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Scalar field dark energy: Insights into cosmological evolution and black hole accretion
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We propose a novel approach to parameterize the equation of state for Scalar Field Dark Energy
(SFDE) and use it to derive analytical solutions for various cosmological parameters. Using statistical
MCMC with Bayesian techniques, we obtain constraint values for the model parameters and analyze
three observational datasets. We find a quintessence-like behavior for Dark Energy (DE) with positive
values for both model parameters « and p. Our analysis of the CC+BAO+SNe datasets reveals that

the transition redshift and the current value of the deceleration parameter are z; = 0.73Jj8:8? and

qo = —0.441'8:8%, respectively. We also investigate the fluid flow of accretion SFDE around a Black
Hole (BH) and analyze the nature of the BH's dynamical mass during accretion, taking into account

Hawking radiation and BH evaporation. Our proposed model offers insight into the nature of DE in

the Universe and the behavior of BHs during accretion.

I. INTRODUCTION

We are presently situated in a unique epoch of cos-
mic history, where the expansion of the Universe is not
decelerating but accelerating. The exact cause of this
acceleration, however, remains unknown. In the back-
ground of General Relativity Theory (GR), the late-time
acceleration of the Universe can be explained by the in-
clusion of Dark Energy (DE) density, in addition to mat-
ter density, in Einstein’s Field Equations (EFEs). There
have been several studies on this topic [1]. On the other
hand, some modified theories of gravity (MTG) have
also been proposed that can explain the present accel-
eration of the Universe without the inclusion of DE.
Nonetheless, the nature of DE and its role in the acceler-
ation of the Universe remains one of the most significant
unanswered questions in modern physics. Observation-
ally, the late-time acceleration of the Universe has been
extensively studied using various techniques, including
the luminosity distance of Type Ia Supernovae (SNe)
[2, 3]. Apart from SNe observations, other indepen-
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dent observations such as Baryon Acoustic Oscillations
(BAO) [4, 5], the Cosmic Microwave Background (CMB)
[6,7], the Large Scale Structure (LSS) [8, 9] and the recent
Planck collaboration [10] have also provided evidence
for the present acceleration of the Universe. According
to observational estimations, dark matter, and hypothet-
ical DE make up the majority of the Universe. The es-
sential characteristics of these enigmatic components are
still mostly unknown despite substantial research into
their physical nature. The simplest method to describe
the observable acceleration of the Universe is to modify
EFEs to include the small cosmological constant A. The
energy density of A is equal to its pressure pp = —pa,
which is negative [11]. This approach is known as the
ACDM model and has been remarkably successful in
explaining a wide range of cosmological observations.
However, it is not without its challenges, and many re-
searchers continue to explore alternative explications for
the acceleration of the Universe. In addition to the theo-
retical problems of fine-tuning and cosmic coincidence
[12, 13], the ACDM model also faces the Hj tension,
which is currently one of the major challenges within
this paradigm. The Hj tension arises due to the discrep-
ancy between the measurements of the Hubble constant
obtained from the early Universe observations, such as
the CMB, and the late Universe observations, such as
the distance measurements of nearby SNe and the Hub-
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ble Space Telescope [10, 14-17]. The tension has led to
various proposals for new physics beyond the standard
ACDM model, such as modifications to the DE equation
of state (EoS), the inclusion of extra relativistic species,
and even modifications to the theory of gravity itself
[18].

One alternative approach to describing the late-time
acceleration of the Universe is to assume the Einstein-
Hilbert Lagrangian as a general function of various
scalar quantities (or the so-called MGT), such as the
Ricci scalar R, the torsion scalar T, or the non-metricity
scalar Q. In these MGT, it is possible to explain the Uni-
verse’s expansion without the need for DE and instead
relies on the modification of the gravitational interaction
at large scales. Such theories have been proposed as al-
ternatives to the ACDM model and have been studied
extensively in recent years [19-29]. However, there are
challenges in constructing viable MGT models that can
successfully explain the observational data, and the cur-
rent status of these theories is still a subject of ongoing
research and debate.

Moreover, the scalar fields ¢ with a time or red-
shift varying EoS are a popular approach to explain-
ing the late-time acceleration of the Universe. These
scalar fields emerge negative pressure as they slowly
roll down their scalar potential V(¢) [30, 31]. The
quintessence scalar field introduced the idea of tracker
potentials, which can avoid fine-tuning and coincidence
problems [32, 33]. Ref. [34] discusses the concept of
tracker fields in quintessence theory as a means of ex-
plaining the current acceleration of the Universe. The
article presents the idea of integrated tracking, which
suggests that tracker potentials follow a definite path
of the Universe’s evolution in accordance with observa-
tional constraints. The concept of tracker fields is useful
in avoiding the fine-tuning and coincidence problems
encountered by other models. Various applications of
the time-varying EoS parameter have been discussed in
literature [35-47]. Recently, Singh et al. explored the
properties and behavior of DE in the FLRW cosmology
using the EDSFD parametrization [48]. Pacif et al. em-
ployed a scalar field source to examine the Universe’s
late-time acceleration and proposed a scalar field model
that is consistent with observational data [49]. Bairagi
investigated the characteristics of DE models in the set-
ting of non-canonical scalar fields within the Einstein-
Aether Gravity framework [50]. Debnath and Bamba
studied a non-canonical scalar field in a D-dimensional
fractal universe to examine the behavior of DE mod-
els [51]. Kar et al. examined the relationship between
the f(Q) gravity model and the Dirac-Born-Infeld Scalar
Field DE (SFDE) model [52]. In the setting of f(R,T)

gravity, Sharma et al. explored how the scalar field mod-
els of the Barrow holographic DE behaved. [53]. The pa-
per by Koussour [54] focuses on the accretion process of
a Black Hole (BH) in the context of an SFDE model. The
author considers a non-rotating BH and analyzes the en-
ergy and momentum transport in the surrounding SFDE
medium.

In the present paper, we study the behavior of a
DE model with a scalar field in a spatially flat FLRW
(Friedmann-Lemaitre-Robertson-Walker) Universe. To
achieve this, we consider a novel approach to param-
eterize the EoS for SFDE and use it to obtain analyti-
cal solutions for various cosmological parameters. The
parametrization method of DE plays a crucial role in
studying the large-scale properties and evolution of the
Universe. They provide a way to model the behavior
of DE in different cosmological contexts, and they can
be used to test the compatibility of different observa-
tional datasets with various DE models. There are many
different parametrization methods available in the lit-
erature, each with its own strengths and weaknesses.
Some popular methods include EoS parametrization,
redshift-based parametrization, and principal compo-
nent analysis. For more information on these and other
parametrization methods, see the Refs. [55-57]. Here,
we use the statistical MCMC method with the Bayesian
technique to determine the constraint values for the pa-
rameters. We analyze the results using three observa-
tional datasets: the cosmic chronometers, BAO, and SNe
datasets.

The most significant of the numerous predictions of
GR is the prediction of BH. The tendency of BHs to ac-
crete is an obvious outcome, and various aspects of ac-
cretion in BHs are investigated [58]. A number of as-
trophysicists describe accretion as the inflow of matter
into the center of an object where the gravitational forces
are extremely strong or are moving into the center of
the mass. The accretion process on compact objects was
first examined by Bondi in a Newtonian context [59].
Michel [60] found a similar problem regarding the rela-
tivistic results from which the work will take care of the
analysis of the acrretion onto Schwarzschlid BH in the
context of GR. The attempts to better analyze the pro-
cess of accretion for charged BHs are studied in [61, 62]
. Another interesting process is what is called BH evap-
oration. The BH evaporation theory is a kind of land-
mark in theoretical physics. Indeed, investigations of
the evaporation process have been a rewarding area of
research in theoretical physics ever since the proves of
Hawking radiation. Within the framework of quantum
field theory on a curved space-time background, BHs
emit thermal radiation, affected by the scattering effects



from the space-time geometry. The backreaction of the
radiation flux leads to the evaporation of the BH, which
should lose all its mass and angular momentum.

The paper is structured as follows: In Sec. II, we in-
troduce the field equations of GR and scalar field cou-
pling. Next, in Sec. III, we present the cosmological
solutions obtained using a novel approach to parame-
terize the EoS for SFDE and derive the corresponding
cosmological parameters. Then, in Sec. 1V, we use the
CC+BAO+SNe datasets to determine the best-fit values
of the model parameters. Moreover, in Sec. V we ex-
amine the behavior of the cosmological parameters for
the model parameters that are constrained by the obser-
vational datasets. In Sec. VI, we apply statefinder and
Om(z) diagnostics to distinguish our SFDE cosmologi-
cal model from other DE models. Sec. VII of our study
investigates the dynamical mass of the BH as it accretes
the fluid flow, taking into account the Hawking radia-
tion and the subsequent evaporation of the BH. Lastly,
we discuss our findings and conclude in Sec. VIIL

In this paper, the convention of setting 871G = ¢ =1
has been consistently used.

II. UNDERSTANDING DE: EXPLORING THE FIELD
EQUATIONS WITH SCALAR FIELD

The action governing a Universe with spacetime cur-
vature R, comprising a scalar field ¢ with a potential
energy function V(¢) and ordinary matter, can be ex-
pressed as the sum of the so-called Einstein-Hilbert ac-
tion, the scalar field action, and the matter action,
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Here, the symbol L, refers to the Lagrangian density
of the matter, which is assumed to consist of a pressure-
less perfect fluid. This Lagrangian accounts for the be-
havior of ordinary matter in the Universe and how it
interacts with the scalar field and curvature of space-
time. The determinant of the metric, which describes
the relationship between spacetime coordinates, is de-
noted by the symbol 'g’. In this context, the constant «
is defined as x = 8?—4(;, where G is the gravitational con-
stant and c is the speed of light. In the above equation,
the Einstein-Hilbert action represents the curvature of
spacetime due to matter and energy, whereas the scalar
field action represents the behavior of the scalar field ¢.
The potential V(¢) signifies the energy density of the
scalar field, which can vary depending on its value at
a given point in spacetime. The action provides a way
to calculate the equations of motion for the scalar field

and matter, and their combined effect on the curvature
of spacetime. These equations sometimes referred to as
the field equations with the scalar field, can assist us in
comprehending DE behavior, which is assumed to be re-
lated to the properties of the scalar field.

In this study, we investigate a spatially flat FLRW
spacetime, which represents a homogeneous and
isotropic Universe, the metric can be expressed in the
following form:

ds? = —d? + az(t) {dr2 +72 (d@z + sin? 9dlp2):| . (2

where t represents the cosmic time, a(t) is the scale fac-
tor of the Universe, which describes how its size in-
creases over time, r, 6, and ¢ are the co-moving radial
and angular coordinates, respectively. The Ricci scalar
associated with the line element given above can be cal-
culated as R = —6(H + 2H?), where H represents the
time derivative of the Hubble parameter H, which is
defined as the rate of expansion of the Universe. The
Hubble parameter can be expressed in terms of the scale
factor as H = 4.

In addition, we investigate a perfect fluid in the Uni-
verse, which is assumed to have a certain energy den-
sity, pressure, and velocity. The energy-momentum ten-
sor for the fluid can be written as,

Ty = (0 + p)uuity + pguv, ©)]

where p is the energy density of the cosmic fluid, p is
its pressure, and u,, is the four-velocity vector of the
fluid. In the context of the field equations with a scalar
field, the energy-momentum tensor for the perfect fluid
is one of the sources that contribute to the curvature of
spacetime. Here, we consider the Universe as consisting
of two distinct components: pressureless matter and a
scalar field. The pressureless matter, also known as dust,
refers to matter that does not exert any pressure and
is only subject to gravitational interactions. The scalar
field, on the other hand, is a type of field that permeates
all of space and has an energy density and pressure that
vary with time.

By inserting the metric in Eq. (2) into the field equa-
tions with a scalar field, we can derive a set of equations
that govern the dynamics of the scalar field and matter
for a flat Universe as,

3H? = pu + oy, (4)
and

2H + 3H? = —py. (5)



Here, the total (or effective) energy density and pres-
sure of the Universe can be written as the sum of the en-
ergy density and pressure of the matter, p,, and p;;, =0,
and the energy density and pressure of the scalar field,
pgy and py, respectively. We denote the total energy den-
sity and pressure as o1 = pm + pp and pr = py, respec-
tively. Moreover, the energy density p, and pressure py
of the scalar field can be expressed as functions of the

.2
scalar field’s potential V(¢), and its kinetic energy 1¢
(63, 64],

1.
09 =39 +V (9), ©)

and

1.
po =50 —V(9). %)

The dynamics of the scalar field and matter field are
governed by conservation equations, which describe the
conservation of energy and momentum over time,

P +3pmH =0, ®)

pp+3 (ps +pp) H=0. )

By solving the equation mentioned above (8), we can
obtain an expression for the energy density of normal
matter oy,

om = omo (1+2)°, (10)

where p,,0 in the above equation is an integration con-
stant, which represents the energy density of normal
matter at the present epoch. This parameter allows us
to calibrate our models to match the observed properties
of the Universe. The redshift parameter, denoted by z, is
defined as z = ﬂ%) — 1 (where ag represents the current
value of the scale factor, which is conventionally set to
1) and provides a way to relate the observed properties
of celestial objects to their distance from us. By incor-
porating this parameter into our analysis, we can better
understand the evolution of the Universe over time and
its relationship to the properties of matter and energy.

It is also useful to write the derivative of the H with
respect to cosmic time in terms of redshift,

dH (z)
dz

The behavior of the SFDE can be described by its
equation of state (EoS) parameter wyp, which relates to
Pe
i

H=-(1+2)H(2)

(11)

the field’s pressure and energy density i.e. wy =

From Egs. (4)-(7), the EoS parameter for the SFDE can
be expressed as follows:

(21 031) 4" 2v ()
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By combining the EoS parameter contributions of the
scalar field and normal matter, we can obtain the total

equation of state (EoS) parameter i.e. wr = 5—; as,
p (2f1 +312)
— $
wrt = = 5 . (13)
Pm + 0 3H

This parameter describes the overall relationship be-
tween the total pressure and energy density of the Uni-
verse, and can provide valuable insights into its behav-
ior and evolution. From Egs. (4) and (5), we have only
a system of two independent equations and three un-
known parameters, namely, H, ¢ and V(¢). Therefore,
an additional input is required to solve the system of
equations.

III. NOVEL APPROACH TO PARAMETERIZING THE
EOS PARAMETER

It is important to explore models beyond the cosmo-
logical constant to better understand the accelerating ex-
pansion of the Universe. One approach to studying such
models involves explicitly parameterizing the EoS of
DE. The EoS parameter shows the relationship between
pressure and energy density in DE. In the standard cos-
mological model, the EoS parameter is assumed to be
constant throughout cosmic time with a value of wA =
—1 for the cosmological constant. By permitting the EoS
value to change over time, we can gain a better under-
standing of the fundamental physics that underlies DE.
The Chevallier-Polarski-Linder (CPL) parametrization
[65-67] is a useful two-parameter model that can cap-
ture deviations from a constant EoS value in the study
of DE models. Beyond the CPL, there are more sophis-
ticated parametrizations available, including the Jassal-
Bagla-Padmanabhan (JBP) parametrization [68], the log-
arithmic parametrization [69], and the Barboza-Alcaniz
(BA) parametrization [70]. These can also be employed
to explore DE scenarios that go beyond the cosmologi-
cal constant. Each parametrization has its own unique
features and is capable of capturing different aspects of
DE behavior. In addition, these parametrizations of-
fer a flexible framework for testing different DE mod-
els and comparing them with observational data. Tab.
I provides a summary of the most commonly used
parametrizations of EoS for DE in the literature.



Here, we consider a novel approach to parameterize
the EoS for SFDE, which is expressed by a simple func-
tional form,

2a(1 +z)?

“p(2) =1t Sz R 1 )

(14)

where « and B are constants. The set of equations is
now complete/closed. The motivation for the proposed
parameterization in Eq. (14) stems from its appealing
features and potential to advance our understanding of
SFDE and cosmological evolution. With only two pa-
rameters, &« and S, the functional form offers simplicity
and flexibility, making it efficient for cosmological anal-
yses. Its physical interpretability allows a to govern the
evolution of wy, while B serves as an offset term. It is
clear that at z = 0, which corresponds to the present
epoch, the expression simplifies to wy(0) = —1+ 3(57_?5)
and thus depends on the specific values of the param-
eters & and B. For instance, if § = 0, then the EoS pa-
rameter at present is —1/3. On the other hand, the EoS
parameter does tend to wy = —1/3 at high redshift (i.e.
z — o). So, the proposed parametrization aligns with
the well-established result that the universe is currently
in a state of acceleration due to DE dominance. Because
Eq. (14) describes the behavior of the EoS parameter for
the SFDE component, the condition wy = —1/3atz =0
and z — oo ensures that the model is consistent with the
observed late-time cosmic acceleration. At very low red-
shift (i.e. z — —1), the EoS parameter tends to wy = —1,

J

By using Egs. (10), (11), (12), and (14), we can derive
|

which indicates that the Universe would be dominated
by a cosmological constant-like DE. Moreover, this pa-
rameterization can accommodate various cosmological
scenarios, including early DE models (such as cosmic in-
flation) [71], modified gravity theories, and other exotic
cosmological models. Its ability to fit different cosmo-
logical data allows for investigations into a wide range
of theoretical possibilities. The main features of this as-
sumption are presented below in brief:

¢ Itis a time-varying parametrization, as the EoS de-
pends on the redshift z.

* The EoS asymptotically approaches wy = —1 as
z approaches -1, which is equivalent to the EoS of
the cosmological constant.

® The parameter « controls the amplitude of the de-
viation from wy = —1, while the parameter  con-
trols the redshift at which the deviation reaches its
maximum.

* The EoS crosses the phantom divide line wy = —1

at a redshift given by z. = —1 — \/g .
e Fora > 0and B > 0, the EoS is always greater
than —1, which corresponds to a quintessence-like

behavior for DE.

® Fora < 0Oand B > —a, the EoS can cross the phan-
tom divide line and become less than —1, which
corresponds to a phantom-like behavior for DE.

(

the following differential equation:

2a(1 +z)?

—3H?%(z) —2(—(1+2))H(z)
2

3H2(2) — 3H3 00 (1 + 2)°

By solving Eq. (15), one can obtain the solution,

(1 — QmO)
= (a(142)2+ B),
(16)
where Hy is the present value of the Hubble parameter
(i.e. atz = 0) and Q9 = %g is the present value of the
0
matter density parameter. This equation gives the Hub-

H(z) = HO\/QmO(l +2)°+

T 3(B+a(l+2)?) +1=0. (15

(

ble parameter H(z) as a function of the redshift z for our
EoS parametrization of DE. At high redshifts (z >> 1),
the first term in the square root dominates, and H(z)
approaches Hyv/ Q023 while at low redshift (z << 1)
and at the present time, the second term dominates, and
H(z) approaches Hy, which is the current expansion rate
of the Universe. To reduce our model to ACDM, we
need to set « = 0. This would make the Hubble pa-



| EoS | Ref. |
w(z) = wytwiz [73], [74] Linear parametrization
— ~ —
w(z) = wy+w; ior [68] JBP parametrization
w(z) = wy+wq 1%_2 [65], [66] CPL parametrization
w(z) = wy+w; \/ﬁ [72] Square-root parametrization
w(z) = wytw; Zﬂ:;) [70] BA parametrization
w(z) = wytwig -izZ [75] FSLL I parametrization
w(z) = wytwig T [75] FSLL II parametrization
w(z) = wy+ws sin (z) [76] Sine parametrization
w(z) = wyt+w1In(1+2z) [69] Logarithmic parametrization
w(z) = wy+wq <% —In 2) [77] MZ I parametrization
w(z) = wy+w (% —sin 1) [77] MZ II parametrization
n
w(z) = wy+wq (1 +z> [67] Generalized CPL parametrization
w(z) = wy+w ﬁ [67] Generalized JBP parametrization
w(z) = wy+wi In (1 + ﬁ) [78] Logarithmic parametrization
TABLE I. Parametrizations of the EoS for DE in different forms.
rameter for our EoS parametrization reduce to: One can investigate the evolution of §(z) by using the
constrained values of the parameters ()0, &, and j ob-
H(z) = Hy \/ Quo(1+2)3 4+ Qpo, (17) tained from observations. Therefore, we can express the

density py and pressure py as,
which is exactly the same as the Hubble parameter for

the ACDM model with the cosmological constant den-

sity parameter is Qxg = (1 — Qo). 3H3(Qo — 1) )

The deceleration parameter g, which is defined as pp(z) = — T A+ p (“(1 +2)°+ /5) , (20)
(—%2), can be expressed as a function of redshift z as

a
follows:

(1+2) dH (2 e
+z z
1() = 1 - 18)
H3 (o — 1
Using Egs. (16) and (18), the present model yields the pe(z) = O(a_rtoﬁ) (‘X(Z +1)% + 3ﬁ) . 21

following expression for the deceleration parameter,

aQo(1 +2)% + B(Quo(2(2(3+2) +3) +3) —2)
(B4 a(1+2)2(1 4+ Quoz) + PQumoz(z(3+2z) +3)) Therefore, the total EoS parameter for our model can
(19)  be expressed as,

J

q(z) = 5

(Qpo — 1) (uc(l +2)2 +3/3)
B+ a(l+2)2(Quoz + 1) + PQuoz(z(3+2) +3))

wT(Z) = 3( (22)

The density parameters for the matter field (), and the scalar field () can be obtained in terms of redshift z for
this model as follows:

o Quo(1+2)3(a+ B)
O (2) = 372 = B+ a(l+2)2(Qnoz + 1) + Buoz(z(3 +2) +3)” =




and

00 (Qo = 1) (€(1+2)2 + )

Oy (2) = 37 = B+ a(l+2)2(Quoz + 1) + PQunoz(2(3 +2) +3)’

respectively.

Using Egs. (4), (5), the potential energy (PE) V (¢)
2

and kinetic energy (KE) 4’7 of the scalar field can be ex-
pressed in terms of redshift as,

H2(Qpo — 1)
a+pB

Vig)=-

(21x(1 1224 Sﬁ) . (25)

.2

¢ _ “H(%(Qmo - 1) 2

7_—T(1+z) . (26)
respectively. In addition, Eq. (25) provides the func-
tional form of the scalar field potential V(¢) which is
dependent on various model parameters i.e. Hpy, Oy,
« and B. Therefore, the specific values of these param-
eters have a crucial role in determining the functional
behavior of the cosmological parameters. One approach
is to arbitrarily select the values of these parameters and
investigate the corresponding dynamical cosmological
parameters. The resulting values can then be compared
with observational data. However, in this study, we
adopt a different approach. We first utilize the avail-
able datasets to constrain the various model parame-
ters. Then, with the best-fit values, we reconstruct the
functional dependence of V(¢). This approach allows
us to obtain a more realistic and observationally consis-
tent model for the Universe.

IV. METHODOLOGY AND ANALYSIS OF
OBSERVATIONAL DATA

In this study, we aim to fit our theoretical model to
several recent observational datasets, namely the Cos-
mic Chronometer (CC) dataset, Baryon Acoustic Oscil-
lations (BAO) dataset, and Type la Supernova (SNe)
dataset. By combining these datasets, we obtain con-
straints on the model parameters. Subsequently, in the
following sections, we attempt to reconstruct the func-
tional form of V(¢). To accomplish this, we will describe
the techniques used for analyzing each of these datasets
in the following subsections.

To begin, we employ Bayesian statistical analysis and
the emcee python library [79] to perform a Markov
chain Monte Carlo (MCMC) simulation, which allows

(24)

(

us to obtain the posterior probability distribution of the
model parameters. The posterior probability distribu-
tion is a probability distribution that represents our de-
gree of belief in the values of the model parameters af-
ter taking into account the available observational data.
Once the MCMC simulation is completed, we analyze
the resulting chain of parameter values to obtain the
best-fit values and the uncertainties on the model pa-
rameters. The parameters space for our model can be
described as,

95 = (HQ, QmO/ Dc,ﬁ) (27)

In addition, the best-fit values for the parameters
can be obtained using the probability function £ o
exp(—x?%/2), where x? is the pseudo-chi-squared func-
tion. The x? function is a statistical tool that is com-
monly used in cosmology to obtain the parameters of
a specific cosmological model that best suits observed
data. The objective is to determine the values of 6;
that yield the minimum value of x%. To achieve this,
an MCMC approach is typically utilized to explore the
parameter space and identify the regions that have the
highest likelihood given the observational data.

A. CC dataset

In this study, we consider Hubble parameter measure-
ments obtained using the differential age (DA) method,
also known as the Cosmic Chronometer (CC) datasets.
Specifically, we use 31 data points obtained from Refs.
[80-82], which provide Hubble parameter observations
at different redshifts, allowing us to constrain the Uni-
verse’s expansion history and test different cosmologi-
cal models. The x? function can be expressed as follows:

[H(8s,2) — Hops(21))?
o(z)? '

X%C:Z

i

(28)

where i ranges from 1 to 31. Here, H(6s, z;) represents
the theoretical value of the Hubble parameter at red-
shift z; for a specific set of cosmological parameters 0,
H,ps(z;) represents the measured value of the Hubble
parameter at redshift z;, and o (z;) represents the corre-
sponding uncertainty of H;.



B. BAO dataset

Baryon Acoustic Oscillations (BAO) are patterns in
the large-scale structure of the Universe that arise
from initial density perturbations in the baryon-photon
plasma during the early Universe. These perturbations
generated pressure waves, which moved through the
plasma until recombination, at which point the universe
becomes transparent to photons. At this point, the pres-
sure waves left an imprint on the distribution of mat-
ter, which is still observable in the clustering of galax-
ies today. By analyzing the positions of the peaks in
the CMB radiation power spectrum and in the distri-
bution of galaxies on large angular scales, the charac-
teristic scale of the BAO can be estimated. This scale
serves as a standard ruler for cosmic distance measure-
ments and is related to the sound horizon at recombi-
nation. To constrain the expansion history of the Uni-
verse and test different cosmological scenarios, we uti-
lize the BAO dataset from various surveys, including
the 6dFGS ( Six Degree Field Galaxy Survey), the SDSS
(Sloan Digital Sky Survey), and the LOWZ samples
of the BOSS (Baryon Oscillation Spectroscopic Survey)
[83-88]. These surveys have produced precise measure-
ments of the positions of the BAO peaks in the galaxy
clustering at different redshifts. The characteristic scale
of BAO is determined by the sound horizon r; at the
epoch of photon decoupling with redshift z;,., and is
related by the following equation:

C/le* da
V3o aZH(a)\/1+ (30 /40 0)a

rs(z*) = ’ (29)

where )y and (), indicate the present densities

of baryons and photons respectively.  This study

uses the BAO dataset comprising six points for

da(z+)/Dy(zpao) obtained from Refs. [83-88]. Here,

zx ~ 1091 represents the redshift at the epoch of pho-
dy

ton decoupling, and d4(z) = ¢ [ Ti(y)+ denotes the co-

moving angular diameter distance, along with the di-

1/3
[di(z)cz/H(z)} The BAO
datasets are evaluated using the chi-square function pre-
sented in [88] as follows:

lation scale Dy(z) =

X%Ao = XTCE}onf ’ (30)

Here, X is a quantity that varies depending on the
particular survey being considered, while Clgjxo is the
inverse of the covariance matrix [88].

C. SNedataset

Type la Supernovae (SNe) are a significant tool for
studying the Universe’s accelerating expansion and the
nature of DE. These SNe are the result of a white dwarf
star exploding in a binary system and have a unique
light curve that makes them valuable standard candles
for estimating cosmic distances. By comparing their ob-
served luminosity to their theoretical intrinsic luminos-
ity, we can estimate their distance and chart the expan-
sion history of the Universe. The Pantheon sample is
a valuable dataset of SNe with 1048 data points cover-
ing a broad range of redshifts 0.01 < z < 2.26, con-
structed from the PanSTARSS1 Medium Deep Survey,
SDSS, SNLS, and numerous low-z, and HST samples.
This dataset has been extensively calibrated to mini-
mize systematic errors and increase distance estimation
accuracy, making it an important resource for modern
cosmology research [89, 90]. The x? function for SNe
datasets is expressed as the sum over all data points i of
the squared difference between the theoretical and ob-
served distance modulus, weighted by the inverse co-
variance matrix Cgl\l] o 1€,

) 1048 1
A= Y o (Cs%),, Ani (31)
i,j=

where Au; = g — Hops is the difference between the
theoretical and observed distance modulus, and y =
mp — Mp represents the difference between the appar-
ent magnitude mp and the absolute magnitude Mp. The
nuisance parameters in the above equation were esti-
mated using the BEAMS with Bias Corrections (BBC)
approach [91]. The theoretical value of the distance
modulus is calculated as,

pin(z) = 5logio f]L\/E;)C + 25, (32)
z d
dL(Z) = C(l + Z)/(; Wy@s)' (33)

where d (z) denotes the distance that takes into account
the attenuation of light due to the expansion of the Uni-
verse, commonly known as the luminosity distance.

D. CC+ BAO + SNe datasets

The total joint 2, ; function is utilized to combine the
CC, BAO, and SNe samples, which is expressed as

2 2 2 2
Xtotal = Xcc +XBAo T XSNe- (34)



The goal is to obtain the model parameters by min-
imizing the x? value, which is a common approach
used in maximum likelihood analysis. The combined
CC + BAO + SNe datasets mentioned earlier are em-
ployed to estimate the best-fit values of the model pa-
rameters. This approach enables us to obtain a more
comprehensive understanding of the nature of DE and
the Universe’s accelerating expansion. The combined
datasets provide a more robust and precise constraint

on the model parameters, allowing for a more reliable
interpretation of the results. Generally, the combination
of CC, BAO, and SNe datasets allows for more power-
ful cosmological analysis and a deeper insight into the
fundamental properties of the Universe. In our MCMC
analysis, we employed 100 walkers and 1000 steps to
obtain the results. Fig. 1 displays the marginalized
constraints on the parameters space 6; with 1 — ¢ and
2 — o likelihood contours, and the numerical outcomes
are listed in Tab. II.

Parameters Hyp Qo i B q0 Zir wy
Priors (60,80) (0,1) (0,1) (0,1) - - —
ACDM 68.45:0.56  0.27819 % 0.00020 — — —0.58£0.0003  0.73 = 0.0006 ~1
SFDE 67.75+£0.64  02077+0.0022  0314+024  0.67705 —0.447008 0.731903 —0.791008
Parameters Hy Qo wo w1 q0 Zir -
CPL 68.1+15 0.29070:085 ~1.05702 049109 —0.62103} 0.611002 -

TABLE II. The table presents the marginalized constraints on the model parameters for the CC+BAO+SNe datasets, including the

ACDM and CPL models, at a 68% CL.

V. NUMERICAL FINDINGS OF COSMOLOGICAL
PARAMETERS

In this section, we will present and analyze the nu-
merical results obtained from the statistical analysis.
The cosmological parameters play a crucial role in un-
derstanding the evolution and structure of the Universe,
and among them, the deceleration parameter is of par-
ticular significance as it characterizes the cosmic accel-
eration. We will focus on the marginalized constraints
on the parameters included in the parameter space 0,
as obtained from the MCMC analysis. The combined
CC + BAO + SNe datasets were used to obtain two-
dimensional likelihood contours, which include 1 — o
and 2 — ¢ errors corresponding to the 68% and 95%
confidence levels. These likelihood contours for our
model and ACDM are presented in Figs. 1 and 2, re-
spectively. The best-fit values for the model parameters
are obtained as Hy = 67.7570%}, Q0 = 0.2077750%52,
N = O.31Jj8:§i, and g = 0.67f8:i§. On the other hand,
for the ACDM, the corresponding best-fit values are ob-
tained as Hy = 68.451“8:?2, and Q0 = 0.278191“8:888%8
[92, 93]. It is important to note that the best-fit value
of ()0 obtained in this study deviates substantially
from the value reported by the Planck measurements

(

[10]. Our results indicate that the value of (), is sig-
nificantly lower compared to the Planck value, with a
value of nearly 30%. This discrepancy may arise due
to the use of different datasets, statistical methods, or
theoretical models. Nonetheless, our findings still pro-
vide valuable insights into the constraints on ),0. In
addition, we have obtained the numerical value of the
present Hubble parameter, and our analysis shows that
it is in good agreement with recent measurements from
the Planck satellite, which reported a value of Hy =
67.440.5km/s/ Mpc [10]. This finding is consistent with
other studies that used similar methods to estimate the
value of Hy, such as [94-97]. Furthermore, our analysis
has yielded positive values for both « and B, indicating
a quintessence-like behavior for DE. Figs. 3 and 4 il-
lustrate the plots of error bars for both the considered
model and the standard cosmological model, ACDM.
As can be observed in the figures, for both cases, our
model exhibits close agreement with the observed data.
Therefore, our result provides additional evidence sup-
porting the current understanding of the cosmological
parameters.

Now, we present the evolution of various cosmologi-
cal parameters of our cosmological model, such as de-
celeration, density, and EoS parameters, based on the
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FIG. 1. The plot depicts the 1 — o and 2 — ¢ confidence level (CL) marginalized constraints on the parameters Hy, (0,0, &, and j3
of our model using CC + BAO + SNe datasets. The dark blue shaded zones indicate the 1 — ¢ CL, while the light blue shaded
zones represent the 2 — o CL. The constraint values for the parameters are also displayed at the 1 — ¢ CL.

constrained values of the model parameters. From Fig.
5,itis clear that the deceleration parameter g in all cases,
including that of ACDM and CPL models, smoothly
transitions from a decelerating (g > 0) to an accelerating
phase (g < 0) of the Universe for the CC + BAO + SNe
datasets. We also determined the observational con-
straints on the transition redshift z;- (i.e. at ¢ = 0), for
the CC 4+ BAO + SN datasets and obtained their corre-
sponding best-fit values. These values, along with the
constraints from other parameterizations, are presented
in Tab. II. Our findings are in agreement with inde-

pendent studies by several authors (refer to [98-100]),
which suggest that the Universe underwent a transition
from decelerating to accelerating expansion at a redshift
z < 1. However, it is noteworthy that the deceleration
parameter evolution obtained from the joint analysis of
CC + BAO + SNe dataset is comparable to that of the
ACDM model.

Fig. 6 depicts the evolution of matter density and
SFDE density as the Universe expands. As we can see
from the figure, the densities of both matter and SFDE
decrease as the Universe expands. In the late-time Uni-
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ACDM model using CC + BAO + SNe datasets. The dark blue shaded zones indicate the 1 — ¢ CL, while the light blue shaded
zones represent the 2 — o CL. The constraint values for the parameters are also displayed at the 1 — ¢ CL.
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FIG. 3. The plot presents a comparison between our model, represented by the red line, and the ACDM model, represented by
the black dotted line, in terms of Hubble parameter H(z) as a function of redshift z. The red line fits well with the 31 data points
of the CC dataset, which are shown with their corresponding error bars.

verse, the matter density approaches zero, while the
SFDE density approaches a minimum value. This be-
havior is a result of energy conservation in GR. Further-
more, the fact that the SFDE density tends to have a low
value suggests that the Universe can also be able to ex-
pand at an accelerated rate in the future.

The EoS parameter is a useful tool for characterizing

the behavior of the Universe in terms of its expansion
rate. It is defined as the ratio of pressure (p) to energy
density (p) of the cosmic fluid, and can take on different
values depending on the nature of the cosmic fluid. For
instance, for non-relativistic matter, such as dark mat-
ter, the EoS parameter is w = 0, while for relativistic
matter, such as radiation, it is w = % The value of the
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FIG. 4. The plot presents a comparison between our model, represented by the red line, and the ACDM model, represented by
the black dotted line, in terms of distance modulus (z) as a function of redshift z. The red line fits well with the 1048 data points
of the SNe dataset, which are shown with their corresponding error bars.
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FIG. 5. The plot presents the evolution of the deceleration pa-
rameter () vs. redshift (z), based on the values constrained
from the CC+BAO+SNe data-sets. Our model is compared to
the standard ACDM and CPL models in the same plot.

EoS parameter can be used to categorize the Universe’s
decelerating and accelerating behavior. For a Universe
with positive acceleration, there are three possible eras:
the quintessence era, characterized by —1 < w < —% ;
the phantom era, characterized by w < —1; and the cos-
mological constant era, characterized by w = —1. The
plotin Fig. (7) shows that both the EoS parameter for the
SFDE and the total EoS parameter display an accelerat-
ing behavior. The total EoS parameter starts in the re-
gion where matter dominates and evolves through the
quintessence era before settling at a constant value in
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FIG. 6. The plot presents the evolution of the densities of SFDE
and matter (o and py;) vs. redshift (z), based on the values
constrained from the CC+BAO+SNe datasets.

the region where the cosmological constant dominates.
Meanwhile, the EoS parameter for the SFDE exhibits
quintessence behavior throughout the cosmic evolution
and tends toward the cosmological constant in the fu-
ture, which is consistent with the behavior of the to-
tal EoS parameter. For the CPL parameterization, we
observe intriguing behavior in the wcpr. At high red-
shifts, we find that wcpy lies in the quintessence re-
gion, indicating the dominance of a quintessence-like
DE component. However, as we move towards rela-
tively low redshifts, we observe a remarkable transition
in the DE behavior. The EoS parameter enters the phan-



tom regime. Interestingly, in the present epoch, our ob-
servations indicate that the wcp; is approaching values
consistent with the ACDM model. The present value
of the EoS parameter for the SFDE, which corresponds
to the constrained values of the model parameters from
CC+BAO+SNe datasets, is wy = —0.79J_r8:8‘;’, as reported
in [101, 102].
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FIG. 7. The plot presents the evolution of the EoS parameter
(wg and w, ff) vs. redshift (z), based on the values constrained
from the CC+BAO+SNe datasets. Our model is compared to
the CPL model in the same plot.

In Fig. 8, the density parameter evolution for mat-
ter and scalar field are shown. Initially, the Universe is
dominated by matter, while the SFDE density parameter
is negligible. As the Universe expands, the matter den-
sity parameter decreases due to the increase in volume,
while the SFDE density parameter becomes dominant,
resulting in the acceleration of the Universe’s expansion.
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FIG. 8. The plot presents the evolution of the density param-
eters ((Qp and Q) vs. redshift (z), based on the values con-
strained from the CC+BAO+SNe datasets.

In the context of DE, a scalar field is an enigmatic form
of energy that permeates the Universe and is thought to
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be responsible for the accelerating expansion of the Uni-
verse. In addition, the kinetic and potential energies of
the scalar field are important quantities in understand-
ing its evolution. Fig. 9 illustrates the reconstructed be-
havior of the kinetic and potential energies of the scalar
field over time. Based on the analysis in Fig. 9, it can be
observed that the potential term V (¢) changes at a much
faster rate with redshift as compared to the kinetic term
-2

% at the present epoch. This behavior is observed in

several studies [49, 92, 93, 103, 104].
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FIG. 9. The plot presents the evolution of the potential energy
(PE) and kinetic energy (KE) for the scalar field vs. redshift
(z), based on the values constrained from the CC+BAO+SNe
datasets.

VI. ANALYSIS OF MODEL'S GEOMETRICAL
PARAMETERS

A. Statefinder diagnostics

The concept of a cosmological constant A is known
to face significant issues such as the cosmological con-
stant problem and the cosmic coincidence problem. In
response, several dynamic models of DE have been pro-
posed to overcome these shortcomings, as we have pre-
viously discussed in the introduction. However, it is
essential to distinguish between these time-varying DE
models to determine which one best fits observational
data. To address this need, V. Sahni et al. [105, 106] pro-
posed the use of statefinder parameters, denoted as (7,
s), as a new pair of geometrical parameters. These pa-
rameters provide a powerful tool for discriminating be-
tween different models of DE and have become a popu-
lar tool in modern cosmology. The statefinder parame-



ters are defined as follows:

(35)

(36)

Using Eqgs. (16) and (19), we can express the
statefinder parameters for our specific model as follows:

B+ aQo(1+2)% 4+ BQoz(z(3 + z) +3)

T Bt a(l+2)2(Qmoz + 1) + Puoz(z(3+2) +3)’
(37)

r(z)

2a(1+z)?

s(z) = (1122195 (38)

The statefinder parameters can be used to distinguish
between different DE models, as different models have
different trajectories in the r — s plane. The various val-
ues of the statefinder pair (r, s) correspond to different
DE models, as described below:

* The ACDM scenario corresponds to (r = 1,5 = 0),

The SCDM (Standard Cold Dark Matter) scenario
corresponds to (r =1,5s = 1),

The HDE (Holographic DE) scenario corresponds
to(r=1,5s= %),

The CG (Chaplygin Gas) scenario corresponds to
(r>1,s<0),

The Quintessence scenario

(r<1,5s>0).

corresponds  to

Based on Fig. 10 in the ¥ — s plane, it can be observed
that the model being studied initially has values of r < 1
and s > 0, which suggests that the scalar field behaves
like quintessence and its energy density decreases as the
Universe expands. This behavior is consistent with the
current observational evidence of DE being responsible
for the accelerating expansion of the Universe. How-
ever, over time, the model gradually approaches the
ACDM model with r = 1 and s = 0. Similarly, Fig. 11
in the r — g plane indicates that the current state of the
Universe in the model is dominated by a quintessential
fluid, but it is expected to evolve towards a de-Sitter (dS)
phase (r = 1 and g = —1) in which the Universe is dom-
inated by a cosmological constant, leading to a constant
rate of expansion. The behavior of the statefinder pa-
rameters in the model for the constrained values of the
model parameters from the combined CC+BAO+SNe
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datasets being studied is consistent with the behavior
of the cosmological parameters discussed in the previ-
ous section. The model starts with a quintessence-like
behavior, but eventually transitions to a ACDM-like be-
havior, indicating that the DE in the Universe changes
over time. This is an important result, as it demon-
strates that the statefinder parameters are useful tools
for distinguishing between different DE models and un-
derstanding the evolution of the Universe.
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FIG. 10. The plot presents the evolution of the r — s plane,
based on the values constrained from the CC+BAO+SNe
datasets with —1 < z < 5.
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FIG. 11. The plot presents the evolution of the r — g plane,
based on the values constrained from the CC+BAO+SNe
datasets with —1 < z < 5.



B. Om(z) diagnostic

The Om(z) diagnostic provides another useful
method to distinguish between different DE models in
cosmology [107]. It is a relatively simple diagnostic
compared to the statefinder parameters, as it only in-
volves the Hubble parameter, which is calculated by tak-
ing the first derivative of the cosmic scale factor. For a
spatially flat Universe, the Om(z) diagnostic is defined
as follows:

H(z)\? _
Om(z) = w (39)

where Hy is the present-day Hubble parameter and
H(z) is the Hubble parameter at redshift z.

Using Egs. (16) and (39), we have

Om(z) = P20, (Quo(1+2)2 +z+2)
IX+,B (Z(3+Z)+3)(“+ﬁ)

(40)

In particular, the slope of Om(z) can provide infor-
mation about the behavior of DE. A negative slope cor-
responds to quintessence behavior (w > —1), while
a positive slope corresponds to phantom-type behav-
ior (w < —1). A constant Om(z) indicates the ACDM
model (w = —1), where DE is described by a cosmolog-
ical constant. From Eq. (40), it is clear that the Om(z)
diagnostic can be used to test the compatibility of the
SFDE model with the ACDM model. It is known that
the Om diagnostic should give a value of (), for the
ACDM model. Therefore, to determine the values of
« and B at which the model reduces to ACDM, we set
a« = 0 and B = 1 in the expression for Om(z). In this
case, the first term becomes ()9, and the second term
becomes zero. Hence, Om(z) reduces to ()9, which is
the expected value for the ACDM model.

In the present model, the behavior of Om(z) can
also be observed in Fig. 12 for the values constrained
from the CC+BAO+SNe datasets. The Om(z) diagnos-
tic shows a negative slope, indicating quintessence be-
havior. This is consistent with the previous results ob-
tained for the statefinder parameters, which also sug-
gest a transition from quintessence to ACDM-like be-
havior as the Universe evolves. Therefore, the Om(z)
diagnostic is a useful tool in analyzing the behavior of
DE in the Universe and can provide additional insights
into the evolution of cosmological models.
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FIG. 12. The plot presents the evolution of the Om(z) diagnos-
tic vs. redshift (z), based on the values constrained from the
CC+BAO+SNe datasets.

VII. ACCRETION AND EVAPORATION PROCESSES IN
THE PRESENCE OF SCALAR FIELD DARK ENERGY

Let us begin by examining a static spherically sym-
metric metric, which is described by the following gen-
eral equation:

1

ds® = —A(r)dt* + B(r)

A + 12 (d92 + sin? 9d¢2) ,

(41)
where A(r) and B(r) are functions of r only and both are
positive. This metric can be adjusted by choosing appro-
priate functions for A(r) and B(r) to represent a BH. We
can assume that M is the mass of the BH. For example,
if we choose A(r) = B(r) = 1 — 24, the resulting metric
represents a Schwarzschild BH.

We can describe the process of matter flowing into a
BH through accretion by considering a perfect fluid with
an energy-momentum tensor given by Eq. (3), which
is appropriate for a spherically symmetric spacetime.
Here, p represents the energy density, p represents the
pressure, u* represents the four-velocity of the fluid, and
M represents the metric tensor. The four-velocity of the
fluid flow can be expressed as,

_dxt

uht = o= (u°,ut,0,0), (42)

where u' and u! are only two non-zero components,

which satisfy the condition u#u, = —1. This con-
dition can be expressed in terms of the metric tensor
components as goou’u® + gjyu'u’ = —1. This implies

that u° and u' are not independent, and the choice of
one determines the other. Specifically, we can write

1\2
(u%)? = (”2‘7;]3, and since we are interested in the ra-

dial velocity of the fluid, we can let u! = u. Thus, we



0 — \/%\/uz + B. We can use this ex-

pression for u° to determine the component T} of the
energy-momentum tensor. From Eq. (3), we can see that
T§ is proportional to p + p. Specifically, we obtain

have uy = goou

Ty = (p + p)uou. (43)

Here, we have used the expression for the determi-

nant of the metric tensor \/—g = \/%rz sinf. Also,
we assume that the radial velocity u is negative, corre-
sponding to matter flowing into the BH.

In addition, we consider the fluid flow to consist of
matter and SFDE. In order to obtain a proper DE ac-
cretion model for a static spherically symmetric BH,
we need to generalize Michel’s theory [108]. Babichev
et al. have already performed this generalization in
the case of DE accretion onto a Schwarzschild BH [109,
110]. To properly treat the accretion process, the neces-
sary fundamental equations are described by calculating
the energy-momentum conservation equations and the
particle number conservation equations. The energy-
momentum conservation law is thus as follows:

T} =0, (44)
J
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= +TL, T =0,  (45)

)

where I' is the Christoffel symbol of the second kind and
(;) is the representation of covariant differentiation. By
exploiting the structure of metric space-time, the above
equation is clearly expressed as follows:

TY + \/LngO («/—g) +2r9, T =0.  (46)
1

We now have, after a few simplifications

A(r)
2,2 2 _
| (p+p)uB(r) u?+B(r)| =0, (47)
integrating the previous equation, we find
Alr
Rlptp g\ B0 e 69

where c; is the constant of integration. Using the law of
conservation next to the four-velocity through u,, Th' =
0, we obtain

(p+p) v uphu? + (p+ p) ubyup’ + (p + p)upuul, + p g’ uy + puugh’ = 0. (49)

Due to the fact that ¢!’ = 0, and taking into account the
normalization condition (u*u, = —1), we obtain

(P + P) u}/v +u” Py = 0, (50)

as long as Af’a = 9, A" + T, A¢, we can thus find

Waﬁﬂp+m{ow—mﬁ+r #+r§¢+T;¢}:Q

1)

After a few computations and considering the non-

zero components of Eq. (51), we arrive at dealing with a
differential equation in the following compact form:

- = 1) (52)

In this case, a prime denotes differentiation with re-
spect to r. By integrating the above equation, we get

ur? 2((:)) exp(/p‘ifp) = —0co. (53)

With c; is a constant of integration. As u < 0, so in
above equation ¢, > 0. The next examination finds out

(

an expression resulting from the incorporation of the
above equation with that of Eq. (48). So, the result is
expressed as

P+p \/ U +B “ 7” ( P+p) Cz_Cg,

(54)
where c3 is a constant of integration and has dependen-
cies with ¢; and ¢p. In addition, it is of interest to treat
what is called the “mass flux”, which is given by the fol-
lowing expression:

1
(pul)u=—={-gou" | =0 (55
H —g B
Because our interest is on the equatorial plane, § =
7t/2, and the quantity /—gp u* is examined as a con-
stant, we therefore have
A(r) ¢

P B T (56)

where ¢4 is a constant. At the end of the dynamic equa-
tions discussion, we exploit Eq. (48) with (56) as the rea-



son to obtain the following expression:

(p+p) [Alr) o
; B0 \Ju2 + B(r) = é =c, (57)

where c5 is an extra arbitrary constant.

To compute the rate of change of the BH mass M, we
integrate the flux of the fluid over the 2-dimensional sur-
face of the BH, which is given by

M= — / TL,/—gd6dyp, (58)

Hence, the examination of the above integral with
topological data on a 2-dimensional sphere can easily
yield the expression of the rate of change of the mass of
the BH as

M = —47r? u(p + p)\/u? + B(r) = —4mcy. 59)

A closer examination shows ¢; = —cpc3 and ¢3 =
(poo +p (poo)) \/m, the above-mentioned relation
conducts to the following

M = 47e:M? (poo + p (p) ) y/B(reo),  (60)

Here, \/B(re) = 1, which results when the BH is a
Schwarzschild case, p is the density at infinity, repre-
senting the matter or energy density in the far-reaching
vicinity of a black hole, and its value depends on the
specific astrophysical or cosmological scenario at hand.
The derived result remains applicable for any EoS where
the pressure is a function of the energy density i.e.,

J

Mce (Z)
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p = p(p) [109, 110]. Therefore, the rate of mass change
for the accreting fluid surrounding the black hole can be
expressed as

Maee = 4rteaM? (0 + p) . (61)

From Eq. (61), it is clear that the rate at which a static
BH with spherical symmetry changes mass due to the
inflow of fluid is identical to the rate of change of mass
for a Schwarzschild BH. In simpler terms, both types of
BHs behave the same way when it comes to changes in
their mass caused by fluid inflow. The above expression
shows that the rate of change of mass for a static spher-
ically symmetric BH does not depend on the functions
A(r) and B(r). However, when fluid accretes outside
the BH, the BH’s mass function M. becomes dynamic
and can change over time. The rate of change of mass

M. is therefore dependent on time, and whether the
BH'’s mass increases or decreases depends on the nature
of the accreting fluid. If the sum of the density and pres-
sure of the fluid (represented by p + p) is less than zero,
which is the case for phantom DE accretion, the BH’s
mass decreases. On the other hand, if p 4 p is greater
than zero, which occurs with quintessence DE accretion,
the BH'’s mass increases. It is worth noting that when
the accretion fluid is only the cosmological constant, the
mass of the BH in the accretion scenario remains con-
stant throughout the time evolution.

For our SFDE model, we assume p = p1 = pm + pg
and p = pr = py [111]. By using Egs. (6), (7), and (16)
in conjunction with Eq. (61), we can obtain the function
that expresses the mass of the BH resulting from accre-
tion as a function of the redshift of the Universe as,

Va+ B 62)

Here, we have selected the constant of integration to
be zero. From Fig. 13, we can observe that BHs within
this scenario experience an increase in mass for some
values of ¢, as expected (since the SFDE model behaves
like a quintessence). However, this growth rate eventu-
ally stops once SFDE becomes the dominant component.
For very long periods of cosmic time, the mass of the BH
reaches a maximum value and no longer increases.

In addition to the accretion process, it is also possible
to consider the evaporation of a BH through the emis-
sion of Hawking radiation. Also, Hawking radiationis a
process through which BHs emit particles and lose mass

 87caHov/B + a(1 + 2)2(Qmoz + 1) + BQmoz(2(3 +2) +3)

(

over time i.e. Ty = . This process is a result of quan-
tum effects near the event horizon, where pairs of par-
ticles are created, with one member of the pair falling
into the BH and the other escaping as radiation. As
a result of this process, the mass of the BH decreases,
and it eventually evaporates completely, leaving behind
only radiation. The rate of evaporation depends on the
mass of the BH [112-114], with smaller BHs evaporat-
ing faster than larger ones. The time it takes for a BH
to evaporate completely is on the order of 107 years for
a BH with M ~ Mgy, and much longer for larger BHs
[115]. In this case, the rate at which the BH mass changes



due to evaporation can be expressed as [116],

D

Meva = *W~

(63)

Here, the value of the constant D in Eq. (63) depends
on the specific model being considered, and it is typi-
cally a positive quantity. The rate of change of the BH's
mass is influenced by both the accretion of matter onto
the BH and the evaporation of the BH itself through
Hawking radiation. Now, this rate can be expressed as:

. . . D
M = Macc + Meoa = 4t M? (p + p) — VR (64)

These processes have different dependencies on the
nature of the accreting or evaporating matter. In the
case of accretion, the rate of change in the BH’s mass
is dependent on the nature of the accreting fluid. This
means that the mass change will be different depend-
ing on whether the accreting matter is a normal fluid,
a quintessence type DE fluid, or a phantom DE fluid.
However, in the case of evaporation, the rate of change
in the BH’s mass is independent of the nature of the
evaporating matter, since this is an internal process.
When both accretion and evaporation are considered,

M>0forM* > —L2 _and M < 0 for M* <
e (pr+pr)

— D for a normal fluid and a quintessence type
47ty (PT+PT) q yp

DE. However, the BH mass always decreases (M < 0)
in the presence of phantom DE. Therefore, evaporation
can contribute to the reduction in the mass of the BH,
but there are certain limitations on the minimum mass
value that the BH can have.

0.005

0.004

0.003

Macc(2)

0.002

0.001

0.000

FIG. 13. The plot presents the evolution of the BH mass M.
due to the accretion process vs. redshift (z), based on the val-
ues constrained from the CC+BAO+SNe datasets.
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VIII. CONCLUDING REMARKS

The search for an acceptable DE model that can ac-
curately describe the evolution of the Universe has led
to several proposals in cosmology. Among these pro-
posals, dynamical models of DE have gained signifi-
cant attention in the literature. These models provide
a more comprehensive framework to study the evolu-
tion history of the Universe, taking into account both
early-time and late-time scenarios. By exploring the dy-
namics of DE, it is possible to overcome some of the
issues that arise in the cosmological constant model,
such as the cosmic coincidence problem and the fine-
tuning problem. Therefore, in this study, we have ex-
plored the behavior of a DE model with a scalar field
in a spatially flat FLRW Universe. For this purpose, we
have considered a novel approach to parameterize the
EoS for SFDE, and from this, we have obtained analyt-
ical solutions for various cosmological parameters. The
EoS parametrization used in our study is given by Eq.
(14), which yields wy(0) = —1 + 3(1%) at the present
epoch, and thus its value depends on the specific val-
ues chosen for the parameters « and . Then, we em-
ployed the statistical MCMC method with the Bayesian
technique to determine the constraint values for the pa-
rameters. We analyzed the outcomes for three distinct
observational datasets, namely the CC, BAO, and SNe
datasets. Furthermore, our analysis has yielded pos-
itive values for both @ and  as & = 0.31f8:§i, and
B = 0.67f8:i§, indicating a quintessence-like behavior
for DE i.e. wg = —0.791“8:8?. The current value of the
Hubble constant, denoted as Hy, is a crucial cosmolog-
ical parameter that determines the present rate of cos-
mic expansion. Our analysis has yielded a value of
Hy = 67.75702%0km/s/Mpc [94-97], which is consistent
with the most recent measurements from various cos-
mological probes [10]. The precise determination of Hy
is essential for understanding the age, size, and fate of
the Universe, as well as for testing different cosmolog-
ical models. The matter density parameter also known
as the fractional matter density describes the ratio of the
matter density of the Universe to the critical density re-
quired for a flat Universe i.e. p, = 3H?. In our analysis,
we found the present value of the matter parameter to
be Q0 = 0.2077709922 (Fig. 8), indicating that matter
contributes to only 20.77% of the total energy density
of the Universe [92, 93]. This result is consistent with
other observational studies and provides insights into
the overall composition and evolution of the Universe.

Moreover, we have examined the evolution of the
deceleration parameter, matter density, and SFDE den-



sity for the constrained values of the model parame-
ters. The evolution of the deceleration parameter de-
picted in Fig. 5 suggests that the Universe has tran-
sitioned from a decelerating phase to an accelerating
phase recently, while both energy density displayed in
Fig. 6 shows a positive behavior, as expected. The tran-
sition redshift, which corresponds to the values of the
model parameters constrained by the CC 4+ BAO + SNe
datasets is z;, = 0.73Jj8:8“;’. Further, the present value
of the deceleration parameter is qg — 0.441’8:8% for the
CC + BAO + SNe datasets [98-100]. Furthermore, we
investigated the reconstructed behavior of kinetic en-
ergy and potential energy of the scalar field. As shown
in Fig. 9, the potential energy of the scalar field is greater
.2

than its kinetic energy, i.e., V (¢) > %. From Eq. (7),

this implies that the SFDE has negative pressure Py < 0,
and the potential energy V (¢) is the driving force be-
hind the accelerated expansion of the Universe in the
derived model.

In addition to the analysis of the SFDE model, we
also studied the geometrical parameters of the model
in Sec. VI. The behavior of the statefinder and Om(z)
diagnostics shown in Figs. 11, 10 and 12, respectively,
further supported the quintessence-like behavior of DE
in our derived model. The statefinder diagnostics plot
revealed that our model is consistent with the values of
r < 1and s > 0, while the Om(z) diagnostic plot sug-
gested a deviation from the ACDM model with a nega-
tive slope. These results provide further insight into the
validity and behavior of our derived model. In conclu-
sion, the scalar field model of DE studied in this work
is a viable alternative to the ACDM model, and its be-
havior is consistent with current observations. Future
work could investigate the behavior of this model in
more detail, including its impact on other cosmologi-
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cal parameters and the possibility of distinguishing it
from other DE models using more advanced observa-
tional techniques.

Finally, we have analyzed the accretion behavior as
well as the evaporation process of the most general static
spherically symmetric BH metric. The first phenomenon
is simply a process for which the matter flow onto a BH
surrounded a perfect fluid by accretion. It is worth not-
ing that the variation of mass during the accretion phe-
nomenon is a nice indicator for having a suitable sum-
mary of that process. For that reason, we have taken the
computation in terms of the mass accretion rate varia-
tion. Some results regarding the accretion process have
revealed that this process experiences a growth in mass
for certain values of cp, and during very long periods
of cosmic time, the mass of the BH attains a maximum
value and does not increase anymore. The second pro-
cess is taken into account for such a quantum effect on
the event horizon of a BH, namely, BH evaporation. In
our study, a given scenario involves the BH’s mass de-
creasing until it completely evaporates, leaving behind
only radiation. The rate of evaporation varies with the
mass of the BH, with smaller BHs evaporating faster
than larger ones. Roughly speaking, the rate of change
of the BH’s mass is influenced by both the accretion of
matter onto the BH and the evaporation of the BH itself
through Hawking radiation.
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