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In this paper, we investigate the (2+1)-dimensional Hirota system of equations, which is essential for modeling
physical events since it contains the NLS equation and the cmKdV equation. We apply the Jacobi elliptic
function method to obtain new results. By using some ansatz in terms of finite Jacobi elliptic functions, we have
obtained various exact solutions, such as dark solitons, bright solitons, and periodic solutions. Moreover, for
some reductions as « =0, =1 and a = 1, # = 0, we obtain the exact solutions for the (2+1)-dimensional NLS
equation and the (2+1)-dimensional cmKdV equation. The dynamics of the obtained solutions are presented

in the figures. We also analyze the phase portraits of the (2+1)-dimensional Hirota system.

Introduction

The study of nonlinear equations is developing intensively among
engineers and scientists because these equations model various difficult
processes that occur in real life and can be applied in many scientific
disciplines [1-6]. Due to the complexity of their structure, there is no
single method for dealing with nonlinear equations. Various researchers
have proposed methods and techniques to construct exact solutions of
different nonlinear equations, such as the first integral method [7,8],
the Hirota method [9,10], the Kudryashov method [11,12], the sine-
cosine method [13-15], the Darboux transformation method [16,17],
the tanh method [18,19], the generalized unified method [20,21] and
the Lie symmetry method [22-24].

In this paper, we study the (2+1)-dimensional Hirota system of
equations given by [25]

ig, + agy, + Py, — qu +i(qw), =0,
vy +2a8(1q1), - 2i5(q},4 — 4" qy,) = O, 6))
w, —285(1q1*), =0,

where q(x,y,1), v(x,y,t), w(x,y,t) are wave functions, «,f are real
constants, § = +1. The symbol  stands for the complex conjugate.
The system (1) is a generalization of the Hirota equation in the (2+1)-
dimension and has great importance for applied magnetism [25].
Namely, in [25] Egs. (1) are proposed for the first time, and the
researchers presented the gauge/geometric equivalence with the spin
system. The Egs. (1) are integrable, nonlinear, and dispersive and
admits soliton solutions. As is well-known, the soliton has applications
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in fiber optics, biology, magnets. In some articles, Egs. (1) are stud-
ied by the Darboux transformation (DT) [26,27], the extended tanh
method [28].

The Hirota system (HS) (1) are the typical model of mathematical
physics comprising the cmKdV equation and the NLS equation:

If « = 0,8 = 1, Egs. (1) reduce to the (2+1)-dimensional cmKdV
equations [29-31]

4; + Gyxy T iqu + (qw), =0,
Uy = 2i6(q5,9 = 4% qxy) = O, )
wy = 26(1q/*), =0.

If a =1, =0, Egs. (1) reduce to the (2+1)-dimensional NLS equations

g+ qyy —qu=0,
v, +258(1g1%), = 0. 3

In this paper, we investigate the (241)-dimensional HS (1) using the
Jacobi elliptic function method and the bifurcation theory of planar
dynamical systems. The Jacobi elliptic function method has been ex-
tensively applied to nonlinear equations to construct various solutions.
For instance, this method has been applied to the perturbed nonlin-
ear Schrodinger equation [32,33], the (2 + 1)-dimensional Nizhnik—
Novikov-Veselov equation [34], the fractional nonlinear Schrodinger—
Hirota equation [35], the sine-Gordon equation [36], the AB sys-
tem [37], the generalized variable-coefficient Gardner equation [38],
the generalized (3+1)-dimensional nonlinear Schrodinger equation
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[391, the nonlinear Schrodinger equation in combined harmonic-lattice
potentials [40] and others. The researchers obtained solutions in the
form of solitary waves and periodic solutions. As for the bifurca-
tion theory of planar dynamical systems, it was applied to the con-
formable Fokas-Lenells model [41], the generalized Schrodinger equa-
tion [42], the generalized q-deformed Sinh-Gordon equation [43], and
the discrete space-time logistic model [44].

The paper consists of several sections. In Section “The mathemat-
ical analysis”, we present the mathematical analysis of the governing
equations. Section “Description of the Jacobi elliptic function method”
describes the main steps of the Jacobi elliptic function method. In
Section “Application”, we apply this technique to obtain the new
exact wave solutions. Section ‘“Physical interpretation of the solutions”
presents some obtained solutions using 2-D, 3-D, and contour plots.
Phase portraits are presented in Section “Phase portraits”. In Section
“Conclusions”, we give the conclusion of our research work.

The mathematical analysis

To obtain the exact analytical solutions of Egs. (1), we introduce the
following transformation

q(x, y,1) = VNG y 1), Q)

where a, b, d are real constants and Q(x, y,7) is the real valued function,
Egs. (1) are reduced to the following system

(—d — aab + pba*)Q + (a — 2ap)Q,, — pbO. — vO — awQ + (5)
+i(Q, + (@a — a* )0, + (ab — 2abp)Q, + PO, + w,0 + wQ,) = 0,

vy +2a8(0%), — 445(aQ,0 + bQ,.0) = 0, (6)
w, —2p5(0%), = 0. @)

Substituting the wave transformation:

O(x,y,1) = Q) = Okx + 1y + c1), ®
v(x, y,1) = (&) = v(kx + Iy + ct), 9
w(x,y,t) = w(€) = wkx + 1y + ct), (10)

into Egs. (5)-(7), we obtain that

(—d — aab + pba®)Q + k(al — 2apl — pok)Q" — vO — awQ + a1
+i((c + aal + abk — 2abpk — a*fNQ’ + pK21Q" + k' Q + kwQ') = 0,

kv' + 2a81(Q) - 2p6(alQ? + bkQ?) =0, 12)
kw' —2p61(0%) = 0. 13

Integrating Egs. (12)-(13) once, we obtain
v= %(25(/)@/ +bk) —a)Q* + R)), w= %(2/}5@2 +5), a4

where R,,.S| are constants of integration. Substituting Eqs. (14) into
Eq. (11), and separating real and imaginary parts, we get the ordinary
differential equations:

» Ry a$ 1”

(=d — aab+ fba’ = % = =)0 + k(al — 2apl - fpl)Q" +

+ %(al —2apl — ﬁblc)Q3 =0, (15)
(¢ + aal + abk — 2abpk — Bl + SO’ + pK21Q" +2p51(Q%) =0. (16)
Integrating Eq. (16) once, with respect to &, gives
(¢ + aal + abk — 2abpk — a*Bl + S))Q + pk21Q" +2p510° = L, a7
where L is a constant of integration. As the same function Q(¢) satisfies
both Egs. (15) and (17), we have the next constraint condition:
R, aS; _

k*1B(—d — aab + pba* — bk

= k(al — 2apl — pbk)(c + aal + abk — 2abpk — a*pl + S)), L =0.
18)
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By using the condition (18), we have

kIp(~d — aab + pba® — 5L — £ ,
= —a(al+bk 2abk hH-S;. (19
¢ ol — 2l — b a(al+bk)+p(abk+a")—S;. (19)
Next we solve Eq. (15)
» R as) 1"
(—d — aab + pba” — < T)Q + k(al —2apl — pbk)Q"+
26 3
+ 7((11 —2apl — pbk)Q’ =0, (20)

Description of the Jacobi elliptic function method

In the following, we would like to outline the main steps of the
method:
Step 1. Nonlinear evolution equation

Fu g, Uy, Uy, Uy Uy Uy o) = 0, (21)

by using the wave transformation u(x, y,t) = u(¢), € = x + y + ct, where
¢ is constant, is reduced to a nonlinear ordinary differential equation:

E@, o, u" 4", ..)=0. (22)

Step 2. We introduce some ansatz in terms of the finite Jacobi elliptic
function expansion in the following forms:
1. sn(¢) expansion

wE) =ag+ Y a;snl (), (23)
j=1

J
2. cn(&) expansion

(@) = ag+ Y a;en’ (), 249
j=1

2. dn(¢) expansion

n

We) = ay+ Y, a;dn’ (&), (25)

j=1
where sn(&), en(&), dn(¢) are the Jacobi elliptic functions.
Properties of the triangular function

en* (&) + sn* (&) = dn* (&) + m>sn*(&) = 1, (26)
ns? (@) =1+cs* @), ns*() =m’ +ds*(©), 27
s(E) +1=nc?©), mPsd*@) + 1= nd*©). (28)

Derivatives of the Jacobi elliptic functions

sn'(&) = en(&)dn(§), en'(€) = —sn(&dn(&),

dn' (&) = —m*sn(&)en(@), (29)
ns'(§) = —ds(©es(©),  ds'(€) = —cs(ns(@),

es' () = —ns(&)ds(&), (30)
sc'(©) = ne(@de(@),  nc'(&) = se(@)de(©),

cd'(@) = es(O)nd(@), nd'(&) = m’sd(@)ed(&), (31)

where m is a modulus.

Step 3. The parameter n can be found by balancing the nonlinear
term and the highest order derivative term on Eq. (22).

Step 4. Respectively substitute Egs. (23)—(25) into Eq. (22) along
with Egs. (26)-(28) and (29)—(31) and then respectively set all co-
efficients of sn/ (&), cn’/(€),dn/(€) (j=0,1,2,3, ...) to be zero to get an
over-determined system of nonlinear algebraic equations with respect
to a; (j=0,1,2,3, ...). By solving the obtained system, we find the
coefficients a; (j=0,1,2,3, ...). This way, we can get the solutions with
the Jacobi elliptic function.

Since
lim1 sn(&) = tanh(§), lim1 cn(€) = sech(é), liml dn(€) = sech(&), (32)

lim] ns(&) = coth(é), limI cs(&) = esch(é), lim] ds(&) = esch(é), (33)
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lim0 sn(&) = sin(&), lim0 cn(€) = cos(é), limO dn(é) =1, (34)

lim0 sn(&) = cese(é), lim0 cs(é) = cot(é), limods(f) = csc(é). (35)
Application
The sn solutions

Following the method, the solution of Eq. (20) can be obtained by
transformation

0O@©) = ag + aysn(g). (36)
To find the sn solution we use Eq. (36) and its second order derivative
0"(©) = ~(1+m)aysn(§) + 2m’ay 5w’ (), (7)
and

0° (&) = a} + 3aja, sn(&) + 3agajsn* (&) + alsn’ (£). (38)

Substitute (36)-(38) into (20) we get

, Ry aS
(—d — aab + pba* — e T)(ao +aysn($)) +
+ k(al — 2apl — pbk)(—(1 + m*)aysn(&) + 2m?a; sn> (&) + (39

+%(al —2apl — pbk)(a) + 3aja sn(€) + 3aga; sn*(&) + ajsn’ () = 0.
We equate the coefficients of each pair of the sn(¢) functions and
get a system of algebraic equations
0 . , Ry aS
sn () : (—d — aab + Pba _7_T+

+%(al —2apl — pbk)a})ay = 0, 40)
R
sn' (&) 1 (=d — aab + pba® — o

—k(al — 2apl — pbk)(1 + m®) + (41)
g%&(al —2apl - pbk))a, =0,
sn?(&) 3a0a§%(a1 —2apl — bk) =0, (42)

+3a

sn3(&) (2—:((11 —2apl — pbk)a® +2m*k(al — 2apl — pbk))a; =0.  (43)

By solving the system (40)-(43), we obtain:

d = —aab + pba’ — RT _a5 k(al = 2apl — pbk)(1 + m?). (44)

Substituting Eq. (44) into Eq. (36) and then obtained result in
Egs. (4) and (14) we derive the sn solutions for the (2+1)-dimensional
HS (1)

i(ax+by+d —k?
Gy (x, y, 1) = xel@+byrdn,y, Tsn(kx +Ily+ect), 6<0, (45)
R
0y1(x, 3, 1) = =2(B(bk + al) — al)m*ksn?(kx + Ly + ct) + 71 (46)
2102 S
wyi (% y 1) = =2pmPlksn®(kx + 1y + ef) + ==, (47)
kip(~d—aabtpba?— 2L 251
where ¢ = SPCTCT ) al 4 bk) + pQabk + @2l) — S,
RS

d = —aab + pba* — o = =t — k(al = 2apl - pbk)(1 + m?).
We notice that the Jacobi elliptic functions degenerate to the fol-

lowing function
sn(€) - tanh(é), as m— 1. (48)

Taking m = 1, we have the hyperbolic function solutions

) [ 2
qa(x, p,1) = el (ax+by+dr) Tktanh(kx +ly+ct), 6<0, (49)
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R
Vo (x, ¥, 1) = =2(p(bk + al) — al)ktanh®(kx + 1y + ct) + 71 (50)
S
wia(x, 3, 1) = —2plktanh(kx + 1y + cf) + 7‘ (51)
kIp(~d—aabtpba?— 2L 451
where ¢ = PO Tl 4 bk) + pQabk + &2l) — S,
RS

d = —aagb+ pba® — 5t — 1 — 2k(al — 2apl — fbk).

Reductions
In case « =0, = 1 in Egs. (45)-(47), we obtain the sn solutions for
the (2+1)-dimensional cmKdV equations

i(ax-+by+dt —k?
g3(x, 3,0 = tel(axtbytdn) Tsn(kx +ly+ct), 6§<0, (52)
R
V13, y, 1) = =2(bk + alymPksn(kx + Ly + 1) + Tl (53)
20 2 S
wi3(x,y,1) = =2m-lksn”(kx + ly + ct) + % (54)
ki(—d+ba? = EL_ 231 2 2Ry _ aS
wherec:—W+(2abk+a -8, d=ba"— aialraies

kQal + bk)(1 + m?).
Or with m = 1 we get

(ax+by+dr) , | =K
Gra(x, y,1) = xell@x+by+dn 5 tanh(kx + 1y +ct), 6<0, (55)
R
Ua(x, y,1) = =2(bk + al)ktanh*(kx + ly + ct) + 71, (56)
S
wy(x, y.1) = =2lktanh?(kx + ly + ct) + 71 (57)
ki(—d-+ba? = 5L _ 21 2 2 _ R _aS
Wherec:—W+(2abk+al)—Sl,d:ba —T—T‘F

2k(2al + bk).
In case « = 1, = 0 and S| = 0 in Egs. (45)—(47), we obtain the sn
solutions for the (2+1)-dimensional NLS equations

i(ax-+by-+d —k?

qy5(x, y, 1) = el @x+byrdD,y, Tsn(kx +ly+et), 6<0, (58)
21002 R,

U15(x, y,1) = 2m~lksn“(kx + 1y +ct) + T (59)

where ¢ = —(al + bk), d = —ab— 5 — ki(1 + m?).

Or with m = 1 we get

i(ax+by+dn) | —K*

G16(x, y, 1) = ell@x+by+dn Tranh(kx +ly+et), 6<0, (60)

R
01606, 3, 1) = 2lktanh®(kx + ly + 1) + 7‘ (61)

where ¢ = —(al + bk), d = —ab— =1 — 2kl
The cn solutions

According to the method, the solution of Eq. (20) can be found by
transformation

0() = ag + ayen(f). (62)
To find the cn solution we use Eq. (62) and its second order derivative
0"(©) = @m’ — Dayen() - 2m’a cn’ (@), (63)
and

0*(&) = @} +3dka;cn(&) + 3agat en? (&) + ajen’ (&). (64)

Substitute (62)-(64) into (20) we get

R
(-d — aab + pba* — 71 -

asS
T)(ao + ajcn(§)) +
+ k(al = 2apl — Bbk)(2m® — 1)a;cn(&) — 2ma cn’ (&) + (65)

+ %(al —2apl — pbk)(ay + 3azaycn(é) + 3agaien’(E) + ajen’(€)) = 0.



G. Shaikhova et al.

We equate coefficients of each pair of the cn(¢) functions and get a
system of algebraic equations

R, aS,

0(8) + (—d — 21
cn’(€) : (—d — aab + fba X k +

+ %(al —2apl - pbk)ad)ay =0, (66)
en'(©) : (=d — aab + pba* — % - %

+ k(al — 2apl — Bbk)2m* — 1) + 67)
+3a(2)2k—5(al —2apl — pbk))a, =0,
en (@) 3a0af2—k‘3(a1 —2apl — pbk) =0, (68)

e’ (&) (%(al —2apl — pbk)a® — 2m*k(al — 2apl — pbk))a; = 0. (69)

By solving the system (66)—(69), we obtain:

k2
=0, =z -,
ag a m 5
» Ry aS; 2
d = —aab + fba” — < "5 + k(al —2apl — pbk)(2m~ —1). (70)

By substituting Eq. (70) into Eq. (62) and then obtained result in
Egs. (4) and (14) we derive the cn solutions for the (2+1)-dimensional
HS (1)

i(ax+by+dr k2
@1 (x,7,1) = el@xtbyrdny, S enkx+ly+en, §>0, (71)
R
0y (x, 3, 1) = 2(B(bk + al) — al)m*ken® (kx + Ly + ct) + 7‘ (72)
212 S
Wy (x,y,1) = 2pmlken”(kx + Iy + ct) + - (73)
kip(~d—aab+fba?— RL 251
where ¢ = PO T al 4 bk) + pQabk + 2l) — S,

al—2apl—pb
d = —aab+ pba® — L — B 4 k(al - 2apl — pbk)@m? — 1).
We notice that the Jacobi elliptic functions degenerate into the

following function

cn(é) — sech(é), as m— 1. 74
Taking m = 1, we have the hyperbolic function solutions for Egs. (1)
. bytd k2
G (x, y,1) = ell@xthyrdn) 5 sech(kx +1y+cn, §>0, (75)
R
Uy (X, 3, 1) = 2(B(bk + al) — al)ksech®(kx + ly + ct) + 71 (76)
S
Wy (x, y,1) = 2plksech®(kx + Iy + ct) + 71, (77)
_ klﬂ(—d—aahwbaz—%—%) 5
where ¢ = T 225175 — a(al + bk) + pQabk + a*l) — S|,

Ry

d = —aab + pba* — .

— 2 4 k(al = 2apl - pbk).
Reductions

In case « = 0, = 1 for Egs. (71)-(73), we obtain the cn solutions
for the (2+1)-dimensional cmKdV equations

. bytd k2
Q3(x, y,1) = el @Fbr+dny, ?cn(kx +Ily+ect), 6>0, (78)
R
x50, 3,1) = 2(bk + alym*ken® (kx + Ly + ct) + 71 (79)
S
wy3(x, y,1) = 2m2lken®(kx + ly+ct)+ 71, (80)
ki(—d+ba? = 5L _ 2L ) 5 R aS
Wherec——W+(2abk+al)—Sl,d—ba % T %

kQ2al + bk)(2m?* — 1).
Or with m = 1 we get

) [12
Goa(x, y,1) = ell@x+by+dn %sech(kx +1ly+ect), 6§>0, (81)

R
Uga(x, y,1) = 2(bk + al)ksech®(kx + ly + ct) + 7], (82)
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S
Woyu(x, y,1) = 2lksech?(kx + 1y + ct) + 71, (83)
kl(’dH’”z’%’%) 2 2 _ R _aS
Wherec=—W+(2abk+al)—Sl,d=ba - % T r
k(2al + bk).

In case a = 1, =0 and S, =0 for Egs. (71)-(73), we obtain the cn
solutions for the (2+1)-dimensional NLS equations

. bytd k2
Gs(x,9,1) = tef(@xtby+dn) 5 cn(kx +1ly+ct), 6>0, 84)
2.2 R,
Uys(x, y,1) = —2m~lken”(kx + ly + ct) + e (85)

where ¢ = —(al + bk), d = —ab — % + kI2m? - 1).
Or with m = 1 we get

. bytd k2
Gog(x, y, 1) = ell@x+by+dn gsech(kx +1ly+ct), 6§>0, (86)
R
Ung (X, 3, 1) = —2lksech®(kx + ly + 1) + 7‘ 87)

where ¢ = —(al + bk), d = —ab— 5L + k.
The dn solutions

The dn solution of Eq. (20) are obtained by transformation

0(6) = ag + adn(d). (88)
and its second-order derivative

0"(©) = 2~ mhadn(§) — 2a,dn’ (©), (89)
and

0°(¢) = a} +3ala,dn(&) + 3agatdn® (&) + aldn* (&) (90)

Substitute (88)-(90) into (20) we get

, Ry aS
(—d — aab + pba” — T - T)(00+01dn(§))+
+ k(al = 2apl — Bbk)(2 — mPa;dn(€) — 2a,dn’(£)) + (C2Y)

+ %(al —2apl — pbk)(ay + 3aza,dn(€) + 3aga;dn* (&) + a}dn’(£)) = 0.

We equate the coefficients of each pair of the dn(¢) functions and
have a system of algebraic equations

(&) : (=d — aab + pba’ — JL 451,
kK k
+ 3 el ~2apl = pHR)aE)aq = 0. 92)
dn'(€) : (~d — aab+ pba* — Ri _a%
kK k
+ k(al — 2apl — bk)(2 — m?) + (93)

+303 22 (al - 2apl - bk, =0,
4 - 3‘,0‘,%(275((,1 —2apl - pbk)) = 0, (94)
ar*(©) : (22 (al = 2ap1 - pok)G? - 2k(al - 2apl - pb))a, =0.  (95)

By solving the system (92)-(95), we obtain:

k2
=0, =41/ —,
ag a 5
, Ry a8 )
d = —aab + fba” — < "5 + k(al — 2apl — pbk)(2 — m°). (96)

Substituting Eq. (96) into Eq. (88) and then obtained result in
Egs. (4) and (14) we derive the dn solutions for the (2+1)-dimensional
HS (1)

. bytd k2
g3 (x, y, 1) = ell@x+by+dn ;dn(kx +ly+ect), 6§>0, 97)
R
v31(x, y,1) = 2(p(bk + al) — alykdn®(kx + 1y + ct) + 7], (98)
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t=1

2 0

Fig. 1. The 3D, Contour, and 2D plots for ¢,, with the parameters a=1,b=1,k=1,1=1,6
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3 10

2

La=1f=1R =05 =0,m=05.d=5c=425.

5 -4 -2 0

Fig. 2. The 3D, Contour, and 2D plots for g, with the parameters a =1,

1
)

w3 (x, y, 1) = 2plkdn®(kx + Ly + ct) + .

(99)

as)

kIp(~d—aab+pba>— 2L -2

2
T — a(al + bk) + pQabk + @l) — Sy,

d = —aab+ pba® — L — DL 1 k(al - 2apl - k)2 — m).
We notice that the Jacobi elliptic functions degenerate to the fol-

lowing function

)

where ¢ =

dn(é) = sech(§), as m— 1. (100)
Taking m = 1, we have the hyperbolic function solutions
. bytd k2
G (x, y, 1) = ell@x+by+dn gsech(kx +ly+ect), 6>0, (101)
R
U3 (X, y,1) = 2(p(bk + al) — al)ksech®(kx + Iy + ct) + 71, (102)
S
wyy(x, . 1) = 2plksech®(kx + ly + ct) + 7‘ (103)

asy

)

K B(—d—aabtfba—RL_
~ ‘Z—Zi/i(ll—ﬂhk - a(al + bk) + pQabk + a’l) = Sy,

B 2+ k(al - 2apl — pbk).

where ¢ =
d = —aab + pba® —

Reductions
In case a = 0,8 = 1 in Egs. (97)-(99), we obtain the dn solutions for
the (2+1)-dimensional cmKdV equations

. byrd k2
G33(x, y, 1) = ell@x+by+dn ;dn(kx +ly+ect), 6>0, (104)
R
v33(x, y, 1) = 2(bk + ahkdn*(kx + ly + ct) + 71, (105)
S
w3 (x, y, 1) = 2lkdn®(kx + Iy + ct) + 71 (106)
where ¢ = — Qalth) + (2abk +a°l)— S|, d = ba -
kQal + bk)(2 — m?).
Or with m =1 we get
i(ax+by+dt) k2
G34(x, y,1) = xe"OXTY gsech(kx +ly+ct), 6>0, (107)

2 4

b=lk=11=1,6=-la=1,f=1,R =0,8,=0,m=1,d=5c=8.
U3a(x, y,1) = 2(bk + al)ksech*(kx + ly + ct) + 7‘, (108)
S
Wiy (x, y,1) = 2lksech®(kx + ly+ct)+ 71, (109)
k’("”b"z’%’%) 2 2 _ R _aS
wherec:—W+(2abk+a -8, d=ba"— ek
k(2al + bk).

In case a« = 1,4 =0 and S| = 0 in Egs. (97)—-(99), we obtain the dn
solutions for the (2+1)-dimensional NLS equations

. 2
G35 (x, y.1) = el @FbyHdD | %dn(kx +ly+ect), 6>0,

(110)
2 R,
v35(x, y,1) = =2lkdn~(kx + 1y +ct) + < (111)
where ¢ = —(al + bk), d = —ab— 5! + 1K@ — m?).
Or with m = 1 we get
. bytd k2
Gag(x, y, 1) = el@Fby+dn) gsech(kx +ly+ct), §>0, (112)
R
U36(x, ¥, 1) = —2lksech®(kx + Iy + ct) + —l, (113)

2
where ¢ = —(al + bk), d = —ab — % + k.

Physical interpretation of the solutions

In this section, we present the graphical representation of obtained
solutions.

Fig. 1 demonstrates the 3D, contour plot and 2D surfaces of g,;, by
taking the valuesa = 1,b =1,k =1,/ =1,6 = -l,a = 1, = 1LR,
0,8, = 0,m = 0.5,d = 5,¢ = 4.25, respectively, which has a periodic
solution. In the 2D representation, the evolutions of the solutions are
givenast=-1,r=0,t=1.

Fig. 2 shows the 3D, contour plot and 2D dark soliton solution
surfaces of gq,,, for the valuesa=1,b=1,k=1,I=16=-l,a=1,=
1I,R, =0,8, =0,m=1,d = 5,c = 8, respectively. For the 2D surface
dynamics, the solutions are presented with different time parameters
t=-1,t =0, =1 as a dark soliton. We see that the dark soliton keeps
directions from the right to left.
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Fig. 3. The 3D, Contour, and 2D plots for v, with the parameters a=1,b=1,k=1,I=1l,a=1,=1,R; =0,5, =0,m=05,d =5,c =4.25.

t=1

Fig. 4. The 3D, Contour, and 2D plots for v,, with the parameters a=1,b=1,k=1,/=1,a=1,=1,R; =0,5,=0,m=1,d =5,c = 8.

t=-3

=0 t=3

W21

Fig. 5. The dynamics of the solutions g,,,v,,, w,, with the parameters a=1,b=1,k=1,/=1,6=1,a=1,=1,R =0,5,=0,m=1,d =2,c=35.

Fig. 3 depict the 3D, contour plot and 2D surfaces for v;; with
parameters a = 1,b = 1,k = 1,/ = l,a = 1, = LR = 0,85, =
0,m = 0.5,d = 5,¢ = 4.25, respectively. It is the periodic solution for
t=-1,1=0,¢t =1 in the 2D plot.

Fig. 4 contains the solution v;, with parameters a = 1,b = 1,k =
ILi=l,a=1,=1,R; =0,8, =0,m=1,d = 5,¢ = 8. From this figure
it can be seen that the solution v,, is a bell-shaped soliton solution that
evolves with t = —1,7= 0,7 = 1 in the 2D representation.

In Fig. 5 we see the periodic shape of the solutions g,,, v, w,; with
valuesa=1,b=1k=1,1=16=1la=1,=1,R =0,5, =0,m=
1,d = 2,c¢ = 3.5. The dynamics of the solutions are shown with different
time parameters y = 1,r = -3, =0, =3.

Fig. 6 shows the propagation of the bright soliton solutions g,,, v5,,
wy, in 2D plot at y = 1, = —3,7 = 0,1 = 3 with parameters a = 1,b =
Lk=1l=16=1la=1=1,R =0,85,=0m=1,d=2,c=-4. 1t
is noted that bell-shaped bright solitons keep their widths, directions,
and amplitudes invariant during propagation.

The considered figures show that the different choices of the param-
eters a, b, d, c, m yield a few waveforms such as periodic solutions, bright
soliton, and dark soliton. Thus, the Jacobi elliptic functions method can
yield various solutions in applying nonlinear wave equations.

Phase portraits

In this section, we present the phase portraits of Eqgs. (1). Firstly, we
can rewrite Eq. (20) as follows

Q0" - AQ + BQ® =0, (114)
(d+aab—poa>+ 5L+ 1) 25
where A = k(al—2apl—pbk) > = K2

Let Q' = @, we obtain the following planar dynamical system

a0 _ @
de , (115)
i AQ - BO’,
d+aab—pbad+ R4 951 s
where A = %, B = % The above system (115) is a

Hamiltonian system with a Hamiltonian function

2 2 4
A B
@° _AQ"  BO" _

HQ.9)= 7 - — ) h, (116)

where £ is the Hamiltonian constant. To derive the equilibrium points
of system (115), the following system

@ =0,
AQ - BQ3 =0,

is solved. For non-zero parameters A and B, Eq. (117) has three

117)

equilibrium points as follows:

M, = (0,0), M2=(\/%,O), M3=(—\/%,0).

(118)
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Fig. 6. The dynamics of the solutions g,, v,,, w,, with the parameters a=1,b=1,k=1,/=1,6=l,a=1,=1,R =0,5, =0,m=1,d =2,c = -4.
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Fig. 7. The phase portraits of system (115).
The determinant of the Jacobian matrix of the system (115) is Here are possible outcomes resulting from varying the parameters
0 i involved
DO, ) = A—3B0? 0‘=3BQ2—A. (119) Case1: A>0,B>0
By choosing a parameter regime such as d = 0.36,a = 0.3, = 0.2,k =
We know that ILi=l,a=14=1R, =0,8 =0,6 =1, we find three equilibrium
L. If D(Q, ¢) <0, then (Q, ) is a saddle point; points M, = (0,0), M, = (1.0025,0) and M; = (-1.0025,0) as shown
IL. If D(Q, @) > 0, then (Q, ¢) is a center; in Fig. 7 (a). It can be seen that M, and M; represent a center, while
IIL. If D(Q, @) =0, then (Q, ) is a cuspidal point. M, is a saddle point.
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Case 2: A>0, B<0

By choosing a parameter regime such as d = 0.36,a = 0.3,b = 0.2,k =
ILi=l,a=1=1,R, =0,85, =0,6 = —1, we find that the only real
point is M; = (0,0) (saddle point) as presented in Fig. 7 (b).

Case 3: A<0,B>0

By choosing a parameter regime such as d = —0.36,a = 0.3,b =
02,k=1,I=1,a=1,=1,R, =0,S5, =0,6 = 1, we find that the only
real point is M| = (0,0) (center point) as presented in Fig. 7(c).

Case 4: A<0,B<0

By choosing a parameter regime such as d = —0.36,a = 0.3,b =
02,k = 1,I = lL,a = 1, = LR, = 0,5, = 0,6 = -1, we find
three equilibrium points: M, = (0,0), M, = (0.8916,0) and M; =
(—0.8916,0) as shown in Fig. 7 (d). It can be seen that M, and M;
represent a saddle point, while M, is a center.

Conclusions

In this paper, our attention has been focused on the (2+1)-
dimensional Hirota system of equations. This model of mathematical
physics encompasses the (2+1)-dimensional NLS equation and the
(2+1)-dimensional cmKdV equation. It is also a (2+1)-dimensional
integrable spin model that is put to use in applied magnetism. The
Jacobi elliptic function method was applied to obtain new solutions.
As a result, various types of exact solutions, such as dark solitons,
bright solitons, and periodic wave solutions, were obtained. Also, in
some reductions as « = 0, = 1 and @« = 1,5 = 0, we received the
exact solutions for the (2+1)-dimensional NLS equation and the (2+1)-
dimensional cmKdV equation. To illustrate the obtained results, we plot
3D, 2D, and contour profiles by setting suitable values of the involved
parameters. In addition, we obtain the phase portraits according to the
bifurcation theory of planar dynamic systems.

The first advantage of the Jacobi elliptic function method is that,
unlike existing methods such as Hirota’s bilinear method or the inverse
scattering method, tedious algebra and guesswork can be avoided.
Secondly, the Jacobi elliptic function solutions degenerate into hyper-
bolic or trigonometric function solutions when the modulus m = 1
or m = 0. Indeed, different waveforms can be produced by choosing
the parameters, such as the bell shape, the anti-bell shape, and other
solutions. The obtained results are new because the used methods have
not been applied for Egs. (1) before. Moreover, this work extends
the work on the (2+1)-dimensional Hirota system of equations [(25)-
(28)] by deriving a variety of exact solutions. We presented detailed
calculations and believed that used research methods could be useful
for readers. And other researchers can apply these methods to other
nonlinear equations. Moreover, it will also be interesting to study the
stability and geometry properties of Egs. (1). Related work is underway,
and results will be reported separately.
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