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Abstract In this paper, we present new generalized worm-
hole (WH) solutions within the context of f(R) gravity.
Specifically, we focus on f(R) gravitational theories formu-
lated in the metric formalism, with our investigation centered
on a power-law form represented by f(R) = e RX. Here, €
is an arbitrary constant, and y is a real number. Notably,
this form possesses the advantageous property of reducing
to Einstein gravity when € = 1 and x = 1. To obtain these
novel WH solutions, we establish the general field equations
for any f(R) theory within the framework of Morris—Thorne
spacetime, assuming metric coefficients that are independent
of time. By utilizing an anisotropic matter source and a spe-
cific type of energy density associated with solitonic quan-
tum wave (SQW) and cold dark matter (CDM) halos, we
calculate two distinct WH solutions. We thoroughly inves-
tigate the properties of the exotic matter (ExoM) residing
within the WH geometry and analyze the matter contents
through energy conditions (ECs). Both analytical and graph-
ical methods are employed in this analysis to examine the
validity of different regions. Notably, the calculated shape
functions for the WH geometry satisfy the necessary con-
ditions in both scenarios, emphasizing their reliability. Our
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investigations into specific parameter ranges in both scenar-
ios revealed the presence of ExoM. This ExoM is character-
ized by an energy—-momentum tensor that violates the null
energy condition (NEC) and, consequently, the weak energy
condition as well, in the vicinity of the WH throats. Fur-
thermore, we investigated the repulsive effect of gravity and
discovered that its presence results in a negative deflection
angle for photons following null geodesics. Importantly, we
observed that the deflection angle consistently exhibits neg-
ative values across all r( values in both scenarios, indicating
the manifestation of the repulsive gravity effect. Finally, we
compare the obtained WH solutions utilizing both distribu-
tions, as well as the f(R) power-law-like models, in order
to assess the feasibility of energetic configurations for WHs
within SQW and CDM systems.

1 Introduction

The observed data strongly supports the ACDM model of
standard cosmology, which indicates that the composition of
our universe is estimated to be approximately 67.4% dark
energy (DE), 29.6% dark matter (DM), and 4% baryonic
matter [1]. DM plays a significant role in the formation, evo-
lution, and merging of galaxies and their clusters, primarily
through its gravitational interaction [2]. The existence of
DM in galaxies was first asserted by Zwicky [3], who used
the virial theorem to make this observation. It is believed that
spiral galaxies have Universal Rotation Curves (URC), and
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the existence of DM in the galactic halos can be confirmed by
its gravitational pull on the URC [4,5]. Based on the Navarro-
Frenk-White (NFW) density profile which characterizes the
distribution of CDM halos, and the observed flat rotation
curves of galaxies, the authors [6,7] showed that galactic
halos can support the existence of traversable WHs. Follow-
ing this work, galactic halo WHs have been discussed in
different theories of gravity. Sharif et al. [8,9] have explored
galactic halo WH solutions in various modified theories of
gravity, taking into account the NFW density profile. The for-
mation of traversable WHs in DM isothermal galactic halos
has also been discussed by Rahaman et al. [10, 11], consider-
ing both the NFW and URC density profiles. Islam et al. [12]
examined WH formation in the Dragonfly 44 galaxy, con-
sidering two different DM profiles — the ultra-diffuse galaxy
King’s model and the generalized NFW model. They found
that only the generalized NFW model can support traversable
WHs. Furthermore, the formation of spherically symmetric
traversable WHs in DM halos with isotropic pressure has
been discussed by Xu et al. [13]. More recently, the evolu-
tion of topologically deformed WHs in DM halos has been
studied in [14]. Finally, the interesting phenomenon of grav-
itational lensing by galactic halo WHs has been investigated
by Kuhfittig [15].

An alternative model that has received significant attention
is the fuzzy DM scenario [16]. The fuzzy DM model proposes
that DM is composed of axion-like particles with a mass
of approximately m ~ 10722 eV [17-21]. This extremely
low mass corresponds to a de Broglie wavelength that is as
large as the typical length scale of a galaxy. In this model,
the observed DM cores within galaxies are hypothesized to
be soliton cores. These soliton cores arise from a balance
between the quantum pressure due to the uncertainty prin-
ciple and gravity. Importantly, the observed properties of
these DM cores would directly reflect the mass (m) of the
fuzzy DM particles. Given the fuzzy DM particle mass m,
the characteristics of the DM cores can be fully determined
by solving the coupled Schrodinger—Poisson equation [22].
This equation governs the behavior of the quantum wave
function of the fuzzy DM particles and their gravitational
interactions. Several research groups have compared the pre-
dicted fuzzy DM core structure with observational data. For
example, Deng et al. [23] examined a broad class of theoreti-
cal light scalar DM models. These models are governed by a
potential V and assume a complex scalar field with a global
U (1) symmetry. They demonstrated that within the analyt-
ical framework of their model, a single axion mass cannot
simultaneously explain the observed wide range of DM core
radii (ry) and reproduce the observed core-scaling relation
ps ATy 1 [24-26]. However, this interesting result does not
take into account the formation of DM halos through the pro-
cess of cosmic structure formation. The first self-consistent
3D cosmological simulations of fuzzy DM halo formation
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were presented by Schive et al. [18,19]. These simulations
confirmed that all DM halos develop a distinct, gravitation-
ally self-bound solitonic core with a universal core density
distribution.

Traversable WHs are hypothetical objects predicted by
the theory of general relativity (GR). They are conceptual-
ized as tunnels in spacetime that have the potential to connect
distant regions within the same universe or even different uni-
verses [27,28]. Recent works have explored this subject in a
more fundamental context [29-31], and its applications have
extended to condensed matter systems as well [32,33]. Typi-
cally, traversable WHs require ExoM as their energy source,
but in modified theories of gravity, non-ExoM can serve as
the source for the WH geometry [34-36]. Over the past few
years, there has been considerable interest in the field of f(R)
gravity. In this approach, the traditional Einstein’s field equa-
tions are extended by replacing the Ricci scalar curvature,
denoted as R, with a general function f(R) in the gravita-
tional action. One notable advantage of f(R) gravity, in con-
trast to the standard ACDM cosmology based on GR, is that
it eliminates the need for DE or the introduction of new mat-
ter fields to explain cosmic inflation [37—40] and the current
accelerated expansion of the universe [41,42]. A particularly
significant f(R) model, proposed by Starobinsky [43,44],
includes an additional quadratic term in the Einstein—Hilbert
action that involves the Ricci scalar. This model, character-
ized by only one free parameter, predicts a de Sitter phase in
which the quadratic term dominates. Importantly, this model
is in agreement with experimental data obtained from the
Planck satellite [45].

Significant progress has been made in the study of WHs, !
although direct evidence has not yet been obtained. One
notable exploration is the concept of WHs existing within
galactic halos, which has been investigated in [6,7]. The
observed flat galactic rotation curve can be consistent with
a traversable WH geometry in the spacetime of a galac-
tic halo, as indicated by research. Investigations have also
been conducted to explore the possibility of detecting these
WHs through gravitational lensing [ 15], with further analysis
provided in [63]. Notably, supermassive black holes (BHs)
located at the centers of galaxies [64—67] are considered as
potential WH candidates that originated from the early Uni-
verse. To differentiate between BHs and WHs, a proposed
method involves identifying orbiting hot spots [68], in addi-
tion to examining their Einstein-ring systems [69]. Gravi-
tational lensing is a remarkable phenomenon first explored
by Einstein [70] as part of his groundbreaking work in GR.
This effect occurs when an extremely massive object, such

I For more detailed information, the readers can refer to the comprehen-
sive study presented in [46—-62]. These works delve into the intricacies
of WH solutions within the context of modified gravity, providing a
valuable resource for further exploration.



Eur. Phys. J. C (2024) 84:908

Page 3 of 14 908

as a galaxy or BHs, bends the path of light passing nearby,
much like a lens focusing light. This light distortion allows
astronomers to study the nature and properties of the lens-
ing object and the background light source [71,72]. The first
observational confirmation of gravitational lensing came in
1979, when astronomers detected a double quasar image
caused by the bending of light [73]. Since this pioneering
discovery, gravitational lensing has become an indispensable
tool for probing the universe beyond our solar system. It has
enabled the detection of exoplanets, DM, and even the elusive
DE [74]. One intriguing aspect of gravitational lensing is the
possibility of “eternal’ light rings — stable orbits where light
can be bent and trapped indefinitely around certain cosmic
objects like BHs [75,76]. The study of these strong and weak
lensing effects has provided information about the nature of
gravity and the structure of the universe [77-79]. As our
observational capabilities continue to advance, gravitational
lensing remains a crucial tool for unlocking the mysteries of
the universe.

Within recent studies, researchers have made significant
progress in obtaining distinct electromagnetic signatures
from thin accretion disks surrounding static spherically sym-
metric traversable WHs [80,81]. The revealed findings pro-
vide an exciting prospect for astrophysical observations to
differentiate and distinguish between different geometries of
traversable WHs by analyzing the emitted spectra. Moreover,
there have been further suggestions and proposals for detect-
ing astrophysical indicators associated with traversable WHs,
which can be explored in [82,83]. As the endeavor to detect
traversable WHSs progresses, it becomes increasingly impor-
tant to understand their composition in terms of matter and
geometry. This serves as the central objective of the present
article, which aims to compile and present comprehensive
predictions within the framework of the f (R) theory of grav-
ity. The article seeks to contribute to our understanding of the
intricate relationship between matter and geometry in WHs,
facilitating advancements in their detection and characteriza-
tion. Motivated by these arguments, our investigation delves
into the existence of generalized traversable WHs within the
framework of f(R) gravity. These WHs are assumed to be
supported by SQW and CDM distributions. To do this, we
will exploit the general field equations of any f(R) theory
that were previously developed through the metric formal-
ism. Subsequently, we will focus on a specific power-law
f(R) model that describes modified gravity. Next, we will
calculate the shape functions taking into account the influ-
ence of the SQW and CDM distributions. Moreover, we will
investigate the deflection angle of photons traveling along
null geodesics. Finally, we will compare the WH solutions
obtained with the aforementioned SQW and CDM distribu-
tions, as well as the f(R) power-law-like models, in terms
of the feasibility of energetic configurations for WHs within
SQW and CDM systems.

This paper is structured as follows: In Sect. 2, we provide
a concise overview of the f(R) gravity theory and examine
the geometry of a WH within the context of a static and spher-
ically symmetric spacetime. We also explore the constraints
imposed on the metric functions of the WH geometry and
discuss their implications on the matter distribution thread-
ing the spacetime. In Sect.3, we analyze the ECs from a
global perspective. In Sect. 3, we present a novel approach to
WHs sourced by SQW and CDM halos in f(R) gravity. Fur-
thermore, in Sect. 5, we investigate the repulsive behavior of
gravity. In Sect. 6, we interpret and analyze the constructed
WHs sourced by SQW and CDM halos, as well as the effect of
repulsive gravity in the framework of f(R) gravity. Finally,
in Sect. 7, we provide concluding remarks summarizing the
key findings of this study.

2 An overview of f(R) gravity: a brief background

The action for f(R) gravity can be rewritten in the following
form

1
S = /d4X\/—7g(Ef(R)+£m(guvan))7 (1)

where S is the action, d*x represents the spacetime volume
element, g is the determinant of the metric tensor g, R is
the Ricci scalar, f(R) is the modified gravity function, and
L (v, ¥m) is the matter Lagrangian density involving the

matter fields v, interacting with the metric tensor g ..
The field equation resulting from varying the action with
respect to the metric tensor can be rewritten as

1
F(R)R;w - Eg;wf(R) + [guvD - V;,va] F(R) = 87TT;ws (2)

where F(R) = df (R)/dR represents the derivative of the
function f(R) with respect to R. This equation establishes
a relationship between the Ricci tensor Ry, the curvature
scalar R, the function f'(R), the derivative of f (R) denoted as
F (R), and the energy-momentum tensor 7},, which describes
the matter and energy distribution. On the left-hand side,
the equation includes terms involving F(R), R, ., the
d’Alembertian operator represented by [ = g#*"V, V,, and
the covariant derivatives V,, acting on F(R). These terms
represent the gravitational field. On the right-hand side,
T, represents the energy—momentum tensor associated with
matter fields. It describes the matter content and serves as the
source of the gravitational field described by the left-hand
side. The energy-momentum tensor can be expressed as

Tyy = (o + puyy — prguv + (pr — p)Vyu Vo, 3)

where p, p,, p; denote the energy density and the radial and
transverse stresses, respectively. The four-velocity is denoted
by u,, and V,, is a radial four-vector; they satisty uu, =1
and VAV, = —1.

@ Springer
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Now, to construct a traversable WH solution, we consider
the line element proposed by Morris and Thorne [27], which
can be written as

dS2 — _eZQ(V)dIZ + eZ,&(r)er + I’2dg22. ()

N -1
Here, dQ2 = d6%+sin20dp?, XA = [1 — M] , while
D(r) and b(r) are the redshift function and shape function,
respectively. The construction of a traversable WH solution
requires the fulfillment of the following conditions:

1. The WH connects two asymptotically flat regions at the
throat, where the throat radius is characterized by a global
minimum r = rg. The radial coordinate ranges from rq
to infinity, i.e., r € [rg, 00).

2. The redshift function ¥ (r) must indeed remain finite at all
points along the traversable WH, ensuring its regularity
throughout and guaranteeing the absence of horizons and
singularities. Hence, ¢2*®) > 0 for all » > rg. In the
case of an ultrastatic WH, where there is no gravitational
acceleration, D(r) is set to zero, resulting in 2" = 1.
This implies that a particle dropped from rest remains at
rest [27,84].

3. The flaring-out condition is given by %
must hold at or near the throat, i.e., r = rg.

4. The conditions b(ry) = ro and b’(rg) < 1 are necessary
for all > rg, with '(rg) = 1 at the throat. Furthermore,
for r > ro, it is required that b(r) < r.

5. Asymptotic flatness is ensured by v(r) — 0 and
b(r)/r — Qasr — oo.

> 0, and

These conditions govern the behavior of the redshift and
shape function in the WH geometry.” It’s worth noting that
meeting these essential properties is necessary but not suf-
ficient to ensure the physical viability of a WH solution.
While satisfying the conditions mentioned earlier is impor-
tant, additional considerations must be taken into account.
These include the satisfaction of ECs, stability analysis, and
the behavior of matter fields. These factors play a crucial role
in constructing physically realistic WHs.

To acquire the expressions for the energy density (p),
radial pressure (p;), and tangential pressure (p;), it is imper-
ative to formulate specific equations based on the perti-
nent field equations associated with the problem. The exact
methodologies for deriving these quantities hinge upon the
subsequent formulas

_drv'o
P=4r 72 ©)
df b(r)  d>f rb' () —b(r)  df (1_@) ©

Pr="Ur +dR2 2r2 "~ dR3 r

2 Readers are referred to [27], for more detailed information.
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2

pi = —%% (1 — @) + 2—;% (b(r) = rb'(r)). (7
The relationship between the Ricci scalar R and the shape
function in the case of WH geometry can be expressed by
R = @, where b’ (r) represents the derivative of the shape
function with respect to 7. In our study focusing on the gener-
ation of a WH solution using SQW and CDM halos in f(R)
gravity, we will consider a specific form of the function f(R)
within the power-law f (R) gravity model. This specific form
is given by

f(R) = eRX. 8)

Here € is an arbitrary constant and y is the power law expo-
nent. This power-law f(R) gravity model has undergone
extensive scrutiny in relation to late-time acceleration in
the cosmos [85]. Nevertheless, comprehensive solar system
examinations have conclusively invalidated its viability as
a plausible substitute for elucidating fundamental phenom-
ena such as DE, matter dominance, radiation dominance, and
unified inflation [86-90].

In the extensive literature, scientists have extensively
examined various specific scenarios within the power-law
f(R) gravity model, as evidenced by studies [91,92] such as
x = —1 and x = 3/2. Notably, the case where y = 3/2 is
of significant interest due to its intriguing feature of confor-
mal equivalence to Liouville field theory. Carloni and his col-
leagues performed an in-depth analysis of the cosmic dynam-
ics associated with the power-law f'(R) model, as extensively
documented in their study [92]. However, despite its limita-
tions, it continues to be widely utilized as a simplified model
for theoretical investigations and serves as a valuable tool for
exploring various aspects of modified gravity [93-96]. The
power-law f(R) model was employed in another study by
Faraoni et al. [96] to investigate the solar system’s chameleon
process. The results showed that x needs to be somewhat
near to 1 in order to be consistent. Therefore, this study sug-
gests that the power-law f(R) gravity model is not a viable
candidate for replacing DE in a realistic context. The work
presented by Bronnikov et al. [97,98] establishes an impor-
tant no-go theorem regarding WH solutions in f(R) gravity
theories. The authors demonstrate that static and spherically
symmetric WHs cannot exist in these theories without the
presence of ExoM that violates the NEC condition. This
finding has significant implications. While it may be pos-
sible to construct a localized throat region without relying
on ExoM, the authors conclude that a genuine, globally con-
figured WH does not appear feasible under reasonable and
generic conditions within the context of scalar—tensor and
f (R) gravity frameworks. In other words, the no-go theorem
puts strict constraints on the viability of WH solutions in these
modified gravity theories, unless one is willing to invoke the
presence of exotic, NEC-violating matter, which remains a
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highly speculative and problematic proposition. This work
highlights the challenges faced in realizing traversable WH
geometries from first principles in these alternative gravity
models. The principal aim here is to assess the viability of the
power-law f(R) gravity model in producing physically rea-
sonable WH solutions. By examining the behavior of WH
within this specific model, we seek to understand the con-
straints and unique features associated with f(R) gravity
theories. The findings of this study will broaden the implica-
tions of modified gravity theories, elucidating the dynamics
of matter and energy within such theories and expanding our
understanding of the nature of spacetime.

3 Analyzing ECs: a global perspective

Moving on to the constraints on the metric functions of the
WH geometry, these constraints are dictated by the Einstein
field equations and provide information about the matter
threading the spacetime. In the context of the WH geometry,
the metric functions b (r) and b(r) are intimately connected to
the mass-energy density, radial pressure, and tangential pres-
sure of the matter. The curvature of spacetime and the dis-
tribution of matter and energy are related, according to Ein-
stein’s field equations. Therefore, violations of ECs may arise
from the particular form of the metric functions that satisfy
the fundamental features previously mentioned. The energy
density and elements of the matter’s energy-momentum ten-
sor are constrained by ECs, which are inequalities.> By plac-
ing constraints on the matter content, these requirements are
essential in ensuring the physical plausibility of the space-
time solutions. Four ECs — the null energy condition (NEC),
weak energy condition (WEC), dominant energy condition
(DEC), and strong energy condition (SEC) — will be looked
at in this study. These conditions are expressed as follows

NEC: p+ p; >0, 9)
WEC: p=0, p+pi =0, (10)
DEC: p—Ipil =0, (11)
SEC: p+3%_pi=0, p+pi =0, (12)

where i = space index. The ECs discussed above play a
vital role in the existence of WH solutions. They indicate
the necessity of ExoM for the formation of the throat radius
in the WH geometry. Studying the geometry of WHs and
the associated ECs is crucial for understanding the theoret-
ical and physical implications of these intriguing spacetime
structures and the possibility of their existence in the uni-
verse.

3 For additional details on these conditions, we refer readers to consult
the following Refs. [27,28,99—-104] for further information.

4 WHs sourced by SQW and CDM halos in f(R)
gravity: a novel approach

In this section, we will derive new WH solutions in the back-
ground of f(R) gravity, considering two different assump-
tions for the material content: SQW and CDM halos. We
will utilize the field equations of f(R) gravity to calculate
the shape function, taking into consideration the effects of
the SQW and CDM distributions.

4.1 SQW Halo

In 2014, Schive et al. [18] introduced a novel soliton mat-
ter density distribution, commonly known as the “solitonic
core”. This distribution is mathematically expressed as

2 —8
p(r) = py |:1+oz(ri>j| . (13)

The soliton core density, ps, and soliton core radius, ry, were
defined by Herrera-Martin et al. [105]. The matter distribu-
tion discussed above was extensively examined in the seminal
study by Schive et al. [19]. The specific radius, ry, is predicted
to be the half-density radius, which can be precisely calcu-
lated as the constant @ = +/2 — 1 ~ 0.09051. Furthermore,
in Eq. (13), the value of py is given as

e

—4
P —24x10‘2m—2[5] Mo 7o
=2,

——, where = —,
pc pc3 W Mo = Jo-22ev

(14)

with my, representing the boson mass parameter. Herrera-
Martin et al. [105] argued that the boson mass is a crucial
parameter that can be hypothesized to have a single and uni-
versal value for all galaxies in the universe.

For a more generic and comparative study, we introduce
the parameter n to replace the exponent 8 in Eq. (13). Thus,
the revised form of the solitonic core can be expressed as

2 —n
o(r) = ps [1 ta (;) } . (15)

In our current analysis, we aim to derive a new WHs sourced
by a SQW distribution using Eq. (15), while considering
the influence of the boson mass parameter. It is important
to note that for exploring specific cosmic scenarios, only
whole-number integers are typically assigned to n. While it
may be theoretically possible to select a value of n other
than 8, it may not be consistent or compatible with recent
observational evidence in a physical sense. Furthermore, for
the M 87 galaxy, the estimated soliton core radius is approx-
imately ry = 156 pc.

@ Springer
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Fig. 1 Graphical representation of the shape functions for two distinct scenarios: the SQW halo—(left panel) and the CDM halo—(right panel).
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Fig. 2 The behavior of matter density, represented by p, for both considered scenarios. Here, the throat radius is uniformly set to ro = 0.9. The
specific parameter values used in these plots are as follows: @ = 0.9, p; = 0.095 in Planck units, and ry = 4.7 in Planck units
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Fig. 3 The behavior of NEC and WEC, represented by p + p,, for both considered scenarios. The specific parameter values used in these plots

are the same as those in Fig.2

4.1.1 Shape function based on SQW halo

Here, we aim to determine the WH solution by employing the
concept of a shape function, which involves the utilization of
a SQW distribution. To achieve this, we will directly apply
the field equations of f(R) gravity and compute the shape
function, considering the impact of the SQW distribution. By
substituting Eq. (15) into Eq. (5), we can derive the following
expression for the shape function, allowing us to calculate the

@ Springer

exact form of the shape function for the SQW halo

b(r) = L. X,v" ¢, (16)

(2n+ Dr?
where C, is the integrating constant. By imposing the con-
dition b(rg) = ro, we can determine the integration constant
Cq, leading to the final form of the shape function for the
SQW halo
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Fig. 4 The behavior of NEC and WEC, represented by p + p;, for both considered scenarios. The specific parameter values used in these plots
are the same as those in Fig.2
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Fig. 6 The behavior of DEC, represented by p — p;, for both considered scenarios. The specific parameter values used in these plots are the same
as those in Fig.2

1 1n Un _ > 2 _ R L
b(r)=ro+m[LrXrYr — Ly X5y Yoy ] Ly = nro (arg +715) s Xny =2 Fi | 114 324 o )
17 pl-n ; 2 -n
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where
Building upon the assumptions mentioned earlier, we can
2

nr (e +17). X, =2 Fy <1 LT "‘) express the remaining two nonvanishing components of the
s Ar = s ’ ) . .
’ g f(R) gravity field equations as follows

2n’ 2n 2
- 2 -n
Y, = 2P et (-‘" +1> ,

2
an Ty

L,
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Fig. 7 The behavior of SEC, represented by p + p, + 2 p;, for both considered scenarios. The specific parameter values used in these plots are the

same as those in Fig.2
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Fig. 8 The behavior of the adiabatic sound speed, represented by vsz, for both considered scenarios. The specific parameter values used in these

plots are the same as those in Fig.2

ro in [km]

a(rg) : Quantum Wave Dark Matter Halo

ro in [km]

a(rp) : Cold Dark Matter Halo

-0.65

-0.91

-1.17

-1.43

-1.69

-1.95

Fig. 9 The behavior of the numerical results of the deflection angle of photons, represented by «(rg), for both considered scenarios. The specific
parameter values used in these plots are the same as those in Fig.2

Py = %%[Lm X, (_ (n2 = 3n+2)r* + (n — D2y +L; X, ((n - Dr? +1Yr1/n)Y,12/" —@2n+ l)rsz((n -1y
4 ) " = L X (= (2 =3n 4 2) - ) +2 0 =) =ro? " 17" | (19)
<2 4P @n DR (= (0 =3+ 2)
+(n = 3n+2) o — (0 = Doy
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@22y My, 2 U\ oi/m tions presented in (15), (18), and (19) for further quantitative
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4.2 CDM halo

Once again, the NFW profile [106], which characterizes the
distribution of CDM halo, was originally derived by analyz-
ing N-body systems. Mathematically, it can be expressed as

Ps

PO = A

(20)

where ry is the typical radius and py is the density at zero
radius of the universe. For the M87 galaxy, the specific
parameters associated with the NFW profile are as fol-
lows: The characteristic density is given by p; = 0.008 x
107 MQ/kpc3 (as stated in [107]), and the scale radius is
rg = 130 kpc (also reported in [107]).

4.2.1 Shape function based on CDM halo

Once again, we will proceed with calculating the WH solu-
tion using a shape function that incorporates a CDM halo.
This calculation will be carried out within the context of f(R)
gravity. In this subsection, we will apply Eq. (20) to obtain
a new WH solution that is influenced by the distribution of
the CDM halo. To accomplish this, we will directly utilize
the field equations of f(R) gravity and determine the shape
function while considering the impact of the CDM halo dis-
tribution. By substituting Eq. (20) into Eq. (5), we will derive
an explicit expression for the shape function, enabling us to
calculate its precise form for the CDM halo

1 o i
b(r)y= —L,;X
(r) 2(n —2)(n — 1) rardr
where Cp, is the integrating constant. We can determine its
value by imposing the condition b(rg) = rg, which leads to

the following formula

21

b(r)=r0+;|:irir?rl/ _Lroirofl/n],
2(n —2)(n — 1)
(22)
where
- n(r4ry) - 217p2pden
=m—=2r—nrs, X, = ; ,Yr—my o
S n(ro+rs) & 21 npSer’}r(l)l
= -2 - Xy=—""Yy=—"""7"75
(= 2ro = nrs, Xy ro * T an(r+rg)?’

Once again, under the same set of assumptions, we can
express the remaining two nonvanishing components of the
gravity field equations as

3/n

2 4naY

(n—2)(n—Dr3rg r

|: (n2 —3n+ 2) r4r0 (nl?rl/ — 2Y1/" n2r3> f’rl/”

Y,
pr = pr

+n — 1)r3< — nerZleo/n + 2nrgrg X (le/n —
- 2)rd (n (17,1/" — 2) n 2)) gim
—nr2r0 ( 8Y1/" nzrs2 +n (417,1/" + rf)) 2/" + 4r
X < — nzrszfrlo/" + 2nrors (le/" — 17,.10/")

+(n —2)r§ ( ( 1/" 2) +2>>)7,2/n4n ro r2Y3/n
+(n—2)%(n — 1)rrg <n (17,”” - 2) + 2)

—(n2—3n+2)r5(—n2

+00 =273 (n (V4" = 2) +2))],

2n—3 - f/ N N
o n Yr 2/n Il rle/n _ nzrsZleO/n
(n—2)(n — Dr3rg rh

+2nrory (P = T4 + @0 = 23 (n (4" = 2) +2))
—n rorzY 2/n (n2 —3n+ 2) *ro (n (I?rl/" — 2) + 2)
—(n — 1)r3< — n2r217,1/'1 + 2nr0rs(17,1/" — 17,10/")

+01 =203 (n (74" =2) +2))

=g (w3rd - n? (P17 = r2) = an?/" 4 aqt ") )7,‘/”].

(24)

irlo /n )

rsz?rlﬂ/n + 2nrorg <I~/r1/” — f’rlo/n>

(23)

pr =

We can also readily perform a quantitative evaluation of
the ECs using the equations presented in (20), (23), and (24).

4.3 Stability

The stability and physical significance of the solutions can
be efficiently evaluated by considering the adiabatic sound
velocity, expressed as

2:8<p>
N ap

, (25)

where < p > represents the average pressure across the three
spatial dimensions, defined as

1
<p>=3(pr+2p). (26)
These fundamental properties hold true while respecting the
following constraint
0<v?<l. (27)
Now, in order to investigate the potential presence of a repul-
sive gravity effect in the WH solutions and its influence on the
asymptotic structures, it is necessary to perform a thorough

examination. In the upcoming section, we will introduce the
concept of the photon deflection angle specifically for the
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WH. This approach will provide a convenient means to ver-
ify and assess the phenomenon, enabling us to understand its
role and significance in shaping the overall behavior of the
WH.

5 Repulsive behaviour of gravity

This section explores the interplay between the geometry of
traversable WHs and the gravitational lensing effects induced
by two different DM halo profiles. Specifically, the analysis
considers how the deflection angle of light is influenced when
passing in the vicinity of WHs embedded within SQW and
CDM halos. The curvature of spacetime generated by the
mass and energy distributions of these cosmic structures has
a profound impact on the propagation of light. As predicted
by GR, this warping of the gravitational field can cause sig-
nificant bending and distortion of light rays when they pass
in proximity to massive objects like BHs or WHs. This phe-
nomenon, known as gravitational lensing, has long captivated
the fascination of researchers. A major breakthrough in this
field came with the groundbreaking work of Virbhadra and
colleagues [75,108,109], which unveiled the intriguing pos-
sibility of “eternal’ light rings — stable photon orbits that can
trap light indefinitely around certain exotic spacetime geome-
tries. Building on this, Bozza [76] developed an analyti-
cal framework to rigorously model gravitational lensing in
the strong field regime for any spherically symmetric space-
time. This powerful technique has since been widely adopted
and applied in a variety of subsequent studies [110,111]
to unravel the unique optical signatures of WHs and other
intriguing cosmic objects. To investigate the deflection angle
of photons moving along null geodesics, we start by introduc-
ing a general spherically symmetric and static line element
[112,113]. This line element can be expressed as

ds? = —H(r)dr* + G(r)dr? + F(r)dQ2. (28)

To describe the motion of a freely falling body in relation
to the background geometry [113], we utilize the geodesic
equation. This equation establishes a connection between the
momenta one-forms of the body and the geometry of the
spacetime. It can be expressed as

ddi)f} = %gva,ﬂpvpa- (29)
Here, A represents the affine parameter. It is worth noting that
if the components of g, are independent of x? for a fixed
index B, then pg is a constant of motion. By considering only
the equatorial slice with = 7/2, we find that all the g,
components in Eq. (29) become independent of ¢, 6, and ¢.
Consequently, we can identify the respective Killing vector

@ Springer

fields 6*«dv with o as a cyclic coordinate. By setting the
constants of motion as p; and py, we can further analyze
the dynamics of the system as p; = —&, and py = L,
where £ and L represent the energy and angular momentum
of the photon, respectively. Therefore, we can proceed by
expressing the geodesic equation as follows
and py = ¢ =g’

pi=t=g"p,= "py =

L
F(r)’
(30)

£
H(r)’

where the overdot denotes the differentiation w.r.t. affine
parameter A. Once again, we can easily obtain the radial null
geodesic as follows,

L L [T& 52]
T [H(r) 7O 1)

To be more precise, we can express the equation for the pho-
ton trajectory in terms of the impact parameter © = L/€ as

dr? .7-'(1")2 1 /LZ
| = — . 32
[ddj w*G(r) [H(V) f(r)} G2

Now, by considering a photon source with a radius ry that
influences the geometry, we can determine the deflection
angle of the photons. The photons can only reach the surface
if a solution ry satisfies the condition ro > ry and 72 = 0,
where rg represents the distance of closest approach or turn-
ing point. In such a scenario, the impact parameter can be
expressed as

L [Foo
k== (33)

In the weak gravity limit, it is evident that u =~ /F(rp).
Therefore, if a photon originates from the polar coordinate
limit given by lim (r, —5 — %), passes through the turning
r—00
point at (rg, 0), and approaches lim (r, 7+ %), the deflec-
r—00
tion angle of the photon, denoted as «, can be defined. This
deflection angle, which depends on rq [114], can be derived
explicitly from Eq. (33) as

3 < G [(Ho)\ [ F) ~172
“(m)__”z/m VFo) [( H) ) (f(ro)) B 1] ar

(34)

For the selected metric coefficients in the WH geometry, the
deflection angle takes on the following form

D b(r)\ (r? i
a(rg) = —7 +2/ - (1 — T) 5 1 dr. (35)
ro 0
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One can now easily determine the deflection angle of pho-
tons in f(R) gravity by numerically integrating the formulas
mentioned above, taking into account the shape functions
specified by Eqgs. (17) and (22). In the next section, we will
provide an interpretation of this phenomenon and conclude
whether the photon deflection angle on the WH is positive or
negative in spacetime.

6 Interpreting and analyzing the constructed WHs
sourced by SQW and CDM halos, and the repulsive
gravity effect in f(R) gravity

Investigating the characteristics of the shape functions dis-
cussed in Sect. 2, we have plotted b(r), b’ (r), b(r)/r, and the
flaring-out condition (—rb’(r) + b(r)) in Fig. 1 for two sce-
narios: the SQW halo—(left panel) and the CDM halo—(right
panel). By appropriately assigning values to the remaining
parameters, namely ps, 75, &, n, and rp, we can generate plots
of the shape functions.

By examining Fig.1, we can see that the expression
b(r) — r is negative when r > ro, meaning that b(r)/r < 1.
This suggests that the function b(r) —r drops as r grows, con-
firming the flaring-out condition for r > ry and b'(r) < 1.
It is noteworthy that the conditions b'(r) < 1, b(r)/r < 1
for all ¥ > rg, and b(r)/r — 0 as r — oo are significantly
met at all radial distances. Thus, we can conclusively state
that spacetime exhibits asymptotic flatness at all radial dis-
tances. Consequently, the newly generated shape functions,
incorporating the SQW and CDM halos, accurately describe
the structure of WHs.

Subsequently, in order to understand the nature of the
matter involved, the analysis of ECs confirms the presence
of ExoM as a crucial component for the WH geometry’s
throat radius. This observation emphasizes the significance
of investigating WH geometry and the associated ECs. The
current analysis reveals that all the ECs exhibit positive and
negative regions across different ranges of the involved model
parameter y. Upon examining the graphical representation
of the energy density p as a function of x and r in the pres-
ence of two distinct types of DM halos, namely the SQW
and the CDM halos (as depicted in Fig.2), it is evident that
p remains positive (within the valid region) throughout the
chosen range of x. This suggests that the energy density
of the system remains non-negative, indicating the presence
of physically reasonable matter distributions within the WH
geometry.

In order to examine the ECs, namely the NEC, WEC,
DEC, and SEC in terms of p, p,, and p;, we have generated
graphs that illustrate their varying trends. The corresponding
graphs, which visually represent these ECs, can be found in
Figs.3,4, 5, 6, and 7. Based on the observations from Fig. 3,
it is evident that the quantity p 4+ p, > 0 is strongly violated

at the throat of the SQW halo. However, this violation is
only temporary and the condition is eventually satisfied after
a certain radial distance. On the other hand, for the CDM
halo, this condition is satisfied throughout the entire region.
Furthermore, when considering the quantity p + p; > 0, it
is noticed that this condition is slightly satisfied at the throat
of both scenarios. However, this satisfaction is short-lived
as the condition is violated shortly after a very small radial
distance in both cases. We have observed a slight satisfac-
tion of the condition p — p, > 0 at the throat of the SQW
halo. However, in the case of the CDM halo, this condition is
satisfied consistently throughout the entire region. Similarly,
we have noticed that the condition p — p;, > 0 s also slightly
satisfied at the throat for both scenarios. However, for the
remaining regions, this condition is violated in both scenar-
ios. We have observed a similar behavior for the quantity
p + pr + 2p; > 0 in both scenarios. It was slightly satis-
fied at the throat for both scenarios and then violated in the
remaining regions. This behavior mirrors what we observed
for the condition p — p; > 0. The region in which the quan-
tity p + p» +2p; > 0Ois invalid, as shown in Fig. 7, provides
further evidence for the presence of ExoM at and in the vicin-
ity of the throat. In WH physics, the violation of ECs is often
associated with the existence of ExoM, which possesses neg-
ative ECs. This ExoM is crucial for maintaining the stability
of the WH and preventing its collapse. Therefore, the pres-
ence of this invalid region supports the notion that ExoM is a
necessary component of WH physics. The adiabatic sound
velocity, as discussed earlier, is a key indicator of the system’s
stability. If the adiabatic sound velocity is real and positive
and within the range defined by (27), it suggests that the sys-
tem is stable under small perturbations. However, we observe
that the stability can be further influenced by other parame-
ters of the system, such as the parameter x. It is important
to note that the parameter x must be constrained within the
regions where the adiabatic sound velocity stability condi-
tion is fulfilled and, consequently, the stability of the system.
Figure 8 depicts the parameter space (x, r), highlighting the
valid region where this condition is satisfied.

The exploration of the repulsive effect of gravity in this
study is of significant importance. We directly utilize Eq. (35)
to compute the numerical solution for the deflection angle of
photons in the f(R) extension of Einstein gravity. The plots
are exhibited in Fig.9. A negative deflection angle indicates
the presence of repulsive gravity. To verify this phenomenon,
we introduce the concept of the photon deflection angle on
the WH. In the presence of repulsive gravity acting on pho-
tons, this deflection angle becomes negative in the spacetime
[115]. It is interesting to observe that the deflection angle
consistently takes negative values for all values of r( in both
scenarios. This can be interpreted as the manifestation of the
repulsive gravity effect. One can easily confirm the absence
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of negative deflection angles to further support this observa-
tion [116].

7 Concluding remarks

In conclusion, our study explored generalized traversable
WHs within f(R) gravity. We focused on f(R) gravita-
tional theories formulated in the metric formalism, specifi-
cally investigating a power-law form given by f(R) = e R%,
where € is an arbitrary constant and x is a real number. The
advantage of this form lies in its ability to be reduced to Ein-
stein gravity by settinge = 1 and x = 1. To derive novel WH
solutions in the context of f(R) gravity, we exploit the gen-
eral field equations for any f(R) theory within the Morris-
Thorne spacetime framework, assuming time-independent
metric coefficients. We explored two distinct material con-
tent scenarios, namely SQW and CDM halos. Our analysis
involved calculating the shape function of the WHs, account-
ing for the influences of SQW and CDM distributions. Addi-
tionally, we made the simplifying assumption of a constant
redshift function (D(r) = constant), implying negligible tidal
gravitational forces experienced by a hypothetical traveler.
Remarkably, our investigations led to the intriguing discov-
ery of ExoM, characterized by an energy-momentum tensor
that violates the NEC near the WH throat. This finding adds
an intriguing aspect to the study of WHs.

By considering these scenarios, we present a class of solu-
tions for static and spherically symmetric WHs that adhere
to the required metric conditions. Moreover, in order to vali-
date the viability of the constructed WHs with well-behaved
matter sources, we examined the characteristics of the shape
functions, namely b(r), b’(r), b(r)/r, and the flaring-out
condition b(r) — rb'(r), for two scenarios: the SQW halo
and the CDM halo. By appropriately assigning values to the
involved parameters, such as py, 75, @, n, and rg, we made
several notable observations.

For r > ro, it was observed that the expression b(r) —r is
negative, indicating that b(r)/r < 1. This implies that as r
increases forr > rg and with b'(r) < 1, the function b(r) —r
decreases, satisfying the flaring-out condition. Importantly,
it is worth noting that the conditions »'(r) < 1, b(r)/r < 1
hold true for all » > rg, and as » approaches infinity, b(r)/r
tends to zero.

Based on our extensive analyses, we present compelling
evidence that the derived shape functions effectively cap-
ture the characteristics of the WH configurations. By thor-
oughly examining the ECs, including the NEC, WEC, DEC,
and SEC, we shed light on the behavior of these conditions
within the context of WHs. Furthermore, we investigated
the presence of ExoM at the throat and its impact on the
ECs. Our investigations focused primarily on the NEC, which
plays a vital role in determining the viability of traversable
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WHes. Intriguingly, we find that the expression p + p, > 0
is strongly violated at the throat of the SQW halo, as well
as in the vicinity of the WHs, but satisfied for the CDM
halo. However, contrary to previous findings, we demonstrate
that this violation persists even after considering a signifi-
cant radial distance. Additionally, in analyzing the expres-
sion p + p; > 0, we find that it shows only slight satisfac-
tion at the throat in both scenarios, followed by a significant
violation outside the throat. Similarly, we observed that the
condition p — p, > 0 is only mildly satisfied at the throat
of the SQW halo, while the CDM halo consistently satis-
fies this condition throughout its entire region. Furthermore,
we evaluated the condition p — p; > 0 and found that it
experiences slight satisfaction at the throat for both scenar-
ios. However, this satisfaction is short-lived, as the condition
is violated in the remaining regions of the WHs. Interest-
ingly, the quantity p + p, 4+ 2p; > 0 exhibits a behavior
similar to that of p — p; > 0 in both scenarios. It shows a
slight satisfaction at the throat, followed by violation in the
remaining regions. These investigations into specific param-
eter ranges in both scenarios, analyzed through the ECs, have
strongly revealed the presence of ExoM characterized by an
energy—momentum tensor that violates the NEC and, con-
sequently, the WEC as well, particularly in the vicinity of
the WH throats. Moreover, we have investigated the overall
stability of the configuration by determining the adiabatic
sound velocity and explicitly defining the stable region.

Our investigations explored the repulsive effect of gravity,
showing that it leads to a negative photon deflection angle on
the WH. This negative deflection angle is a manifestation of
the repulsive gravity effect, as confirmed by the consistent
negative values across all rg. In contrast, the absence of nega-
tive deflection angles [116] further supports this observation.

In summary, our study explores WH formation mecha-
nisms, focusing on insights from SQW, CDM halos, and
the repulsive gravity effect within f(R) gravity. We have
unveiled novel solutions that shed light on the properties and
implications of these mechanisms in the context of WH for-
mation.
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