations between the above mentioned
creation and annihilation operators, which are given by the
following expressions:
[
âk, â

†
k′
]

= (2π)3 δ3
(
k + k

′)
,
[
âk, âk′

] = 0,

[
â†
k, â

†
k′
]

= 0. (20)

Then the corresponding tree level contribution to the two-
point correlation function for the co-moving curvature per-
turbation at the late times (τ → 0), can be expressed as
follows,

〈ζ̂kζ̂k′ 〉Tree = (2π)3 δ3
(
k + k

′)
PTree

ζ (k), (21)

and the associated dimensionless power spectrum can be cast
as:

�2
ζ,Tree(k) = k3

2π2 P
Tree
ζ (k) where

PTree
ζ (k) = 〈〈ζkζ−k〉〉(0,0) = |ζk(τ → 0)|2Tree. (22)

Let us note that while computing the correlation, Vacuum
Expectation Value (VEV) is taken with respect to the Bunch
Davies quantum vacuum state. Now we will explicitly write
down expression for the tree level contribution of the dimen-
sionless power spectrum computed from the scalar mode:

�2
ζ,Tree(k) =

(
H2

8π2M2
plε

)

×

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
1 + k2τ 2) when k � ks (SR)(
ke
ks

)6 ∣∣∣αUSR
k (1 + ikτ) e−ikτ − βUSR

k

(1−ikτ) eikτ
∣∣2 when ks ≤ k ≤ ke (USR)

(23)

where in the expressions appearing for ks ≤ k ≤ ke, we
have used the fact that −keτe = 1 and −ksτs = 1 specific to
horizon crossing. It helps us to convert the factor (τs/τe)

6 to
(ke/ks)6. Additionally, it is important to note that ke and ks
represent the wave numbers associated with the conformal
time scale τe and τs .

4 Computation of one-loop corrected scalar power
spectrum

Let us now extend our analysis to explicit computation of one-
loop correction to power spectrum from the scalar modes of
the perturbation. To perform this computation let us consider
the representative action as stated in Eq. (1), expanded to the
third order in the scalar comoving curvature perturbation:

S(3) =
∫

dτ d3x Lint(τ ). (24)

where the interaction Lagrangian density for the third order
perturbation can be expressed as [173]:

Lint(τ ) = M2
pla

2
((

ε2 − 1

2
ε3
)

ζ
′2ζ + ε2 (∂iζ )2 ζ

−2εζ
′
(∂iζ )

(
∂i∂

−2
(
εζ

′))
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+1

2
εζ
(
∂i∂ j∂

−2
(
εζ

′))2

+1

2
εη

′
ζ

′
ζ 2
)

. (25)

This action is commonly used to compute three point func-
tion and to study the corresponding primordial non-Gaussian
effects. See Refs. [174–194] for more details. To study the
one-loop quantum effects on the two-point function and the
associated power spectrum, the same third order action is
used. In the standard SR inflation and during PBH formation,
first three and last two terms have the contributions O(ε2)

andO(ε3) respectively. The contribution from the last term in
both of these cases are significantly different. In this context,
during the standard SR inflation and during PBH formation,
last term contributed as O(ε3) and O(ε) respectively. The
prime reason of this fact is that the second slow roll param-
eter changes from η ∼ 0 to η ∼ −6.

We now explicitly compute the contribution from the
quantum one-loop correction to the power spectrum of the
scalar mode during PBH formation from the last term of the
third order expanded action as stated in Eq. (25). For this
purpose, we use the well known in-in formalism, which is
actually motivated by the Schwinger–Keldysh path integral
formalism. Within the framework of in-in formalism, the two-
point correlation function for comoving curvature perturba-
tions at the fixed conformal time scale τ can be expressed
as:

〈ζ̂pζ̂−p〉 :=
〈[
T exp

(
i
∫ τ

−∞
dτ

′
Hint(τ

′
)

)]
ζ̂p(τ )ζ̂−p(τ )

×
[
T exp

(
− i
∫ τ

−∞
dτ

′
Hint(τ

′
)

)]〉
τ→0

= 〈ζ̂pζ̂−p〉(0,0)︸ ︷︷ ︸
Tree level

+〈ζ̂pζ̂−p〉(0,2) + 〈ζ̂pζ̂−p〉†
(0,2) + 〈ζ̂pζ̂−p〉(1,1)︸ ︷︷ ︸

One−loop level

.

(26)

where T and T represent the anti-time and time ordering
operation in the present context respectively. In this expres-
sion, for a given mode, τ → 0 represents supper-Hubble
radius limit at the end of inflation where the quantum cor-
relation is meaningfully computed in the in-in formalism.
The interaction Hamiltonian appearing in the above expres-
sion can be computed by the followingLegendre transformed
expression, where we are interested in only on the contribu-
tion from last term in the Eq. (25), which physically repre-
sents the leading cubic self-interaction:

Hint(τ ) = −M2
pl

2

∫
d3x a2εη

′
ζ

′
ζ 2. (27)

The tree-level contribution to the two-point correlation func-
tion and the corresponding power spectrum have already been
computed in this paper. Our job is to fix the non-vanishing
contributions from the last three terms in the above-given
expression at the one-loop level as appearing in Eq. (26).
The meaning of each of the terms as appealing in Eq. (26)
is further discussed in detail in the Appendix A.

By following the in-in formalism the one-loop contribu-
tion to the power spectrum of the scalar perturbation can be
computed as:
[
�2

ζ,One−loop(p)

]
USR on SR

= 1

4

[
�2

ζ,Tree(p)

]2

SR

×
(

(�η(τe))
2
∫ ke

ks

dk

k
|Vk(τe)|2 − (�η(τs))

2

×
∫ ke

ks

dk

k
|Vk(τs)|2

)
, (28)

where we have introduced a momentum and conformal time
dependent function which captures the contribution from the
USR period and defined by the following expression:

Vk(τ ) =
(τs

τ

)3
[
αUSR
k (1 + ikτ) e−ikτ

−βUSR
k (1 − ikτ) eikτ

]
. (29)

Here

[
�2

ζ,Tree(p)

]
SR

represents the tree-level contribution

to the power spectrum as appearing in the SR period. Further,
it is important to note that, the symbols �η(τs) and �η(τe)

characterizing the values of the second slow-roll parameters
at the SR to USR transition time scale τ = τs and at the end of
USR as well as the end of inflation scale τ = τe respectively.
Here τ = τs is the most important scale where sharp transi-
tion is implemented to describe SR to USR phase change. We
refer the reader to Appendix A for details. Here the expres-
sions for the Bogoliubov coefficients αUSR

k and βUSR
k are

explicitly written in Eqs. (16) and (17). Additionally it is
important to note that, we have restricted the momentum
integration within a window, ks < k < ke by introducing
two cut-offs, the Infra-Red (IR) cut-off kIR = ks and the
Ultra-Violate (UV) cut-off kUV = ke, to extract the finite
contributions from each of the above mentioned integrals.
Our further job is to evaluate both of the integrals within the
mentioned momentum window. Again it is important to note
that, the integral in the sub horizon region and at the hori-
zon crossing scale has the quantum effects and consequently
the one-loop contributions become physically meaningful in
these above mentioned regions. It is expected that whatever
result we derive at the horizon exit point will further propa-
gate to the super horizon region. Now instead of computing
two independent integrals we will compute a single momen-
tum integral at the arbitrary conformal time scale τ and in
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the final result, we will substitute the values of the confor-
mal time scale τ = τs and τ = τe as required by the above
mentioned structure of the momentum integrals. To serve the
purpose let us compute the following integrals:

Sub-horizon(−kτ � 1) : I(τ ) :=
∫ ke

ks

dk

k
|Vk(τ )|2

≈
(τs

τ

)6
τ 2
∫ ke

ks
dk k

(
1 + 9

2

(1 + k2τ 2
s )2

k6τ 6
s

)

≈
(τs

τ

)6
[
(k2

e − k2
s )τ

2

2
+ 9

2

(
τ

τs

)2

ln

(
ke
ks

)]
. (30)

Horizon-crossing(−kτ = 1) : I(τ ) :=
∫ ke

ks

dk

k
|Vk(τ )|2

≈
(τs

τ

)6
∫ ke

ks

dk

k

(
1 + 9

2

(1 + k2τ 2
s )2

k6τ 6
s

)

≈
(τs

τ

)6
ln

(
ke
ks

)
, (31)

where we have considered the contributions which will only
give rise to significant cut off dependent divergent contri-
butions in the loop integral. Additionally, two more terms
appear which captures the interference between the Bogoli-
ubov coefficients, giving rise to oscillating contribution and
no significant divergences. For this reason we have neglected
these two contributions. However, to maintain the overall
clarity in the computation the appearance of all such contri-
butions in the momentum dependent one-loop contribution
in the USR phase are explicitly computed in Appendix C
from which one can clearly observe the corresponding sup-
pression.

Finally, the one-loop contribution to the power spectrum
of the scalar perturbation due to the USR period on SR con-
tribution can be expressed in the following simplified form in
the sub horizon region considering the UV as well IR mode
contributions:
[
�2

ζ,One−loop(p)

]
USR on SR

= 1

4

[
�2

ζ,Tree(p)

]2

SR

×
((

(�η(τe))
2
(
ke
ks

)6

− (�η(τs))
2
)

×
(

ln

(
ke
ks

)
+1

2

(
ke
ks

)2

− 1

2

)
− cUSR

)
. (32)

Here we consider the wave number is lying within the win-
dow ks ≤ p ≤ ke. Also it is important to note that here cUSR
is an arbitrary renormalization scheme dependent parameter
which is appearing after the cancellation of the contributions
from the UV divergences in the underlying theory in USR
period. In the next section once we fix the scheme of renor-
malization one can able to explicitly compute the expres-
sion for the expression for the parameter cUSR in the USR
period. Most importantly, it is important to mention that this

parameter cUSR will going to mimic the role of counter term
during performing the renormalization for a specified given
scheme. In the next section we will evaluate this counter
term to remove the contribution of the UV divergence from
the short range mode in the one-loop contribution to the pri-
mordial power spectrum for scalar modes in the USR period.

Further considering the rest of the contributions in the
interaction Hamiltonian and computed mode function for the
scalar modes in the SR period, one can consider the following
momentum integral, in which after substituting the appropri-
ate IR cut-off scale kIR = p∗ and UV cut-off scale kUV = ke
we have the following regulated closed expression:

∫ ke

p∗

d3k

(2π)3

1

k3

(
1 + k2τ 2) = 1

2π2

[ ∫ ke

p∗

dk

k
+ τ 2

∫ ke

p∗
dk k

]

= 1

2π2

[
ln

(
ke
p∗

)
+ τ 2

2

(
k2
e − p2∗

) ]

= 1

2π2

[
ln

(
ke
p∗

)
+1

2

(
ke
p∗

)2

− 1

2

]
.

(33)

Here p∗ represents the pivot scale which is expected to be
p∗ � ks . The last term is the outcome of the sub horizon
scale computation. Now in the limit, τ → 0 which is actu-
ally representing the super-horizon scale kτ � −1 (which
corresponds to the small momentum modes or commonly
identified as the IR modes), the last term vanishes for which
we get only logarithmically divergent contribution which will
going to survive from this computation at the end and con-
tribute to the one-loop correction to the scalar power spec-
trum in the SR period. However, since inflation ends at the
finite conformal time scale value it is expected to have some
small contribution from the UV modes which basically rep-
resents the sub horizon fluctuations in the present context.
For this reason such UV divergent contributions we have
kept intact and in the later part of the paper by doing tech-
nical computation we will explicitly show that one can eas-
ily remove such contributions from the one-loop corrected
power spectrum both from the SR and USR periods of infla-
tion separately by implementing a special renormalization
scheme, commonly known as the adiabatic or wave function
renormalization technique, which has the inherent power to
remove the UV divergences from the theory. However, the
IR logarithmic divergences cannot be completely removed
after renormalization at the one-loop level. We will further
show by implementing the power spectrum renormalization
method that in the present context the IR divergent contribu-
tion will be shifted to the next-to-next leading order, which is
exactly equivalent of performing the computation at the two-
loop level. In support of the previously mentioned statement
regarding the softening of the IR divergent contribution from
the one-loop result is quite understandable from the perspec-
tive of the Quantum Field Theory of de Sitter space. It is well
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known and established fact that de Sitter or its cosmologically
relevant version (quasi de Sitter) is IR divergent always and
it is almost impossible to remove such divergences from the
underlying Quantum Field Theory with the help of presently
available tools and techniques. The one-loop correction in
the SR phase can be expressed by the following expression:

[
�2

ζ,One−loop(p)

]
SR

=
[
�2

ζ,Tree(p)

]2

SR

(
cSR−4

3

(
ln

(
ke
p∗

)

+1

2

(
ke
p∗

)2
− 1

2

))
, (34)

where cSR is an arbitrary renormalization scheme depen-
dent parameter which is appearing after the cancellation of
the contributions from the UV divergences in the underlying
theory in SR period. Once we fix the scheme of renormal-
ization one can able to explicitly compute the expression for
the expression for the parameter cSR in the SR period. Most
importantly, it is important to mention that this parameter
cSR will going to mimic the role of counter term during per-
forming the renormalization for a specified given scheme. In
the next section we will evaluate this counter term to remove
the contribution of the UV divergence from the short range
mode in the one-loop contribution to the primordial power
spectrum for scalar modes in the SR period. In order for
the renormalization counter terms to effectively cancel the
UV divergences that are encountered when calculating quan-
tum corrections, the effective field theory must be defined to
include renormalization counter terms in the bare effective
Lagrangian. Here in the SR region we consider the wave
number p ≤ ks , which will be useful for rest of the analysis.
For more details see Refs. [123–140].

Here it is important to note that the impacts of short range
modes are contained in the UV component, which persists
through the brief USR phase of inflation in a thermal vacuum
inside a sub horizon domain. The related UV divergences are
anticipated to be absorbed into relevant, physically observ-
able amounts, and these modes should not contribute to the
dynamics of the USR period during inflation.

From the above calculations, one can observe the follow-
ing points:

• In the sub horizon scale we have three possible contribu-
tions from the pure quantum effects, scale independent
terms, dimensionless quadratic divergent terms and the
logarithmic divergent contributions, which are the out-
come of the one loop effects in the scalar power spectrum
in the USR period.

• The UV divergences appearing in the one-loop contribu-
tions appearing in both SR and USR period due to hav-
ing sub horizon quantum fluctuations of the short range
modes. Such contributions will be removed fully from
the underlying Quantum Field Theoretic setup by imple-

menting the adiabatic or wave function renormalization
technique which we will explicitly demonstrate in the
upcoming section of this paper.

• The logarithmically divergent IR contribution appearing
in the USR period is also appearing in the super horizon
scale because the result obtained at the horizon crossing
point is propagating outside the horizon and the corre-
sponding modes become frozen and thus classical.

• From the observational perspective, the result obtained
from the horizon crossing point is most significant as all
the signatures from the quantum loop corrections appear-
ing in the sub horizon scale can be directly tested. Since,
we have found that due to the matching condition at the
horizon crossing, only the logarithmically divergent IR
contributions survive. We will use this result to compute
the other relevant quantities from the one loop corrected
scalar power spectrum including the correction from the
USR period after performing adiabatic renormalization
using which we completely remove UV divergences and
power spectrum renormalization which smoothing out
IR contributions by shifting it at the higher order in the
perturbative expansion.

• The overall coefficient in front of this contribution and
one additional additive parameter is fixed by the proper
choice of the renormalization scheme, which allows us to
remove such UV divergent contribution by proper choice
of the counter terms. This scheme is applicable to the one-
loop contribution coming from the SR and USR period
and such UV divergences can be removed by following
the mentioned procedure.

• In the SR region the tree level and the one-loop con-
tributions are computed for the wave number p ≤ ks .
On the other hand, in the USR region the tree level and
one-loop contribution is computed within the window
ks ≤ p ≤ ke. This is an extremely useful information
to write down the expression for the total contribution
of the one-loop corrected power spectrum for the scalar
modes considering both the effects from SR and USR
region respectively. The raison d’etre of this paper is:
except logarithmically divergent contributions, no other
contribution survive in the one loop contribution of the
scalar power spectrum at the super horizon scale. This
contribution is generated due to the quantum loop effects
as appearing in the sub horizon scale and is going to sur-
vive at the horizon crossing point as well as in the super
horizon scale. As an immediate consequence, such con-
tribution will appear in the computation of scalar spectral
tilt, which we are going to explicitly show in the section
to follow.

Before going to discuss any further issues, let us now write
down the total expression for the one loop corrected scalar
power spectrum, which will be helpful for the further dis-
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cussions. The corresponding expression for the scalar power
spectrum in the USR period when the PBH formation occurs
can be written as:

�2
ζ,Total(p) = �2

ζ,Tree(p) + �2
ζ,One−loop(p)

=
{ [

�2
ζ,Tree(p)

]
SR︸ ︷︷ ︸

SR contribution for inflation

+
[
�2

ζ,One−loop(p)

]
SR︸ ︷︷ ︸

Sub−leading one−loop correction due to SR

+
[
�2

ζ,One−loop(p)

]2

USR on SR︸ ︷︷ ︸
Sub−leading one−loop correction due to USR on SR

�(p−ks)

}
.

=
[
�2

ζ,Tree(p)

]
SR

{
1 +
[
�2

ζ,Tree(p)

]
SR(

cSR − 4

3

(
ln

(
ke
p∗

)
+ 1

2

(
ke
p∗

)2

− 1

2

))

+1

4

[
�2

ζ,Tree(p)

]
SR

((
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)

×
(

ln

(
ke
ks

)
+1

2

(
ke
ks

)2

− 1

2

)
− cUSR

)
�(p − ks)

}
, (35)

where the slow-roll (SR) contribution to the scalar power
spectrum can be expressed as:
[
�2

ζ,Tree(p)

]
SR

=
(

H2

8π2M2
plε

)(
1 + (p/ks)

2
)

where p ≤ ks . (36)

Here we have introduced a Heaviside Theta function at the
transition point τ = τs (SR to USR) to describe the sharp
transition:

�(p − ks) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0 when p < ks (SR)

1 when ks ≤ p < ke (USR)

(37)

5 Renormalization of one-loop corrected scalar power
spectrum

5.1 Wave function/adiabatic renormalization method:
complete removal of quadratic UV divergence

In this subsection our prime objective is to remove the con-
tributions from quadratic UV divergences as appearing from

the one-loop computation of the primordial power spectrum
for the comoving curvature perturbation both for the SR and
USR periods. In a more technical sense such UV divergences
are originated from the sub horizon region (−kτ � 1) where
the effects of quantum mechanical fluctuations are dominant.
It is quite obvious that in the quasi de Sitter background only
logarithmic divergent contributions survive at the late time
limit where the scalar modes exited the horizon and goes to
the super horizon region. For this reason one can drop the
contributions of the quadratic UV divergences at late times.
However, it is important to systematically provide a technical
scheme which allows us to do so in the present context. In
this article, we have not dropped the contribution of quadratic
UV divergence at the late time limit. This section is devoted
to provide the technical computation of a renormalization
scheme which allows us automatically cancel the contribu-
tion from the quadratic divergence by adding an appropriate
counter term. Moreover, since we have quantized the comov-
ing curvature perturbation and treating it at the same footage
of the scalar quantum field, removal of the UV divergences
of the underlying cosmological perturbation theory has to
be done by implementing a smoothing scheme and adia-
batic renormalization exactly serve the purpose of smoothing
the effect of quantum fluctuations at the sub-horizon region
where the short range UV modes are dominant.

In the present context we are dealing with the Quantum
Field Theory of quasi de Sitter space where to remove the
contributions from the UV divergences appearing at differ-
ent powers the well known adiabatic regularization and the
corresponding renormalization scheme play significant role.
For more details see the Refs. [147–156] where the physi-
cal implications and various applications was explicitly dis-
cussed in detail. Applying the minimal subtraction rule on
the corresponding UV modes captures the sub horizon quan-
tum fluctuations one can easily remove the contributions of
the UV divergences from the the underlying Quantum Field
Theoretic set up. Here the minimal subtraction technically
corresponds to the adding a counter term in the underlying
theory to remove the UV divergent contribution from the
short range UV modes dominant in the sub horizon region.
In this particular computation the second order subtraction
is sufficient enough to remove the effects from quadratic UV
divergences as appearing from both the SR and USR periods.
Going beyond the second order minimal subtraction of the
counter terms are important only when we are dealing with
the contributions of the UV divergent terms appearing with
higher powers. Fortunately in the present computation we
don’t need to think about beyond second order counter terms
as it has the sufficient power to remove the contribution of the
quadratic divergences by applying the adiabatic renormaliza-
tion scheme. Within the framework of Quantum Field Theory
curved space-time, particularly in quasi de Sitter background
the adiabatic renormalization technique has been designed
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aiming to remove the UV divergences only, and using such
scheme IR divergences cannot be treated at all. See more
Refs. [147–156] on this issue where such possibilities have
been discussed in detail. Here it is important to note that, the
adiabatic renormalization scheme actually renormalizes the
comoving curvature perturbation modes directly in the adia-
batic limit of the cosmological perturbation. This is exactly
similar like wave function renormalization which we usu-
ally perform within the framework of Quantum Field Theory.
Such renormalised modes or the wave function further renor-
malizes the one-loop contribution to the cosmological power
spectrum in the present context. Another important thing we
need to point in the present context that, WKB approxima-
tion method play significant role which helps to construct a
general form of the mode function or more precisely the reg-
ularized wave function in the adiabatic limit. Consequently,
the regularized version of the mode function can able to com-
pletely remove the contributions of UV divergences from the
short range modes. Such a structure of the regularized modes
are general and designed in such a fashion that it can able to
perfectly take care of UV divergences at any arbitrary order
without loosing any generality of the underlying Quantum
Field Theoretical set up.

Let us first consider that in the adiabatic limiting situation
the UV divergences are appearing at the n-th power which
basically represents the n-th order UV divergences appearing
from short range scalar modes. With the help of the previ-
ously mentioned well known WKB approximation method
the renormalized mode function for the comoving scalar cur-
vature perturbation for the SR period can be expressed by the
following expressions:

ζ
(n),SR
k (τ ) = − Hτ

Mpl
√

2ε

1√
2W(n)

k (τ )

exp

×
(

− i
∫ τ

τ0

dτ1 W(n)
k (τ1)

)

= − Hτ

2Mpl
√

ε

√
W(n)

k (τ )

exp

×
(

− i
∫ τ

τ0

dτ1 W(n)
k (τ1)

)
, (38)

whereW(n)
k (τ ) is the characteristic function which is defined

for the adiabaticn-th order by the following expression [148]:

W(n)
k (τ ) =

√√√√√
(
k2 − z′′

z

)
− 1

2

[W ′′(n−2)
k (τ )

W(n−2)
k (τ )

− 3

2

⎛
⎝W ′(n−2)

k (τ )

W(n−2)
k (τ )

⎞
⎠

2 ]

where
z
′′

z
≈ 2

τ2 . (39)

Here ′ denotes the conformal time derive. The above men-
tioned characteristic function physically represents the adi-
abatically regularized conformal time dependent frequency

factor appearing at the n-th order. Additionally, it is impor-
tant to mention that to define the adiabatic mode at the n-th
order in the SR period of inflation for comoving curvature
perturbation we have used the Bunch Davies quantum ini-
tial condition which fixes the Bogoliubov coefficients at the
values as stated in Eq. (12).

By following the same logical argument one can further
write down the expression for the adiabatic mode at the n-th
order in the USR period of inflation for comoving curvature
perturbation, which is given by:

ζ
(n),USR
k (τ ) = − Hτ

Mpl
√

2ε

(τ0

τ

)3 1√
2W(n)

k (τ )

×
[
αUSR
k exp

(
− i
∫ τ

τ0

dτ1 W(n)
k (τ1)

)

+βUSR
k exp

(
i
∫ τ

τ0

dτ1 W(n)
k (τ1)

)]

= − Hτ

2Mpl
√

ε

√
W(n)

k (τ )

(τ0

τ

)3
[
αUSR
k exp

×
(

− i
∫ τ

τ0

dτ1 W(n)
k (τ1)

)

+βUSR
k exp

(
i
∫ τ

τ0

dτ1 W(n)
k (τ1)

)]
, (40)

In the above mentioned expression, the adiabatically regu-
larized modes at the n-th order Bogoliubov coefficients in
the USR period are characterized by αUSR

k and βUSR
k . One

may think that due to the adiabaticity in the scalar modes, the
expressions for the Bogolibov coefficients may differ from
the results explicitly computed in Eqs. (16) and (17) respec-
tively in the USR period. However, it is also expected that due
to the very small change in the adiabatic limit these Bogoli-
ubov coefficients in the USR period will not significantly
differ from the results that we have computed in Eqs. (16)
and (17). This is quite physically justifiable and fully accept-
able as far as the validity of the adiabatic regularization in the
corresponding mode at the n-th order is concerned. Though
we are not going to use the explicit expression for the Bogoli-
ubov coefficients in the USR period, before carrying forward
the rest of the computation, it is better to clarify this point.
During the computation of the counter term as appearing in
the renormalized version of the one-loop power spectrum in
the USR period of inflation we will explicitly show that the
final result will be insensitive to the explicit structure of the
Bogoliubov coefficients αUSR

k and βUSR
k as it will not affect

the short range UV modes in the corresponding computation
much. We will clarify this point in the rest of the computa-
tion performed in this section for the USR period. For more
physical justification, one can argue here from the point of
view of the shifting of the quantum initial condition and the
shifting of the corresponding quantum vacuum state in the
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USR period compared to the Bunch Davies initial state that
we have in the he SR period of inflation. If the shifted initial
vacuum as appearing in the USR period is significantly differ-
ent in the adiabatic limiting situation from that we obtained
originally by exactly solving the Mukhanov Sasaki equation,
then it will go against the basic understanding and the appli-
cability of the adiabatic regularization scheme itself. The adi-
abatic limiting approximation in therms of the WKB regu-
larized modes are implemented by imposing the constraint
that adiabaticity will not shift the structure of the underlying
quantum vacuum state in the USR period of inflation. Strong
adiabaticity limit confirms the uniqueness of the quantum
vacuum state and the underlying quantum initial condition
in the USR period of inflation in the present computation.
For this reason, one can take the structure of the Bogoliubov
coefficients αUSR

k and βUSR
k as derived in Eqs. (16) and (17)

respectively, without having any further confusion from the
underlying physical point of view. This is the inherent power
of the Quantum Field Theory of curved space-time, which is
written in the background of quasi de Sitter space, and in the
present computation we are fully utilizing this fact. Addi-
tionally, we need to point out that such a possibility does
not appear in the context of the SR period of inflation as we
have fixed the quantum initial condition to be Bunch Davies
and due to this fixed choice, the structure of the Bogolibov
coefficient is also fixed, which will not change if we consider
the adiabatically regularized mode or the exact mode that we
have computed by solving the Mukhanov Sasaki equation.

Before going into the further details of the technical com-
putation, let us first mention some of the important facts that
will be extremely useful for the rest of analysis performed in
this section as well as in the rest of the paper. In the previ-
ous section, during the computation of on-loop effects in the
primordial power spectrum for the comoving curvature per-
turbation, we introduced two renormalization scheme depen-
dent parameters, cSR and cUSR, which we have not been able
to fix as the renormalization scheme was not fixed before. It
can be understood from the computed structure of the one-
loop correction to the primordial power spectrum for scalar
modes that it will play the role of counter terms, which helps
us to nullify the contribution of the UV and IR divergences.
Once we fix the renormalization scheme to be adiabatic in
the present context of discussion, then automatically one can
explicitly compute the expression for the counter terms cSR
and cUSR in the SR and USR periods of inflation. We will
explicitly perform this computation in this section, using
which we can show the complete removal of the contributions
of the short range modes in the quadratic UV divergence.
Using the present scheme of renormalization, IR logarithmic
divergences cannot be removed from the underlying theory,
and we will demonstrate this possibility in the computation
performed in this section.

Initially, we demonstrated the generalized structure of the
scalar modes in the SR as well as in the USR periods of infla-
tion by considering the fact that the adiabatic limit is applica-
ble to the n-th order and that it can be used to remove the n-th
power of UV divergences from the short range mode contri-
butions. But we already know from the computation per-
formed in the previous section to demonstrate the total one-
loop corrected primordial power spectrum for scalar modes
that UV divergences appear in the SR and USR periods of
inflation with quadratic power. For this reason, utilising the
technical structure of adiabatic regularization we restrict our
rest of the computation to the second order, i.e. we will fix
n = 2 which will be helpful to remove the contribution of
the quadratic divergences from the one-loop correction terms
fully both from the SR and USR periods of inflation. With
the above mentioned restrictions, the adiabatically regular-
ized WKB approximated modes for comoving scalar curva-
ture perturbation can be further simplified in the SR and USR
periods of inflation by the following expressions:

ζ
(2),SR
k (τ ) = − Hτ

2Mpl
√

ε

√
W(2)

k (τ )

exp

×
(

− i
∫ τ

τ0

dτ1 W(2)
k (τ1)

)
, (41)

ζ
(2),USR
k (τ ) = − Hτ

2Mpl
√

ε

√
W(2)

k (τ )

(τ0

τ

)3

×
[
αUSR
k exp

(
− i
∫ τ

τ0

dτ1 W(2)
k (τ1)

)

+βUSR
k exp

(
i
∫ τ

τ0

dτ1 W(2)
k (τ1)

)]
, (42)

where W(2)
k (τ ) is the characteristic conformal time depen-

dent frequency function which is defined for the adiabatic
2-nd order by the following expression:

W(2)
k (τ ) =

√
k2 − z′′

z
≈
√
k2 − 2

τ 2 ≈ k. (43)

In the above mentioned expression, in the last step, we have
considered the contribution from short range UV mode fre-
quency by taking the limit −kτ → ∞. This approximation
is quite justifiable in the limit where adiabatic regularization
holds perfectly. In the presence of the above mentioned adia-
batically regularized scalar mode function for the comoving
curvature perturbation, one can further compute the expres-
sion for the counter terms for the SR and USR periods of infla-
tion explicitly. Before going to discuss the technical compu-
tation, let us finally write down the expression for the scalar
modes for comoving curvature perturbation in the SR and
USR periods of inflation, which we will use to compute the
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counter terms:

ζ
(2),SR,UV
k (τ ) ≈ − Hτ

2Mpl
√

ε
√
k

exp

(
− ik (τ − τ0)

)
,

(44)

ζ
(2),USR,UV
k (τ ) ≈ − Hτ

2Mpl
√

ε
√
k

(τ0

τ

)3

×
[
αUSR
k exp

(
−ik (τ−τ0)

)
+βUSR

k exp

(
ik (τ−τ0)

)]
.

(45)

Now in the SR and USR periods of inflation we introduce two
counter terms ZSR,UV

ζ (μ,μ0) and ZUSR,UV
ζ (μ,μ0) related

to the adiabatic renormalization scheme dependent param-
eters cSR(μ,μ0) and cUSR(μ,μ0) by the following expres-
sions2:

ZSR,UV
ζ (μ,μ0) :=

[
�2

ζ,Tree(p)

]2

SR
× cSR(μ,μ0),

(46)

ZUSR,UV
ζ (μ,μ0) := 1

4

[
�2

ζ,Tree(p)

]2

SR
× cUSR(μ,μ0),

(47)

where the prefactors are computed by collecting the terms
in a controlled fashion and by performing all possible wick
contractions as appearing in the one-loop correction of the
primordial power spectrum. Our job is to further determine
the expressions for cSR(μ,μ0) and cUSR(μ,μ0), which can
be fixed by computing the following expressions in the SR
and USR periods of inflation. Here it is additionally important
to note that the counter terms as well as the adiabatic renor-
malization scheme dependent parameters are all functions of
a new mass scale μ, which is in principle is interpreted as the
renormalization scale of the underlying quantum field theory
on the backdrop of which we are performing all the computa-
tion. Additionally, it is important to note that the other mass
scale μ0 appearing at the conformal time scale τ0 is inter-
preted at the reference level with respect which we imple-
ment the adiabatic regularization at the second order. Next,
we will explicitly compute the dependence on the renormal-
ization scale μ by evaluating the following useful expressions
at the SR and USR periods, respectively:

cSR(μ,μ0) :=
∫ μ

μ0

dk k2 τ 2

k
= 1

2

(
μ2 − μ2

0

)
τ 2

= 1

2

[(
μ

μ0

)2

− 1

]
, (48)

cUSR(μ,μ0) :=
(

(�η(τ))2
(

μ

μ0

)6

− (�η(τ0))
2
)

2 Here μ & μ0 refer to the points of subtraction.

×
∫ μ

μ0

dk k2 τ 2

k
= 1

2

(
(�η(τ))2

(
μ

μ0

)6

− (�η(τ0))
2
)

×
[(

μ

μ0

)2

− 1

]
. (49)

After substituting the above mentioned computed expres-
sions for cSR(μ,μ0) and cUSR(μ,μ0) at arbitrary renor-
malization scale μ in Eqs. (46) and (47), the corresponding
counter terms of the one-loop primordial power spectrum for
the scalar modes can be further expressed as:

ZSR,UV
ζ (μ,μ0) := 1

2
×
[
�2

ζ,Tree(p)

]2

SR
×
[(

μ

μ0

)2

−1

]
,

(50)

ZUSR,UV
ζ (μ,μ0) := 1

8
×
[
�2

ζ,Tree(p)

]2

SR

×
(

(�η(τ))2
(

μ

μ0

)6

− (�η(τ0))
2
)[(

μ

μ0

)2

−1

]
.

(51)

Here it is important to note that the renormalization scale μ

and the reference level μ0 can be anything that is physically
viable and properly justifiable in the present scenario, partic-
ularly within the framework of Quantum Field Theory curved
space-time written in the backdrop of de Sitter space. In the
presence of the above mentioned arbitrary renormalization
scale μ and the corresponding reference scale μ0 the adi-
abatically renormalized one-loop amplitude of the primor-
dial power spectrum of the scalar modes corresponding to
the comoving scalar curvature perturbation after adding the
counter terms can be expressed in the SR and USR periods
of inflation as:

[
�2

ζ,One−loop(p, μ, μ0)

]
SR

=
[
�2

ζ,Tree(p)

]2

SR

(
1

2

[(
μ

μ0

)2

−
(
ke
p∗

)2 ]
− 4

3
ln

(
ke
p∗

))
,

[
�2

ζ,One−loop(p, μ, μ0)

]
USR on SR

=1

4

[
�2

ζ,Tree(p)

]2

SR
(52)

×
{(

(�η(τe))
2
(
ke
ks

)6
− (�η(τs))

2
)(

ln

(
ke
ks

)

+1

2

[(
ke
ks

)2
−1

])

−1

2

(
(�η(τ))2

(
μ

μ0

)6
− (�η(τ0))2

)[(
μ

μ0

)2
−1

]}
.

(53)

which will further give rise to the following expression for
the total one-loop corrected primordial power spectrum for
the scalar modes:
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�2
ζ,Total(p, μ, μ0) =

[
�2

ζ,Tree(p)

]
SR

{
1 +
[
�2

ζ,Tree(p)

]
SR

×
(

1

2

[(
μ

μ0

)2
−
(
ke
p∗

)2 ]
− 4

3
ln

(
ke
p∗

))

+1

4

[
�2

ζ,Tree(p)

]
SR

((
(�η(τe))

2
(
ke
ks

)6
− (�η(τs))

2
)

×
(

ln

(
ke
ks

)
+ 1

2

[(
ke
ks

)2
− 1

])

−1

2

(
(�η(τ))2

(
μ

μ0

)6
− (�η(τ0))2

)

×
[(

μ

μ0

)2
− 1

])
�(p − ks)

}
, (54)

Here it is important to note that the mentioned adiabat-
ically renormalized results obtained for one-loop correc-
tion of the primordial power spectrum of the scalar modes
clearly suggest that it basically smooths the behaviour of
quadratic UV divergence originated from short range modes,
and IR logarithmic divergences, which capture the long range
behaviour of scalar modes, are completely unaffected due to
the inclusion of such techniques in both SR and USR peri-
ods of inflation. As a result, we have obtained a UV protected
coarse-grained version of quantum field theory that is IR sen-
sitive. In the present computation, such IR behaviour of the
underlying theory is strongly associated with the validity of
the perturbativity, which we need to ensure always holds per-
fectly to perform the rest of the computation performed in this
paper and to extract the physically relevant information from
the present analysis. Though some arbitrariness is inherent in
the choice of the renormalization scale μ and associated ref-
erence scale μ0, but for the practical purposes to validate the
applicability of course graining and perturbativity throughout
the computation performed in this paper it is always preferred
to fix such scales in the vicinity of UV cut off scale �UV = ke
for μ (both in the phases SR and USR) and IR cut-off scale
�IR = p∗ (in SR) and �IR = ks (in USR) for μ0. By follow-
ing this requirement we consider a specific situation where
we fix the UV cut-off scale at �UV = ke = μ (for SR and
USR) and IR cut-off scale at �IR = p∗ = μ0 (for SR) and
�IR = ks = μ0 (for USR). Consequently, the adiabatically
renormalized one-loop correction to the power spectrum in
the SR and USR periods of inflation can be further simplified
as:

[
�2

ζ,One−loop(p, μ = �UV = ke, μ0 = �IR = p∗)

]
SR

= −4

3

[
�2

ζ,Tree(p)

]2

SR
ln

(
ke
p∗

)
, (55)

[
�2

ζ,One−loop(p, μ = �UV = ke, μ0 = �IR = ks)

]
USR on SR

= 1

4

[
�2

ζ,Tree(p)

]2

SR

×
(

(�η(τe))
2
(
ke
ks

)6
− (�η(τs))

2
)

ln

(
ke
ks

)
. (56)

Hence the final form of the total one-loop corrected primor-
dial power spectrum for the scalar modes can be further sim-
plified as:

�2
ζ,Total(p) =

[
�2

ζ,Tree(p)

]
SR

×
{

1 − 4

3

[
�2

ζ,Tree(p)

]
SR

ln

(
ke
p∗

)

+1

4

[
�2

ζ,Tree(p)

]
SR

(
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)

× ln

(
ke
ks

)
�(p − ks)

}
, (57)

The above quoted results obtained in both the SR and
USR periods of inflation suggest that in the final expressions
for the one-loop correction, the quadratic UV divergence is
completely removed due to having maximum course graining
on the renormalization scales μ and μ0, which further helps
us to maintain the maximum amount of perturbativity in our
computation. However, such course graining, which is the
natural biproduct of the adiabatic renormalization scheme,
could not soften or remove the sensitivity of the logarithmic
IR divergence. In the next section, we will discuss all the
technical details of the procedure for softening logarithmic
IR divergence both in the context of Sr and USR periods of
inflation.

5.2 Power spectrum renormalization method: softening of
logarithmic IR divergence

Now to softening all the effects coming from one-loop loga-
rithmic IR divergences from SR as well as the USR effects,
on SR period, we further define the following renormalized
power spectrum for the scalar perturbation3:

�2
ζ,Total(p) = ZIR�2

ζ,Total(p), (58)

whereZIR is the renormalization factor, commonly known as
the counter-term and is determined by the explicit renormal-
ization condition. This another multiplicative counter term
is introduced to softening the contribution of logarithmic IR
divergence in the present computation. Here one need to com-
pute the expression of the counter term from the underlying
theoretical set up. In the present framework the correspond-
ing renormalization condition is fixed at the pivot scale p∗,

3 See the Appendix B for the more details on the justification of using
two renormalization schemes under a single theoretical framework.
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which is given by the following expression which helps us
to soften the sensitivity of IR divergence:

�2
ζ,Total(p∗) =

[
�2

ζ,Tree(p∗)
]
SR

, (59)

using which the counter term, ZIR can be computed as:

ZIR =
{

1 − 4

3

[
�2

ζ,Tree(p∗)
]
SR

ln

(
ke
p∗

)

+1

4

[
�2

ζ,Tree(p∗)
]
SR

(
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)

ln

(
ke
ks

)}−1

. (60)

Then the corresponding one-loop corrected IR softened one-
loop renormalized power spectrum for the scalar modes can
be expressed as:

�2
ζ,Total(p) =

[
�2

ζ,Tree(p)

]
SR

{
1 − 4

3

[
�2

ζ,Tree(p∗)
]
SR

ln

(
ke
p∗

)

+1

4

[
�2

ζ,Tree(p∗)
]
SR

(
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)

ln

(
ke
ks

)}−1

×
{

1 − 4

3

[
�2

ζ,Tree(p)

]
SR

ln

(
ke
p∗

)

+1

4

[
�2

ζ,Tree(p)

]
SR

(
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)

ln

(
ke
ks

)}
. (61)

From the derived structure of the one-loop corrected renor-
malized power spectrum for the scalar modes one can imme-
diate conclude that no information of the quantum loop cor-
rection will be propagated to the pivot scale p∗, where CMB
observation takes place. As an immediate consequence in any
of the flow of the power spectrum (in the language of quan-
tum field theory, one can say the Renormalization Group
(RG) flow equations and the corresponding β- functions),
which are spectral tilt, running and running of the running
of the tilt, are going to be completely independent of the
quantum loop effects at the pivot scale p∗. This implies the
constraints on the following cosmological β- functions:

β1(p∗) =
(d ln �2

ζ,Total(p)

d ln p

)
p=p∗

=
(d ln

[
�2

ζ,Tree(p)

]
SR

d ln p

)
p=p∗

= β1(p∗)

−→ nζ,Total(p∗) − 1 = nζ,SR(p∗) − 1, (62)

β2(p∗) =
(d2 ln �2

ζ,Total(p)

d ln p2

)
p=p∗

=
(d2 ln

[
�2

ζ,Tree(p)

]
SR

d ln p2

)
p=p∗

= β2(p∗)

−→ αζ,Total(p∗) = αζ,SR(p∗), (63)

β3(p∗) =
(d3 ln �2

ζ,Total(p)

d ln p3

)
p=p∗

=
(d3 ln

[
�2

ζ,Tree(p)

]
SR

d ln p3

)
p=p∗

= β2(p∗)

−→ βζ,Total(p∗) = βζ,SR(p∗). (64)

These are the outcome of very clever yet extremely logi-
cal choice of the counter-term determining renormalization
condition. It becomes theoretically justifiable and logically
consistent because of the fact that, there should not be any
effect appearing from the quantum loops due to having effects
from both the SR and USR region, at the pivot scale p∗. Oth-
erwise, the loop effects has to be seen and directly tested by
the observational probes available till date.

Now we are going to explicitly check that after inclusion
of the counter term, ZIR in the renormalized power spectrum
of scalar perturbation whether the IR quantum loop effects
are completely removed or softened as well as shifted to
the next to leading order for the other wave numbers which
is bigger than the pivot scale p∗. To understand this effect
clearly, let us Taylor series expand the contribution obtained
for the counter term, ZIR at the pivot scale p∗:

ZIR ≈
{

1 + 4

3

[
�2

ζ,Tree(p∗)
]
SR

ln

(
ke
p∗

)

−1

4

[
�2

ζ,Tree(p∗)
]
SR

(
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)

ln

(
ke
ks

)}
. (65)

Here we have truncated the the above mentioned expression
during the expansion in the Taylor series by considering up
to the contribution in first order due to fact that except the
tree level contribution in the SR region all other contributions
appearing in the above expression are extremely small and
consequently negligible. Now we plug it back the expression
for the renormalized power spectrum for the scalar modes,
which gives the following outcome:
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�2
ζ,Total(p) =

[
�2

ζ,Tree(p)

]
SR

{
1 +

3∑
i=1

Qi (p, p∗, ke, ks)
}
,

(66)

where we introduce three momentum dependent functions
Qi (p, p∗, ke, ks)∀i = 1, 2, 3, and are defined as:

Q1(p, p∗, ke, ks) =−4

3

([
�2

ζ,Tree(p)

]
SR

−
[
�2

ζ,Tree(p∗)

]
SR

)

× ln

(
ke
p∗

)
, (67)

Q2(p, p∗, ke, ks) =1

4

([
�2

ζ,Tree(p)

]
SR

−
[
�2

ζ,Tree(p∗)

]
SR

)

×
(

(�η(τe))
2
(
ke
ks

)6
− (�η(τs))

2
)

ln

(
ke
ks

)
, (68)

Q3(p, p∗, ke, ks) = −
[
�2

ζ,Tree(p)

]
SR

[
�2

ζ,Tree(p∗)

]
SR

×
{

16

9
ln2
(
ke
p∗

)
+ 1

16

(
(�η(τe))

2
(
ke
ks

)6

− (�η(τs))
2
)2

ln2
(
ke
ks

)

+higher even order terms

}
. (69)

Now in the late time scale in the SR region where the cos-
mological observation takes place it is always expected that:[
�2

ζ,Tree(p)

]
SR

≈
[
�2

ζ,Tree(p∗)
]
SR

, (70)

which immediate implies the following facts:

• One of the findings of our computation is:

Q1(p, p∗, ke, ks) ≈ 0, and Q2(p, p∗, ke, ks) ≈ 0.

(71)

• Contribution coming from Q4(p, p∗, ke, ks) is non zero
but small. All the logarithmically divergent terms appear-
ing in quadratic or more higher order. The first term in
Q4(p, p∗, ke, ks) is more dominant than the other higher
order terms.

• In the linear order all the logarithmically divergent con-
tributions are completely removed after renormalization
and the quadratic or more higher order contributions
are appearing in the final expression. Up to the linear

sub leading order, the renormalized power spectrum for
the scalar mode is completely free from logarithmically
divergent terms. Next to sub leading order or more higher
order terms appearing from one loop contributions can-
not be removed from the final result.

• One-loop contribution to the SR region is completely
removed from the linear order and shifted to the next
order. On top of the tree level contribution this additional
effect turns out to be negligibly small. Now for the USR
contribution we have also found that the leading order
effect is shifted to the next order for which the corre-
sponding one-loop contribution turns out to have very
small effect on top of the tree level SR contribution.

Finally, the one-loop renormalized power spectrum for the
scalar modes can be simplified as:

�2
ζ,Total(p) =

[
�2

ζ,Tree(p)

]
SR

⎧⎪⎨
⎪⎩1 + Q3(p, p∗, ke, ks)︸ ︷︷ ︸

Quadratic/higher log divergence

⎫⎪⎬
⎪⎭ . (72)

The final derived result for the renormalized power spectrum
for the scalar modes implied the following immediate con-
sequences:

1. Only logarithmic correction appears at the one-loop level
computation and no other divergences appearing at the
horizon crossing and super horizon scale where the cos-
mological observation takes place.

2. At the pivot scale, all one-loop effects completely dis-
appear from the renormalized power spectrum. Conse-
quently, all the derived quantities from the spectrum, such
as, spectral tilt, running and running of the running of the
tilt, are free from all one-loop effects at the pivot scale.

3. By choosing the appropriate counter term it is possible to
shift the first order one loop contribution to the next order
in the renormalized power spectrum. As an immediate
consequence, spectral tilt, running and running of the
running of the tilt are free from all one-loop effects at
other wave numbers away from the pivot scale up to the
first order.

6 Dynamical Renormalization Group (DRG) resummed
scalar power spectrum

Let’s make it very clear before we go into the technical
aspects of the calculation in this part that the current compu-
tation is not dependent on the explicit structure of the prime
component of the one-loop correction. The overall size of this
component must be kept inside the perturbative limit in order
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to execute the resummation and ultimately provide a finite
outcome. We cite the result in a way that shows this method
performs effectively for the aforementioned framework.

Further, we briefly discuss the Dynamical Renormaliza-
tion Group (DRG) method [133,141–146], which allows us
to resum over all the logarithmically divergent contributions
in all the loop orders. This is technically possible, provided
the corresponding resummation infinite series is strictly con-
vergent at the late time scales. Each of the terms in this infinite
series is the direct artefact of the perturbative expansion in
all possible loop orders. In general, DRG is treated as the
natural mechanism using which the validity of secular time-
dependent, momentum-scale-dependent, and energy-scale-
dependent contributions can be easily justified in perturba-
tive expansion in the late time scale, which we are using
within the framework of cosmology. This technique helps to
extract the late time limiting behaviour instead of knowing
the full behaviour from the perturbative expansion after per-
forming the resummation. In more technical language, DRG
is interpreted as the logarithmically divergent contributions
of scattering amplitudes computed at a given renormaliza-
tion scale to any arbitrary energy scale. The basic strategy
for using this type of technique is to absorb the contribu-
tions from the energy into the expressions for the background

scale dependent running couplings of the underlying theory,
which is commonly known as the Renormalization Group
(RG) resummation technique. In the small coupling regime,
one can use this result for a wide range of running energy
scales. In the present cosmological framework, the running
coupling can be easily understood in the language of three β

functions, which are directly related to spectral tilt running
and running of the running of the scalar modes. It is important
to note that, DRG resummation is a much improved version
of the well known RG resummation„ in which we are doing
the same job at the late time scale of the cosmological evo-
lution. It is a conceptually very richer version, technically
correct, and sometimes in literature it is commonly referred
to as resummation by exponentiation at the late time scale.
However, the diagrammatic realization of such a technique is
yet to be understood clearly, though the outcome is extremely
impressive as we have a convergent all loop order resummed
finite result. More specifically, this resummed finding is true
for any perturbative computing loop order that can accu-
rately capture quantum effects. This is only practical, though,
if the resummed infinite series adheres to the tight conver-
gence standards at the horizon crossing and super-horizon
scales. These components in the convergent series are all by-

products of the cosmological perturbation theory of scalar
modes in all possible loop orders. DRG is typically viewed
as the natural process that makes it simple to justify sec-
ular momentum-dependent contributions to the convergent
infinite series at horizon crossing and super-horizon scales,
which we are using within the context of the primordial sin-
gle field driven cosmological set-up. This approach enables
accurate knowledge of the behaviour at the horizon cross-
ing and super-horizon scales rather than knowing the entire
behaviour from the series expansion term by term after the
resummation procedure has been completed. The idea of the
Renomrmalization Group (RG) resummation approach ini-
tially entered the scene, which entails momentum-dependent
contributions to the equations for scale-dependent running
couplings of the underlying theory in terms of β functions.
The improved version of the RG resummation method is the
DRG resummation methodology. This finding is applicable
to a specific, observationally feasible extended range of run-
ning momentum scales in the minuscule coupling domain
where the perturbative approximation absolutely holds true
within the context of the underlying single field driven set-up.

The final form of the resummed dimensionless power
spectrum for the scalar modes can be stated in the follow-
ing way using the DRG approach4:

�2
ζ,Total(p) =

[
�2

ζ,Tree(p)

]
SR

exp

(
Q3(p, p∗, ke, ks)

)
×
{

1 + O
([

�2
ζ,Tree(p∗)

]2

SR

)}
, (73)

where we have:

exp

(
Q3(p, p∗, ke, ks)

)
:= 1 +

∞∑
n=1

1

n!
(
Q3(p, p∗, ke, ks)

)n

= 1︸︷︷︸
Tree−level

+Q3(p, p∗, ke, ks)︸ ︷︷ ︸
Two−loop

+ 1

2!
(
Q3(p, p∗, ke, ks)

)2

︸ ︷︷ ︸
Four−loop

+ · · · . (74)

Thus, after combining the contributions from the secular
terms, it really reflects behaviour on a wide scale. In this
case, the DRG resummed version of the result is valid for all
orders of the Q3(p, p∗, ke, ks) function. It should be empha-
sised that the convergence condition in this case strictly
requires|Q3(p, p∗, ke, ks)| � 1, which is fully met in the
discussion’s current setting. The most important result of the

4 Note: The uncontrollable increase of the secular terms generally
becomes quite troublesome since it invalidates the perturbative com-
putation at the late time scale, especially at the horizon crossing and
super-horizon scales. This problem in primordial cosmology can be
solved using the DRG approach.
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DRG resummed version of the one-loop corrected primor-
dial power spectrum for the scalar modes is that it creates
a controlled version of the dimensionless primordial power
spectrum where the behaviour of the logarithmically diver-
gent contribution is more softened than in the renormalized
version of the one-loop power spectrum explicitly derived in
the previous section.

The dominance of all chain diagrams over the other con-
ceivable diagrams included in the calculation was not nec-
essary for the application of the DRG resummation, but it
will undoubtedly add to the leading contributions made by
these logarithmically dependent components. The higher-
order convergent components in the infinite series in the
aforementioned result perfectly match the function of higher-
loop contributions in the current context of the debate. It
is truly amazing that, even without explicitly applying the
higher-loop correction to the primordial power spectrum for
the scalar modes, we can study the behaviour of each cor-
rection term in all-loop order. This allows us to examine the
non-perturbative but convergent behaviour of the spectrum
in this situation, where the sum of all-loop contributions is
finite and expressed in terms of an exponential function.

Additionally, it is important to note that, the all loop DRG
resummed result can also be connected to the renormalized
one-loop corrected total power spectrum by the following
expression:

�2
ζ,Total(p) =

[
�2

ζ,Tree(p)

]
SR

exp

(
�2

ζ,Total(p)[
�2

ζ,Tree(p)

]
SR

− 1

)
, (75)

where in the one-loop we have:

exp

⎛
⎜⎜⎝

�2
ζ,Total(p)[
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⎜⎜⎝
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= 1︸︷︷︸
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�2
ζ,Total(p)[

�2
ζ,Tree(p)

]
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−1

)

︸ ︷︷ ︸
One

-loop quadratic log term

+ 1

2!
((

�2
ζ,Total(p)[

�2
ζ,Tree(p)

]
SR

− 1

))2

︸ ︷︷ ︸
One

-loop quartic log term + · · · .

= 1︸︷︷︸
Tree

-level + Q3(p, p∗, ke, ks)︸ ︷︷ ︸
One

-loop quadratic log term

+ 1

2!
(
Q3(p, p∗, ke, ks)

)2

︸ ︷︷ ︸
One

-loop quartic log term + · · · .

(76)

Finally after comparing Eqs. (73) and (75), it is obvious, the
one-loop quadratic log term is equivalent to the two-loop
contribution and one-loop quartic log term is equivalent to
the four-loop contribution. This is extremely pivotal finding
on which our claims hinge.

Now, we use the fact that the contribution from the SR
phase is very minor compared to the USR contribution since
it contains a factor (ke/ks)6 ln(ke/ks) to comprehend and
easily visualise the softening of the behaviour of the loga-
rithmic divergence. Because of this, in the SR contribution,
the factor Q3 can be temporarily disregarded. As a result, we
may write the following approximation of the outcome:

Here we use the following fact, which is going to be
extremely useful for simplification purposes in the pertur-
bative regime of the computation:

(�η(τe))
2
(
ke
ks

)6

� (�η(τs))
2. (77)

Here we choose, �η(τe) = 1, ke = 1022Mpc−1 and ks =
1021Mpc−1 going to be helpful for the further estimation

purpose. Hence the factor Q3( can be further recast in the
following simplified form:

Q3 ≈ −I∗ ln2
(
ke
ks

)
, (78)

where the pre-factor I∗ at the pivot scale is defined as:

I∗ = 1

4

[
�2

ζ,Tree(p∗)
]
SR

× (�η(τe))
2
(
ke
ks

)6

≈ O(10−2) � 1, (79)

which further implies that:

Q3 ≈ −0.053 � 1. (80)

This means that the perturbativity argument holds perfectly
in the present computation, and no such question appears
regarding the justifiability and physical applicability of the
DRG resummation technique as far as the present computa-
tion is concerned.

The IR softened and smoothed version of the DRG
resummed dimensionless primordial power spectrum for the
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scalar modes can be further recast into the following simpli-
fied form:

�2
ζ,Total(p) ≈

[
�2

ζ,Tree(p)

]
SR

(
ke
ks

)−I∗
×
{

1 + O
([

�2
ζ,Tree(p∗)

]2

SR

)}
. (81)

The aforementioned result indicates unequivocally that fol-
lowing exponentiation and therefore its subsequent soften-
ing version, the IR logarithmic divergence is fully smoothed
out after executing DRG resummation. The softening of the
behaviour of the divergences after DRG resummation may
not always be achieved if we have other types of variations
of IR divergences besides logarithmic divergence, which is
another crucial point to keep in mind. Fortunately, none of
the other IR divergences included in the calculation would
detract from the beauty of the underlying physical scenario,
and by employing the DRG technique, we were able to obtain
a controlled representation of the primordial power spectrum
for the scalar modes.

7 Numerical results and further estimations: a no-go
theorem for PBH formation

In Fig. 1, we have depicted the behaviour of the dimension-
less power spectrum for scalar modes with respect to the
wave number. We have plotted the individual behaviours of
tree level and unrenormalized one-loop contribution from
the SR region, unrenormalized and renormalized one-loop
corrected contribution from both the SR and USR regions.
From the plot, we have found that at the end of inflation, due
to the logarithmic one-loop effect, the power spectrum falls
off very sharply in the SR region. Otherwise, up to the point
of the end of inflation, one can’t distinguish the tree level
from the unrenormalized one-loop level contribution. This
is because the unrenormalized one-loop contribution gives
an extremely small correction on top of the tree level contri-
bution in the SR region. Next, we include the effect of the
USR region in our analysis, where the PBH formation takes
place. The unrenormalized total one-loop corrected power
spectrum after including both the contributions from the SR
and USR regions exactly follows the same behaviour as the
tree level and one-loop corrected power spectrum computed
in the SR region up to the scale where we consider the tran-
sition from the SR to USR regions. Just after this transi-
tion, one-loop contribution coming from the USR dominates
over the one-loop contribution coming from the SR region.
Consequently, we observe a small but significant deviation
in the total unrenormalized one-loop corrected power spec-
trum. We have used the cut-off regularization technique to
compute the one-loop contributions from the momentum

integrals in Fourier space. Because of this reason, we have
introduced two cut-offs: the IR cut-off kIR and UV cut-off

kUV. For computational purposes and to implement the PBH
formation process within the framework of the single field
inflationary paradigm, we have further chosen these cut-off
scales as, kIR = ks and kUV = ke, where ks and ke are the
corresponding scales where the transition from SR to USR
and the end of inflation happened, respectively. We have
found that the one-loop effect in the total power spectrum
before performing the renormalization is dominated by log-
arithmic contribution ln (ke/ks), after the scale ks . Because
of this additional contribution we observe a deviation in
the unrenormalized one-loop total power spectrum. After
implementing the renormalization condition at the pivot scale
p∗ = 0.02 Mpc−1 and incorporating the contribution from
the counter terms, we have computed the expression for the
renormalized one-loop corrected total power spectrum from
the scalar modes. From the plot, we have found that, renor-
malized one-loop spectrum exactly matches the tree level
contribution up to the scale where inflation ends. This is the
outcome of the fact that we have implemented the renormal-
ization correctly, as all the small logarithmic one-loop cor-
rections are removed at the linear order and dumped to the
next sub-leading order. But such sub-leading contributions
are numerically extremely small, so that the ultimate cor-
rected contribution becomes extremely small, which gives
rise to the final form of the renormalized one-loop corrected
total spectrum, which exactly follows the tree level behaviour
coming from the SR region contribution. Last but not least,
using the DRG resummation method and considering the
contribution of all possible diagrams in all loops, we have fur-
ther plotted the non-perturbative but numerically convergent
behaviour of the dimensionless power spectrum for scalar
modes with respect to the wave number. In this specific case,
we have found that up to the end of inflation, it is completely
consistent with all the previously obtained separate contri-
butions except the unrenormalized one-loop result. Due to
the resummation over all orders of loop diagrams, one gets
the most comprehensible and consistent result with respect
to the result obtained from a one-loop renormalized power
spectrum. To plot the individual behaviours of the spectrum,
we have fixed the transition scale from SR to USR region
at ks = 1021 Mpc−1 (where we fix the IR cut-off) and the
end of inflation at ks = 1022 Mpc−1 (where we fix the UV
cut-off) for SR and SR+USR one-loop corrected and DRG
resummed contribution, �η(τe) = 1 and �η(τs) = −6. In
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Fig. 1 Behaviour of the dimensionless power spectrum for scalar
modes with respect to the wave number. In this plot we fix the pivot
scale at p∗ = 0.02 Mpc−1, transition scale from SR to USR region at
ks = 1021 Mpc−1 (where we fix the IR cut-off) and the end of inflation
at ks = 1022 Mpc−1 (where we fix the UV cut-off), the renormalization

parameter cSR = 0 (for SR and SR+USR one-loop corrected and DRG
resummed contribution), �η(τe) = 1 and �η(τs) = −6. In this plot
we have found that, kUV/kIR = ke/ks ≈ O(10), which is an extremely
useful information for the analysis performed in this paper

this plot, we have found that, kUV/kIR = ke/ks ≈ O(10),
which is the key finding of this calculation.

Let us now mention the underlying assumptions and few
crucial facts that we have followed to analyze the momentum
scale dependent behaviour of the primordial power spectrum,
which are appended below point-wise:

1. First of all we have assumed that the SR period persists
up to the momentum scale ks and then a sharp transi-
tion occur at transition scale ks to the next USR period
which along with inflation ends at the scale ke. In our
framework after USR inflation ends and we don’t con-
sider any second SR phase after USR period. In Refs.
[51,52] the authors have included an additional second
SR period to sufficiently complete inflation in terms of
number of e-foldings. But recently, in Ref. [59] we have
explicitly shown that inclusion of an additional second
SR phase after USR will not going to suffice the pur-
pose of generating large mass PBHs. We have shown
that by adding second SR phase one can able to generate
large mass PBHs with having insufficient number of e-
foldings, which is obviously not desirable in the present
context. In the present paper as we as in the follow up

works [57,58] we have established that to have sufficient
inflation in terms of the number of e-foldings only small
mass PBHs can be generated after performing the regu-
larization, renormalization and resummation in the total
power spectrum in a correct fashion as clearly demon-
strated in this paper.

2. Next, it is important to note that in this paper in the
demonstrated figures we have joined the contributions
coming from first SR phase and the USR phase very
smoothly, which is the direct outcome of treating the reg-
ularization, renormalization and resummation in a correct
fashion as mentioned in the previous point. With the help
of the detailed computation we have established that the
final one-loop corrected spectrum generated after sum-
ming over contributions coming from both the SR and
USR periods, the problematic quadratic divergence can
be completely removed, which is quite consistent from
the understanding of Quantum Field Theory of de Sitter
space. Only in the final mathematical version of the pri-
mordial spectrum IR logarithmic divergent contributions
are appearing in very softened form. For this reason in
the corresponding representative plots smoothness and
softening behaviour is appearing throughout for the reg-
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ularized, renormalized and resummed version of the total
spectrum.

3. In the Refs. [51,52] the authors have not performed any
renormalization or resummation in the final form of the
total one-loop corrected power spectrum. For this rea-
son, the behaviour of the spectrum at the transition point
from SR to USR phase and after that in the USR period
is a bit different from our result. In Refs. [51,52] the
authors encounter quadratic UV divergence as well as
logarithmic IR divergence, which is clearly reflected in
their final plot as could not able to remove and soften
from their analysis. In our analysis we have derived a
IR softened version of the spectrum that is completely
free from quadratic UV divergence. By seeing the over-
all behaviour of the plots that we have presented in this
paper, it is clear that smoothness and softening of the
spectrum is maintained in the SR as well as the USR
period, which makes our result unique and correct com-
pared to the result obtained in Refs. [51,52]. Such unique
behaviour is physically consistent with the findings of the
Quantum Field Theory de Sitter space, which can able to
tackle both short range UV and long range IR modes
perfectly in presence large quantum fluctuations gener-
ated from one-loop where perturbativity criteria are main-
tained perfectly by assuring the ratio ke/ks ∼ O(10).

4. Further, it is important to note that, since in the Refs.
[51,52] the authors have inserted a second SR phase just
after USR by considering another sharp transition at the
scale ke, in the unrenormalized version of the obtained
spectra, small oscillations appear that persist up to the
end of inflation, which happened at the later scale kend.
This oscillations they have included to obtain the required
number of e-foldings to have sufficient inflation, as their
initial claim is to generate large mass PBHs by fixing the
SR to USR transition scale at ks ∼ 106Mpc−1. However,
from the unrenormalized one-loop amplitude of the spec-
trum due to the presence of quadratic divergence (which
they could not able to remove) they have concluded that
PBHs cannot be generated at all. In our work, we have
removed quadratic UV divergence, and softened the log-
arithmic IR divergence by performing adiabatic renor-
malization followed by DRG resummation, which finally
helps us at least to generate small mass PBHs that respect
the sufficiency criteria of inflation in terms of the num-
ber of e-foldings (for the numerical estimation of PBH
mass and other related quantities, look at the end part
of this section). From the behaviour of the renormalized
and resummed spectrum, it is clearly understood that the
USR period has to be very short lived to maintain the
perturbativity criteria, which hold perfectly in the present
computation. If we include an additional SR phase after
USR, that has to also be very short lived. This fact we

have clearly analysed and explicitly shown in the Ref.
[59] in great detail.

5. Finally, it is important to note that during analyzing the
representative plots in this paper, we have neglected all
other suppressed contributions from the oscillatory terms
as well as the inverse power law terms of (ks/ke)(� 1),
as all of them will not be able to significantly change
the overall behaviour of the scalar power spectrum in
the USR period. For this reason, very small oscillating
features do not appear in the final version of the plots.
The appearance of all such contributions in the momen-
tum dependent one-loop contribution in the USR phase
is explicitly computed in Appendix C using which one
can clearly demonstrate the corresponding suppression.

In Fig. 2, we have depicted the behaviour of the dimen-
sionless power spectrum for scalar modes with respect to
the comoving Hubble Radius. In this plot, we have explic-
itly pointed out the super-horizon region, horizon exit point,
and sub-horizon region where classical, semi-classical, and
quantum effects dominate. From the behaviour of the plot in
the above mentioned three regions, we can clearly see that
the quantum loop correction on the tree-level contribution
becomes dominant in the sub-horizon regime. On the other
hand, starting from the horizon crossing point in the super-
horizon region (classical regime), the tree level contribution
is important.

Next in Fig. 3, we have depicted the behaviour of the
dimensionless power spectrum for scalar modes with respect
to the conformal time scale. In this plot we have pointed the
sub-horizon behaviour of the spectrum, which implies quan-
tum effects including loop corrections are significant in this
region. We have found that the DRG resummed result gives
convergent but sustainable contribution in the power spec-
trum. This is because of the fact that, in the case of DRG
resummed result, we have considered the contribution from
all possible allowed diagrams in the loop level and all such
infinite possibilities are taken into account during the expo-
nenciation of the final result. On the other hand, in the sub-
horizon region we can observe sharp fall in the spectrum for
the one-loop corrected SR contribution and for the one-loop
corrected SR+USR contribution, which is not there in the
resummed result. Nonrenormalizable contribution breaks the
perturbative approximation in the conformal time scale after
some time, and can’t produce the desirable result. Another
important point we need to mention that, except the non-
renormalizable contribution, rest of the contributions are con-
sistent with the tree level result obtained for the SR region
because all of the loop level originated corrections on the tree
level result helps to maintain the perturbative approximation
in this region where quantum effects are significant.

Finally, in Fig. 4, we have depicted the behaviour of the
dimensionless power spectrum for scalar modes with respect
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Fig. 2 Behaviour of the dimensionless power spectrum for scalar
modes with respect to the Comoving Hubble Radius. In this plot we fix
the pivot scale at p∗ = 0.02 Mpc−1, transition scale from SR to USR
region at ks = 1021 Mpc−1 (where we fix the IR cut-off) and the end of
inflation at ks = 1022 Mpc−1 (where we fix the UV cut-off), the reno-
malization parameter cSR = 0 (for SR and SR+USR one-loop corrected

and DRG resummed contribution), �η(τe) = 1 and �η(τs) = −6. In
this plot we have shown the super-horizon (classical) region, horizon
exit point and the sub-horizon (quantum) region explicitly, which helps
us to understand when the tree level and loop level effects are dominat-
ing

to the number of e-foldings. From this plot we have found
that:

�NUSR = Ne − Ns = ln(ke/ks) ≈ ln(10) ≈ 2 , (82)

which implies around 2 e-folds are allowed in the USR period
for the PBH formation.On the other hand, we have found
from our analysis that the allowed number of e-foldings in
the SR+USR period is given by the following expression:

�NSR+USR = Ne − N∗ = ln(ke/k∗)

≈ ln

(
1022 Mpc−1

0.02 Mpc−1

)
≈ 54, (83)

which further implies that from SR region following sole
contribution is appearing:

�NSR = �NSR+USR − �NUSR = ln(ks/k∗)

≈ ln

(
1021 Mpc−1

0.02 Mpc−1

)
≈ 52. (84)

This is consistent with the required number of e-folds to have
observationally consistent single field inflation.

Further, using the above estimates one can give the follow-
ing estimation of the field excursion during PBH formation
in the USR period using the well known Lyth bound [195]:

|�φ|USR
Mpl

=
√

r∗
8 �NUSR ≈ O(0.16) < 1

where |�φ|USR := |φe − φs |
. (85)

Here we have used the value of the tensor to scalar ratio at
the pivot scale, r∗ ∼ 0.05, which is the 1σ upper bound from
Planck 2018 data [196]. Additionally, it is important to note
that, φe and φs represent the field value at the end of inflation
and SR to USR transition scale respectively. It suggests that
the Effective Field Theory (EFT) technique is valid during the
USR period when the PBH formation takes place and one can
consider sub-Planckian single field inflationary paradigm for
PBH formation. To know more about this bound and related
EFT prescription see Refs. [95,197–207]. We have also found
from these estimations that the prolonged USR period is not
allowed for PBH formation. Within this short span one can
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Fig. 3 Behaviour of the dimensionless power spectrum for scalar
modes with respect to conformal time scale. In this plot we fix the pivot
scale at p∗ = 0.02 Mpc−1, transition scale from SR to USR region at
ks = 1021 Mpc−1 (where we fix the IR cut-off) and the end of inflation
at ks = 1022 Mpc−1 (where we fix the UV cut-off) for SR and SR+USR

one-loop corrected and DRG resummed contribution, �η(τe) = 1 and
�η(τs) = −6. In this plot we have shown the sub-horizon behaviour of
the spectrum, which implies quantum effects including loop corrections
are significant in this region

further give the estimation of PBH mass, using the following
expression:

MPBH

M�
= 1.13 × 1015

(
γ

0.2

)(
g∗

106.75

)−1/6( ks
p∗

)−2

. (86)

Here ks = 1021 Mpc−1 represents not only the SR to USR
transition scale, but also the PBH formation scale. Here
M� ∼ 2 × 1030kg is the solar mass. Look at the Ref. [82]
for more details. Hence the PBH mass at the pivot scale
p∗ = 0.02 Mpc−1 can be estimated as:

MPBH

M�
= 4.52 × 10−31

(
γ

0.2

)(
g∗

106.75

)−1/6

. (87)

Finally, using the above result we can give the following
estimation of the evaporation time scale of PBH:

tevap
PBH = 1064

(
MPBH
M�

)3

years

≈ 2.02 × 10−20
(

γ
0.2

)(
g∗

106.75

)−1/6

s

. (88)

Here γ ∼ 0.2 is known as the efficiency factor for col-
lapse and g∗ is the relativistic degrees of freedom which is,
g∗ ∼ 106.75 for Standard Model and g∗ ∼ 226 for SUSY
d.o.f (see Ref. [1] for details). The above numerical estima-
tions not only suggest that the span for PBH formation in
terms of the number of e-foldings is small, but inevitably
the estimated PBH mass is extremely small, and the corre-
sponding evaporation time scale is also very small and highly
constrained.

This calculation indicates that if one takes into account
the one loop quantum effects or the contribution from all
loop order DRG ressumed result of the power spectrum of
scalar modes, then the USR phase will be very short lived
(�NUSR ≈ 2), the implication of this in case of PBH and
the phenomenology associated with this is quite huge. If one
takes this method of the SR period is followed by a USR
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Fig. 4 Behaviour of the dimensionless power spectrum for scalar
modes with respect to the number of e-foldings. In this plot we fix
the pivot scale at p∗ = 0.02 Mpc−1, transition scale from SR to USR
region at ks = 1021 Mpc−1 (where we fix the IR cut-off) and the end of
inflation at ks = 1022 Mpc−1 (where we fix the UV cut-off), the reno-

malization parameter cSR = 0 (for SR and SR+USR one-loop corrected
and DRG resummed contribution), �η(τe) = 1 and �η(τs) = −6. In
this plot we have shown the allowed number of e-foldings in the SR
period, USR period and found that strictly 2 e-folds allowed only for
PBH formation from the USR period

period and then completion of inflation as the procedure to
produce PBHs, then our calculation points towards a no-go
theorem on PBH mass with MPBH ∼ 102 g. But this can have
rich phenomenology in the early universe, such as baryogen-
esis [208–214]. Another major motivation for believing that
PBHs can be the answer to the identity of the dark matter
remains unresolved, at least following this production mech-
anism of PBHs. Thus, in a nutshell, we propose a no-go the-
orem beyond 102 g PBHs to maintain the purterbative sanc-
tity of cosmological perturbation theory in the sub-horizon
region, where the quantum loop effects are significant.

8 Conclusion

In this paper, we study the formation of PBHs in single-field
models of inflation. In particular, we investigate one-loop
corrections to the renormalized primordial power spectrum
in the framework where PBHs are produced during the tran-
sition from SR to USR followed by the end of inflation. Using
a general single-field inflationary paradigm, we considered
the cosmological perturbation in the unitary gauge, which
gives rise to the second order perturbed action for the scalar

perturbation, which we used to compute the explicit expres-
sion for the scalar modes in the SR period by solving the
Mukhanov Sasaki equation and applying the Bunch Davies
quantum initial condition. We then study the behaviour of
the solution at the sub and super-horizon scales and at the
horizon crossing. The quantum features become dominant
in the sub-horizon region, so this region should contribute
significantly during loop computations. The super-horizon
result, on the other hand, becomes fully classical where the
scalar modes are frozen. Last but not least, the obtained result
can be treated semi-classically at the horizon-crossing point.
Next, we obtained the explicit general solution of the scalar
modes during PBH formation by exploiting the continuity of
the scalar modes and their canonically conjugate momenta
at the sharp transition point from the SR to the USR region.
The behaviour of these derived modes has also been investi-
gated at the sub-horizon and super-horizon scales, as well as
at the horizon crossing. Furthermore, we computed the one-
loop quantum effects from the SR and USR regions using the
well-known “in-in” formalism. We have explicitly demon-
strated that on the sub-horizon scale, due to the contribu-
tion from the short-range UV modes, both the quadratic UV
divergent and IR dominated logarithmic divergent contribu-
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tions survive in the one-loop correction in both the SR and
USR regions. We also found from our computation that in
the USR period, many more oscillating and power law sup-
pressed contributions are appearing, which is adding a very
small amplitude and negligible fluctuation to the overall one-
loop correction. We have also shown that at the horizon cross-
ing point and super-horizon region, all other quantum effects
that appear in the sub-horizon region are diluted by choos-
ing proper counter terms. To implement this, we have fur-
ther used the well known adiabatic renormalization scheme,
using which we have computed the expression for the counter
terms both in the SR and USR phases in terms of an arbitrary
renormalization scale μ. Further, by choosing such a scale
appropriately in the present computation, we have explic-
itly demonstrated that the quadratic UV divergence can be
completely removed from the final result. Also, the addi-
tional IR dominated logarithmic divergent contribution can
be softened very easily, and it is further possible to shift such
perturbative effects into the next order of perturbation theory
by implementing power spectrum renormalization. With the
help of these established facts, we have computed the expres-
sion for the renormalized one-loop corrected power spectrum
for scalar modes by implementing the renormalization con-
dition at the pivot scale where CMB observation takes place.
We have also found that the renormalized one-loop corrected
power spectrum for scalar modes becomes free from all quan-
tum effects at the pivot scale, which is consistent with the
findings from cosmological observations. Additionally, we
have found that, away from the pivot scale, the logarithmi-
cally divergent contribution appears in the second and higher
order in the final result after including the effect of the deter-
mined counter term from this computation. We have found
that the spectral tilt, its running, and running of the running
of the renormalized power spectrum are free from all diver-
gent quantum effects at the pivot scale. This is the immedi-
ate outcome of having no quantum effect dependence on the
renormalized power spectrum at the pivot scale. Away from
the pivot scale, the said dependence is not important dur-
ing the time of estimation because CMB observations can
probe the information at the pivot scale only. Further, using
the DRG resummation method, we have explicitly computed
the expression for the convergent form of the power spec-
trum for the scalar modes. This resummation was performed
to account for the contributions from the quantum IR loga-
rithmic divergent effects in the power spectrum. We found
that after performing the summation over the total convergent
series made up of these loop effects, we get a final result that
takes care of all possible allowed diagrams in the perturbative
expansion. This finite resummed result is consistent with the
one-loop results obtained from the SR period without renor-
malization, SR and USR periods with renormalization. The
representative plots (Figs. 1, 2, 3 and 4) clearly show that, in
some ways, we obtained better results after performing the

resummation using the DRG method at late time scales. It
actually helps us to dilute the logarithmically divergent con-
tributions in a considerable manner and give rise to a finite
re-summed contribution that is consistent with observational
constraints. From our analysis, we have found that the span of
PBH formation in terms of the number of e-folds is extremely
small, which is 2 e-folds. In addition, we discovered that the
PBH has a mass of MPBH ∼ 4.52×10−31M�, which is very
small for SM and SUSY particles. This is going to directly
affect the estimation of the evaporation time scale of PBH,
which we have found tPBH ∼ 2.02 × 10−20 s, which is again
very small. This implies that the re-summed finite quantum
loop effects may be significant for this small mass of PBH,
which evaporated at a very early time scale and formed for
a very short period of time. If one takes this method of the
SR period being followed by a USR period and then com-
pletion of inflation as the procedure to produce PBH’s, then
our calculation points towards the possibility of having a
very small mass PBH (MPBH ∼ 102 g). In this paper we
propose a no-go theorem beyond 102 g PBH’s (formation of
large mass PBHs is not allowed by quantum loop effects)
to maintain the purterbative sanctity of cosmological pertur-
bation theory in the sub-horizon region, where the quantum
loop effects are important. Finally, based on the proposed
no-go theorem, we concluded that PBH formation cannot be
ruled out for the single field inflationary paradigm due to
having one loop quantum correction in the power spectrum
for small mass PBHs. For large mass PBHs, the one-loop
and DRG resummation prescriptions will fail due to a large
wave number difference between the SR to USR transition
scale and the end of the inflation scale, resulting in a large
number of e-foldings �NUSR � 2, which goes against the
necessary requirement of having �NUSR = 2 strictly within
the current framework. The obtained quantum loop corrected
results in this paper can easily refute the strong claim Rul-
ing Out Primordial Black Hole Formation From Single-Field
Inflation made in Ref. [51] with detailed proof and justifica-
tion, at least for the small mass PBH generation. Thus we
have shown that one-loop corrections do not rule out the
PBHs formation but astonishingly enough, as a by-product
of our calculations, we found a no-go to the amount of USR
region, which puts a severe bound on the PBHs mass, and
wipes out the hope to claim PBHs to be the dark matter at
least through the framework where the SR to USR transition
occurs followed by the end of inflation.

The fruitful immediate future prospects of our work are as
follows: Due to an additional temperature-dependent param-
eter, the warm inflationary paradigm naturally describes the
PBH formation at the tree level (see Refs. [48,121,122]
for details). It would be interesting to study the quan-
tum one-loop effects and renormalization of the primordial
power spectrum at a finite temperature in the framework
of warm inflation. The next promising framework is the
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multi-field inflationary paradigm, particularly hybrid infla-
tion, which can naturally describe the phenomenon of PBH
formation at the tree level (see [215–219]); it would be
interesting to extend our computations to multi-field infla-
tion. Since the model independent framework with SR to
USR transition followed by the end of inflation only allows
the generation of small mass PBHs (no-go for large mass
PBHs) due to one loop effects, it is important to explore
whether the same/different result will be obtained from
the model-dependent prescription, where the inflationary
effective potential has a dip or bump introduced by hand
[119,120].
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A Details of the one loop computation of two point
function using in-in formalism in USR phase

We now explicitly compute the contribution from the quan-
tum one-loop correction to the power spectrum of the scalar
mode during PBH formation from the last term of the third
order expanded action as stated in Eq. (25). For this purpose
we use the well known in-in formalism, which is actually
motivated from the Schwinger–Keldysh path integral formal-
ism. Within the framework of in-in formalism, the correlation
function of any quantum operator Ŵ(τ ) at the fixed confor-
mal time scale τ can be expressed as [51]:

〈Ŵ(τ )〉 :=
〈[
T exp

(
i
∫ τ

−∞
dτ

′
Hint(τ

′
)

)]
Ŵ(τ )

×
[
T exp

(
− i
∫ τ

−∞
dτ

′
Hint(τ

′
)

)]〉
τ→0

,

(A1)

where T and T represent the anti-time and time ordering
operation in the present context respectively. In the present
context we are interested in the quantum operator, Ŵ(τ →
0) = ζ̂pζ̂−p. The interaction Hamiltonian appearing in the
above expression can be computed by the followingLegendre
transformed expression:

Hint(τ ) = −
∫

d3x Lint(τ ). (A2)

Since we are interested in only on the contribution from last
term in the Eq. (25), which physically represents the leading
cubic self-interaction. The corresponding interaction Hamil-
tonian can be expressed as:

Hint(τ ) = −M2
pl

2

∫
d3x a2εη

′
ζ

′
ζ 2. (A3)

Consequently, we have the following expression for the cor-
relation function of any quantum operator Ŵ(τ ) considering
the contribution up to the one-loop level:
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〈Ŵ(τ )〉 = 〈Ŵ(τ )〉(0,0)︸ ︷︷ ︸
Tree level

+〈Ŵ(τ )〉(0,1) + 〈Ŵ(τ )〉†
(0,1) + 〈Ŵ(τ )〉(0,2) + 〈Ŵ(τ )〉†

(0,2) + 〈Ŵ(τ )〉(1,1)︸ ︷︷ ︸
One−loop level

, (A4)

where the first term represents the tree level VEV with respect
to the Bunch Davies quantum vacuum state. The rest of the
one-loop contributions are given by the following expres-
sions:

〈Ŵ(τ )〉(0,1) =
∫ τ

−∞
dτ1 〈Ŵ(τ )Hint(τ1)〉 = 0, (A5)

〈Ŵ(τ )〉†
(0,1) =

∫ τ

−∞
dτ1 〈Ŵ(τ )Hint(τ1)〉† = 0, (A6)

〈Ŵ(τ )〉(0,2) =
∫ τ

−∞
dτ1

∫ τ

−∞
dτ2 〈Ŵ(τ )Hint(τ1)

Hint(τ2)〉 �= 0, (A7)

〈Ŵ(τ )〉†
(0,2) =

∫ τ

−∞
dτ1

∫ τ

−∞
dτ2 〈Ŵ(τ )Hint(τ1)

Hint(τ2)〉† �= 0, (A8)

〈Ŵ(τ )〉†
(1,1) =

∫ τ

−∞
dτ1

∫ τ

−∞
dτ2 〈Hint(τ1)Ŵ(τ )

Hint(τ2)〉† �= 0. (A9)

After substituting the specific form of the cubic self-
interaction as appearing in the Hamiltonian, we have the fol-
lowing non-vanishing contributions coming up in the present
computation:

〈ζ̂pζ̂−p〉(0,2)

= −M4
pl

4

∫ 0

−∞
dτ1 a2(τ1)ε(τ1)η

′
(τ1)

×
∫ 0

−∞
dτ2 a2(τ2)ε(τ2)η

′
(τ2)

×
∫

d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫

d3k4

(2π)3

∫
d3k5

(2π)3

∫
d3k6

(2π)3

×δ3
(
k1 + k2 + k3

)
δ3
(
k4 + k5 + k6

)

×〈ζ̂pζ̂−pζ̂
′
k1

(τ1)ζ̂k2(τ1)ζ̂k3(τ1)ζ̂
′
k4

(τ2)ζ̂k5(τ2)ζ̂k6(τ2)〉,
〈ζ̂pζ̂−p〉†

(0,2)

= −M4
pl

4

∫ 0

−∞
dτ1 a2(τ1)ε(τ1)η

′
(τ1)

×
∫ 0

−∞
dτ2 a2(τ2)ε(τ2)η

′
(τ2)

×
∫

d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3 (A10)

×
∫

d3k5

(2π)3

∫
d3k6

(2π)3

×δ3
(
k1 + k2 + k3

)
δ3
(
k4 + k5 + k6

)

×〈ζ̂pζ̂−pζ̂
′
k1

(τ1)ζ̂k2(τ1)ζ̂k3(τ1)ζ̂
′
k4

(τ2)ζ̂k5(τ2)ζ̂k6(τ2)〉†,

(A11)

〈ζ̂pζ̂−p〉(1,1)

= M4
pl

4

∫ 0

−∞
dτ1 a2(τ1)ε(τ1)η

′
(τ1)

×
∫ 0

−∞
dτ2 a2(τ2)ε(τ2)η

′
(τ2)

×
∫

d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3

×
∫

d3k5

(2π)3

∫
d3k6

(2π)3

×δ3
(
k1 + k2 + k3

)
δ3
(
k4 + k5 + k6

)

×〈ζ̂ ′
k1

(τ1)ζ̂k2(τ1)ζ̂k3(τ1)ζ̂pζ̂−pζ̂
′
k4

(τ2)ζ̂k5(τ2)ζ̂k6(τ2)〉.
(A12)

It is important to note that, in the SR and USR regions, the
second slow roll parameter η behaves as a constant for which
one can approximately consider η

′
(τ ) ≈ 0. However, this

approximation does not hold good at the conformal time
scales at τ = τs and τ = τe. So instead of having the con-
tribution from the full time scale −∞ < τ < 0 the only
significant contributions will appear at τ = τs and τ = τe.
Consequently, the associated conformal time integral part
as appearing in the above mentioned correlation functions
can be evaluated by considering the following approximated
expression [51]:
∫ 0

−∞
dτ η

′
(τ ) F(τ ) ≈

(
�η(τe) F(τe) − �η(τs) F(τs)

)

−
∫ 0

−∞
dτ η(τ) F ′

(τ )

︸ ︷︷ ︸
≈0

≈
(

�η(τe) F(τe) − �η(τs) F(τs)

)
,

(A13)

where F(τ ) represents the conformal time dependent con-
tributions in each of the integrals appearing in the above
mentioned correlations which, in principle, are continuous
function. The scalar modes are functions of a fixed time τs ,
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where the SR to USR sharp transition occurs, in the sub-
horizon region and at the horizon crossing, where quantum
effects are dominant. On the other hand, the super horizon
scale modes are function of the fixed time scale τe when the
inflation ends. But it is strictly not allowed to consider the
effects of the superhorizon scalar modes in this computation
as it becomes classical, and such contributions will not matter
for the quantum one-loop corrected part of the two-point cor-
relation function and its associated scalar power spectrum.
Another important fact is that, the first slow roll parameter ε

is constant in SR and USR regions including all time scales.
As a consequence one can immediately consider ε

′
(τ ) ≈ 0,

which further implies F ′
(τ ) ≈ 0. Consequently, one can

immediately ignore the contribution of the last integral in
the above mentioned expression which is appearing as an
outcome of integration by parts.

As a result, after applying the all possible Wick contrac-
tion the one-loop contribution to the two-point correlation
function of the scalar perturbation can be further simplified
as:

〈〈ζ̂pζ̂−p〉〉One−loop

= 〈〈ζ̂pζ̂−p〉〉(1,1) + 2Re

[
〈〈ζ̂pζ̂−p〉〉(0,2)

]

≈ M4
pl

4
a4(τe)ε

2(τe) (�η(τe))
2

×
∫

d3k
(2π)3

[
4ζpζ

∗
p ζ

′
pζ

∗′
p ζkζ

∗
k ζk−pζ

∗
k−p

+8ζpζ
∗
p ζ ∗′

p ζpζ
′
kζ

∗
k ζk−pζ

∗
k−p

+8ζpζ
∗
p ζ

′
pζ

∗
p ζ ∗′

k ζkζk−pζ
∗
k−p

−Re

(
4ζpζpζ

∗′
p ζ ∗′

p ζkζ
∗
k ζk−pζ

∗
k−p

+8ζpζpζ
′∗
p ζ ∗

p ζ
′
kζ

∗
k ζk−pζ

∗
k−p

+8ζpζpζ
∗′
p ζ ∗

p ζ ∗′
k ζkζk−pζ

∗
k−p

)]
τ=τe

−M4
pl

4
a4(τs)ε

2(τs) (�η(τs))
2

×
∫

d3k
(2π)3

[
4ζpζ

∗
p ζ

′
pζ

∗′
p ζkζ

∗
k ζk−pζ

∗
k−p

+8ζpζ
∗
p ζ ∗′

p ζpζ
′
kζ

∗
k ζk−pζ

∗
k−p

+8ζpζ
∗
p ζ

′
pζ

∗
p ζ ∗′

k ζkζk−pζ
∗
k−p

−Re

(
4ζpζpζ

∗′
p ζ ∗′

p ζkζ
∗
k ζk−pζ

∗
k−p

+8ζpζpζ
′∗
p ζ ∗

p ζ
′
kζ

∗
k ζk−pζ

∗
k−p

+8ζpζpζ
∗′
p ζ ∗

p ζ ∗′
k ζkζk−pζ

∗
k−p

)]
τ=τs

= M4
pl

4
a4(τe)ε

2(τe) (�η(τe))
2 × 16

∫
d3k

(2π)3

×
[
|ζp|2|ζk−p|2Im

(
ζ

′
pζ

∗
p

)
Im

(
ζ

′
kζ

∗
k

)]
τ=τe

−M4
pl

4
a4(τs)ε

2(τs) (�η(τs))
2 × 16

∫
d3k

(2π)3

×
[
|ζp|2|ζk−p|2Im

(
ζ

′
pζ

∗
p

)
Im

(
ζ

′
kζ

∗
k

)]
τ=τs

. (A14)

Here it is important to note that in general we have the fol-
lowing expressions:

[
Im

(
ζ

′
kζ

∗
k

)]
= − 1

3k3
e

(
k

ks

)3 (ke
ks

)3
(

H2

4π2M2
plε

)
,

(A15)[
Im

(
ζ

′
pζ

∗
p

)]
= − 1

3p3
e

(
p

ks

)3 (ke
ks

)3
(

H2

4π2M2
plε

)
.

(A16)

using which at the conformal time scale τ = τe and τ = τs
we have the following simplified expressions:

[
Im

(
ζ

′
kζ

∗
k

)]
τ=τe

=
[

Im

(
ζ

′
pζ

∗
p

)]
τ=τe

= − 1

3k3
e

(
ke
ks

)6

×
(

H2

4π2M2
plε

)
, (A17)

[
Im

(
ζ

′
kζ

∗
k

)]
τ=τs

=
[

Im

(
ζ

′
pζ

∗
p

)]
τ=τs

= − 1

3k3
s

×
(

H2

4π2M2
plε

)
. (A18)

This is only possible as in Eqs. (A17) and (A18), for the
imaginary parts of the integrands, the contributions are com-
ing from the two points, which are the wave numbers ks and
ke associated with the conformal time scale τs and τe respec-
tively.

B First step on renormalization

Translating the computation into a more comprehensible lan-
guage will allow us to link it to the traditional renormal-
ization techniques employed in quantum field theory with
more ease. In this part, instead of utilizing several meth-
ods of this kind, we will just focus on the process of elim-
inating divergences at the level of the unrenormalized/bare
action through the introduction of counter-terms. Ultimately,
this will provide the renormalized form of the action, where,
upon successful completion of the technique, any potentially
harmful divergences-specifically, quadratic UV divergence-
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may be entirely eliminated and logarithmic IR divergences
smoothed.

Let us start with the following bare action:

S(3)
ζ,B = M2

p

∫
dτ d3x

[
(g1)B ζ ′2

BζB + (g2)B (∂iζB)2ζB

− (g3)B ζ ′
B(∂iζB)

(
∂i∂

−2
(

εζ ′
B

))

− (g4)B ζB

(
∂i∂ j∂

−2
(

εζ ′
B

))2

+ (g5)B ζ ′
Bζ 2

B︸ ︷︷ ︸
Dominant term in USR

+ · · ·
]
, (B1)

where the bare coupling parameters (gi )B ∀i = 1, 2, . . . , 5
are defined as:

(g1)B =
(

ε2 − ε3

2

)
a2, (g2)B = ε2a2,

(g3)B = εa2, (g4)B = ε

2
a2, (g5)B = ε

2
η

′
a2. (B2)

The renormalized form of the third order action for the
comoving scalar curvature perturbation can be obtained by
using the rescaling ansatz of the gauge invariant modes,
which is very helpful in figuring out the relationship between
the renormalized, unrenormalized/bare, and counter-term
contributions. The renormalized version of the third-order
action is given by the following expression:

ζR = ζB − ζC =
√
ZIR × ζB where ZIR := (1 + δZIR

)
.

(B3)

Renormalized contributions are denoted by the subscripts
R, B, and C, respectively. Firstly, it should be noted that
the amount ZIR, or more accurately δZIR , is often called the
counter-term. To estimate this amount directly, we must use
the renormalization condition.

The expression for the third-order unrenormalized/
bare action must then be translated into terms of the renormal-
ized version using the previously mentioned rescaled renor-
malized form of the curvature perturbation. This may be sim-
ply accomplished by carrying out the following tasks:

� The renormalized coupling parameters of the third-
order perturbed action may be expressed in terms of the
contributions of the bare and counter-terms as follows,
using the previously given ansatz:

(gi )R = (gi )B − (gi )C = Zgi × (gi )B where

Zgi :=
(

1 + δZgi

)
∀ i = 1, 2, . . . , 5, (B4)

� In this case, the couplings and the independent oper-
ator contributions may be expressed as follows:

(g1)R ζ ′2
RζR

=
(

1 + δZg1
+ 3

2
δZIR + · · ·

)
× (g1)B ζ ′2

BζB,

(g2)R (∂iζR)2ζR

=
(

1 + δZg2
+ 3

2
δZIR + · · ·

)

× (g2)B (∂iζB)2ζB,

(g3)R ζ ′
R(∂iζR)

(
∂i∂

−2
(

εζ ′
R

))

=
(

1 + δZg3
+ 3

2
δZIR + · · ·

)

× (g3)B (∂iζB)

(
∂i∂

−2
(

εζ ′
B

))
,

(g4)R ζR

(
∂i∂ j∂

−2
(

εζ ′
R

))2

=
(

1 + δZg4
+ 3

2
δZIR + · · ·

)

× (g4)B ζB

(
∂i∂ j∂

−2
(

εζ ′
B

))2

,

(g5)R ζ ′
Rζ 2

R

=
(

1 + δZg5
+ 3

2
δZIR + · · ·

)
× (g5)B ζ ′

Bζ 2
B. (B5)

In this instance, we have used the subsequent universal
scaling relationship:

Zgi

(
ZIR
) 3

2 ≈
(

1 + δZgi
+ 3

2
δZIR + · · ·

)

∀ i = 1, 2, . . . , 5. (B6)

In this case, the dotted contributions · · · represent the
higher-order terms in the associated power-series expan-
sion. All higher-order minor effects have been disre-
garded, and we have limited our study to first-order vari-
ables. Consequently, this suggests that we have com-
pleted the last calculations needed to ascertain the exact
contributions of the counter-terms within the linear
domain of the parallel expansion.

Thus, for the gauge invariant comoving curvature perturba-
tion, the third-ordered renormalized version of the perturbed
actions may be obtained by completing all the previously
specified steps:

S(3)
ζ,R = M2

pl

∫
dτ d3x

[
(g1)R ζ ′2

RζR + (g2)R (∂iζR)2ζR
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− (g3)R ζ ′
R(∂iζR)

(
∂i∂

−2
(

εζ ′
R

))

− (g4)R ζR

(
∂i∂ j∂

−2
(

εζ ′
R

))2

+ (g5)R ζ ′
Rζ 2

R︸ ︷︷ ︸
Dominant term in USR

+ · · ·
]

= M2
pl

∫
dτ d3x

[(
1 + δZg1

+ 3

2
δZIR + · · ·

)

× (g1)B ζ ′2
BζB +

(
1 + δZg2

+ 3

2
δZIR + · · ·

)

(g2)B (∂iζB)2ζB

−
(

1 + δZg3
+ 3

2
δZIR + · · ·

)
(g3)B ζ ′

B(∂iζB)

×
(

∂i∂
−2
(

εζ ′
B

))

−
(

1 + δZg4
+ 3

2
δZIR + · · ·

)
(g4)B ζB

(
∂i∂ j∂

−2
(

εζ ′
B

))2

+
(

1 + δZg5
+ 3

2
δZIR + · · ·

)
(g5)B ζ ′

Bζ 2
B︸ ︷︷ ︸

Dominant term in USR

+ · · ·
]

= S(3)
ζ,B − S(3)

ζ,C, (B7)

where S(3)
ζ,B, the bare component of the third-order perturbed

action, is specified directly in the Eq. (B1). The third-order
action may be further explained by the following phrase once
the counter-terms have been introduced:

S(3)
ζ,C = M2

pl

∫
dτ d3x

[
(g1)C ζ ′2

CζC + (g2)C (∂iζC)2ζC

− (g3)C ζ ′
C(∂iζC)

(
∂i∂

−2
(

εζ ′
R

))

− (g4)C ζC

(
∂i∂ j∂

−2
(

εζ ′
C

))2

+ (g5)C ζ ′
Cζ 2

C︸ ︷︷ ︸
Dominant term

+ · · ·
]

=
[
S(3)
ζ,C

]
UV

+
[
S(3)
ζ,C

]
IR

. (B8)

In the one-loop corrected primordial power spectrum, the
counter-term contribution of the third-order action that is
capable of eliminating the quadratic UV divergence contri-
bution entirely is represented by the following expression:
[
S(3)
ζ,C

]
UV

= −M2
pl

∫
dτ d3x

[
δZg1

(g1)B ζ ′2
BζB

+δZg2
(g2)B (∂iζB)2ζB − δZg3

(g3)B ζ ′
B(∂iζB)

×
(

∂i∂
−2
(

εζ ′
B

))

−δZg4
(g4)B ζB

(
∂i∂ j∂

−2
(

εζ ′
B

))2

+ δZg5
(g5)B ζ ′

Bζ 2
B︸ ︷︷ ︸

Dominant term

+ · · ·
]
, (B9)

Likewise, the following expression characterizes the counter-
term contribution of the third-order action that might soften
the behavior of the logarithmic IR divergence contribution in
the one-loop adjusted primordial power spectrum:
[
S(3)
ζ,C

]
IR

= −3

2
M2

pl

∫
dτ d3x δZIR ×

[
(g1)B ζ ′2

BζB

+ (g2)B (∂iζB)2ζB − (g3)B ζ ′
B(∂iζB)(

∂i∂
−2
(

εζ ′
B

))

− (g4)B ζB

(
∂i∂ j∂

−2
(

εζ ′
B

))2

+ (g5)B ζ ′
Bζ 2

B︸ ︷︷ ︸
Dominant term

+ · · ·
]
. (B10)

Utilizing the above-mentioned facts, for scalar modes, the
complete regularized and renormalized one-loop corrected
power spectrum may thus be written as follows:

�2
ζ,Total(p) = ZIR�2

ζ,Total(p) = ZUVZIR
[
�2

ζ,Tree(p)

]
SR

,

(B11)

where the definitions of IR and UV counter-terms are:

ZIR = (1 + δZIR
)
, and ZUV = (1 + δZUV

)
. (B12)

Specifically, the UV counter can be further expressed in terms
counter-terms of the coupling parameters as appearing in the
action as stated in Eq. (B9) for the SR and USR phases are
given by the following expressions:

For SR : δZUV :=
(
δZg1

+ δZg2
+ δZg3

+ δZg4

)

as δZg5
≈ 0, (B13)

For USR : δZUV := δZg5

as
(
δZg1

+ δZg2
+ δZg3

+ δZg4

)
≈ 0. (B14)

Next, we use the renormalization condition to get the expres-
sion for the counter-terms as they show up in the derived
result previously described. The current problem may be
understood clearly using Renormalization Group (RG) flow,
which will also successfully correct the structure of any
counter-terms arising in the calculation that are UV and
IR sensitive. The renormalized spectrum is represented in
Fourier space, and this is made feasible by the flow equation
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and matching beta functions provided for the appropriate 1PI
one-loop corrected renormalized two-point amplitude. In this
case, the Callan–Symanzik equation for this cosmological
arrangement may be expressed as follows:

d

d ln μ

{[
�2

ζ,Tree(k)

]
SR

}
= d

d ln μ

{[�2
ζ,Total(k)

]

ZIRZUV

}
= 0.

(B15)

It is now crucial to keep in mind that, in this case, the appro-
priate total differential operator may be further minimized
using the following formula:

d

d ln μ
=
(

∂

∂ ln μ
+ βg1

∂

∂g1
+ βg2

∂

∂g2
+ βg3

∂

∂g3

+βg4

∂

∂g4
+ βg5

∂

∂g5
− γIR − γUV

)
, (B16)

where we define:

γIR :=
(

∂ lnZIR

∂ ln μ

)
, γUV :=

(
∂ lnZUV

∂ ln μ

)
. (B17)

This further reduces to the following differential equation:

(
∂

∂ ln μ
+ βg1

∂

∂g1
+ βg2

∂

∂g2
+ βg3

∂

∂g3
+ βg4

∂

∂g4

+βg5

∂

∂g5
− γIR − γUV

)
�2

ζ,Total(p) = 0. (B18)

where the following describes the beta functions:

βg1 =
(

∂g1

∂ ln μ

)
= 2εa2

[
(ε − η)

(
2ε − 3ε2

2

)

+
(

ε − ε2

2

)]
(1 + ε) , (B19)

βg2 =
(

∂g2

∂ ln μ

)
= 2εa2 [2ε(ε − η) + ε] (1 + ε), (B20)

βg3 =
(

∂g3

∂ ln μ

)
= 4εa2 (ε − η) (1 + ε), (B21)

βg4 =
(

∂g4

∂ ln μ

)
= εa2 (ε − η + 1) (1 + ε), (B22)

βg5 =
(

∂g5

∂ ln μ

)

= a2εη
′
[

(ε − η) + 1

2

d

d ln μ
ln η

′
]

(1 + ε) . (B23)

It is possible to compute the flow equations below by identify-
ing the IR and UV counter-terms in the current environment
at the renormalization scale:

� The renormalized form of the spectral tilt for the scalar
modes is described by the following first flow equation:

[
nζ,Total(p) − 1

]
= d

d ln p

(
ln
[
�2

ζ,Total(p)
])

= ZIR×
[
ZUV
([

nζ,Tree(p)

]
SR

−1

)

+
(
dZUV

d ln p

)(
ln

[
�2

ζ,Tree(p)

]
SR

)]
.

(B24)

� The renormalized form of the spectral tilt running for
the scalar modes is described by the following second
flow equation:

[
αζ,Total(p)

]
= d

d ln p

([
nζ,Total(p)

])

= ZIR ×
[
ZUV
([

αζ,Tree(p)

]
SR

)

+2

(
dZUV

d ln p

)([
nζ,Tree(p)

]
SR

− 1

)

+
(
d2ZUV

d ln p2

)(
ln

[
�2

ζ,Tree(p)

]
SR

)]
.

(B25)

� The renormalized form of the running of the spectral
tilt running for the scalar modes is described by the third
flow equation, which is as follows:

[
βζ,Total(k)

]
= d

d ln p

([
αζ,Total(p)

])

= ZIR ×
[
ZUV
([

βζ,Tree(p)

]
SR

)

+2

(
dZUV

d ln p

)([
αζ,Tree(p)

]
SR

)

+3

(
d2ZUV

d ln p2

)([
nζ,Tree(p)

]
SR

− 1

)

+
(
d3ZUV

d ln p3

)(
ln

[
�2

ζ,Tree(p)

]
SR

)]
.

(B26)

The flow equations that come before it demonstrate that the
two-point amplitude of the power spectrum of primordial
scalar modes exhibits a scale-dependent feature when the
IR and UV counter-term effects are seen in each individual
expression. When we apply the renormalization criterion,
the structure of the counter-terms that are both UV and IR-
sensitive will be fixed. We will now proceed with this utiliz-
ing the established facts at the CMB pivot scale p∗, which
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prevents us from taking into account the following important
constraints, which are explained in terms of renormalization
conditions:

� Condition I: The first renormalization requirement is
that the tree-level contribution recorded during the first
SR phase must precisely match the two-point amplitude
of the scalar power spectrum following renormalization
at the CMB pivot scale k∗. Technically speaking, this
claim may be expressed as follows:

[
�2

ζ,Total(p∗)
]

=
[
�2

ζ,Tree(p∗)
]
SR

. (B27)

� Condition II: The second renormalization criteria is
that the logarithmic derivative of the amplitude of the
scalar power spectrum with respect to the momentum
scale following renormalization must exactly match the
tree-level contribution estimated in the first SR phase at
the CMB pivot scale p∗. In a technical sense, this claim
may be stated as follows:

[
nζ,Total(p∗) − 1

]
=
[

d

d ln p

(
ln
[
�2

ζ,Total(p)
])]

p=p∗

=
([

nζ,Tree(p∗)
]
SR

− 1

)
. (B28)

� Condition III: The third renormalization require-
ment, which is the second logarithmic derivative of the
two-point amplitude of the scalar power spectrum with
respect to the momentum scale, must be fully satisfied by
the tree-level contribution computed during the first slow-
roll phase. Alternatively, this claim can be expressed tech-
nically as:

[
αζ,Total(p∗)

]
=
[

d

d ln p

([
nζ,Total(p)

])]
p=p∗

=
[
αζ,Tree(p∗)

]
SR

. (B29)

� Condition IV: According to the fourth renormaliza-
tion criterion, the tree-level contribution computed in the
first slow-roll phase at the CMB pivot scale k∗ must
exactly equal the third logarithmic derivative of the two-
point amplitude of the scalar power spectrum with respect
to the momentum scale. Stated otherwise, the technical
form of this claim is as follows:

[
βζ,Total(p∗)

]
=
[

d

d ln p

([
αζ,Total(p)

])]
p=p∗

=
([

βζ,Tree(p∗)
]
SR

)
. (B30)

Further limits on the parameters of the UV and IR-
sensitive counter-terms are obtained as a direct consequence
of the four renormalization requirements previously men-
tioned. A detailed summary of these limitations is provided
below:

➔ Consequence I: The following constraint condition
expresses the immediate result of the first renormaliza-
tion condition:

ZIR(p∗) = [�2
ζ,Total(p∗)]

[�2
ζ,Total(p∗)]

= [�2
ζ,Tree(p∗)]SR

[�2
ζ,Total(p∗)]

= [�2
ζ,Tree(p∗)]SR

ZUV(p∗)[�2
ζ,Tree(p∗)]SR

�⇒ ZIR(p∗)ZUV(p∗) = 1. (B31)

➔Consequence II:The subsequent constraint condition
expresses the immediate result of the second renormal-
ization requirement:

ZIR(p∗)ZUV(p∗) = 1 and

(
dZUV

d ln p

)
p=p∗

= 0. (B32)

➔ Consequence III: The third renormalization condi-
tion’s immediate result is conveyed by the following con-
straint condition:

ZIR(p∗)ZUV(p∗) = 1,

(
dZUV

d ln p

)
p=p∗

= 0 and

(
d2ZUV

d ln p2

)
p=p∗

= 0. (B33)

➔ Consequence IV: The following constraint condition
expresses the immediate result of the fourth renormaliza-
tion condition:

ZIR(p∗)ZUV(p∗) = 1,

(
dZUV

d ln p

)
p=p∗

= 0,

(
d2ZUV

d ln p2

)
p=p∗

= 0 and

(
d3ZUV

d ln p3

)
p=p∗

= 0.

(B34)

Our thorough analysis of the issue revealed that, in order
to meet the previously acquired sets of constraint criteria,
we must very carefully define the UV counter-term ZUV.
Only if we appropriately eliminate the quadratic divergence
component can this be accomplished. Upon completion, the
IR counter-term ZIR will have its form automatically fixed.
Notwithstanding the aforementioned limits at the CMB pivot
scale, determining the precise form of the UV counter-term
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ZUV is incredibly challenging at this level. The primary chal-
lenge at the technical level arises from the necessity for
counter-terms in the SR and USR phases to independently
eliminate the quadratic divergences’ contribution. As simple
as it may appear, completing the computation we have done
so far is rather challenging from a technological standpoint.
The significance of the next three sections lies in the way the
adiabatic renormalization approach allows us to fully elimi-
nate the quadratic UV divergences’ contributions from each
of the SR and USR phases separately. Following completion
of this, we may use the condition ZIR(p∗)ZUV(p∗) = 1 to
quickly ascertain the explicit form of the IR counter-term.
Together with the quadratic divergence-free result for ZUV

that comes from the adiabatic renormalization scheme, we
have used this condition in the context of power spectrum
renormalization.

We firmly believe that providing a clear explanation
of the relationship between adding a counter-term at the
level of action-a standard approach within the framework
of Quantum Field Theory-and the renormalization schemes
for adiabatic/wave function, and power spectrum will aid in
understanding the applicability of the results derived in this
paper. To prevent any further misunderstandings regarding
the renormalization schemes employed or the interconnec-
tion among various tools and techniques used in this paper,
let us discuss it in detail in the following subsections.

• In the current computation, the counter-term contribution
of the third order perturbed action-which we have indi-

cated in our computation by

[
S(3)
ζ,C

]
UV

in the Eq. (B9)-

is directly linked to the complete removal of the harm-
ful quadratic UV divergence. It is feasible to clearly
demonstrate as an immediate result of the computation
with this particular section that the sum of the counter-
terms δZgi

∀i = 1, 2, . . . , 5 for the five operators that
were previously described may be represented in terms
of a cumulative factor. We determine this factor to be
the counter-term contribution that, when applied to the
wave function/adiabatic renormalization scheme-a topic
we will address in the following portion of this paper-
would entirely eliminate the quadratic UV divergence.

• However, in our computation, we have denoted the third-

order perturbed action as

[
S(3)
ζ,C

]
IR

in the Eq. (B10),

which is directly linked to the coarse-graining and
smoothing of the logarithmic IR divergence’s behaviour.
It is feasible to clearly demonstrate that the single counter
term δZIR represents the instantaneous result of the cal-
culation using this particular portion. This factor will
smooth the logarithmic IR divergence’s behaviour by

moving it to the higher order during the computation
of the 1PI one-loop corrected two-point amplitude. This
higher order corresponds to the higher even loop dia-
grams that arise in the perturbative expansion. Later in
this work, we shall address this issue in depth in the con-
text of the power spectrum renormalization technique.

• Further, we justify more deeply the applicability of two
renormalization schemes within one theoretical frame-
work that we are studying in this paper. At the level
of third-order perturbed action representing the counter-
term contributions we found that the UV and IR sensitive
terms are completely decoupled, as presented in Eqs. (B9)
and (B10). On the other hand, in the expression for the
renormalized power spectrum the UV and IR counter
terms appear as a product. Just by applying the previously
mentioned renormalization conditions, one cannot fix the
structure of both of these counter-terms simultaneously.
For this reason, the adiabatic renormalization scheme,
which responds to the quadratic divergences successfully,
is used to determine the UV counter-term. Implemen-
tation of this scheme helps to remove quadratic diver-
gences fully from this computation. This fixed structure
of the UV counter-term is inserted in the expression for
the power spectrum and further using the renormaliza-
tion conditions one can further fix the structure of the IR
counter-term, which helps to smoothen the logarithmic
divergences. The latter we identify as the power spec-
trum renormalization scheme. It seems like we have used
two completely separate schemes for the renormalization
of a single theory, however, from the discussions pre-
sented in this section and its underlying connections with
the renormalization in Quantum Field Theory of curved
space-time it is now quite clear that these two schemes of
renormalizations, i.e. adiabatic and power-spectrum are
related to each other. Without using the adiabatic scheme,
one cannot further use the power-spectrum scheme, as IR
counter-terms cannot be fixed without fixing UV counter-
terms. In the next two subsections where the details of
the adiabatic and wave function renormalization schemes
are presented, we further establish these claims in more
detail.

C Computation of cut-off regulated one-loop
momentum integrals

Our main goal in this appendix is to explicitly assess the
entire contributions of the momentum integrals that were
used to measure the one-loop contributions from the USR
and SR regions, respectively, to the primordial scalar power
spectrum.
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C.1 One-loop momentum integrals in USR period

Let’s first express the contribution as an integral that depends
on momentum and appears in the USR region:

E(τ ) :=
∫ ke

ks

dk

k
|Sk(τ )|2, (C1)

where we define a new momentum and conformal time
dependent function Sk(τ ), which is defined by the following
expression:

Sk(τ ) =
[
αUSR
k (1 + ikτ) e−ikτ − βUSR

k (1 − ikτ) eikτ
]
.

(C2)

Here the Bogoliubov coefficients αUSR
k and βUSR

k in the USR
region is given by:

αUSR
k = 1 − 3

2ik3τ 3
s

(
1 + k2τ 2

s

)
, (C3)

βUSR
k = − 3

2ik3τ 3
s

(1 + ikτs)
2 e−2ikτs . (C4)

After substituting the specific mathematical form of the
momentum and conformal time dependent function Sk(τ )

in Eq. (C1), we found:

E(τ ) = E1(τ ) + E2(τ ) + E3(τ ) + E4(τ ) =
4∑

i=1

Ei (τ ),

(C5)

where the four contributions Ei (τ )∀i = 1, 2, 3, 4, can be
written as:

E1(τ ) =
∫ ke

ks

dk

k

(
1 + 9

4

(
1 + k2τ 2

s

)2
k6τ 6

s

)(
1 + k2τ 2

)
, (C6)

E2(τ ) =
∫ ke

ks

dk

k

(
9

4

(
1 + k2τ 2

s

)2
k6τ 6

s

)(
1 + k2τ 2

)
, (C7)

E3(τ ) = −
∫ ke

ks

dk

k

(
1 + 3

2i

(
1 + k2τ 2

s

)
k3τ 3

s

)

×
(

− 3

2i

(1 + ikτs)2

k3τ 3
s

)

× (1 − ikτ)2 e2ik(τ−τs ), (C8)

E4(τ ) = −
∫ ke

ks

dk

k

(
1 − 3

2i

(
1 + k2τ 2

s

)
k3τ 3

s

)

×
(

3

2i

(1 − ikτs)2

k3τ 3
s

)

× (1 + ikτ)2 e−2ik(τ−τs ). (C9)

The outcomes of the aforementioned integrals are as follows
after a few algebraic operations:

E1(τ ) =
[

1

2

(
k2
e − k2

s

)
τ 2 +

(
1 + 9

4

(
τ

τs

)2
)

ln

(
ke
ks

)

−9

8

1

τ 4
s

(
1 +
(

τ

τs

)2 )( 1

k4
e

− 1

k4
s

)

−9

8

1

τ 2
s

(
1 + 2

(
τ

τs

)2 )( 1

k2
e

− 1

k2
s

)

× − 3

8

1

τ 6
s

(
1

k6
e

− 1

k6
s

)]
, (C10)

E2(τ ) =
[

9

4

(
τ

τs

)2

ln

(
ke
ks

)

× − 9

8

1

τ 4
s

(
1 + 1

2

(
τ

τs

)2 )( 1

k4
e

− 1

k4
s

)

−9

8

1

τ 2
s

(
1 + 2

(
τ

τs

)2 )( 1

k2
e

− 1

k2
s

)

× − 3

8

1

τ 6
s

(
1

k6
e

− 1

k6
s

)]
, (C11)

E3(τ ) = − 1

16τ 6
s

[(
36τ 2τ 4

s + 8τ 6
s − 8τ 6

)

(
Ei (2ike (τ − τs)) − Ei (2iks (τ − τs))

)

+
(

12τ 2τ 5
s

τ − τs

(
e2ike(τ−τs ) − e2iks (τ−τs )

)

−4i
(
τ 4τs + τ 3τ 2

s + τ 2τ 3
s + 7ττ 4

s + τ 5 + τ 5
s

)

×
(
e2ike(τ−τs )

ke
− e2iks (τ−τs )

ks

)

−2
(

2τ 3τs + 3τ 2τ 2
s + 28ττ 3

s + τ 4 − 7τ 4
s

)

×
(
e2ike(τ−τs )

k2
e

− e2iks (τ−τs )

k2
s

)

+2i
(

3τ 2τs + 6ττ 2
s + τ 3 − 14τ 3

s

)

×
(
e2ike(τ−τs )

k3
e

− e2iks (τ−τs )

k3
s

)

+3
(
−8ττs + τ 2 − 2τ 2

s

)

×
(
e2ike(τ−τs )

k4
e

− e2iks (τ−τs )

k4
s

)

+12i (τ − τs)

(
e2ike(τ−τs )

k5
e

− e2iks (τ−τs )

k5
s

)

−6

(
e2ike(τ−τs )

k6
e

− e2iks (τ−τs )

k6
s

))]
, (C12)

E4(τ ) = − 1

16τ 6
s

[(
36τ 2τ 4

s + 8τ 6
s − 8τ 6

)
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(
Ei (−2ike (τ − τs)) − Ei (−2iks (τ − τs))

)

+
(

12τ 2τ 5
s

τ − τs

(
e−2ike(τ−τs ) − e−2iks (τ−τs )

)

+4i
(
τ 4τs + τ 3τ 2

s + τ 2τ 3
s + 7ττ 4

s + τ 5
s + τ 5

)

×
(
e−2ike(τ−τs )

ke
− e−2iks (τ−τs )

ks

)

−2
(

2τ 3τs + 3τ 2τ 2
s + 28ττ 3

s − 7τ 4
s + τ 4

)

×
(
e−2ike(τ−τs )

k2
e

− e−2iks (τ−τs )

k2
s

)

−2i
(

3τ 2τs + 6ττ 2
s − 14τ 3

s + τ 3
)(e−2ike(τ−τs )

k3
e

−e−2iks (τ−τs )

k3
s

)

+3
(
−8ττs − 2τ 2

s + τ 2
)

(
e−2ike(τ−τs )

k4
e

− e−2iks (τ−τs )

k4
s

)

−12i (τ − τs)

(
e−2ike(τ−τs )

k5
e

− e−2iks (τ−τs )

k5
s

)

−6

(
e−2ike(τ−τs )

k6
e

− e−2iks (τ−τs )

k6
s

))]
. (C13)

Let’s put the contributions from Eqs. (C10), (C11), (C12) and
(C13)) together now to better understand how the findings
behave in the USR regime, which will result in the following
results that have been simplified:

E(τ ) = E1(τ ) + E2(τ ) + E3(τ ) + E4(τ )

=
{[

1

2

(
k2
e − k2

s

)
τ 2 +

(
1 + 9

2

(
τ

τs

)2
)

ln

(
ke
ks

)

−9

4

1

τ 4
s

(
1 + 3

4

(
τ

τs

)2 )( 1

k4
e

− 1

k4
s

)

−9

4

1

τ 2
s

(
1 + 2

(
τ

τs

)2 )( 1

k2
e

− 1

k2
s

)

−3

4

1

τ 6
s

(
1

k6
e

− 1

k6
s

)]

− 1

16τ 6
s

[(
36τ 2τ 4

s + 8τ 6
s − 8τ 6

)

×
(

Ei (2ike (τ − τs)) + Ei (−2ike (τ − τs))

−Ei (2iks (τ − τs)) − Ei (−2iks (τ − τs))

)

+
(

24τ 2τ 5
s

τ − τs

(
cos (ke (τ − τs)) − cos (ks (τ − τs))

)

+8
(
τ 4τs + τ 3τ 2

s + τ 2τ 3
s + 7ττ 4

s + τ 5
s + τ 5

)

×
(

sin (ke (τ − τs))

ke
− sin (ks (τ − τs))

ks

)

−4
(

2τ 3τs + 3τ 2τ 2
s + 28ττ 3

s − 7τ 4
s + τ 4

)

×
(

cos (ke (τ − τs))

k2
e

− cos (ks (τ − τs))

k2
s

)
(C14)

−4
(

3τ 2τs + 6ττ 2
s − 14τ 3

s + τ 3
)

×
(

sin (ke (τ − τs))

k3
e

− sin (ks (τ − τs))

k3
s

)
(C15)

+6
(
−8ττs − 2τ 2

s + τ 2
)(cos (ke (τ − τs))

k4
e

−cos (ks (τ − τs))

k4
s

)
− 24 (τ − τs)

(
sin (ke (τ − τs))

k5
e

− sin (ks (τ − τs))

k5
s

)

−6

(
cos (ke (τ − τs))

k6
e

− cos (ks (τ − τs))

k6
s

))]}
.

(C16)

Here the symbol “Ei” signifies the exponential integral func-
tion, which is defined by the following expression:

Ei(x) := −
∫ ∞

−x

e−t

t
dt =

∫ x

−∞
et

t
dt . (C17)

Then considering both the contribution from the short range
as well as the long range quantum fluctuations we found the
following simplified result:

E(τe) = E(τs) ≈ ln

(
ke
ks

)
+ 1

2

((
ke
ks

)2

− 1

)

= ln

(
kUV

kIR

)
+ 1

2

((
kUV

kIR

)2

− 1

) . (C18)

To obtain this simplified result we have neglected all other
suppressed contributions from the oscillatory terms as well as
inverse power law terms of (ks/ke)(� 1), as all of them will
not be able to significant change the overall behaviour of the
scalar power spectrum in USR period. The obtained results
suggests that in the one-loop result IR sensitive logarithmic
divergent and quadratic UV divergent contributions are dom-
inating over all the other terms appearing in this computation.
With the detailed analysis we have shown in the text portion
of the paper that the quadratic UV divergence can be com-
pletely removed by implementing the well known adiabatic
renormalization scheme. Additionally, by implementing the
DRG resummation technique we have shown that the IR sen-
sitivity can be further softened and shifted to the next order
of perturbation theory. It’s also crucial to note that in order to
extract the finite contributions from the one-loop momentum
integrals in the USR period, we have constrained the momen-
tum integration within a window, ks < k < ke, by introduc-
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ing two well known physical cut-offs: the IR cut-off kIR = ks
and the UV cut-off kUV = ke which are the corresponding
cut-off scales of UV and IR divergences inserted through the
implementation of cut-of regularization before implementing
the adiabatic renormalization and DRG resummation.

C.2 One-loop momentum integral in SR period

Next, we’ll discuss the integral that appears in the computa-
tion of the one-loop correction to the primordial power spec-
trum of scalar modes in the SR area. Let’s assess the ensuing
integral:

D(τ ) :=
∫ ke

p∗

dk

k
|Mk(τ )|2 , (C19)

where we define a new momentum and conformal time
dependent function Mk(τ ) in presence of Bunch Davies
quantum initial condition, which is defined as:

Mk(τ ) = (1 + ikτ) e−ikτ . (C20)

After substituting the explicit mathematical form of the above
function Mk(τ ) in the Eq. (C19), we get the following sim-
plified result:

D(τ ) =
∫ ke

p∗

dk

k

(
1 + k2τ 2

)

=
[

ln

(
ke
p∗

)
+ 1

2

(
k2
e − p2∗

)
τ 2
]
. (C21)

Then considering both the contribution from the short range
as well as the long range quantum fluctuations we found the
following simplified result:

D(τe) = ln

(
ke
p∗

)
+ 1

2

((
ke
p∗

)2

− 1

)

= ln

(
kUV

p∗

)
+ 1

2

((
kUV

p∗

)2

− 1

) . (C22)

Here in SR phase p∗ represents the pivot scale which is
expected to be p∗ � ks in the present framework under con-
sideration. In the SR region the final one-loop result will be
controlled by the above mentioned IR logarithmic divergent
contribution and a quadratic UV divergent contribution. We
have shown in this paper by applying adiabatic renormaliza-
tion scheme UV divergence can be completely by choosing
the underlying renormalization scale properly. Also we have
shown that IR divergence can be softened and shifted to next
order in the perturbation theory.
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