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ABSTRACT Eddy current loss (ECL) in underwater wireless power transfer (UWPT) systems can
significantly affect the efficiency of underwater vehicles. This study provides comprehensive modeling of
the eddy current effects in circular planar coils. The analytical model has been extended to any number of
transmitter and receiver coils’ turns exposed to different conductive regions, providing a general formulation
applicable to various scenarios. From the circuit perspective, ECLs appear as the additional resistances in
both primary and secondary coils, as well as the newly introduced mutual resistance that in turn contributes
to power loss. To derive the general formulas for additional resistances, the electric field intensities are
calculated by solving the Helmholtz equation within different surrounding environments, considering
geometrical parameters such as the number of turns, coil radii, and spacing between turns. Three frequently
occurring scenarios in underwater applications are selected to provide a comprehensive understanding of
ECLs. The general formulas are solved by properly defining the boundary condition, and then the additional
resistances are calculated specifically for each scenario. Finite Element Method (FEM) simulations and
measurements are conducted to validate the analytical formulation. The results confirm the high accuracy and
reliability of themodel. It effectively captures the impact of changes in the geometrical parameters of the coils
on additional resistances, well predicts the effect of increasing the input source frequency, and demonstrates
how the effects of eddy currents change with the volume of the surrounding conductive medium.

INDEX TERMS Eddy current loss, electric boat, Helmholtz equation, mutual resistances, planar coil,
resistance variations, underwater wireless power transfer.

I. INTRODUCTION
For decades, the mysterious habitat of the seabed remained
unexplored. Scientists have always been scouring this dismal
world. The seafloor is home to a large population of
marine life, which is essential for the ecosystem. Moreover,
the natural resources are reserved beneath the seafloor
accounting for a considerable share of natural resources
worldwide. However, to discover and unearth these valuable
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resources yet ensure the preservation of marine life requires
recruiting new emerging technologies.

Regarding underwater technology, submersed devices such
as remotely operated vehicles, submerged buoys, etc., are
frequently used for this purpose [1], [2], [3]. Compared
to traditional battery charging methods, in recent years
wirelessly power delivery techniques have gained significant
attention for underwater devices due to their enhanced
safety and higher reliability. Among the various wireless
power transfer (WPT) techniques, two near-field approaches,
magnetically-driven and electrically-driven are the most
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common. Inductive wireless power transfer (IWPT) is more
prevalent than its traditional competitor. However, since
IWPTworks with high-frequency alternative magnetic fields,
the eddy current loss (ECL) or Foucault currents is initiated
within the conductive coupling medium as claimed by Lenz’s
law.

Researchers have conducted studies that include intro-
ducing novel coil configurations [4] and employing current
control techniques [5] to mitigate the effects of ECLs.
Frequency is a crucial factor in the generating of ECLs,
require regulations to achieve better performance [6]. Beyond
these efforts, modeling of ECLs by analyzing the electric
field intensities within the surrounding conductive medium
enhances understanding of ECLs and identifies key influ-
encing factors. ECL modeling depends on the geometry
of the coils and the electromagnetic properties of the
surrounding conductive environment. For complex structures
with non-uniform and heterogeneous environments, directly
calculating of ECLs becomes mathematically complicated.
In [7], the numerical method has been employed to investigate
the effect of the existing non-uniform and heterogeneous
conductive medium in the flux path of planar coils with a
domino arrangement.

Circular planar coils are commonly used in many WPT
systems, with various power ranges. This kind of coil struc-
ture has also been utilized in underwater applications. The
conductive medium of flux path is always a stumbling block
to achieving higher efficiency in the UWPT systems and
complicates the design procedure. Water can be considered
a uniform and homogeneous medium, allowing for the direct
calculation of ECLs using precise mathematical models.
Thereby, ECLs are estimated by solving the Helmholtz
equation in the cylindrical coordinate system for electric
field intensity in a water medium. The electric fields for
a pair of current loops are straightforward to calculate [8]
and can be extended to any number of loops [9]. ECLs are
influenced by the location of the coils, the coupling distance,
and the boundary conditions. In a UWPT system with two
circular planar coils, the surrounding area is divided into three
subregions to compute the electric field intensities. In [10]
ECLs are derived for one pair of fully submerged single-turn
coils and all three subregions exhibit the same properties.
In [11] one region is considered to be air and the other
two regions have the same properties and ECLs are derived
for one pair of single-turn coils. In [12] the water region is
limited between two coils and the other two have identical
properties.
Research Gap: Existing literature lacks a comprehensive

analysis of the impact of eddy currents on the resistance
of planar coils and the influence of geometrical parameters
on resistance variations in conductive environments. Based
on findings from [10], [11], and [12], it is evident that
three boundary conditions commonly occur in UWPT
systems. This study provides an in-depth analysis of all
three scenarios and generalizes the derived formulas for
ECLs, considering any number of transmitter and receiver

coil turns in different conductive regions. The generalized
equations provide a versatile framework that can be applied
to different scenarios, enabling the extraction of specific
equations for ECLs corresponding to each of the three
boundary conditions discussed in [10], [11], and [12]. This
research fills the identified gap in the literature through the
following contributions:
First Contribution: A comprehensive model has been

developed to calculate the additional resistances arising from
the eddy current effects in circular planar coils. The analytical
model has been extended to any number of transmitter and
receiver coils’ turns exposed to three conductive subregions,
each with different properties, providing a general formula-
tion applicable to various scenarios.
Second Contribution: The additional resistances are calcu-

lated using the general formulas for each specific scenario.
The formulas account for the geometrical parameters, the
effect of frequency, and the influence of the surrounding
conductive medium. A comparison is then conducted to
investigate how variations in geometrical parameters–key
design factors of a UWPT system–affect the additional
resistances at different frequencies.
Third Contribution: In addition to the additional resis-

tances, the electric field distribution within each conductive
medium is calculated separately for each scenario. The
electric fields from each subregion are then integrated into
a single plot to demonstrate that only the circumferential
component contributes to the electric field distribution
and the associated additional resistances. The plots from
the calculations are compared with FEM results for two
frequencies: one low and one relatively high, to verify the
accuracy of the model.

Regarding the logical flow of this research, Section II
provides a general overview of the studied system. The
surrounding environment is divided into three conductive
subregions, each with distinct characteristics, and these
subregions are separated by coils placed at the boundaries.
The electric field is calculated in each of these areas, and by
calculating the induced voltage in each of the planar coils,
general formulas are derived to determine the additional resis-
tances. In Section III, the properties of water are considered as
a conductive medium, and the additional resistances for three
commonly occurring scenarios in underwater applications are
specifically calculated. The accuracy of the model is assessed
in the final section by examining the effect of changes in
operating frequency and the geometrical parameters of the
coils. Moreover, the electric fields obtained in Section II are
plotted for two different frequencies to validate the model’s
accuracy and demonstrate that only the circumferential
component of the electric field contributes to the calculations.

II. EDDY CURRENT LOSS MODELING
The electric field intensity in the conductive medium of
the coils is required to determine the ECLs. The follow-
ing assumptions are considered to simplify the analytical
computation.
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FIGURE 1. Region divisions and the location of coaxial circular planar coils at the boundaries in
the cylindrical coordinate system.

1) The properties of seawater are consistent throughout
the medium and are presumed to be linear, isotropic,
and uniform.

2) The seawater is unbounded in XY-plane.
3) The geometry of coils is circular and planar.
4) The number of strands so that the wire diameter is not

included in the modeling.
5) The misalignment is not included in the modeling, and

both coils are aligned on Z-axis.
6) A sinusoidal, current source is applied to both coils.

A. ELECTRIC FIELD INTENSITY
The electric field intensity can be obtained using the
following Maxwell’s equations:

∇ × Eij = −
∂Bij
∂t

∇ × Hij = Jij +
∂Dij

∂t
, i = t, r j = 1, 2, 3

Jij = σjEij, Dij = ϵjEij, Bij = µjHij

(1)

where i = t, r represents the transmitter and receiver,
respectively, while j indexes the subregions. The vectors Hij
and Bij denote the magnetic field intensity and magnetic
flux density of the i-th coil in the j-th region in Fig. 1,
respectively. Similarly, Eij and Jij refer to the electric field
intensity and current density of the i-th coil within the j-th
region. The electric displacement vector is represented by
Dij. The properties of the regions are characterized by σj,
ϵj, and µj, which correspond to conductivity, permittivity,
and permeability, respectively. By performing the appropriate
mathematical operations on (1), the following expression
known as Helmholtz equation for the electric field intensity
can be expressed as:

∇
2Eij + k2j Eij = 0 (2)

where k2j = µjω
(
ϵjω−jσj

)
known as the space wave number,

and is a function of the surrounding medium and frequency
of applied currents. Due to the symmetric geometry of the
circular planar coils in the cylindrical coordinate system

and the circular current path, the component of Eij in
radius (Eijr êr ) and axial (Eijzêz) directions can be neglected.
Therefore (2) in a cylindrical coordinate system can be shown
as:

∂2Eijφ
∂z2

+
∂2Eijφ
∂r2

+
1
r

(
∂Eijφ
∂r

)
+

(
µjω

(
ϵjω − jσj

)
−

1
r2

)
Eijφ = 0 (3)

As indicated by (3), the electric field intensity varies along
the z-axis and the radial direction. Through using the variable
separation method Eijφ(r, z) = R(r)Z (z) and substitute in (2)
[12], the general expression for R(r) and Z (z) are obtained by{

R(r, τ ) = aij(τ )J1(rτ ) + bij(τ )Y1(rτ )
Z (z, τ ) = cij(τ )euj(z−zi) + dij(τ )e−uj(z−zi)

(4)

where J1(rτ ) and Y1(rτ ) are the first and second kind
for the first-order Bessel function, respectively. uj =√

τ 2 − µjω
(
ϵjω − jσj

)
, and it is a function of the surrounding

medium and frequency of applied currents. zi shows the
location of i − th coil in XY-plane. The variable τ serves as
the separation constant value and varies for τ ≥ 0.
Finally, the general solution to (3) can be obtained by

integrating the electric field intensity over the variable τ .

Eijφ(r, z) =

∫
∞

0

(
aij(τ )J1(rτ ) + bij(τ )Y1(rτ )

)
×

(
cij(τ )euj(z−zi) + dij(τ )e−uj(z−zi)

)
dτ (5)

This equation illustrates the electric field intensity generated
by i − th coil in j − th region. According to the property of
Y1 the value of limτ→0 Y1(rτ ) = −∞ is unbounded, whereas
the electric field intensity is bounded and nonzero, hence
bij(τ ) = 0. Therefore,

Eijφ(r, z)

=

∫
∞

0
J1(rτ )

(
a′
ij(τ )e

uj(z−zi) + a′′
ij(τ )e

−uj(z−zi)
)
dτ (6)
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where a′
ij(τ ) = aij(τ )cij(τ ) and a′′

ij(τ ) = aij(τ )dij(τ ). The
goal is to solve (6) for three different case studies defined
in Fig. 2. The boundary conditions are required in each case
to determine the coefficients. To solve (6), the superposition
theorem is applied to each coil independently. The electric
field intensity is calculated in three subregions for each coil.

I) In the area beneath the transmitter coil (j = 1),
since lim(z−zi)→−∞ Eijφ = 0, therefore the parameters
a′′

t1(τ ) and a′′

r1(τ ) = 0. The electric field intensity by the
transmitter (zi = 0, z → −∞) and by the receiver (zi = d ,
(z− d) → −∞) is:

Et1φ(r, z) =

∫
∞

0
a′

t1(τ )J1(rτ )e
u1zdτ

Er1φ(r, z) =

∫
∞

0
a′

r1(τ )J1(rτ )e
u1(z−d)dτ

(7)

II) In the region between the two coils (j = 2), z is limited
(0 ≤ z ≤ d), both decreasing and increasing exponential
components appear in the electric field intensity equation:
Et2φ(r, z) =

∫
∞

0
J1(rτ )

(
a′

t2(τ )e
u2z + a′′

t2(τ )e
−u2z

)
dτ

Er2φ(r, z) =

∫
∞

0
J1(rτ ) ×

(
a′

r2(τ )e
u2(z−d) + a′′

r2(τ )e
−u2(z−d)

)
dτ

(8)

III) In the region above the receiver coil (j = 3), since
lim(z−zi)→+∞ Eijφ = 0, therefore the parameters a′

t3(τ ) and
a′

r3(τ ) = 0. The electric field intensity for the transmitter
(zi = 0, z → +∞) and for the receiver (zi = d ,
(z− d) → +∞) is:

Et3φ(r, z) =

∫
∞

0
a′′

t3(τ )J1(rτ )e
−u3zdτ

Er3φ(r, z) =

∫
∞

0
a′′

r3(τ )J1(rτ )e
−u3(z−d)dτ

(9)

The boundary conditions are required to determine the
remaining coefficients in (7)-(9). The following relations
describe the behavior of the electric field intensity at the
boundary of adjacent regions

Ei1φ(r, z) = Ei2φ(r, z), z = 0
Ei2φ(r, z) = Ei3φ(r, z), z = d
∂

∂z
(Ei2φ − Ei1φ) = jωµ0Iimδ(r − aim), z = 0

∂

∂z
(Ei3φ − Ei2φ) = jωµ0Iinδ(r − ain), z = d

(10)

Here, Iim and Iin denote the currents flowing through them-th
and n-th current loops with radii of aim and ain for the coils
located at the boundaries z = 0 and z = d , respectively.
It is evident that, for the transmitter and receiver coils at
the boundaries of z = d and z = 0, the values of currents
Iin = 0 and Iim = 0, respectively. The electric field intensity
is a function of Bessel functions, to equalize the derivatives
of the electric field intensities in (10) with a δ−function it is

required to represent δ−function in terms of Bessel functions
as below [13]:∫

∞

0
τJi(rτ )Ji(aτ )dτ =

1
r
δ(r − a) (11)

Therefore, all coefficients can be determined utilizing
(7)-(10).

a′

t1(τ ) = p(τ )
(
(u2 + u3)eu2d + (u2 − u3)e−u2d

)
a′

t2(τ ) = p(τ )(u2 − u3)e−u2d

a′′

t2(τ ) = p(τ )(u2 + u3)eu2d

a′′

t3(τ ) = 2p(τ )u2eu3d

(12)

and
a′

r1(τ ) = 2q(τ )u2eu1d

a′

r2(τ ) = q(τ )(u2 + u1)eu2d

a′′

r2(τ ) = q(τ )(u2 − u1)e−u2d

a′′

r3(τ ) = q(τ )
(
(u2 + u1)eu2d + (u2 − u1)e−u2d

) (13)

where p(τ ) and q(τ ) are as follows
p =

jωµ0ItmatmτJ1(atmτ )
(u2 − u3)(u2 − u1)e−u2d − (u2 + u1)(u2 + u3)eu2d

q =
jωµ0IrnarnτJ1(arnτ )

(u2 − u3)(u2 − u1)e−u2d − (u2 + u1)(u2 + u3)eu2d

(14)

B. OPEN CIRCUIT VOLTAGE
The electric field intensity varies with the current flowing
through the coils. By employing (15), the link between
induced voltage and coils’ current is established, enabling the
calculation of additional resistances caused by eddy current
losses. The induced open circuit voltages inm− th and n− th
single turn with the lengths of lm and ln for transmitter and
receiver, respectively are:

Utm = −

∫
lm
E2φ(r, z)

∣∣∣
z=0,r=atm

dl

Urn = −

∫
ln
E2φ(r, z)

∣∣∣
z=d,r=arn

dl
(15)

where E2φ is the equivalent electric field intensity in the
region between coils and is obtained by

E2φ(r, z) =

Nt∑
m=1

Et2φm(r, z) +

Nr∑
n=1

Er2φn(r, z) (16)

where Et2φm and Er2φn are the circumferential components
of the electric field intensity for the m− th and n− th turns of
the transmitter and receiver coils, respectively, in the second
region. The sum of the induced voltages in all adjacent turns
of each coil represents the total value of induced voltage.
Substituting (16) in (15), the total induced open circuit
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voltage for each coil will be
Ut = −2π

Nt∑
m=1

atmE2φ(atm, 0)

Ur = −2π
Nr∑
n=1

arnE2φ(arn, d)

(17)

Since in the water region, the conductivity is σj ̸= 0,
therefore, k2j has both real and imaginary parts, thereby, the
induced voltage can be written in the following form:{

Ut = (Ret + jωLt) It + (Retr + jωM) Ir
Ur = (Retr + jωM) It + (Rer + jωLr ) Ir

(18)

where Ret , Rer and Retr are the additional resistances
reflecting the eddy currents. Moreover, It1 = It2 = . . . =

Itm = It and Ir1 = Ir2 = . . . = Irn = Ir .

C. ADDITIONAL RESISTANCES
As seen in (18), the eddy currents contribute the additional
terms to the real part of the impedances, these additional
terms are calculated independently as follows:

Ret = Real
{
Ut
It

}
Ir=0

Rer = Real
{
Ur
Ir

}
It=0

Retr = Real
{
Ut
Ir

}
It=0

= Real
{
Ur
It

}
Ir=0

(19)

Using (8), and (12)-(19) the additional parts can be derived
(see (20)-(22)), as shown at the bottom of the next page.
As can be seen, the additional resistances in each coil are
influenced by the environmental characteristics of all three
regions (u1, u2 and u3). Moreover, according to (22), the
mutual resistance decreases with increasing distance d , and
eventually drops to zero. Additionally, the presence of the
parameter d in self-resistances can be explained by the
extent to which the second region, characterized by u2,
influences self-resistances. Therefore, logically, the effect of
the parameter d appears in the self-resistance equations.

III. COMPARISON OF DIFFERENT CONDITIONS
Here three different case studies are analyzed, and the
additional resistances are derived for each of them.

A. INFINITE MEDIUM
For the first case study in Fig. 2(a), the water region infinitely
expands in all directions, hence we can assume that u1 =

u2 = u3 = uw, Itm = It , Irn = Ir . Using (20)-(22)
the additional resistances in the real part of impedances for
fully-submerged coils are:

Ret = Real
{
jωµ0π

×

Nt∑
m=1

Nt∑
k=1

atmatk

∫
∞

0

τJ1(atmτ )J1(atkτ )
uw

dτ

}
(23)

Rer = Real
{
jωµ0π×

×

Nr∑
n=1

Nr∑
k=1

arnark

∫
∞

0

τJ1(arnτ )J1(arkτ )
uw

dτ

}
(24)

and for the mutual additional resistance

Retr = Real
{
jωµ0π

×

Nt∑
m=1

Nr∑
n=1

atmarn

∫
∞

0

τJ1(atmτ )J1(arnτ )
uweuwd

dτ

}
(25)

Since the characteristics of all three regions are the same
as each other, there is no effect of d on additional self-
resistances. Additionally, (25) demonstrates that mutual
resistances decrease as the distance between the two coils
increases.

B. SEMI-FINITE MEDIUM
The semi-finite medium in this study refers to a region where
the water infinitely expands in the XY-plane and is limited
for z ≤ 0 (see Fig. 2(b)). Hence, u1 = ua, u2 = u3 = uw,
Itm = It , Irn = Ir . Using (20)-(22), the additional resistances
appearing in the real part of the impedances are:

Ret = Real
{
2jωµ0π

×

Nt∑
m=1

Nt∑
k=1

atmatk

∫
∞

0

τJ1(atmτ )J1(atkτ )
uw + ua

dτ

}
(26)

Rer = Real
{
jωµ0π

Nr∑
n=1

Nr∑
k=1

arnark

∫
∞

0
τJ1(arnτ )

× J1(arkτ )
uw + ua + (uw − ua)e−2uwd

uw(uw + ua)
dτ

}
(27)

and for the mutual additional resistance

Retr = Real
{
2jωµ0π

×

Nt∑
m=1

Nr∑
n=1

atmarn

∫
∞

0

τJ1(atmτ )J1(arnτ )
(uw + ua)euwd

dτ

}
(28)

Here, because the characteristics of the second and third
environments are the same, changes in distance will not affect
the additional resistance of the transmitter coil, and according
to (26), no effect of the parameter d is seen. On the other
hand, parameter d appears in the expression related to the
additional self-resistance of the receiver coil. This indicates
how close the second coil is to the first region. Therefore, the
smaller d is, the closer the coil is to the boundary of the first
region, resulting in less effect of the eddy currents and a more
prominent impact of the first region’s characteristics.

C. FINITE MEDIUM
In this case, the water region infinitely expands in the
XY-plane and is limited in 0 ≤ z ≤ d (see Fig. 2(c)). Here
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FIGURE 2. Region divisions for three different boundary conditions at the z-axis. (a) Infinite medium (b) Semi-finite medium (c) Finite medium.

regions 1 and 3 are assumed to be as air, u1 = u3 = ua, and
region 2 is water u2 = uw, Itm = It , and Irn = Ir . Using
(20)-(22), the additional resistances appearing in the real part
of the impedances are:

Ret = Real
{
−2jωµ0π

Nt∑
m=1

Nt∑
k=1

atmatk

∫
∞

0
τJ1(atmτ )

× J1(atkτ )
(uw + ua)euwd + (uw − ua)e−uwd

(uw − ua)2e−uwd − (uw + ua)2euwd
dτ

}
(29)

and for the receiver coil

Rer = Real
{
−2jωµ0π

Nr∑
n=1

Nr∑
k=1

arnark

∫
∞

0
τJ1(arnτ )

× J1(arkτ )
(uw + ua)euwd + (uw − ua)e−uwd

(uw − ua)2e−uwd − (uw + ua)2euwd
dτ

}
(30)

the additional mutual resistance is

Retr = Real
{
−4jωµ0π

Nt∑
m=1

Nr∑
n=1

atmarn

∫
∞

0
τJ1(atmτ )

× J1(arnτ )
uw

(uw − ua)2e−uwd − (uw + ua)2euwd
dτ

}
(31)

The presence of the parameter d in the self-resistances can
be justified by considering that the degree of influence of the
second region, characterized by u2, and depends on its height.
Therefore, logically, its effect appears in the relationships.
Moreover, as illustrated in (31), the mutual resistance

TABLE 1. Main parameters of the circular planar coils along with the
electric and magnetic properties of water region.

decreases with increasing distance d , and eventually drops
to zero.

IV. RESULTS AND FINDINGS
The additional resistances and subsequently the additional
losses depend on the geometric characteristics of the coils,
including the radius (r) and the number of turns (N ). The
radius itself depends on the distance (s) between adjacent
turns (see Fig. 1). These parameters can be considered
independent variables. Hence, a comparison is conducted to
examine the impact of variations in each of the independent
variables of the coils’ geometry and the applied frequency on
the ECLs.

A. FREQUENCY IMPACT
The impact of varying the applied current’s frequency on the
additional resistances is illustrated in Figs. 3-5, where the
analytical modeling is compared with FEM simulations
and laboratory measurements. To verify the accuracy of

Ret = Real
{
−2jωµ0π

Nt∑
m=1

Nt∑
k=1

atmatk

∫
∞

0

(
(u2 + u3)eu2d + (u2 − u3)e−u2d

)
τJ1(atmτ )J1(atkτ )

(u2 − u3)(u2 − u1)e−u2d − (u2 + u1)(u2 + u3)eu2d
dτ

}
(20)

Rer = Real
{
−2jωµ0π

Nr∑
n=1

Nr∑
k=1

arnark

∫
∞

0

(
(u2 + u1)eu2d + (u2 − u1)e−u2d

)
τJ1(arnτ )J1(arkτ )

(u2 − u3)(u2 − u1)e−u2d − (u2 + u1)(u2 + u3)eu2d
dτ

}
(21)

Retr = Real
{
−4jωµ0π

Nt∑
m=1

Nr∑
n=1

atmarn

∫
∞

0

u2τJ1(atmτ )J1(arnτ )
(u2 − u3)(u2 − u1)e−u2d − (u2 + u1)(u2 + u3)eu2d

dτ

}
(22)
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FIGURE 3. Additional resistances for the infinite medium. (a) Additional
self-resistance of transmitter (b) Additional self-resistance of receiver
(c) Mutual resistance (d) Overall comparison.

the derived formulas, the transmitter and receiver coils
are different in geometry, leading to different additional
resistances for each coil. The geometry of the coils and the
electromagnetic characteristics of the conductive medium are
listed in Table 1. The distance between coils is selected to be
10 cm. A container with dimensions of 60× 60× 40 cm3 was
selected for the measurements.

For the infinite medium where the coils are fully sub-
merged in water, the additional resistances are depicted
for the numerical, analytical, and measured results in
Fig. 3, which confirms the high accuracy of the modeling.
Increasing the frequency significantly increases both the
additional self-resistances (Fig. 3(a) and (b)) and mutual-
resistance (Fig. 3(c)), which in turn will dramatically
increase the losses. Fig. 3(d) compares the overall obser-
vations of additional resistances in the infinite medium.
Since the receiver coil has more turns, it exhibits higher
additional resistance, and the mutual additional resistances
for 10 cm distance of coils are lower than the additional
self-resistances.

Fig. 4 illustrates the additional resistances observed in the
semi-finite medium for various frequency values, where the
medium is bounded on one side. Comparing Fig. 3 with
Fig. 4, it is evident that the additional self-resistance of the
transmitter coil has been decreased (Fig. 4(a)), while the
additional self-resistance of the secondary coil has remained
relatively unchanged (Fig. 4(b)). This indicates that, for the
coupling distance of 10 cm, the electromagnetic characteris-
tics of the first region have a minimal effect on the additional
self-resistance of the receiving coil. Moreover, in Fig. 4(c)
the additionalmutual resistance has decreased, demonstrating
the effect of removing the conductive medium from the first
region on it. Fig. 4(d) compares all additional resistances
in the semi-finite medium. Since the receiver coil is fully
submerged, it exhibits higher additional resistance, with
values close to those in the infinite medium. Additionally,

FIGURE 4. Additional resistances for the semi-finite medium.
(a) Additional self-resistance of transmitter (b) Additional self-resistance
of receiver (c) Mutual resistance (d) Overall comparison.

FIGURE 5. Additional resistances for the finite medium. (a) Additional
self-resistance of transmitter (b) Additional self-resistance of receiver
(c) Mutual resistance (d) Overall comparison.

when the first conductive region is removed, the additional
resistance of the transmitter decreases and is closer to the
mutual resistance.

For the finite medium, the additional resistances are
compared in Fig. 5 for various frequency values, where the
medium is bounded on both sides of the z-axis. The additional
self-resistance of the receiver coil and the mutual resistance
has been decreased compared to the infinite and semi-finite
medium (Fig. 5(b), (c)). The transmitter coil experiences a
smaller change in comparison to the semi-finite medium,
indicating that removing the conductive medium from the
third region has a minimal impact on the first coil Fig. 5(a).
Similar to the infinite medium, the receiver coil exhibits
higher additional resistance, and the mutual resistance values
are the lowest (Fig. 5(d)).
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FIGURE 6. Comparison of the additional resistances for various number
of turns at the frequency of 85 kHz and 400 kHz in each specific case.
(a) Infinite medium at 85 kHz (b) Infinite medium at 400 kHz
(c) Semi-finite medium at 85 kHz (d) Semi-finite medium at 400 kHz
(e) Finite medium at 85 kHz (f) Finite medium at 400 kHz.

FIGURE 7. Additional resistances comparison for various number of turns
at the frequency of 85 kHz and 400 kHz. (a) Additional self-resistances at
85 kHz (b) Additional self-resistances at 400 kHz (c) Additional
mutual-resistances at 85 kHz (d) Additional mutual-resistances at
400 kHz.

B. GEOMETRICAL PARAMETERS VARIATION
The effect of changing the geometrical parameters of the coils
on the additional resistance is explored through modeling
and FEM. Figs. 6 and 7 illustrate the variations in additional
resistances for different numbers of turns. These results are
derived under the condition of a constant outer diameter
of 250 mm and the frequency of 85 kHz and 400 kHz.
The outermost current circle represents the first turn with a
fixed diameter of 250 mm, and subsequent turns are twisting

FIGURE 8. Comparison of the additional resistances for various values of
the inner radius at the frequency of 85 kHz and 400 kHz in each specific
case. (a) Infinite medium at 85 kHz (b) Infinite medium at 400 kHz
(c) Semi-finite medium at 85 kHz (d) Semi-finite medium at 400 kHz
(e) Finite medium at 85 kHz (f) Finite medium at 400 kHz.

inward towards the center of the coil. The spacing between
turns is set to 1 mm. Additionally, both the transmitter and
receiver share identical geometric configurations. Due to
asymmetric boundary conditions in the semi-finite medium,
the self-resistances of both transmitter and receiver coils are
reported separately (Figs. 6(c) and (d)). Conversely, in both
finite and infinite mediums, the self-resistances remain
identical. For any number of turns, self-resistances are higher
than mutual resistances, and at 400 kHz are much higher than
at 85 kHz. These additional resistances have a higher value
in the infinite medium and least in the finite medium. In the
semi-finite medium for a coupling distance of 10 cm, mutual
resistances closely mirror the additional self-resistance of the
transmitter coil. Notably, in the semi-finite medium, where
the receiving coil is fully immersed in water, its additional
self-resistance surpasses that of the transmitter coil. Fig. 7
further differentiates the additional resistances with the AC
self-resistances (air medium) of the coils. At the frequency
of 85 kHz, the AC self-resistances are approximately equal
to the additional self-resistance of the finite medium and
the additional self-resistance of the transmitter coil in a
semi-finite medium. However, the additional self-resistance
of the receiver coil in the semi-finite medium and the
additional self-resistances in the infinite medium are nearly
twice the AC self-resistances. In contrast to 85 kHz, at the
frequency of 400 kHz the AC self-resistances exhibit a linear
increase with the number of turns, following a constant
slope. However, the AC resistances are significantly smaller
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FIGURE 9. Additional resistances comparison for various values of the
inner radius at the frequency of 85 kHz and 400 kHz. (a) Additional
self-resistances at 85 kHz (b) Additional self-resistances at 400 kHz
(c) Additional mutual-resistances at 85 kHz (d) Additional
mutual-resistances at 400 kHz.

compared to the additional resistances in this frequency.
Fig. 7(c) and (d) present the mutual added resistances,
showcasing the lowest and highest values in the finite and
infinite medium, respectively.

The impact of changes in the inner radius on additional
resistances is illustrated in Figs. 8 and 9. The previous
scenario is repeated, both the transmitter and receiver share
identical geometric configurations. The number of turns is
set to a fixed value of Nt = Nr = 15, and the spacing
between turns is set at 1 mm. The comparison is made for
both of the specified frequencies. For any value of inner
radii, the self-resistances are higher than mutual resistances.
AC resistances for both frequencies increase linearly with the
increase of the inner radius of the coils. At the frequency of
85 kHz, the AC self-resistances are approximately equal to
the additional self-resistance of the finite medium and the
additional self-resistance of the transmitter coil in a semi-
finite medium. However, the additional self-resistance of the
receiver coil in the semi-finite medium and the additional
self-resistances in the infinite medium are nearly twice the
AC self-resistances.

The behavior of mutual inductances with additional
self-resistances is compared in Fig. 10, revealing a similar
trend in their increase with the number of turns, and
inner radius. Importantly, inductances can be independently
calculated regardless of the medium and the frequency.
Hence, from Fig. 10 it can be predicted how the additional
resistances will behave for desired inductances in the design
process. This behavior was predictable, because from (18),
inductances can be calculated independently, and analogous
relationships to equations (20)-(22) can be derived, poten-
tially exhibiting similar behavior. However, the calculation of
inductances is not the focus of this study. Simpler formulas
for inductance calculations exist in literature [14] and require
significantly less computational effort than complex Bessel
functions’ improper integrals.

FIGURE 10. Comparison of additional resistances and mutual
inductances for different numbers of turns and inner radii at the
frequency of 400 kHz for each specific case: (a) Infinite medium
(b) Semi-finite medium (c) Finite medium.

FIGURE 11. Electric field intensity distribution within the infinite water
region, at the frequency of 85 kHz and applied current amplitudes of
It = Ir = 5A (a) FEM analysis (b) Analytical modeling.

C. ELECTRIC FIELD DISTRIBUTION
The comparison of how frequency, number of turns, and
radius of turns affect additional resistances demonstrates
that the modeling is highly accurate. Equations (20) to (22)
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TABLE 2. Comparison of overall results of additional resistances and maximum electric field intensity, based on the parameters provided in Table 1.

FIGURE 12. Electric field intensity distribution within the infinite water
region, at the frequency of 400 kHz and applied current amplitudes of
It = Ir = 5A (a) FEM analysis (b) Analytical modeling.

can reliably predict additional resistances before the design
process. For further analysis, the electric field distribution
within the conductive medium is analyzed, highlighting that
the circumferential component alone affects the electric field
distribution and the corresponding resistances. To validate
the model, the calculated plots are compared with FEM
results at two different frequencies. The distribution of
electric field intensities across all three case studies at
both specified frequencies is illustrated in Figs. 11 to 16,
showing that the electric field intensity increases with
frequency. The electric field intensity comprises both real
and imaginary components. Therefore, it is necessary to
determine the component of the field that contributes to
additional resistances. The results are obtained for the
coils, with parameters detailed in Table 1. A cross-section
of the YZ-plane or XZ-plane is considered to plot the
electric field intensities. The amplitude of the applied
currents to both coils is 5 A. For the infinite medium,
by using (7)-(9) and (12) to (14), the electric field intensity in

FIGURE 13. Electric field intensity distribution within the semi-finite
water region, at the frequency of 85 kHz and applied current amplitudes
of It = Ir = 5A (a) FEM analysis (b) Analytical modeling.

FIGURE 14. Electric field intensity distribution within the semi-finite
water region, at the frequency of 400 kHz and applied current amplitudes
of It = Ir = 5A (a) FEM analysis (b) Analytical modeling.

the conductive subregions is calculated separately. The results
are then combined into a single plot, as shown in Figs. 11
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FIGURE 15. Electric field intensity distribution within the finite water
region, at the frequency of 85 kHz and applied current amplitudes of
It = Ir = 5A (a) FEM analysis (b) Analytical modeling.

FIGURE 16. Electric field intensity distribution within the finite water
region, at the frequency of 400 kHz and applied current amplitudes of
It = Ir = 5A (a) FEM analysis (b) Analytical modeling.

and 12. The comparison is conducted at frequencies of 85 kHz
and 400 kHz. The maximum electric field intensities for
frequencies of 85 kHz and 400 kHz are 0.294 V/m and
5.243 V/m, respectively, in the FEM analysis, and 0.298 V/m
and 5.375 V/m in the modeling. The comparison highlights
the high accuracy of the modeling in predicting electric field
intensity. Using (8) and (9), the electric field intensities are
calculated for the second and third regions of the semi-finite
medium and then combined into a single plot, as shown in
Figs. 13 and 14. In the case of the semi-finite medium, where
the transmitter coil is above the water and the receiver is fully
immersed, the high accuracy of the modeling is evident in
these figures. The maximum field intensity occurs near the
receiver coil, and are 0.215 V/m and 4.315 V/m, respectively,
in the FEM simulation, and 0.231 V/m and 4.497 V/m in the
analytical modeling. Finally, the electric field intensity in the
finite medium is depicted in Figs. 15 and 16. The electric field
intensity is calculated only for the middle region, where the
maximum field intensities for the frequencies of 85 kHz and
400 kHz are 0.128 V/m and 2.828 V/m in the FEM analysis,
and 0.132 V/m and 2.900 V/m in the analytical modeling,
respectively. As seen, the electric field intensity decreases as
the medium transitions from infinite (Fig. 2(a)) to semi-finite

and finite in Fig. 2(c). This trend indicates that each region
significantly impacts the electric field intensity. Table 2
presents an overall comparison of electric field intensity and
additional resistances for the 10 cm distance at two different
frequencies. By gradually moving from fully submerged coils
to the conditions in Fig. 2(c), the additional resistances and
electric field intensities decrease. The numerical results are
slightly lower than the analytical results for both electric field
intensity and additional resistances. In both infinite and semi-
infinite environments, where the receiver coil is submerged
in water, the additional resistance values are close to each
other. In contrast, in finite and semi-finite medium, where the
transmitter coil is outside the water, the additional resistance
values are also close.

V. CONCLUSION
This study investigated the effect of eddy currents in the
water environment on a pair of coaxial coils with the circular
planar configuration. The surrounding conductive medium,
separated by coils into three subregions, each region was
assumed to have its own distinct electromagnetic properties.
The electric field intensities were calculated in the cylindrical
coordinate system by solving the Helmholtz equation in each
region. The general formulas for additional self-resistances
and mutual resistance rising from the water eddy currents, for
any number of turns in the transmitter and receiver coils were
derived. The formulas reflect each region’s electromagnetic
properties and geometrical parameters of each coil. The
derived general formulas were applied to three different
conditions that commonly occur in underwater applications.
The results demonstrated high accuracy in modeling of
electric field intensities and additional resistances in all
three case studies. The equations accurately predict the
eddy current effect when the coils are aligned; however,
more comprehensive formulas are needed for the unaligned
position, which frequently occurs in water environments.
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