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A. Trzcińska f, G. Yergaliuly a,g, F.Kh. Ergashev b, O.R. Tojiboev b, I.Ya. Son b,*, A. Sabidolda a,
R. Khojayev a,c, Y.B. Mukanov a,c, D.A. Issayev a,c

a Institute of Nuclear Physics, 050032 Almaty, Kazakhstan
b Institute of Nuclear Physics, 100214 Tashkent, Uzbekistan
c Al-Farabi Kazakh National University, 050040 Almaty, Kazakhstan
d National Research Center “Kurchatov Institute”, 123182 Moscow, Russia
e Branch of National Research Nuclear University MEPhI, 100214 Tashkent, Uzbekistan
f Heavy Ion Laboratory, University of Warsaw, PL-02-093 Warsaw, Poland
g L.N. Gumilyov Eurasian National University, 010008 Astana, Kazakhstan

A R T I C L E I N F O

Keywords:
Heavy ion beam
peripheral proton transfer
modified distorted wave Born approximation
(MDWBA)
asymptotic normalization coefficient (ANC)
astrophysical S-factor

A B S T R A C T

The 11B(10B,9Be)12C reaction was studied at the energy of 41.3 MeV with transitions to the ground (0+) and low-
lying excited 4.44 MeV (2+) and 9.64 MeV (3− ) states of 12C nucleus. The analysis of the measured angular
distributions was carried out using a modified distorted wave (MDWBA) method, assuming a one-step proton
transfer mechanism. It was shown that at small angles (in the region of the main diffraction maximum) this
reaction occurs on the nuclear surface with the dominance of a one-step process. This made possible to determine
the values of asymptotic normalization coefficients (ANC) for 11B + p → 12C. The squared ANCs equal to 322 ±

76 fm− 1, 32.8 ± 8.4 fm− 1 and 1.26 ± 0.44 fm− 1 for 0+, 2+ and 3− states of the 12C nucleus respectively were
obtained. These values were used to take into account the contribution of the direct process in the calculation of
astrophysical S-factors for the radiative capture of a proton by the 11B nucleus at astrophysical energies.

Introduction

To substantiate theoretical models of stellar evolution it is extremely
important to understand the formation pathways of CNO nuclei. It is
generally accepted that 12C nuclei are formed in the Universe mainly due
to the fusion of three α particles through a second 0+ state, located at
excitation energy of 7.65 MeV, which is 0.38 MeV above the 3α
threshold and called the Hoyle state [1]. This is due to the fact that the
temperature and density of 4He nuclei in the cores of red giant stars is
quite high.

However, other possibilities for bridging the gap at mass number A
= 8 are also being considered. In Refs. [2–4] the production of CNO
material bypassing 3α mechanism in inhomogeneous big bang nucleo-
synthesis (IBBN) scenarios was discussed.

In this case, the main chain of 12C nucleus formation in several

models (with the ratio of the baryon density to the critical energy den-
sity, Ωb = 1) is the sequence of reactions:

1H(n, γ)2H(n, γ)3H(2H, n)4He(3H, γ)7Li(n, γ)8Li(4He, n)11B(n, γ)12B
(β− )12C(n, γ)…

Authors of Ref. [5] noted that at lower values of Ωb, the reaction 7Li
(α,γ)11B is an alternative for this chain. Their assessments [5] showed
that the reaction 11B(d,n)12C may well compete with the subsequent
processes 11B(n,γ)12B(β-ν)12C. In this regard, the astrophysical S-factors
of this reaction were measured in Ref. [4] at astrophysically relevant
energies of 120–160 keV.

Direct proton capture by the 11B nucleus is often neglected due to the
large Coulomb barrier and small cross section at astrophysically relevant
energies. However, proton capture by 11B cannot be neglected in the
BBN scenarios as well as in stellar nucleosynthesis. He et al. [6] deter-
mined the astrophysical S-factors of the 11B(p,γ)12C reaction for capture
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on the ground and the first excited state of 12C in the energy range Ec.m.
= 130–257 keV, where the possible significance of the 11B(p,γ)12C
process at low energies is emphasized. As noted in Ref. [2] in the pro-
cesses of nucleosynthesis in proton-rich environment typical for super-
massive stars with low metallicity at very high temperatures and
densities, the hot pp chain can bypass the slower 3α capture. Among the
chains of nuclear reactions that become important in this case is the
chain:

…7Be(α,γ){or 7Be(p,γ)8B(α,p)}11C(e+ν)11B(p,γ)12C.
Thus, reactions (p,γ) and (d,n) are of certain interest when analyzing

scenarios for the nucleosynthesis of CNO nuclei.
It should be noted that direct measurements of the total cross sec-

tions of the radiative proton capture by 11B nuclei, even at not too low
energies, is non-trivial experimental task, since one should measure low-
intensity γ-spectra with energies Eγ > 10 MeV [6].

At the same time, to extrapolate the S-factors of both of these re-
actions to the astrophysical relevant energies (Ep < 100 keV), it is
necessary to know the correct values of the asymptotic normalization
coefficients (ANC) for bound proton states in the 12C nucleus in addition
to the characteristics of existing resonances Refs. [7,8]. In the energy
region below 100 keV, there are no resonances in the 11B + p system;
therefore, the contribution of the direct and interference parts to the
reaction amplitude, determined by the ANC value, becomes significant.
To date, directly from the analysis of experimental data, only in Ref. [9]
the ANC values for proton binding in several states of the 12C nucleus
populated in the reaction (3He, d) have been obtained. These data are
not entirely reliable, since the transitions of the proton to the lower
strongly bound states turned out to be non-peripheral, and the range of
uncertainty in the found values of the ANC is large. Moreover, their
central values may be shifted because they are extracted under the
assumption that the geometric parameters of the Woods-Saxon (WS)
binding potential of a proton in the 12C nucleus have “standard” values
(r0 = 1.25 fm and a = 0.65 fm).

As noted in Ref. [8], reactions of the A(10B, 9Be)B type are a fairly
convenient tool for defining the characteristics of single-particle (pro-
ton) states B = A + p, since the proton binding energy of the 10B nucleus
is rather small (εp = 6.586 MeV), and the 9Be nucleus does not have
nuclear-stable excited states. In addition, the value of the ANC of the
overlap integral 10Bg.s.={9Be+ p} has been studied in a number of works
and is quite well known.

The purpose of this work is to determine the ANC values for low-
lying bound proton states in the 12C nucleus from a thorough analysis
of the obtained experimental data on the 11B(10B,9Be)12C reaction. This
requires a careful evaluation of the peripherality of proton transfer in
the region of the main maximum of the angular distribution of differ-
ential cross sections (DCSs), as well as taking into account the contri-
bution of reaction mechanisms other than one-step proton transfer. The
extracted ANC values for the ground (0+) and excited (2+) states of the
12C nucleus, for which radiative capture makes a dominant contribution
to the total S-factor of the 11B(p, γ)12C reaction, are then used in
calculating the S-factor within the modified R-matrix approach [10–13].

Experimental procedure and measurement results

The angular distributions of 9Be from the 11B(10B,9Be)12C reaction
were measured with a 10B beam extracted from the U-200P cyclotron of
the Heavy-Ion Laboratory of the University of Warsaw. The measure-
ment technique is described in sufficient detail in our other works using
a beam of 10B ions [8,14], so here we present only the main details of the
experiment.

The energy of the 10B ions was 41.3 MeV with a spread of no more
than 1 %. The beam was directed to the boron target in the scattering
chamber of the multi-detector ICARE setup which is shown in Fig. 1 in
Ref. [15]. The products of nuclear reactions were detected by fourΔE − E
telescopes consisting of silicon detectors (E) about 500 μm thick and
ionization chambers (ΔE) filled with isobutane (C4H10) to a pressure of

∼ 55 Torr. The telescopes were mounted in pairs on two remotely
rotating platforms.

Each ionization chamber has the shape of a truncated cone 50 mm
long with an entrance windowmade of Mylar 2.5 μm thick. Detector E is
placed at the end of the ionization chamber directly in the gas volume.
Also, three monitor silicon detectors were installed outside the telescope
rotation plane at angles of 15◦ to measure and control the beam energy,
as well as the target state. The charge of the beam passing through the
target was collected in a Faraday cup and integrated with an accuracy of
no worse than 1 %. Thickness of boron targets enriched with the 11B
isotope to 96%was about 0.14mg/cm2, which was measured by the loss
of energy of alpha particles from a radioactive source. For its manu-
facture, the vacuum evaporation installation of the Institute of Nuclear
Physics of the Republic of Kazakhstan was applied [16].

Standard CAMAC electronics and the MIDAS and SMAN data
acquisition systems [17] were used. The data obtained were processed
by the ROOT program [18]. A typical two-dimensional (ΔE, E) spectrum
is shown in Fig. 2.

One can see a good separation of the reaction products with charges
of Z = 2–7, which is enough to obtain the required DCS. For the lightest
reaction products (lithium and beryllium), separation by mass is also
achieved (6Li and 7Li; 7Be and 9Be), and the corresponding loci are
bifurcated. An example of energy spectrum of 9Be nuclei arising from the
11B+10B interaction is shown in Fig. 3.

The overall energy resolution in the spectrum is about 500 keV,
which is determined mainly by the statistically independent contribu-
tion from the target thickness (~300 keV), the resolution of the tele-
scope E-detectors (~300–350 keV) and the energy spread of accelerated
10B ions (~200 keV).

The angular distributions of 9Be from the 11B(10B,9Be)12C reaction
were measured for three transitions to low-lying states of the 12C nucleus
in the angular range 5 ◦–43◦in the laboratory system. They are shown in
Fig. 6. All measured angular distributions are characterized by a weakly
expressed diffraction structure. The statistical errors are 2–13 % (more
exactly, 3–13 % for ground state, 2–10 % for the 1st excited state and
2–12 % for the 3rd excited state of the 12C nucleus, respectively). Ac-
cording to our estimates, the systematic errors of the DCS values are
determined mainly by errors in measuring the thickness of the target (
6–8 %), determining the solid angles of telescopes ( 5 %) estimating
errors in the recording system due to pulse overlap ( 2–3 % at small
measurement angles), and integration of the beam current ( 1%), which
amounts to 10% in total. An additional check in determining the ab-
solute value of the experimental DCS was performed by comparing the
cross section of the elastic scattering of the 10B ions on 11B nuclei at small
angles with the cross section for Rutherford scattering. Overall, we

Fig. 1. Scattering chamber of the multi-detector ICARE setup.
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estimated the absolute errors of the measured DCS at no more than 11%
in the region of the main maximum of the angular distribution.

Analysis of the proton transfer reaction and the asymptotic
normalization coefficient FOR 11B þ p → 12C

MDWBA analysis

Here we present the results of the analysis of experimental DCS for
the 11B(10B, 9Be)12C proton transfer reaction, measured by us at a pro-
jectile energy of 41.3 MeV with transitions to the ground (0+), as well as
to excited, E*= 4.44 MeV (2+) and 9.64 MeV (3− ) states of the 12C nu-
cleus. The experimental DCSs for the state E* = 7.65 MeV (0+) were not
extracted from our data because of very poor statistics. The poor

statistics is explained by the fact that this Hoyle state does not have a
single-particle structure, that in turn leads to a strong decrease in the
cross section for the 11B(10B, 9Be)12C proton transfer reaction. The
method combining DWBA and the dispersion approach to the analysis of
direct nuclear reactions, the basis of which was proposed in Refs.
[19,20] and then developed in subsequent works (see the review article
[21] and references therein), is currently widely used to extract ANCs
from data on peripheral nuclear reactions. DCS (dσ

dΩ
MDW) within the

framework of theMDWBA for the peripheral reaction of proton stripping
A(x,y)B, where x = y+p and B = A + p, at fixed relative energy E in the
channel A+x and the outgoing angle θ of particle y, as well as assuming
that only one value of the orbital momentum l of the transferred proton
in nucleus B dominates, has the form [8,22,23]:

Fig. 2. Two-dimensional (ΔE, E) spectrum of charged particles from the interaction of 10B with a target, measured at θlab = 12◦ .

Fig. 3. Fragment of the 9Be energy spectrum from the 11B(10B,9Be)12C reaction at Elab( 10B) = 41.3 MeV measured at θlab = 12◦ . The arrows indicate the positions of
peaks corresponding to the low-lying states of the 12C nucleus.

dσ
dΩ

MDW

(E, θ; bx→y+p, bB→A+p;l ,j) = C2B→A+p;l ,j+
[
Rj+

(
E, θ; bx→y+p, bB→A+p;l ,j+

)
+ λRj−

(
E, θ; bx→y+p, bB→A+p;l ,j−

) ]
(1)
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R
(
E, θ; bx→y+p, bB→A+p

)
=
C2x→y+p

b2x→y+p

σDW
(
E, θ; bx→y+p, bB→A+p;l ,j

)

b2B→A+p;l ,j
(2)

Here, CB→A+p and Cx→y+p are the ANCs for the A+p→B and y+p→x
systems, which determine the amplitudes of the tails of the radial wave
functions of B and x nuclei in the (A+ p) and (y+ p) channels; σDW(...) is
the reduced DCS, calculated within the framework of the “usual” DWBA;
the values bB→A+p and bx→y+p are the single-particle ANCs for the shell-
model wave functions of the two-body B = (A+p) and x = (y+p)
bound states, which determine the amplitudes of their tails; E is the
relative kinetic energy of the colliding particles, and θ is the center-of-
mass scattering angle; the value λ = C2B→A+p;l ,j− /C2B→A+p;l ,j+ is intro-
duced if the total moment of the transferred proton j can have two
values: j± = l ± 1/2 and λ = 0 if j takes only one value. In our case,
A≡11B, x≡10B, and y≡9Be (B≡12C).

The ANC C212C→11B+p(= C2111 in the following notation) should be
extracted from Eqs. (1) and (2) by normalizing the calculated DCS to the
experimental one in the region of the main maximum of angular dis-
tribution. The unknown values of the single particle ANCs
b 12C→11B+p(= b111) and b 10B→9Be+p(= b91) are calculated as solutions of
the appropriate Schrödinger equations taking into account the experi-
mental binding energies. Also, one should know the ANC value for 9Be
+ p→10Bg.s.. We used here the “indirectly determined” value of the ANC,
namely C210B→9Be+p

(
= C291

)
= 4.35± 0.39 fm− 1 [8,24,25] for 9Be +

p→10B, the correctness of which was also discussed in [7]. In this case,
the calculated value of b291 has a value equal to 10.92 fm− 1 at the
“standard” values of the geometric parameters of the Woods-Saxon (WS)
proton binding potential in the ground state of 9Be.

As noted above, the ANC can be correctly extracted from the
experimental data by the MDWBA method only if proton transfer is a
peripheral process. For this purpose, in Eq. (1) for the DCS, the function
R
(
E, θ; bx→y+p, bB→A+p

)
is allocated, which serves as a peripherality test.

The value of R
(
E, θ; bx→y+p, bB→A+p

)
= R

(
bB→A+p

)
at fixed values of E, θ,

bx→y+p should remain constant for a peripheral proton transfer process
when varying the geometric parameters of the corresponding proton
binding potential, which determine the values of bB→A+p. This means
that the ratio σDW(⋯)/b2B→A+p in Eq. (2) is independent on the ambiguity
of the geometric parameters of the B={A + p} binding potential, i.e. on
the inner part of the nucleus and provides the same independence for the
extracted ANC value.

One notes that in the general case, the spectroscopic factor (ZB→A+a),
which is the norm of the radial overlap integral of the bound state wave
functions of nuclei B= (A+ p) and A, is related to the ANC CB→A+a by the
equation [26]:

CB→A+a = Z1/2B→A+a • bB→A+a (3)

As is well known, the single-particle ANC bB→A+p of the model wave
function for {A + a} bound in the Woods-Saxon nuclear potential
strongly varies with geometric parameters variation, and according to
Eq. (3) the extracted Z value should have an inversely proportional
change if the reaction is peripheral. Thus, the spectroscopic factor be-
comes a completely model quantity.

Assessment of the reaction peripherality

To assess the peripherality of proton transfer in the region of the
main maximum of the angular distribution of the 11B(10B,9Be)12B re-
action, the range of values of the R

(
bB→A+p

)
function were estimated for

each reaction channel under consideration.
Assuming a mechanism of simple proton stripping occurring at the

periphery of the interacting nuclei A and x, we can find the so-called

“indirectly determined” value (as opposed to the theoretical value) for
the squared ANC, C2B→A+p, by normalizing the calculated cross sections to
the experimental ones. Typically, the simple stripping mechanism
dominates in the region of the main diffraction maximum of the angular
distributions of the emitted particles, where it is advisable to normalize
the calculations to the experiment. Therefore, it is useful to consider the
behavior of the R function in this angular interval. To do this, we analyze
the behavior of the test function in the form [27,28]:

ρ
(
bB→A+p

)
= R

(
bB→A+p

)
/R0

(
bB→A+p

)
(4)

where R0
(
bB→A+p

)
is calculated at “standard” values of the geometric

parameters (r0 = 1.25 fm and a = 0.65 fm) of the bound state potential
{B→A + p}. In this case, an array of values of the test function ρ

(
bB→A+p

)

is considered for pairs of geometric parameters for all angles in the re-
gion of the main maximum. Before analyzing the experimental DCSs to
obtain the ANC, we determine the ranges of the test functions ρ(b =
b11 1(r0, a)) proton transfer to the ground (0+), first (4.44 MeV, 2+) and
third (9.64 MeV, 3− ) excited states of the 12C nuclei, which are desig-
nated as ρ11 1(0) , ρ11 1(1) and ρ11 1(3) .

Calculations of the single particle DCS σDW(⋯) in Eq. (2), were car-
ried out using the DWUCK5 code of the Nuclear Reaction Video (NRV)
program [29].

The optical potentials were taken at conventional form as used in
Ref. [14] with WS form factors (without the spin-orbital term), and the
Coulomb potential is of a spherical, uniform charge distribution of
radius RC. The imaginary part includes only the volume term.

Six sets of optical potentials (OPs) listed in Table 1 were used for the
calculations. The OP parameters for the entrance channel are taken from
our work on the 11B+10B elastic scattering [14] at the beam energy of
41.3 MeV.

The cross sections we measured were analyzed simultaneously with
other available data on reaction and scattering using the FRESCO pro-
gram [30] upgraded with χ2 minimization SFRESCO code [31] to get the
optimal potential parameters. Also, the OP parameters obtained in
Ref. [32] were used, in which the energy of the 10B ion beam (E10B = 40
MeV) is very close to that in our experiment.

For the OP parameters of the exit channel, we utilize from our pre-
vious works [8,16] and from the database of the online DWBA program
NRV [29].

The variation of b11 1(r0, a) values was realized by solving the
Schrödinger equation with different pairs of geometric parameters of the
nuclear part in the WS form of the 12C→11B + p bound state potential,
which also contains Coulomb and spin–orbit terms. The geometric pa-
rameters were varied within the physically acceptable limits of 1.1 ≤

r0 ≤ 1.4 fm and 0.5 ≤ a ≤ 0.8 fm. Such variation of r0 and a results in
changing the single-particle ANCs, b11 1, in the interval of 6.80 ≤

b11 1(0) ≤ 13.90 fm− 1/2 for the ground state, 4.40≤ b111(1) ≤ 8.99 fm− 1/2

for the 1st excited (4.44 MeV, 2+) state and 1.42 ≤ b11 1(3) ≤ 3.02 fm− 1/2

for the 3rd excited (9.64 MeV, 3− ) state.
Fig. 4 shows plots of the ρ(b11 1) dependences on the single-particle

ANCs, b11 1, in the ground (0+), 1st (2+) and 3rd (3− ) excited states of
the 12C nucleus at θcm = 11◦ when the OP set “A1 + B1” from Table 1
was used.

The spread of values of ρ(b) at a certain angle is the result of the weak
“residual” dependence of R to changes in the parameters r0 and a when
b111(r0, a) = const [33]. For example, ρ(b11 1) changes within the in-
tervals of 0.96 ≤ ρ

(
θ; b11 1(0)

)
≤ 1.02 for the ground state, 0.92 ≤

ρ
(
θ; b11 1(1)

)
≤ 1.07 for the 1st excited state, and 0.95 ≤ ρ

(
θ; b11 1(3)

)
≤ 1.

03 for the 3rd excited states of the 12C nucleus at θcm = 11◦ ,
respectively.

In general, for the functions ρ(b11 1) averaged over angles, used to
obtain the ANC, their values change within the limits of ±2.8%, ±7.2%
and ±3.9% for the proton transfer to the ground, first and third excited
states of the nucleus 12C, respectively. It follows that the function ρ has a
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rather weak dependence on the variation of the geometric parameters,
and these ranges do not exceed the experimental errors of the DCSs.
Hence, these channels of the reaction are practically peripheral in the
regions of the main maxima of the angular distribution.

Interfering reactions with other mechanisms

When extracting the ANC value from the normalization of the
calculated DCS to the experiment, it is assumed that the reaction pro-
ceeds predominantly through a one-step proton transfer on the nuclear
surface. Also, since the energy resolution of the ΔE detector did not
allow reliable separation of the detected beryllium isotopes, the possi-
bility of the contribution of other reactions with the formation of 7-11Be
nuclei, shown in the diagrams in Fig. 5, was analyzed. The series of
diagrams show the most probable mechanisms of the processes leading
to the formation of other beryllium isotopes registered in the same locus
of the two-dimensional spectrum. This could, in principle, lead to
interference of the corresponding events with the events from the
considered 11B(10B, 9Be)12C reaction.

The 8Be nucleus (diagram 2) in the ground state decays into two
α-particles (Гtot= 6.8 eV), and cannot be detected. The reaction with the
formation of 10Be proceeds through the charge-exchange mechanism
(diagram (4′)) or through the proton transfer mechanism (diagram 4″).
The energy of the 10Be group in the spectra of recorded beryllium nuclei
is ~ 2 MeV lower than the energy of the 9Be group corresponding to the
excitation of the level at E*= 9.64 MeV (3− ) of the 12C nucleus (Q =

− 0.28 MeV) for the reaction of interest to us (diagram 3). So only 7Be in
the ground state (diagram 1) can in principle interfere with the 9Be level
with an excitation energy of 9.64 MeV. However, in the region of the
forward angles, the energy of the 7Be nuclei is ~ 2 MeV higher, and at
our experimental resolution (see Fig. 2), there is no overlap.

The remaining diagram 5 shows another direct mechanism (leading

to the formation of “target-like” 9Be nucleus). But the DCS of which
should be relatively small in the region of the forward angles. The
evaluation of contribution of this mechanism to the DCS of the 11B
(10B,9Be)12C reaction with DWBA calculations shows its negligible value
(see section 3.4).

Since the procedure of ANC extraction assumes that the reaction
mechanism is direct and single-step in the angular region where the
calculated DCS are normalized to the experimental values, we also
estimated the possible contribution of the compound nucleus mecha-
nism in this region of the main maximum of the angular distribution. At
that, an assumption was made about the symmetry of its contribution in
the forward and backward hemispheres of the emission angles of the
reaction products. Our estimates show that this contribution to the DCS
of the reaction at small angles does not exceed 15 %, which is signifi-
cantly less than the overall uncertainties of extracted ANC values.

Obtaining the ANC squares

As noted above, calculations of the DCSs of the 11B(10B,9Be)12C re-
action with population of the ground (0+) and excited states at E*=4.44
MeV (2+) and E*=9.64 MeV (3− ) were carried out in accordance with
Eqs. (2) and (3). Under the assumptions made, the normalization of the
calculated DCS in the region of small angles is determined by the
product of the squares of the corresponding ANC, and the values of the
squares of the ANC C2111 for proton binding in the indicated states of the
12C nucleus were determined taking into account the known value of
C29 1( = 4.35 fm− 1). Calculations were done for all sets of the optical
potentials of Table 1. As the proton transfer is peripheral in all cases, the
wave functions of the bound states were calculated with a WS potential
with geometric parameters r0 = 1.25 fm and a = 0.65 fm. The values of
the orbital and total angular moments of the transferred proton were
taken as p3/2 in 0+, p1/2 and d5/2 in 2+ and 3− states of 12C, respectively.

Table 1
Parameters of the optical potentials for the entrance (A) and exit (B) channels for the 11B(10B,9Be)12C reaction at E 10B = 41.3 MeV.

Channel OP VRMeV rRfm aRfm W0MeV rWfm aWfm rCfm Ref.
10B+11B A1 69.705 2.282 0.462 40.330 2.282 0.462 2.56 [32]

A2 97.034 2.312 0.414 13.601 2.461 0.414 2.56 [32]
A3 75.46 2.282 0.390 12.17 2.282 0.800 2.461 [14]

9Be+12C
(10B+12C)

B1 100 2.195 0.428 15 2.481 0.248 2.386 [8,16]
B2 66.31 2.271 0.429 27 2.405 0.285 2.386 [8,16]
B3 78.63 2.244 0.429 37.8 2.378 0.285 2.386 [8,29]

Fig. 4. Dependences of ρ(b11 1) on the single-particle ANCs b11 1 for the reaction 11B(10B,9Be)12C at θcm = 11◦ and the nucleus 12C at the ground (0+) and excited (2+)
and (3− ) states calculated with the OP set “A1 + B1” in Table 1.

Fig. 5. Diagrams of processes leading to the formation of Be isotopes in 11B+10B interaction.
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Fig. 6 shows a comparison of the experimental angular distributions
of the DCS with the calculated ones for the three best sets of OPs, which
in each case are normalized by the least squares method to the 4–5 most
forward experimental points. It is seen that the behavior of calculated
DCSs is in satisfactory agreement with the experimental data within the
main maximum of the angular distribution and up to 40◦ , but the cal-
culations underestimate DCSs at large angles for all sets of optical po-
tentials. Obviously, the reason for this is the increase in the contribution
of other more complex mechanisms to the reaction cross section with
increasing angle. A similar situation was observed in the reaction 12C
(10B,9Be)13N, studied at the same energy [8]. The dotted curve in Fig. 6a
demonstrates the order of the absolute value of the DCS for the process
of deuteron pickup (see diagram 5 in Fig. 5). The curve was calculated
within the framework of DWBA with OP set “A1 + B1” under the
assumption that the spectroscopic factors of the configurations 11B=
{9Be + d} and 12C={10B + d} are equal to unity. It is obvious that the
contribution of this process to the DCS reaction in the region of small
angles is negligible for any reasonable values of spectroscopic factors.
The same argument applies to the other two reaction channels.

From the normalization coefficients, the values of ANC squares
corresponding to different sets of OPs were obtained and averaged over
them. The resulting values of the squares ANC areC211 1(0) = 322 ± 76
fm− 1 = 322 ± 64.4(exp) ± 40.4(th) fm− 1, C211 1(1)=32.8 ± 8.4 fm− 1 =

32.8 ± 6.2(exp) ± 5.6 (th) fm− 1 and C211 1(3) = 1.26 ± 0.44 fm− 1 = 1.26

± 0.26(exp) ± 0.35(th) fm− 1. The experimental part (exp) is the sum of
the experimental DCS errors (10 − 12%) and the systematic uncertainty
in the C29 1 value (9 %). The theoretical part (th) represents the root-
mean-square values of the ambiguity of the OP parameters (12 %, 15
%, 27 % for the ground, first and third excited states of the 12C nucleus,
respectively) and the uncertainties due to the “residual” dependence of

the R(…) functions (~3 %, ~7 %, ~4 % for the ground, first and third
excited states of the 12C nucleus, respectively). In this case, the main
error is the scatter in the values of the normalization coefficient for
different experimental points of the DCS, which in some cases reaches
25%. The corresponding scatter in the experimental DCS values relative
to the DWBA calculating curves is not entirely clear, since the experi-
mental errors are significantly smaller (10–12 %).

As it was mentioned at Introduction, we did not find in the literature
the values of the “indirectly measured” ANC for the bound states of the
proton in the 12C nucleus that we considered, with the exception of our
old work [8]. The ANC values C211 1(0) = 223± 31 fm− 1, C211 1(1) = 15.8±

3.5 fm− 1 and C211 1(3) = 0.58± 0.11 fm− 1 found in Ref. [9] are signifi-
cantly less than those determined in this work. One of the reasons for
such discrepancy can be the fact that the proton stripping into lower
tightly bound states turned out to be not peripheral in the reaction 11B
(3He, d)12C. However, theoretical estimates of the ANC value C211 1(0) =
199 fm− 1, made in Refs. [34,35] within the framework of the Source
Term Approach [35] shows satisfactory agreement with the value ob-
tained in Ref. [9]. Obviously, in the future it is necessary to analyze more
thoroughly the available experimental data on proton transfer to the
states of the 12C nucleus.

Astrophysical S-factor and reaction rate of the 11B(p, γ)12C
reaction

The calculation of the astrophysical S-factor of the 11B(p, γ)12C
radiative capture reaction was carried out within the framework of the
modified R-matrix method, previously successfully used to analyze a
number of reactions [10–13]. Calculations were carried out for transi-
tions to the ground state (0+) and 1-st exited state at E* = 4.44 MeV (2+)

Fig. 6. Comparison of calculated angular distributions of dcss with experimental data for the11B(10B,9Be)12C reaction with transitions (a) − to the ground state (0+),
(b) − E*=4.44 MeV (2+) and (c) − E*=9.64 MeV (3− ) excited states.
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of the 12C nucleus since the experimental data are available only for
these transitions. The observed partial and total resonance widths with
their exact energy dependence, as well as experimental ANC values
obtained in the previous section were utilized.

Modified R-matrix method

In this section, we provide explicit expressions for determining the
astrophysical S-factor for the reaction 11B(p, γ)12C within the framework
of the modified R-matrix method. According to the standard definition,
the astrophysical S-factor is determined by the following expression:

S(E) = Ee2πησ(E) (5)

where σ(E) is the radiative capture cross section, E is the relative kinetic
energy of colliding particles 11B and p, and η is the Sommerfeld
parameter.

The total cross section σ(E) for the process of radiative capture into
the ground and excited states of the 12C nucleus with spin Jf is defined as

σ(E) =
∑

Jf Ji

σJf Ji (E) (6)

Here Ji is the total angular momentum of the 11B + p system and

σJf Ji (E) =
π
4k2

∑

IliJiL
(2Ji + 1)

⃒
⃒MIliJiJiL

⃒
⃒2 (7)

where I and li are the spin and relative orbital momentum of the
entrance channel, respectively, L is the multipolarity of the electro-
magnetic transition, k2 = 2μE and μ is the reduced mass of the 11B + p
system.MIliJiJiL is amplitude of the transition from the initial state (I,li,Ji)
to the final state

(
Jf , I, L

)
, which consists of two parts: resonant M(R)

IliJiJf L

and direct MDir
IliJiJf L capture. In the single-level approximation, the

amplitudeM(R)
IliJiJf L of the resonant capture can be represented as [10–13]:

M(R)
IliJiJf L

= ie(ϖli − δli )

[
Γ(p)
IliJi (E)

]1/2[
Γ(γ)
JiJf L(E)

]

E − E(R)
Ji + i ΓJi

2

1/2

(8)

Hereϖli and δli are the Coulomb and hard-sphere phase shifts for
11B-

p scattering, respectively. ΓJi is full width of the resonant state (E
(R)
Ji ; Ji),

which is defined as the sum of the widths of all allowed decay channels
of the state, including proton (Γ(p)

Ji ), α-particle (Γ(α)
Ji ) and radiative Γ(γ)

Ji
decay channels. The partial proton and radiation widths are defined by
the following expressions [10–13]:

Γ(p)
IliJi (E) =

2Pli (E)
(

γ(p)IliJi

)2

1+
(
γIliJi

)2
(
dSc
dE

)

E=E(R)Ji

(9)

Γ(γ)
JiJf L(E) =

2k2L+1γ

(
γ(γ)JiJf L

)2

1+
(
γIliJi

)2
(
dSc
dE

)

E=E(R)Ji

(10)

where kγ is the photon momentum, Pli is the barrier penetration factor,(
dSc
dE

)

E=E(R)Ji

is the energy derivative of the shift factor at the resonance

energy, and γ(p)IliJi , γ(γ)JiJf L are the sum of amplitudes of the reduced proton

and radiative widths, respectively. γIliJi =
∑

λγ(λ)IliJi is the sum of the am-
plitudes of the reduced widths of open channels, rC is the channel radius,
which is the distance of the simultaneous transition of the radial wave
functions of the initial and final states to their asymptotics.

According to the long-wave approximation [10] the direct capture

amplitude MDir
IliJiJf L for EL- and M1-multipole transitions are given by the

expressions

MDir,EL
IliJiJf L

= ili+L− lf
̅̅̅̅̅̅
2μ
k

√

kL+1/2γ μL
[
Zp
mL

p
+(− 1)L

ZB
mL

B

][
(L+ 1)(2L+ 1)

L

]1/2

×
1

(2L+ 1)!!
Clf0
li0L0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(2li + 1)(2Jf + 1)
√

W(Llf JiI; liJf ) (11)

×Clf I

∫ ∞

rc
drrLW− ηpB ,lf+1/2(2χpBr)

[
Ili (r) − e2i(ϖli − δli )Oli (r)

]

MDir,M1
IliJiJf

= − 2iei(ϖli − δli )
̅̅̅̅̅̅
μ
3k

√

k3/2γ
e
m
W(1IJf li; IJf )

×

[

W(1SpISB; JpI)

̅̅̅̅̅̅̅̅̅̅̅̅̅
Jp + 1
Jp

√

μp +W(1JBIJB; JpI)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

SB + 1
SB

√

μB

]

×Clf I

∫ ∞

rc
drW− ηf ,lf+1/2(2χr)

[
Ili (r) − e2i(ϖli − δli )Oli (r)

]
(12)

where Ili (r)(Oli (r)) is the incoming (outgoing) Coulomb wave function of
pA scattering, λp = ħ

/
mpc = 0.2103 fm is the Compton wavelength of

proton, Wα:β(x) is the Whittaker function, Cl30l10l20 is the Clebsch–Gordon
coefficient, W(abcd : ef) is the Racah coefficient and Clf I = C11 1 is the
ANC of the state of 12C nucleus in the bound 11B + p configuration. Note
that the amplitude of direct radiative capture is normalized through the
ANC Clf I. This makes it possible to fix the contribution of the amplitude
of the direct part, which facilitates the process of adjusting the resonant
widths.

The amplitude of the reduced radiation width consists of two parts-
internal and external ones [36,37]:

γ(γ)JiJf L = γ(γ)JiJf L(int)+ γ(γ)JiJf L(ext), (13)

where

γ(γ)JiJf L(ext)= ili+L− lf ei(ϖli − δli )γ(a)IliJi

̅̅̅̅̅̅

2μ
ki

√

μL
[
Zp
mL

p
+(− 1)L

ZB
mL

B

][
(L+1)(2L+1)

L

]1/2

×
1

(2L+ 1)!!
Clf0
li0L0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(2li + 1)(2Jf + 1)
√

W(Llf JiI; liJf )

×Clf I

∫ ∞

rc
drrLW− ηpB ,lf+1/2(2χpBr)Oli (r) (14)

It is clear that the reduced external radiation width γ(γ)JiJf L(ext) is directly

dependent on the reduced partial width γ(p)IliJi and ANC. Such dependence
gives some advantage when adjusting the value of the radiation width
using Eq. (8).

The fact is that in the fitting process only the value γ(γ)JiJf L(int) will

vary, while γ(γ)JiJf L(ext) will be fixed. It is worth noting that an accurate
calculation of the energy dependence of the radiation width using Eqs.
(11) and (12) allows one to extrapolate correctly the resonant tail in the
region of ultra-low astrophysically important energies.

Thus, using the modified R-matrix method will make it possible to
calculate the astrophysical S-factor of radiative capture reactions
occurring through the formation of intermediate states with correct
consideration of the contributions of both resonant and direct radiative
capture. At that, the contribution of the direct radiation amplitude is
fixed using the known ANC value.
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Results of calculating the astrophysical S − factor of the 11B(p, γ)12C
reaction

The radiative decay of the resonance states 16.10 (2+), 16.57 (2− )
and 17.23 MeV (1− ), into the ground (0+) (γ0-transitions) and first
excited 4.44 MeV (2+) (γ1-transitions) states were taken into account in
the calculations.

The input parameters necessary for calculating the astrophysical S-
factor (proton, alpha and radiation widths, total widths) in addition to
the ANC values we found, were taken from Ref. [37]. The experimental
values of the astrophysical S-factor were taken from Refs. [6,37–40].

The χ2 method was used as a tool for fitting to the experimental data.
The ANCs obtained in the work for the ground and first excited states of
the 12C nucleus were taken as fixed values. As a result, almost all
adjustable resonant widths were kept practically unchanged or changed
within the error limits given in the original source.

The exceptions were radiative transitions from the 3rd resonance
state to the ground state and from the 2nd resonance state to the 1st
excited state of the 12C nucleus. The best agreement with the experi-
mental values of S-factors was achieved with radiation widths equal to:
Γ(γ0)
Ji = 30.0± 3.0 eV and Γ(γ1)

Ji = 6.0± 1.0 eV versus the values of 40 eV
and 8 eV used in Ref. [37] respectively.

The used values of these quantities are given in Table 2.
The results of calculations of the astrophysical S-factors of the tran-

sitions to the ground (0+) and 1st excited (2+) states in the 11B(p, γ)12C
reaction, as well as their sum are shown in Fig. 7. The dashed line rep-
resents the transitions to the (2+) state (γ1-transitions), the solid green
line demonstrates γ0-transitions and the solid black line is the summed
(γ0 + γ1) astrophysical S-factor. The dash dotted line represents the
contribution of direct radiative capture to γ1 transitions. The contribu-
tion of direct radiative capture to γ0 transitions turned out to be 2–3
times weaker than the similar contribution to γ1-transitions. In Fig. 7 the
direct radiative capture to γ0 transitions is not presented.

As can be seen from Fig. 7, the calculated values of the astrophysical
S-factor are in good agreement with the available experimental data.
Despite the fact that the amplitudes of direct radiative captures are
significantly smaller than the amplitude of resonant capture to the first
resonant state, the role of direct captures becomes sufficient and ensures
the almost horizontal behavior of the astrophysical S-factor below the
resonance. This occurs due to constructive interference of resonant and
direct amplitudes in the low energy region.

The values of the astrophysical S-factors of the 11B(p,γ)12C reaction at
E = 0 were determined to be equal to: for γ0 transitions S(0, γ0) = 1.77±

0.27 keV⋅b; for γ1 transitions – S(0, γ1) = 1.23± 0.20 keV⋅b. These
values are in excellent agreement with the values of 2.0± 0.4 keV⋅b and
1.3± 0.3 keV⋅b obtained in [38]. The summed value of the astrophysical
S-factor was determined to be S(0) = 3.00± 0.45 keV⋅b (Sdir(0) = 0.360
keV⋅b).

The found value of S(0, γ0) is also in excellent agreement with the
estimate of 1.8± 0.4 keV⋅b in [39], while S(0, γ1) is almost 3 times less
than the value of 3.5± 0.6 keV⋅b, obtained there. Such difference in the
values of the astrophysical S-factors can be understandable as follows: as

can be seen from Fig. 3 in Ref. [39], the calculated value of the astro-
physical S-factor for γ1-transitions directly in the resonance region are
not substantiated by any experimental data. As a result, the calculated
curve passes slightly touching the upper values of the three existing
experimental points, while our calculations are well supported by both
“peak“ and ”tail“ experimental points. It is worth noting how accurately
the height of the experimental peak values from Refs. [38] and [40] is
reproduced by changing the radiation widths Γ(γ0)

Ji and Γ(γ1)
Ji .

Thus, within the framework of the modified R-matrix method, an
analysis of the experimental data on the astrophysical S-factor of the
reaction 11B(p, γ)12C in the energy range E ≤ 1.5 MeV was carried out,
one of the advantages of which is the possibility to utilize directly the
ANC value to fix the contribution of direct radiative capture. Such
approach to analysis significantly simplified and improved the process
of tuning the width of the resonances. As a result of the analysis, new
values of the radiation widths Γ(γ0)

Ji and Γ(γ1)
Ji were determined, which

made it possible to accurately normalize the peak heights to the existing
experimental data.

As a whole, a good description of the experimental data was achieved
both in the region of resonance energies and outside the region of res-
onances. The obtained new values of astrophysical S-factors at zero
energy are in excellent agreement with the literature data. Nevertheless,
it is obvious that the additional precise measurement of the experi-
mental values of the cross section (astrophysical S-factor) of the 11B
(p,γ)12C reaction in the energy region E < 100 keV is necessary.

The rate of the reaction 11B(p,γ)12C

This section presents the results of calculating the 11B(p,γ)12C reac-
tion rate, based on the energy dependence of the astrophysical S-factor
obtained in the previous section for the reaction proceeding through the
γ0- and γ1-transitions.

To calculate the reaction rate, a generally accepted expression was
used, obtained under the assumption that particles in the stellar medium
have a Maxwellian velocity distribution. According to the latter, the
reaction rate averaged over particles is determined by the following
expression [41]:

NA < σϑ >= NA
(8/π)1/2

μ1/2(kBT)3/2
∫∞

0

Eσ(E)exp[− E/(kBT)]dE (15)

where NA is Avogadro number, σ(E) is the reaction cross section at the
proton-projectile energy E. kB is Boltzmann constant and T is the
temperature.

Table 2
Values of the resonance widths used in the calculation of the astrophysical
S-factor of the reaction 11B(p, γ)12C.

N◦ Eres (keV)
(Ji,π)

ΓJi (keV) Γ(p)
Ji (keV) Γ(γ0)

Ji (eV) Γ(γ1 )
Ji (eV)

1 163 (2+) 5.3 ±

0.2
0.0215 ±

0.0033
0.59 ± 0.11 12.8 ±

1.5
2 675 (2− ) 300 150 not taken into

account
6.0 ± 1.0
(this
work)

3 1388 (1− ) 1150 1000 30.0 ± 3.0 (this
work)

5

Fig. 7. Astrophysical S-factors of γ0-, γ1-transitions and total (γ0 + γ1) astro-
physical S-factor in the 11B(p,γ)12C reaction.
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When the astrophysical S-factor is assumed to be a constant, the
integrand in Eq. (15) is peaked at the energy the “most effective energy”
(Gamow energy) [42]

E0 =
(μ
2

)1/3
(

πe2Z1Z2kBT
ℏ

)

(16)

where Z1 and Z2 are charges of the colliding particles. In our case, the
latter are 11B and proton. Since the astrophysical S-factor obtained by us
is a fairly smooth function, with the exception of the first resonance,
expression (16) can be used as an approximate energy corresponding to
the temperature of the medium.

Fig. 8 presents the results of calculations of the 11B(p,γ)12C reaction
rates for the γ0- and γ1- transitions, indicated by red and blue curves,
respectively, and the total reaction rate, indicated in black. As shown in
the inset to Fig. 8, the priorities of the contributions of the γ0- and γ1-
transitions to the reaction rate change with increasing temperature in
accordance with the energy behavior of the corresponding astrophysical
S-factors for each of the transitions (see Fig. 7). Calculations have shown
that at low temperatures, up to T9 ~ 0.02–0.03 K (periphery of the star),
the process of formation of 12C nuclides in the ground state pre-
dominates, while at temperatures above T9 = 0.03 K (interior of the
star), the process of formation of 12C in the first excited state begins to
dominate.

Fig. 9 shows the ratio of the calculated reaction rates to those
established in the review work [41]. The gray band corresponds to the
limit of possible values of the reaction rate associated with the uncer-
tainty of the astrophysical S-factor values we obtained.

As can be seen from the Fig. 9, our results are in good agreement with
the data of Ref. [41]. In particular, in the region of resonances 163 keV
(2+) and 675 keV (2-), corresponding T9= 0.1–1 K, they agree very well.
This is explained by the fact that the total astrophysical S-factors ob-
tained both in this work and in Ref. [41] are very similar in describing

the shape of these resonances, including their heights.
The predominance of the 11B(p,γ)12C reaction rate values established

in [41] in the low-energy region (the region to the left of the peak)
relative to our values is a consequence of the prevailing values of the
astrophysical S-factor in the energy region under consideration. In
particular, in Ref. [41] the value of the astrophysical S-factor was ob-
tained S(0) = 4.3+0.8− 0.6 keV⋅b, while our value is S (0) = 3.0 ± 0.67 keV⋅b.

Also, a discrepancy is observed above the temperature T9 = 1 K,
where the contribution of capture to higher-energy resonances located
above energies E = 2 MeV, which were not taken into account in this

Fig. 8. 11B(p,γ)12C reaction rate. For clarity of the contribution to the formation of 12C nuclides, the rates of reactions proceeding through the γ0- and γ1-transitions
are shown separately. Calculations have shown that at low temperatures, up to T9 ~ 0.02–0.03 K the reaction rate dominates through the γ0 − transitions (the
inserted panel), but at higher temperatures it dominates through the γ1 transitions (the main panel).

Fig. 9. 11B(p,γ)12C reaction rates in units of the NACRE II (adopt) values.
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work, becomes significant.
Table 3 shows the numerical values of the total reaction rate

depending on the temperature of a star. To orient the correspondence
between temperatures and energies, the energy equivalents of temper-
ature (Gamow peak energies) are also presented in the second column.

Conclusions

New experimental data were obtained on the differential cross sec-
tions of the reaction 11B(10B,9Be)12C at the energy E10B = 41.3 MeV. In
this work, we measured the angular distributions for transitions to the
ground (0+) and excited states of the 12C nucleus at energies E* = 4.44
MeV (2+) and E* = 9.64 MeV (3− ). The analysis of experimental data
was carried out on the basis of a modified DWBA (MDWBA) method,
assuming a one-step proton transfer mechanism. It is shown that this
mechanism dominates at small angles (in the region of the main
diffraction maximum of the angular distributions), and the reaction 11B
(10B, 9Be)12C at an energy of 10B= 41.3 MeV is peripheral. This indicates
that the (10B,9Be) reaction is a quite suitable tool for finding “indirectly
determined” ANC values. Our analysis allowed us to extract the squared
ANC values for the {11B + p} configurations as 322± 76 fm− 1, 32.8±

8.4 fm− 1 and 1.26± 0.44 fm− 1 for 0+, 2+ and 3− states of the 12C nu-
cleus, respectively. They are 1.5–2 times larger than the values available
in the literature.

The ANC values for low-lying states of the 12C nucleus were used to
describe the available experimental data on the S-factors of radiative
proton capture with the excitation of these states, and to extrapolate
them to the zero-energy region within the framework of a modified
R-matrix method. The obtained values of S-factors at zero energy are in
excellent agreement with existing literature values, with the exception
of the S(0, γ1) value obtained by Kelley et al., which is 3 times lower
than our result.

The obtained energy dependence of the astrophysical S-factor was
used to determine the 11B(p,γ)12C reaction rate in the energy region E ≤

3.5 MeV. The reaction rate calculation results show good agreement
with NACRE II data. One can also notice a slight deviation at

temperatures below T9 = 0.1 K. In our opinion, this discrepancy is
caused by the difference in the principles of the theoretical methods
used to extrapolate the astrophysical S-factor to the ultra-low energy
region in these works.

In this reason, it is required to carry out additional accurate mea-
surements of the experimental values of the cross section (astrophysical
S-factor) of the 11B(p,γ)12C reaction in the energy range E < 100 keV.
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Table 3
11B(p,γ)12C reaction rates in [cm3mol-1s− 1] units.

T9, K The Gamow peak energy, MeV Adopted reaction rate Uncertainty T9, K The Gamow peak energy, MeV Adopted reaction rate Uncertainty

0.004 0.0189 1.61E-24 3.70E-25 0.16 0.221 1.96E + 00 4.51E-01
0.005 0.0219 3.26E-22 7.50E-23 0.18 0.239 5.37E + 00 1.24E + 00
0.006 0.0248 1.87E-20 4.31E-21 0.2 0.257 1.19E + 01 2.74E + 00
0.007 0.0274 4.75E-19 1.09E-19 0.25 0.298 4.79E + 01 1.10E + 01
0.008 0.03 6.84E-18 1.57E-18 0.3 0.336 1.16E + 02 2.68E + 01
0.009 0.0325 6.52E-17 1.5E-17 0.35 0.373 2.13E + 02 4.90E + 01
0.01 0.0348 4.54E-16 1.04E-16 0.4 0.407 3.28E + 02 7.54E + 01
0.011 0.0371 2.48E-15 5.70E-16 0.45 0.44 4.51E + 02 1.04E + 02
0.012 0.0393 1.11E-14 2.56E-15 0.5 0.473 5.76E + 02 1.33E + 02
0.013 0.0415 4.27E-14 9.81E-15 0.6 0.534 8.18E + 02 1.88E + 02
0.014 0.0436 1.43E-13 3.30E-14 0.7 0.591 1.04E + 03 2.40E + 02
0.015 0.0456 4.31E-13 9.92E-14 0.8 0.646 1.26E + 03 2.91E + 02
0.016 0.0476 1.18E-12 2.71E-13 0.9 0.699 1.49E + 03 3.43E + 02
0.018 0.0515 7.02E-12 1.61E-12 1 0.75 1.74E + 03 4.01E + 02
0.02 0.0553 3.26E-11 7.5E-12 1.25 0.87 2.50E + 03 5.74E + 02
0.025 0.0641 7.10E-10 1.63E-10 1.5 0.983 3.44E + 03 7.91E + 02
0.03 0.0724 7.49E-09 1.72E-09 1.75 1.09 4.52E + 03 1.04E + 03
0.04 0.0877 2.37E-07 5.44E-08 2 1.19 5.66E + 03 1.30E + 03
0.05 0.102 2.84E-06 6.53E-07 2.5 1.38 7.94E + 03 1.83E + 03
0.06 0.115 1.98E-05 4.55E-06 3 1.56 1.00E + 04 2.30E + 03
0.07 0.127 1.03E-04 2.36E-05 3.5 1.73 1.17E + 04 2.70E + 03
0.08 0.139 4.83E-04 1.11E-04 4 1.89 1.32E + 04 3.03E + 03
0.09 0.151 2.20E-03 5.06E-04 5 2.19 1.52E + 04 3.49E + 03
0.1 0.162 9.04E-03 2.08E-03 6 2.48 1.63E + 04 3.76E + 03
0.11 0.172 3.16E-02 7.28E-03 7 2.74 1.70E + 04 3.91E + 03
0.12 0.182 9.35E-02 2.15E-02 8 3 1.73E + 04 3.98E + 03
0.13 0.192 2.38E-01 5.47E-02 9 3.25 1.74E + 04 4.00E + 03
0.14 0.202 5.31E-01 1.22E-01 10 3.48 1.74E + 04 4.00E + 03
0.15 0.212 1.07E + 00 2.45E-01 ​ ​ ​ ​
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