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A B S T R A C T

In this paper, we investigate the (2+1)-dimensional Hirota system of equations, which is essential for modeling
physical events since it contains the NLS equation and the cmKdV equation. We apply the Jacobi elliptic
function method to obtain new results. By using some ansatz in terms of finite Jacobi elliptic functions, we have
obtained various exact solutions, such as dark solitons, bright solitons, and periodic solutions. Moreover, for
some reductions as 𝛼 = 0, 𝛽 = 1 and 𝛼 = 1, 𝛽 = 0, we obtain the exact solutions for the (2+1)-dimensional NLS
equation and the (2+1)-dimensional cmKdV equation. The dynamics of the obtained solutions are presented
in the figures. We also analyze the phase portraits of the (2+1)-dimensional Hirota system.
Introduction

The study of nonlinear equations is developing intensively among
engineers and scientists because these equations model various difficult
processes that occur in real life and can be applied in many scientific
disciplines [1–6]. Due to the complexity of their structure, there is no
single method for dealing with nonlinear equations. Various researchers
have proposed methods and techniques to construct exact solutions of
different nonlinear equations, such as the first integral method [7,8],
the Hirota method [9,10], the Kudryashov method [11,12], the sine–
cosine method [13–15], the Darboux transformation method [16,17],
the tanh method [18,19], the generalized unified method [20,21] and
the Lie symmetry method [22–24].

In this paper, we study the (2+1)-dimensional Hirota system of
equations given by [25]

𝑖𝑞𝑡 + 𝛼𝑞𝑥𝑦 + 𝑖𝛽𝑞𝑥𝑥𝑦 − 𝑞𝑣 + 𝑖(𝑞𝑤)𝑥 = 0,

𝑣𝑥 + 2𝛼𝛿(|𝑞|2)𝑦 − 2𝑖𝛽𝛿(𝑞∗𝑥𝑦𝑞 − 𝑞∗𝑞𝑥𝑦) = 0, (1)

𝑤𝑥 − 2𝛽𝛿(|𝑞|2)𝑦 = 0,

where 𝑞(𝑥, 𝑦, 𝑡), 𝑣(𝑥, 𝑦, 𝑡), 𝑤(𝑥, 𝑦, 𝑡) are wave functions, 𝛼, 𝛽 are real
constants, 𝛿 = ±1. The symbol ∗ stands for the complex conjugate.
The system (1) is a generalization of the Hirota equation in the (2+1)-
dimension and has great importance for applied magnetism [25].
Namely, in [25] Eqs. (1) are proposed for the first time, and the
researchers presented the gauge/geometric equivalence with the spin
system. The Eqs. (1) are integrable, nonlinear, and dispersive and
admits soliton solutions. As is well-known, the soliton has applications
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in fiber optics, biology, magnets. In some articles, Eqs. (1) are stud-
ied by the Darboux transformation (DT) [26,27], the extended tanh
method [28].

The Hirota system (HS) (1) are the typical model of mathematical
physics comprising the cmKdV equation and the NLS equation:

If 𝛼 = 0, 𝛽 = 1, Eqs. (1) reduce to the (2+1)-dimensional cmKdV
equations [29–31]

𝑞𝑡 + 𝑞𝑥𝑥𝑦 + 𝑖𝑞𝑣 + (𝑞𝑤)𝑥 = 0,

𝑣𝑥 − 2𝑖𝛿(𝑞∗𝑥𝑦𝑞 − 𝑞∗𝑞𝑥𝑦) = 0, (2)

𝑤𝑥 − 2𝛿(|𝑞|2)𝑦 = 0.

If 𝛼 = 1, 𝛽 = 0, Eqs. (1) reduce to the (2+1)-dimensional NLS equations

𝑖𝑞𝑡 + 𝑞𝑥𝑦 − 𝑞𝑣 = 0,

𝑣𝑥 + 2𝛿(|𝑞|2)𝑦 = 0. (3)

In this paper, we investigate the (2+1)-dimensional HS (1) using the
Jacobi elliptic function method and the bifurcation theory of planar
dynamical systems. The Jacobi elliptic function method has been ex-
tensively applied to nonlinear equations to construct various solutions.
For instance, this method has been applied to the perturbed nonlin-
ear Schrodinger equation [32,33], the (2 + 1)-dimensional Nizhnik–
Novikov–Veselov equation [34], the fractional nonlinear Schrodinger–
Hirota equation [35], the sine–Gordon equation [36], the AB sys-
tem [37], the generalized variable-coefficient Gardner equation [38],
the generalized (3+1)-dimensional nonlinear Schrodinger equation
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[39], the nonlinear Schrödinger equation in combined harmonic-lattice
potentials [40] and others. The researchers obtained solutions in the
form of solitary waves and periodic solutions. As for the bifurca-
tion theory of planar dynamical systems, it was applied to the con-
formable Fokas–Lenells model [41], the generalized Schrodinger equa-
tion [42], the generalized q-deformed Sinh-Gordon equation [43], and
the discrete space–time logistic model [44].

The paper consists of several sections. In Section ‘‘The mathemat-
ical analysis’’, we present the mathematical analysis of the governing
equations. Section ‘‘Description of the Jacobi elliptic function method’’
describes the main steps of the Jacobi elliptic function method. In
Section ‘‘Application’’, we apply this technique to obtain the new
exact wave solutions. Section ‘‘Physical interpretation of the solutions’’
presents some obtained solutions using 2-D, 3-D, and contour plots.
Phase portraits are presented in Section ‘‘Phase portraits’’. In Section
‘‘Conclusions’’, we give the conclusion of our research work.

The mathematical analysis

To obtain the exact analytical solutions of Eqs. (1), we introduce the
following transformation

𝑞(𝑥, 𝑦, 𝑡) = 𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑄(𝑥, 𝑦, 𝑡), (4)

where 𝑎, 𝑏, 𝑑 are real constants and 𝑄(𝑥, 𝑦, 𝑡) is the real valued function,
Eqs. (1) are reduced to the following system

(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2)𝑄 + (𝛼 − 2𝑎𝛽)𝑄𝑥𝑦 − 𝛽𝑏𝑄𝑥𝑥 − 𝑣𝑄 − 𝑎𝑤𝑄 + (5)
+𝑖(𝑄𝑡 + (𝛼𝑎 − 𝑎2𝛽)𝑄𝑦 + (𝛼𝑏 − 2𝑎𝑏𝛽)𝑄𝑥 + 𝛽𝑄𝑥𝑥𝑦 +𝑤𝑥𝑄 +𝑤𝑄𝑥) = 0,

𝑣𝑥 + 2𝛼𝛿(𝑄2)𝑦 − 4𝛽𝛿(𝑎𝑄𝑦𝑄 + 𝑏𝑄𝑥𝑄) = 0, (6)

𝑤𝑥 − 2𝛽𝛿(𝑄2)𝑦 = 0. (7)

Substituting the wave transformation:

𝑄(𝑥, 𝑦, 𝑡) = 𝑄(𝜉) = 𝑄(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), (8)
𝑣(𝑥, 𝑦, 𝑡) = 𝑣(𝜉) = 𝑣(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), (9)
𝑤(𝑥, 𝑦, 𝑡) = 𝑤(𝜉) = 𝑤(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), (10)

into Eqs. (5)–(7), we obtain that

(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2)𝑄 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑄′′ − 𝑣𝑄 − 𝑎𝑤𝑄 + (11)
+𝑖((𝑐 + 𝛼𝑎𝑙 + 𝛼𝑏𝑘 − 2𝑎𝑏𝛽𝑘 − 𝑎2𝛽𝑙)𝑄′ + 𝛽𝑘2𝑙𝑄′′′ + 𝑘𝑤′𝑄 + 𝑘𝑤𝑄′) = 0,

𝑘𝑣′ + 2𝛼𝛿𝑙(𝑄2)′ − 2𝛽𝛿(𝑎𝑙𝑄2 + 𝑏𝑘𝑄2)′ = 0, (12)
𝑘𝑤′ − 2𝛽𝛿𝑙(𝑄2)′ = 0. (13)

Integrating Eqs. (12)–(13) once, we obtain

𝑣 = 1
𝑘
(2𝛿(𝛽(𝑎𝑙 + 𝑏𝑘) − 𝛼𝑙)𝑄2 + 𝑅1), 𝑤 = 1

𝑘
(2𝛽𝛿𝑙𝑄2 + 𝑆1), (14)

where 𝑅1, 𝑆1 are constants of integration. Substituting Eqs. (14) into
Eq. (11), and separating real and imaginary parts, we get the ordinary
differential equations:

(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

)𝑄 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑄′′ +

+ 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑄3 = 0, (15)

𝑐 + 𝛼𝑎𝑙 + 𝛼𝑏𝑘 − 2𝑎𝑏𝛽𝑘 − 𝑎2𝛽𝑙 + 𝑆1)𝑄′ + 𝛽𝑘2𝑙𝑄′′′ + 2𝛽𝛿𝑙(𝑄3)′ = 0. (16)

Integrating Eq. (16) once, with respect to 𝜉, gives

(𝑐 + 𝛼𝑎𝑙 + 𝛼𝑏𝑘 − 2𝑎𝑏𝛽𝑘 − 𝑎2𝛽𝑙 + 𝑆1)𝑄 + 𝛽𝑘2𝑙𝑄′′ + 2𝛽𝛿𝑙𝑄3 = 𝐿, (17)

where 𝐿 is a constant of integration. As the same function 𝑄(𝜉) satisfies
both Eqs. (15) and (17), we have the next constraint condition:

𝑘2𝑙𝛽(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

) =

= 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(𝑐 + 𝛼𝑎𝑙 + 𝛼𝑏𝑘 − 2𝑎𝑏𝛽𝑘 − 𝑎2𝛽𝑙 + 𝑆1), 𝐿 = 0.
(18)
2

By using the condition (18), we have

𝑐 =
𝑘𝑙𝛽(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏
−𝛼(𝑎𝑙+𝑏𝑘)+𝛽(2𝑎𝑏𝑘+𝑎2𝑙)−𝑆1. (19)

ext we solve Eq. (15)

−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

)𝑄 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑄′′+

+ 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑄3 = 0, (20)

escription of the Jacobi elliptic function method

In the following, we would like to outline the main steps of the
ethod:
Step 1. Nonlinear evolution equation

(𝑢, 𝑢𝑡, 𝑢𝑥, 𝑢𝑦, 𝑢𝑥𝑥, 𝑢𝑦𝑦, 𝑢𝑥𝑦,…) = 0, (21)

y using the wave transformation 𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝜉), 𝜉 = 𝑥 + 𝑦 + 𝑐𝑡, where
is constant, is reduced to a nonlinear ordinary differential equation:

(𝑢, 𝑢′, 𝑢′′, 𝑢′′′,…) = 0. (22)

Step 2.We introduce some ansatz in terms of the finite Jacobi elliptic
unction expansion in the following forms:

1. 𝑠𝑛(𝜉) expansion

(𝜉) = 𝑎0 +
𝑛
∑

𝑗=1
𝑎𝑗𝑠𝑛

𝑗 (𝜉), (23)

. 𝑐𝑛(𝜉) expansion

(𝜉) = 𝑎0 +
𝑛
∑

𝑗=1
𝑎𝑗𝑐𝑛

𝑗 (𝜉), (24)

. 𝑑𝑛(𝜉) expansion

(𝜉) = 𝑎0 +
𝑛
∑

𝑗=1
𝑎𝑗𝑑𝑛

𝑗 (𝜉), (25)

here 𝑠𝑛(𝜉), 𝑐𝑛(𝜉), 𝑑𝑛(𝜉) are the Jacobi elliptic functions.
Properties of the triangular function

𝑛2(𝜉) + 𝑠𝑛2(𝜉) = 𝑑𝑛2(𝜉) + 𝑚2𝑠𝑛2(𝜉) = 1, (26)
𝑠2(𝜉) = 1 + 𝑐𝑠2(𝜉), 𝑛𝑠2(𝜉) = 𝑚2 + 𝑑𝑠2(𝜉), (27)
𝑐2(𝜉) + 1 = 𝑛𝑐2(𝜉), 𝑚2𝑠𝑑2(𝜉) + 1 = 𝑛𝑑2(𝜉). (28)

Derivatives of the Jacobi elliptic functions

𝑛′(𝜉) = 𝑐𝑛(𝜉)𝑑𝑛(𝜉), 𝑐𝑛′(𝜉) = −𝑠𝑛(𝜉)𝑑𝑛(𝜉),

𝑑𝑛′(𝜉) = −𝑚2𝑠𝑛(𝜉)𝑐𝑛(𝜉), (29)
𝑛𝑠′(𝜉) = −𝑑𝑠(𝜉)𝑐𝑠(𝜉), 𝑑𝑠′(𝜉) = −𝑐𝑠(𝜉)𝑛𝑠(𝜉),

𝑐𝑠′(𝜉) = −𝑛𝑠(𝜉)𝑑𝑠(𝜉), (30)
𝑠𝑐′(𝜉) = 𝑛𝑐(𝜉)𝑑𝑐(𝜉), 𝑛𝑐′(𝜉) = 𝑠𝑐(𝜉)𝑑𝑐(𝜉),

𝑐𝑑′(𝜉) = 𝑐𝑠(𝜉)𝑛𝑑(𝜉), 𝑛𝑑′(𝜉) = 𝑚2𝑠𝑑(𝜉)𝑐𝑑(𝜉), (31)

where 𝑚 is a modulus.
Step 3. The parameter 𝑛 can be found by balancing the nonlinear

term and the highest order derivative term on Eq. (22).
Step 4. Respectively substitute Eqs. (23)–(25) into Eq. (22) along

with Eqs. (26)–(28) and (29)–(31) and then respectively set all co-
efficients of 𝑠𝑛𝑗 (𝜉), 𝑐𝑛𝑗 (𝜉), 𝑑𝑛𝑗 (𝜉) (j=0,1,2,3, . . . ) to be zero to get an
over-determined system of nonlinear algebraic equations with respect
to 𝑎𝑗 (j=0,1,2,3, . . . ). By solving the obtained system, we find the
coefficients 𝑎𝑗 (j=0,1,2,3, . . . ). This way, we can get the solutions with
the Jacobi elliptic function.

Since

lim
𝑚⟶1

𝑠𝑛(𝜉) = 𝑡𝑎𝑛ℎ(𝜉), lim
𝑚⟶1

𝑐𝑛(𝜉) = 𝑠𝑒𝑐ℎ(𝜉), lim
𝑚⟶1

𝑑𝑛(𝜉) = 𝑠𝑒𝑐ℎ(𝜉), (32)

lim 𝑛𝑠(𝜉) = 𝑐𝑜𝑡ℎ(𝜉), lim 𝑐𝑠(𝜉) = 𝑐𝑠𝑐ℎ(𝜉), lim 𝑑𝑠(𝜉) = 𝑐𝑠𝑐ℎ(𝜉), (33)

𝑚⟶1 𝑚⟶1 𝑚⟶1
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lim
𝑚⟶0

𝑠𝑛(𝜉) = 𝑠𝑖𝑛(𝜉), lim
𝑚⟶0

𝑐𝑛(𝜉) = 𝑐𝑜𝑠(𝜉), lim
𝑚⟶0

𝑑𝑛(𝜉) = 1, (34)

lim
𝑚⟶0

𝑠𝑛(𝜉) = 𝑐𝑠𝑐(𝜉), lim
𝑚⟶0

𝑐𝑠(𝜉) = 𝑐𝑜𝑡(𝜉), lim
𝑚⟶0

𝑑𝑠(𝜉) = 𝑐𝑠𝑐(𝜉). (35)

Application

The sn solutions

Following the method, the solution of Eq. (20) can be obtained by
transformation

𝑄(𝜉) = 𝑎0 + 𝑎1𝑠𝑛(𝜉). (36)

To find the 𝑠𝑛 solution we use Eq. (36) and its second order derivative

𝑄′′(𝜉) = −(1 + 𝑚2)𝑎1𝑠𝑛(𝜉) + 2𝑚2𝑎1𝑠𝑛
3(𝜉), (37)

and

𝑄3(𝜉) = 𝑎30 + 3𝑎20𝑎1𝑠𝑛(𝜉) + 3𝑎0𝑎21𝑠𝑛
2(𝜉) + 𝑎31𝑠𝑛

3(𝜉). (38)

Substitute (36)–(38) into (20) we get

(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

)(𝑎0 + 𝑎1𝑠𝑛(𝜉)) +

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(−(1 + 𝑚2)𝑎1𝑠𝑛(𝜉) + 2𝑚2𝑎1𝑠𝑛
3(𝜉)) + (39)

+2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(𝑎30 + 3𝑎20𝑎1𝑠𝑛(𝜉) + 3𝑎0𝑎21𝑠𝑛

2(𝜉) + 𝑎31𝑠𝑛
3(𝜉)) = 0.

We equate the coefficients of each pair of the 𝑠𝑛(𝜉) functions and
get a system of algebraic equations

𝑠𝑛0(𝜉) ∶ (−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+

+2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑎20)𝑎0 = 0, (40)

𝑠𝑛1(𝜉) ∶ (−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

−

−𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(1 + 𝑚2) + (41)

+3𝑎20
2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘))𝑎1 = 0,

𝑠𝑛2(𝜉) ∶ 3𝑎0𝑎21
2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘) = 0, (42)

𝑛3(𝜉) ∶ ( 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑎21 + 2𝑚2𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘))𝑎1 = 0. (43)

By solving the system (40)–(43), we obtain:

𝑎0 = 0, 𝑎1 = ±𝑚
√

−𝑘2
𝛿

,

= −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

− 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(1 + 𝑚2). (44)

Substituting Eq. (44) into Eq. (36) and then obtained result in
Eqs. (4) and (14) we derive the 𝑠𝑛 solutions for the (2+1)-dimensional
HS (1)

𝑞11(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑚
√

−𝑘2
𝛿

𝑠𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 < 0, (45)

𝑣11(𝑥, 𝑦, 𝑡) = −2(𝛽(𝑏𝑘 + 𝑎𝑙) − 𝛼𝑙)𝑚2𝑘𝑠𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (46)

𝑤11(𝑥, 𝑦, 𝑡) = −2𝛽𝑚2𝑙𝑘𝑠𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (47)

where 𝑐 =
𝑘𝑙𝛽(−𝑑−𝛼𝑎𝑏+𝛽𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏 − 𝛼(𝑎𝑙 + 𝑏𝑘) + 𝛽(2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1,
= −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 − 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(1 + 𝑚2).

We notice that the Jacobi elliptic functions degenerate to the fol-
lowing function

𝑠𝑛(𝜉) → 𝑡𝑎𝑛ℎ(𝜉), 𝑎𝑠 𝑚 → 1. (48)

Taking 𝑚 = 1, we have the hyperbolic function solutions

𝑞 (𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

−𝑘2 𝑡𝑎𝑛ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 < 0, (49)
3

12 𝛿
𝑣12(𝑥, 𝑦, 𝑡) = −2(𝛽(𝑏𝑘 + 𝑎𝑙) − 𝛼𝑙)𝑘𝑡𝑎𝑛ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (50)

𝑤12(𝑥, 𝑦, 𝑡) = −2𝛽𝑙𝑘𝑡𝑎𝑛ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (51)

where 𝑐 =
𝑘𝑙𝛽(−𝑑−𝛼𝑎𝑏+𝛽𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏 − 𝛼(𝑎𝑙 + 𝑏𝑘) + 𝛽(2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1,
= −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 − 2𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘).

eductions
In case 𝛼 = 0, 𝛽 = 1 in Eqs. (45)–(47), we obtain the 𝑠𝑛 solutions for

he (2+1)-dimensional cmKdV equations

𝑞13(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑚
√

−𝑘2
𝛿

𝑠𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 < 0, (52)

𝑣13(𝑥, 𝑦, 𝑡) = −2(𝑏𝑘 + 𝑎𝑙)𝑚2𝑘𝑠𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (53)

𝑤13(𝑥, 𝑦, 𝑡) = −2𝑚2𝑙𝑘𝑠𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (54)

where 𝑐 = −
𝑘𝑙(−𝑑+𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

(2𝑎𝑙+𝑏) + (2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1, 𝑑 = 𝑏𝑎2 − 𝑅1
𝑘 − 𝑎𝑆1

𝑘 +
𝑘(2𝑎𝑙 + 𝑏𝑘)(1 + 𝑚2).

Or with 𝑚 = 1 we get

𝑞14(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

−𝑘2
𝛿

𝑡𝑎𝑛ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 < 0, (55)

𝑣14(𝑥, 𝑦, 𝑡) = −2(𝑏𝑘 + 𝑎𝑙)𝑘𝑡𝑎𝑛ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (56)

𝑤14(𝑥, 𝑦, 𝑡) = −2𝑙𝑘𝑡𝑎𝑛ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (57)

where 𝑐 = −
𝑘𝑙(−𝑑+𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

(2𝑎𝑙+𝑏) + (2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1, 𝑑 = 𝑏𝑎2 − 𝑅1
𝑘 − 𝑎𝑆1

𝑘 +
2𝑘(2𝑎𝑙 + 𝑏𝑘).

In case 𝛼 = 1, 𝛽 = 0 and 𝑆1 = 0 in Eqs. (45)–(47), we obtain the 𝑠𝑛
olutions for the (2+1)-dimensional NLS equations

𝑞15(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑚
√

−𝑘2
𝛿

𝑠𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 < 0, (58)

15(𝑥, 𝑦, 𝑡) = 2𝑚2𝑙𝑘𝑠𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (59)

where 𝑐 = −(𝑎𝑙 + 𝑏𝑘), 𝑑 = −𝑎𝑏 − 𝑅1
𝑘 − 𝑘𝑙(1 + 𝑚2).

Or with 𝑚 = 1 we get

𝑞16(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

−𝑘2
𝛿

𝑡𝑎𝑛ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 < 0, (60)

16(𝑥, 𝑦, 𝑡) = 2𝑙𝑘𝑡𝑎𝑛ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (61)

where 𝑐 = −(𝑎𝑙 + 𝑏𝑘), 𝑑 = −𝑎𝑏 − 𝑅1
𝑘 − 2𝑘𝑙.

The cn solutions

According to the method, the solution of Eq. (20) can be found by
transformation

𝑄(𝜉) = 𝑎0 + 𝑎1𝑐𝑛(𝜉). (62)

o find the 𝑐𝑛 solution we use Eq. (62) and its second order derivative
′′(𝜉) = (2𝑚2 − 1)𝑎1𝑐𝑛(𝜉) − 2𝑚2𝑎1𝑐𝑛

3(𝜉), (63)

nd
3(𝜉) = 𝑎30 + 3𝑎20𝑎1𝑐𝑛(𝜉) + 3𝑎0𝑎21𝑐𝑛

2(𝜉) + 𝑎31𝑐𝑛
3(𝜉). (64)

Substitute (62)–(64) into (20) we get

(−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

)(𝑎0 + 𝑎1𝑐𝑛(𝜉)) +

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)((2𝑚2 − 1)𝑎1𝑐𝑛(𝜉) − 2𝑚2𝑎1𝑐𝑛
3(𝜉)) + (65)

+ 2𝛿 (𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(𝑎3 + 3𝑎2𝑎 𝑐𝑛(𝜉) + 3𝑎 𝑎2𝑐𝑛2(𝜉) + 𝑎3𝑐𝑛3(𝜉)) = 0.

𝑘 0 0 1 0 1 1
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We equate coefficients of each pair of the 𝑐𝑛(𝜉) functions and get a
system of algebraic equations

𝑐𝑛0(𝜉) ∶ (−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+

+ 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑎20)𝑎0 = 0, (66)

𝑐𝑛1(𝜉) ∶ (−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(2𝑚2 − 1) + (67)

+3𝑎20
2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘))𝑎1 = 0,

𝑐𝑛2(𝜉) ∶ 3𝑎0𝑎21
2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘) = 0, (68)

𝑛3(𝜉) ∶ ( 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑎21 − 2𝑚2𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘))𝑎1 = 0. (69)

By solving the system (66)–(69), we obtain:

𝑎0 = 0, 𝑎1 = ±𝑚
√

𝑘2
𝛿
,

= −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(2𝑚2 − 1). (70)

By substituting Eq. (70) into Eq. (62) and then obtained result in
Eqs. (4) and (14) we derive the 𝑐𝑛 solutions for the (2+1)-dimensional
S (1)

𝑞21(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑚
√

𝑘2
𝛿
𝑐𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (71)

𝑣21(𝑥, 𝑦, 𝑡) = 2(𝛽(𝑏𝑘 + 𝑎𝑙) − 𝛼𝑙)𝑚2𝑘𝑐𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (72)

𝑤21(𝑥, 𝑦, 𝑡) = 2𝛽𝑚2𝑙𝑘𝑐𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (73)

where 𝑐 =
𝑘𝑙𝛽(−𝑑−𝛼𝑎𝑏+𝛽𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏 − 𝛼(𝑎𝑙 + 𝑏𝑘) + 𝛽(2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1,
= −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(2𝑚2 − 1).

We notice that the Jacobi elliptic functions degenerate into the
following function

𝑐𝑛(𝜉) → 𝑠𝑒𝑐ℎ(𝜉), 𝑎𝑠 𝑚 → 1. (74)

aking 𝑚 = 1, we have the hyperbolic function solutions for Eqs. (1)

𝑞22(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑠𝑒𝑐ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (75)

𝑣22(𝑥, 𝑦, 𝑡) = 2(𝛽(𝑏𝑘 + 𝑎𝑙) − 𝛼𝑙)𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (76)

𝑤22(𝑥, 𝑦, 𝑡) = 2𝛽𝑙𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (77)

here 𝑐 =
𝑘𝑙𝛽(−𝑑−𝛼𝑎𝑏+𝛽𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏 − 𝛼(𝑎𝑙 + 𝑏𝑘) + 𝛽(2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1,
= −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘).

Reductions
In case 𝛼 = 0, 𝛽 = 1 for Eqs. (71)–(73), we obtain the 𝑐𝑛 solutions

for the (2+1)-dimensional cmKdV equations

𝑞23(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑚
√

𝑘2
𝛿
𝑐𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (78)

𝑣23(𝑥, 𝑦, 𝑡) = 2(𝑏𝑘 + 𝑎𝑙)𝑚2𝑘𝑐𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
2
, (79)

𝑤23(𝑥, 𝑦, 𝑡) = 2𝑚2𝑙𝑘𝑐𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (80)

here 𝑐 = −
𝑘𝑙(−𝑑+𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

(2𝑎𝑙+𝑏) + (2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1, 𝑑 = 𝑏𝑎2 − 𝑅1
𝑘 − 𝑎𝑆1

𝑘 −
𝑘(2𝑎𝑙 + 𝑏𝑘)(2𝑚2 − 1).

Or with 𝑚 = 1 we get

𝑞24(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑠𝑒𝑐ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (81)

𝑣 (𝑥, 𝑦, 𝑡) = 2(𝑏𝑘 + 𝑎𝑙)𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1 , (82)
4

24 𝑘
𝑤24(𝑥, 𝑦, 𝑡) = 2𝑙𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (83)

where 𝑐 = −
𝑘𝑙(−𝑑+𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

(2𝑎𝑙+𝑏) + (2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1, 𝑑 = 𝑏𝑎2 − 𝑅1
𝑘 − 𝑎𝑆1

𝑘 −
𝑘(2𝑎𝑙 + 𝑏𝑘).

In case 𝛼 = 1, 𝛽 = 0 and 𝑆1 = 0 for Eqs. (71)–(73), we obtain the 𝑐𝑛
solutions for the (2+1)-dimensional NLS equations

𝑞25(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)𝑚
√

𝑘2
𝛿
𝑐𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (84)

25(𝑥, 𝑦, 𝑡) = −2𝑚2𝑙𝑘𝑐𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (85)

where 𝑐 = −(𝑎𝑙 + 𝑏𝑘), 𝑑 = −𝑎𝑏 − 𝑅1
2 + 𝑘𝑙(2𝑚2 − 1).

Or with 𝑚 = 1 we get

𝑞26(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑠𝑒𝑐ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (86)

26(𝑥, 𝑦, 𝑡) = −2𝑙𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (87)

where 𝑐 = −(𝑎𝑙 + 𝑏𝑘), 𝑑 = −𝑎𝑏 − 𝑅1
2 + 𝑘𝑙.

The dn solutions

The 𝑑𝑛 solution of Eq. (20) are obtained by transformation

(𝜉) = 𝑎0 + 𝑎1𝑑𝑛(𝜉). (88)

nd its second-order derivative
′′(𝜉) = (2 − 𝑚2)𝑎1𝑑𝑛(𝜉) − 2𝑎1𝑑𝑛3(𝜉), (89)

nd
3(𝜉) = 𝑎30 + 3𝑎20𝑎1𝑑𝑛(𝜉) + 3𝑎0𝑎21𝑑𝑛

2(𝜉) + 𝑎31𝑑𝑛
3(𝜉). (90)

ubstitute (88)–(90) into (20) we get

−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

)(𝑎0 + 𝑎1𝑑𝑛(𝜉)) +

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)((2 − 𝑚2)𝑎1𝑑𝑛(𝜉) − 2𝑎1𝑑𝑛3(𝜉)) + (91)

+ 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(𝑎30 + 3𝑎20𝑎1𝑑𝑛(𝜉) + 3𝑎0𝑎21𝑑𝑛

2(𝜉) + 𝑎31𝑑𝑛
3(𝜉)) = 0.

We equate the coefficients of each pair of the 𝑑𝑛(𝜉) functions and
ave a system of algebraic equations

𝑑𝑛0(𝜉) ∶ (−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+

+ 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑎20)𝑎0 = 0, (92)

𝑑𝑛1(𝜉) ∶ (−𝑑 − 𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(2 − 𝑚2) + (93)

+3𝑎20
2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘))𝑎1 = 0,

𝑑𝑛2(𝜉) ∶ 3𝑎0𝑎21(
2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)) = 0, (94)

𝑑𝑛3(𝜉) ∶ ( 2𝛿
𝑘
(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)𝑎21 − 2𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘))𝑎1 = 0. (95)

By solving the system (92)–(95), we obtain:

𝑎0 = 0, 𝑎1 = ±
√

𝑘2
𝛿
,

𝑑 = −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 −
𝑅1
𝑘

−
𝑎𝑆1
𝑘

+ 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(2 − 𝑚2). (96)

Substituting Eq. (96) into Eq. (88) and then obtained result in
qs. (4) and (14) we derive the 𝑑𝑛 solutions for the (2+1)-dimensional
S (1)

𝑞31(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑑𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (97)

𝑣 (𝑥, 𝑦, 𝑡) = 2(𝛽(𝑏𝑘 + 𝑎𝑙) − 𝛼𝑙)𝑘𝑑𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1 , (98)
31 𝑘
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Fig. 1. The 3D, Contour, and 2D plots for 𝑞11 with the parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = −1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 0.5, 𝑑 = 5, 𝑐 = 4.25.
Fig. 2. The 3D, Contour, and 2D plots for 𝑞12 with the parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = −1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 5, 𝑐 = 8.
𝑤31(𝑥, 𝑦, 𝑡) = 2𝛽𝑙𝑘𝑑𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (99)

where 𝑐 =
𝑘𝑙𝛽(−𝑑−𝛼𝑎𝑏+𝛽𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏 − 𝛼(𝑎𝑙 + 𝑏𝑘) + 𝛽(2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1,
𝑑 = −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘)(2 − 𝑚2).

We notice that the Jacobi elliptic functions degenerate to the fol-
lowing function

𝑑𝑛(𝜉) → 𝑠𝑒𝑐ℎ(𝜉), 𝑎𝑠 𝑚 → 1. (100)

Taking 𝑚 = 1, we have the hyperbolic function solutions

𝑞32(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑠𝑒𝑐ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (101)

𝑣32(𝑥, 𝑦, 𝑡) = 2(𝛽(𝑏𝑘 + 𝑎𝑙) − 𝛼𝑙)𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (102)

𝑤32(𝑥, 𝑦, 𝑡) = 2𝛽𝑙𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (103)

where 𝑐 =
𝑘𝑙𝛽(−𝑑−𝛼𝑎𝑏+𝛽𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏 − 𝛼(𝑎𝑙 + 𝑏𝑘) + 𝛽(2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1,
𝑑 = −𝛼𝑎𝑏 + 𝛽𝑏𝑎2 − 𝑅1

𝑘 − 𝑎𝑆1
𝑘 + 𝑘(𝛼𝑙 − 2𝑎𝛽𝑙 − 𝛽𝑏𝑘).

Reductions
In case 𝛼 = 0, 𝛽 = 1 in Eqs. (97)–(99), we obtain the 𝑑𝑛 solutions for

the (2+1)-dimensional cmKdV equations

𝑞33(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑑𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (104)

𝑣33(𝑥, 𝑦, 𝑡) = 2(𝑏𝑘 + 𝑎𝑙)𝑘𝑑𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (105)

𝑤33(𝑥, 𝑦, 𝑡) = 2𝑙𝑘𝑑𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (106)

where 𝑐 = −
𝑘𝑙(−𝑑+𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

(2𝑎𝑙+𝑏) + (2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1, 𝑑 = 𝑏𝑎2 − 𝑅1
𝑘 − 𝑎𝑆1

𝑘 −
𝑘(2𝑎𝑙 + 𝑏𝑘)(2 − 𝑚2).

Or with 𝑚 = 1 we get

𝑞 (𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2 𝑠𝑒𝑐ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (107)
5

34 𝛿
𝑣34(𝑥, 𝑦, 𝑡) = 2(𝑏𝑘 + 𝑎𝑙)𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (108)

𝑤34(𝑥, 𝑦, 𝑡) = 2𝑙𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑆1
𝑘
, (109)

where 𝑐 = −
𝑘𝑙(−𝑑+𝑏𝑎2− 𝑅1

𝑘 − 𝑎𝑆1
𝑘 )

(2𝑎𝑙+𝑏) + (2𝑎𝑏𝑘 + 𝑎2𝑙) − 𝑆1, 𝑑 = 𝑏𝑎2 − 𝑅1
𝑘 − 𝑎𝑆1

𝑘 −
𝑘(2𝑎𝑙 + 𝑏𝑘).

In case 𝛼 = 1, 𝛽 = 0 and 𝑆1 = 0 in Eqs. (97)–(99), we obtain the 𝑑𝑛
solutions for the (2+1)-dimensional NLS equations

𝑞35(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑑𝑛(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (110)

𝑣35(𝑥, 𝑦, 𝑡) = −2𝑙𝑘𝑑𝑛2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
𝑘

, (111)

where 𝑐 = −(𝑎𝑙 + 𝑏𝑘), 𝑑 = −𝑎𝑏 − 𝑅1
𝑘 + 𝑙𝑘(2 − 𝑚2).

Or with 𝑚 = 1 we get

𝑞36(𝑥, 𝑦, 𝑡) = ±𝑒𝑖(𝑎𝑥+𝑏𝑦+𝑑𝑡)
√

𝑘2
𝛿
𝑠𝑒𝑐ℎ(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡), 𝛿 > 0, (112)

𝑣36(𝑥, 𝑦, 𝑡) = −2𝑙𝑘𝑠𝑒𝑐ℎ2(𝑘𝑥 + 𝑙𝑦 + 𝑐𝑡) +
𝑅1
2
, (113)

where 𝑐 = −(𝑎𝑙 + 𝑏𝑘), 𝑑 = −𝑎𝑏 − 𝑅1
𝑘 + 𝑙𝑘.

Physical interpretation of the solutions

In this section, we present the graphical representation of obtained
solutions.

Fig. 1 demonstrates the 3D, contour plot and 2D surfaces of 𝑞11, by
taking the values 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = −1, 𝛼 = 1, 𝛽 = 1, 𝑅1 =
0, 𝑆1 = 0, 𝑚 = 0.5, 𝑑 = 5, 𝑐 = 4.25, respectively, which has a periodic
solution. In the 2D representation, the evolutions of the solutions are
given as 𝑡 = −1, 𝑡 = 0, 𝑡 = 1.

Fig. 2 shows the 3D, contour plot and 2D dark soliton solution
surfaces of 𝑞12, for the values 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = −1, 𝛼 = 1, 𝛽 =
1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 5, 𝑐 = 8, respectively. For the 2D surface
dynamics, the solutions are presented with different time parameters
𝑡 = −1, 𝑡 = 0, 𝑡 = 1 as a dark soliton. We see that the dark soliton keeps
directions from the right to left.
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Fig. 3. The 3D, Contour, and 2D plots for 𝑣11 with the parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 0.5, 𝑑 = 5, 𝑐 = 4.25.
Fig. 4. The 3D, Contour, and 2D plots for 𝑣12 with the parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 5, 𝑐 = 8.
Fig. 5. The dynamics of the solutions 𝑞21 , 𝑣21 , 𝑤21 with the parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 2, 𝑐 = 3.5.
Fig. 3 depict the 3D, contour plot and 2D surfaces for 𝑣11 with
parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 =
0, 𝑚 = 0.5, 𝑑 = 5, 𝑐 = 4.25, respectively. It is the periodic solution for
𝑡 = −1, 𝑡 = 0, 𝑡 = 1 in the 2D plot.

Fig. 4 contains the solution 𝑣12 with parameters 𝑎 = 1, 𝑏 = 1, 𝑘 =
1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 5, 𝑐 = 8. From this figure
it can be seen that the solution 𝑣12 is a bell-shaped soliton solution that
evolves with 𝑡 = −1, 𝑡 = 0, 𝑡 = 1 in the 2D representation.

In Fig. 5 we see the periodic shape of the solutions 𝑞21, 𝑣21, 𝑤21 with
values 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 =
1, 𝑑 = 2, 𝑐 = 3.5. The dynamics of the solutions are shown with different
time parameters 𝑦 = 1, 𝑡 = −3, 𝑡 = 0, 𝑡 = 3.

Fig. 6 shows the propagation of the bright soliton solutions 𝑞22, 𝑣22,
𝑤22 in 2D plot at 𝑦 = 1, 𝑡 = −3, 𝑡 = 0, 𝑡 = 3 with parameters 𝑎 = 1, 𝑏 =
1, 𝑘 = 1, 𝑙 = 1, 𝛿 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 2, 𝑐 = −4. It
is noted that bell-shaped bright solitons keep their widths, directions,
and amplitudes invariant during propagation.

The considered figures show that the different choices of the param-
eters 𝑎, 𝑏, 𝑑, 𝑐, 𝑚 yield a few waveforms such as periodic solutions, bright
soliton, and dark soliton. Thus, the Jacobi elliptic functions method can
yield various solutions in applying nonlinear wave equations.

Phase portraits

In this section, we present the phase portraits of Eqs. (1). Firstly, we
can rewrite Eq. (20) as follows
6

𝑄′′ − 𝐴𝑄 + 𝐵𝑄3 = 0, (114)

where 𝐴 =
(𝑑+𝛼𝑎𝑏−𝛽𝑏𝑎2+ 𝑅1

𝑘 + 𝑎𝑆1
𝑘 )

𝑘(𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏𝑘) , 𝐵 = 2𝛿
𝑘2

.
Let 𝑄′ = 𝜑, we obtain the following planar dynamical system

⎧

⎪

⎨

⎪

⎩

𝑑𝑄
𝑑𝜉 = 𝜑,
𝑑𝜑
𝑑𝜉 = 𝐴𝑄 − 𝐵𝑄3,

(115)

where 𝐴 =
(𝑑+𝛼𝑎𝑏−𝛽𝑏𝑎2+ 𝑅1

𝑘 + 𝑎𝑆1
𝑘 )

𝑘(𝛼𝑙−2𝑎𝛽𝑙−𝛽𝑏𝑘) , 𝐵 = 2𝛿
𝑘2

. The above system (115) is a
Hamiltonian system with a Hamiltonian function

𝐻(𝑄,𝜑) =
𝜑2

2
− 𝐴𝑄2

2
+ 𝐵𝑄4

4
= ℎ, (116)

where ℎ is the Hamiltonian constant. To derive the equilibrium points
of system (115), the following system
{

𝜑 = 0,
𝐴𝑄 − 𝐵𝑄3 = 0,

(117)

is solved. For non-zero parameters 𝐴 and 𝐵, Eq. (117) has three
equilibrium points as follows:

𝑀 = (0, 0), 𝑀 = (
√

𝐴 , 0), 𝑀 = (−
√

𝐴 , 0). (118)
1 2 𝐵 3 𝐵
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Fig. 6. The dynamics of the solutions 𝑞22 , 𝑣22 , 𝑤22 with the parameters 𝑎 = 1, 𝑏 = 1, 𝑘 = 1, 𝑙 = 1, 𝛿 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝑚 = 1, 𝑑 = 2, 𝑐 = −4.
Fig. 7. The phase portraits of system (115).
The determinant of the Jacobian matrix of the system (115) is

𝐷(𝑄,𝜑) =
|

|

|

|

|

0 1
𝐴 − 3𝐵𝑄2 0

|

|

|

|

|

= 3𝐵𝑄2 − 𝐴. (119)

We know that
I. If 𝐷(𝑄,𝜑) < 0, then (𝑄,𝜑) is a saddle point;
II. If 𝐷(𝑄,𝜑) > 0, then (𝑄,𝜑) is a center;
III. If 𝐷(𝑄,𝜑) = 0, then (𝑄,𝜑) is a cuspidal point.
7

Here are possible outcomes resulting from varying the parameters
involved

Case 1: 𝐴 > 0, 𝐵 > 0
By choosing a parameter regime such as 𝑑 = 0.36, 𝑎 = 0.3, 𝑏 = 0.2, 𝑘 =

1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝛿 = 1, we find three equilibrium
points 𝑀1 = (0, 0), 𝑀2 = (1.0025, 0) and 𝑀3 = (−1.0025, 0) as shown
in Fig. 7 (a). It can be seen that 𝑀2 and 𝑀3 represent a center, while
𝑀 is a saddle point.
1
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Case 2: 𝐴 > 0, 𝐵 < 0
By choosing a parameter regime such as 𝑑 = 0.36, 𝑎 = 0.3, 𝑏 = 0.2, 𝑘 =

1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝛿 = −1, we find that the only real
point is 𝑀1 = (0, 0) (saddle point) as presented in Fig. 7 (b).

Case 3: 𝐴 < 0, 𝐵 > 0
By choosing a parameter regime such as 𝑑 = −0.36, 𝑎 = 0.3, 𝑏 =

0.2, 𝑘 = 1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝛿 = 1, we find that the only
real point is 𝑀1 = (0, 0) (center point) as presented in Fig. 7(c).

Case 4: 𝐴 < 0, 𝐵 < 0
By choosing a parameter regime such as 𝑑 = −0.36, 𝑎 = 0.3, 𝑏 =

.2, 𝑘 = 1, 𝑙 = 1, 𝛼 = 1, 𝛽 = 1, 𝑅1 = 0, 𝑆1 = 0, 𝛿 = −1, we find
hree equilibrium points: 𝑀1 = (0, 0), 𝑀2 = (0.8916, 0) and 𝑀3 =
−0.8916, 0) as shown in Fig. 7 (d). It can be seen that 𝑀2 and 𝑀3
epresent a saddle point, while 𝑀1 is a center.

onclusions

In this paper, our attention has been focused on the (2+1)-
imensional Hirota system of equations. This model of mathematical
hysics encompasses the (2+1)-dimensional NLS equation and the
2+1)-dimensional cmKdV equation. It is also a (2+1)-dimensional
ntegrable spin model that is put to use in applied magnetism. The
acobi elliptic function method was applied to obtain new solutions.
s a result, various types of exact solutions, such as dark solitons,
right solitons, and periodic wave solutions, were obtained. Also, in
ome reductions as 𝛼 = 0, 𝛽 = 1 and 𝛼 = 1, 𝛽 = 0, we received the
xact solutions for the (2+1)-dimensional NLS equation and the (2+1)-
imensional cmKdV equation. To illustrate the obtained results, we plot
D, 2D, and contour profiles by setting suitable values of the involved
arameters. In addition, we obtain the phase portraits according to the
ifurcation theory of planar dynamic systems.

The first advantage of the Jacobi elliptic function method is that,
nlike existing methods such as Hirota’s bilinear method or the inverse
cattering method, tedious algebra and guesswork can be avoided.
econdly, the Jacobi elliptic function solutions degenerate into hyper-
olic or trigonometric function solutions when the modulus 𝑚 = 1
r 𝑚 = 0. Indeed, different waveforms can be produced by choosing
he parameters, such as the bell shape, the anti-bell shape, and other
olutions. The obtained results are new because the used methods have
ot been applied for Eqs. (1) before. Moreover, this work extends
he work on the (2+1)-dimensional Hirota system of equations [(25)–
28)] by deriving a variety of exact solutions. We presented detailed
alculations and believed that used research methods could be useful
or readers. And other researchers can apply these methods to other
onlinear equations. Moreover, it will also be interesting to study the
tability and geometry properties of Eqs. (1). Related work is underway,
nd results will be reported separately.
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