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In this paper, we focus on the parametrization of the effective equation of state (EoS) parameter
within the framework of f (Q) symmetric teleparallel gravity. Here, the gravitational action is repre-
sented by an arbitrary function of the non-metricity scalar Q. By utilizing a specific parametrization of
the effective EoS parameter and a power-law model of f (Q) theory, namely f (Q) = βQ(m+1) (where β

and m are arbitrary constants), we derive the cosmological solution of the Hubble parameter H(z). To
constrain model parameters, we employ recent observational data, including the Observational Hub-
ble parameter Data (OHD), Baryon Acoustic Oscillations data (BAO), and Type Ia supernovae data
(SNe Ia). The current constrained value of the deceleration parameter is found to be q0 = −0.50+0.01

−0.01,
indicating that the current Universe is accelerating. Furthermore, we examine the evolution of the
density, EoS, and Om(z) diagnostic parameters to deduce the accelerating nature of the Universe.
Finally, we perform a stability analysis with linear perturbations to confirm the model’s stability.

I. INTRODUCTION

In modern cosmology, the observational aspect is crit-
ical. The introduction of new tools in observation causes
cosmologists to reassess the formulation of gravitational
theories regularly. With the discovery of Hubble, Ein-
stein was forced to remove the cosmological constant
from his field equations in General Relativity Theory
(GRT). The observation of Type Ia supernovae (SNe Ia)
in 1998 forced cosmologists to abandon the hypothesis
of decelerating Universe expansion [1, 2]. Since then,
the Baryon Acoustic Oscillations (BAO) [3, 4], Cosmic
Microwave Background (CMB) [5, 6], and Large Scale
Structure (LSS) [7, 8], and many more measurements
have provided evidence for the Universe’s accelerated
expansion. Thus, it is critical to include observable data
while developing a theoretical cosmological model of
the Universe. The accelerated expansion of the Universe
is a key characteristic of modern cosmology. The Ein-
stein field equations in GRT invariably result in a de-
celerating expansion of the Universe with the normal
matter constituent. The accelerating expansion can be
characterized by introducing a new constituent to the
energy-momentum tensor part of the field equations or
by making some changes to the geometrical part. Us-
ing these concepts, recent research has developed a vari-
ety of cosmological models of the Universe that explain

∗ Email: a.b.mussatayeva@gmail.com
† Email: nmyrzakulov@gmail.com
‡ Email: pr.mouhssine@gmail.com

the accelerating expansion. The notion of dark energy
(DE) has recently gained prominence. DE is an exotic
energy constituent with high negative pressure that ex-
plains numerous data and addresses several significant
issues in modern cosmology. The second alternative is
to suppose that GRT fails at large scales and that grav-
ity may be explained via a more general action than the
Einstein-Hilbert action.

In general, modified theories of gravity can be di-
vided between models following the GRT structure with
null torsion and non-metricity (such as the f (R) and
f (R, T) theories [9–12]), models with torsion T (the
teleparallel equivalent of GRT) [13, 14], and models with
non-metricity Q (the symmetric teleparallel equivalent
of GRT) [15, 16]. Here, we will examine the f (Q) theory,
an extension of the symmetric teleparallel equivalent
GRT in which gravity is due to the non-metricity scalar
Q. In f (Q) theory, the covariant divergence of the met-
ric tensor gµν is non-zero, and this feature can be repre-
sented mathematically in terms of a new geometric vari-
able known as non-metricity i.e. Qγµν = ∇γgµν, which
geometrically represents the variation of the length of a
vector in a parallel transport process.

Recently, several intriguing cosmological and astro-
physical consequences of f (Q) gravity have been pub-
lished, such as: The first cosmological solutions [16, 17];
Quantum cosmology [18]; The coupling matter in f (Q)
gravity [19]; Black hole solutions [20]; General covari-
ant symmetric teleparallel gravity [21]; Evidence that
non-metricity of f (Q) gravity can challenge ΛCDM [22];
Gravitational waves [23–25]; The acceleration of the

ar
X

iv
:2

30
7.

00
28

1v
1 

 [
gr

-q
c]

  1
 J

ul
 2

02
3

https://orcid.org/0000-0000-0000-0000
https://orcid.org/0000-0001-8691-9939
https://orcid.org/0000-0002-4188-0572
mailto:a.b.mussatayeva@gmail.com
mailto:nmyrzakulov@gmail.com
mailto:pr.mouhssine@gmail.com


2

Universe and DE [26–30]; Observational constraints [31–
33].

Motivated by the previous discussion and studies on
modified f (Q) theory of gravity, in the present study,
the accelerated expansion has been investigated using
one specific parameterization of the total or effective
equation of state (EoS) parameter ωe f f in the back-
ground of f (Q) theory of gravity (Sec. III explored the
fundamental features of the specified ωe f f ). We have
also considered the power-law form of f (Q) = βQ(m+1),
where β and m are arbitrary constants [19]. The pri-
mary purpose of this research is to examine the na-
ture of late-time cosmology’s evolution. The observa-
tional constraints on model parameters are established
by employing the Observational Hubble parameter data
(OHD), BAO data, and SNe data. We then examined
the evolution of the density parameter, the effective EoS
parameter, and the deceleration parameter at the 1 − σ

and 2−σ confidence levels (CL) using the estimated val-
ues of model parameters. This work is structured as fol-
lows: in Sec. II, we present a brief review of the f (Q)
gravity. In Sec. III, we write the cosmological solution
of the Hubble parameter by using a specific parame-
terization of the effective EoS parameter and a power-
law model of f (Q) theory. In Sec. IV, we calculate
the values of the model parameters using the combined
OHD + BAO + SNe data. Moreover, we describe the
behavior of several parameters such as the density, EoS,
and deceleration parameters. In Sec. V, we examine the
Om(z) diagnostic parameter history of our f (Q) model
to see if the assumed model recognizes the DE behavior,
and then we do a linear perturbation analysis. Finally,
in Sec. VI, we summarize our findings.

II. A BRIEF REVIEW OF f (Q) GRAVITY

In general, in the presence of matter components, the
action for a f (Q) gravity model is written as [15, 16],

S =
∫ √

−gd4x

[
f (Q)

2κ2 + Lm

]
, (1)

where g is the determinant of the metric tensor gµν, i.e.
g = det(gµν), κ2 = 8πG = 1/M2

p, G is the Newtonian
constant, while Mp is the reduced Planck mass. Lm de-
notes the Lagrangian density of the matter components.
For the time being, the term f (Q) is an arbitrary func-
tion of the non-metricity scalar Q.

The tensor of non-metricity and its traces are given by

Qγµν = ∇γgµν, (2)

Qβ = gµνQβµν Q̃β = gµνQµβν. (3)

Furthermore, as a function of the non-metricity tensor,
the superpotential (or the non-metricity conjugate) can
be expressed as,

Pβ
µν = −1

2
Lβ

µν +
1
4
(Qβ − Q̃β)gµν −

1
4

δ
β

(µ
Qν). (4)

where Lβ
µν is the disformation tensor,

Lβ
µν ≡ 1

2
gβσ

(
Qνµσ + Qµνσ − Qβµν

)
. (5)

Hence, the non-metricity scalar is expressed as,

Q = −QβµνPβµν . (6)

Using the variation of action in Eq. (1) with respect to
the metric tensor gµν, one can obtain the field equations,

2√−g
∇β

(
fQ
√
−g Pβ

µν

)
+

1
2

f gµν+

fQ

(
PµβλQ βλ

ν − 2QβλµPβλ
ν

)
= −Tµν, (7)

where fQ =
d f
dQ

. Moreover, Tµν is the energy-

momentum tensor of the cosmic fluid, which is consid-
ered to be a perfect fluid, i.e. Tµν = (ρ + p)uµuν + pgµν,
where uµ = (1, 0, 0, 0) represents the 4-velocity vector
components that form the fluid. ρ and p represent the to-
tal energy density and total pressure of any perfect fluid
of matter and DE, respectively.

In the context of a flat FLRW space-time, the modified
Friedmann equations

ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2], (8)

where a(t) is the scale factor of the Universe are given
by [19]

3H2 =
1

2 fQ

(
−ρ +

f
2

)
, (9)

Ḣ + 3H2 +
ḟQ

fQ
H =

1
2 fQ

(
p +

f
2

)
, (10)

where Q = 6H2, and H denotes the Hubble parameter,
which estimates the rate of expansion of the Universe. It
is interesting to note that the standard Friedmann equa-
tions of GR can be found if the function f (Q) = −Q is
considered, i.e. 3H2 = ρ and 2Ḣ + 3H2 = −p.

In our study, we consider a simplified cosmological
scenario where the universe is composed of two main
components: matter and DE. The matter is assumed to
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be fluid without pressure (pm = 0), while DE is consid-
ered to possess negative pressure, which is responsible
for driving the observed cosmic acceleration. For this
reason, we assume that ρ = ρm + ρDE and p = pDE.
In addition, the equation of state (EoS) parameter is a
quantity used in cosmology to explain the properties of
DE. The effective or total EoS parameter is defined as
the ratio of the total pressure to the total energy density.
In the context of our study, it takes into account contri-
butions from various cosmic components, including DE
and matter. Therefore, the effective EoS parameter, de-
noted as ωe f f , is given by

ωe f f =
p
ρ
= −1 +

(
.

H +
.

fQ
fQ

H
) (

2 fQ
)

(
f
2 − 6H2 fQ

) . (11)

The above dot symbolizes the differentiation with re-
gard to cosmic time t. Furthermore, the EoS parameter
which combines the energy density and pressure of the
DE component is,

ωDE =
pDE
ρDE

(12)

Now, in order to derive the matter conservation equa-
tion, we can be taking the trace of the field equation,

.
ρm + 3ρm H = 0, (13)

By solving Eq. (13), we are able to derive the solution
for the energy density of the matter ρm as,

ρm = ρm0a−3, (14)

where ρm0 is the present value of the energy density of
the matter.

III. LATE-TIME COSMOLOGICAL EVOLUTION VIA A
SPECIFIC TYPE OF EOS PARAMETER

This section examines the Universe’s evolution at late
times using a specific type of EoS parameter. However,
the equations obtained from this analysis are complex
and require numerical solutions. To simplify the im-
plementation of such solutions, a change of variable is
performed, where the red-shift, z, is used as the dynam-
ical variable instead of the cosmic time t. One starting
point that we can rely on is that z = a0

a(t) − 1, where
a0 is the present time of the scale factor. For simplicity,
the scale factor is set to 1 currently. It is not directly ob-
servable, but we can observe the ratio of the scale fac-
tor at different times to its value at the present time.

The following relationship may therefore be deduced:
d
dt = −H (z) (1 + z) d

dz . Thus, it is clear that.

.
H = −H (z) (1 + z) H

′
(z) , (15)

where, the symbol ’prime’ represents differentiation
with respect to the red-shift variable, denoted by ’z’.

In this context, it is evident that we can utilize only
Eqs. (9) and (10) for our analysis. However, rather than
solving the ensuing equation for H(z), we can introduce
an effective form of the EoS parameter, which is defined
as follows: ωe f f = −1 + A

A+B(1+z)−3 , where A and B

are arbitrary constants. The reason behind selecting this
particular parametrization for ωe f f is that at high red-
shift values z ≫ 1 (early stages of cosmological evolu-
tion), ωe f f is nearly zero, indicating the behavior of the
EoS parameter for a pressureless fluid, such as ordinary
matter. As we move towards the present epoch (z = 0),
ωe f f decreases gradually to negative values, leading to
negative pressure and an effective EoS value ωe f f =

− B
A+B . In this case, the functional form of ωe f f is depen-

dent on the specific values of A and B. As a result, the
form of ωe f f can effortlessly incorporate the phases of
cosmic evolution, including the early matter-dominated
era and the late-time DE-dominated era. The spe-
cific form mentioned, introduced in Ref. [34], exhibits
phantom-like behavior in the present epoch. Due to the
presence of a large number of free parameters in the
effective EoS parameter, we adopt a specific approach
for the observational analysis. In order to constrain the
model and facilitate the analysis, we fix the value of n
to be 3. In literature, various parametrization models of
EoS for DE have been proposed and fitted to observa-
tional data. Ref. [35] proposed an one-parameter fam-
ily of EoS DE model. Two-parameters family of EoS
DE parametrizations, especially the Chevallier-Polarski-
Linder parametrization [36, 37], the Linear parametriza-
tion [37–40], the Logarithmic parametrization [41], the
Jassal-Bagla-Padmanabhan parametrization [42], and
the Barboza-Alcaniz parametrization [43], were also ex-
plored. Further, in [44–46] three and four parameters
family of EoS DE parametrizations are examined.

In this section, we will look at a specific cosmologi-
cal model in f (Q) gravity theory. We also look at how
geometrical and physical cosmological parameters such
as energy density, pressure, and deceleration behave
under f (Q) gravity. In this study, we investigate the
scenario where the function f (Q) can be expressed as,
f (Q) = βQ(m+1), where β and m are arbitrary constants
[19, 47, 48]. For the function f (Q) we obtain the expres-
sion fQ = β (1 + m) Qm and fQQ = β (1 + m)mQm−1.
By putting the above expressions for f , fQ, and fQQ into
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Eqs. (9) and (10) we can derive the energy density and
pressure as,

ρ = β
(
−2m) 3m+1(2m + 1)H2(m+1), (16)

and

p = β6m(2m + 1)H2m
(

2Ḣ(m + 1) + 3H2
)

. (17)

Now by using Eq. (11), we obtain the EoS parameter
in terms of Hubble parameter and its derivative as,

ωe f f = −1 +
2 (m + 1)

3
(1 + z) H′ (z)

H (z)
. (18)

By using Eq. (18) and the presumed ansatz of ωe f f ,
the evolution equation of the Hubble function takes the
form

dH (z)
dz

=
3A (1 + z)2

2 (m + 1)
(

A (1 + z)3 + B
)H (z) , (19)

which yields the following solution

H (z) = H0

[
A(z + 1)3 + B

A + B

] 1
2m+2

, (20)

where H0 describes the present value (i.e. at z = 0) of the
Hubble parameter. In particular, for the scenario m = 0
with β = −1, the solution reduces to f (Q) = −Q. In
other words, it is directly related to the ΛCDM model.
As a result, the equation for Hubble parameter H (z)

is reduced to H (z) = H0

[
Ω0

m (1 + z)3 + Ω0
Λ

] 1
2 , where

Ω0
m = A

A+B and Ω0
Λ =

(
1 − Ω0

m

)
= B

A+B are the present
density parameters for matter and the cosmological con-
stant, respectively. As a result, the model parameter m
is an excellent indicator of the present model’s devia-
tion from the ΛCDM model due to the addition of non-
metricity terms.

The deceleration parameter q is one of the cosmolog-
ical parameters that is important in describing the sta-
tus of our Universe’s expansion. If the value of the de-
celeration parameter is strictly less than zero, the cos-
mos accelerates; when it is non-negative, the cosmos de-
celerates. The deceleration parameter q is defined as
q (z) = −

..
a

aH2 = −1 + (1+z)
H(z)

dH(z)
dz . In this scenario, the

expression of the deceleration parameter is

q (z) = −1 +
3A(1 + z)3

2(m + 1)
(

A(1 + z)3 + B
) . (21)

The behavior and important cosmological features of
the model represented in Eq. (20) are entirely reliant on
the model parameters (A, B, and m). In the next part,
we use current observational data to study the behavior
of the cosmological parameters to constrain the model
parameters (A, B, and m).

IV. METHOD OF DATA FITTING

In our research, we took into account the most current
and relevant observational findings:

• Observational Hubble parameter Data (OHD):
We examine H(z) data points calculated by em-
ploying differential galaxy ages as a function of
red-shift z and line-of-sight BAO data. [49–51].

• Baryon Acoustic Oscillation (BAO): We addi-
tionally take into account the BAO data from the
SDSS-MGS, Wiggle Z, and 6dFGS projects [52–54].

• Type-Ia Supernova measurement (SNe Ia): We
examine the Pantheon sample of 1048 SNe Ia lu-
minosity distance values from the Pan-STARSS1
(PS1) Medium Deep Survey, the Low-z, SDSS,
SNLS, and HST missions [55, 56].

In addition, for likelihood minimization, we employ
the MCMC (Markov Chain Monte Carlo) sample from
the Python package emcee [57], which is commonly used
in astrophysics and cosmology to investigate the param-
eter space θs = (A, B, m). To do this, we are now fo-
cusing on three data: OHD, BAO, and SNe Ia data. We
evaluate the priors on the parameters −10.0 < A < 10.0,
−10.0 < B < 10.0, and −10.0 < m < 10.0. To find
out the outcomes of our MCMC study, we employed 100
walkers and 1000 steps. The discussion about the obser-
vational data has also been presented in a very similar
fashion in Ref. 2, shedding further light on the signif-
icance of these findings. In the following subsections
of our manuscript, we provide further detailed discus-
sions on the observational data used, as well as the sta-
tistical analyses employed. We aim to present a com-
prehensive and transparent description of our method-
ology, emphasizing the novelty and contributions of our
work while acknowledging the commonalities with ex-
isting literature.

A. OHD

We utilize a commonly popular compilation with an
updated set of 57 data points. In this collection of 57
Hubble data points, 31 were measured using the method
of differential age (DA), while the remaining 26 were
measured using BAO and other methods in the red-shift
range provided as 0.07 ≤ z ≤ 2.42, allowing us to deter-
mine the expansion rate of the Universe at red-shift z.
Hence, the Hubble parameter H(z) as a function of red-
shift can be written as

H(z) = − 1
1 + z

dz
dt

. (22)
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To calculate the mean values of the model parameters
A, B, and m, we used the chi-square function (χ2) for
OHD as,

χ2
OHD =

57

∑
i=1

[
H(θs, zi)− Hobs(zi)

]2
σ(zi)2 , (23)

where H(zi) denotes the theoretical value for a specific
model at different red-shifts zi, and Hobs(zi) denotes the
observational value, σ(zi) denotes the observational er-
ror.

B. BAO

We employ a compilation of SDSS, 6dFGS, and Wiggle
Z surveys at various red-shifts for BAO data. This paper
incorporates BAO data as well as the cosmology listed
below,

dA(z) = c
∫ z

0

dy
H(y)

, (24)

Dv(z) =

[
d2

A(z)cz
H(z)

]1/3

, (25)

where dA(z) represents the comoving angular diameter
distance, and Dv represents the dilation scale. Moreover,
the chi-square function (χ2) for BAO is given by

χ2
BAO = XTC−1

BAOX. (26)

Here, X depends on the considered survey and C−1
BAO

represents the inverse covariance matrix [54].

C. SNe

To obtain the best values using SNe Ia, we begin with
the measured distance modulus µobs produced from
SNe Ia detections and compare it to the theoretical value
µth. The Pantheon sample, a recent SNe Ia dataset con-
taining 1048 points of distance modulus µobs at various
red-shifts in the range 0.01 < z < 2.26, is taken into con-
sideration in this work. The distance modulus of each
SNe can be calculated using the following equations:

µth(z) = 5log10
dl(z)
Mpc

+ 25, (27)

dl(z) = c(1 + z)
∫ z

0

dy
H(y, θ)

. (28)

where c is the speed of light. The distance modulus can
be calculated using the relationship,

µ = mB − MB + αx1 − β c + ∆M + ∆B, (29)

where mB is the measured peak magnitude at the B-
band maximum, and MB is the absolute magnitude. The
parameters c, α, β, and x1, respectively, correspond to
the color at the brightness point, the luminosity stretch-
color relation, and the light color shape. Moreover,
∆M and ∆B are distance adjustments based on the host
galaxy’s mass and simulation-based anticipated biases.
The nuisance parameters in the above equation were ob-
tained using a novel method known as BEAMS with
Bias Corrections (BBC) [58]. As a result, the measured
distance modulus is equal to the difference between the
apparent magnitude mB and the absolute magnitude
MB i.e., µ = mB − MB. For the Pantheon data, the χ2

function is assumed to be,

χ2
SNe =

1048

∑
i,j=1

∆µi

(
C−1

SNe

)
ij

∆µj (30)

where ∆µi = µth − µobs and CSNe represents the covari-
ance matrix.

D. OHD + BAO + SNe

Now, the χ2 function for the OHD + BAO + SNe data
is assumed to be,

χ2
total = χ2

OHD + χ2
BAO + χ2

SNe, (31)

By using the aforementioned combined OHD +
BAO + SNe data, we obtained the best-fit values of the
model parameters A, B, and m, as shown in Fig. 1 with
1 − σ and 2 − σ likelihood contours. The best-fit val-
ues obtained are A = 0.342+0.022

−0.022, B = 0.677+0.025
−0.025, and

m = 0.013+0.021
−0.021. For m = 0, Fig. 2 shows the results

of 1 − σ and 2 − σ likelihood contours with the best-fit
values of model parameters are A = 0.3353 ± 0.0010,
and B = 0.6837 ± 0.0019. Figs. 3 and 4 also show the
error bars for H(z) and µ(z) using H0 = (67.4 ± 0.5)
Km/s/Mpc [59]. The figures also show a comparison of
our model to the commonly used ΛCDM model in cos-

mology i.e. H (z) = H0

√
Ω0

m (1 + z)3 + Ω0
Λ (we have

considered Ω0
m = 0.315 ± 0.007) [59]. As shown in the

figures, our model matches the observed data nicely.
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0.31 0.34 0.37
A

0.02

0.00

0.02

0.04

m

0.64

0.66

0.68

0.70

B

A = 0.342+0.022
0.022

0.65 0.70
B

B = 0.677+0.025
0.025

0.02 0.00 0.02 0.04
m

m = 0.013+0.021
0.021

OHD+BAO+SNe dataset

FIG. 1. The 1 − σ and 2 − σ confidence curves for the model parameters A, B, and m with combined OHD + BAO + SNe data.

0.334 0.336
A

0.682

0.684

0.686

B

A = 0.3353+0.0010
0.0010

0.682 0.684 0.686
B

B = 0.6837+0.0019
0.0019

OHD+BAO+SNe

FIG. 2. The 1 − σ and 2 − σ confidence curves for the model parameters A, and B with combined OHD + BAO + SNe data for
m = 0.
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H(

z)
f(Q) model

CDM
From CC dataset

FIG. 3. The evolution of Hubble parameter H(z) with regard to red-shift z. The black dashed line represents the ΛCDM model,
the red line is our model’s curve, and the blue dots show error bars.
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(z
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f(Q) model
CDM

From Pantheon dataset

FIG. 4. The evolution of distance modulus µ(z) with regard to red-shift z. The black dashed line represents the ΛCDM model,
the red line is our model’s curve, and the blue dots show error bars.

We will now discuss the cosmological consequences
of the obtained observational constraints. Using the ob-
tained mean values of the model parameters A, B, and m
constrained by the combined OHD + BAO + SNe data,
we investigate the behavior of the density, the EoS, and
the deceleration parameters.

In Figs. 5, 6, and 7, we presented the density pa-
rameter, EoS parameter, and deceleration parameter as

a function of red-shift for the combined OHD + BAO +
SNe data. From Fig. 5, it can be observed that as the
universe expands, both the matter density parameter
and the DE density parameter exhibit a decrease. In the
late stages, the matter density approaches zero, while
the DE density converges towards a small value. In ad-
dition, the densities parameter behaves positively for
model parameter values constrained by the combined
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ρDE
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FIG. 5. Evolution of the density parameter for matter and DE
from the study of the combined OHD + BAO + SNe data for
the best fitting values of A, B, and m.

OHD + BAO + SNe data.
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ωDE
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z

ω
(z
)

FIG. 6. Evolution of the EoS parameter from the study of the
combined OHD + BAO + SNe data for the best fitting values
of A, and B.

As mentioned in Sec. II, the EoS parameter is a vi-
tal cosmological parameter for understanding the na-
ture of the Universe and its history through time, and
it is defined as ω = p

ρ , where p is the pressure and
ρ is the energy density. The value of the EoS param-
eter governs how the fluid behaves and how it affects
the expansion of the Universe. For example, if ω = 0,
the fluid is referred to as non-relativistic matter and be-
haves like dust. However, if ω = 1/3, the fluid is re-
ferred to as relativistic matter and behaves like radia-
tion. If ω < −1/3, the fluid is considered to have neg-
ative pressure and is responsible for the Universe’s ac-
celerated expansion, a phenomenon associated with DE,
which includes the quintessence (−1 < ω < −1/3)
era, cosmological constant (ω = −1), and phantom era

(ω < −1). The existing observational constraints im-
ply that the EoS parameter of the Universe’s dominating
component (DE), is extremely near to -1. In other terms,
the pressure of DE is negative and nearly constant, fu-
eling the Universe’s accelerated expansion. Recent in-
vestigations of the CMB radiation, the LSS of the Uni-
verse, the luminosity-distance relation of SNe Ia, and
others, have given compelling evidence for the existence
of DE and its dominating role in the Universe’s expan-
sion. The most recent measurements of the EoS parame-
ter from these data produce a value of ω0 = −1.03± 0.03
[59], which is compatible with the cosmological con-
stant.

In this paper, we focus on the analysis of an effec-
tive EoS parameter using three model parameters: A,
B, and m. The behavior of the EoS parameter is de-
picted in Fig. 6 for constrained values of A, B, and m
from the combined OHD + BAO + SNe data. From the
analysis conducted, it is apparent that both the evolving
EoS parameter for the DE and the effective EoS parame-
ter demonstrate quintessence-like behavior. This obser-
vation highlights the resemblance to the typical charac-
teristics associated with quintessence, shedding light on
the intriguing nature of the DE component under inves-
tigation. The present value (i.e. at z = 0) of the EoS
parameter for DE is ω0 = −0.91 ± 0.08 [60, 61], indicat-
ing an accelerating phase.

-1 0 1 2 3
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-0.4
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0.4

z

q
(z
)

FIG. 7. Evolution of the deceleration parameter from the study
of the combined OHD + BAO + SNe data for the best fitting
values of A, B, and m.

In addition, as shown in Fig. 7, we analyzed the be-
havior of the deceleration parameter for constrained val-
ues of A, B, and m from the combined OHD + BAO +
SNe data. The sign of the deceleration parameter (q)
indicates whether the model is accelerating or deceler-
ating. If q > 0, the model decelerates, if q = 0, it ex-
pands at a steady rate, and if −1 < q < 0, it expands at
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an accelerating rate. With q = −1, the Universe shows
exponential growth or De-Sitter expansion and super-
exponential expansion for q < −1. In Eq. (21), we have
obtained the deceleration parameter for our model. Ac-
cording to Fig. 7, the model transitions from a deceler-
ated stage to an accelerated stage. It can also be seen
that our model initially decelerates (q > 0) and then ap-
proaches exponential expansion in late times (q = −1).
In the figure, we also compare our model to the com-
monly accepted ΛCDM model in cosmology. Accord-
ing to the constrained values of model parameters A,
B, and m from the combined OHD + BAO + SNe data,
the present value of the transition red-shift is ztr =
0.60 ± 0.02 [62–64], while the present value of the de-
celeration parameter is q0 = −0.50 ± 0.01 [65–67], indi-
cating that the phase is accelerating.

V. Om(z) DIAGNOSTIC AND LINEAR
PERTURBATIONS

A. Om(z) diagnostic

Sahni et al. [68] introduced the Om(z) diagnostic pa-
rameter as an alternative to the statefinder parameter,
which aids in distinguishing the current matter density
contrast Om in various models more successfully. This
is also a geometrical diagnostic that is clearly dependent
on red-shift (z) and the Hubble parameter (H). It is de-
fined as follows:

Om (z) =

(
H(z)
H0

)2
− 1

(1 + z)3 − 1
. (32)

The negative slope of Om(z) corresponds to
quintessence type behavior (−1 < ω < −1/3),
while the positive slope corresponds to phantom-type
behavior (ω < −1). The ΛCDM model (ω = −1) is
represented by the constant nature of Om(z). According
to Fig. 8, the Om(z) diagnostic parameter has a negative
slope throughout its entire domain. As a result of
the Om(z) diagnostic test, our f (Q) model follows
the quintessence scenario. Based on the findings, we
can draw a conclusive inference that the behavior
of the Om(z) diagnostic parameter aligns with the
behavior exhibited by the EoS parameter. The corre-
spondence between these two parameters indicates a
strong relationship, suggesting that variations in the
EoS parameter are effectively captured by the Om(z)
diagnostic parameter. This observation underscores
the utility and reliability of the Om(z) parameter as a
diagnostic tool for understanding the dynamics of the
DE component.

-1 0 1 2 3
0.331

0.332

0.333

0.334

0.335

z
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m
(z
)

FIG. 8. Evolution of the Om(z) diagnostic parameter from the
study of the combined OHD + BAO + SNe data for the best
fitting values of A, B, and m.

B. Linear perturbations

In this subsection, our focus is on examining the sta-
bility of the f (Q) cosmological model by analyzing the
effects of linear homogeneity and isotropic perturbation.
By considering small deviations from the Hubble pa-
rameter given by Eq. (20) and the energy density evo-
lution i.e. Eq. (9), we aim to understand the behavior
and robustness of the cosmological models under study.
Linear perturbation analysis has been extensively used
in cosmology to study the growth of structures and the
evolution of the universe. Many previous studies have
successfully employed linear approximations to explore
the behavior of modified gravity theories and assess
their compatibility with observational data [69–72]. The
perturbations under consideration in this analysis are of
first order,

Ĥ(t) = H(t)(1 + δ (t)) (33)

ρ̂(t) = ρ(t)(1 + δm (t)), (34)

where δ (t) represents the isotropic deviation of the
background Hubble parameter, while δm (t) corre-
sponds to the matter overdensity. Hence, the perturba-
tion of the functions f (Q) and fQ can be expressed as
δ f = fQδQ and δ fQ = fQQδQ, where δQ = 12HδH
is the first-order perturbation of the scalar Q. So, ne-
glecting the higher power of δ (t), the Hubble param-
eter can be expressed as 6Ĥ2 = 6H2 (1 + δ (t)

)2
=

6H2 (1 + 2δ (t)
)
. Now, using Eq. (9) we get

Q
(

fQ + 2Q fQQ
)

δ = −ρδm. (35)

This gives rise to the matter-geometric perturbation
relation, and the perturbed Hubble parameter can be
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calculated using Eq. (33). Then, just use perturbation
continuity equation to get the analytical solution to the
perturbation function,

˙δm + 3H(1 + ω)δ = 0. (36)

Solving the above equations for δ and δm yields the
first order differential equation,

˙δm − 3H(1 + ω)ρ

Q( fQ + 2Q fQQ)
δm = 0. (37)

Using Eqs. (9) and (10) to simplify the previous equa-
tion once more, the solution is expressed as,

δm (z) = δm0 H (z) , (38)

and

δ (z) = − δm0

3
(

1 + ωe f f

) .
H
H

. (39)

By using Eqs. (20) and (38), we obtain

δm (z) = δm0H0

(
A(z + 1)3 + B

A + B

) 1
2m+2

. (40)

Again, by using Eqs. (18) and (39), we obtain

δ (z) =
δm0H0

(
A(z+1)3+B

A+B

) 1
2m+2

2(m + 1)
. (41)

FIG. 9. Evolution of the δ(z) from the study of the combined
OHD+ BAO+ SNe data for the best fitting values of A, B, and
m and different δm0 values.

FIG. 10. Evolution of the δm(z) from the study of the combined
OHD+ BAO+ SNe data for the best fitting values of A, B, and
m and different δm0 values.

Figs. 9 and 10 show the history of the perturba-
tion terms δm (z) and δ (z) in terms of red-shift z. Both
the perturbations δm (z) and δ (z) diminish rapidly and
reach zero at late times. It may also be demonstrated
that the behavior of δm (z) and δ (z) is the same for all
model parameter values. Consequently, using the scalar
perturbation approach, our f (Q) model demonstrates
stable behavior.

VI. CONCLUSION

The current scenario of accelerating Universe expan-
sion is now a significant topic of study. Two approaches
have been proposed to explain this cosmic acceleration.
One approach is to investigate different dynamical DE
models (such as quintessence and phantom), while an-
other is to analyze alternate gravity theories. In this
paper, we investigated accelerated expansion using the
FLRW Universe and the f (Q) theory of gravity, partic-
ularly f (Q) = βQ(m+1), where β and m are arbitrary
constants. We obtained the solution of the Hubble pa-
rameter using the parametrization form of the effective
EoS parameter as ωe f f = −1 + A

A+B(1+z)−3 (where A

and B are arbitrary constants), which leads to a vary-
ing deceleration parameter. As shown in Sec. IV of
this work, we constrained model parameters (A, B, and
m) using the MCMC approach with a combined anal-
ysis of OHD, BAO, and SNe data. The best-fit val-
ues obtained are A = 0.342+0.022

−0.022, B = 0.677+0.025
−0.025,

and m = 0.013+0.021
−0.021. For m = 0, the best-fit A =

0.3353 ± 0.0010, and B = 0.6837 ± 0.0019. Further-
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more, with the constrained values of A, B, and m from
the combined OHD + BAO + SNe data, we analyzed
the behavior of the density parameter, EoS parameter,
and deceleration parameter as a function of red-shift, as
shown in Figs. 5, 6, and 7. Fig. 5 shows that both the
matter density parameter and the DE density parame-
ter are increasing functions of red-shift and exhibit the
expected positive behavior. The evolution of the EoS
parameter in Fig. 6 supported the accelerating nature
of the Universe’s expansion phase, and the model be-
haves like a quintessence in the present. Furthermore,
the present value of the EoS parameter for DE is esti-
mated to be ω0 = −0.91 ± 0.08. Fig. 7 indicates that
the model transitions from a decelerated stage to an ac-
celerated stage. The present value of the transition red-
shift is ztr = 0.60 ± 0.02 based on constrained values
of model parameters A, B, and m from the combined
OHD + BAO + SNe data, whereas the present value of
the deceleration parameter is q0 = −0.50 ± 0.01, show-
ing that the phase is accelerating.

Then we evaluated the Om(z) diagnostic parameter

for our presumed f (Q) model. As a result, we observed
that the behavior of the Om(z) diagnostic parameter
conforms to the behavior of the effective EoS parame-
ter. Lastly, the perturbation terms shown in Figs. 9 and
10 confirmed that the model is stable under the scalar
perturbation method. Based on our analysis, we reach
a compelling conclusion that our f (Q) cosmology, in-
corporating the effective EoS parameter form, offers a
highly efficient framework for explaining various late-
time cosmic phenomena in the Universe. The fact that
this model demonstrates observational validity further
supports its credibility and reliability.
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