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PROPERTY FOR NON-AUTONOMOUS INCLUSION OF
REACTION-DIFFUSION TYPE
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Abstract. We investigate global resolvability and stability of attractors for parabolic in-
clusion with multi-valued interaction function of reaction-diffusion type and non-autonomous
disturbances. For the class of L2-disturbances, we prove existence of global solutions in
the phase space L2. In the class of translation-bounded disturbances we prove that ob-
tained global solutions generate the family of multi-valued semiprocesses which possesses

a uniform attractor. Finally, for L°°-disturbances we show that the global attractor of
unperturbed system is stable w.r.t. disturbances in the asymptotic gain sense.
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1. Introduction

Global attractors play an important role in the qualitative theory of dissipa-
tive infinite-dimensional dynamical systems [1,2|. In recent years, many works
have appeared in which the classical theory of global attractors was extended
to problems with non-autonomous, stochastic, impulsive, and multi-valued per-
turbations [3-9]. For evolutionary inclusions, such results were first obtained by
V.S. Melnik and J. Valero, who introduced the concept of a multi-valued semiflow
generated by integral solutions of inclusions of subdifferential type [10]. In sub-
sequent works, the topological and metric properties of attractors of dissipative
inclusions, their structure and stability in the sense of Lyapunov were investi-
gated [11-13]. For inclusions with multi-valued non-autonomous right-hand sides
of linear growth in [14,15|, the results on existence of uniform attractors of the
corresponding semiprocesses were obtained. In the present work, we investigate an
evolutionary inclusion with a multi-valued interaction function of the polynomial

*Taras Shevchenko National University of Kyiv, Volodymyrska Street 64, 01601 Kyiv, Ukraine
kapustyan@knu.ua

tTaras Shevchenko National University of Kyiv, Volodymyrska Street 64, 01601 Kyiv, Ukraine
taras.yusypiv@knu.ua

L. Gumilyov Eurasian National University, Satpayev str., 2, 010000, Astana, Kazakhstan
ospanov_mnQ@enu.kz

§L‘N. Gumilyov Eurasian National University, Satpayev str., 2, 010000, Astana, Kazakhstan
alday_m@enu.kz

© 0.V. Kapustyan, T. V. Yusypiv, M. Ospanov, M. Alday, 2025.



2 O.V. Kapustyan, T.V. Yusypiv, M. Ospanov, M. Alday

growth in the presence of non-autonomous perturbations. The global solvability in
the phase space L? and the existence of a uniform attractor for the corresponding
family of multivalued semiprocesses is proved. Using the general approach de-
veloped in [16-19], the robust stability of the global attractor of an unperturbed
system with respect to the magnitude of non-autonomous perturbations is shown.
The work is structured as follows: in the second section, the problem statement
and the necessary properties regarding the weak solvability of reaction-diffusion
type equations are given. In the third section, the general global resorvability
result in the phase space L? is proved. In the fourth section, under the con-
dition of translation-bounded perturbations, the existence of uniform attractors
of semiprocesses generated by weak solutions of the original problem is proved
and their dependence on the parameter is investigated. In the final section, in the
class of bounded perturbations, a robust estimate of the AG type is proved, which
characterizes the deviation of the trajectories of the perturbed problem from the
global attractor.

2. Setting of the problem

In the bounded domain 2 C R™,m > 1, we consider the problem

%-AUEf(U)—I—d(t,Z), (tvx)eQ:(O,—i‘OO)XQ,
ulpn = 0, (2.1)

uli=0 = uo(),

where d € L2 (R; L?(£2)) is a non-autonomous disturbance function, uy € L%(2),

and the multi-valued function f satisfies the following assumptions:
f: R — Cy(R) is upper semicontinuous,

3C >0, aj,az > 0, p > 2, such that (2.2)
VseR, VE€ f(s) —C—oaylslP <&-5s<C—aslslP.

Here C,(R) denotes the set of all non-empty, convex, compact sets in R, upper
semicontinuity is understood in the standard sense [20].

Our first goal is to prove global resolvability of (2.1) for every ug € L%(Q) in
the sense of the following definition.

Definition 2.1. A function u = u(t,z), (t,z) € Qr = (0,7) x Q is called a
(weak) solution of (2.1) on (0,7), if u € L?(0,T; H}(2)) and there exists | €
LYQr), % + }D = 1 such that Vv € C§°(2), Vn € C§°(0,T)

T T
—/ (u(t),v)ntdt+/ (Vu(t), Vo)ndt
0 0
T
_ /0 /Q (It 2) + d(t, ) v(@)p(t)dedt, (2.3)
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[(t,x) € f(u(t,z)) almost everywhere (a.e.) on Qr (2.4)
and the initial condition holds.
Here by || - || and (+,-) we denote the norm and scalar product in the phase

space X = L?(Q).
We note that equality (2.3) means [2] that

ou

o¢ € L0 T HTH(Q) + L9(Qr)) € LU0, T H™*(2),

1 1
s>max<s1l,m|=-—— .
2 p

Therefore, due to 2], v € C([0,T]; H*(2)), and the initial condition u|¢=g = ug
makes sense.

where

Our second goal is to show that under additional translation-bounded assump-
tion
t+1
sup/ d(s)|* ds < oo,
t>0 Jt
obtained solutions generate the family of multi-valued semiprocesses {Us },e5(d)»
which possesses uniform attractor Oy g).

Here U, (t, 7, u,) denotes the set of solutions of (2.1) with disturbances o at
the moment ¢ > 7 with initial data ul=r = u,, and o = o(t,z) belongs to the
shift-invariant space ¥(d).

Assuming that d € L®(R; L?(Q)), we finally prove that

dist(O5g),0) = 0 as |[d]j s — 0, (2.5)

where © is the global attractor of the unperturbed system (d = 0).
It allows us to show the following robust estimate: Vug € L%(Q)

T [Uat,0, u0)lle < (dl]s0), (26)

where v belongs to the comparison class K - class of continuous, monotonically
increasing functions from R4 to Ry with v(0) = 0 [21],

1]l oo == esssup [|d(t)]],
£>0

for AC X ||A|le = dist(A,O) = sup inf |la — 0.
aeAGE@

Now we discuss some results concerning problem (2.1), which are already
known. If f is a single-valued continuous function satisfying (2.2) then Definition
2.1 coincides with the definition of classical weak solution for reaction-diffusion
equation [2,12]. But multi-valued upper semicontinuous function may have no
continuous selector [20], which means that we cannot use directly resolvability
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results for reaction-diffusion equation. Recently, in [22]| it has been proven the
existence of weak solution for (2.1) under condition (2.2) in the autonomous case
d(t,z) = d(z).

Note that if u is a weak solution of (2.1) on (0,7") and, additionally, u €
LP(Qr), then due to [4] the function [0,7] > t > wu(t) € L?() is absolutely
continuous and for a.e. t € [0,7T)

——|lu@®)|)? + [|[Vu®)|? = /Q (I(t,z) + d(t,x)) u(t, x)dx. (2.7)

If d(t,z) = d(x) then (2.7) implies dissipation and asymptotic compactness of
the multi-valued semiflow G : R, x X — 2% (see Remark 4.1 below) generated
by weak solutions of (2.1) belonging to L} (0,4o00; LP(£2)) [2]. It means that the
m-semiflow G possesses a global attractor, i.e., there exists a compact set © C X
such that

Vi>0 G(t,0)=06;
Vr>0 sup dist(G(t,up),®) -0 as t— oo.

lluoll<r

In the non-autonomous case it is known [14] that under translation-bounded
assumption on d and linear growth assumption on f the problem (2.1) is globally
resolvable (in this case p = ¢ = 2) in X and its weak solutions generate the family
of semiprocesses with uniform attractor. In the present paper we extend these
results to the case p > 2.

Robust stability of global attractors with respect to non-autonomous L -
disturbances has been studied in [16,17]| both for parabolic and hyperbolic evolu-
tionary problems, including non-uniqueness case [18,19]. Taking into account the
global Lyapunov stability of the global attractor [12], the desired result would be
to obtain the following robust estimate (Input to State Stability, ISS [23]):

Yug € X, Vt >0

1Ua(t, 0, uo)lle < B([luolle t) +¥(lldlloo),

where 8 belongs to the class of comparison functions KL [21].

Unfortunately, this property is not guaranteed even in the case when © consists
of a single point [24]. However, we can establish (2.6) — a weaker variant of the last
inequality called the asymptotic gain (AG) property. For this purpose, we use the
uniform attractors technique, in particular, the limit equality (2.5). Previously,
this approach was used to establish the AG stability of the global attractor for
dissipative evolutionary equations [25]. The novelty of the present paper is the
proof of such an estimate, specifically for evolutionary inclusions.

3. Global resolvability of (2.1)

We make use of the following result.
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Lemma 3.1. Assume that d(t,z) = d(x) € L*() and conditions (2.2) hold true.
Then for every T > 0, ug € L*(Q) there exists at least one solution of (2.1) on
(0,T) in the sense of Definition 2.1, which belongs to LP(Qr).

Additionally to this fact, we can observe that in the class L?(0,T; H}(22)) N
LP(Qr) equality (2.3) is equivalent to the following: Vv € C§°(£2) the function
t — (u(t),v) is absolutely continuous, and a.e. on (0,7):

%(u(t),v) + (Vu(t), Vu) = / (I(t,z) + d(t,z)) v(x)dx. (3.1)
Q
Indeed, let u € L2(0,T; H}(Q)) N LP(Qr) satisfy (2.3) with some function
[ € LY(Qr). Then according to 2]
ou

S —Bu—l-d=0 in LY0,T3H*(Q).

Due to [1|, Lemma 3.1 it means that Yv € H*(Q)

<g?: —Au—l—d,v> =0 ae. on (0,7),

or, equivalently,

<‘Z§L,v> — (Vu, Vo) + / (I(t,2) + d(t, 2)) v(z)da.

Q

Moreover, from the inclusion % € (L*(0,T; Hg(2)) N LP(QT))* we deduce

that Yo € H*(Q2) the function ¢ — (u(t),v) is absolutely continuous and

<‘2§L,U> = Lult).v) ae

And vice versa, if for u € L?(0,T; H}(Q)) N LP(Qr) and for v € C§°(Q) the
function ¢ — (u(t),v) is absolutely continuous and (3.1) takes place, then after
multiplying by n € C5°(0,T") and integrating by parts we obtain (2.3).

Now we are in position to formulate our resolvability result.

Theorem 3.1. Assume that condition (2.2) holds. Then for every T > 0, d €
L*(Qr), uo € L*(Y) problem (2.1) has at least one solution on (0,T), which

belongs to LP(Qr), and, moreover, for every such solution the following inequality
holds for a.e. t € (0,T)

%HU(t)H2 +0 (Ju®I” + [IVu@®)* + [u®)lf,) < A+ 1dO]),  (3:2)

where positive constants §,Cy do not depend on T, d, ug.
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Proof. Tt is known [26] that for d € L?(Qr) there exists a sequence of step func-
tions {dV}3%_, such that d¥ — d in L*(Qr), where

N
¥ (ta) =3 d )Xy

N 1,tN)(t)v
=1
1,te A
d™ e 12(q), XA(t):{O A 0=ty <tV <... <tV =T

We are going to prove that for every N > 1 problem (2.1) with non-autonomous
term dV(t,z) = Zf\il di(®)X[t,_, t,)(t) (we omit index N over d; and t; for now)
has a solution u” on (0, 7).

Indeed, due to Lemma 3.1 there exists u1 = u1 (¢, z), (t,x) € Qo) = (0,11) X
Q — solution of (2.1) on (0,#;), which belongs to C([0,#1]; L*(2)) N LP(Q(04,))
and satisfies (3.2) with d(t,z) = di(z). Moreover, Yv € C3°(Q) t — (ui(t),v)
is absolutely continuous on [0,%;] and satisfies (3.1) a.e (0,t1) with d =
dl(.CC), [l = ll(t,x),

li(t,z) € f(ui(t,x)) a.e. on Qoy,)-

After that we consider (2.1) on Q, 1,) = (t1,t2) x  with initial data ul;=, =
uy(t1). Applying Lemma 3.1 again, we get uz = ua(t, ), (t, ) € Q, 1,) — solution
of (2.1) on (tl,tg), U2|t:t1 = U1(t1), Ug € C([tl,tQ];L2(Q)) N LP(Q(tlth)), u9
satisfies (3.2) with d(t,z) = da(z), t — (u2(t),v) is absolutely continuous on
[t1,t2] and satisfies (3.1) a.e. on (t1,t2) with d = da(x), | = la(t, x),

lQ(tVT) € f(UQ(t)‘T)) a.e. on Q(tl,tz)‘

Repeating this procedure for (to,t3), ..., (tny—1,T), we have that the function

N
,U“N(t7$) = Zui(t>$)X[ti,1,ti)(t)v (t,$) € QT?
1=1

belongs to the class L2(0,T; Hi(Q)) N LP(Qr), Yv € C(Q) t — (ulV(2),v) is
absolutely continuous on [0, 7, u” satisfies (3.1) a.e. on (0,T) Wlth d=d"(t,x),
I=1N(t2) = 2N Lt @)X, 4 (t), and

N(t,z) e fwN(t,z)) ae on Qr.

Therefore, u'V is a solution of (2.1) on (0,T) with the corresponding function

IV, and u! satisfies (3.2) with d”.
As dV — din L?(Qr), so (2.2), (3.2) yield that
{u™} is bounded in L%°(0,T; L*()) N L*(0, T; HY () N LP(Qr), (3.3)

{1V} is bounded in L(Qr).
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So, up to subsequence
u™ — u weakly in L?(0,T; HY(Q)) N LP(Qr), (3.4)

IV — 1 weakly in LY(Qr).

Then we can pass to the limit in equality (2.3) and deduce that functions u
and [ satisfy (2.3) and, moreover, (3.3) implies that
ol . . —s
5 (8 bounded in L(0,7; H *(Q2)). (3.5)
Properties (3.3), (3.5) and the compactness embedding theorem |2| guarantee that

up to subsequence
uV = win L2(Qr). (3.6)

In particular, vV (t, 2) — u(t, z) a.e. on Q7.
From Mazur’s theorem we can find IV — convex combinations of {I*}Y | such
that
IV = 1 in L9(Q7) and a.e. on Q7. (3.7)

Upper semicontinuity of f : R — C,(R) implies that for a.e. ¢, and for all € > 0
there exists ng = no(t,z) s.t. YN > ng

N(t,2) € f(u™(t,2)) C O=(f(ult,2))),

which means that
IN(t,x) € O(f(u(t,x))).

Then pointwise convergence (3.7) and arbitrary choice of £ complete the proof,
that u is a solution of (2.1), which belongs to LP(Qr). Inequality (3.2) is a direct
consequence of equality (2.7).

Theorem is proved. ]

Corollary 3.1. We can reformulate Definition 2.1 and speak about solution of
(2.1) on (1,T). Then Theorem 3.1 allows us to claim that for every 7 >0, u, €

L%(Q) problem (2.1) has a solution on (T, +00) with initial data u|i—; = u,, which

belongs to LY (7, +00; LP(RY)), i.e., there exists a functionu € L} (1, 400; H} (Q))N
L (7,400; LP(Q)) N C([r,+00); L*(Q)) with uli=r = u-, which is a solution of
(2.1) on (7, T) VT > 7.

Therefore, for every t > 7 > 0, u, € L*(Q) we can correctly define the
following set

Ua(t, ,ur) = {u(t) | u(-) is a solution of (2.1) on (7,00) (3.8)

such that u(7) = u, and u € LY

loc

(7, +00; LP(2))}.

The index d in (3.8) means that we consider problem (2.1) with disturbance
function d(t, x).
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In the next section we will disscuss some dynamical properties of (3.8).

4. Uniform attractors for semiprocesses, generated by (2.1)

Definition 4.1. [18| Let X be a Banach space, ¥ be a shift-invariant metric
space, R = {(t,7) € R% | t > 7 > 0}. Then the family of maps {U, : R x X —
2%} ex is called a multi-valued semiprocesses family (m-semiprocesses family for
short) if:

Voey YueX VtE>s>7>0 Vh>0

Uys(T,7,u) = u, Uy(t,7,u) C Us(t,s,Uy(s,T,u)),
Us(t +h, 7+ hyu) CUg(qp)(t, 7, u).

Definition 4.2. [18] A compact set ©x C X is called a uniform attractor for
m-semiprocesses family {U, },ex if for every bounded set B C X

dist(| ] Uy(t,0,B),0x5) = 0 as t — oo, (4.1)
gEY

and Oy, is the minimal among all such sets.

Lemma 4.1. [18] Assume that a m-semiprocesses family {Uy}ocx satisfies the
following conditions:

1) there exists bounded set By C X such that for every bounded set B C X there
exists T = T(B) > 0 such that

Vt>T(B) VoeX U,(t0,B)C By (4.2)

2) for every {o,} C ¥, {t, / oo}, and bounded {u,} C X every sequence
{& € Uy, (tn,0,up)} is precompact in X.

Then {Us }oex possesses uniform attractor Oy.

3) If, additionally, the multi-valued map

Y X X 3 (o,u) — Uys(t,0,u)
has closed graph, then

V>0 Oy C | Us(t0,05). (4.3)
oeEY

Remark 4.1. If ¥ = {0} (unperturbed case), then G(t,u) := Up(t,0,u) is m-
semiflow [10], i.e., Vue X, Vit,s>0

G(0,u) =u, G(t+ s,u) C G(t,G(s,u)),

and Oygy coincides with the global attractor of G.
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Now let us consider problem (2.1) under conditions (2.2) and, additionally, let
us assume that

t+1
a2 i=sup [ dt)]ds < o (1.4)
>0 Ji
It is known [4] that (4.4) implies that the set

$(d) = clyzng, g2 {d(+h) | b >0}

loc

is shift-invariant and compact in L?&?(RJF; L?(€2)). It means that every sequence

{04} C X(d) has a weak convergence subsequence in L7 (Ry; L*(Q)).
Moreover,

Vo e X(d) ol <lldl+

Considering (2.1) with disturbance function o € ¥(d) (we denote it by (2.1),),
we obtain by a simple calculation that the family {U,},ex, given by (3.8), is the
m-semiprocesses family, i.e., satisfies Definition 4.1.

Theorem 4.1. Under conditions (2.2), (4.4), the m-semiprocesses family of sets
{Us }oexyay given by (3.8) possesses uniform attractor Oxyg), which satisfies in-
variance property (4.3).

Proof. From inequality (3.2) and assumption (4.4) we deduce that Yug € L?(12),
Vo € ¥(d), for every solution of (2.1), with u|i=g = ug, and Vt > 0

t
[u®IP < JuolPe® + 5 +C [ 0 d(o)|ds
0

_ C 1
< |Juo||?e™" + 5 + C||d||% - (1 + 5) . (4.5)

Estimate (4.5) implies dissipativity condition 1) of Lemma 4.1 with the set

C 1
By = {ueX | flul? < 1+§+CHdHi <1+5)}. (4.6)

Considering condition 2) of Lemma 4.1, we have that for sufficiently large n

&n € Uan(tmOaun) = Uan(tn -1+1,¢, — 1, Uan<tn - luovun))
C Up,(+t,-1)(1,0, Bo).

So, for some 7, € X(d), @, € By we can assume that &, = uy(1), where u, is
a solution of (2.1),,, Un|t=0 = Un.

Then inequalities ||a,||+ < ||d||+ and (3.2) give that the sequence of solutions
{u,} and the corresponding functions {l,,}, I,(¢t,x) € f(un(t,z)) satisfy (3.3)-
(3.6) on the time interval (0,7"), T > 1.

In particular,

7, — o weakly in L*(Qr),
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l, = 1 weakly in LY(Qr),
u, — u in L*(Qr), (4.7)
un(t) = u(t) in L*(Q) for a.a. t € (0,7),
Uy (t) — u(t) weakly in L?(Q) Vt € [0,T),

where u is a solution of (2.1)z, I(t,z) € f(u(t,z)) a.e. on Q7.
As a direct consequence we obtain that for a.e. ¢t € (0,7

—lun(®)I* < ClQ| + (@n(t), un(t)),

1d
2 dt

These inequalities and (4.7) mean that continuius functions

lu(®)]]* < C1Qf + (@n(t), u(t)). (4.8)

Jn(t) := [lun()]|* — 20|92t — 2/0 (Gn(s),un(s))ds,

J(t) = |lu(®)]]® - 2C|Q|t — 2/0 ((s),u(s))ds

are monotonically decreasing, and convergent almost everywhere. Then Dini’s
Lemma guarantees pointwise convergence, in particular

Jn(1) = J(1) as n — oo. (4.9)

It means that
lun(1)]| — Ju(1)| as n — oo. (4.10)

As u, (1) — u(1) weakly in L?(Q2), so
€n = un(1) = u(1) in L*() (4.11)

and condition 2) of Lemma 4.1 is proved.
Let us verify 3). Assume that for fixed ¢ > 0

&n € U,, (£,0,u2), where 0, — o in X(d),u2 — u® in X
and &, — £ in X.

Then &, = uy, (), where u,(-) is a solution of (2.1),, , tn|i—o = ul.

Repeating for the sequence {u,} arguments (4.7)—(4.11) on the interval (0,T)
T > t we obtain that up to subsequence

En = un(t) = € = u(t) € U, (t,0,u°).

The theorem is proved. ]
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Corollary 4.1.
Ox(a) C Bo. (4.12)

5. Asymptotic gain property for (2.1)

In this section, for bounded disturbances we prove AG stability of the global
attractor © w.r.t. disturbances.
Assume that d € L°°(0, +o0; L(£2)), and

ld||co := esssup ||d(t)]| < R, (5.1)
>0

where R > 0 is a fixed number.

Theorem 5.1. Under conditions (2.2), (5.1) there exists vy € K such that Vug € X
Jim [[Ua(t,0,u0)llo < v(lldllo0), (5:2)

where O is the global attractor of the unperturbed problem (2.1).

Proof. Condition (5.1) implies (4.4) with ||d||+ < ||d||s. So, from Theorem 4.1 we
deduce that the m-semiprocesses family {UU}UEE(d) possesses uniform attractor
Osx(q), which satisfies invariance property (4.3), and ©g = ©.

Let us prove that

dist(Oxyq), ©) — 0 as ||d[|cc — 0. (5.3)
Assume the contrary. Then for some ||dy[|oc — 0 and &, € Oxq,,)
dist(&,,0) > > 0. (5.4)
Due to (4.3) we have that for every 7" > 0
&n € U, (T',0,10),

where o, € X(d,,) n, € Os(d,,)-
From the inequality

lonll+ < lldnll+ < lldnlloo

we deduce that
on — 01in L*(Q7) as n — oc.

From (4.12), (5.1) we deduce that

C 1 C 1
HnnH2§1+5+c<1+5) \ydn\]2+§1+5+0<1+5)}22,

So, &, = un(T'), where u,(-) is a solution of (2.1),,.
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Then, repeating arguments (4.7)—(4.11) on the interval (0,7"), we get that up
to subsequence

§n = un(T) — & = uw(T) € Uo(T,0, Br) = G(T, Br), (5.5)
where

4]

G is the m-semiflow generated by unperturbed problem (2.1) (see Remark 4.1).
Using the attracting property

C 1
Be={ne X |nl* <1+ 5+ (1+5) @),

dist(G(t,Bgr),©) — 0 as t — o0,
we can choose T' > 0 such that

dist(G(T, Br),©) < (5.6)

| M

So, &, — € and dist(€,0) < §, which is a contradiction with (5.4).
We denote
Yo(s) := sup dist(Oxg),0).
lldlloo<s

Due to (4.12) Oy C Bs. So, the function s — 7o(s) is correctly defined on
[0, 4+00), is non decreasing, and due to (5.3) y(s) =+ 0 s — 0.

Then the classical comparison result [21] implies the existence of v € K such
that yo(s) < 7(s).

Since d € ¥(d), so for every ug € X we have

1Ua(t,0,u0)lle = dist(Ua(t,0,uo), ©)
< dist(Uq(t, 0,up), Osya)) + dist(Oxq), ©)
< dist(Uy(t,0,u0), Os(q)) + v(l|d][o0)-

Passing to the upper limit and using attraction property (4.1), we obtain (5.2).
Theorem is proved. O
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