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Abstract: This paper presents direct and inverse theorems concerning the approximation of functions
of several variables with bounded p-fluctuation using Walsh polynomials. These theorems provide
estimates for the best approximation of such functions by polynomials in the norm of the space under
consideration. The paper investigates the properties of the Walsh system, which includes piecewise
constant functions, and builds on earlier work on trigonometric and multiplicative systems. The
results are theoretical and have potential applications in such areas as coding theory, digital signal
processing, pattern recognition, and probability theory.
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1. Introduction

The Orthogonal Walsh system plays an important role in solving various theoretical
and applied problems in mathematics. The classical theory of trigonometric series had a
strong influence on the development of the theory of series in the Walsh system. In many
issues, both similarities and significant differences were found. Unlike continuous trigono-
metric harmonics, the functions of the Walsh system comprise piecewise constant step
functions. In this case, the Walsh functions take only two values, +1 and −1. Interest in
the Walsh system arose due to the use of this system in applied issues (in coding theory,
in digital signal processing, in pattern recognition, in probability theory, etc.).

It is known that the definition of the function of bounded p-fluctuation of one variable
was introduced by Onneweer and Waterman [1]. In approximation theory, many scientific
works are devoted to solving problems of the approximation of functions of one and
several variables by polynomials in the Walsh system and partial Fourier–Walsh sums.
Some results in this area can be found in articles [2–6].

The issues of obtaining direct and inverse theorems on some classes of functions were
studied in the papers [7–11]. In a number of papers, estimates of the best approximation
were obtained on some classes of functions of one variable defined using the modulus of
continuity (see, for example, Refs. [9,11]). Volosivets in paper [3] began to study the approx-
imation of functions of one variable with bounded fluctuations for multiplicative systems.
Further, in papers [2–6], the authors of these studies obtained a number of exact estimates
for a class of functions of one variable with bounded fluctuation for multiplicative systems.

In this paper, we continue to study these estimates for functions of several variables
with bounded p-fluctuation for the Walsh system and related to approximative properties
of polynomials with respect to the Walsh system in the class of functions of several variables
with bounded p-fluctuation.
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Let us give the necessary definitions.
Let r0(x) now be equal to 1 in

[
0, 1

2

)
and −1 in

[
1
2 , 1
)

. We extend it periodically

with the period 1 to the whole real line. The functions r0

(
2k
)

, k = 1, 2, . . . are called the
Rademacher functions rk(x) [11]. Walsh functions in Paley enumeration are defined as
follows. Set w0(x) ≡ 1. For n ∈ N, consider the binary notation n:

n =
v

∑
i=0

ϵi2i,

where ϵv = 1; ϵi = 0 or ϵi = 1, 0 ≤ i < v. Then

wn(x) =
v

∏
i=0

(ri(x))ϵi

is the n-th Walsh function [11].
Let Z+ = {0, 1, 2, . . .}. For x ∈ [0, 1), the expansion holds

x =
∞

∑
k=1

xk

2k ,

where xk = 0 or 1. This decomposition is determined uniquely if x = k
2n , 0 < k < 2n,

k, n ∈ Z+. We take the decomposition with a finite number of xj ̸= 0.
For x ∈ [0, 1), y ∈ [0, 1),

x =
∞

∑
k=1

xk

2k , y =
∞

∑
k=1

yk

2k

and the sum x ⊕ y is defined by the equality

x ⊕ y =
∞

∑
k=1

(xk + yk)(mod2)
2k .

For fixed x, y ∈ [0, 1), the equality

wk(x ⊕ y) = wk(x)wk(y), k ∈ Z+

is true [11].
Let d ∈ N, n = (n1, n2, . . . , nd) ∈ Zd

+, x = (x1, x2, . . . , xd) ∈ [0, 1)d. Then, the multiple
Walsh system is defined by the equality

wn(x) =
d

∏
i=1

wni (xi).

The Walsh system {wn(x)}n∈Zd is also orthonormal and complete in L[0, 1)d [11].
For f ∈ L[0, 1)d, the Fourier coefficients are defined by

f̂ (n) =
∫ 1

0
. . .
∫ 1

0
f (n)wn(x)dx, n ∈ Zd

+.

The space Lp[0, 1)d, 1 ≤ p ≤ ∞ is determined using the norm

∥ f ∥Lp [0,1)d =


(∫ 1

0 . . .
∫ 1

0 | f (x)|pdx
) 1

p , 1 ≤ p < ∞
sup

x∈[0,1)d
| f (x)|, p = ∞
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Let n = (n1, n2, . . . , nd) ∈ Zd
+. Let us define sets of polynomials according to the

Walsh system by

Pn =
{

f ∈ L[0, 1)d : f̂ (s) = 0, si ≥ ni, i = 1, 2, . . . , d
}

and

En( f )p = inf
{
∥ f − Q∥p : Q ∈ Pn

}
is the best approximation of functions by polynomials on the Walsh system. En( f )p,m is
defined in a similar way.

We denote by Ik
j dyadic interval Ik

j =
[

j−1
2k , j

2k

)
, j = 1, 2, . . . , 2k and let the function

f (x) be defined on the set [0, 1)d and for any set Ik
j , denote by

I(n)j = In1
j1

× . . . × Ind
jd

.

The Dirichlet kernel for the Walsh system is defined by the equality

Dn(x) =
n−1

∑
k=0

wk(x).

The multiple Dirichlet kernel for the Walsh system is defined by the equality

Dn(x) =
d

∏
i=1

Dni (xi).

Lemma 1 ([11]). For the Dirichlet kernel in the Walsh system, the equality holds

D2n = 2nχ[0, 1
2n ), n ∈ Z+

where χ[0, 1
2n ) is the characteristic function on the interval

[
0, 1

2n

)
.

Lemma 2. Let f (x) ∈ L1(I(n)j ). Then, the equality holds

S2j1 ,...,2jd f (x) = 2j1+...+Jd

∫
I(n)j

f (t)dt

for some x ∈ I(n)j , where n = (n1, . . . , nd), dt = (dt1, . . . , dtd),
∫

I(n)j
=
∫

I
J1
n1

. . .
∫

I
jd
nd

.

Proof. In the case of functions of one variable, such a statement is available (see [11],
p. 27). In the expression for the partial sum of the series, we substitute the value of the
Fourier–Walsh coefficients:

Sn(x) =
n1−1

∑
i1=1

. . .
nd−1

∑
id=1

∫
I(n)j

wi(t) f (t)wi(x)dt =
∫

I(n)j

w(t)

(
n1−1

∑
i1=1

. . .
nd−1

∑
id=1

wi(t ⊕ x)

)
dt.

From the definition of the Dirichlet kernel and the invariance of the integral with
respect to a shift, we obtain

Sn(x) =
∫

I(n)j

f (t)Dn(t ⊕ x)dt =
∫

I(n)j

f (t ⊕ x)Dn(t)dt.

In particular, for partial sums with ni = 2j, i = 1, 2, . . . , d, we can write
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S2j ,...,2j f (x) =
∫

I(n)j

D2j ,...,2j(t) f (t ⊕ x)dt = 2dj
∫

I(n)j

f (t ⊕ x)dt.

Further, if x, t ∈ I(n)j , then the following is true:

t ⊕ x ∈ I(n)j

following

S2j ,...,2j f (x) = 2dj
∫

I(n)j

f (t)dt,

for some x ∈ I(n)j , where t = (t1, . . . , td), dt = (dt1, . . . , dtd).
Lemma 2 has been proven.

The oscillation of the function f (x) on interval I(n)j is defined by the equality

osc( f , In
i ) = sup

(x,y)∈In
i

| f (x)− f (y)|

Let 1 ≤ p < ∞ and the function f (x) be defined on I(n)j ; we define an oscillatory sum
of order (2n1 , . . . , 2nd) by the equality

κp( f , n) :=

(
2n1

∑
j1=1

. . .
2nd

∑
jd=1

(
osc
(

f , I(n)j

))p
)1/p

.

If
Vd

p ( f ) := sup
nk∈Z+

κp( f , n1, . . . , nd) < ∞,

then f (x) is called the function of bounded p-fluctuation.
Now, we introduce a fluctuation modulus of continuity

Vd
p ( f )m = sup

nj≥mj

κp( f , n1, . . . , nd), j = 1, 2, . . . , d.

In one variable case, the definition was introduced in [3]. We denote by MVp[0, 1)d the
set of functions f (x), for which Vd

p ( f ) < ∞, (1 ≤ p < ∞), and by MCp[0, 1)d, (1 < p < ∞)

the set of functions f (x), for which Vd
p ( f ) < ∞,

Vd
p ( f )n → 0

when nk → ∞, k = 1, . . . , d. In addition, these spaces are considered for indexed bounded-
nesses with the norm

∥ f ∥p,m = max
(

Vd
p ( f ), ∥ f ∥∞

)
.

Let us introduce one more discrete group modulus of continuity related to the space
MCp[0, 1)d (1 < p < ∞), by the formula

Vd
p ( f )∗nk

= sup
0≤hk<

1
2nk

∥ f (x1 ⊕ h1, . . . , xk ⊕ hd)− f (x1, . . . , xk)∥p,m, k = 1, 2, . . . , d.

In one variable case, the definition was introduced in Ref. [3].

Lemma 3. The spaces MVp[0, 1)d and MCp[0, 1)d are complete relative to the norm

∥ f ∥p,m = max
(

Vd
p ( f ), ∥ f ∥∞

)
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Proof. Without loss of generality, we consider only the case of functions of two variables
(d = 2). Let { fk,l}∞

k,l=1 ⊂ MVp[0, 1)2 be a fundamental sequence by norm ∥ f∥p,m. Then, for
any ε > 0, there are Nε, Kε ∈ N such that

∥∥ fl,k − fi,j
∥∥

∞
≤ ε and sup

n1,n2∈P
κp( fl,k − fi,j, n1, n2) ≤ ε

for all k, i ≥ Nε, l, j ≥ Kε.
Due to the completeness of the space B[0, 1)2, the sequence of bounded functions { fi,j}

on B[0, 1)2 with the norm ∥ f ∥∞ converges uniformly to some f ∈ B[0, 1)2. Taking into
account the finiteness of the number of terms in κp( fl,k − fi,j, n1, n2) and taking the limit as
k, l → ∞, we obtain

∥∥ fl,k − fi,j
∥∥

∞
≤ ε and κp( fl,k − fi,j, n1, n2) ≤ ε for all k, i ≥ Nε,l, j ≥ Kε.

This means that
∥∥ fl,k − fi,j

∥∥
∞
≤ ε for all k, i ≥ Nε,l, j ≥ Kε. Since

Vp( f ) ≥ Vp( f − fi,j) + Vp( fi,j) ≤ ε + Vp( fi,j)

then the limit function f (x, y) has a bounded p-fluctuation and the space MVp[0, 1)2

is complete.
To prove completeness of MCp[0, 1)2, we must show that if Vp( fm,n)n1,n2 → 0 for

n1 → ∞,n2 → ∞ and { fm,n}∞
m,n=1 converges to f in MCp[0, 1)2, then f ∈ MCp[0, 1)2. It is

obvious that
Vp( f , n1, n2) ≥ Vp( f − fm,n, n1, n2) + Vp( f , n1, n2)

By choosing m and n such that

Vp( f − fm,n, n1, n2) <
ε

2
,

and selecting m0 and n0 such that

Vp( fm,n, n1, n2) <
ε

2

for m > m0, n > n0, we conclude that

Vp( f , n1, n2) < ε

for m > m0, n > n0.
Lemma 3 has been proven.

2. Direct and Converse Theorems

The goal of this work is to obtain direct and converse theorems for functions from the
space MVp[0, 1)d by means of the Walsh polynomials in the ∥∥p,m norm.

Firstly, we will prove Lemma 4, which is necessary to prove Theorem 1.

Lemma 4. Let 1 ≤ p < ∞, φ(x, y) ∈ MVp[0, 1)d for (y) ∈ [0, 1)d. Then, the following
inequality is valid: ∥∥∥∥∫ 1

0
. . .
∫ 1

0
φ(x, y)dy

∥∥∥∥
p,m

≤
∫ 1

0
. . .
∫ 1

0
∥φ(x, y)∥p,mdy.

Proof. Without loss of generality, we consider only the case of functions of two variables
(d = 2). Let

h(x1, x2) =
∫ 1

0

∫ 1

0
φ(x1, x2, y1, y2)dy1dy2.

Consider the sum κp(h, n1, n2) as Lp—the norm of the function Q(x1, x2, t1, t2) equal to

osc
(

h, I(n1,n2)
j1,j2

)
× 2(n1+n2)

1
p
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on I(n1,n2)
j1,j2

× [0, 1)2. By definition,

κp(h, n1, n2) =


2n1

∑
j1=1

2n2

∑
j2=1

 sup
(x1,x2)∈I

(n1,n2)
j1,j2

(x′1,x′2)∈I
(n1,n2)
j1,j2

∣∣h(x1, x2)− h(x′1, x′2)
∣∣


p

1
p

.

Then,

∥Q∥Lp
=

(∫ 1

0

∫ 1

0
|Q(x1, x2, t1, t2)|pdx1dx2

) 1
p

=

(
2n1

∑
j1=1

2n2

∑
j2=1

∫
I
(n1)
j1

∫
I(n2)
j2

∣∣∣∣osc
(

h, I(n1,n2)
j1,j2

)
2(n1+n2)

1
p

∣∣∣∣pdx1dx2

) 1
p

=

(
2n1

∑
j1=1

2n2

∑
j2=1

∣∣∣osc
(

h, I(n1,n2)
j1,j2

)∣∣∣p) 1
p

2(n1+n2)
∫

I
(n1)
j1

∫
I(n2)
j2

dx1dx2

=

(
2n1

∑
j1=1

2n2

∑
j2=1

∣∣∣osc
(

h, I(n1,n2)
j1,j2

)∣∣∣p) 1
p

= κp(h, n1, n2).

then,
∥Q∥Lp

= κp(h, n1, n2).

According to the definition,∥∥∥∥∫ 1

0

∫ 1

0
φ(x1, x2, y1, y2)dy1dy2

∥∥∥∥
p,m

= max
(
Vp(h), ∥h∥∞

)
.

Next, applying the generalized Minkowsk inequality for Lp, we have

Vp(h) = sup
n∈P

κp(h, n) = sup
n∈P

 2n1

∑
j1=1

2n2

∑
j2=1

sup
x,x′∈I(n)

j

∣∣∣∣∫ 1

0

∫ 1

0

(
φ(x, y)− φ

(
x′, y′

))
dy
∣∣∣∣p


1
p

= sup
n∈P

 sup
x,x′∈I(n)

j

2n1

∑
j1=1

2n2

∑
j2=1

∣∣∣∣∫ 1

0

∫ 1

0

(
φ(x, y)− φ

(
x′, y′

))
dy
∣∣∣∣p


1
p

≤ sup
n∈P

sup
x,x′∈I(n)

j

∫ 1

0

∫ 1

0

(
2n1

∑
j1=1

2n2

∑
j2=1

∣∣∣(φ(x, y)− φ
(

x′, y′
))∣∣∣p) 1

p

dy

≤
∫ 1

0

∫ 1

0

sup
n∈P

 2n1

∑
j1=1

2n2

∑
j2=1

sup
x,x′∈I(n)

j

∣∣∣(φ(x, y)− φ
(

x′, y′
))∣∣∣p


1
p
dy

=
∫ 1

0

∫ 1

0
∥φ(x1, x2, y1, y2)∥p,mdy1dy2.
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In addition,

sup
x,y∈[0,1]2

(∫ 1

0

∫ 1

0
φ(x, y)dy

)
≤
∫ 1

0

∫ 1

0

 sup
x,y∈[0,1]2

φ(x, y)

dy.

A1 < B1, A2 < B2 ⇒ max(A1, A2) ≤ max(B1, B2). Lemma 4 is proven.

Theorem 1. Let 1 < p < ∞, ni ∈ N, f ∈ MVp[0, 1)d. Then, the following inequality is valid:

1
2

Vd
p ( f )∗n ≤ E2n1 ,...,2nd ( f )p,m ≤ Vd

p ( f )∗n.

Proof. Without loss of generality, we consider only the case of functions of two variables
(d = 2). Applying Lemma 2, we obtain

S2m ,2n( f , x, y) = 2m+n
∫ 1

2m

0

∫ 1
2n

0
f (x ⊕ u, y ⊕ v)dudv.

E2m ,2n( f )p,F ≤ ∥ f (x, y)− S2m ,2n( f , x, y)∥p,m

=

∥∥∥∥∥ f (x, y)− 2m+n
∫ 1

2m

0

∫ 1
2n

0
f (x ⊕ u, y ⊕ v)dudv

∥∥∥∥∥
p,m

=

∥∥∥∥∥2m+n
∫ 1

2m

0

∫ 1
2n

0
( f (x, y)− f (x ⊕ u, y ⊕ v))dudv

∥∥∥∥∥
p,m

= max

(
V2

p

(
2m+n

∫ 1
2m

0

∫ 1
2n

0
( f (x, y)− f (x ⊕ u, y ⊕ v))dudv

)
,

∥∥∥∥∥2m+n
∫ 1

2m

0

∫ 1
2n

0
( f (x, y)− f (x ⊕ u, y ⊕ v))dudv

∥∥∥∥∥
∞

)
We denote

g(x, y) = 2m+n
∫ 1

2m

0

∫ 1
2n

0
( f (x, y)− f (x ⊕ u, y ⊕ v))dudv.

When applying the definition of the Vp(g) and Lemma 4, we have

V2
p (g)

= 2m+n sup
(k1,k2)∈P2


2k1

∑
j1=1

2k2

∑
j2=1

sup
(x,y)∈I

(k1,k2)
j1,j2

(x′ ,y′)∈I
(k1,k2)
j1,j2

(∫ 1
2m

0

∫ 1
2n

0
| f (x, y)− f (x ⊕ u, y ⊕ v)−

−
(

f (x′, y′)− f (x′ ⊕ u, y′ ⊕ v)
)∣∣dudv

)p
) 1

p

≤ 2m+n
∫ 1

2m

0

∫ 1
2n

0

 sup
(k1,k2)∈P2

2k1

∑
j1=1

2k2

∑
j2=1

 sup
(x,y)∈I

(k1,k2)
j1,j2

(x′ ,y′)∈I
(k1,k2)
j1,j2

| f (x, y)− f (x ⊕ u, y ⊕ v)−
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−
(

f (x′, y′)− f (x′ ⊕ u, y′ ⊕ v)
)∣∣)p

) 1
p dudv

≤ 2m+n sup
u∈[0, 1

2m )
v∈[0, 1

2n )

sup
(k1,k2)∈P2


2k1

∑
j1=1

2k2

∑
j2=1

 sup
(x,y)∈I

(k1,k2)
j1,j2

(x′ ,y′)∈I
(k1,k2)
j1,j2

| f (x, y)− f (x ⊕ u, y ⊕ v)−

−
(

f (x′, y′)− f (x′ ⊕ u, y′ ⊕ v)
)∣∣)p

) 1
p
∫ 1

2m

0

∫ 1
2n

0
dudv = V2

p ( f )∗m,n.

In addition, it holds

E2m ,2n( f )∞ = inf
k1≤2m

k2≤2n

sup
(x,y)∈[0,1)2

| f (x, y)− Pk(x, y)| ≤ sup
(x,y)∈[0,1)2

| f (x, y)− S2m ,2n(x, y)|

= sup
(x,y)∈[0,1)2

∣∣∣∣∣ f (x, y)− 2m+n
∫ 1

2m

0

∫ 1
2n

0
f (x ⊕ u, y ⊕ v)dudv

∣∣∣∣∣
= sup

(x,y)∈[0,1)2

∣∣∣∣∣2m+n
∫ 1

2m

0

∫ 1
2n

0
( f (x, y)− f (x ⊕ u, y ⊕ v))dudv

∣∣∣∣∣
≤ sup

(x,y)∈[0,1)2
sup

(u,v)∈[0, 1
2m )×[0, 1

2n )
|( f (x, y)− f (x ⊕ u, y ⊕ v))|

≤ sup
(u,v)∈[0, 1

2m )×[0, 1
2n )

sup
(x,y)∈[0,1)2

|( f (x, y)− f (u, y ⊕ v))| ≤ V( f )∗m,n.

Then,
E2m ,2n( f )p,m ≤ V( f )∗m,n.

Now, let us prove the left inequality from the theorem. For this, we first note that from
the properties of the Walsh system it follows that

0 ≤ h1 ≤ 1
2m , 0 ≤ h2 ≤ 1

2n

and with all
k1 = 0, 1, . . . , 2m − 1, k2 = 0, 1, . . . , 2n − 1.

we have
wk1,k2(x ⊕ h1, y ⊕ h2) = wk1(x)wk2(y).

Let

Q2m ,2n( f , x, y) =
2m−1

∑
k1=0

2n−1

∑
k2=0

ak1,k2 wk1(x)wk2(y)

be the polynomial that best approximates the function f in the metric p, m,

E2m ,2n( f )p,m = ∥ f − Q2m ,2n∥p,m.

From the above, it follows that

Q2m ,2n( f , x, y) = Q2m ,2n( f , x ⊕ h1, y ⊕ h2).

Therefore, for any 0 ≤ h1 ≤ 1
2m , 0 ≤ h2 ≤ 1

2n , we have

∥ f (x, y)− f (x ⊕ h1, y ⊕ h2)∥p,m
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= ∥ f (x, y)− Q2m ,2n( f , x, y) + Q2m ,2n( f , x ⊕ h1, y ⊕ h2)− f (x ⊕ h1, y ⊕ h2)∥p,m

≤ ∥ f (x, y)− Q2m ,2n( f , x, y)∥p,m + ∥Q2m ,2n( f , x ⊕ h1, y ⊕ h2)− f (x ⊕ h1, y ⊕ h2)∥p,m

= E2m ,2n( f )p,m + E2m ,2n( f )p,m = 2E2m ,2n( f )p,m.

Therefore,

sup
0≤h1≤

1
2m

0≤h2≤
1

2n

∥ f (x, y)− f (x ⊕ h1, y ⊕ h2)∥p,m ≤ 2E2m ,2n( f )p,m.

So,
V( f )∗m,n ≤ 2E2m ,2n( f )p,m.

The theorem is proven.

Theorem 2. Let 1 < p < ∞, ni ∈ N, f ∈ MVp[0, 1)d. Then, the following inequality is valid:

Vp( f )n ≤ E2n1 ,...,2nd ( f )p,m.

Proof. Without loss of generality, we consider only the case of functions of two variables
(d = 2). To prove the left inequality, we note that any polynomial Q2m ,2n ∈ W2m ,2n is constant
on any rectangle I(k1)

j1
× I(k2)

j2
, j1 = 1, 2, . . . , 2k1 , j2 = 1, 2, . . . , 2k2 , k1 ≥ m, k2 ≥ n; so,

osc
(

f , I(k1,k2)
j1,j2

)
= osc

(
f − Q2m ,2n , I(k1,k2)

j1,j2

)
and for k1 ≥ m, k2 ≥ n, corresponding sums κp( f − Q2m ,2n , k1, k2) and κp( f , k1, k2) match.
Hence,

E2m ,2n( f )p,m ≥ sup
Q

∥ f − Q2m ,2n∥p,m

= max
(

Vp( f − Q2m ,2n), ∥ f − Q2m ,2n∥p,m

)
≥ Vp( f − Q2m ,2n),

then,
E2m ,2n( f )p,m ≥ Vp( f )m,n.

The theorem is proven.

Note that the direct and converse theorems of the theory of the approximation of
functions of bounded p-variation by polynomials with respect to multiplicative systems
are considered in paper [3].

Remark 1. When proving theorems, we used methods of metric theory of functions and methods of
approximation theory.

3. Conclusions

In this paper, we proved direct and converse theorems of the approximation of func-
tions of several variables of bounded p-fluctuations by Walsh polynomials in the norm of
the considered space. Estimates of the best approximation through the fluctuation modulus
of continuity and an estimate of the fluctuation modulus of continuity through the best ap-
proximation have been obtained for the classes of functions of several variables, MVp[0, 1)d.
The results of this work are theoretical and can be applied in the theory of orthogonal series,
approximation theory, and harmonic analyses. They can be used in coding theory, in digital
signal processing, in pattern recognition, in probability theory, etc.
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