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Abstract We present a study of the Effective Field The-
ory (EFT) generalization of stochastic inflation in a model-
independent single-field framework and its impact on primor-
dial black hole (PBH) formation. We show how the Langevin
equations for the “soft” modes in quasi de Sitter background
is described by the Infra-Red (IR) contributions of scalar per-
turbations, and the subsequent Fokker—Planck equation driv-
ing the probability distribution for the stochastic duration AV,
significantly modify in the present EFT picture. An explicit
perturbative analysis of the distribution function by imple-
menting the stochastic-6 N formalism is performed up to the
next-to-next-to-next-to-leading order (NNNLO) for both the
classical-drift and quantum-diffusion dominated regimes. In
the drift-dominated limit, we perturbatively analyse the local
non-Gaussianity parameters (fNL, gnL, TNL) With the EFT-
induced modifications. In the diffusion-dominated limit, we
numerically compute the probability distribution featuring
exponential tails at each order of perturbative treatment.
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1 Introduction

Cosmological inflation is a leading paradigm for the very
early universe that provides a seeding mechanism for gen-
erating present-day large-scale structures from primordial
quantum fluctuations. These fluctuations, generally associ-
ated with a scalar field taking part during inflation, begin their
journey initially from the small-scale quantum regime to later
transition into the large-scale, classical regime. An interest-
ing consequence of the primordial fluctuations in the early
universe, mostly those generated near the end of inflation at
small scales, is the formation of objects known as primor-
dial black holes (PBHs). The formation of PBHs [1-150] is
linked to the large fluctuations at smaller scales that, after re-
entry into the horizon, generate regions of overdensities and
underdensities in the content of the universe, which gravita-
tionally collapse after crossing a certain threshold, to produce
PBHs. The interest in PBHs has seen a rapid rise due to their
strong candidacy as dark matter, and the fluctuations giving
rise to them can also participate in the production of primor-
dial gravitational waves whose signatures can be observed
today, see the Refs. [28,33,38,47,58,64,73,75,87,90,117-
120,131,151-192] for recent work covering such interests.
Out of the possible mechanisms for PBH formation there is
one that involves a section of the inflationary potential at the
small scales to develop an almost flat region that significantly
enhances the scalar-field fluctuations taking part in forming
PBHs. Such a regime during inflation is also recognized as
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a period of ultra-slow roll (USR), where the quantum dif-
fusion effects begin to dominate and in turn contribute to
the overall dynamics of the large-scale classical perturba-
tions, after horizon exit. A wide variety models featuring
such a region have been analyzed from the perspective of
stochastic inflation and their implications on PBH produc-
tion [31,36,46,169,193-205].

In the paper [206], Starobinsky first introduced the
stochastic inflationary paradigm as a new way of understand-
ing the dynamics of large-scale fluctuations that get affected
by the presence of noise terms coming from the quantum-
to-classical transition of the small wavelength modes of pri-
mordial fluctuations. See also Refs. [92,207-211] on “Soft
de Sitter Effective Theory” (SASET) which strengthens the
building blocks of the stochastic inflationary paradigm. The
word “soft” here signifies the low-energy component after
splitting of the gauge-invariant variable, that is the comov-
ing curvature perturbation ¢ in the EFT of inflation, into its
long and short wavelength parts. The short-wavelength parts
would suffer coarse-graining from stochastic effects and later
join the long-wavelength dynamics after horizon crossing.
Recently, the stochastic inflation formalism has been applied
to a plethora of settings and has also found significant appli-
cations in the study of PBH production [31,36,46,169,193—
204]. In this work, we aim to generalize this picture of PBH
formation from a USR phase in a model-independent manner
by building a soft de Sitter Effective Field Theory (EFT) for-
mulation of stochastic single-field inflation without explicitly
inserting any scalar field in the framework.

The EFT of inflation framework [212-216] provides an
opportunity to construct a detailed technical description of
the UV complete theory in a model-independent manner.
Here we can study the dynamics of the metric perturbations
around a quasi de Sitter spacetime without worrying about
a specific model potential driving the scalar field. The EFT
action of interest is built around the symmetries manifesting
themselves into the structure of the higher-dimensional oper-
ators present within the action. We adhere to the well-known
Stiickelberg approach, while working with the unitary gauge,
from which restoring the gauge invariance in the EFT action
gives rise to a new scalar degree of freedom, dubbed the Gold-
stone mode, that non-linearly transforms under the broken-
time diffeomorphism symmetry. In the stochastic inflation
picture, we deal with the dynamics of large-scale metric per-
turbations that encounter the classical noises resulting from
stochastic effects near horizon crossing. Here we present how
to embed the underlying EFT principles into deriving the evo-
lution equation for the same large-scale comoving curvature
perturbations, labeled as ¢, which results from converting
the initial quantum fluctuations at the end of inflation. The
short-scale or Ultra-Violet (UV) fluctuation component of
¢ undergoes a process referred to as coarse-graining in the
presence of the stochastic effects dominant near the horizon-
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crossing instant; this is also not an exact moment and differs
based on the coarse-graining window function on which we
also elaborate in later sections. This horizon crossing extends
further into the super-Hubble scales, and the evolution of the
coarse-grained curvature perturbations, also referred to as
the Infra-Red (IR) component, is governed by the stochastic
Langevin equation. We later show the significance of these
equations from the perspective of studying PBH formation.
The mechanism for PBH formation has been studied
quite extensively, and various approaches, like the Press—
Schechter formalism, peak theory, or the recently well-
focused compaction function approach, [113,118-121,171,
217-230] have their preferred regimes of applicability under
certain conditions. In the Press—Schechter approach, the ini-
tial profile for ¢ is considered to be of Gaussian nature, and
PBH formation occurs when the large curvature perturba-
tions exceed a certain threshold, ¢, ~ O(1) and as a result
the quantum diffusion effects in the USR region cannot be
ignored during the process. Thus, since the use of perturba-
tion theory is best justified when non-Gaussianity is strictly
very small, this assumption quickly breaks down during PBH
formation where the non-Gaussian statistics, most prominent
at the tail end of the perturbation distribution, become too
significant to ignore for a robust understanding of the whole
process. To consider this development, many works have sug-
gested use of the non-perturbative, stochastic-§ N formalism
[231-234] which successfully allows us to relate the statis-
tics of the curvature perturbation distribution to that of the
amount of integrated expansion, N, for which we solve in this
paper considering perturbative corrections from the different
regimes (classical and quantum). We take on this approach
and show how the Fokker—Planck equation for the probability
distribution function (PDF) of the e-folds of expansion vari-
able in the USR phase receives modifications from the EFT
framework following the version of the Langevin equations
derived before. This approach of dealing with the stochastic
effects from a USR regime has also been adopted in some
recent works [235,236] and we also perform the present study
with the USR by utilizing the stochastic-6 N formalism.
Since we are not considering any specific model of a scalar
field driven by a potential, the weight of realizing any par-
ticular theory falls on the parameters that characterize the
slow-roll conditions necessary for inflation. In the EFT of
inflation, the Hubble rate is an important parameter through
which we can write the various perturbative correction terms
coming from higher-derivative operators as part of the gen-
eral theory. To make this realization explicit, we show how
the conditions on the slow-roll parameters and the Hubble
rate be realized in our three-phase scenario consisting of a
USR phase in between two slow-roll phases. The information
regarding mode solutions of the curvature perturbation can
also be extracted within the EFT framework by working with
the second-order perturbed action. This solution can then be

worked out individually for the three-phase scenario, involv-
ing a specific parameterization of the transition between each
phase, which is chosen here to be of a sharp nature. How-
ever, we must emphasize here that the transition, whether
sharp or smooth, does not alter our conclusions and later dis-
cuss more on such features inside the relevant section. The
EFT description also has an effective sound speed parameter
cs, where ¢g = 1 refers to the canonical single-field mod-
els, while ¢y # 1 to the non-canonical single-field models of
inflation. This parameter is also crucial to realise the three-
phase setup used in this work. In the present context, we
elaborate on the impact of the effective sound speed by, first,
specifying its exact parameterization used and, secondly, dis-
cussing the changes brought by its possible values to the var-
ious auto-correlation and cross-correlation elements of the
power spectrum, keeping satisfied the causality and unitarity
constraints from experiments. We find that no violation of
the mentioned physical conditions is needed, and perturba-
tivity arguments remain intact, giving rise to enough ampli-
tude necessary for PBH production. We also elaborate on the
other features coming from the stochastic effects present in
the system, especially near the transition between phases of
the set up.

This paper is organised as follows: In Sect. 2, we begin
with elaborating on the underlying motivation for stochastic
EFT formulation given in this work. In Sect. 3, a brief outline
of the EFT of inflation is given followed by the second-order
perturbed action for the curvature perturbation which later
gets used to derive the mode solutions featuring stochastic-
ity. In Sect. 4, we implement the stochastic feature in to the
EFT set up by showing derivation of the Hamilton’s equa-
tion of motion for the coarse-grained curvature perturbation
In Sect. 5, we show the explicit realisation of the slow-roll
parameters and the Hubble expansion rate during inflation in
our three phase set up SRI-USR-SRII. In Sect. 6, we present a
overview of the stochastic-6 N formalism and how we utilise
this in the stochastic EFT formulation. In Sect. 7, we anal-
yse the Fokker—Planck equation further so as to obtain its
modified version which helps to study the evolution of prob-
ability distribution function in the coming sections. In Sect. 8,
we introduce the characteristic function and its benefits for
solving the Fokker—Planck equation. Section 9 focuses on
the diffusion-dominated regime analysis, where we first out-
line the relevant method to obtain the PDF at a specified
order in the perturbative treatment, and in the rest of the sec-
tion, extend this treatment up to the next-to-next-to-next-to-
leading order (NNNLO). In Sect. 10, we outline the relevant
methods to solve for the PDF, this time in the drift-dominated
regime, with a perturbative treatment also extending up to
the NNNLO. Also in the same section, along with the PDF,
explicit expressions for the non-Gaussianity parameters and
features of the PDF profile are discussed. In Sect. 11, we
briefly talk about the spectral distortion effects related to
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the PBH formation mechanism and utilise the scalar power
spectrum derived earlier to compute the magnitude of such
effects. In Sect. 12, we outline the PBH formation mecha-
nism in the context of present stochastic EFT picture, and
discuss the PBH mass fraction and present-day abundance
with giving expressions for the mass fraction at each order
till NNNLO. In Sect. 13, we present results of the numerical
outcomes starting with the scalar power spectrum, followed
by results for spectral distortion, followed by PDF profiles
in the diffusion-dominated limit for each order, and ending
with results for the PBH mass fraction and abundance. We
finally conclude our work with summarizing our findings in
Sect. 14.

2 Underlying physical motivation and approach

This section addresses the motivation behind seeking an
EFT generalization of the stochastic single-field inflation
paradigm. We aim to present the procedure by which such
a generalization can take place in the present context and
highlight the reasons behind the higher-order (NNNLO) per-
turbative treatment.

The understanding of super-Hubble dynamics of the scalar
perturbations in dS space and tackling the appearance of sec-
ular logarithmic IR divergences have a rich history of interest
[207,211,231,237-243]. A majority of these investigations
center around the theory of stochastic inflation. A recent
example of this is the study in [211], where the authors explic-
itly detail the higher-derivative corrections to the evolution
equation of the PDF of the long-wavelength perturbations by
deriving their results with the SASET approach. It also high-
lights a crucial fact regarding the corrections talked about
to stochastic inflation, in that a proper Dynamical Renormal-
ization Group (DRG) analysis, involving resummation of the
logarithmic IR divergences at all orders in the loop calcu-
lations, can effectively provide the said corrections. In the
present work, we focus on the scalar field perturbations and
incorporate an effective field theory approach for the dynam-
ics of the scalar metric perturbations, ¢ (¢, x). This approach
renders our analysis as fully gauge-invariant which would not
have been the case have we chosen to work with the scalar
field perturbations 8¢ (¢, x) instead.

Let us first understand the idea behind the EFT of single-
field stochastic inflation that is of interest here, what prob-
lems may arise concerning the quantum loop corrections,
and how we aim to tackle them. We start with splitting of
the gauge-invariant curvature perturbation field into its long
(soft/IR) and short (hard/UV) wavelength components, as
encountered in the stochastic inflation theory. After this, a
perturbative expansion of the EFT action to include higher-
derivative operators will be composed of various spatial and
temporal derivatives combinations of ¢, each accompanied
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with the stochastic effects. This will have major implica-
tions if one wishes to evaluate higher-point correlation func-
tions using the Schwinger—Keldysh (in-in) technique, which
will now be described in terms of the stochastic parame-
ter o for each higher-order interactions after their quanti-
zation. The parameter o acts as a cut-off scale to filter out
the UV modes and we are left to consider the dynamics of
a system of IR modes where the UV modes act as classical
noise terms coming from a separate environment. One would
eventually require the need of regularization and renormal-
ization techniques to proceed with this modified procedure
of calculating cosmological correlations with the stochastic
effects, followed by a DRG analysis to remove the unwanted
UV and soften the logarithmic IR divergences from quan-
tum loops. The final step of performing the DRG, account-
ing for stochasticity, becomes the most challenging aspect
of the above procedure. Using this method, one can capture
the quantum effects of the diagrams up to all orders in the
perturbative expansion that leads to the softening of the log-
arithmic IR divergences present at the super-hubble scales in
cosmological correlations.

Now, with the inclusion of stochastic effects through o,
each interaction involves such effects in the calculations, and
keeping track of all orders of the possible loop diagrams
becomes cumbersome. Here, o plays the role of a regulator
whose purpose is to coarse-grain the contributions and the
softening of the logarithmic IR divergences at all orders in
the SASET. The o parameter remains the same throughout
each diagram and demands controlling its impact such that
it does not propagate to all other diagrams and results in a
meaningless outcome. Situations like these are examples that
we can avoid with the stochastic-§ N formalism since it can
save us from the DRG analysis with stochastic effects, and
instead, the stochastic-§ N similarly mimics the DRG anal-
ysis for the scalar perturbation modes. In [244], the equiv-
alence between the classical §N formalism and the DRG
method is worked out in detail. Further, following the devel-
opments in [208,241,245,246], it is expected that the DRG
analysis in the presence of stochastic effects and separately
performing of the stochastic-§ N analysis will converge to
give similar results as discussed above.

The other aspect of this work concerns why a careful
analysis dealing with a next-to-next-to-next leading order
(NNNLO) treatment is of concern here. To make the idea
behind the analysis more transparent, we mention that in
order to generate the PDF of the long-wavelength compo-
nent, we deal with the drift and diffusion dominated regimes
separately. For each regime, the task undertaken is such that
one particular phenomenon, whether diffusion or drift, adds
its corrections perturbatively to the other that dominates that
regime. By performing a more rigorous study, we test for
the perturbativity conditions and check the extent of valid-
ity of the analytical methods for each scenario. Also, with
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the EFT formulation as our backdrop, we aim to elevate our
analysis further by generalizing it to include the canonical
and non-canonical models of single-field inflation. Later in
this work, we show how various statistical measures of the
PDF, like its variance, skewness, and kurtosis, can be cal-
culated through its higher-order moments when focusing on
the drift-dominated regime and the information that they can
provide on variety of non-gaussianity parameters, namely
JNL, gNL» TNL, as they continue to receive corrections from
each order treatment. Following this, since we also focus
on PBH production, we carefully analyze the PDF in the
diffusion-dominated regime. We later demonstrate that with
each order of corrections included, the perturbative nature of
the overall analysis remains robust regardless of the choice of
canonical or non-canonical features. We also observe inter-
esting features when estimating the PBH mass fraction and
further elaborate on the PBH formation process with its
dependence on the multiple parameters seen when working
out the Fokker—Planck equation. In the course of this study,
we show the robustness of the analytical methods via our
results and find no instances violating any of the perturbativ-
ity conditions.

3 The stochastic EFT of single field inflation
3.1 The underlying EFT setup

The Effective Field Theory (EFT) setup involves the con-
struction of an effective action which is valid below some
extremely high energy or UV cut-off scale. This cut-off deter-
mines the scale of energy above which the effective descrip-
tion of the underlying theory breaks down. As of now, not
much is known about the possible physics which can charac-
terize a UV complete theory. However, whatever the physics
might be present above sucha UV cut-off A, it should become
manifest itself in the effective action used for conducting any
analysis at the lower energies. The construction of this action
involves terms which are built so as to respect the underlying
symmetries of the theory that survive at these low energies.
We would like to use this EFT framework to study the
theory of fluctuations around a time-dependent background.
To this effect, we begin with a scalar field ¢ (¢, x) that is
driving inflation. The scalar field itself obeys full diffeomor-
phism symmetry, however, its perturbations §¢ are such that
they they exhibit broken time diffeomorphism symmetry but
remain as scalars under the spatial diffeomorphisms. The
non-linear transformation for the scalar perturbations under
time-diffeomorphisms can be written as follows:

t—>t+&%,x), xX' >xf Vi=1,23 = 8¢
— 8¢ + do(E" (1, %) (1

where & 0(, x) is the time-diffeomorphism parameter, ¢q(¢)
represents the time-dependent background scalar field in a
homogeneous isotropic FLRW space-time, and a “dot” rep-
resents a derivative with respect to the cosmic time ¢. To pro-
ceed further, we choose to work with the unitary gauge which
brings the condition ¢ (¢, X) = ¢(¢), setting the inflationary
perturbations to zero. By doing so, the scalar perturbations
variable gets eaten by the metric which leads to an increased
3 physical degrees of freedom: 1 for the scalar mode and 2
helicities, and this mimics exactly the phenomenon in spon-
taneous symmetry breaking in the SU (N) non-abelian gauge
theory. Our theory involves a quasi de Sitter solution for the
spatially flat FLRW space-time having the metric:

1

d(f) = _H_‘[

—0<t1<0. 2)

ds®> = a*(t)(—dt?® + dx*)  where

The next step into the construction of the effective action
in the present context requires using the metric g, and its
derivatives, which include the Riemann tensor (R;,,qg), the
Ricci tensor (R,,,), and the Ricci scalar (R). Another impor-
tant quantity needed is the temporally perturbed component
8g% = (g% 4+ 1), of the metric. This term respects the spa-
tial diffeomorphisms and so is crucial for the construction.
For the quasi de Sitter background solution, a useful identity
remains the conversion between the conformal time and the
physical time

1
t:—ln(——), O<t<oo and —o0o<71<0
H Ht
(€)]
where the scale factor a(tr) = —1/Ht for de Sitter is used.

The extrinsic curvature of the constant time-slice surfaces
is another example of a quantity invariant under the spa-
tial diffeomorphisms. The action organized by including an
expansion in powers of its temporally perturbed component
at constant time slice i.e.

8Ky = (K — a*Hhyy), )

is shown to provide the most general effective Lagrangian.
Here K, is the extrinsic curvature, n, is the unit normal and
hyv is the induced metric on the three-dimensional hyper-
surface which are defined in this context as:

h + T
= nyhy, Ny = ———\
v = 8upv nly w —gwautavt
Kyuy = hVon,. ®)

We can now present the most general effective action that
will help us in computing the total power spectrum including
the one-loop quantum corrections:

M2
— R =™ - A0

S = /d%ﬁ[
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4 4
_i_Mz‘(t) @™+ 1)2 + M3(t) % + 1)}
13 2
——M‘z(t) (" + DKY — (I) —L-(8K!?
2
M@ e 51(“} )

here M (1), M3(t), M, (t), M (1), M3(z) are playing the role
of the Wilson coefficients which need to be fixed by further
analysis.

The corresponding Friedmann Equations after consider-
ing only the background contributions in the action are :

) 2
» a1 H
H? = [Z} =5 [c(t)+A(r)] = 7
i o, W
R T [2¢0) = A)] = = @®)

where the ' notation denotes derivative with respect to con-

formal time and the conformal Hubble parameter is defined
/

a

as H = — = aH. By solving the above equations one can
a

determine the time dependent parameters A(¢) and c(¢) for

the background as follows:

27 M 2
c(t):—MpH———(H He), ©))
. M2
A(t) = M;BH? + H) = —2QH* + M), (10)
a
these solutions fix the coefficients c¢(z), A(t) in terms of the
background expansion history and through their use gives
rise to the following form of the EFT action:

/d“xﬂ/ [ pR+M2HgOO M}(3H? + H)
M5t M3t

+%(g00+1)2+%(g00+1)3

_M%(o M3 (1)
2

00 2
(g% + DSKY — (KM

2
M M5@ s v 51(*‘} (11)

where the rest of the Wilson coefficients contain information
about the various inflationary models. Lastly, we mention the
form of the slow-roll parameters which helps to characterize
the deviation from an exact de Sitter background:

e=[i- %] (12)
)= ;—H (13)

and the necessary conditions required for inflation are ¢ < 1
and |n] < 1.
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3.2 Second order perturbed action from Goldstone EFT in
decoupling limit

Studying the perturbations or the Goldstone modes in the
present context of EFT in inflation becomes much easier
when working in the limit of low energy scales where gravity
tends to decouple. Here, we use this specific limiting pro-
cedure to study the scalar perturbations, or the comoving
curvature perturbation, as we will show, in the three regions
involved in our overall setup during inflation. The decoupling
limit is defined where, E,;;x = vH , and specifies neglect-
ing the mixing contributions in action between the Goldstone
mode and the metric fluctuations. Applying this limit enables
writing the second-order Goldstone action to be written as,

s@ ae/d“xcﬁ{ MZH(JT ——(a n)2)+2M4 2}

~M2H )2
=/d4xa3< 02/7 )[ﬁz—cf(az;) } (14)

where the effective sound speed parameter, ¢, can be defined
in terms of EFT Wilson coefficient,

1
¢y = ———. (15)
| 2M3

M2
HM;

Now, we understand that the spatial part g;; of the perturbed
metric is defined as,

gij ~ a0 +2¢(,x)8;;) ¥ i=1,2,3, (16)

which includes the scale factor for a quasi de Sitter space-
time as a(t) = ef'. Under the conditions of broken time
diffeomorphisms a(#) now transforms as,
a(t) > a(t —n(t,x)) =a() — Hr(t,x)a(t) + - -
~a(t)(l — Hr(t,x)), (17)

which when modified gives us,
a’>(H)(1 — Hr(1,x))> ~ a*>()(1 — 2H7 (¢, X))
=a(1)(1 +2¢(z, X)), (18)

and this suggests that the comoving scalar curvature pertur-
bation ¢(f, x) can be written in terms of Goldstone mode
(¢, x) as follows,

¢(t,x) ~ —Hm(t,X). (19)

We can now write the second-order perturbed action in terms
of the variable ¢ (¢, x) with the help of Eq. (14) and it remains
convenient to work in conformal time (t) rather than the
physical time (),

2 _ 2)
S§ _/Eg dt
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= M> / dr dx a2(§) [g’z — cf(aig)z]. (20)

4 Implementing stochasticity within EFT setup

In the previous section, we briefly presented the general
EFT setup of inflation, which will form the underlying basis
of our future analysis, focusing primarily on the dynamics
of perturbations using stochastic inflation formalism. The
path of implementing stochasticity within the EFT formalism
involves the analysis of the stochastic nature of fluctuations
using Hamilton’s equations or, more precisely, the Langevin
equations, followed by the evolution of the distribution func-
tion of the curvature perturbations using the Fokker—Planck
equation, from the Langevin equations. In the upcoming sec-
tions, we will deduce the Fokker—Planck equation in the EFT
formalism.

4.1 Hamilton’s equation: the way towards formulating
Langevin equation

Stochastic inflation is an effective theory approach to study-
ing the long-wavelength components of the inflationary
quantum fluctuations. It involves coarse-graining these fluc-
tuations over a fixed scale, just larger than the Hubble radius
during the period of inflation. The fixed scale in the Fourier
space reads as:

kocs = oaH, 21

where the stochastic parameter satisfies 0 < 1, and this scale
behaves as a cut-off for the modes k for which, —kc,7 < o
(with 0 < 1), that contribute to the coarse-grained sector
of the quantum fluctuations. As inflation proceeds, the fluc-
tuations from the small-wavelength or UV (ultraviolet) sec-
tor exit the Hubble radius and join the long-wavelength or
infrared (IR) sector increasing its size. The dynamics of the
resulting coarse-grained sector is described under the classi-
cal stochastic theory by the Langevin equation. Itis a stochas-
tic differential equation that includes a classical drift term
and the effects from the quantum noise which after hori-
zon exit becomes part of the classical noise term. The Fig. 1
describes the different regimes in the stochastic inflation pic-
ture. The quantum effects are most dominant for modes with
wavenumber greater than the cut-off scale while the clas-
sical effects are understood for the modes with wavenum-
ber smaller than the cut-off. The Horizon crossing boundary
becomes an ill-defined concept due to stochastic effects con-
tinuously at play.

We refer to the work [36,203] for discussions on the
Hamiltonian formulation in stochastic inflation. To develop
the Langevin equations from the Hamilton’s equations, we
would first need to identify the UV and IR sectors of the quan-

tum field driving inflation. In order to obtain the Langevin
equations in the EFT setup where our variable of interest
remains the comoving curvature perturbation ¢ (¢, X), we
begin with a similar approach as detailed in [36,203]. Our
starting point would be the second-order perturbed action as
mentioned in Eq. (20) for ¢ (¢, x), from which one can calcu-
late the conjugate momentum variable as:

BL’EZ) 2M12,a26
HC = 8;/ = C2
N

¢, (22)

using which the corresponding Hamiltonian density after a
Legendre transformation can be evaluated as follows,

@ _ . @) _ 2 3. 2(¢€
H;. —H{C —,Cg —Mp/dxa(c—z)
s

4
s g2 2 2
X|:4M4;462H§ +c;(3i0) ] (23)
p
Now we can analyze the following Hamilton’s equations
of motion using this Hamiltonian density:

. 9H®?
I =—X -0 24
IHP 2
== (25)

= I,
a1, 2M[2,a26 ¢

where the prime denotes derivative with respect to the confor-
mal time and the variable ¢ turns out as a cyclic co-ordinate
from the Lagrangian L2 We make change in our choice of
time variable from the conformal time to the e-folds N and
this leads to the Eq. (25) have the following form:

dg c? -
an = mghae = e 2
drl; 1 d[ & - 2 -
dN  2M2dN | Ha%e 2M3Hale
X |:2s +e—-3-— r/i|
2(s — 4)
:—(3—6)[1——(3_:) }1‘1;, (27

here conversion between the two time variables, dN /dt =
Ha, is used and in the last equality of Eq. (26) we rename
the conjugate momentum and remove the tilde. To obtain the
other Eq. (27), we perform the derivative of the conjugate
momentum with the e-folds N where the third and last lines
use the Eq. (24) and definition of I, respectively, and the
following definitions for the slow-roll parameters:

_dlncs B din H ldlne

§=—", € = , n=€¢—— .
dN dN 2 dN

The above two equations, (26) and (27), will further enable
us to determine the Langevin equation governing the dynam-

(28)
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Fig. 1 Schematic diagram of
stochastic effects taking place
for a mode during Horizon
crossing. The Horizon is now
represented using a region of
finite width o where the modes
classicalize and become part of
the infrared regime after
Horizon crossing. As o
increases close to 1 the

4

stochastic effects decrease
quickly and so does the width of
the orange band. Conversely, for
o K 1, the stochastic effects
also increase and similarly the
width of orange band increases

ics of the coarse-grained super-Hubble fields in the presence
of white noises. The Fig. 2 describes the evolution history
of the short and long-wavelength modes starting inside the
Horizon at very early times, experiencing stochastic effects
up to the instant they become classicalized and continue
their journey to the super-Hubble scales. Different wave-
length modes re-enter at different instances in e-foldings.
The short-wavelength modes can contribute to the PBH for-
mation while the long-wavelength modes contribute to the
CMB observations. The value of the stochastic parameter
o characterizes the orange-coloured region describing the
stochastic effects. With increasing ¢ ~ 1, the stochastic or
coarse-graining effects tend to decrease quickly and the band
shortens, while, on keeping o < 1, the band increases in size
and similarly points to increase in the duration of stochastic
effects. The choice of the coarse-graining window function
also determines the nature of the noises generated. For this
case involving a Heaviside Theta as our window function,
the horizon crossing is marked by a fixed instant in time. The
noise terms resulting from this window function are referred
to as white noise, leading to a Markovian description of the
systems’ future evolution; this is a signature of the memo-
ryless property of the stochastic process. On the contrary, a
window function based on a specific profile leads to what
gets classified as being a coloured noise, characteristic of a
non-Markovian system.

We start with the quantum operator picture and later
present the equations in their classical version on the super-
Hubble scales. Now, to obtain the Langevin equations in
terms of the curvature perturbations for the coarse-grained
components of the initial quantum fields, a decomposition of
the said perturbations into its UV and IR components proves
beneficial and can be done in the manner:

r

f‘IR + f‘UV where f‘IR = {;C, ﬁ;} and
v ={&. Mg}, (29)

1>

U
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where the subscript s denotes small-wavelength components.
These UV components can be expanded in the Fourier modes
and get selected upon satisfying k > k., or smaller than the
cut-off scale:

- d3k k. —ikx | Atx kX
= [ o (5 )| walag o]

(30)

fl,, = Pk (Ko, e 1 aine ek
s — R (27_[)3 kU kg k"¢ .

3D

where k, = oaH. These contain the annihilation and cre-
ation operators a and aZ that satisfy the usual canonical
commutation relations:

ldi, a1 =8k —K),  [dk, aiw] = [a],a),1=0. (32)

The window function W here operates such that:

| k>k
W= = Ho (33)
0 k <k,

and so, it only selects modes that contribute to the small-
wavelength or UV sector. Following [36,203], the Langevin
equations come from using Hamilton’s equation after utiliz-
ing the UV/IR field decomposition in Eq. (29) where the UV
modes, as given in Eq. (30), contribute later towards the noise
terms as follows:

j—fv = 1 + & (N), (34)
dfl; . 26 -D7 .
IN - -3 —-9oll; |:1 - W] + &7, (N), (35)

The quantities é‘; (N) and énC (N) denote the quantum
white noise terms, sourced by the constant outflow of UV
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Inflation

Comoving scale In (1/c;k)

(N) := Ensemble average of stochastic random variable A/

Mode that enters in the future

End of inflation (NV.) = 0

Short wavelength mbde )\g

Number of e-foldings N >

Fig. 2 Schematic diagram featuring modes which travel during infla-
tion from the Sub-Horizon, encounter stochastic effects at the Horizon
crossing, and later re-enter the Horizon. The long wavelength A7 modes
associated with the CMB scales exit at the position marked A and B and
later re-enter at the instant marked as D. The radiation-matter equality
is labelled as C which is very close to the CMB re-entry scale. The short

modes into the IR modes, and they read as:

o [k
£ Jer @n)3aN T \k,

X [&kgk(z)e—“‘-" + &kg,j(z)e“‘-"], (36)
L
e Jee @r)3dN T \ ke

x [&kngk(r)e—“‘-x +al g (r)eik-"], 37)

and the form of the window function W is for convenience
chosen to be a Heaviside function:

4 k =0 k 1)=0 k 1 38
(z)— (E‘)‘ (m‘)' (%)

Here o physically represents the stochastic coarse graining
parameter. Next, we compute the expression for the deriva-
tive of the window function with respect to the number of

wavelength A are associated with the small length scales near the end
of inflation which are responsible for later collapse into PBHs in the
radiation-dominated era (RDE) of varied masses. the number of e-folds
elapsed between an initial and final set of conditions acts as a stochastic
variable A/

e-foldings which is going to be extremely useful to deter-
mine the quantized version of the white noise as explicitly
mentioned above. Here we have:

iw<£) _k iW(£>
IAAVE LA Vs
- kﬁ (6 — 1 kyd(k — ko) =k (€ — 1)8(k —ky). (39)

This function imposes a sharp cut off between IR and
UV modes and its derivative with e-folds produces a Dirac
Delta distribution §(k — k,(N)) giving us contributions to
the noises after integrating over the various cut-off scales k.
Since the noise terms are stochastic in nature this leads to a
probabilistic description of the system, which can be anal-
ysed in terms of the Langevin Equations. The equations can
be solved analytically by a transition into the corresponding
Fokker—Planck equation, a second-order partial differential
equation, whose construction we review in the appendix A.

@ Springer



21 Page 10 of 72

Eur. Phys. J. C (2025) 85:21

5 Realising ultra slow-roll phase within the framework
of EFT of stochastic single field inflation

In this section we investigate the realisation of the ultra slow-
roll phase sandwiched between the slow-roll, SRI and SRII
phases, for a stochastic single field inflation framework. We
follow the approach of beginning with a particular paramter-
ization of the second slow-roll parameter n across the three
phases of interest and through that derive the behaviour of the
other two parameters, namely ¢ and the Hubble expansion
H . This will give us some insights into how a USR phase can
be visualised from its effects on the parameters which char-
acterize and are involved in the observables coming from
inflation.

The formulas for the slow-roll parameters with respect
to the conformal time are defined previously in Eq. (28).
Assuming constant 1, the definition for € gives us:

ldlne /f de /NdN
=—€——— = R —— ,
7 2 dN o 2ce—n  Jn

which after integration using some initial condition values,
(€i, N;), leads to the following expression:

—1
€(N) = n(l - <1 - g)ez'?AN> ~

€(N) when N, < N < N, (SRI),
€(Ny)e  INWN=N) when Ny < N < N, (USR),
(N, )e~ 21N (ANey)
o= 2n(N)(N=N,)

(40)

when N < N < Nepg (SRID),
(41)

The above equations result from taking appropriate lim-
iting behaviour of the values for the slow-roll parameters in
each phase. There complete behaviour is visualised through
the Eq. (28). The values €(N;) and €(Ny)e 21(Ne)(ANes)
where AN,y = N, — N, act as the initial condition val-
ues for the USR and SRII, respectively, when joining them
together. The final € remains just the sum of its values in the
respective regions:

G(N) = G(N < Ns) +€(Ns <N < Ne)

+€(Ne < N < Neng), (42)

In the present work, the n parameter remains as a constant
value throughout each phase and using the same we can write:

m(N) when N, <N < N; (SRI),
ni(N) when Ny <N < N, (USR), (43)
nu(N) when N, < N < Neng (SRII),

n(N) =

where n1, ni, nu are different constants. The above can be
expressed using a Heaviside Theta function to join for the
three phases as follows:

N(N) = m(N < Ny) + O(N — N)nu(Ng < N < Ne)

@ Springer

+ON = Ne)nui(Ne < N < Nena), (44)

The Hubble parameter is similarly obtained using the defini-
tion of € as follows:

din H
€(N) = — N — H(N)
N
= H; exp(—/ e(N)dN), 45)
N;

where H; = H (N;) is the initial condition value of the Hub-
ble expansion during each phase. For each phase the Hubble
can then be expressed as follows:

H(N)

N

H(N*)exp(—/ e(N)dN) when Ny < N < N (SRI),
Ny
N

= H(Ns)exp<7/. e(N)dN) when Ng < N < N, (USR),
Ny
N

H(N,) exp ( —/ e(N)dN) when N, < N < Ngpg (SRID),

) 46)

and the final expression for the Hubble expansion as func-
tion of the e-folds after adding contributions for each phase
separately becomes as:

N
H(N) = H(N*)exp(—/ 6(N)dN>
N

N
+ H (Ny) exp ( — / 6(N)dN>

N;
N

+H(N,) exp ( - / e(N)dN), a7
Ne

where H(N,), H(Ns), H(N,) comes as initial conditions
from the continuity of values between the different phases.
We now follow the plots in Fig. 3a, b. Initially in the SRI,
which starts from the instant N, and where slow-roll condi-
tions are necessarily met,  behaves almost as a negatively
small and constant quantity and similarly € also stays as a
small constant quantity. This happens until a deviation from
standard slow-roll arguments is encountered after a certain
number of e-folds N;. This instant marks the transition into
the next phase where a significant violation of slow-roll con-
dition can take place. The nature of the transition at N; is
chosen for the present work as a sharp transition, modelled by
a Heaviside Theta function ® (k — k), where k; is the corre-
sponding transition wavenumber. The magnitude of n greatly
increases in the USR, as we will also see in the later Eq. (B16),
and in a similar manner € suffers a drastic decrease in magni-
tude, see Eq. (B15). Such behaviour as mentioned persists till
the duration of USR comes to an end at the instant N, with the
corresponding wavenumber k.. Soon after exiting from the
USR, another sharp transition of the form ® (k — k) is found
to take effect and the slow-roll conditions start to restore. The
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Fig. 3 Realisation of the slow-roll and Hubble parameters in the pres-
ence of a USR phase during inflation as a function of the e-foldings N.
The top-left panel shows the €(N) parameter changing through each
phase of the setup, fop-right panel for the n(/N) parameter changing

parameters € and 7 in the SRII start to increase throughout
the whole phase till they achieve values of magnitude O(1)
and the associated instant in e-folds Nepq marks the end of
inflation. For successful inflation in the set up one requires
for the total change in e-foldings from the initial moment N,
to lie within A Nota] = Nend — Ni ~ O(55—60).

The plot in Fig. 3c describes the effective sound speed c;
parameterization for the present set up. Here we choose to
have ¢;(t = t4) = c5« = 1 in the initial slow-roll phase,
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across the same phases, and the bottom-left panel for the Hubble parame-
ter H (N) through each of the respective phases. The bottom-right panel
presents a schematic for the effective sound speed ¢, across the three
phases

where c;  is the corresponding value at the pivot scale. The
condition ¢y = 1 refers to a canonical stochastic single-field
inflation model. When near the instant of sharp transition, at
conformal time T = 13, with N = N;, the effective sound
speed changes from its previous to a new value labelled here
as ¢; = 1 £+ 8, where § < 1 is a fine-tuning variable. This
sudden jump in its magnitude is what forces the sharp nature
of the transition in between the SRI and the USR phase. Again
throughout the USR (7; < 7 < 7.), the sound speed changes
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back to c¢s. At the instant of the second sharp transition, T =
7., We once again observe the value to experience sudden
change into ¢y = ¢; = 1 4, after which into the SRII phase
the sound speed reverts back to ¢, till we encounter the end of
inflation at the conformal time instant T = Tepg Or N = Nepg.-

The aforementioned parameterization of the effective
sound speed can also be written for the three regions, includ-
ing at instances of the sharp transitions, in the following man-
ner:

7T, < T < 7, (SR,

T = 13 (USR),

Ty < T < 7, (USR), (48)
T = 1, (SRII),

Te < N < Tepg (SRID),

Cy % when
¢y = 1 &6 when
Cs. % when
¢; = 1+ 6 when
Cs.% when

cs(t) =

where ¢« = cs(T = T,) is the value at the instance of pivot
scale as mentioned in the above explanation of the parame-
terization.

Before moving forward, we briefly digress here to high-
light the importance of the transition properties in PBH
formation. The exact nature of the transition, either sharp
or smooth, has suffered much debate from various authors
in Refs. [110,112-115,118,142,143,247-250]; this remains
unconcluded. Also see, for example, the recent review [251],
which discusses the equivalence between a smooth and sharp
transition during the SR/USR/SR scenario, along with shed-
ding light on why the conclusions remain the same irrespec-
tive of such transitions. It suggests that the results may reflect
more coarse-graining or smoothed behaviour, but the over-
all result we quote here will remain unchanged. The above
debate concerns the supposed role of the transition in con-
trolling the large perturbation enhancement, like here in the
USR, and how it gets reflected later in the scalar power spec-
trum. The consequences of this have led to a divisive stand
when eventually considering the quantum loop corrections,
as aresult of this enhancement, to the overall power spectrum
in the three phases and their role in the PBH formation.

6 Stochastic-§ N formalism and its applications in the
stochastic single field inflation

The 6 N-formalism [244,252-272] has emerged as an impor-
tant method to compute cosmological correlations in the
super-Hubble scales and has found interesting applications
in the framework of stochastic inflation [36,45,48,205,232,
233,235,273-289] since it is able to directly relate the prob-
ability distribution of the stochastic e-folding variable N to
the statistics of the curvature perturbation variable ¢. The
fluctuations in the e-folds across different patches of homo-
geneous FLRW Universes are, at leading order, related to the
amount of curvature perturbations generated at some final
time, usually chosen late in the super-Hubble scales.

@ Springer
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Fig. 4 A schematic visualisation of change in coarse-grained curvature
perturbation with e-folds N. The bottom graphs represents value of
coarse-grained ¢ at different spatial points. Initially, at A, a set of spatial
points lie inside same the Hubble radius of the central point, whose
evolution with time is red, inside which the white noises are correlated.
The green and blue lines show branching evolution of the other points
with time. After a certain instant, at points B and C different points
move out the initial Hubble radius and experience the white noises to
act differently in the future

Generally, we start with the assumption of an unperturbed,
locally homogeneous, and isotropic spacetime governed by
the metric:

ds? = —di* + a*(1)6;jdx"dx7 (49)

where ¢ is the cosmic time and a(f) ~ exp(Ht) (where
H # 0sothate = —H /H? exists). In the unperturbed Uni-
verses case, the Hubble parameter remains the only scale of
interest to work in. In the presence of some kind of smooth-
ing, on the scales of order k!, any quantity of interest is
assumed to be sufficiently smooth. The perturbations come
into the picture when the associated coordinate scale k!
becomes close to the Hubble radius, k ~ aH, and thereby
the resulting anisotropies can appear perturbatively in powers
of O(k/aH).

Next, we consider removing the gauge redundancies by
the choice of a certain gauge. An example of this is choosing
the uniform density gauge where the spatial slices of fixed
time ¢ have uniform energy density. This choice then allows
one to write the perturbed metric, considering only the scalar
perturbations at this level, as follows:

ds* = —dt* + az(t)eZC(”X)dxidxj, (50)

where the new variable ¢ (¢, X) is the curvature perturbation
present throughout our observable Universe. The form of
the above-perturbed metric allows one to introduce a local
scale factor consisting of a global time-dependent part and the
perturbation as a(t,x) = a(r)e? X, Using this new scale
factor, we can introduce the amount of expansion realised
when going from an initially flat, constant# = #; hypersurface
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(£2;) to a final, constant # hypersurface (€2 ) assigned with
some uniform-density as:

N(@.x) =1In (a(t’x))
a(t;)

The above can then be used to write down the amount of
curvature perturbation experienced at a spatial point x;, at
instant ¢ in relation with the e-foldings elapsed up to that
instant as follows:

D

c(t,x;) = N(t,x;) — N(t), where N(7) = In (&)
a(t;)

(52)

where the bar notation denotes the unperturbed amount of
expansion, while N (¢, x;) denotes the amount of expansion
for unperturbed, FLRW Universes.

We now briefly talk about the stochastic formalism in
inflation and the benefits of integrating it with the aforemen-
tioned § N-formalism. Here we consider not one but instead
a family of FLRW Universes evolving from a certain initial
condition on the phase space variables. These variables can
be combined in form of a phase space vector I'; = {¢&;, I; ;}
where the index i labels the various components. In the
language of curvature perturbation, the stochastic formal-
ism consists of constructing a low-energy effective theory of
the long-wavelength or IR part of the initial primordial fluc-
tuations. These fluctuations are coarse-grained over a cer-
tain fixed scale, close to the Hubble radius and defined as
ks = ocaH,where o0 « 1, and the resulting scalar curvature
perturbation reads:

( )_f d3k —ik.x
Leg(X) = -” (27_[)3 Cre ,

where integration consider modes with wavenumber k < ki,
or the IR modes in the coarse-grained curvature perturba-
tion. As the horizon size continues to decrease, more and
more short-scale modes participate in the region of stochas-
tic effects, getting ‘classicalized’, and finally entering into
the IR sector. The result is the appearance of classical noises,
which then act on the dynamics of the super-Hubble modes,
which are described by the Langevin equation; see Sect. 4.1
for adiscussion on the UV and IR separation of the modes and
derivation of the Langevin equation in the present context. In
the super-horizon regime, these noises remain correlated for
spatial points with separations inside a Hubble patch. Past a
specific instant during expansion, owing to the spatial sepa-
ration between any two points exceeding the Hubble radius,
the Markovian nature of the noises renders the remaining
evolution of those points statistically independent. A direct
consequence of this fact is the appearance of fluctuations in
the total amount of e-folds realized along such trajectories
until they reach the end of inflation.

(53)

For now, we focus on a single spatial point. The amount of
expansion realised along the worldline trajectory of the single
point, starting from some initial condition to a final hyper-
surface, becomes a stochastic variable, represented using V.
From the § N-formalism mentioned earlier in this section, one
can relate the curvature perturbation produced at some spa-
tial point, coarse-grained between the scale crossing at some
initial conformal time t; and the scale crossing out at the
final conformal time 7, to the perturbation in the e-folding
realised along the same worldline in between 7; and 7 as
follows:

Geg(x) = N(x) = (N) = 6N, (54)

where the angle brackets denote the statistical average after
solving the Langevin equation for multiple realisations at a
given spatial point. We reiterate that due to random noises, the
e-folds realised automatically receive fluctuations, leaving A/
as a stochastic variable whose statistical properties can later
be estimated. These fluctuations are nothing but the comov-
ing curvature perturbation produced at the final hypersurface
as consequence of the § N-formalism. The Fig. 4 describes
the evolution of the spatial points during inflation and the
instances where the Gaussian random noises start to affect
the points separately, at B and C in the figure. The coarse-
grained value of the curvature perturbation remains the same
at all spatial points inside a Hubble patch (yellow circles)
starting from points A up to B and C after which they evolve
in a statistically independent manner (shown in green and
blue lines).

Table 1 summarizes the key differences between the usual
8N (without stochasticity) and the stochastic-§ N formalism.
From the above discussion, we outline how the power of
the § N-formalism can be utilised with stochastic formalism
instead of solving the Langevin equation over multiple spatial
points. The power spectrum A? p is an example of a quantity
easily estimated from this stochastic-§ N formalism which
we now mention. Here { f, g} refer to the phase space vari-
ables {¢, I1;}, and using Fourier mode decomposition, the
dimensionless power spectrum for the e-folding fluctuation
8N can be written down as:

3
A(%N(k)=2];—2/ d3x/ X (SN (X)SN (x))e k-
(55)

which can be inverted to give the variance in e-folds as:

(BN = (N — (M) = NV?) — (NV)?

A 43K’ (NS N

~ ) @rp ) @npRTE
&Pk [ dk KB

=] o | 2 PN
&Pk [ dk

~ ) @n)p? / FAgN(k/)‘SG)(k*k/)
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Table 1 Comparative study between the two frameworks: § N (without stochasticity) and stochastic-§ N

Comparison between the § N (without stochasticity) and Stochastic-6 N formalism

S8 N -formalism

Stochastic-6 N formalism

(€)) e-folds of evolution vary (§ V) for each point (x) on the

final hypersurface slice

2) Curvature perturbations on the final slice directly related

to 8N in the super-horizon

3 £(t,x;) = N(t,x;) — N(t) = 8N, N: e-fold amount for

expanding FLRW Universes

“ No influence of quantum noises on evolution history

e-folds for a specific point (x) on the final slice
receive quantum fluctuations throughout
evolution

Curvature perturbations requires coarse-graining
before relating to e-folds statistics in the
super-horizon

Leg(X) = N(x) — (N) = 8N, N stochastic
variable under Langevin equations for gcg(x)

Quantum noises classicalize after cut-off and
affect ¢¢g evolution

kr dk
= / = Av®
k

Inky
= / A}y (N)dN, (56)
Inks—(N)
where we implement the definition of the power spectrum
in the second line and in the last equality conversion is
done using In (k) = In(aH), for some wavenumber k =
|k|, and the fact that the average e-foldings is equal to
(N) =In(ayH/aH) = In (ks /k) assuming constant Hub-
ble parameter H. The variance on the left is a statistical quan-
tity and involves the average of the stochastic variable, (N),
in the right. From the above one can finally write down the
dimensionless power spectrum for the curvature perturbation
as:
d

d(N)

where the first equality follows from Eq. (54), and the above
uses all the modes k crossing out the Hubble radius between
some initial instant and the end of inflation. In a similar fash-
ion, we can further write down, using the higher-order statisti-
cal moments of (SV'), various other higher-order correlation
functions. The local non-gaussianity is generally described
in form of an expansion ansatz for the curvature perturbation
¢ (x) in the position space and around a Gaussian component:

Az (k) = Ajy (k) = BN (57)

)=In (k7 /k)°

3 2 9 3
C() = G (%) + SNLELO0 + gLy ()
+OL{ X)) + -, (58)

¢ (x) where is the perturbation component obeying Gaussian
statistics. Our interest lies in estimating the above introduced
various non-Gaussian parameters, mainly fNL, gNL, INL,
using statistics of the e-folds N and the stochastic-6 N for-
malism.

Consider the case of the bispectrum and non-Gaussianity
parameter fnp. The bispectrum is defined in relation with
the three-point correlation function (Zk, &k, {k;) - Just like the

@ Springer

inverse Fourier mode of the power spectrum is related to the
variance, as in Eq. (56), a similar treatment for the bispec-
trum, this time doubly integrated, results in the third-moment
of the e-folds (SN 3). To show this, we can write:

(BN3) = (N — (M)?) = (N3) = 3NHN?) +2(N)?

4’k &’k dk3
- 5 Nic: 8 Nies SN ).
@ny | @rp ] @y Mt Nied i)
[ &k [ dky
) @) @)l

d*k3 3
27)3 Bsy (k1 ko, k3)8C
X/(2H)3( 7)"Bsn (k1 k2, k3)
x (k1 + k2 + k3),

&k, [ d’k;
:/W/WB‘SNUQ’]Q’k3)|k1+kz+k3=0’
(59)

which involves further volume integral over a tetrahedral
region due to triangular constraint from the delta function.
However, for our current purpose, we observe that the third
moment of e-folds (SA3) receives twice the integrated con-
tribution from the bispectrum. Thus, again using Eq. (54),
we can write the expression for the Bispectrum:
d(N3)?

By (ki ko, k3) o¢ ———=—, (60)
Now, the parameter fni, and the bispectrum are related to
each other as follows:

6
Beee b ko, k) = 2 fa. | A2 () A (k)

+A% kDAL () +A% (k) AL (o).
(61)

from where one can consider for fni using Eq. (57) the
relation:

5 d(SN3)?

)
e = %W(Aﬁc(k))
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T 36 d(N)2 (62)

5 d(SN3)? <d<5N2>>‘2
d(N) '

which is a ratio of the bispectrum and the power spectrum
squared, with the outside factor of 5/36 coming from conven-
tion. The definition of the trispectrum involves, in a similar
manner, the fourth moment of the e-folds (SN*) and taking
its third derivative with respect to (\), since it now receives
thrice the integrated contributions. It is related to the four-
point correlation function, (i, {k,lk;lk,), and for this we
start with the fourth moment of e-folds:

BN = (N = (MDY = W —4WV)(N?)
F6N)ZN?) = 3N,
d’ky [ P’k
@)} ) @)
ks [ d’ky
X/m/ )3 (6 Ny 6 Nk, N3 N, ),
ki [ PPky [ d°k3
@)} ) @en)p ) @)}

dky

—— )3 Tyn k1, ko, k3, k)5
X/(zn)3(ﬂ) sn (ki k2, k3, k4)
x (k1 + k2 + k3 + ka),

I’k [ d’ka
Q2n)3 ) (@2n)3
d’k3
X/ o )3T5N(k1’k2’k3’k4)|k1+k2+k3+k4:0*

(63)

where have used the relation for the connected part of the
four-point function. Now, the connected part of the trispec-
trum for the curvature perturbations is defined in combination
of the power spectrum as follows:

Treco(kys ko, k3, ka)
= tnL[A7, (k13) A7, (k3) A7, (ks) + 11 perms. ]
54 2 2 2

358N [ A (k) A7 (k) A7, (k) + 3 perms.]. (64)
with the notation for magnitude k;; = |k; +k | and the cubic
dependence on the power spectrum being a reason behind its
name as the trispectrum. We notice that there emerge two
distinct non-linearity parameters from the connected part
of the trispectrum, Ny, and gnp, based on their £ depen-
dence. The 12 permutations comes from having 3 distinct
choices for the indices in k; ;, as the magnitude remains same,
kij = kji,and from the momentum conserving delta function
we have k12 = k34, k23 = k14, k13 = k24. The 4 permu-
tations are again result of the conservation of momentum.
From Egs. (54, 57, 64), we can ultimately write the follow-
ing relations for the non-Gaussianity parameters in terms of

the derivatives of the fourth moment:

1 (d2(SN3)\? a1
INL = ﬁ(—ﬂ P ) (A (k) = %
AN\ (d SN\ 4
X( d(N)2 ) ( d(N) ) ! )
CdBNY s AN (AN
o= T (Bec®) ™ = s <d<N> ) :
(66)

where the factor 1/36 again results from convention pur-
poses.

Now that we have laid out the general features of the
stochastic-6 N formalism, that remain applicable in the cur-
rent EFT treatment for stochastic single field inflation, and
discussed its applications into calculating higher-order cor-
relation functions, we make use of the above developments
to understand the probability distribution driving the dura-
tion of inflation. Computation of this distribution has major
advantages in terms of knowing the mass fraction of the PBH
when focusing on the diffusion dominated regime of infla-
tion and identifying the non-Gaussianity parameters when
focusing on the drift-dominated regime during inflation. We
aim to perform these calculations in the EFT picture coupled
with the stochastic-6 N formalism.

7 Probability distribution function from Fokker-Planck
equation

In this section, we derive the adjoint Fokker—Planck equa-
tion in its complete form which will later help us to analyze
the probability distribution functions. The adjoint Fokker—
Planck equation allows us to study the evolution of the prob-
ability density function from one point to another in the
field space and here it is defined for the stochastic e-folds
variable N elapsed between the start and end of the evolu-
tion. It involves the adjoint Fokker—Planck operator acting on
the probability distribution function Pr(/\) in the following
manner:

9 1 92

0
—Pr\V =X
an T = ( "3%; 27T,

) Pr(N), (67

where the quantity ¥;; represents the various noise ele-
ments as part of the correlation matrix discussed in detail
in appendix C and where the adjoint Fokker—Planck operator
in the parenthesis can be expanded as follows:

PR 32 0

for; T 27Yoarer;  fac
2s — 1 0

~B -l |1 - s~ 2)
3—6 BH{
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2 2 32
(S + S, + P
2( a2 T T Megram, T 9 ac

82
+El‘[§ﬂ; 81_[;—31_[4“) (68)

At this stage we implement the super-Hubble condition,
o0 = —kcgt K 1, to examine this equation which renders
the noise matrix elements Zeng, Zmges and X, almost
negligible; one can infer this from their explicit expressions
provided in the appendices Cla, C2a, and C3a. Next, to fur-
ther simplify the representation of this adjoint Fokker—Planck
operator, we employ the following re-scaling of the coarse-
grained variables {¢, I, } into the new variables:

;-:fv HC

using this we observe the following transformation of various
other differential operators present:

= -3y, (69)

I, o _ 1@ 0
27902 T pZary
9 9
Mp—— = y—, (71)
Tl ~ ~ dy
9 9
My — = —3y—. (72)
oc T of

With the new re-scaled variables in hand, we rewrite the
adjoint Fokker—Planck operator as:

9 1 92 9
T = [?a? _3{W

e

3—¢ dy
(73)
in which, for clarity, we further perform another set of fol-
lowing re-definitions:
2(s — )
3—¢ )

()0

c\?> 1

and these changes ultimately give rise to the adjoint Fokker—
Planck equation version of our interest:

0
a/\/.Pr(-/\/) [

Notice that the changes coming from an underlying EFT
setup are contained within the coefficient C, which we now
refer to as the characteristic parameter, and it will have notice-
able changes when we understand the probability distribution
evolution in the next section. Also, the change from C is felt
by the coefficient p containing the auto-correlated power
spectrum element for ¢. In the case where C = 1 reduces to
the canonical single-field inflation scenario while for C # 1

1 92 d 0
ﬁm—scy{a+5”ﬁw). (75)
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we are working with the non-canonical single-field models of
inflation. In the next section, we explore the method that will
enable us to calculate this PDF depending on the interested
conditions for a general EFT setup.

8 Characteristic function and initial conditions

In the stochastic inflation framework, our stochastic variable
of interest is the e-folds A/, and for this, we have seen the
evolution of the corresponding PDF governed by the adjoint
Fokker—Planck equation. To fully determine the nature of this
PDF, one requires information on its associated moments as
they dictate the statistical properties of this PDF. Here, we
discuss the method of the characteristic function that will let
us evaluate the moments of arbitrary degree for a given PDF,
Pr;(N), and would also manage to reconstruct the entire
PDFE.

The characteristic function converts the probability dis-
tribution from a function of 3 variables, in the phase space
I = {¢, ;) and the variable N, to a function of just the
phase space variables I';. Itis defined as the Fourier transform
of the original PDF in the N co-ordinate as:

—+00
x(tx,y) =/
—0Q

where ¢ acts as a dummy variable which is a complex quan-
tity in general. This function x (¢; I';) is useful to provide
the various statistical moments associated with the full PDF
Pr; (NV). Inversely, one can obtain the PDF from the charac-
teristic function as follows:

+00

1
PFI(N)ZE\/

The corresponding information for the moments can be
extracted by Taylor expanding x (¢; [';) around ¢+ = 0 and
observing that:

N P (NN, (76)

e Ny (¢, Tp)dt. (77)

G F»—Z(”) N TD)) = (V)
n=0 :
=i " o r; 78
=i ﬁx(t )e=0, (78)

where the index n denotes the nth moment, (N (T';)), of the
full PDF. By using the definition of PDF from Eq. (77), into
the adjoint Fokker—Planck equation (75), one also notices
that the characteristic function obeys:

1 02 3 9], . ,
The solution of this equation leads us to identify the function
x(; ;). In the next sections, we will analyze the charac-
teristic function solutions under specific conditions for the y
parameter and in the presence of certain boundary conditions
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needed to sufficiently handle the above two-dimensional par-
tial differential equation.

9 Diffusion dominated regime: methods to solve for the
characteristic function

In this section, we concern ourselves with the regime where
quantum diffusion effects dominate the dynamics. This
regime is also where the conjugate momentum variable, see
Eq. (69), takes on very small values, 0 < y < 1. This regime
is significant from the perspective of analyzing PBH more
accurately since we will observe distinctive features in the
upper tail of the PDF, which is precisely the region of impor-
tance for the formation of PBH. Also, it can be seen from the
perspective of the conjugate field momenta since it decreases
in this regime, and thus, diffusion effects primarily govern
the behaviour of the scalar perturbations and features of the
PDF.

To generate the PDF requires solving the partial differen-
tial equation in Eq. (79). We solve first for the characteristic
function () which will then help us to build the PDF and
the related methodology is the subject of this section.

To this effect, we start with a particular variable re-
definition:

U=x-y, v=y, (80)

that simplifies the equation for the characteristic function as
follows:

Lo 3C 0 +it | x( )=0 &1

_ vV— 1 su,v) =0.
2 du? v X

The above equation is now made separable in its variables

and thus accepts an ansatz of the form:

Xt u,v) =Y v"Up(t; w), (82)
n=0

and here we further utilize the fact visible from the struc-
ture of the new partial differential equation, Eq. (81), that
the mode function U (¢; r) admits oscillatory solutions that
follow:

2

DUt 1) + @R OUn (15 1) = 0, (83)
ar

where the frequency contains the effects from the EFT param-
eter as:

w2 () = (it — 3Cn) > (84)

Now, in order to fully utilize the ansatz and determine
x (t; u, v), we implement the appropriate boundary condi-
tions that can describe the behaviour of the perturbations
as they enter and exit the diffusion-dominated regime. The

first case corresponds to the condition where the perturba-
tions are almost unaffected by quantum diffusion processes,
with the perturbations still not present under the influence of
the USR. Conversely, the second case is where the diffusion
effects dominate the overall dynamics and dictate the behav-
ivor of the PDF for large values of the perturbations. The
above described conditions for the transformed phase space
variables I'; = {u, v} are written using the characteristic
function as follows:

Boundary Condition I: X@ Ti)lutv=0 =1, (85)
ax@; i)

ou u+v=1

Boundary Condition II: =0,

(86)

where, although written using the new variables, (u, v), these
conditions at a given x also concern with the value of ¢, as
is evident from the original definition of ¢ from Egs. (69)
and (74). The first condition refers to smaller values of ¢
and conversely, the second condition refers to larger values
of ¢. However, the solution now involves mode mixing due
to the nature of the conditions involving both new variables
and we examine how these affect the solution from the series
ansatz. Since it follows oscillatory behaviour, we can write
the solution for the function U, (f; u) as:

Un(t;u) = Ry (1) cos (I — u)w, (1))
+0n (1) sin (1 — u)w, (1)), 87)

and using this solution with the conditions from Eqgs. (85)
and (86), we get the following constraints on the series:

E v"[R,, cos (1 +v)w, (1))
n=0
+0n (1) sin (1 + v)w, ()] = 1,

> " wnv" [ Ry sin (w4v) — Qy cos (w,v)] = 0. (88)
n=0

From this, by series expanding the oscillatory functions in
small velocities (y = v < 1), one can generate recurrence
relations for the various coefficients R,,, Q,, foreach orderin
index n. We conduct our analysis for each order in the series
till we reach n = 3 which allows us to construct the next-to-
next-to-next leading order (NNNLO) version of the PDF and
for that, we require the explicit form of these coefficients
using the mentioned recurrence relations. We mention the
coefficients up to n = 2, or to construct the second order
(NNLO) contribution, here as:

1

Ry = s
0 cos (wg)

R w( w1 sin (wg) — wq sin (w1)
1= —

w1 cos (wq) cos (w1)
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Fig. 5 Closed contour yp U y_ 4
in the complex plane containing Im(t)

poles of the characteristic

function on the imaginary ¢ axis.
The residue theorem when
applied at these poles results
into the PDF Pr(N\)

2
w1 sin (w1) P — wq cos (w1) Q1 — sin (w2) Q7 + % cos (wq) Py
2 = s

cos (wy)
(39)
and
Qo =0,
2

w,
01 = 2P,

w1

f

w)

and those for the third order are mentioned in the next section
dedicated to NNNLO.

We follow the approachin [31] of writing the characteristic
function in a series expansion' of the following form:

" ()
X(t: 1) = szw(r; T, 1)
m n n

where the use of I'; highlights the dependence of the residues
on the phase space variables, or the initial conditions, and the
poles, A f{”) , always remain independent of the set of values in
I';, which we will show in the next step. The function i (¢; I';)
is the regular part of the expansion and would not contribute
in the later discussions as we will show. The Fig. 5 illustrates

! Another approach towards solving for the tail expansion of the PDF
Pr; (N), is called the eigenvalue problem method, detailed discussions
on which can be found in [31]. It treats the PDE in Eq. (75) as a heat
equation which allows to incorporate methods designed to solve for
such diffusion-like differential equations. It involves introducing a set
of eigenfunctions for the adjoint Fokker—Planck operator which remains
Hermitian under a newly defined scalar-product definition that accounts
for the form of the model potential chosen. The resulting eigenfunction
obey the equation similar to that for the characteristic function Eq. (79)
but with a different set of boundary conditions.

@ Springer

Re(?)

=~
>

—iA;

¢ —iA,

the application of residue theorem at the poles located on the
imaginary ¢-axis enclosed by a contour ypUy_. As seen from
their expressions above, the terms R,, @, admits simple
poles in their structure and thus, for the characteristic function
x (¢; I';), an expansion of the type in Eq. (91) works for our
purpose. The poles correspond to the condition:

cos (wp (1)) =0, hence, wy,(t) = <n + %) T, (92)

where, from now onwards, the integer n labels the number
of distinct positions we have a pole for the mth perturbative
order. The above equation from the use of Eq. (84) can be
converted to give the pole expression as:

2
A —3Cm + [Z (n + 1) ] , 93)
n 2

and here we can notice the impact of the characteristic param-
eter, see Eq. (74). Another quantity of importance are the
residues, represented here by r,ﬁ’”) (T';), and these are evalu-
ated by inverting the expression in Eq. (91) and taking the
time-derivative in the following manner:

-1
, 94
r=—iAJV ] oY

The above information regarding the poles and the residues
combine together to construct the PDF if we use the Eq. (91)
with the Fourier transform expression in Eq. (77), which
results in:

o _
rf,"”(r,»)=—z[5x Ty

o
Pr,(N)y= > > ri™ T exp(—AN). (95)
m=0,1,--- n=0
with the outside sum going up to the desired order mth order.
The exponential decay of the PDF at each order in the expan-
sion is determined by the value of the poles Af,m) and, for
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large values of the e-folds V the dominant contribution solely
comes from the lowest pole A and it corresponding residue
rém). As mentioned earlier, the regular function in the expan-
sion, Eq. (91), plays no role in determining the final PDF
expansion. We can thus use the characteristic function and
find its residues corresponding to the simple poles at each
subsequent order in the expansion to construct, using the

above, the full PDF at the mth order.
9.1 Calculation of PDF at LO

In this section, we discuss the calculation of the probabil-
ity distribution at the leading order (LO) for the diffusion-
dominated regime. We follow the approach described in the
previous section based on the characteristic function and use
its series expansion to find the residues and the corresponding
decay factors involving the poles.

For the leading order, we only require to use the first set of
coefficients, (Ro, Qo), in Eq. (89). These imply that the drift
contributions are completely ignored since we are working
in the limit where (v — 0, u — x) and using the corre-
sponding LO characteristic function we can proceed to find
its PDF. The first job is to use the following function at LO:

__cos (1 — x)wp)

xS0 @t; x,0) = (96)

cos (wg)

and find the residues using Eq. (94) using the m = 0 poles,
A ;0) ,in Eq. (93). Notice here that the characteristic parameter
C for the EFT does not directly come into the picture at LO.
The residues then obtained are given by,

= T, TX
o= = @n + 1) sin ((211 + 1)7), 97)

which combines into the Eq. (95) with the poles to give for
the PDF,

o0
=0
PEOWN) =" o= exp (—ADN)
n=0

2
_ZL[LZVé (%x, exp ( — %/\/’)), (98)

where V) represents the elliptic theta function,

oo
Va(a, x) =2 Z X9 cos (20 + Da), (99)
n=0

and the notation, Vé, refers to the derivative of the function
with respect to its first argument. Here, the contribution com-
ing from n = 0 dominates the most when A is taken very
large. In similar fashion, we develop the PDF for the next-to-
leading order (NLO). The first and second moments from the
above PDF at the leading order can also be calculated using
the relation in Eq. (78). The knowledge of (N) will prove
necessary when we concern ourselves with the primordial

black hole abundance in the coming sections. The expres-
sion for these moments of the number of e-folds A at LO is
given by

N(x,y =00 = fﬂx(l - %) (100)
(N (x,y =)o = %ﬂ4x(2 — X2+ 1%, (101)

One immediate effect is clear that the mean value is more
sensitive to changes in fi. To get a better picture of this sensi-
tivity let us evaluate the variance in the leading order, which
gives us:

oo = (N2 (x,y = 0o — (N(x, y = 0)7o

1
= 6,&4x(2+x2 —2x)(2 —x), (102)
The variance experiences increased sensitivity as [ is
increased slightly.

9.2 Calculation of PDF at NLO

Here we determine the first sub-dominant correction to the
pure diffusion limit result in the previous section. We require
here to use the second set of coefficients, (R, Q1), in
Eq. (89) to properly determine the characteristic function
and subsequent residues at the next-to-leading order in our
y-expansion. We have at NLO the following function:

xNO@ T = Uo(t; w) + vUi (15 w), (103)

and further utilising the formulas in Eqgs. (93, 94) using the
above characteristic function, we now mention the residues
at each order with information up to the first order O(y), as
follows:

=0 = (2 + 1)%[sin (en+1%)

T TX
—y(2n +1)7 cos ((2n 4 1)7”

T 1
+y2n+1)— (0))

2 (0
w, | €OS (con’1

y [wf;}; cos (1 - x)

n T ©
—(=1)"@n + D7 sin (x wn)])}, (104)

where the notation for the zero-order frequency at NLO
means:

1 2
00 = / ( + 5) 2 — 3/,

the above residues come associated with the zero-order pole
at NLO, A,(lo). Similarly, for the first order poles, Af,l), the

(105)
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residues have the following structure:
sin ((n + %)nx)

cos <\/(n + %)27t2 + 3Cﬂ2>
1, )
X n+§ - +3Ch

T 1\? -
—(—1)”5(2n+1) n+ 3 w2 +3Cp?

2
X sin <\/<n + %) 72+ 3C;12> , (106)

Combining together Eqs. (104, 106) into the final PDF from
Eq. (95) gives

ety (=D)"12y
n,l - ~2

o0
_ _ )
PNRON) = 3 [r=0 4 r MmN = AN 107
n=0
where in addition to the set of poles for m = 0, we have
another version of poles,

AD =3C+ A, (108)

contributing to the decay rate. The presence of characteristic
parameter C also alters the decay feature depending on its
value, which remains close to 1. Similar to the case of LO,
here also one can evaluate the first moment or mean number
(N) to get the following:

N(D)NnLo = fﬁx(l - %‘)

_ley(x g cosh VG — )]
cosh [v/3C/i]
sinh [v/3C fix]
~ V/3Cjicosh [Rﬁ])’
which contains the linear correction terms, that is up to O(y).

We will use this expression in the upcoming sections for PBH
analysis.

(109)

9.3 Calculation of PDF at NNLO

Here we discuss the calculation of the probability distribution
at the next-to-next-leading order (NNLO) for the diffusion-
dominated regime. This means we work with the series ansatz
in Eq. (82) truncated up to the quadratic terms to find those
respective corrections. We would require knowledge of the
residues and the corresponding poles to begin. The last set
of coefficients in Eq. (89), (R>, Q2), will be of use here. The
characteristic function at NNLO now has the form:

ANEO( ) = Uo(t; u) 4+ vUy (13 w) + 02 Us(t5 ), (110)
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following this, the residues from Eq. (94) at orders m =
0, 1,2, each expanded up to the second order (’)(yz), is
required to eventually construct the PDF. We do not explicitly
mention the analytic form of each residue due to its overall
complexity. However, the figures obtained for PENLO N)
will be discussed in good detail in the numerical analysis
section. The final form of the PDF can be combined into the
following expression:

00
0 1) —
PgNLO(N) = Z [rr(l% + r,(l’%e 3CN
n=0
)
+rn(’2%€_6CN]e_A" ./\/” (1)

Here also, we can calculate the corrections to the mean
number of e-folds at NNLO following the Eq. (78) along
with the characteristic function in the above Eq. (110). This
gives us the following expression for the mean:

(N(T))nNLo = ﬁzx(l - %)
+2y(—1+x —y)
u2y2< cosh [v6C (1 — x)] )
2\ cosh [+/3Ct] cosh [v/6Cfi]

x<—2~|—cosh[\/fﬁ] +x/@,&sinh[\/§,&]

—(2v/3Cji? + /2 sinh [v/6C[i]) sinh [@ﬁ])

fi%y? sinh [v/6Cfi(1 — x)]

V2 V3C 2
—jiy sinh [v3C (1 — x + y)]
~2.2
_MJyE sinh [v/6C/i(1 — x)] tanh [v/3C 1]
+ii*y cosh [V3Ci(l — x + y)]
< 1 tanh [\/3C,ll])
X - , (112)
cosh [+/3C 1] V3Ch

where we consider terms only up to O(y?).

9.4 Calculation of PDF at NNNLO

To completely determine the PDF we would require the recur-
rence relation between the coefficients, which we now men-
tion:
1
cos (w3)

1 :
Ry = [Ew%(Rl cos (w1) + Q1 sin (w1))
1
4y Ry sin (wy) — gw3R0 sin (wp) — @2 Q7 cos (v7)

—Q3sin (w3)],
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03 =

1 1
[ngz + §w$Q1 - gngo], (113)

cos (w3)
where the simple pole due to cos (w3) at t = —i Aff) is
explicit. Already we notice that the expressions quickly
become more cumbersome as we go beyond NNLO and
these together with the previous values of the coefficients
in Eq. (89) make up the characteristic function that will
be needed to build the complete NNNLO PDF utilizing
Eqgs. (82), (94) and (95).
Regarding the poles, the index m now runs from m =
0, 1, 2, 3 with the last m = 3, or

AP = A0 4 30m, (114)

providing the smallest order of contribution while the m =
0 provides the dominant contribution, which seems more
important as we approach large values of /. We do not men-
tion here the complete form of the residues, r,ﬁ”” Vm=
0,1, 2, 3, as they are extremely complicated and not illu-

~2

minating by themselves, and thus, we only later show their
contribution in the form of the PDF realized after estimating
them. The final NNNLO PDF using Eq. (95) has the follow-
ing form:

[e's)
©0) (1) —3CN (2) —6CN
ZZ[n3+rn3e +rn,3e
n=0

(3) —9CNT,-AON
+rn’3e ]e

(115)
The residues, especially the term r() controlling the
amplitude, do depend on the initial phase space vari-
ables, I';, while the decay from the dominant exponential,
exp (—Agj\/ ), is independent of the same. The formula in
Eq. (93) also tells us that when & 2 1, the poles remain
well-separated along the imaginary t-axis. Expression for
the mean number of e-folds now becomes much lengthy and
complicated, and it is represented by the following relation:

1262y (V/3Ci2 - sinh [/3C/] ) cosh [3CR?(x — v = 1]

(NM(T))NNNLO = 7{1 —(l=—x4y)>+

y 2 cosh [\/6Cu x—y- 1)]

V/3Ci% cosh [/3C 2]

4 = 2/6C sinh [/6C 2] + 2sinh [/eii?] (2y/3C2 + V2 sinh [/6C[i2]) — 2 cosh [/3C/7]
) < cosh [/3Cji%] cosh [/6C %] >
12 sin 2(x —y —
L CRES VAR Z 3 Z D] 6 32y (3G — sinn [V3ER])

sinh [/6Ca?(x —y — 1)]
X

23 cosh [v/3(x — 1)y/3C/i2]

cosh [/3Cja?]

* V/3C a2 cosh [/6Cji%] cosh [/9C %]

X |:6cﬁ2 (\/W — sinh [\/W]) M +6 (3\/c2/14 sinh [\/3C/l2] B (3Cﬁ2>3/2) sinh? [\/@]

cosh [/3Cj2]

cosh [/3Cji?]

—~3Cji% (3V3CH? = V/3sinh [3y/CR?] ) x cosh [/6CA?] — 6v/3C/i? sinh [3V/Cji?]

(2\/3Cu2 tanh [v/3C2] + m

_ 1) + /2 sinh [\/GC;Z2]<6C,&2 (3\/3@12
(18V/C2% + 23 (3¢i?)? sinh [3/Ci7])

3sinh [3/C727] ) tanh [3CR2] +

cosh [y/cii?]
—9\/c2;14>} +2+/32y*V/3Ca2 sinh [3(x — 1)v/Cja?] x (1 — 24/2tanh [v/3C[i2] tanh [v/6C i2]

1 — Ty 4 2,/6C/i2 tanh [\/66‘7]
+cosh [\/@] (2 ~ 4V/3C7 tanh [vacre] - cosh [\/3Cﬁ2]) * cosh [/3C %] > }
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Since from the Eq. (115), we can now construct the PDF
by including more of the higher-order terms in the complete
expansion; we have more information on the upper tail region
of the PDF, corresponding to an increase in the non-Gaussian
nature and thus translating into important consequences for
the PBH formation possibilities.

10 Drift dominated regime: methods to solve for the
characteristic and calculating moments

In this section, we concern the opposite condition where the
quantum diffusion effects remain subdominant, and thus, the
behavior of the scalar perturbations ¢ through the USR is
governed mainly in a classical limit where drift effects from
the Langevin equation become essential. Here, the scalar per-
turbations are not affected predominantly by diffusion pro-
cesses, which do not contribute to most of the e-folding real-
izations between some initial and final conditions for a given
;.

The conditions on the variables to solve the partial dif-
ferential equation, Eq. (79), involve working under the limit
where y > 1. In terms of the phase space variables, Eq. (69)
also tells us that this limit implies large conjugate canonical
momenta. Since the nature of the analysis here is mainly clas-
sical, in terms of the PDF, we will obtain information about
features around the maximum of the distribution. Starting
with the mean value of the stochastic e-folds variable A/, or
the first moment of the PDF from Eq. (78), one can construct
the higher-order moments, that includes the skewness and
kurtosis, to accurately study the structure of the complete
PDF away from the maximum.

Here we discuss the general method to solve for the various
moments of the PDF, Pr, (N), related to the set of coarse-
grained variables I'; = {¢;, I1;}. We start with working at
the leading order in the variable y and develop the PDF up
to going till the next-to-next-to-next-to-leading order in y.
The method adopted here is known as the method of charac-
teristics. Here we choose to parameterize our phase space
variables I' = {x, y} with some arbitrary parameter that
introduces characteristic lines in the phase space, and for
each of these lines we need to solve linear ordinary differ-
ential equation whose solutions when combined gives us the
characteristic curves in the phase space. These solutions are
a convenient method to solve for the original PDE in Eq. (79)
as we will show now starting with the solution leading order
iny.

10.1 Calculation of PDF at LO
We start with writing the phase space variables as I'(p) =

{x(p), y(p)}, where p is a parameter defined for the respec-
tive set of characteristic lines in phase space. We need to

@ Springer

solve these lines with the help of the PDE in Eq. (79). This
is done as follows by writing the differential:

dx(t; T'(p)) dx 9 dyd

—— =\t = ] x@ T (p)),
dp dp ox  dp dy

the RHS resembles the differential operator in the PDE equa-

tion (79), given if we are able to obtain the solution curves

for the equations:

(117)

dx(p) _dy(p) _
dp dp

and the resulting family of curves allows us to write the lead-

ing order PDE in the ordinary differential equation form, that

completely ignores any effects coming from the first diffu-
sion term in Eq. (79) as:

( d + i ) #T(p)=0
ST T~ X L(p)) =,
dp  yo—3Cp

where the solution y = yo — 3Cp, for some initial condi-

tion value yy, is used which forms the solution curve for the

Eq. (118) parameterized by p. The above first-order ODE
can be straightforwardly solved to give:

-3C, (118)

(119)

X (6 T(p) = x0(t: To)[yo — 3Cp] e, (120)

where the characteristic parameter C appears explicitly. Re-
labelling the parameterization by using the difference xo— yo,
and therefore, setting one constant yo = 0, we have for the
original variables, y = —3Cp and xo = x —y. This makes the
initial condition solution dependent only on y. Now, applying
the similar boundary conditions in Egs. (85) and (86) by
converted back into {x, y} we have from the first condition:

_ it
X D=o=1, = xo(-y) =y 3, (121)
From this, the final solution can be easily written down to the

following expression:

_ it

3

X T(p)) = (1 - f) :
y

To further build the PDF at LO we just have to make use of
the Fourier transform equation (77):

PEON) = 8N — (Mo)),

where the first and second moments of the stochastic variable
N comes out as:

(122)

(123)

1 X
(NTM)Lo = —fln (1 — ;) (124)
N2(D))Lo = W (M), (125)
and from the above we conclude that,
oto = W (M)Lo — V(M) = 0. (126)

The various higher-order parameters describing deviations
from Gaussianity, such as the skewness and the kurtosis
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also remain absent and thus, by extension, the parameters
JNL, gNL, TNL also vanish. The PDF equation (98) tells us
one important fact about the fluctuations in the e-folds, they
completely shut off and effectively lead to zero curvature
perturbations since N — (N) = ¢, from the stochastic-6 N
formalism.

10.2 Calculation of PDF at NLO

In this section, we continue with the approach of the previ-
ous section to derive the characteristic function at the next-to-
leading order (NLO) which will give us further corrections to
properties like the mean number of e-folds and as well intro-
duce us to more new statistical properties like the variance of
the stochastic number of e-folds and many more important
measures of interest. Notice as we explained at the end of the
previous analysis, to incorporate the curvature perturbations
we will need to go beyond the LO results and thus it starts
with the current discussions of NLO corrections.

To begin we consider Eq. (79) but this time let the first
term, which brings the diffusion effects, act only on the lead-
ing order solution obtained above, as for the rest terms they
act trivially on x"C. We write

LO

X =10 4 O, (127)

where the term xN-O represents a sub-dominant correction
to the LO result. Substituting the above into Eq. (79), the
NLO contribution obeys the equation:

} + ir)me(t; T'(p)
y

3C 8+3
Nox T3
1 i H_ir | x\ 2
T y23Cp? 3C y '

Notice the important fact that the quantum diffusion effects
contribute sub-dominantly when working at the NLO, which
is why the LO solution when acted by the diffusion operator,
acts as the source term for the NLO drift solution of the char-
acteristic function. The characteristic lines for {x(p), y(p)}
remain the same as before. With these we obtain a similar
linear ODE for xNIO of the form:

(dd + t) NLO (4 T (p))
p

IR ATV
T y33Ch? 3C y '

solving which gives us a general solution:

(128)

(129)
MO T (p)) = <x (=) + oy (14 om
: 9a2c2\ " 3C

In (y)(y —x)"s”cz)ys, (130)

for the initial condition solution we again use the boundary
condition x (t; I')|x=0 = 1, and get:

Xy —x)=(y—x)"3

it ]

which when used in the general NLO solution Eq. (130) gives
us:

it

—3C
KO T) = (1 - 1‘)
y

[1_ it (), 1ﬂ(1—§)}
Lsem(se) o)

The above contains corrections of O(ft~2y~2) to the LO
result. This solution can further provide us with the PDF
at NLO order and associated statistical moments since N
is eventually a stochastic quantity. First, we take a look
at the PDF coming from the inverse Fourier transform of
«NEO (¢ T) which has a structure utilizing derivatives of the
Dirac delta distribution as follows:

(132)

PROW) = PEOWN) +

1
9C? % (y — x)?
1
x (8<”(N — (M) — fsmw - WLo)))

X
xln(l——)
y

= PFOW) —

1 (L 2 )
9C2a2(y — x)2\WN + 3CN?

xS — (Mio)) In (1 — E) (133)

where the superscripts (i) denote the ith derivative of the
Dirac delta with respect to the e-folds N and in the second
line the derivative properties of the Dirac delta are used. From
this result, we can also quickly determine the mean value and
variance in the number of e-folds. The mean value at NLO
is evaluated as follows:

N@DM)nLo = (N(F))Lo(l + (134)

1
3C A (y - X)2>’
and similarly evaluating the variance at NLO requires first to
know the second moment which comes out to be:

2 _ 2N)o
(et
x| 1—(14+=Cia“(y—x)"|In{1——]][, (135)
2 y

using which the variance gets evaluated to the following:
onLo = BN (M)nro = (V2 (M)nto — V(D)o

2(N(M)Lo ( WMo ) (136)
9C? % (y — x)? 20202 (y —x)? )’
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where the first term gives the leading contribution. The ben-
efits of calculating multiple statistical moments come to aid
when we want to calculate important quantities of observa-
tional significance such as the power spectrum, and other
non-Gaussianity parameters. We now check for corrections
to the third moment induced from the above PDF at NLO
order. Here we obtain for the third moment at NLO the fol-
lowing:

2—In(1=2)(1+ Ca(x - y)?)
27C4 a2 (x — y)?

x In2 (l — )—C>
y

using which the leading contribution to the third moment
away from the mean is found to be:

(BN)NLo = (N = (V) )no

= (M)nLo + 2o — 3V)NLo (VP )NLo.

2N ()]
= — w i (138)
9 C3a*(x — y)*

and the above comes out as more suppressed in the order of
expansion considered for NLO, thatis O((fty)~2). Similarly,
checking for corrections to the fourth moment from the mean
also leads to suppressed contributions. First we require the
following fourth moment:

—1241n (1= £)@ +3CHE%(x — y)?)
243C5 % (x — y)?

x In? <1 — f),
y

using which the leading contribution to the quantity of inter-
est is calculated as:

(BN N0 = (W — (V)

(Mo =

(137)

(NMHNLo =

(139)

)NLO
= (M)nLo — 4N )NnLoNV)nLo
+6(\V Lo NV InLo — 3V ) o
4N Mo

=—— "0 140

27 CO RS — )8 (40
From these higher-order statistical moments, one can mea-
sure deviations from having a Gaussian distribution by using
the properties of skewness and kurtosis of the distribution.
These are defined as follows:

(V= (V)Y B

= =
and from the Eqs. (136, 138, 140) we determine the skewness
and kurtosis as the following at NLO:

(N — (MDY

, 141
— (141)

_ (N = (NM)¥Neo _ 3¢ NMro
YNLO ‘7131L0 2C2(x _ y)2/:L2 ?

(142)
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N — (N 3N
Lo — (( 0(4 DINLO (xiy))lé(zp’ (143)
NLO

Following the above results we can now evaluate the
expressions for various quantities of statistical and obser-
vational significance, starting with the power spectrum using
Eq. (136) as:

A2 _dSN?) 2
CENLO (N T 9C2 32 (y — x)?

which represents the leading order contribution. Next we
determine the non-Gaussianity parameter fnr using Eqgs.
(138) and (136) as follows:

5 1 d>(SN3) 5C
= =-_ 14
36 [A%LNLOP d(N)? 4’ (145)

(144)

INL

and similarly, the other non-Gaussian parameters Ty and
gNL at NLO are determined as follows:

1 1 2NN 9 ,
— == 14
N 36 [Agg,NLO]‘*( d<N>2> 2 (140
3 4
gNL = ! dON) 18C2. (147)

(A2, a0l dN)E

The above gives us some intriguing insights into the nature of
non-Gaussianity to be expected at the NLO. See Refs. [290—
342] for more details. The fnr comes with a negative signa-
ture due to the expression in Eq. (138) and thus, when work-
ing at the NLO expansion in the diffusion-dominated regime,
one can expect to obtain O(1) negative non-Gaussianity
dependent on the underlying EFT structure characterized by
the parameter C. The case C = 1 results in fny, = —5/4,
which is for the canonical stochastic single-field inflation
and the value violates the bound coming from Maldcena’s
consistency condition, fnp = (5/12)(1 — ny) [290] where
ng < 1 represents the spectral tilt. Large negative non-
Gaussianity of fni, < O(—1) have found significant use
in curing the PBH overproduction issue in light of the lat-
est NANOGrav15 data, see [119,120,170,171,174,217,230,
343-348] for recent attempts to tackle this problem. The rela-
tion in Eq. (146) maintains the Suyama—Yamaguchi relation,
wL = (6 /NL/ 5)2 [349], where the equality sign holds only
for the case of single-field inflation models. In a multi-field
scenario, the equality sign in the relation is replaced with an
inequality, giving us, TN, < (6 fni./5)?. The case C = 1 pre-
dicts a large TN, = 9/4 relative to fnr and gives gnL = 18.

10.3 Calculation of PDF at NNLO

Here we proceed to an order higher in the characteristic
function, at the next-to-next-to-leading order. The approach
is similar to the previous case of NLO and it is here that
we observe some significant non-Gaussian features. To that
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effect, we write the characteristic function satisfying the
Eq. (79) as:

NLO + XNNLO’

x=x"+x (148)

that now includes an extra sub-dominant contribution which
we aim to evaluate and using this we can obtain an equation
for xnNLO, after not acting it with the diffusion terms, as
follows:

d it 1 92
( +—)xNNL0<t;r(p>)=— Lo

— — 75X (149)
dp yii? 9x?

where we have used the Egs. (119, 128), including the previ-
ous characteristic lines which do not change. The expression
on the RHS becomes more cumbersome based on the func-
tion in Eq. (132). We still provide the RHS in a compact form
as follows:

2 — 42
1 9 ~wo_ ! (1_f) i

——— 737X = =5
yi? dx? 3 y
2
w1 =3 =g m( )
3 2 2
y Cy yC
1 2(1=%)In(1 -2
—2ith| —= — ( y) ( ))
Cy3 C2y2
i 1—>bln (1 — £)
it ;
—it 1+—)—>}, (150)
< 3C Cy3
where the parameter b is defined as:
it it
b= W 1+ 3ic) (151)
From here, we obtain a similar linear ODE for XNNLO. We

now directly mention the PDF after performing the same
procedure of solving the ODE and determining the initial
condition function at NNLO, which ultimately gives us the
following expression:

NNLO o\ it(1+3lic)1n(1_§)
X DH=(1-- 1— §
9(x — y)2C2[i2
it(1+ 45)In (1 - §)2(9oc2 +12iCt + (1 = 9Ci)(t — 6Ci))]
486(x — y)*C44 s

(152)

where the last term inside the second bracket comes as a new
addition to the rest of the terms which already form xNM©,
see Eq. (132). Notice that the expression for the characteristic
function results in a series expansion in powers of (Cjiy)~2,
where for the above xNNLO the expansion gets terminated
at O(Cy)™). Analogously, the PDF corresponding to the
inverse Fourier transform of the function x O can be rep-
resented using the Dirac delta derivatives, as done in the
previous case with xN-O. The final form of the PDF turns

out as follows:

1 i <1 x)
J— = n _—
486 C4pt(y — x)* y

x [ — 908 (N — (MLo)) +40C8PD (N — (Nio))
489N — (Mo)) +1n (1 - %)
x (54C25<1>(N — (M.o)) —33C8P W — (Mo)

168N — (Mo)) — %8(4)0\/— (NLO>)):|’

_ pNLO _ _
= PO - e et W — (o)
X[% L sc  12c +1n<1 ~ f>
NN AR y

X(_ﬂ_“_C_E_L)]ln(l_Jﬁ)
N N2 N3 3CN* y)’
(153)

Using Egs. (152) and (78), further higher-order correc-
tions estimated for the mean number of N\ can be collected
and written down as follows:

(N (Dinnto = W (r)>Lo<1 + ST =T
9C2NM))Lo + 5)
9C3 ity —x)* )

Similarly, the variance estimated for the current NNLO at

order O((f& y)_4) first requires for the second moment given
as follows:

(154)

14C + 3(N)o(10 4+ 11C?)
27C3(x — y)*p?

which in turn provides the next order correction to the vari-
ance:

ofnLo = (SN2(D))NnLo

2 i (1 x)
27C3 a2 (y — x)? y

81C4a*(x — y)* y

_ 2N(M)o (11C = HN (D),
T 9C? 2 (y — x)? 9C2 it (x — y)*
For the present case, third moment from the mean of the
probability distribution is calculated from Eqs. (153) and
(78). First evaluating the third moment itself gives us the
following contribution:
4NM)Lo
27CH uH(x — y)*

(V2(D)NNLo = (M)Lo (155)

. (156)

(NV3(M))nnLo = |:1 + lSCz(N(F))Lo],

@ Springer



21 Page 26 of 72

Eur. Phys. J. C (2025) 85:21

(157)

and further at leading order in O((fty)™*), discarding other
higher powers of logarithms, corrections to the third moment
comes out as follows:

N3 (M)nLo = (N — (M) o
1 X

w(t-2)]

_ 4ND)o 3C
= m[l + 7(3C - 1)(N(F)>L0i|,
(158)

which includes effects from the characteristic parameter C.
Similarly, one can evaluate corrections to the fourth moment
away from the mean. For the fourth moment after discarding
higher multiples of logarithms we have:

4G+ OWMN,

4
(N*(T))NNLo = TC R — )t (159)

and further, to leading order in O((fty)™*), we have:

BNHI))NNLo = (N — (M) )NNLo

4 5 X
= - In“(1—-—
243 COpt(x — y)* y
x|:8 +C+n (1 _ f>(4+400)},
y

_ HN,
- W[WHCW (F)>Lo(4+4OC)].
(160)

From here we can again move towards determining the prop-
erties of skewness and kurtosis for the distribution at NNLO.
These are defined for the present distribution as follows:

(N = (M)¥Hnro

YNNLO = 3
ONNLO
1 2(2+3(N>LOC(C_1))(X_ i
T Wi, caic—n o
(161)
_ W = (M) Hweo
KNNLO = 4
ONNLO
1 12C(x —y)*at
_ _ 162
N2, (1C—1)2 (12

‘We now estimate the corrected version of the power spec-
trum from the variance corrections derived before at the
NNLO in Eq. (156):

d(SN?) 2
diN) — 9C2a2(y —x)?

2
A;g,NNLo =

@ Springer

2(11C€ = HIN(M)Lo

92 (x — 3 (163)

For the remaining set of non-Gaussianity parameters, we
evaluate them using Eqs. (158, 160) as follows:

PO d>(SN3)
M T 36187, ol AN
53C—1 8 81a%(x — y)*
36 2C3 9;14(x — y)4 4
(11C — (Mo 2
X(” 72— y)? ) ’
53C -1 2(11C — H{Miro

=2 - 164
2 20 Pa—y? (169

5 1

where the term O(f~2y~2) comes as a suppressed correc-
tion from the power spectrum and due to having gty > 1
as the necessary condition to achieve a drift-dominated sce-
nario, we approximate the result at leading order in the series
expansion. Next we have:

1 1 (d2(8N3)>2

INL =

%[A?LNNLO]‘* d(N)?
_(3Cc-1 8 2 81,14(x—y)4>2
S\ 203 9pt(x — 4
(11€ — (Mo \ ™
X(1+ 20— y)? ) ’
_9/3C—1\*(. 401C-DHN)o
3V (- ).
1 d> (SN?)
8NL

AL ol AV
_ 24C(4+40C) 81C2 32 (x — y)?

9 4
(1€ = HN)o ™
(1 Sme)
=54C3(4 +40C)<1 LG DU\?“’). (166)
Ao (x = y)

where, as mentioned above, a similar term leading order in
the expansion is considered. The case C = 1 in Eq. (164)
gives us at leading order, fni. ~ 5/2, which is positive and
larger in amplitude compared to the C = 1 estimate at NLO,
see Eq. (145). The current non-Gaussianity estimate also vio-
lates Maldacena’s bound for canonical single-field inflation
models. We must notice that for C < 1/3 we start to see nega-
tive fnr at NNLO, indicating possibility to achieve negative
non-Gaussianity for some non-canonical stochastic single-
field model giving thus a possible candidate to also tackle
the PBH overproduction problem. For C = 1 in Eq. (165)
we get tnL ~ 9 at leading order and only small corrections
relative to its value from C = 1 in Eq. (165). The Suyama—
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Yamaguchi bound, N, = (6 fNL /5)2, still remains intact at
NNLO.

10.4 Calculation of PDF at NNNLO

We finally discuss results from the characteristic function in
the next-to-next-to-next-leading order. The present charac-
teristic function comes as another higher-order term in the
series expansion satisfying the Eq. (79) with the diffusion
terms as:

NLO NNLO NNNLO

x = x4+ xNO 4+ x +x (167)

To obtain the NNNLO contribution from the method of char-
acteristics is not a tractable task to undertake in this section
and thus we refer to [198] for a general series expansion
method developed to obtain the characteristic function terms
to any arbitrary degree in the classical or drift-dominated
regime.

Instead of fully mentioning the PDF, which is not illumi-
nating in itself, we mention the necessary corrections brought
from its structure to the statistical moments of our interest so
far. We start with the mean value correction,

(N(@)nnnLo = (V(T))NNLo
60N (D)o + 77N (D)o + 17

+HN(D)Lo TEyr—T

. (168)

where this time the correction happens at order O((ji y)70).
For the next statistical quantity, the variance of the distribu-
tion, a correction at the same order in the expansion looks as
follows:

2IV(M)Lo

CyI%INNLO = <5N2(F))NNNLO = m

x <28 + 143 CIN(M))1o + 384 C2<N(r)>§o). (169)

Corrections to the third moment away from the mean, at
NNNLO, and in the expansion order O((Ciy)~%) requires
first the following expression for the third moment:

(N(M)Lo
(NV3)NNNLo = ST CSA6(y — )6

x <76 41056 C(N'(I"))1o + 3798 CH(N (r))ﬁo)

(170)
using which we can obtain the expression:
4NM)Lo
(SN (I))NnNLo = TG — )
X |:1 +3CIN(M)Lo
2 2
N 19+ 120 C(N(F)}LO +132C (N(F))LO} (171)
3 Ci*(y — x)?

and lastly, corrections to the fourth moment away from the
mean, at NNNLO, also requires first to know the fourth
moment:

4N (M)Lo
243 COo(y — x)©

(MHNNNLo = (10 + 366 C(N(I))1Lo

+2667 C*(N (r))ﬁ()), (172)

having which can gives us the following form:

4N (@))Lo
27 CHat(y — x)*
2(5 463 C(N'(I))Lo + 105 c2<N(r)>§O)}
9 C2a2(y — x)? ’

(BN*(I)NNNLO =

X[<N(F)>LO +
(173)

Lastly, using the above results we further mention the skew-
ness and kurtosis for the distribution at NNNLO. These are
as follows:

WV = (MDP)NNNLo
YNNNLO = 3

ONNNLO
19+ 120C (N0 + 132C2 (N
VINILO(28 + 143C(N) Lo + 384C2(N)E )3/

=9V2C3 3 (x — y)?

(174)
(V= (W)*)NNNLO
1
ONNNLO
_54C2(x — )P0 5+ 63C(N)Lo + 105CH NV,
T Mo 28+ 43C(N)o +384C2 ()2
(175)

KNNNLO =

The corrected power spectrum after using the addition from
Eq. (169) can be evaluated to give:

d(SN?) 2
AN 9CZ 2 (y —x)?
211C — HIN D)o
9C2 A (y — 1)}
4
TRICT A5y — 00

2
Ag‘{,NNNLO =

(14 +143C(N(M)Lo
+576C*(N (r)>§o> , (176)

and the set of non-Gaussianity parameters at the NNNLO are
ultimately estimated to give:

5 1 d>(SN3)
N = 3612, P AV
B [E N 10(10 + 33C(N)Lo)}
12 32 (y — x)2
X<1 L 81C. Vo) | 282(C, <N>Lo))‘2
pAy—x)?  9C ity —x)*)

177
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1 1 <d2(8/\/3> )2
36 M?;,NNNLO]“ d(N)2

INL =
B [g 2(10 + 33C(N)Lo)]2
L2 32 (y —x)?
y (1 L 81C Mo | 28(C. N)io) )‘4
Ay —x)?  9C?at(y —x)*)
(178)
1 d3 (SN
8NL

T A2 ool AN

g1(C, (N)ro)
a2y —x)?

-3
= 1890c2<1 + 2g2(C, (N>LO)> .

9C2t(y — x)*
(179)

where the coefficients, g1(C, (N)Lo), g2(C, (N)Lo) are
defined by the following expressions:

g1(C, (N)ro) = (11C — H(N )10,
22(C, (M)1Lo) = 14 + 143C(N)1o + 576C*(N)E,.
(181)

(180)

From the above expressions for the various non-Gaussianity
indicators, we notice the effect of corrections to the lead-
ing order result. For fyr., at C = 1 one notices a slightly
increased magnitude, coming from the O(i~2y~?) sup-
pressed term with positive signature, than the leading order
value of fni = 5/2. Here there does not seem to be a case
for negative non-Gaussianity to appear. The above Egs. (177,
178) are also able to maintain the Suyama—Yamaguchi rela-
tion, tnp = (6 /NL /5)2, at this order of analysis. The other
two parameters Tnr, and g, take on large positive magni-
tudes with gnp > L at their leading order.

11 Spectral distortion and its implications

In this section, we discuss a different but essential physical
effect present as inhomogeneities in the cosmic microwave
background distributions known as spectral distortions. In
the context of PBH, these effects are related to the collapsing
phase of their formation mechanism and can become visible
as significant deviations in the CMB spectrum depending on
the mass of the formed PBH. These distortions are classi-
fied in the literature based on the redshift intervals and the
variety of mechanisms taking place in the respective history,
with their ability to induce temperature changes in the stan-
dard black-body distribution of the CMB photons. Detection
of these distortion effects can appear to give well-needed sig-
nals from a pre-recombination era. See Refs. [350-361] for
detailed explanations on these effects and their connection
with PBH formation.
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There are mainly two types of important spectral dis-
tortions in study, the u and y type distortions. The his-
tory during formation of the CMB spectrum consists of an
epoch known as the p-era when redshifts are in between,
2x10° <z <2 x 10°, responsible for the pu-type distor-
tions. Beyond z > 2 x 10° lies the high-temperature, ther-
malization era where processes like the bremsstarhlung, dou-
ble Compton scattering, and Compton scattering are able to
maintain a condition of thermal equilibrium implying highly
suppressed distortion effects. During the w-era, deviations
from a black-body spectrum start to appear and the Comp-
ton scattering processes still function but instead create a
Bose-Einstein spectrum characterized by a non-zero chem-
ical potential u # 0, hence the name of the era. If we go to
redshifts below, z < 2 x 10°, even the Compton scattering
effects start to become inefficient in maintaining a Bose—
Einstein distribution. The result is a loss of equilibrium and
the temperature differences become more sensitive in the
late-time scales, near the CMB era. These are known as the
y-type distortions.

In terms of the wavenumber, these can be evaluated from
the scalar power spectrum of the curvature perturbations as
follows [360]:

22/OodkA2 k)4 e k
~ 2. — Xp| — =
a w kS P17~ 5400 Mpc!
k 2
—exp| — | 00— ,

P 31.6 Mpc~!

foo dk
y>~04 —

ki

(182)

k 2
k Agf(k)e"p[_ <31.6 Mpc1> } (159

where k; = 1 Mpc~! is used. The definition of the power
spectrum used above, A% ¢ (k), is the total power spectrum
derived for the three phases in Eqs. (C34, C54, C70). The two
distortion estimates from the mentioned total power spectrum
gives us values, u ~ 2.35 x 1078 and y ~ 2.78 x 1079,
when the wavenumber for PBH formation satisfies kpgpy ~
(9(107Mpc_1). The PBH mass is related to the transition
wavenumber as follows:

MpgH

~1/6, 1 N\2
— 113 x 1015w (L) (=8 =),
Mg 0.2 106.75 kpBH

(184)

where k, ~ 0.02Mpc~!. In order to investigate the allowed
PBH mass range, we implement the above formula along
with the definitions in Eqs. (182, 183) to obtain u and y
as function of the PBH mass. We later confront the results
with the existing observational constraints on their values in
a dedicated numerical outcome section. A useful quantity
to remember here is the amplitude of the total scalar power
spectrum which reaches sufficient values needed for PBH
production, that is A ~ ©@(1072). The expression for the
amplitude using the power spectrum expression mentioned
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before can be extracted as follows:
2 2
Az (k) = [AZ; as(k < k)] qgy + Ok — ky)
x[AZ asks <k < ke)|ygg + Ok — ko)

2
X[A;-;yds(ke <k < ke“d)]SRII’

Ak |1+ £ 2(1+ %) k)
= —_— X —_—
' ks 7 k.
. 1+ .
+| Ok — k) |az.ase'” — (+—l.0),32,ds€_m
(1—io)
. 14+ 2
+0O(k — k) |3 gse'” — (—i_—l.(j)/%,dse*”7 ,
(1—io)
(185)
and the amplitude is written as:
H? ke \©
Alks) = (—) (—) , (186)
y 87r26c5M127 « ks

where the * notation implies evaluation at the pivot scale,
ks ~ 0.02Mpc~! and k; stands for the wavenumber associ-
ated with the sharp transition into the USR leading to PBH
formation, as used before in Eq. (184). The wavenumber
dependency in the total power spectrum above comes from
the Bogoliubov coefficients for the USR and SRII, and the
k—dependent factor outside the power spectrum is present
for all scales, before we consider a specific regime.

12 PBH formation from EFT of stochastic single field
inflation using stochastic-6 NV formalism

This section focuses on the primordial black hole formation
analysis within stochastic inflation. We first discuss the gen-
eral mechanism for PBH formation in the early Universe. In
the context of stochastic inflation, after we describe the for-
mation then, we move towards the study of PBH mass frac-
tion and how the analysis of the probability distribution done
in the previous sections proves helpful in obtaining numeri-
cal values for the current density fraction of PBH and its ratio
concerning the present-day dark matter density in the form
of PBH abundance.

12.1 Formation mechanism

We examine the PBH formation mechanism when stochas-
tic effects are important and tend to facilitate the increase of
curvature perturbations to sufficiently large values. Mostly
this happens with the perturbations at the small scales during
inflation when they re-enter the Hubble radius, and if they are
large enough, can force the Hubble patches to undergo gravi-
tational collapse and generate PBHs. The standard approach
to calculate the resulting PBH mass fraction goes as follows.

We start with an initial Gaussian distribution P (¢) of the cur-
vature perturbation ¢ . From such a distribution, its value after
integrating above some threshold magnitude for the perturba-
tions, say ¢, inside a Hubble patch, provides the probability
for PBH formation of mass Mpgy or its PBH mass fraction,

P(5)dg, (187)

B(Mpgn) ~ /
Cth

Now, in the case of dominant quantum diffusion processes,
the curvature perturbations suffer huge enhancement until
the condition on their threshold ¢ ~ O(1) is met. Such
large fluctuations lie at the far tail region of the probabil-
ity distribution, thus making PBH formation a rare event.
This feature answers why the non-Gaussian nature of the
distribution affects this process significantly. During infla-
tion, the existence of an ultra-slow roll phase for the small
scales provides for such enhancements and invites the quan-
tum diffusion effects to take over as the driving phenomenon
affecting PBH formation. Since the expected nature of the
distribution function for the curvature perturbations is now
not Gaussian due to prominent non-Gaussian tail features,
we will be using the results of the previous sections in the
diffusion-dominated regime to determine how the obtained
PDFs affects PBH mass fraction calculations.

Another important element in our analysis comes from
using of the stochastic variable A/. The various distributions
as mentioned before are calculated to realise the stochastic
period N given some initial values of the phase space vari-
ables I'. The idea is to work with the stochastic-6 N formalism
where one is able to directly map the statistics of A to that
of the curvature perturbation ¢ on the super-Hubble scales.
The identification is as follows:
Geg(x) = SN = N(x) — (N) (188)
where the subscript ‘cg’ indicates coarse-grained value of the
curvature perturbations in terms of the modes which enter
and exit the Hubble radius for a given set of initial and final
condition on phase space variables. The PBH mass formed
is related to the scale of the mode involved in the coarse-
graining and we will be using the Eqs. (187, 188) to make an
estimate on the resulting PBH mass fraction.

12.2 Mass fraction of PBH ()

To calculate the PBH mass fraction we make use of the results
for the PDF as mentioned in Eqs. (98, 107, 111, 115) and
apply the stochastic-§ N formalism. First we notice that the
above PDFs are described as functions of the stochastic e-
folds V. Since the mass fraction is defined from the curvature
perturbation distribution as in Eq. (187), we write the same
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definition following Eq. (188) as:

B~ Pr(N)dN,
tm+N)

(189)

which requires mean value of e-folds from the various dis-
tribution functions calculated before in Egs. (100, 109, 112,
116). The value for the threshold maintains &g ~ O(1). The
above integral is better approximated with a summation ver-
sion of the same due to the fact that the contributions of the
set of higher-order poles in the PDF quickly decay to being
negligible and thus when we use the series formula for the
PDF, we find for the mass fraction the following relation:

m_ oo (i)

~y ”{j; exp (—AV LN ) m + ti)),

i=0 n= 0

(190)

where the subscript (m) signifies the order of perturbative
expansion being considered and the set of poles at i-th order,
A,ﬁl), is defined in Eq. (93). In the above, we use the ana-
lytical expressions for the residues r,(ll}n evaluated before at
each order in Eqs. (97, 104, 106), except for the NNLO and
NNNLO residues which have not been mentioned before due
to they being lengthy and not illuminating on their own. We
will be using the above formula in the small y limit to deter-
mine the PBH fraction and comment on its utility from the
results obtained at each order in the y-expansion.

The analytic result of the mass fraction § at the leading
order can still be mentioned here using the residue expres-
sion, mentioned before in Eq. (97), as follows:

o O
Bro =)~y exp (AN Lo + Gm)),
n=0 A"

2n+ Drx
n (57

where we implement the expression for the mean e-folds
from Eq. (100). Similarly, for the NLO one can write:

m=1 oo (l)

Brio =Y LN )NLO + Gn).
i=0 n=0
i ( ;50} (1) 1 exp (=3C[{N)nro + Qh]))
o 20T AD y3c

x exp (=AY [(NM)nLo + &), (192)

which includes the mean at NLO as derived in Eq. (109).
Likewise, we can go on to evaluate the mass fraction using
the subsequent higher-order contributions in the perturbative
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expansion. For NNLO, the result is then written as:

) 0) (1)
" s exp (=3C[(N) + ¢ml)
BNNLO = Z ( (’02) + Mo o

Al AY +3C

(2) 5 exp (—6C[(N)NNLO + L)
+2 AV +e6c )
exp (— AP [N )nnLo + D).

and lastly for the NNNLO, we can write the PBH mass frac-
tion as:

(193)

0

X sy
3
BNNNLO = ( oy
Z AD

nO

r{ exp (~=3CHN)xNNLO + L))
AD 43¢

T 3 ) exp (—6C[(N)NNNLO + Cin])
+ 0)
A, +6C
(3) 3 exp (—9C[(N)NNNLO + Cin])
+ 0)
Ay +9C
exp (— APV )NNNLO + Zinl),

(194)
12.3 Abundance of PBH (fppg)

The current day fraction of PBH density relative to the current
day dark matter density is expressed using the fraction fppg.
During inflation, the presence of diffusion effects dominat-
ing the short scale regime provides the right situation for the
production of PBH when these enhanced fluctuations re-enter
the Horizon. The abundance of these PBHs is an important
quantity to study which can tell us the percent of current total
dark matter present in this form. From the previous section,
the concept of the PBH mass fraction was detailed in the con-
text of stochastic inflation and the subtleties involved regard-
ing the distribution function of curvature perturbations. The
same mass fraction S(Mppy) can be further used to evaluate
the abundance fppy using the relation:

1

1 1
2( g« \ *(Mppu\ ?
=1.68 x 108
fenn x (oz) (106.75) <M@ )
x B(MpgH). (193)

where the mass of PBH in solar mass units, Mg, is expressed
in terms of the wavenumber of PBH formation kpgy through
the relation:

M —1/6 /1 N2
PBH _ 113 %105 x [ 2 ) (=2 =),
Mo 0.2 106.75 kpH

(196)

and k, ~ 0.02 Mpc~! is the pivot scale. The threshold
¢ ~ O(1) plays a crucial role in determining the outcome
of PBH abundance in a sizeable window fpgy < 1. In the
numerical outcome section we will show the behaviour of
fpu as function of the PBH masses calculated from the
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mass fraction at each order in the perturbative expansion for
diffusion.

13 Numerical outcomes

This section focuses on various results from the numerical
analysis of important observational features related to the
production of PBH and the scalar power spectrum studied
before for each phase in our set up. We start by discussing the
tree-level power spectrum across the three phases of interest
and point out their connection with the noise matrix element.
Utilising this power spectrum we evaluate the spectral dis-
tortion effects for a wide range of PBH masses and study
the implications of observational constraints on the ampli-
tude of the power spectrum. We follow this with studying the
behaviour of the probability distribution function with the
number of e-folds, \V, at each order in the perturbative expan-
sion. Later, we study results for the PBH mass fraction and
present-day PBH abundance in the similar perturbative study
carried out for the diffusion-dominated regime as before.

13.1 Outcomes of tree-level power spectrum and noise
matrix elements

In this section, we present with behaviour of the various
power spectrum elements as function of the wavenumber
across the three phases of interest in our set up, namely SRI,
USR, and SRII.

From the Fig. 6, we find that the auto-correlation A%:Hc’
see Fig. 6d, is the most suppressed in magnitude until slow-
roll conditions remain satisfied. This happens during the SRI
phase as well as in the SRII phase. In a similar sense, the auto-
correlation A? ¢ See Fig. 6a, is the most dominant in both the
SRI and SRII phases with an amplitude of O(10~?) in the
SRI and O(1073) in the SRII phases. The behaviour of all
the auto and cross-correlations in the USR duration is more
important to note here. All the correlation amplitudes in the
USR experience large enhancements to approach magnitudes
of order O(10~" — 1) with the correlation amplitude A? ¢
being relatively smaller than the other two elements. This
fact of the USR have important consequences if we wish to
examine the effects from such large enhancements getting
carried into the quantum correction calculations. Soon after
a sharp exit from the USR occurs at k = k,, the amplitude
features rapid oscillations till they die out to give a constant
magnitude, and these oscillations remain larger in the cross-
correlations, see Fig. 6b, c for A?H[ and Azné_ ¢ than in the

auto-correlations, A2, and Alz-[{ - We put emphasis on the
fact that the oscillatory nature of the power spectrum in the
USR and after a while into the SRII is a result of the new set of
Bogoliubov coefficients, (a2, 82) and (a3, 83) in Egs. (B21,

B22, B35, B36), which contains complex phase factors after
solving for the boundary conditions at each sharp transition
k = ks and k = k.

The role played by the effective sound speed, c;, is also on
display in Fig. 6. We show each correlation for two values of
¢y = 0.024, 1, specifying the lower and upper bounds from
observational constraints for causality and unitarity [362].
The red curve corresponds to the case of canonical stochas-

tic single-field inflation, where ¢y = ¢;» = 1, and here
cs,x refers to its value fixed at the pivot scale, see discus-
sions on Fig. 3c. The value ¢ 4« = 1 signifies the maxi-

mum allowed value, and beyond that, the causality and uni-
tarity constraints get violated. The power spectrum ampli-
tude achieves A% ¢ > (O(1072) that is more than sufficient
to produce PBH. As we decrease c; » to its lowest value,
we get the blue curve where ¢; . = 0.024 and the cyan
shaded region in between the two curves represent the possi-
ble space of values coming from different ¢, existing for other
non-canonical stochastic single-field models. An important
conclusion can be drawn from this is that decreasing sound
speed, which keeps the causality and unitarity constraints
intact, lowers the amplitude of both the auto-correlations
and cross-correlations in the USR phase, thereby keeping
the perturbativity assumptions intact. The stochastic param-
eter value, o = 0.01, is kept fixed. The lowest amplitude in
the USR can reach within A7, ~ O(107?), which is still
sufficient from the perspective of PBH production. Also, we
highlight here that it is only in the USR where we observe the
most significant impact coming from changes in ¢y, while in
the two SRI and SRII phases, the changes are minimal, with
the least significant being in SRI.

We would now like to underscore the phenomenon of
out-of-equilibrium features and first-order phase transitions
within the present cosmological set up of stochastic inflation.
In the first-order phase transitions, the free energy exhibits
a discontinuity in its first derivative, and in the present con-
text, the primordial curvature perturbations and its conju-
gate momenta play the role of free energies and experience
the need to satisfy certain boundary conditions. The Israel
junction conditions are the continuity and differentiability
requirements imposed during moments of each sharp transi-
tion, and this mimics a similar role observed for the phase
transitions in statistical physics. As a result, the mode solu-
tions and their conjugate momenta incorporate a different
set of Bogoliubov coefficients coming from each subsequent
phase transition starting from the SRI phase. The frame-
work of stochastic inflation invites the presence of stochastic
effects at the Horizon crossing instant, which comes with
a stochastic coarse-graining parameter o and where this
parameter facilitates the joining of the different phases near
the sharp transitions. Under the influence of stochasticity,
at the encounter of each sharp transition, the possible auto-
correlations and cross-correlations between the primordial
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Fig. 6 Plot of various power spectrum elements A2 as function
of the wavenumber k, where f, g € {¢,II;}. The rop-left panel

shows the element A? ¢ the top-right and bottom-left panels show
the elements A?Hc ,Alz-ll ¢ and the bottom-right panel shows the ele-

ment A%{(n{- The stochastic parameter is fixed to o = 0.01.

fluctuations become significant and individually bring in out-
of-equilibrium effects for the different phases in the vicinity
of their Horizon crossing. The net effect is the loss of a pre-
cise instance of the quantum to classical phase transition. The
stochastic parameter o must always satisfy a magnitude of
order o < 1 to preserve perturbativity in the underlying the-
oretical framework. The role of ¢ as a coarse-graining factor
or a regulator becomes increasingly essential when quantum
loop corrections are the subject of interest, and where they
can appear in smoothing out the structure of logarithmic IR
divergences. The stochastic inflation theory has also received
interest in the past to tackle the IR-associated issues in dS
space [207,211,237-243]. In the absence of any stochastic
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The effective sound speed parameter is, c¢; = ¢5.» = {0.024, 1}, which
is its value fixed at the pivot scale and we plot each correlation for these
two values in blue (¢; = 0.024) and red (c¢; = 1). All the elements have
their behaviour in the three phases, SRI, USR, and SRII, indicated by
distinct shading

features, the dominant contribution comes from the observa-
tionally significant auto-correlation A? ¢ and the other auto-
correlation Azn;n and cross-correlations A%-[{ ¢ and A?H{
turn out to be highly suppressed.

The Fig. 7 show behaviour of the A? ¢ auto-correlation
as a function of the stochastic parameter o for each phase
in our set up. Below we append pointwise the interpretation
regarding the value of o in each phase:

e In SRI: We notice that for a given wavenumber mode,
k < ©(10’Mpc~"), the amplitude of the power spectrum
in the SRI stays within its magnitude found at the pivot
scale, [Aé(k)]sm ~ 2.2 x 1072, when we consider the
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Fig. 7 Behaviour of the auto-correlation amplitude A% ¢ (k) for each
phase with respect to change in stochastic parameter o. The fop row
shows for the SRI and USR phase and the bottom for the SRII phase.

For o € (10_4, 0.1), amplitudes of the correlation in their respective
phases remains satisfied and quickly change once o > 0.1 is considered

interval of the parameter, o € (107, 0.1). Beyond the
values o > 0.1, the power spectrum amplitude starts to
increase as the contribution coming from the presence of
o starts to become increasingly relevant. However, here
we must take caution, in that there does not exist a smooth
crossover between 0 < 1 and o ~ 1, as it clearly gives
the wrong amplitude for the pivot scale value seen from
Eq. (C34).

In USR: We keep fixed a wavenumber k near the transi-
tion scale of ks ~ O(107)Mpc~! as it provides us with
the production of large mass PBH, Mppy ~ (’)(10_2 —
1 My). Having this satisfied, the power spectrum ampli-
tude in the USR reaches [Aé (k)lusr ~ O(10~2) which
is sufficient to generate PBHs. We notice that for o €
(107*,0.1), the amplitude remains almost a constant

value until it rises to reach magnitude of ~ O(10~1)
when o > 0.1. This interval of the stochastic parame-
ter o, prevents amplitude from breaking the perturbativ-
ity constraint of reaching ~ O(1), and does not greatly
enhance the amplitude which can easily lead to overpro-
duction of PBH.

In SRII: Similar to the two previous phases, in the SRII
for a given mode, the respective power spectrum ampli-
tude maintains a value of [A? {(k)]SRH ~ O(107) till
the interval of interest remains o € (10~%, 1). The over-
all amplitude increases at a larger rate afterwards for
o > 0.1, but we again remind of the fact that, within
the same setting, a limiting case of ¢ ~ 1 cannot be
physically interpreted with the behaviour at lower values
of 0. The amplitude quickly breaks perturbativity once
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o > 0.lisconsidered. We conclude thato < 0.1 remains
a good interval to observe effects of coarse-graining in
the power spectrum.

From the above discussions, we find that & > 0.1 does
not lead to meaningful conclusions when comparing with
estimates of theoretical and observable importance, such
as amplitude of power spectrum at pivot scale, the neces-
sary enhancement for PBH production without overproduc-
ing them, and not breaking the perturbativity constraints. On
the other hand, any changes coming from o <« 1 remain
completely negligible. Hence, we can say that any value of
o < 0.1 suffices to work with and we cannot interpret this
scenario with the case of o > 0.1 together.

A crucial identification can be made directly in reference
to the connection between the noise matrix elements and
the power spectrum elements as seen in the appendix with
Eq. (C21). As a result of the same formula, in sections C1b,
C2b, and C3b, we obtain the noise matrix auto-correlations
and cross-correlations corresponding to the respective power
spectrum correlations after multiplying with a factor of (1 —
€). The value of the slow-roll parameter € is vanishingly
small in the USR while it is still much less than unity in
the SRI and SRII, thus indicating that the plots in Fig. 6
also represent the behaviour of associated noise auto and
cross-correlations. These noise correlations represent effects
of the quantum kicks coming from the UV modes after they
classicalize in the far super-Horizon (or IR) regions. The
Y correlation corresponds to most significant of the noise
contributions while the correlations involving the conjugate
momentum fluctuations, En;;, Egng s EH;I'Ig , generate sub-
dominant noise amplitudes in the SRI and SRII regime. In the
USR, however, all mentioned noise correlations are equally
important, implying significant quantum kicks affecting the
IR dynamics.

Without including any stochastic features, quantum loop
effects have been previously studied by authorsin [112—-115].
The existence of a stochastic parameter o serves the pur-
pose of a coarse-graining factor or a regulator in the theory.
If one performs the one-loop calculations correctly, then it
may happen that in the final result, one can observe the under-
lying logarithmic IR divergences to be smoothed out more
effectively after proper regularization and renormalization
techniques than in the calculations done with the absence
of such stochastic regulator. We wish to venture towards
this goal in the future with great detail. From the perspec-
tive of PBHs, their formation faces restrictions in the frame-
work of single-field inflation, where a single-sharp transi-
tion occurs. The calculations disallow the formation of any
Mppy ~ O(Mg) due to solid constraints on the total number
of e-folds coming from the necessary procedures of renor-
malization and a resummation of logarithmic IR divergences
atall orders in the loop calculations via the Dynamical Renor-
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malization Group (DRG) analysis [241,244-246,363-369],
AN ~ O(20 — 25) (unsuccessful inflation). Some previous
attempts, including the presence of multiple sharp transitions
(MSTs) [118,120] and within the framework of single-field
Galileon theory with a single sharp transition [115-117,121]
where the non-renormalization theorem plays the most crit-
ical role in tackling the PBH mass constraints, it is shown to
avoid this strong restriction and eventually make possible the
generation of large solar mass PBHs. The present formalism
of stochastic inflation serves as a much better alternative in
that with just a single transition, and without bringing in any
additional symmetry effects, the stochastic regulator o con-
tains the power to avoid the mentioned restrictions on PBH
mass and leads to the formation of Mpgy ~ O(Mp).

13.2 Outcomes of spectral distortions

This section discusses the numerical outcomes for the esti-
mates of the two p and y distortion effects. We follow the
expressions contained in Eqs. (182, 183) to obtain various
estimates as function of the PBH mass Mpgy formed corre-
sponding to the wavenumber, kppy.

The Fig. 8a displays the u distortion estimates as function
of Mppg. Based on the current strongest constraints coming
from the COBE/FIRAS observations, the p distortion must
satisfy, || ~ 9 x 107>, The gray shaded region in the plot
highlights the excluded mass range as a result of the disal-
lowed p values. We notice that the p values decrease much
rapidly for the masses lower than, Mpgy < O(M©®) and thus
make those masses fall in the allowed region. The horizon-
tal line demarcates the above mentioned upper bound on p
and the black vertical line corresponds to the respective mass
value indicating that PBHs with Mpgy > 1.8 x 10° M, are
equivalently removed from the w constraints. The Fig. 8b
displays the behaviour of the y distortion values as func-
tion of the PBH masses. The y-distortion does not come out
as a significant effect for Mpgy < O(10” M) after which
its behaviour can change in an unpredictable manner. The
constraints on this distortion from the COBE/FIRAS obser-
vations are |y| ~ 1.5 x 107>.

To achieve PBH formation requires the scalar power spec-
trum amplitude to lie within the order of magnitude A ~
O(1072). We utilise the same formulas, in Egs. (182, 183), to
determine the necessary amplitude such that existing bounds
on distortion effects remain satisfied. At the same time, the
resulting initial PBH mass fraction should also remain non-
negligible and for the same purpose we choose the window
of B to lie within B ~ O(10720 — 1078).

The Fig. 9 provides the results for the power spectrum
amplitude A as function of the PBH forming wavenumber
ks. The magenta coloured band highlights the region of ini-
tial mass fraction, 8 ~ (’)(10’20 — 10’8), with the inter-
val bounded between purple and brown lines, respectively.



Eur. Phys. J. C (2025) 85:21

Page350f72 21

1 distortion vs Mppy /M,

107
ke
<
1 0-10 L 2
Q
%
R
il
102} Allowed Region 'ﬁ
4
%
5
1 0-30 L
104 102 10" 10 10° 10°
Mpgy/My
(a)

Fig. 8 Figure displays the p-distortion (left-panel), and the y-
distortion (right-panel), as function of the PBH mass Mppy (in Mg).
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Fig. 9 Amplitude of the scalar power spectrum required to achieve
non-negligible PBH mass fraction as function of the PBH forming
wavenumber k;. The background involves constraints on the ampli-
tude coming from the CMB temperature anisotropies (red) [362] at
the large scales, Lyman-« forest (blue) [370], COBE/FIRAS (orange)
and the y-distortion (cyan) effects [371], BBN (black) [372], and the

1 and 20 contours reported by the pulsar timing array collaboration
(green) [163]. The magenta-coloured band, bounded by the brown and
purple lines, highlights the region of amplitude where the initial PBH
mass fraction from the Press—Schechter formalism lies in the window
B~ 010720 —1078%)
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The background contains various contours of observational
constraint on the amplitude A. CMB anisotropy already
strictly constraints the primordial power spectrum amplitude
at larger scales. We also notice that constraints from the dis-
tortion effects, captured by the COBE/FIRAS (in orange)
and the regime from y-distortion constraint (in magenta),
disfavours PBHs with masses Mppy > 1.8 x 10° Mg upon
using the amplitude of A ~ O(1072). The earliest studies
properly establishing the idea of constraining the primordial
power spectrum amplitude by observation of CMB spectral
distortions on the larger scales was carried out in [354,373].
The orange and cyan curves showcase the updated constraints
from pw— and y— type distortions on the power spectrum
amplitude, and a detailed analysis on improving these distor-
tion effects constraints and their connections in light of the
recently observed stochastic gravitational wave background
signal can be found in [371]. The Big Bang Nucleosynthesis
(BBN) also limits the amplitude with constraints at the right
end of the distortion contour in orange. At scales after BBN
but before spectral-distortion era, k =~ 104 —10° Mpc_l, the
energy dissipation of the associated waves ultimately leads
to constraints on the primordial power spectrum from over-
production of primordial deuterium and helium estimates.
The smaller wavenumbers or larger mass PBH require larger
amplitudes, A ~ (’)(10’2 — 10’1), to achieve substantial
initial abundance, and that amplitude only tends to increase
even faster for Mpgy > O(10'! M). Going beyond the pur-
ple line on top leads to overproduction of PBHs; however,
here we remind that the calculations involve the assumption
of using an initial Gaussian profile for the curvature pertur-
bation ¢ when examining the distortion estimates with the
total power spectrum from Eqs. (C34, C54, C70).

13.3 Outcomes of PDF

In this section, we study the outcomes of our PDF calcula-
tions up to the order NNNLO in the diffusion-dominated
regime. The expressions for the PDF at the NNLO and
NNNLO have not been discussed explicitly but here we pro-
vide with their graphical representations and discuss their
features. The initial phase space variables (x, y) are defined
previously in Eq. (69), as being related to the coarse-grained
curvature perturbation and its conjugate momentum variable.

We begin with the analysis at the leading order (LO).
Earlier Eq. (98) did not saw any involvement of the char-
acteristic parameter C in the residues, as well as the poles.
From Eq. (93), it is clear that in order to explicitly observe
C requires the existence of higher-order poles, at least where
m = 1. The Fig. 10a shows the distribution from Eq. (98),
plotted against the stochastic e-folding number, N, for a
fixed C = 1. Since this is at the leading order in y expan-
sion, no change in the features for changing y is observed.
The remaining parameters are fixed here to have x = 1 and
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2 = 0.9. Going to the next order in the expansion, we now
have two sets of poles that combine to give the full PDF at
NLO, displayed in the Fig. 10b. The analytic expression is
also available from Eq. (133). Notice the difference in curves
associated with different scenarios of non-canonical single-
field inflation, characterized by a finite and changing C. The
relative difference is not significant enough to render the EFT
description undesirable. We have chosen here to keep C close
to 1, as seen from the red and dotted blue curves. This time,
the amplitude has risen compared to the LO case, with the
difference being in the first decimal place. Here y = 0.15
is fixed while x = 1 and & = 0.9 remain the same. In this
regime of y values, most of the PDF gets well approximated
by the leading terms in the series expansion of Eq. (123) as
the rest decay very quickly. Further in the bottom-left Fig. 10c
we have the PDF at the NNLO. The analytic expression for
this PDF is not made explicit before but we can see from
the distribution that its behaviour remains almost similar to
the previous PDFs with small relative changes at the maxi-
mum when different values of C are considered. The peak
amplitude is also close to the PDF at NLO with differences
now pushed to the second decimal place. The parameter set,
x =1,y = 0.15, and &t = 1, is kept fixed. In the bottom-
right panel of Fig. 10c, we finally consider the distribution at
NNNLO. The peak amplitude shows clear changes for vari-
ous C values in the allowed range for a valid EFT formulation
and the amplitude change relative to NNLO now occurs at the
first decimal place and lowers the estimate. This also signals
preserving the perturbativity argument in the analysis after
keeping fixed the same set of values for the other parameters,
x=1,y=0.15and ot = 1.

From Fig. 11, we can observe similar plots in Fig. 10
but logarithmically scaled along the vertical axis. Inside
each plot, the insets look closer at the far-right tail region,
1.65 < N < 2. Atthe NLO, we infer from the inset plots that
the PDF amplitude suppresses in value at the third decimal
place compared to the PDF at LO. Also, for the PDF at NLO,
upon closer examination, we find that the amplitude of PDF
for large AV descends with C = 1.5 at the top and C = 0.75
at the bottom with differences pushed to the fourth decimal
place. Such differences in amplitude become even smaller
when considering higher-order corrections like NNLO and
NNNLO PDFs in the bottom row. Likewise, we expect from
such behaviour of these PDFs that the resulting PBH mass
function should also exhibit almost indistinguishable devia-
tions for the C values and other parameters as chosen here.
In the upcoming mass fraction section, we will analyze such
changes, including the effect of changing the x and /& vari-
ables.

In the diffusion-dominated regime, we conclude that the
distribution functions at subsequent orders maintain the per-
turbativity conditions satisfactorily. The observed changes
for various EFT descriptions are characterized by C value of
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Fig. 10 Behaviour of the probability distribution function with chang-
ing number of e-folds N. The top-left panel shows PDF at the lead-
ing order (LO) along with different y values. The fop-right panel
shows the PDF at the next-to-leading order (NLO), the bottom-left

interest only near the peak amplitude regions, and the size of
the differences does not drastically change the overall fea-
tures of the PDF. At all orders shown in Fig. 10, the left and
right tails follow similar trends and meet together while the
only slight changes are visible near the peak amplitude.

In contrast to the conditions in Fig. 10, if we now fix
the original diffusion coefficient, © = 0.9, everywhere
while observing changes in the EFT-modified coefficient,
i = u/C, then the results are illustrated in Fig. 12. The LO
behaviour remains unchanged since any C-dependent factors
remain absent in the corresponding PDF. As for the remaining
plots, at each order, we observe a significant change in over-
all PDF shapes and including concerning features near small
N . This observation already tells us that the PDF features are

(d)

panel shows the PDF at the next-to-next-to-leading order (NNLO), and
the bottom-right panel shows the PDF at the next-to-next-to-next-to-
leading order (NNNLO), all for different values of the characteristic
parameter C = {0.75, 1, 1.5} in red, green, blue, respectively

quite sensitive to the coefficient fi; the use of /& in the expo-
nential decay factors for each PDF in Eqgs. (107), (111), and
(115), being the reason for such sensitivity. Apart from the
pronounced shape changes, the left tail regime demonstrates
their inability to converge for small NV as higher-order correc-
tions get incorporated into the PDF beyond NLO. Most dras-
tic of such changes come at NNNLO, where for AV < 0.2,
the various PDFs start to separate more noticeably, which
only worsens when compared to shapes at previous orders
and exhibit large deviations (not shown here are the large
negative values) that signals breaking the perturbative anal-
ysis for smaller e-folds. The heavy exponential behaviour of
the large N tails after crossing the peaks remains roughly
the same at each order and for each value of C, which can
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Fig. 11 Logarithmic plots for the probability distribution function of the stochastic variable, A/, at different orders in perturbations theory. The
inset figures in each plot provide a magnified view of the amplitude P (N\) for the e-folds, 1.65 < N < 2. The values of x = 1, y = 0.15, and

= 0.9, are kept fixed

strongly alter the PBH abundance estimates as they are highly
sensitive to this regime of the PDF. Moreover, we notice that
including corrections at NLO raises the PDF higher in mag-
nitude for C = 1 but introduces a huge change in overall
features when slightly changing the characteristic coefficient
C which then remains more or less unchanged at NNLO but
suffers a noticeable suppression in amplitude after including
the NNNLO corrections.

Figure 13 displays behaviour of all the distribution func-
tions superimposed, that captures various higher-order cor-
rections in the diffusion-dominated regime in the small y
limit, keeping y = 0.073, x = 1, and &t = 0.76 fixed. The
reason for these specific parameter values will soon become
evident when we examine the related PBH abundance fea-
tures we expect in the upcoming sections. After superimpos-
ing the PDFs, we notice minute changes in the PDF values
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for large N among different orders. This time, the expansion
variable y is also kept much lower than the analysis in Fig. 10,
and this is reflected in the fact that relative differences in the
amplitude near the peak are pushed further to the second and
third decimal places. The C = 1inFig. 13arepresents canon-
ical stochastic single-field inflation scenario while the case
C = 1.5 in Fig. 13b represents the non-canonical stochastic
single-field inflation scenario. The peak amplitudes remain
close to each other for both the cases, C = 1 and C = 1.5,
thus keeping perturbativity intact, and to closely examine
the tail features, we refer to the plots at the bottom, namely
Fig. 13c, d. The log-scaled versions in these plots provide
an interesting outlook into the behaviour of PDFs for large
values of N > 1. We infer that already beyond N ~ 0.5, the
LO PDF keeps a higher amplitude with the other higher-order
corrections combined, with differences present at the third
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Fig. 12 The probability distribution function of the stochastic variable,
N, at different orders in perturbations theory. The fop-row shows the
PDF at NLO (left) and NNLO (right), while at the bottom, we have
the PDF after including the NNNLO corrections. The colors denote the

decimal place. Such a feature remains till we reach N = 2,
with no change in the qualitative differences whether the case
with C = 1 or C = 1.5. The subtle tail features eluded here
will prove crucial to understanding the PBH abundance fea-
tures shortly since PBH formation is quite sensitive to the tail
regions of the PDF above. The combined combination of the

. o . . (0) .
dominant contribution from the leading residue, T where i

specifies the order of expansion, and the m = 0 poles, Aﬁ,o),
quickly give the similar dominant features in the PDF shape
across all orders in the Fig. 13.

cases where, in contrast to Fig. 10, now [t changes between {0.6, 1, 1.2}
in red, green, and blue, respectively. Notice the drastic change in PDF
shapes for A close to 0 and at the right tail regions

13.4 Outcomes from PBH mass fraction g

In this section we analyze the results for the PBH mass frac-
tion and abundance based on the analytical treatment of the
distribution functions for the diffusion-dominated regime.
The Fig. 14 features behaviour of the PBH mass fraction for
changing values of fi. Here, 8 experiences steep change in
its value for &t < 1 and after i becomes greater than 1, the
mass fraction quickly saturates to values close to but less than
1. This time changes in x value have a small but noticeable
impact on 8 and the effects only become distinguishable once
i = 1. The left-panel (Fig. 14a) shows § when PDF at lead-
ing order is considered. It displays the scenario of canonical
stochastic single-field inflation. The right-panel (Fig. 14b)
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Probability distribution for CSSFI (C=1)

Probability distribution for NCSSFI (C = 1.5)
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Fig. 13 Plot shows PDF as a function of the stochastic variable N
including all order of the perturbative expansion up to NNNLO. The
top-row considers the case of canonical stochastic single-field infla-
tion (C = 1) superposed with all the distinct PDF from the perturba-
tive expansion and, similarly, for the case of non-canonical single-field
inflation (C = 1.5). The bottom-row shows the same PDFs as present

focuses on S from the PDF at the next-to-leading order. The
effects of various C are not significant enough to distinguish
but we notice that 8 at NLO, for & > 1, changes by an order
of magnitude amount less as x is decreased compared to the
changes in 8 at LO. Also, the PDF at NLO predicts less mass
fraction compared to the PDF at LO for the same /i value.
Focusing on the next order in the perturbative expansion,
we get the mass fraction behaviour from the PDF at NNLO in
the bottom-left, Fig. 14c. The mass fraction g suffers a further
decrease of more than an order of magnitude as 1 < 1; with
this rate of decline improved compared to NLO for smaller
[ values. Such effects will also contribute towards the result-
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above now scaled logarithmically along the vertical axis. The two inset
plots provide a magnified view of the far-right tail region of P (N) for,
1.65 < N < 2. Notice the clear separation in between the LO value
and other higher-order corrections which will later become crucial in
understanding the PBH abundance results

ing PBH abundance from the mass fraction. Similar to the
previous case at NLO, the effects coming from the char-
acteristic parameter C in the mass fraction are not signifi-
cant enough to distinguish properly. Lastly, some interesting
changes happen with the PDF at NNNLO and its derived 8
behaviour. From Fig. 14d for § at NNNLO, we notice that for
x = 0.5, a positive magnitude of § lasts up to a certain value
of fit > 1 after which the numerical values return negative
results. Thus, x cannot be decreased to smaller values close to
zero as doing so would only push S to negative values faster
and for values of  ~ 1. The relative change after decreasing
x from x = 1 has also almost vanished. The effects of the
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Fig. 14 Mass fraction B against variation in ft. The mass fraction is
extremely sensitive to p values close to or less than 1 and equally
less sensitive to changes in x. The top-left panel displays behaviour
of B for PDF at LO, PI]:O(/\/' ) and does not incorporate a variable
C. The top-right panel displays behaviour of g for PDF at NLO,
PINLO (N), the bottom-left panel displays behaviour of 8 for PDF at

characteristic parameter C is more interesting to notice here.
Increasing C beyond C = 1 along with x < 1, results with
the corresponding 8 going negative for lower values of [ as
compared to lowering C than C = 1, in which case the S
extends to larger [t above which it again drops to negative
values which are not visible. No such issue arises when x 2 1
is considered.

In the Fig. 15, we explore the behaviour of the mass
fraction B, at each order in the perturbative expansion,
with changing values of y or the coarse-grained conjugate
momentum variable as defined before in Eq. (69). Since
this behaviour is studied using the features of diffusion-

(d)

NNLO, PINNLO (N), and the bottom-right panel displays behaviour of
B for PDF at NNNLO, PINNNLO(N). Multiple cases with values of
C € {0.75, 1, 1.5} are shown. The gray shaded region highlights the val-
ues of B > O(10~%) excluded by current observations for heavy mass
PBH, in the range 10'%g to 10°%g (or Mpgy ~ O(10~17 — 101 M)

dominated regime, see Sect. 11, it follows that the limit of
y < 1 would provide for much suitable interval from where
PBH mass fraction can get estimated accurately, including
higher-order corrections of NNNLO analysis. The leading
order (LO) scenario is an expansion independent of y, hence,
any change with y in the top-left panel Fig. 15a would not
give any useful insights into the mass fraction behaviour.
Going to the NLO scenario, here we get additional terms lin-
ear in y to our PDF and as a consequence we observe, from
the top-right panel, Fig. 15b, small changes to §. In terms of
different C values, the relative separation becomes larger as
we set y > 0.01. The mass fraction then changes quickly by
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Fig. 15 Mass fraction B against variation in y. The fop-left panel dis-
plays behaviour of § at LO with changing y and does not incorpo-
rate variable C # 1. The top-right panel displays behaviour of B at
NLO with y, the bottom-left panel displays behaviour of § at NNLO

atleast an order of magnitude, increasing till we reach y ~ 1.
The effect of sub-dominant corrections changes as we con-
sider the NNLO case, Fig. 15c. Here, the mass fraction 8
continues to move further lower in magnitude as y > 0.01
is considered. Mass fraction for the lower values, C < 1,
fall early as compared to the higher values, C > 1. At last
we consider the correction up to NNNLO to § and analyse
their effects from Fig. 15d. This time, the mass fraction stays
the same for a large interval of y < 0.1. Even while taking
multiple C into account, the relative difference only becomes
significant if we choose to have y > 0.5. The case of canon-
ical stochastic single-field (C = 1) does not show much
differences and only changes sharply by an order of magni-
tude when we reach y ~ 1. The mass fraction converges to
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with changing y, and the bottom-right panel displays behaviour of 8 at
NNNLO with changing y. Multiple cases with values of C = 1 (red),

C = 0.75 (blue), and C = 1.5 (green) are shown and x = 1 with i = 1
and &y ~ O(1) are kept fixed

have similar behaviour for different C values in the (y < 1)
and y ~ 1 limits.

We conclude by saying that the choice of interval y ~
0(0.01) agrees well after comparison between each higher-
order correction to the mass fraction S. For y > 0.1, the
behaviour can change non-trivially and depending on the
order of expansion considered.

13.5 Outcomes from PBH abundance fppu

In this section we discuss the observed outcomes for the PBH
abundance as function of the PBH mass after the magnitude
of curvature perturbations exceed a threshold value of ¢, ~
o).
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Fig. 16 PBH abundance fppy as a function of the mass (in M). The
fixed values of different parameters are x = 1, y = 0.06, and C = 1.
Each plot features different values of © € {0.55,0.575,0.6}. The
cyan-coloured region highlights the recently obtained 95% upper limits

The Fig. 16 features in it the abundance of a spectrum
of PBH masses ranging from Mpgy ~ O(107*Mg) to
Mppyg ~ O(IOZM@). The plots shows that the abundance
is extremely sensitive to the values of i for a fixed x = 1,
vy =0.06, C =1 and keeping ¢ ~ O(1) satisfied through-
out. With the distribution function at different orders we
observe from the various sub-figures (Fig. 16a—d), the sce-
nario of a large enough mass range that can achieve sizeable
PBH abundance as a result. The higher we go in the pertur-

PBH abundance frp; vs Mppi/Mg at NLO (C=1)
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1 1
0.001 0.010

on PBH abundance from microlensing events. The magenta boundary
marks the strict limits on fpgy [374] and also includes limits from other
dark matter surveys: EROS (orange) [375], OGLE-III (gray) [376],
MACHO+EROS (brown) [377]

bation expansion, their influence on the abundance remains
the same with relatively small deviations throughout the
mass range being explored. We include the results obtained
from different microlensing surveys on the fraction of total
dark matter distributed in form of PBHs. The cyan coloured
region with solid magenta line marks the region constrained
from the data of Optical Gravitational Lensing Experiment
(OGLE) in their 20 years run which comprises of the OGLE-
IIT (2001 — 2009) and OGLE-IV (2010 — 2020) runs. For
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more details on the observation setup and proper data gener-
ation analysis consider studies in [374,378]. From the strict
constraints, we infer that large Mpgyg ~ O(1 — 100) M can
compose at most 10% fraction of the total dark matter. The
sensitivity to the corrections in PDF at each order can be seen
more clearly from the plotin Fig. 17a. The leading order (LO)
contribution predicts a larger magnitude of abundance rela-
tive to the next-to-leading order (NLO) corrections coming
from the associated PDF, and the subsequent corrections do
not bring much noticeable changes.

The threshold curvature perturbation ¢y, is another impor-
tant parameter to manipulate. Changes in its value show high
sensitivity to the possible [t values, with the larger iz > 0.5
being more sensitive to ¢y, resulting in a sizeable abundance
than compared to lower values of & < 0.5. The right-panel,
Fig. 17b, features the effect of changing ¢y, for a fixed o and
fixed PBH mass, Mpgy ~ O(IO’3M@), including correc-
tions from all cases in the perturbative analysis of the PDF.
Effects of threshold change is found to be independent of
the order of correction considered in the PDF expansion and
likewise in the PBH abundance which follows, as a result,
similar decreasing trend upon increasing the threshold. From
the slope of Fig. 17a, we can also interpret that changing &
affects the abundance for different masses in the same manner
for a given C value. We conclude with the fact that additional
perturbative corrections to the PDF bring in almost negligi-
ble changes into the abundance estimates for a large spectrum
of PBH masses and the quantity fpgy is highly sensitive to
changes in @ which affects all PBH masses equally for a
certain threshold ¢,.

14 Conclusion

The focus of this work is threefold. We attempt to develop
an Effective Field Theory (EFT) understanding of stochas-
tic single-field inflation. In parallel with the stochastic-
SN formalism, we perform a detailed analysis of the non-
Gaussianity features in the drift-dominated regime and the
tail features responsible for PBH formation when in the
diffusion-dominated regime. Finally, we study the tree-
level scalar power spectrum, both auto-correlated and cross-
correlated amplitudes, employing the stochastic inflation for-
malism.

We construct the EFT description for the long-wavelength
part of the curvature perturbations, following closely the
analysis in Refs. [36,203], and solve for Hamilton’s equa-
tions of motion for the coarse-grained variables, {¢, I1¢}.
Following earlier developments, we also discuss the essential
modifications in the adjoint Fokker—Planck equation driving
the probability distribution of the stochastic duration vari-
able AV. The consequence of working in the EFT language
comes with a new characteristic parameter, C, in the adjoint
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Fokker—Planck equation, whose values describe a class of
models, either canonical (C = 1) or non-canonical (C # 1),
in stochastic single-field inflation. The parameter C is shown
to be determined by a combination of slow-roll parameters,
which ultimately carry the EFT picture into the remainder
of our analysis concerning both non-Gaussianity and PBH
formation. Before continuing with this detailed analysis, we
outline a comparative study focusing on the merits of the
stochastic-§ N formalism and how this new integrated version
of the two different frameworks, that was initially developed
in Refs. [232-234] to solve for multiple realizations of the
Langevin equation, will help us in our later computations in
the drift and diffusion-dominated regimes.

We follow the analysis of Ref. [198], that studied the impli-
cations of higher-order corrections on PBH mass fraction,
and further highlighted the results on the stochastic variable,
N, statistics till the NLO. In the drift-dominated regime,
we carried out the analysis up to the next-to-next-to-next-to-
leading order (NNNLO) that showed C dependent correc-
tions coming into each order version of the non-Gaussianity
parameters, fNL, &NL, INL, and equivalently into the corre-
sponding statistical moments of the stochastic e-folds V. The
probability distribution function (PDF) of the e-folds N was
provided for each order of the analysis, and the effects of the
parameter C on the PDF shape at each order via measures
such as skewness and kurtosis are also provided.

In the diffusion-dominated regime, a similar but more
sophisticated perturbative analysis inspired by the Refs. [31,
198], was presented up to the NNNLO for the probability
distribution function. Though explicit expressions become
highly cumbersome beyond the next-to-leading order (NLO),
numerical results are possible to design. The perturbative
expansion is realised through the Fig. 13 and holds perfectly
for this regime. The analytic expressions for the mean num-
ber of e-folds are given at each order, which later appears
to contribute to the PBH mass fraction using stochastic-§ N
formalism.

The implications of corrections up to NNNLO, in the
diffusion-dominated scenario, on PBH formation, shows an
order of decrease in the magnitude of mass fraction § when
the other parameter /i, containing the tree-level scalar power
spectrum, remains of ft = 1. However, for i < I, the mass
fraction suffers a steep decrease, a change of at least two
orders and more in magnitude, as we go towards the lower
values for fi. The above observation shows that taking into
account the higher-order corrections can reduce the mass
fraction to favourable estimates in a controllable manner, see
Fig. 14 for respective details. Changes from different C are
not discernible from the numerical outcomes at each order
as they remain very small. The current-day PBH abundance
outcomes also reflect the similar effect of taking higher-order
corrections into account. The abundance reduces equally for
a range of PBH masses, Mpgy ~ (’)(10’4 — 102M@), and
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Fig. 17 Left-panel displays PBH abundance fppy as function of the mass (in M) including all orders of the perturbative expansion. right-panel

shows fpen as function of the threshold ¢y, including all order of the perturbative expansion. The figures are for a fixed set of &t € {0.55, 0.6} and
Cc=1
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Fig. 18 Illustrative diagram describing the main features and results from this work. The results from this work include computation of various
non-Gaussianity parameters, fNL, gNL, INL, following perturbative corrections coming from each order in the diffusion-dominated regime
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further corrections from NNLO and NNNLO do not bring in
visible changes; see Fig. 17 for the same.

We also provide explicit expressions for the tree-level
scalar power spectrum after including stochastic effects for
each possible auto and cross-correlation amplitude. Here, the
stochastic parameter o, where 0 < 1, is shown to play a cru-
cial role by acting as a regulator in the presence of large
quantum fluctuations and promoting controlled behaviour
of the correlations at the transition junctions from SRI to
USR and USR to SRII, which we outline. The impact of
different effective sound speed values, cg, is also studied
for each correlation. We find that ¢, = 1 manages to pro-
vide a correlation amplitude of, A?{ ~ 0(10_2), in the
USR that also enables PBH production, and upon lowering
¢y within the constraint coming from experimental analysis,
0.024 < ¢5 < 1, reduces the amplitude to, A?; ~ 0(10’3).
The above allows us to infer that by keeping the causal-
ity and unitarity constraints satisfied, with the value of c;
in the mentioned interval, the correlation amplitude always
tends to decrease, which also implies preserving the under-
lying perturbativity assumptions. As an aside, we discuss
some important features of the o parameter when quan-
tum loop corrections get treated as a genuine concern from
each of the mentioned possible power spectrum correla-
tions. On the observational side, we also explore the spec-
tral distortion effects, which require the use of the tree-level
scalar power spectrum. As a result of the strong constraints
on the power spectrum amplitude from such effects, the
case of PBH mass with Mpgy > 1.8 x 103Mg remains
excluded.

Figure 18 pictorially summarizes the results of this work
and lists out the key findings from observations in relation to
PBHs and the non-Gaussianity parameters. We have a plan
to carry forward our analysis by incorporating the quantum
loop effects in the presence of stochasticity in the soft de
Sitter EFT framework using both Schwinger Keldysh (in-
in) and stochastic-8 A/ formalism. In this extended version of
the work, we have a further plan to study the issues related
to renormalization, DRG resummation, and its connection to
the stochastic-6 formalism.
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Appendix
A Fokker-Planck equation from the Langevin equation

In this section of the appendix, we focus on briefly dis-
cussing the derivation of the Fokker—Planck equation from
the Langevin equation. The Fokker—Planck is useful to
describe the evolution of the probability distribution of the
field variables in the phase space as they evolve during infla-
tion from an initial condition at some arbitrary moment in
time to a final field configuration at some another moment
later, usually chosen where inflation ends. To initiate we
require the use of a probability rate for the system to start
from a given initial field configuration and land to some
infinitesimal increment away into a different field configura-
tion in a small increment in the time parameter. To this effect,
we introduce the transition probability rate War (T, N)
in terms of the field variables, I' = {¢,Il;}, by the
expression:

War(I', N)6N = P(I' + AT', N +6N|I', N), (A1)

which corresponds to the probability where the system with I’
attime N evolvesto I' + AT at N+8N inaéN infinitesimal
increment in time. Using this, equation for the probability
P(T', N) to arrive at a field configuration T starting from
some initial configuration Iy, is given by:
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3
Sy PN = /dAF[WAr(F — AT, N)P(T — AT, N)

—W_Ar(F,N)P(F,N)] (A2)
This captures the increase by the first term in going from
I' — AT to T, and the decrease from the second term as we go
from I to I' — AT, and later integrated over the increments
AT'. If we Taylor expand the first term in the integrand of
Eq. (A2), we notice:

War(I = AT, N)P(I' = AT, N) = War(I', N)P(I', N)

+ AT 0 + ]AF-AF- ”
tar; 2 T arary
(_l)l al

“f“f”'“lm+“'>
oL

(A3)

!
[War(, N)P(T', N)].

and the dummy indices between the field variables, I'; =
{¢i, 1 ;}, are summed over. The integration variable of the
second term in Eq. (A2) can be redefined by AT — —AT
and this enables the following expression:

e ¢]

9 (=1 RL
—P(,N) =
ON (. M) [; ! 3r;dT;--- 3Ty

laij...(T, N)P(I', N)J,

(A4)

where the various field moments of I' are labelled using:
aij...l(I', N) = /dAI‘ AF,‘AFJ' s AF[WAF(F, N) (AS)

these moments will later prove essential to determine
the Fokker—Planck differential equation. To evaluate these
moments corresponding to the field increments we take help
of the Langevin equation, see Eq. (34). Evolving I" value
between N and N + SN where I = {¢, I1;}

T(N 4+ 8N) = T'(N) + F(T)SN + G(I').
N+SN
/ E(N)dN.

N

(A6)

where F(I') encapsulates the classical part of the motion
and G (TI') refers to the part which upon squaring forms the
noise matrix element arising from the different possible noise
correlators,

B0 = (G 1e8(11 — 1),
(G g = Tpe(T1),

and the function §(t; — 12) represents white noise condition.
Further critical details on these matrix elements are expanded
in the later Sect. 7. For the current derivation purposes, we
now introduce a new notation in terms of a parameter «

where,
(A7)

Fy(N) = (1 —a)I'(N) +al'(N +68N), (A8)

which allows to parameterize or give certain weights, here
(1 — ) and «, to the position of interest on where to evaluate
the functions F(I') and G(I'). The parameter « can range in
between o € [0, 1]. In terms of this definition the Eq. (A6)
becomes:

T(N 4 8N) = T(N) + F(To(N))SN + G(To(N)).
N+SN
/ §(N)dN,
N

The use of new notation makes it clear that we can solve
Eq. (A9) in terms of I'(NV) for any arbitrary «. We invoke a
perturbative approach to solve by writing

(A9)

8T =T'(N +8N) — T(N), (A10)

and Taylor expanding functions F' and G. With the phase
space variable in the form

Iy =T+ adl, (A1)
we can write Eq. (A8) as:
ad
FulTo(N)] = Fpu(I) +a5FiﬁFm(r)
L
a? 92
— 686 j ——— F,, (T Al2
+2 OTirar, m(T) + (A12)

where the subscript m will be clear shortly in the next equa-
tion. Also, a similar analysis can be done for G[I'y(N)]. By
putting these expansions for ' and G into Eq. (A9), one gets
a series in powers of § N for the mth component of §I" which
has to form:

N+SN
8y = Fu(T)8N + Gmi(r)/ & (N)dN
N

aGm/ () N+8N B B
+aGpy(T)——— &,(N)YAN
or,
N+SN
/ Ej(N)AN + -, (A13)
N
where the ellipses °- - -’ refer to the terms higher-order in the

expansion. Using this expression with the Eq. (A5) we can
finally begin evaluating the moments of field displacement
in the following form:

= tim 8 _ (g (26 @M
az(r)—(”l\}rgo SN (Fz(r)+(¥ij(r) ar,, )
(A14)
) = 1im L) (G G (T Al5
a;j( )_SA}IEOT_< im(T)G jm( )>v ( )
a;j...(I') = 0. (A16)
where the white noise condition,
(& (N)Ej(N)) = 8;;6(N — N), (A17)
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is applied. It becomes clear from the above that only the first
and second moments are non-vanishing and putting these into
the evolution for the PDF, Eq. (A4), we obtain the desired
Fokker—Planck equation.

The Fokker—Planck Equation corresponding to the Langevin

Equation in terms of the variables I' = {¢, I1;} is finally
written as:
aP(I', N)
oN
where, Lpp(T') is the Fokker—Planck operator for the proba-
bility density function P(I', N). As a result of the non-zero
moments, this Fokker—Planck operator has the form:

= Lpp(T)P(T, N), (A18)

0G;; (I
Lep(T) = { - <Fi(r) +(1Glj(r)a+r(l)>
0 1_o (DG (T A19
8T+§W G ()G j(T)y, ( )

Similarly useful is the adjoint Fokker—Planck equation,
which has the following differential equation:

0
—Pr (N
N r(N) =

The corresponding adjoint Fokker—Planck operator is defined
when integrating by parts the following operation using the
Fokker—Planck operator:

—L{p(T) Pr(N). (A20)

/dl"ﬁ(l")[CFP(l")-fz(r)] = /dr[ﬁgpfl(l")}fz(r)-
(A21)

There are two important descriptions for interpreting and
handling stochastic differential equations :

e Itd prescription (@ = 0):

1 2
-GG (T
5 1IMG jui( )ar or, }

(A22)

A 0
chem) = {E(r)a—ri +

e Stratonovich prescription (o = %):

i 1 aG; (I
El’r:,PStratonovwh(r) _ {F (F) + ZGI/(F) al;,( )
l
9 2
— G NG (' A23
BI‘ + 11( ) ]1( )3F 3F } ( )

Taking G = 0 i.e. in the absence of stochastic noise
the « term has no significance since differential equations
which are deterministic are independent of any prescription.
However, the prescription parameter o can become relevant
with scenarios where multiple inflating fields on curved field
spaces are present. For the purpose of this paper, we are
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choosing to work in It6’s prescription, (o« = 0). The adjoint
Fokker—Planck operator can then be written as,

9 1 92
LT = ( +—z--—)

A24
for; T 27 ar;er (A24)

where I' = {¢, I1;} is the same as before and F; represent

the classical drift terms,
2(s — 1)
B-e |)

where X;; are the noise correlation matrix elements which
we will explicitly determine for our underlying theoretical
setup in the later half of this paper.

B Modes representing comoving scalar curvature
perturbation

This section focuses on developing the solutions for the
comoving curvature perturbation in a quasi de Sitter back-
ground from the underlying EFT in inflation formalism. We
employ the decoupling limit to safely examine the behaviour
of the mode solutions for the three phases comprising our
setup of SR, USR, and SRII during inflation. The general
formulas once understood will later help to construct the
various elements of the scalar power spectrum, by finding
correlations among the comoving curvature perturbation and
its conjugate momentum variable, and to establish the corre-
sponding noise matrix elements.

We start with the Mukhanov—Sasaki (MS) equation solu-
tions for the three distinct phases in our setup. The variation
of the action Eq. (20) allows one to obtain the MS equa-
tion and solving it in the Fourier space provides us with the
curvature perturbation modes for different phases. The MS
equation in the Fourier space takes on the form,

(32+2 iy )Bf—l—czkz);k(t) =0. (B1)

(7)
Here z(7) is known as the Mukhanov—Sasaki variable which
is given by the following expression:
a(t)/2e 1
_ where a(t) = ——
Cs Hrt
with — o0 < 7 < 0.

z(1) =
(B2)

Now we use the following results which will be extremely
useful to solve the above-mentioned second order differential
equation:

!
1
YO (—pde—s)=—t(U—nte—s)
z(7) T
h < (B3)
where =
N Hey’
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TO 20 e H (I —nte—s)
z(7)
=2H2<1—g+%e—§s>

1/, 1

where the parameter v is defined by the following expression:

3
v:=§+36—n—3s.

Here s is another slow-roll parameter in all the three phases
and v = 3/2 represents the de Sitter limiting solution in the
present context of discussion.

(B5)

1 First slow roll phase (SRI)

The general solution for the MS equation (B1) in the first
slow-roll or SRI region for a quasi de Sitter background and
arbitrary initial quantum vacuum state is as follows,

V=3¢ H(—key1)3 ™" |T(v)
$SRI = — 3 3
in2e(kes)2v2M, 1T(5)

x {a1(1 + ikeyT)e ke THE ()

—Bi(1 — ikcsr)e“’“s”’i(wi))}. (B6)

The mode function for the canonically conjugate momentum
can be obtained by differentiating {sry,

Meo = £/ 2"=3 ¢ H(—kes)3 " | T (V)
SKI iTv/2e(key)iv/2M, IT(3)

3
x[al{(z — v)(l + ikegT) +k2c521'2}

« e*i(kcerr% v+1))

—Bi { (% — v)(l —ikesT) + k%frz}

Xei(kcxr+’;(v+;>>]’ (B7)

where in the above solutions «; and B; are the Bogoliubov
coefficients in the SRI region which can be fixed using initial
conditions in form of choosing a suitable quantum vacuum
state. The SRI phase persists for the interval t < 7,. At
T = Ty, the SRI transits to the Ultra Slow Roll (USR) and the
nature of this transition will be of utter importance for rest
of the analysis. During SRI, € is approximately a constant
quantity that varies very slowly with time scale whereas the
second slow roll parameter, 1, is very small and can be treated
almost as a constant,

H H
6——H2 —(1 Hz), (B8)
1€
—e—~—. B
=< 2eH (B9)

If we choose the well-known Euclidean quantum vacuum
state i.e. the Bunch-Davies vacuum state, then in the SRI
period the corresponding Bogoliubov coefficients are given
by the following expression:

B1 =0.

After substituting the mentioned values of the Bogoliubov
coefficients for SRI the expression for the comoving curva-
ture perturbation in the case of Bunch Davies initial vacuum
state can be further recast in the following form:

ar =1, (B10)

; 23 e H(—key) 2™ |T(v)
SRLBD i V2e (ke 2V2M, 1T G)

X (1 + ikey)e i kesT+3 (043), (B11)

Under the similar Bunch-Davies initial conditions, the canon-
ically conjugate momentum has the following form

I ¢’ 2”—%CSH(—ch-E)%—v ')
g = ¢ SRI,BD — :
SRIBD ir«/ZG(sz)%ﬁMp F(%)
{(% N v>(1 +ikest) + kzcsztz}ei(kcgr+g(v+;)).
(B12)

On further implementing the limiting case of v = 3/2 in the
above derived result one can get the simplified expressions
in the case of exact de Sitter space-time. In this limit, the
comoving curvature perturbation attains the following sim-
plified form:

icH
3
V2e(kes)2/2M),

Similarly, the exact de Sitter solution for the canonically
conjugate momentum looks as,

(1 + ikegt)e ket

{SRLdS = (B13)

H§SRI,dS = C,SRI,dS
icsH 2,22 —ikest
V26 (key)32M,, Care
The Fig. 19 describes evolution of scalar curvature per-
turbation mode and its conjugate momenta as function of the
dimensionless variable —kcgt. The solution used is a result
of choosing the Bunch-Davies initial vacuum conditions,
(¢; = 1, B1 = 0) and taking the limiting case of v ~ 3/2.
In Fig. 19a we notice from the blue line how the modulus,
|¢sril, for a given mode behaves when inside the Horizon,
after which this amplitude decays upon reaching the bound-
ary where stochastic effects remain active. In the stochastic

(B14)
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Fig. 19 Behaviour of the curvature perturbation and its conjugate
momentum mode in the SRI as a function of —kcgt. The left-panel
shows evolution of k3/ 2|§5RI|/ V27 after choosing the Bunch-Davies
initial conditions («; = 1, 81 = 0) and v ~ 3/2. Similarly, the right-
panel shows evolution of |V 2 TTgg] / /27 The orange shaded region

inflation formalism, there is an additional stochastic param-
eter 0 (0 < 1) which acts as a coarse-graining factor and
creates a region in the super-Horizon through which short-
wavelength modes transit and observe a quantum-to-classical
transition until finally get treated as long-wavelength modes
in the super-Horizon. In the super-Horizon, where classi-
cal effects dominates, the quantity |{srr| becomes a con-
stant. The conjugate momenta related quantity |IIggry| is
shown in Fig. 19b where throughout the three regimes in the
quantum-to-classical transition, the said quantity observes
drastic decrease in its value as the conjugate momenta mode
finally becomes super-Horizon where it is most suppressed.

2 Ultra slow roll phase (USR)

The USR phase operates during the conformal time interval
T, < T < 1, where, T, is the time when SRI ends and USR
begins and 7, is the time when USR ends and the follow-
ing SRII begins. The slow-roll parameter € in the USR now
become extremely suppressed and time-dependent which can
be described in terms of € as,

_ a(ty) 6_ T 6
e(r)—e(a(r)> —e<T—X> .

Important is the behaviour of the second slow-roll parameter
n(t) that varies with time in the USR as follows,

(B15)

n(r) ~n— 6= O(-6). (B16)
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represents the stochastic effects where —kcs7 = o € (0.001,0.1).
The stochastic parameter o acts a coarse-graining factor and explains
the quantum-to-classical transition of the modes. The blue and yellow
shaded regions highlights the quantum and classical effects, respectively

Itis to be noted here that we have considered a sharp transition
when going from the SRI to USR. Now, the general solution
for the MS equation (B1) in the USR region with an arbitrary
quantum vacuum state can be expressed using the following
simplified form,

i 2V=3 ¢y H(—keyr) 2" [ET T'(v)
O V2etkey)ivam, LT1ITG)

X {052(1 + ikcsr)efi(kc“er%(“Jr%))
—Bo(1 — ikcxr)e“’“x”’iwﬂ”}. (B17)

Also, the corresponding canonically conjugate momen-
tum mode function can be obtained by differentiating ¢ysgr,

- ; 2"=3 ¢y H(—key7)3 V73 | T(v)
¢ =6 USR =
USR iv2e(key)3vV2ZM, T4 IT(3)

x |:{k2cft2 + (14 ikcsr)((% —~ v) - 3)}

—i(kest+F (v+7))

Xope

3
—{kchrz +(1— ikc_u:)((z — v) — 3)}
Xﬂzei(kcsr+g(v+é)):|’ (B18)
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Fig. 20 Behaviour of the curvature perturbation and its conjugate
momentum mode in the USR as a function of —kcst. The left-panel
shows evolution of &3/ 2|§USR |/ 27 after choosing the Bunch-Davies
initial conditions («2.as, B2.as) and v ~ 3/2. Similarly, the right-panel
shows evolution of |k!'/2ITysr |/ V27 The orange shaded region rep-

where, a and B, are the Bogoliubov coefficients in the USR
region that can be found in terms of «; and B using the two
boundary conditions interpreted as Israel junction conditions
attime scale t = 7, .

The first condition implies that the scalar modes obtained
are continuous at the sharp transition point, T = t; between
SRI and USR

[£(D)IsRL,r=7, = [£(D)]USR, r=1- (B19)

The second condition implies that momentum modes are
continuous at the sharp transition point t = 73 between SRI
and USR

(¢ (T)IsRI, r=7, = [£'()]USR, 7=z - (B20)

After applying the above two junction conditions we
obtain two constraint equations for Bogoliubov coefficients
in the USR region

: :12.2.2 33.3
{(31 + 3ik“city +2k7 ¢y, >(xl

o2

= 03
—(31’ + 6kcg Ty — 3ik2c3152>,81ei <2kr“c‘+” (H%)) },
(B21)
B2 = ﬁ{(& — 6kcyTs — 3ik2c§r§>
e~ THD)+2kesTs)

resents the stochastic effects where —kcst = o € (0.001, 0.1). The
stochastic parameter o acts as a coarse-graining parameter near Hori-
zon crossing where it the quantum-to-classical transition of the modes
take place. The blue and yellow shaded regions highlights the quantum
and classical effects, respectively

—(31’ +3ik*ct? — 2k3c§r3> B } (B22)
Implementing the Bunch Davies initial vacuum state (o =
1, B1 = 0) into the USR Bogoliubov coefficients we get the
simplified form of «, and B>

1 < . 7222 333
W BD = —5—=—= | 3i +3ik“c;Ts + 2kt |, (B23)
2k3t3c3 £ §
BBD = ——=— <3i — 6kcygTy — 3ik2czt2)
23303 sTs
e—i(ﬂ(v+%)+2kcsfs). (B24)

Further implementing the limiting case v = % in Bunch
Davies vacuum derived result one can get the simplified
expression for USR Bogoliubov coefficients in the case of
de Sitter space

1
Qrds = ——— (3,- +3ik*cit? + 2k3c3;3>, (B25)

3:3.3
2k tcy
<3i — 6kcgtg — 3ik2cfts2)e_2ik“fs.

(B26)

248 = 5353
Pr.as 2k3c373

The mode function in the limiting case v = % in Bunch

Davies vacuum gives rise to the de Sitter result which can be
further written as:

@ Springer



21 Page 520f 72

Eur. Phys. J. C (2025) 85:21

icgH T
Susr.ds =

3
— az.as(1 + ikesT)
VZe(key)3/IM, LT } { ’
xe ket _ gy as(1 — ikcsr)el"“ﬂ}. (B27)

The momentum mode function for the above case is:
icsHT)

\/Z(kcs)%\/sz 74

X |:{kzcszr2 —-3(1+ ikcst)}aeg,dse"k"‘r

14
M ysr.as = ¢ UsR.ds =

—{kchrz -3 - ikcst)}ﬂg,dseik“~"i|.
(B28)

The Fig. 20 describes evolution in the USR of the scalar
curvature perturbation mode and its conjugate momenta as
function of the dimensionless variable —kcgt. Similar to
SRI, we continue with our choice of Bunch-Davies ini-
tial condition for the Bogoliubov coefficients in this phase
and taking the limit v ~ 3/2, which leads to the coef-
ficients (o2, gs, B2.as). see Eqgs. (B25, B26). Here we plot
the behaviour for different wavenumbers where the addi-
tional momentum dependence comes from using the quantity
kgcsTs in the mode solutions. The plot is shown after choosing
kscstg ~ O(—0.01). From Fig. 20a, we notice that the mag-
nitude |¢{ysr| stays constant when in the sub-Horizon. Near
the Horizon crossing, various short-scale modes encounter
stochastic effects and they undergo a quantum-to-classical
transition until finally in the super-Horizon regime. In this
regime, the quantity |{ysr| tends to increase greatly, how-
ever, when concerned with the behaviour of the modes near
the Horizon crossing, including stochastic effects the strength
of the modulus is sufficient enough to give k°|zusr|> ~
O(10~3 — 102). In Fig. 20b, the evolution of the conjugate
momenta mode in the USR is shown. This time the conju-
gate momenta has a significant role to play, as seen from
the magnitude of |[Tysr|. During Horizon crossing, in pres-
ence of the stochastic effects, the mode starts to increase in
strength and keeps going monotonically as they become of
long-wavelength in the super-Horizon scales.

3 Second slow roll phase (SRII)

The second slow roll phase persists for the conformal time
scale T, < T < Teng Where, 7, marks the end of USR phase
and beginning of SRII phase whereas 7¢,q marks the end of
inflationary paradigm. The dependence of first and second
slow roll parameters can be described as :

6 6
a(ty) Te
e(r)=e< ) =e<—> —> €(T = Topg) = 1,

a(t.) Ts

(B29)

@ Springer

n(t) =n —> 0T = Tena) ~ O(=1). (B30)
where, € is slow roll parameter in SRI region . In the preced-
ing section we have considered sharp transition at the bound-
ary of transition between SRI to USR here also we considered
the sharp transition from USR to SRII region. Imposing the
two boundary conditions termed as Israel junction condition
the constraint relation for Bogoliubov coefficients in the SRII
region can be deduced. The mode solution for SRII region
is:

O
raé)

273 e H(—key1)3 V[, T
Csri =

iV2e(ke,)i VM, LTe

i(kest+30+D)

Te
X {a3(1 +ikesT)e

e pid 1
—B3(1 — ikcsr)e’("””z +) } (B31)

The canonically conjugate momentum mode function can be
obtained by differentiating ¢{sry and is expressed as:

M gpu = &'sru = 2 e H (ke [T_ST ro)
Skl iv2e(kes)?V/2M, v LTe ] IT(3)

x {a3{k2c§r2 +(1+ ikcsr)(% — v)}

—i kcr+lv+l)
o (ka0

—ﬁ3{k2c§r2 + (1 — ikcp:)(% - v)}

xel (ko3 0+D) } (B32)

where, o3 and B3 are the Bogoliubov coefficients. The con-
straint relation for these coefficients can be found in terms
of a» and B using the boundary conditions termed as Israel
junction conditions. The underlying vacuum state in SRII
changes compared to USR. The transition takes place at
T =T,.

The first boundary condition implies that the scalar modes
obtained from USR and SRII are continuous at the sharp
transition point, T = T,

[ (T)]usRr,r=z, = [¢(T)ISRIL r=1,- (B33)
The second boundary condition implies that the momentum
modes for the scalar perturbation obtained from USR and
SRII become continuous at transition point T = 7,
[£'(D]usR r=z, = [£'(D)IsRIL r=r,- (B34)

After imposing these conditions we get two constraint

equations for Bogoliubov coefficients in the SRII region
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a3 = ﬁ{ <—3i — 3ik?t2c? + 2k3re3q§) a
— (=31 = 6krec, +3ik?c2c?) oo ke tin(v44)) }
(B35)
B3 = ﬁ{ (—Si + 6kt,c5 + 3ik2162c3)
Xaze—(ZikfecS+i7r<v+%))
+ (2k3r3c§ +3ik% 222 + 3i) ﬂz}, (B36)

where, oz and B, are the Bogoliubov coefficients in the USR
region mentioned in Egs. (B21) and (B22) respectively. Sub-
stituting these values in Egs. (B35) and (B36)

1
QK333 (2k3T3c3)

3 { (—3i —3ik?r2c + 2k3r3c§)

x { (3i + 3k + 2k3c§;§) o
- (3i + 6keyty — 3ik2c§z3)
. 1
X’B181<2chs+n<v+§)) }
— (—3i — 6kT.cs + 3ik2162cs2)
x{ <3i — Gkeyty — 3ik2c§r3)
Xy e~ T ) +2kesT)
- (3i + 3ik%2 T — 2k3c§r§’) B1 }
. . 1
Xe(szrch+m<v+2))}’ (B37)

1
QK373 (23T3cd)

B3 =

{ (=31 + 6krec, +3ik*e2c?)
X { (31’ +3ik*cc? + 2k3c3ts3> o

- (3i + 6keyty — 3ikchtsz>

Xﬂlei(2k1y65+n<v+%)) }e—(2ikrecs+in (v+3))

+ (2k3t€3cs3 + 3ik*t2c + 3i>

x{ (3i — 6keyTs — 3ik2c3;3) e~ (0D 42ker)

— (3 +3ik2c2e? - 2k3c§r3) B } } (B38)

Further implementing the Bunch Davies initial vacuum state
(1 = 1,81 = 0) into the SRII Bogoliubov coefficients

we can get the simplified form of o3 and B3 but one has to
substitute oy and B, from Eqgs. (B23) and (B24) respectively
which are already solved in the Bunch Davies initial vacuum
state.

1
F3BD = k3 3e3) (23 T3)

x{ (—31' —3ik*t2c + 2k31:e3c3)

x (31’ + 3k + 2k3c3r3)

— (—31’ — 6kTecs + 3ik2162c3)

x (31‘ — Gkeyty — 3ik2c§rf) eAikes(te=) } (B39)

1

B3.BD =

QKT )2k c3T))

x { (=30 + 6k, +3ik722c2)

X (3i +3ik% 22 + 2]‘3??753) e*<2ikrec.c+in(u+%))

+ (2k3r§’c3 +3ik*t2c? + 3i)

X (31’ — 6kcgTg — 3ik2c§rsz) e*i(”(V+%)+2kcer) }
(B40)

Further implementing the limiting case v = % in Bunch

Davies vacuum derived result one can get the simplified

expression for SRII Bogoliubov coefficients in the case of
de Sitter space.

1
M08 = k3033 (23 T3c)

x{ (—31’ — 3ik*t2c? + 2k3re3c3>

x (31 4 3ik2c2e? + 243 )

— (—31’ — 6kTecs + 3ik2‘17626‘3)

x (3i — 6keyTy — 3ik2c§r3) eiz’“f(’e"f)}, (B41)

1

B3.as =

QK333 (2k3T3cd)

x{ (—3i + 6kTecs + 3ik2z3c§)

X (3i +3ik*cc? + 2k3cngg> o2ikTec
+ (28536 +3ikPe2cE +3i)

(3i — ke, T, — 3ik2c§r3) = 2ikesTs } (B42)
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Fig. 21 Behaviour of the curvature perturbation and its conjugate
momentum mode in the SRII as a function of —kcst. The left-panel
shows evolution of &3/ 2|CSRII| / 27 after choosing the Bunch-Davies
initial conditions («3.ds, B3.as) and v ~ 3/2. Similarly, the right-panel
shows evolution of |k!/2ITsgy|/ V27 The orange shaded region rep-

The mode function in the limiting case v = % in Bunch
Davies vacuum gives rise to the de Sitter result which can be
further written as:

CsriLds =

icsH .1
V2e(kes)>N/2M,, [I_J
X {as,ds(l +ikesT)e AT — By gs(1 — ikcsr)e”wsf},
(B43)

The canonically conjugate momentum mode function in the
limiting case v = % in Bunch Davies vacuum gives rise to
the de Sitter result which can be further written as:

’
O gpias = & sriLds =

icsH |:rsi|3
V2e(keg)3/2IM, 7 LTe

x(kchrz){ag,dse—"k’“ - ﬁs,dse”“ff}. (B44)

The Fig. 21 describes evolution in the SRII of the scalar
curvature perturbation mode and its conjugate momenta as
function of the dimensionless variable —kcgt. Here also we
employ the similar Bunch-Davies initial conditions and the
limiting case of de Sitter v ~ 3/2, giving us the Bogoliubov
Bogoliubov coefficients («3 gs, B3.as). see Egs. (B41, B42).
The additional wavenumber effect comes from including
quantities of the form k¢, 75 and k. ¢ 7, in the mode solutions,
here we have chosen them of order O(—0.1). From Fig. 21a,
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resents the stochastic effects where —kcst = o € (0.001, 0.1). The
stochastic parameter o acts as a coarse-graining parameter near Hori-
zon crossing where it the quantum-to-classical transition of the modes
take place. The blue and yellow shaded regions highlights the quantum
and classical effects, respectively

we notice that the quantity |¢sryr| has larger magnitude when
in the sub-Horizon regime. The strength steadily decreases as
it approaches Horizon-crossing where the stochastic effects
start become important and soon the magnitude becomes
constant. After going through the quantum-to-classical tran-
sition, the mode enters into the super-Horizon regime where
it stays constant throughout much like as in the case of
SRI but with now having an increased magnitude of |{sryi].
The Fig. 21b shows evolution of the corresponding conju-
gate momenta. When inside the Horizon the magnitude of
quantity |ITggryr| is large enough, but still small relative to
|¢sritl, and it continues to decrease even when the stochastic
effects are encountered. Different modes experience different
amount of decay in strength when going from the quantum-
to-classical transition. As the modes come into the super-
Horizon regime, the strength of |ITggry| takes on constant
values and continues as such.

C Tree level power spectrum and noise matrix elements

The comoving curvature perturbation that takes place at late
time scale where, —kc;7 — o the relevant tree-level con-
tribution to the two-point cosmological correlation function
for comoving scalar curvature perturbation can be expressed
as:

(ki) Tree = (27)° 8 (k + K) PY*8 (k). (C1)
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(ki Ve = (27)° 87 (k + k) P (), (€2)
(Mek Qi) tree = (27)° 87 (k + k) Prs (b, (C3)
(Mek Mk ) tree = (277)° 87 (k + K') Pee (k). (C4)

Here P“ee k), Pg}“ﬁe k), P“ee k), PT\“ee (k) represent di-
menswnful power spectrum in Fourler space that can be eval-
uated by :

P (k) = (G x

00,00 = [Ek(T) k(D) ] —keyr—0

= k(2 pe 1m0 (C5)
PR () = (6T ) 0.0) = k(DT (D] -keyr—0
= (Gk(DIT; (1) keyr0 (C6)
PRE (k) = (Mg £ 710,00 = Mgy (DK (D] —keyr 0
= (Mg (DG (D) —keyr o (C7)
PRESS, () = (Mg, Tz ) 0,0) = Mg (DT 4 (D)]-keyr—o
= Mg (O e, r0 (C8)

It is convenient to deal with the dimensionless power spec-
trum in Fourier space for practical purposes and to con-
nect cosmological observations. The dimensionless form of
power spectrum can be expressed as :

3 3
PTree(k) 2|§| —kcgt—>0

2 k3 Tr ’

A% Tree®) = (C9)

T(Cn ) —kest—o

(C10)
3 3

k
ATt e tree®) = S5 TPREK) = 55T (18" ko

(C1D)

2 ’ T 3
r

AH[HZ,Tree(k) = Pl'ICel'Ie; (k) = 52° |H§| —kest—0

(C12)

272

The power spectrum elements result from using the Fourier
modes of the comoving curvature perturbation for the three
separate regions. In stochastic inflation, the moment of hori-
zon crossing is when the wavenumbers satisfy —kcs7 = 0.
The term o is the stochastic tuning parameter that introduces
stochasticity quantitatively into the power spectrum and the
noise matrix elements.

One can get a relation between the dimensionless scalar
power spectrum and the noise matrix elements by utilizing
the statistical properties of the quantum noise. We follow the
assumption for the quantum initial conditions of the fields
Cx and I « where they start from the vacuum state. Now,
working at the leading order in perturbation theory implies
Gaussian statistics for the modes and therefore all the statis-

tical properties of the noise can be found by analysing their
two-point correlation matrix given as follows:

(X1, 715 X2, 72)
_ ( (01&¢ (x1. 11)E; (%2, 7210} (Ol (x1, 1)k, (x2, 72)10) )
(0lér, (x1. D& (2. 12)10) (Ol (x1. T, (2. 12)10) )
(C13)

where boldface x denotes vector quantities. We show using
the stochastic canonical quantization at the correlation level
the relation between the noise matrix elements and the power
spectrum can be found which will justify the correctness of
our approach in the classical and the quantum regime. After
acting of the annihilation and creation operators on the vac-
uum state |0), any element of the above correlation matrix
can be described as:

_— >k d wl 74 [k
St = s Qrd dr - ko () |dt | ko (12)

fi(T)gi (r)e™-Ba=x0),

(C14)
where

2 1.q = (01€r(x1, T1)Eg (X2, 72)]0), (C15)

and { f, g} can be either {¢, T1; }. Because of having [&;, §r, |
# 0, the order of subscripts f and g does matter. In the above,
the dependence of mode functions ¢ and I, on the norm
of k makes the angular integral over k/k easier to evaluate.
As a result, we obtain the following expression:

. _/ kzdde L
fi.er = R+ 272 dt ka(‘[l) dt kU(T2)

s
fk(n)g;’?(rz)M

kixz — 1] 1o
here W (k/ky) acts as a window function, which for con-
venience is chosen to be a Heaviside Theta function,
W(k/ks) = ©O(k/ks — 1). Taking its time derivative as the
Dirac delta distribution and the integrand of above equation
incorporates 8 (k — ks (71))8 (k — ko (12)) giving us §(t1 — 12)
which indicates the presence of white noise. We are now lead
to the expression:

1 dk3(7)
Zher = g g | femke @8k
T

sin[ky (71) X2 — X1]]
ko (T1)|X2 — X2|

5(t1 — 7). (C17)

We focus on the case where the noises are maximally cor-

related in space which happens at points x; — X leading

to

sinfky () [X2 —x1]]
ko (T1)1x2 — X1

(C18)

X1—>X2
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The correlations remain non-zero only at equal time as the
noises are white. We can thus write the noise correlation
matrix as:

Xfg = Zrg(t1)d(T1 — 12). (C19)

and using this crucial statement about the noises one can
further use the following definition of the power spectrum
element between the quantum fluctuations as:

k3
ﬁfk(f)g;:(f),

and this directly leads to the following expression with the
time-dependent noise matrix element:

d1n (ks (7))
drt

The noise matrix elements are the correlators of of the
noise correlation matrix elements can be computed using the
following relation from the dimensionless power spectrum.
These relations are obtained from the derivation provided in
Sect. 7 and the expression used here is given in Eq. (C21)
where f and g correspond to ¢ and IT, respectively :

Prglk;t) = (C20)

Ype(r) = Pf o (ko (7); 7). (C21)

k3
e = (- e)A?C’Tree(k) =(1— e)zn—zPTree(k)
k3
=1-9 18P per o (C22)
2 k3 Tree
e = (= AL qree () = (1= )5 TP
3
- (1 - 2 ZT(CH ) —kcst—0 (C23)
3
e = (1= A ¢ pree®) = (1 =) 5T PRI )
3
= _6) T(H§§ )—kest—0s (C24)

k3
2 2 pT
EHCHC =(1- G)AH[H{,Tree(k) =(1- 6)—2 21— P ;eeg (k)

k3
= (- e)ﬁrzmgﬁw%. (C25)

1 Results in SRI region

In this section we present the analytic expressions of the
scalar power spectrum in the presence of stochastic effects
for an arbitrary initial quantum vacuum condition and general
quasi de Sitter background spacetime.

a Power spectrum in SRI

The upcoming expressions for the different elements of the
scalar power spectrum are calculated using the general mode
function solutions for the first slow-roll (SRI) phase as pre-
sented in Egs. (B6-B7). The following power spectrum ele-
ments are evaluated at the Horizon crossing condition for
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an arbitrary wavenumber k as —kcy;T = o where o is the
stochastic, coarse-graining parameter.
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The above mentioned power spectrum elements can be
expressed using the Bunch Davies initial vacuum state, where
o1 = l and B; = 0 which is a more common choice of initial
condition when talking about inflationary observables. The
expressions for general de Sitter condition are as follows:

H2 [T
AZ — 22\)73 o 3—2v l+o_2 ,
¢¢,BD ( ) 87T2€CsM% F(%) ( )
(C30)
H2 [T ]
A2 — 22v—3 3—2v
¢, ,BD (U) 87T2€CSM12) F(%)
3
x|:<§—v)(1+02)+02j|, (C31)
H2 [T ]
A2 — 22v—3 3-2v
MeZ.BD @) 8r2ecs M2 |T(3)
3
x[<E —v)(l +02)+02}, (C32)
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2 2
3 3
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Further implementing the limiting value v = % in Bunch

Davies vacuum derived result one can get the simplified
expression for Power spectrum elements in the case of de
Sitter space:

2
Meas = G 1+ (C34)
A? = H—zaz (C35)
¢, dS 8n2ecsMg ’
AL = H—202 (C36)
¢¢.d8 8m2ecs M3
AL L e = L — (C37)
el SnzecsMI%

b Noise matrix elements in SRI

The noise correlation matrix elements in the SRI for an
arbitrary de Sitter background spacetime, characterized by
‘v’ and a general initial quantum vacuum state specified
with coefficients (1, 1) can be written using the follow-
ing expressions:

2
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The noise correlation matrix elements in Bunch Davies
initial vacuum state where, «; = 1 and 81 = 0 can be
expressed by substituting these values in the above set of
noise matrix elements.
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Further implementing the limiting value v = % in Bunch

Davies vacuum derived result one can get the simplified
expression for noise correlation matrix elements in the case
of de Sitter space.

2
b =1-6)——=(1 2 , C46
ce.as = ( 6)871266le27( +0°) (C46)

§ 2
z =1-€)—5—0", C47
a8 = (1 —€) SJTZGCSM[%G (C47)

? 2
5 () — 52, C48
m.¢.das = (1 —€) 8]{266le2)0 (C48)

g 4
% =(1—-€)—5—=0". C49
Mem.as = (1 —€) Snzeclez,a (C49)

2 Results in USR region
a Power spectrum in USR

The upcoming expressions for the different elements of the
scalar power spectrum are calculated using the general mode
function solutions for the ultra slow-roll (USR) phase as pre-
sented in Eqs. (B17-B18). The following power spectrum
elements are evaluated at the Horizon crossing condition for
an arbitrary wavenumber k as —kc;T = o where o is the
stochastic, coarse-graining parameter.
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The results with an arbitrary ‘v’ under the choice of ini-
tial Bunch Davies vacuum condition have their Bogoliubov
coefficients replaced from (a2, 82) to (2 BD, f2.BD). Fur-
ther implementing the limiting value v = 3/2 in the derived
result of (a2, Bp, B2.8p) for the USR, one can get the simpli-
fied expression for power spectrum elements in the case of
exact de Sitter space with the new Bogoliubov coefficients

(@2,as, B2.as):
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b Noise matrix elements in USR

The noise correlation matrix elements in the USR for an
arbitrary de Sitter background spacetime characterized by
‘v’ and general initial quantum vacuum state specified with
coefficients (ap, B2) is written as follows:
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Similar to the previous case in SRI, we further implement the
Bunch Davies vacuum conditions followed by the limiting
value of v = 3/2 in the Bunch Davies vacuum-derived result
to get the new set (a2 gs, B2.as) and the simplified expres-
sion for noise matrix elements in the exact de Sitter space
becomes:
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3 Results in SRII region
a Power spectrum in SRII

The upcoming expressions for the different elements of the
scalar power spectrum are calculated using the general mode
function solutions for the second slow-roll (SRII) phase as
presented in Eqs. (B31-B32). The following power spectrum
elements are evaluated at the Horizon crossing condition for
an arbitrary wavenumber k as —kc;T = o where o is the
stochastic, coarse-graining parameter.
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The results with an arbitrary ‘v’ under the choice of ini-
tial Bunch Davies vacuum condition have their Bogoliubov
coefficients replaced from (o3, 83) to (@3 BD. f3.BD). Fur-
ther implementing the limiting value v = 3/2 in the derived
result of (o3, Bp, B3.8D) for the SRIL, one can get the simpli-
fied expression for power spectrum elements in the case of
exact de Sitter space with the new Bogoliubov coefficients

(a3,ds, B3,48):
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b Noise matrix elements in SRII

The noise correlation matrix elements in the SRII for an
arbitrary de Sitter background spacetime, characterized by
v’ and a general initial quantum vacuum state specified
with coefficients (o3, 83) can be written using the follow-
ing expressions:
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We further implement the Bunch Davies vacuum conditions
followed by the limiting value of v = 3/2 in the Bunch
Davies vacuum derived result to get the new set (3 gs, B3.ds)
and the simplified expression for noise matrix elements in
exact de Sitter space becomes:
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