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Abstract. In this study, the (2+1)-dimensional system of Konopelchenko-Dubrovsky is
studied. This equation extends the Korteweg-de Vries(KdV) equation, that describes the
evolution of small amplitude dispersion waves generated in shallow water. The tan-cot method
is applied to receive the traveling wave solutions. It is presented that the tan-cot method is
a useful mathematical tool for obtaining analytical solution to the equations of mathematical
physics. In the figures, the graphs of the obtained solutions are shown

Keywords: traveling wave solution, tan-cot method, nonlinearity, Konopelchenko-
Dubrovsky equation.

1. Introduction
Several branches of mathematics, physics, biology, and chemistry use partial differential
equations to model nonlinear processes [1-4]. For example, dispersive waves of small amplitude
on shallow water are described by the (1+41)-dimensional Korteweg-de Vries(KdV) equations
[5] and the (1+1)-dimensional modified Korteweg-de Vries(mKdV) equation. The(1+1)-
dimensional complex modified Korteweg-de Vries equation [6-8] is used to model the nonlinear
evolution of plasma waves. The fundamental model in optics, the nonlinear Schrodinger
equation, explains how optical waves move through Kerr media [9-10]. Consequently, a variety
of analytical methods have been created in light of the significance of these issues: Darboux
transformation [11-12], exp-function approach [13], Kudryashov method [14], Jacobi elliptic
method [15], sine-cosine method [16], and others.

In work, we study the (2+41)-dimensional Konopelchenko-Dubrovsky system [17] in form as

2
Up — Uggg — BbUUL + §a2u2ux — 3vy + 3au,v =0, (1)
Uy = Vg, (2)
where a,b a real parameters. If in Egs. (1)-(2) the parameters are a = 0, b = —1, v = 0,

then we can get the (1+1)-dimensional KdV equation. If in Egs. (1)-(2) the parameters are
a=3,b=0, v =0, then we receive the (1+1)-dimensional mKdV equation. Therefore, the
(241)-dimensional Konopelchenko-Dubrovsky system is referred to as an extension of the KdV
equation. The Egs. (1)-(2) were studied in [18-20].

We use the tan-cot method to get some analytical solutions for the (2+1)-dimensional
Konopelchenko-Dubrovsky esystem (1)-(2). This method is a very efficient and powerful modern
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tool for dealing with various classes of nonlinear equations arising in the mathematical physics
[21-22].

2. Description of the tan-cot function method.
In this section, the method of tangent and cotangent is examined. Using this method, the wave
transformation takes form as follows. A partial differential equation

Pl(utaul’v Ugyy Ugyy Uypyyy Uy s ) =0, (3)

can be transformed by the wave variables

u(x,y,t):u((f),{’:(x—i—y—ct). (4)

to the ordinary differential equation(ODE)

/ " "

Py(u,u ,u ,u ,...)=0. (5)
The solution of Eq. (5) can be found by:

u(z,y,t) = Maﬂﬁ(%)a (6)

or

u(z,y,t) = Acot’(uf), (7)

where £ = x+y—ct, the coefisients u, 5 and A will be defined. There are forms for the derivatives
of (6)

u'(p) = AButan” ! (ug) + AButan” (ug), (8)
u(n€) = MEB(B — 1) tan” 2 (u) + 22u? B2 tan” (u€) + MB(8 + 1) tan” T (), (9)

and there are forms for the derivatives of (7)

u'(ng) = —ABucot? ! (u€) — ABucot”t (ng), (10)
W (n€) = MEB(B — 1) cot? 2 (u€) + 22282 cot” (u€) + Au*B(B + 1) cot” T2 (p€).  (11)

Using (6)-(11) into the ODE we can get a trigonomical equation of tan”(u&) or cot”(uf)
terms. Next, to find S we equate the degrees of the tangent or cotangent pairs and establish the
parameters. After that, we gather all coefficients of the same degree for tan”(u&) or cot”(u).
We then create a system of algebraic equations involving the unknowns A and u to solve for the
coefficients.

3. Application of the tan-cot method.
To apply the tan-cot method to an independent derivative differential equation, the following
transformation is used

u(z,y,t) = u() = u(z+y—ct) (12)
where ¢ is a constant. We substitute (12) into (1)and (2),get differential equations as follows:
2

u?u/ — 3V 4 3au'v = 0, (13)
u = (14)

2
—cu' —u" — 6bun’ + ga
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By integrating Eqs. (13)-(14) once, considering the integrated constant zero and we obtain
the following equation

2
—cu — " — 3bu® + §a2u3 —3u+ %au2 = 0. (15)
If b = § in equation (15) then we find
2
(c+3)u+u" — §a2u3 =0,a # 0. (16)

3.1. The tangent solution.
The approach states that transfornation can be used to get the solution to equation (16)

u(p€) = Atan” (uf), (17)
and 2nd order derivative is
u(ug) = MPB(B — 1) tan” 2 (ug) + 22”87 tan” (u) + AuB(B + 1) tan® T2 (pg) - (18)
Substituting (17) and (18) into (16) we get
(c + 3)Atan” (ug) + Au?B(8 — 1) tan¥~2) (ug) + (19)

-HMﬁ?mﬂwa+AﬁMB+UMNMQWQ—§¥VHmMWQ20

Applying the balance method, by equating the exponents of tan’, from (19) we define 3:

3=0+2,=p=1. (20)
Substitute (20) in (19) we get the next equation:

(¢ + 3) A tan(ué) 4+ 2 p? tan(u€) + 2 p? tan®(ug) — §a2)\3 tan®(ué) = 0. (21)

From (21) we have the next system
tan'(u€) : (c+ 3N+ 222 =0, (22)
tan®(u€) : 2Ap? — §a2)\3 =0, (23)

We calculate the values of the following coefficients using the system of equations (22) and

(23)
- \/ C+3 with (c+3) < 0. (24)

By substituting (24) into Eq. (17), and then obtained expression into (12), we find the
traveling wave solutlons of the (2+1)-dimensional Konopelchenko-Dubrovsky system

ui(x,y,t) = 2\/—(6—;3) tan(\/—(c—;g)(x +y—ct)), with (c+3)<0, (25)
i, y,t) = 2\/— (623) tan(\/— (6‘53) (@+y—ct), with (c+3)<0, (26)

The dynamics of the solution wui(z,y,t) is shown in Fig. 1.



13th International Conference on Mathematical Modeling in Physical Sciences IOP Publishing
Journal of Physics: Conference Series 3027 (2025) 012002 doi:10.1088/1742-6596/3027/1/012002

Figure 1: Dynamics of the solutions of uy(z,y,t) in case: a =1,b=0.5,¢ = —4

3.2. The cotangent solution
To find the cotangent solution, we will use the transformation in (7).

u(pé) = Acot” (pg), (27)

And the second order derivative is

u(ug) = MPB(B — 1) cot? 2 (u) + 2?87 cot” (ug) + M B(B + 1) cot’ 2 (ug).  (28)

By substituting Eqs. (27) and (28) into Eq. (16), we obtain the following equation:

(e +3)Acot” (1) + Mi*B(8 — 1) cot P~ (ug) + (29)
+2202 82 cot? (u€) + M2 B(B + 1) cot P+ (pug) — gaQ)\?’ cot®? () = 0. (30)

Applying the balance method, by equating the exponents of cot’, from (29) we define 3
B=p+2,=p=1. (31)

Substitute (30) into (29) we get the next equation

(c 4 3)Acot(ué) + 2xpu? cot(u€) + 2xpu? cot® (ug) — §a2>\3 cot?(ué) = 0. (32)

From (31) we have the next system

cot’(u€) : (c+3)A+2 =0, (33)
2
cot>(u€) : 2ap® — §a2/\3 =0. (34)

The system of the equations (32)-(33) give us

(C+3)7)\:Z _(CLQ?’)’ with (¢ +3) < 0. (35)
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Substituting (35) into (27) and then obtained expression into (12) we get the cotangent
solutions

s,y 1) = 2\/— (‘323) cot(\/— (023) (@+y—ct), with (c+3)<0, (36)
vo(x,y,t) = z\/(c+23) cot(\/(cgm(:c +y—ct)), with (c+3)<0. (37)

The dynamics of solution us(x,y,t) is shown in Fig. 2.
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Figure 2: Dynamics of the solutions of ugs(x,y,t) in the case: a =1,b = 0.5,¢ = —4

4. Conclusions

This work investigated the (2+1)-dimensional Konopelchenko-Dubrovsky system, in case a = 0,
b = —1, v = 0 becomes the (1+1)-dimensional KdV equation, if a = 3, b = 0, v = 0, it
becomes the (1+1)-dimensional mKdV equation. The tan-cot method was used to get the
explicit solutions. During the study, traveling wave solutions were identified. Graphs of the
obtained solutions were plotted.
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